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Summary

For a set of polynomials defined by the generating function s—‘;";—;‘tﬂ we
are able to show how they are related to the Bernoulli polynomials of odd
degree. We also provide an easy method of generating the Bernoulli num-

bers.

1. Introduction.

Let the polynomial set {82,(z)} be defined by the generating function

sinh zt i t?n
sint n§=:0 Pan(a) (5—")7 (1)
and set
ﬁgn = ﬁ2n(1) (12)

Several authors (e.g. L. Carlitz [2] and J.M. Gandhi [3]) have consid-
ered the various properties of the sequence {$2,}%2,. However, confining
our attention only to these constants overlooks some interesting properties
of the polynomials {f2n(2)}32,. It is our object here to show the rela-
tionship between these polynomials and the classical Bernoulli polynomials
{Bx(z)}%2, of odd degree. Using this relationship, we are able to obtain
a new identity for the Bernoulli polynomials of odd degree. We are also
able to give an easy method of generating the Bernoulli numbers. Finally,
we obtain a simple representation of f2,(z) with coefficients related in a

specific way to the Bernoulli numbers.

2. Some Basic Properties

Using the generating function (1.1) we can obtain a relationship that

will enable us to determine the polynomials {f2.(z)]}.
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Lemma 2.1. Forn=0,1,--- we have

1= 3 () ) o) 1)

k=0
where Bar(z) is defined by (1.1).
Proof. From (1.1) we have
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Equating coefficients of t2"+1 yields (2.1). §

Note: Setting z =1 in (2.1) we get formula (23) of J.M. Gandhi ([3], p. 189)

as a special case. The first few polynomials in the set are:

Po(z) ==
fa(z) = 5 (a7 +1)

Ba(e) = = (s> + 1)(32* +7)

Bs(z) = 5"51- (z? +1)(3z* + 1822 + 31)

Bs(z) z? +1)(352° + 385z + 167322 + 2667)

T

= 3 (
(We note that f;,(z) is actually a polynomial of degree 2n + 1 but
choose to adopt this notation since this conforms to the notation used
in [2] and [3] where B2, = B2n(1). Furthermore each B2,(z) contains z

as a factor.)
The Bernoulli polynomials {B,(z)}$%, can be defined by the generat-
ing function

te:rt oo tn
— = )" Ba(z) o <2 (2.2)

n=0
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Also, B, = B,(0), n =0,1,--- is defined to be the nth Bernoulli number.
More details on the Bernoulli polynomials can be found in [5] and [6].
The next lemma provides the relationship between the polynomials

{B2n(z)} and the Bernoulli polynomials of odd degree.

Lemma 2.2. Forn=0,1,--- we have
jyznt1 /1 -4z
Ban(z) = 2—+-1—an+1 ( 5 ) (2.3)

where PBan(z) 13 defined by (1.1) and Banyi1(z) i3 defined by (2.2).

Proof. From (1.1) we have

sinzt  —¢sinh :I:t
sint  sint ; Panliz) o (2 )l (2.4)
It is well known (see e.g. Pethe and Sharma [4]) that
sinzt o~ 221 1+z
~1)" B,,, n .
sint Z (2n +1)! [( D" B, +1( 2 )] t (2:5)
Equating the coefficients of $2" in (2.4) and (2.5) yields
. ) 2n+1 n 1 + T
—1 ,Bgn(’l,ib) = 5 T 1 (—1) B2n+1 ( 5 ) (26)

from which (2.3) follows immediately. [

From (2.1) and (2.3) we now obtain a new relationship equating the

odd powers of z to certain sums of Bernoulli polynomials of odd degree.
Corollary 2.1. Forn=20,1,--

£2n 22( D" o~ (2n+1

S 1 f;o\ o )22°"2n+1\

(1—iz\ -
} (2.7)

Proof. Follows immediately from (2.1) and (2.3). §
The next lemma gives some results on the zeros of {f;,(z)}.

Lemma 2.3.

(a) The only real zero of fo,(z), n =0,1,---,is 2 = 0.
(b) 22 4+ 1| Bon(z) for n =1,2,---.



Proof.
(a) From (2.3) it is evident that any zero of f85,(z) is necessarily a zero of

Bont1 (35:2). Brillhart ([1], Thm. 13, p. 58) shows that z = 0 yields
the only zero of Bapyy (1 ”).

(b) Using (2.3) we have

Banti) = SL T Brnia(1)
\2n+1
onl(—i) = (; o Bana(0).

Since Byn4+1(0) = B2nt1(1) =0, n > 1 (see e.g. [6], p. 125), both ¢ and

—t are zeros of fa,(z), n > 1. §

3. The Main Results

The following theorem gives us an explicit representation of the poly-
nomials {fzn(z)}. From this we are able to provide a simple method of

generating Bernoulli numbers.

Theorem 3.1. The polynomials fan(z), n 2 0, are given by

T Z (2n2+ 1)( ~1)° Dgg 7% (3.1)

where Dy = 2(1 = 2°"1)B,, s > 0, and B, is the sth Bernoulli number.

ﬂZn( ) =

Proof. From ([1], p. 58) we have

2n+1 2nt+l—s
2n + 1\ _, 1
B2n+1($) = E ( s ) 2 (.’I? - -2-) D,. (32)

8=0
Thus,
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Since D, = 0 for s odd, we have

n

1 1T —2n— n . 2n+ 1 3 nt+1-2s
B2n+1 (§ —_ E) =2 2 1(—1) +1Z Z( 9 )('—1) D2a 332 +1-2 .

s=0
(3.3)
Now, using (2.3) we have
22 H(_1)"4 1 iz
,an(.’.c) = —ém—— Bgn+1 (5 - —2—' . (3.4)
Finally, using (3.3) in (3.4), and simplifying we get (3.1). §
Corollary 3.1. 271 f;,(z) contains only even powers of .
Proof. Immediate from (3.1). §
Theorem 3.2. Given By =1 (and By = —1) the remaining sequence

of nonzero Bernoulli numbers can be generated by

SEo-rmes o

8=0

Proof. Setting z = ¢ in (3.1) and using Lemma 2.3(5), we have, upon
simplifying

? " (on+1
2n+1§< 25 >D2"‘0
which implies that
S /2n+1 ~ _
Dy, =0. .
;( 0 ) 26 =0 (3.6)

Using Dy, = 2(1 — 22°71) By, in (3.6) yields (3.5). §

Finally, we note that it is not necessary in the proof of Theorem 3.2
to know that B, = ———;-. However B is the only nonzero Bernoulli number

with an odd subscript.
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