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Abstract 

In this thesis our main objective is to prove the existence and uniqueness of 

solutions to t he Steady Boltzmann Equation with inflow and diffusive boundary 

conditions, without truncations of the collision kernel. Due to the singularity at 

v = 0, the non-linear term in the Steady Boltzmann Equation becomes significantly 

large. In addition to t his, another problem with proving existence of steady solutions 

is that the collision term becomes unbounded as v ~ oo for hard-sphere interactions. 

Previous authors have attacked these problems by imposing unphysical trunca­

tions on the collision kernel so that collisions between part icles having small veloc­

ities are ignored. An additional truncation is then made to control the magnitude 

of the velocities so that it will not grow without bound. 

We present and detail some of the work of Maslova and show that the colli­

sion operator has the properties which make it possible to avoid truncations. We 

introduce several properties of the collision operator which include a series of cru­

cial estimates. These estimates are later used to produce function spaces with the 

contractive property. General existence and uniqueness is then obtained by an ap­

plication of the Contraction Mapping Principle. 
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Chapter 1 

Introduction 

The Classical Boltzmann Equation has the form: 

aJ 8t + V • V xf = J(f, f) t>OxE~ 1 vE~ (1.1) 

in which t he function f (x, v, t) satisfying the above equation is a density function 

describing the distribution of particles in phase space n x ~, where x E n c ~ 

denotes a point in physical space and v E ~ denotes a velocity. We see that for 

the left hand side of Eq (1.1) we have the rate of change off (x, v, t) with respect 

to time, plus a transpor t term; and on the right hand side we have an operator 

J(f, f) which describes the rate of change off due to binary collisions between gas 

particles. Eq(l.1) is a non-linear transport equation describing the evolution of a 

rarefied gas. The collision operator is defined at a point (x , v, t) by: 

J(J, f)(v) = f [J(v')f(v:) - J(v)f(v*)]B(v - v., n) dndv •. 
}R3xs2 

Here n is a unit vector in the unit sphere § 2 
{ n E JR3 I In! = 1} wit h Lebesgue measure 

dn, v, v. are the pre-collisional velocities of the gas particle, and v' , v~ are the post­

collisional velocities. In the presence of a collision {Fig. 1.1), any two particles with 

velocities v, v. will undergo an instantaneous change in their velocities resulting in 

the transformation: 
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Figure 1. 1: Illustration of the collision between two particles. 

Here the momentum transfer is in the direction n = (x - y)/llx - yJI . 

Actually, in order to arrive at the exact relationship between the post-collisional 

and the pre-collisional velocities, we insist that the collision should: 

1. preserve energy; namely that lv'l2 + lv~l2 = lvl2 + jv.12 

2. preserve moment um; v' + v: = v + v. 

3. momentum transfer should be in the direction n. 

With this in mind, we arrive at the relations: 

v' = v - n(n.(v - v.)) (1.2) 

The configuration of the velocity vectors of each particle just before and after a 

collision is represented to lie on a collision sphere as shown in Figure 1.2. 

B is called the collision kernel and it depends on Iv - v.l and (n.(v - v.)) only. 

It is uniquely determined by the interaction potential between the particles. In 

general, after an angular cut-off, 1 it is of the form: 

1Since B has a dependence on 0, angular cut-off refers to those values of 0, restricted to 
fo.,,. h(0) dn < oo, for which B is permissible. 
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Figure 1.2: Configuration of particles before and after a collision. 

where 0 is the polar angle of n relative to a polar axis in direction v - v.; and his 

assumed to be an integrable function on [O, 1r] with fs+ h(0) dn = l where § + is the 

hemi-sphere corresponding to (v - v., n) > 0. The integer /3 is chosen from the set 

{-1, 0, 1 }, which describe Maxwellian molecules (/3 = 0), a hard sphere gas (/3 = 1), 

and a soft sphere gas (/3 = -1). According to H. Grad[8] B satisfies t he following 

conditions: 

• B(v ,n)::; b1 1<7~r)l(1 + lv l-Y) 

• fs2 B (v, n) dn ~ bolvl(l + lvl)-1 

where 'Y E [0, 1] and bo, b1 are positive constants. Although generalizations are 

available, we will deal with the case where we have only hard sphere interactions. 

Then B takes on the particular form: 

B(v - v., n) = In · (v - v.)I = l(v - v.)l lcos 01 

with h(0) = cos(0) and /3 = l. In Chapter 2, we will state and prove some proper­

ties of the collision operator in the Boltzmann equation neccessary for proving any 

existence and uniqueness results. In Chapter 3, we will discuss three-dimensional 

boundary value problems for the Boltzmann equation with inflow boundary condi­

tions in which we denote by n a bounded domain with boundary an and outward 

normal n(x) at a point x E an. We will also denote by 'Y+ J and 'Y-J the trace densi­

ties of distribution of falling and reflected part icles on an respectively. In particular , 
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one sets 

-y+ J = J x(v · n(x)), 'Y-J = f(l - x(v · n(x))) 

x being the indicat or function of (O, oo): 

X = l for v · n(x) > 0 x E an 

X = 0 for V • n(x) s; 0 XE an 

4 

In Chapter 4, we extend the discussion of Chapter 3 to the diffuse-reflection case, and 

finally in chapter 5, the part icular one-dimensional Couette problem is considered. 



Chapter 2 

Properties of the Boltzmann 
Collision Term 

2.1 Some Well Known Properties 

5 

In this chapter we will describe some properties of the collision operator which are 

essential in studying boundary value problems later on. Throughout this chapter 

we consider functions f : ~ -t IR1 , since the functional operation of the collision 

integrals is on v only. The collision integral J (f, f) corresponds to the weighted 

average of all collisions a particle with velocity v could encounter. For a certain 

class of molecular interactions, it has the form: 

where the first term on the right hand side is referred to as the gain term. In the 

Boltzmann equation, J+ (!, f) is proportional to the probability that a particle after 

a collision has the velocity v. J+(J, f) is defined as: 

J+(f, f) = f f (v' )J(v:)B(v - v. , n) dn dv •. 
} R3xS2 

(2.1) 

J- (f, f) is called the loss term and is proportional to t he probability that a particle 

before a collision has velocity v. In general, 

J-(f, f) = f (v)v(f) 
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where v(f) is defined as 

(2.2) 

and determines the frequency of collisions associated with the distribution function 

f. It is often convenient to write equation (2.1) in terms of the more general bilinear 

expression given by: 

(2.3) 

in which one sees that when 9 = f (2.3) reduces to (2.1) and 

(2.4) 

We will use t he following notations: 

For </>= <f>(v, v. , n), ((</>)) f <f>(v, v., n) dv dv. dn 
JR3 xR3 xs2 

For </>= <f>(v) (</>) - { </>(v) dv 
jR~ 

if the integral exists. By applying equation (2.3) and the fact that the Jacobian of 

the transformation from t he unprimed to t he primed variables is unity, it is shown 

[6] t hat the following identities hold: 

(<f>J+(J, 9)) 

(cpJ (J, !)) 

( ( <!>' f 91)) = ~ ( ( ( </>' + <!>
11) f 91)) 

1 ( ( ( </> + </>1 - </>' - </>~ )[J' !~ - ff i])) 

in which we have used the traditional notations 

J' = J(v'), J[ = J(v~), J = J(v), Ji = J (v.) . 

In addition, we use a well known property of the collision operator [6] namely: 

(2.5) 

(2.6) 

(2.7) 
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for t he functions 

(2.8) 

which are called collision invariants. In order to obtain existence and uniqueness 

of solutions for the Boltzmann equation, one proceeds as Carleman [4] did and 

introduces function spaces which are invariant under the action of collision operators. 

To this end, it is neccessary to introduce some further properties of the collision 

operator. With respect to the kernel B, it is sufficient to assume that B satisfies: 

(2.9) 

with z = 1'j~il , 'Y E [O, 1], b1 > 0 consistent with Grad's assumptions mentioned in 

the introduction. 

2.2 Estimates on the Collision Frequency 

As stated before, obtaining existence and uniqueness of solutions, relies heavily on 

the particular estimates produced for the collision operator. In this section we begin 

by proving a basic property of the collision frequency, namely that it is a function 

which can be bounded below by a constant V o and above by a linear function of t he 

absolute value of the velocity. 

Lemma 2.1 Assume that f ~ 0, (l+lvl2)f E L1
(~) and for some positive constant 

bo and -y E [O, 1], 

f B(v, n) dn ~ bolvl1 , (2.10) ls2 
Set a= (!), b = ((1 + lvl2)!) , H = (!In!). Then exists a b2 > 0 such that 

(i) 

(ii) there exists a positive constant v0 , depending only on H and a such that: 

inf v(f) > V o , 
ti -
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Proof. To prove (i) one first makes an observation using an extension of the Cauchy­

Schwarz inequality. For any --y E [O, 1] and v, v. E IR3 , 

One also requires the estimate 

which is easily justified using the fact the --y E [O, l] . We may now estimate v(f) 

from below by employing definition (2.2) and the assumption on t he collision kernel 

{2.10), as follows: 

v(f)(v) - h
3 

f(v.) [fs
2 
B (v - v., n) dn] dv. 

V 

> bo I f(v.) lv - v.11 dv. 
jR~ 

> bo I f(v*)lvl1 dv. - bo I J (v.)Jv.11 dv. JR~ JR~ 
> bolvl1 f f( v.) dv* - bo f f (v.)(1 + Jv.J2

) dv. JR~ JR~ 
bo(alvJ1 - b). (2.11) 

To complete the proof of (i), we must now estimate v(f) from above. Therefore, 

utilizing the modified form of Grad's estimate in (2.9), namely 

B ( ) jn.(v-v*)II 11 b I 11 v - v*, n $ b1 I I v - v. $ 1 v - v. 
V - V* 

and applying the trivial inequality Jv - v.J1 $ Jvl1 + lv*J-r for "Y E [O, 1], gives the 

estimate 

v(f)(v) k_
3 

f(v*) [fs
2 

B (v - v* , n)dn] dv. 
V 

< b1 h
3 

J(v*)lv - v*J1 
[ .. t dn] dv. 

V 

< 41rb1 r f(v.)( lvl'Y + Jv. 11 ) dv. 
JRi 
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b2lvl'Y { f (v*)dv*+bt { lv* I-Yf(v*)dv. JR~ JR~ 
< b2lvl'Y r f(v*) dv. + b1 r (1 + lv-12)f(v. ) dv* JR~ JR~ 

b2 (alvl-Y + b) (2.12) 

where we have replaced the constant 41rb1 by b2 . Clearly, estimates (2.11) and (2.12) 

give the required estimates in {i). Furthermore, we make the important note that 

since v(f) = O(lvl-Y), it is typically unbounded as lv l ~ oo. To prove (ii) define 

and H = JR3 fl ln f l- We now make the decomposition: 
V 

H - J f lln f I dv + r f lln f I dv + r f I ln f I dv 
A J 8 J R3\(Au8) 

·- T1 +T2 + T3 

and proceed by estimating each individual term. For v E A it is immediat e that 

Jl < exp(-Jf) and I ln f l > lvl2. Therefore, it is easily verified that t he product 

Jll ln f l is bounded above by a positive constant C1. It follows that for v E A 

Hence 

fllnfl < {i{illn / 1 

< Ct{i 
lv l2 < C1 exp( - 2 ). 

J lvl2 
T1 ~ Ci A exp(-2 ) dv ~ C. 

In addition, for v E B, f l ln fl ~ flvl 2 ~ / (1 + lvl2) t hus obtaining 

where one recalls the definition of b as stated in the lemma. 
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We further recall that 

H - k_
3
flnf 

/, f I ln JI dv - /, f I ln JI dv 
/ ~1 /<l 

k_
3
fllnfldv - 2 (Lfllnfldv+ fs! l ln fldv) 

> T3 - 2C- 2b 

Therefore, 

H ~ H + 2b + 2C. 

To proceed furt her, we use a generalization of Young's inequality[3], namely 

X > 0,y > 0 (2.13) 

which for the convenience of the reader we prove in Appendix A. By (2.2) and (2.10) 

we estimate 11(!) as 

v(J)(v) - r J(v. ) [ r B(v - v., n)dn] dv. > r f (v.)bolv - v.l'Y dv. JR~ Js2 Jiv-v. l>l 

> boP { J(v.) dv. 
J1v-v. l>l 

boP( { J(v.)dv. - { f (v.) dv.) 
JR~ Jiv-v.l~l 

- b0 P [a- ;.- 1 
{ J(v.)>.dv.] 

Jiv-v. l~l 

for any l , >. > 0. An application of the general inequality (2.13) , with x = J(v.) , y = 

>. now yields: 

v(J)(v) > boP [a ->.-1 (f (J(v.)llnf(v.) l+e.\-l) dv.)] 
J1v-v, l~l 

> boP[a - >.- 1 
{ J l lnf ldv.->.- 1 

{ e,\-ldv.] 
JR~ J1v-v. I 9 

boP [a->.- 1H - >.- 1e,\- l { dv.] 
Jlv-v.19 

boP [a- ;.-1H - ;.- 1e,\-l;7rz3] 
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Now first choose >. > 0 such that i H < ¼a, Then choose l = l(>.) such that: 

>.- 1 H + e.>.-1-rrl3 < -a+ -a= -a [
- 4 ] 1 1 1 

3 4 4 2 

This gives the result 

where 110 is some positive constant. Hence, inf v v(J) 2:: 110 as required. □ 

2.3 Estimates on the Gain Term 

In this section we produce an important bound on the gain term which will be used 

later on. This bound, stated in Lemma 2.2 is crucially dependent on the particular 

choice of norm. As a guess to the form of this norm, assume t hat the initial and 

boundary conditions are near a Maxwellian distribution. Then for some s > 0, 

f ~ exp(-s!v!2), and there would be exponential decrease for large lvl . It is known 

[5] that for a Maxwellian, J(f, f) = 0, and so J+(j, f) ~ f v(f). By Lemma 2.1, 

the right hand side of this equation will be O(!vl7 exp(-slvl2
)) for large Iv!. Hence, 

J+(j, f) = O(lvl7 exp(-s!vl2))for large Iv! . In order to compensate for the lvl 7 

terms in J+(j, f), we consider the space: 

Lr::,.= {JI 'Psrlfl E L00
(~)} (2.14) 

with the weight function: 

(2.15) 

and for f E Lr::r introduce the norm: 

llflls,r = rp(v)!lflli00 , 

Now we are in a position to state the next lemma. Before we proceed however , 

we mention that in the rest of this thesis, C (with or without indices) is used to 
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-sn 

Figure 2.1: Figure represent ing the Carleman transformation 

denote a positive constant independent of the parameters taken into consideration 

(unless otherwise stated) . Moreover, it can represent different constants in different 

formulas. 

Lemma 2.2 If f E L~, s > 0, r > 4, then J+(J, !) E LC::r· Moreover, there exists 

a positive constant C such that: 

Proof. We fix v and make the change of variables 

where it is easy to see that 

(p - V) · ( q - V) - n(n.(v - v.)) · [(v. - v) + n(n.(v - v.))] 

- (n.(v - v.))2 
- (n.(v - v.))2 

- 0. 

Thus we can obtain a representation of J+ (!, g) in which t he integration over dn dv. 

is replaced by an integration over dq dp where q ranges over Evp, the plane which 

is orthogonal to v - p and contains v, and where p ranges over Ii3 . T his is seen 

in Figure 2.1. Let p = v - sn, where s is the scalar quantity n.(v - v.) . For any 

fixed n and v , one may write v. = q - sn. We can express p in spherical polar 
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coordinates with the origin at v. Hence we have p = -sn and writing this out 

in its components yields (p1, p2, p3) = -s(sin ¢ cos 0, sin ¢ sin 0, cos¢) in which we 

recognize the volume element dp = s2 sin ¢ ds d0 d¢ = s2 ds dn. Also since dq is 

the area element of the plane Evp, and v. E JR3
, we would have dv. = dq ds (see 

Figure 2.1). Hence dv. dn = dqdsdn = 1
2
dqdp where sn = n(n.(v - v.)) = v - p. 

s 
1 

Thus dv. dn = I 
12 

dq dp and we can now express J+ (f, g) as: 
v- p 

J+(J,g)(v) = 2 { J(p)lv - Pl-2 
[ / g(q)Bdql dp (2.16) 

}Rl } Evp 

where the factor 2 is due to the fact t hat each plane is represented by two opposite 

directions n. This representation was first achieved by Carleman [4], by calculat­

ing the Jacobian of the transformation; a lengthy calculation which we present in 

Appendix B. The above simplified method was first introduced by Wennberg[13]. 

Note that for q E Evp we can estimate the collision kernel by the earlier stated Grad 

condition: 

(2.17) 

By employing the equality 

ln.(p-q)I l(n.(v - v. - 2n(n.(v - v.))))I = l(n.(v - v.)) - 2(n.(v - v.)) I 

ln.(v - v.)I 

Iv- pl 

in equation (2.17) we obtain 

Now by observing that 

Ip-qi l(v - v. ) - 2n(n.(v - v.)) I 

lv - v.J 
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> ln.(v - v.)I 

- Iv- pl 

and making note of t he fact that for -y E [O, 1] 

IP - ql'Y Iv - Pl'Y 
I < ' IP - q - Iv - Pl 

the collision kernel can simply be estimated as 

B(p - q, n) 

Now we define the operators: 

Vi(J)(v) 

G(J)(v, p) 

14 

(2.18) 

(2.19) 

and so invoking the above estimate on the collision kernel in equation (2.16) and 

applying the definition of t he operators in (2.18) and (2.19), we write 

11+u, g)I < 2b, r 3 IJ(p) llv - Pl-2 lv - Pl'Y [ r lg(q)I dq] dp JR., l e.,,, 

- 2b1 r 3 IJ(p)llv - pj-2+-r [ r lg(q)ldq] dp JR., le.,,, 
- Vi--r(IJIG(lgl)). (2.20) 

To proceed further we define for any fixed v the following sets: 

Di = {PE IR
3 IIPI ::; ~ } 

D2 = {P E IR3 j~ < IPI < lvl} 
D3 = {P E IR3IIPI ~ !vi } 
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and we let 

fi(p) = f(P)Xi(P) for i = 1, 2, 3 

Xi being the indicator function of Di· For any q E Evp we have: 

(2.21) 

where the second of the two inequalities can readily be seen to hold by applying the 

expressions for p , and q: 

lql2 = lv,.12 + 2(n.v,.)(n.(v - v,.)) + (n.(v - v,.))2 

IPl2 = lvl2 
- 2(n.v)(n.(v - v,.)) + (n.(v - v,.))2 

lvl2 
- IPl2 = 2(n.v)(n.(v - v,.)) - (n.(v - v,.))2 

lql2 - (lvl2 - lvl2) = lv,.1 2 + 2(n.(v,. - v))(n.(v - v,.)) + 2(n.(v - v,.))2 

= lv .. 12 ~ o. 

Now we proceed with t he required estimates. We note that since J+ (!, f) is bilinear 

with respect to f we can make the decomposition: 

J+(f, f) = J+(f1, Ji)+ J+(f1, h) + J+U2, !1) + J+U1, h) + J+(h, Ji) 

+ J+U2, !2) + 1+(!2, /3) + J+(h, !2) + J+(h , !2) -

Upon applying the symmetry property of the collision term in equation (2.4) , we 

obtain: 

J+(f, !) - J+U i, Ji)+ 21+(!1, h) + 21+(!2, h) 

+ 21+(!1 , h) + J+(f2 , h) + J+(h, h). 

So we investigate the boundedness in each case separately. By definition, 

< 2b1 r M Iv - Pl-2+,,11i1c(lfil) dp 
l 1Pl5c 72 

- 2b1 jPl 5c1Ji Iv - Pl- 2
+,, f(p) [jql?:~ lfi (q)I dql dp 
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(as lql2 2 lv l2 - IPl2 we know that if IPI ::; 72, then lql 2 72). Hence 

f M fi(q)dq = 0 
l 1ql?.72 

since / 1 is by definition supported in lql ::; 72· It follows that 

16 

(2.22) 

Next , we estimate the term 1J+(J1, h)I. We begin with t he calculation for the term 

G(h) = G(h)(v, p), in which q E Evp n D 2: (lvl2 - IPl2) 112 ::; lql ::; lvl. Therefore, 

G(h) l.,, h(q) dq = !Evp f(q)x2(q) dq::; l.,,:(lvl2-lvl2)112SlqlSlvl f (q) dq 

r f (q)(l + lql2r/2eslql\1 + lql2tr/2e-slql2 dq 
J Evp:(lvl2-IPl2)112Slql$lvl 

< 11/11 r e-slql2(l + lql2)- r/2 dq 
S,r } E.,,:(lvl2-IPl2)112$lqlSlvl · 

Let lql = R and writing the above in polar coordinates, we have 

G(h) ::; I1/lls r 
12

1f r lvl (1 + R2)-rf 2e-sR
2 R dR d0. 

' lo l (lvlLlvl2)1/2 

Since q belongs to the set D2 , lql > 72 and hence 

for some positive constant C. Hence 

G(h) < 21rCllflls,re-slvl2 eslvl\1 + lvl2)-r/2 r lvl RdR 
J(lvl2- lvl2) 112 

- 21rCllflls,re-slvl2 eslvl\1 + lvl2)-r/2 ~R2I1vl 
2 (lvl2 - lvl2)1 l 2 

1rCllflls,re - slvl2 eslvl2(l + lvl2)-r/21Pl2. (2.23) 

By plugging the above estimate on G(f2 ) into the inequality (2.20) we arrive at an 

estimate for IJ+(J1, h)I. Thus 
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Taking terms to the left hand side, yields the estimate 

Now we note that for IPI ::; ~ we have the inequality 

which implies 

where C is again some positive constant and 'Y E [O, l] . In addition, by using the 

fact that for IPI ::; lvl 
IPl2 lvl2 

___;__.;___ < --
1 + IPl2 - 1 + lvl2

' 

we obtain 

The integral in the above expression can be estimated by letting p = IPI, and 

changing into polar coordinates. Hence we write 
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For r > 4 the integrand will be less than 1, thus 

1, (1 + IPl2) In~ 
M (l I l2) 12 dp ~ C dp ~ Clvl IPl~72 + P r 0 

and we arrive at t he result 

lvl1+, 
IIJ+(J1, h)lls,r ~ CIIJll~,r l + lvl2 ~ CIIJll~,r 

----..­
<I 

for some positive constant C and , E [O, 1]. 
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(2.24) 

We continue by estimating the term IJ+(h, h)I. We have from (2.20) that 

Using (2.23) we obtain 

By taking terms to the left hand side and applying the definition of the 11- lls,r one 

further obtains 

Changing into polar coordinates, let p = Iv - Pl ~ lvl + IPI ~ 2lvl. Thus for r > 4, 

we have 

II +(f )II II 112 lv l2 /2lvl 2+,. 2 
J 2, h s,r < C f s,r (l + lvl2y;2 Jo P- P dp 
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< C ll f II;,r. (2.25) 

In the same manner as before, we estimate the term G(lh l): 

G(lhl) - 1 f (q)( l + lql2r/2eslql2(1 + lql2)- r/2e-slql2 dq 
lql2':lvl 

< I1/ lls,r 1. (1 + lql2tr/2e-slql
2 

dq 
lql2':lvl 

< 21rllflls r J, (1 + R2 )- rf2e-sR2 RdR 
' R2':lvl 

< Cllflls,r(l + lvl2tr/2100 

Re-sR
2 

dR 
lvl 

< C ll fll s,r(l + lvl2)-rf2e-slvl2 

< C(cp(v))-1 llflls,r (2.26) 

where we have again changed to pola r coordinates, with Jql = R; and have used the 

fact that for f = h , jq j belongs in the set D3 . 

Now we complete the proof by claiming that II J+(J, /J)lls,r+2--y ::; Cll/11;,r. 

Again from (2.20), and (2.26) we write 

< 2b1 r Iv - Pl-2+-rI11 IG(lh l) dp }R~ 

< C(cp(v))-1ll!lls,r 13 Iv - Pl-2+-r J(p)x1(P) dp 
Ru 

- C(cp(v))- 111/ ll s,r 1, M Iv - Pl-2+-y f (p) dp 
IPl~ 72 

- C(cp(v)t 1ll fll s,r 

X Avl~~ Iv - Pl- 2+-y f (P)'Pr,s(P)(cpr,s(P))- 1 dp 

where by taking terms to the left hand side we have 
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For IPI ~ ~ we note that since 

one obtains 

and so 

Using the estimate 

it is easily verified that 

Where again we have changed to polar coordinates, with p = IPl2
• Now taking the 

factor (1 + lvl2)-1+1'/2 to the left hand side, and making use of the fact that 

hlj½ e-spz dp ~ C(s) 

where C(s) is some positive constant depending on sonly, we finally obtain 

(2.27) 

The term IIJ+(h, h)lls,r is estimated in the same way as before, except we take into 

account the fact that in this case p belongs to t he set D2 rather than D 1 as in the 
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previous estimate. Therefore we have by (2.20) and (2.26) t hat: 

IJ+(h, h)I ~ C(cp(v)f 1llflls,r ~ Iv - Pl-2+-y f(p) dp 
J 72<l11l<lvl 

~ C(cp(v))- 111111; r r Iv - Pl-2+1 (1 + IPl2)-r12e-slpl
2 

dp. 
' } ~<IPl<lvl 

Since 

we have 

( 
1)- r/2 

(1 + IPl2rr12 ~ 2 (1 + lvl2)-rf2
. 

Therefore, using the fact t hat exp(-sjpj2) < 1, we write 

By letting p = Iv- Pl ~ 2lvl and changing into polar coordinates, the above integral 

can be evaluated to be bounded by 41r{2lvl)1+1 . So we have for r > 4, 

11+(h, h)I < c2r1241r(21+1 )lvl1+1 (1 + lvl2)-2(cp(v))-1II Jll;,r 

< C2(l + lv l2)112 (1 + lvl2)(l + lvl2f 2(cp(v))-1 IIJll;,r 

< C2(l + lv l)112(1 + lv l2) -
1(cp(v)f1 IIJ ll;,r 

< C2(l + lv l2)(-r-2+-y)/2II Jll;,r. 

Hence, by taking terms to the left hand side of the inequality, one finally obtains 

the required estimate 

(2.28) 

where C2 is some positive constant and , E [O, 1 ]. 

Finally we estimate the term II J+(h, h) lls,r, in which t he calculations are exactly 

the same as before, except that pis in the set D3, and so by inequalities (2.20) and 
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(2.26) we get: 

We note that since l+IPl2 ~ l +lvl2 for IPI ~ lv l we have (l+ IPl2)-r/2 ::; (l+lvl2)-r/2, 

hence: 

IJ+(h, h)I < C( (v))-1 llf ll~,r { Iv - 1-2+-re-slpl2 d 
cp (1 + lv l2Yl2 JIPl~lvl p P 

< C(cp(v))-1 llfll;,r { Iv_ Pl-2+-re(-Tlv-p12
) dp 

(1 + lv l2Yl2 JIPl~lvl 

where we have used t he fact that for IPI ~ lvl, Iv - Pl ::; lvl + IPI ::; 2IPI and t hus: 

exp(-slpl2) ::; exp ( ~s Iv - Pl2) . 

And now we evaluate the integra l in the above expression by letting p = Iv - Pl and 

changing into polar coordinates. We note that after a change of variables, the above 

integral can be rewritten as: 

since O < p < oo. However this integral is j ust a constant depending on s, and -y. 

Thus 

<l 

< C3(l + lvl2tr/2e-slvl2 (1 + lvl2)-l+"!/2ll f ll; r · 
' 

By taking terms to the other side of the inequality it is readily observed tha t 

(2.29) 



2: Properties of the Boltzmann Collision Term 

From the bilinearity of the gain term we obtain 

IJ+(J1,h)I + IJ+(h,h)I + 11+(h, h)I 

IJ+(J,h)I 

< (Ct + C2 + C3)(cp{v))-1 {1 + Jvl2)-t+-r/2ll f ll~ r 
' 

and therefore, 
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(2.30) 

Finally from (2.24), (2.25), and (2.30) we have the required estimate stated in the 

Lemma for positive constant C,, E [O, 1], and r > 4. D 

The above estimate is crucial in proving existence and uniqueness results for 

the steady Boltzmann Equation with diffuse boundary condit ions, as will be seen in 

Chapter 4. We emphasize the need for the space of functions L<;:r in proving such 

bounds. In Appendix C, we will consider the properties of t he collision operators 

in the space of functions with only the inverse power decreasing for large lvl; and 

show that we cannot achieve bounds in this norm. We will explain the source of 

this unboundedness which will further demonstrate t he need for a stronger norm. 

Remark 2.3 We emphasize the fact that we are only considering non-negative func­

tions f, and g since they denote the one-particle distribution function. Moreover, 

due to the symmetry property (2.4,), it is sufficient to consider the case f = g as we 

did in Lemma 2.2. 

Below we show that the collision operators introduce some regularity in the velocity 

space. T he proof of this lemma is used later on in establishing other bounds on the 

collision operator and producing the appropriate function space in which one can 

apply the contraction mapping principle. 
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Lemma 2.4 Let: 

\\(!) = sup r lw - Pl - k f (p) dp 
w j R~ 
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for O < k < 2 

Then for , E [O, 1] and any positive function h satisfying h(q) ~ h(v)h(v,.) where 

q = v - n(n • (v - v,.)), we have: 

with some positive constant C . 

Proof. Let cp(v) = h(v)lw - vl-k, and we write by (2.5) : 

We make the change of variables n ~ q = v - n( n · ( v - v*)) where n is a unit vector 

which lives in the unit sphere § 2 directed along t he vector v - v'. q is a vector in lit' 

which lives in the sphere K vv. defined by: 

We transform the integration variable n on t he unit sphere to a new sphere Kvv. of 

radius ½Iv - v*I as seen in Figure 2.2. 

Writing q in its components we have 

Q1 = vi - sin </> cos 0 ( n · ( v - v,.)) 

q2 = v2 - sin </> sin 0 ( n · ( v - v*)) 

q3 = V3 - cos </> ( n · ( v - v*)) 

Looking at the definition of the set K vv. we notice that q can also be written as: 

e E §2 
* 

where §~ is the sphere with normal vector e having components: 

e = (sin </>1 cos 01, sin </>1 sin 01, cos </>i). 
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• 

Figure 2.2: A transformation from the unit sphere to the sphere Kvv • . 

Here n represents the unit normal to the unit sphere, and e represents the normal vector 
to the transformed sphere Kvv1 • 

We want to express the polar and azimuthal angles of the unit sphere, in terms of 

the polar and azimuthal angles of the new sphere with unit normal e. Now choosing 

the pola r axis in direction v - v. , i.e., n · ( v - v.) = Iv - v. I cos</>, we have the 

following relations: 

q1 = v1 - sin </> cos 0 cos </>Iv - v. I 
Q2 = v2 - sin </> sin 0 cos </>Iv - v.l 
q3 = V3 - cos2 </>Iv - v. I 

= ½(v1 + v.i) + ½Iv - v.l sin </>1 cos 01 

= ½(v2 + v.2) + ½Iv - v.l sin </>1 sin 01 

= ½(v3 + v.3) + ½Iv - v.l cos </>1 

where v = (v1, v2, v3) and v. = (v. 1, v.2, v.3). From the relationship in q3, we have: 

Now choose Cartesian coordinates (consistent with polar axis in direction v - v.) 

such that 

resulting in t he equality 

cos </>1 = 1 - 2 cos2 </> 
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which leads to the relationship 

Now using the expressions for q1 and the above relation we can express 0 in terms 

of 01. First we observe from t he relation in q1 that 

t(v1 - v*1) -Iv - v* I sin ¢, cos 0 cos¢, = tiv - v* I sin(¢,1) cos 01, 

= O 

and then obtain 

Now we are able to write t he relations 

• ,1,, sin </>1 d ,1,, (n · (v - v.)) lq-vl sm '+' = -- an cos '+' = _;_____;_ _ ____;..;_ = ---
2 cos¢, Iv - v* I Iv - v* I 

in which we can then express dn in terms of dq. Therefore, we have 

sin ¢, d</> d0 

dq 

1 dq 
lq - vllv - v.l 

Summarizing, we may write 

where 

I = J, cp(q)B lq - vl - 1 dq. 
Kvv. 

(2.32) 
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By (2.9) B satisfies: 

(2.33) 

so tha t for q E K vv. 

Therefore, from the definition of Vk(f), the above estimate on B , and the fact that 

ip(q) = h(q) lw - ql- k we write: 

sup r lw-ql-kh(q)J+(f,g)dq 
w JR~ 

- sup f ip(q) J+ (!, g) dq. 
w JR~ 

By (2.16) and (2.31) we have: 

< sup b1 r f(v)g(v.,)lv -v. 1-r-2 [f ip(q)dq] dvdv* 
w JR3xR3 J Kvv. 

sup b1 r f(v)g(v. )lv - v*1-r-21i dv dv* 
w JR3 xR3 

where 

Since h(q) :::; h(v)h(v.,), / 1 is estimated as: 

11 ::; h(v)h(v.,)h 

with 

Hence we are only left with estimating the integral h . Taking 

and changing into polar coordina tes, we get: 

q = ( R sin ¢, cos 0, R sin ¢, sin 0, R cos ¢,) 
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which then implies 

lw- ql 1Rsin ¢cos 0, Rsin ¢sin0, lwl - Reos¢! 

[ ] 
1/2 

R2 
- 2Rlwl cos <P + lwl2 

. 

Thus the integral 12 is written as 

where R = ¼Iv - v.l . Integrating first for t he case where lwl lies inside the sphere 

of radius R , i.e lwl :::; R, we have, by letting u = R2 + lwl2 - 2Rlwl cos ¢ : 

21r R21(R+lwl)2 - k/2 
-- u du 
2Rlwl (R-lwl)2 

l
(R+ lwl)2 

.!!._ R-2-( u2-k) 1/2 

lw l 2 - k ( R-lwl)2 

_ _l:!!_R [(R + lwl)
2-k - (R- lwl)

2-kl 
2 - k lw l 

l + - - l - -[( !w1)2-k ( !w1 )2-kl 
_l:!!_R2- k R R 
2 - k ~ 

R 

To simplify matters, let x = ~ :::; 1 for the case lwl :::; R. T hen we immediately 

notice that: 

(1 + x) 2-k - (1 - x)2-k (1 + x)2 - (1 - x)2 
------'------'--<------= 4 

X - X for O :::; k < 2. 

For the case when lwl > R the limits of integration will be from (lwl - R)2 to 

(lwl + R)2
• After we evaluate the integral in the same manner as before, and let 

x = ~ > 1 we have: 

(x + 1)2- k - (x - 1)2-k (x + 1)2 - (x - 1)2 
-------- <-'----_;_--'-- =4 

X - X 
for O:::; k < 2. 
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For the case when x :=:; 1, we estimate 

[( lw1 )
2-k ( lw1)

2-kl l+R - l-R 
2rr(2 - k)-1 R2-k-=----------,----,--------=- ::; 81r(2 - k) - 1 R2-k . 

lwl 
R 
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The same estimate also holds for the case lwl > R. Therefore, we have by the above 

estimates: 

11 < h(v)h(v.)12 

< Ch(v)h(v*)(2 - kt 1lv - v.12- k 

and so the required estimate follows: 

Vk(hJ+(!,g))::; C(2- kt1 sup r f (v)g(v.)jv-v.1-r-kh(v)h(v*)dvdv* 
w j R3xR3 

= C(2 - kt 1 sup r J(v)h(v) dv r g(v.)h(v.)lv - v.1-r- k dv. 
w }R3 }R3 

= C(2 - kt 1Vo(fh)Vk_-y(gh) 

for some positive constant C, 0 :=:; k < 2, and , E [O, 1]. D 

Remark 2.5 In order to fully clarify the results of Lemma 2.4, we give some ex­

amples of the type of functions which satisfy the inequality h(q) ::; h(v)h(v.). For 

later purposes we look at functions of the type 

for r ~ 0, s > 0. We know that for particle velocities q, q1, v, v., lying on the 

collison sphere, the conservation of energy dictates that jq j2 + jqil2 = lvl2 + jv. 12 , 

where we recall that v, v. are the pre-collisional velocities and q, q1 the post-collisional 

velocities. There! ore, 

(1 + lql2
) - 1 + lvl2 + lv.1 2 

- jq112 

< 1 + lvl2 + lv.12 + lvl 2 lv.j2 

(1 + lvl2)(1 + jv.j2
) . 
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It is now evident that h1 (q) will satisfy, 

In addition, 

and so it is easily verified that 

Therefore, the functions h1 ( q), and h2 ( q) certainly satisfy the condition for Lemma 

(2.4) to hold. 
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Chapter 3 

The Steady Boltzmann Equation 
with Inflow Boundary Conditions 

3.1 Steady Boltzmann Equation 

In the rest of this thesis we will deal with the existence and uniqueness of solutions 

to the Steady Bolzmann Equation in a bounded domain O with given boundary 

conditions. In particular, in this chapter we will deal with the Boundary Value 

Problem: 

x EO 

x E an 
(3.1) 

(3.2) 

in which the size of the domain is bounded in terms of a small positive parameter 

c; which is a measure of the inverse mean free path of a particle. Equation (3.1) is 

the Steady Boltzmann Equation and the boundary condition (3.2) is called inflow 

boundary condition where a function 1- is prescribed at the boundary. We rewrite 

the above problem as: 
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where Del = e · 'v xf, e = 
1
!

1 
. We see that in a neighborhood of zero in t he 

velocity space, the non-linear term becomes very significant. Also, for hard sphere 

interactions, where B = In · ( v - v.) I, the collision kernel, and thus the collision term 

become unbounded as v beomes large. In previous literature [9] general existence and 

uniqueness results have been proved for a one-dimensional slab. This was done by 

introducing unphysical truncations on the collision kernel which eliminated collisions 

between particles having small velocities. The truncated collision kernel took the 

following form: 

B ( ) _ { Celv - v. Jkh(0) if min JvJ, Jv.J , Jv'J, Jv:I > c 
e v, v., n - 0 otherwise 

fork E {-1,0,1}, c > 0, and Ce> 0 such that f(v-v.,n )>oBe(v,v.,n)dn = Jv -v.J. 
In addition, a crude truncation was also done on the collision kernel which removed 

collisions which generate particles with high velocities. 

The main task in the remainder of this thesis is to show that the collision op­

erator J(J, J)(x, v) has the properties which make it possible to avoid truncations. 

For simplicity, we will consider t he case of hard sphere collisions, although gener­

alizations are available. The main estimates in Lemmas 2.1 and 2.3 are used here 

to construct a function space in which contraction mapping arguments are avail­

able. The contraction mapping theorem is then used to establish the existence and 

uniqueness for bounded domains n. 

3.2 Steady Solution Operators 

Solutions of t he boundary value problem (3.1),(3.2) can be obtained by the method 

of characteristics. Recall that J(J, J) = J+(J, J) - f v(f) where the gain term 

J+ (J, J) and the collision frequency v(J) were defined in t he last chapter. 

Write (3.1) , and (3.2) as: 

V c 
j;T · 'v xf + y;f f v(f ) c +( y;iJ J, J) 
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Let x(s) = fvrs + Xo, and note that: 

d V 
dsf (x(s), v) = lvl\7 xf (x(s), v). 

Here Xo is some initial point, and Isl denotes the 'time' a particle with velocity fvr 
needs to move from a boundary point x0 +sr;;r to a point x0 • Along the characteristic 

s -+ ( x ( s), v), the equation reads 

df € - € + 
ds + i;r fv (f) - j;l'J (!, !). 

Multiplying through by the integrating factor: 

exp { - l:I 1° v(xo + T l:I) dT } 

where v(f) (x, v) = v(x, v), we have: 

Let 

! [f(x+s
1
:

1
,v)exp{ -

1
:

1
1° v(xo+T

1

:

1

,v)dT}] = 

1

:

1 

J+(J, f) exp { -
1

:

1 

lo v(xo + T 
1

:

1

, v) dT }. 

s* inf { s : S < 0, X + S 
1

:

1 

E 80} 
TI(r,v) exp { -1vl- 1c 1° v(x + sv lvl-1

, v) ds}. 

Integrating from a point s* < 0 to 0, and changing variables we obtain: 

f (xo, v) = J(xo + s* ,:, , v) exp { -,:1 1~ v(xo + s l:I, v) ds } + 

clvl-
1 1~ J+(J, f) exp { -,:11° 11(x0 + s l:I, v) ds} dr. 

Applying the boundary condit ion: 

,- f = f(x , v) = 1-(x, v) for x E 80 in the half space v • n(x) ~ 0 
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we get, since X 0 + s*j;f E 80,: 

J(xo + s* ,:, , v) = f-(xo + s* ,:, , v) . 

Hence, the solution for problem (3.1), (3.2) can be written as: 

V { O 
f(xo,v) = J-(xo+s* j;'f ,v)TI (s*,v) + clvl- 1 Js• J+(f, f) TI(r,v)dr 

To simplify matters further, we define operators 

(Wf-)(x,v) f-(x+s•
1

:

1

,v)TI(s*,v) (3.3) 

(UJ+(f,f))(x,v) - lv l- 11~ J+(f,f)(x+r
1

:

1

,v)TI(r,v)dr (3.4) 

and rewrite the solution to the given boundary value problem as: 

J(x, v) = A(!) (3.5) 

where 

(3.6) 

Thus we have shown that t he problem (3.1),(3.2) can be reduced to the integral 

equation (3.5) . We will use the Contraction Mapping Theorem to prove that this 

equation has a unique solution for sufficiently small €. 

3.3 A Technicality 

3.3.1 Norms Defined 

We now introduce the weight function: 

with the weighted norms: 

s 2 O,r 2 0 

ll fll-1 

11!11 

- sup r <p(v)lv - wl-1 llf(., v)llu><>(f!) dv 
w }R~ 

r <p(v)llf(. , v)IIL00(n) dv. jR~ 

(3.7) 

(3.8) 

(3.9) 
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In addition, we consider the Banach space: 

(3.10) 

with the norm 11 -11 defined by (3.9). The norm defined in (3.8) implies another 

estimate on the collision operator which relies mainly on Lemma 2.4. With the aid 

of this estimate and the above norms, we are able to produce a function set in which 

we can apply the Contraction Mapping Theorem. 

3.3.2 An Estimate on IIJ+(J,g)ll-1 

Lemma 3.1 There exists a positive constant C such that: 

IIJ+(J, g) ll-1::; Cllf ll ll9II 

for all f, g E L00
• 

Proof. We showed in Lemma 2.4 that functions of the form cp( v) satisfy the condition 

<p(q) ::; <p(v)<p(v.) for velocities q, v, v. lying on the collision sphere. Hence, we can 

apply Lemma 2.4 with k = 1, , = 1 and get the estimate: 

Applying the definition of vk' we have: 

Therefore, 

which will imply 

- L~ <p(v)f(v) dv::; k_
2 

<p(v) IIJIIL00(!1) dv = 111 11 

r cp(v)g(v) dv::; r <p(v)l l9IILoo(n) dv. = 1191 1-JR~ JR~ 

V1(cpJ +(supf,supg))::; Cllsup f ll llsupgll = Cllfll ll9ll-
x X X X 
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From the definition of 11-11- 1 we have: 

111+(!,g) Jl- 1 

and since 

sup r cp(v)lv - w1- 1111+u, g)(v)llux>(n) dv 
w jR~ 

- sup r cp(v)lv - w1-1 sup J+(J, g)(x , v) dv 
w JR~ X 

supJ+(J,g) sup { { B(v - v. ,n)f(x,v)g(x,v.)dndv. 
X X JRJs2 

< { { B(v - v. ,n)supf(x ,v)supg(x,v.)dndv. JRJs2 X X 

we have: 

IJJ+(J, g)ll-1 < sup r cp(v)lv-w 1-11+(supf,sup g)(v )dv 
w JR~ X X 

V1 ( cpJ+ (sup f, sup g)) 
X X 

< CIIJll llglJ. □ 
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To proceed, we assume that the function J- ( the boundary data) satisfies the fol­

lowing conditions: 

1- ~ 0, <pf- E L1
(~, L00(8n)) 

s~p j lw - vl-1cp(v) II/-(., v)JIL00(an) < oo 

inf v(J-) = 110 > 0. 
x,11 

(3.11) 

(3.12) 

(3.13) 

Moreover, let aj (j = 1, 2, 3) be some positive constants, and consider sets A C Xo 

defined by 

Now we are in a position to prove existence and uniqueness of a solution to the 

steady boundary value problem. We will show t hat there are c, a1 , a2 and a3 such 

that the Banach fixed point theorem is applicable in A. 
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3.4 Existence and Uniqueness 

Every set A is a closed subset of the Banach space X 0 • Hence we apply the Banach 

fixed point t heorem and achieve existence and uniqueness of solutions to problem 

(3.1)- (3.2). 

Lemma 3.2 There exists positive constants ai (j = 1, ... , 4) such that AA C A if 

Hence we need to show: 

a) Al 2 0 b) IIAlll ~ a1 d) IIAlll-1 ~ a3 

Proof. a) is t rivial: Since J- 2 0 by assumpt ion, we have W 1- 2 0. Also for f 2 0, 

J+ (!, f) 2 0. Hence, Al = W 1- + EU J+ (!, !) 2 0. 

To prove b), set 

d = diam n 

then by the triangle inequality: 

V 
< 111- (x+s*r;r,v)II(s*) II +cllUJ+(J,!)11 

- h~ c,ol lf -(x + s* l:I, v) IT(s*)llioo(n) dv + cllU J+(f, !)II 

(3.15) 

(3.16) 

where we have used the definition of the norm in (3.9). Since IT(s*) ~ 1, we have: 

IIAf ll < i~ c,ollf-lli00(8fl) dv + cllUJ+(J, !)II 

- llc,of-llx1 + tllUJ+(f,!)11-
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Estimating the term IIU J+(J, !)II, we write: 

/IUJ+(J, !)11 - II lv1-1 fs~ J+(J, f)(v+r
1

:

1

,v)I1(r,v)drll 

- hi cp(v)l/ lvl-1 l~ J+(J, f)(x + r l~I, v)IT(r, v) dr l!i00(n) dv 

< h~ cp(v)lvl-1 fs~ /I J+(J, f)(x + r l~I, v)Il (r, v) /lioo(n) dv 

< 1~ cp(v)lv1-111 1+u, f) llioo(n) (l~ /I D(r, v) llioo dr) dv 

where we note that: 

which implies 

and so applying Lemma 3.1 we obtain: 

IIAJII < llc,of- llx + edllJ+(J, !)ll-1 

- ~
1 + edllJ+(J, f) ll-1 

< ~
1 

+ edCll!ll2 -

By t he definition of the set A, we also have that ll f 11 ~ a1 which gives, 
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Now by picking€~ 
201

1
cd = a4 we have proven part b). There exists an a4 > 0 such 

that: 

IIAJII ~ a1 (3.17) 
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To prove c), we have from the definition of v(J): 

v(f)(v) 1
3 
l(v.) (fs

2 
B(v - v., n) dn) dv. 

V 

1
3 
l(x, v.)lv - v.l (fs

2 
I cos0ldn) dv. 

V 

- 21r / l(x, v. )lv - v.l dv. 
}Ri 
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where we have considered only hard sphere interactions in which B(v, v. , n) = l(v -

v., n) I and have explicitly evaluated fs2 I cos 01 dn = 21r. Changing variables v. ➔ w 

we write: 

v(f)(v) = 21r / Iv - wll(x, w) dw. }R3 
u 

In order to prove c) it suffices to show that v(W 1- ) is bounded below by some 

positive constant since 

v(Af) 21r / lv- wl(Wl- + cuJ+(J, f))dw }R3 

21r I Iv - wlW 1- dw + c27r / Iv - wlU 1+u, !) dw }R3 }R3 
v(WI-) + cv(UJ+(J, f)) 

> v(WI-). 

We define for any b > 0 the set I as follows: 

and we assume tha t for 8 > 0 there exists b = b( 8) such that 

Now we have for IE A, 

21r I Iv - wlW 1- (x, w) dw }R3 

21r 1
3 

Iv - wlf-(x + s* l:I, w)Il(s*, w) dw. 

(3.18) 
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From the estimate 

k~ lw - w'IJ (x + s l:I, w') dw' ~ lwlll/ 11 + 11/11 

we conclude that 

IT(s* , w) exp { - lwl- 1 c 1~ v(x + s ,: , , w) ds } 

exp { 1~ - lwl-1c [21r .,'3 lw - w' lf(.x + s l:I, w') dw'] ds } 

> exp{-21rlwt1cls* l(l + lwl)ll/11}-

Therefore, we have 

> 21r r Iv - w11- (x + s* .:!!__ , w)e-e271"1s•11w1-1(1+lwl)llfll dw 
1R3 lwl 

> 21r r Iv - w11-(x + s*.:!!.._,w)e-£211"1s•11w1-1(1+lwl)IIJII dw 
11 lwl 

> 21re-e211"ls •1b(1+b)a1 /, Iv - wlf - (x + s* w 'w) dw 
, lwl 
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where we have applied the fact that for f E A, 11 / 11 ~ a 1. We now recall that b, can 

be chosen such that (3.18) holds. Therefore, 

v(W J-)(x, v) > (vo _ 8)e - t:27l" ls· lb(1+b)a1 

> ~ ll e -e27l"ls·1b( l +b)a1 
4 0 

for the choice of 8, 0 < 8 ~ ¼vo. Now choosing c small enough such that 

2 
llo exp(- c21rls*lb(l + b)at) ~ 3vo 

we obtain v(W J- ) ~ ~, which gives the desired result for c). 

In order to prove part d) we have that for f E A: 

sup r <p(v) lv - w1- 111cuJ+(f, f) llux>(f!) dv 
w }Ri 

sup r <p(v)lv - w1-1 dv 
w }R~ 
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x [l\clvl-
1 1~ J+(J, f) (x + r l: I, v)Il(r, v) dr\\u,,(n)] dv 

< sup r cp(v )lv - w1-1 
w lRi 

x [IIJ + (J, f) llu"'(fl) I\ c: lvl-
1 1~ Il(r, v) dr\\L'"'(fl)] dv 

- 111+u , f) ll-1 \\c:l vl-l 1~ Il (r, v) drtoo(fl) dv. 
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Now from the definition of TI( r , v) and the fact that for J E A, v(J) ~ a2 we write: 

ro V 
Il(r, v) exp{- lvl- 1c j,,. v (x+si;r,v)ds} 

< exp{- lvl - 1rn2r }, 

and so 

\\c:lvl-1 1~ Il(r) dr\\u"' :::; s~p c hd lvl-1e{-a2elvl-1.r} dr. 

since Is* I :::; d, where d is the diameter of n. Therefore, 

llcU J+(J, J)l l-1 < 111+u, f) ll-1C 

where C sup € rd 1v1 - 1e{-a2elvl- lr} dr. 
e lo 

In addition to the estimate on IIUJ+(J, J)ll-1 we have that: 

- sup r cp(v)lv - w1-1111-(x + s*-lvl, v)Il(s*)l li 00(n) dv 
w lRi V 

< IIJ-ll-1 exp{ -lvl-1c:a2r} 

< C1 (a positive constant) 

Making use of the triangle inequality and the last two estimates, we have: 

where upon integration: 

C 

< 

sup C rd lv1-1e{-a2elv1-1r} dr 
e lo 

sup{- ~ e{- a2elvl- 1d} + ~} 
e a2 a2 
1 
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From Lemma 3.1 , we have for f E A 

which implies 

Put a3 = C1 +C2a~a21
, a2 = 110/2. Then we have that: IIA/ll-1 ::; a3 and v(Af) ~ a2 

as required. □ 

Lemma 3.3 There exists a positive constant C such that: 

IIA/ - Agll ::; Cell! - 911 

for all J, g E A, € ::; a4 

Proof. We have: 

Clearly, 

AJ - Wf- +cUJ+(J,f) 

Ag - WJ-+cUJ+(g,g) 

Upon applying the definition of the operator U and the norm 11-11, we have: 

IIA/ - AJII ::; € f <p(v)lllvl-l [ r0 
(J+(J, /) - J+(g, g))TI(r) dr] II dv 

}R~ } s• Loo (!1) 

= € 13 ip(v)lv1- 1111+u, !) - J+(g, g)IILOO (1~ IITI(r) II dr) dv 
V 

since Is * I ::; d and TI( r) ::; 1, then 
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By using the definition of the collision term, we have: 

moreover, it is readily noticed that 

which gives the result 

Therefore, 

IIAJ - A9II ~ cd L~ rp(v)lv1-1111+1u - 9, f + 9) + ;+u + 9, f - 9)l lu,o dv 

~ cd r rp(v)lvl- 1111+(! - 9 , f + g)IIL00 dv + JR~ 
cd r rp(v)lvl-l 111+u + 9, f - 9) llu,o dv 

}Rl 

= cd (111+u - 9 , f + 9) ll-1 + 111+(! + 9, f - 9)11- 1) 

Again by Lemma 3.1 we have: 

IIAJ - A9II < cdCi[IIJ - 91111! + 911 + II! + 911 II! - 9lll 

< 2cdC1llf - 911(11/II + 11911). 
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Since both f , 9 E A, then 11! 11 ~ a1, and 11911 ~ a1 where a1 is some positive constant. 

Thus, we have for all c :'.S a4 and positive constants C and C1: 

II AJ - A9II < 4cdC1aillf - 911 

- Cell! - 911- □ 

Now by choosing c small enough such that Cc < 1, we have a contraction in A. 

From Lemma 3.2, and Lemma 3.3 we have an operator A which maps the set A 

into itself in a contractive way. Thus, by the contraction mapping principle [11], 

equation (3.5) has a unique fixed point . Therefore we have the following theorem: 
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Theorem 3.4 There exists an a4 such that the problem (3.1}-(3.2), has a unique 

solution if c ~ a4 

Moreover, the sequence J(o) = 0, f (n) = Aj(n-l) converges to this solution in U,c' 

and by applying Lemma 3.3, we have for m ~ n : 

IIJ'n) - J'm)II ~ IIJ'n) - J'n+l)ll+IIJ(n+l) - J'n+2)11+ ... +IIJ'm-l) - J'm)II 

= IIAJ'n-l) - AJ'n)ll+IIA/(n) - AJ'n+l)ll+ ... +IIA/(m-2) - Af(m- 1)11 

~ CcllJ'n-l) - f(n) ll+Ccllf'n) - J'n+l) ll+ ... +Ccllf'm-2) - j(m-l)II 

~ CcllJ<n-l) - f (n)ll+ ... +(Cc)(m-n)IIJ<n-l) - J'n)II-

Continuing in this way, we get the result : 

llf'n) - f'm)II < (Cctllf(O) - J<1lll+(Cc)n+lllf(o) _ f(llll+ ... +(Cc)mllJ<0l - J'1lll 

- ((Cct + (ccr+1 + ... + (Cc)m) 11J<1l11 . 

If we let m ➔ oo, we have: 

where 

and C1 is some positive constant depending on c E (0, a4). Also, we have a similar 

estimate for the traces: 
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which gives 

1~ cpl!,+ u (n ) - n II 1.,00(&n) dv 

< f 'Pllin) - flluX>(8!1) dv 
jR~ 

< llf(n) - !II 

Here the function J(l) describes t he flow in a vacuum, and by the convergence of 

the solutions in L00
, we have solutions which are near a vacuum. 
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Chapter 4 

Diffuse Reflection 

4.1 Classical Results 

In this chapter, we extend the results of the previous chapter to t he case where 

we have diffuse boundary conditions. In particular, we want to show existence and 

uniqueness of solutions for the boundary value problem: 

(4.1) 

(4.2) 

where again n denotes a bounded domain in lR3, with a Lyapunov surface1 an, and 

n(x) will denote the unit outward normal at a point x E an. Diffuse reflection is 

determined by the following operator R: 

(4.3) 

where M(x , v) is a normalized Maxwellian given by 

(4.4) 

1This is a smooth surface, defined by F(x) = 0, on which n(x) = ~ is well defined; in 
particular, v'F(x) :f; 0. 
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where xis the characteristic function of {v: v · n(x) < 0}. Physically h in (4.4) is 

determined by the temperature of the wall an. It is assumed that 

h E L 00 (aO) and inf h = ho > 0. 

In addition we assume hard sphere collisions, i.e., 

and we recall that: 

B(v, n) =In · vi 

f J(f, J) dv = 0, }R3 
V 

(4.5) 

(4.6) 

{4.7) 

where J(f, J) is the collision operator defined in Chapter 2. Moreover, we note that: 

f Iv· nlM(x, v) dv = 1 
l v,n<O 

(4.8) 

and it follows from ( 4.4) that 

f (v. n(x))f(x, v) dv da(x) = 0 
JR~xan 

(4.9) 

where da is the Lebesgue measure on an. The proof for ( 4.8) and ( 4.9) are done in 

Appendix D. 

4.2 Existence and Uniqueness 

As will become clear later on , the boundary value problem ( 4.1 )-( 4. 2) does not 

possess a unique solution. There is one degree of freedom. In order to achieve 

uniqueness, one must impose an addit ional normalization condition to determine, 

say, the incoming flux at an. Hence, our solutions will be normalized by the condi­

tion: 

f Iv · n(x)l'Y- J(x, v) dv da(x) = 1 
JR~xan 

(4.10) 

where the value one has no particular meaning; it can be replaced by any positive 

constant. 
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4.2.1 Steady Solution Operators 

Now we return to the problem (4.1)-(4.2), and we find t he appropriate solution 

operators in t his case. Let V be the solution operator to the problem {3.1)- (3.2). 

Then the function f = V(,-!) solves (4.1)- (4.2) if the function , - f solves the 

equation 

(4.11) 

We may write equation ( 4.1) as: 

df £ 

ds = jvj J (J, !) 

Integrating along the characteristic, we have: 

10 df V 

s• ds (xo + i;is, v) ds 

i.e.,f{xo, v) 

where we recall that 

s* = inf{s : s < O,x+s
1

:

1 

E an} 

Now applying the boundary condition (4.2), where X o + 
1
~
1
s* E an, we have: 

We define solution operators similar to the operators defined in {3.3),(3.4) except 

with Il = 1. Therefore we write 

so that t he solution to (4.1)- (4.2) is written as: 

(4.12) 

(4.13) 

(4.14) 
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Upon applying (4.14) to t he boundary condition defined in (4.2), ,-f can be ex­

pressed as: 

(4.15) 

where we remind the reader that V is the solution operator to problem (3.1)-(3.2), 

and R is the diffuse reflection operator defined in (4.3). 

4.2.2 Reduction of the Problem 

In view of ( 4.2) and ( 4.3), we seek a solution of ,-f in the form: 

, - f = M(x, v)N(x) (4.16) 

with some unknown function N. Applying the definition of the diffuse operator in 

equation (4.15) we observe that: 

M(x, v) [1 lw . n(x)1,+wo,- f(x,w) ~ 
w•n(x)>O 

+£1 lw . n(x)1,+uoJ(v,- f, v,-n dw] 
w•n(x)>O 

M(x,v)N(x) 

by assumption. Hence it follows that 

N(x) = 1 lw · n(x)l,+w o,-J(x,w) ~ 
w·n(x)>O 

( 4.17) 

+£ 1 lw . n(x)l,+UoJ (V,- f , v ,-n dw 
w·n(x)>O 

11 +£h 

where we abbreviated the first integral as 11, and the second as 12• 

Our main strategy now is to find the function N and show that it yields the 

unique solut ion to the problem (4.1),(4.2), and (4.10). However, in order to do this, 

we must express N(x) in terms of fixed points of operators, which will be shown to 

have the contraction property, thereby proving t he necessary results. We begin by 
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Figure 4.1: Illustration of the corresponding boundary point of x E an. 

expressing each term in equation ( 4.17) in a way which will become useful later on. 

With this in mind we rewrite 11 in {4.17) as: 

f le· nl f
00 

lwl31+wo(M(x, w)N(x)) dlw l de 
l e-n(x)>O Jo 

where the velocity vector is w = lwle and e = w/lwl is a unit vector in the direction 

of w. Since .,,+ f determines the densities of particles impinging on an, and because 

1+Wo(M(x, w)N(x)) = Wo(M(x, w)N(x)) for w · n(x) > 0, XE an 

the presence of the operator .,,+ (.) does not affect the value of the integral when 

w · n(x) > 0. Also, since the operator Wo acts only on the position variable, i.e. 

WoM(x, v) = M(x + sfvr, v), then upon substituting this into (4.4), / L takes the 

form: 

where y = x + s 1~1 is the corresponding boundary point of x E an in direction e 

{Figure 4.1). The inner integral in {4.18) can easily be calculated to have the value 

71' - 1. Hence, the expression for N(x) is written as: 

N(x) =71'-t r le·n(x)IN(y) de+£ 1 lw ·n(x)l1+uoJ(V1- f, v,,-!) dw 
J e.n(x)>O.lel=l w·n(x)>O 

We note that y E an is given by y = X - l~I Ix - YI which implies: 

V x-y 
e - - - ,--_____,,. - !vi - Ix - YI · 
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Secondly, de can be expressed in terms of a general surface element da(y) at a point 

y E an, where an is the part of the body seen from x. In Appendix C, we show 

that de is really the solid angle subtended by da(y) at some fixed point, and is given 

by: 
n(y) • e 

de= I l2 da(y) x-y 
(4.19) 

where n(y) is the normal to the surface da(y). Substituting the expressions e, and 

de in the integral 11, we can write the equation for N(x) in the form: 

N(x) = JCN + cG(N) (4.20) 

where the operators JC , N are defined as follows: 

JCN(x) h JC(x, y)N(y) da(y) 
an 

(4.21) 

JC(x ,y) 71' -
1 Ix - Yl- 4 /(x - y, n(x)I I (x - Y, n(y)I ( 4.22) 

G(N)(x) 1 iv . n(x)l,+UoJ(v,-J, v ,-n dv ( 4.23) 
R3 

V 

in which the integral 11 is now represented by the operator JCN(x) , and inte­

gral h is represented by the operator G(N)(x). We note that since by definition 

,+uoJ(v,- J, v,- ) = 0 in the half space v · n(x) ~ 0, we can just as easily in­

tegrate over all space without affecting the value of the integral 12 in (4.23). As 

mentioned, the above operators have very special properties, which are needed in 

proving uniqueness. These properties are entailed in the next four lemmas. 

4.2.3 Some Properties of the Operators K, and G 

The Operator G 

Lemma 4.1 G(N) satisfies: 

f G(N) da = 0 
l an 

where da is the surface element at a point x E an. 
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Proof. As will become clear, this lemma is a direct consequence of ( 4. 7). 

By an application of t he definition of U0 , we writ e: 

52 

where the transformat ion y = X + re, e = l~I, X E an, T E [s*, O], y E 0, C JR.3 with : 

dy = le· n(x) j dr dcr(x) 

leads to: 

{ G(N) dcr = { J(f, f)(y , v ) dv dy = 0 
JR~ JnxR3 

from (4.7). D 

Lemma 4.2 For any constant C1 independent of N , we have: 

Proof. Since we assume a solution of the form 1- = "(- f = M(x, v )N(x), we may 

write: 

ao llcpf- llxi 

k_~ cp(v) IIM(., v)N(.)IIL""{&n) dv 

- _21 r cp(v) llh2(x)e-h(x)lvl2/2N(x) lli oo(&n) dv 
71' JR~ 

< -2
1 r cp(v) llh2 llu"'(00) e-holvl212 IIN(x)llioo(&n) dv 
71' JR~ 

-2
1 

llh2lli 00(an) IIN(x) lli 00 r (1 + 1v12r e811112 e-holvl
2

/
2 dv 

71' JR~ 
for h(x) ~ ho, by (4.5). For s < ½ho = ½ inf h, the above integral is bounded by a 

constant. Hence 
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in which we have absorbed llh2(x)IIL')O into the constant C. Now since l(x, v) = 
V (M(x, v)N(x)) defines t he solution operator for the problem (3.1)-(3.2) then by 

the discussion in Chapter 3, l E A, and 11111 ::; a1 = 2ao. Therefore, 

11111::; 2CIIN(x)llu)O(&n)· 

We are now able to prove the asserted estimate. 

IG(N)(x)I - L~ Iv · n(x)1,+uoJ(v,-1, V-y-J) dvl 

< h3 (1 + Jvl2y/2e-slvl2 eslvl2 [J+(J, !)I dv 
Ru 

+ r (l + Jv12y/2e-slvl2 eslv1211- u, J) I dv. 
JR~ 

Estimating the first integral on the right, one gets 

(4.24) 

r (l + lv 12yf2e-slvl2 eslv12111+u, f)IILOO 
JR~ 

- r e-slvl2 JIJ+(J,J)lls,rdv 
JR~ 

< C k
3 

lllll;,r dv 
V 

where we applied the definition of 11-lls,r defined in Chapter 2, and Lemma 2.2. We 

notice that 

Ccp(v)llf llL00 - C(l + lvl2r12eslvl2 IIM(., v)IIL00 IINl!L00 

- C(l + lvl2Y/2eslvl2l lh2[[Looe-lvl2h/21[N[ ILoo 

< CillNllu)O 

for positive constants C,C1 and s < ½ inf h. We also recall t he definition of the norm 

11-11 defined in (3.9) and write 

C k
3 

lllll;,r dv < 
V 

CillNIIL00 r llf lls,r dv JR~ 
< CtllNlli00 llfll-
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The estimate for the integral involving the loss term is done in the same way, and 

gives the same estimates. Hence, we have from the estimate in ( 4.24) the required 

result 

The Operator K, 

Lemma 4.3 The operator K, is compact in L2 (an). Moreover, for every x E an 

Thus any constant solves the equation N = KN. 

Proof. Since an is a Lyapunov surface, there exists a positive constant 8 > 0 such 

that 

sup K(x, y)lx - yl 3
-

0 < oo 
x,y 

This implies integrability of the operator K . From standard books on real analysis 

(see for example [7]), any integrable function can be approximated in L2 by smooth 

functions having compact support. Thus compactness of the operator K follows. To 

continue, let 

fl= KN(x) + cG(N)(x) (4.25) 

where now we have made the distinction that fl represents the out-going flux at the 

boundary and is defined by 

fl(x) = f lw · n(x)l"Y+w o"Y- f(x ,w) c1w 
Jw,n(x)>O 

+c r lw. n(x)l"Y+ uoJ(V')'- f, v,-J) dw 
l w,n(x )>O 

and N(x) represents the (given) in-going flux and is defined the same way, except 

the integration is extended to the hemi-sphere w · n(x) ~ 0. Thus using Lemma 4.1, 
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it is readily seen that the total flux exiting the boundary is given by 

r N(x) da(x) = r 1 lw. n(x)b+Wo,- f (x, w) dw da(x) 
l an lan w•n(x)>O 

Equation ( 4.9) indicates that the total flux entering the domain is equal to the total 

flux exiting, which is explicitely written as: 

1 r lw. n(x)IJ(x, v) dv da(x) = 1 r lw . n(x)lf (x, v) dv da(x) . 
w·n(x)>O lan w·n(x)<O lan 

Therefore, we see that by this condition, 

r N(x) da(x) = r N(x) da(x). 
loo lan 

{4.26) 

Now by integrating equation (4.25) over the boundary, and applying Lemma 4.1 one 

obtains 

f N(x) da(x) = f KN(x) da(x) . 
lan lan 

Using {4.21) , {4.26) and the fact t hat K(x,y) is symmetric, we have 

kn N(x) da(x) - kn (Ian K(x, y)N(y) da(x)) da(y) 

which leads to 

- kn (Ian K(y, x)N(x) da(y)) da(x) 

kn N(x) (Ian K(y, x) da(y)) da(x) 

kn N(x) ( 1 - kn K(y, x) da(y) ) da(x) = O. 

( 4.27) 

As this holds for arbitrary N ;::: 0, we readily observe that t his condition holds if 

and only if 

Ian K(x, y) da(y) = 1. □ 

It is immediate t hat any constant solves the equation N = KN. The next lemma 

will show that actually constants are the only possible solution to the equation 

N= KN . 
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Lemma 4 .4 

ker(J - K) n {NE L2(an), (1, N)i2(8n) = 0} = {O} 

Proof. Suppose M (y) solves t he equation N = KN, and that 

f M (y) dc,(y) = 0 
18n 

If M (y) =J. 0, we make the following decomposition 

where we define 

M +(Y) = { M
0 

(y) if M (y) > 0 
if M (y) ~ 0 

In addition, we define the sets 

{ 
0 if M (y) > 0 

ancl M _(y) = - M (y) if M (y) < 0 

D+ - {x E an; M(x) > O} 

D_ - {x E an; M(x) ~ O} 
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and note t hat since M (y) solves the equation N = KN, then from {4.21) we have 

Therefore, 

and 

h f K(x, y)M+(Y) dc,(y) dc,(x) - r r K(x , y)M_(y) dc,(y )dc,(x) 
O+ O+ lo+ l o_ 

- f M +(x) dc,(x) 
lo+ 

fv_ k+ K(x , y)M +(Y) dc,(y) dc,(x) - /
0

_ fv_ K(x , y)M - (y) dc,(y) dc,(x) 

= - j M_ (x) dc,(x). 
D-
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Hence we have 

JD+ (l + K(x, y) da(x) - 1) M +(Y) da(y) - fo_ (l + K(x, y) da(x) ) M _(y) da(y) 

= o. (4.28) 

But we know from Lemma (4.3) t hat 

I K(x, y) da(x ) :S I K(x, y) da(x) = l 
l o+ l an 

and so the left-hand side of equation ( 4.28) is negative, which is impossible unless 

both M + = M _ = 0. So the only solution is if 

We have shown that /( is compact , and we have restricted everything to the 

space orthogonal to t he set of constants where one is not an eigenvalue. Hence t he 

operator (J - J()- 1G is continuous in L00(8D.) restricted to t he orthogonal comple­

ment of constants. Thus we see that the problem (4.1) ,(4.2),(4.10) reduces to t he 

following equation: 

( 4.29) 

Remark 4.5 We make the important observation that the constant in equation 

(4.29} is in general not unique. However by the normalization condition in (4. 10} 

it is possible to define this constant uniquely. 

Contraction Properties 

Lemma 4.6 N(x) in (4.29} is uniquely defined. 

Proof. From (4.10) and t he fact that we are assuming solutions of the form in (4.16) , 

we writ e: 

I Iv· n(x)IM(x, v)N(x) dv da(x) = 
JR~xan I N(x) da(x) I Iv · n(x)IM(x, v ) dv 

Jan lRt 
- l. 
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In view of ( 4.8), and Lemma 4.4 this gives: 

f N(x) da(x) 
l an 

C f da(x) 
l an 

1 
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and t hus c-1 is equal to the measure of boundary an. Next we show that the 

operator c(I - /C)G is a contraction. Assume tha t t here are two different solut ions 

, - Ii M(x, v)N1 

,- f2 M(x, v)N2. 

Now from ( 4.23) we write: 

Again as in Lemma 4.2 we look at the term containing the gain term, since the term 

involving the loss term is estimated in the same way. We showed in Lemma 3.3 tha t: 

By Lemma 2.2 the first term in t he above inequality is bounded above by: 

and in addition, by a consequence of Lemma 4.2 we have tha t 

for s < ½ inf h. Hence 
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for Ji, h E A. By the bilinearity of t he operator G(N), we have: 

Therfore the operator c(J - K,)-1G is a contraction in a ball 

{NI IINllioo ~ 2C} 

if € is sufficiently small. □ 

Now we have that the function f = V -y- f with ,,,- f = M(x, v)N(x) solves {3.5) 

and (4.10) with N uniquely given in (4.29). Recall that (1 + lvl)-1J(f, !) E £ 00 if 

f E £ 00
• Thus f belongs to the set: 

We are now in a position to state the main result of this chapter: 

Theorem 4.7 There exists £ 0 such that the problem {4, 1),(4-.2),(4-.10} has a unique 

solution in W if€ < co, 0 ~ s ~ ½ inf h, r ~ 2. 
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Chapter 5 

The Couette Problem 

In the last chapters, we discussed three-dimensional problems in bounded domains. 

In this chapter, we consider diffuse reflection at the end points of a one-dimensional 

slab. Of course, it is important to point out that existence and uniqueness has 

been done for one-dimensional slabs [1], but for a truncated collison kernel. Here we 

prove existence and uniqueness, by applying some of the properties of the Boltzmann 

equation, entailed in the estimates produced on the collision operator. As seen in 

Chapter 4, we used the estimates from Chapter 3 on the collision t erm to produce 

a function set where we applied the contraction mapping principle. However , it is 

important to realize t hat for the class of problems involving uniqueness, the role of 

spatial dimensions plays an important part. For example in the Couette problem 

discussed here, we are proving existence and uniqueness in a one-dimensional slab 

where our domain is bounded with respect to the x direction, and infinite in the 

y and z directions. This makes the problem more difficult to handle, but we will 

see in this chapter t hat our method of approach is the same as before, with some 

modifications. For example the steady solution operators defined in Chapter 3, 

are used here with a slightly different representation. In addition we introduce 

another norm which concentrates on a plane and makes it possible to handle the 

unboundedness in the y and z directions separately. We use this norm to prove an 
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additional property of the collision term which will then be used to produce the 

suitable function space with the contractive property essential in proving existence 

and uniqueness in the one-dimensional case. It will become clear in the calculations, 

how the effects of this norm handles the unboundedness in the y and z directions 

and make it crucial to the one-dimensional setting. 

5.1 Structure of the Problem 

In the Couette problem, we consider the steady Boltzmann equation in a slab where 

our domain is now n = (0, 1), and 

8J 
V1 -

8 
= cJ(j, J) 

X 
(5.1) 

where v E lit', v = (v1, v2 , v3 ). Our goal is to find a function f(x, v) which solves 

(5 .1) together with the diffuse boundary conditions 

f(0,v) - M(0,v)1Vo(f) 

f(l,v) - M(l ,v)N1(J) 

(5.2) 

(5.3) 

Here N 0 , N1 represent the flux entering and exiting t he slab, respectively; and are 

given by: 

r lvilf(0,v)dv 
1111<0 

r lvdf(l, v) dv. 
1111>0 

The functions M ( i, v) are in the one-dimensional case defined to be: 

where i belongs to the set { 0, 1}; which are the positions at the two endpoints of 

the slab. Here, we also recall t hat hi are some positive constants determined by the 
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temperature at the two endpoints. By a simple calcula tion, we have: 

1. M(0, v)lvil dv 
v1>0 

Similarily, 

_ 1. (21rt 1e-vfhd2e-<vi+vj)ho/21v1lh~ dvi dv2 dv3 
V1>0 

h~ r e-v~ho/21vil dvi r r e-<vi+vDho/2 dv2 dv1 
2 Jv 1>0 JR JR 

= L/ho 

;; (I: e- uih0
/
2 dv2) (I: e-vjho/2 dv3) dv3 

1. 
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Thus, we have, ( since f(0, v) = M(0, v)No for v1 > 0) by mult iplying by !vii and 

integrating over all v1 > 0: 

and in the same way, 

1
1
>

0 
lvil M(0, v)No(f) dv 

No(!) 1 M(0, v) lvil dv 
v1>0 

No(!) 

1. lvilf(l , v) dv = Ni(!) . 
v1<0 

As before, the problem (5.1)-(5.3) does not determine a solution in a unique way. 

We need another condition much like the normalization condition in equation (3. 10). 

Hence our problem reduces to showing that for any constant Co, there exists a unique 

solution of (5.1)-(5.3) which satisfies the condit ion: 

(5.4) 

Again, we proceed in exactly the same manner as in Chapter 3, by first considering 

the situation where we have inflow boundary conditions. T hus, we first show that 
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there exists a unique function satisfying: 

of 
V1-

0X 
f(O,v) 

f(l ,v) 

c:J(J, J) 

J- (0,v) 

1-(1,v) 

V1 > Q 

V1 < 0 
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(5.5) 

(5.6) 

(5.7) 

in which the incoming flows are prescribed at the boundary, and are given by the 

functions J- ( i, v) , i = 0, 1. 

5.1.1 Steady Solution Operators 

We rewrite equation (5.5) as: 

af(x, v) + .:._ fv(f ) = J+(J, J) 
OX Vt 

and holding v fixed we treat this equation as an ordinary differential equation. Hence 

multiplying through by the integrating factor: 

exp{- c:v11 l 1: v(z,v)dz} 

and applying the boundary conditions (5.6)- (5.7), we convert problem (5.5)- (5.7) 

to the integral equation: 

f =Af, (5.8) 

where the operators W ,U in one dimension, admit the following representation: 

(W J- )(x, v) - 1- (x( vi) , v )II(x( vi)) (5.9) 

(U J+(J, J))(x, v) - v11 jx J+(J,J)(y,v)II(x ,y)dy (5.10) 
x {v1) 

with 

x(v1) 
1 
2(1 - sgn v1), 

II(x, y) exp { - c:v11 hx v(z, v) dz} 

v(x,v) v(J)(x, v). 
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Re mark 5.1 We notice that even though v1 can be positive or negative, the sign 

of the operator UJ+(J, J)(x ,v) will always be non-negative. This is an important 

observation for the proof of Lemma 5.4. 

5.2 Further Technicalities 

Let E be a plane in ~. Set: 

llfll2 = s~p l <p(v)llf(., v)l li 00((0,l)) dCJ(v) (5.11) 

where the sup is to be taken over all planes E in ~ . It will be seen that the norms, 

II.II and 11,112 satisfy certain estimates which are crucial in proving uniqueness in the 

one-dimensional case. These estimates are proven in the next two lemmas. 

5.2 .1 A n Estimate on IIJ+(j , J) ll2 

Lemm a 5.2 There exists a positive constant C1 independent off such that: 

s ~ 0, r ~ 0 

where s and r are the parameters in the weight function (3. 7). 

Proof. We define a weight function <p°'( v) in such a way so that it will concent rate 

on a plane E in IR.3 as a ~ oo. Without restricting the generality we assume E to 

be the xy-plane. With this in mind, we choose <p°'(v) to be: 

<P0:(v) = cp(v) ( ;) 
112 

exp(-avn 

where we recall: 

for v = (vi, v2, v3) E llt'. Now from t he proof of Lemma 2.4, we write: 

f <po,(v)J+(J, J) dv = f f f(v) f (v.) (5.12) 
jR~ }R3 }R3 

X { r <p0;(q)B (v - v., n) I - I~ - I dCJ(q) } dv dv. l K... q V V v. 
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where one recalls Kvv. to be the sphere 

We take lv3 1 to be t he dist ance of v from the xy-plane. We see by taking the limit 

a ---t oo, that the only contribution of cp0 (v) is when v3 = 0, hence concentrating 

on the plane E . Now we focus on the inner integral (in brackets) of equation (5.12) 

which we abbreviate by J. We know from (2.33) that IBI ~ b1lq - vllv - v.1,.,- 1, 

hence 

I < b1 h 'Pa(q) lv - v*l,.,- 2 dCJ(q) 
K vu. 

b1lv - v* j-Y-2 h 'Po(q) dCJ(q) 
Kuv. 

- b1lv -v.1-Y- 2 r cp(q) (~)
112 

e- aq~ dCJ(q). 
} Kuu. 7f 

From Lemma (3.1), we have: 

so now we need to estimate the integral: 

To do this, we exploit the geometry of the problem. We consider the case where 

Kvv. does not intersect the plane E , (as seen in Figure 5.1) and that its origin is 

sit uated at the centre of the sphere. Therefore we write: 

lv-v I 
where jq3 j = Zo -

2 
* cos</>. This gives: 

(
a) 1/

2 Iv - v 12 {1r 2 I ~ b1 jv - v.1,.,-2 
1r cp(v)cp(v.)21r 

4 
* lo e- aq3 sin </>d</>. 
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E 

Z = Zo 

Figure 5.1: Relative distance between a plane E C ~ and sphere Kvv •. 

Therefore, 

When </>= 0, 

When </>= 1r , 

I I - lv-v*I q3 - Zo -
2 

lv-v*I lq3I = Zo + 2 

I 12 7r I I z ·I lv-••I 
V - v* 1 -oq2 . /4 d/4 V - v. 1 o 2 -oq2 d e 3 sin '/J 'fJ = --- e 3 q3 4 0 2 Zo- f•- ••I 

2 

and has two possible estimates: 

Iv - v,. I 1zo+ l•-2· · I - 2 
e o:q3 dq3 < 

2 Zo- !•-•• 
2 

or 

which yields: 

The proof is done if we can show that 

66 
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where C, C1 are some positive constants, and 'YE [O, 1]. For -y=O or 1 this estimate 

is clear. For O < , < 1, consider two cases: 

if Iv - v* I < 1 we have Jv - v.1 2 < Iv - v*1 2--r < Iv - v*I 

if Iv - v. / > 1 we have Iv - v*J2 > /v - v*/ 2--r > Iv - v./ . 

In eit her case, min{ /v - v./, Iv - v./ 2
} < /v - v*/ 2--r so we have t he required result. 

Thus, 

f f f (v)f (v.)J dv dv. }R3}R3 

< C1 { <p(v)IIJ(x, v)/lu,o dv { <p(v.)/IJ(x, v.)/lioo dv* JR~ lRi 
< ci11 1112

. 

By taking the limit as a ~ oo the integral on the left hand side of the inequality 

will concentrate on the plane E , and thus one obtains: 

or: 

sup { <p(v)IIJ+(f, f)l /i oo dCJ(v)::; C11lf /1 2 

E } E 

5.2.2 An Estimate on II J+ (f, f) II 

Lemma 5.3 For the norms /1 -/1 - 1, and 11-11 defined in Chapter 3, we have: 

Proof. In order to estimate /I J+(J,g)/1 we first evaluate the integral 

in which K vv. was defined in Chapter 3, with a unit vector e, given by the compo­

nents: 

e = (sin </>1 cos 01,sin </>1 sin01,cos<f>i) 
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and where it was also shown that : 

Let r = ½Iv - v*I be the radius of the sphere K vv • . Then 

Note that 

r2 forr fo21r es(v+v. )2 /4+sr(v+v.)•e+slv-v.J2 /4 sin <Pt d</)1 d0i 

21T'r2es(v+v. )2 /4 forr esr(v+v. )·e+slv-v.12/4 sin <Pl d</Ji 

re= } Iv - v. l(cos 01 sin ¢1, sin ¢1 sin 01, cos ¢1) 

and if we take the polar direction as v + v* , then 

Therefore, with the substitution u = slv - v*lr cos ¢1 

By integrating and cancelling out some terms we obtain: 
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- -11'S-1 Iv - v.les(v+v. )2/4+slv-v. j2/4 [e-srlv+v.1 - esrlv+v•I] 
Iv +v*I 

11'S-1 Iv - v.J [es(lv+v. J+lv-v.1)2 / 4 _ es(lv+v.l-lv-v. J)2/ 4] , 
Iv+ v.l 

Now we let cp(q) = exp{sJql2}, where we recall from Lemma 2.4 that for q, v, v. lying 

on the collision sphere, cp(q) ~ cp(v)cp(v.) . The above ident ity is now writ ten as: 

r cp(q) da(q) = 1T' s- l Iv - v. I [ es(lv+v.12+1-v-v.12 )/4 ( eslv+v.llv-v. j/2 - e-slv+v. llv-v.j/2)] 
l Kvv. Iv+ v.1 

< 11'S-1 Iv - v.l [es(lv+v. 12+1v-v.12)/4 . eslv+v. llv-v.l/2] . 
- lv+v*J 
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The right hand side of the above inequality can be further estimated, by making 

the following observations: 

and 

Therefore, 

2lv + v.llv - v.l < Iv+ v.12 + Iv - v*l2 

2(lvl2 + lv.12
). 

which leads to the estimate 

From Lemma 2.4 we have for any function rp( v) E C(~), <p 2: 0 that 

(5.13) 

(rpJ+(J, !)) = r f(v) f (v.)lv - v*1-L { / rp(q)Blq - v1-1 da(q)} dv dv •. 
} RaxRa } Kvv. 

Considering only hard sphere collisions where B = lg-vii cos Bl~ lq- vl, we obtain: 

(rp(v) sup J+(J, !)) ~ I sup f(v) sup f(v.)l v - v. 1-L { I rp(q) da} dvdv. 
x } RaxRa x x } Kvv. 

and after applying the estimate in (5.13) , and using the norms defined in (3.8) and 

(3.9) we have: 

< 11"S- l r sup f(v) sup f(v.)lv - v*1 - 1 :v - v.l cp(v)cp(v.) dv dv. 
} RaxRa x x V + V* 

< 11"S-l sup / <p(v) sup f (v) dv { r cp(v.) lv + v.1-1 sup f(v.) dv.} 
V }Ra X } Ra X 
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1rs- 1 s~p h_
3 

c,o(v) IIJ(., v)IIL"°(o,1) dv 

x {k_
3 

c,o(v,.)lv + v.l-111/(., v.)IIL00(o,t) dv.} 

- 1rs- 1 IIJll-ill/ll D 

5.3 Existence and Uniqueness Results 

T he estimate used in Lemma 5.3 was not needed in the existence and uniqueness 

proof of the three-dimensional problems of Chapters 3 and 4. However, we will see 

that both estimates proved in the last two lemmas are used in proving uniqueness 

in the one-dimensional case. 

5.3.1 The Inflow Case 

Let Xo be the Banach space defined by (3.10) with n = (0, 1), and consider the 

following set in X o: 

Assume that the conditons (3.11)-(3.13) are satisfied with an = {O, 1}. Suppose in 

addition that: 

sup { c,o f- (i,v)da-(v ) <oo for i= {0, 1} 
E }g 

then we have the following lemma: 

(5.14) 

Lemma 5.4 Lets 2: 0, r 2: 1. There exists positive constants ai(j = 1, ... , 5) such 

that AA c A if c < as. 

Hence we need to show that for suitable constants ai(j = 1...5) and / E A , 

a) Af 2: 0, b) IIAJII ::; al, c) v(Af) 2: a2 , d) IIAJll-1 ::; a3 e) IIAJll2 ::; a4 . 

Proof. To prove a), we recall that since both J- 2: 0 and II (x(v1)) 2: 0, it is 

immediate that WJ- (x ,v) = J- (:>;:(vi),v)II(x(v1)) ~ 0. Also, f ~ 0 will imply 
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J+(J, f) ~ 0 and by Remark 5.1 U J+(J, f)(x, v) ~ 0. Hence, it follows that 

Af ~ 0 if f ~ 0. 

To prove b) , set: 

We need to show that for f E A, IIAJII :'.S a1 • By the t riangle inequality we write: 

where we see from the definition of a1, that IIW 1-11 ~ a1/2. In order to estimate 

llcU J+(J, !)II, we have t hat: 

- { 
3 

<p(v)c lvi1-1 II rx J+(f, f)(y, v)IT(x, y) dyll dv 
~ h~> ~ 

< h /lv1l-
1
<p(v) llfo

1 

J+ (!, f)(y, v)IT(x, y) dyllu"' dv 

Now we make the following observation: 

X 

< J +(sup f, sup J) = f +(J, J) 
X X 

and we write: 

For f E A, we recall that 

therefore, 

IT(x , y) < exp{-cv11 ix a2 dz} 

- exp{-cvi-1(x - y)a2}. 
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By making the change of variables, r = a2(x - y) one may write: 

(5.15) 

where 

h = clv11- 1 fo1 

exp{-£vi'°1r} dr 

Our strategy is to estimate the integral over v1 , and bound the integral over the 

variable v2, V3 by the norm 11.112 . Hence we break up the integration in (5.15) cor­

responding to the v1 variable into a sum of two integrals. The first integral is an 

integral over the set S1 = {lvil < £-1 }, and the second, is an integral over the set 

S2 = { lv1 I > £-1}. The part containing an integration over the set S1, we will 

denote by 11; and the part containing t he integration over S2 , we denote by 12 . So 

we write: 

{ cp(v)f+hdv 
}Ra 

V 

{ { { cp(v)f+hdv1dv2dv3+ { { { cp(v)f+hdv1dv2dv3 
JR JR 1s1 JR JR 1s2 
11 + 12. (5.16) 

In the domain where lv1 1 > C 1(lvil-1 <£),we have: 

because 
f l I -1 Jo e-evd T dr = 1 + 0(£). 

Hence we have: 

h < r r r (c2 + 0(£3
)) cp(v) llf +llu,o dv + 0(£2

) 
jR JR 1s2 

~ £
2111+11 

We now rewrite t he integral 11 as: 
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and note that 

{ { cp(v)lll+(J, f)llux, dv2 dv3::; sup / cp(v) lll+(J, f)I IL°"(O,l) dcr(v) 
JRJR e l e 

where dcr is the surface element of the plane E . Continuing with the original esti­

mate: 

/1 < Is. elvi l- 1 fo
1 

exp{ -e:lvil-1
T} dT ( s~p h cp(v)l ll +(J, !) IIL°" dcr(v)) 

< 111+1 12 / elvil-1 11 
exp{-e:lvil-1

T} dT dvi . 1s1 lo 

By explicitly evaluating the inner integral in the above estimate, we have 

which gives 

I i < 1il+ll2 [ / (1 - e-elvil-
1

) dvi + l l/1'. (1 - e-glvd-
1

) dv1] 
1~1<1'. I'. 

< 111+112 [ / dv1 + 1 l/e (1 - e-dvil-
1

) dv1] 
Jlvd<e e 

< 111+112 [2e: + l l/e (1 - e-elvd-
1

) dv1] . (5.17) 

Our last task, in the proof of b), is to estimate the integral in the inequality in 

(5.17). By making a change of variables, z = fvil, and doing a Taylor expansion 

about the point z = 0, we have: 

(5.18) 

Estimate (5.17) now becomes 
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In view of (5.15) and (5.16) one gets 

lleU 1+ U, f) 11 < a2(11 + I2) 

< a21if+ lb [-2c ln e + O(e)] + e2a2IJf+IJ 

Using the results of Lemma 5.2, and Lemma 5.3, we have for f E A 

where we see that as e --+ 0, - 2€ lne --+ 0. T he other terms are even smaller. Hence 

we can pick e small enough, i.e. e < as such that: 

and, 

as required for the proof of b). 

To prove c) we define for any b > 0 the set 

From the definition of v(f-) and W J -(x, v) defined in (5.9) for the one-dimensional 

case, we write 

- 21r f lv-wl f-(x(wi) ,w) dw }Ra 
ti 

> 21r jlv-wlf-(x(w1),w)IT(x,x(w1))dw 

where we recall that the constant v1 which appears in the definition of v(f-) was 

evaluated to be 21r in Chapter 3. Now applying the definition of IT(x, x(wi)), one 
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obtains the estimate: 

~ 271" r Iv - wI1-(x(w1), w) exp {-€W1 1 !x v(z, w) dz } dw Jl x(wi) 

= 271" j Iv - wlf-(x(w1), w) 

X exp { -c:27l"W11 !x ( r lw - w'IJ(z, w') dw') dz } dw. 
x(wi) }R3 

Now estimating the integral in the exponential, we have for f E A, 

f lw-w'lf-(z,w')dw' ~ lwl f 1-(z,w' )cp(w')dw'+f 1-(z,w')cp(w')dw' }R3 }R3 }R3 
(1 + lwl)llf ll 

< {1 + b)a1. 

Therefore, 

v(W 1-)(x, v) > 271" f Iv - wlf-(x(w1), w)e-£27rb(l+b)a, dw 

27l"e-£2irb{l+b)a1 f 1v - wI1-(x(w1), w) dw. 

Let 8 > 0, 0 < 8 ~ ¼v0 • As in Chapter 3, we can choose b such that for all v 

i~f j Iv - wlf-(x(wi), w) dw ~ Vo - 8 ~ ~Vo. 

Then choose c: such that 

Letting a2 = 11

2, it follows that v(W J-) ~ a 2, and hence 

which is the desired result. 
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Now we have to bound IIAJll-1. From the t riangle inequality, and the definition 

of a1 , one has 

IIAJll-1 ~ a; + llc:U 1+u, f)ll-1-
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For f E A, 11(!) ~ a2, and hence 

By applying the defini tion of the operator U J+(J, f) in (5.10), and the norm 11-11-1 

in (3.8) we have 

11u1+(!,f)ll-1::; sup r cp(v)lv-w1-11vi1-1 11 111+(!,f)IIL00 IIII(x,y)lli00 dydv 
w JR~ lo 

::; s~p l3 cp(v)lv - w1- 11vi1- 1111+u, f)IIL00 llfo1 

e-elvd- la2
T drll dv 

V 

where we made t he change of variables r = x - y. Explicitly evaluating the integral 

in the last estimate, we see that 

and so 

< € SUP r cp(v)lv-w1-1lv1l-1IIJ+(J,J)IIL00 ( ~ ) dv 
w j R~ € a2 

a;-1 r <p(v)lv - w1-1111+u, f) IIL00 dv }R3 
111+(!, nll-1a;-1. 

Again for f E A we have by Lemma 3.1 that 

Thus, by letting a3 = a 1/ 2 + Ca~a2 - 1, we have t he required estimate for part d) of 

the proof. 

Finally, t he last part of the proof is done in t he same manner as before. From 

the definition of a1 
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where, by applying the definition of U J+(j, f) and the norm 11-112, we have the 

following estimate: 

ellU J+(f, !)112 < € s~p l <p(v) IIJ+(f, J)llux,lv1 1-1 JJfo
1 

e-clvd-102
-r drll dv 

< sup r 111+(!,f)llu"'a21 dv 
E } E 

- a21IIJ+(f, !)112, 

Upon applying Lemma 5.2, for f E A 

Again by letting a1/2 + Caf(½1 = a3 

In t he next lemma we prove t he contraction property of the operator A which is 

a result similar to Lemma 3.3. However, we notice t hat the result of the following 

lemma gives contraction in a stronger sense. 

Lemma 5.5 There exists a constant C such that 

1 
111/J(Af - A9)II ~ Ce ln -II! - 911 

€ 

Proof. Since J -(x, v), and 9- (x, v) are prescribed functions at the boundary, it 

follows that W J- = W 9-; and applying the fact that AJ = W 1- + cU J+ (!, f) we 

have 

ll¢(AJ- A9)II clJ¢ (uJ+(f,J)- uJ+(9,9))II 

< € r ¢(v)rp(v)lvi1- 1 
jR~ 

X (fo1 

ll(J+(f, f) - J+(9,9))lli00 IITI(x, y)IIL00 dy) dv. 
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From Lemma 3.3, we know that 

T herefore, applying the definition of II(x, y), and using the symmetry property of 

J+(J, J), we have 

ll-ip(AJ - Ag) II ~ 2c h_
3 

i,o(v) -ip(v)IIJ+(J - 9, f + g)lli oolvil-1 (fo1 

e-£lvi1- •'1" dr) dv 
V 

(5.19) 

where r = a2(x - y). It is easily seen that 

{
1 e-elvtl-1

T dr = lv1I (1 _ e-elvtl- 1). 
lo c 

Using t his, and the fact that we can break up the integration in (5.19) in the same 

way as we did in the last lemma; we are able to explicitly evaluate the integration 

over the v 1 variables, and estimate the part which defines the plane E by the norm 

11-112- We see this more clearly in the following estimate 

111/J(AJ - Ag) II ~ 2c r lv11-1 lv1I (1- e-elvtl-')dv1 
Jlvil<r 1 € 

X h_ h_ 1/i(v)ip(v) IIJ+(J - g, f + g)llioo dv2 dv3 

+2c2 
{ dvi { { 1/;(v)ip(v)IIJ+(J - g, f + g)IIL00 dv2 dv3 

l1v1 l>r I JR JR 

where we have used t he fact that in the domain where lv1j > c-1, lviJ - 1 < c, and 

Jv1I (1 - e-.:lvtl-1) = 1 + O(c). 
€ 

We can estimate the integral in this domain by the norm 11- 11 defined in (3.9) . Hence 

we have 

111/J(AJ - Ag)JI < 2 { (1 - e-£lvtl- 1
) dv1 

Jlvtl <E-1 

X { s~p l 1/;(v)ip(v) IIJ+(J - g, J + g)JILoo dO"(v)} 

+2c2111+u - 9, J + g) II -



5: The Couette Problem 79 

By {5.18) the integral in t he domain where !vii < e-1 can be approximated to be 

r {1 - e-elv1i-1) dv1 + 11/E (1 - e-elvi1-1) dv1 
l ivl<e E 

< f dv1 +2dn!- -
2
1
e+ 0(e) 

Jlvd<e: e 
1 < 2e In - + 0(e). 
e 

Going back to the original estimate, we have 

11 1/i(Af - Ag)II ~ 2(o(e) + 2e ln ~) {s~p l cp(v)IIJ+llu"'d17(v) } +voe2 ll l +II 

~ C1 [ 0 (e) + dn}] 111+112 + e2ll l +II 

By taking e to be small, one can ignore the second order epsilon term and focus 

only on the first term. Now applying Lemma 5.2, we have for f , g E A 

111/i(Af - Ag)II < C1 [e + d n i] Ill - 91111! + 911 

< C1 [e + e In i] Ill - 911 (11111 + 11911) 

< c [e + cln i] Ill - 911 

< Ce In !111 - 91I- D 
e 

1 
It is immediate t hat if we choose e small enough so that Ce In - < 1 we have 

e 
a contraction; and as in the three-dimensional problem of Chapter 3, we have a 

unique solution in A for the problem (5.5)-(5.7). 

5.3.2 Diffuse Reflective Case 

In view of problem (5.5)-(5.7), in order to find unique solutions for the problem 

(5.1)-(5.3), we seek the functions J-(i, v) in the form: 
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where Ni are constants we need to find. Let V be the solution operator for the 

equation (5.8); and as in Chapter 4 we denote by Wo, Uo the operators (5.9) ,(5.10) 

with II = 1. i.e we have the representation 

(Wof- )(x, v) 

(UoJ)(x, v) 

1- (x(v1) , v) 

V11 J x J(J,J)(y ,v) dy 
x(v1) 

where t he solution to t he problem (5.1)- (5.3) is given by 

(5.20) 

(5.21) 

(5.22) 

Remark 5.6 We see that W J- prescribes the function at the boundary. As a parti­

cle of gas begins to emerge, say at the boundary x = 1, its total number of collisions 

from x = 1 to x = 0 would be determined by cU J(V 1-, VJ- ). 

In view of the above remark, if we multiply equation (5.22) by \v1 \ and integrate we 

obtain 

and applying the defini t ion of No, N 1, we have the following relations: 

(5.23) 

where 

(5.24) 

and N is the vector (No, N 1). By substituting (5.23) into (5.4), the following condi­

tions are satisfied: 

(5.25) 

(5.26) 
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In the next lemma we will prove an estimate on I GI, which is the one-dimensional 

form of the bound in Lemma 4. 2. This will provide the neccessary estimate to prove 

cont raction of t he operator cG(N). 

Lemma 5. 7 For some positive constant C1 independent of N , the following esti­

mate is true 

Proof. For f E A we know that 

We estimate each of the norms above, in order to find an estimate on a 1, in t erms 

of No, N 1. Hence 

IIW / -II h_
3 

cp(v ) j/J-(i, v)Il(i) llu"' dv 
V 

r cp(v) IIM(i, v)Niil(i)IILoo dv JR~ 
< 2-11h?IIL00 r cp(v)e-11112h.f2 Ni dv 

271" i JR~ 
Ni r (1 + lvl2r e(s- h;/2)lvl2 dv . 
271" JR~ 

For s < mini hi/2, the integral in t he above expression will be bounded by a constant 

and so 

Estimating IIWJ- ll- 1, we have from t he definit ion of the norm in (3.8) 

sup r cp(v ) lv - wl-1 IIM(i, v)Ni llLoo dv 
w JRi 

Ni llh;l! Loo sup r (1 + lv12r e(s-h;)lvl2/21v - w1-1 dv 
271" w JR~ 
C Nille- lvl2h;/2 ll-1 
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for s < mini hi/2 , and 1(., v) = e- lvl2
h;/2 (a Maxwellian). Hence 

Similarity, the same estimate for IIW 1-112 follows, namely that 

Therefore it is clear t hat 

11111 ~ a1 ~ Cmax{No,Ni} (5.27) 

for a positive constant C independent of N, and l EA. To estimate G, we have 

IGI l, r1 IJ (v1-, v1-)ldydv 
vi > O lo 

< l, f \ 1+ lvl2)eslvl2e_slvl21J+(v1- ,v1- )ldydv 
v 1>D lo 

+ J, fl (1 + lvl2)eslvl2 e-slvl2 IJ-(V 1-' V 1-)I dydv. 
v1 > D lo 

Estimating the part in the above inequality involving the gain term, we have by 

applying Lemma 2. 2; that for s < mini hi/2 

r 111+(v1- , v1-)lls,1e-slvl
2 

dv 
jR~ 

< C k
3 

lllll:,1 dv 
V 

< C k
3 

jjM(i, v)Nlls,r 11111s,r dv 
V 

< CINI 11111. 

The estimate for the loss term is even simpler and is done in the same way. Now 

applying inequality (5.27) we have the required estimate 

Lemma 5.8 The operator eG(N) is a contraction . 
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This is a direct consequence of Lemma 5.7. We assume two different solutions of 

the form: 

f-(i,v) - M(i,v)Ii 

f-(i,v) M(i,v).h 

where Ji and Ji are components of I ,J respectively, and satisfy (5.4) . In the previous 

lemma, we showed: 

IG(J) I < C1(max{Io, Ji} )2 

IG( J) I < C2(max{ l o, Ji} )2 

for positive constants C1, and C2 . Thus we have: 

G(J - J ) < C (max{Jo - l o, 11 - Ji} )2 

< C (max(/0 - 10 , 11 - J i)) (max(Io + l o, 11 + Ji)) 

< Cj] - J l(Io + 11 + Jo+ 11), 

By (5.4) we know that for any given constants Co, C1 there exists a unique solution 

satisfying the conditions: 

Therefore, 

cG(J - J) ~ Cell - J j. D 

So we have that the system in (5.24) has a unique solution for small €. Now let w­
be defined by: 

with D f given by: 
of 

DJ = V1ax · 

We are now ready to state the main result of this chapter: 
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Theorem 5.9 There exists a positive constant ca such that the problem (5.1)-(5.4) 

has a unique solution in w-, if€ < ca, s E (0, mini ½hi). 
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Chapter 6 

Concluding Remarks 

In t his t hesis we have examined different kinds of boundary value problems for 

the steady Boltzmann equation. Our main goal was to prove the existence and 

uniqueness of solutions to these problems without truncations of t he collision kernel. 

The main difficulties in producing local solutions is that t he operators generated 

by the collision integrals are unbounded. The unboundedness is caused not only by 

the singularity at v = 0, but also by the growth of t he operators J±(J, !) for large 

velocities. We addressed these problems by introducing certain weighted norms 

which allowed us to produce bounds on the collision term in terms of the density 

function f, which became useful in producing the appropriate function spaces with 

the contractive property. 

The introduction of such norms relied partly on the spatial dimensions of our 

problem. For example, we recall that for bounded domains in the three-dimensional 

case, we introduced the norms 11-11, and 11- 11-1 which enabled us to produce a function 

set where it is possible to apply the contraction mapping principle. In addition, the 

the norm 11-lls,r used in Lemma 2.2 was useful in proving the contractive nature 

of the operator G in Chapter 4. However, the nature of the problems in Chapter 

5, had to do with proving uniqueness results for a one-dimensional slab where our 

domain was bounded from Oto 1 in the x direction but unbounded in the remaining 
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two directions. This made the treatment of t he problem more difficult, because the 

norms defined previously were not enough to ensure a unique solution. This led 

the way to the introduction of the norm 11,112 which was used later in producing the 

appropriate function set with the contractive property to ensure uniqueness for the 

one-dimensional problem. 

We notice that these problems were solved with the inclusion of a parameter c in 

front of the collision term. This factor is due to a rescaling of t he spatial variables. 

If we introduce new variables: 
X 

r = -
€ 

where c-1 is the mean free path of the particle, then in terms of this new variable, 

t he steady Boltzmann equation: 

becomes 
af 

V . 8r = € J+ (f, j) 

where J(r, v) = f(x, v). We make the important note that if the right hand side 

of this equation was equal to zero, then we would have Liouville's equation and we 

are faced with free molecular flow. However, with a small parameter c infront of 

the collision operator, we have not neglected collisions completely. This almost free 

molecule flow, suggests that the above problems are restricted to particles having 

large mean free paths. By the rescaling process this is equivalent to saying the 

boundary value problems discussed are restricted to particles in small bounded do­

mains. The reason for this is that for large mean free paths ( or for small c) we 

can always choose our spatial coordinates small enough, say O(c) so that we could 

obtain unique solutions. 
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Appendix A 

A Generalization of Young's 
Inequality 

89 

In this section we pove t he inequality in (2.13). We note t hat t his is a famous 

inequality, and it can be referred to in (3], however for the convenience of t he reader 

we present the proof here. If y = 'lj; (x) is a strictly increasing function of x for x ~ 0 

with cp(O) = 0 then by examining the areas in Figure A.1 we have the generalized 

one-dimensional form of Young's inequality, namely: 

(A.1) 

where 'lj;-1(y) is the inverse function to 'lj;(x). So let y = 'lj;(x) = ln(x + 1), which 

gives 'lj;-1 (y) = eY - l. Therefore: 

ab ~ ha In ( x + l ) dx + kb eY - l dy 

Evaluating the integrals we have: 

ha 'I/J(x) dx = ha ln(x + 1) dx = (a + 1) ln(a + 1) - a 

and 

So we have: 

ab ~ (a + 1) ln(a + 1) - a + i - b - l 
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By taking b to the right hand side gives 

(a+ l)b::; (a+ 1) ln(a + 1) + i - a - 1 

Now replacing a by a - 1 and b by b - 1 the inequality becomes: 

ab ::; a ln a + i - 1 

for a, b > 0, which is t he inequality in (2.13) . 

b 
y = '1/J (x) 

a X 

Figure A.1: Illustration of t he inequality in A.1 
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Appendix B 

The Carleman Transformation 

The purpose of this appendix is the verification of the calculations leading to the 

result in equation (2.16). We recall that this equation is a representation of the gain 

term, after a coordinate transformation. The usual form of the gain term is written 

as 

J+(J,g)(v) = { J(v')g(v:)B(v - v.,n)dndv. 
} R3xS2 

(B.1) 

as defined in Chapter 2. 

We make the change of variables: 

v., n --t p = v - n(n · (v - v.)), q = v. + n(n • (v - v.)) . 

Breaking p, q, v, v. into t heir components, we introduce the following rectangular 

coordinates: 

of p, q, n respectively, to obtain: 

where W is used to represent t he collision kernel for hard spheres, i.e., 
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We introduce the coordinates 0, </> on the sphere s2 + t2 + u2 = 1 by 

s sin 0 cos </> 

t sin 0 sin </> 

u cos 0. 

For simplicity, we write: 

as , 
80 = s' 

at , 
a0 = t' 

au , 
ao = u 

as ff 

8</> = s ' 
at ff 

8</> = t ' 
au fl 

8</> = u . 

We focus on the transformation 

hence we need to calculate the Jacobian determinant 

8((', r,', (', (:, 11:) 8(f + ~:, 11' + 11: , ( ', ~:, 11:) 
-

8((*,77*,(*,0,</>) 8((*,17* ,(* ,0, </>) 

where I have used the fact that by adding to any row of a matrix a multiple of 

another row, the determinant of the matrix will remain unchanged. In addition we 

note t hat: 

which brings us to the problem of calculating 

8(( + (., 77 + 77., (', (:, 11:) 
8(~., 17. , (., 0, <I>) 

However we see that since the only non-zero terms in the first two rows, are 

and 
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the above 5 x 5 determinant is equal to a 3 x 3 determinant as shown below. 

1 0 0 0 0 

0 1 0 0 0 8(' 8(' 8(' 
8(. 80 8¢> 

8(' 8(' 8(' 8(' 8(' 

8~~ or]. a~. 80 8¢> a~: 8~: a~~ 
8(* 80 8¢> 

a~: a~~ at a~~ a~~ 
a~. OTJ* 8(* 80 8¢> aTJ: arJ: oTJ: 

8(. 80 8¢> 
orJ: oTJ: oTJ: aTJ: aTJ: 

a~* OTJ* 8(. 80 8¢> 

Calculating all the partial derivatives we obtain: 

u2 -u'W - u aw -u"W - u fJW 
80 8¢> 

8((', ~:, TJ:) 'W aw aw 
8((., 0, </>) 

- -SU s + 8 80 s"W +s-
8¢> 

- tu 'W aw t +t 80 t"w + taw 
8¢> 

s s' s" 
uW2 t t' t" = uW2 sin 0. 

u u' u" 

Therefore, 

1

8(~ •• r] •• ,., 0, </>) I 1 
o({' ,TJ', ( 1,{: , TJ~) - lulW2 sin 0· 

We note that the domain in which ~., T/• , (., 0, <P vary, corresponds to the space 

(t,TJ',(',~~,TJ: ) twice. Therefore, as for hard spheres B = Wand dn = sin 0d0d¢>, 

we have by substitut ion into (B.l): 

00 

J+(f, f) = 2 / / / / / !((, T/
1

, ()!(~:, TJ:, (;) lu; 2 d( dTJ' d(' ~: dTJ:. (B.2) 
- 00 
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When e,rJ',(' are fixed, the point ~:,rJ:,(; describes a plane given by t he equation: 

which passes through the point v = (~, rJ, () and is perpendicular to v-p (see Figure 

2.1). We denote this plane by Evp· Let q be a point ranging over Evp, then one has: 

where da(q) is t he surface element of Evp· Replacing this in (B.2), and remembering 

that 

we get 

as required. 
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Appendix C 

The r-norm 

The purpose of t his section, is to demonstrate the need for the space LC::r, as was 

introduced in Chapter 2. We recall that the choice of this particular norm was 

important for the neccessary bounds used in the existence and uniqueness results. 

We will begin this discussion by looking at another norm first introduced by Carle­

man[4], and try to produce similar estimates as in Lemma 2.2. It will be shown that 

t he collision operators are actually unbounded with respect to this norm. However, 

by examining the results more carefully, it is possible to spot the source of this 

unboundedness. We note that many of the calculations in this section are analogous 

to the lengthy calculations of Lemma 2.2, and will not be done in detail. I will only 

produce detailed estimates on the parts which are important for the intention of 

this section. 

Following Carleman, we consider the properties of the collision operators in the 

space of functions with only the inverse power decreasing for large Iv!. So we set 

and denote by llfllr, the norm off EL<;' . Then we have the following lemma: 

Lemma C.1 If f,g E L<;',r > 5, then J±(J,g) E L<;'_"f and 
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Proof. By definition we have 

where we recall from Lemma 2.1 that 

and a= (!), b = ((1 + lvl2)g). Hence 

II1- (J,g)llr- 1 < 11(1 + lvl2r12 f (l + lvl2t 112b2(alvl1 + b)lli00 

< b2/lf llr 11(1 + lvl2)-112(alvl1 + b)l lu"'• 

Now we need to show 

which follows directly from the definitions of a, b and the r -norm, since 

96 

By multiplying inside the integral with (1 + IvI2rl2(1 + IvI2)-r/2 we arrive at t he 

result 

alvl1 + b ~ ll9llr [1vl1 h~ (1 + lv*l2tr/2 
dv* + h/1 + lv* l2)1-r/2 dv*] . 

Mut iplying t hrough by b2(l + lvl2)-1l2 , we notice that 

and so we have 
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It is easy to check that the above integrals are bounded by a constant depending on 

r, for r > 5. Hence 

Therefore we have shown t hat 

The estimate for t he gain term is done the same way as in Chapter 2. Using the 

Carleman representation of the gain term (2.16), we arrive at the result in (2.20). 

We further consider the post-collisional velocit ies in the different regions D 1, D2 , 

and D3 (see section 2). From a look at section 2, it becomes immediate that 

In addition, we also have the following estimates 

G(h + h) < C1('Pr-2(v))-1 llfl lr 

1+u, h + h) < C2('Pr--y(v))-1llfll; 

for some positive constants C1, C2 . D 

The bound stat ed in the lemma cannot be improved. Therefore, the operators J ± 

are unbounded in L':3 . However we show in the next lemma that it is possible to 

control the unboundedness, 

Lemma C.2 There exists a positive constant C such that 

for J,g E L':3 with r > 5 + , . 

Proof. We split the density function f into 

f = !1 + h + h 
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where ft, h, and h are defined by 

where Xi is the indicator function of Di· Then we use t he bilinearity of the collision 

operator , together with the symmetry property (2.4) to write: 

T he various contributions J+(Ji, Ji) for i = 1, 2, 3, j = l , 2, 3 will now be estimated 

separately. We write the above as: 

J+(f,f) = 1+(J,fi+h)+1+(!,h) 

= J+(h, /1 + h)+1+u1 + /2, /1 + /2) + 1+u, h) 

= J+(h, Ii+ h)+J+(h, h) + J+U1 + h, Ji+ h+J+(f, h) - J+(h, h) 

~ 21+(!, h)+J+(f1 + h , Ji+ h) 

= 21+u, f3)+1+u1 + !2, !2)+J+U1 + !2, Ji) 

where upon using the fact t hat J+(J1, Ji) = 0, we have 

1+u1 + 12, Ji)= 1+u1, 1i)+1+(12, Ji) 

= 1+(12, Ji+ h) - J+(h, h) 

which gives the estimate 

1+u, f) ~ 21+u, h)+J+(f1 + h, h)+J+(h, /1 + h) - J+(h, h) 

~ 21+u1 + 12, 12)+21+u, JJ). (C.l) 

Now we want to estimate each term on the right hand side of (C.1), separately. We 

proceed with the first term. Hence, 

G(h) /~<lql<lvl f(q) dq 

_ { f (q)(l + JqJ2y12(l + JqJ2)-r/2 dq 
J~<lql<lvl 

< llfllr { (1 + Jql2)-r/2 dq. 
J~<lql<lvl 
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Changing to polar coordinates and integrating, the right-hand side is further esti­

mated to be 

< 21rl lfl lr / ~ I (1 + R2)-r/2 R dR 

< C(l + lvl2t r/2IPl2llfl lr• 

From (2.18) and the above estimate on G(h) we have 

< 2b1 { Iv - P1- 2+'YG(h) dp 
} IPl<lvl 

< C(l + lvl2)- r/2 r Iv - v1-2+'YIPl2 f(p) dp. 
} IPl<lvl 

Using the fact that for IPI ~ lvl 

IPl2 lvl2 
___:_:;_;___ < - --
1 + IPl2 - 1 + Iv 12 

we write: 

< Cllf llr lvl2(1 + lvl2t l- r/2 { Iv - Pl- 2+')' f(p) dp 
} IPl<lvl 

< Cll/ 112(1 + lv l2t 1- r121v121v1- 2+-r r dp . 
r } IPl<lvl (1 + IPl2 )r/2 

(C.2) 

By changing into polar coordinates one can easily verify that the above integral is 

bounded by a posit ive constant depending on r only. Hence we have 

2 lvl,, 
< C ll! llr l + lvl2 

< C IIJI I;. 

So the above result gives boundedness for the first term on the right-hand side of 

(C.l). Thus the real source of the problem must come from the second term in 

(C.1). Estimating the term G(h), we write: 

G(h) - liPl>lvl f (q) dq 

{oo R 
< 21rllf llr Jlvl (1 + R2)r/2 dR 

21rll! llr(l + lv l2)- rl2(1 + lvl2)-2 100 ( RR2)2 . 
l 1v1 1 + 
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The integral in the above is evaluated to be 

which gives 

Plugging this into the expression {2.18), we obtain 

(C.3) 

where we recall <p(v) = (1 + lvJ2tl2 and Vi(!) being the operator defined in {2.18). 

To complete the proof it is neccessary to estimate ½- ")' · So we write: 

½-">' = (1 + lvl2)- 1V-">' (J) + {1 + lvl2)- 11
3 

Iv - Pl-2+">' [lvl2 + 1 - Iv - Pl2] f(p) dp 

= u + w 

where we represent the first term by U, and the second term by W . We estimate ½-">' 

by separating the integrations into two parts: the first part will be integrated over 

the domain S1 = {IPI ~ lvl}, and the second part integrated over S2 = {IPI > lvl}. 
To avoid lengthy formulas, I will divide the terms U, and W over the different sets 

S1 , and S2 and write U = Us1 + Us2 and W = Ws1 + Ws2 • So estimating Us
1 

we 

have: 

< {1 + lvl2)- l+">'/2 { f(p) dp 
l irl~lvl 

< {1 + lvl2)-l+">'/2llfllr r (1 + IPl2)-rf2 dp 
l 1r l~lvl 

< C{l + lvJ2tl+">'/2llf llr 

where it is easily verified by a change in polar coordinates that the above integral 

is bounded by a constant for r > 5. In addition we have that 

Us2 < {1 + lvl2)-l llfl lr lir l>lvl (1 +If ~~2t/2 dp 

< C{l + lvl2t 1llf llr• 
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Turning to W, we have: 

< (1 + lvl2t 1IvI-2+7 r (l + lvl2)IPl2IPl-2 f (p) dp 
}IPISlvl 

< (1 + lvl2tl lvl'Yll / llr j PISlvl Jpl2~11: ll~l2}y;2 dp 

where we have used inequality (C.2) and the fact that for IPI ::; lvl, 

Since the integral 

r (1 + IPl2) < c ( ·r t t) 
JIPISlvl IPl2(1 + IPl2y;2 - a pos1 ive cons an 

we have 

Estimating W52, we write: 

Ws2 ::; (1 + lvl2)- 1ll/llr r Iv - vI-2+7 (l + IPl2)(1 + IPl2)-r12 dp. 
}IPl>lvl 

Using the fact that for IPI > lvl, Iv - Pl ::; 2IPI, one gets: 

and so we obtain the estimate 

r [v - vI-2+7 (l + Iv - Pl2) 
Ws2 ::; (1 + lvl2)-lll/llr l 1v-pl$2IPI (1 + Iv - Pl2)r/2 . 
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If we let p = Iv - pj and change to polar coordinates, we will observe t hat for 

r > 5 + 'Y, the above integral is bounded by a positive constant. So we then have 

and therefore, 
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Substituting this result into (C.3), we obtain : 

and in view of (C.l) the main result of this lemma follows, namely that: 

Thus, we see that the source of unboundedness is due to collisions generating parti­

cles with high velocities. However, in Chapter 2 we introduced the space L~ which 
I 

made it possible to bound the gain term in terms of the density functions, even 

for high velocities. Of course, it is important to take note of t he fact t hat we can 

control the unboundedness here, if we choose -y = 0. 
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Appendix D 

Outstanding Proofs 

Here we prove the results (4.8) and (4.9). Hence, from the definition of M(x,v) we 

write: 

f (v . n(x))M(x, v) dv 
Jv ,n(x)$0 

f (v · n(x)) .!._h2(x)e-v2
h(x)/2 dv 

l v-n(x)~O 27!' 

-~; ff fooo V3e-M+v~)h/2e-v~h/2 dv3 dv2 dvi 

-;: I I e-h(vr+v?) dvi dv2 (fo
00 

V3e-v5h/2 dv3) 

for n = (0, 0, -1) : v3 > 0. By simple calculations, we have: 

Therefore, 

100 V3e-v3h/2 dv3 

;; I I e-h(vr+v~)/2 dvi dv2 

1 
h 

h
2 (21i) = h 21i h 

f (v · n(x))M(x, v) dv = -1 
l v-n(x)$0 

(D.1) 

Remark D.1 We note here that it is clear from the above calculation that the result 

in {4-8) is seen to be true if we had the absolute value signs. However, because the 

result (D.1) is used in the proof of (4 .9) the above calculation was done without 

absolute value signs. 
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We write: 

f f (v · n(x)) f (x, v) dv da(x) JR~ l an 
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f f (v · n(x))'y- f(x,v)dvda(x) 
l an l v-n(x}>O 

+ { r (v . n(x)h+ J(x, v) dv da(x). 
l an l v-n(x)>O 

By (4.2) and the definition of the diffuse reflection operator, t he above equality 

becomes: 

r r (v. n(x))M(x, v) 1 (w. n(x) h+(x, w) dw dv da(x) 
Jan l v-n(x}~O w•n(x}>O 

+ f f (v · n(x))'Y+ f(x , v) dv da(x) 
I an l v-n(x}>O 

{ 1 (w · n(x))'y+(x, w) dw ( / (v · n(x))M(x, v) dv) da(x) 
I an W·n(x}>O l v-n(x}~O 

+ r 1 (w. n(x)h+ J(x, w) dw da(x) 
l &n w·n(x)>O 

By (D.l) the integral in brackets is equal to - 1, and so the equality (4.9) follows, 

namely that 

f f (v . n(x))J(x, v) dvda(x) = 0. 
l Ri l an 
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Appendix E 

Solid Angle Formula 

The purpose of t his appendix is to verify the result in (4.19) namely t hat 

d = n(y) · (x - y) d ( ) 
e I 13 (J' y x-y 

where n(y) is the outward unit normal vector at y on the boundary. Let E be the 

surface element of the unit sphere formed by t he rays drawn from a point O at the 

center of the unit sphere to a point P which varies over a general surface element 

S, as seen in Figure E. 1. Let r be the dist ance OP , and F be t he vector function 

~ . In the figure we denote by D the solid region formed by the bundle of rays r 
cut off between E and S . Now we can establish the proof by an application of the 

divergence theorem to the region D . We have that : has components ~, ~, r~. 
r r r 

Hence the divergence of F can easily be calculated: 

•f) ( X ) 0 ( y ) fJ ( Z ) 
ox r3 + oy r3 + oz r3 

x 2 l y2 l z 2 1 
-3- + - -3- + - -3-+-r5 r3 rs r3 rs r3 

0. 

Therefore, since v7 · F = 0, we have that 

jf f v•FdV = 0 
D 
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where dV is t he volume element of this region. Now by the divergence theorem, the 

integral of F • n over the entire surface of D is equal to zero. We see from the figure, 

that the surface of D consists of the surfaces E ,S , and the lateral portions formed 

by t he rays joining Oto S. However, since F is in the direction f, it is perpendicular 

to n on the lateral portion. Hence, F • n = 0 on this port ion. Finally we have that: 

ff F · n dcr + ff F · n dcr = 0 
E S 

Thus we will be done if we show that 

ff F · n dcr = - e 
E 

where e is the area of the surface E. We notice that on E, the outer normal points 

towards t he center of t he unit sphere at 0 . However, t he F points away from 0 , 

and has a magnit ude of \ . On E, r = 1. This, together with the fact that F and 
r 

n point in the opposite direction, gives F • n = - l, and so: 

ff F · ndcr = - ff dcr = -(area of E) 
E E 

Therefore, 

ff F ·ndcr = e 
s 

and for the distance r = Ix - YI, we would have: 

ff n · (x - y) _ 
I 13 dcr - e. x - y 

s 
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s 

Figure E.1: Depiction of a solid angle e. 

E is a surface patch of the unit sphere with center at O. The area of this surface is the solid 
angle e. S represents a general surface, however in the above diagram it is the surface of 
a sphere with radius 2. 5 times the radius of the unit sphere. Finally D is the solid region 
formed by E, the lateral surfaces, and S. 
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