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Abstract

In this thesis our main objective is to prove the existence and uniqueness of
solutions to the Steady Boltzmann Equation with inflow and diffusive boundary
conditions, without truncations of the collision kernel. Due to the singularity at
v = 0, the non-linear term in the Steady Boltzmann Equation becomes significantly
large. In addition to this, another problem with proving existence of steady solutions
is that the collision term becomes unbounded as v — oo for hard-sphere interactions.

Previous authors have attacked these problems by imposing unphysical trunca-
tions on the collision kernel so that collisions between particles having small veloc-
ities are ignored. An additional truncation is then made to control the magnitude
of the velocities so that it will not grow without bound.

We present and detail some of the work of Maslova and show that the colli-
sion operator has the properties which make it possible to avoid truncations. We
introduce several properties of the collision operator which include a series of cru-
cial estimates. These estimates are later used to produce function spaces with the
contractive property. General existence and uniqueness is then obtained by an ap-

plication of the Contraction Mapping Principle.
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Chapter 1

Introduction

The Classical Boltzmann Equation has the form:

%+v.vmf=J(f,f) t>02€ER,VER, (1.1)

in which the function f(z,v,t) satisfying the above equation is a density function
describing the distribution of particles in phase space Q x R}, where z € Q C R?
denotes a point in physical space and v € R3 denotes a velocity. We see that for
the left hand side of Eq (1.1) we have the rate of change of f(z,v,t) with respect
to time, plus a transport term; and on the right hand side we have an operator
J(f, f) which describes the rate of change of f due to binary collisions between gas
particles. Eq(1.1) is a non-linear transport equation describing the evolution of a

rarefied gas. The collision operator is defined at a point (x,v,t) by:

T NE = [ 1) = F@)f @Bl — v.,n) dndv.

R3xS
Here n is a unit vector in the unit sphere S {n € R'q“n| = 1} with Lebesgue measure
dn, v, v, are the pre-collisional velocities of the gas particle, and v',v. are the post-
collisional velocities. In the presence of a collision (Fig. 1.1), any two particles with
velocities v, v, will undergo an instantaneous change in their velocities resulting in
the transformation:

(v,v,) — (v, 0))
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Figure 1.1: Illustration of the collision between two particles.

Here the momentum transfer is in the direction n = (z —y)/||z — y||.

Actually, in order to arrive at the exact relationship between the post-collisional

and the pre-collisional velocities, we insist that the collision should:
1. preserve energy; namely that [v/|? + [v1]? = |[v]? + |v.[|?
2. preserve momentum; v’ + v = v + v,
3. momentum transfer should be in the direction n.
With this in mind, we arrive at the relations:
v'=v—n(n.(v-u)) vl = v, +n(n.(v —v,)). (1.2)

The configuration of the velocity vectors of each particle just before and after a
collision is represented to lie on a collision sphere as shown in Figure 1.2.

B is called the collision kernel and it depends on |v — v,| and (n.(v — v,)) only.
It is uniquely determined by the interaction potential between the particles. In

general, after an angular cut-off,! it is of the form:

B(v —v,,n) = |v —v,|°h(0)

!Since B has a dependence on 6, angular cut-off refers to those values of 6, restricted to
Jo h(6) dn < oo, for which B is permissible.
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Vs v,

‘U" v

Figure 1.2: Configuration of particles before and after a collision.

where @ is the polar angle of n relative to a polar axis in direction v — v,; and h is
assumed to be an integrable function on [0, 7] with [; h(0)dn = 1 where S, is the
hemi-sphere corresponding to (v — v,,n) > 0. The integer £ is chosen from the set
{—1,0,1}, which describe Maxwellian molecules (3 = 0), a hard sphere gas (3 = 1),
and a soft sphere gas (3 = —1). According to H. Grad(8] B satisfies the following

conditions:

e Be L2 (R S?)

* B(v,n) < b [G2U(1 + |o]7)
o [.>B(v,n)dn > bo|v|(1+ |v])~!

where v € [0,1] and b,, b; are positive constants. Although generalizations are
available, we will deal with the case where we have only hard sphere interactions.

Then B takes on the particular form:
B(v—v.,n)=|n-(v—u)| =|(v—uv)||cosb

with h(0) = cos(f) and 8 = 1. In Chapter 2, we will state and prove some proper-
ties of the collision operator in the Boltzmann equation neccessary for proving any
existence and uniqueness results. In Chapter 3, we will discuss three-dimensional
boundary value problems for the Boltzmann equation with inflow boundary condi-
tions in which we denote by Q2 a bounded domain with boundary 92 and outward
normal n(z) at a point z € 9. We will also denote by v* f and v~ f the trace densi-

ties of distribution of falling and reflected particles on 9Q respectively. In particular,
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one sets

v f = fx(v-n(z)), v f=f(1-x(v-n(z)))
x being the indicator function of (0, c0):
x=1 for v-.n(z)>0 2
x=0 for v-n(z)<0 xe€d

In Chapter 4, we extend the discussion of Chapter 3 to the diffuse-reflection case, and

finally in chapter 5, the particular one-dimensional Couette problem is considered.



Chapter 2

Properties of the Boltzmann
Collision Term

2.1 Some Well Known Properties

In this chapter we will describe some properties of the collision operator which are
essential in studying boundary value problems later on. Throughout this chapter
we consider functions f : R} — R', since the functional operation of the collision
integrals is on v only. The collision integral J(f, f) corresponds to the weighted
average of all collisions a particle with velocity v could encounter. For a certain

class of molecular interactions, it has the form:

J(£, ) =T )= I (f. f)

where the first term on the right hand side is referred to as the gain term. In the
Boltzmann equation, J*(f, f) is proportional to the probability that a particle after

a collision has the velocity v. J*(f, f) is defined as:

Folffi= |

R3

52f(v’)f(v:,]B(w — vy, n) dndu,. (2.1)

J=(f, f) is called the loss term and is proportional to the probability that a particle

before a collision has velocity v. In general,

I, f) = f)v(f)
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where v(f) is defined as

u(f)(v) = /R () [ [; _B(v—v.,n)dn| do, (2.2)

and determines the frequency of collisions associated with the distribution function
f. It is often convenient to write equation (2.1) in terms of the more general bilinear

expression given by:

J*(f,9) = = [f(v)g(v) + f(v2)g(v)] dndv, (2.3)

2 Jr3xs?

in which one sees that when g = f (2.3) reduces to (2.1) and

T (f.9)=T"(g,f). (2.4)

We will use the following notations:

For ¢ = ¢(v,v,n), ((¢)) = /naxn3xs2 é(v, v,,n) dvdv, dn
For ¢ = ¢(v) (¢) = [Rs o(v) dv
if the integral exists. By applying equation (2.3) and the fact that the Jacobian of

the transformation from the unprimed to the primed variables is unity, it is shown

[6] that the following identities hold:

(pJ*(f,9))
(@J(f, 1))

(8 19) = 56 + ) far) (2.5
UG+ 81— ¢ — ) F ~ F1]) (26)

in which we have used the traditional notations

ffzf(vf)! f{=f(vi)9 f:f(v)1 f]Zf(U*]-

In addition, we use a well known property of the collision operator [6] namely:

(W J(f,f)) =0 (2.7)
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for the functions
V=19 =v;(j =1,2,3), 94 = |v|? (2.8)

which are called collision invariants. In order to obtain existence and uniqueness
of solutions for the Boltzmann equation, one proceeds as Carleman [4] did and
introduces function spaces which are invariant under the action of collision operators.
To this end, it is neccessary to introduce some further properties of the collision

operator. With respect to the kernel B, it is sufficient to assume that B satisfies:
B(v,n) < byzjv|” (2.9)

with z = 2

ol

v € [0,1],b; > 0 consistent with Grad’s assumptions mentioned in

the introduction.

2.2 Estimates on the Collision Frequency

As stated before, obtaining existence and uniqueness of solutions, relies heavily on
the particular estimates produced for the collision operator. In this section we begin
by proving a basic property of the collision frequency, namely that it is a function
which can be bounded below by a constant v, and above by a linear function of the

absolute value of the velocity.

Lemma 2.1 Assume that f > 0, (1+|v|?)f € L'(R}) and for some positive constant
b, and v € [0, 1],
/QB(U, n)dn > bolu]". (2.10)
5

Seta= (f),b=((L+ |v|*)f),H = (fInf). Then exists a by > 0 such that
(i) bo(alv|” —b) < v(f) < bo(alv|” + b)
(i) there exists a positive constant v,, depending only on H and a such that:

il}}fu(f) > V.
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Proof. To prove (i) one first makes an observation using an extension of the Cauchy-

Schwarz inequality. For any v € [0, 1] and v,v, € R?,
o] = ][ < o —w]".
One also requires the estimate
o] < 1+ |vf?

which is easily justified using the fact the v € [0,1]. We may now estimate v(f)
from below by employing definition (2.2) and the assumption on the collision kernel
(2.10), as follows:
v(f)(v) = / flw) [/ B(v — v*,n)dn} dv,
R} 52

Tl

> = i |
> befkﬂf(v*)lv v,|? du,
v _ 4
> b [ ol v, b / )7 dv,
> ool [ @) do = b [ @)1+ o) do.

= bo(alu|" —b). (2.11)

To complete the proof of (i), we must now estimate v(f) from above. Therefore,

utilizing the modified form of Grad’s estimate in (2.9), namely
B(v — v,,n) < by

and applying the trivial inequality |v — v,|” < |v|7 + |v,]7 for v € [0, 1], gives the

estimate
W(Hl) = /R f(v) { /SEB(vﬂv*,n)dn} i

B /Rgf(vi)h)— u Usgdn} b,
< dmby [ f@) (ol + o) do,

IA



2: Properties of the Boltzmann Collision Term 9

= bl [ f)dv.+b [ o f () dv,
< bafol [ f)dve+by [ (1 0P (0.) do

= by(alv]” +b) (2.12)

where we have replaced the constant 47b; by by. Clearly, estimates (2.11) and (2.12)
give the required estimates in (7). Furthermore, we make the important note that

since v(f) = O(|v|7), it is typically unbounded as |v| — oo. To prove (i¢) define
A= {Uif(v) < e""‘iz}, B= {vle"'"l2 e < 1}
and H = Jra flIn f|. We now make the decomposition:

H = d d In f|d
B = [ fiwfldvs [ finfldot [ finfldo
= T]“FTQ‘FT‘}

and proceed by estimating each individual term. For v € A it is immediate that
VT < exp(—%ﬁ) and |In f| > |v|?. Therefore, it is easily verified that the product
v f|1n f| is bounded above by a positive constant C;. It follows that for v € A

flinfl < /f\/flnf|
Civff
i

< (G QXD("T)-

IA

Hence

2
T < Cl-/Aexp(—hJT)dv <C.

In addition, for v € B, f|In f| < f|v|* < f(1 + |v[?) thus obtaining
L< [ f1+ P dv<b
B

where one recalls the definition of b as stated in the lemma.
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We further recall that

JBLY;

RS

- [f?lf|lnf|dv—[f<1f|lnf|dv

- /wfilnfldv—Q(Lf|lnf|dv+/8f|lnf|dv)
> Ty—2C -2

H

Therefore,
H<H+2b+2C.

To proceed further, we use a generalization of Young’s inequality[3], namely
ry < z|Inz| + ! z>0,y>0 (2.13)

which for the convenience of the reader we prove in Appendix A. By (2.2) and (2.10)

we estimate v(f) as

]Ref(v*) M?(v - v*,n)dn} dv, > /|u--u.|>¢f(v*)b°lv —w[" dv,
> bl /EU_M)t f(v.) dv,

= I /R f(w)dv. /| @)

v(f)(v)

fr— bof'y [a — /\_1 f(’U*)}i d‘l)*]

jv—va|<i
for any [, A\ > 0. An application of the general inequality (2.13), with 2 = f(v,),y =

A now yields:

v > b fa=3 ([ Gln s+ )|

lv—wa|<l

v |, _ 31 . K] A1
> bl fa =) /Rgf|lnf|dv, A e d.fu,,]

= bl |a— N"TH — x~le*! / dv*]
| Jo—v. <l

= bl [ Y A-le*-lgﬂﬂ
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Now first choose A > 0 such that $H < a. Then choose [ = I(A) such that:

1 1 1
<—-a+-a= 0

4
\—1 [ A-12 3
H+e ml 1 9 5

3

This gives the result

v(f)) > bl (a— %a) = %boal"' —

where v, is some positive constant. Hence, inf, v(f) > v, as required. O

2.3 Estimates on the Gain Term

In this section we produce an important bound on the gain term which will be used
later on. This bound, stated in Lemma 2.2 is crucially dependent on the particular
choice of norm. As a guess to the form of this norm, assume that the initial and
boundary conditions are near a Maxwellian distribution. Then for some s > 0,
f ~ exp(—s|v|?), and there would be exponential decrease for large |v|. It is known
[5] that for a Maxwellian, J(f, f) = 0, and so J*(f, f) ~ fv(f). By Lemma 2.1,
the right hand side of this equation will be O(|v|? exp(—s|v|?)) for large |v|. Hence,
JY(f, f) = O(|v|" exp(—s|v|?))for large |v]. In order to compensate for the |v|”

terms in J ' (f, f), we consider the space:

Ly = {f] eurlfl € L7(R;)} (2.14)
with the weight function:

0 = Pu(v) = (1 + o) /2e’ (2.15)
and for f € LY, introduce the norm:

£ llsr = (@)|f |-

Now we are in a position to state the next lemma. Before we proceed however,

we mention that in the rest of this thesis, C' (with or without indices) is used to
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Figure 2.1: Figure representing the Carleman transformation

denote a positive constant independent of the parameters taken into consideration
(unless otherwise stated). Moreover, it can represent different constants in different

formulas.

Lemma 2.2 If f € LY., s >0, r > 4, then J*(f, f) € L. Moreover, there exists

8,r?

a positive constant C' such that:

17 (f, Ollsr < CUFI,

Proof. We fix v and make the change of variables
(veyn) = (p=v —n(n.(v—2,)),¢ =v, +n(n.(v —v,)))
where it is easy to see that

(p—v)-(g—v) = —n(n.(v—w))-[(v. —v)+n(n.(v—u))]
= (n.(v—1v))?— (n.(v—10,))?

= 0.

Thus we can obtain a representation of J*(f, g) in which the integration over dn dv,
is replaced by an integration over dgdp where g ranges over E,,, the plane which
is orthogonal to v — p and contains v, and where p ranges over R®. This is seen
in Figure 2.1. Let p = v — sn, where s is the scalar quantity n.(v — v,). For any

fixed n and v, one may write v, = ¢ — sn. We can express p in spherical polar
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coordinates with the origin at v. Hence we have p = —sn and writing this out
in its components yields (py, p2,p3) = —s(sin ¢cos @, sin ¢sinf, cos ¢) in which we
recognize the volume element dp = s?sin¢dsdfdo = s?dsdn. Also since dq is
the area element of the plane E,,, and v, € R*, we would have dv, = dgds (see

Figure 2.1). Hence dv, dn = dgdsdn = Siqudp where sn = n(n.(v —v,)) = v — p.

Thus dv, dn = dqdp and we can now express J'(f,g) as:

v —pl?

T =2 [ fl ol | |

[ sta)aa] (2,16
where the factor 2 is due to the fact that each plane is represented by two opposite
directions n. This representation was first achieved by Carleman [4], by calculat-
ing the Jacobian of the transformation; a lengthy calculation which we present in
Appendix B. The above simplified method was first introduced by Wennberg[13].

Note that for ¢ € E,, we can estimate the collision kernel by the earlier stated Grad

condition:
B(p—g,n) < blwfp“f;rl*- (2.17)
lp = ql
By employing the equality
n(p—a)l = (v = v, —2n(n.v - v))| = [(n.(v = v.)) = 2(n.(v — v.))]
= |n(w-mu)
= |v—pl
in equation (2.17) we obtain
v —p|
B(p—q,n)<b —q|".
(p—q,n) 1|p_q[|p ql
Now by observing that
lp—ql = [(v—wv)=2n(n(v—uv))

SR —
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> |n.(v—uv,)|

= |v—p|

and making note of the fact that for y € [0, 1]

lp—q|” < Iv—pl"’,
lp—q|l = [v—0p|

the collision kernel can simply be estimated as

lp—q|
B(p—q,n) < blv-—
.
< I-'?1|‘U—IJ||U p
v —p|
= bilv-p[".
Now we define the operators:
V()W) = 2 [ [o—pl™"f(p)dp (2.18)
GHwn) = [ fla)da (219)

and so invoking the above estimate on the collision kernel in equation (2.16) and

applying the definition of the operators in (2.18) and (2.19), we write

7 (£,9)] < 2b Aslf(p)llv—pl‘zlv—Pl* U Ig(q)qu] dp

“up

= 2b Aslf(p)llv—pl‘“"’ UE Ig(q)ldq] dp
= Vo, (IfIG(g]))- (2.20)

To proceed further we define for any fixed v the following sets:

D ={pe®|p <}
D, ={per|b <p| <|v]}
Dy ={pe®|p| > v}
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and we let
filp) = f(P)xi(p) for i =1,2,3
xi being the indicator function of D;. For any ¢q € E,, we have:
p—al > lp—vl, lg* > v|* - |p|? (2.21)

where the second of the two inequalities can readily be seen to hold by applying the

expressions for p, and g:

lgl? = |.]? + 2(nw.) (n.(v = v,)) + (n.(v = v,))?
> = v = 2(n.v)(n.(v —v.)) + (n.(v — v))?
[v]2 = |p|*? =2(nv)(n.(v-1,))— (n.(v—v,))?
g2 = (|02 = [p[?) = |va]? + 2(n.(vs — v)) (n.(v — v.)) + 2(n.(v — v.))?
= |u]? > 0.

Now we proceed with the required estimates. We note that since J*(f, f) is bilinear

with respect to f we can make the decomposition:

JHE ) = T )+ T f) + T (fa, f1) + TH(f, f3) + TH(fs, o)
+ I (fa, fo) + Tt (for f3) + T (f3, f2) + TH(f3, fa).

Upon applying the symmetry property of the collision term in equation (2.4), we

obtain:

JHE ) = T ) + 20 (fu fo) + 201 (fa, fa)
+2J 1 (f1, f3) + T (f2, f2) + TH(f3, f3).

So we investigate the boundedness in each case separately. By definition,

[T (s @) < 260 [ o= s IAIGA D dp
pl<

= o [ =r50) [ s 1f1(q)|dq] dp
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(as |g|? > |v|? — |p|* we know that if |p| < 7, then [q| > %) Hence

/II>55 q)dg =0

since f; is by definition supported in |¢| < % It follows that

T (f1, f1) = 0. (2.22)

Next, we estimate the term |[J'(fi, f)|. We begin with the calculation for the term

G(f2) = G(f2)(vvp)1 in which g€ Eﬂpn D? : (|U|2 - [pIZ)l,’Q < |f]’| < |'U| Therefore,

Gh) = [ f@do= [ flapala)do< | f(a) da

Eup:(|v]?=[p*)}/2<|ql<|v|

F(@)(L+ lgf2) 29 (1 + g 2)~/2e=*19 dg

j;?vp=(lv|2—lpiz)‘/2SIQISIUI

& e_"t"lz(l + |q'|2)”""2 dg.

flle
1 lsyr Evpi(|ol?—[p|2)!/2<|gl<]o|

Let |¢| = R and writing the above in polar coordinates, we have

/ / R)~"2¢~*® R dR do.
ooty

Since ¢q belongs to the set D, |q| > 5’1 and hence

G(f2)

9y —1/2
a+lary < (14 50) 7 <o ppye

for some positive constant C'. Hence

[v]
G(f) < 2nC||fllspe el (1 + [o]?) =72 RdR
(f2) = ”f” ( I |) -/(|u12—fp|2}]/2
[v]

2wC||flls e~ PP (1 + u]2) 772 1r2

(Ju|2—|p|2)1/2
= 7C||f|lsre~ 1 e’ (1 + |v[2)~"72|p|2. (2.23)

By plugging the above estimate on G(f;) into the inequality (2.20) we arrive at an
estimate for |.J*(fy, f2)|. Thus

(I f)l < 2 [ o= p 7 ARIG() dp
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= 2 [lv=pI " f D (PG (f2) dp
= B[ =PI OIG() o

e—slvfz 5 P
< 20O Gy fyesy PO bl

Taking terms to the left hand side, yields the estimate

v —p|"H (1 + |p|?) "% |p|? dp.

I s £ller < CUAIE o

Now we note that for [p| < {% we have the inequality

||
o] — —\7—-5 lv| = p| < [v—pl
which implies
|‘U _ p|—2+"}‘ < CI,U[—’H-'y

where C is again some positive constant and v € [0,1]. In addition, by using the

fact that for |p| < |v]
P IR
1+ [pl* = 1+ [vf?

we obtain

| . P+
T (fu )l < ClFI 02 Ll
7o llsw < MM [ T pm T e

2
OISRl 7(0+ 1P ol T

IN

The integral in the above expression can be estimated by letting p = |p|, and

changing into polar coordinates. Hence we write

i)

ApP) e Q)
/Iplé%wdp - /jf 1+ 27 ;2,0 sinfdpdf d¢

/5‘ 140 2,

]_+ 21'_.”2
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For r > 4 the integrand will be less than 1, thus

(1+[p?) -
A+1p) p
/lplggg (1+ [p|2)772 Hges, C/D dp < Cl|

and we arrive at the result

. ) |,U|H-'Y
174 (frs f2)llsr < ClI S5 7 P
=1

< ClflZ, (2.24)

for some positive constant C' and vy € [0, 1].

We continue by estimating the term |J* (f,, f2)|. We have from (2.20) that

I fl < [ o= LG L) dp

= 2 /%-:tpkhq v = |77 f(p)G(| fal) dp.

Using (2.23) we obtain

—3s]v)?
T (fo, < C ”e— — p|" 268l 1|2 4
I (f2 f2)| = ||f” ) (1 + IUP)”Q /‘]:%(|p|<[n[f(p)|v P| € |p| P

— 2
=3l

. Cemhl =24y
C”f”em'(l 1 |U|2)r!‘2 /%clpld‘ﬂ llv 4

L)L+ Y+ o)1

<1 flls,r

By taking terms to the left hand side and applying the definition of the ||.||s» one

further obtains

I (s f)la < CHARJ0I2(L + [o]2) 72 /z;idpmul v — p™2*" dp.

Changing into polar coordinates, let p = |[v — p| < |v| + |p| < 2|v]. Thus for r > 4,

we have

v|? 2
17 Flllr < ClSE it [ 9700 dp
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w3+

& 2 7l
— C”f“s,r (1 + IUP)”‘Q
M— —

<1

< OISz, (2.25)

In the same manner as before, we estimate the term G(|f3|):

G(lfsl) = ~/f¢|>lv| flg)(1+ |q|2)fr’265|4|’(1 + |q|2)—r!26—s{0|2 dq

1fllor [ (1-+ gty "2l dg
lg|>v]

27| £l s, /R >Im(l + RY)"2e*F’RdR

IAIA

IA

C”f”s,r(]. 4 ]UIQ)_"I’Q /;IO Re_sgz AR
Cnf”s.r(l -+ ]'U|2)‘Tf26—s|vt3
C(@(U))d”f“sm (2.26)

IA

I\

where we have again changed to polar coordinates, with |q| = R; and have used the
fact that for f = fs, |¢| belongs in the set Dj.

Now we complete the proof by claiming that ||J*(f, f3)|lsri2-0 < CI[f]Z,
Again from (2.20), and (2.26) we write

Tl < 2 [ o= plIAIG(AD dp
Cle@) ™ fllar [, o =PI/ ()31 (p) dp
= Cle@) " YIflsr v—p|2tY d
O I e (UL

= Cle) Il

8 / o [0 =PI £ (D) rs(0) (0,5 ()™ dp

Ipl< %

IA

where by taking terms to the left hand side we have

eIt (fi. )| < ClfIZ, /Iplglﬂ. lv — p|~2t (1 + |p|?) "2 dp.
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For |p| < % we note that since

W (. 1 e
|v|—ﬁ—(1—ﬁ)|v|§|v| o< v -3

one obtains

jv =27 < Cpl 2

and so

()" (f1, f3)| < CIFIE ol 7 [m{ 5+ 1p1?)2[pl[p|~2e~""" dp.

Using the estimate

2 |v]? 2
PP < T+ o)
it is easily verified that
O G < Ol [
v JJi)| < —_— P T T
¥ K o T+ o Ji<lsy (T + [pP)[pP? 7

v 2
. 2 ol /2/[{75 e Pembdpded
= C”f“s,rl_'_|,U|2 o i ,02(1+,02)p smevap ¢

< arCIfIE, (1 + )72 [ # o gy
! 0

Where again we have changed to polar coordinates, with p = |p|®. Now taking the

factor (1 + |v|?)~1*7/2 to the left hand side, and making use of the fact that
J, # e dp < O
0
where C(s) is some positive constant depending on s only, we finally obtain

19 (15 fa)llr42— < CLllFII3 - (2.27)

The term ||.J*(f2, f3)||s. is estimated in the same way as before, except we take into

account the fact that in this case p belongs to the set D, rather than D; as in the
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previous estimate. Therefore we have by (2.20) and (2.26) that:

T e o)l < CloO) Wl [y lo= 01 F B) o

—9 /T —g|p]?
< ClpON My fy o= P70+ )72 dp

Since

we have i
Iy =F .
+P)2<(5) A+

Therefore, using the fact that exp(—s|p|?) < 1, we write

T ) < OF @)™ (0 W)U fy o =0l dp

By letting p = |v—p| < 2|v| and changing into polar coordinates, the above integral

can be evaluated to be bounded by 47 (2[v])!*7. So we have for r > 4,

[T (fo, f3)] < C2724m(29)o["™(1 + o) (0 (v) T IFIIE,
< G+ )21+ )1+ I (e@) T IIE,
< Co(1+ )21+ ) e @) T IR

Ca(1 + o)== 2| £12,.

A

Hence, by taking terms to the left hand side of the inequality, one finally obtains

the required estimate

ITF (for f)llsrsz—r < CallfI2, (2.28)

where C'; is some positive constant and v € [0, 1].
Finally we estimate the term ||.J*(fs, fa)||s.», in which the calculations are exactly

the same as before, except that p is in the set D3, and so by inequalities (2.20) and
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(2.26) we get:

T o f)l < Ce@) Ml [ o= pI*f(p)dp

p|>]v]

= C(tp(u))_lllf“irf |‘U = ,pl—’H-'r(l i Ipi2)—r/2e——s|p|2 dp.

[pI>]v]
We note that since 1+|p|? > 1+|v|? for [p| > |v| we have (1+|p|?)~"/2 < (1+|v|?)~"/2,

hence:

1112,
(1+ o[22

IR, e Tyl
< OO T T TaTe g~ P T F ) dp

Tt (f3, f3)] < Cle()™ /hol>lv[ v — p| 2761 g

where we have used the fact that for [p| > |v], |v — p| < |v| + |p| < 2|p| and thus:

—S
exp(~slpl?) < exp (5l — pP)

And now we evaluate the integral in the above expression by letting p = |v — p| and
changing into polar coordinates. We note that after a change of variables, the above

integral can be rewritten as:
o0
411'/0 p"‘“e_""”zf2 dp

since 0 < p < oo. However this integral is just a constant depending on s, and ~.

Thus
[T (fa, fa)| < Cale(w))™ (1 + [o[)2(1 + Jol2)"2 (1 + [0[) "2 || 112,
<1
< Cy(1+ [v]?) 2P (1 + [o2) 1472 £] 12,

By taking terms to the other side of the inequality it is readily observed that

I TH (f3, f3)llsrsz—y < CISIZ,- (2.29)
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From the bilinearity of the gain term we obtain

T (fi+ fo+ fas fo)| = [T (fu, f)| + [TH(fa, f3)| + | TH (fas fo)
= |[J*(f, f5)]
< (Cr+Co+Ca) (@) 7M1 + o) 2| 113,
= Clp(v)™ (1 + |v[*)~H+"2

and therefore,

IT(f, f3)llsrs2— < CIIFIIE, (2.30)

Finally from (2.24), (2.25), and (2.30) we have the required estimate stated in the
Lemma for positive constant C, v € 0,1}, and r > 4. O

The above estimate is crucial in proving existence and uniqueness results for
the steady Boltzmann Equation with diffuse boundary conditions, as will be seen in
Chapter 4. We emphasize the need for the space of functions LY, in proving such
bounds. In Appendix C, we will consider the properties of the collision operators
in the space of functions with only the inverse power decreasing for large |v|; and

show that we cannot achieve bounds in this norm. We will explain the source of

this unboundedness which will further demonstrate the need for a stronger norm.

Remark 2.3 We emphasuize the fact that we are only considering non-negative func-
tions f, and g since they denote the one-particle distribution function. Moreover,
due to the symmetry property (2.4), it is sufficient to consider the case f = g as we
did in Lemma 2.2.

Below we show that the collision operators introduce some regularity in the velocity
space. The proof of this lemma is used later on in establishing other bounds on the
collision operator and producing the appropriate function space in which one can

apply the contraction mapping principle.
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Lemma 2.4 Let:

Vilf) = sup [ |w—pl™(p) dp for 0< k<2

Then for v € [0,1] and any positive function h satisfying h(q) < h(v)h(v,) where

g=v—n(n-(v-—uv,)), we have:
Vi(hT*(f,9)) < C(2 = k) Va(fh) Vs (gh)
with some positive constant C.

Proof. Let @(v) = h(v)|w — v|7%, and we write by (2.5) :

@I ) = [, . f0)g@)F0)B - v, n)dvdvdn  (2.31)

R3xRIxE2
We make the change of variables n — ¢ = v —n(n- (v—wv,)) where n is a unit vector
which lives in the unit sphere $? directed along the vector v —v'. q is a vector in R?

which lives in the sphere K,,, defined by:

1 1
K‘UU. = {q € Ra | |q = 5(’0 + ’U*)! = §|’U 7 ’U*l} ‘

We transform the integration variable n on the unit sphere to a new sphere K,,, of
radius 3|v — v,| as seen in Figure 2.2.

Writing ¢ in its components we have
@1 =v;—singcosf (n-(v—1v,))
G2 =vy—singsind(n-(v—uw,))
g3 =v3—coso(n-(v—uw,))

Looking at the definition of the set K, we notice that ¢ can also be written as:
1 1
g==(v+w)+z|v—ule, ecs?
2 2
where S? is the sphere with normal vector e having components:

e = (sin ¢, cos 0y, sin ¢, sin b, cos ¢, ).
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Vs

v

Figure 2.2: A transformation from the unit sphere to the sphere K,,, .

Here n represents the unit normal to the unit sphere, and e represents the normal vector
to the transformed sphere K,,,.

We want to express the polar and azimuthal angles of the unit sphere, in terms of
the polar and azimuthal angles of the new sphere with unit normal e. Now choosing
the polar axis in direction v — v,, i.e., n- (v — v,) = |v — v,| cos ¢, we have the

following relations:

@ =v —singcosfeosPlv—v,| = (v) +vs)+ §v — v.|sin ¢ cos b,
g2 = vg — sin ¢sinfcos v — v, = 3(v2 + vs2) + 3|v — vi| sin ¢y sin 0,
@3 = v3 — cos? dlv — v, = 1(vs + vu3) + 3|v — vs| cos By

where v = (v, v, v3) and v, = (v,1, V42, ?,3). From the relationship in g3, we have:

1 1
§|v — vy| cos @y = 5(1}3 — U,3) — cos? Plv — v,|.

Now choose Cartesian coordinates (consistent with polar axis in direction v — v,)

such that
0

V— Uy = 0
Uz — Us3

Hence, |v — v,| = |v3 — v,43] and so
1 1
5]1} — U] cOs Py = (5 — cos? (25) lv — v,

resulting in the equality

cosp; = 1—2cos® ¢
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which leads to the relationship
¢ =2¢—m.

Now using the expressions for ¢; and the above relation we can express 6 in terms

of 6;. First we observe from the relation in ¢; that

1 :
(v1 — V1) —|v — v,| sin pcos O cos ¢ = §|*u — v,| sin(¢y) cos 6,

e —
=0

B =

and then obtain

91 =r+0.
Now we are able to write the relations

sing = B and cos¢ = (0 (v~ 1)) = lg =]
2cos ¢ v — v, v — v,

in which we can then express dn in terms of dq. Therefore, we have

sin ¢,
2cos ¢
sin ¢
= doy db
4 cos ¢ #1001
|U_U*| 1 2.
= 4l — v, de df
g — v v — v, |? |v — .| sin ¢ déy db,
1
_ __—£|v~—v*|2sin¢31d¢1d91
Iq—?}”‘t}—?)xlfl )

sl = (% d¢1) do,

dg
1
dq
lg — v||v — v,

Summarizing, we may write

@) () = [, f@)g()lo — v Tdvav, (2.32)

R3xR?

where

— = —a|=1
I= [ la)Blo—l"do
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By (2.9) B satisfies:
B(v — v,,n) < bi|n.(v — v,))||lv — v, " ! (2.33)

so that for ¢ € K,,,

lg—v|7'B < by|v — v, |71

Therefore, from the definition of Vi (f), the above estimate on B, and the fact that

@(q) = h(q)|lw — q|* we write:
Ve(hT*(£,9)) = sup [ | —ql k()" (f,9)dg
= sunfssﬁ(q)ﬁ(f,g)dq-
w JRy
By (2.16) and (2.31) we have:
T (o) < suph [ fwlatelo = [ ota)da] dod
= sup by [Rausf(v)g(v*ﬂv — 0" dv dw,

where
L= [ hig)—ql™*da.
Since h(q) < h(v)h(v,), I is estimated as:
I, < h(v)h(v.) L
with

T

e

Hence we are only left with estimating the integral I,. Taking

[

and changing into polar coordinates, we get:

q = (Rsin ¢ cosf, Rsin ¢ sin 0, R cos @)



2: Properties of the Boltzmann Collision Term 28

which then implies

lw—gq| = |Rsin¢cos, Rsin ¢sinf, |w| — Rcos ¢|
- [R2 — 2R|w| cos ¢ + |w|2] Ll

Thus the integral I, is written as
I, = 2n R? / "(R? — 2R|w| cos ¢ + [w]) /2 sin ¢ do
0

where R = }|v — v,|. Integrating first for the case where |w| lies inside the sphere

of radius R, i.e |w| < R, we have, by letting u = R? + |w|? — 2R|w| cos ¢

2rR? ((RAWD

= — d
% 2R|w| J(R-Jul)? )
(R4 |w|)?
- " p 2 (u2k)1/2 el
2=k (R-|w))?
_ o o [(Ret |l — (R~ w2
T 2—-k |w|
[(1+M)2—k_ (I_M)2—k
_ 2T Rk R R '

2—k o]

R

To simplify matters, let z = J%l < 1 for the case |[w| < R. Then we immediately

notice that:

(1+2z)%>%— (1 —z)2-* e + )2 — (1 —1x)2 _

4 for 0<k<2.

xr T

For the case when |w| > R the limits of integration will be from (Jw| — R)? to
(lw| + R)?. After we evaluate the integral in the same manner as before, and let

x=|-‘}f—’1>1wehave:

(1t @ -1 @41 @1

T r

4 for 0 < k<2
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For the case when z < 1, we estimate

1+| i) 2k_ I_M 2-k
R R
lwl
R
The same estimate also holds for the case |w| > R. Therefore, we have by the above

21 (2 — k) LR*k < 8m(2—k)"'R**.

estimates:

I < h(v)h(v.)l
< Ch(v)h(v,)(2 = k) '|v —v,|**

and so the required estimate follows:
Ve(hT*(£,9)) < €2~ k)" sup / f@)g(v)o — v h(v)h(v,) dv dv,
=C(2-k)! sup/ f(v)h(v) vf g(v)h(v,)|v — v, "% dv,
w JR3 R3
= C(2 - k)" Vo (fh)Viey(gh)
for some positive constant C, 0 < k < 2,and y € [0,1]. O
Remark 2.5 In order to fully clarify the results of Lemma 2.4, we give some ex-

amples of the type of functions which satisfy the inequality h(q) < h(v)h(v.). For

later purposes we look at functions of the type

hi(q) = (1 + |q?)""? and hy(q) = exp(s|q|?)

for r > 0,5 > 0. We know that for particle velocities q,q,v,v., lying on the
collison sphere, the conservation of energy dictates that |q|* + |q1]* = |v|* + |v.|?,
where we recall that v, v, are the pre-collisional velocities and q, q; the post-collisional

velocities. Therefore,
+1a®) = 1+ + ol ~ ol
< 1+ o+ o + o], )?

= (1+[v])Q+ |v,]?).



2: Properties of the Boltzmann Collision Term 30

It is now evident that hy(q) will satisfy,

hi(g) < ha(v)ha(v.).

In addition,

exp(slql® + slg1[*) = exp(s[v[* + s|v.[?)
and so it is easily verified that
ha(q) < ha(v)ho(vi)

Therefore, the functions hi(q), and hy(q) certainly satisfy the condition for Lemma
(2.4) to hold.
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Chapter 3

The Steady Boltzmann Equation
with Inflow Boundary Conditions

3.1 Steady Boltzmann Equation

In the rest of this thesis we will deal with the existence and uniqueness of solutions
to the Steady Bolzmann Equation in a bounded domain Q with given boundary
conditions. In particular, in this chapter we will deal with the Boundary Value

Problem:

v-Vof = eJ(f, f) r€eEN (3.1)
vf = f T € 00 (3.2)

in which the size of the domain is bounded in terms of a small positive parameter
¢; which is a measure of the inverse mean free path of a particle. Equation (3.1) is
the Steady Boltzmann Equation and the boundary condition (3.2) is called inflow
boundary condition where a function f~ is prescribed at the boundary. We rewrite

the above problem as:

£
lv

-

D.f =
v f

J(f, )
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where D.f = é:V,f, € = % We see that in a neighborhood of zero in the
velocity space, the non-linear term becomes very significant. Also, for hard sphere
interactions, where B = |n-(v—u,)|, the collision kernel, and thus the collision term
become unbounded as v beomes large. In previous literature [9] general existence and
uniqueness results have been proved for a one-dimensional slab. This was done by
introducing unphysical truncations on the collision kernel which eliminated collisions
between particles having small velocities. The truncated collision kernel took the
following form:

B:v,vi;n) =

{ Celv — v, |Fh(6) if min |v], |v,], [v'], |[v| > €
0

otherwise

for k € {—1,0,1}, € > 0, and C; > 0 such that [,_,, )50 B:(v,vs,n) dn = |v —v,].
In addition, a crude truncation was also done on the collision kernel which removed
collisions which generate particles with high velocities.

The main task in the remainder of this thesis is to show that the collision op-
erator J(f, f)(z,v) has the properties which make it possible to avoid truncations.
For simplicity, we will consider the case of hard sphere collisions, although gener-
alizations are available. The main estimates in Lemmas 2.1 and 2.3 are used here
to construct a function space in which contraction mapping arguments are avail-
able. The contraction mapping theorem is then used to establish the existence and

uniqueness for bounded domains Q.

3.2 Steady Solution Operators

Solutions of the boundary value problem (3.1),(3.2) can be obtained by the method
of characteristics. Recall that J(f, f) = J*(f, f) — fv(f) where the gain term
J*(f, f) and the collision frequency v(f) were defined in the last chapter.
Write (3.1), and (3.2) as:

v £

Vo f+ = fu(f) = —JHf,f)

il |l vl
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& = f~
Let z(s) = n7$ + %o, and note that:

v

%f (x(s),v) = —=V,f (z(s),v).

g
Here z, is some initial point, and |s| denotes the 'time’ a particle with velocity w
needs to move from a boundary point $°+s]§f to a point z,. Along the characteristic
s — (z(s),v), the equation reads

Yy Zpulf) = ST D)

ds " [o] vl

Multiplying through by the integrating factor:

g 19 v
exp {_vas v(:co+7'~|»1—)—|~)dr}

where v(f)(z,v) = v(z,v), we have:

v v

dis [f(x+s—,v)exp{—l-z—lj;nu(xo—l—r—,v]d'r}] =

el [0

€ e [0 v
|?|J+(f’f) exp {“IU_[/.‘: v(xo + ‘rm, v) dT} ;

Let

¥ = inf{s:s<0,x+s|—vT€OQ}
v

0
H{z,4) = exp{—|v['16/ U(J:+.sv|v|'1,v)ds}.

Integrating from a point s* < 0 to 0, and changing variables we obtain:

L U g [0 v

f(zo,v) = f(xs + 5 m,v)exp{—m/s’ u(a:o+sm,v) ds} +
=g > e [0 v

elv| /s .)"'(f,f)e}(p{—m/T v(z, +3m,v)ds} dr.

Applying the boundary condition:

¥ f = f(z,v) = f~(z,v) for z € 9N in the half space v-n(z) <0
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we get, since 7, + s*r € oQ:

= v
|| v) = f(:co+sm,v].

Hence, the solution for problem (3.1), (3.2) can be written as:

flzo + 5"

0
F(za, v) = F (2 +s*l?vj—',v)ﬂ(s*,v)+€|v|_1/‘ TH(f, HI(r, ) dr
To simplify matters further, we define operators

(W Nz,v) = f~ (:r+s ,)II(s*,v) (3.3)

o[

UT(f, ) (@,0) = o] /0 THS S ’(“’”%

and rewrite the solution to the given boundary value problem as:

;) (7, v) dr (3.4)

f(z,v) = A(f) (3.5)

where

A(f) =Wf (z,0) +eUTH(f, f)(z,0). (3.6)

Thus we have shown that the problem (3.1),(3.2) can be reduced to the integral
equation (3.5). We will use the Contraction Mapping Theorem to prove that this

equation has a unique solution for sufficiently small .

3.3 A Technicality
3.3.1 Norms Defined
We now introduce the weight function:
(v) = exp(s|v]*)(1 + [v]*)"7? 520,720 (3.7)
with the weighted norms:
1£lls = sup [ o(@)l = w1 () =iy do (3.8)
1A= [ @)l o (39)

I



3: The Steady Boltzmann Equation with Inflow Boundary Conditions 35

In addition, we consider the Banach space:

Xo={f:9f € L'(x,L*(Q))} (3.10)

with the norm ||.|| defined by (3.9). The norm defined in (3.8) implies another
estimate on the collision operator which relies mainly on Lemma 2.4. With the aid
of this estimate and the above norms, we are able to produce a function set in which

we can apply the Contraction Mapping Theorem.

3.3.2 An Estimate on ||J*(f,g)| -1

Lemma 3.1 There exists a positive constant C' such that:

177 (£, 9)ll-1 < ClIfIl gl

for all f,g € L.

Proof. We showed in Lemma 2.4 that functions of the form o(v) satisfy the condition
©(q) < p(v)p(v.) for velocities q,v, v, lying on the collision sphere. Hence, we can

apply Lemma 2.4 with £ = 1, = 1 and get the estimate:

VilpJ*t(f,9)) < CVi(of)Va(eg).

Applying the definition of Vi, we have:
Vief) = [, e@f@dv< [ o@lfllim@de = 1]
Viip) = [ e@9@)dv < [ o@llglleo dv. = o]

Therefore,
VileJt(f,9)) < ClIfll gl

which will imply

Vi(pJ? (sup f,sup g)) < Clsup f]|[|sup gl = C|I£] llg]I
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From the definition of ||.||_; we have:

I7*(f )l = sup [ o(@)lo = w|T* (£, 9)(0) | oo dv

sup [ (o)lo —wl ™ sup J* (£, 9)(z,v) do

and since

sup JY(f,9) = sup fRJszB(v —v,,n) f(2,v)g(z,v,) dn dv,

fJ2B(v — vy, n)sup f(z,v)sup g(z, v,) dndv,
RYVS T %

IA

we have:

175 (9l < sgp/Ra e(v)lv —w| 71T (sup f,sup g)(v) dv
= Vi(wJ* (sup f,sup g))

< Cliflllgll. ©

To proceed, we assume that the function f~ (the boundary data) satisfies the fol-

lowing conditions:

fm20, of € LY(R}, L®(09)) (3.11)
sgp/ w =07 () [|£ (., v)||Le(an) < 00 (3.12)
%n'fv(f_) =v, > 0. (3.13)

Moreover, let a; (j = 1,2,3) be some positive constants, and consider sets A C X,

defined by
A={feXo: f>0,|fll £ a1, v(f) > ay||fll-1 < a3} (3.14)

Now we are in a position to prove existence and uniqueness of a solution to the
steady boundary value problem. We will show that there are ¢, a;, a, and a3 such

that the Banach fixed point theorem is applicable in A.
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3.4 Existence and Uniqueness

Every set A is a closed subset of the Banach space X,. Hence we apply the Banach
fixed point theorem and achieve existence and uniqueness of solutions to problem

(3.1)-(3.2).

Lemma 3.2 There ezists positive constants a; (j = 1,...,4) such that AA C A if
e < ay.

Hence we need to show:

a) Af 20 b JlAfl|<ar o) v(Af) 2ay  d) [[Af]|l-1 < as

Proof. a) is trivial: Since f~ > 0 by assumption, we have W f~ > 0. Also for f > 0,
JH(f, ) > 0. Hence, Af = Wf~ +cUJ*(f,f) > 0.
To prove b), set

a = |lofx X, = L'Y(R}, L*(6Q)) (3.15)
a = 2a, d = diam (3.16)

then by the triangle inequality:

IAfI < (W || +elUTHE £
L )TI(sY)| + lUTH(f, £)]

|v]

= [+ D i o+ 0T 1, )

< |lf(z+s

where we have used the definition of the norm in (3.9). Since II(s*) < 1, we have:

IAfI < [ @l o do+ <[0T (£, D
= llefllx, +lUT* (£, )l
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Estimating the term [|[UJ*(f, f)||, we write:

WU (£, Hll

I

1ol / TH, ) U+T| (T, o) dr |

= [l [ N+ ol d

/Ra(,o(v)|v|-1/ HJ+ £, f) (z+rl l,’u (T, )“me)

v

< / e(v)|v]|” l”J (f.f) ”Lw(ﬂ)(

IA

(1,v) ”Lm d‘r) dv

where we note that:
0 0
[Nl dr < [ dr<|st) <d
which implies

[T < d [ o)™ |74
< ()l

f‘”(ﬁ)

and so applying Lemma 3.1 we obtain:

IAfIl < llef~llx +ed|lTH(f, )l

- %1. +ed||TH(f, £)l|-1

< G+edClfI
By the definition of the set 4, we also have that ||f|| < a; which gives,

lAf]] £ = + edCa?.

v

Now by picking € < ﬁc‘? = a4 we have proven part b). There exists an a4 > 0 such

that:
|Af|| < ay if £ < ay.

(3.17)
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To prove c), we have from the definition of v(f):
V@) = [ Fw) ([ B v.n)dn) v,

= -Laf(g;'v*)w — v, (/52|c059|dn) dv,
= wallsf(x,v*)[v — v,| dv,

v

where we have considered only hard sphere interactions in which B(v,v,,n) = |(v—
v,,n)| and have explicitly evaluated [ |cos@|dn = 27. Changing variables v, — w

we write:
W) =2 [ v =wlf(@.w)dv.
In order to prove c) it suffices to show that v(W f~) is bounded below by some

positive constant since

v(Af) = 2 [ o= wl(Wf™ +eUT*(f,f)) du
- 21r/m o — w|W f- dw+s27r/w v — w|UJ* (£, f) dw
= v(Wf) +ev(UJ*({f, f))

v(Wf7).

v

We define for any b > 0 the set I as follows:
I={w|b7! < |w| < b}
and we assume that for § > 0 there exists b = b(8) such that
2?r/!|v—w|f“(3;,w)dwz v(f7)—6>w,— 4. (3.18)
Now we have for f € A,

v(Wf)(z,v) = 27r]1;3 lv — w|W f~(z,w) dw

i *w *
= 27r/1;3|v—w|f (x+s |w|,w)l'l(s,w)dw.
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From the estimate

w

[ v = wlf(@+ s w)d' < Julllf]|+11£]

|w]
we conclude that

0
I(s*,w) = exp{—|w|"15/. u(:z:-}-sijl,w)ds}

|u

0

= exp {/ —|w| e l?‘!r/ |lw —w'|f(z + si,w') dw'] ds}
s* R3 |w|

> exp{—27|w|™"e|s*|(1+ [w])I ]}

Therefore, we have

w
|w|
Y w)ee2nlstllwl = (1HuDIS gy,
|w
- w
> omec2mlsb(1+b)ar /|v —w|f (z+ s —,w) dw

[

|w]
where we have applied the fact that for f € A, ||f|| < a;. We now recall that b, can
be chosen such that (3.18) holds. Therefore,

v(Wf)(z,v) > 21rr/3 lv —w|f~(z + s* ,w)e~e2mls* el = R DIA gy
R

> 27r/|v—w|f_(:x+s*
I

v(Wf)(z,v) 2 (vo— 6)3‘52“13‘|b(1-l-b)a1

> gb’ e—s21r|s‘fb(l+b)a;
— 4 [s]

for the choice of 6, 0 < 6 < :}Vo. Now choosing ¢ small enough such that
. 2
Vo exp(—e2n|s*|b(1 + b)a;) > 3%

we obtain v(Wf~) > I;—", which gives the desired result for c).

In order to prove part d) we have that for f € A:

lETTH(f, Hll-1 = sup fka p(v)|v — w["[eUT*(f, )|z dv

= sup/ ()|v —w| ™ dv
w JR3
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o A e RO T N
supf o(v)|v —w|™

< (17 Dllsia| ol ™ [ 17, 0)dr] e
= 1T Dl [lelel” 1/ (r,v) dr||.. o 4

Now from the definition of II(7,v) and the fact that for f € A, v(f) > a; we write:

0
I(r,v) = exp{—|v|‘lsl_ v(m+s|:—|,

IA

dv

v) ds}
< exp{—|v|easT},
and so
0 d -1
||E|’U|_l/ I'I('."){.*:i"“L < sups/ |v|~tel—o2ell™ 7} g,
§* e € 0
since |s*| < d, where d is the diameter of (2. Therefore,
leUJ* (f, - < I AII-C
d .
where C' = supe/ |v|~tel-a2ell™ 7} g7,
£ 0
In addition to the estimate on ||[UJ"(f, f)||-1 we have that:
o e « U *
W5l = sup [ o)l —wl 1@+ " o)) ey do
17 1l-1 exp{~|v|"eazT}

IA

< () (a positive constant)
Making use of the triangle inequality and the last two estimates, we have:
|Afll-1 < CL+ ITH (£, D€
where upon integration:
&= sgpa[: |v|~tel-a2elvl™'7} g
= mép{_ai?e{—azswr*d} s aLQ}
1

< —.
= ap
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From Lemma 3.1, we have for f € A

I Dll-r < CallfII?

< Cgaf

which implies

”Af”_l S Cl + 0201(12_1.

Put a3 = C;+Cqa%a; ", ay = v,/2. Then we have that: ||Af||-; < a3 and v(Af) > a,

as required. 0O

Lemma 3.3 There exists a positive constant C' such that:
|Af — Agl| < Cel|f — gl

forall f,g € A, ¢ < ay

Proof. We have:

Af = W +eUJH(f, f)
Ag = Wf +eUJ (g,9)

Clearly,
|Af — Agll = llUT* (£, ) = UT" (g, 9)ll.
Upon applying the definition of the operator U and the norm ||.||, we have:
0
_ -1 + _ gt
laf - Af)l < e [ @]l [ [0 = T o)) dr) | . g o
0
e [ e@ |7 .0 - 7 09)] () M ar) an

since |s | < d and II(7) < 1, then

lAf = Agll <ed | oI IT*(£.0) = TH(g, 9)ll(ey do.
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By using the definition of the collision term, we have:
TN =THe9) = [ (FO)F) = 9()g(l)Bo — ve,n) dndv,
moreover, it is readily noticed that
() = g(NIIF () + 9] + 1 (v) + g(LF (1) — 9 (0] = 207 () ()~ 9 (0)g (0L)]
which gives the result
NI (£, £) = THg DN T (f =9, f +9) + T (f + 9. f = 9l
Therefore,
147 —Agll < ed [ @l I =9, f +9)+ T (f +9,f = )l dv
ed [ @Il 1T (f =9, + 0)lue do +

ed [ @@l ITH(f +9.f = 9llu=dv
= ed(|l7H(f = 9. f + D)1+ T (f + 9, f — 9)l|-1)

IA

Again by Lemma 3.1 we have:

|Af — Agll < edCi[llf — gl lf +gll + |If +gll [1f = gl
< 2edCillf = gll(II£1] + llgll)-

Since both f, g € A, then ||f|| < ay, and ||g|| < a; where a, is some positive constant.

Thus, we have for all € < a4 and positive constants C' and C:

|Af — Agll < 4edCiai|f — 4]
= Ce|lf —gll. O

Now by choosing ¢ small enough such that Cs < 1, we have a contraction in A.
From Lemma 3.2, and Lemma 3.3 we have an operator A which maps the set A
into itself in a contractive way. Thus, by the contraction mapping principle [11],

equation (3.5) has a unique fixed point. Therefore we have the following theorem:
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Theorem 3.4 There exists an ay such that the problem (3.1)-(3.2), has a unique

solution if ¢ < ay

Moreover, the sequence f(© = 0, f® = Af("=1 converges to this solution in L*

and by applying Lemma 3.3, we have for m > n:

1F — FE| < [If) — fOHD|| || D) — fD]| | flmmD) — gl
= |AF®D — Af™|| 4] Af™ — AfCE|| 4+ ]| AFD — AFY)|
< Cel| f™D — f®]|+Ce|| f™ — fO||+...4+Ce| fD — f=||
< Cel|[f®0) = fO)|| ...+ (Ce)m=m| fm-D) — f)|.

Continuing in this way, we get the result:

1™ = F™I < (Ceyllf® = FOU+Cey IO = [0+ (Ceymlf O = O
= ((Co) + (Cey™! + ..+ (CeY") I

If we let m — 00, we have:

(Ce)" 1)
—l—Ceﬂf l

Ci(e)e™ 171

A\

! e | I

AN

Since f() = Af© = W f~ < f, then

1F™ = £l < Cule)e™ ey fllx,

where

X, = L' (&, L*(59))

and C) is some positive constant depending on & € (0,a4). Also, we have a similar

estimate for the traces:

I =t = ™ = Al
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= [ el () = f)llieiom do

/1;399||f(“) — fll=(aq) dv
1F™ = £l

IA

IN

which gives
Iyt £ = 4 Il < Cule)e™ oy fllxa-

Here the function f(!) describes the flow in a vacuum, and by the convergence of

the solutions in L*, we have solutions which are near a vacuum.
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Chapter 4

Diffuse Reflection

4.1 Classical Results

In this chapter, we extend the results of the previous chapter to the case where
we have diffuse boundary conditions. In particular, we want to show existence and

uniqueness of solutions for the boundary value problem:

D.f = ‘%J(f. f) req (4.1)
vf = Rytf z € 00 (4.2)

where again Q denotes a bounded domain in B*, with a Lyapunov surface' 9, and
n(z) will denote the unit outward normal at a point z € 9. Diffuse reflection is

determined by the following operator R:

Ry' f = M(z,v) fw (

nir

o lw - n(@)|y" fz,w) dw (4.3)
where M (z,v) is a normalized Maxwellian given by

M (z,v) = (2m)"'h?(z) exp{~[v[*h(z) /2} x (4.4)

IThis is a smooth surface, defined by F(z) = 0, on which n(z) = H'?%Tf is well defined; in
particular, VF(z) # 0.
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where x is the characteristic function of {v: v-n(x) < 0}. Physically h in (4.4) is

determined by the temperature of the wall 9. It is assumed that
he L*(0Q) and infh = h, > 0. (4.5)
In addition we assume hard sphere collisions, i.e.,
B(v,n) = |n - v (4.6)

and we recall that:
/ J(f, fydv =0, (4.7)
R'IJ

where J(f, f) is the collision operator defined in Chapter 2. Moreover, we note that:
f v+ n|M(z,v)dv = 1 (4.8)
v-n<0

and it follows from (4.4) that

[, (v-n(@)f(@v)dvdo(a) = 0 (4.9)

IJX

where do is the Lebesgue measure on 9. The proof for (4.8) and (4.9) are done in

Appendix D.

4.2 Existence and Uniqueness

As will become clear later on, the boundary value problem (4.1)-(4.2) does not
possess a unique solution. There is one degree of freedom. In order to achieve
uniqueness, one must impose an additional normalization condition to determine,
say, the incoming flux at 9€2. Hence, our solutions will be normalized by the condi-
tion:

fngxan [v-n(z)|y” f(z,v)dvdo(z) =1 (4.10)

where the value one has no particular meaning; it can be replaced by any positive

constant.
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4.2.1 Steady Solution Operators

Now we return to the problem (4.1)—(4.2), and we find the appropriate solution
operators in this case. Let V' be the solution operator to the problem (3.1)-(3.2).
Then the function f = V(y~f) solves (4.1)—(4.2) if the function v~ f solves the

equation
v f=Ry*'V(yf) (4.11)
We may write equation (4.1) as:
df ¢
Pt

Integrating along the characteristic, we have:

0 df v & /9 v
LE“*E“MS“EMJ“m“ﬂW““’

i.e.f(zo,v) = flzo+ I:—ls*, v) + ¢lv| ™! /30 J(f, f)(zs + %‘r, v)dr

where we recall that

s :inf{s:s<0,:z:+sig—|€8§2}

Now applying the boundary condition (4.2), where z, + I:;_IS* € 09, we have:

v

Flo,w) =7 flo+ ' 0) +ebl ™ [T A+

vl

v

T,v)dr
lol

We define solution operators similar to the operators defined in (3.3),(3.4) except

with II = 1. Therefore we write

Woy f)@v) = v flz+ .s*%,v) (4.12)
0
o™ [ I+

v
|v]

U (], f X z:w) T,v)dT (4.13)

so that the solution to (4.1)—(4.2) is written as:

Vy =Wy f+eU, J(Vy £, VY f). (4.14)
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Upon applying (4.14) to the boundary condition defined in (4.2), ¥~ f can be ex-

pressed as:

Y f=Ry"Woy f+eRy'Us J(VY £, V7™ f) (4.15)

where we remind the reader that V' is the solution operator to problem (3.1)—(3.2),

and R is the diffuse reflection operator defined in (4.3).

4.2.2 Reduction of the Problem

In view of (4.2) and (4.3), we seek a solution of 4~ f in the form:
v~ f = M(z,v)N(x) (4.16)

with some unknown function N. Applying the definition of the diffuse operator in

equation (4.15) we observe that:
v = M) [ @ W S do
w-n(z)>0

+Ef lw - n(z) YU J (VY £, VY f)dw
w-nf{z)>0
= M(z,v)N(z)

by assumption. Hence it follows that

N@ = [ o @I Wy f,0) (4.17)

+€f lw - n(z)| Y Us J (VY £, VY f) dw
w-n(z)>0
= Li+¢el

where we abbreviated the first integral as I, and the second as I.

Our main strategy now is to find the function N and show that it yields the
unique solution to the problem (4.1),(4.2), and (4.10). However, in order to do this,
we must express N (z) in terms of fixed points of operators, which will be shown to

have the contraction property, thereby proving the necessary results. We begin by
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Figure 4.1: Illustration of the corresponding boundary point of 2 € 9.

expressing each term in equation (4.17) in a way which will become useful later on.

With this in mind we rewrite I; in (4.17) as:

g * 3.+ ,
/e-n{a:}>0|e nl_/g |w| v Wo(j"f(ms“")lw(x))d‘w|de

where the velocity vector is w = |w|e and e = w/|w| is a unit vector in the direction

of w. Since ¥* f determines the densities of particles impinging on 99, and because
YW, (M(z,w)N(z)) = Wo(M(z,w)N(z)) for w-n(zx) > 0,2 € 99

the presence of the operator v*(.) does not affect the value of the integral when
w - n(xz) > 0. Also, since the operator W, acts only on the position variable, i.e.
WoM(z,v) = M(z + si—:—i}r,v), then upon substituting this into (4.4), I, takes the

form:
/e‘n(:r)‘)‘ﬂ |6'ﬂ|”¥+WoN($)]n |w|?(@2m) " h2 (y)e 1IPEO/2 gy de (4.18)

where y = z + SI::_I is the corresponding boundary point of z € 99 in direction e
(Figure 4.1). The inner integral in (4.18) can easily be calculated to have the value
7~!. Hence, the expression for N(z) is written as:

N(z)=n"" fe.n(m)>n.|e[:1 le-n(x)|N(y) de+e /w-n(a:)>e lwn(2) |yt U J(Vy~ £, VY f) dw
We note that y € I is given by y = 2 — I:_ll‘T — y| which implies:

v -y

E= — = 3
ol |z -yl
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Secondly, de can be expressed in terms of a general surface element do(y) at a point
y € 0f), where 0Q) is the part of the body seen from z. In Appendix C, we show
that de is really the solid angle subtended by do(y) at some fixed point, and is given
by:

de = ;(g)élida(y) (4.19)

where n(y) is the normal to the surface do(y). Substituting the expressions e, and

de in the integral I}, we can write the equation for N(z) in the form:
N(z) = KN +¢G(N) (4.20)

where the operators I, N are defined as follows:

KN@) = [ K(x,y)N@)do(y) (421)
K(z,y) = 7|z —y[7|(@ = y,n(x)l|(z — y,n(y)] (4.22)
GM@ = [ lo-n@ VIV £,V f)de (1.23)

in which the integral I; is now represented by the operator KN(z), and inte-
gral I, is represented by the operator G(N)(z). We note that since by definition
YtU,J(Vy~f, V™) = 0 in the half space v - n(z) < 0, we can just as easily in-
tegrate over all space without affecting the value of the integral I, in (4.23). As
mentioned, the above operators have very special properties, which are needed in

proving uniqueness. These properties are entailed in the next four lemmas.

4.2.3 Some Properties of the Operators K and G
The Operator G

Lemma 4.1 G(N) satisfies:

/mG(N)dr,r:O

where do is the surface element at a point x € 0S).
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Proof. As will become clear, this lemma is a direct consequence of (4.7).

By an application of the definition of U,, we write:

v

)drdvdo(z
o) dr dodofz)

_ [v-n(z)| f“ o
| cde = [ o LIV VDt
0|y -
B / [ / b JVy~ £,V f)(y,v) drdo(z) dv
R} Jontss |y
where the transformation y = z + 7e, e = . 3€09, 7€ s,0],y €0 C B with

dy = |e - n(z)| dr do(z)

leads to:
/Rg GWN)do = [ J(f. f)y,v)dvdy =0

from (4.7). O

Lemma 4.2 For any constant C; independent of N, we have:
IGN || z(a0) < CillN||7 e (50-

Proof. Since we assume a solution of the form f~ =y~ f = M(z,v)N(z), we may

write:
a = |lof7|lx,
- _La e)IM (., v)N()|| a0y dv
! 2 —h(z)|v|?/2
= 5= /R , P(v) [[P*(z)e N(2)||zo0) dv
l — w
< oo [ @) 1¥2llieony ™72 [N () | i oy dvs

1 _—
= Gplllmony IN@)le [0+ [ofyet ettt/ ay

for h(z) > ho, by (4.5). For s < he = 5inf h, the above integral is bounded by a
constant. Hence

a, < C||N()][1=
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in which we have absorbed ||h?(z)||,~ into the constant C'. Now since f(z,v) =
V(M(z,v)N(x)) defines the solution operator for the problem (3.1)—(3.2) then by

the discussion in Chapter 3, f € A, and ||f|| < a; = 2a,. Therefore,
£l < 2C|IN(z)l| L= (a0)- (4.24)
We are now able to prove the asserted estimate.

|G(N) ()] =

[l @Iy U (vy £,V f) do
< [+l e Rt 5, ) do
RY
+ [ (L4 [Py 72l el = (£, f)] dv.
Ry
Estimating the first integral on the right, one gets
[+ P2 eI plde < [ (1 o) e TP (S, )
= [ e ITEE Pl o
RY
< 2
< O [ I,

where we applied the definition of ||.||; defined in Chapter 2, and Lemma 2.2. We

notice that

C(1+ [v]2)72e || M (., v) || e | N || oo

2 S
= C(1+ |[v]>)2e*’||h2|| e e 2| N || Lo

Il

Co()If e

< G||N]

L>=

for positive constants C',C; and s < % inf h. We also recall the definition of the norm
|||l defined in (3.9) and write

c /R3 If

Eodv < NI [ [1fllordo
< Cil[Nllzee L £1I-
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The estimate for the integral involving the loss term is done in the same way, and
gives the same estimates. Hence, we have from the estimate in (4.24) the required

result

IGN||L=(00) < CilIN|[}(a0). O
The Operator £

Lemma 4.3 The operator K is compact in L*(9S2). Moreover, for every x € 0Q

fan K(z,y)do(y) = 1.

Thus any constant solves the equation N = KN.

Proof. Since 09 is a Lyapunov surface, there exists a positive constant § > 0 such
that

sup K(z,y)|z — y*~’ < 00
T,y

This implies integrability of the operator . From standard books on real analysis
(see for example [7]), any integrable function can be approximated in L? by smooth
functions having compact support. Thus compactness of the operator K follows. To
continue, let

N = KN(z) + eG(N)(z) (4.25)

where now we have made the distinction that N represents the out-going flux at the

boundary and is defined by

N@) = [ len@h Wy f(.w)do

+€/ w - n(z) [y U (VY™ f, VY™ f) dw
wn(z)>0

and N(z) represents the (given) in-going flux and is defined the same way, except

the integration is extended to the hemi-sphere w-n(z) < 0. Thus using Lemma 4.1,
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it is readily seen that the total flux exiting the boundary is given by

Lo N@do@=[ [ lon@hy Wy f(z,w) dodo(z)

Equation (4.9) indicates that the total flux entering the domain is equal to the total

flux exiting, which is explicitely written as:

/w-n{:::)‘;-() /;m lw - n(x)|f(x,v) dvdo(z) = -[J-n(z){(] ./an |lw - n(2)|f(z,v) dvdo(z).

Therefore, we see that by this condition,

/m N(z)do(z) = /a _N(2)dofa). (4.26)

Now by integrating equation (4.25) over the boundary, and applying Lemma 4.1 one

obtains
/8 _N(@)do(a) = /d _KN(z) do(a). (4.27)

Using (4.21), (4.26) and the fact that K(z,y) is symmetric, we have

]:m N(z)do(z) = /an (/aQIC(x, y)N(y) do(sc)) do(y)
= .[an (/m K(y,z)N(z) dff(y)) do(z)
o fan N(z) (/&n K(y.x) da(y)) do(x)
which leads to
/an N(z) (1 - faﬂiC(y, x) dor(y)) do(z) = 0.

As this holds for arbitrary N > 0, we readily observe that this condition holds if
and only if
d =1, 0O
[ K@.y)do(v)

It is immediate that any constant solves the equation N = KCN. The next lemma
will show that actually constants are the only possible solution to the equation

N =KN.
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Lemma 4.4
ker(I - K) N {N € L*(3Q), (1, N) 2oy = 0} = {0}
Proof. Suppose M (y) solves the equation N = KN, and that

| M) doty) =

If M(y) # 0, we make the following decomposition
M(y) = My(y) - M_(y)

where we define

) M(y) f M(y) >0 _fo if M(y) >0
M+(y)‘{o T imy <o o M—(y)‘{—M(y) it M(y) < 0

In addition, we define the sets

D, {x € 0Q; M(z) > 0}
D_ = {z€d M(z) <0}

and note that since M(y) solves the equation N = KN, then from (4.21) we have
[, K@nMi@)do~ [ K@, )M-(4)do = M, (@) ~ M_().
Therefore,

jf;h /D+ K(z,y)M,(y) do(y) do(z) —

n-...__ﬁx..‘_s

[, K@M () do(y)doa)
, Mi(@)do(2)

and

[, [ k@oM@doydo@) ~ [ [ K@n)M () do(y) doz)
- —fD_M_(m)da(x).
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Hence we have

/;) (/ . K(z,y) do(zx) — 1) M (y)do(y) — /D_ (/1)_+ K(z,y) dg(;r:)) M_(y)do(y)
= 0. (4.28)

But we know from Lemma (4.3) that

/m K(z,y)do(z) < /3 ’ K(z,y)do(z) =1

and so the left-hand side of equation (4.28) is negative, which is impossible unless

both M = M_ = 0. So the only solution is if
My(y) =M_(y)=0. O

We have shown that K is compact, and we have restricted everything to the
space orthogonal to the set of constants where one is not an eigenvalue. Hence the
operator (I — K)~'G is continuous in L>(952) restricted to the orthogonal comple-
ment of constants. Thus we see that the problem (4.1),(4.2),(4.10) reduces to the

following equation:
N =C +¢(I-K)"'G(N). (4.29)

Remark 4.5 We make the important observation that the constant in equation
(4.29) is in general not unique. However by the normalization condition in (4.10)

it 18 possible to define this constant uniquely.
Contraction Properties
Lemma 4.6 N(z) in (4.29) is uniquely defined.

Proof. From (4.10) and the fact that we are assuming solutions of the form in (4.16),

we write:

/Rﬁxm|v.n(ng(m,u)N(x)dvda(x) - /aQN(;I:)dJ(x)/R%w-n(m)|M($,U)dv
= 1.
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In view of (4.8), and Lemma 4.4 this gives:
do(z) = -
/3 _N(@)do(a) = C /.9 _do(a)

= 1

and thus C~! is equal to the measure of boundary 9Q. Next we show that the

operator (I — K)G is a contraction. Assume that there are two different solutions

v h = M(JZ,U)Nl
7_f2 = M(:Esv)N2-

Now from (4.23) we write:

|G =GNl < [ (14 )72 P P |l (1, £1) = T (fa, £l do

+ [ (L oy 72t I (f1, f1) = T (fa, £l do
Rv

Again as in Lemma 4.2 we look at the term containing the gain term, since the term

involving the loss term is estimated in the same way. We showed in Lemma 3.3 that:

NI (fr, f1) = T (far f)llzee < CNTH(fi = far fi + f2)ll Lo

By Lemma 2.2 the first term in the above inequality is bounded above by:

Lo I G =t it o)llardo < C [ 1fi = follaallfy + Fola d

and in addition, by a consequence of Lemma 4.2 we have that
lfi — fallsr < C|| N1 — N[

for s < L inf h. Hence

C [ i = Fllaallfi + folles < CillNy = Nallusllfy + £l
< GlIN - Nl
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for fi, fo € A. By the bilinearity of the operator G(N), we have:
le(I = K)™ (G(N1) = G(N2)) [[= < Cel| Ny — Na[ 1.
Therfore the operator e(I — K)~'G is a contraction in a ball
{N][IN][e= < 2C}

if ¢ is sufficiently small. O

Now we have that the function f = V4~ f with v~ f = M(z,v)N () solves (3.5)
and (4.10) with N uniquely given in (4.29). Recall that (1 + |[v|)~LJ(f, f) € L™ if
f € L*®. Thus f belongs to the set:

W={feL®:(1+v])"'Df € L*}.
We are now in a position to state the main result of this chapter:

Theorem 4.7 There ezists €, such that the problem (4.1),(4.2),(4.10) has a unique

solution in W if e <&,,0< s < zinfh, r > 2.
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Chapter 5

The Couette Problem

In the last chapters, we discussed three-dimensional problems in bounded domains.
In this chapter, we consider diffuse reflection at the end points of a one-dimensional
slab. Of course, it is important to point out that existence and uniqueness has
been done for one-dimensional slabs [1], but for a truncated collison kernel. Here we
prove existence and uniqueness, by applying some of the properties of the Boltzmann
equation, entailed in the estimates produced on the collision operator. As seen in
Chapter 4, we used the estimates from Chapter 3 on the collision term to produce
a function set where we applied the contraction mapping principle. However, it is
important to realize that for the class of problems involving uniqueness, the role of
spatial dimensions plays an important part. For example in the Couette problem
discussed here, we are proving existence and uniqueness in a one-dimensional slab
where our domain is bounded with respect to the z direction, and infinite in the
y and z directions. This makes the problem more difficult to handle, but we will
see in this chapter that our method of approach is the same as before, with some
modifications. For example the steady solution operators defined in Chapter 3,
are used here with a slightly different representation. In addition we introduce
another norm which concentrates on a plane and makes it possible to handle the

unboundedness in the y and z directions separately. We use this norm to prove an
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additional property of the collision term which will then be used to produce the
suitable function space with the contractive property essential in proving existence
and uniqueness in the one-dimensional case. It will become clear in the calculations,
how the effects of this norm handles the unboundedness in the y and z directions

and make it crucial to the one-dimensional setting.

5.1 Structure of the Problem

In the Couette problem, we consider the steady Boltzmann equation in a slab where

our domain is now = (0, 1), and

g.:

= =cl(f,f) ()

U

where v € R*, v = (v1,v2,v3). Our goal is to find a function f(z,v) which solves

(5.1) together with the diffuse boundary conditions

f(0,0) = M(0,v)N,(f) ifv; >0 (5.2)
f(l"i}) = M(I,v)Nl(f) if v < 0. (53)

Here N,, N; represent the flux entering and exiting the slab, respectively; and are

given by:

No(f) = /m{nl'vllf(O,v)dv
Ni(f) = /mn|v1|f(1,v)du.

The functions M (z,v) are in the one-dimensional case defined to be:
M(i,v) = (2m) " h? exp(—|v|*hi/2)

where i belongs to the set {0,1}; which are the positions at the two endpoints of

the slab. Here, we also recall that h; are some positive constants determined by the



5: The Couette Problem 62

temperature at the two endpoints. By a simple calculation, we have:

f M(0,v)|vy|dv = / (2m) e Vihi/2e= (B +u)ko/2) 0y 1 12 gy, g dvs
71 >0 1 >0

- %; 0150 e"the /2|y, | du, /R ]1; e~ (va+eDhe/2 gy, du,
h =1/ho ’

([ ) ([ )i

= I

Similarily,
/ M(1,v)|v| dv = 1.
11 <0
Thus, we have, ( since f(0,v) = M(0,v)N, for v; > 0) by multiplying by |v;| and

integrating over all v; > 0:

L mlfdy = [ M@ 0N.(f) dv
= N [ MO0 dv

1

= No(f)

and in the same way,
/ lv1| f(1,v) dv = Ni(f).
<0

As before, the problem (5.1)—(5.3) does not determine a solution in a unique way.
We need another condition much like the normalization condition in equation (3.10).
Hence our problem reduces to showing that for any constant C,, there exists a unique

solution of (5.1)—(5.3) which satisfies the condition:
No(f) + Ni(f) = Cs. (5.4)

Again, we proceed in exactly the same manner as in Chapter 3, by first considering

the situation where we have inflow boundary conditions. Thus, we first show that
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there exists a unique function satisfying:

af

wsh = el 6:5)
f0,0) = f7(0,v) v >0 (5.6)
f(l,v) = f~(1,v) v <0 (5.7)

in which the incoming flows are prescribed at the boundary, and are given by the

functions f~(i,v),i =0, 1.

5.1.1 Steady Solution Operators

We rewrite equation (5.5) as:

af (z,v)
or

and holding v fixed we treat this equation as an ordinary differential equation. Hence

+ = fulf) = TH (£ )
1

multiplying through by the integrating factor:

exp{—ev;! j: v(z,v)dz}

and applying the boundary conditions (5.6)—(5.7), we convert problem (5.5)—(5.7)

to the integral equation:
f=A4f, A(f)=Wf~+eUJ'({, f) (5.8)
where the operators W.U in one dimension, admit the following representation:

(Wi )@, 0) = f~(x(v1), 0)II(x(v1)) (5.9)

UIEN@Y = o [ T A@d (510

with
1
x(vi) = 5(1—Sgﬂ 1),
(z,y) = exp {—svflfxu(z,v)dz}
v

v(z,v) = v(f)(zv).
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Remark 5.1 We notice that even though v, can be positive or negative, the sign
of the operator UJ*(f, f)(z,v) will always be non-negative. This is an important

observation for the proof of Lemma 5.4.

5.2 Further Technicalities

Let E be a plane in B®. Set:

1£ll2 = sup [ ¢@)I£( Dl do(v) (5.11)

where the sup is to be taken over all planes F in B. It will be seen that the norms,
||.]| and ||.||2 satisfy certain estimates which are crucial in proving uniqueness in the

one-dimensional case. These estimates are proven in the next two lemmas.

5.2.1 An Estimate on ||J"(f, )2

Lemma 5.2 There exists a positive constant C independent of f such that:
175 Dz < GillAIP 520,020

where s and r are the parameters in the weight function (3.7).

Proof. We define a weight function ¢,(v) in such a way so that it will concentrate
on a plane E in R? as a — oo. Without restricting the generality we assume E to

be the zy-plane. With this in mind, we choose g, (v) to be:

/
@) = o) (2) " exp(-and)
where we recall:
p(v) = exp{sfo[*}(1 + [v[*)"/?

for v = (v, v, v3) € R*. Now from the proof of Lemma 2.4, we write:

/ (V)T (f, f)d fm [ f)f (5.12)
<{ [ eal@B = vy —

d d e
oy cr(q)} vdv
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where one recalls K, to be the sphere
1 1
K. = {g € ®lg— 50 +0) = 5o — ual}.

We take |v3| to be the distance of v from the zy-plane. We see by taking the limit
a — o0, that the only contribution of ¢,(v) is when v3 = 0, hence concentrating
on the plane E. Now we focus on the inner integral (in brackets) of equation (5.12)
which we abbreviate by I. We know from (2.33) that |B| < bi|g — v|lv — w77,

hence

I < b ala)lo—v.dolq)

= bl I’U s ‘U,';l’]{-'2 /K' (PQ(Q) dU(Q)

Uite

(0]

1/2
o= v [ (o) (;) =% do(q).

From Lemma (3.1), we have:

1/2
I<blo-ul2(2) " pwpw) [ oo

so now we need to estimate the integral:

_aq?do'
/K e dog).

To do this, we exploit the geometry of the problem. We consider the case where
K,,. does not intersect the plane E, (as seen in Figure 5.1) and that its origin is

situated at the centre of the sphere. Therefore we write:

— 2 2w por
/ o8 grlgy = L0 f f =% sin ¢ dpdl
Kov, 4 0 0

v —u

where |g3| = 2, — cos ¢. This gives:

v — v,

1/2 2
I<bylo— v, (-‘;) P(v)p(v.)2m— j =% sin ¢ do.
0
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a3

Figure 5.1: Relative distance between a plane E C R} and sphere K, .
lv—u|
When ¢ = 0, lgs| = 20 — 5
Y - 'U*
When ¢ = 7, lgs| = 2o + | 5 |
Therefore,
IU—U*F/ —oq? Iv—v*| asp Lpel o-ad?
———— [ e ™Bsingdp = e B d
1 : ¢pdo = e qs
and has two possible estimates:
o= Zo+ — 00
v v*] / —rL e dg, < [Pty / e~%% dg,
2 —00
< Clv—u,]
or
e N T
U= 1w L 3 =" U= Ua
——— otz
< C|v — 'u,.|2

which yields:

I <Clv—v,|" ?min{|v - v,|,|v -

The proof is done if we can show that

ul?}o(v)e(vs).

Clv — v, 2min{|v — v,], |v — v,|?} < O,
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where C, C are some positive constants, and v € [0, 1]. For y=0 or 1 this estimate

is clear. For 0 < v < 1, consider two cases:
if[v—v|<1l wehave [v—v><|v—0,]""<|v—1]
iflv—v|>1 wehave |v—2n]>>v—0,"">|v—ul

In either case, min{|v — v,|, |[v — v4|?} < |v — v.|**" so we have the required result.

Thus,

fowadt G0t = [ [ 10)5@)dva,

C1 [, @I f o)l do [ @)lf 0l o
< GlllfI%

IA

By taking the limit as @ — oo the integral on the left hand side of the inequality

will concentrate on the plane E, and thus one obtains:

sup [ o) |7 (, Dl dor(v) < Cull I

or:

ITH(f, Pllz < CilIf]1?. O
5.2.2 An Estimate on || J*(f, f)||

Lemma 5.3 For the norms ||.||-1, and ||.|| defined in Chapter 3, we have:

175 O < wsTHIfll-allfll - s >0

Proof. In order to estimate ||J*(f, g)|| we first evaluate the integral

[ exp{slal} daq)

in which K,,, was defined in Chapter 3, with a unit vector e, given by the compo-
nents:

e = (sin ¢; cos 0y, sin ¢, sin ;, cos ¢;)
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and where it was also shown that:

1 1 1
q= 5('0 +v,) + -2-|v —vJe and do(q) = Zlv — v,|*sin ¢ d¢ db.

Let r = %I‘U — v,/ be the radius of the sphere K,,.. Then

T p2w
/K exp{siq]2}d0(q) — ?.2/0/0 6.9(0-1—1:.]2f4+ar(u+u.).e.{s[v—v.iyd sin ¢1 dd-’l dgl

- 2,?”.263(1.:'}‘0.)2/4 /-:rr esr(u+m)-e—|—s{ﬂ—-u.I2K4 sin (ibl dﬁbl
0

Note that

i .
re = §|v — v,|(cos 0 sin ¢y, sin ¢, sin 0y, cos ¢,)

and if we take the polar direction as v + v,, then
r(v+vs).e = |v+ v,|rcos ¢.
Therefore, with the substitution u = s|v — v,|r cos ¢,

m
/:{ exp{5|q|2} dcr(q) e 21”,263(1;-1.1;.)2,146310—0‘|2,f4/0 es|u+v.|rcosq51 sin ¢l d(ﬁ]

Tite

_ B  ; ) i o1 —sr|vtv.|
= —97s 1?‘21' 1|’U + ‘U...‘ les(v+v.) ,z‘4es|v V| /4] et du.
sr|vtu.|

By integrating and cancelling out some terms we obtain:

_1|jv—v : 2/4. gy |2 = :
/ exp{slq[Q} dO'(q) R 1' *les(vhr.) [4+slv—va|?/4 [e srjvtu.] _ esrlu+v‘|]

Kove |U + 'U‘I
,R.S—IM [es(|v+v.|-+-fn—u.|)2/4 - es(iu+vt[—|v——v.l)2{4] )
[v + v,

Now we let (q) = exp{s|q|*}, where we recall from Lemma 2.4 that for ¢, v, v, lying

on the collision sphere, ¢(q) < ¢(v)p(v,). The above identity is now written as:

7 |‘U'—'U* s{jv+v —v.|? slotve||v—w —s|vtvsl|v—0
/Kuu ©0(q)do(q)=ms 1—U-——| [e (otoul? +lo—ve|?) /4 (e [otvallv—vel /2 _ g=slo-toal| .|;2)]

-1 I'U — U*I [es(|ﬂ—|-v.,|3+|v—v.13),f4 . es|u-+-v...i|v—v.]_/2]
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The right hand side of the above inequality can be further estimated, by making

the following observations:
o+ 0. + o — v = 2(Jv? + [ ]?)
and

+ulv—o] < [v+u.)*+|v—2vl?

2(Jof* + o).

Therefore,

2 o 2 T 2 2 2_ 2
es(|v+ﬂ.| +Ho—v.|?)/4 | es|v+1}.|lu ve|/2 < es(lv[ Hual*/2) | es(|u| Flue|®)/2

2 2
es|11| . 631v.|

which leads to the estimate

o < -1 |U — U*l sjp? | slv.|?
[, #@dola) < ms (et el
_1lv =l

m@('v)@(’v*)- (5.13)

From Lemma 2.4 we have for any function ¢(v) € C(R?), ¢ > 0 that

(I (= [, SO @)= vl™ { [ ¢@Blg—l" da(q)} dv do..

g3

v

Considering only hard sphere collisions where B = |¢—v|| cos 8| < |¢—v|, we obtain:

(po)sup J* (£, 1)< [

3y

o o) sup flo = [ ola)do} v,

and after applying the estimate in (5.13), and using the norms defined in (3.8) and
(3.9) we have:

v — .|
v + v,
< ms”lsup fR #(v) sup f(v) dv {/Raw(v*)lv + v sup f(v.) dv*}

AN < w7 [ sup f0)sup f(ua)]o = v~ (o) g(vs) dodo



5: The Couette Problem 70

= ms7sup [ @()IF(,0)llux o dv

< [ oo+ vl ) o o
ws Al O

Il

5.3 Existence and Uniqueness Results

The estimate used in Lemma 5.3 was not needed in the existence and uniqueness
proof of the three-dimensional problems of Chapters 3 and 4. However, we will see
that both estimates proved in the last two lemmas are used in proving uniqueness

in the one-dimensional case.

5.3.1 The Inflow Case

Let X, be the Banach space defined by (3.10) with Q = (0,1), and consider the

following set in X,:
A={fe€Xo: f20|fll < a,v(f) 2 az||fll-1 < as, || fll2 < a4}

Assume that the conditons (3.11)-(3.13) are satisfied with 9Q = {0,1}. Suppose in
addition that:

s%pfsr,of_(i,v)do(v) <oo for i={0,1} (5.14)

then we have the following lemma:

Lemma 5.4 Let s > 0,r > 1. There exists positive constants a;(j = 1,...,5) such

that AA C A if e < as.

Hence we need to show that for suitable constants a;(j = 1...5) and f € A,
a) Af 20, ) [|Afl< a1, ¢ v(Af)>ay d)||Afll-1<as e) ||Af]l2 < as

Proof. To prove a), we recall that since both f~ > 0 and I(x(v,)) > 0, it is
immediate that Wf~(z,v) = f~(x(v1),v)(x(v;)) > 0. Also, f > 0 will imply
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JY(f, f) > 0 and by Remark 5.1 UJ*(f, f)(z,v) > 0. Hence, it follows that
Af>0 i f>0.

To prove b), set:
ay = 2[WfI[ + Wl + IW £ l2].

We need to show that for f € A, ||Af|| < a;. By the triangle inequality we write:
|AfI < W I+ [leU T (f, A

where we see from the definition of a;, that [|[W f~|| < a;/2. In order to estimate

|leUJ*(f, f)||, we have that:

dv
LOO

levTH (A = [ eelul™

o

[ el o)

f;l) JH(f, )y, v)(2, y) dy

I

[ 70D w 0Ny | ao

Now we make the following observation:

I (f, Pl = sup J¥(f, f)
< J*(sup f,sup f) = JH(f, )

and we write:

107 (0 < [, e@elnl (0 { [ 11, )l du} do.

For f € A, we recall that

v(f) > ay,

therefore,

(z,y) < exp{—sv(lfz azdz}
v

= exp{—ev{'(z — y)as}.
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By making the change of variables, 7 = ay(z — y) one may write:

e (£, £l < a2 [ @(@)TH(F, £ Bl do (5.15)

where
h = ¢glv|™! /01 exp{—evy T} dr

Our strategy is to estimate the integral over vy, and bound the integral over the
variable v;, v3 by the norm ||.||s. Hence we break up the integration in (5.15) cor-
responding to the v, variable into a sum of two integrals. The first integral is an
integral over the set S; = {|v1| < €71}, and the second, is an integral over the set
Sy = {|vy| > &7'}. The part containing an integration over the set S;, we will
denote by I,; and the part containing the integration over S;, we denote by I,. So

we write:

/ o(v)Jh dv / / /S o) FHB du dvg dvs + [ f /3 o)+ hiduy dvg dvs

= 5L+ L. (5.16)
In the domain where |v;| > e (|v;|™! <€), we have :
h<e?+0(?)

because
1 e
/o e~ T gr = 14 0(e).

Hence we have:

L /f[g &2 4 O(")) (o) [| || 1= dv + O(?)
~ || JH|

We now rewrite the integral I, as:

1 s
I =]|u1|<s—18|m|“1/0 exp{—¢|v|"'7}dr (/annp(v)HJ*HLm dvgdv3) dv,
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and note that

[ [ e@ITH (£, Dl dvadvs < sup [ o) |TH(F. )llie(ory dov)

where do is the surface element of the plane E. Continuing with the original esti-

mate:
hog [ el [ exp{-elul 'r}ar (sg;p [ @IS, Dl da(v))
< W [, elonl™ [ exp{—elun| '} dr o,
By explicitly evaluating the inner integral in the above estimate, we have
/01 exp{—¢l|vi| '} dr = h;—ll(l - g
which gives

s [ - 1/e Ry
Lo ([, - an [Tt
5 m|<E 3

_ [ 1/e "
< ||J+||2 -/| | dvy +/ (1 - e_slvll l)dm]
[/ |11 <E £

I i 1/ -
< ||l 2e+f (1= eeul l)dm]' (5.17)
£

Our last task, in the proof of b), is to estimate the integral in the inequality in

3

(5.17). By making a change of variables, z = Tk and doing a Taylor expansion

about the point z = 0, we have:

1/ 2(1—e"*
E(l—e"ffl""i)dvl ——— £1—-2'3;)-dz:
£ 1 A
11 1 =z
= e[ Grgtg-le
= s(lnl—lnez)ﬁe%(1~£2)+0(s). (5.18)

Estimate (5.17) now becomes

I < ||J*|2[-2¢Ine + O(€)] .



5: The Couette Problem 74

In view of (5.15) and (5.16) one gets

leUT" (£, DIl < az(li + D)
< agl|J*|la[~2¢Ine + O(e)] + 2aq|| J*|

Using the results of Lemma 5.2, and Lemma 5.3, we have for f € A

leUTH (£, NI < ClllfIP [-2¢Ine] + 2 Col £l £ll-1 + O fII®

< Cia}(—2¢lne) + 2Comaz + O(e)al

where we see that as ¢ = 0, —2¢ lne — 0. The other terms are even smaller. Hence

we can pick € small enough, i.e. £ < a5 such that:

leUTH (£ £ < 5

and,

ALl IW I+ leUT* (£, P

IA

IA

ay

as required for the proof of b).

To prove c) we define for any b > 0 the set
I={w=(w,wyws) ER:b! < |w| < bwi]| >}

From the definition of »(f~) and W f~(z, v) defined in (5.9) for the one-dimensional

case, we write

v(Wf~ ) z,v) = 271'/1;3 lv —w|f~ (x(w1), w) dw

> 271'[1 lv — w|f~ (x(w1), w)I(z, x(w)) dw

where we recall that the constant v; which appears in the definition of v(f~) was

evaluated to be 27 in Chapter 3. Now applying the definition of TI(z, x(w,)), one



5: The Couette Problem 75

obtains the estimate:

v(Wf ) (z,v) > 2?r/l|v—w|f_(x(wl),w) exp {—-51111_1/): )u(z,w)dz} dw

uw
= 2r [ o - wlf~(x(w), )
X exp {-e?mul“l fx (/ lw — w'|f(2,w") dw') dz} dw.
x(wy) \/R®

Now estimating the integral in the exponential, we have for f € A,

La lw—w'|f(z,w') dw' < |w| /Ra f(z,w")(w') d?ﬂ'-F/Ra f(z,w")e(w') du'
= (1+ [w)fl
< (1+b)as.

Therefore,
v(Wf7)(z,0) > 277/ v — w|f~ (x(w,), w)e 2 Hha gy
I
= 291-6—52775(1”)“1/I’U—wlf_()((ﬂh),’w) dw.
I

Let § >0,0< 6 < iuo' As in Chapter 3, we can choose b such that for all v

igf/’ lv —w|f~ (x(w),w)dw > vy — 6 > %UD'
Then choose ¢ such that
9me=e2m(14ba (), §) > 1’_20
Letting a; = %, it follows that (W f~) > a,, and hence
v(Af) 2 a

which is the desired result.

Now we have to bound ||Af||-;. From the triangle inequality, and the definition

of a;, one has

lAfll-1 < 5+ IUTH(£, Pl



5: The Couette Problem 76

For f € A, v(f) > a3, and hence
(z,y) < exp{—¢|n| " as(z — y)}.

By applying the definition of the operator UJ" (f, f) in (5.10), and the norm .||
in (3.8) we have

WUT*(f, H)ll-1 < sup/ v)|v = w| ™o ‘1/ 1T (£, Pl [Tz, y) | dy dv
< sgpfksw(v)lv — w| "M or [T )l Uﬂ emcll™laer gy

where we made the change of variables 7 = z — y. Explicitly evaluating the integral

dv

in the last estimate, we see that

1
[ exp{—¢|vi|” 1‘n:ag}d'r< [v ll
0

and so

AT Dl < esup [ o)l — ol o T A (' ') di

= " [ o)l =Tl do
= (S, )ll-az™.

Again for f € A we have by Lemma 3.1 that

leuJ* (f, Hll-1 < ClIflI*az’

< Cafag_l.

Thus, by letting a3 = a,/2 + Ca?a,™!, we have the required estimate for part d) of
the proof.
Finally, the last part of the proof is done in the same manner as before. From
the definition of a;
14fllz < 5 +lUT* (£, )l
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where, by applying the definition of UJ*(f, f) and the norm ||.||5, we have the

/ —£|v1|‘lagrd,r

following estimate:

dv

ATl < esup [ @I, Dlaelonl”|
& + - -1
< sup /EHJ (f. )=z dv
= a3 [T, )l
Upon applying Lemma 5.2, for f € A

le* (£, Hll2 < Caz'|If?

2 Caaz"

Again by letting a,/2 + Ca?a;' = a3
|Afllz < a3. O

In the next lemma we prove the contraction property of the operator A which is
a result similar to Lemma 3.3. However, we notice that the result of the following

lemma gives contraction in a stronger sense.

Lemma 5.5 There exists a constant C such that
1
I4(Af = Ag)l < Celn|1f ~ g

if = (1+v*)!72, f,g € A

Proof. Since f~(x,v), and g~ (z,v) are prescribed functions at the boundary, it
follows that W f~ = Wg~; and applying the fact that Af = Wf~ +eUJ*(f, f) we

have

IW(Af = A9)ll = e (UI*(f,.5) - UT" (9.9))]
< e [ vl

< ([ 160 = T (0, )l MU, ) e dy)
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From Lemma 3.3, we know that

WTH(f, f) = T g, 9l < NTH(f =9, f +9) + T (f+ 9. f = 9)lle

Therefore, applying the definition of II(z,y), and using the symmetry property of
JY(f, f), we have

“ﬂ’(Af — Ag)|| < 25/123 w(v)w(v)HJ*(f -9, f -I-,gT)[|J[,c«=’|’01|—1 (/: e_et"’t_]"rdr) dv
(5.19)

where 7 = as(z — y). It is easily seen that

1 & -
/ e~elnl™ dgr = M(1 —e~ctml™y,
0 €

Using this, and the fact that we can break up the integration in (5.19) in the same
way as we did in the last lemma; we are able to explicitly evaluate the integration
over the v, variables, and estimate the part which defines the plane E by the norm

||.||2. We see this more clearly in the following estimate

_ o1 2 g _ el
(Af ~Agl < 2¢ [l TR = ey
x [ [ @@ = 9, f +9)llu dvadvs
ot [ don [ [@)e@)IT S 9, f + )l duydvy

where we have used the fact that in the domain where |vi| > &, |v;|™! < &, and
v i
u(1 — e~ l™y = 14 O(e).
£

We can estimate the integral in this domain by the norm ||.|| defined in (3.9). Hence

we have

lW(Af — Ag)ll < 2 1 —e ™) dy,

|lvr]<e—t

{ow [0 S  5.5+ 9l doo)]
22— g £ + 9l
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By (5.18) the integral in the domain where |v;| < ¢! can be approximated to be

. /e _
/ (1—e ™y dy, = / (1 — el ‘)du1+f (1 —eemI™"y dy
|v1|<e~1 lv|<e £

< f dv1+2elnl—£€+0(e)
|y |<e £ 2

% 25111% + O(e).
Going back to the original estimate, we have
1947 - 49)1 < 2 (06) + 2610 2) {sup [ o1l dao)} + 1]
< 1 [0E) +¢1n } 1T+]2 + 2|

By taking ¢ to be small, one can ignore the second order epsilon term and focus

only on the first term. Now applying Lemma 5.2, we have for f,g € A

lv(Af ~Ag)ll < G [e+emn]I1f ~gllf +gl
< i [eremz]If = gll (1511 + lgl)
< Cle+em] s -l
< CemZf —gll. O
It is immediate that if we choose ¢ small enough so that Ce lné < 1 we have

a contraction; and as in the three-dimensional problem of Chapter 3, we have a

unique solution in A for the problem (5.5)—(5.7).

5.3.2 Diffuse Reflective Case

In view of problem (5.5)—(5.7), in order to find unique solutions for the problem

(5.1)~(5.3), we seek the functions f~(i,v) in the form:

f~(,v) = M(i,v)N;
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where N; are constants we need to find. Let V' be the solution operator for the
equation (5.8); and as in Chapter 4 we denote by W,, U, the operators (5.9),(5.10)
with IT = 1. i.e we have the representation
(Wof )z,v) = f(x(v1),v) (5.20)
T
UH@v) = ot [T D)) dy (5.21)

(v

where the solution to the problem (5.1)—(5.3) is given by
f=Vf, Vf =Wf"+eUJVf, V) (5.22)

Remark 5.6 We see that W f~ prescribes the function at the boundary. As a parti-
cle of gas begins to emerge, say at the boundary x = 1, its total number of collisions

from x =1 to x = 0 would be determined by cUJ(V f~,V f7).

In view of the above remark, if we multiply equation (5.22) by |v;| and integrate we

obtain

[ mlsedo= [l @odo+e [ [ 30V ) dydo,

and applying the definition of N,, Ny, we have the following relations:
N, = Ni(f) —¢G(N), Ni(f)=N,+¢eG(N) (5.23)

where
1
G(N) = / f J(VF~, V) dydv (5.24)
;>0 J0
and N is the vector (N, N;). By substituting (5.23) into (5.4), the following condi-

tions are satisfied:

(C, — eG(N)), (5.25)

— B2 =

M(f) = 5(Co+eGN)). (5.26)
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In the next lemma we will prove an estimate on |G|, which is the one-dimensional
form of the bound in Lemma 4.2. This will provide the neccessary estimate to prove

contraction of the operator eG(N).

Lemma 5.7 For some positive constant C, independent of N, the following esti-

mate 18 true

|G| < C (max{N,, N;})*.
Proof. For f € A we know that
1AL < @y =2 [IIW £+ I £ 1|y + W £ ).

We estimate each of the norms above, in order to find an estimate on a,, in terms
of N,, N;. Hence
Wil = [, e@ ] Gona],, d
= [ e@ MG o) NI do
l 2 — 1l k-
< —lhll e [Ihi/2 pT.
< 5ol [ e()e N, do

v

N; . s
- X 7o (s—hi/2)|v]
= = ./;;3(1 + [v]*)"e dv.

For s < min; h;/2, the integral in the above expression will be bounded by a constant

and so

W £l £ CiN; < Cy (max{N,, N1}).
Estimating ||W f~||-1, we have from the definition of the norm in (3.8)
IWf - = Sgpfna P(v)o — w| ™M | M, v) Ni| oo v

N; .
— %HhEHLm sgp /Ra(]_ + Ivr2)re(s—h=)|vl2,’2|v _wl—l dv

= CNjlle!/2|_,
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for s < min; h;/2 , and f(.,v) = e~1!I"%/2 (3 Maxwellian). Hence
W f~]|-1 = CoN; (max{N,, N1}).
Similarily, the same estimate for || f~||, follows, namely that
W f~]l2 < C3 (max{N,, N1}).
Therefore it is clear that
]l € a1 € Cmax{N,, N} (5.27)
for a positive constant C independent of N, and f € A. To estimate G, we have
Gl = [ Vv
£ / 1>o /D 1+ o)l el LT (V £,V ) dydo
+ /u] = ]01(1 + [v[2)eP e | = (V =,V £7) | dy dv.

Estimating the part in the above inequality involving the gain term, we have by

applying Lemma 2.2; that for s < min; h;/2

1 " 2
_/ f 1+ |U|2)esiuize—s|vi |V V)] £ / TtV £, Vf—)”s‘le—slul A
n>0J0 R3
< 0 [ 171 do

< © [ MG, 0)NI,, 11l dv
CINI Il

A

The estimate for the loss term is even simpler and is done in the same way. Now

applying inequality (5.27) we have the required estimate
|G| < C (max{N,,N;})?. O

Lemma 5.8 The operator eG(N) is a contraction .
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This is a direct consequence of Lemma 5.7. We assume two different solutions of

the form:
f~@G,v) = M(i,v)l;
fm(v) = M(,v)J;

where I; and J; are components of I,.J respectively, and satisfy (5.4). In the previous

lemma, we showed:

IG(I)| < Cy(max{IL,I})?
|G(J)| < Cy(max{J,,J1})?

for positive constants C, and Cy. Thus we have:

GUI-J) £ C(max{L —J,I1— )}
C (max(I, — J,, I — Jy)) (max(L, + Jo, I, + Jp))
< CI-J|Ie+ 15+ Js+ Jy).

IN

By (5.4) we know that for any given constants C,, C; there exists a unique solution

satisfying the conditions:

Iq‘i“Il — Co
o+ = Ci.

Therefore,
eG(I—J)<Cell - J|. O

So we have that the system in (5.24) has a unique solution for small . Now let W~
be defined by:

W~ ={feL”:(1+v|*)"'Df € L*}
with D f given by:
of
or

We are now ready to state the main result of this chapter:

Df=wv
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Theorem 5.9 There exists a positive constant €, such that the problem (5.1)-(5.4)

has a unique solution in W~, if € < ¢,, s € (0, min; 5h;).



Chapter 6

Concluding Remarks

In this thesis we have examined different kinds of boundary value problems for
the steady Boltzmann equation. Our main goal was to prove the existence and
uniqueness of solutions to these problems without truncations of the collision kernel.

The main difficulties in producing local solutions is that the operators generated
by the collision integrals are unbounded. The unboundedness is caused not only by
the singularity at v = 0, but also by the growth of the operators J*(f, f) for large
velocities. We addressed these problems by introducing certain weighted norms
which allowed us to produce bounds on the collision term in terms of the density
function f, which became useful in producing the appropriate function spaces with
the contractive property.

The introduction of such norms relied partly on the spatial dimensions of our
problem. For example, we recall that for bounded domains in the three-dimensional
case, we introduced the norms ||.||, and ||.|[-; which enabled us to produce a function
set where it is possible to apply the contraction mapping principle. In addition, the
the norm ||.|[;, used in Lemma 2.2 was useful in proving the contractive nature
of the operator G in Chapter 4. However, the nature of the problems in Chapter
5, had to do with proving uniqueness results for a one-dimensional slab where our

domain was bounded from 0 to 1 in the z direction but unbounded in the remaining
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two directions. This made the treatment of the problem more difficult, because the
norms defined previously were not enough to ensure a unique solution. This led
the way to the introduction of the norm ||.||; which was used later in producing the
appropriate function set with the contractive property to ensure uniqueness for the
one-dimensional problem.

We notice that these problems were solved with the inclusion of a parameter ¢ in
front of the collision term. This factor is due to a rescaling of the spatial variables.
If we introduce new variables:

r= =
€

where ¢~ is the mean free path of the particle, then in terms of this new variable,

the steady Boltzmann equation:

6‘f_
U‘a—m—J+(f,f)
becomes )
Bf_n
v°§—cJ+(f,f)

where f(r,v) = f(x,v). We make the important note that if the right hand side
of this equation was equal to zero, then we would have Liouville’s equation and we
are faced with free molecular flow. However, with a small parameter ¢ infront of
the collision operator, we have not neglected collisions completely. This almost free
molecule flow, suggests that the above problems are restricted to particles having
large mean free paths. By the rescaling process this is equivalent to saying the
boundary value problems discussed are restricted to particles in small bounded do-
mains. The reason for this is that for large mean free paths (or for small €) we
can always choose our spatial coordinates small enough, say O(¢) so that we could

obtain unique solutions.
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Appendix A

A Generalization of Young’s
Inequality

In this section we pove the inequality in (2.13). We note that this is a famous
inequality, and it can be referred to in [3], however for the convenience of the reader
we present the proof here. If y = 1)(z) is a strictly increasing function of = for > 0
with ¢(0) = 0 then by examining the areas in Figure A.1 we have the generalized

one-dimensional form of Young’s inequality, namely:
a b
ab< [“(@)do+ [ o) dy (A1)
0 0

where 1~!(y) is the inverse function to ¢ (z). So let y = 9(2) = In(z + 1), which

gives ¥~ !(y) = e¥ — 1. Therefore:
ab < /aln(x+l)dm+/bey— 1dy
—Jo 0
Evaluating the integrals we have:
/0 Y(z)de = /:ln(x+ )dz =(a+1)In(a+1) —a

and
fbll*“(zar)afy= /6(6“ )dy=¢e"—b-1
0 0

So we have:

ab< (a+1)In(fa+1)—a+e" —b—1
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By taking b to the right hand side gives
(a+1)b< (a+1)In(a+1)+e—a—1
Now replacing a by a — 1 and b by b — 1 the inequality becomes:
ab<alna+ e

for a,b > 0, which is the inequality in (2.13).

A
N v ¥ (z)
I
I
|
|
|
: =
a T

Figure A.1: Illustration of the inequality in A.1
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Appendix B

The Carleman Transformation

The purpose of this appendix is the verification of the calculations leading to the
result in equation (2.16). We recall that this equation is a representation of the gain
term, after a coordinate transformation. The usual form of the gain term is written

as
THE9)0) = [ f@)9w)Bo — v.,n) dndo, (B.1)

R3Ix52
as defined in Chapter 2.

We make the change of variables:
vy —rp=v—n(n-(v-1)),¢=v.+n(n-(v-—u)).

Breaking p, ¢,v, v, into their components, we introduce the following rectangular

coordinates:
p=(&n"¢), ¢=(& . ¢), n= (s,t,u)
of p, ¢, n respectively, to obtain:
§=€6—sW, & =6+sW
N =n—tW, n, = +tW
('=C¢—uW, {(=(+uW

where W is used to represent the collision kernel for hard spheres, i.e.,

W = (n' (U_U*)) = S(E—f*)ﬂLt(??—??*)"‘u(ChC*]-
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We introduce the coordinates @, ¢ on the sphere s? +t? + u? = 1 by

s = sinfcos¢
t = sinfsing

u = cosf.

For simplicity, we write:
8_5 — Sf ﬁ — t" @ — fuf
6 "' 00 ' 00
0s o ot i Ju "
ad)—s,acs—t,agﬁ—u.

We focus on the transformation

Eey ey Gy 0,0 — €1, (' €L,

hence we need to calculate the Jacobian determinant

o n'\ ¢\ &m) _ 9+ &7+, ¢\ &)
a(&*a”*s(ﬂl!gs é) 6(5*17?*1@,9, ¢)

where I have used the fact that by adding to any row of a matrix a multiple of

another row, the determinant of the matrix will remain unchanged. In addition we
note that:
§+&=(+&, and 7' +7, =n+n,

which brings us to the problem of calculating

6(6 + Eh n + M Cfa 611 ni)
6(‘5*1 n*a C*a 91 ¢) l

However we see that since the only non-zero terms in the first two rows, are

oe+e) . dn+n)

85* 3??*
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the above 5 x 5 determinant is equal to a 3 x 3 determinant as shown below.

1 0 0 0 0
0 1 0 0 0 a¢’ a¢’ o'
a¢, 90 0¢
a¢’ a¢ a¢’ gc_,: ?i’
o9& on, 06, 00 04 |_| 96 0L 0L
a¢, 00 0d¢
o, o, o og og -
9, on, 9, 90 ¢ on, On, On,
a¢, 00 0¢
On, On, On, Onm, On,
o0& On, 0C 00 09
Calculating all the partial derivatives we obtain:
ow ow
2 — g P AL
u u'W —u 50 u"W —u 2%
a(cri i?ﬂi) — _— ! @ " @-
m = Su SW+366 8W+Sa¢5
, ow 2 oW
5 S! S"
= uW?|t ¢ ' |=ulW?sind.
m un" u.l'.l'
Therefore,
e Cn00)| 1
a¢,n', ¢ &,m)| |ulW?sind

We note that the domain in which &,,1,, (., 0, ¢ vary, corresponds to the space

(&, ', €, n.) twice. Therefore, as for hard spheres B = W and dn = sin 6 df d¢,

we have by substitution into (B.1):

=2 f /7/ | RGERI{GR R

|

T A df 4Ll (B2)
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When &', 7', (" are fixed, the point &, 7., (| describes a plane given by the equation:

€ —-E—-O+( - -+ -OG-0=0

which passes through the point v = (&, 7, () and is perpendicular to v —p (see Figure

2.1). We denote this plane by E,,. Let ¢ be a point ranging over E,,, then one has:

dg.dn, = |u|do(q)

where do(q) is the surface element of E,,. Replacing this in (B.2), and remembering

that

W] =/(E=€)2+(n—1)2+(—¢)2=v—p|
we get

TS f) = QLJ“’W = {[E f(q)Bdo(q)} dp,

as required.
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The r-norm

o0

oo as was

The purpose of this section, is to demonstrate the need for the space L
introduced in Chapter 2. We recall that the choice of this particular norm was
important for the neccessary bounds used in the existence and uniqueness results.
We will begin this discussion by looking at another norm first introduced by Carle-
man(4], and try to produce similar estimates as in Lemma 2.2. It will be shown that
the collision operators are actually unbounded with respect to this norm. However,
by examining the results more carefully, it is possible to spot the source of this
unboundedness. We note that many of the calculations in this section are analogous
to the lengthy calculations of Lemma 2.2, and will not be done in detail. I will only
produce detailed estimates on the parts which are important for the intention of
this section.

Following Carleman, we consider the properties of the collision operators in the

space of functions with only the inverse power decreasing for large |v|. So we set

LY = {flerf € L%} ;0 = gr = (1 + |0f?)"/?
and denote by || f||, the norm of f € L°. Then we have the following lemma:

Lemma C.1 If f,g € L, r > 5, then J*(f,g) € L., and

1T, 9llr—y < ClI Sl llglly-
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Proof. By definition we have
TS 9)llr—y = 1L+ [0)T=V2TH (£, g) | oo
where we recall from Lemma 2.1 that
J~(f,9) = fr(g) < fba(alv]” +b)
and a = (f), b= ((1+ |v|*)g). Hence

1T~ (£s 9=y < I+ [0?)2F (L + [0]) 7 2by(alv]” + b)|| o
< baflfll (L + [0l 7 2 (alo]” + b)|

Now we need to show
bol|(1 + [v[*)™*(alo]” + b)|[ e < C|gllr-
which follows directly from the definitions of a, b and the r-norm, since
alo] 5= [o]" [ g(o.) do.+ [(1+[0.)g(v.) du.

By multiplying inside the integral with (1 + |v|?)"/2(1 + |v|?)~"/2 we arrive at the

result
ol +5< ol [ [ 1+ o).+ [ (1 .
v RU
Mutiplying through by by(1 + |v|?)~7/2, we notice that
|v]”
— B2
(1+ [v]?)r72 =

and so we have

bal| (1Ho]*) ™2 (alv[*+b) | < bolg]|

/(l+|v*|2)"'f’2dv*+/ (1+]0.[2)1"/2 dv,
R3 R3
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It is easy to check that the above integrals are bounded by a constant depending on

r, for r > 5. Hence
ball(1 + [0]%) "2 (afv|" + b)|| 1= < Clg]|r-
Therefore we have shown that

17=(f, 9ll- < ClI£ -9l

The estimate for the gain term is done the same way as in Chapter 2. Using the
Carleman representation of the gain term (2.16), we arrive at the result in (2.20).
We further consider the post-collisional velocities in the different regions D1, Dy,

and Dj (see section 2). From a look at section 2, it becomes immediate that

T (fi, f) =0.

In addition, we also have the following estimates

G(fa+ fs) < Ciler—20)7"I£]lr
JHf fat i) < Calor—y ()M £

for some positive constants C,Cy. O
The bound stated in the lemma cannot be improved. Therefore, the operators J*
are unbounded in L°. However we show in the next lemma that it is possible to

control the unboundedness,

Lemma C.2 There exists a positive constant C' such that
et (£, f) < (r=2)7'8a(L + o])|I£II7 + CIISII

Jor f,g€ L withr > 5+ 7.

Proof. We split the density function f into

f=h+h+1fs
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where fi, f5, and f3 are defined by

fi'(v) = f(U)Xi9 Z = 11 21 31
where x; is the indicator function of D;. Then we use the bilinearity of the collision

operator, together with the symmetry property (2.4) to write:

JH =T (fr, fO)+2T(fr, fo) 42T F(fu, fa) 42T (fo, f2) + T (for fo) + T (fs, f)

The various contributions J*(f;, f;) for i = 1,2,3,5 = 1,2, 3 will now be estimated
separately. We write the above as:
THf, f) = THS A+ f2) + TH(f, f)
= J'(fs, fr + o)+ TN (fr+ fo, it fo) + TH(F, fs)
= J'(fa, fu + fo) + T (fa, fa) + TH(frt fas fr + fa+ TP (f, £3) — T (£, £3)
S 2TNf, f)+ T (L + fa fr + fo)
= 2J4(f, fo) + I (fr+ fo, o) + T (fL + fau 1)
where upon using the fact that J*(f, fi) = 0, we have
THfi+ fa fi) = TH(fu, L) +TH(fa f1)
= T (fo fr + fo) =T (f2, fo)
which gives the estimate
U, f) S 2THf, fa)+ T (fo+ fou o)+ T (fon fr + f2) =T H(fo, f)
< 2T fi + fa, fo)+2TH(f, f3). (C.1)

Now we want to estimate each term on the right hand side of (C.1), separately. We

proceed with the first term. Hence,

G(f) = f%{[qlqv'f(q)dq

- 2\r/2 2y—rf2
Jip e T @O+ a0+ a2

2\—r/2
< Al g L+ 1)
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Changing to polar coordinates and integrating, the right-hand side is further esti-

mated to be

I

[v]
2llfll, [, (1 + B RdR
I
< C+ P2l £l
From (2.18) and the above estimate on G(f;) we have
[T+ fan Pl < By [ o= p[HG() dp
[pl<v]
< O+ [ o= pl ™ p £ (o) dp.
[pl<lv]

Using the fact that for [p| < |v|

2 2
b vl @
1+ [p]2 = 1+ |v|?

we write:
[T (it fa £)l < OISl PP+ [ o= p727f(p) dp

Ip|<]v]
e _ dp
< 2 2\=1=1/21,,(2],,| =2+ )
< OlIFIR + o) 2w Pl fw| TR

By changing into polar coordinates one can easily verify that the above integral is

bounded by a positive constant depending on r only. Hence we have

“J+(f|+f2:f2)||r < C“fHQ JU['T

"1+ |y|?

< CIIfIR-

So the above result gives boundedness for the first term on the right-hand side of
(C.1). Thus the real source of the problem must come from the second term in

(C.1). Estimating the term G(f3), we write:

Gy = [ Fa)ds
R

o0
< . S
< 2l [ e 4R

%0 R
= 2+ P+ o [
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The integral in the above is evaluated to be

1+ o)

ro—
which gives
G(fs) < 2n(r — 2)7 (1 + )22 £,

Plugging this into the expression (2.18), we obtain

TS, fa) < 21(r = 2) " oriaVaor (H)II£l» (C.3)

where we recall p(v) = (1 + |v|?)"/? and Vi (f) being the operator defined in (2.18).

To complete the proof it is neccessary to estimate V,_,. So we write:

Viey = (L4 o) Voo (£) + o)™ [ o= o™ [l + 1= o — o] £(p) dp
= U+W

where we represent the first term by ¢, and the second term by W. We estimate Voy
by separating the integrations into two parts: the first part will be integrated over
the domain S; = {|p| < [v|}, and the second part integrated over S, = {|p| > |v|}.
To avoid lengthy formulas, I will divide the terms &, and W over the different sets
Si, and S; and write U = Us, + Us, and W = Ws, + Wy,. So estimating Us, we

have:

Us,

[PA

1+ [ f(p)dp

[pl<|v]
< (14 £, /| (L [P dp
< C(L+ P72 f|,

where it is easily verified by a change in polar coordinates that the above integral

is bounded by a constant for » > 5. In addition we have that

l'?

Us, pishl L+ [PP)72

A+ f

< dp
< C(+ [P HIA
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Turning to W, we have:

Ws < (L4701 [ (14 [ plpl 2/ (p) dp

Ipl <ol
_ 1+ |pl*)
< (14 P o / ( d
L DL W PP+ P72 P

where we have used inequality (C.2) and the fact that for [p| < |v],

o =Pl < Clol >
Since the integral

(1+pl?) i
< C (a positive constant)
/lplswi [pP(L+ [p[?)7

we have

Ws, < C(L+ o) 2| f]],

Estimating Wg,, we write:

Wa, < (1 P WA [ o= b7+ )L+ (o .
Using the fact that for |p| > |v|, |[v — p| < 2|p|, one gets:
(1 + lpl’z)l—r;’? < (1 + |‘U _ pIZ)l—r;’Q

and so we obtain the estimate

ey [v— p|"2+7(1 + v — p|?)
Ws, S RN [ ST =7

If we let p = |v — p| and change to polar coordinates, we will observe that for

r > 5+ 7, the above integral is bounded by a positive constant. So we then have
Ws, < C(L+ ol*) 7| £]Ir

and therefore,

IA

Va—y Us, +Us, + Wg, + W32

< 21+ [P) T 2flle + CA+ )Ll



Appendix C: The r-norm 102

Substituting this result into (C.3), we obtain :
JH(f, f) < dm(r = 2)7 L+ )R+ )21 + CIFIIE
and in view of (C.1) the main result of this lemma follows, namely that:
1T, Hlle < (r = 2)7'8x(1 + o) [IfIIF + CII£]I7. O

Thus, we see that the source of unboundedness is due to collisions generating parti-
cles with high velocities. However, in Chapter 2 we introduced the space L3, which
made it possible to bound the gain term in terms of the density functions, even
for high velocities. Of course, it is important to take note of the fact that we can

control the unboundedness here, if we choose v = 0.
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Appendix D

Outstanding Proofs

Here we prove the results (4.8) and (4.9). Hence, from the definition of M (z,v) we

write:
/v_n(z)go(v-n(sc))M(x,v) - ./n(a: <o( n(z ))_hz( Je ~v*h(@)/2 gy

= f/f vae~ TR 20=v30/2 gy s, d,
o0
= _é_f/e'h(1’1+"2 dv1 d'Ug (/ Uae-‘vghﬂ dv;;)
T 0

for n = (0,0, —1) : v3 > 0. By simple calculations, we have:
00
f vae M2 dyy = =
0

h.2 hiv? 2 h2 271'
" —h(vi4v5)/2 = ) =
2?1'//6 A duydy, 2%(?5) L

Therefore,

/_ o @M (. v) dv = -1 (D.1)

Remark D.1 We note here that it is clear from the above calculation that the result
in (4.8) is seen to be true if we had the absolute value signs. However, because the
result (D.1) is used in the proof of (4.9) the above calculation was done without

absolute value signs.
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We write:
/Rgfm(v.n(z))f(x,v)dv do(z) = /an ]ﬂ_nmm(v AR k1) A )
[ @)y @) dvdoo)

By (4.2) and the definition of the diffuse reflection operator, the above equality

becomes:

= /an /M(I)Sn(v-n(m))M(m,v) /u,,n(zbo(w'”(x))TJr(x,w)dwdvdv(x)

* /39 /ﬂ-n(zbo(v n(z))y f(z,v) dvdo(z)

= ]:m/;n(r)}o n(z))y" (x, w)dw(/ﬂ_n(m)m(v-n(x))M(x,v) dv) do(z)
/9“ ]“"ﬂ(zbo(w n(z))y" f(z,w) dw do(z)

By (D.1) the integral in brackets is equal to —1, and so the equality (4.9) follows,

namely that

[ ] (0 n(aF(a,0) dodota) = .



Appendix E
Solid Angle Formula

The purpose of this appendix is to verify the result in (4.19) namely that

_ny) - (z-y)
de = Wdﬂ(y)

where n(y) is the outward unit normal vector at y on the boundary. Let ¥ be the
surface element of the unit sphere formed by the rays drawn from a point O at the
center of the unit sphere to a point P which varies over a general surface element
S, as seen in Figure E. 1. Let r be the distance OP, and F be the vector function

—

r%' In the figure we denote by D the solid region formed by the bundle of rays
cut off between ¥ and S. Now we can establish the proof by an application of the

: : T x z
divergence theorem to the region D. We have that — has components —3,%-, —
r paSpaT p

Hence the divergence of F can easily be calculated:

" rx d (y 0 [z
Vel = a(rﬁ*a(r—a%a(rs)

2 2 2

T 1 1 z 1
= —3—,+‘—.3—3—y,+—'3—3 5t 3

rd PD r 5 r

Therefore, since V - F = 0, we have that

/f V.FdV =0
D
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where dV is the volume element of this region. Now by the divergence theorem, the
integral of F-n over the entire surface of D is equal to zero. We see from the figure,
that the surface of D consists of the surfaces ¥ ,S, and the lateral portions formed
by the rays joining O to S. However, since F is in the direction 7' it is perpendicular
to n on the lateral portion. Hence, F - n = 0 on this portion. Finally we have that:

[/F—nda+[/F-ndg=0
S

b3

Thus we will be done if we show that

/ F-ndo=-e

z
where e is the area of the surface ¥. We notice that on ¥, the outer normal points
towards the center of the unit sphere at O. However, the F points away from O,
and has a magnitude of :—2 On ¥, r = 1. This, together with the fact that F' and

n point in the opposite direction, gives F' - n = —1, and so:

/ F-ndcr:—[ do = —(area of X)
b2 z

Therefore,
/ F-ndo=e
S

and for the distance r = |z — y|, we would have:

=
S
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Figure E.1: Depiction of a solid angle e.

¥ is a surface patch of the unit sphere with center at O. The area of this surface is the solid
angle e. S represents a general surface, however in the above diagram it is the surface of
a sphere with radius 2.5 times the radius of the unit sphere. Finally D is the solid region
formed by 3, the lateral surfaces, and S.
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