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Abstract

In wired communications, where the data is transmitted over a wired medium, the

received signals are of high fidelity at any time. For this reason, wired communica-

tions have innate resistance to performance degradation created by interference and noise.

In wireless communications with mobile users in urban areas, the propagation medium

varies over time, and the received signal is subject to fading and multipath propagation.

Multiple-Input Multiple-Output (MIMO) communications can mitigate these issues and

achieve a high-capacity communication channel with high probability. In Massive MIMO

(MMIMO) systems the number of receive antennas is much greater than the number of

transmit antennas. The net result is that the signals corresponding to each transmitter at

the receiver are more likely to be uncorrelated with each other, simplifying the removal of

the interference between the transmitters’ signals. Since many modern wireless systems

such as cellular communications systems and wireless local area networks are interference

limited, this makes massive MIMO a very attractive option for communications systems.

Due to the large number of linear RF receivers and high-speed, high-resolution

analog-to-digital converters in MMIMO base stations, the cost of massive MIMO com-

munications systems is large. In this dissertation ways to reduce the cost of MMIMO base

stations are investigated and implementation techniques are proposed. In particular, one

way to reduce the cost of the implementation is to build the base stations with inexpensive

hardware, which requires the measured signals to be coarsely quantized. Digital MMIMO

receivers with reduced word-length for massive multiple-input multiple-output(MIMO)

systems are proposed. The assessment of the bit error rate and extra power needed to

compensate for the information loss due to the coarse quantization is assessed. The imple-

mentation with reduced fixed-arithmetic precision of linear algebra operations including

the eigenvalue decomposition, which is the most computationally demanding portion of
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the data detection and decoding process, is presented. The digital hardware is based on in-

expensive FPGAs, showing that the proposed techniques are promising to reduce the cost

of massive MIMO systems, which is a key impediment to their widespread deployment.
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CHAPTER 1

INTRODUCTION

In wired communications, where the data is transmitted over a wired medium, the received

signals are of high fidelity at any time. For this reason, wired communications have innate

resistance to performance degradation created by interference and noise. In wireless com-

munications with mobile users in urban areas, the propagation medium varies over time

and the received signal is subject to fading, and multipath propagation. It is known that

Multiple-Input Multiple-Output (MIMO) communications in general, and Massive MIMO

(MMIMO) communications with hundreds of receive antennas in a base station in partic-

ular, can mitigate these issues and achieve a high-capacity communication channel with

high probability. The large cost of MMIMO base stations is a key impediment to their

widespread deployment. In this dissertation ways to reduce the cost of MMIMO base sta-

tions are investigated, and implementation techniques are proposed.

Wireless communication is a technique to convey information between two or multi-

ple points where the propagation is not guided by physical medium but is accomplished in

electromagnetic form. Generally, in a communication system, information is transmitted

from transmitter to receiver that are placed over a limited distance. Without the existence

of physical medium, wireless communication system accomplishes the transmission and

reception of data by antennas, which are devices that convert the electrical signals into

electromagnetic waves and vice versa. Compared to wired communication systems, wire-

less communication technology offers beneficial features such as lower cost, better mo-

bility and ease of installation, higher reliability, and stronger recovery robustness when

disaster/accident leading to damage of communication infrastructure.

Besides cellular telephones, nowadays wireless communication system also provides
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a variety of communication services, such as video conferencing, TV and broadcasting,

Internet of Things (IOT), Global Positioning System (GPS), etc. To meet the exponentially

increasing demand for radio data rate, new methodologies which enable higher capacity ra-

dio are imperative to develop and apply. In this chapter, Multiple-Input Multiple-Output

(MIMO) and its extension in terms of the scale of antennas, Massive Multiple-Input

Multiple-Output (MMIMO), are briefly introduced. In addition, the dissertation scope,

the problems needed to be addressed when applying MIMO and MMIMO technologies in

wireless communication systems, and the open questions are also described in this chapter,

followed by the overview of each chapter in the dissertation.

1.1 Fundamentals of MIMO and Massive MIMO

Multiple-Input-Multiple-Output (MIMO) is a novel technique for multiplying the ca-

pacity of a radio link by deploying multiple transmission and receiving antennas to exploit

multi-path propagation [1]. The literal definition of MIMO in wireless context refers to

equipping multiple antennas at the transmitter and the receiver. As the development of

MIMO technologies, this terminology describes a practical strategy for transmitting and

receiving a group of data streams simultaneously over the same radio resources by taking

advantages of spatial multiplexing. MIMO has been widely investigated in current wireless

communication standards during the last two decades, and applied in wireless communi-

cation systems thanks to its ability to provide significantly improved capacity and low bit

error rate (BER). Not only did the basic MIMO concepts need to be formulated, but in

addition to this, new technologies also needed to be developed to assist MIMO implemen-

tation further functionally. With the demanding requirements of modern communication,

massive MIMO (MMIMO) is receiving an increasing attention due to its advantages over

conventional MIMO techniques and improvements in the digital implementation of soft-

ware-defined radios.
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Massive MIMO (MMIMO), also known as very large MIMO and large-scale antenna

systems, is an emerging technology that scales up the conventional MIMO in terms of

the number of antennas at base station (BS) and mobile user terminals, see Figure 1.1

(adapted from [2] with the notations R receive antennas and T transmit antennas in the

context of this dissertation). A block diagram of a Massive MIMO communication system

is shown in Figure 1.2. In this dissertation the estimation of the transmitted data X̃ based

on measurements Y is performed in an FPGA.

Massive MIMO offers good performance by exploiting the beneficial features of spa-
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tial diversity, i.e. propagation paths in communication channel, and spatial multiplexing

of many user equipment (UE). Compared to conventional MIMO systems, it is expected

to appropriately deploy tens, potentially hundreds, or even thousands of antennas at base

station of massive MIMO system. The base station is capable to handle simultaneous com-

munications with multiple single-antenna users over the same time and frequency resource.

With a reasonably large number of antennas placed on the base station, the size of com-

munication channel matrix, H, is getting increased and is thus able to carry larger amount

of traffic throughput. Consequently, the following performance features can be achieved as

outstanding property of massive MIMO over conventional one:

• increased total data rate [3], as more data streams can be transmitted by spatial mul-

tiplexing in the communication channel;

• higher reliability, as the size of channel matrix increases hence more propagation

paths(diversity) are available for the radio signals to propagate through to combat

fading, which will result in a better bit error rate or symbol error rate(SER) perfor-

mance [4];

• higher power efficiency, as single-antenna users are able to scale down their transmit-

ting RF power proportional to the number of antennae at base station when perfect

channel state information is given [3];

• lower financial cost; as the power requirement of the transmitter is decreased,

low-cost low-power RF amplifiers are used instead of expensive high-power RF am-

plifiers in conventional systems [5];

• higher robustness, the functional failure in hardware with small number of antennas

would not have an significant impact on the systems [6];
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• better stability and condition of mathematical operations of very tall or wide matri-

ces, i.e. the number of user terminals increases slightly while the number of anten-

nas at base station increases comparably greatly, hence the shape of communication

channel turns taller [6] [7].

The number of receive antennas is limited by the physical size of the antenna array,

with a spacing of λ/2 required between the antennas where λ is the RF carrier wavelength.

For a communication frequency of 1 GHz, which corresponds to a wavelength of λ =

30 cm, an array of 256 antennas can be organized as a square with the side length equal

to
√

256 × 30
2

= 240 cm = 2.4 m. Such an array can be mounted, for example, on the

roof of a city building. For a mobile terminal speed of v = 80 km/h (which covers the

large majority of urban environments in the world), the Doppler frequency is given by

fd = v/λ = 80 · 103/3600 · 0.3 ≈ 74 Hz, which determines the frequency that the channel

matrix H needs to be updated for each carrier.

A common length of the Discrete Fourier Transform (DFT) in OFDM communications

is N = 256 samples. Then, the frequency of channel matrix updates will be 74 · 256 =

18963 Hz, which requires the arithmetic of data detection and decoding to be completed

with a latency of 106/18963 = 52.7µs.

1.2 Dissertation Scope and Open Questions

Prototypes of massive MIMO base stations have shown the benefits of the MMIMO tech-

nology to enable multi-user reliable communications over mobile radio channels. However,

the cost of the base station is generally very large due to the highly-linear RF front-end

transceiver and high-speed, high-resolution Analog-to-Digital Converter (ADC) required

for each antenna, as well as the large scale of the computation required for data detection

and decoding. Reducing the cost of massive MIMO systems, which is a key impediment to

their widespread deployment, is therefore essential and imperative.
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A way to reduce the cost of the implementation is to build the base stations with inex-

pensive low-end hardware [8], such as simple RF receivers feeding the received signals to

coarse (1-, 2-, or 3-bit) ADCs [9, 10]. The digital implementation of the data detection and

decoding process using low precision measurements has not been fully addressed in the

prior literature. It is the scope of this dissertation to futher investigate this issue and quan-

tify the information loss due to coarse quantization. The dissertation will also investigate

low precision calculations in fixed-point arithmetic to perform data detection and decod-

ing on Field-Programmable Gate Arrays (FPGA). To reduce the design and coding effort,

the generation of a behavioral implementation of the receiver algorithm is of particular

importance. The dissertation will address these issues, too.

Based on these considerations, the following major open questions can be posed with

respect to massive MIMO systems in general, and base stations in particular.

1. What is the extra power which is needed to compensate for the information

loss due to quantization for different coarse quantization levels? What is the

Bit-Error Rate (BER) when low precision measurements are used?

The importance of these two questions resides in the fact that inexpensive Massive

MIMO base stations can be built with coarse ADCs. If the BER is maintained at acceptable

levels for only a small increase of the power, then the Massive MIMO technology can be

deemed as commercially viable.

2. Can the EigenValue Decomposition (EVD) be performed in real time in

fixed-point arithmetic?

The initial simulations were carried out using double-precision (64-bit) floating-point

arithmetic [11] with the system implemented in MATLAB® code. While these computa-

tions give accurate results, their direct implementation for use in MMIMO receivers would
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require computational hardware with prohibitive cost in base stations. As a result, it is

imperative to seek fixed-point solutions.

3. What is the minimum wordlength in a fixed-point implementation of the data

detection and decoding process that maintains the BER at acceptable levels?

The matrix inversion calculations used for the process of data detection and decod-

ing are diagonal dominant because of the special properties of massive MIMO systems.

Therefore, the unitary matrices in the eigenvalue decompositions are expected to encode

rotations with small angles, which means that it should be possible to represent them with

small wordlengths. A further reduction in the cost of a massive MIMO base station can be

achieved by minimizing the wordlengths of the fixed-point implementation.

4. Is it possible to generate a behavioral implementation of the EigenValue Decom-

position (EVD) and/or Singular Value Decomposition (SVD) that can be mapped

easily onto an FPGA, thereby reducing the effort of the design and coding?

This is not an easy question, since the EVD and/or SVD need to be performed in real

time in response to changes in the propagation conditions, and therefore when the channel

transfer matrix H , changes. The research is directed towards implementing the decompo-

sitions on FPGAs.

5. Can a massive MIMO base station be built with inexpensive devices?

This is the ultimate question in the research effort to reduce the cost of a massive MIMO

base station. The dissertation will investigate the use of multiple inexpensive FPGAs and

simple microcontrollers.
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1.3 Dissertation Organization

The key point of the whole dissertation, which is also the big challenge in building a mas-

sive MIMO base station, is to perform the linear algebra calculations needed to estimate the

transmitted signal vector in real time on inexpensive hardware with reduced design effort.

Motivated by these factors, the dissertation is composed of eight chapters as follows, see

Figure 1.3. Right after Introduction, Massive MIMO Background is presented in Chap-

ter (2). Massive MIMO with Coarse Quantization and Coarsely Quantized massive MIMO

in Fixed-Point Arithmetic are analyzed in Chapter (3) and (4), respectively. FPGA Im-

plementation of Linear Algebra Operations which are contributing to solving eigenvalue

decomposition is described in Chapter (5). Chapter (6) reviews the implementation details

of singular value decomposition in real-time on FPGA, followed by Results and Discus-

sions as Chapter (7). Chapter (8) provides conclusions and closing remarks.

Chapter (2) describes history of communication systems and classification, the basis of
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massive MIMO technology, which is an extension of conventional MIMO technology in

terms of attaching a large number of antennas to the base station, resulting in an improve-

ment of spectral efficiency, reliability, and throughput. These improvements are essentially

achieved via the beneficial structure of massive MIMO with large numbers of transmit an-

tennas and receive antennas, i.e. spatial diversity and spatial multiplexing. In addition, the

concept of communication channel H and its characteristic features are also introduced in

this chapter, followed by the analysis of mathematical model of wireless communication

through the propagation channel, Y = H · X + N.

Chapter (3) presents the coarse quantization at the stage of data detection and decoding

process in massive MIMO systems. Since the monetary cost has been one of the critical fac-

tor slowing down the development of massive MIMO technology, exploiting reduced pre-

cision measurements and low precision calculations on inexpensive hardware is expected

to bring down the financial consumption.

Chapter (4) demonstrates the word-length assessment and fixed-point arithmetic based

on the theory of MMIMO with coarse quantization in Chapter 3. To maintain a satisfying

Bit-Error rate and reasonable quantity of extra power to compensate the quantization loss,

word-length is chosen by a careful assessment; to enable the calculation operations to per-

form properly in real time and on inexpensive hardware devices, fixed-point arithmetic is

used aiming at minimizing the latency and implementation cost.

Chapter (5) provides the numerical aspects of the linear algebra operations, and the de-

tails of the corresponding FPGA implementation for each routine. In order to extract the

estimated transmit signals X in the mathematical model of communications, Y = H ·X+N,

the operations needed to be performed include the matrix multiplication Θ of communi-

cation channel H and its conjugate transpose form HH, matrix transformation from Her-

mitian form to Hessenberg form by Householder Reflector, conversion from complex-

valued Hermitian tridiagonal matrix to real-valued symmetrical tridiagonal matrix by sim-
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ilarity transformations, QR Decomposition, and Eigenvalue Decomposition by Fran-

cis-Kublanovskaya algorithm. This chapter will investigate the mathematical derivation

of these linear algebra operations in the context of MMIMO communication system, the

implementation ideas on Xilinx FPGA board, the utilization analysis of on-chip resources,

and Xilinx Design Constraints (XDC) details of simulation and synthesis based on the guid-

ance of Xilinx references [12]. Moreover, sub-routines, i.e. Squared Euclidean Norm and

Square Root Operation, which are critical operations to solve the Householder Reflector,

are also demonstrated in details.

Chapter (6) reviews the implementation details of singular value decomposition in re-

al-time on FPGA for wireless communications. The large majority of wireless commu-

nication algorithms of practical interest require the calculation of the EigenValue Decom-

position (EVD) and Singular-Value Decomposition (SVD) of the complex-valued channel

transfer matrix. The decomposition needs to be performed in real time when the propa-

gation conditions change. In addition, this calculation must be performed with fixed-point

arithmetic, since it is unreasonable to expect current mobile radio receivers to have float-

ing-point functional units. Even with architectural support for fixed-point arithmetic,

pipelining, and/or SIMD operations [13], all-software solutions are not likely to provide

a satisfactory computing speed; thus, hardware support is needed. Field-Programmable

Gate Arrays (FPGA) can provide a cost-effective alternative to full-custom hardware as

long as the digital design is tuned toward the specific reconfigurable architecture in order

to achieve the required computing speed. A modified CORDIC algorithm to support twin/-

double semi-angle rotations, in which the recursions are fully unrolled, combined with a

microcoded non-systolic architecture, facilitates the implementation of the SVD in behav-

ioral HDL code, thereby reducing the effort of the design and coding. The computing

performance and hardware complexity are in line with or better than prior-art. Chapter (6)

is outlined as the follows: it provides a brief background review, discloses the modified
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CORDIC unit and describes its use in implementing SVD, presents the SVD microcoded

engine, demonstrates an assessment of the implementation performance, and compares the

proposed SVD implementation against prior-art.

Chapter (7) analyses the results of the FPGA implementation in terms of the hardware

resources utilization, calculation latency, accuracy comparison with double-precision float-

ing-piont arithmetic simulation results, and presents the discussions based on the analysis

above. The proposed technique was implemented in VHDL on Xilinx FPGA board, and

Xilinx Design Constraints (XDC) were carefully specified. The simulation and synthesis

results indicated that the design was capable to perform all the calculations at the required

frequency with timing slack to spare and reasonable amount of on-chip resources.

The last chapter concludes the dissertation summarizing the key ideas, the contribu-

tions to massive MIMO systems to maintaining a satisfying service quality with low-end

hardware, and the recent trends of massive MIMO as well as its future research directions.

It is observed that the proposed technique in this dissertation is promising to handle the

higher configuration of massive MIMO systems, at the cost of linear increase of monetary

expense.
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CHAPTER 2

MIMO AND MASSIVE MIMO BACKGROUND

This chapter reviews the background of Multiple-Input Multiple-Output (MIMO) technol-

ogy, as well as its extension Massive MIMO (MMIMO). These techniques are receiving an

increasing amount of attention in modern wireless communication systems, and are con-

sidered to be applied on future 5G networks. First, a history of MIMO communications

systems is presented along with a classification of different MIMO families and MIMO

terminology. Then, the performance improvement of Massive MIMO technology over the

conventional MIMO technology resulting from a much larger number of receive antennas

is reviewed. In particular, the structure of the channel transfer matrix, H , the mathematical

model of the transmission process, the limitations in the physical size of the receive antenna

array, and channel estimation techniques are discussed.

2.1 Communication Systems and Classification

There are variety of wireless communication technologies which can be classified from

the perspective of the scale of transmitters and receivers. Among the series of different

forms, the Single-Input Single-Output (SISO) technology is the simplest one. SISO refers

to a wireless communications system where only one antenna is deployed at the source end

(transmitter), and only one antenna is deployed at the destination end (receiver). Therefore,

the transmission of information takes place via a one-to-one communication link from the

only transmit antenna to the only receive antenna and vice versa. For many wireless com-

munications systems, the propagation paths through which the signal travels are not ideal

with the existence of obstructions and reflectors such as buildings, infrastructure, hills, and

canyons. The obstructions and reflectors will introduce scattering and the transmitted sig-
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Figure 2.1: History of MIMO

nals take multiple paths to reach their destination. In a wireless communication system,

these multipath effects result in a degradation in data speed and an increase in the bit error

rate (BER), and consequently SISO communications systems often require extra transmis-

sion power to achieve acceptable performance compared to ideal line-of-sight unobstructed

communications.

To counteract the problems caused by multipath effects in SISO communication sys-

tems, as well as to improve the service performance, other forms of communication

technologies have been proposed: Single-Input Multiple-Output (SIMO), Multiple-Input

Single-Output (MISO), Multiple-Input Multiple-Output (MIMO), Multiple-User Multi-

ple-Input Multiple-Output (MU-MIMO), and Massive Multiple-Input Multiple-Output

(MMIMO), as shown in Figure 2.1. These technologies which emerged from SISO are

equipped with larger number of antennas on the transmitter, receiver, or on both ends.

SIMO is a wireless communication technology where the transmitter has only one an-

tenna while the receiver has multiple antennas. This creates so-called receive diversity

which can be used to combat the effects of fading as there is a higher probability of there

being at least one receive antenna with a signal with low distortion than in the SISO case.

MISO has one receive antenna but multiple transmit antennas, which has a similar case

to SIMO and that there is a higher probability of least one transmitter-receiver pair with

a low distortion signal. MIMO is a wireless communication technology where multiple

antennas are mounted on both the transmitter and the receiver. It is typically the case that

the number of receive antennas is larger than the number of transmit antennas in an uplink

communication system. In MIMO, multiple transmit antennas can generate signals on the

same frequency band which can be independently resolved from the receive signals mea-
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sured on the multiple receiver antenna. A great deal of effort has gone into developing

computationally efficient algorithms for this signal detection task.

MU-MIMO, which stands for Multi-User, Multiple-Input, Multiple-Output wire-

less communication technology, is the next evolution step from Single-User MIMO

(SU–MIMO), which is generally referred to as MIMO. MU-MIMO has been widely inves-

tigated in current wireless communication standards motivated by its beneficial properties

over the earlier technologies. In MU-MIMO, the transmission antennas are allocated to

multiple users which may not necessarily be at the same location. In this way MU-MIMO

systems use the higher spectral efficiency of MIMO systems over SISO systems to permit

multiple users to communicate using the same radio frequency to a single base station.

To further improve the communication performance gained by MIMO, and to meet the

increasing demand from the wireless service users, MMIMO, which is configured with a

larger number of antennas on transmitters and receivers than MIMO, has been attracting

enormous research interest. MMIMO will be the main scope of this dissertation. It is

necessary to mention that the users’ transmitters in the context of this dissertation are each

equipped with one antenna, so each transmitted signal is independent.

For a massive MIMO system with R receive antennas and T transmit antennas with

R � T , the communication performance over independent random fading channels ap-

proaches that of communication from each of the transmitters to the receiver over an inde-

pendent ideal Additive White Gaussian Noise (AWGN) channel. As R grows for a fixed

value of T , the signals corresponding to each transmitter at the receiver are more likely to

be uncorrelated with each other, simplifying the removal of interference. These so-called

massive MIMO systems thus enable removal of the interference between the transmitters’

signal using very simple, low computational cost algorithms. Since many modern wire-

less systems such as cellular communications systems and wireless local area networks are

interference limited, this makes massive MIMO a very attractive option for these systems.
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The main advantage of MMIMO systems is not just the performance gain of MMIMO

in terms of lower BER for the same signal power but also that this performance gain can

be obtained at low computational cost with algorithms that map well into the computing

hardware which would be equipped onto user terminals and wireless base stations.

2.2 MIMO and Massive MIMO Communication

To match the requests for increased traffic and mitigate the bandwidth shortage in modern

wireless communications, Multiple-Input Multiple-Output (MIMO) stands out as an effec-

tive technology, where multiple receive antennas are mounted at a Base Station (BS) and

multiple single-antenna user terminals can be served simultaneously over the same time and

frequency resources. MIMO has been widely investigated in current wireless communica-

tion standards during the last two decades, and applied in wireless communication systems

with its capability to provide improved traffic throughput, high spectrum efficiency, and

low Bit Error rate (BER) without additional bandwidth or increased transmission power.

To further improve the performance gained by MIMO and accommodate the demand

for a large number of users, the Massive MIMO technology, as an extension of MIMO

technology in which the number of receive antennas at the base station is increased to hun-

dreds or even thousands, is attracting much interest from the research community. The

capacity of massive MIMO to offer increasing data throughput and spectral efficiency has

made it a promising technology for emerging wireless standards. The essence of its capac-

ity is the considerable spatial multiplexing gain and spatial diversity gain achieved with a

large number of antennas. By transmitting data streams through multipath channels, it is

highly likely that one good propagation path exists from each transmitter to one or more

receiver antennas, so the communication reliability is improved compared to conventional

systems. In addition, since massive MIMO communication systems rely on a large number

of antennas at the receiver, they are robust against fading and antenna hardware failures.
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Since massive MIMO is built with ultra low power linear amplifiers, which eliminates the

use of bulky electronic equipment in the system. This power consumption can be consid-

erably reduced [14].

The number of antennas at the MMIMO base station is limited by the physical size of

the antenna array, with a spacing of λ/2 required between the antennas for the channel

gains at each antenna to be uncorrelated where λ is the RF carrier wavelength. For a

communication frequency of 1 GHz, which corresponds to a wavelength of λ = 30 cm, an

array of 256 antennas can be organized as a square with the side length equal to
√

256×30
2

=

240 cm = 2.4 m. As next generation wireless networks are being considered with carrier

frequencies in the neighbourhood of 60 GHZ and higher, the required physical scale of

these antenna arrays will become smaller in the future. Such an array can be mounted, for

example, on the roof of a city building. In this dissertation, a configuration with 128 receive

antennas at the base station and 16 single-antenna user terminals is considered.

2.3 Massive MIMO Spatial Diversity and Spatial Multiplexing

In MMIMO, the ability to achieve the properties described in Chapter 1 resides in its spe-

cific structure, i.e. multiple antennas on both transmit and receive side, which builds up

multiple propagation paths. This introduces two significant elements of MIMO systems:

spatial diversity [15] (or simply diversity) and spatial multiplexing (also known as de-

grees of freedom [16]).

Classical examples of diversity techniques include pattern diversity [17], temporal di-

versity [18], frequency diversity [18, 19], and antenna diversity [18, 19], which is imple-

mented by spatial separation or different polarization [18]. In this section of the disserta-

tion, spatial diversity categorized in antenna diversity is discussed. As shown in Figure 2.2,

in spatial diversity techniques the same(independent) data stream is replicated and sent to a

receiver through multiple transmit antennas [20]. This scheme is applied in order to com-
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Figure 2.2: Spatial Diversity in Massive MIMO System

bat deleterious effects on the signals such as fading [21]. The basic principle of diversity

can be interpreted as following: it is natural that these replicas suffer different amount of

fading or other effects when traversing different propagation paths, and one replica with

the least suffering among all other candidates can be picked out to guarantee at least one

proper delivery of data and consequently reliable communication. Diversity gain is defined

as the difference in signal-to-noise ratio(SNR) between the output of combined signals and

the signal on a single(non-diversity) branch, measured at a given cumulative probability

level [17, 22]. In a wireless communication system equipped with multiple transmit an-

tennas and receive antennas, i.e. T and R respectively, the total number of independent

fading channels can be T ×R [23]. Transmit diversity can be used with receive diversity to

achieve max(R, T ) diversity gain with only a few antennas at the base station and mobile

terminal.

As shown in Figure 2.3, in spatial multiplexing techniques different portions of the

data are transmitted through different antennas. The signal portions are independent to

each other. This mechanism is exploited aiming at increasing the data rate of the transmis-

sion [25, 16]. Multiple propagation paths in communication channel offer the capability to

handle larger amount of throughput over the same time and frequency resources, thereby

increasing the data rate of the whole system. Unlike spatial diversity, spatial multiplex-

ing does not contribute to the improvement of reliability and bit error rate (BER) of the

system. The multiplexing gain is a widely used parameter to evaluate the performance of

spatial multiplexing. The multiplexing gain is the mimimum of the number of transmit and
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Figure 2.3: Spatial Multiplexing in Massive MIMO System

receive antennas, i.e. min(R, T ) in a system configured with R and T antennas [26].

In a nutshell, spatial diversity guarantees communication reliability and improves the

BER of the system. On the other hand, spatial multiplexing increases the total available

data rate over the transmitters to the receivers data links. In practical systems there always

exists trade-off between reliability and data rate. Previous research aiming at finding the

balance of diversity-multiplexing has been conducted [27, 28, 29, 30, 31], e.g. switching

between spatial multiplexing and transmit diversity based on instantaneous channel state

information [27].

2.4 Massive MIMO Communication Channel

The wireless channel represents the connection medium between the transmitter and re-

ceiver through which the wave carrying the information propagates. The wave propaga-

tion experiences channel fading, multiple reflections, and noise [32]. Figure 2.4 presents

the block diagram of a massive MIMO communications system with T transmit antennas

(users) and R receive antennas, in which the impulse response of the propagation channel

between the transmit antenna t and receive antenna r is hrt[n]. It does not specify the label

of transmitted signals as ”replica” in Figure 2.2 or ”portion” in Figure 2.3 since these two

techniques can be used cooperatively in practice. If the measured signal on the receiver an-

tennas for sample time n is held in a lengthR vector denoted as y [n], with the full received
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signal being denoted as

y [n] =
L−1∑
l=0

h [l] x [n− l] + v [n] , (2.1)

where h [l] is the R-by-T matrix holding channel gains from the transmitters to receivers

with the entry in column t on row r specifying the propagation gain from transmitter t to

receive antenna r for the delay of l sample periods (Equation 2.2), then x [n] is a length T

vector specifying the transmitted signals at sample time n, v [n] is a length R vector giving

the measurement noise at sample n, and L is the length of the channel impulse responses

in sample periods.

h [l] =



h11[l] h12[l] · · · h1T [l]

h21[l] h22[l] · · · h2T [l]

...
... . . . ...

hR1[l] hR2[l] · · · hRT [l]


(2.2)

The problem of the receiver is to estimate the vectors x [n] from the received signals

y [n]. A popular method of accomplishing this in modern wireless systems, such as ad-

vanced Wireless Local Area Networks (WLANs) or 5G advanced radio networks, is the

use of Frequency Domain Equalization (FDE) [33]. For FDE, the received signals for all

receiver antennas are first split into blocks of N samples. The key is to compute the Dis-

crete Fourier Transform (DFT) of the received signal y [n] as

Y [k] =
N−1∑
n=0

y [n] exp

(
− j

2πkn

N

)
for k = 0 . . . N − 1 (2.3)

where N is the length of the DFT where values of N = 256 or 1024 are often used. If a

cyclic prefix of CP > L samples from the end of each block of N samples is copied and

prepended to the start by the transmitter, as is performed in the OFDM signalling method
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used in most modern wireless standards, then a convolution in time is converted into a

multiplication in the DFT domain. Thus, the relation from (2.1) becomes:

Y [k] = H [k] X [k] + V [k] for k = 0, . . . , N − 1 (2.4)

where H [k], X [k], and V [k] are the DFTs of time-domain signals h [l], x [n], and v [n],

respectively. It is apparent that the MIMO signalling over multipath radio channels be-

comes a simple matrix-vector multiplication in the frequency domain. The advantage of

MIMO-OFDM signalling with FDE is that the equalization of the multiple antenna, mul-

tipath radio propagation channel can be reduced to linear algebra [34] where the methods

described above can be applied.

By using reduced word-length ADCs on receivers at base station, complex elements in

communication channel matrix H can be coarsely quantized and represented with fewer

number of bits, for example, 4 bits in this dissertation, where 2 bits for real component and

2 bits for imaginary component, respectively. In addition, in the context of the dissertation,

H also relies on the assumption that it is “uplink” communication in the massive MIMO

system, time-invariant within a specific amount of period, and populated with indepen-

dently and identically distributed (i.i.d.) Gaussian entries which are perfectly known to the

receiver. “Uplink” here refers that the transmission is from mobile users to a base station,

and contrarily the reverse transmission, that is from the base station to end users, is called

“downlink.”
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H =



h11 h12 · · · h1T

h21 h22 · · · h2T
...

... . . . ...

hR1 hR2 · · · hRT


According to the concept of massive MIMO, the number of base station antennas, re-

ceive antenna R, and single-antenna mobile terminals, transmit antenna T, are reasonably

large. The number of base station antennas R is typically greater than that of users.

R� T� 1

For the sake of presentation, R and T will be configured as powers of 2. Herein a

Standard Configuration (SC), as we propose to name it, of a massive MIMO system is

chosen with T = 16 and R = 128 for investigation. Other configurations can be of practical

interest, for instance Extended Users (EU) with T = 32, R = 128; Extended Base Station

(EBS) with T = 16, R = 256; Extended Configuration (EC) with T = 32, R = 256; and

Maximum Configuration (MC) with T = 64, R = 256, but they will not be considered in

this dissertation. The limitation of the physical size of the antenna array on base station

is as well essential to be considered when equipping a plurality of antennas in practical

scenario.

The number of receive antennas deployed at base station in Massive MIMO systems is

limited by the physical size of the antenna array. The array is supposed to be of proper size

and be mountable on an ordinary roof of a building in urban or rural area. When determin-

ing the optimum distance between neighboring antennas, one has to consider the following

trade-offs: receive antennas that are too close to each other are subject to signal interfer-

ence and coupling issues among the transmission paths; on the other hand, array area limi-

tation forces antennas to be reasonably compact. Through the research activities of modern

communications, half of wavelength (2/λ) has been exploited for antenna separation. For
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Figure 2.5: Typical Antenna Array [36].

Notes: A typical antenna array (A) is made up of rows and columns of individual dual-polarized antenna
elements (B). Antenna arrays can be divided into subarrays (C), with each subarray (D) connected to two
radio chains, normally one per polarization.

example, a communication system operating under carrier frequency f = 6 GHz [35], the

corresponding wavelength, according to equation λ = v/f, is 5 cm. Half of wavelength is

thereby 2.5 cm. If 400 receive antennas are mounted as an array on a building roof, the

length of square side is
√

400× 2.5 = 0.5m, which is a feasible and promising structure in

real world. There are volumes of literature on the theory of topology of antenna in massive

MIMO systems, and widely chosen options include planar, cylindrical or spherical [36], see

Figure 2.5 and Figure 2.6. In any deployment case, trade-offs between compact limitation

and service quality are the main considerations to be balanced.

The channel state information (CSI), is treated perfectly known on receiver side with

the support of Channel Estimation. Channel estimation is a mathematical predicting of

the natural propagation of the signal that helps the receiver to approximate the affected

signal, which plays an important role for highly mobile or dynamic channels [32]. It is

accomplished by base station in order to do coherent spatial processing. In wireless com-

munication the signal goes through propagation path and it gets distorted (due to large-
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Figure 2.6: Cylindrical Array [37].

scale fading and small-scale fading), and is added with various noise. Large-scale fading

represents the average signal-power attenuation or path loss due to motion over large areas

and it is impacted by terrain configuration between the transmitter and receiver, and over

a very long distance (several hundreds or thousands of meters), there is a steady decrease

in power [38]. Small-scale fading refers to the rapid changes of the amplitude and phase

of a radio signal over a short period of time (on the order of seconds) or a short distance

(a few wavelengths). It is due to the constructive and destructive interference of the multi-

ple signal paths between the transmitter and receiver [38]. Aiming at simplification, at the

current stage, large-scale fading factor and small-scale fading factor are combined as one

single coefficient to illustrate the overall fading characteristics of the entire communication

environment.

To properly detect/decode the received signal and consequently extract the transmit

signal, and additionally, to adapt transmissions to current channel conditions, the charac-
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teristics of the traveling medium that the signal has gone through, for example, channel

propagation gain, are needed to be figured out. This technique is called Channel Estima-

tion. A variety of approaches for channel estimation [39] [40] [41] [42] are investigated by

researchers motivated by the demanding requirements of modern communication in terms

of data rate, power consumption, and service quality, however, the core principle remains

similar.

The typical procedure are as follows:

• formulate a mathematical model to correlate transmitted signal and received signal

by channel matrix;

• send a group of known data, called ”pilot signal”, through the channel, and then

detect/measure the received signal;

• compare transmitted signal and received signal, and consequently solve out the cor-

relation between them in terms of channel matrix H.
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The mathematical model indicated above to describe the communication process is

formulated as:

Y = H · X + N

According to the channel estimation fundamentals, X is transmitted pilot signal (known

to receiver), Y is received signal which is detectable and measurable (indirectly known);

for simplicity, at the current stage concentrating on the introduction of basis of channel

estimation, the combined noise N is assumed to be ideally zero; hence the channel matrix

H is fully capable to be calculated on base station. By figuring out the elements of H as

estimation results, within a specific short period during which the channel is treated stable

and invariant, the non-pilot transmitted signal is able to be extracted from received streams.

It is worth briefly introducing a channel estimation technique termed ”Iterative Channel

Estimation” [43]. Recently it is shown that the channel state information can be accurately

estimated from coarsely quantized measurements using an iterative procedure, where data

symbols detected and decoded in previous iterations are used as additional (virtual) pilot

symbols [43, 44]. For the first iteration, only the pilot symbols are used to estimate the

channel, since no prior knowledge of the transmitted data is available. For the second and

following iterations, channel estimation is enhanced by using the estimated data symbols

from the previous iterations as virtual pilot symbols, to get a lower error estimate of the

channel parameters. The simulation results indicate that an accurate estimation is achieved

in three iterations or less. The assessment of wordlengths of eigenvalues and eigenvectors in

Eigenvalue decomposition with iterative channel estimation technique in massive MIMO

will be investigated in details in later chapters, determined by the comparison between

fixed-point arithmetic and floating-point arithmetic simulation results.
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2.5 Massive MIMO Mathematical Model

The mathematical description of the uplink communication process from mobile terminals

to base station side is given below, see Equations (2.5) to (2.8), where X is the T × 1

transmitted vector, Y is the R× 1 received vector. H is the R× T communication channel

matrix, N is an R × 1 noise vector, which is independent of transmit signal, and N′ and

N′′ are T × 1 noise vectors. Gaussian distribution is widely used in MIMO research to

model noise characteristics, which is declared as circularly symmetric complex Gaussian

distribution [45]. Within the current research scope, it is taken as independent Additive

White Gaussian noise distributed as ∼ N (0, σ2) . Variance of noise σ2 is its average

power. For other model mechanisms, noise could be arbitrary distribution form rather than

Gaussian distribution, which is currently not the main focus in this dissertation.

Y = H · X + N (2.5)

X = [x1, x2, · · ·xT−1, xT ]T (2.6)

Y = [y1, y2, · · · yR−1, yR]T (2.7)

H =



h11 h12 · · · h1T

h21 h22 · · · h2T
...

... . . . ...

hR1 hR2 · · · hRT


(2.8)

Further manipulation on the mathematical model of MIMO communication is per-

formed as follows:
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Y = H · X + N⇒ HH · Y = HH ·H︸ ︷︷ ︸
Q · R

·X + HH · N︸ ︷︷ ︸
N′

(2.9)

QH ·HH · Y = R · X + N′′ (2.10)

where label Θ = HH ·H. By multiplying HH, the R× T system is converted into a T × T

linear system. It can be shown that the Minimum Mean Square Error (MMSE) estimate of

X from the reduced-order system will have the same mean squared error as the solution of

the original system [34]. The benefits of this conversion includes:

• down scale the large size of channel matrix from 128×16 to 16×16, which is easier

to cope with;

• transform the original matrix into Hermitian form, i.e. diagonal elements are real,

and its upper and lower triangular are conjugate to each other;

• efficient to apply QR decomposition (QRD) [46] and back-substitution, consequently

extract the estimate of the transmitted vector X.

In the next step, QH is multiplied on both sides of the equation. This operation leaves the

coefficient of X with an upper triangular matrix R. This R is exactly the matrix achieved

from QR decomposition. The multiplication operation with QH leads one to approach

closer the final solution of X. Methods and hardware implementation details will be elabo-

rated in the following chapters.

2.6 QPSK Modulation

Modulation is defined as the process by which some characteristic of a sinusoidal waveform

is varied in accordance with a modulating waveform [47]. This modulating waveform is

called carrier signal, which is a steady waveform with constant height, or amplitude, and
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frequency. By adjusting its amplitude, frequency, phase, information can be added into the

carrier and consequently generate the modulated transmitted signals. This manipulation

is the process of encoding information on a transmission path, while demodulation is the

process of decoding (extracting / recovering) information on a reception path.

The principal motivating reasons behind the modulation are as follows. First of all,

considerations of antenna size to match the transmission characteristics of the communi-

cation medium. This is based on the fact that efficient propagation of electromagnetic

wave requires antennas of dimension comparable with the wavelength of the signal, typi-

cally a quarter wavelength in the case of a tower antenna [48]. For example, when trans-

mitting signals of baseband frequency at 50kHz with the electromagnetic waves travel-

ing at 3 × 108 meters/s (speed of light), a quarter-wavelength antenna would be of size

3 × 108/(4 × 50 × 103) = 1500 meters long. This size is apparently unacceptable in a

practical world. By appropriate modulation, frequency will be effectively scaled up to a

reasonably large value, e.g. 1GHz, and consequently decrease the size of antenna signifi-

cantly. Secondly, multiplexing the communication environment is feasible by modulating

the signals with multiple carriers of different frequencies concurrently. Communication

streams within independent frequency ranges can therefore share the same propagation

medium simultaneously. This is an efficient solution to the shortage of frequency resources

in modern telecommunications.

As briefly described above that the modulation can be accomplished by adjusting the

amplitude, the frequency, and the phase of the carrier signal, these techniques compose the

common used modulation schemes [49].

• Amplitude-Shift Keying (ASK)

• Frequency-Shift Keying (FSK)

• Phase-Shift Keying (PSK)
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Figure 2.7: Basic QPSK Diagram

• Quadrature Amplitude Modulation (QAM)

In this dissertation, an MMIMO system in standard configuration was simulated using

4-QPSK modulation having a standard rate 1/2 convolutional error correction code with a

constraint length of 7. QPSK, which is short for Quadrature Phase Shift Keying, is the

method using a quadrature scheme at both the transmitter and the receiver. In wireless com-

munication, signals are represented in form of sinusoidal, which can be decomposed into

two amplitude-modulated sinusoidal that are offset in phase by one-quarter cycle (90 de-

grees).These two parts are named as In-phase and Quadrature components, respectively.

In QPSK technology, a pair of data as in-phase component and quadrature component is

fed at the transmitter, see Figure 2.7.

The output of QPSK modulation is:

s(t) = I ∗ cos(ωt)−Q ∗ sin(ωt) = Acos(ωt+ θ) (2.11)

29



I Q s(t) Phase (radians)

+1 +1
√

2cos(ωt+ π
4
) π

4

-1 +1
√

2cos(ωt+ 3π
4

) 3π
4

-1 -1
√

2cos(ωt+ 5π
4

) 5π
4

+1 -1
√

2cos(ωt+ 7π
4

) 7π
4

Table 2.1: QPSK Modulation

symbol I Q Phase (radians)

00 +1 +1 π
4

01 -1 +1 3π
4

11 -1 -1 5π
4

10 +1 -1 7π
4

Table 2.2: QPSK Modulation Mapping

where ω is the carrier signal frequency, A is the amplitude of the output, and θ is the

phase of the output. When feed ±1 as different pairs of I and Q values, the modulated

result s(t) is calculated as Table 2.1

To make the amplitude of modulated signal as 1, the input of I and Q can be scaled

down as ± 1√
2
. I and Q components based on a complex axis described above in the ta-

ble 2.1 are mapped to four symbols, 00, 01, 11, and 10. To clearly represent modulation

schemes, a constellation diagram is a clear and concise way, see Figure 2.8 [50]. The QPSK

modulation details are updated in Table 2.2.

It is worth mentioning that there is flexibility in mapping symbols to numerical val-

ue-pairs of I andQ, but it is not completely arbitrary. For example, when transmitting ”11”,
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Figure 2.8: QPSK Constellation Diagram

which should be ideally located into the3rd quadrant in Figure 2.8, and there is higher pos-

sibility of mis-detecting ”11” as ”01” and ”10” than ”00” due to the closer distance. In the

mis-detecing case, there will be one bit error. However, if the modulation constellation is

designed with ”00”, ”01”, ”10” and ”11” for each quadrant, there will be higher possibility

to confuse ”11” as ”00” and ”10”. In the case of take ”11” as ”00” by mistake, there are

two bits error, which is against the expectation for a symbol error to corrupt as few bits as

possible.
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CHAPTER 3

MASSIVE MIMO WITH COARSE QUANTIZATION

To achieve the beneficial features of Massive MIMO, a large number of antennas need to

be mounted to the base station. However, a large number of receivers will have a large cost

which could impede the deployment of Massive MIMO if the cost of each antenna is large.

To make Massive MIMO’s cost financially practical, inexpensive receivers are required

which will use reduced precision measurements with coarse quantization at the stage of the

data detection and decoding process.

This chapter describes the fundamentals of coarse quantization, as well as its outstand-

ing benefits over the fine quantization; and the application of coarse quantization in the

context of Massive MIMO communication systems, as well as the analysis of trade-offs

between the number of quantization bits and the performance quality from the perspective

of the required power to achieve target Bit Error Rate (BER) values..

3.1 Fundamentals of Coarse Quantization

Coarse quantization is a mechanism to round off the sampled points of analog signal values

to approximate nearest prior-defined digital values (binary-coded form) with a relatively

small number of bits, i.e. Analog-to-Digital converter (ADC). Evidently, this is a process

of approximation from analog signals (represented by single or double precision floating-

point values in a computer) to digital signals (integer type values). These predefined dis-

crete amplitudes of the quantized output are called representation levels, also known as

reproduction points. The representation levels represent output results after quantization,

and can then be used to recover input data when performing de-quantization, which is a

process to convert digital values back to analog ones. If the input range is divided into
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Figure 3.1: Quantization

levels of equal spacing, then the quantizer is termed as an uniform quantizer; on the other

hand, if the spacing is determined uneven according to the specific scenario, it is called a

non-uniform quantizer. A uniform quantizer can be easily specified by its lower bound,

its step-size (spacing between the two adjacent representation levels), and number of lev-

els. The complexity of the implementation of uniform quantization is relatively lower than

non-uniform quantization. Figure 3.1 is an example illustrating how an analog signal is

quantized into digital one [51].The blue line represents analog signal while the brown one

represents the quantized result. For example, if the input value is 0.9001, then it is sup-

posed to be quantized as ”0001”; if the input value is 1.0001, then ”0000” is selected as its

representation level.

Both sampling and quantization result in the loss of information, and the quality of

an ADC depends upon the number of representation levels and the density of samples in

time. With considering the trade offs between the performance loss and the number of bits

carrying quantized information, as well as the cost issue and hardware simplicity, a series

of simple RF chains for each antenna along with coarse (2-bit) ADCs are proposed in this
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dissertation. This reduced word-length strategy provides the following benefits over fine

quantization at the expense of allowable accuracy loss:

• low hardware complexity, as the number of comparators decreases dramatically with

number of bits needed [52];

• low power dissipation and therefore high energy efficiency [53] [54];

• require less memory resource to store complex element in channel matrix on hard-

ware, i.e. only need 4 bits to represent a complex value with 2 bits for real component

and 2 bits for imaginary component;

• low computational complexity at the receiver [55];

• small loss of channel capacity and spectrum efficiency cased by low-resolution ADC

receiver in Gaussian channel [5] [56];

• better latency of the algorithm using fixed-point arithmetic on hardware.

3.2 Massive MIMO with Coarse Quantization

In this dissertation, we consider the receivers in the base stations of massive MIMO com-

munications systems. The number of transmitters is denoted as T , each of which has one

antenna. The base station is equipped with R antennas. The transmit and receiver antennas

are spaced so that the channel propagation gains from each pair of transmit and receive an-

tennas are independent. A spacing greater than one half of a wavelength between antennas

can accomplish this independence. Since the received signal is ideal and represented by

single or double precision floating-point values, it needs to be converted to the quantized

values to decrease the number of bits and calculation/hardware complexity. Iterative pro-

cessing can be used to resolve the quantization problems. If the measured signal on the
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receiver antennas for sample time n is held in a length R vector denoted as y [n], with the

full received signal being denoted as

y [n] =
L−1∑
l=0

h [l] x [n− l] + v [n] , (3.1)

where h [l] is the R-by-T matrix holding channel gains from the transmitters to receivers

with the entry in column t on row r specifying the propagation gain from transmitter t to

receive antenna r for the delay of l sample periods, then x [n] is a length T vector specifying

the transmitted signals at sample time n, v [n] is a length R vector giving the measurement

noise at sample n, and L is the length of the channel impulse responses in sample periods.

The problem of the receiver is to estimate the vectors x [n] from the received signals y [n].

A popular method of accomplishing this in modern wireless systems, such as advanced

Wireless Local Area Networks (WLANs) or 5G advanced radio networks, is the use of

Frequency Domain Equalization (FDE) [33]. For FDE, the received signals for all receiver

antennas are first split into blocks ofN samples. The key is to compute the Discrete Fourier

Transform (DFT) of the received signal y [n] as

Y [k] =
N−1∑
n=0

y [n] exp

(
− j

2πkn

N

)
for k = 0 . . . N − 1 (3.2)

where N is the length of the DFT where values of N = 256 or 1024 are often used. If a

cyclic prefix of CP > L samples from the end of each block of N samples is copied and

prepended to the start by the transmitter, as is performed in the OFDM signalling method

used in most modern wireless standards, then a convolution in time is converted into a

multiplication in the DFT domain. Thus, the relation from (2.1) becomes:
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Y [k] = H [k] X [k] + V [k] for k = 0, . . . , N − 1 (3.3)

where H [k], X [k], and V [k] are the DFTs of time-domain signals h [l], x [n], and v [n],

respectively (Equation 2.5 is one out of N instances of Equation 2.4 for an unspecified

frequency index k). It is apparent that the MIMO signalling over multipath radio channels

becomes a simple matrix-vector multiplication in the frequency domain. The advantage of

MIMO-OFDM signalling with FDE is that the equalization of the multiple antenna, mul-

tipath radio propagation channel can be reduced to linear algebra [34] where the methods

described above can be applied.

For MIMO systems, each antenna r = 1, . . . , R requires a radio receiver. In Massive

MIMO (MMIMO) systems, where R is very large, this can lead to a prohibitive cost. If

high resolution Analog-to-Digital Converters (ADCs) and highly-linear RF amplifiers are

used, they can make up a large proportion of this cost. However, we can show that only

inexpensive devices are needed for many MMIMO systems. This dissertation considers

an implementation of MMIMO in terms of Bit-Error Rate (BER) using both demodulation

linked with an error correction code as opposed to [9, 10, 8] which only present capacity

calculations. Here we present a demonstration of a MMIMO system performance showing

that highly quantized measurements with lower precision calculations can give acceptable

BER performance.

For the sake of presentation, the numbers of transmit and receive antennas will be pow-

ers of 2. A massive MIMO system in a Standard Configuration (SC), as we propose to

name it, has T = 16, R = 128. Other configurations can be of practical interest, for ex-

ample Extended Users (EU) with T = 32, R = 128, Extended Base Station (EBS) with

T = 16, R = 256, Extended Configuration (EC) with T = 32, R = 256, and Maxi-

mum Configuration (MC) with T = 64, R = 256, but they will not be considered in this

dissertation.
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The number of taps L required to model the radio channel for acceptable receiver per-

formance is determined by the difference in propagation distance between the shortest radio

signal path and the longest radio signal path with significant received power. This distance

is directly related to the so-called delay spread of the radio propagation channel after divi-

sion by the radio signal propagation speed. The tolerated propagation distance difference

is given by L × Ts × c where Ts is the sampling time and the c is radio signal propaga-

tion speed which is approximately 3 × 108 m/s. For the radio systems of greatest interest,

such as 5G cellular and advanced wireless local area networks, L = 9 and Ts ≈ 10−7 sec-

onds [57]. This indicates that the system described in this dissertation tolerates a difference

of propagation distance up to 9×10−7×3×108 = 270 meters, which is sufficient for most

urban microcells or indoor networking applications.

An MMIMO system in standard configuration was simulated using 4-QPSK modula-

tion having a standard rate 1/2 convolutional error correction code with a constraint length

of 7. We have assumed that the receiver has access to ideal channel state information, since

it has been shown that with pilot-signals and iterative receiver algorithms, the channel es-

timation error can be made smaller than the measurement noise [43]. In practice, several

methods exist for channel estimation for MIMO systems [58]. The radio channel from each

transmitter to receive antenna has a random propagation path with a length of L = 9 sample

periods. For a total received energy over all receivers per data bit over measurement noise

density at each receiver, Eb/N0, of 5 dB an acceptable Bit Error Rate (BER) after coding

of about 10−6 is achieved using a simulated ideal ADC with zero quantization error. This

provides an ideal system figure of merit to compare our systems with quantized measure-

ments with. It is emphasized that Eb/N0 is the determiner of performance for a given bit

error rate with a specified modulation constellation, this value being nearly independent of

the number of users and receive antennas. Given that R/T = 16, the signal-to-noise ratio

(SNR) on each receive antenna is equal to 5 dB − 10 log 16 = 5 dB − 12 dB = −7 dB.
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This indicates that the measurement noise power is significantly greater than the informa-

tion signal power on each individual antenna, so that if a high resolution ADC is employed

most of the ADCs’ output bits are nearly independent of the information signal. This pro-

vides the motivation for the use of coarse quantization, as for high-resolution quantizers

the bits of lower significance are mostly independent of the data signal.

The system simulations are run with lower resolution ADCs to see the effects on the

BER. For 4-bit quantization (B = 4) at 5 dB of Eb/N0, the BER is increased to 1.5× 10−6

with an additional 0.15 dB of power being required to match the BER performance of

10−6 for ideal non-quantized measurements. For 3-bit quantization (B = 3), the BER is

increased to 3 × 10−6 with an additional 0.25 dB of power required to match the BER

performance of ideal non-quantized measurements. For 2-bit quantization (B = 2), the

BER is increased to 2 × 10−5 with an additional 1.0 dB of power required to match the

performance of ideal non-quantized measurements. Finally, for 1-bit quantization (B = 1),

the BER is increased to 2× 10−3 with an additional 2.5 dB of power required to match the

performance of ideal non-quantized measurements. It is apparent that there is not much

gain in the BER to operate above a 4-bit quantization. The additional 2.5 dB of power

needed by a 1-bit quantization can be compensated out by doubling the number of receive

antennas (which is mechanically feasible). A good trade-off is the 2-bit quantization (B =

2), which is used in this dissertation as a case study to discuss the implementation of the

data detection and decoding process.

It is noted that the 1-bit quantization admits very simple receivers with only a simple

comparator to find the signs of the signals on the in-phase and quadrature channels, with

only a very simple RF amplifier needed that can be non-linear so long as it does not change

the sign. For the other quantization schemes, the linearity requirements of the RF amplifiers

increase with increasing number of quantization bits.
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CHAPTER 4

COARSELY QUANTIZED MASSIVE MIMO IN FIXED-POINT ARITHMETIC

Massive MIMO base stations are expensive to build due to the requirement for a large num-

ber of RF transceivers and high-resolution analog-to-digital converters. A way to reduce

the implementation cost is to build the base stations with inexpensive hardware, resulting in

the received signals to be coarsely quantized. To implement the data detection and decod-

ing process in real time, fixed-point arithmetic with reduced precision is used. This chapter

reports the minimum wordlength which is needed to maintain the Bit-Error Rate (BER) at

acceptable levels. Specifically, the assessment of wordlengths of eigenvalues and eigenvec-

tors in Eigenvalue decomposition is investigated in details, determined by the comparison

of the simulation results between fixed-point arithmetic and floating-point arithmetic.

4.1 Simulation Software for Coarsely Quantized MMIMO

In previous work [43] the linear system shown in Equation (2.9) was solved in dou-

ble-precision (64-bit) floating-point arithmetic [11] using the standard MATLAB® linear

solution mechanism, where X̃ = H−1 · Y is coded as X̃ = H\Y , as shown in Equa-

tions (4.1) and (4.2). While these standard linear system solution computations give accu-

rate results, direct implementation of these solutions for use in MMIMO receivers would

require computational hardware with prohibitive cost in base stations. The backslash oper-

ator method was also applied for estimating the channel matrix, H .

Y = H ·X + N ⇒ X̃ = H \ Y (4.1)
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HH · Y = Θ · X + N ′ ⇒ X̃ = Θ \ (HH · Y ) (4.2)

To reduce the latency of estimating X , the linear system is solved in fixed-point arith-

metic with reduced precision [44] through an eigenvalue decomposition of the Hermitian

matrix Θ, as shown in Equation (4.3). It should be observed that the eigenvalue decompo-

sition is intrinsically stable, since unitary matrix Q is a rotation matrix, which means that

all its elements range from −1.0 to +1.0.

Θ = Q ·Λ ·QH ⇒ X̃ = Q ·Λ−1 ·QH ·HH · Y (4.3)

4.2 Coarse Quantization Encoding Rules

For calculation purposes the quantized signal, q(x), for a signal x is reported as being a

single value qi when the true signal is in the range of the quantization range i, so q(x) = qi

if qimin ≤ x < qimax where qimin is the lower limit of interval i and qimax is the upper limit

of interval i. The values of qi for all the intervals which gives the minimum mean square

error, E
[
|q(x)− x|2

]
where E [·] is the expectation operator, between the quantized value

and unquantized value are easily shown to be the mean value of the signal given the signal

is in each interval qi = E [x|qimin ≤ x < qimax], where E [·|A] is the conditional expectation

operator giving the mean value when condition A is true [59].

In this dissertation, an independent Additive White Gaussian Noise (AWGN) channel

is assumed with mean µ = 0 and standard deviation, σ = 1. Figure 4.1 shows a 2-bit

quantization process (B = 2), which generates four quantization bins of equal probability

(25%). It can be easily calculated that the quantization thresholds are 0 and approximately

±0.6745, and the corresponding four bin-average values, qi, are approximately ±0.3247

and ±1.2711. A 1-bit quantization process (B = 1) will generate two quantization bins of

equal probability (50%), with a threshold equal to 0 (obviously) and two bin-average values
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+0.6745−0.6745 0

25% 25%

25% 25%

−0.3247 +0.3247−1.2711 +1.2711

x

N (x, 0, 1)

Figure 4.1: Gaussian distribution: equal probability bins.

B Probabilities
Quantization Bin-average

thresholds values
1 50% 0 ±0.797884561

2 25%
0 ±0.324662678

±0.674489572 ±1.271106444

3 12.5%

0 ±0.157972012
±0.318634923 ±0.491353344
±0.674489572 ±0.895384581
±1.150349346 ±1.646828306

Table 4.1: Probabilities, quantization thresholds, and corresponding bin-average values.

equal to approximately ±0.7979. The 3-bit (or higher) quantization process (B ≥ 3) will

follow a similar pattern. Table 4.1 presents the probabilities, quantization thresholds, and

the corresponding bin-average values forB = 1-bit, B = 2-bit, andB = 3-bit quantization

processes for a Gaussian random variable with zero mean and unity standard deviation.

In fixed-point representation, it is beneficial to scale up the smallest magnitude of the

bin-average values, since this will simplify the implementation and slightly increase the

precision. For example, in a B = 2 quantization process, 0.324662678 is promoted to

1.000000000, and 1.271106444 is promoted to 1.271106444/0.324662678 = 3.915160350.

The other quantization processes will follow a similar pattern. The updated values are

presented in Table 4.2.

It is apparent that the measurements of the channel output can take only four different
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B
Quantization

Scale factor
Bin-average

thresholds values
1 0 0.797884561 ±1.000000000

2
0

0.324662678
±1.000000000

±0.674489572 ±3.915160350

3

0

0.157972012

±1.000000000
±0.318634923 ±3.110382264
±0.674489572 ±5.667995047
±1.150349346 ±10.424810617

Table 4.2: Quantization thresholds, scale factors, and corresponding bin-average values.

values, (±1.0000 and ±3.9152). The estimated channel coefficients, the entries of H , are

also heavily quantized to reduce the computation cost in the receiver. Since the quantized

values have equal probability, the entropy of the quantized signal is maximized, which in

turn maximizes the upper bound of the mutual information between the received signal and

the transmitted signal when their joint distribution is not known [60]. The joint distribution

between the received signal and transmitted signal is not known prior to the completion of

radio channel estimation, so this case matches a common scenario in MMIMO receivers.

The options of number of bits for coarse quantization, from 1-bit to 4-bit, have been an-

alyzed in the last chapter, MMIMO with Coarse Quantization. Essentially, a good quantiza-

tion mechanism is supposed to use fewer number of bits (to simplify calculation complexity

and reduce storage requirement), and to obtain a comparable BER as ideal non-quantized

measurements with reasonable amount of extra power to compensate the quantization loss.

The additional power can be compensated by increasing the number of receive antennas,

which is accomplished by one of the MMIMO benefits Energy Efficiency [14].

In this dissertation, massive MIMO communication channel H and received signal y are

both coarse quantized, which means that all the entries of H and y are represented by 2-bit

for each real component (and 2-bit for imaginary part). Note that the 2-bit representation

here does not necessarily be the numerical value but merely labels. As a result, arithmetic

operations cannot be directly implemented to achieve the numerical results. This problem
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will be addressed with conversion from labels to numerical values in hardware implemen-

tation which will be described in later chapters.

4.3 Detection in Fixed-Point Arithmetic

In this section the major operations of the receiver algorithm implemented in fixed-point

arithmetic are discussed (calculating the Hermitian matrix Θ, its Hessenberg decomposi-

tion, and the eigenvalue decomposition through a numerically stable algorithm), and nu-

merical results are presented.

4.3.1 Calculating Θ = HH·H in Fixed-Point Arithmetic

The pattern for calculating the matrix Θ = HH·H is sum-of-products, and the computation

budget consists of T 2 inner products ofR-element complex vectors. Due to their length and

random nature, data signals of different users are likely to have very low correlation with

each other. For this reason, the Hermitian matrix Θ is diagonal dominant. Equation 4.4

shows a sample of the reduced-wordlength matrix Θ in a MMIMO with R = 128, T = 16,

and B = 1. It is observed that the diagonal elements are real-valued and positive. Com-

pared to diagonal elements, the real and imaginary components of off-diagonal elements

are significantly smaller in magnitude. Statistics collected over one million samples of ma-

trix Θ indicate that the largest off-diagonal magnitude has an average of 49 and a standard

deviation of 6. This means that most off-diagonal values can be represented with 7 bits
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(sign bit included). The overflowing off-diagonal values will be saturated to ±63.

Θ=



289 5 + j 4 −11− j 2 7 + j 6 · · ·

5− j 4 244 3 + j 1 6− j 8 · · ·

−11 + j 2 3− j 1 211 −9− j 13 · · ·

7− j 6 6 + j 8 −9 + j 13 208 · · ·
...

...
...

... . . .


(4.4)

It is apparent that a wordlength of 9 bits provides sufficient precision to store each

element of the matrix Θ. For higher quantization levels (B = 2 and B = 3) a longer

wordlength may be required. However, if needed, a reduction of the wordlength could

be performed in such cases by right shifting followed by truncation or rounding. For the

reminder of the presentation, the same symbol Θ will be used for the matrix with reduced

wordlength.

4.3.2 Hessenberg Decomposition of Θ in Fixed-Point Arithmetic

It is well known that a Hessenberg form is preserved during a similarity transformation [61].

For this reason, a conversion from a Hermitian form, Θ, to a Hessenberg form, Ahess, is ben-

eficial to be performed prior to applying the Francis-Kublanovskaya recursion, since this

will significantly reduce the operation count. It is observed that the reduced off-diagonal

wordlength is highly beneficial for the fixed-point arithmetic since only off-diagonal ele-

ments are rotated in the Hessenberg conversion. For example, the first-column vector v

(diagonal element is excluded), where vT = [5 − j 4 , −11 + j 2 , 7 − j 6 , . . . ], is con-

verted into a vector w, where wT = [59 − j 62 , 0 , 0 , . . . ]. This vector still has a small

magnitude compared to diagonal elements, which means that the Hessenberg form is also

diagonal dominant. This is an important observation for selecting the wordlength of the

eigenvalue decomposition.
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4.3.3 Francis-Kublanovskaya Algorithm in Fixed-Point Arithmetic

The Francis-Kublanovskaya (FK) recursion [62, 63, 64], in which each iteration is a sim-

ilarity transformation based on the QR decomposition, is used to calculate the eigenvalue

decomposition of the Hermitian matrix Θ (or of the Hessenberg matrix Ahess if a Hessen-

berg conversion is applied). At iteration k, the matrix Θ(k) (where Θ(0) = Θ) is decom-

posed into the product of a unitary matrix Q(k) and an upper triangular matrix R(k). By

multiplying R(k) by Q(k), a similarity transformation of Θ(k) is obtained:

Θ(k+1) = R(k) ·Q(k) = Q(k)H ·Θ(k) ·Q(k) (4.5)

If k → ∞, then the matrix Θ(k) tends to a diagonal matrix, Λ, whose elements are the

eigenvalues of the initial Θ:

Θ = Q(n)H · . . . ·Q(k)H · . . . ·Q(0)H︸ ︷︷ ︸
QH

· Λ ·

· Q(0) · . . . ·Q(k) · . . . ·Q(n)︸ ︷︷ ︸
Q

(4.6)

It is observed that the off-diagonal elements of matrix Θ (or of the Hessenberg form

Ahess) decrease in magnitude over FK iterations. As a result, there is not any danger of over-

flow in any of those elements, and the wordlength needed to represent diagonal elements

would suffice for representing the off-diagonal elements, too.

The unitary matrix Q of the eigenvalue decomposition of the Hermitian matrix Θ, and

all unitary matrices Q(k) of the QR decompositions, are essentially rotation matrices. As

a result, all their elements range between −1.0 and +1.0. In our fixed-point arithmetic

implementation, a scale factor equal to 2qwl−1 is embedded into the matrix Q, so that its

wordlength is (qwl − 1) magnitude bits + 1 sign bit = qwl bits. The matrices Θ and Λ
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are already in fixed-point representation, their wordlengths being equal, θwl = λwl. As a

result, the eigenvalue decomposition can be written as:

Θ = Q ·Λ ·QH ⇒ Θ =
2qwl−1Q

2qwl−1
·Λ · 2qwl−1QH

2qwl−1
⇒

⇒ 22·(qwl−1) Θ =
(
2qwl−1Q

)︸ ︷︷ ︸
Q

· Λ ·
(
2qwl−1QH

)︸ ︷︷ ︸
QH

(4.7)

where Q and QH is the unitary matrix and its Hermitian transpose in fixed-point represen-

tation (that is, with the scale factor embedded). Similarly, Θ(k) is the fixed-point represen-

tation of Θ(k), and an FK iteration in the fixed-point domain is:

Θ(k) = Q(k) ·R(k) ⇒ Θ(k) = Q(k) ·R(k)

Θ(k+1) = R(k) ·Q(k)

 ⇒

⇒ Θ(k+1) = Θ(k+1) >> (qwl − 1) (4.8)

It is worth mentioning that the last right shift operation may be performed with or without

rounding.

The challenge of designing a MMIMO base station is to minimize the wordlengths

qwl and θwl while the BER is maintained at acceptable levels. Our simulation software

used in prior work [43] has been converted to use only fixed-point arithmetic. The linear

system shown in Equation (2.9) is solved through an eigenvalue decomposition rather than

the MATLAB® backslash operator. The wordlength of matrix Q was set to qwl = 6 and

qwl = 7 bits, and the wordlength of matrix Θ was set to θwl = 9, θwl = 10, and θwl = 11.

The number of quantization bits were set to B = 1, B = 2, and then B = 3. Extensive

simulation runs were attempted, and BER performance figures were recorded.

The BER figures versus wordlength needed for implementing the eigenvalue decompo-
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sition in fixed-point arithmetic with reduced precision are presented in Tables 4.3 to 4.5. For

reference, the BER figures corresponding to a double-precision floating-point implementa-

tion are also provided. It is apparent that for a coarse quantization with B = 1 bit, neither

the floating-point nor the fixed-point implementations do not achieve a satisfactory BER in

a small number of iterations. For a coarse quantization with B = 2 or B = 3, three to four

iterations generally suffices to achieve a good BER. It is observed that an additional itera-

tion is generally needed in fixed-point implementation over the floating-point implementa-

tion to match their BERs; for example, BER(B = 2, qwl = 6, θwl = 9, i = 3) = 0.0259,

whereas BER(B = 2, qwl = 64, θwl = 64, i = 2) = 0.0236.

It is also apparent that for a quantization with B = 2 bits, the matrix Q’s wordlength,

qwl, has little impact on the BER. As an example, BER(B = 2, qwl = 6, θwl = 9, i =

2) = 0.0823, and BER(B = 2, qwl = 7, θwl = 9, i = 2) = 0.0794. On the other hand,

the matrix Θ’s wordlength, θwl, has a much stronger impact on the BER. For example,

BER(B = 2, qwl = 6, θwl = 10, i = 2) = 0.0395, which a significant decrease from

0.0823. It should be observed that the BER does not improve significantly for θwl ≥ 11.

A coarsely quantized MMIMO system with B = 3 is robust enough and can operate with

θwl = 9, but the cost of the implementation will be higher due to the increased complexity

of the implementation in fixed-point arithmetic.
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B
Wordlength Iteration

qwl θwl i = 1 i = 2 i = 3

1

Double-Precision Floating-Point Arithmetic

64 64 0.4581 0.3235 0.2116

Fixed-Point Arithmetic

6 9 0.4717 0.3990 0.2670

6 10 0.4713 0.3443 0.2503

6 11 0.4706 0.3461 0.2482

7 9 0.4705 0.3930 0.2666

7 10 0.4741 0.3442 0.2516

7 11 0.4723 0.3520 0.2539

Table 4.3: BER versus wordlength B = 1 for R = 128, T = 16, Eb/N0 = 5 dB (only the

first three iterations are shown).

B
Wordlength Iteration

qwl θwl i = 1 i = 2 i = 3

2

Double-Precision Floating-Point Arithmetic

64 64 0.2854 0.0236 0.0078

Fixed-Point Arithmetic

6 9 0.3284 0.0823 0.0259

6 10 0.3225 0.0395 0.0112

6 11 0.3203 0.0311 0.0125

7 9 0.3277 0.0794 0.0303

7 10 0.3245 0.0399 0.0107

7 11 0.3206 0.0315 0.0106

Table 4.4: BER versus wordlength B = 2 for R = 128, T = 16, Eb/N0 = 5 dB (only the

first three iterations are shown).
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B
Wordlength Iteration

qwl θwl i = 1 i = 2 i = 3

3

Double-Precision Floating-Point Arithmetic

64 64 0.1849 0.0396 0.0066

Fixed-Point Arithmetic

6 9 0.2380 0.0379 0.0091

6 10 0.2265 0.0389 0.0089

6 11 0.2226 0.0453 0.0104

7 9 0.2342 0.0354 0.0083

7 10 0.2255 0.0371 0.0090

7 11 0.2201 0.0436 0.0119

Table 4.5: BER versus wordlength B = 3 for R = 128, T = 16, Eb/N0 = 5 dB (only the

first three iterations are shown).

Based on the above mentioned considerations, it is apparent that a good trade-off

in implementing a MMIMO base station is a coarse quantization with B = 2 bits, a

Q’s wordlength qwl = 7 bits, and a Θ’s wordlength θwl = 10 bits. With such a re-

duced wordlength for matrix Q, vector rotations can be easily implemented in inexpen-

sive hardware, such as reasonably sized Field-Programmable Gate Arrays (FPGA). A re-

duced wordlength for matrix Θ allows the extensive use of FPGA Digital-Signal Process-

ing (DSP) units to perform the reverse products in the Francis-Kublanovskaya recursion,

as well as complete the calculation of the solution of the linear system shown in Equa-

tion (2.9) through matrix multiplication, as outlined in Equation (4.3). Previous works are

in line with these claims [65, 44].
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4.4 Conclusions

The eigenvalue decomposition, which is the most computationally demanding portion

of a MMIMO receiver algorithm, can be implemented in fixed-point arithmetic with

wordlengths of 7 and 10 bits for eigenvectors and eigenvalues, respectively, without de-

grading the Bit-Error Rate achieved in a double-precision floating-point implementation.

This allows the reduction of the cost of massive MIMO base stations, which is a key im-

pediment to their widespread deployment. In future work, the wordlength of the fixed-point

implementation will be assessed in the presence of signal contamination from adjacent net-

works.
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CHAPTER 5

FPGA IMPLEMENTATION OF LINEAR ALGEBRA OPERATIONS IN

MASSIVE MIMO

This chapter provides the numerical aspects of the linear algebra operations, and the details

of the corresponding FPGA implementation for each routine. In order to extract the esti-

mated transmit signals X in the mathematical model of communications, Y = H · X + N,

the operations needed to be performed include the matrix multiplication Θ of communi-

cation channel H and its conjugate transpose form HH, matrix transformation from Her-

mitian form to Hessenberg form by Householder Reflector, conversion from complex-

valued Hermitian tridiagonal matrix to real-valued symmetrical tridiagonal matrix by sim-

ilarity transformations, QR Decomposition, and Eigenvalue Decomposition by Fran-

cis-Kublanovskaya algorithm. This chapter will investigate the mathematical derivation

of these linear algebra operations in the context of massive MIMO communication system,

the implementation ideas on Xilinx FPGA board, and the utilization summary of on-chip

resources . Moreover, sub-routines, i.e. Squared Euclidean Norm and Square Root Op-

eration, which are critical operations to assist Householder Reflector implementation, are

also demonstrated in details.

5.1 Communication Channel Matrix Multiplication

With the knowledge of Massive MIMO introduced in Chapter 1, it is observed that to

be able to extract the transmitted data from the received signals which are effected by

the fading factors and noise resources through the communication channel, a sequence of
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transformation need to be applied on the conceptual equations of the detection process:

Y = H · X + N⇒ HH · Y = HH ·H︸ ︷︷ ︸
Q · R

·X + HH · N︸ ︷︷ ︸
N′

(5.1)

QH ·HH · Y = R · X + N′′ (5.2)

where label Θ = HH ·H .

By multiplying HH, theR×T system is converted into a relatively smaller T×T linear

system (given the condition of R � T in massive MIMO), which is easier to solve in the

later investigation. The solution of this converted system has the same mean squared error

as the original system [34]. Therefore the very first task of the entire project is to multiply

HH on the left hand side of H, which results in a smaller size matrix, Θ.

In this dissertation, Massive MIMO Uplink Communication is the main scope of the

research. A Standard Configuration (SC) of massive MIMO is chosen for investigation with

T = 16 and R = 128 as the number of transmit antenna and receive antenna, respectively.

Thus H is a matrix of size 128-by-16 and its Hermitian matrix HH is of size 16-by-128. Θ =

HH ·H , seen Figure 5.1, requires T 2 inner products of R-element complex vectors, where

each inner product requires 4R real multiplications and two 2R-argument real additions.

The elements in the result matrix Θ are the multiplications of each row of HH and each

column of H . For example, the first element labeled as 2 in Figure 5.1 refers to the product

of row 2 in HH and column 1 in H .

The computational pattern for calculating Θ = HH ·H is sum-of-products, and the

computation budget consists of T 2 inner products of R-element complex vectors. To cal-

culate one inner product of one row of HH and one column of H , assume these two
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Figure 5.1: Calculating Θ = HH ·H

R-element complex vectors are labeled as X and Y ,

XT = [x′1 + jx′′1 · · · x′R + jx′′R]

Y T = [y′1 + jy′′1 · · · y′R + jy′′R]

(5.3)

where x′ refers to real part of the argument, and x′′ refers to imaginary part. The same

notation applies on y as well.

The inner product is achieved by

XH · Y = [ (x′1y
′
1 + x′′1y

′′
1) + · · · + (x′Ry

′
R + x′′Ry

′′
R) ]

+j [ (x′1y
′′
1 − x′′1y′1) + · · · + (x′Ry

′′
R − x′′Ry′R) ]

(5.4)

With the coarse quantization strategy we are exploiting in this dissertation where B =

2, i.e. 2 bits to represent a single real value (real component or imaginary component),

recall the encoding rule introduced in the coarse quantization subsection, see Table 5.1. It

can be observed that the number of product values, i.e. x · y, is also small, reaching 6 for B
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real value +1.0 -1.0 +3.9152 -3.9152

label in 2-bit 00 01 10 11

Table 5.1: Encoding for Single Real Value

product value +1.0 -1.0 +3.9152 -3.9152 +15.3288 -15.3288

label in 3-bit 000 001 010 011 100 101

Table 5.2: Encoding for Single Product Value

= 2 (±1.0000, ±3.9152, and ±15.3288, which can be encoded with 3 bits). The encoding

rule is predefined as Table 5.2.

Based on the encoding policy, each product is a 4-bit logic function and can be im-

plemented with three LUTs. It is necessary to emphasize that the arguments x and y as

well as their product are all labels but not numerical values. The block diagram of this

multiplication implementation is shown as Figure 5.2.

To collapse all these products, two stages are performed:

In the first stage, Block Random Access Memories (BRAMs), which are each config-

ured as a 4K × 9 memory, are used as large look-up tables. By taking the advantage of

the ”True Dual Port (TDP) mode” feature of BRAM primitive on FPGA board, two sets of

four 3-bit products will be concatenated to form two independent 12-bit addresses into a

BRAM, see Figure 5.3 and Figure 5.4 as example for the first sum portion of the inner prod-

uct. Their maximum sum is 4×15.3288, which is a 7-bit quantity (sign bit included). Since

the output of BRAM is primitively configured as 9-bit on FPGA, there is no harm to scale

the 7-bit result up to 9-bit quantity. Consequently the accuracy can be improved with these

extra 2-bit precision without any additional effort. The advantage of using BRAMs is that

the collapsing of four products into one larger sum is performed simultaneously with their
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Figure 5.2: Module Diagram: Product of x and y

Note: this component can be used to calculate x′
iy

′
i, x

′′
i y

′′
i , x′

iy
′′
i and x′′

i y
′
i in equation 5.4 where i is an index

within the same range of the number of receiver R.

conversion from labels to numerical values. In Equation 5.4 it is apparent that 2R = 256

products per real component (and 2R = 256 products per imaginary component) need to

be collapsed. This requires 2× 2R
8

= 64 BRAMs per complex-valued inner product.

In the second stage, the remaining 2 × 2R
8

= 64 sums (here multiply by 2 is because

that there are two independent output data outputted from each BRAM component under

TDP mode) in each of the real and imaginary components will be added together by a

tree of ternary ripple-carry adders [66], see Figure 5.5 (example only for real component).

The final sum is a 15-bit quantity in the worst case scenario that all values have maximum

magnitude and add up constructively. This translates into a tree of 21 + 7 + 3 + 1 =

32 ternary adders with the wordlength of 15 bits for each real and imaginary component,

which requires up to 2× 15× 32 = 960 LUTs. As a result, the latency of an inner product

is a BRAM delay plus the delay of four stages of ripple-carry adders. It is observed that

the diagonal components of Θ are always real, so the imaginary components do not need

to be calculated. An off-diagonal component has a much smaller magnitude; thus, the real

and imaginary parts of off-diagonal elements can be represented with less bits.

There are R × T = 128 × 16 = 2048 complex-valued elements in the channel matrix
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Figure 5.3: Module Diagram: Portion of Inner-product in Real Part
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Figure 5.4: Module Diagram: Portion of Inner-product in Imaginary Part
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Figure 5.5: Module Diagram: Real Part of Result of One Inner Product
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Figure 5.1: Calculating Θ = HH ·H

H of the standard configuration. Even with coarse quantization technique, the number

of FPGA I/O pins, e.g. 700 I/O pins on xc7vx485tffg1761-2 under Xilinx Family Virtex-

7 series, is insufficient to accommodate the transfer of all these elements in parallel. A

single row, which includes R = 128 complex-valued elements or 2R = 256 real-valued

elements, will require 2 × 256 = 512 I/O pins with a coarse quantization technique with

B = 2 bits. Even with XC7VX1140T FPGA, which is the top of the line in Virtex-

7 family built with 1100 I/O pins, it is challenging to download the entire matrix H in

parallel since not many pins would remain available for other tasks. As a result, some

sort of multiplexing is needed. It is mentioned that Serializer / Deserializer (SERDES)

techniques [67] are intentionally not used in order to keep the digital hardware of each

receive antenna as simple and inexpensive as possible.

Figure 5.1 indicates the technique for calculating Θ = HH · H with the existence

of insufficient I/O pins issue. The elements of each row of HH are loaded concurrently

from ADC receivers into FPGA board, and all the rows are loaded sequentially. First, the

elements of Row-1 are downloaded, allowing the top-left element, which is labeled as 1, to

be calculated. Row-2 is downloaded next, allowing elements labeled as 2 to be calculated.
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This is feasible as Column-1 in H is the conjugate of Row-1 in HH, which has already been

stored in memory resource in the previous cycle. Once the last row is downloaded, elements

labeled as T , can all be calculated since the entire matrix H , as well as its Hermitian form

HH, have been stored/available in the previous cycles. The upper triangle of matrix Θ

is the complex conjugate of its lower triangle, thus computing its values does not require

additional operations. It is observed that the elements in a row can be calculated partially in

parallel. The data-level parallelization depends on the FPGA logic capacity. The usage of

BRAMs for calculating one element in Θ is 64 (32 for real part, see Figure 5.5, and 32 for

the corresponding imaginary part), therefore if 16 elements are attempted to be calculated in

parallel when the last row has been downloaded, it requires 64×16 = 1024 BRAMs, which

is very close the resource capacity upper bound on the target device xc7vx485tffg1761-2

under Xilinx Virtex-7 Family series (1030 BRAMs available). This high occupation of

hardware resources leads to a risk that other tasks which also need BRAMs could suffer

from the lack of remaining primitives. Consequently, the parallelization needs to be re-

considered due to the insufficient of hardware resources on FPGA board.

The BRAM is a true dual-port memory, which means that only 128
2

= 64 BRAM units

are needed for each inner product. This means that T · 64 = 16 · 64 = 1024 BRAMs are

needed for calculation of the entire matrix Θ. This hardware cost is significant. The num-

ber of BRAMs can be reduced by calculating the first eight columns of Θ in a first phase,

and the last eight columns of Θ in a second phase. This technique reduces the number of

BRAM units to 1024
2

= 512, but will require iterating through the last eight columns of H

again. As mentioned earlier, the matrix’s upper triangular portion is the complex conju-

gate of the lower triangular portion, thus computing its values does not require additional

operations.

Each inner product is implemented with a pipeline of three stages: (i) LUT plus BRAM,

(ii) two 15-bit ripple-carry adders, and (iii) two 15-bit ripple-carry adders. There are T =
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16 rows, out of which 8 will be accessed twice, as mentioned in the previous paragraph for

reusing BRAMs. This means that 16 + 8 + (3 − 1) = 26 pipeline stages are needed to

complete the calculation of Θ. Additional stages will be needed by housekeeping routines.

The source code was implemented in VHDL and Xilinx Design Constraints (XDC) were

carefully specified, see Appendix A. Simulations carried out with Vivado [68] indicate that

matrix Θ can be calculated with a clock frequency of at least 100 MHz and with a latency

of 50 cycles. The hardware utilization includes 512 BRAMs, 23190 LUTs, 8464 flip-flops.

Simulation results on Xilinx FPGA board, utilization analysis of on-chip resources as well

as latency, and Xilinx Design Constraints (XDC) details of simulation and synthesis based

on the guidance of Xilinx references [12] will be demonstrated in Chapter 7, Results and

Discussions. The simulation waveform is attached as Figure B.1 in Appendix B.

5.2 Hessenberg Form by HouseHolder Reflector

To significantly reduce the amount of computation required in eigenvalue decomposition,

Hermitian matrix Θ needs to be first converted into a real-valued Hessenberg matrix (which

has a symmetrical tridiagonal form). The rationale of the reduction of calculation require-

ment is that a Hessenberg form is preserved during a similarity transformation. This con-

version to Hessenberg form is accomplished with Householder Reflector operation, which

injects zeros into off-diagonal and off-subdiagonal portions in Θ.

A generally random matrix can be reduced to an ”almost” triangular matrix, i.e. Hes-

senberg form, when applied Householder reflector. To be exact, an upper Hessenberg ma-

trix has zero entries below the first sub-diagonal, and a lower Hessenberg matrix has zero

entries above the first super-diagonal. Furthermore, a Hermitian matrix, which is Θ in the

context of this dissertation, can be converted with Householder reflector to a tri-diagonal

matrix, which only has non-zero entries on diagonal and sub/super diagonal positions. A

majority of zeros will significantly reduce the calculation complexity and computational
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latency.

Section 5.2 will investigate the mathematical derivation of Householder Reflector and

Hessenberg transformation in the context of Massive MIMO communication system,

the implementation ideas on Xilinx FPGA board, and the utilization summary of on-chip

resources . Moreover, sub-routines, i.e. Squared Euclidean Norm and Square Root

Operation, which are critical operations to assist Householder Reflector Implementation,

are also demonstrated in details.

5.2.1 Householder Reflector

The Householder Reflector, also known as Householder Transform (Reflection), is an im-

portant operation in numerous signal processing applications, including reduction to Hes-

senberg form, QR decomposition, algebraic eigenvalue problems, the computation of or-

thogonal bases, and array processing [69, 70, 71, 72, 73]. It is an orthogonal reflection

transformation which :1) reflex the vectors in the columns of a matrix such that; 2) annihi-

late entries below the first sub-diagonal of the certain columns.

Precisely, a given complex-valued column vector z = [z1, z2, . . . ]
T, where zi ∈ C,∀i,

is expressed in terms of a Hermitian unitary matrix, F , which is constructed as shown

below.

F = I − 2
v · vH

vH · v , (5.5)

where:
v = sgn(z1) ‖z‖ e1 − z

e1 = [1, 0, . . . ]T

sgn(z1) =
z1
|z1|

(complex signum)

(5.6)

One Householder reflector applied on a certain column of the given matrix forces all the
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column elements with the exception of the first one to zero, as shown in the equation below.

F · z = sgn(z1) ‖z‖ e1 (5.7)

In fixed-point arithmetic it is generally desirable to avoid division operations by an

arbitrary divisor. This can be achieved by incorporating a scale factor equal to ‖v‖2 into the

Householder reflector, as shown in Equation (5.8). To avoid the wordlength from increasing

too much resulting in overflow issues, this scale factor can be partially compensated out by

right shift operations during the procedure as needed.

(vH · v)︸ ︷︷ ︸
‖v‖2

· F = (vH · v)︸ ︷︷ ︸
‖v‖2

· I − 2 · v · vH (5.8)

5.2.2 Hessenberg Transformation

According to the investigation in 5.2.1, it is observed that one Householder reflector ap-

plied on a certain column of the given matrix forces all the column elements with the excep-

tion of the first one to zero. Consequently, performing successive two or more Householder

transformations, F1,F2, . . . ,Fi, . . . , on both sides of the given matrix will result in a Hes-

senberg form M , as shown in the equation 5.9. The manipulation is exemplified for a

4× 4 (thus much smaller) Hermitian matrix Θ, for which only two Householder reflectors,

F1 and F2, are needed:

F2 · F1︸ ︷︷ ︸
Ftotal

· Θ · F H
1 · F H

2︸ ︷︷ ︸
F H

total

=



d1 s∗1 0 0

s1 d2 s∗2 0

0 s2 d3 s∗3

0 0 s3 d4


︸ ︷︷ ︸

M

(5.9)
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where the diagonal and off-diagonal elements are real and complex numbers, respectively:

d1, d2, d3, d4 ∈ R

s1 = r1 e j θ1 ∈ C, s2 = r2 e j θ2 ∈ C, s3 = r3 e j θ3 ∈ C
(5.10)

The operation in 5.9 is a process equivalent to a sequence of similarity transformations

that inject zeros into successive columns (and rows). Further similarity transformations

can convert the complex-valued Hermitian tri-diagonal matrix M into a real-valued sym-

metrical tri-diagonal matrix N :

S3 · S2 · S1︸ ︷︷ ︸
S

· M · SH
1 · SH

2 · SH
3︸ ︷︷ ︸

SH

=



d1 r1 0 0

r1 d2 r2 0

0 r2 d3 r3

0 0 r3 d4


︸ ︷︷ ︸

N

(5.11)

where
S1 = diag

(
1, e− j θ1 , 1, 1

)
S2 = diag

(
1, 1, e− j(θ1+θ2), 1

)
S3 = diag

(
1, 1, 1, e− j(θ1+θ2+θ3)

) (5.12)

It is observed that the moduli r1, r2, and r3, as well as the angles θ1, θ2, and θ3 can be

calculated in parallel through a CORDIC procedure [74, 75]. The angle sums θ1 + θ2 and

θ1 + θ2 + θ3 require only a few extra addition operations.

The source code was implemented in VHDL and Xilinx Design Constraints (XDC)

were carefully specified. Simulations carried out with Vivado [68] indicate that the Hes-

senberg transformation can be calculated with a clock frequency of 100 MHz and with a

latency of 76 cycles for each iteration with timing slack to spare. The hardware utilization

includes 9457 LUTs, 23192 flip-flops, 8 BRAMs and 1024 DSP units. Simulation results
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on Xilinx FPGA board, utilization analysis of on-chip resources as well as latency, and Xil-

inx Design Constraints (XDC) details of simulation and synthesis based on the guidance of

Xilinx references [12] will be demonstrated in Chapter 7, Results and Discussions.

5.2.3 Squared Euclidean Norm

Squared Euclidean Norm operation is needed for the Householder transformation where

the norm of column vectors of Θ, z, is required to be calculated. Squared Euclidean Norm

is a critical operand to solve the Householder reflector vector v as well as its corresponding

Householder reflector matrix F . To simplify the presentation, the Squared Euclidean Norm

of a K-element complex vector X with elements Xre,k + jXim,k is written as the Squared

Euclidean Norm of a 2K-element real vector with elements Xi:

‖X‖2 =
K∑
k=1

X2
re,k +X2

im,k =
2K∑
i=1

X2
i (5.13)

The two’s complement representation of each Xi is:

Xi = sixi,N−1 · · · xi,1xi,0

= −2Nrsi + 2(N−1)rxi,N−1 + · · · + 2rxi,1 + xi,0

(5.14)

where xi,N−1, · · · xi,1, xi,0 are digits in a numeral system of radix r, and si is the sign

bit. In coarsely quantized MMIMO systems, the precision of the off-diagonal elements of

matrix Θ is on the order of a few bits. By scaling down the elements of Θ, it is proved

that a representation with r = 3 (octal digits) and a precision of N = 2 digits (which

approximately corresponds to a 6-bit magnitude plus a bit for sign) is sufficient to encode
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those off-diagonal elements. Therefore, the square of an element Xi is:

X2
i = (−22·3si + 23xi,1 + xi,0)

2

= 212si + 26x2i,1 + x2i,0 − 210sixi,1 − 27sixi,0 + 24xi,1xi,0

(5.15)

where, obviously s2i = si. The last product, xi,1xi,0, can be decomposed in a similar way.

Assume that bi,02, bi,01, and bi,00 are the three bits of the octal digit xi,0:

xi,0 = bi,02bi,01bi,00 (5.16)

Then, one can write:

xi,1xi,0 = 22bi,02xi,1 + 2bi,01xi,1 + bi,00xi,1 (5.17)

It is observed that the negative terms in Equation 5.15 and all terms in Equation 5.17

are products of an octal digit (xi,1 and xi,0) and a binary digit (si, bi,02, bi,01, and bi,00).

The importance of this representation will become apparent below. The sum of squares in
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Equation5.13 can be written as:

2K∑
i=1

X2
i = 212

2K∑
i=1

si︸ ︷︷ ︸∑
1

+26

2K∑
i=1

x2i,1︸ ︷︷ ︸∑
2

+
2K∑
i=1

x2i,0︸ ︷︷ ︸∑
3

−210

2K∑
i=1

sixi,1︸ ︷︷ ︸∑
4

−27

2K∑
i=1

sixi,0︸ ︷︷ ︸∑
5

+26

2K∑
i=1

bi,02xi,1︸ ︷︷ ︸∑
6

+25

2K∑
i=1

bi,01xi,1︸ ︷︷ ︸∑
7

+24

2K∑
i=1

bi,00xi,1︸ ︷︷ ︸∑
8

(5.18)

In a Householder reflector for matrix Θ,K ≤ T−1. In MMIMO standard configuration

T = 16; therefore, K ≤ 15. The sum
∑

1 (a 5-bit quantity since it is maximum 30 if si

are all ones) is calculated with a parallel counter. This is implemented in two stages. First,

sums of six si bits are calculated with three 6-input LUTs per sum, since each such a sum

is a 3-bit quantity (maximum numerical value 6); thus, no carry propagation occurs and the

hardware requirement is 3× 2K
6

= 15 LUTs. In the second stage the 2K
6

= 5 resulting 3-bit

sums can be collapsed with two ternary ripple-carry adders [66]. The synthesis results with

auto-optimization as default settings of Vivado tool indicate that these two ternary adders

require 6 LUTs and 7 LUTs, respectively. Therefore, the total amount of hardware resource

usage is 28 LUTs. Module diagram of
∑

1 is shown in Figure 5.6.

Sums
∑

2 and
∑

3 (11-bit quantities) have the same computational pattern.
∑

2, for
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Figure 5.6: Module Diagram:
∑

1 in Squared Euclidean Norm Operation

example, can be expanded as

Σ2 =
K∑
j=1

x2(2j−1),1 + x22j,1︸ ︷︷ ︸∑′
2,j

(5.19)

Since x(2j−1),1 and x2j,1 are octal digits, each sum
∑′

2,j is a 7-bit quantity and can be im-

plemented with seven 6-input LUTs (no carry propagation occurs). With auto-compaction

as default settings of Vivado tool, each square-sum module requires six 6-input LUTs rather

than seven LUTs in theory. After calculating K = 15 square sum arguments, these results

are collapsed by a tree of 5 + 1 + 1 = 7 ternary adders. The overall synthesis results show

that the total usage of LUTs in
∑

2 as well as
∑

3 module is each 150. Module diagram of∑
2 is shown in Figure 5.7.

Sums
∑

4,
∑

5,
∑

6,
∑

7, and
∑

8 are 8-bit quantities, i.e. maximum value is 10x(7 +

7 + 7) = 210, and have the same computational pattern, which is sum of products of an
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Figure 5.7: Module Diagram:
∑

2 in Squared Euclidean Norm Operation

octal digit by a binary digit.
∑

4, for example, can be expanded as

Σ4 =

2K
3∑
j=1

s3j−2x(3j−2),1 + s3j−1x(3j−1),1 + s3jx3j,1︸ ︷︷ ︸∑′
4,j

(5.20)

∑′
4,j is at most 7 + 7 + 7 = 21, which is a 5-bit quantity. It has three octal arguments

(x(3j−2),1, x(3j−1),1, x3j,1), and three mask bits (s3j−2, s3j−1, s3j).
∑

4 is implemented di-

rectly according to the calculation equation, including 10 sets of product-sum module aim-

ing at solving
∑′

4,j , a tree of ternary adders to sum up 10 output values from product-sum

components. The resources usage information achieved by synthesis is 152 LUTs in total

for
∑

4. Module diagram of
∑

4 is demonstrated as Figure 5.8.

In the final stage, sums
∑

1,
∑

2,
∑

3,
∑

4,
∑

5,
∑

6,
∑

7, and
∑

8 are collapsed to give

the Squared Euclidean Norm, ‖X‖2 (a 18-bit quantity). The addition is implemented by a

tree of ternay adders. With auto-compaction as default settings in Vavido tool, 1159 LUTs

are required to accomplish the Squared Euclidean Norm functionality. Long carry propa-
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Figure 5.8: Module Diagram:
∑

4 in Squared Euclidean Norm Operation

gation over 12 bits, as it is apparent in Equation (5.18), occurs only in this final stage. The

module diagram and detailed hardware usage are shown in Figure 5.9.

The source code was implemented in VHDL and Xilinx Design Constraints (XDC)

were carefully specified. Simulations carried out with Vivado [68] indicate that the squared

Euclidean norm can be calculated with a clock frequency of 100 MHz and with a latency

of 5 cycles with timing slack to spare. The hardware utilization includes 1160 LUTs and

235 flip-flops. This is a good result compared to the behavioral solution in implementing

Equation (5.13) by collapsing 2K = 30 squared 6-bit operands, whose latency would be

approximately 50% larger than the proposed solution and would require over 2000 LUTs.

Simulation results on Xilinx FPGA board, utilization analysis of on-chip resources as well

as latency, and Xilinx Design Constraints (XDC) details of simulation and synthesis based

on the guidance of Xilinx references [12] will be demonstrated in Chapter 7, Results and

Discussions.
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Figure 5.9: Module Diagram: Squared Euclidean Norm Operation

5.2.4 Square Root Operation

Square Root (sqrt) operation is needed for the calculation of the Householder reflector

where the norm of a vector is the square root of its Squared Euclidean Norm. A number

of T − 2 = 14 Householder reflectors need to be calculated for each matrix Θ. Since the

square root operation is on the critical path of the Householder reflector, it is imperative

to reduce its latency. Thus, recursive bit-level solutions, like the Convergence Computing

Method [76], would be too slow for a MMIMO application. A parallel implementation in

fixed-point / integer arithmetic is sought.

Statistics collected over one million samples of matrix Θ and the resulting Hessenberg

form indicate that the sum-of-squares of lower off-diagonal elements in a column can be

represented with a bitwidth of 16 bits or less. In integer arithmetic, when only the integer

bits are retained, the square root of 16-bit argument has a wordlength of 8 bits. In the most

general case, the square root of an integer X has a integer part, bY c, and a fractional part,
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{Y }:
√
X = Y = bY c+ {Y } , where {Y } ∈ [0, 1) (5.21)

In order to keep the truncation error in the range (−0.5, 0.5), the square root implemented

in integer arithmetic is approximated as:

√
X ≈


bY c if {Y } < 0.5

bY c+ 1 if {Y } > 0.5

(5.22)

It is apparent that the fractional part, {Y }, can never be equal to 0.5, since in that case the

argument X , which is an integer, would have a fractional part {X} = 0.25:

√
X = Y = bY c+ 0.5 ⇒ X = (bY c+ 0.5)2 = bY c2 + bY c+ 0.25︸︷︷︸

{X}
(5.23)

This fractional part is small. Therefore, with a very good approximation:

√
bY c2 + bY c ≈ bY c+ 0.5 (5.24)

As a result, Equation (5.22) can be replaced by Equation (5.25), which in turn can be more

easily converted into LUT configuration information. For example, consider the threshold

in the square root domain Y = 251.5 ⇒ bY c = 251. This translates into a threshold

in the argument domain of bY c2 + bY c = 63252. Then, the argument values X ≥ 63252

will map into
√
X = 252, and the argument values X < 63252 will map into

√
X = 251.

In a second example, the threshold in the square root domain Y = 131.5 ⇒ bY c = 131

translates into a threshold in the argument domain of bY c2 + bY c = 17292. Then, the

argument values X ≥ 17292 will map into
√
X = 132, and the argument values X <
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17292 will map into
√
X = 131. All the other thresholds will follow a similar pattern.

√
X ≈


bY c if X < bY c2 + bY c

bY c+ 1 if X ≥ bY c2 + bY c
(5.25)

In a brute force implementation, the integer part of the square root is retrieved from a

large lookup table built with BRAM units. Since the argument and square root are 16-bit

and 8-bit integers, respectively, the LUT size needs to be 216 bytes or 64 KB. Such a

large LUT is implemented with sixteen BRAMs (two BRAMs per output bit), where each

BRAM is configured as 32K × 1. The square root latency is one BRAM delay, thus it is

very short, but the hardware cost is large. A technique to reduce the LUT size is presented

next.

It is observed that bY c2 + bY c is an even number. This means that only 15 bits are in

fact needed to form the LUT address, and the square root approximation can be written as:

√
X ≈


bY c if (X >> 1) < [(bY c2 + bY c) >> 1]

bY c+ 1 if (X >> 1) ≥ [(bY c2 + bY c) >> 1]

(5.26)

Consider the same example of the threshold in the square root domain Y = 251.5 ⇒

bY c = 251. By removing the least significant bit, the argument values (X >> 1) ≥

(63252 >> 1) = 31626 will map into
√
X = 252, and the argument values (X >> 1) <

31626 will map into
√
X = 251. This strategy reduces the number of BRAMs from sixteen

to eight, thus halving the cost of the implementation.

In the described implementation, it is apparent that the maximum rounding error is

slightly above 0.5, since that small fraction of 0.25 in Equation (5.23) is lost in approxi-

mating X ≈ bY c2 + bY c. In order to limit the maximum rounding error to exactly 0.5, the
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approximation in Equation (5.25) needs to be rewritten as:

√
X ≈


bY c if X ≤ bY c2 + bY c

bY c+ 1 if X > bY c2 + bY c
(5.27)

Considering the same numerical example, that means that the argument values X > 63252

will have to map into
√
X = 252, and the argument values X ≤ 63252 will have to map

into
√
X = 251. In this case, the right shift operation needs to be accompanied with

rounding, such that 63253 >> 1 = 31627. The implementation is shown in Figure 5.10.

The latency of this implementation is given by the delay of a 15-bit adder and a BRAM

delay, which is a very low. The hardware cost is eight BRAMs plus a 15 -bit adder.

8
X

15

1 (LSB)

1516 √
XLUT

32K × 8

Large

Figure 5.10: Square root implemented with a large LUT.

The squared Euclidean norm and the square root, which are on the critical path of the

Householder reflector implementation, as it is apparent in Equations (5.5) and (5.6), are

implemented with LUTs and BRAMs. The application of a Householder reflector, Fi ·Θ,

where i = 1, 2, . . . T − 2, and the accumulation of the successive Householder reflectors

into a global unitary matrix, Ftotal = FT−2 . . .·F2 ·F1, which are specified in Equation (5.9),

are implemented with DSP slices.

The source code was implemented in VHDL and Xilinx Design Constraints (XDC)

were carefully specified. Simulations carried out with Vivado [68] indicate that square

root operation can be accomplished with a clock frequency of at least 100 MHz and with a

latency of 2 cycles. The hardware utilization includes 8 BRAMs, 16 LUTs, 30 flip-flops.

Simulation results on Xilinx FPGA board, utilization analysis of on-chip resources as well

as latency, and Xilinx Design Constraints (XDC) details of simulation and synthesis based

74



on the guidance of Xilinx references [12] will be demonstrated in Chapter 7, Results and

Discussions. The simulation waveform is attached as Figure B.3 in Appendix B.

5.3 QR Decomposition

In order to extract the estimated transmit signals X in the mathematical model of commu-

nications, Y = H ·X , Eigenvalue Decomposition by Francis-Kublanovskaya algorithm

is needed to perform, where QR Decomposition is the critical routine to accomplish this

procedure.

QR decomposition, also known as QR factorization [77], is a computationally inten-

sive linear algebra operation that factors a matrix A into the product of a unitary matrix

Q (where Q∗Q = I) and an upper triangular matrix R [78]. It is commonly employed to

solve linear least squares problems and is used as the basis of eigenvalue algorithm. Pre-

cisely, when performing QR decomposition on anm-by-nmatrix A, two resulting matrices

Q and R are achieved such that A = QR, where Q is an m-by-m unitary matrix and R

is an m-by-n upper triangular matrix. There are several widely used approaches to solve

QR decomposition, including Givens Transformations [79], Householder reflector [80],

Classical Schmidt Algorithm and Modified Gram Schmidt Algorithm [81].

Householder reflector technique has been discussed in Section 5.2 that it injects zeros

to columns of the target matrix Θ except for the first entry. It is observed that Householder

reflector forces multiple entries in one vector to be zero concurrently; Givens transforma-

tions on the contrast, as an alternative for QR decomposition, only zeros out one entry at a

time, therefore it requires a sequence of rotations to convert the matrix into upper triangular

form. However, it is necessary to mention that parallelization strategy can be exploited in

Givens transformations, which will significantly improve the calculation efficiency [82].

Moreover, as the matrix to be factored in the context of this dissertation has a particular

structure, i.e. Hessenberg form, where after a sequence of similarity transformation only
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the elements on diagonal and sub-diagonal positions have non-zero values, Givens trans-

formation algorithm is relatively less costly in terms of calculation complexity, hardware

resources utilization and latency. Hence Givens rotation is considered outstanding and is

used for QR decomposition in this dissertation. Classical Schmidt Algorithm and Modified

Gram Schmidt Algorithm are away from the main scope of this dissertation thus will not

be investigated at this stage.

As discussed prior to a QR decomposition, a conversion of the Θ matrix into a Hessen-

berg form is performed with Householder reflectors. Then, 2-element vector rotations will

inject zeros into the lower off-diagonal elements of the Hessenberg form.

According to simulations, 10-bit precision (sign bit included) for matrix Θ provides

sufficient arithmetic precision in tasks like eigenvalue decomposition, data detection, and

decoding process. A reduction of the wordlength from 13 bits to 10 bits is performed by

right shifting over three bits followed by rounding. To simplify the presentation, the same

symbol Θ will be used for the matrix with reduced wordlength.

Equation 5.28 shows a sample of the reduced-wordlength matrix Θ in a MMIMO stan-

dard configuration with B = 2. It is observed that the diagonal elements are real-valued

and positive. Compared to diagonal elements, the real and imaginary components of

off-diagonal elements are significantly smaller in magnitude. Statistics collected over one

million samples of matrix Θ indicate that the largest off-diagonal magnitude has an av-

erage of 49 and a standard deviation of 6. This means that most off-diagonal values can

be represented with 7 bits (sign bit included). The overflowing off-diagonal values will be

saturated to ±63.

The reduced off-diagonal wordlength is beneficial for the arithmetic since only

off-diagonal elements are processed with Householder reflectors. For example, the

first-column vector v (diagonal element is excluded), where vT = [4− j 6 , −10 + j 2 , 7 +

j 12 , . . . ], is converted into a vector w, where wT = [56− j 71 , 0 , 0 , . . . ]. It is apparent
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that this vector still has a small magnitude compared to diagonal elements.

Θ =



291 4 + j 6 −10− j 2 7− j 12 · · ·

4− j 6 241 1 + j 2 24 + j 3 · · ·

−10 + j 2 1− j 2 214 −13 + j 19 · · ·

7 + j 12 24− j 3 −13− j 19 230 · · ·
...

...
...

... . . .


(5.28)

It is recalled that a Hessenberg form is preserved during a similarity transformation.

Since the off-diagonal elements of a Hessenberg form decrease in magnitude over Fran-

cis-Kublanovskaya iterations [62, 63, 64], there is no danger of overflow in any of those

elements. According to our simulations, a wordlength of 8 bits can represent with sufficient

precision the unitary matrices, Q, leading to Hessenberg and diagonal forms.

The matrices Θ and Q are stored in the flip-flops of the FPGA’s fine-grained fab-

ric. For matrix Θ, T real-valued positive (diagonal) elements of large magnitude (9-bit

wordlength) and T (T − 1) complex-valued (off-diagonal) elements of small magnitude

(7-bit wordlength) require 9T and 2 · 7T (T − 1) flip-flops. For a matrix Q, T 2 com-

plex-valued elements of moderate magnitude (8-bit wordlength) require 2 · 8T 2 flip-flops.

In addition to these two matrices, a temporary unitary matrix, which is generated and then

updated during Householder and FK iterations, is to be incorporated into Q by multipli-

cation. This requires 2 · 8T 2 additional flip-flops. It should be observed that there is no

need to store QH, as it can be easily generated from Q as its conjugate transpose form. For

T = 16 (MMIMO standard configuration), an estimate of the total number of flip-flops is

9T + 2 · 7T (T − 1) + 2 · 8T 2 + 2 · 8T 2 = 11696. Every device in the Virtex-7 family can

easily support this requirement.

The source code was implemented in VHDL and Xilinx Design Constraints (XDC)

were carefully specified. Simulations carried out with Vivado [68] indicate that the QR
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decomposition can be performed with a clock frequency of 100 MHz and with a latency

of 4 cycles for each iteration with timing slack to spare. The hardware utilization includes

11696 flip-flops, 32 BRAMs and 301 DSP units. Simulation results on Xilinx FPGA board,

utilization analysis of on-chip resources as well as latency, and Xilinx Design Constraints

(XDC) details of simulation and synthesis based on the guidance of Xilinx references [12]

will be demonstrated in Chapter 7, Results and Discussions.

5.4 Eigenvalue Decomposition by FK Algorithm

5.4.1 Fundamentals of Eigenvalue Decomposition

In linear algebra, Eigenvalue Decomposition (EVD) is the factorization of a matrix that

this matrix is represented in terms of its eigenvalues and eigenvectors [83, 84]. A non-zero

vector v of size N is an eigenvector of a matrix A of size N -by-N if it meets the linear

equation 5.29:

Av = λv (5.29)

where λ is a scalar named the eigenvalue of the corresponding v.

A matrix A usually has more than one eigenvalue-eigenvector pairs:

Av1 = λ1v1

Av2 = λ2v2

· · ·

Avk = λkvk

All the eigenvalues are stored in a diagonal matrix Λ, and they are placed on the diag-

78



onal positions as their magnitudes in descending order [85]. Thus, (5.29) can be rewritten

as

AV = ΛV (5.30)

where each column of V , v, is the corresponding eigenvector to the certain eigenvalue in

Λ at the same indexed position.

5.4.2 Fundamentals of Francis-Kublanovskaya Algorithm

Francis-Kublanovskaya algorithm (FK-algorithm) [62, 63, 64] in which each iteration is

a similarity transformation based on QR decomposition, is widely used to solve eigenvalue

decomposition of Hermitian matrix Θ = HH·H . The convergence rate is generally fast,

but it can be further increased to a cubic rate by the use of a Rayleigh quotient shift [61,

86], Wilkinson shift [87, 86, 88, 89] and Francis-Double shift approaches [90, 86, 91].

In FK-algorithm [62, 63, 64], the matrix Θ(k) (where Θ(0) = Θ) is decomposed into

the product of a unitary matrix Q(k) and an upper triangular matrix R(k). By multiplying

R(k) by Q(k), a similarity transformation of Θ(k) is obtained:

Θ(k+1) = R(k) ·Q(k) = Q(k)H ·Θ(k) ·Q(k) (4.5)

If k → ∞, then the matrix Θ(k) tends to a diagonal matrix, Λ, whose elements are the

eigenvalues of the initial Θ.

Θ = Q(n)H · . . . ·Q(k)H · . . . ·Q(0)H︸ ︷︷ ︸
QH

· Λ · Q(0) · . . . ·Q(k) · . . . ·Q(n)︸ ︷︷ ︸
Q

(4.6)

The convergence rate of the Francis-Kublanovskaya algorithm can be significantly in-
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creased to a cubic rate by shifting the recursion [46] as shown below.

Θ(k) − µ(k) · I = Q(k) ·R(k)

Θ(k+1) = R(k) ·Q(k) + µ(k) · I

 ⇒

⇒ Θ(k+1) = Q(k)H ·Θ(k) ·Q(k) (5.31)

where µ(k) is the Rayleigh quotient shift, µ(k) = Θ
(k)
T,T .

5.4.3 Eigenvalue Decomposition by Francis-Kublanovskaya Algorithm

It is summarized that the eigenvalue decomposition of matrix Θ is performed in two steps:

(i) initial transformation of Θ into a symmetrical real-valued Hessenberg matrix Ahess,

and (ii) diagonalization of Ahess through the Francis-Kublanovskaya recursion, in which

each iteration consists of a QR decomposition followed by a reverse product, as shown in

Equation (4.5). The QR decomposition is performed through rotating a 2-element vertical

vector in each column, which forces the off-diagonal element in that column to zero. These

rotations will be propagated along the rows of Ahess, and also accumulated into a global

orthogonal matrix, Q, as in Equation (4.6). Since these are sequential operations, it is

imperative to minimize their latency.

It is observed that the top element of each considered 2-element vertical vector is a

diagonal element of Ahess. As shown in section 5.2, this element is positive. As shown in

Section 5.3, it has a large magnitude of at least 9 bits. The second element of the vertical

vector is an off-diagonal element of Ahess. As shown in subsection 5.2.3, it has a lower

magnitude of 7 bits. According to our simulations over a large number of FK iterations, the

magnitudes of the diagonal elements do not increase beyond 211 = 2048; thus, they can be

represented over an 11-bit bitwidth.

A feature of the FK algorithm is that the off-diagonal elements decrease in magnitude

80



over iterations. This means that rotations with large (coarse) angles for the initial FK it-

erations, and with small (fine) angles for the final FK iterations can be performed without

affecting the algorithm convergence. The sine and the cosine of each rotation angle are re-

trieved from large LUTs built with BRAMs. According to our simulations, it is sufficient to

represent these trigonometric functions with 8 bits of precision. All 11 bits of the diagonal

element and 4 bits out of 7 of the off-diagonal element (bits 6 downto 3 for the coarse-angle

iterations and bits 3 downto 0 for the fine-angle iterations) are concatenated to form a 15 bit

address. Since there are two functions to be retrieved (sine and cosine), and two types of

FK iterations (with coarse and fine angles), four sets of large LUTs are needed. Since the

sine and cosine have a precision of 8 bits and the address bus is 15-bit wide, each LUT

will include eight 32K× 1 BRAMs. Thus, there will be 4× 8 = 32 BRAMs in total, each

BRAM being configured as 32K× 1.

After the sine and cosine values have been retrieved from BRAMs, the rotation of the

considered 2-element vertical vector, as well as the accumulation of the rotation angle into

a global orthogonal matrix, will be performed with DSP slices, as discussed in Section 5.5.

To summarize, the critical path of a vector rotation consists of one BRAM access (which is

needed to retrieve the sine and cosine values) plus 3 MAC/DSP delays (which are needed

to complete the vector rotation). The vector rotations force the T − 1 = 15 off-diagonal

elements to zero sequentially, one at a time, which means that the latency of the QR de-

composition is T −1 = 15 BRAM delays plus (T −1) ·3 = 45 MAC/DSP delays. Another

4 MAC/DSP delays are needed to calculate the reverse product, R · Q, which will bring

the latency of a FK iteration to 15 BRAM delays plus 49 MAC/DSP delays. The hardware

cost has been discussed in Section 5.5.

The FK iterations will stop after the off-diagonal elements become sufficiently small (0,

1, or 2), that is, when the matrix is almost diagonal. At this point, the off-diagonal elements

will be approximated with zero, and the diagonal elements are good approximations of the

81



matrix’s eigenvalues. This will provide a reasonable good solution of the T linear equations

with T unknowns shown in Equation (2.9).

5.4.4 Optimization of Francis-Kublanovskaya Algorithm with Shift

The convergence of Francis-Kublanovskaya procedure can be significantly improved by

introducing shifts µ in Equation (5.31) in the iterations of the algorithm. Three commonly

used shifting techniques in FK algorithm are demonstrated as follows.

• Rayleigh Quotient Shift

Rayleigh Quotient Shift sets the shift µk in the k-th step of the FK algorithm equal to the

last diagonal element [61, 86]. Notice that the shift changes for each iteration step due to

the fact that the matrix to be QR decomposed updates in each iteration. If the shift in one

iteration equals to an eigenvalue of the matrix, it is expected that a zero will be injected

into off-diagonal position and thus diagonalize the Hessenberg matrix ultimately after a

reasonable number of iterations.

• Wilkinson Shift

Wilkinson Shift strategy, in contrast of Rayleigh Quotient Shift which chooses the last

diagonal element for the current iteration, is defined as choosing the eigenvalue (the one

closest to the last element) of the lower rightmost 2-by-2 sub-matrix of the matrix in the

current iteration as the shift quantity [87, 86, 88, 89]. The achievement of Wilkinson

shift is more expensive than that of Rayleigh Quotient approach, however, it offers better

performance, i.e. quadratic convergence rather than cubic convergence, in the worst case.

• Francis-Double Shift

When the problem comes into the case of complex scenario, Francis-Double Shift, which

is to simultaneously apply a complex conjugate pair of shifts, provides more robustness for
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converging in FK algorithm [90, 86, 91]. Let the complex conjugate pair µ1 and µ2 be two

complex-valued eigenvalues of the lower rightmost 2-by-2 sub-matrix of the matrix in the

current iteration, as Wilkinson Shift described above. And then perform two FK algorithm

with µ1 and µ2 as shifts. The first iteration is exemplified for demonstration.

A0 − µ1I = Q1R1

A1 = R1Q1 + µ1I

A1 − µ2I = Q2R2

A2 = R2Q2 + µ2I

In either approach demonstrated above, the core work is to make estimation of shifts

which are as much close as eigenvalues. With proper choices of shifts, the off-diagonal

elements will be approaching zero and thus convergence of FK algorithm can be accelerated

significantly. As the analysis of convergence of FK algorithm is of less research interest

considering the scope of this dissertation at this stage, investigation of the shift techniques

in FK operation is left for future work.

5.4.5 Software Alternative to Solve Eigenvalue Decomposition

An alternative to performing FK iterations is to stop right after the completion of QR de-

composition of the Hessenberg matrix and solve the resulting system in software through

back substitution. While this solution is appealing, it will introduce a number of problems

on its own. In particular, the rotation matrices will also have to be calculated in software.

It will also require support for division, which not many embedded processors provide. In

addition, back substitution is a sequential process, which will have negative impact on the
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total latency. Since an FPGA-only solution is being discussed in this paper, this approach

is not considered any further and is left for future work.

5.5 Matrix Rotation through Matrix Multiplication

The rotations of a Hermitian matrix Θ and a symmetrical real-valued Hessenberg matrix

Ahess, which are described as products with unitary or orthogonal matrices, F ·Θ ·FH and

QT· Ahess, the accumulation of two rotation matrices Q1 and Q2 into a single unitary or

orthogonal matrix, which is described as a product Q1 ·Q2, as well as the reverse product

of the Francis-Kublanovskaya algorithm, R · Q, can be implemented with Virtex-7 DSP

slices [67]. In the most general case, each element of a T × T product matrix is the result

of an inner product of a T -size row of the multiplicand matrix by a T -size column of the

multiplier matrix. If a separate DSP slice is used to calculate each such an inner product,

a total of T 2 = 256 DSP slices are needed to implement a real-valued matrix multipli-

cation, and 2 · T 2 = 512 DSP slices are needed to implement a complex-valued matrix

multiplication (256 DSP slices for each of the real and imaginary parts). Source code ex-

cerpt can be found as Figure A.1 and Figure A.2 in Appendix A, and testbench code

excerpt can be found as Figure A.3 in Appendix A. In such a scenario, there will be T and

2T Multiply-and-ACumulate (MAC) operations on the critical paths of the real-valued and

complex-valued matrix multiplications, respectively. The programmable pipelining feature

of the DSP slices in a Virtex-7 FPGA [67] allows the MAC operations to be pipelined with

two stages. In this dissertation, a cycle in this two-stage pipeline, which is obviously half

the delay of a MAC operation, is refered to as a MAC/DSP cycle. Due to two-stage pipelin-

ing, the T = 16 MAC operations of a real-valued matrix multiplication will be executed

in T + 1 = 17 MAC/DSP cycles, and the 2T = 32 MAC operations of a complex-valued

matrix multiplication will be executed in 2T + 1 = 33 MAC/DSP cycles.

A reduction in both the number of DSP slices and latency can be achieved by taking
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advantage of the specific structures of matrices involved in the computation. In particular,

the QR decomposition of a symmetrical real-valued Hessenberg matrix, Ahess = Q ·R ⇒

QT·Ahess = R, is performed by zeroing its lower off-diagonal elements sequentially, one

at a time, through rotations of 2-element vertical vectors, where each such vector com-

prises a diagonal element and an off-diagonal element of Ahess. The rotation matrix QT is,

therefore, the product of elementary rotation matrices QT
1 ,Q

T
2 , . . . ,Q

T
T−1:

Ahess = Q1 ·Q2 · . . . ·QT−1︸ ︷︷ ︸
Q

· R ⇒ QT
T−1 · . . . ·QT

2 ·QT
1︸ ︷︷ ︸

QT

· Ahess = R (5.32)

Each elementary rotation matrix, Qi, is constructed from an identity matrix, by replac-

ing the elements (i, i), (i, i + 1), (i + 1, i), and (i + 1, i + 1) with cos θ, − sin θ, sin θ,

and cos θ, respectively, where θ is the rotation angle. Therefore, a multiplication by an ele-

mentary rotation matrix requires only 2 MAC operations, which translate into a latency of

3 MAC/DSP cycles per elementary rotation. There are T−1 = 15 off-diagonal elements to

be zeroed; therefore, the total latency of all elementary rotations in the QR decomposition

is 3 · (T − 1) = 45 MAC/DSP cycles. The resulting upper triangular matrix R will have

at most three non-zero elements per row. Therefore, only 3 · (T − 2) + 2 + 1 = 45 DSP

slices are needed to calculate it. The accumulation of each elementary rotation matrix into

a global orthogonal matrix is a real-valued matrix multiplication. We decided to allocate

T 2 = 256 DSP slices for this task.

It is also observed that the symmetrical real-valued Hessenberg form is preserved dur-

ing a FK iteration, which means that only the main diagonal and the first lower sub-diagonal

need to be calculated during the reverse product, R ·Q (the upper sub-diagonal is identical

to the lower sub-diagonal). The effect is that T + (T − 1) = 31 DSP slices suffice to

complete this operation. Since the reverse product is calculated only after the QR decom-

position is completed, the DSP slices used in the rotation phase can be reused. However,
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to simplify the design process, we decided to allocate separate DSP slices to this task. Due

to the small number of non-zero elements in the matrix Ahess, the reverse product requires

3 MAC operations, which translate into a latency of 3 + 1 = 4 MAC/DSP cycles.

A complex-valued rotation used in the Householder transformation, F ·Θ or Θ · FH ,

and an accumulation of two unitary matrices Q1 and Q2 into a single unitary matrix are

complex-valued matrix multiplications. Each such operation requires 2 · T 2 = 512 DSP

slices (256 DSP slices for each of the real and imaginary parts) to calculate all elements of

the product matrix in parallel. The latency of such an operation is 2T + 1 = 33 MAC/DSP

cycles.
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CHAPTER 6

BEHAVIORAL IMPLEMENTATION OF SVD ON FPGA

In implementing the EigenValue Decomposition (EVD) and/or Singular Value Decompo-

sition (SVD) onto FPGAs, the architectural support provided by the reconfigurable fabric

needs to be considered. In FPGAs the programmer has direct control on resource place-

ment, but less on routing. This makes the implementation of systolic architectures [92, 93,

94, 95, 96, 97, 98] difficult to optimize, since a single longer delay will slow down the entire

systolic array. This impediment brings a question: ”is it possible to write behavioral VHDL

and obtain real-time response?” One of the solutions is to implement the EVD/SVD as a

microcoded engine, in which optimized computing units are replicated rather than reused

with the help of multiplexers. A small/inexpensive FPGA can easily accommodate 4 × 4

SVD. For larger matrices (for example, 16 × 16), multiple FPGAs can be used if neces-

sary. In this chapter, techniques to generate a behavioral implementation of SVD that can

be easily mapped onto FPGA are described. The main goal is to reduce the effort of the

design and coding.

6.1 Introduction

Many SVD algorithms are available [61]. The two-sided Jacobi algorithm partitions the

channel transfer matrix, M , into 2×2 blocks, and then uses pairs of rotations to force the

off-diagonal entries of each block to zero. The one-sided Jacobi (Hestenes) [99] is equiva-

lent to the two-sided Jacobi that is applied to the symmetric matrix MTM . Although these

two algorithms show similar numerical and convergence performances, the rotation angle

calculation in the one-sided Jacobi is more costly than in the two-sided Jacobi, as it requires

the squared column norms of column vectors, as well as their covariances [100, 101]. The
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angle calculation is even more complicated in complex-valued matrices. For these rea-

sons, only the two-sided Jacobi algorithm is considered below. As it will become apparent,

the two-sided algorithm can be implemented with a single type of operations, namely the

two-dimensional (2D) vector rotation. This is a major advantage from an implementation

standpoint.

Regarding the arithmetic capabilities, FPGAs from both major vendors Altera [102] and

Xilinx [66] support three-argument ripple-carry addition and subtraction. This architectural

feature is very helpful in implementing multiple vector rotations using the COordinate

Rotation DIgital Computer (CORDIC) algorithm [103, 104], where a single rotation uses

a shift and an addition. It is observed that only Xilinx offers explicit architectural support

for multiplexing [105, 106]. For this reason, a portable code should favor arithmetic rather

than multiplexing operations.

A strategy is proposed to easily implement the SVD in behavioral code. The aim is

to achieve a computing performance in reconfigurable hardware similar to prior-art, but

with a much lower effort of design and coding. In that sense, the proposed architecture is

microcoded [107] rather than a systolic array, in which only one type of computing units,

namely CORDIC, is used. We replicate arithmetic units (although they will be idle at

specific moments in time) rather than reusing existing units with the help of multiplexers,

as arithmetic has operator representation in Hardware Description Languages (HDL). Each

computing unit is given a distinct clock signal, which is independently controlled within

the horizontal microinstruction. The periods of these clock signals are defined through

program. Thus, the units’ latencies as well as the placement and routing process are not

critical. These techniques together with a modified CORDIC algorithm, which we also

disclose, allows for an easy implementation of complex-valued SVD. Our work is meant

to support wireless communication domain [108], and it has been verified on a Virtex-7

platform [109, 110]. Our recommendations for implementing complex SVD onto FPGAs
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are as follows.

• Use double semi-angle CORDIC rotators as described in the chapter, since this sim-

plifies angle arithmetic without explicitly representing angles in 2’s complement no-

tation.

• Avoid systolic architectures, since routing in FPGAs (and thus routing delay and

the overall performance of the systolic array) is not under the direct control of the

programmer. Use instead a microcoded engine to control the computing units’ clock

signals in firmware, thereby eliminating the need for a tight routing optimization.

• Use an implementation style that facilitates portability to other FPGA families:

(i) where possible use arithmetic operators rather than multiplexers, (ii) use multi-

ple non-programmable computing units rather than a single highly-programmable

computing unit, and (iii) use a distributed register file rather than an encoded one.

The chapter is organized as follows. Section 6.2 provides background information.

Section 6.3 discloses the modified CORDIC unit, and describes its use in implementing

the SVD. Section 6.4 presents the SVD microcoded engine. Section 6.5 provides an as-

sessment of the implementation performance. Section 6.6 compares the proposed SVD

implementation against prior-art. Section 6.7 concludes the chapter.

6.2 Background

This section provides the fundamentals of vector rotations and matrix decompositions

through unitary transformations. It emphasizes those techniques which are particularly

important for implementation onto FPGAs.
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6.2.1 CORDIC and Semi-CORDIC

COordinate Rotation DIgital Computer (CORDIC) is an iterative algorithm for rotating a

2D vector, [x, y]T , by an arbitrary angle, θ, using only shifts and additions [103, 104]. The

original CORDIC identities are shown below.


x(i+ 1) = x(i)− σ(i) 2−iy(i)

y(i+ 1) = y(i) + σ(i) 2−ix(i)

θ(i+ 1) = θ(i)− σ(i) arctan
(
2−i
) (6.1)

where i = 0 . . . N−1 is the iteration index,N is the number of iterations and the wordlength,

and σ(i) = ±1 is the direction (clockwise or counterclockwise) of the rotation. According

to Equation (6.1), the rotation angle, θ, is expanded into a sum of N signed elementary

angles, α(i) = arctan (2−i). The domain of convergence for N = 16 is greater than

[−90◦,+90◦]:

−
N−1∑
i=0

arctan
(
2−i
)

︸ ︷︷ ︸
−99◦ 53′

≤ θ ≤ +
N−1∑
i=0

arctan
(
2−i
)

︸ ︷︷ ︸
+99◦ 53′

(6.2)

CORDIC has two operation modes. In the rotation mode, the rotation direction is

made to decrease the magnitude of the residual angle: σ(i) = +1 if θ(i) ≥ 0, otherwise

is −1. In the vectoring mode, the vector is rotated in order to align it with the x axis,

such that y approaches zero: σ(i) = −1 if y(i) ≥ 0, otherwise is +1. In both modes

the coordinates x and y are scaled up by a factor (Equation (6.3)), whose compensation is

needed to maintain the initial vector magnitude. For N = 16:

N−1∏
i=0

√
1 + 2−2i ≈ 1.64676025812 (6.3)

The CORDIC scale factor decreases slightly when i is iterated from 1 to N rather
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than from 0 to N−1. Each elementary angle will then be reduced to approximately half

the original value, since arctan 2−i ≈ 2 arctan 2−i−1. We refer to this modified algo-

rithm as semi-angle CORDIC. To keep [−90◦,+90◦] within the convergence domain,

each semi-angle iteration will be executed twice. In this case, the convergence domain

and CORDIC scale factor for N = 16 are:

−2
N∑
i=1

arctan
(
2−i
)

︸ ︷︷ ︸
−109◦ 46′

≤ θ ≤ +2
N∑
i=1

arctan
(
2−i
)

︸ ︷︷ ︸
+109◦ 46′

(6.4)

N∏
i=1

(√
1 + 2−2i

)2
≈ 1.35590967375825 (6.5)

With respect to numerical accuracy, it should be mentioned that in order to prevent

round-off errors from contaminating the final result, at least log2 n additional low-order

bits are necessary in CORDIC for intermediate values [104].

6.2.2 QR Decomposition through Givens/CORDIC Rotations

Equation (6.6) shows a 2×2 matrix M with complex-valued elements A, B, C, and D.

M =

A B

C D

 =

are + j aim bre + j bim

cre + j cim dre + j dim

 (6.6)

To convert this matrix into a triangular one, R, Givens rotations [111, 61] are applied

onto the first column of M from the left, such that the bottom-left element is forced to

zero. These rotations are also propagated to the right column of M . The decomposition is

shown in Equation (6.7).

M = Q ·R ⇔ R = QH ·M (6.7)
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The Givens rotations are implemented with CORDIC, where the rotations are per-

formed either on complex numbers regarded as vectors (such as, are + j aim = [are, aim]),

or on pairs of real (or imaginary) adjacent values (such as, [are, bre] or [aim, bim]). The com-

puting scenario is as follows.

1. Multiply the matrix M by a rotation matrix, which is implemented with two in-

dependent vectoring CORDIC operations, so that the complex elements of the first

column, A and C, become real numbers:

M =

ejαa 0

0 ejαc


︸ ︷︷ ︸
G(αa, αc)

·

ρa (bre + j bim) e− jαa

ρc (dre + j dim) e− jαc


︸ ︷︷ ︸

M ′

(6.8)

where ρa =
√
a2re + a2im and ρc =

√
c2re + c2im.

2. Propagate the rotation angles αa and αc to the second column and incorporate them

into the elements B and D, respectively, through two rotation CORDIC operations:

M ′ =

ρa (bre + j bim) e− jαa

ρc (dre + j dim) e− jαc

 =

ρa b′re + j b′im

ρc d
′
re + j d′im

 (6.9)

3. Multiply the resulting matrix M ′ by another rotation matrix, which is implemented

with a vectoring CORDIC operation, to force the now real-valued element C to zero.

Incorporate this angle into the second column through separate rotation CORDIC

operations onto the real and imaginary parts.

M ′ =

cos θac −sin θac

sin θac cos θac


︸ ︷︷ ︸

G(θac)

·

ρac b′′re+j b′′im

0 d′′re+j d′′im


︸ ︷︷ ︸

R

(6.10)
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where ρac =
√
ρ2a + ρ2c and the second complex-valued column is processed as two sepa-

rate real-valued columns:b′re
d′re

 =

cos θac −sin θac

sin θac cos θac

 ·
b′′re
d′′re


b′im
d′im

 =

cos θac −sin θac

sin θac cos θac

 ·
b′′im
d′′im


(6.11)

As a result:

M = G(αa, αc) ·G(θac)︸ ︷︷ ︸
Q

·R = Q · R (6.12)

where the matrix R is upper triangular, in which its elements on the second column are

complex numbers. Further Givens rotations from the left and from the right will force

these elements real, as presented below.

4. Add another rotation, which is implemented with a vectoring CORDIC operation, to

convert the bottom-right complex-valued element, D, into a real number.

R =

ρac b′′re+j b′′im

0 d′′re+j d′′im

 =

1 0

0 e− jαd′′


︸ ︷︷ ︸

G(αd′′)

·

ρac b′′re+j b′′im

0 ρd′′


︸ ︷︷ ︸

R′

(6.13)

where ρd′′ =
√

(d′′re)
2 + (d′′im)2, and a QR decomposition:

M = G(αa, αc) ·G(θac) ·G(αd′′)︸ ︷︷ ︸
Q′

· R′ = Q′ · R′ (6.14)

The fifth step is not a part of the QR decomposition per se. However, it is presented

here since it is highly beneficial to the singular-value decomposition task, as it will become
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apparent.

5. Convert the last complex-valued top-right element,B, into a real number through two

vectoring CORDIC operations applied from the left and from the right, respectively.

R′ =

ejαb′′/2 0

0 e− jαb′′/2


︸ ︷︷ ︸

G(αb′′/2)

·

ρac ρb′′
0 ρd′′


︸ ︷︷ ︸

R′′

·

e− jαb′′/2 0

0 ejαb′′/2


︸ ︷︷ ︸

GH(αb′′/2)

(6.15)

where ρb′′ =
√

(b′′re)
2 + (b′′im)2.

These five steps provide a decomposition in which the matrix R′′ is upper-triangular

and real-valued:

M = Q′′
L · R′′ · Q′′

R (6.16)

where:

Q′′
L = G(αa, αc) ·G(θac) ·G(αd′′) ·G(αb′′/2) (6.17)

Q′′
R = GH(αb′′/2) (6.18)

6.3 Singular-Value Decomposition (SVD)

The previous decomposition reduces the calculation of complex SVD to that of real SVD.

The real SVD is calculated by a sequence of two-sided rotations. Specifically, in every cycle

the real-valued 2×2 blocks located on the main diagonal of a larger matrix are diagonalized.

This process is shown in Equation (6.19), where the block real-valued elements are x, y, z,

and w. The matrix elements are then shuffled according to a cyclic-Jacobi scheme and the
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process is repeated [61].

cos θL − sin θL

sin θL cos θL


x z
y w


 cos θR sin θR

− sin θR cos θR

 =

s1 0

0 s2

 (6.19)

where the Left and Right rotation angles, θL and θR, are given in Equations (6.20)

and (6.21):

θSUM = θL + θR = arctan
y − z
w + x

θDIFF = θL − θR = arctan
y + z

w − x

(6.20)

θL =
θSUM + θDIFF

2
, θR =

θSUM − θDIFF

2
(6.21)

Equations (6.20) can each be evaluated iteratively using the vectoring CORDIC algo-

rithm. This way, each of the angles θSUM and θDIFF is mapped into a sum of signed elemen-

tary angles α(i) = ± arctan(2−i). The signs of these α(i), designated σSUM(i) ∈ {−1,+1}

and σDIFF(i) ∈ {−1,+1}, encode the directions of the rotations of the corresponding

CORDIC iterations. Having determined the angles θSUM and θDIFF, the left and right ro-

tation angles can be calculated with Equation (6.21). The left and right rotations of Equa-

tion (6.19) can be evaluated iteratively using the rotation CORDIC algorithm, where σL(i)

and σR(i) encode their rotation directions. It is apparent that Equations (6.20), (6.21),

and (6.19) are sequential.

The parallelism of the implementation is increased by calculating σL(i) and σR(i) in

lockstep with σSUM(i) and σDIFF(i) instead of waiting for θSUM and θDIFF, and then θL and

θR, to be entirely determined (Figure 6.1). It is apparent that σL, σR ∈ {−1, 0,+1} causing

a data-dependent CORDIC scale factor for the rotations by θL and θR (0 amounts to no ro-

tation). This is corrected by halving the elementary angles as in semi-angle CORDIC, and

doubling the number of rotation steps (Figure 6.2). The division by 2 in Equation (6.21),
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Rotation Permutations
σSUM = σSUM/2 + σSUM/2 − 1

2
− 1

2
= −1 + 1

2
+ 1

2
= +1 − 1

2
− 1

2
= −1 + 1

2
+ 1

2
= +1
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2
− 1

2
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2
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2
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2
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2
) = −1 + 1

2
+ (− 1

2
) = 0 − 1

2
+ (+ 1

2
) = 0 + 1

2
+ (+ 1

2
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σR = (σSUM − σDIFF)/2 − 1
2
− (− 1

2
) = 0 + 1

2
− (− 1

2
) = +1 − 1

2
− (+ 1

2
) = −1 + 1
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− (+ 1

2
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σL
σL1 = σSUM/2 − 1

2
± 1

2
∓ 1

2
+ 1

2

σL2 = σDIFF/2 − 1
2

∓ 1
2

± 1
2

+ 1
2

σR
σR1 = σSUM/2 ∓ 1

2
+ 1

2
− 1

2
± 1

2

σR1 = −σDIFF/2 ± 1
2

+ 1
2

− 1
2

∓ 1
2

Figure 6.2: Parallel rotations and half-rotations (σL = σL1 + σL2, and σR = σR1 + σR2).

which cannot be performed by a shift operation since the angle is represented in the arc-

tangent numeral system, is now implicitly performed. Thus, the third identity in Equa-

tion (6.1) no longer needs to be implemented, thereby simplifying the HDL coding. Since

only semi-rotations are used, the CORDIC scale factor is slightly smaller (1.35591 instead

of 1.64676).

Rotation Permutations

σSUM −1 1 −1 1

σDIFF −1 −1 1 1

σL = (σSUM + σDIFF)/2 −1 0 0 1

σR = (σSUM − σDIFF)/2 0 1 −1 0

Figure 6.1: Parallelizing rotations.

Figure 6.3 exemplifies the processing for a 4×4 matrix M . The 2×2 blocks located on

the main diagonal, (T, L) and (B,R) are real-valued, whereas the off-diagonal ones, (T,R)

and (B,L), are complex-valued in the most general case. The block (T, L) is rotated by

σ′L1 and σ′L2 on the left, and σ′R1 and σ′R2 on the right. Similarly, the block (B,R) is rotated

by σ′′L1 and σ′′L2 on the left, and σ′′R1 and σ′′R2 on the right. In parallel, these rotations are

propagated along the rows and columns of matrix M , such that the block (T,R) is rotated

on the left by σ′L1 and σ′L2, and on the right by σ′′R1 and σ′′R2. Similarly, the block (B,L)

is rotated on the left by σ′′L1 and σ′′L2, and on the right by σ′R1 and σ′R2. It is emphasized
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that blocks (T,R) and (B,L) are complex-valued, in which case a rotation by a Givens

matrix G(θac), like the one shown in Equation (6.10), is equivalent to two real rotations,

as it is apparent in Equations (6.22) and (6.23). As a result, the diagonal blocks (T, L)

and (B,R) are diagonalized (with the off-diagonal blocks (T,R) and (B,L) being rotated

accordingly) in parallel in 2N CORDIC steps. The elements of M are shuffled according

to a cyclic-Jacobi scheme, and the process is repeated until all off-diagonal elements of M

have been zeroed at least once. This constitutes one sweep. Several sweeps may be needed

to diagonalize M .

G(θac) ·

xre+jxim

yre+j yim

 = G(θac) ·

xre

yre

+ jG(θac) ·

xim

yim

 (6.22)

(
xre + jxim yre + j yim

)
·G(θac) =

=

(
xre yre

)
·G(θac) + j

(
xim yim

)
·G(θac) (6.23)

0

0

0

0

σ′
R1, σ

′
R2 σ′′

R1, σ
′′
R2

(T,L) (T,R)

(B,L) (B,R)

σ′
L1, σ

′
L2

σ′′
L1, σ

′′
L2

L – Left

B – Bottom

T – Top

R – Right

Figure 6.3: The SVD process for a 4× 4 matrix M .

The singular-value decomposition of a complex-valued matrix M is given by Equa-

tion (6.24), in which U and V are unitary matrices, and S is a diagonal matrix of singular

values.

M = U · S · V (6.24)
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The flowchart of the SVD implementation is as follows. The complex-valued matrix

M is first partitioned into 2×2 blocks. Each block located on the main diagonal of M

is converted into a real-valued block using orthogonal rotations, which are described by

Equations (6.8) to (6.10), (6.13), (6.15) and (6.16). These rotations are also applied to the

off-diagonal blocks of M , as well as are incorporated into the orthogonal matrices U and

V . The complex-to-real conversion is presented in Figure 6.4.

Update UA & C: complex−to−real

Update UD: complex−to−real

Null C Update U

B: complex−to−real Update U & V

Figure 6.4: Converting a complex 2×2 block ABCD into real.

Jacobi rotations are then used to diagonalize the real-valued blocks. This is described

in Equation (6.19). The Jacobi rotations are propagated to the the off-diagonal blocks of

M , as well as are incorporated into the left and right orthogonal matrices U and V . This

process is presented in Figure 6.5.

M: permutation U & V: permutation

ABCD: diagonalization Update U & V

ABCD: complex−to−real Update U & V

Figure 6.5: Diagonalizing the complex 2×2 block.

Jump Jump UART DRF Byte Word Result Load HT Reserved Clock
Address Condition RX/TX Address CS/WE CS/WE Select Signals Signals
10 bits 4 bits 2 bits 4 bits 2 bits 2 bits 2 bits 5 bits 6 bits 20 bits 7 bits

Figure 6.6: SVD Instruction Format
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6.4 SVD Engine Architecture

In implementing digital circuitry on reconfigurable hardware it is important to focus on the

use of the available FPGA primitives (namely, Look-Up Tables, Flip-Flops, Carry Chains,

etc.). The proposed implementation uses the fine-grained fabric and Block RAMs of an

XC7VX485T FPGA [109, 110]. The SVD engine is microcoded and consists of a number

of components, as presented in Figure 6.7 and discussed below.

• Frequency Divider to convert the FPGA clock into the SVD clock having a lower

frequency. The convertion ratio can be changed in order to accomodate functional

units with different latencies.

• Control Store (program memory) with an instruction width of 64 bits, which is

implemented with two 32-bit Block RAMs connected in parallel. The memory space

is 1024 instructions.

• Controller and Control Store Address Register (CSAR), which are build with a

10-bit counter with Reset and Load capabilities.

• Distributed Register File (DRF), which stores the U , M , and V matrices. It is

built with Block RAMs.

• A set of CORDIC engines to perform vector rotations: (i) vectoring twin

semi-angles, (ii) rotation double semi-angles, (iii) rotation single semi-angle (the

second semi-angle provides a rotation with a zero angle, for preserving a uniform

CORDIC scale factor).

• Simple Arithmetic-Logic Unit (ALU) for performing the additions and subtractions

needed in calculating the numerators and denominators of Equations (6.20).

• Hermitian Transposition Unit (HTU), which calculates the Hermitian transposition

of each of the matrices U , M , and V independently, as specified by program.
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• Jacobi Permutation Unit (JPU). It permutes the matrices U , M , and V according

to the cyclic-Jacobi order.

• Scale Factor Reduction Unit (SFRU), which scales down the elements of matrices

U , M , and V by a power of 2 in order to compensate the CORDIC scale factor.

• Binary Counters, which signal the completion of specific multi-cycle operations:

CORDIC, Jacobi, and sweep.

• Result Selection Unit (RSU), which selects what unit will write its result back to the

distributed register file.

• Read Data Bus and Write Data Bus, which connect the distributed register file with

each functional unit.

• Angle Bus, which is needed for brodcasting angles from vectoring CORDIC units to

rotation CORDIC units every SVD cycle.

• Control Bus, which includes the Load, Clock, Select, and Address lines of all func-

tional units. It controls which operations are performed every SVD cycle.

• Communication Unit (UART, USB, or Ethernet) to upload/download data to/from

a host computer. This unit is not shown in the block diagram.

100



Load Bus

Clock Bus

Select Bus

Address Bus

JUMP
Address

Store
Control

CLK
FPGA

Frequency

Divider

Jacobi Permute

Reduction
Scale Factor

Transpose
Hermitian

CORDIC Units

Register File
Distributed

Counters

Address

SVD CLK

Control Bus

Controller

CSAR
+

Angle Bus

R
e
a
d

 D
a
ta

 B
u

s

W
r
it

e
 D

a
ta

 B
u

s

Selector
Result

Reset

Operation

Complete

Figure 6.7: The SVD architecture on FPGA.

The format of the microinstruction is shown in Figure 6.6. The field Jump Address

provides the argument for a JUMP instruction. Its type, which can be unconditional jump,

UJUMP, or conditional jump, CJUMP is specified by the field Jump Condition. The field

UART RX/TX encodes the direction of the data transfer with the host computer (Receive or

Transmit). DRF Address specifies the address to the distributed register file. Byte CS/WE

and Word CS/WE fields encode the Chip-Select and Write-Enable signals for the Block

RAMs operating in the Byte and Word modes, respectively. Result Select specifies which

unit writes its result back to distributed register file. Load Signals and Clock Signals pro-

vide the control signals of each functional unit. Field HT encodes the type of the transpo-

sition (Hermitian or Transpose).

The Load operations are synchronous. Through microcode the Load line is first acti-

vated. Then the Clock lines is exercised, thereby loading data from distributed register file

into the designated functional unit. By exercising the Clock line further an iterative oper-

ation (such as, CORDIC) is performed. At the end the data is written back to distributed

register file. The ability to exercise the Clock lines through program easily accomodates

functional units with different latencies, a feature that simplifies the implementation of the
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SVD and facilitates its porting onto different FPGA families.

The most important modules of the SVD engine are presented in detail below. A spe-

cific attention is given to those implementation techniques relevant for FPGA hardware.

6.4.1 Controller, CSAR, and Control Store

The Controller is a finite-state machine, which is built with a 10-bit counter. Its main

function is to generate address data for the Control Store and store it in the Control Store

Address Register. Both Unconditional JUMP and Conditional JUMP with conditions re-

turned from the Counters are supported.

6.4.2 Distributed Register File

It comprises a separate section for each of the matrices U , M , and V . Each complex

element is stored into two separate Block RAMs (one for the real component and one

for the imaginary component) at the same address. Although only a very small number

of entries in each Block RAM is used, this is not a waste of resources since these Block

RAMs comprise complete address decoding logic, which therefore does not need to be

implemented within the FPGA fine-grained logic.

The Block RAMs are dual-port. Ports A are configured as 4K×8, and are chained for

serial data transfer with a host computer. Ports B are configured as 1K×32 to support

32-bit variables, which are sufficient for most situations of practical interest. Consider a

4×4 complex-valued SVD application. To store U , M , and V matrices, 3×4×4×2 = 96

Block RAMs are needed. It is observed that a XC7VX485T device, which is a medium-size

Virtex-7 FPGA, comprises over 1000 Block RAMs. The HDL coding of Block RAMs is

straightforward, as it simply instatiates Xilinx primitives [109].
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6.4.3 CORDIC Engines

An examination of Equations (6.8) to (6.10), (6.13), (6.15) and (6.19) to (6.21) reveals that

all vector rotations needed in different SVD phases can be implemented with a set of four

fundamental semi-angle CORDIC units:

(i) Twin Semi-Angle Vectoring (TSAV) CORDIC, in which both semi-rotations are per-

formed in the same direction, as given by the sign of the cartesian coordinate y;

(ii) Double Semi-Angle Rotation (DSAR) CORDIC, in which the semi-rotations can be

performed in different directions, as specified by the TSAV units placed in the same

row and column with the DSAR unit, respectively;

(iii) Single Semi-Angle Rotation (SSAR) CORDIC, which is built with a DSAR that has

one of its semi-angles implementing a zero rotation, and

(iv) Double Semi-Zero Rotation (DSZR) CORDIC, which is a DSAR with opposite

semi-angle rotations.

With this set of four fundamental CORDIC units, a composite set of functional units

performing the vector rotations needed in different SVD processing phases is built.

(I) AC Complex-to-Real (CtoR-AC) Converter, which rotates the complex-valued ele-

ments A and C into real numbers with TSAV units, as described in Equation (6.8).

The rotation angles are propagated along the rows of M and columns of U with

DSAR units. Matrix V is rotated with a zero angle with DSZR units to enforce a

uniform scaling factor across all three matrices (U , M , and V ).

(II) C Nulling Unit (Null C), which zeros element C with TSAV units, as described

in Equation (6.10). The rotation angle is also propagated along the rows of M and

columns of U with DSAR units. Matrix V is rotated with a zero angle with DSZR

units in order to enforce a uniform scaling factor across all matrices.
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(III) D Complex-to-Real Converter (CtoR D), which rotates the complex-valued element

D into a real number with TSAV units, as described in Equation (6.13). The rotation

angle is also propagated along the corresponding row of M and column of U with

DSAR units. All the other elements of U , M , and V are rotated with a zero angle

with DSZR units to enforce a uniform scaling factor.

(IV) B Complex-to-Real Converter (CtoR B), which forces the complex-valued element

B into a real number with TSAV units, as described in Equation (6.15). The rotation

angle is also propagated along the rows and columns of U , M , and V with SSAR

units.

(V) Jacobi Diagonalization Unit (JDU), which rotates both off-diagonal elements to zero

with TSAV units, as described in Equation (6.19). The left and right rotation angles

are propagated along the rows and columns of U , M , and V with DSAR units.

All these units are deployed onto FPGA and launched into execution under the control

of the program as needed. There is no reuse of CORDIC units. A CORDIC unit for each

vector rotation operation is instantiated, despite most of those units will be idle at different

time moments. Such a strategy of non-reusing CORDIC units avoids the instantiation of

multiplexers, which do not have HDL operator representation.

Equation (6.25) and Equation (6.26) show the identities for the Twin Semi-Rotations

and Double Semi-Rotations CORDIC. The next section discusses the details of their im-
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plementation in reconfigurable hardware.



x(j + 1) =
[
x(j)− σ(j)2−j−1y(j)

]
− σ(j)2−j−1

[
y(j) + σ(j)2−j−1x(j)

]
= x(j)− 2−2j−2x(j)− σ(j)2−jy(j)

y(j + 1) =
[
y(j) + σ(j)2−j−1x(j)

]
+ σ(j)2−j−1

[
x(j)− σ(j)2−j−1y(j)

]
= y(j)− 2−2j−2y(j) + σ(j)2−jx(j)

(6.25)



x(j + 1)=
[
x(j)− σ1(j)2−j−1y(j)

]
− σ2(j)2−j−1

[
y(j) + σ1(j)2

−j−1x(j)
]

= x(j)− σp(j) 2−2j−2 x(j)− σs(j) 2−j−1 y(j)

y(j + 1)=
[
y(j) + σ1(j)2

−j−1x(j)
]
+ σ2(j)2

−j−1 [x(j)− σ1(j)2−j−1y(j)
]

= y(j)− σp(j) 2−2j−2 y(j) + σs(j) 2−j−1 x(j)

where σs(j) = σ1(j) + σ2(j) and σp(j) = σ1(j) · σ2(j)

(6.26)

6.5 Implementation and Performance Assessment

Consider that the input matrix M has a 16-bit wordlength. CORDIC requires addi-

tional log2 16 = 4 low-order (fractional) bits to maintain the 16-bit precision. Another

eight high-order (integer) bits are needed to accomodate the increase in magnitude due

to CORDIC and SVD. This brings the total wordlength to 28 bits. The design has been

mapped onto a XC7VX485T FPGA [109, 110].

Implementing the Twin and Double Semi-Rotations CORDIC has been given special

attention. It is apparent that Equation (6.25) is a particular case of Equation (6.26) when

σ1(j) = σ2(j), ∀j. In general, FPGAs provide architectural support for ternary addition.

In particular, Xilinx FPGAs support 3-operand addition with 4-input LUTs and a dedicated

carry chain [66], in which the 4th operand is a second carry signal. As a result, it is possible
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to implement the two semi-rotations presented in Equations (6.25) and (6.26) with modern

standard 6-input LUTs, in which σ1(j) and σ2(j) will be the 5th and the 6th operands.

Barrel shifters are needed to implement the right shift operations over j and 2j + 2

bits. A DSP unit can implement left shift through multiplication by a power of 2. A

right shift can be emulated by bit-reversing the argument. There are 2800 DSP units

in an XC7VX485T FPGA, which are sufficient for implementing large complex-valued

SVD tasks. However, those placement difficulties, which are encountered when both

coarse-grained and fine-grained resources are used in the same design, translate into long

interconnection delays to reach the DSP units. A compact design using the fine-grained

fabric alone is preferred when simple arithmetic (like binary and ternary additions used in

CORDIC) is implemented.

Dedicated F7MUX and F8MUX multiplexers, which are available in an FPGA

slice [109], can be used to implement the barrel shifters. A slice supports a 16:1 multi-

plexer [106], and one such multiplexer is needed per each bit being shifted. In the alter-

native that multiplexers are traded-off for arithmetic, the CORDIC recursion is unrolled

to hardcode the shift operations and eliminate the barrel shifters. For arithmetic has HDL

operator representation, the coding effort is reduced. Since a CORDIC iteration is required

for each bit of precision, the unrolled hardware is not larger than the rolled hardware.

Table 6.1 presents the FPGA utilization figures. The communication with a host com-

puter is serial. Therefore, only 16 I/O pins (less than 3%) are used. The LUTs and Block

RAMs occupy 37% and 10% of the fine-grained fabric. Subject to logic capacity, it is

possible to extend the SVD to larger matrices. Our 4×4 complex SVD can be calculated

in less than 1200 machine cycles with a frequency of 48 MHz. This represents a latency

of 1200/48 = 25µsec, which is in line with prior-art but at a smaller effort of design and

HDL coding.
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FPGA Element Total Percentage

LUT 110686 37%

Block RAMs 98 10%

I/O Pins 16 2%

Table 6.1: Utilization figures for 4×4 complex SVD.

6.6 Related Work

Brent, Luk, and van Loan have proposed a mesh-connected processor array to compute the

real SVD [92, 93]. Each processor operates on a 2×2 block of elements, in which the diag-

onal processors propagate the rotation angles to the off-diagonal processors. Cavallaro and

Luk [94] and Hemkumar and Cavallaro [95, 112] have extended this work and introduced

a CORDIC-based systolic array for implementing the complex SVD. They explicitly cal-

culate the sum and difference angles in 2’s complement, and then evaluate the left and right

rotation angles by using adders and subtractors. Similar approach is used for calculating

the half angle needed to convert the complex B element (as labeled in Equation (6.6)) into a

real one. In our non-systolic architecture, which is easier to map onto reconfigurable hard-

ware than a systolic array, the left and right rotation angles are calculated simultaneously

with the sum and difference angles, and without the need of a CORDIC angle accumulator,

thereby simplifying the hardware and speeding up the SVD computation.

Ahmedsaid et al. [97] also use a systolic array to calculate the SVD of real-valued

matrices. Their processors are organized in a 2D mesh, in which the diagonal processors

incorporate two CORDIC units to extract the left and right rotation angles. After extraction,

these two angles are propagated to all off-diagonal elements. It is apparent that this is a

sequential process; in our architecture the angles are propagated simultaneously with their

extraction, thereby reducing the computing time.

Milford and Sandell [113] have introduced a CORDIC-based engine, which relies on
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an array of multipliers to calculate the sign of the rotations through the inners product of

column vectors. Martinez-Corral et al. [114] intensively use DSP units to calculate Euclid-

ian distances and perform the required vector multiplications. Our architecture only relies

on 2D vector rotations, in which the sign of the rotation is defined by the most-significant

bit of the y component. Thus, is more appropriate to be specified in behavioral HDL

code. Ma and Wang [115] have implemented the Milford and Sandell architecture on a

Kinect-7 FPGA, but they have only considered real-valued matrices. Our work considers

complex-valued matrices.

Ibrahim et al. [116, 117] have employed the Hestenes-Jacobi algorithm [99] to calculate

the real SVD, but in their work the division and square root operations are explicitly imple-

mented. Pradhan et al. [118, 119] also implemented the Hestenes-Jacobi method, but only

to calculate the SVD of symmetric matrices. Other attempts include the work of Mohanty

et al. [120], who have proposed a reconfigurable SVD of symmetrical real matrices. Ma et

al. [121] used the Xilinx CORDIC IP to implement the Hestenes-Jacobi method. We use

the two-sided Jacobi method, since it only requires 2D vector rotations. Thus, it is more

appropriate for HDL behavioral coding.

Zhang et al. [98] have proposed a systolic array to calculate the real SVD. The com-

puting speed of a systolic array is highly dependent on the delays of the communication

channels between processors. This is problematic in reconfigurable hardware, since the

routing is not under the direct control of the programmer (only the placement is). Our ar-

chitecture is not systolic, and it can accomodate different latencies as the clock period can

be adjusted through program.

Doukhnitch et al. [122] have proposed to perform the two-sided Jacobi rotation of a 2×2

block as a one-sided transformation of the equivalent 4D vector, which is multiplied by the

Kronecker product of the two rotation matrices. This architecture requires the evaluation

of the sign of the sum of the off-diagonal elements every iteration, whereas our architecture
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requires the evaluation of the sum and differences of the 2×2 block elements only at the

beginning of CORDIC.

Lee and Lang [123, 124] have used redundant arithmetic and correcting iterations to

have a constant CORDIC scale factor during the calculation of the left and right rotation

angles. In our architecture this is not needed, as double semi-rotations are implemented

with ternary adders to provide a constant scale factor for all matrices involved.

6.7 Summary

A modified CORDIC algorithm to support twin/double semi-angle rotations, in which the

recursions are fully unrolled, combined with a microcoded non-systolic architecture, facil-

itates the implementation of the SVD in behavioral HDL code, thereby reducing the effort

of the design and coding. The computing performance and hardware complexity are in line

or better than prior-art.
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CHAPTER 7

RESULTS AND DISCUSSIONS

This chapter demonstrates results and discussions of Eigenvalue Decomposition with re-

duced precision in Massive MIMO communication system, including the simulation results

on Xilinx FPGA board, the utilization analysis of on-chip resources as well as latency, and

Xilinx Design Constraints (XDC) details of simulation and synthesis based on the guidance

of Xilinx references [12, 126, 131, 129].

The source code was implemented in VHDL and Xilinx Design Constraints (XDC)

were carefully specified. Simulations carried out with Vivado [68] indicate that a clock

frequency of at least 100 MHz is feasible for each of the considered routines with slack

to spare. The contribution of different routines to the latency and hardware utilization of

solving Equation (2.9) is summarized in Table 7.1.
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Routine Latency Hardware

(cycles) LUT FF BRAM DSP

Build Matrix Θ

Θ = HH·H 50 23190 8464 512 0

Householder Reflection (iteration index i)

Squared Euclidian Norm: ‖X‖2 5 1160 235 0 0

Square Root:
√
X 2 16 30 8 0

Build the Householder Reflector: Fi 3 3885 11823 0 0

Left Rotation: Fi ·Θ
33

0 3504 0 512

Accumulation: Fi · Ftotal 0 4096 0 512

Right Rotation: Θ · FH
i (DSP reused) 33 4396 3504 0 0

Total 76 9457 23192 8 1024

Θ to Ahess through Householder Reflection Iterations

14× Householder 1064 9457 23192 8 1024

Complex to Real Matrix Conversion 20 511 492 0 0

Total 1084 9968 23684 8 1024

QR iteration (iteration index j)

Fetch sine and cosine to build Qj 1 0 0 32 0

Rotation: QT
j ·Ahess

3
0 3504 0 45

Accumulation: Q ·Qj 0 8192 0 256

Total 4 0 11696 32 301

FK iteration through QR iterations

15× QR of Ahess 60 0 11696 32 301

R ·Q 4 0 311 0 31

Total 64 0 12007 32 332

FK Algorithm

32× FK iterations 2048 0 12007 32 332

Other Routines

Control and housekeeping routines 816 1371 2880 16 0

EigenValue Decomposition

Grand Total 3998 34529 47035 568 1356

Table 7.1: Latency and hardware utilization figures (fCLK = 100 MHz).

The calculation of the matrix Θ can be completed in 50 cycles at a frequency of

100 MHz, as presented in Section 5.1. The squared Euclidean norm and the square root

can be calculated in 5 and 2 cycles, respectively. The Householder reflector can be calcu-
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lated in 3 cycles. The reflection (F ·Θ) can be performed in parallel with the accumulation

of the reflector (F2 ·F1) in 33 cycles. The application of the reflector to the right (Θ ·FH)

requires another 33 cycles. It is noted that the Hermitian product (F H
1 · F H

2 ) need not be

calculated, since it can be easily obtained from the accumulated reflector (F2 ·F1). In total,

a Householder reflection can be performed in 76 cycles, which means that the real-valued

Hessenberg form can be obtained in 14× 76 + 20 = 1084 cycles.

A QR iteration can be performed in 4 cycles, which means that the QR decomposition

of Ahess is completed in 15 × 4 = 60 cycles. The reverse product (R ·Q) is performed in

4 cycles. As a result, a complete FK iteration takes 60 + 4 = 64 cycles. The convergence

rate of the FK algorithm is cubical, and 32 iterations (approx. 2 iterations per eigenvalue)

are sufficient to diagonalize the matrix. This can be done in 32× 64 = 2048 cycles.

The control and housekeeping routines require another 816 cycles, which brings the

grand total to 3998 cycles. Simulations carried out with Vivado [68] indicate that our

code can run at 100 MHz with timing slack to spare, which means that a solution of Equa-

tion (2.9) can be obtained in 3998
100·106 ≈ 40µs. As mentioned in Section 1.1, the computation

budget is 52.7µs. This shows that our implementation provides real-time response.

Table 7.1 also provides hardware utilization figures. It is important to assess the mon-

etary cost of an implementation that is able to support all those hardware requirements.

The largest FPGA in the 7-series family is the Virtex-7 XC7VX1140T, which includes

1,139,200 Look-Up Tables (LUT), 1,424,000 Flip-Flops (FF), 1,880 Block Random Ac-

cess Memories (BRAM), 3,360 DSP Slices, and 1,100 I/O pins [67]. At the time of writing

this dissertation, the listed price for such an FPGA is $22,000 (Digi-Key Electronics [125]).

This device, although it supports all the needed hardware, is far from being inexpensive.

The implementation of a MMIMO system should therefore consider the use of multiple

inexpensive FPGAs. The XC7VX330T device, which is the smallest Virtex-7 FPGA with

326,400 LUTs, 408,000 FFs, 750 BRAMs, 1,120 DSP Slices, and 700 I/Os, is listed for
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$2630 (Digi-Key Electronics [125]). The logic capacity of this device is large enough

to support the total number of 34337 LUTs, 46943 FFs, and 568 BRAMs mentioned in

Table 7.1, but it fails to accomodate the total number of 1356 DSP slices. This means that

this FPGA can only implement the calculation of Θ and its conversion to a Hessenberg

form.

Another option would be to use Kintex-7 FPGAs [67]. A small device in this family

is the XC7K160T, which is listed for $257 (Digi-Key Electronics [125]). This device in-

cludes 101,400 LUTs, 325 BRAMs, and 600 DSP slices; therefore, it would be appropriate

to calculate the Francis-Kublanovskaya algorithm. As a result, the total price of imple-

menting a MMIMO system in standard configuration with two FPGAs (XC7VX330T and

XC7K160T) would be $2630 + $257 = $2887. A very small penalty in latency on the

order of 20 cycles will be needed in such a scenario to transfer data between the two FP-

GAs. Overall, it can be concluded that with inexpensive devices, the cost of the entire

eigenvalue decomposition is less than a few thousand dollars at 2020 prices. It should be

mentioned that, by comparison, Xu et al. has claimed the use of a Virtex-7 XC7VX690T

FPGA, which is listed for $7,000 (Digi-Key Electronics [125]) in a MMIMO application

with 12 transmitters [65].

Higher configurations have T = 32 or T = 64 transmit antennas, which means that

the size of the matrix Θ will be very large. As the result, the latencies of the conversion

to a Hessenberg format and FK algorithm will double or even triple. It should be observed

that Equation (2.4) exhibits both instruction-level and data-level parallelism in the sense

that all N = 256 instances of that equation can be calculated in parallel provided that

sufficient logic capacity is available. The real-time response in higher configurations can

be restored by replicating the platform for the standard configuration, such that each replica

will process a smaller number of instances. The monetary cost will obviously increase, but

this increase is linear. A thorough analysis is left for future work.
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When operating simulation and synthesis of the implementation coded in VHDL on

Vivado tool, Xilinx Design Constraints (XDC) [126] exemplified in Appendix A are ap-

plied by importing constraint files as well as source code files. XDCs are a combination

of industry standard Synopsys Design Constraints (SDC version 1.9) [127] and Xilinx pro-

prietary physical constraints [126]. XDCs are not simple strings but TCL (Tool Command

Language) [128] commands that to be interpreted and read/parsed sequentially [129]. It

is necessary to emphasize that such constraint files are easy to write in Tool Command

Language for global or local clock, I/O pins assignment, timing requirements, false paths

definitions, and so on. In this dissertation, for each individual top-level module being syn-

thesized, three customized constraint files are stored in a constraint set in Vivado project,

including:

• chip config.xdc specifies the property of configuration voltage, GND, and mode;

• pins assign.xdc specifies I/O standard and I/O location, assigning the ports of design

with particular pins on FPGA board;

• timing cons.xdc this is the target constraint in a current synthesis, which specifies the

system clock and/or generated clocks for a certain module, minimum and maximum

delay amount for each input port, minimum and maximum delay amount for each

output port, set false path from one point to another in the circuit as exceptions.

Since XDC constraints are processed sequentially, the order based on precedence rules

matters. In other word, if there exists conflicts of multiple constraints, the latest one wins.

In addition, the order of the constraint files matters. It must be the case that the constraints

in each file have no interdependence on the constraints in another file. Otherwise these two

files must be merged manually depending on the proper precedence policy, or divided into

several files and ordered appropriately.

It is worth mentioning that it is feasible to either select individual ports or groups of
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ports in the Ports window and assign them to package pins , or let the Vivado Design Suite

automatically place ports using information derived from the synthesized design [130].

Thus, in pins assign.xdc file, part of the ports are not specified by taking advantage of this

auto-assign feature of Vivado tool.

Within the scope of this dissertation, only constraints for synthesis and

post-simulation(timing-simulation) are exploited while physical constraints which are ig-

nored by the synthesis algorithms, such as placement and routing constraints, are not con-

sidered for now but left for future work. Since timing cons.xdc is set as target constraint

file, Timing Summary Report, seen Figure B.2 in Appendix B, is the key report to ana-

lyze where timing slack information will be summarized and violations will display if the

clock or delay constraints entered are too difficult to satisfy.

In the timing cons.xdc constraint file, system clock(primary clock) is defined with de-

sired value, e.g. 10.000ns which is equivalent to 100MHz, and is specified as {0.000

5.000} referring that the duty cycle(ratio) of this clock is 50%. In some certain modules,

e.g. the module used to download and store elements of Θ, a generated clock is also needed

to control the combination of ”write-enable” and ”chip-enable”. The constraint command

syntax of the generated clock is similar to that of the primary clock but needs to specify the

values accordingly. See example below:

create_clock -period 10.000 -name SYSCLK_P -waveform {0.000 5.000} [get_ports SYSCLK_P]

create_clock -period 33.000 -name CE_CLK -waveform {0.000 13.200} [get_ports GPIO_SW_C]

I/O delay is also defined in the target constraint file. Because the Vivado IDE recognizes

timing only within the boundaries of the FPGA board, commands ”set input delay” and

”set output delay” must be used to specify delay values that exist beyond these boundaries.

The ”set input delay” command interpret the input path delay on an input port relative to

a clock edge at the interface of the design [131]. When considering the application board,

this delay refers to the phase difference between:
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• The data propagating from an external chip through the board to an input package

pin of the FPGA device [131], and

• The relative reference board clock [131].

Thus, the value can be positive or negative depending on the relative phase between clock

and data at the interface of the device [131]. Similarly, the ”set output delay” command

specifies the output path delay of an output port relative to a clock edge at the interface of

the design [131]. When considering the application board, this delay represents the phase

difference between:

• The data propagating from the output package pin of the FPGA device, through the

board to another device [131], and

• The relative reference board clock [131].

The output delay value can be positive or negative depending on the relative phase between

clock and data outside the FPGA device. There are several options that can be used together

in the command, see example below:

set_input_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.030 [get_ports GPIO_SW_N]

set_input_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.045 [get_ports GPIO_SW_N]

set_output_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.020 [get_ports DOUT]

set_output_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.040 [get_ports DOUT]

”-clock” option is required by the Vivado IDE, which refers to the clock when discussed

the relative phase difference above. In the example constraint snippet, it is followed by

[get clocks SYSCLK P], which is the reference clock in the design. ”-min” and ”-max”

options refer to different values for ”Min delay analysis” (hold/removal) and ”Max delay

analysis” (setup /recovery). If these two options are not used, the input delay value applies

to both min and max. ”-add delay” option is used when

• A max (or min) delay constraint exists [131], and
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• a second max (or min) delay constraint is needed to specify [131]

The numerical values following ”-add delay” are the desired amount of delay which are

measured in nanosecond. The last portion of the command are the corresponding input

port and output port, using the syntax ”get ports” followed by the specific pin label.

The exceptions are also considered in the target constraint file, i.e. ”set false path”. It

indicates that a logic path exists in the design but should not be analyzed given the fact

that either it is not functional; or does not need to be timed. In a word, the false paths

should be ignored during timing analysis [126]. Typically, reset or test logic are always

categorized as false paths, as well as registers that might be written only once at power

up stage. See the constraint snippet below, in our design, the reset path(GPIO SW C is

configued as global reset button of the design) is set as false and will not be analyzed in

synthesis and timing-simulation.

set_false_path -through [get_ports GPIO_SW_C]

The most common complaints of Timing Summary Report are setup violations and

hold violations. The simulator will issue a setup or hold time violation any time data

changes at a register input (data or clock enable) within the setup or hold time window for

the particular register [132]. To fix these timing complaints, causes need to be investigated.

There are several typical reasons of setup or hold time violations [132]:

• The path to this register was not constrained;

• The testbench is providing stimulus without taking the device setup and hold times

into account;

• The path to this register is constrained, but is not meeting the specified constraint;

• The path was constrained and reported to be meeting timing, but clock skew was not

taken into account;
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• The data path to this register is asynchronous.

Before moving on to implementation stage, the design must ensure that it solves all the

major timing violations. Fixing the violations of setup and hold may appear contradictory.

The is because, summarizing briefly, setup violation happens since the data is too slow;

while hold violation happens since the data is too fast. Thus, to mitigate these timing

complaints, the essential idea is to adjust the data transition speed, i.e. increase or decrease

delay. Typical approaches to solve timing violations include:

• reduce the system clock frequency [133], i.e. increase the period to allow more

relaxing time for transmission and calculation;

• divide large combinational logic block into cascaded relatively small sequential logic

blocks, i.e. insert Flip-Flops to introduce pipelining [134];

• increase driver size or driver strength to speed up the data transition [135];

• add buffers/inverter pairs/delay cells/repeaters to introduce extra delay [135];

• adjust set max delay to solve the large delay of prior-logic to fix setup violations;

• adjust set min delay to solve the small delay of prior-logic to fix hold violations;

It is worth emphasizing the existence of trade-offs when fixing the timing violations.

For example, when increasing the driver size or driver strength to solve setup violation, it

consequently requires higher power consumption and more area used in the circuit; when

inserting buffers to solve hold violations, new setup violations may be triggered acciden-

tally. Thus the approaches proposed above must be applied and assessed carefully when

facing timing issues.

118



CHAPTER 8

CONCLUSIONS

In this dissertation the implementation of Massive MIMO (MMIMO) base stations in

fixed-point arithmetic with reduced precision has been addressed. The main focus of

the research has been on the real-time eigenvalue decomposition of Hermitian matrices,

which is the most computationally expensive portion of data detection and decoding pro-

cess. The implementation platform is based on inexpensive hardware, such as reasonably

sized Field-Programmable Gate Arrays (FPGA). The net beneficial effect of the proposed

approach is that the cost of MMIMO base stations is reduced, which will stimulate the

widespread deployment of this 5G technology.

This chapter summarizes the overall investigations and achievements. It is organized

in three sections. Section 8.1 discusses the overall conclusions of the research work. Sec-

tion 8.2 enumerates the major contributions. Section 8.3 proposes further research direc-

tions.

8.1 Summary

In this dissertation, a number of problems related to the implementation of Massive MIMO

base stations have been investigated, and solutions have been proposed. The overall

achievements can be summarized as follows.

In Chapter (2) a survey of the prior art in the area of Massive MIMO base stations

have been presented. In particular, it has been identified that since large-scale computation

is needed for data detection and decoding based on measurements from high-resolution

Analog-to-Digital Converters (ADC) connected to highly-linear RF front-end amplifiers

for each receive antenna, the cost of MMIMO base stations is very high, which is a key
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impediment to their widespread deployment. Inexpensive devices, such as coarse ADCs,

were also used in prior art [9, 10, 8]. However, the work presented in this dissertation

considers an implementation of MMIMO base stations in terms of Bit-Error Rate (BER)

using both demodulation linked with an error correction code as opposed to prior art which

considers only capacity calculations.

Chapter (3) presents a demonstration of a MMIMO base station performance showing

that coarsely quantized measurements with lower precision calculations can give acceptable

BER performance. In particular, it has been considered that the receiver has access to

ideal channel state information, since it has been shown that with an iterative algorithm

the channel estimation error can be made smaller than the measurement noise [43]. The

main conclusion of this chapter is that the noise power is significantly greater than the

information signal power on each individual antenna, so that if a high resolution ADC is

employed most of its output bits are nearly independent of the information signal. This

provides the motivation for the use of coarse quantization, as for high-resolution quantizers

the bits of lower significance are mostly independent of the data signal.

In Chapter (4) implementing MMIMO base station receiver in fixed-point arithmetic

with reduced precision is investigated and the minimum wordlength needed to maintain

BER at acceptable levels is reported. In particular, the wordlength of the unitary matrix, Q

in the eigenvalue decomposition of matrix Θ = HH ·H = Q · Λ ·QH, where H is the

channel transfer matrix, can be represented with a short wordlength of 6 bits. This result is

inline with the fact that matrix Θ is diagonal dominant.

In Chapter (5) the FPGA implementation of linear algebra operations used in MMIMO

base stations is presented. Main operations include matrix multiplication, transformation

from Hermitian form to Hessenberg form by Householder reflector, conversion from com-

plex-valued matrix to real-valued one, QR decomposition and eigenvalue decomposition.

A significant effort has been made to reduce the latency of the implementation. Overall, it
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has been shown that the computation can be performed in real-time on inexpensive FPGAs.

The net result is that the cost of MMIMO base stations is reduced, which is a significant

step forward in their deployment.

In Chapter (6) the FPGA implementation of EigenValue decomposition and Singular

Value composition onto FPGAs are performed. EVD/SVD is solved as a microcoded en-

gine, in which optimized computing units are replicated rather than reused with the help of

multiplexers. A small/inexpensive FPGA can easily accommodate 4 × 4 SVD. For larger

matrices(for example, 16 × 16), multiple FPGAs can be used if necessary. This chapter

reaches the goal of reducing the effort of the design and coding by combining the fully un-

rolled recursions and microcoded non-systolic architectures. The computing performance

and hardware complexity are in line or better than prior-art.

In Chapter (7) results and discussions of Eigenvalue decomposition with reduced preci-

sion in Massive MIMO communication systems are demonstrated, including the simulation

results on Xilinx FPGA board, the utilization analysis of resources as well as latency, and

Xilinx Design Constraints (XDC) details of simulation and synthesis based on the guidance

of Xilinx references. It carries out that a clock frequency of at least 100MHz is feasible

for each of the considered routines with slack to spare, and the hardware requirement is

easy to meet on reasonable-sized FPGA boards.

8.2 Contributions

The major contributions of this dissertation can be summarized as follows.

• Assessment of the minimum wordlength needed to represent all the matrix and vector

variables in a fixed-point representation. It is very important to avoid any unnecessary

extra bit of precision, since this will complicate the digital implementation of the

receiver algorithm.
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• Strategy to efficiently load the estimated channel matrix, H , into FPGA and calculate

the Hermitian matrix Θ = HH·H . This is needed to mitigate the requirement of a

large number of FPGA I/O pins, while the latency of the process does not increase

too much.

• FPGA implementation of the squared Euclidean norm and the square root operations

with reduced precision used in converting Θ into a Hessenberg form. A very low

latency implementation is needed since these two operations are on the critical path

of calculating a Householder reflector, which is used in converting the Hermitian

matrix Θ into a Hessenberg form.

• FPGA implementation details of a two-element vector rotator with reduced precision,

which is needed to perform the QR decomposition of that Hessenberg form. A very

low latency implementation is needed since the QR Decomposition (QRD) is on the

critical path of the EigenValue Decomposition (EVD).

• Implementation of a QRD-to-EVD convertor, which is based on the Fran-

cis-Kublanovskaya algorithm. It is shown that this can be completed in real-time

with reasonable arithmetic precision.

• Assessment of the Bit-Error Rate (BER) and the extra power which is needed to com-

pensate for the information loss due to quantization for different coarse quantization

levels.

• Monetary cost evaluation of FPGA boards implementing Massive MIMO calcula-

tions with coarse quantization.

8.3 Future Work

As a continuation of the research, the following directions are suggested.
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• In this dissertation only hundreds of receive antennas have been considered. It would

be interesting to investigate implementations of MMIMO base stations with thou-

sands of receive antennas. Such an approach will improve the communications data

rate, and improve the beneficial features of MMIMO further. This would require a

longer bit-width in the computation and decomposition of matrix Θ.

• It would be interesting to investigate the implementation of MMIMO base stations

onto Graphics Processing Units (GPU). It is reminded that GPUs are the main com-

petitor of FPGAs.

• Investigation of the shift techniques in FK operations, e.g. Rayleigh Quotient shift,

Wilkinson shift, Francis-Double shift, can be done for future work, as well as the

hardware implementation on FPGA boards.

• Using FPGAs with floating-point DSP units, such as Intel® Arria® 10, is an interest-

ing research direction, which would support matrix operations with a larger dynamic

range, being especially useful when higher order modulations are used.

• It would be interesting to consider the indoor environment for communications. For

example, in a Shopping Mall the users are pedestrians only, having speeds less than 5

km/h. This translates to a Doppler frequency significantly lower than the one consid-

ered in this dissertation. This would allow the real-time inversion of a larger matrix

Θ, that would allow more users to be served by a single base station.
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APPENDIX A

VHDL AND XDC CODE EXCERPT EXAMPLE

Figure A.1 is the code snippet of entity declaration of Matrix Product with DSP Slice,

where the multiplier and multiplicand are complex matrices of size 16-by-16 in 18-bit

wordlength. The default wordlength for each real part of DSP slice output is 48-bit.

Figure A.2 is the code snippet of architecture implementation of Matrix Product with

DSP Slice. To calculate the product of two complex matrices, four components are used to

obtain the multiplication results of:

• real part of multiplier and real part of multiplicand

• imaginary part of multiplier and imaginary part of multiplicand

• real part of multiplier and imaginary part of multiplicand

• imaginary part of multiplier and real part of multiplicand

Combinational nested loops are applied to merge the four multiplication results above to

achieve each row/column of the final matrix.

Figure A.3 is the code snippet of testbench for Matrix Product with DSP Slice. By

assigning the entries of arguments with varies of pseudo random values, the targeting DUT

functionality is fully completed.

set_property CONFIG_VOLTAGE 1.8 [current_design]

set_property CFGBVS GND [current_design]

set_property CONFIG_MODE BPI16 [current_design]

The constraint excerpt above is shown as the example of chip configuration for Θ mul-

tiplication on FPGA board. For example, CONFIG MODE BPI16 refers to Linear BPI

Flash Memory on FPGA board, where the datapath width is 16-bit.
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Figure A.1: VHDL Entity Code Excerpt of Matrix Product with DSP Slices

Figure A.2: VHDL Architecture Code Excerpt of Matrix Product with DSP Slices
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Figure A.3: VHDL Architecture Code Excerpt of Matrix Product with DSP Slices Test-
bench

set_property PACKAGE_PIN AR40 [get_ports GPIO_SW_N]

set_property IOSTANDARD LVCMOS18 [get_ports GPIO_SW_N]

set_property IOSTANDARD LVDS [get_ports SYSCLK_N]

set_property PACKAGE_PIN E19 [get_ports SYSCLK_P]

set_property PACKAGE_PIN E18 [get_ports SYSCLK_N]

set_property IOSTANDARD LVDS [get_ports SYSCLK_P]

set_property PACKAGE_PIN AW40 [get_ports GPIO_SW_W]

set_property IOSTANDARD LVCMOS18 [get_ports GPIO_SW_W]

set_property PACKAGE_PIN AV39 [get_ports GPIO_SW_C]

set_property IOSTANDARD LVCMOS18 [get_ports GPIO_SW_C]

The constraint excerpt above is shown as the example of pin assignments for Θ mul-

tiplication on FPGA board. For example, AR40 button is assigned as port GPIO SW N,

which is the reset input of the module; GPIO SW N is specified as IOSTANDARD (stan-

dard input/output configuration) and classified as LVCMOS18 (Low Voltage CMOS 1.8v).

create_clock -period 6.600 -name SYSCLK_P -waveform {0.000 3.300} [get_ports SYSCLK_P]

create_clock -period 33.000 -name CE_CLK -waveform {0.000 13.200} [get_ports GPIO_SW_C]

##

##

set_input_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.030 [get_ports GPIO_SW_N]

set_input_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.045 [get_ports GPIO_SW_N]

set_input_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.030 [get_ports GPIO_SW_W]

set_input_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.045 [get_ports GPIO_SW_W]

#set_input_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.030 [get_ports GPIO_SW_C]

#set_input_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.045 [get_ports GPIO_SW_C]
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set_input_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.030 [get_ports {din[*]}]

set_input_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.045 [get_ports {din[*]}]

##

##

set_output_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.020 [get_ports {dout0_real[*]}]

set_output_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.040 [get_ports {dout0_real[*]}]

set_output_delay -clock [get_clocks SYSCLK_P] -min -add_delay 0.020 [get_ports {dout0_imag[*]}]

set_output_delay -clock [get_clocks SYSCLK_P] -max -add_delay 0.040 [get_ports {dout0_imag[*]}]

##

##

set_false_path -through [get_ports GPIO_SW_N]

set_false_path -to [get_pins ce_set_reg[*]/CLR]

set_false_path -to [get_pins muxCtrl_reg[*]/CLR]

#set_false_path -to [get_pins muxCtrl_reg[*]_rep/CLR]

#set_false_path -to [get_pins muxCtrl_reg[*]_rep_*/CLR]

The constraint excerpt above is shown as the example of timing constraints for Θ mul-

tiplication. For example, system clock SYSCLK P, which is input via SYSCLK P pin, is

set as 6.6ns; and its duty cycle is 50% (3.3ns) starting at zero time point. ”set input delay”

specifies the input path delay on an input port relative to a clock edge at the interface of

the design, and ”set output delay” specifies the output path delay on an output port relative

to a clck edge at the interface of the design. ”-clock” option is required by the Vivado

IDE, which refers to the clock when discussed the relative phase difference. It is followed

by [get clocks SYSCLK P], which is the reference clock in the design. ”-min” and ”-

max” options refer to different values for ”Min delay analysis” (hold/removal) and ”Max

delay analysis” (setup/recovery). Typically, reset logic are always ignored and not ana-

lyzed, thus the paths with ”global reset” or ”local clear signal” are set as ”false path”, see

”set false path” commands above.
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APPENDIX B

SIMULATION RESULTS AND TIMING REPORT EXAMPLE

The simulation waveform of Θ multiplication is shown as Figure B.1. SYSCLK P is the

system clock used globally. rst is the global reset. ce and we is chip enable signal and

write enable signal, respectively. These two inputs are used in cooperation to load the input

values din, i.e. entries of communication channel matrix H. din is 512-bit in length since

elements of each row of HH are loaded concurrently from ADC receivers into FPGA board,

where 128 elements multiplying by 4 bits for real and imaginary parts per elements results

in 512 bits. Due to the limitation of number of BRAMs, Θ is calculated in two phases. The

first eight columns of Θ are solved in a first phase, as seen we is raised up for 16 cycles;

and the last eight columns of Θ are solved in a second phase, as seen ce is raised up for

the last 8 cycles. The second phase spends less time than the first phase because all the

entries of input matrix are completely loaded and available for calculation. dout0 real and

dout0 imag, for example, are the real component and imaginary component of one entry in

the resulting matrix, respectively. In the first calculating phase, the output ports provide the

first eight columns, and in the second calculating phase, the output ports provide the last

eight columns.

Since timing cons.xdc is set as target constraint file in the design, Timing Summary

Report is the key report to analyze where timing slack information will be summarized and

violations will display if the clock or delay constraints entered are too difficult to satisfy.

Figure B.2 shows that all the timing requirements are met and Vivado does not give any

complaint for Θ multiplication part.

The simulation waveform of Hessenberg Transformation is shown as Figure B.3. The

functionality of the design is to take the hermitian matrix Θ as input, and to provide the
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Figure B.1: Θ Multiplication Simulation Results

Figure B.2: Θ Multiplication Timing Report

130



Figure B.3: Hessenberg Transformation Simulation Results

Hessenberg transformation matrix as output. The main implementation is composed of it-

erations of two parts: Householder reflector and matrix multiplication. clk is the system

clock used globally. rst is the global reset. input re and input im are the real part and

imaginary part of the input matrix Θ, respectively. dout re r sd is the internal signal but

has the same value as that of the entity output, which is the real part of the Hessenberg

transformation matrix. dout im r sd indicates the imaginary component of the output ma-

trix. Isolates labeled as ”== z→ v ==”, ”== v→V2F ==”, ”== prod stage 1 ==” and ”==

prod stage 2 ==” divide the implementation steps based on the Householder reflector prin-

ciples and matrix multiplication with DSP slices. All other signals are inner ones assisting

the accomplishment of the Hessenberg transformation functionality.
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[7] Antonia M Tulino, Sergio Verdú, and Sergio Verdu. Random matrix theory and
wireless communications. Now Publishers Inc, 2004.

[8] Christopher Mollén. High-end performance with low-end hardware: Analysis of
massive MIMO base station transceivers. Vol. 1896. Linköping University Elec-
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