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Chapter 1

Introduction

1.1 Sparse Matrices

Many problems 1n diverse fields including science, engineering, surveying,
and economics give rise to systems of linear equations that are frequently
very large Problems with thousands of equations and thousands of variables
are not unknown Indeed, n some applications, such as chmate modelling,
the sizes of the systems are limited by the availability of computing resources,
rather than by the size of the underlying problem

Often 1n such problems, each equation involves only a few of the variables
so that only a small percentage of the entries of the coefficient matrix are
nonzero A typical example might have thousands of rows and thousands of
columns, with perhaps only 10 percent of the entries nonzero If the problem
15 large enough and the percentage of nonzeros small enough, 1t becomes

advantageous to avoid storing or doing computation on the zero entries In
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this case the matrix 1s said to be sparse

In order to take advantage of sparsity, 1t 1s necessary to create data struc-
tures for the matrix, and for any factors of the matrix that may be computed
during the solution of the problem Ideally, the data structures will be large
enough to accommodate all the nonzero entries, but no larger In addition,
we would like the data structures to permit easy access to the matrix entries
with as little overhead as possible Algorithms that utilize these special data
structures are also required This implies an intimate connection between
the data structures and the algorithm

In general, given a problem that can be expressed as
Az =1D5

where A 1s a sparse matrix, ¢ and b are vectors, A and b are known, and
1t 1s desired to compute x, the approach 1s to find factors C and D of A so
that A = CD with C and D 1n some special form that makes solution of
the system easy Gaussian elmination 1s a well-known example that 1s often
applied to square matrices, in which A 1s factored mnto a product of L and
U, where L 1s lower triangular and contains the multiphers computed during
the forward ehmination, and U 1s an upper triangular matrix Once these
matrices are determined, the solution z may be found by forward and back
substitution Another example 1s orthogonal factorization (also known as QR
factorization) which may be appled to any matrix having at least as many
rows as columns In this factorization, ) has orthonormal columns and R 1s
upper triangular The algorithms used for computing the QR factorization

are different from those used to compute the LU factorization, and hence
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place different constraints on the data structures used

The basic problem 1n designing data structures for sparse matrix oper-
ations 1s accommodating fill This 1s the phenomenon in which there 1s a
nonzero at a specified position mn one of the factors of A while the corre-
sponding entry in A 1s zero, so that the factors have more nonzeros than A
has In fact, some algorithms may cause so much fill that sparsity 1s lost
entirely, so that the matrix may as well be treated as a full matrix There-
fore, 1t 1s 1important to choose algorithms to maintain sparsity as much as
possible However, 1t 1s rarely possible to ehminate fill entirely, and so the
data structures used must be able to handle 1t

One general approach 1s to use dynamic data structures such as linked
lists, which has the advantage of being quite flexible For example, 1t allows
row and column pivoting operations to be determined during the numerical
factorization Dynamic data structures can deal with fill by allocating space
and setting pointers for new nonzeros as they are encountered One disad-
vantage 1s that for each nonzero, storage 1s required for the value of the entry,
the row index, the column index, pointers to the next entry in the row and
the next entry in the column, and perhaps pointers to the previous entries as
well Another disadvantage 1s that 1t incurs a high overhead in accessing the
entries of the matrices since the hist must be traversed to find a particular
entry

Another approach 1s to compute a static data structure for each of the
resulting matrices ahead of time, before the numerical computation begins
The creation of the data structures 1s called symbolic factorization Static

data structures have the advantage of requiring less space than dynamic
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structures, since fewer pointers are required Instead, much of the indexing
information associated with a particular nonzero entry may be inferred from
1ts location 1n the data structure and vice versa Static data structures also
require less time to access entries of the matrix, and vectorizing the algorithm
1s easier They have the disadvantage of reduced flexibility in the subsequent
numerical phase For instance, 1t may be impossible to do row or column
mterchanges to maintain numerical stability within the precomputed data
structure, or the precise sequence of row or column interchanges may be
fixed 1n advance, thus prohibiting alternate pivoting sequences In addition,
a preprocessing step 1s required to compute the data structure Nevertheless,
the advantages often outweigh the disadvantages and static data structures

are frequently used (see, for example, [5] [13])

1.2 Outline of the Thesis

In this thesis we will examine a way to compute a static data structure
that 1s switable for orthogonal factorization (without column interchanges)
of full rank matrices that have at least as many rows as columns Structures
for both the factors @ and R are determimed, and in addition, if Givens
transformations are used to compute the factorization, then the ordering of
the transformations 1s specified so that the storage required 1s imited to that
determined recently by Hare et al [11]

In Chapter 2 we give a brief overview of the theory of orthogonal fac-
torization, 1ts application to least squares problems and the use of Givens

transformations to compute an orthogonal factorization We also define the
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concept of structure of a matrix, multiplication of structures, and a bipartite
graph representation of a structure Finally, we review the recent work of
Hare et al on the structures of the factors of a QR factorization

In Chapter 3 we briefly outline previous work done on data structures for
sparse QR factorization

In Chapter 4 we determine the product of the structures of a sequence of
Givens transformations We present an ordering for applying Givens trans-
formations to a sparse matrix in order to compute a QR factorization and,
finally, we use the results of Hare et al to show that if this ordering 1s used,
then the product of the structures of the resulting sequence of Givens trans-
formations 1s 1dentical to the structure of Q We also show that the structure
for R obtammed in this way 1s correct

We summarize our results in Chapter 5
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Chapter 2

Preliminary Theory

In this chapter we briefly review the theory of orthogonal factorization, 1ts
application to least squares problems, and the use of Givens transformations
A more detailed treatment may be found m [16, Chapter 3]

In Section 2 3 we define what 1s meant by the structure of a matrix and
discuss some of the problems that arise in the computation of the structures
of the factors during a QR factorization Having done that, we are able to
state precisely the purpose of this thesis

In Section 2 4 we describe a bipartite graph model of the structures of
the factors () and R of a sparse matrix, and review the recent work of Hare
et al [11] that characterizes these structures These 1deas will be used exten-

sively in Chapter 4
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2.1 The QR Factorization

If m > n and A 1s an m X n matrix over the complex field, then there 1s an

m X m unitary matrix Q and an m x n upper trapezoidal matrix R such that
A=QR

This 1s called a QR factorization of A A proof of its existence may be found

in Watkins [16] If rank(A) = n, then the diagonal entries of R may be

chosen to be positive, and n this case, the factorization 1s unique

We can rewrite a Q) R factorization of A given by A = QR as

1=(ea)| ]
2 0 )
where
Q =3 (‘h,‘ha ’qn)';
Q? = (qn+1’Qn+2a )qm)»
¢, = the " column of Q,
and R1s n xn Thus
A=QR

where () 1s an m X n matrix with orthonormal columns and R 1s an nXn upper
triangular matrix This 1s an alternate formulation of the QR factorization
of a matrix

There are a number of ways to compute a QR factorization of a matrix
The classical Gram-Schmidt orthogonalization 1s one The Modified Gram-

Schmdt algorithm 1s a more stable method Another 1s the reduction of
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A to upper trapezoidal form by Householder transformations, and 1t 1s this
method that 1s generally preferred for full matrices Still another method 1s
the reduction of A to upper trapezoidal form by Givens transformations, and
this method 1s frequently used for sparse matrices

The QR factorization 1s usually used to solve least squares problems and
to compute eigenvalues, and may also be used to solve square nonsingular

systems of linear equations In the latter case, where 1t 1s desired to solve
Az = b for z, we replace A by 1ts factors to get QRz =b Since Q 1s unitary,
Q‘l = Q*, where Q* 1s the conjugate transpose of Q, so that

Rz = Q*b,

which can be solved for z by back-substitution This 1s generally a stable
method of solution, although the classical Gram-Schmidt algorithm may be
unstable 1f A 1s 1ll-conditioned The Modified Gram-Schmidt, Householder
and Givens methods are stable [16]

In the case of a rectangular m X n matrix A with m > n, there may be

no solution to the problem

Az = b,
but 1t may be desired to find the vector z for which
| Az = b,

1s mmmimized This 1s the least-squares problem The vector r = Az — b1s
called the residual and || 7 ||, 1s the Euclidean length of r defined by (r*r)'/?

Since @) 1s unitary,

1Q*(Az=b) [} = [Q"(Az - ) [Q"(Az — b)]
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(Az — b)*QQ*(Az — b)
= (Az - b)"I,(Az —b)

= || Az —b3

where I, 15 the 1dentity matrix of order . Thus, multiplication by Q* does
not change the Euclidean length of r so that the solution of min, || Az —b ||,
1s equal to the solution of min, || Rz — Qb |2 We partition Rz — Q*b as
R Q* Rz — Qb
T — b=
0 Q; —Q3b
This clearly has mmimal length when Rz — Q*b = 0 or Rz = Q*b
If A has full rank, then R also has full rank (and thus all 1ts diagonal
entries are nonzero) and the square system Rz = Q*b has a unique solution
Since R 1s upper triangular, this system 1s easily solved by back substitution
If A 1s rank deficient, then R 1s singular and either the @ R factorization
with column pivoting or the singular-value decomposition 1s used to compute
a solution In the QR factorization with column pivoting, a permutation P

of the columns of A 1s determined so that AP = QR where

B Ry R,
0 0

and R; 1s nonsingular and upper triangular That 1s, Az — b 1s transformed

to

R, R 5
b “ — Qb where y = 1 =Py

0 0 Y2 Y2
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This 1s equivalent to
Ryyy + Raya — Q70
—Q3b
which has mimimal length when Ryy; + Ryy; — @Q*b = 0 There are an infinite
number of solutions to this system and one may be obtained by arbitrarily

fixing y, and solving the nonsingular system
Riy1 = Qb — Ry

In the remainder of this thesis we will deal only with full-rank matrices
Orthogonalization methods for solving least squares problems are often

preferred to the classical method of solving the normal equations
A*Az = A™D

because they are more stable The solution of the normal equations may be
subject to serious losses of accuracy 1if A 1s 1ll-conditioned [16] One reason 1s
that critical information may be lost because of round-off error in the com-
putation of A*A Furthermore, the condition number of A*A 1s the square of
the condition number of A, so that if A 1s even muldly 1ll-conditioned, then
A*A can be very badly conditioned In this case, the solution of the system
A*Az = A*b can be very maccurate The normal equations have the advan-
tage of using less computer space and time than the QR factorization if m 1s
much greater than n The better stabihity performance of the orthogonaliza-
tion methods motivates the effort to find more efficient data structures and

algorithms for implementing the QR factorization for large sparse matrices
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2.2 Givens Transformations

This section describes the use of Givens transformations to compute a QR

factorization of an m X n matrix A with m > n and rank A =n

Given a nonzero vector v = (z1,2,)1 over the complex field, we define the
transformation
T - 1 =z =
T\ =2,
where r = ||v]|s = (v*v)Y/? It 15 easily venfied that T 1s unitary Applying

the transformation 7' to v gives

1{=@ @)\~ I 112 r
r

Tv =

N =

-2 Z 22 0 0
Suppose that v 1s the first column of a 2 X 2 matrix

21 23
A=

22 24

r (2123 + Z224) /7
TA= Eztmair | _ g
0 (—z223+ 2124)/7
1s upper triangular Thus A = T*R 1s a QR factonzation, since T* = T~}

T 1s a Gwens transformation, or a plane rotation, since 1n the real case, 1t

represents a rotation of the plane by an angle § where

6 = arccos(z,/r)
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Extending T to an n-dimensional vector space, suppose that the 2 x 2

principal submatrix in rows and columns ) and 2 of the n x n matrix A 1s

21 <23
22 24
Define G,,, with 2 > 3, by
1
1
z/r Z2/r — 3
1
Gy = (21)
1
~2’2/7‘ 21/7‘ — 1
1
1
T 1
7 2

where the principal submatrix of G,;, 1n rows and columns j and ¢ 1s the
Givens transformation 7' defined for the vector (z1,2;)7, and the rest of the
matrix 1s the identity The (3, 7) entry of A 1s sometimes called the pwot for
the Givens transformation and the (z,7) entry 1s the target entry that 1s to
be set to zero Clearly G, 1s a umtary matrix Applying G,, to A changes

only rows 7 and ¢ of A, leaving the rest of A untouched Each of rows j and
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2 of G\, A 1s a linear combination of rows j and 2 of A, and the (2, 7) entry of
G,A1s0

Diagonal proting refers to the situation in which all of the pivots for the
Givens transformations are diagonal entries This can be generalized so that
the pivot element 1s not a diagonal entry of A (1e, varwable pwoting) If
v > ) # k,a,, = 21,0 = 23 and G, 1s defined as above, then the (z, k) entry
of G,;A 15 0, and the (3, k) entry 1s called the pivot

A @R factorization of an n X n matrix A can be obtained by using Givens
transformations to reduce A to upper triangular form Let G,, denote the
Givens transformation that sets to 0 the (z,7) entry of the matrix that 1t

multiphes, and consider the sequence of Givens transformations
GQI’ GSI’ ) Gnla G32a G427 ) GnZ’ ) Gn,n—l

that produces zeros sequentially 1n the below-diagonal positions of the matrix
A The transformations can actually be applhed n any order that does not

destroy previously created zeros For the sequence above, we obtain
Gun-1 GuGauA=R

where R 1s upper triangular Since each of the transformations G, 1s umtary,
A= GyGy G:L,n—lR3

and

Q = G;1G§1 ”

nn—1

1s the required unitary factor
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This result can be extended to the rectangular case where A 1s m X n

and m >n We apply Givens transformations as before to produce
A=GGy GGy GLLR

where
Q = G5,Gy m1G32 £ -

s mxmand R1s m xn As discussed in Section 2 1, we take Q@ to be
the first n columns of Q, and R to be the upper n rows of R to get the QR
factorization 1n the alternate form

If the matrix R that 1s obtamned from this procedure does not have all
diagonal entries positive, we can multiply R by a diagonal matrix D whose
diagonal entries have magmtude 1, and are chosen so that d,,r, 1s real and
positive (since all 7, # 0 n the full rank case) Then D 1s umitary, DR
1s upper triangular with positive diagonal entries and ) D* 1s the required
factor with orthonormal columns

It should be noted that there 1s usually no need to multiply the Givens
transformations together to obtain the matrix ¢) Normally, 1t 1s sufficient
to store @ n factored form Golub and van Loan [10, Section 3 4] give
an efficient storage method in which each Givens transformation may be
represented by a single parameter, so that the amount of storage required for

@ 1s equal to the number of Givens rotations that must be apphed
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2.3 The Algebra of Structures

When working with sparse matrices, the first step 1s a ‘symbolic’ phase 1n
which the locations of the nonzero entries in the computed solution are de-
termined so that suitable storage may be allocated The set of locations
corresponding to the nonzero entries 1s called the structure of a sparse ma-

trix A = (a,,), which we define by

structure(A) = {(z,7) | a,, # 0}

We define the product of the structures of an m X n matrix A and an n X p

matrix B as

structure(A)structure(B) = {(3,7) |1 <1<m,1 <5 <p,
and there 1s some k 1 < k < n, such that

(1,k) € structure(A) and (k,)) € structure(B)}
The transpose of structure(A) 1s defined by
(structure(A))" = structure( A*)

The following lemmas follow readily from the definitions, and we state them

without proof
Lemma 2 1 Multiplication of structures 1s associative

Lemma 2 2 If
k
8=T1] structure(G?,,)

=1
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then

1
S* = [] structure(G,,,,)
=k

Lemma 2 3 Let A be an m X n matriz and B be an n X p matrix Then
structure(AB) C structure( A)structure(B)
An example suffices to show that 1t 1s not necessarily true that

structure( A)structure(B) C structure(AB)

Consider

11 -1 0 0 1
A= . B = and AB =

01 11 11

Now (1,1) & structure(AB) but (1,1) € structure(A)structure( B)

This phenomenon, 1n which an element of structure( A)structure(B) 1s not
an element of structure(AB), 1s called cancellation Its occurrence depends
on the prease values of the nonzero entries of the matrices For instance, 1f

the nonzero values in the preceding example are changed to

1 2 1 0 3 2
A= and B = , then AB =

01 11 11

and cancellation does not occur

However, in the computation of a QR factorization of a matrix A by
Givens transformations, for some orderings of the transformations cancella-
tion must occur regardless of the numerical values of the nonzero entries of

A (assuming a fixed structure for A)
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Example 2 1 Let
* 0 0 0

’ (29)

*

*
0 0
* 0 0 =
represent structure(A) = {(1,1),(3,1),(4,1),(2,2),(2,3),(3,3),(4,4)} There
are two ways 1n which any matrix A with this structure can be reduced to
triangular form by Givens transformations (using diagonal pivoting) One
way 1s to apply the rotation G3; before G4y, in which case the (4,3) entry
will become nonzero (that 1s, there 1s fill at the (4,3) position) and thus Gu3

must be applied as well The resultant factorization 1s
GupGuGnA=R
or
A=G5GHGER (23)

On the other hand, if G4 1s apphed before G5y, then there 1s no fill n

positions of A below the main diagonal and the resultant factorization 1s
é31 é41A - R
or
A=GyG5R (24)
(Note that the matrix Ga; n (2 3) 15 not equal to G'a; 1 (2 4), although their
structures are the same This 1s also true for the matrices G4 and é41 )

Both of (2 3) and (2 4) determine the unmque @R factorization of any full

rank matrix A having the structure in (2 2) (if the diagonal entries of R are
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normalized), that 1s,

Q= G;l GLGZs = GZlégl

However,
* 0 % *
0 00
structure( G, )structure(Gy, ) structure(Gys) = =S,
* 0 % %
* 0 % %
whereas
* 0 * %
” " * 0 0
structure(Gy, ) structure(Gy,) = =S,
* 0 % 0
* 0 % %

Using results of Hare et al [11], 1t can be shown that for any full rank
matrix A having the structure in (2 2), if A = QR then structure(Q) C S,
Moreover, there are such matrices A for which structure(Q)) = S, Note,
particular, that ¢34 = 0 for all matrices @ of such a QR factorization Thus
the (3,4) entry of G3,G3,G3; 1n (2 3) must be 0, so that cancellation occurs

mn this product regardless of the actual values of the nonzero entries of A

O

The significance of Example 2 1 1s that the product of the structures of the
rotations 1n the Q)R factorization (2 4) can be used to determine the “best”

structure for (), whereas the analogous product using the Q R factorization
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(2 3) produces a structure that 1s too large We call an ordering for the Givens
transformations a tight ordering if the product of their structures gives this
“best” structure for ) It 1s the purpose of this thesis to demonstrate a tight
ordering for the application of the Givens rotations A numeric computation
using such an ordering will it the storage required by the Q) R factorization

to that determined 1n [11]

2.4 Bipartite Graph Representation

In this thesis we use the terminology and notation that appears in Graph
Theory with Applications by J A Bondy and U S R Murty [1]

Recall the definition of the structure of an mxn matrix A structure(A) =
{(z,7) | a,; #0 for 1 <2 <m and 1 <37 <n} A bipartite graph correspond-
ing to A = structure(A) 1s defined as H(A) = (R(A),C(A), E(A)) where
R(A) 1s the vertex set {r, =1 | 1 <1 < m} corresponding to the rows of
the matrix A, C(A) 1s the vertex set {¢, =) | 1 <y < n} corresponding
to the columns of the matrix A, and E(A) 1s the set of edges r,c, such that
r.c, € E(A)1if and only 1if a,, # 0 Note that r,c, and ¢,r, denote the same
edge If a,, # 0, then r, and ¢, are said to be adjacent

A walk 1 H(A) 1s a finite sequence of vertices and edges
W = voejvi€0v9 €04

where k > 1, and for 1 <1 < k, the v, € R(A) or C(A), the ¢, € E(A) and
the ends of e, are v,_; and v,, and v,_; € R(A) if and only if v, € C'(A)

W 1s called a walk from v to v, or a (vg,vx)-walk This may be expressed
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more compactly as W = vyv;v, vk, where 1t 1s understood that v,_;v,, 2 =
1, ,k,1s an edge m E(A) If there 1s a (v,,v,)-walk, then v, 1s said to be
reachable from v,

Awalk W =vov; v, H(A)1s called a path if the vertices vg, vy, vy
are distinct Note that if there 1s a (u,v)-walk in H(A), then there 1s also a
(u,v)-path in H(A) In addition, if there 1s a (u,v)-path, then there 1s also
a (v, u)-path

If Wi 1s a (u,v)-path and W; 1s a (v, w)-path, then W;W, represents a
(u,w)-walk in H(A) If W31s a (y,z)-path and if the edge vy exists in E(A),
then Wi W3 1s a (u, z)-walk m H(A)

The number of vertices mn a set S 1s called the cardinality of S and 1s
denoted by |S| A bipartite graph with | C(A) |<| R(A) | 1s said to have the
Hall property (with respect to C(A)) if every subset S of C(A) 1s adjacent
to at least |S| vertices m R(A) It 1s said to have the strong Hall property
[11] 1f S 1s adjacent to more than |S| vertices in R(A) for all subsets S of
C(A) such that

(1) 1<1SI<[C(A) -1 if |C(A)| = |R(A)] > 1, or
() 115/ < [C(A)] +f [C(A)] < |R(A)]

Analogously, a matrix A with m rows and n columns, m > n, has the Hall
property 1if every set of £ columns, 1 < k& < n, has nonzeros 1n at least k

rows, and has the strong Hall property 1f

(1) m =n > 1 and every set of k columns, 1 < k < n, has nonzeros 1n more

than k rows, or
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(1) m > n and every set of k£ columns, 1 < k < n, has nonzeros 1n more

than k& rows

An m X n matrix with m > n must have the Hall property if 1t has full rank

Given an m x n matrix A with the Hall property, let A = structure(A)
If (2,7) € A we write a,, = x and 1f (2,7) ¢ A we write a,, = 0 A represents
the structure of all matrices with nonzeros 1n precisely the same positions
in which A has nonzeros Thus A determines a set of matrices @« = {B |
B 1s m x n and structure(B) = A} Now consider the QR factorization of

each full rank matrix B € o and define

Q = structure(Q)

and

R = | Jstructure(R),

where the unions are over all matrices () and R, respectively, such that
B =QR, B € a and rank B =n The structures Q and R are the smallest
possible that can be guaranteed to accommodate all the nonzeros of the
factors () and R, respectively, of any matrix with structure equal to A We
write q,, = * 1f (2,7) € Q, q,;, = 01f (2,7) € Q and simularly for R Hare et
al [11] have determined a characterization of the structures Q and R We
now summarize a number of concepts that they introduced and that are of
importance here

Let A be an m x n matrix with the Hall property, and let H(A) be the

bipartite graph associated with A

e By a Hall set of A (or A), we mean a subset S of C'(A) such that the
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corresponding columns of A have nonzeros in exactly |S| rows of A It

1s clear that the union of two Hall sets of A 1s itself a Hall set

e Let A, be the structure of the submatrix formed by the first ;7 columns
of A

Let S, be the (possibly empty) Hall set of maximum cardmnahty in A,
and define Sy = 0

Let s, be the subset of R(A) of all vertices adjacent to vertices in S,
and define s, = @ Note that S, = s,,1 < 3 < n—-1,1f a, = * for

1 <1< n(sincec,=1andr, =1)

For 1 < 3 < n, define the auxihary bipartite graph B;(A) = (R,(A),
C,(A),E,(A)) to be the bipartite graph of A,, with the sets s,_; and
S,—1 removed That 1s, C,(A) = {cx = k|1 < k <), e & S,-1},
R(A) = {n =1|1 <1< m,rn ¢ s,-1, and there exists ¢, €
C,(A) such that a;, # 0}, and there 1s an edge between r, € R,(A)
and ¢; € C,(A)1f and only 1f a,. # 0

o Let

t, denote the subset of R(A) not in R,(A) or s,_,
u, denote the subset of R,(A) of vertices that are not reachable from
e5;

p, denote the subset of R,(A) of vertices that are reachable from ¢,

Then t,,u,,p, and s,_, form a partition of R(A), while v, and p, form

a partition of R,(A), where 1 <j <n
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The main result of [11] 1s the following, which characterizes @ 1n terms
of path conditions n B,(A),1 <7< n

Theorem 2 4 [11, Theorem 47] Let 1 <t < mand 1 < 3 <n Then
(1,7) € Q +f and only f r, € p,

We also need the following result

Theorem 2 5 [11, Theorem 5 1] Let A, Q and R be as defined above Then
R s wdentical to the upper trapezowdal part of Q*A

We end this section with an example to 1illustrate these concepts

Example 2 2 Let
/* 0

o
*
*
*

0 *

* 00

0 0 * )

The bipartite graph H(A) 1s shown 1n Figure 2 1
The Hall sets S, of A are

o O O

SO = Sl = 52 = @
Sz = {Cz,Cs}
S4 = 53

so that

sp = S1=83=10
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™ 1
T2 €2
r3 C3
T4 C4
r's
T'e

Figure 2 1 Bipartite graph H(A) for the structure A in Example 2 2
s3 = {ry,rs}
S4 = 383
The bipartite graphs B;(A), By(A), B3(A) and B4(A) are shown i Fig-
ure 22 The structures Q and R are given by

* % * 0

x % % 0

and

o Y — ST~
o
*
*
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™ C1
T2
Ts

Bi(A)
tl = {7'3,7”4,7"6}
P1= 7‘1,7‘2,7’5}
Uy =

r @——8 ¢

) (&)

T3 C3

T's

Bs(A)
ts = {re,re}
p3 = 7‘1,7‘2,7”3,7‘5}
Uz =

25

™ (5]
T2 Co
r3
T's
By(A)

to = {rq, 76}

P2 = 7'1,7'2,T3,T5}

Uy =

™ 5]

T4 C4

T's

T'e

B4(A)
t4 = @

P4 = YmTei
Ug =T1,T5

Figure 22 Auxihary bipartite graphs B,;(A) for A mn Example 2 2
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Chapter 3

Previous Work on Sparse

Matrix Data Structures

Much of the early work on data structures for sparse matrices was done for
positive definite systems using Cholesky factorization (which 1s a variant of
the well-known Gaussian elmination algorithm) See, for example, George
and Liu [5] In such problems, 1t 1s desired to solve Az = b, where A 1s

positive definite, by factoring
A=LL*,
where L 1s a lower triangular matrix The solution z 1s determined by solving
Ly=15b
by forward substitution and then solving

L'e=y
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by back substitution Since pivoting 1s not required to maintain stability in
this case, the emphasis was on finding a permutation matrix P such that in
the Cholesky factorization
P*AP = L1,

L 1s as sparse as possible It has been found that a suitable choice of P can
have a dramatic effect on the cost of the factorization and subsequent solving
for x

Unfortunately, the problem of finding the optimal ordering P for main-
taimning sparsity 1s a difficult problem that might require more computation
than does solving the original problem See, for example, [5, p 115] and
[17] Therefore, heuristic methods are employed that do an adequate job of
maintaining sparsity without taking a lot of computer time or space This
has resulted 1in the development of many different strategies, each of which

performs well for some circumstances, but perhaps not for others

If Aismxnand A = QR, then
A*A=RQ'QR = R'R,

so if A has full rank n, then A*A 1s positive definite and the factor R* 1s (by
uniqueness of the Cholesky factorization) identical to the Cholesky factor
of A*A Thus the results on preserving sparsity in positive defimte linear
systems can be applied to the factor R of the QR factorization

Much of the work on sparse ) R factorization has been done 1n the context
of least squares problems where 1t 1s possible to reformulate the problem using

column interchanges If A1s m X n, P1s an n X n permutation matrnx, Q 1s
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an m X m unitary matrix and AP = QR, then

|Az = b], = ||APPTz—b|,
I(AP)y — b2, where y = Pz
= [[Q*(AP)y — Qb

= [[Ry - Q7|

min | Az — b = mn | Ry — Q"]

and R 1s upper trapezoidal, the least squares solution y 1s easily determined
(see Section 2 1), and then z = Py
Applying the results of the last two paragraphs to a least squares problem

rnxln||A$ —bl|2

where A 1s a large sparse matrix with full rank, we want to determine a

permutation matrix P, such that in the Cholesky factorization
PTA*AP. = R*R,

the matrix R 1s as sparse as possible The heuristic strategies developed

for large sparse positive definite systems may be applied 1n order to find a

suitable permutation matrix P, and to determine the structure of R
Reordering the rows of the matrix A that 1s to be factored 1s equivalent

to multiplying A by a permutation matrix P,, so that if

PA=QR
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1s the QR factorization of P, A, then
A=(PIQR

1s the QR factorization of A since PTT @ has orthonormal columns Thus we
see that this reordering does not affect R, and affects @) only by a reorder-
ing of its rows However, Example 2 1 shows that the number of Givens
transformations that must be appled depends on the order in which they
are applied, and this order may be linked to the ordering of the rows of the
matrix (as, for instance, in many implementations where the nonzeros are
ehminated sequentially row by row using diagonal pivoting [4]) That exam-
ple also demonstrates how the intermediate fill may vary depending on the
ordering of the Givens transformations

A good overview of ordering strategies appears in Duff [3] George, Liu
and Ng [7], Liu [12], and Osterby and Zlatev [13] are other references Many
of the strategies are variations on the minimum degree algorithm [6] Duff
[3] and Osterby and Zlatev [13], using dynamic data structures, recommend
reordering the rows and columns during the numernical factorization, choos-
ing the next pivot at a particular stage based on criteria dependent on the
structure that has been computed at that point This strategy attempts to
reduce the number of Givens transformations that are required as well as to
maintain sparsity m the factor R

George et al [5, 4, 7, 8] and Liu [12] deal with static data structures
Therr strategy for orthogonalization problems 1s to first apply a column per-
mutation to maintain sparsity in R using methods developed for Cholesky

factorization, and then to try to find “good” row orderings based on this
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column ordering After a static data structure for R 1s created, the QR fac-
torization using Givens transformations proceeds row by row In addition
to the space required for A and R, one vector of length n 1s required for
intermediate results Ostrouchov [14] adapts the row ordering strategies of
Duff in a symbolic factorization algorithm to create a static data structure
for R and to determine row orderings suitable for use with the Givens reduc-
tion method of George and Heath [4] Most of these methods use diagonal
prvoting, but Liu’s method [12] uses a form of variable pivoting

Less work has been done on computing a data structure for @) since, mn
least squares applications, the computation may be arranged so that there
1s no need to store () However, there are applications im which @ 1s re-
qured [16, p  296], therefore, 1t 1s of interest to know how to compute the
structure of  George et al [8, 9] have determined a data structure for Q
suitable for Q) R factorization using Householder transformations, where ) 1s
stored 1n factored form This data structure can also be used with Givens
transformations, but 1n this case the structure may be larger than necessary

The accuracy with which the structures of the factors @ and R are de-
termined 1s also a matter of interest Coleman et al [2] have shown that if
A has the strong Hall property, then the structure for R that 1s determined
using the methods developed for Cholesky factorization of A*A 1s equal to
R However, if A does not have the strong Hall property, then the structure
for R computed by this method may be too large They also proved that if a
matrix A has the strong Hall property, and if a sequence of Givens transfor-
mations {G, } 1s applied to reduce 1t to upper trapezoidal form using diagonal

pwvoting and eliminating nonzeros row by row, then the upper trapezoidal
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part of
t
G= (H structure(G,)) structure(A)

1=1

1s equal to R, and this result holds regardless of the row ordering used Once
again, 1f A does not have the strong Hall property, then the upper trapezoidal
part of G may be larger than R If a matrix does not have the strong Hall
property, 1t 1s possible to reorder 1ts rows and columns so that the permuted
matrix 1s block upper trapezoidal with each diagonal block having the strong
Hall property This 1s called the Dulmage-Mendelsohn decomposition (see
[2]) A least-squares problem can then be decomposed nto a set of smaller
problems where each of the subproblems involves a matrix with the strong
Hall property However, this procedure may fail if A 1s rank deficient For
matrices that are ill-conditioned or numerically rank deficient, transforming
the matrix into block trapezoidal form may be less desirable than permuting
for stability, or for determining the numerical rank, and mn this case care
must be taken that the computed data structures are not too large

Hare et al [11] have developed an algorthm that accurately determines
the structures R and Q of any matrix A that has the Hall property (but not
necessarily the strong Hall property) This algorithm 1s useful in any situa-
tion 1 which 1t 1s not desirable to reorder the matrnx into block trapezoidal
form However, these structures R and Q are not large enough to accommo-
date “intermediate fill” that results from an ordering strategy for the Givens
transformations such as that of (2 3) mn Example 2 1, where the matrix has
the Hall property but not the strong Hall property In this thesis we show

that for any matrix having the Hall property, there 1s a tight ordering for the
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Givens transformations so that all computed values can be accommodated n
Q and R This ordering scheme for the Givens transformations also provides
an alternate algorithm (to that given in [11]) for computing the structures

Q and R
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Chapter 4

Determination of R and Q

Using Givens Transformations

In this chapter we describe a tight ordering for the Givens transformations
In Section 4 1 we characterize the product of the structures of an arbitrary
sequence of Givens transformations In Section 4 2 we present an algorithm
for computing a symbolhic QR factorization of a structure A with the Hall
property This algorithm imposes an ordering on the Givens transformations
used to reduce a matrix A with structure(A) = A to upper trapezoidal
form In Section 4 3 we prove that the reduction using this ordering may
be carried out within the structures Q and R That 1s, we show that the
appropriate product of the structures of the Givens transformations apphed
by the algorithm 1s equal to Q and that the resulting structure for the upper
triangular factor 1s equal to R Thus the algorithm produces a tight ordering

for the Givens transformations
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4.1 Products of Structures of Givens
Transformations

If a sequence of Givens transformations Gy, G5, Gy 1s applied to a matrix

A 1 order to reduce 1t to upper trapezoidal form, how can we determine

k
[1 structure(G,) ?

=1
To answer this question, let A be an m x n matnx and consider an m x m
Givens transformation G,, that produces a zero at the (z,7) position in A

Then G,; = (gr) where

gkl 9& 0 lf k= l,
9y, # 0,

9n # 0,

g = 0 otherwise

We restate this in terms of structures as

) € structure(G,,) f k=1,
) € structure(G,,),
2,1) € structure(G,,),
) & structure(G,,) otherwise

In the following lemmas, we consider the product of the structures of

m X m Givens transformations
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Lemma 4 1 Let 1,3,k and | be distinct and let
H = structure(G,,)structure(G)

Then H = {(1,1), (3,1), (k, 1), (L, )} U{(r7) | 1 <7 < m)

Proof This result follows immediately from the definition of the product of

structures O
Lemma 4 2 Let 1,3, and k be distinct, and let H be any one of
structure(G, ) structure(G ),
structure(G,, ) structure(Gy, ),
structure(G, ) structure(G ) or
structure(G,, ) structure(Gy,)

Then
H = {(1,7),(5,2), (1, k), (k,2), (0, &)} U {(r,r) | 1< 7 <m)

Proof In the first case, (3,k) € H since (3,2) € structure(G,,) and (2, k) €

structure(G,;) For this case, the rest of H 1s clear from the definitions The

other three cases follow similarly O
We note that (k,7) € Hn Lemma 4 2 since (k, k) 1s the only ordered pair
i structure(G,,) or structure(G,,) that has k as 1ts first element and (3,)

1s the only ordered pair 1n structure(G,x) or structure(Gy,) that has j as 1its

second element
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If A 1s reduced to upper trapezoidal form by a sequence of Givens trans-

formations
GisGuns 1 Gig,
then
G, GiupGunA=R
and

Q _— G* G* G*

t1J1 T 272 trir

In the following result, the structure of an arbitrary product of Givens trans-

formations 1s specified

Lemma 43 Ifr>1 and Q = G G* Gr ., then

t1J1 7 1272
structure(Q) C [] structure(G;,,) = G, (41)
t=1

and (a,b) € G of and only +f
e a="b, or
o there exists s such that
1 1y=a and )3 = b, or
2 1,=band 3, =a
or

o there 1s an ordered subsequence of the applied rotations

* * *

1510817 T teglsy? Y T lsp dsy
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with 2 < k <r and
81 < 83 < 83 < < 8

such that a =15, or a = )5, and b =15, or b= j;,, and (at least) one

of

ZS: = 2‘8t+1’
lse = Jsetrs
Jse = lspprs
Js¢ = Jseqa

holds for eacht =1,2, ,k—1

Proof Firstly, (4 1) follows from the definition of @ and as structure(G,,) =
structure(Gy,) for any 2,7 The remainder of the lemma follows using Lem-

mas 4 1 and 4 2 and induction on k O
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4.2 An Algorithm for Symbolic Factoriza-
tion

In this section we present an algorithm for determining the structures of the
upper triangular factor R and the factor @ of a matrix A that has the Hall
property (but not necessarily the strong Hall property) We claim that the
computed structures are correct in the sense that they are identical to the
structures that are determined by the method of Hare et al [11]

Our strategy 1s to compute a QR factorization of A by applying Givens
transformations 1n a specified order that depends upon structure(A) The
ordering 1s restricted to the case where A has a nonzero diagonal and diagonal
pivoting 1s used The restriction on the diagonal 1s reasonable since we can
reorder the rows of any matrix with the Hall property so that 1t has a nonzero
diagonal This reordering does not affect the structure of R and affects the
structure of @) only by reordering i1ts rows Nonzeros below the diagonal are
eliminated column by column, and within each column, nonzeros in rows
that are not 1n a set s, are elimnated before nonzeros in rows 1n s, The

resulting structures are

R= (H structure(G,m)) structure(A)\{(z,7) | e > 7}

k=t
and

Q= ([T tructue Gz, ) \{(03) | > )

k=1
where the ordering for the Givens transformations 1s determined by Algo-

rithm 1
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Algorithm 1 Determine R and Q

Input m, n, A, the sets s;,s3, ,S,_1 (as defined in Section 2 4)
{ m >n and A 1s the structure of an m X n matriz with a nonzero diagonal }
Output Q,R
Step 1 Initiahize Q = {(2,2) | 1 <1 < m}
Step 2 Imitiahize A = A
Step 8 lIterate for ) =1,2,3, ,n—1
{ Elvmination on c, }
Inttiahize rows — {r, | 2> 7 and (1,7) € A}
Fork=n-1n-2, 3
for each @ € rows\sy
set Q — Q structure(G,,)
{ G\, 1 an m x m Guwens transformation that
produces a zero entry at the (v,3) position, see (21) }
set A — (structure(G,,)A)\{(z,7)}
set rows «— rows \{r,}
Step 4 Forjy=n
{ Elvmination on c, }
Inshalize rows — {r, |1 > 7 and (1,7) € A}
for each v € rows
set Q « Q structure(G,,)
set A — (structure(G,))A)\{(z,7)}
set rows — rows \{r,}
Step 5 Set R = A
Set Q = Q\{(2,3) | 7 > n}
Step 6 Qutput R and Q
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Some notation that will be used throughout the rest of this chapter fol-
lows Forl <j <n,let AJ denote the structure A after ehimination on ¢, In
Algorithm 1 ( that 1s, after the jth iteration of Step 3 or Step 4) By ‘fill’ at
the (z,k) position we mean that (:,k) ¢ A and for some t > 1,(z,k) € Ay
At any fixed pomnt in Algorithm 1 we say that &, = % if (2,7) € A and
a, = 01f (2,7) ¢ A (Note that A 1s a dynamic data structure, so that at
different points in Algorithm 1, any &,, may be 0 or x ) Simuilarly, é,(;) =% if
(1,7) € A¢ and é,(;) =01f (1,7) € Ay

We 1llustrate the application of this algorithm to the matrix in Exam-
ple 22 In the array representation of the evolving structure of A, we use
the symbol f to denote fill, and the symbol O to denote an eliminated entry
At the first iteration of Step 3, G's; 1s appled first since r5 € s3 but r, € s3
Thus

% 000 « f 0 f
* * 0 * @) 0
5 0 * % * 0 * * *
A — — .
000 » 0 00 «
0000 O 000
\0 00x%x/ \0 00 )
that 15, 4 = {(1,1),(1,2),(1,4),(2,2),(2,4),(3,2), }



CHAPTER 4 DETERMINATION OF Q AND R 41

At the same time,

* 0 0 0 %« 0 * % 0 0 %« 0

0« 00 0O *~ % 0 0 00
_ 00 000 00« 000
Q- —

000« 00 000 « 00

~ 0 0 0 « 0 * « 0 0 = 0

00000*} 0 0000 =%

In the second 1iteration of Step 3, only G3; 1s applied so that

*fOf\
* [ *

o 0O o o ©®
o o o
o

and

*
*
o
o o O
o o o o ©

* % * 0 *

00000*)

No computation occurs during the third iteration of Step 3, and only Gy 1s
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applied at Step 4, so that

« [0 f)
O = f
A—»OO**
0 0 0 =%
O 0 0 0
000 O)
and
* * * 0 « 0
* » » 000
- 0 » 000
Q—
000 « 0 «
* * » 0 = 0

000*0*/

Fimally, at Step 5, the last two columns of Q are deleted, and the resulting

structures returned are

* % % 0

* * 0 * * x * 0

_ 0  * % _ 0 » « 0
R — and Q —

0 0 % % 0 0 0 %

0 0 0 = * x % 0
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4.3 Proof of Correctness for Algorithm 1

In this section we prove that Q = Q and R = R Application of Algorithm 1

to a structure A determines a sequence
structure(G,,, ), structure(G,,,), , structure(G,,,,)

such that if A 1s any full rank m X n matrix with structure(A) = A, then
A= (G, GuyuGuyn)'R

1s the QR factorization of A (The precise values of the nonzero entries of
the matrices (G,, depend on the values of the nonzero entries of A, also, as
mentioned 1n Section 2 2, some normalization may be necessary in order
that the diagonal entries of R are positive )

From Lemma 4 3 1t follows that 1if G,,,, 1s applied, and if ¢; < n, then
(24,7¢) and (4,?;) are both elements of

t
Q= (kl:Il structure(G:‘m)> \{(2,7) |7 >n}

Thus, the first step in proving that Q 1s 1dentical to Q 1s to show that if
G, 18 appled, then (z,,7;) € Q and 1f 2, < n, then (y;,2;) € Q To do this,
we will make use of the bipartite graph characterization of Q described 1n
Section 24 A number of lemmas are required We note that while the next
two lemmas are never specifically cited in the succeeding proofs, they will
be used mmplicitly in most of them to determine membership (or nonmem-
bership) of vertices in Hall sets, and thus in the auxihary bipartite graphs
B](A)
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Lemma 4 4 Let m > n and let A be an m X n matriz with the Hall property
anda, #0,1 <1 <n Ltl1<j3<nandl <:1<) Thenc €5, +f and

only if r, € s,

Proof The result follows since the diagonal entries a,, ., = a,, are nonzero

O

Lemma 4 5 Let S, and Sy be Hall sets of a matrix A If 3 < k, then
S] _C_ Sk

Proof S,US; 1s a Hall set on the first k columns But |S, USk| < |Sk| since
Sk 1s the Hall set of maximum cardinality on the first £ columns Therefore

8 € 8, O

Lemma 46 Let 2 <) <n-—1 and 1 < 3, and suppose ¢, € Sy for some k
such that ) < k <n —1 Then during elimination on ¢, using Algorithm 1,

fill in ¢, below r, s restricted to rows in sy

Proof We use induction on @

Base Case Elmmation on ¢;

We consider 2 cases

Case 1 ry € sy Then ¢; € S and hence only rows 1 s; are mvolved 1n
the ehmination at this stage so that fill 1s necessarily restricted to rows in s

Case 2 r; & sx If ¢, € Sk, then ¢, must have a zero in row 1, and 1n
all other rows that are not 1n s, Since nonzeros in all rows not in s; are

elimmnated before nonzeros 1n rows 1n sy, 1t follows that &;, = 0 until after
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elimination on rows n s, begins At that point, only rows in s; remain to

be processed, so that fill in ¢, below r; 1s restricted to these rows

Induction Hypothesis Suppose v < 3 —1 and that during ehmination
of nonzeros 1 column 2,1 <@ < v, fill below 7, 1n ¢, 1s restricted to rows n

Sk

Induction Step We now consider ehmination of nonzeros from column
v+ 1 The pivot row 1s row v + 1

Casel 7,41 € sp Inthis case ¢,4; € Sk and by the Induction Hypothesis,
cy+1 has nonzeros below the diagonal only 1n rows in s, Therefore, fill during
this stage of the elimination 1s restricted to rows in sy

Case 2 7,41 € sx In this case a,4+1,, =0 and by the Induction Hypoth-
esis, 8,41, = 0 before ehmination on ¢,4; begins Furthermore, all nonzeros
1n ¢, below r, are restricted to rows in s, before processing of column ¢,
begins The order of ehmination guarantees that all the zeros in ¢, below
r, are preserved until ehmimation of rows 1n s begins At that pomnt, a,41,
may become  but fill in ¢, below 7,4, 1s restricted to rows in sj

Hence, during elimmation on ¢4 fill 1n ¢, below 7,41 1s restricted to rows

n Sk O

Corollary 4 6 1 Let ) and k be defined as in Lemma 4 6 Then using Al-

gorithm 1, fill wn ¢, below r, s restricted to rows wn s

Lemma47 Let ]l <v<n—-1l,v<jyj<nv<i<m,and ) <k<n

If . & sk—1 and fill occurs at the (1,3) position during ehmination of the
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nonzero entries of column v below the diagonal in Algorithm 1, then there 1s

a (¢;,r,)-path in Bi(A)

Proof We use induction on v

Base Case Consider elimination of the nonzero entries below the diag-
onal 1n column v =1

If fill occurs at the (z,7) position, then a,; = x and either
1 a;, =x,or

2 there exists w such that G,; 1s applhed before G,; , a,; = * and

Ay, = *
Now a,; =+ imphies that ¢; & Sk—; and r; & sg—3

1 If a;, = *, then ¢, & Sk—1 and r, & sg1 Therefore Bi(A) contains the

path r,¢iri¢, smce the (z,1), (1,1) and (1,7) entries are all nonzero

2 If there exists w such that G, 1s apphed before G,;, a,; = * and
a,, = *, then r, ¢ sx_; (by the order of ehimination of entries n
Algorithm 1) which imphes that ¢, € Sx_;y Thus we have the path

r.ciryc, 1n Bp(A)
In erther case there 1s a path in Bx(A) from ¢, to r,

Induction Hypothesis Suppose that during elimination on column p
where 1 < p < v, 1if fill occurs at the (z,7) position, where p < 2 < m,
p<j)<n,3<k<nandr &si,then thereisa (c,,r,)-path in Bx(A)
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Induction Step We consider elimination on column v 4+ 1 and suppose
that fill occurs at the (z,)) position, where v +1 <2 <m, v+1 < 3 <
n, ) < k<nandr, € s,y Forthis to happen, we must have éf,l;)ﬁ = %
which means either a,,;; = % or, by the induction hypothesis, there 1s a
path in By(A) from ¢,y to r, In either case, ¢, 41 & Sk_; which imphes that

Tv+1 € Sk—1 We must also have one of the following two cases

A (v)
1 av+1,.7

path P, and denote by P, the (¢ 41,7, )-path in By(A) The nonzero

= x, m which case there 1s a (c,,7,4+1)-path in Bx(A) Call this

diagonal of A imphes that the r,;1¢,41 edge also exists, so that P P,

1s a (c,,r,)-walk 1n Bi(A) and hence there 1s a (c,,r,)-path in Bx(A)

2 There exists w such that G, 41 1s applhed before G, 41, éf:,)vﬂ = %
and égj) = % Simce Gy 41 1s applied before G, .41, 7, cannot be
sk—1 (by the order of elimination of entries mn Algorithm 1) Thus,
éff,',)v 41 = * and the induction hypothesis together imply that there
1S & (Cyy1,Tyw)-path in Bi(A) Simlarly, ég’]) = % 1mphes that Bj(A)
contans a (c,,ry,)-path Since Bx(A) also contains the (¢y41,7,)-path,
together these paths give a (c,,r,)-walk which imples that there 1s a

(¢,,r.)-path n By(A)

In erther case there 1s a (¢, r,)-path in Bx(A) ]

Corollary 4 7 1 If, wn Algorthm 1, fill occurs at the (1,3) position where

t>J, then q;; =%

Proof If ¢ > j then r, ¢ s,.1 Applying Lemma 4 7 with £ = ), there
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1s a (¢,,r,)-path m B,(A), that 1s, r, € p, The result now follows from

Theorem 2 4 O

Corollary 472 Let 1 < 3 < n and ) < 1@ < m, and suppose that G,
1s applied in Algorithm 1 If there exists k, where 3 < k < n, such that
r, € Sk_1, then the (c,,r,)-path exists in By(A)

Proof This 1s clear when a,, = % since the edge r,c, exists in Bi(A), and

follows from Lemma 4 7 otherwise ]
Corollary 4 7 3 If G, s applied in Algorithm 1, thenr, € p, and (v,)) € Q

Proof Apply Corollary 4 72 with k = 7 to obtamn r, € p, It follows from
Theorem 2 4 that (2,7) € Q m]

Lemma 48 Let1 <) <nandi>) IfG,, s applhed in Algorithm 1, then
r, & s, = mnfe —1,n —1}

Proof Supposer, € s; Then by Corollary 4 6 1, fill in ¢, below the diagonal
1s restricted to rows in s;, and since r, € s; we must have éfj_l) =0 But
then G, would not be apphed in Algorithm 1 Therefore, if G, 1s applied,

then r, & s m]

Lemma 49 Let 1 < ) <1 < n If G, s applied in Algorithm 1, then

TJ Ep1
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Proof We know that r, € s,_y by Lemma 4 8 sincez > 7 Application of G,,
implies that éfj_l) =% Sifice dg = * afd ay; = *, égf) = %. Either a; = »
with r,¢, € B,(A), or fill occurs at the (7,2) position during elimination on
columns 1, ,7 —1, mm which case r, € p, by Lemma 4 7 O

Corollary 4 73 and Lemma 4 9 together prove that if G, 1s apphed mn
Algorithm 1, then (z,7) € Q and 1f 2 < n then (y,2) € Q This 1s the second
condition mm Lemma 43 We must also show that if there 1s an ordered
subsequence of the G,,’s as described mn the third condition in Lemma 4 3,
then the appropriate entry of Q 1s x Before doing this, we first examine the
ordering permitted by Algorithm 1

We define a chawn of length k > 2 that links G,,,, and G,,,, to be an

ordered subsequence

G, ;. .G G (42)

1s1Js1 9 T lsplsy) Y sy sy

of the rotations G,, ,,, , Gi,yr With 81 < 83 < 83 < < s such that

81 =a , 8 = b and one of
(1) 25 = 254

(1) 20, = Jspsas

(111) Js¢ = JagpssOF

(IV) Jse = lsipa

holds for each 1 <t < k-1
We first show that (1v) 1s not possible in the ordering for the transforma-

tions imposed by Algorithm 1
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Lemma 410 Let 1 <:<m,1<j)<nandl <k<n IfG, and G are

both applied in Algorithm 1, then G, must be applied before G,,

Proof If G, 1s apphed, then ¢ > ) If G,k 1s apphed, then 3 > k, so that
k < j <1 Since the columns are processed n increasing order, G, 1s applied
before G,, a

Suppose that for a fixed ¢ 1n (4 2), (1) holds, that 1s, (4 2) contains an

adjacent pair of rotations of the form

G'st]st I G

'ag]sH,l

If (1) also holds for ¢ + 1, then (4 2) contains

G's;]st ) G

tspdseqr? G'-’t]-’¢+2

and we can eliminate G,, ;, ., from the chamn (4 2) to get a chain of length
k — 1 lnking G,,,, and G,,,, Similarly, if (n) holds for ¢t + 1, then (4 2)
contains

Gta,]a,, Gts,Je,Hv Gu,“u,
Once again, the transformation G,, ;,  can be ehmnated to give a chain of

length k —1 that still links G,,,, and G,,,,
Suppose now that (11) holds for some ¢, so that (4 2) contains

tspJse? tspqp1tse

If (1) holds for ¢ 4 1, then (4 2) contains

bopJsp? Tlerpits? Tlspyatsy?
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and again the middle rotation can be eliminated to obtain a chain of length
k—1
Simularly, 1f (1) holds for ¢ and also for ¢ 4 1, then (4 2) contains

G‘sg]:g :) G

tspp1dse? G‘-’z+235t !

and the middle rotation can be eliminated to obtain a chan of length & — 1
If no transformations can be ehminated from a chain 1n such a manner,

the chan 1s said to have minimal length Let us suppose that
Gll]l’ G‘2J27 ’ G’k‘]k

1s a chain of minimal length that links G,,,, and G,,,,, and that the length
1s > 3 The above results may be summarized as follows The sequences of
rotations that are not possible in a chain of minmimal length are (1) followed
by (1), (1) followed by (11), (1) followed by (m), (1) followed by (1), and (1v)
That 1s, 1if (1) holds for some ¢, then (11) must hold for ¢t + 1 Also, 1f (1)
holds for some ¢, then (1) holds for ¢t — 1 Other possible sequences are (i)
followed by (1), (1) followed by (u), (1) followed by (1), and (11) followed by
(1)

We now proceed to prove that the appropriate entry of Q 1s % for every
chain of length 2 that 1s permitted by Algorithm 1 In Lemmas 4 12, 4 13

and 4 14, we consider the cases (1), (1) and (m), respectively

Lemma 411 Letl <j<nand) <:<m IfG, s applhed in Algorithm I,

then there ws an (r,,r,)-path wn Bi(A), where | = min{n,1}
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Proof By Lemma 48, r, € s;-;y Alsor, € s;-y since [l <1 Applymng
Corollary 4 7 2, we have a (c¢,,r,)-path in Bj(A), and combiming this with
the ¢,r, edge, we get an (r,,r,)-walk, and hence an (r,,r,)-path in B;(A)

]

Lemma 412 Let 1 <:<m, 1<j3<nandl1 <k<n IfGy and G,, are

both applied in Algorithm 1, and of G,i 1s applied before G,,, then ry € p,

Proof Clearly : > k and « > 3 Since G 1s applied before G,;, k < j,
so we have k < j < 2, which imples that r, € s,_; By Corollary 4 7 2
there 1s a (¢, r,)-path and also a (¢,,r,)-path m B,(A) Combining these
two paths with the edge ric gives a (c,,7)-walk n B,(A), and thus there
1s a (c,,rx)-path in B,(A) Therefore, r € p, O

Lemma 413 Let1<:<n,1<3<nandl <k<n IfG; and G,, are

both applied in Algorithm 1, then vy, € p,

Proof From the proof of Lemma 4 10, we know that k¥ < 7 <: Lemma 4 8
imphies that ry  s,_y and r, € s,_; Since G, 1s applied 1n Algorithm 1,
there 1s a (e, r,;)-path 1n B,(A) by Corollary 472  Similarly,by Corol-
lary 4 7 2 there 1s a (c,,7,)-path mn B,(A) since 7, € s,_; These two paths
combined with the edges ric, r,¢,, and r,c, make a (c,,r;)-walk and hence

there 1s a (c,,7x)-path in B,(A) Thus, ry € p, O

Lemma 414 Let1 <) <n,1 <1, k<m, withe# k, and | = mwn{n,k}
If G,, and Gy, are both applied i Algorithm 1 and +f G,, s appled before
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Gy,, then there 1s an (r,,7i)-path wn Bi(A) Furthermore, of k < n, then

T € Pk

Proof Applying Lemma 4 11 to Gi,, we have an (r,,rs)-path m Bj(A)
Since G,, 1s applhed before Gy,, we know that r, & s;_y, so that applying
Corollary 4 72 with k = [ — 1 we have a (c,,r,)-path m B;(A) These paths
together with the r,c, edge give an (r,,7)-walk 1n Bj(A), so that there must

be an (r,,rx)-path as well If k < n, the rycx edge and this path imply that

T, € Pk O

Lemma 415 Let1 <) <n,1<k<n,1<1<m and let | = min{s, n}
If G,k and G,, are both applied wn Algorithm 1, then there s a (ck,r,)-path
and an (rg,r,)-path in Bi(A)

Proof From the proof of Lemma 4 10, k¥ < ) <2 Lemma 4 8 implies that
r, & si—1 and since G, 15 applied, Corollary 4 72 gives a (¢, 7,)-path m
Bi(A) Clearly r, ¢ s;_1, so since G,, 1s apphed, Corollary 4 7 2 gives a
(¢,,r,)-path in B;(A) Combining these with the ryc; and c,r, edges gives a
(ck,r,)-walk and an (r,r,)-walk in Bj(A) Therefore, there 1s a (¢, r,)-path
and an (rg,r,)-path mn B;(A) o

We are now ready to prove that if there 1s a chan of rotations as described

in Lemma 4 3 so that (z,)) € Q, then (z,7) € Q also
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Lemma 4 16 Let
G‘l]l’ G‘?J?’ ) G'k]k’

denote a chain of minwmal length k > 2 of the rotations determuned by the

application of Algorithm 1 to a structure A

a) If (1 = 12 or 2y = )3) and (wk—1 = Jk or Jk—1 = Ji), then there 1s
an (r,,r,)-path wn Bi(A) where | = mun{n,1;}, and 1f 1 < n, then

Ty € Py
b) If (14 =1 ory =33 ) and 1y = 1, thenr,, € p,,
c) If 51 =), and 14—y = 1, then r, € p,,

d) If 51 =32 and (1k—1 = Jk or Jx—1 = Ji), then there 1s an (r,, 1, )-path wn
Bi(A) where | = mun{n,}, and 1f 1y < n, then r, € p,,

Proof The proof s by induction on k
Base Case If k = 2 then

a) becomes G,,,,, G\,,, and the path exists by Lemma 4 15 If 2, < n, then
T, € p,, by Lemma 4 13 All the other cases ( G.,,,, Giy4yy Gugys Gaygi,

G\.y, Giyy ) are 1mpossible

b) becomes G,,,, G.,,, and r,, € p,, by Lemma 412 The other case

Gy Gy 18 1mpossible

c) becomes G,,,,, G,,,, which never occurs since we do not ehminate the

same nonzero twice
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d) becomes G,,,,, G,,,, and, by Lemma 4 14, the path condition exists and

if 13 < n, then r,;, € p,, The other case G,,,,, G.,;, 1s not possible

Hence the lemma 1s true for the case k = 2
Induction Hypothesis Suppose that the lemma 1s true for all chans

of mimimal length £ < v

Induction Step We consider a chain of minimal length & = v+1, which

may be written

G‘l.]l’ G12J2’ ? G'v]v’ le+1]u+1 (4 3)

Since we know that the lemma 1s true for k = 2, we may assume that v > 2

Now

chain 1: Gy Giss s Groge
and

cham 2 Gtz]'v ) Gtu}u’ Glu+1Ju+1

are chamns of length v, so by the induction hypothesis, the lemma 1s true for
these two subchains (and all other subchains) of (4 3)

There are nine cases to consider, one corresponding to each of the possible
combinations of the equalities listed 1n the statement of the lemma We take

these 1n order

1 If oy =1, and 2,_; = i, then (4 3) may be written as
Gll]l’ G’l]’)’ G‘3J2’ ) G’v]u’ G‘u+11v

with v > 3, since such a chamn 1s mmpossible if v = 2 Now
71 < 72 < 1 < n  Chan 2 satisfies case d) so that by the m-

duction hypothesis, there 1s an (r,,r, ,,)-path in B;(A) where | =

tv41
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min{n,t,4,} This imples that r, ¢ s;_; Smce G,,,, 1s apphed, there
1s a (¢,,,7,)-path in Bi(A) by Corollary 4 72 These two paths com-
bmed with the r, ¢, edge make an (r,,,r,,,,)-walk m Bj(A), so that
there 1s an (r,,,r,,,,)-path in B;(A) If 2,4y < n, then [ = 1,4, and the
Tiy41Cioy, €dge also exists in B, (A) so that theres a (c,,,,,7,, )-path

as well That 1s, r,, € p,,,,

2 If 1y =y and 141 = J%, then (4 3) may be written as
Gl1]1) Gr_)z]) I Glu]u’ G1v+1iu)

where v > 2 Either 15 = 13 or 1 = J3, so that chain 2 satisfies case a)
and by the nduction hypothesis, there 1s an (r,,,r,,,,)-path m Bj(A)
where | = min{n,2,41} Since r,, € s;—1 and smnce G, ,, 1s apphed,
there 1s a (¢, , 7, )-path mn Bj(A) by Corollary 4 72 Combining these
paths with the edge r, ¢, gives an (r,,,r,,,,)-walk which implies the

existence of an (r,,r,,,,)-path m Bj(A), and if 2,4; < n, we have

r]l € p1u+1

3 If vy =22 and jx—; = Ji, then (4 3) may be written as
Gil]l’ G11J27 G13J2’ I G‘v/]u—l’ G'v]u’ G‘u-{-l]v’

where v > 2 Chain 2 satisfies case d) so that if [ = min{n, 2,4}, then
Bi(A) contams an (r,,,r,,,,)-path by the induction hypothesis Since
ry & si-1 and G,,,, 1s apphed, there 1s a (¢, ,r, )-path n B;(A) by
Corollary 4 72 Combining these two paths with the r, ¢, edge gives

an (r,,r,,,)-walk in Bj(A) Consequently, there 1s an (r, ,r,,,,)-path
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m Bi(A) If 1,41 < n, then the r, . c,,, edge also exists in Bj(A) =
B

To41

(A) so that there s a (¢,,,,,7,, )-path as well That s, r,, € p,,,,
4 1If oy = y5 and yx_; = Jx, then (4 3) may be written as
G'l]l’ G’?’l’ b G’v]v—l’ G'v]u’ Giu-}-l]v

with v > 3, since such a chain 1s 1mpossible if v = 2 Since either
12 =13 OT 13 = J3, chain 2 satisfies case a) so that for | = mm{n,2,41},
Bi(A) contains an (r,,,r,,,,)-path by the induction hypothesis Since
Gy, 18 appled and r, & s;_;, there 1s a (¢, ,7, )-path in B;(A) by
Corollary 4 72 Combining these paths with the r, ¢, edge produces
an (r,,r,,,)-walk, so that there 1s an (r,,r, ,, )-path m Bj(A) If
ty+1 < n so that [ = 1,44, then ther, ¢, ,, edge also exists, and hence

there 1s a (c,,,,,7;,)-path n B, (A) That s, r, €p,,,

tv41
5 If 1y =25 and 15_; = 4, then (4 3) may be wrntten as
G‘l]l’ G11.72’ G13]27 ;) G'VJ')’ G1v3v+]

with v > 3, since such a cham 1s impossible if v =2 Now chain 2 sat-
1sfies case c) so that thereis a (c,,,,,m,)-pathmm B, _ (A) Thus, r,, ¢

8;,41-1, and since G,,,, 1s appled, B, ., (A) contams a (c,,r, )-path

v+l(
by Corollary 4 72 Combining these paths with the r, ¢, edge gives
a (c),,,,7; )-walk which 1mplies the existence of a (c,,,,,r,;,)-path

B

Ju+1

(A) Hence, T3 € Prots

6 If 3 =), and 2_1 = 1%, then (4 3) may be written as

G'l]l ’ G12'1 ’ ) G'u]u’ G'v]v+1 ’
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where v > 2 Since either 1, = 13 or 1, = 33, chain 2 satisfies case b),
and by the induction hypothesis, there 1s a (¢,,,,, 7, )-path n B,,,, (A)
Thus r,, & s,,,,-1, and since G, ,, 1s applied, there exists a (¢,,, 7, )-path
m B,, ., (A) by Corollary 4 72 These paths combined with the r; ¢,
(a)

edge produce a (c,,,,,7;, )-walk, and thus a (c,,,,, 7, )-path, m B, ,

Herice, £y € Paun

7 If y, =y, and 14_; = 2, then (4 3) may be written as
Gll]l’ G‘?]l’ I G'v]u? G1V.70+1,

where v > 2 Chain 1 satisfies case d), so for [ = min{n,,}, Bi(A)
contans an (r,,r, )-path Thus r, & s;_;, and consequently r, ¢
S5941—1 also (smce jy41 < 1) Either 15 =23 or 25 = 3, so that chain 2
satisfies case b) and hence there 1s a (c,,,,,,,)-path m B, , (A) by
the mduction hypothesis Since G,,,, 1s appled and r,; & s,,,,_1, by

Corollary 4 7 2 there exists a (¢,,, 7, )-path m B, ., (A) The latter two

o1
paths combined with the r; ¢, edge give a (c,,,,,r, )-walkn B, ., (A),
so that there 1s also a (c,,,,,r,)-path, and hence r,; € p,, .,

8 If y3 = j2 and 24—y = ji, then (4 3) may be written as either

lew Gtz]n Gigias ) quJw G1u+11va (4 4)
where v > 2, or
GHJU Gtz]l’ Gtws’ ) Gtu]uv Gto+11u’ (4 5)

where v > 4 Consider the subchain

G1312’ I G‘vJv’ G1v+11v
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of (44) If v = 2, then this subchain reduces to the single rotation
Giyi, In this case, there 1s an (r,,,7,,,,)-path m Bi(A), where | =
min{n, 2,41}, by Lemma 4 11 If v > 2, the subchain 1s of length at
least 2 and satisfies case a), and thus an (r,,,r, ,,)-path exists in B;(A)

by the induction hypothesis

Consider now the subchain

G'2]3’ ) G'u]u’ G'u-}]’u

of (4 5), which 1s of length at least 2 and satisfies case d) Thus the

induction hypothesis imphes that there 1s an (r,,r,,,,)-path 1n B;(A)

So 1n every case, there 1s an (r,,,r,,,,)-path mn B;j(A), which imples
Ty, € si—1 Swmce G,,,, 1s apphed before G,,,, r,, € si—1 Corollary 4 7 2
applied to G,,,, gives a (¢, , 7y, )-path in Bj(A), and applying 1t to G,,,,
gives a (c,,, 7, )-path in Bj(A) Combining these three paths produces
an (ry,r,,,)-walk so that there must be an (r,,r,, ,, )-path as well
Furthermore, 1f 2,41 < n , then Bj(A) also contains the r,,, ¢, ,, edge,

which gives a (c,,,,, 7, )-path, which means r,, € p,,,,

9 If 3 = 72 and jx—1 = Jk, then (4 3) may be written as either

G’]Jl’ G’?]l’ G12]3’ ’ G’v]v’ G’v-&-l]u’ (4 6)
where v > 3, or

G‘l]l’ G'?Jl’ G'3‘2’ ) le]u‘ le-{-l]v’ (4 7)
where v > 4 The subcham G,,,,, v gy Givypg of (4:6) 18 of

length at least 2 and satisfies case d) By the induction hypothesis,
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there 1s an (r,,,r,,.,)-path in Bj(A), where | = min{s,,,,n} Simlarly,

tot1
the subchamn G,,,,, s Giygey Giyyryy of (47), satisfies case a), and
the induction hypothesis imples the existence of an (r,,,r,,,)-path
m Bj(A) Thus, in any case, r,, ¢ s;_1, and since G,,,, 1s appled
before G,,,,, 7., & si-1 So Corollary 4 72 apphed to G,,,, gives a
(¢jy 57, )-path m Bj(A), and applyng 1t to G,,,, gives a (¢,,, 7, )-path
mn Bj(A) Combining these paths with the (r,,,r,,,,)-path gives an
(741571041 )-Walk, which imples the existence of an (r,,,r,,,,)-path m

Bi(A) Furthermore, if 2,41 < n, then | = 2,4, and the r, ,,c,,,, edge

s B, ,(A), so there s a (c,,,,, 7, )-path as well That s, r,, € p,,,,

In every case, if the lemma 1s true for k£ = v, then 1t 1s true for k = v +1,
completing the proof by induction O

We now state our main results

Theorem 4 17 Let A be the structure of an m X n matriz with the Hall
property and a nonzero diagonal Then the structure Q that results from

application of Algorithm 1 to A s identical to the structure Q

Proof The entries of

k
Q= ]_:[ structure(G,,,, )\{(2,7) | 7 > n}

are characterized by Algorithm 1 and Lemma 4 3 Let (z,y) € Q Then
y <n Ifz =y, thenr, € p, since A has a nonzero diagonal and r,, ¢ s, If
r # y and G, 1s one of the apphed rotations, then r, € p, by Corollary 4 7 3,

whereas if G, (with z < n) 1s one of the applied rotations, then r, € p, by
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Lemma 4 9 Finally, if there 1s a chain of rotations

VTR Gls2.7.s2’ ’ G’sk]sk

with = ¢,, or ¢ = 7, and y = 1,, or y = j,, so that (z,y) € Q, then
r, € py, by Lemma 4 16 Given Lemma 4 10, these exhaust all possibilities
in Lemma 4 3, so (z,y) € Q by Theorem 24 Thus Q C Q

To show the reverse inclusion, suppose (z,y) € Q For any full rank
m x n matrix A such that structure(A) = A, suppose 1ts QR factorization 1s

computed using a sequence of Givens transformations
G'l]l ) G‘2]2’ ’ G’k]k

as determined by Algorithm 1 By Lemma 2 3, structure(Q) € Q Thus
Q C Q, completing the proof O

Theorem 4 18 Let A be the structure of an m X n matriz with the Hall
property and a nonzero diagonal Then the structure R that results from

application of Algorithm 1 to A 1s wdentical to the structure R

Proof Algorithm 1 computes

R (ﬁ structure(G,m)) A\{(2,3) |2 >3}

k=t

_ (H — G;“Hk)>*A\{(%J) 0> 5)

= (a1, @) AV{(2) 2> )

Q A\{(1,7) |+ > 1}
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But since Q = Q by Theorem 4 17, 1t follows that R = R by Theorem 2 5

O
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Chapter 5

Conclusions

In the previous chapter we showed that given an m x n matrix A with the
Hall property, where m > n, 1t 1s possible to find an ordering for the Givens
transformations such that the first m columns of the product of the structures
of the transformations 1s equal to the structure Q In addition, the structure
generated for the factor R by this ordering 1s correct That 1s, we showed
that there 1s a tight ordering for the Givens transformations

A consequence of Theorems 4 17 and 4 18 1s that if A has the strong
Hall property or if A has the Hall property and 1s in Dulmage-Mendelsohn
form (see Chapter 3), then all orderings that compute the QR factorization
column by column using diagonal pivots are tight In the first case, there are
no nonempty Hall sets The second case follows similarly since the diagonal
blocks have the strong Hall property and the QR factorization of A 1s easily
obtained from the QR factorizations of the diagonal blocks of A These

results correspond to those of Coleman et al [2] for the case of row-wise
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elimination using diagonal pivots

A second consequence allows an interesting upper bound on the time com-
plexity of Algorithm 1 (or an analogous algorithm for computing a numeric
Q@R factorization) Corollary 4 7 2 restricts the number of rotations required
to the number of nonzeros below the diagonal in Q (In fact, the number of
rotations may be fewer since not all of these positions necessarily fill during
the elimination ) The number of operations required for each rotation 1s lin-
ear 1n the number of nonzeros 1n the two rows involved, and this number 1s
certainly not more than 2n  This gives a crude bound on the operation count
m O(n7(Q)) where 7(Q) 1s the number of nonzeros 1n Q

We do not claim that a tight ordering for the Givens transformations 1s
minimal i the sense that 1t uses the mimimum number of transformations

We 1llustrate this with an example

Example 5 1 Let

* 0 0

A= 0 0
* x ok
* 0 0

The maximal Hall sets S, are

So = 0

S = 0

S, =0

Ss = {Cz, 63}
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Two possible orderings for the Givens transformations include
G31’ G41’ G32, G427 G43 (5 1)

and

Ga,Ga1,Ga (52)

Both of these orderings are tight orderings since they conform to that speci-

fied by Algorithm 1, but (5 2) uses fewer rotations than (5 1) ]

Clearly, there 1s still a need for heuristic ordering strategies to find better
orderings within the constraints of Algorithm 1

Example 5 1 illustrates another point If we consider the product of the
structures of the Givens transformations of the two orderings, we obtain from

(51) the structure for the (square) factor Q given by

* % % *

O
f

Il
-

but from (5 2) we obtan

*
*
*
*

O
%)
Il
o
*
*
o o

* * Kk &

Since A 1s 4 x 3, the first 3 columns of Q1 and Q2 are 1dentical to the

structure of the (rectangular) 4 x 3 factor @), but they differ in the fourth
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column However, Hare et al [11] showed 1n the proof of their Theorem 2 1
that any umitary matrix whose first 3 columns are 1dentical to ¢) must have
1ts (2,4) and (3,4) entries equal to 0 The proof 1s based on the fact that
columns 2 and 3 of any full rank A € A, and hence, of the factor Q) of the
QR factorization of A, span a subspace of dimension 2 and are zero outside
of rows 2 and 3 Therefore, column 4 must have zeros 1n rows 2 and 3 since 1t
1s orthogonal to columns 2 and 3 Qz conforms to this structure but Ql does
not It follows that 1f the structure of the square m x m factor Q 1s required,
then the one determined by the sequence of transformations specified by
Algorithm 1 may not be correct Finding an adaptation to Algorithm 1 that
1s guaranteed to give a correct structure for the square @) 1s an open problem

If @ 1s stored 1n factored form, where each Givens transformation 1s rep-
resented by a single parameter, then that part of Q below the diagonal 1s
sufficient for the purpose In fact, Algorithm 1 could be modified to pro-
duce a still smaller data structure by replacing Q «— Q structure(G,,) with
Q—QU{(x,2)}

Other limitations on Algorithm 1 are the requirement that A have a
nonzero diagonal and the use of diagonal pivoting The proofs of Chapter 4
depend critically on these assumptions It remains an open problem to deter-
mune 1f 1t 1s possible to relax these conditions and still obtain tight orderings
for the Givens transformations

We do not know 1f the ordering that employs the fewest transformations
1s necessarily a tight ordering We have seen that in the case of matrices
with the strong Hall property, all orderings that use diagonal pivoting and

elimination column by column are tight However, in the case where the
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matrix has the Hall property but not the strong Hall property, the situation
1s more complex It may be the case that variable pivot orderings are more

efficient but not necessarily tight This 1s a possible area for future work
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