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Abstract 

The QR factorizat10n of a matrix A 1s commonly used to solve least 
squares problems One way to compute such a factorizat10n 1s by usmg 
Givens transformations When A 1s sparse, the precise order m which the 
transformations are applied can affect the amount of storage required In 
this work we present an ordermg for the Givens transformat10ns that 1s opti­
mal with regard to storage ( a so-called "tight" ordermg) and that preserves 
sparsity by restrictmg fill to those locat10ns m R that are necessarily nonzero 
when A has the Hall property This ordermg is of particular mterest when A 
does not have the strong Hall property and 1s not permuted mto block upper 
trapezoidal form 

We describe a bipartite graph model of sparse matrix structures, and 
summarize the characterization of the structures of the factors Q and R 
We define the product of structures of matrices, determme the product of 
the structures of a sequence of Givens transformations, and define a tight 
ordermg for the Givens transformations We then present a family of tight 
ordermgs for a given matrix structure 

Dr F D Roberts , Departmental Member (Department of Computer Science) 

Dr D Stanford, External Ex mmer (College of Wilham and Mary, Math Dept) 
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Chapter 1 

Introduction 

1.1 Sparse Matrices 

Many problems m diverse fields mcludmg science, engmeermg, surveymg, 

and econorrncs give rise to systems of lmear equations that are frequently 

very large Problems with thousands of equations and thousands of variables 

are not unknown Indeed, m some applications, such as climate modellmg, 

the sizes of the systems are limited by the availability of computmg resources, 

rather than by the size of the underlymg problem 

Often m such problems, each equat10n mvolves only a few of the variables 

so that only a small percentage of the entries of the coefficient matrix are 

nonzero A typical example rmght have thousands of rows and thousands of 

columns, with perhaps only 10 percent of the entries nonzero If the problem 

is large enough and the percentage of nonzeros small enough, it becomes 

advantageous to avoid stormg or domg computation on the zero entries In 
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this case the matnx 1s said to be sparse 

In order to take advantage of sparsity, 1t 1s necessary to create data struc­

tures for the matnx, and for any factors of the matnx that may be computed 

durmg the solution of the problem Ideally, the data structures will be large 

enough to accommodate all the nonzero entnes, but no larger In addition, 

we would like the data structures to perrmt easy access to the matnx entnes 

with as little overhead as possible Algorithms that utilize these special data 

structures are also reqmred This 1mphes an mtnnate connection between 

the data structures and the algonthm 

In general, given a problem that can be expressed as 

Ax= b 

where A 1s a sparse matnx, x and b are vectors, A and b are known, and 

1t 1s desired to compute x, the approach 1s to find factors C and D of A so 

that A = CD with C and D m some special form that makes solution of 

the system easy Gaussian ehmmat1on 1s a well-known example that 1s often 

applied to square matnces, m which A 1s factored mto a product of L and 

U, where L 1s lower triangular and contams the multipliers computed durmg 

the forward ehmmation, and U 1s an upper triangular matrix Once these 

matrices are determmed, the solution x may be found by forward and back 

substitut10n Another example 1s orthogonal factonzat1on (also known as QR 

factonzat1on) which may be applied to any matnx havmg at least as many 

rows as columns In this factorizat10n, Q has orthonormal columns and R 1s 

upper tnangular The algonthms used for computmg the QR factonzat10n 

are different from those used to compute the LU factorizat10n, and hence 
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place different constramts on the data structures used 

The basic problem m des1gnmg data structures for sparse matnx oper­

at10ns 1s accommodatmg fill This 1s the phenomenon m which there 1s a 

nonzero at a specified pos1t10n m one of the factors of A while the corre­

spondmg entry m A 1s zero, so that the factors have more nonzeros than A 

has In fact, some algonthms may cause so much fill that sparsity 1s lost 

ent1rely, so that the matnx may as well be treated as a full matnx There­

fore, 1t 1s important to choose algonthms to mamtam sparsity as much as 

possible However, 1t 1s rarely possible to ehmmate fill entirely, and so the 

data structures used must be able to handle 1t 

One general approach 1s to use dynamic data structures such as lmked 

hsts, which has the advantage of bemg qmte flexible For example, 1t allows 

row and column p1votmg operations to be deterrruned durmg the numencal 

factonzation Dynamic data structures can deal with fill by allocatmg space 

and settmg pomters for new nonzeros as they are encountered One disad­

vantage 1s that for each nonzero, storage 1s requ1red for the value of the entry, 

the row mdex, the column mdex, pomters to the next entry m the row and 

the next entry m the column, and perhaps pomters to the previous entnes as 

well Another disadvantage 1s that 1t mcurs a high overhead m accessmg the 

entnes of the matnces smce the list must be traversed to find a particular 

entry 

Another approach 1s to compute a static data structure for each of the 

resultmg matnces ahead of time, before the numerical computation begms 

The creation of the data structures 1s called symbolic factori zation Static 

data structures have the advantage of requmng less space than dynamic 
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structures, smce fewer pomters are reqmred Instead, much of the mdexmg 

mformat10n associated with a particular nonzero entry may be mferred from 

its locat10n m the data structure and vice versa Static data structures also 

requ1re less time to access entnes of the matrix, and vectonzmg the algonthm 

1s easier They have the disadvantage of reduced flex1b1hty m the subsequent 

numencal phase For mstance, 1t may be 1mposs1ble to do row or column 

mterchanges to mamtam numencal stab1hty w1thm the precomputed data 

structure, or the precise sequence of row or column mterchanges may be 

fixed m advance, thus proh1b1tmg alternate p1votmg sequences In addition, 

a preprocessmg step 1s reqmred to compute the data structure Nevertheless, 

the advantages often outweigh the disadvantages and static data structures 

are frequently used (see, for example, [5] [15]) 

1.2 Outline of the Thesis 

In this thesis we will examme a way to compute a static data structure 

that 1s smtable for orthogonal factonzation ( without column mterchanges) 

of full rank matnces that have at least as many rows as columns Structures 

for both the factors Q and R are determmed, and m add1t10n, 1f Givens 

transformations are used to compute the factonzat1on, then the ordermg of 

the transformat10ns is specified so that the storage reqmred 1s limited to that 

determmed recently by Hare et al [11] 

In Chapter 2 we give a bnef overview of the theory of orthogonal fac­

tonzation, its application to least squares problems and the use of Givens 

transformations to compute an orthogonal factonzation We also define the 
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concept of structure of a matnx, mult1phcat1on of structures, and a b1part1te 

graph representat10n of a structure Fmally, we review the recent work of 

Hare et al on the structures of the factors of a QR factonzation 

In Chapter 3 we bnefly outlrne previous work done on data structures for 

sparse QR factonzat1on 

In Chapter 4 we determme the product of the structures of a sequence of 

Givens transformations We present an ordermg for applyrng Givens trans­

formations to a sparse matrix m order to compute a QR factonzation and, 

finally, we use the results of Hare et al to show that 1f this ordermg is used, 

then the product of the structures of the resultmg sequence of Givens trans­

format10ns is identical to the structure of Q We also show that the structure 

for R obtamed m this way 1s correct 

We summarize our results m Chapter 5 
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Chapter 2 

Preliminary Theory 

In this chapter we bnefly review the theory of orthogonal factonzat1on, its 

application to least squares problems , and the use of Givens transformations 

A more detailed treatment may be found m [16, Chapter 3] 

In Section 2 3 we define what 1s meant by the structure of a matnx and 

discuss some of the problems that anse m the computation of the structures 

of the factors dunng a QR factonzation Havmg done that , we are able to 

state precisely the purpose of this thesis 

In Sect10n 2 4 we descnbe a b1part1te graph model of the structures of 

the factors Q and R of a sparse matnx, and review the recent work of Hare 

et al [11] that characterizes these structures These ideas will be used exten­

sively m Chapter 4 
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2.1 The QR Factorization 

If m ~ n and A is an m x n matnx over the complex field , then there is an 

m x m umtary matnx Q and an m x n upper trapez01dal matnx R such that 

This is called a QR factorization of A A proof of its existence may be found 

m Watkms [16] If rank(A) = n, then the diagonal entnes of R may be 

chosen to be positive, and m this case, the factonzation is umque 

We can rewnte a QR factonzat1on of A given by A= QR as 

where 

Q2 (qn+i,qn+2, ,qm), 

qi the i
th column of Q, 

and R is n x n Thus 

A=QR 

where Q 1s an m x n matnx with orthonormal columns and R 1s an n x n upper 

tnangular matnx This is an alternate formulat10n of the QR factonzation 

of a matnx 

There are a number of ways to compute a QR factonzation of a matnx 

The classical Gram-Schmidt orthogonalization 1s one The Modified Gram­

Schmidt algonthm 1s a more stable method Another 1s the reduction of 
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A to upper trapezoidal form by Householder transformations, and it is this 

method that is generally preferred for full matrices Still another method is 

the reduction of A to upper trapezoidal form by Givens transformations, and 

this method is frequently used for sparse matrices 

The QR factorization is usually used to solve least squares problems and 

to compute eigenvalues, and may also be used to solve square nonsmgular 

systems of lmear equat10ns In the latter case, where 1t 1s des1red to solve 

Ax= b for x, we replace A by its factors to get Q.Rx = b Smee Q 1s umtary, 

{J-1 = Q*, where Q* IS the con Jugate transpose of Q, so that 

Rx= Q*b, 

which can be solved for x by back-substitution This 1s generally a stable 

method of solution, although the classical Gram-Schmidt algorithm may be 

unstable 1f A 1s 1ll-cond1tioned The Modified Gram-Schmidt, Householder 

and Givens methods are stable [16] 

In the case of a rectangular m x n matnx A with m 2:: n, there may be 

no solution to the problem 

Ax= b, 

but 1t may be desued to find the vector x for which 

II Ax - b JJ2 

1s mm1m1zed This 1s the least-squares problem The vector r = Ax - b 1s 

called the residual and JI r JJ 2 1s the Euclidean length of r defined by (r*,)1
/

2 

Smee Q IS umtary, 

II Q*(Ax - b) II~ [Q*(Ax - b)]*[Q*(Ax - b)] 
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(Ax - b)*QQ*(Ax - b) 

(Ax - b)* Im(Ax - b) 

II Ax - b II~ 

9 

where Im is the identity matrix of order m Thus, multiphcat10n by Q* does 

not change the Euclidean length of r so that the solution of rmnx II Ax - b 11 2 

is equal to the solution of mmx II Rx - Q*b 11 2 We partition Rx - Q*b as 

This clearly has mmimal length when Rx - Q*b = 0 or Rx= Q*b 

If A has full rank, then R also has full rank ( and thus all its diagonal 

entries are nonzero) and the square system Rx= Q*b has a umque solution 

Smee R is upper triangular, this system is easily solved by back substitution 

If A is rank deficient, then R is smgular and either the QR factorization 

with column pivotmg or the smgular-value decomposition is used to compute 

a solution In the QR factorization with column pivotmg, a permutation P 

of the columns of A is determmed so that AP= QR where 

and R1 is nonsmgular and upper triangular That IS, Ax - bis transformed 

to 
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This 1s eqmvalent to 

which has rmmmal length when R1y1 + R2y2 - Q*b = 0 There are an mfimte 

number of solutions to this system and one may be obtamed by arbitrarily 

fixmg y2 and solvmg the nonsmgular system 

In the remamder of this thesis we will deal only with full-rank matrices 

Orthogonalization methods for solvmg least squares problems are often 

preferred to the classical method of solvmg the normal equat10ns 

A*Ax = A*b 

because they are more stable The solution of the normal equations may be 

subject to serious losses of accuracy if A 1s 1ll-cond1t1oned [16] One reason 1s 

that critical mformation may be lost because of round-off error m the com­

putation of A* A Furthermore, the cond1t1on number of A* A is the square of 

the condit10n number of A, so that if A 1s even rmldly 1ll-cond1t10ned, then 

A* A can be very badly cond1t10ned In this case, the solut10n of the system 

A* Ax= A*b can be very maccurate The normal equations have the advan­

tage of usmg less computer space and time than the QR factonzat1on 1f m 1s 

much greater than n The better stability performance of the orthogonahza­

t10n methods motrvates the effort to find more efficient data structures and 

algorithms for 1mplementmg the QR factorization for large sparse matrices 
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2.2 Givens Transformations 

This sect10n descnbes the use of Givens t ransformations to compute a QR 

factorization of an m x n matrix A with m 2: n and rank A = n 

Given a nonzero vector v = ( z1 , z2? over the complex field , we define the 

transformation 

where r = jjvjj 2 = ( v*v )1!2 It 1s easily venfied that T 1s umtary Applymg 

the transformation T to v gives 

Suppose that v 1s the first column of a 2 x 2 matnx 

Now 

1s upper tnangular Thus A = T* R 1s a QR factonzation, smce T* = r- 1 

T 1s a Givens transformation, or a plane rotation, smce m the real case, 1t 

represents a rotat10n of the plane by an angle 0 where 

0 = arccos (zi/r) 
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Extendmg T to an n-d1mens10nal vector space, suppose that the 2 x 2 

prmc1pal submatnx m rows and columns J and z of then x n matnx A 1s 

Define GiJ, with z > J , by 

1 

1 

GiJ 

zi/r 

- z2 /r 

i 

J 

1 

1 

z2/r f--- J 

(2 1) 

zi/r f- z 

1 

1 

i 

where the pnnc1pal submatnx of G,J m rows and columns J and z 1s the 

Givens transformation T defined for the vector (z1,z2)T, and the rest of the 

matnx 1s the identity The (J , J) entry of A 1s sometimes called the pzvot for 

the Givens transformat10n and the ( z, J) entry 1s the target entry that 1s to 

be set to zero Clearly G1J 1s a umtary matnx Applymg G1J to A changes 

only rows J and z of A, leavmg the rest of A untouched Each of rows J and 
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i of G,JA 1s a lmear combmat10n of rows J and i of A, and the ( i, J) entry of 

G,JA IS 0 

Diagonal pivoting refers to the s1tuat1on m which all of the pivots for the 

Givens transformations are diagonal entnes This can be generalized so that 

the pivot element 1s not a diagonal entry of A (1 e, variable pivoting) If 

i > J -=/ k, aJk = z1 , a ,k = z2 and G,1 1s defined as above, then the ( i, k) entry 

of G,1A 1s 0, and the (J, k) entry IS called the pivot 

A QR factonzation of an n x n matnx A can be obtamed by usmg Givens 

transformations to reduce A to upper tnangular form Let G,1 denote the 

Givens transformat10n that sets to O the (i, J) entry of the matnx that 1t 

multiplies, and consider the sequence of Givens transformations 

that produces zeros sequentially m the below-diagonal positions of the matnx 

A The transformations can actually be applied m any order that does not 

destroy previously created zeros For the sequence above, we obtam 

where R 1s upper tnangular Smee each of the transformations G,1 IS urntary, 

a: n-1R, 
' 

and 

G~,n- 1 

1s the reqmred urntary factor 
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This result can be extended to the rectangular case where A is m x n 

and m > n We apply Givens transformat10ns as before to produce 

where 

is m x m and R 1s m x n As discussed m Section 2 1, we take Q to be 

the first n columns of Q, and R to be the upper n rows of R to get the QR 

factonzation m the alternate form 

If the matnx R that is obtamed from this procedure does not have all 

diagonal entnes positive, we can multiply R by a diagonal matnx D whose 

diagonal entnes have magmtude 1, and are chosen so that d0 r0 is real and 

positive (smce all r 0 -=J O m the full rank case) Then D is umtary, DR 

is upper triangular with positive diagonal entries and QD* is the required 

factor with orthonormal columns 

It should be noted that there is usually no need to multiply the Givens 

transformations together to obtam the matnx Q Normally, it is sufficient 

to store Q m factored form Golub and van Loan [10, Section 3 4] give 

an efficient storage method m which each Givens transformation may be 

represented by a smgle parameter, so that the amount of storage reqmred for 

Q is equal to the number of Givens rotat10ns that must be applied 
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2.3 The Algebra of Structures 

When workmg with sparse matrices, the first step 1s a ' symbolic' phase m 

which the locations of the nonzero entries m the computed solut10n are de­

termmed so that sUitable storage may be allocated The set of locat10ns 

correspondmg to the nonzero entries 1s called the structure of a sparse ma­

trix A= (ai1 ), which we define by 

structure(A) = {(z,J ) I a11 =/- O} 

We define the product of the structures of an m x n matrix A and an n x p 

matrix Bas 

structure( A) structure( B) {( z, J) 11 S z S m, 1 S J S p, 

and there 1s some k l S k S n, such that 

(z,k) E structure(A) and (k,J) E structure(B)} 

The transpose of structure(A) 1s defined by 

( structure(A))* = structure(A*) 

The followmg lemmas follow readily from the defimt10ns, and we state them 

without proof 

Lem ma 2 1 Multzplzcatwn of structures zs associative 

Lemma 2 2 If 
k 

s = II structure( c:tJt) 
t=l 
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then 
1 

S* = IT structure( GitJi) 
t=k 

Lemma 2 3 Let A be an m x n matrix and B be an n x p matrix Then 

structure(AB) ~ structure(A)structure( B) 

An example suffices to show that 1t 1s not necessarily true that 

structure(A)structure(B) ~ structure(AB) 

Consider 

and 

Now (1, 1) rt structure(AB) but (1, 1) E structure(A)structure(B) 

16 

This phenomenon, rn which an element of structure(A)structure(B) 1s not 

an element of structure(AB), 1s called cancellation Its occurrence depends 

on the precise values of the nonzero entries of the matrices For mstance, 1f 

the nonzero values m the precedmg example are changed to 

and cancellation does not occur 

However, m the computat10n of a QR factonzat10n of a matnx A by 

Givens transformations , for some ordermgs of the transformations cancella­

tion must occur regardless of the numerical values of the nonzero entnes of 

A (assummg a fixed structure for A) 
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Example 2 1 Let 

* 0 0 0 

0 * * 0 

* 0 * 0 

* 0 0 * 

17 

(2 2) 

represent structure( A) = { (1, 1), (3, 1 ), ( 4, 1 ), (2, 2), (2, 3), (3, 3), ( 4, 4)} There 

are two ways m which any matnx A with this structure can be reduced to 

tnangular form by Givens transformations ( usmg diagonal p1votmg) One 

way 1s to apply the rotat10n G31 before G41 , m which case the ( 4, 3) entry 

will become nonzero (that 1s, there 1s fill at the (4,3) position) and thus G43 

must be applied as well The resultant factonzat10n 1s 

or 

(2 3) 

On the other hand, 1f G41 1s applied before G31 , then there 1s no fill m 

pos1t1ons of A below the mam diagonal and the resultant factonzat1on 1s 

G31G41A = R 

or 

(2 4) 

(Note that the matnx G31 m (2 3) 1s not equal to G31 m (2 4), although then 

structures are the same This 1s also true for the matnces G41 and G41 ) 

Both of (2 3) and (2 4) determme the umque QR factonzation of any full 

rank matnx A havmg the structure m (2 2) (1f the diagonal entnes of Rare 
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normalized) , that 1s, 

However, 

structure( G;1 )structure( G:1 )structure( G:3) = 

* 0 * * 
0 * 0 0 

whereas 

* 0 * * 

* 0 * * 

* 0 * * 

0 * 0 0 

* 0 * 0 

* 0 * * 

18 

Usmg results of Hare et al [11], 1t can be shown that for any full rank 

matnx A havmg the structure m (2 2), 1f A = QR then structure( Q) ~ S2 

Moreover, there are such matnces A for which structure( Q) = S2 Note, m 

particular, that q34 = 0 for all matnces Q of such a QR factonzation Thus 

the (3, 4) entry of c;l c:1 c:3 m (2 3) must be 0, so that cancellat10n occurs 

m this product regardless of the actual values of the nonzero entnes of A 

D 

The s1gmficance of Example 2 1 1s that the product of the structures of the 

rotations m the QR factorization (2 4) can be used to determme the "best" 

structure for Q, whereas the analogous product usmg the QR factonzat1on 
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(2 3) produces a structure that 1s too large We call an ordermg for the Givens 

transformat10ns a tight ordering 1f the product of their structures gives this 

"best" structure for Q It 1s the purpose of this thesis to demonstrate a t ight 

ordermg for the apphcat10n of the Givens rotations A numenc computation 

usmg such an ordermg will hrmt the storage reqmred by the QR factonzation 

to that deterrmned m [11] 

2.4 Bipartite Graph Representation 

In this thesis we use the termmology and notation that appears m Graph 

Theory with Applications by J A Bondy and U S R Murty [1] 

Recall the defirnt10n of the structure of an mxn matnx A structure(A) = 
{ ( i, J) I aiJ =J O for 1 ::; i ::; m and 1 ::; J ::; n} A bipartite graph correspond­

mg to A = structure(A) 1s defined as H(A) = (R( A ), C(A), E(A)) where 

R(A) 1s the vertex set {ri = i I 1 ::; i ::; m} correspondmg to the rows of 

the matnx A, C (A) 1s the vertex set { cJ = J I 1 ::; J ::; n} correspondmg 

to the columns of the matnx A, and E(A) 1s the set of edges r,cJ such that 

ricJ E E(A) if and only if a,J =JO ote that ricJ and cJr, denote the same 

edge If a1J =J 0, then r, and cJ are said to be ad;acent 

A walk m H(A) 1s a firnte sequence of vertices and edges 

where k 2'. 1, and for 1 ::; i::; k, the v, E R(A) or C(A), thee, E E(A) and 

the ends of e, are v,_ 1 and v1 , and v,_1 E R(A) 1f and only 1f Vi E C(A) 

W 1s called a walk from v0 to Vk, or a ( v0 , Vk )-walk This may be expressed 
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more compactly as W = v0v1 v2 vk, where 1t 1s understood that v1 _ 1 v1 , z = 

1, ,k, 1s an edge m E(A) If there 1s a (v,,v1 )-walk, then v1 1s said to be 

reachable from v, 

A walk W = v0v1 vk m H(A) 1s called a path 1f the vertices v0, v1, , vk 

are d1stmct Note that 1f there 1s a ( u, v )-walk m H (A) , then there 1s also a 

(u,v)-path m H(A) In add1t1on, 1f there 1s a (u,v)-path, then there 1s also 

a ( v, u )-path 

If W1 1s a (u,v)-path and W2 1s a (v,w)-path, then W1 W2 represents a 

(u, w)-wall. m H(A) If W3 1s a (y,z)-path and 1f the edge vy exists m E(A), 

then W1W3 1s a (u,z)-walk m H(A) 

The number of vertices m a set S 1s called the cardinality of S and 1s 

denoted by ISi A b1part1te graph with I C(A ) l::;I R(A) I is said to have the 

Hall property (with respect to C(A )) 1f every subset S of C(A) 1s adJacent 

to at least ISi vertices m R(A) It 1s said to have the strong Hall property 

[11] if S 1s adJacent to more than ISi vertices m R(A) for all subsets S of 

C(A) such that 

(1) 1::; ISi::; IC(A)l -1 1f IC(A)I = IR(A )I > 1, or 

(11) 1 ::; ISi ::; IC(A)I 1f IC(A)I < IR(A)I 

Analogously, a matnx A with m rows and n columns, m 2 n, has the Hall 

property 1f every set of k columns, 1 ::; k ::; n, has nonzeros m at least k 

rows, and has the strong Hall property 1f 

(1) m = n > l and every set of k columns, 1 ::; k < n, has nonzeros m more 

than k rows, or 
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(n) m > n and every set of k columns, 1 ~ k ~ n, has nonzeros m more 

thank rows 

An m x n matnx with m 2 n must have the Hall property 1f 1t has full rank 

Given an m x n matnx A with the Hall property, let A = structure(A) 

If (z,J) EA we wnte a ,J = *and 1f (z,J) (/.A we wnte a ,J = 0 A represents 

the structure of all matnces with nonzeros m precisely the same posit10ns 

m which A has nonzeros Thus A determmes a set of matnces a = { B I 
B 1s m x n and structure( B) = A } Now consider the QR factonzation of 

each full rank matrix B E a and define 

Q = LJ structure( Q) 

and 

R = LJ structure( R), 

where the umons are over all matnces Q and R, respectively, such that 

B = QR, B E a and rank B = n The structures Q and R are the smallest 

possible that can be guaranteed to accommodate all the nonzeros of the 

factors Q and R, respectively, of any matnx with structure equal to A We 

wnte qi3 = * 1f ( z, J) E Q, q1J = 0 1f ( z, J) (/. Q and s1rmlarly for R Hare et 

al [11] have determmed a charactenzat10n of the structures Q and R We 

now summanze a number of concepts that they mtroduced and that are of 

importance here 

Let A be an m x n matnx with the Hall property, and let H( A) be the 

b1part1te graph associated with A 

• By a Hall set of A (or A), we mean a subset S of C(A) such that the 
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correspondmg columns of A have nonzeros m exactly ISi rows of A It 

1s clear that the umon of two Hall sets of A 1s itself a Hall set 

• Let AJ be the structure of the submatnx formed by the first J columns 

of A 

• Let SJ be the (possibly empty) Hall set of maximum cardmahty m AJ, 

and define S0 = 0 

• Let sJ be the subset of R(A) of all vertices adJacent to vertices m SJ , 

and define s0 = 0 Note that SJ = sJl 1 :::; J :::; n - l , 1f au = * for 

1:::; i:::; n (smce ct = i and rt= i) 

• For 1 :::; J :::; n , define the auxiliary bipartite graph B1 (A) = (R1 (A) , 

C1 (A) , E1 (A)) to be the b1part1te graph of A1 , with the sets sJ-I and 

S1_ 1 removed That 1s, C1 (A) = { ck = k I 1 :::; k :::; J, ck r/. S1_i}, 

R1 (A) {r1 = l 11 :::; l :::; m, r1 (/. s1 _1, and there exists Cv E 

CJ(A) such that a1v -=/- O}, and there 1s an edge between r, E R1 (A) 

and ck E C1(A) 1f and only 1f a tk-=/- 0 

• Let 

t1 denote the subset of R(A) not m RJ(A) or s1 _ 1 , 

u 1 denote the subset of R1 (A) of vertices that are not reachable from 

p1 denote the subset of R1 (A) of vertices that are reachable from c1 

Then t1 ,uJ,PJ and sJ-l form a part1t10n of R(A) , while u1 and p1 form 

a partition of R1 (A), where 1:::; J :::; n 
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The mam result of [11] is the followmg, which characterizes Q m terms 

of path conditions m BJ (A ), 1 :SJ :S n 

Theorem 2 4 [11 , Theorem 4 7] Let l < z < m and l :S J :S n Then 

(z,J) E Q zf and only if ri E PJ 

We also need the followmg result 

Theorem 2 5 [11 , Theorem 5 1] Let A, Q and R be as defin ed above Then 

R is identical to the upper trapezoidal part of Q* A 

We end this section with an example to illustrate these concepts 

Example 2 2 Let 

* 0 0 0 

* * 0 * 
0 * * * A = 
0 0 0 * 
* 0 0 0 

0 0 0 * 
The b1part1te graph H( A) is shown m Figure 2 1 

The Hall sets S1 of A are 

So S1 = S2 = 0 

S3 { c2, c3} 

S4 S3 

so that 
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Figure 2 1 Bipartite graph H(A) for the structure A m Example 2 2 

The bipartite graphs B1 (A), B2 (A ), B3(A ) and B4 (A ) are shown m Fig­

ure 2 2 The structures Q and R are given by 

and 

* * * 0 

* * * 0 

0 * * 0 
Q = 

0 0 0 * 
* * * 0 

0 0 0 * 

* * 0 * 
0 * * * R = D 

0 0 * * 
0 0 0 * 
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r1 C1 

r1 C1 r2 C2 

r2 r3 

rs rs 

B1(A) B2(A) 
t1 = {r3, r4, r6} t2 = {r4,rB} 
Pi = ~r1, r2, rs} P2 = ~r1, r2, r3,rs} 
U1 = U2 = 

C1 r1 C1 

r2 C2 r4 C4 

r3 C3 rs 

rs r6 

B3(A) B4(A) 

13 = ¥4 ,r,} t4 = 0 
p3 = r1,r2,r3,rs} p4 = y4, r61 
U3 = U4 = r1, rs 

Figure 2 2 Aux1hary 61part1te graphs B3 (A) for A m Example 2 2 
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Much of the early work on data structures for sparse matnces was done for 

positive defimte systems usmg Cholesky factonzat1on (which 1s a vanant of 

the well-known Gaussian ehmmat10n algonthm) See, for example, George 

and Lm [5] In such problems, 1t 1s desired to solve Ax = b, where A 1s 

pos1t1ve defimte, by factormg 

A= LL*, 

where L 1s a lower tnangular matnx The solution x 1s determmed by solvmg 

Ly= b 

by forward substitution and then solvmg 

L*x = y 
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by back substitut10n Smee p1votmg 1s not reqmred to mamtam stab1hty m 

this case, the emphasis was on findmg a permutation matnx P such that m 

the Cholesky factonzat1on 

P*AP = LL*, 

L 1s as sparse as possible It has been found that a smtable choice of P can 

have a dramatic effect on the cost of the factonzat10n and subsequent solvmg 

for X 

Unfortunately, the problem of findmg the optimal ordermg P for mam­

tammg sparsity 1s a difficult problem that rmght reqmre more computation 

than does solvmg the ongmal problem See, for example, [5, p 115] and 

[1 7] Therefore, heunstic methods are employed that do an adequate Job of 

mamtammg sparsity without takmg a lot of computer time or space This 

has resulted m the development of many different strategies, each of which 

performs v.ell for some c1rcumstances, but perhaps not for others 

If A 1s m x n and A = QR, then 

A* A= R*Q*QR = R* R, 

so 1f A has full rank n, then A* A 1s positive defimte and the factor R* 1s (by 

umqueness of the Cholesky factonzation) 1dent1cal to the Cholesky factor 

of A* A Thus the results on preservmg sparsity m positive defimte lmear 

systems can be applied to the factor R of the QR factonzat1on 

Much of the work on sparse QR factonzat10n has been done m the context 

of least squares problems where 1t 1s possible to reformulate the problem usmg 

column mterchanges If A 1s m x n , P 1s an n x n permutation matnx, Q 1s 



CHAPTER 3 PREVIOUS WORK 

an m x m umtary matnx and AP= QR, then 

As 

JJAx - bJJ 2 IJAPPT X - bJl2 

IJ(AP)y- bJl2, where y - pT x 

IIQ*(AP)y - Q*bll2 

IJRy - Q*bJl2 

mm IIAx - bll2 = mm IJRy - Q*bll2 
X y 

28 

and R 1s upper trapez01dal, the least squares solution y 1s easily determmed 

( see Section 2 1), and then x = Py 

Applymg the results of the last two paragraphs to a least squares problem 

mm JI Ax - bJl2 
X 

where A 1s a large sparse matnx with full rank, we want to determme a 

permutat10n matnx Pc such that m the Cholesky factonzation 

pT A*AP = R*R 
C C l 

the matnx R 1s as sparse as possible The heunstic strategies developed 

for large sparse pos1t1ve defimte systems may be applied m order to find a 

smtable permutat10n matnx Pc, and to determme the structure of R 

Reordenng the rows of the matnx A that 1s to be factored 1s eqmvalent 

to mult1plymg A by a permutation matnx Pr, so that 1f 
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is the QR factorization of PrA, then 

A= (P; Q)R 

is the QR factorization of A smce prT Q has orthonormal columns Thus we 

see that this reordering does not affect R, and affects Q only by a reorder­

mg of its rows However, Example 2 1 shows that the number of Givens 

transformat10ns that must be applied depends on the order m which they 

are applied, and this order may be lmked to the ordering of the rows of the 

matnx ( as, for instance, m many implementat10ns where the nonzeros are 

ehminated sequentially row by row using diagonal pivoting [4]) That exam­

ple also demonstrates how the intermediate fill may vary depending on the 

ordering of the Givens transformations 

A good overview of ordermg strategies appears in Duff [3] George, Lm 

and Ng [7], Lm [12] , and Osterby and Zlatev [13] are other references Many 

of the strategies are vanat10ns on the minimum degree algonthm [6] Duff 

[3] and Oster by and Zlatev [13], usmg dynarmc data structures, recommend 

reordermg the rows and columns durmg the numerical factonzat10n, choos­

ing the next pivot at a particular stage based on cntena dependent on the 

structure that has been computed at that point This strategy attempts to 

reduce the number of Givens transformations that are reqmred as well as to 

mamtam sparsity m the factor R 

George et al [5, 4, 7, 8] and Lm [12] deal with static data structures 

Their strategy for orthogonahzat10n problems is to first apply a column per­

mutation to maintam sparsity m R using methods developed for Cholesky 

factonzation, and then to try to find good" row ordenngs based on this 
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column ordermg After a static data structure for R 1s created, the QR fac­

torization usmg Givens transformations proceeds row by row In add1t1on 

to the space reqmred for A and R, one vector of length n 1s reqmred for 

mtermediate results Ostrouchov [14] adapts the row ordermg strategies of 

Duff m a symbolic factorization algorithm to create a static data structure 

for Rand to determme row ordermgs smtable for use with the Givens reduc­

tion method of George and Heath [4] Most of these methods use diagonal 

p1votmg, but Lm's method [12] uses a form of variable p1votmg 

Less work has been done on computmg a data structure for Q smce, m 

least squares applications, the computation may be arranged so that there 

1s no need to store Q However, there are applications m which Q 1s re­

qmred [16, p 296], therefore, 1t 1s of mterest to know how to compute the 

structure of Q George et al [8, 9] have determmed a data structure for Q 

smtable for QR factorization usmg Householder transformations, where Q 1s 

stored m factored form This data structure can also be used with Givens 

transformations, but m this case the structure may be larger than necessary 

The accuracy with which the structures of the factors Q and R are de­

termmed 1s also a matter of mterest Coleman et al [2] have shown that 1f 

A has the strong Hall property, then the structure for R that 1s determmed 

usmg the methods developed for Cholesky factorization of A* A 1s equal to 

R However, if A does not have the strong Hall property, then the structure 

for R computed by this method may be too large They also proved that 1f a 

matrix A has the strong Hall property, and 1f a sequence of Givens transfor­

mations { G1 } 1s applied to reduce 1t to upper trapezoidal form usmg diagonal 

p1votmg and ehmmatmg nonzeros row by row, then the upper trapezoidal 
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part of 

G (g structure( G,)) structure(A) 

1s equal to R , and this result holds regardless of the row ordermg used Once 

agam, 1f A does not have the strong Hall property, then the upper trapezoidal 

part of G may be larger than R If a matnx does not have the strong Hall 

property, 1t 1s possible to reorder its rows and columns so that the permuted 

matnx 1s block upper trapezoidal with each diagonal block havmg the strong 

Hall property This 1s called the Dulmage-Mendelsohn decomposition (see 

[2]) A least-squares problem can then be decomposed mto a set of smaller 

problems where each of the subproblems mvolves a matnx with the strong 

Hall property However, this procedure may fail 1f A 1s rank deficient For 

matnces that are 1ll-cond1t10ned or numencally rank deficient, transformmg 

the matnx mto block trapezoidal form may be less desirable than permutmg 

for stability, or for determmmg the numencal rank, and m this case care 

must be taken that the computed data structures are not too large 

Hare et al [11] have developed an algonthm that accurately determmes 

the structures R and Q of any matrix A that has the Hall property (but not 

necessanly the strong Hall property) This algonthm 1s useful m any situa­

tion m which 1t 1s not desuable to reorder the matnx mto block trapezoidal 

form However, these structures R and Q are not large enough to accommo­

date "mtermed1ate fill" that results from an ordermg strategy for the Givens 

transformations such as that of (2 3) m Example 2 1, where the matnx has 

the Hall property but not the strong Hall property In this thesis we show 

that for any matrix havmg the Hall property, there 1s a tight ordermg for the 
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Givens transformations so that all computed values can be accommodated m 

Q and R This ordermg scheme for the Gnens transformations also provides 

an alternate algonthm ( to that given m [11]) for computmg the structures 

Q and R 
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In this chapter we describe a tight ordermg for the Givens transformations 

In Section 4 1 we characterize the product of the structures of an arbitrary 

sequence of Givens transformations In Section 4 2 we present an algonthm 

for computmg a symbolic QR factonzat10n of a structure A with the Hall 

property This algonthm imposes an orderrng on the Givens transformations 

used to reduce a matnx A with structure(A) = A to upper trapezoidal 

form In Section 4 3 we prove that the reduction usmg this ordermg may 

be earned out withm the structures Q and R That is, "We show that the 

appropnate product of the structures of the Givens transformations applied 

by the algorithm is equal to Q and that the resultmg structure for the upper 

tnangular factor is equal to R Thus the algonthm produces a tight ordermg 

for the Givens transformations 
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If a sequence of Givens transformat10ns G1 , G2 , , Gk 1s applied to a matnx 

Am order to reduce 1t to upper trapezoidal form, how can we determme 

k 

IT structure(G,)? 
1=1 

To answer this question, let A be an m x n matnx and consider an m x m 

Givens transformat10n G,3 that produces a zero at the ( i, J) pos1t1on m A 

Then G,3 = (9k1) where 

9kl -1- 0 1f k = l, 

913 -1- 0, 

931 -1- 0, 

9kl 0 otherwise 

We restate this m terms of structures as 

(k, l) E structure(G,J 1f k = l, 

(i,J) E structure(G,;), 

(J, i) E structure( G,J ), 

( k, l) (/_ structure( G,;) otherwise 

In the followmg lemmas, we consider the product of the structures of 

m x m Givens transformat10ns 
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Lemma 4 1 Let i, J, k and l be distinct and let 

Then H = {(i,; ), (;, i), (k, l), (l, k)} U{(r, r) I 1 s rs m} 

Proof This result follows immediately from the defimtion of the product of 

structures D 

Lemma 4 2 Let z, J, and k be distinct, and let H be any one of 

structure( G1J )structure( G,k), 

structure( G Ji) structure( G ki) , 

structure( G1J )stnicture( Gki) 

Then 

H = { ( z, J) , (J, z), ( z, k), ( k, z), (J, k)} LJ {( r, r) I 1 s r s m} 

Proof In the first case, (;,k) E H smce (J,z) E structure(G1J) and (z,k) E 

structure(G,k) For this case, the rest of H 1s clear from the defimt10ns The 

other three cases follow similarly D 

We note that (k ,J) (/. H m Lemma 4 2 smce (k, k) is the only ordered pair 

m structure(G,J or structure(GJ,) that has k as its first element and (J,J) 

is the only ordered pair m structure( G,k) or structure( Gki) that has J as its 

second element 
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If A 1s reduced to upper trapezmdal form by a sequence of Givens trans­

format10ns 

then 

and 

G* irJr 

In the followmg result, the structure of an arbitrary product of Givens trans­

formations is specified 

Lemm a 4 3 If r 2: 1 and Q = G:w G:
232 c:rJr' then 

r 

structure( Q) ~ IT structure( c:tJJ = G , 

and (a, b) E G if and only if 

• a= b, or 

• there exists s such that 

1 Zs = a and ]s = b, or 

2 ls = b and ]s = a 

or 

t=l 

• there is an ordered subsequence of the applied rotations 

(4 1) 
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with 2 :S k :S r and 

such that a= Z51 or a= )s1 , and b = Zsk orb= Jsk, and (at least) one 

of 

Zst Zs1+1, 

Zst Js1+1, 

1st Zs1+1, 

1st Js1+1 

holds for each t = l, 2, ,k -1 

Proof Fustly, ( 4 1) follows from the defimtion of Q and as structure( G,J) = 

structure( G:J for any i, J The remamder of the lemma follows usmg Lem-

mas 4 1 and 4 2 and mduct1on on k D 
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4.2 An Algorithm for Symbolic Factoriza­

tion 

In this section we present an algorithm for determmmg the structures of the 

upper triangular factor R and the factor Q of a matrix A that has the Hall 

property (but not necessanly the strong Hall property) We claim that the 

computed structures are correct m the sense that they are identical to the 

structures that are determmed by the method of Hare et al [11] 

Our strategy 1s to compute a QR factorization of A by applymg Givens 

transformations m a specified order that depends upon structure(A) The 

ordermg 1s restricted to the case where A has a nonzero diagonal and diagonal 

p1votmg is used The restnction on the diagonal 1s reasonable smce we can 

reorder the rows of any matrix with the Hall property so that 1t has a nonzero 

diagonal This reordermg does not affect the structure of R and affects the 

structure of Q only by reordermg its rows Nonzeros below the diagonal are 

elnrunated column by column, and withm each column, nonzeros m rows 

that are not m a set sk are ehmmated before nonzeros m rows m Sk The 

resultmg structures are 

R (Q structure( G,.,,)) structure( A)\ {( ,, J) I i > J) 

and 

Q = (}1 structure(G;.,,)) \{(,,J) I J > n), 

where the ordermg for the Givens transformations 1s determmed by Algo­

nthm 1 
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Algorithm 1 Determine R and Q 

Input m, n, A , the sets s 1 , s 2 , , sn-l (as defined zn Section 2 4) 

{ m 2: n and A zs the structure of an m x n matrix wzth a nonzero diagonal } 

Output Q,R 

Step 1 Inztzalzze Q = { ( z, z) I 1 ~ z ~ m} 

Step 2 Inztzalize A = A 

Step 3 Iterate for J = 1, 2, 3, , n - 1 

{ Elzmznatzon on c1 } 

Initialize rows +-- { rt I z > J and ( z, J) E A} 

Fork= n - 1, n - 2, ,J 

for each z E rows\sk 

Step 4 For J = n 

set Q +-- Q structure( GtJ) 

{ GtJ zs an m x m Givens transformation that 

produces a zero entry at the (z,J) position, see (2 1) } 

set A.+-- (structure(G,1 ).A.)\{(z,J)} 

set rows +-- rows \ {r,} 

{ Elzmznatzon on Cn } 

lnztzalzze rows+-- {r, I z > J and (z,J) EA.} 

for each z E rows 

Step 5 Set R = A 

set Q +-- Q structure( G,1 ) 

set A+-- (structure(G,1 ).A.)\{(z:J)} 

set rows +-- rows \ { r,} 

Set Q = Q\{(z,J) I J > n} 

Step 6 Output R and Q 
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Some notation that will be used throughout the rest of this chapter fol­

lows For 1 ::; J ::; n , let AJ denote the structure A after ebmmat1on on cJ m 

Algonthm 1 ( that 1s, after the Jth iteration of Step 3 or Step 4) By 'fill ' at 

the (i, k) pos1t10n we mean that (i , k) (/. A and for some t 2 1, (i, k) E At 
At any fixed pomt m Algonthm 1 we say that a,J = * 1f ( i , J) E A and 

a.1J = 0 1f (i ,J) (/. A (Note that A 1s a dynamic data structure, so that at 

different pomts m Algonthm 1, any a.1J may be O or * ) S1m1larly, a~~) = * 1f 

(i,J) E At and a~~)= 0 1f (i , J) rt. At 
We illustrate the application of this algonthm to the matnx m Exam­

ple 2 2 In the array representat10n of the evolvmg structure of A, we use 

the symbol f to denote fill , and the symbol O to denote an ehmmated entry 

At the firs t 1terat10n of Step 3, G51 1s applied first smce r5 (/. s3 but r2 E s3 

Thus 

* 0 0 0 * f 0 f 

* * 0 * 0 * 0 * 
0 * * * 0 * * * A -t -t 

0 0 0 * 0 0 0 * 
0 0 0 0 0 0 0 0 

0 0 0 * 0 0 0 * 
that 1s, A= {(1,1),(1, 2),(1 ,4) , (2 ,2),(2,4), (3 , 2), } 



CHAPTER 4 DETERMINATION OF Q AND R 41 

At the same time, 

* 0 0 0 * 0 * * 0 0 * 0 

0 * 0 0 0 0 * * 0 0 0 0 

Q -
0 0 * 0 0 0 0 0 * 0 0 0 -0 0 0 * 0 0 0 0 0 * 0 0 

* 0 0 0 * 0 * * 0 0 * 0 

0 0 0 0 0 * 0 0 0 0 0 * 

In the second 1terat10n of Step 3, only G32 1s applied so that 

* f 0 f 
0 * f * 

A -
0 0 * * 
0 0 0 * 

0 0 0 0 

0 0 0 * 

and 

* * * 0 * 0 

* * * 0 0 0 

Q -
0 * * 0 0 0 

0 0 0 * 0 0 

* * * 0 * 0 

0 0 0 0 0 * 

No computation occurs durmg the third 1terat10n of Step 3, and only G64 1s 
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applied at Step 4, so that 

* f 0 f 
0 * f * 

A-
0 0 * * 
0 0 0 * 
0 0 0 0 

0 0 0 0 

and 

* * * 0 * 0 

* * * 0 0 0 

Q -+ 
0 * * 0 0 0 

0 0 0 * 0 * 

* * * 0 * 0 

0 0 0 * 0 * 
Fmally, at Step 5, the last two columns of Q are deleted, and the resultmg 

structures returned are 

* * * 0 

* * 0 * * * * 0 

R -+ 
0 * * * Q-+ 

0 * * 0 
and 

0 0 * * 0 0 0 * 
0 0 0 * * * * 0 

0 0 0 * 
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4.3 Proof of Correctness for Algorithm 1 

In this section we prove that Q = Q and R = R Applicat10n of Algonthm 1 

to a structure A determmes a sequence 

such that 1f A is any full rank m x n matrix with structure(A) = A, then 

1s the QR factonzation of A (The precise values of the nonzero entries of 

the matrices G,3 depend on the values of the nonzero entries of A, also, as 

mentioned m Section 2 2, some normalizat10n may be necessary m order 

that the diagonal entries of R are positive) 

From Lemma 4 3 1t follows that 1f G,u
1 

1s applied, and 1f it S n, then 

(it,Jt) and (Jt,it) are both elements of 

Q = (]l structure(G:.,.)) \{(,,J) I J > n) 

Thus, the first step m provmg that Q 1s identical to Q is to show that if 

G, 131 is applied , then (it,Jt) E Q and if Zt Sn, then (Jt,it) E Q To do this, 

we will make use of the bipartite graph characterization of Q described m 

Section 2 4 A number of lemmas are reqmred We note that while the next 

two lemmas are never specifically cited m the succeedmg proofs, they will 

be used implicitly m most of them to determme membership ( or nonmem­

bership) of vertices m Hall sets, and thus m the auxiliary bipartite graphs 

B3 (A) 
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Lemma 4 4 Let m 2:: n and let A be an m x n matrix wzth the Hall property 

and a,. =/- 0, 1 ::; z ::; n Let 1 ::; J ::; n and 1 ::; z ::; J Then Ci E SJ zf and 

only zf ri E sJ 

Proof The result follows smce the diagonal entnes ar,c, = a,. are nonzero 

D 

Lemma 4 5 Let SJ and Sk be Hall sets of a matrix A If J < k, then 

sJ ~ sk 

Proof SJusk IS a Hall set on the first k columns But ISJUSkl::; 1sk1 smce 

Sk 1s the Hall set of maximum cardmahty on the first k columns Therefore 

sJ ~ sk □ 

Lemma 4 6 Let 2 ::; J ::; n - 1 and z < J, and suppose cJ E Sk for some k 

such that J ::; k ::; n - 1 Then during elzminatzon on c1 using Algorithm 1, 

fill in cJ bdow ri zs restricted to rows in sk 

Proof We use mduct10n on z 

Base Case Ehmmat10n on c1 

We consider 2 cases 

Case 1 r 1 E Sk Then c1 E Sk and hence only rows m Sk are mvolved m 

the ehmmat10n at this stage so that fill is necessanly restncted to rows m sk 

Case 2 r 1 rt Sk If cJ E Sk, then cJ must have a zero m row 1, and m 

all other rows that are not m Sk Smee nonzeros m all rows not m Sk are 

ehmmated before nonzeros m rows m sk, 1t follows that a1J = 0 until after 
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ehmmation on rows m sk begms At that pomt, only rows m sk remam to 

be processed, so that fill m cJ below r 1 is restricted to these rows 

Induction Hypothesis Suppose v < J - 1 and that durmg ehmmation 

of nonzeros m column z, 1 ::S z ::S v, fill below r, m cJ is restricted to rows m 

Sk 

Induction Step We now consider ehmmat10n of nonzeros from column 

v + 1 The pivot row is row v + 1 

Case 1 rv+l E Sk In this case Cv+l E sk and by the Induction Hypothesis, 

cv+I has nonzeros below the diagonal only m rows m sk Therefore, fill durmg 

this stage of the ehmmation is restricted to rows m Sk 

Case 2 rv+I (/. Sk In this case a v+l ,J = 0 and by the Induct10n Hypoth­

esis, av+l,J = 0 before ehmmation on Cv+l begms Furthermore, all nonzeros 

m cJ below r v are restncted to rows m sk before processmg of column Cv+I 

begms The order of ehmmation guarantees that all the zeros m cJ below 

rv are preserved until ehmmation of rows m Sk begms At that pomt, a v+l ,J 

may become * but fill m cJ below r v+I is restricted to rows m Sk 

Hence, durmg ehmmation on Cv+i fill m cJ below rv+I is restncted to rows 

1Il Sk □ 

Corollary 4 6 1 Let J and k be defined as zn Lemma 4 6 Then using Al­

gorithm 1, fill zn cJ below rJ zs restricted to rows zn s k 

Lemma 4 7 Let 1 ::S v ::S n - 1, v < J ::S n, v < z ::S m, and J ::S k ::S n 

If r, (/. sk-I and fill occurs at the (z, J) posztzon during elzmznatzon of the 



CHAPTER 4 DETERMINATIO OF Q AND R 46 

nonzero entries of column v below the diagonal zn Algorithm 1, then there zs 

a (c;, r,)-path zn Bk( A ) 

Proof We use mduction on v 

Base Case Consider ehmmation of the nonzero entries below the diag­

onal m column v = l 

If fill occurs at the ( z, J) pos1t1on, then a,1 = * and either 

2 there exists w such that Gw1 1s applied before G,1 , a w 1 

aw;=* 

Now a,1 = *implies that C1 (/_ sk-1 and r1 (/_ Sk-1 

* and 

1 If a1J = *, then c; r./:. Sk-l and r; r./:. sk-l Therefore Bk(A) contams the 

path r 1 c1r 1c; smce the (z, 1), (1, 1) and (1,J) entries are all nonzero 

2 If there exists w such that Gw1 1s applied before G11, a w1 = * and 

a wJ = *, then r w r./:. sk-l (by the order of elimmabon of entries m 

Algorithm 1) which implies that cJ rt_ Sk-l Thus we have the path 

r , c1rwCJ m Bk(A ) 

In either case there 1s a path m Bk(A) from cJ tor, 

Induction Hypothesis Suppose that durmg ehmmat10n on column p 

where 1 ::; p :::; v , 1f fill occurs at the (z,J) position, where p < z ::; m, 

p < J:::; n, J:::; k ~ n and r1 r./:. sk-l, then there 1s a (cJ,r1 )-path m Bk(A) 
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Induct10n Step We consider elurunat10n on column v + 1 and suppose 

that fill occurs at the ( i, J) pos1t10n, where v + 1 < i ::S; m, v + 1 < J :s; 

n, J :s; k :s; n and r , (/. Sk-l For this to happen, we must have a~~J+l = * 
which means either a,,v+i = * or, by the mduct1on hypothesis, there 1s a 

path m Bk(A) from Cv+l tor, In either case, Cv+l (/. Sk-l which 1mpbes that 

rv+l (/. Sk-l We must also have one of the followmg two cases 

1 a~11.J = *, m which case there 1s a (en rv+i)-path m Bk(A) Call this 

path A and denote by A the (cv+1, r,)-path m Bk(A) The nonzero 

diagonal of A implies that the r v+iCv+i edge also exists, so that AA 

1s a (cJ, r,)-walk m Bk(A) and hence there 1s a (cJ, r,)-path m Bk(A) 

2 There exists w such that G w,v+l IS applied before G ,,v+l , a t.~+1 = * 
and at] = * Smee Gw,v+l IS applied before G, ,v+l, r w cannot be lil 

Sk-l (by the order of elimmat10n of entries m Algorithm 1) Thus, 

at,~+1 = * and the mducbon hypothesis together imply that there 

IS a (cv+l, rw)-path lil Bk(A) S1rmlarly, at] = * Implies that Bk(A) 

contams a ( c,, rw)-path Smee Bk(A) also contams the ( Cv+l, r,)-path, 

together these paths give a (cJ, r , )-walk which implies that there 1s a 

(cJ, r 1)-path m Bk(A) 

In either case there 1s a (cJ,r,)-path m Bk(A) □ 

Corollary 4 7 1 If, in Algorithm 1, fill occurs at the ( i, J) position where 

i > J, then QiJ = * 

Proof If i > J then r , r/. sJ-l Applymg Lemma 4 7 with k = J, there 
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is a (cJ, r,)-path m BJ(A ), that is, r, E PJ The result now follows from 

Theorem 2 4 □ 

Corollary 4 7 2 Let l < J ::; n and J < z ::; m, and suppose that G,3 

is applied zn Algorithm 1 If there exists k, where J ::; k ::; n, such that 

r, (/. sk-I, then the (cJl r, )-path exists zn Bk(A ) 

Proof This is clear when a,3 = * smce the edge r,cJ exists m Bk(A ), and 

follows from Lemma 4 7 otherwise □ 

Corollary 4 7 3 If G,3 is applied in Algorithm 1, then r, E PJ and (i,J) E Q 

Proof Apply Corollary 4 7 2 with k = J to obtam r 1 E p3 It follows from 

Theorem 2 4 that (z,J) E Q D 

Lemma 4 8 Let l ::; J ::; n and z > J If G,3 zs applied zn Algorithm 1, then 

rJ (/. s1, l = mzn{z - l,n -1} 

Proof Suppose r3 E s1 Then by Corollary 4 6 1, fill m cJ below the diagonal 

is restncted to rows m s1, and smce r 1 (/. s1 we must have a~;-I) = 0 But 

then G,3 would not be applied m Algonthm 1 Therefore, if G,3 is applied, 

□ 

Lemma 4 9 Let l ::; J < z < n If G,J zs applied zn Algorithm 1, then 
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Proof We know that r3 (/. s1 _ 1 by Lemma 4 8 smce z > J Apphcat10n of G,1 

1 h A(J-l) S d A(J) Eth imp 1es t at a,3 = * mce au = * an a33 = *, a3, = * 1 er a31 = * 

with r3 c, E B,(A), or fill occurs at the (J,z) pos1t1on durmg ehmmation on 

columns 1, , J - 1, m which case r3 E p, by Lemma 4 7 D 

Corollary 4 7 3 and Lemma 4 9 together prove that if G13 1s applied m 

Algorithm 1, then ( z, J) E Q and 1f z ~ n then (J, z) E Q This 1s the second 

condition m Lemma 4 3 We must also show that 1f there 1s an ordered 

subsequence of the G,1 's as described m the thud cond1t10n m Lemma 4 3, 

then the appropriate entry of Q 1s * Before domg this, we first examme the 

ordermg permitted by Algorithm 1 

We define a chain of length k :::: 2 that lmks G,aJa and G 1bJb to be an 

ordered subsequence 

( 4 2) 

of the rotations G11Ji, < Sk such that 

s 1 = a , sk = b and one of 

holds for each 1 ~ t ~ k - l 

We first show that (1v) 1s not possible m the ordermg for the transforma­

tions imposed by Algorithm 1 
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Lemma 4 10 Let 1 :S z :S m, 1 :S J =S n and 1 :S k =S n If G,1 and G1 k are 

both appli ed zn Algorithm 1, then G1 k must be applied before G,1 

Proof If G,1 is applied, then i > J If G1k 1s applied, then J > k, so that 

k < J < i Smee the columns are processed m mcreasmg order, G1k 1s applied 

before G,1 
D 

Suppose that for a fixed t m (4 2), (1) holds, that is, (4 2) contams an 

adJacent pair of rotations of the form 

If (1) also holds fort+ 1, then (4 2) contams 

and we can ehmmate G, 1 from the cham (4 2) to get a cham of length 
• t •t+l 

k - I lmkmg G,aJa and G,bJb S1m1larly, 1f (n) holds for t + I, then ( 4 2) 

contams 

Once agam, the transformat10n G, 1 can be ehmmated to give a cham of 
•t •t+I 

length k - I that st11l lmks G,aJa and G,bJb 

Suppose now that (n) holds for some t, so that ( 4 2) contams 

If (m) holds fort+ I, then (4 2) contams 
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and agam the rmddle rotation can be ehrmnated to obtam a cham of length 

k-l 

S1rmlarly, 1f ( m) holds for t and also for t + l, then ( 4 2) cont ams 

and the middle rotation can be ehrmnated to obtam a cham of length k - l 

If no transformations can be ehmmated from a cham m such a manner, 

the cham 1s said to have mznzmal length Let us suppose that 

1s a cham of rmmmal length that hnks G, 131 and G,kJk, and that the length 

1s 2:: 3 The above results may be summarized as follows The sequences of 

rotations that are not possible m a cham of mm1mal length are (1) followed 

by (1), (1) followed by (11), (11) followed by (m), (m) followed by (m), and (1v) 

That 1s, 1f (1) holds for some t, then (m) must hold for t + l Also, 1f (m) 

holds for some t, then ( 1) holds for t - l Other poss1 ble sequences are ( m) 

followed by ( 1), ( m) followed by ( 11), ( 11) followed by ( 1), and ( 11) followed by 

(11) 

We now proceed to prove that the appropriate entry of Q 1s * for every 

cham of length 2 that 1s permitted by Algorithm 1 In Lemmas 4 12, 4 13 

and 4 14, we consider the cases (1), (11) and (m), respectively 

Lemma 4 11 Let l :S J :S n and J < i :S m If G,J zs applied zn Algorithm 1, 

then there zs an (r;, r, )-path zn B1(AL where l = mzn{ n, z} 
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Proof By Lemma 4 8, r1 (/. s1_i Also r, (/. s1-i smce l :.S z Applymg 

Corollary 4 7 2, we have a (c1 , r,)-path m B1(A ), and combmmg this with 

the c1r1 edge, we get an (r1 , r,)-walk, and hence an (r1 , r,)-path m B1(A ) 

□ 

Lemma 4 12 Let 1 :S z :Sm, 1 :SJ :Sn and 1 :S k :.Sn If G,k and G,1 are 

both applied in Algorithm 1, and zf G,k zs applied before G,1 , then rk E p1 

P roof Clearly z > k and z > J Smee G,k 1s applied before G,1 , k < J, 

so we have k < J < i, which implies that r, (/. s1 _ 1 By Corollary 4 7 2 

there 1s a (ck,r,)-path and also a (c1 ,r,)-path m B1 (A ) Combmmg these 

two paths with the edge rkck gives a (c1 ,rk)-walk m B1 (A), and thus there 

1s a (c1 , rk )-path m B1 (A) Therefore, rk E p1 □ 

Lemma 4 13 Let 1 :S z :S n, 1 :S J :S n and 1 :S k :.S n If G1k and G,1 are 

both applied in Algorithm 1, then rk E p, 

Proof From the proof of Lemma 4 10, we know that k < J < i Lemma 4 8 

implies that rk (/. s1 _ 1 and r1 (/. s,_1 Smee G1k 1s applied m Algonthm 1, 

there 1s a (ck,r1 )-path m B1(A) by Corollary 4 7 2 Similarly,by Corol­

lary 4 7 2 there 1s a ( c1 , r ,)-path m B,(A) smce r, (/. s,_1 These two paths 

combmed with the edges rkck, r1 c1 , and r,c, make a ( c., rk)-walk and hence 

there 1s a (c., rk)-path m B,(A) Thus, rk E p, □ 

Lemma 4 14 Let 1 :SJ :Sn, 1 :S z, k :.S m, with i =J k, and l = min{n, k} 

If G,1 and Gk1 are both applied zn Algorithm 1 and zf G,1 zs applied before 
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Gk1 , then there is an (r" rk) -path in B1(A) Furthermore, if k ::::; n, then 

r, E Pk 

Proof Applymg Lemma 4 11 to Gk1 , we have an (r1 , rk) -path m B1(A ) 

Smee G,1 1s applied before Gkn we know that r, r/. s1_1 , so that applymg 

Corollary 4 7 2 with k = l- l we have a (c1 ,r,)-path m B1(A ) These paths 

together v.1th the r1c1 edge give an (r,, rk)-walk m B1(A ), so that there must 

be an (r" rk)-path as well If k < n, the rkck edge and this path imply that 

r, E Pk □ 

Lemma 4 15 Let l ::::; J ::::; n, l ::::; k ::::; n, 1 ::::; z ::::; m and let l = min{ z, n} 

If G1k and G,1 are both applied in Algorithm 1, then there is a ( Ck, r,) -path 

and an (rk , r,) -path in B1(A) 

Proof From the proof of Lemma 4 10, k < J < z Lemma 4 8 implies that 

r1 r/. s1_ 1 and smce G1k 1s applied, Corollary 4 7 2 gives a ( ck, r1 )-path m 

B1(A ) Clearly r, r/. s1_1 , so smce G,1 1s applied, Corollary 4 7 2 gives a 

(c1 , r,)-path m B1(A) Combmmg these with the rkck and c1 r1 edges gives a 

( ck, r,)-walk and an (rk, r,)-walk m B1(A) Therefore, there 1s a ( ck, r,)-path 

and an (rk, r,)-path m B1(A) D 

We are now ready to prove that 1f there 1s a cham of rotations as described 

m Lemma 4 3 so that (z,J) E Q, then (i ,J) E Q also 
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Lemma 4 16 Let 

denote a chain of minimal length k ~ 2 of the rotations determined by the 

application of Algorithm 1 to a structure A 

a) If (i1 = i2 or i1 = J2) and (ik-l = )k or )k-l = Jk) , then there zs 

an (r31 , r1k)-path in B1(A) where 1 = min{ n , ik}, and if ik :S n, then 

d) If Ji = J2 and (ik-l = )k or )k-l = Jk), then there is an (ri1 , rik)-path in 

B1(A) where l = min{n,zk}, and ifzk :Sn, then r 11 E Pik 

Proof The proof 1s by mduct1on on k 

Base Case If k = 2 then 

a) becomes G1u 1
, G1211 and the path exists by Lemma 4 15 If z2 :S n, then 

r31 E p12 by Lemma 4 13 All the other cases ( Giu2 , G11 ii, Giw, Gi1J1, 

Gi1 ip G,211 ) are 1mposs1ble 

b) becomes Giu1 , Giu2 and r31 E p12 by Lemma 4 12 The other case 

G,u1 , G1111 1s 1mposs1ble 

c) becomes G1u 1
, G11J1 which never occurs smce we do not ehmmate the 

same nonzero twice 
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d) becomes G,lJl, G,231 and, by Lemma 4 14, the path condition exists and 

if i 2 ::; n, then r, 1 E p,2 The other case G11J1, G,231 1s not possible 

Hence the lemma 1s true for the case k = 2 

Induct10n Hypothesis Suppose that the lemma is true for all chams 

of mmimal length k ::; v 

Induct10n Step We consider a cham ofmmimal length k = v+l, which 

may be wntten 

( 4 3) 

Smee we know that the lemma is true for k = 2, we may assume that v ~ 2 

Now 

cham 1 G G llJJ) l2J2 l 

and 

cham 2 G •2J2 l 

are chams of length v, so by the mduction hypothesis, the lemma is true for 

these two subchams ( and all other subchams) of ( 4 3) 

There are nme cases to consider, one correspondmg to each of the possible 

combmat10ns of the equalities listed m the statement of the lemma We take 

these m order 

1 If i 1 = i 2 and ik-l = Jk, then ( 4 3) may be wntten as 

with v ~ 3, smce such a cham 1s impossible if v = 2 Now 

Ji < J2 < iv < n Cham 2 satisfies case d) so that by the m­

duction hypothesis, there is an (r, 1 ,r,v+J-path m B1(A) where l = 



CHAPTER 4 DETERMINATION OF Q AND R 56 

mm { n, iv+I} This imp hes that r 11 (/. s1-i Smee G,u, is applied, there 

is a ( c11 , r 1i)-path m B1(A ) by Corollary 4 7 2 These two paths com­

bmed with the r11 cJ1 edge make an (r11' r 1.,+1 )-walk m B1(A ), so that 

there is an (rJ1 , r 1.,+ 1 )-path m B1(A ) If iv+l ~ n, then l = iv+I and the 

r,.,+ 1c,.,+1 edge also exists m B,.,+1 (A ) so that there is a (c,.,+ 1 ,rJ1)-path 

as well That is, rJI E Piv+I 

2 If ii = J 2 and ik-I = Jk, then ( 4 3) may be written as 

where v ~ 2 Either i2 = i3 or i2 = J3, so that cham 2 satisfies case a) 

and by the mduction hypothesis, there is an (r, 1 , r,.,+ 1 )-path m B1( A ) 

where l = mm { n, iv+d Smee r,1 (/.. s1_ 1 and smce G,w is applied, 

there is a (cJP r,i)-path m B1(A) by Corollary 4 7 2 Combmmg these 

paths with the edge rJ 1 cJ1 gives an (rJ1 , r,.,+ 1 )-walk which implies the 

existence of an (rJ1 , r, .,+J-path m B1(A), and if iv+I :S n, we have 

3 If i1 = i2 and Jk-l = Jk, then (4 3) may be wntten as 

where v ~ 2 Cham 2 satisfies cased) so that if/= mm{n, iv+d, then 

B1(A) contams an (r,p r,.,+J-path by the mduction hypothesis Smee 

r,1 (/. s1_ 1 and G,1J1 is applied, there is a ( cJ1 , r, 1 )-path m B1( A ) by 

Corollary 4 7 2 Combmmg these two paths with the rJ1 cJ1 edge gives 

an (rJI, r,.,+J-walk m B1(A) Consequently, there is an (rJI, r,.+1 )-path 
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m B1(A) If iv+l :S n, then the riv+i Civ+i edge also exists m B1(A) = 
B,v+1 (A) so that there is a (c,v+i,r31 )-path as well That is, rJI E Piv+i 

4 If i 1 = ; 2 and Jk-l = Jk, then ( 4 3) may be written as 

with v ~ 3, smce such a cham is impossible if v = 2 Smee either 

i2 = Z3 or i2 = J3, cham 2 satisfies case a) so that for l = mm{ n, iv+d, 
B1(A) contams an (r,1, r,v+i )-path by the mduction hypothesis Smee 

G,lJI is applied and r,1 (/. s1_ 1 , there is a (c31 ,r11 )-path m B1(A) by 

Corollary 4 7 2 Combmmg these paths with the r 31 c31 edge produces 

an (r31 ,r,v+1)-walk, so that there is an (r31 ,riv+1)-path m B1(A) If 

Zv+i :S n so that l = Zv+1, then the r,v+i Civ+i edge also exists, and hence 

there is a ( Civ+!l rJI )-path lil B iv+I (A) That 1s, rJI E P1v+1 

5 If i 1 = i 2 and Zk-l = ik, then ( 4 3) may be wntten as 

with v ~ 3, smce such a cham is impossible if v = 2 Now cham 2 sat­

isfies case c) so that there is a ( cJv+i, r,1 )-path m BJv+i (A) Thus, r,1 (/. 

SJv+1-l, and smce Gl]JJ is applied , BJv+1(A) contams a (c31,r,1)-path 

by Corollary 4 7 2 Combmmg these paths with the r31 c31 edge gives 

a ( cJv+i, r 31 )-walk which implies the existence of a ( cJv+i , r 31 )-path m 

BJv+I (A) Hence, rJI E PJv+I 

6 If i 1 = ; 2 and Zk-l = Zk, then ( 4 3) may be wntten as 
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where v 2:: 2 Smee either i 2 = i 3 or i 2 = J3 , cham 2 satisfies case b ), 

and by the mduct1on hypothesis , there 1s a ( c1v+i, r,i)-path m BJv+i (A) 

Thus r , 1 r/. s1v+i _ 1, and smce G,u 1 1s applied, there exists a ( c1i, r,1 )-path 

m B Jv +i (A ) by Corollary 4 7 2 These paths combmed with the r 11 c11 

edge produce a ( cJv+i, r 11 )-walk, and thus a ( cJv+i , r 11 )-path, m BJv+i (A ) 

Hence, rJl E P 1v+1 

7 If Ji = J2 and ik-l = ik, then ( 4 3) may be written as 

where v 2:: 2 Cham 1 satisfies cased), so for l = mm{ n, iv}, B1(A) 

contams an (r,1 , r,J-path Thus r,1 r/. s1_1, and consequently r,1 r/. 

sJv+i-1 also (smce Jv+I ~ l) Either i 2 = Z3 or i 2 = J 3 , so that cham 2 

satisfies case b) and hence there 1s a ( cJv+i, r1i)-path m BJv+i (A) by 

the mduct1on hypothesis Smee G,u 1 1s applied and r,1 r/. s Jv+i _ 1, by 

Corollary 4 7 2 there exists a ( c11 , r , 1 )-path m BJv+i (A ) The latter two 

paths combmed with the r 11 c11 edge give a (c1v+1' r ,1 )-walk m BJv+i (A ), 

so that there lS also a ( CJv+l , r ,1 )-path, and hence r , 1 E P 1v+1 

8 If Ji = J2 and ik-l = Jk, then ( 4 3) may be written as either 

( 4 4) 

where v 2:: 2, or 

(4 5) 

where v 2:: 4 Consider the subcham 
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of ( 4 4) If v = 2, then this subcham reduces to the smgle rotation 

Gi312 In this case, there 1s an (r12 , riv+i )-path m B1(A), where l = 
mm{ n, iv+d, by Lemma 4 11 If v > 2, the subcham is of length at 

least 2 and satisfies case a), and thus an (r12 , r1v+J-path exists m B1(A ) 

by the mduction hypothesis 

Consider now the subcham 

of (4 5), which is of length at least 2 and satisfies cased) Thus the 

mduct1on hypothesis 1mphes that there is an (r12 , r1v+1)-path m B1(A) 

So m every case, there is an (r12 , r1,+1 )-path m B1(A), which 1mphes 

r ,2 t/. s1-1 Smee G,u1 1s applied before G,2J1, r,1 r/. s1-1 Corollary 4 7 2 

applied to G1u1 gives a ( cJ1, r,i)-path m B1(A), and applymg it to G12J1 

gives a (cJJl r1J-path m B1(A) Combmmg these three paths produces 

an (r11, r1v+i )-walk so that there must be an (r,1, r,v+i )-path as well 

Furthermore, 1f iv+1 ~ n , then B1(A) also contams the r,v+i Civ+i edge, 

which gives a ( Civ+l 1 r,1 )-path, which means rtj E Piv+I 

9 If Ji = ; 2 and )k-I = Jk, then ( 4 3) may be written as either 

G,IJ!l G,2J11 G,233, l Q,vJv' Q,v+IJv l ( 4 6) 

where v ~ 3, or 

G,u1, G,2J1, G,312 l QtvJv l Q,v+!Jv l (4 7) 

where v ~ 4 The subcham G,233 , ) QlvJv) Giv+IJv of ( 4 6) is of 

length at least 2 and satisfies case d) By the mduction hypothesis, 
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the subcham G,3 , 2 , , G,.J., G,.+u., of ( 4 7), satisfies case a), and 

the mduct10n hypothesis implies the existence of an (r,2 , r,.,+ 1 )-path 

m B1(A) Thus, m any case, r,2 (/. s1-i, and smce G,u1 1s applied 

before G,2J1 , r,1 r/. s1_1 So Corollary 4 7 2 applied to G,w gives a 

(cJllr,i)-path m B1(A), and applymg 1t to G,2 J1 gives a (cJllr,J-path 

m B1(A) Combmmg these paths with the (r,2 , r,.,+ 1 )-path gives an 

(r,ll r ,.,+J-walk, which implies the existence of an (r,ll r,.,+ 1 )-path m 

B1(A) Furthermore, if Zv+l ::; n, then l = Zv+l and the r ,.,+1 c,.,+1 edge 

1s m B,.,+1 (A ), so there 1s a ( c,.,+ 1 , r,1 )-path as well That 1s, r, 1 E p,.,+1 

In every case, 1f the lemma 1s true for k = v, then 1t 1s true for k = v + 1, 

completmg the proof by mduct1on 

We now state our mam results 

□ 

Theorem 4 17 Let A be the structure of an m x n matrix with the Hall 

property and a nonzero diagonal Then the structure Q that results from 

application of Algorithm 1 to A zs zdentzcal to the structure Q 

Proof The entnes of 

k 

Q = IT structure(G,1J1 )\{(z,J) I J > n} 
t=l 

are charactenzed by Algonthm 1 and Lemma 4 3 Let ( x, y) E Q Then 

y ::; n If x = y, then r x E Py smce A has a nonzero diagonal and r x (/. Sy- I If 

x -/- y and Gxy 1s one of the applied rotations, then rx E Py by Corollary 4 7 3, 

whereas 1f Gyx (with x ::; n) 1s one of the applied rotations, then rx E Py by 
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Lemma 4 9 Fmally, 1f there 1s a cham of rotations 

with X = Zs1 or X = )s1 and Y = isk or Y = )sk so that (x,y) E Q, then 

rx E Py by Lemma 4 16 Given Lemma 4 10, these exhaust all poss161ht1es 

m Lemma 4 3, so (x,y) E Q by Theorem 2 4 Thus Q ~ Q 

To show the reverse mclus1on, suppose (x, y) E Q For any full rank 

m x n matnx A such that structure(A) = A, suppose its QR factonzation 1s 

computed usmg a sequence of Givens transformations 

as determmed by Algonthm 1 By Lemma 2 3, structure( Q) C Q Thus 

Q ~ Q, completmg the proof D 

Theorem 4 18 Let A be the structure of an m x n matrix with the Hall 

property and a nonzero diagonal Then the structure R that results from 

application of Algorithm 1 to A is identical to the structure R 

Proof Algonthm 1 computes 

R = (Q structure(G,.,,)) A\ {(,,J) I, > J) 

(Q structure( a:.,,)). A\ { ( ,,; ) I ' > J) 

(Q,ci.n+l, ,ci.m)* A\{(i,J) Ii> J} 

Q*A\{(i,J) Ii > J} 
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But smce Q = Q by Theorem 4 17, 1t follows that R = R by Theorem 2 5 

□ 
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Chapter 5 

Conclusions 

In the previous chapter we showed that given an m x n matnx A with the 

Hall property, where m 2: n, it 1s possible to find an ordermg for the Givens 

transformat10ns such that the first m columns of the product of the structures 

of the transformations 1s equal to the structure Q In add1t10n, the structure 

generated for the factor R by this ordermg 1s correct That 1s, we showed 

that there 1s a tight ordermg for the Givens transformations 

A consequence of Theorems 4 17 and 4 18 1s that 1f A has the strong 

Hall property or 1f A has the Hall property and 1s m Dulmage-Mendelsohn 

form (see Chapter 3), then all ordermgs that compute the QR factonzat1on 

column by column usmg diagonal pivots are tight In the first case, there are 

no nonempty Hall sets The second case follows similarly smce the diagonal 

blocks have the strong Hall property and the QR factonzat10n of A 1s easily 

ob tamed from the QR factonzations of the diagonal blocks of A These 

results correspond to those of Coleman et al [2] for the case of row-wise 
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elnnmation usmg diagonal pivots 

A second consequence allows an mterestmg upper bound on the time com­

plexity of Algonthm 1 ( or an analogous algonthm for computmg a numenc 

QR factonzation) Corollary 4 7 2 restncts the number of rotations reqmred 

to the number of nonzeros below the diagonal m Q (In fact, the number of 

rotat10ns may be fewer smce not all of these positions necessanly fill durmg 

the ebmmation ) The number of operations requued for each rotation is lm­

ear m the number of nonzeros m the two rows 1molved, and this number 1s 

certamly not more than 2n This gives a crude bound on the operation count 

m O(nr(Q)) where r(Q) 1s the number of nonzeros m Q 

We do not claim that a tight ordermg for the Givens transformations 1s 

mm1mal m the sense that it uses the mm1mum number of transformations 

We illustrate this with an example 

Example 5 1 Let 

A= 

* 0 0 

0 * 0 

* * * 
* 0 0 

The maximal Hall sets S3 are 

So 0 

S1 0 

S2 0 

S3 { c2, c3} 
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Two possible ordermgs for the Givens transformat10ns mclude 

(5 1) 

and 

(5 2) 

Both of these ordermgs are tight ordermgs smce they conform to that spec1-

:fied by Algonthm 1, but ( 5 2) uses fewer rotat10ns than ( 5 1) D 

Clearly, there 1s still a need for heunstic ordermg strategies to find better 

ordermgs w1thm the constramts of Algonthm 1 

Example 5 1 illustrates another pomt If we consider the product of the 

structures of the Givens transformations of the two ordermgs, we obtam from 

(5 1) the structure for the (square) factor Q given by 

but from (5 2) we obtam 

* * * * 

0 * * * 
* * * * 

* * * * 

* * * * 

0 * * 0 

* * * 0 

* * * * 

Smee A 1s 4 x 3, the first 3 columns of Qi and Q2 are 1dent1cal to the 

structure of the (rectangular) 4 x 3 factor Q, but they differ m the fourth 
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column However, Hare et al [11] showed m the proof of their Theorem 2 1 

that any umtary matnx whose first 3 columns are 1dent1cal to Q must have 

its (2, 4) and (3, 4) entnes equal to O The proof 1s based on the fact that 

columns 2 and 3 of any full rank A E A , and hence, of the factor Q of the 

QR factonzat10n of A, span a subspace of d1mens1on 2 and are zero outside 

of rows 2 and 3 Therefore, column 4 must have zeros m rows 2 and 3 smce 1t 

1s orthogonal to columns 2 and 3 Q2 conforms to this structure but Qi does 

not It follows that 1f the structure of the square m x m factor Q 1s reqmred, 

then the one determmed by the sequence of transformations specified by 

Algonthm 1 may not be correct Fmdmg an adaptat10n to Algonthm 1 that 

1s guaranteed to give a correct structure for the square Q 1s an open problem 

If Q 1s stored m factored form, where each Givens transformation 1s rep­

resented by a smgle parameter, then that part of Q below the diagonal 1s 

sufficient for the purpose In fact, Algonthm 1 could be modified to pro­

duce a still smaller data structure by replacmg Q ~ Q structure( G,3 ) with 

Q ~ Q u {(i ,J)} 

Other bmitat10ns on Algonthm 1 are the reqmrement that A have a 

nonzero diagonal and the use of diagonal pivotmg The proofs of Chapter 4 

depend cntically on these assumptions It remams an open problem to deter­

mme if it 1s possible to relax these condit10ns and still obtam tight ordermgs 

for the Givens transformations 

We do not know 1f the ordermg that employs the fewest transformat10ns 

1s necessarily a tight ordermg We have seen that m the case of matnces 

with the strong Hall property, all ordermgs that use diagonal p1votmg and 

ehmmation column by column are tight However, m the case where the 
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matrix has the Hall property but not the strong Hall property, the situat10n 

is more complex It may be the case that variable pivot ordermgs are more 

efficient but not necessanly tight This is a possible area for future work 



Bibliography 

[1] J A Bondy and U S R Murty Graph Theory with Applications New 

York North-Holland, 1976 

[2] Thomas F Coleman, Anders Edenbrandt and John R Gilbert 'Pre­

dictmg Fill for Sparse Orthogonal Factonzat1on', J Assoc for Comp 

Mach 33 (1986), 517-532 

[3] I S Duff 'Pivot Select10n and Row Ordermg m Givens Reduction on 

Sparse Matnces', Computing 13 (1974), 239-248 

[4] Alan George and Michael T Heath 'Solut10n of Sparse Lmear Least 

Squares Problems Usmg Givens Rotations', Linear Algebra and Its Ap­

plications 34 (1980) , 69-83 

[5] Alan George and J W H Lm Computer Solution of Large Sparse Posi­

tive Definite Systems Englewood Cliffs, New Jersey Prentice-Hall Inc , 

1981 

[6] Alan George and J W H Lm 'The Evolut10n of the Mmimum Degree 

Ordermg Algorithm', SIAM Review 31 (1989), 1-19 

68 



BIBLIOGRAPHY 69 

[7] Alan George, Joseph Lm and Esmond Ng 'Row-Ordermg Schemes for 

Sparse Givens Transformations I Bipartite Graph Model', Linear Al­

gebra and Its Applications 61 (1984), 55-81 

[8] Alan George, Joseph Lm and Esmond Ng 'A Data Structure for Sparse 

QR and LU Factonzations', SIAM Journal of Scientific and Statistical 

Computing 9 (1988), 100-121 

[9] Alan George and E Ng 'Symbolic Factonzat10n for Sparse Gaussian 

Ehmmat10n with Partial Pivotmg', SIAM Journal of Scientific and Sta­

tistical Computing 8 (1987), 877-898 

(10] G H Golub and C F Van Loan Matrix Computations London Oxford 

Acadermc, 1986 

[11] D Hare, C R Johnson, D D Olesky and P van den Dnessche 'Sparsity 

Analysis of the QR factonzat1on' , to appear m SIAM J Matrix Anal 

Appl 

[12] Joseph W H Lm 'On General Row Mergmg Schemes for Sparse Givens 

Transformat10ns ', SIAM Journal of Scientific and Statistical Computing 

7 (1986), 1190-1211 

[13] Ole Osterby and Zahan Zlatev Direct Methods for Sparse Matrices 

Lecture Notes m Computer Science, Sprmger-Verlag, 1983 

[14] George Ostrouchov 'Symbolic Givens Reduction and Row-Ordermg m 

Large, Sparse, Least Squares Problems', SIAM Journal of Scientific and 

Statistical Computing 8 (1987), 248-264 



BIBLIOGRAPHY 70 

(15] Sergio P1ssanetsky Sparse Matrix Technology London Academic Press, 

1984 

[16] D S Watkms Fundamentals of Matrix Computations New York John 

Wiley and Sons , 1991 

(17] M Yannakak1s 'Computmg the Mm1mum F1ll-m 1s NP-complete', SIAM 

J Algebraic Discrete Methods 2 (1981 ), 77- 79 



VITA 

Surname G1llesp1e 
Place of B1rth Regm a , Saskatchewan 

Educational Institutions Attended 

Given Names Mary Irene 
Date of B1rth 20 May 1951 

Umversity of Saskatchewan, Regma Campus, Regma 1969 to 1974 
Umversity of Victoria 1988 to 1992 

Degrees A warded 

Bachelor of Science 1974 Umversity of Saskatchewan, 
Regma, Saskatchewan 



Partial Copyright License 

I hereby grant the nght to lend my thesis (the title of which 1s shown below) to 
users of the Umvers1ty of V1ctona Library, and to make smgle copies only for 
such users or m response to a request from the Library of any other umvers1ty, 
or smular mstituhon, on its behalf or for one of its users I further agree that 
perm1ss1on for extensive copymg of this thesis for scholarly purposes may 
be granted by me or a member of the Umvers1ty designated by me It 1s 
understood that copying of this thesis for financial gam shall not be allowed 
without my wntten perm1ss1on 

Title of Thesis 

Ordering Givens Transformations for 
Sparse QR Factorization 

Author 
Mary Irene G1llesp1e 
January 8, 1993 




