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A B S T R A C T   

Models of bio-mathematics are experimental systems that recreate aspects of human tissue function, diseases or 
virus. In this research, a new operational matrix based on the Laguerre wavelets is introduced for a arbitrary- 
order susceptible-infected-recovered (SIR) epidemic dynamical system of childhood diseases. An exact mecha
nism for the Riemann–Liouville arbitrary integral operator for the Laguerre wavelets is explained where the 
arbitrary-order derivative is assumed in the Liouville-Caputo style. Further, we use this operational matrix to 
convert the given dispute into a system of algebraic equations. The chaotic attractors for fractional-order SIR 
dynamical model are illustrated graphically by adopting the Adams–Bashforth-Moulton (ABM) scheme. Nu
merical simulations and results for the susceptible, infected and recovered peoples are carried out by using the 
Laguerre wavelets. Their behaviour with respect to time is seen to be the key features of this work. Moreover, we 
have compared the Laguerre wavelet solutions with the ABM solution for the truthfulness and applicability of the 
Laguerre wavelets scheme.   

Introduction and motivation 

Epidemiology is one of the most popular research areas of the bio
logical sciences that investigate the design of health, sickness and other 
connected aspects at the population level. The conversation on “epide
miology” is assumed from the three Greek words, epi, demos and logos, 
which mean upon, public and study, respectively. This etymology sig
nifies that the discussion on epidemiology appeals only to human pop
ulations (see [1]). Now-a-days the popular research area of contagious 
diseases has been one of the wealthy areas of applications and researches 
of mathematics in biological sciences. Contagious diseases obviously 
introduce great overloads of morbidity and mortality on the human race, 
as well as on non–human populations of focus to us. Hence, the capa
bility to use formal models to minimize those overloads has attracted the 
attention of mathematicians and biologists (see [2]). Many researchers 
devoted themselves toward various established models in mathematics 
in order to investigate the spray of contagious diseases in the research 

area of mathematical biology (see, for example, [3–5]). 
A given model in mathematics is a characterization of a system with 

the help of the mathematical mechanisms and language. The process of 
establishing models of mathematics is known as mathematical model
ling. Now-a-days contagious diseases spread has prompted rich atten
tion to public health analysis. Due to this reason, we will examine the 
modelling of contagious diseases and the analysis of their transmission 
in populations. But, according to the assumption made, mathematical 
modeling can be applied to any model of biological, physical and other 
related research areas. Mathematical systems play a significant role in 
analyzing the process of transmission of illnesses, in studying the effects 
of the various components involved, in making predictions about their 
behaviour, and providing distinct techniques with a view to controlling 
the propagation of the illness considered. In the past several years, 
modelling of contagious diseases of bio-mathematics by using the sys
tem of arbitrary-order differential equations (FDEs) has motivated 
remarkable consideration and attention. The bio-mathematics happens 
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to be essential in the authentic sensitivity of the word such as about how 
things live, how things breathe, and how things die. 

Now-a-days a wide consideration of various mathematical models of 
epidemics is that the population can be divided into a set of different 
compartments. These compartments are determined by observing the 
disease level. In the year 1927, the simplest model of the SIR (suscep
tible-infected-recovered) epidemic was first discovered by Kermack and 
McKendrick [6] which is one of the simplest compartmental systems, 
and various other models are derived from its basic form. The classical 
SIR epidemic model of childhood diseases is characterized by initial- 
value problems such as the following model: 
⎧
⎨

⎩

S
′

(t) = (1 − P)b − βSI − bS , S (0)⩾0,
I

′

(t) = βSI − (δ + μ)I , I (0)⩾0,
R

′

(t) = Pb + δI − μR , R (0)⩾0,
(1.1)  

with the primary values S (0) = 0.92,I (0) = 0.06 and R (0) = 0.02. 
In the above model (1.1), b is the constant birth percentage, μ is the 
natural death percentage, β is the average contact percentage, δ is the 
percentage recovery of the infected person, and P is the population of the 
people vaccinated at the birth time (see [7]). The SIR model consists of 
the following three groups (see [6,8]):  

• Group S for the statistics of the susceptible people where all people 
are susceptible if they contract a disease, but are at risk of being 
infected at time t.  

• Group I for the statistics of the infected people, where all people are 
infected by the disease and can transmit it to others at time t.  

• Group R for the statistics of the recovered people, where all people 
are recovered from the disease at time t. 

We found that childhood diseases are common and most dangerous 
epidemic infectious diseases of the human body. There are various in
fectious and non-infectious childhood diseases that it would be impos
sible to list them all in this research work. However, we will introduce 
some of the most common ones, including viral and bacterial infections 
as well as allergic and immunologic illnesses such as (for example) ear 
infections, glue ear, croup, hand, foot, and mouth diseases (see [9–15]). 
These diseases have more effect on children compared to adults. 
Childhood diseases have several essential features that make them 

apposite for their mathematical modelling. Many researchers devoted 
themselves to study about childhood diseases (see, for example, [16]). 
The effects of vaccination in childhood diseases were studied by Singh 
et al. [14]. The SIR epidemic model is the fundamental epidemic model 
among all epidemiological models. In the epidemic models, the births 
and deaths are ignored; therefore, only two possibilities of transitions 
are possible: infection and recovery. The SIR models are congruous to 
define the transmission diseases due to infections with perennial im
munity such as chickenpox, measles, smallpox, HIV-AIDS, mumps, and 
so on (see [17–22]). Various types of epidemic models of bio- 
mathematics have been solved by using several different kinds of 
analytical and numerical methods by many authors, researchers and 
biologists including (for example) Haq et al. [17], Makinde [23], Arqub 
and Ajou [24], Ahmed et al. [25], and Kumar [26]. In the year 2017, a 
fractional model of infection and recovery SIR model under the appro
priate limits was discussed (see, for details, [27]). Subsequently, an 
arbitrary order SIR epidemic system with non-linear incidence per
centage was analysed (see [28]). In the year 2019, solutions of arbitrary- 
order SIR epidemic system was discussed by Hasan et al. [29]. Moreover, 
in the same year 2019, Srivastava and Günerhan [16] discussed the SIR 
epidemic system of childhood diseases. 

In the past few years, fractional-order modelling has become an 
effective and thought-provoking field of investigation in various per
spectives. There are various ways of illustrating arbitrary-order de
rivatives and integrals involving both singular and non-singular kernels 
(see [30–33]). The Mittag–Leffler function has played an important role 
in defining various kinds of fractional derivatives leading, in turn, to 
interesting theories of fractional calculus (FC). Indeed, during the last 
five years, the vital interests in the Mittag–Leffler function have 
considerably increased among scientists and engineers due to their 
frequent applications in engineering and real-world problems. For 
example, Baleanu and others developed and applied various new and 
interesting results in fractional calculus leading to the solutions of 
various real-world problems (see, for details, [34–39]). In the year 2016, 
Atangana and Baleanu developed a arbitrary derivative based on kernel 
involving the Mittag–Leffler function [40] and applied it to real-world 
problems of physical, biological, and medical sciences (see 
[36,41–47]). In the year 2020, Dumitru et al. [48] have further devel
oped and discovered a new fractional-calculus operators, namely, the 
proportional Liouville-Caputo and the constant proportional Liouville- 

Fig. 1. Plot of the achieved LAWM and ABM solutions of the susceptible people 
for M = 3 and k = 7 when σ = 1. 

Fig. 2. Plot of the achieved LAWM and ABM solutions of the infected people for 
M = 3 and k = 7 when σ = 1. 
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Caputo as well as their associated integral transforms. The applications 
of these new fractional-calculus operators, together with their basic 
properties, will be potentially useful for enhancing the works of scien
tists and researchers of fractional calculus (FC). The ‘butterfly effects 
and graphs’ have become a famous and thought-provoking slogan of 
chaos. The investigation of chaos is common in such disciplines of 
applied sciences as astronomy, meteorology, population biology, and 
economics [49]. Chaos is a property of dynamical systems which are of 
at least three different kinds. Chaos happens to be most easily defined in 
the mathematical dynamical systems (see [50,51]). Chaotic behaviour 
exists in various natural systems, heartbeat irregularities, including fluid 
flow, weather, climate and other dynamical systems of biological sci
ence. Theoretically, we can say that chaotic behaviour could not occur in 
the finite state machine because the state vectors would eventually be 
periodic (see [52]). 

In various cases, it is very difficult to get analytical solutions of 
various arbitrary-order differential equations occurring in science and 
engineering. Wavelet methods are relatively popular and dominating 
trending methods in order to solve various kinds of fractional differen
tial equations of arbitrary orders, which arise in science and engineer
ing; these methods greatly contribute toward helping us to understand 
many nonlinear phenomena. Now-a-days constructions of wavelet 
methods based on orthogonal polynomials are popular in various 
research areas of applied mathematics. Wavelet methods based on the 
Legendre polynomials, the Bernstein polynomials, the Laguerre poly
nomials, the Gegenbauer polynomials, the Hermite polynomial, and the 
Chebyshev polynomials are constructed for solving differential-equation 
problems by many researchers in applied sciences and engineering (see, 
for details, [53–65]). 

The essential target of the present effort is to a discussion of an skilful 
mechanism for solving a arbitrary-order SIR epidemic disease system 
which is based upon the Laguerre wavelets approximation. The exact 
principles for the Riemann–Liouville arbitrary integral operator associ
ated with the Laguerre wavelets is determined here for the first time. 
Moreover, these principles are used here to convert the nonlinear FDEs 
into the structure of algebraic equations. Furthermore, the 
Adams–Bashforth-Moulton (ABM) mechanism is also explained for 
solving the same arbitrary-order SIR epidemic disease system. More
over, the derived solutions are compared with those found by using the 
ABM mechanism for the certainty and appropriateness of the Laguerre 

wavelets method (see [66,67]). The arbitrary-order SIR epidemic system 
is characterized in the following manner: 
⎧
⎪⎪⎨

⎪⎪⎩

LCDσ
t S
(
t
)
=
(
1 − P

)
b − βSI − bS ,

LCDσ
t I
(
t
)
= βSI −

(
δ + μ

)
I ,

LCDσ
t R
(
t
)
= Pb + δI − μR ,

(1.2)  

together with the initial values S (0) = 0.92,I (0) = 0.06 and R (0) =

0.02. The arbitrary-order time-derivative operator LCDσ
t is assumed here 

in the Liouville-Caputo (LC) style, the order of the derivative being σ 
(0 < σ⩽1). We also write (see [68]) LCDσ

t = dσ

dtσ. 
The rest of the proposed work is set up as follows. In part 2, we have 

discussed about the Laguerre wavelets and their properties. In part 3, an 
exact formula for the Riemann–Liouville (RL) fractional-order integral 
operator associated with the Laguerre wavelets is derived. Error analysis 
for accuracy of the derived solutions is given in part 4. Implementation 
of the Laguerre wavelet scheme and the Adams–Bashforth-Moulton 
scheme on the proposed epidemic model is considered in part 5. In part 
6, we present the numerical simulation and discussions. Summary and 
conclusions are given in part 7. Finally, in part 8, we briefly indicate 
some scopes and motivations for related future researches. 

Essential assumptions of the operators of fractional calculus (FC) 

Here, in this part, we present a few essential definitions which are 
necessary for establishing our results [69,70]. 

Definition 1. (see [69,71]) The (left-sided) Riemann–Liouville (LC) 
arbitrary integral of order σ of a function Θ(t) ∈ Cσ (0 < σ⩽1) is 
described as follows: 

Iσ
t Θ
(

t
)

=
1

Γ(σ)

∫ t

0
(t − ξ)σ− 1 Θ

(

ξ
)

dξ
(

σ > 0; t > 0
)

, (2.1)  

where Γ(.) is the familiar (Euler’s) Gamma function. 

Definition 2. (see [71]) The Riemann–Liouville (RL) and the 
Liouville-Caputo (LC) arbitrary derivatives of order σ are described, 
respectively, as follows: 

Fig. 3. Plot of the achieved LAWM and ABM solutions of the recovered people 
for M = 3 and k = 7 when σ = 1. Fig. 4. Absolute error between the LAWM and ABM solutions for the suscep

tible people when σ = 1. 
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RLDσ
t Θ

⎛

⎜
⎜
⎜
⎝

t

⎞

⎟
⎟
⎟
⎠

=
dm

dtm
(
Im− σ

t Θ
(
t
))

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dmΘ(t)
dtm (σ = m ∈ N)

1
Γ(m − σ)

dm

dtm

∫ t

0

Θ(ξ)
(t − ξ)σ− m+1 dξ (0⩽m − 1 < σ < m)

and 

LCDσ
t Θ

⎛

⎜
⎜
⎜
⎝

t

⎞

⎟
⎟
⎟
⎠

= Im− σ
t

(
dm

dtm Θ
(

t
))

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

dmΘ(t)
dtm (σ = m ∈ N)

1
Γ(m − σ)

∫ t

0

Θm(ξ)
(t − ξ)σ− m+1 dξ (0⩽m − 1 < σ < m),

where t > 0 and m ∈ N. These operators of fractional calculus have 
the following properties for m − 1 < σ⩽m (m ∈ N) and Θ ∈ L1[a,b] (b >

a)

⎧
⎪⎪⎨

⎪⎪⎩

( LCDσ
t Iσ

t Θ
)(

t
)
= Θ

(
t
)

(
Iσ

t
LCDσ

t Θ
)
(

t

)

= Θ

(

t

)

−
∑m− 1

k=0
Θk

(

0 +

)
(t − a)k

k!
.

(1.2)  

The laguerre wavelets and their useful properties 

The Laguerre wavelet ψnm(t) = ψ(k, n,m, t) have four parameters, 
which are explained over [0, tl) by 

ψnm

⎛

⎜
⎝t

⎞

⎟
⎠ =

⎧
⎪⎨

⎪⎩

2k/2 L m

(
2k

tl
t − 2n + 1

) (
n − 1
2k− 1 tl⩽t <

n
2k− 1tl

)

0 (otherwise),
(3.1)  

where n = 0,1,⋯,2k− 1 and m = 0, 1,⋯,M − 1. Here L m

(

t) = 1
m!

Lm(t
)

and Lm(t) is the orthogonal Laguerre polynomial of degree m in t with the 
weight function ω(t) = 1 on the interval [0, ∞), which satisfies this 
recursive relations: 

L0

(

t
)

= 1, L1

(

t
)

= 1 − t and Lm+2

(

t
)

=
(2m + 3 − t)Lm+1(t) − (m + 1)Lm(t)

m + 2
,

where 

m ∈ N0 := N ∪ {0} = {0, 1, 2,⋯}.

The general formula for the Laguerre polynomials Lm(t) is charac
terized as follows (see [72]): 

Lm

(

t

)

=
∑m

r=0

( − 1)r m!
(
m − r

)
! (r!)2 tr

(

m ∈ N0

)

. (3.2) 

Further, we let Ωk,M be the space spanned by the Laguerre wavelets, 
that is, 

Ωk,M = span
{

ψ1,0,ψ2,0,⋯,ψ2k− 1 ,0,ψ1,1,⋯,ψ2k− 1 ,1,⋯,ψ2k− 1 ,M− 1
}

⊆ L2( 0, 1
)
.

Let Θ be member of L2(0,1) which has a unique best approximation 

in Ωk,M such that 

P2k− 1

M Θ ∈ Ωk,M .

Then, since 

P2k− 1

M Θ ∈ Ωk,M  

is the unique best approximation of Θ, there exist the following unique 
coefficients: 

Δ1,0,Δ2,0,⋯,Δ2k− 1 ,0,Δ1,1,⋯,Δ2k− 1 ,1,⋯,Δ2k− 1 ,M− 1  

such that 

Θ

(

t

)

≃

(

P2k− 1

M Θ

)(

t

)

=
∑2k− 1

n=1

∑M− 1

m=0
Δn,mψn,m

(

t

)

= CT Ψ

(

t

)

,

The vectors C and Ψ are defined by 

CT =
[
Δ1,0,Δ2,0,⋯,Δ2k− 1 ,0,Δ1,1,⋯,Δ2k− 1 ,1,Δ2k− 1 ,M− 1

]

and 

Ψ =
[
ψ1,0,ψ2,0,⋯,ψ2k− 1 ,0,ψ1,1,⋯,ψ2k− 1 ,1,⋯,ψ2k− 1 ,M− 1

]T
.

Further, the matrix of the Laguerre wavelets is given as follows: 

Φ
m̂×m̂=

[

Ψ

(

2i− 1

2̂m
tl

)] (

i=1,2,…,2k− 1M

)

and 

Φ6×6 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

2.0000 2.0000 2.0000 0 0 0
0 0 0 2.0000 2.0000 2.0000

3.3333 2.0000 0.6667 0 0 0
0 0 0 3.3333 2.0000 0.6667

2.5556 1.0000 − 0.1111 0 0 0
0 0 0 2.5556 1.0000 − 0.1111

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

Φ6×6 being the Laguerre wavelet matrix at the collocations points 
2i− 1
2m̂

tl when tl = 1. 

Convergence analysis of Laguerre wavelets approximation 

. 

Theorem 1. Let Θ(t) ∈ L2[0, tl] be the function and Θ0(t) ∈ Θk,M is the 
approximation of Θ(t) then 

⃦
⃦∊Θ

⃦
⃦ =

⃦
⃦Θ
(
t
)
− Θ0

(
t
)⃦
⃦ <

ϒt
2M+1

2
l

M!
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2M + 1

√ .

Proof. Let Θ(i)(t) be the continuous function, where i = 0, 1, 2, …M. 
Then there exist ϒ ∈ N such that 

Θ(i)( t
)
< ϒ, ∀ t ∈

[
0, tl
]
.

Then by Taylor’s formula 

Θ

(

t

)

=
∑M− 1

i=0

Θi(0)ti

i!
+

Θ(M)(ξ)
M!

tM , where ξ ∈

[

0, tl

]

.

Since, {ψnm(t)} is the family of piecewise function. As Ωk,M =

span{ψnm(t)}, therefore 

∑M− 1

0

Θ(i)(0)ti

i!
∈ Ωk,M ,

as Θ0(t) is the best approximation of Θ(t) out of Ωk,M, then 

S. Momani et al.                                                                                                                                                                                                                                
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⃦
⃦∊Θ

⃦
⃦ =

⃦
⃦Θ
(
t
)
− Θ0

(
t
)⃦
⃦⩽
⃦
⃦Θ
(
t
)
−
∑M− 1

0

Θ(i)(0)ti

i!
⃦
⃦ =

⃦
⃦Θ(M)(ξ)tM

M!

⃦
⃦

=

(∫ tl

0

(
Θ(M)(ξ)tM

M!

)2
)1

2

<

(
ϒ2t2M+1

l

(M!)
2( 2M + 1

)

)1
2

=
ϒt

2M+1
2

l

M!
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2M + 1

√

where tl ∈ N is the fixed number and when M is sufficiently large then 
‖∊Θ‖→0. Hence Laguerre wavelets approximation is convergent. □ 

The Riemann–Liouville fractional integral operator for the 
laguerre wavelets 

In this section, we derive the operational matrix for the Laguerre 
wavelets without adopting block pulse functions. For this analysis, we 
apply the integral operator Iσ

t directly into Ψ(t) as follows: 

Iσ
t Ψ
(

t
)
= Q

(
t, σ
)

=
[
Iσ

t ψ1,0, I
σ
t ψ2,0,⋯, Iσ

t ψ2k− 1 ,0, Iσ
t ψ1,1,⋯, Iσ

t ψ2k− 1 ,1,⋯, Iσ
t ψ2k− 1 ,M− 1

]T
.

Hence, clearly, we have 

ψnm

(
t
)
=

2k/2

m!
μ n− 1

2k− 1 tl

(
t
)
2k/2Lm

(
2k

tl
t − 2n + 1

)

−
2k/2

m!
μ n

2k− 1 tl

(
t
)
2k/2Lm

(
2k

tl
t

− 2n + 1
)

,

(4.1)  where 

μa

(

t
)

=

{
1 (t⩾a)
0 (t < a).

We now proceed to apply the Laplace transform to the above equa
tion (4.1). We thus find that 

ψnm
(
t
)
=

2k/2

m!
L

⎧
⎪⎨

⎪⎩
μ n− 1

2k− 1 tl

(
t
)
Lm

(
2k

tl
t − 2n+1

)
⎫
⎪⎬

⎪⎭

−
2k/2

m!
L

⎧
⎨

⎩
μ n

2k− 1 tl

(
t
)
Lm

(
2k

tl
t − 2n+1

)
⎫
⎬

⎭

=
2k/2

m!
L

⎧
⎪⎨

⎪⎩
μ n− 1

2k− 1 tl

(
t
)
Lm

(
2k

tl

(

t −
n − 1
2k− 1 tl

)

− 1
)
⎫
⎪⎬

⎪⎭

−
2k/2

m!
L

⎧
⎨

⎩
μ n

2k− 1 tl

(
t
)
Lm

(
2k

tl

(

t −
n

2k− 1tl

)

+1
)
⎫
⎬

⎭

=
2k/2

m!
e−

n− 1
2k− 1stl L

{

Lm

(
2k

tl
t − 1

)}

−
2k/2

m!
e−

n
2k− 1stl L

{

Lm

(
2k

tl
t+1

)}

.

Now, from the assumptions of the Laguerre polynomials in the Eq. 
(3.2), we get 

L
{

ψn,m
(
t
)}

=
2k/2

m!
e−

n− 1
2k− 1stl L

{
∑m

r=0

(− 1)r m!
(
m − r

)
!(r!)2

(
2k

tl
t − 1

)r}

−
2k/2

m!
e−

n
2k− 1stl L

{
∑m

r=0

(− 1)rm!
(
m − r

)
!(r!)2

(
2k

tl
t+1

)r}

=
2k/2

m!
e−

n− 1
2k− 1stl

∑m

r=0

(− 1)r m!
(
m − r

)
!(r!)2 L

{(
2k

tl
t − 1

)r}

−
2k/2

m!
e−

n
2k− 1stl

∑m

r=0

(− 1)rm!
(
m − r

)
!(r!)2 L

{(
2k

tl
t+1

)r}

=
2k/2

m!
e−

n− 1
2k− 1stl

∑m

r=0

(− 1)r m!
(
m − r

)
!(r!)2 L

{
∑r

i=0

(
r

i

)

(− 1)i
(

2k

tl
t
)r− i}

−
2k/2

m!
e−

n
2k− 1stl

∑m

r=0

(− 1)r m!
(
m − r

)
!(r!)2 L

{
∑r

i=0

(
r

i

)(
2k

tl
t
)r− i}

Next, from the definition of the Riemann–Liouville (RL) fractional 
integral, we get 

L

⎧
⎨

⎩
Iσ

t ψn,m

⎛

⎝t

⎞

⎠

⎫
⎬

⎭
= L

{
tσ− 1

Γ(σ) ∗ ψn,m

(

t
)}

=
2k/2

m!
e−

n− 1
2k− 1stl

∑m

r=0

∑r

i=0

( − 1)r m!
(
m − r

)
! (r!)2

r!
i!

( − 1)i
(

2k

tl

)r− i

1
sr− i+σ+1 −

2k/2

m!
e−

n
2k− 1stl

∑m

r=0

∑r

i=0

( − 1)r m!
(
m − r

)
! (r!)2

r!
i!

(
2k

tl

)r− i 1
sr− i+σ+1,

(4.2)  

which, by taking the inverse Laplace transform of both sides (4.2), can 
be written 

=
2k/2

m!

∑m

r=0

∑r

i=0

( − 1)r+i m!
(
m − r

)
! (r!)2

r!
i!

(
2k

tl

)r− i

μ n− 1
2k− 1 tl

(

t −
n − 1
2k− 1 tl

)r− i+σ

1
Γ(r − i + σ + 1)

−
2k/2

m!

∑m

r=0

∑r

i=0

( − 1)r m!
(
m − r

)
! (r!)2

r!
i!

(
2k

tl

)r− i

μ n
2k− 1 tl

(

t −
n

2k− 1tl

)r− i+σ 1
Γ(r − i + σ + 1)

.

(4.3)  

We thus obtain      

Iσ
t ψnm

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

t

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0
(

0⩽t <
n − 1
2k− 1 tl

)

2k/2 ξ
(

n,m
)(

t −
n − 1
2k− 1

)σ (
n − 1
2k− 1 tl⩽t <

n
2k− 1tl

)

2k/2 ξ
(

n,m
)(

t −
n − 1
2k− 1

)σ

− 2k/2ξ
(

n,m
)(

t −
n

2k− 1

)σ (
n

2k− 1tl⩽t < tl

)

,

(4.4)   
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where 

ξ

(

n,m

)

=
1
m!

∑m

r=0

∑r

i=0

( − 1)r+i m!
(
m − r

)
!(r!)2

r!
i!

(
2k

tl

)r− i(

t −
n − 1
2k− 1 tl

)r− i

1
Γ(r − i + σ + 1)

(4.5)  

and 

ξ

(

n,m

)

=
1
m!

∑m

r=0

∑r

i=0

( − 1)r m!
(
m − r

)
!(r!)2

r!
i!

(
2k

tl

)r− i(

t −
n

2k− 1tl

)r− i

1
Γ(r − i + σ + 1)

.

(4.6) 

If, we now choose k = 2,M = 3 and σ = 0.5, then we obtain the 
operational matrix as follows: 

Q0.5
6×6 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0.6515 1.1284 1.4567 1.0722 0.8260 0.7040
0 0 0 0.6515 1.1284 1.4567

1.1582 1.5045 1.2949 0.9108 0.7523 0.6583
0 0 0 1.1582 1.5045 1.2949

0.9326 0.9967 0.6609 0.4714 0.4101 0.3659
0 0 0 0.9326 0.9967 0.6609

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The above matrix is the operational matrix of the Laguerre wavelets. 

Stability analysis of the arbitrary-Order SIR epidemic model 

In this part, we return to the proposed arbitrary-order SIR model for 
its stability analysis. Indeed we have 
⎧
⎪⎪⎨

⎪⎪⎩

LCDσ
t S
(
t
)
=
(
1 − P

)
b − βSI − bS ,

LCDσ
t I
(
t
)
= βSI −

(
δ + μ

)
I ,

LCDσ
t R
(
t
)
= Pb + δI − μR .

(5.1)  

In order to achieve the equilibrium points of the arbitrary-order SIR 
epidemic system, let us assume that 
⎧
⎨

⎩

(1 − P)b − βSI − bS = 0,
βSI − (δ + μ)I = 0,
Pb + δI − μR = 0.

(5.2)  

Therefore, the equilibrium points of the system are E0

{(

1 − P),0, Pb
μ

}

and E1(S 1,I 1,R 1), where 

S 1 =
μ + δ

β
,

I 1 =
(1 − P)b

μ + δ
−

b
β  

and 

R 1 =
Pb
μ +

δ
μ

[
(1 − P)b

μ + δ
−

b
β

]

.

The Jacobian matrix for the system at the equilibrium point E
(

S ,I ,

R

)
is given as follows: 

J

⎛

⎝E

⎞

⎠ =

⎛

⎝

−
(

βI + b
)

− βS 0

βI βS −
(

μ + δ
)

0
0 δ − μ

⎞

⎠. (5.3)  

The characteristic polynomial of the above Jacobian matrix 5.3 is pre
sented by  

We now let 

ξ1 =
(

b + δ + 2μ − βS − βI

)
,

ξ2 =
(

bδ + 2bμ + δμ + μ2 − bβS − βδI βμS + 2βμI

)
,

ξ3 =
(

βμ2I + bδμ − bβμS + βδμI + bμ2
)
.

Then the discriminant of Eq. 5.4 is characterized as follows: 

D
(
λ
)
= 18ξ1ξ2ξ3 +(ξ1ξ2)

2
− 4ξ3ξ3

1 − 4ξ3
2 − 27ξ2

3. (5.5)  

If we take the parameter values P = 0.3, b = 0.1, β = 0.75, δ = 0.35 
and μ = 0.2, then all of the characteristics values occur with the nega
tive sign. Thus, by the Routh-Hurwitz condition [73,74] E0 is locally 
asymptotically stable. Again, if we take the parameter values P = 0.05,
b = 0.01, β = 0.8, δ = 0.35 and μ = 0.05. Then the characteristic roots 
of Eq. 5.4 at E1 are λ1,2 = − 0.0095 ± 0.0594i and λ3 = − 0.0500. Here 
the absolute value of arg(λ1,2) is 1.4122. So, clearly, E1 is stable for 
σ < 0.8990. 

Numerical methods for the arbitrary-Order SIR epidemic model 

In this part of our work, two different numerical schemes have been 
formulated for the approximations of arbitrary-order SIR epidemic sys
tem with the Liouville-Caputo derivative operator. Further, our aim is to 
employ the LAW and ABM mechanisms, each of which has been tested in 
terms of truthfulness and reliability to handle any kind of dynamical 
models of biological and medical sciences. 

The Laguerre wavelets for arbitrary-order SIR epidemic system 

The main focus of this subsection is to represent the arbitrary-order 
SIR epidemic models by using different methods. In order to elucidate 
the solution procedure of the Laguerre wavelet mechanism, let us as
sume the following nonlinear arbitrary-order SIR epidemic system of 
childhood diseases in biological sciences as follows: 
⎧
⎪⎪⎨

⎪⎪⎩

LCDσ
t S
(
t
)
= CT

1 Ψ
(
t
)
,

LCDσ
t I
(
t
)
= CT

2 Ψ
(
t
)
,

LCDσ
t R
(
t
)
= CT

3 Ψ
(
t
)
,

(6.1)  

where 

CT
i =

[
Δi

1,0,Δi
2,0,⋯,Δi

2k− 1 ,0,Δ
i
1,1,⋯,Δi

2k− 1 ,1,⋯,Δi
2k− 1 ,M− 1

]

are the unknown parameters to be determined and i = 1,2,3. Now, for 
the solution of above arbitrary-order SIR epidemic system, we have 
applied arbitrary integral operator to Eq. (6.1), so that 

P
(

λ
)
= λ3 + λ2

(
b+ δ+ 2μ − βS − βI

)
+ λ
(

bδ+ 2bμ+ δμ+ μ2 − bβS − βδI − βμS + 2βμI

)
+
(

βμ2I + bδμ − bβμS + βδμI + bμ2
)
. (5.4)   
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⎧
⎪⎪⎨

⎪⎪⎩

(
Iσ

t
LCDσ

t

)
S = S

(
t
)
− S
(
0
)
= CT

1 Q
(
t, σ
)
,

(
Iσ

t
LCDσ

t

)
I = I

(
t
)
− I
(
0
)
= CT

2 Q
(
t, σ
)
,

(
Iσ

t
LCDσ

t

)
R = R

(
t
)
− R

(
0
)
= CT

3 Q
(
t, σ
)
.

(6.2)  

We then find that 
⎧
⎪⎪⎨

⎪⎪⎩

S
(
t
)
= S

(
0
)
+ CT

1 Q
(
t, σ
)
,

I
(
t
)
= I

(
0
)
+ CT

2 Q
(
t, σ
)
,

R
(
t
)
= R

(
0
)
+ CT

3 Q
(
t, σ
)
,

(6.3)  

where only CT
i are the unknown parameters to be determined. Now, 

upon putting the above values of S (t),I (t) and R (t) into the Eq. (1.2) 
and by adopting the collocation points 2i− 1

2m̂
, we can archive the structure 

of the nonlinear algebraic equations with 3m̂ number of the unknown 
parameters to be determined. Our next target is to calculate the solution 
of the resulting algebraic equations by adopting the Newton iteration 
technique. We can first ascertain the unknown parameter Laguerre co
efficients and then use them into the Eq. (6.3) which is the required 
solution. 

The Adams–Bashforth-Moulton (ABM) method for fractional-order SIR 
epidemic model 

The ABM scheme provides very attractive numerical technique for 

Fig. 5. Absolute error between the LAWM and ABM solutions for the infected 
people when σ = 1. 

Fig. 6. Absolute error between the LAWM and ABM solutions for the recovered 
people when σ = 1. 

Fig. 7. Plot of the susceptible people for different values of σ.  

Fig. 8. Plot of the infected people for different values of σ.  
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dealing with the fractional IVPs and DEs of the any kind (see [75,76]). 
Let us assume the following FDEs: 

LCDσ
t S j

(
t
)
= fj

(
t,S j

(
t
))

and S
(k)
j

(
0
)
= S

(k)
j0 ⌈σ⌉

(
j ∈ N

)
,

(6.4)  

where S
(k)
j0 are irrational real numbers, σ > 0 and Dσ

t is the arbitrary 
derivative operator in the Liouville-Caputo style. This indeed is similar 
to the well-known Volterra integral equation: 

S j
(
t
)
=
∑⌈σ⌉− 1

n=0
S

(n)
j0

tn

n!
+

1
Γ(σ)

∫ t

0
(t − ν)σ− 1fj

(
ν,S j

(
ν
))

dν
(
j∈N

)
. (6.5) 

We now clarify the required numerical solution of the nonlinear 
arbitrary-order SIR epidemic system by using the ABM method. Further, 
if we let h= 1− 0

m̂
, tn = nh and n = 0,1,2,⋯, m̂, then the correcter costs are 

characterized as follows: 

Fig. 9. Plot of the recovered people for different values of σ.  

Fig. 10. Behaviour of the susceptible and the infected peoples for Case 1 when 
σ = 0.9. 

Fig. 11. Behaviour of the recovered and the infected people for Case 1 when 
σ = 0.9. 
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S n+1 = S

(

0

)

+
hσ

Γ(σ + 2)
{(1 − P)b − βS

p
n+1I

p
n+1

− bS
p
n+1}

hσ

Γ(σ + 2)
∑n

j=0
αj,n+1⋅

{(
1 − P

)
b − βS jI j − bS j

}
,

I n+1 = I

(

0

)

+
hσ

Γ(σ + 2)
{βS

p
n+1I

p
n+1 − (δ

+ μ)I p
n+1}+

hσ

Γ(σ + 2)
∑n

j=0
αj,n+1

[
βS jI j −

(
δ + μ

)
I j
]

and 

R n+1 =R

(

0

)

+
hσ

Γ(σ + 2)

(

Pb+ δI
p
n+1 − μR

p
n+1

)

+
hσ

Γ(σ + 2)
∑n

j=0
αj,n+1

(

Pb+ δI j − μR j

)

.

Thus, clearly, the respective predictor values are characterizes in the 
following way: 

S
p
n+1 = S

(

0

)

+
1

Γ(σ)
∑n

j=0
βj,n+1

{(
1 − P

)
b − βS jI j − bS j

}
,

Fig. 12. Behaviour of the susceptible, infected and recovered peoples for Case 1 when σ = 0.9.  

Fig. 13. Behaviour of the susceptible and the infected people for Case 2 when 
σ = 0.9. 

Fig. 14. Behaviour of the recovered and the infected people for Case 2 when 
σ = 0.9. 
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I
p
n+1 = I

(

0

)

+
1

Γ(σ)
∑n

j=0
βj,n+1

{
βS jI j −

(
δ + μ

)
I j
}

and 

R
p
n+1 = R

(

0

)

+
1

Γ(σ)
∑n

j=0
βj,n+1

(

Pb+ δI j − μR j

)

,

where 

σj,n+1 =

⎧
⎪⎪⎨

⎪⎪⎩

nσ+1 −
(
n − σ

)
(n + 1)σ

(j = 0)

(n − j + 2)σ+1
+ (n − j)σ+1

− 2(n − j + 1)σ+1
(0⩽j⩽n)

1 (j = 1),

and 

βj,n+1 =
hσ

σ {(n + 1 − j)σ
− (n − j)σ

}

(

0⩽j⩽n
)

.

By using the techniques as detailed above, we have plotted various 
numerical results graphically. 

Fig. 15. Behaviour of the susceptible, infected and recovered peoples for Case 2 when σ = 0.9.  

Fig. 16. Behaviour of the susceptible and the infected people for Case 3 when 
σ = 0.9. 

Fig. 17. Behaviour of the recovered and the infected people for Case 3 when 
σ = 0.9. 
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Numerical investigations and associated discussions 

The principal purpose of this part is to illustrate various numerical 
results by using the LAWM and ABM results of an arbitrary-order SIR 
epidemic model for many values of the order σ. The numerical simula
tions and behaviours of the susceptible, infected and recovered peoples 
in the arbitrary-order SIR epidemic system are depicted by means of 
Figs. 1–33. Figs. 1–3, in particular, show the 2D comparison between the 
achieved results by adopting the LAWM and ABM mechanisms. It is 
noticed from the behaviour of Fig. 1 that the rate of susceptible com
munity almost similar by suggested numerical schemes and the rate of 
such community are decreasing according time. Fig. 1 indicate the 

comparison between susceptible community with respect to time at M =

3, k = 6, σ = 1 by adopting the LAWM and ABM methods. Fig. 2 indicate 
the comparison between infected community with respect to time at 
M = 3, k = 6, σ = 1 by adopting suggested numerical schemes. From the 
behaviour of Fig. 2, it is be observed from figure that the behaviours of 
infected community are identical by adopting suggested schemes in 
arbitrary-order SIR system. Also, we have observed that number of 
infected community are first increasing very fast according time. 
Further, we have observed through Fig. 3 that the number of recovered 
community are increasing with respect to time in the suggested SIR 
system of arbitrary order. Further, we observe that the achieved results 
S LAWM(t), I LAWM(t), R LAWM(t), as well as S ABM(t),I ABM(t) and 

Fig. 18. Behaviour of the susceptible, infected and recovered peoples for Case 3 when σ = 0.9.  

Fig. 19. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 1 when σ = 1. 

Fig. 20. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 1 when σ = 0.95. 
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R ABM(t), are remarkably close to each other. 
Moreover, our main focus is to find the accuracy between the ach

ieved results by using the LAWM and ABM mechanisms. With this target 
in view, we have found the absolute error between the obtained results 
SLAWM(t), I LAWM(t),R LAWM(t), and S ABM(t), I ABM(t),R ABM(t), respec
tively. Therefore, we assume the absolute error function to be charac
terized as follows: 

AE1
i

(
t
)
=
⃒
⃒S LAWM

(
t
)
− S ABM

(
t
)⃒
⃒,

(
i ∈ N

)
,

AE2
i

(
t
)
=
⃒
⃒I LAWM

(
t
)
− I ABM

(
t
)⃒
⃒,

(
i ∈ N

)
,

and 

AE3
i

(
t
)
=
⃒
⃒R LAWM

(
t
)
− R ABM

(
t
)⃒
⃒

(
i ∈ N

)
,

where S LAWM(t), S ABM(t), I LAWM(t), I ABM(t),R LAWM(t) and R ABM(t)
are the achieved results by using the Laguerre wavelet operational 
matrix mechanism and the ABM mechanism. All of the achieved results 
are approximately the same if 

lim
i→∞

{
AE1

i ,AE2
i ,AE3

i

}
=

{

0, 0, 0
}

.

Also, the 2D presentation of the absolute errors AE1
i , AE2

i and AE3
i 

Fig. 21. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 1 when σ = 0.90. 

Fig. 22. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 1 when σ = 0.80. 

Fig. 23. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 2 when σ = 1. 

Fig. 24. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 2 when σ = 0.95. 
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between the obtained results is depicted by means of Figs. 4–6. The AE1
i , 

AE2
i and AE3

i express the fact that we have accomplished an enhanced 
level of integrity between the achieved results by using the suggested 
mechanisms. We can thus obtain the enhanced level integrity between 
the produced results by enlarging the values of i ∈ N. 

For the reliable investigations, various evaluations is made for 
various value of arbitrary order. Furthermore, we have examined the 
behaviours of the susceptible, infected and recovered peoples through 
Figs. 7–9 for different value of arbitrary order σ = 0.5, 0.60,0.7,0.80,
0.9 in SIR system by adopting LAWM and ABM methods. It is also to be 
emphasized that we have observed high percentage of infected popu
lation at the primary stage of infection but after certain time percentage 

of infected population density become slower. Further, we have 
observed that the recovery percentage was slow at primary stage but 
recovery rate is high after a certain time. The comparative analysis be
tween the susceptible, infected and recovered peoples in the arbitrary 
SIR system have been shown together graphically at different values of 
arbitrary order. The behaviours of the susceptible, infected and recov
ered (SIR) people are illustrated in Figs. 7–9 for various values of the 
order σ. According to our graphical study, we can say that the number of 
the susceptible people are contentiously deceasing while the numbers of 
the infected and recovered peoples are increasing with respect to time t 
for various values of the arbitrary order σ. 

Further, the numerical simulations for chaotic behaviours of the 

Fig. 25. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 2 when σ = 0.90. 

Fig. 26. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 2 when σ = 0.80. 

Fig. 27. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 3 when σ = 1. 

Fig. 28. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 3 when σ = 0.95. 
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susceptible, infected and recovered (SIR) people of the arbitrary -order 
SIR epidemic system are categorized in three various cases, Case 1, Case 
2 and Case 3, which are clearly mentioned in Table 1. The simulation 
results demonstrate that chaos does indeed occur in the SIR epidemic 
system with a arbitrary order σ. Figs. 10–18 show various chaotic be
haviours of the susceptible, infected and recovered peoples of the arbi
trary -order SIR system by adopting the ABM mechanism. The 
comparative chaotic behaviours between susceptible and infected peo
ples are depicted in Fig. 10 and the comparative chaotic behaviours 
between the infected and recovered peoples are illustrated in Fig. 11 for 
Case 1 when σ = 0.9. Furthermore, the comparative chaotic behaviours 
between all susceptible, infected and recovered peoples are illustrated 

by means of Fig. 12 for Case 1 when σ = 0.9. Similarly, Figs. 13–18 
represent the comparative chaotic behaviours between susceptible, 
infected and recovered peoples for Case 2 and Case 3. 

Furthermore, the behaviour of the susceptible, infected and recov
ered peoples in the arbitrary-order SIR epidemic system is demonstrated 
for various values of the arbitrary order σ in several cases. Figs. 19–33 
represent the behaviours of the susceptible, infected and recovered 
peoples for different values of the arbitrary order σ. The behaviors of the 
susceptible, infected and recovered peoples w.r.t. time for Case 1 are 
depicted in Figs. 19–22 for various values of the order σ = 1,0.95,0.90 
and σ = 0.80. Similarly, the behaviors of the susceptible, infected and 
recovered peoples w.r.t. time for Cases 2 and 3 are depicted by means of 
Figs. 23–33 for different values of σ = 1, 0.95,0.90 and σ = 0.80. We 
have considered a number of parameters for the numerical simulation of 

Fig. 29. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 3 when σ = 0.90. 

Fig. 30. Behaviour of the susceptible, infected and recovered peoples w.r.t. 
time for Case 3 when σ = 0.80. 

Fig. 31. Behaviour of the susceptible people for different values of σ.  

Fig. 32. Behaviour of the infected people for different values of σ.  
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Eq. (1.2). 

Summary and conclusions 

Now-a-days researches on dynamic models of mathematical biology, 
population dynamics, epidemiology, evolution, immunology, morpho
genesis, and pattern formation are remarkably popular research areas of 
applied mathematics. Due to their popularity, we examine the behav
iours of famous arbitrary -order susceptible-infected- recovered (SIR) 
epidemic of childhood diseases by means of two numerical schemes. In 
this study, we have obtained numerical solutions of a arbitrary-order SIR 
model by adopting the Laguerre wavelet method and the ABM mecha
nism. Further, we have investigated the dynamical behaviours of the 
arbitrary-order SIR epidemic model by adopting the Adams–Bashforth- 
Moulton (ABM) schemes. Numerical results and graphs show that chaos 
exists in the arbitrary-order SIR epidemic system for positive integer and 
arbitrary orders. It is clear from our study that the idea of fractional- 
order nonlinear system, which simultaneously posses memory and 
chaos, is potentially useful for offering greater insights towards the 
understanding of the complex behaviours of various biological systems. 
In this article, we have successfully derives the Laguerre wavelets based 
operational matrix of arbitrary integration. We have also used it to solve 
a SIR epidemic system of an arbitrary order. The achieved solutions and 
results are convergent to the existing solution available in the literature. 
It is worth mentioning here that the results obtained by the LAW method 
agree well with the numerical solutions obtained by using ABM scheme. 
Convergence and error analysis assert the validity of suggested 
technique. 

The behaviours of the susceptible, infected and recovered (SIR) 

people have been depicted and illustrated graphically for positive 
integer and fractional orders. We have also analysed the chaotic be
haviours of the susceptible, infected and recovered (SIR) people in 
attractive and descriptive ways. All numerical and graphical results are 
found to be almost the same in our less computational work here as those 
achieved by other numerical and analytical methods. Moreover, our 
achieved computational and numerical results illustrate the validity and 
accuracy of the scheme when compared to other existing processes. 
Finally, we conclude that the nominated Laguerre wavelet mechanism is 
a promising tool for determining and analyzing both linear and 
nonlinear dynamical systems of biological and medical sciences. 

Scopes and motivations for future works 

The new non-singular and the newly-developed Atangana-Baleanu 
(AB), proportional Liouville-Caputo (PLC) and constant proportional 
Liouville-Caputo (CPLC) operators of fractional calculus are established 
operators, but these operators are not yet formulated with the wavelet 
methods (see [40,48]). So, one has great opportunity to explore their 
applications to the real-world problems by using various wavelet 
methods in conjunction with each of these newly-developed fractional- 
calculus operators. These suggested forthcoming works will have the 
potential to check the performance of each of these newly-developed 
Atangana-Baleanu (AB), proportional Liouville-Caputo (PLC) and con
stant proportional Liouville-Caputo (CPLC) fractional-calculus operators 
on wavelet methods for nonlinear PDEs arising in various fields of the 
physical, biological, engineering, medical, and other applied sciences. 
Furthermore, one can find the chaotic behaviour of each of these bio
logical models by analogously using the AB, PLC and CPLC fractional- 
calculus operators. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Fig. 33. Behaviour of the recovered people for different values of σ.  

Table 1 
Case study.  

Parameters P b β  δ  μ  

Case 1 0.05 0.01 0.8 0.35 0.0.05 
Case 2 0.2 0.01 0.8 0.25 0.01 
Case 3 0.2 0.01 0.84 0.25 0.02  
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