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Chapter 1 

Introduction 

Concurrency is one of the major challenges facing computer science, both 

in theory and in practice. The "'.ide variation in structure and architecture 

of concurrent machines has given rise to an equally wide variation of pro­

gramming methods and languages. Although this situation has often caused 

confusion, progress in theoretical computer science has brought significant 

understanding and has provided simple and elegant solutions. In this thesis, 

we consider two different formal approaches to concurrency, namely Process 

Algebras and Petri nets. 

Process Algebras use algebraic expressions for the specification of concur­

rent systems. They rely on a small set of basic operators which correspond 

to primitive notions of concurrent systems. The operators are used to build 

systems from more elementary ones. The main contributions in this area are 

Milner's Calculus of Communicating Systems (CCS) [1],[2], Hoare's Commu­

nicating Sequential Processes (CSP) [3], [4] and Algebra of Communicating 

Processes (ACP) by Bergstra and Klop [5]. 

On the other hand, Petri nets are a graphical and mathematical tool ap­

plicable to many systems. As a graphical tool, Petri nets can be used as a 

1 



CHAPTER 1. INTRODUCTION 

visual communication aid similar for example to flow charts. In addition, 

Petri nets are equipped with tokens which are used to simulate the dynamic 

and concurrent activities of systems. As a mathematical tool, it can be used 

to set up models governing the behavior of systems. Historically speaking, 

the concept of Petri nets has its origin in Carl Adam Petri's dissertation [8]. 

Since then, Petri nets have been used extensively in areas such as operat­

ing systems, performance evaluation, communication protocols, concurrent 

programs and in numerous other applications ([15]-[20]). Comprehensive 

introductions to Petri net theory can be found in [6],[7],[9], and the most 

recent results in the field are published annually in Advances in Petri Nets 

([10]-[14]). 

In recent years, Process Algebras and Petri nets began to influence each 

other and to converge. More specifically, recent research has been conducted 

in finding for programs of Process Algebras, finite representations in terms 

of Petri nets ([21]-[26]). The main reason for such an investigation is that 

Petri net representations explicitly model parallelism and can in this way 

be understood as a concurrent semantics for Process Algebras. Moreover, 

the representation by a well-known machine model supplies an aid for the 

implementation of Process Algebras. 

In this thesis we suggest that such a representation implies other signifi­

cant benefits as well. Petri nets have been studied thoroughly for years, and 

many sophisticated techniques exist that facilitate their analysis. Therefore, 

one can apply Petri net analysis methods to reason about Process Algebra 

programs. In this thesis, we address the problem of deadlock detection in a 

Process Algebra program, by developing a deadlock detection algorithm for 

the corresponding Petri net. To illustrate the practicality of the proposed 
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CHAPTER 1. INTRODUCTION 

approach, we implemented a Prolog system that performs the deadlock de­

tection algorithm. Our overall approach serves the following broader goals: 

1. It relates two well known models of concurrent computation, namely 

Process Algebras and Petri nets, and suggests that analysis methods 

for the latter can be used to reason about the former. In this sense, this 

thesis presents the first practical results in a mainly theoretical area of 

research. 

2. It provides an efficient algorithm for deadlock detection in Process Al­

gebra programs. As far as we know, not many interesting results exist 

in this area. 

3. It establishes a theoretical framework that can be used as a basis for 

developing deadlock detection algorithms for existing concurrent pro­

gramming languages. 

4. It suggests that Prolog is a very convenient means for describing the 

kind of applications that are discussed in this thesis. 

The rest of this introduction gives a chapterwise summary of the thesis con­

tents. Chapter 2 introduces the specific Process Algebra that will be used 

throughout this thesis, namely CCS. CCS is introduced by an example and 

then it is formally defined and its transitional semantics is given. Chapter 

3 gives an introduction to the theory of Petri nets. Chapter 4 deals with 

defining concurrent semantics for CCS with the use of Petri nets. In other 

words, a procedure is described that transforms a CCS program into a Petri 

net. In Chapter 5, we suggest that the Petri net representation of a CCS 

program can be used to detect deadlocks in the program. Petri net reduc­

tion techniques are used to reduce the size of the net, making it in this way 
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CHAPTER 1. INTRODUCTION 

easier to analyze. We prove that the reductions have the important property 

of preserving the deadlock information of the initial Petri net. The pro­

posed algorithm has the important characteristic that it avoids exploring the 

whole state space of the program. Chapter 6 describes the Prolog system 

that implements the proposed algorithm. The system can be used to detect 

deadlocks in CCS programs but also to correct programs that contain hidden 

deadlocks. Chapter 7 concludes the thesis. It summarizes the main contri­

butions of our work and presents the most interesting questions that require 

further investigation. 

4 



Chapter 2 

CCS: Definitions and 
Transitional Semantics 

2.1 Introduction to CCS Notation 

Complex systems consist of a. number of components that a.ct and interact 

with ea.ch other. These components a.re called agents. The behavior of a.n 

a.gent consists of two kinds of actions: communications with other a.gents 

and actions that occur independently or concurrently with the actions of 

the other a.gents. Consider for example a. system consisting of two a.gents, 

a. vending ma.chine and a. customer [3]. When the customer inserts a, coin 

in the ma.chine, a. communication between these two a.gents takes place. A 

communication also takes place when the ma.chine delivers a, product. On 

the other hand, an internal action of the ma.chine ( e.g. a. noise), can not 

be considered a.s a. communication with the customer, although it may be 

a. communication between two parts of the ma.chine. In the following, this 

simple example is used to introduce the basic notation of CCS. 

Let C denote a. customer a.gent who repeatedly inserts coins and accepts 

products from the vending ma.chine M. Then the customer's behavior can 

5 



CHAPTER 2. COS: DEFINITIONS AND TRANSITIONAL SEMANTICS 6 

be described in an algebraic way as follows: 

or simply: 

def ~
0

, 
C = coin. 

C, def C product. 

C def coin.product.C 

In the above notation, labels are used (i.e., coin, product) to represent ac­

tions of the agent. The overbar has the meaning that coin is an action 

delivered by the agent. On the other hand, product represents an action 

accepted by the agent. The dot '.' is the first combinator of the calculus, 

called prefix. In general, a.P denotes an agent whose behavior is to perform 

action a and then proceed according to the definition of P. Clearly, the cus­

tomer agent has been described using a recursive definition, which expresses 

the intuitive fact that the behavior of the customer is an infinite sequence of 

actions 

coin, product, coin, product, ... 

The recursive definition of the customer can be expressed more formally as: 

C def (- ) = µX : coin.product.X 

which may be pronounced "the customer C is defined as the agent X such 

that X = coin.product.X". In the above so-called µ-expression, X is 

a variable and can be renamed without any semantic effect. Using these 

conventions, the corresponding agent for the vending machine is: 

M '¥f µX: (coin.product.X) 
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Actions like coin, coin and product, product are called complementary 

actions. 

A modification of the above example allows the introduction of the second 

combinator of the calculus. A sophisticated vending machine SM offers an 

alternative to its customers: it accepts two kinds of coins namely lp and 2p 

and delivers cheap and expensive products respectively. Its behavior can be 

described by: 

SM ~r µX: (1p.cheap.X + 2p.expensive.X) 

The new combinator '+' is called summation. In general, an agent P + Q 

behaves either like P or like Q. As soon as one performs its first action, 

the other one is discarded. Often the environment will only permit one of 

these alternatives. But if both alternatives are permitted, then P + Q is 

non-deterministic; that is, it may behave like P on one occasion and like Q 

on another. 

The system S, composed of the customer agent C and the vending ma­

chine M working in parallel, can be represented as 

S ~ (µX: (coin.product.X)) I (µY: (coin.product.Y)) 

using the binary combinator 'I' (parallel composition). Intuitively, the agent 

P I Q is a system in which P and Q may proceed independently and con­

currently but may also interact through complementary actions (e.g. coin, 

coin). In the above example, the pair ( coin, coin) represents the hand­

shake that takes place when the customer inserts a coin in the vending ma­

chine. Similarly, (product, product) represents the handshake that takes 

place when the machine delivers a product to the customer. 
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Clearly, further customers could be added to the system above, to share 

the use of the vending machine. But there are cases that it is necessary to 

internalize an action so that no further agents may be connected to it. This 

means that this action becomes unavailable for external communication. This 

suggests the use of the restriction operator. Restriction takes a parameter 

which is a set L of actions and is a unary operator on agents which we write 

as \L in postfixed position. In the specific example, if the vending machine 

was designed to interact with a specific customer and none else, the actions 

coin, corn, product and product should be internalized. This is written as: 

S\{coin,product} 

This is a new agent which can no more interact with its environment through 

actions coin, coin, product, product. The restriction operator \L internal­

izes both the actions in L and their complements. 

Let l be an arbitrary action and I its complement. A function f from 

actions to actions is a relabelling function if it respects complements; that 

is, whenever /(1) = 1' then /(I) = l'. For each relabelling function f, the 

relabelling combinator [/] postfixed to an agent, has the effect of relabelling 

the actions of the agent as dictated by f. The notation l~/li, ... , l~/ln will 

be used for the relabelling function f for which /(l;) = 1; and J(Ii) = 1;, 
for i = 1, ... , n and otherwise /(l) = l. The relabelling combinator serves 

to allow an agent to be represented as instance of another agent. In this 

way, one can design for example a vending machine B that accepts only 2p 

and delivers only expensive products, as a special instance of the vending 

machineM: 

B ~ M[2p/coin, expensive/product] 
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The above completes the informal introduction to the CCS notation. 

2.2 The Basic Language 

In this section, the syntax of the CCS calculus is formally defined. Let X be 

the set of agent variables with typical elements X, Y, ... Let A be an infinite 

set of names denoting actions, and A a set of co-names. Typical elements 

of A are a, b, c, ... and their complements a, b, c, ... are elements of A. Let 

.C = AUA be the set of action labels. Whenever a composite agent P IQ is 
considered, we use r to represent any pair (b, b) of complementary actions by 

the components of the agent. It is sufficient to introduce this single perfect 

action r, to represent all such handshakes. In fact, r is a distinguished silent 

action which is considered to be unobservable outside a system. The set of 

actions is defined as Act= .CU{ r }. Let a and (3 range over Act. 

Definition 2.1 The set & of agent expressions is the smallest set which 

includes X and contains the following expressions, where E, E; are already 

in&: 

1. O, the inactive agent 

2. a.E, a Prefix (a E Act) 

3. E1 + E2 , a Summation 

4. E1 I E2, a Parallel Composition 

5. E\L, a Restriction (L ~ .C) 

6. E[/], a Relabelling (J a relabelling function) 

7. µX: E, a Recursion (XE X) 
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In the above definition, 0 denotes an agent capable of no action whatever. 

In the following we will not consider the whole CCS calculus. We restrict our 

attention to a significant subset of CCS which does not allow agent expres­

sions with initial parallelism in a summation or recursion context. Formally: 

Definition 2.2 The set S of simple agent expressions is the subset of agent 

expressions that is generated by the following grammar: 

s ::= F I X I S\S I S\L I S(/] 
F ::= 0 I a.S I F + F I µX : F 

Example 2.1 The agent expression (b.Oic.O) + (d.O) is not simple because 

it contains initial parallelism in a summation context. The agent expression 

(a.0) + (b.O) is simple. [ 

Finally, we are interested in those !expressions in which the agent variables 

do not appear free: 

Definition 2.3 An occurrence of a,n agent variable X in an agent expression 
I 

E is said to be bound if it occurs /n E within a subexpression of the form 

µX : Q. Otherwise the occurrence is said to be free. 
' 

For agent expressions E1, E2 and tariable X, Ei{Ei/X} denotes the result 

of substituting E2 for every free occurrence of X in E 1 • 

Definition 2.4 An agent expression E is closed if it contains no free agent 

variables. 

In the following, we consider only those agent expressions that are simple 

and closed. We will often refer to them as agents and will denote them using 

the same notation as for agent expressions (i.e., E and E;). 
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2.3 Transitional Semantics 

The basic idea for providing transitional semantics for CCS is that one may 

think of expressions like C and C' in the initial definition of the customer 

agent as standing for the different possible states of an agent. Rather than 

distinguishing between the concepts of agent and state, it is convenient to 

identify them, so that both agent and state will always be understood to mean 

an agent in some state. Since a transition from state to state is accomplished 

by an action, it is reasonable to write P ~ Q to denote a transition from 

a state P to a state Q via an action a. For example, corresponding to the 

definition of the customer C, we have the following transitions: 

C 
coin 
--t c' 

and indeed these transitions define the behavior of a customer just as pre­

cisely as its equational definition. 

Formally, in giving meaning to the basic language, the general notion of 

a labelled transition system 

(S,T, {-.!+: t ET}) 

is used. The transition system consists of a set S of states, a set T of transition 

labels, and a transition relation -.!+c;;; S x S for each t E T. In the specific 

transition system, S will be the set of agents, and T will be Act, the set of 

actions. The semantics for the set of agents is given by the definition of each 

transition relation ~ over the set. Transitions are derived using rules of the 
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form: 

T1 , ... , Tm implies T where condition 

with T1 , ••. , Tm, T denoting transitions. What the above rule states is that if 

T1 , •.• ,Tm are transitions satisfying the condition then T is also a transition. 

The complete set of rules is given below. The names Act, Sum, Com, Res, 

Rel and Rec indicate that the rules are associated respectively with Prefix, 

Summation, Parallel Composition, Restriction, Relabelling and Recursion. 

In the following, l ranges over C and a over Act. 

(Act) a.E~E 

(Sumi) E1 ~ E~ 

(Sum2) E2 ~E; 

(Com1) E1 ~E~ 

(Com2) E2 ~E; 

(Coma) E1 ~E; 

(Res) E ~ E' 

(Rel) E~E' 

implies "'E' E1 + E2-+ 1 

implies E1+E2~E; 

implies E1IE2 ~ E;IE2 

implies E1IE2 ~ E1IE; 

and E2 I, E; implies E1IE2 2_,, E;IE; 

implies E\L ~ E'\L 

implies E[/] !~) E'[/] 

where a,a ¢ L 

(Rec) E{(µX: E)/X} ~ E' implies µX: E ~ E' 

The rule for Prefix states that a.E goes to state E after action a has oc­

curred. The two rules for Summation can be read as follows: if any one 

summand of the sum E 1 + E2 has an action, then the whole sum also has 

that action. The intuition behind the first Parallel Composition rule Com1 
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is that if E1 can do an action alone then it can also do it in the context 

E1IE2 , leaving E 2 undisturbed. Similar explanation applies to Comz. The 

third Parallel Composition rule Coma implies that if E1 and E2 can perform 

complementary actions, then a handshake can take place. This handshake 

is denoted by r, the perfect action. The rule for Restriction implies that if 

E can perform an action a then E\L can perform the same action a only 

if a does not belong to L. The Relabelling rule states that if E can perform 

an action a then E[f] can perform f(a). The rule for Recursion determines 

the transitions of the agent µX : E by considering the transitions obtained 

after a proper unwinding of the agent. Finally, the inactive agent O has no 

transitions as no rule applies to it. In the following, the transition rules are 

illustrated with examples: 

Example 2.2 Consider the agent a.0lb.0. From the Act rule we have a.0 ~ 

0. Therefore using Com1 we get the transition: 

a.0lb.0 ~ 0lb.0 

Similarly, using Com2 we get the transition 

a.0lb.0 ~ a.0I0 

From the two new states 0lb.0 and a.0I0, we get two more transitions using 

Com2 and Com1 respectively: 

0lb.0 ~ 010 

a.0I0 ~ 0I0 

Clearly, 0I0 can perform no further action. Therefore, the agent a.0lb.0 can 

either perform an action a followed by b or an action b followed by a. 
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Example 2.3 Consider the agent µX : ( a.X). Clearly, this is an agent 

which continuously performs an action a. We verify this fact by examining 

what transitions are applicable. Using the Rec rule we conclude that the 

transitions of the agent can be obtained by considering the transitions of 

a.X{(µX: (a.X))/X} = a.(µX: (a.X)) 

Using the Act rule we get that 

a.(µX: (a.X)) ~ µX: (a.X) 

Consequently, µX : ( a.X) ~ µX : ( a.X) . Therefore, after an a action, the 

resulting agent is the same as the initial one and can perform the same action 

forever. 

Example 2.4 Consider the agent a.0 + b.0. The only rules that are appli­

cable are Sumi and Sum2 and they give respectively: 

a.0+b.0 ~ 0 

b a.0+ b.0-> 0 

Therefore, the agent a.0 + b.0 can either perform a and then stop or perform 

b and then stop. 

Example 2.5 As a final example, consider the agent a.0la.0. Clearly, Com 1, 

Com2 and Corns are all applicable and give: 

a.01a:.o ~ 01a:.o 

a.01a:.o ~ a.010 
a.01a:.o ..c, 010 
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From the new states, we can get the following two transitions: 

a.0I0 ~ OIO 

01a:.o ..!. 010 

The above are the only possible transitions of the specific agent. 

2.4 Derivatives and Derivation Trees 

Whenever E ~ E', we call the pair (a, E') an immediate derivative of E, we 

call a an action of E and E' an a-derivative of E. 

Analogously, whenever E ~ • • • ~ E', we call ( a1 • • • an, E') a derivative 

of E, we call a 1 •••an an action sequence of E and we call Ff an a 1 •••an -

derivative of E. 

It is convenient to collect the derivatives of an agent E into the deriva-

tion tree of E. The nodes of the tree are expressions while all the immediate 

derivatives of a node are represented by outgoing arcs. Figure 2.1 shows 

the derivation trees for all the examples given in the previous section. The 

derivation tree can be thought of as a very simple machine-like model of 

agents, in the sense that it describes how the agent would behave in prac­

tice. However, it has the drawback that it can not represent whether parts 

of an agent work independently or concurrently. Consider for example the 

derivation tree of the agent a.0 I b.0, which is represented in Figure 2.l(a). 

It is clear that the tree does not represent the concurrency between the two 

components a.0 and b.0 of the initial agent. Instead, it uses the interleaving 

model of concurrency where concurrency is a special case of sequentiality. 

What the figure actually implies is that the given agent can either perform a 
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a.0lb.0 

/~ 
0lb.0 a.010 

b! la 
010 010 

(a) (b) 

a.0+b.0 a.01a:.o 

/K 
0la.0 010 a.010 

a! la 
010 010 

(c) (d) 

Figure 2.1: Examples of Derivation Trees 
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followed by b orb followed by a. At the level of machines, we do not like such 

a reduction because it hides whether components of the machine can work 

independently or not. Therefore, we need an extension of derivation trees 

which represents the inherent parallelism of agents explicitly. This extension 

is Petri nets and is described in the next two chapters. 



Chapter 3 

Petri Nets 

Petri nets are a tool for the study of systems. Petri net theory allows a 

system to be modelled by a Petri net, a mathematical representation of the 

system. Analysis of the Petri net can then, hopefully, reveal important infor­

mation about the structure and dynamic behavior of the modelled system. 

This information can be used to evaluate the modelled system and suggest 

improvements or changes. Thus, the development of a theory of Petri nets 

is based on their application in the modelling and design of systems. 

3.1 Definitions 

In the literature, several different versions of Petri nets have been proposed, 

depending on the. level of detail at which one wishes to describe a specific 

system. The notation adopted here has turned out to be very useful in 

relating Petri nets with process algebras such as CCS. Let Act be the set of 

actions, as this was defined in section 2.2. Then: 

Definition 3.1 A Petri net (or simply net) over Act is a structure R -

(Pl, T, Mo) where: 

18 



CHAPTER 3. PETRI NETS 

1. Pl is a possibly infinite set of places. 

2. T <;;; .6.(Pl) x Act x .6.(Pl) is a set of transitions. 

3. Mo E .6.(P/) is the initial marking. 

Here .6.(Pl) denotes the set of all non-empty, finite subsets of Pl. An element 

(I, u, 0) E Tis called a transition and will usually be written as I ~ 0. For 

a transition t = I~ 0, its preset or input is given by pre(t) = I, its postset 

or output is post(t) = 0 and its action is act(t) = u. Similarly, for p E Pl, 

pre(p) denotes the set of transitions that have p in their postset and post(p) 

is the set of transitions that have p in their preset. 

Example 3.1 The following is an example of a Petri net R = (Pl, T, Mo) : 

Pl - {p1,P2,p3,p4} 

T - {({p1},a,{p3}), ({P1},b,{p4}), ({p2},c,{p4})} 

Mo - {P1,P2} 

Petri nets are usually represented graphically in the following way: places 

p E Pl are represented as circles O with their name p outside, and transitions 

t = {P1, ... ,Pn} ~ {Pn+1, ... ,Pn+m} are represented as boxes [ill carrying 

the label u inside and connected via directed arcs to the places in pre( t) and 

post(t) as shown in Figure 3.1. The initial marking Mo is represented by 

putting a dot • into the circle of each place in M 0 • 

Example 3.2 Using the above conventions, the net of Example 3.1 is rep­

resented as shown in Figure 3.2. 

19 
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u 

Figure 3.1: Graphical Representation of a Transition 

• 

Figure 3.2: The Petri net of Example 3.1 

3.2 Execution Rules for Petri Nets 

The dynamic behavior of a Petri net, is accomplished through the execution 

of transitions. Although in the initial marking of a Petri net only single 

tokens are allowed for each p E Mo (i.e., Mo is a set), the execution of 

transitions may result in places having more than one tokens. To describe 

this situation, the notion of a multiset is used, i.e., a set where multiple 

occurrences of elements are allowed. Therefore, in a marking M of a Petri 

net, a place p appears as many times as the number of tokens that it holds. 

20 
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Formally: 

Definition 3.2 A marking M of a Petri net R = (Pl, T, Mo) is a multiset 

over Pl. 

Let !;;;, LJ and - denote multiset inclusion, union and difference respectively. 

Then the execution of a transition is defined as follows: 

Definition 3.3 Let R = (Pl,T,M0) be a net, t =I~ 0 a transition of R 

and M be a marking of R. Then: 

1. Transition t is enabled at M if J !;;; M. 

2. If enabled at M, the execution or firing oft transforms Minto a new 

marking M1 of R, and M1 = (M - I) LJ 0. In symbols: M ..!.. M1 • 

Example 3.3 In Example 3.2, initially all transitions are enabled. The exe­

cution of the transition carrying action b results in the marking M 1 = {p2,p4 }. 

The new situation is represented graphically in Figure 3.3(a). Under the new 

marking, the transition carrying action c is still enabled. Its execution results 

in the marking M2 = {p4,p4}. The new situation is represented in Figure 

3.3(b ). 

A marking that can be reached by successive executions of transitions is 

called a reachable marking. Formally: 

Definition 3.4 A reachable marking is a marking M for which there ex­

ist intermediate markings M1 , ••• , Mn and transitions t1 , ••• , tn with Mo .!!. 

M1 .!!, ···~Mn= M. 
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(a) 

(bl 

Figure 3.3: Executions of Transitions 

In Figure 3.3(b ), place p4 contains two tokens. A safe Petri net is one in 

which such a situation does not arise: 

Definition 3.5 A net R is safe if and only if in every reachable marking, 

the number of tokens per place is either zero or one. 

The reachability graph is a tool that has been used for the analysis of Petri 

nets. Intuitively, a node of the reachability graph corresponds to a reachable 

marking of the Petri net, and an edge between two nodes corresponds to a 
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{pl,p2) 

{p2,p3) {pl,p4) {p2,p4) 

{p3,p4) {p4,p4) 

Figure 3.4: Reachability Graph 

transition firing which transforms one marking into another. Formally: 

Definition 3.6 The reachability graph of a Petri net R = (Pl,T,M0 ), is 

a graph RG = (V,E) where V = {M : Mis reachable from M0 } and 

E = {(M1,M2) : M1,M2 EV A 3t ET, M1-.!+ M2}. 

Figure 3.4 represents the reachability graph of the Petri net in Figure 3.2. La­

bels t 1 , t 2 and t3 indicate the transitions with actions a, band c respectively. 
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Chapter 4 

Concurrent Semantics for CCS 

This chapter deals with defining concurrent semantics for CCS agents using 

Petri nets. The main idea is to decompose each agent E into a set { C1 , ... , Cn} 

of sequential components, which can be thought of as working concurrently. 

Sequential components correspond to places of Petri nets. Consequently, net 

transitions are now of the form 

where { C1, ••• , Cn+m} are sequential components and u is an action of the 

agent. The decomposition idea was first proposed in [23] and also used in 

[24],[21],[22] and [25]. In the following, the details of the decomposition are 

presented and subsequently the transition relation of the Petri net is defined 

by induction on the syntactic structure of sequential components. 

4.1 The Decomposition 

In the following we define the sequential components and the decomposition 

function: 
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Definition 4.1 The set Seq of sequential components, with typical element 

G, consists of all terms generated by the following rules: 

G ::= 0 I a.E I E + E I idlG I Glid I E\L I E[/] I µX : E 

where Eis an agent and \L, [/] have their standard CCS meaning. 

A sequential component is in fact a subagent of an agent equipped with 

some extra information concerning the environment in which the subagent 

operates. There exists an operator on sequential components for all CCS 

operators apart from parallel composition. This one is replaced by two unary 

operators, lid and idl, which are used as tags for showing which parts of an 

agent are working concurrently. In the following, we use I, I1, I2, ... to 

denote sets of sequential components. An agent can be decomposed into a 

set of sequential components using the following function dee: 

Definition 4.2 Function dee decomposes a CCS agent into a set of sequen­

tial components as follows: 

dec(O) 
dec(a.E) 
dec(E1 + E2) 
dec(E1IE2) 
dec(E\L) 
dee(E[J]) 
dec(µX: E) 

- {O} 
- {a.E} 
- {E1+E2} 
- dec(E1)lid U idldec(E2) 
- dec(E)\L 
- dec(E)[J] 
- {µX: E} 

where \L, idl, lid and [/] are extended to apply also to sets, and in this case 

they are understood elementwise. 
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Example 4.1 Consider the agent (a.0lb,0). Its decomposition gives a set of 

two sequential components: 

dec(a.Olb,0) - dec(a.O)lid U idldec(b.0) 
- {(a.O)lid} U {idl(b.0)} 
- {(a.O)lid, idl(b.0)} 

Example 4.2 Consider the agent (a.Olb,O)lc,O. Its decomposition gives a 

set of three sequential components: 

dec(((a.Olb,O)lc,O)) - dec((a.Olb,O))lid U idldec(c.O) 
- {((a.O)lid)lid, (idl(b.O))lid} U {idl(c.O)} 
- {((a.O)lid)lid, (idl(b.O))lid, idl(c.O)} 

4.2 Concurrent Semantics 

The next definition gives the concurrent semantics for CCS agents using Petri 

nets. More specifically, to each agent E, a Petri net n[E] is assigned. The 

places of the net are sequential components, its initial marking consists of 

the initial decomposition dec(E) of E and its transitions are derived using 

rules analogous to those of the transitional semantics. 

Definition 4.3 Let E be an agent. Then, its concurrent semantics is defined 

as the Petri net 

n[E] = (Seq,Tr,dec(E)) 

where Tr is the set of transitions derived by the following rules: 

(Act) {o:.E} ~ dec(E) 
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(Sum2) {E2} ~ 12 implies {E1 +E2} ~ 12 

(Com1) l~I' implies llid ~ I'lid 

(Com2) l~I' implies idll ~ idll' 

(Coma) 11..; 1~ d I I an 12-+ 12 implies Iilid U idll2 2; l~lid U idll; 

(Res) l~I' implies 1\L ~ I'\L where a, a r/. L 

(Rel) l~I' implies l[fl '~l I' [fl 

(Rec) {E{(µX: E)/X}} ~ J' implies {µX: E} ~ J' 

The above definition is now illustrated with some examples. 

Example 4.3 Consider the agent µX : ( a.X). We construct its correspond­

ing Petri net. The initial marking of the net is 

Mo = dec(µX: (a.X)) = {µX: (a.X)} 

The only rule that can be used is the one for Rec, which gives the only 

possible transition: 

{µX: (a.X)} ~ {µX: (a.X)} 

The corresponding Petri net is shown in Figure 4.1 (a). 

Example 4.4 The following example shows the main difference between the 

transitional and the concurrent semantics. Consider the process term a.0lb.0. 

From example 4.1 

Mo= dec(a.0lb.0) - {(a.0)lid,idl(b.0)} 
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The only rules that a.re applicable a.re Com1 and Com2, which give two 

transitions: 

{(a.O)[id}..; {O[id} 

{id[(b.0)} ~ {id[O} 

The corresponding Petri net is shown in Figure 4.l(b ). This Petri net explic­

itly shows the inherent parallelism of the agent in contrast to the transitional 

semantics of Chapter 2. 

Example 4.5 Consider the agent a.O + b.O. The initial marking of the 

corresponding Petri net is 

Mo = dee(a.O + b.O) = {a.O + b.0} 

Starting from Mo and using the rules Sumi and Sum2, we get the following 

two possible transitions: 

{a.O+b.0}..; {O} 

{a.O+b.0} ~ {O} 

The corresponding Petri net is shown in Figure 4.l(c). 

Example 4.6 As a final example on the concurrent semantics, consider the 

agent a.O[a.O. Using the decomposition function dee we get the initial mark­

ing of the corresponding Petri net: 

Mo = dee( a.O[a.O) = {( a.O)[id, id[(a.O)} 
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Starting from the initial marking, three transitions are applicable: 

{(a.O)lid}..; {Olid} 
{idl(a:.o)} ~ {idlO} 
{(a.O)lid, idl(a.O)} 2> {Olid, idlO} 

The corresponding Petri net is shown in Figure 4.l(d). 

As a last remark on the concurrent semantics of agents, we have the following 

theorem [25, page 143]: 

Theorem 4.1 For every agent E, the corresponding Petri net 'R.[E] is safe. 
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(a.O) lid idl (b. 0) 

• • 

a b 

Olid idlO 

(a) (b) 

a.O+b.O (a.O) lid idl (a.O) 

0 Olid idlO 

(c) (d) 

Figure 4.1: Examples of Concurrent Semantics 



Chapter 5 

Detecting Deadlocks in CCS 
Agents 

A deadlock in a CCS agent is a state of the agent in which no further action 

is possible. In general, it is not easy to find the deadlocks without exploring 

all possible states of an agent. However, the number of states can be quite 

large, making it difficult or impossible even for a computer to examine all of 

them. This has led to the observation [3] that "proof of absence of deadlock, 

even for quite simple processes, will remain the responsibility of the designer 

of concurrent systems". In this chapter, a technique is developed that allows 

detection of all deadlocks of a CCS agent. The proposed approach uses Petri 

net analysis techniques in order to reduce the states that should be examined 

for deadlock. 

In the following sections, the notion of deadlock in a CCS agent is for­

malized, and the deadlock detection algorithm, which is based on Petri net 

analysis and transformation techniques, is presented and illustrated by ex­

amples. 
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5.1 Introduction 

In order to use techniques from Petri net theory for detecting deadlocks in 

CCS agents, the notion of deadlock in a Petri net should first be defined: 

Definition 5.1 A reachable marking M of a Petri net R = (Pl, T, Mo) is a 

deadlock marking if and only if no transition t E T is enabled in M. 

The translation of a CCS agent to a Petri net actually maps the states of the 

agent to markings of the net [25, page 143]. Therefore, instead of examining 

the states of the agent, one can examine the markings of the net. This means 

that: 

Definition 5.2 A CCS agent contains a deadlock if and only if the corre­

sponding Petri net contains a deadlock marking. 

Deadlock markings of a net can be identified by examining its reachability 

graph: 

Theorem 5.1 A sink node in the reachability graph of a Petri net indicates 

the existence of a deadlock marking. 

Proof: As a node of the reachability graph indicates a reachable marking of 

the Petri net, a node without any outgoing edges indicates a marking of the 

net where no transition can fire, i.e., a deadlock marking. ■ 

In general, the reachability graph of a Petri net is not finite. However, in the 

case of safe Petri nets - which are the ones we are interested in here - the 

graph is finite: 

Theorem 5.2 The reachability graph of a safe Petri net is finite. 
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(sink node) 

Figure 5.1: Petri Net of a.b.0lc,d.0 and its Reachability Graph. 

Proof: A safe Petri net can not hold more than one token in each of its 

places. Therefore, the possible markings do not exceed 2n where n is the 

number of places of the net. As the number of vertices of the reachability 

graph is equal to the number of the reachable markings, we conclude that it 

is finite. ■ 

The above theorems suggest a straightforward way to detect deadlocks in 

CCS agents: the agent is transformed into a safe Petri net, its reachability 

graph is computed and finally sink nodes are located which correspond to 

the deadlocks of the agent. This method is illustrated in Figure 5.1 for the 

CCS agent a.b.Olc.d.O. 

Unfortunately, the procedure just described, does nothing more than ex­

amining all possible states of the CCS agent, and is clearly inefficient for this 

reason. However, looking at the Petri net of Figure 5.1, we see that when 

transition t1 fires it causes transition t3 to fire after some time. The same 

is the case for transitions t2 and t4 • This means that each of these pairs 
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Figure 5.2: Reduced Petri Net of a.b.0lc.d.0 and its Reachability Graph. 

of transitions can be represented by a single transition and consequently we 

can modify the Petri net to look like the one shown in Figure 5.2, without 

affecting its deadlock states . We can then examine the reachability graph of 

the reduced Petri net which is smaller than the initial one but still contains 

the required deadlock information. In the following section, we formalize the 

transformations we are going to use in order to reduce the size of the reach­

ability graph, and thus simplify in this way the task of deadlock detection. 

5.2 Reduction Techniques 

In order to ease the analysis of Petri nets, a number of transformations have 

been proposed in the literature ([27] - [34]), which simplify the net while 

preserving some of its important properties. In general, different transforma­

tions preserve different properties of the initial Petri net, and aim at different 

goals. The transformations we have adopted preserve safeness and deadlock 

freedom and allow, as we are going to show, an elegant treatment of deadlock 

detection in CCS agents. More specifically, we use post-fusion and pre-fusion 

of transitions, as well as elimination of redundant places. 

Before giving formal definitions, we discuss the intuition behind the trans­

formations. Elimination of redundant places consists of the removal of places 
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whose marking is always sufficient to allow firings of transitions connected 

to them. This kind of transformation does not modify the functioning of 

the net, or in other words the behavior of the net remains the same after 

the removal of this kind of places. On the other hand, fusions of transitions 

have been defined in order to make indivisible some transition sequences rep­

resenting actions which may fire more or less at the same time. They are 

based on the fact that it is not mandatory for a transition to fire as soon as 

it can fire. Although the formal definitions of the transformations that are 

given below seem complicated, their intuition can be easily understood by 

the accompanying figures. 

Definition 5.3 Let R = (Pl,T,M0 ) be a Petri net. A non-empty subset F 

of Tis post-Jusable with h E T if and only if there exists a place p E Pl such 

that the following conditions are satisfied: 

1. VJ E F, pre(!)= {p}. 

(The only input off is p). 

2. VJ E F, pr/. post(!). 

(Place p is not an output off). 

3. =,f E F, lpost(f) I > 0. 

(There exists a transition in F which has at least one output place). 

4. p rf. pre(h). 

(Place pis not an input of h). 

5. p E post(h). 

(Place pis an output of h). 
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6. Vt E (T- ({h} U F)), pr/. pre(t) /\pr/. post(t) 

(Except for h and the transitions belonging to F, no other transition 

is connected to p). 

7. pr/. Mo. 

(Place p holds no token initially). 

Whenever the above conditions hold, the Petri net can be modified according 

to the following transformation: 

Definition 5.4 Let R = (Pl,T,Mo) be a Petri net, and let F ~ T, h ET 

and p E Pl satisfy the conditions of Definition 5.3. Then, the system resulting 

by the post-fusion of F and h is R' = (Pl', T', Mo), with: 

1. Pl' = Pl - {p} 

2. T' = (T - { h} - F) U F' with F' defined as: 

{hf,: f;EFand 
pre(hf,) 
post(hf;) 
act(hf;) 

- pre(h), 
- (post(h)- {p}) U post(!,), 
- act( h )act(!;) } 

where hf; denotes the concatenation of h with f; and act(h)act(f;) denotes 

the concatenation of act(h) with act(!;). 

Definition 5.4 is illustrated in Figure 5.3(a) for the case F = {J} and in 

Figure 5.3(b) for the case F = {f1 ,/2}. The intuition behind post-fusion is 

that whenever h fires, it is mandatory for one of the f; E F to fire after some 

time. This is because the firing of h puts a token in place p which enables 

the transitions in F. Therefore, it is reasonable to remove the intermediate 

place p and fuse h with each f; E F. 
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(a) 

(b) 

Figure 5.3: Examples of Post-Fusion of Transitions 
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Definition 5.5 Let R = (Pl, T, Mo) be a Petri net. A non-empty subset F 

of T is pre-fusable with h E T if and only if there exists a place p E Pl such 

that the following conditions are satisfied: 

1. post(h) = {p }. 

(The only output of his p). 

2. p ¢ pre(h). 

(Place pis not an input of h). 

3. lpre(h)I > 0. 

(Transition h has at least one input). 

4. VJ E F, p E pre(!). 

(Every transition of F hasp in its input). 

5. V f E F, p ¢ post(!). 

(No transition of F hasp in its output). 

6. Vt¢ ( {h} U F),p ¢ pre(t) i\ p ¢ post(t). 

(Except for h and the transitions belonging to F, no other transition 

is connected to p). 

7. p ¢ Mo 

(Place p holds no token initially.) 

8. Vq E pre(h), Vt =J h, q ¢ pre(t). 

(Transition h does not share its input). 

Whenever the above conditions hold, the Petri net can be modified according 

to the following transformation: 
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Definition 5.6 Let R = (Pl,T,Mo) be a Petri net, and let F ~ T, h ET 

and p E Pl satisfy the conditions of Definition 5.5. Then, the system resulting 

by the pre-fusion of F and his R' = (Pl',T',Mo), with: 

1. Pl'= Pl - {p} 

2. T' = (T- {h} - F) U F' with F' defined as: 

{hf;: f; E F and 
pre(hf;) 
post(hf;) 
act(hf;) 

- (pre(f;)-{p}) Upre(h) 
- post(!;), 
= act(h)act(f;) } 

where hf; denotes the concatenation of h with f; and act(h)act(f;) denotes 

the concatenation of act(h) with act(j;). 

Definition 5.6 is illustrated in Figure 5.4(a) for the case F = {f} and in 

Figure 5.4(b) for the case F = {f1,f2}. The intuition behind pre-fusion is 

that whenever h fires, some f; E F may fire after some time. However, this is 

not guaranteed as in the case of post-fusion. It is this difference that makes 

- as we are going to see - the treatment of pre-fusion more difficult than 

that of post-fusion. 

The last category of reductions, namely elimination of redundant places, 

is introduced below: 

Definition 5. 7 Let R = (PI, T, M 0) be a Petri net. A place p E PI is called 

redundant if and only if there exist transitions t 0 , ... , tn and places p0 , ... , Pn-l 

such that the following conditions are satisfied: 

1. pre(p) = {to} 

(The only input of p is t0 ). 
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(a) 

(b) 

Figure 5.4: Examples of Pre-fusion 
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2. post(p) = {tn} 

(The only output of pis tn)-

3. pre(p;) = {t;}, i = 0, .. ,n -1 

(The only input of each p; is t;). 

4. post(p;) = { t;+1}, i = 0, ... , n - 1 

(The only output of each p; is t;+1)-

Definition 5.8 Let R = (Pl, T,Mo) be a Petri net, and let P,Po, ··•,Pn-1 E 

Pl and t0 , ••• , tn E T satisfy the conditions of Definition 5.7. Then, the net 

resulting from the elimination of p is R' = ( P /', T', Mo), with: 

1. Pl'= Pl - {p} 

2. T' = (T - { t0 , tn}) U { t~, t~} where 

t~ - (pre(t0 ), ad(to),post(to) - {p}) 
t~ - (pre(tn)-{p},ad(tn),post(tn) 

Figures 5.5(a) and 5.5(b) illustrate the above definitions for n = 1 and n = 2 

correspondingly. The above transformations preserve the safeness and dead­

lock freedom of a Petri net [28, pages 361-367]. Formally: 

Theorem 5.3 Let R = (Pl, T, Mo) be a Petri net and R' = (Pl', T', M0 ) be 

the net resulting from a sequence of the above transformations. Then, R' is 

deadlock-free (safe) if and only if R is deadlock-free (safe). 

What the above theorem suggests in our case is that given an agent P, 

one need not analyze the reachability graph of the corresponding Petri net 
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p 

(a) 

-p 

(b) 

Figure 5.5: Redundant Places 
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R. It suffices to analyze the reachability graph of the net R' that results 

from R after applying to it a sequence of the above transformations. If R' is 

found to contain a deadlock, the same will be the case for R. On the other 

hand, proving that R' is deadlock-free implies that R is deadlock-free. 

5.3 Extending the Theory of Reductions 

In this section, we extend the theory of reductions in order to get an algo­

rithm for detecting deadlocks in CCS agents. More specifically, we consider 

sequences of reductions, not just single reductions. As we aim at detecting 

all the deadlocks of a CCS agent, we need a stronger version of Theorem 5.3 

which will ensure that no deadlock is lost or added during the reductions. On 

the other hand, we do not just need to detect that a deadlock exists: we are 

interested in finding out what sequences of transitions ( or actions) have led 

to deadlock. This is very important for the designer of a system, because it 

can help to identify the flaws in the design and possibly correct them. In the 

following we formalize these ideas. Let Ro = ( P 10 , T0, Moo) denote the initial 

Petri net and R; = (Pl;, T;, M0;) be the resulting net after a sequence of i 

reductions (i :2: 0) on Ro. We assume Ro is safe. By Theorem 5.3, R; is also 

safe. Before showing that Ro and R,; contain the same number of deadlocks, 

we need the following theorems: 

Theorem 5.4 Let R1 be the Petri net resulting from Ro after a post-fusion of 

transitions F with transition h, and let u be a sequence of transitions leading 

R1 to a deadlock marking M'. Then u leads Ro to a deadlock marking M, 

and M=M'. 
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Proof: Every sequence of transitions of R1 is also a sequence of transitions 

of Ro, since every transition of R1 is either a transition of Ro or can be 

decomposed in two transitions that can fire one after another in Ro. Also, 

the firing of any t i hf; in R1 has the same effect as the firing oft in Ro. The 

firing of any hf;, f; E F, in R1 has the same effect as firing first h and then f; 

in Ro. Therefore, a transition sequence of R1 can be followed in Ro and leads 

exactly to the same marking. Let now a be a sequence of transitions leading 

R1 to deadlock and suppose that Ro is not deadlocked after the occurrence 

of a. Then, a transition t may occur. Ht i h and t i f; then R1 can 

also perform t, as the preset and postset of t have not been changed by the 

reduction. Therefore R1 is not deadlocked. If t = h, then one of transitions 

f; E F can also fire in Ro. But then in R1 , one of transitions hf; can fire as 

well, and therefore R1 is not deadlocked. If t = f;, then h has already fired in 

Ro, which means that hf; can fire in R1 , and therefore R1 is not deadlocked. 

■ 

Corollary 5.1 Let R; be the Petri net resulting from Ro after a sequence of 

post-fusions of transitions and let a be a sequence of transitions leading Fl;, 

to a deadlock marking M'. Then a also leads Ro to a deadlock marking M, 

andM=M'. 

However the situation is not as straightforward when the pre-fusion rule is 

used. Before stating a general theorem we give an example of the problems 

that arise with pre-fusion. 

Example 5.1 Consider the following process term: 

( a.c.Ol(b.c.O + d.O))\ { c} 
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p 
5 

(a) 

p 
6 

(b) 

Figure 5.6: Illustration of Theorem 5.5 

that yields the Petri net of Figure 5.6(a). It can be easily checked that the 

only deadlock markings are M1 = {p3 ,p6 } and M2 = {Ps,Pa}. The net is 

reduced using the pre-fusion rule on transitions t1 and t4 , yielding the Petri 

net of Figure 5.6(b ). In the reduced net, the sequence u = t 3 leads to the 

deadlock marking M = {p1 ,p6 }. In this case however, transition ta by itself 

does not lead to deadlock in the initial Petri net. This is because the pre­

fusion rule has been used. However it leads 'very close' to deadlock because 

if t1 fires after ta we get deadlock M1 • 

The idea behind the above example will be formalized by the following two 

theorems: 

Theorem 5.5 Let R1 be the Petri net resulting from Ro after a pre-fusion of 

transitions F with transition h and let u be a sequence of transitions leading 
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R1 to a deadlock marking M'. Then, either u leads Ro to the same deadlock 

marking M', or uh leads Ro to the deadlock marking (M' - pre(h)) LI {p}. 

Proof: For the same reasons as for post-fusion, every sequence of transitions 

of R1 that leads to a marking M', is also a sequence of Ro and leads to the 

same marking M' in Ro. However, when a sequence u leads R 1 to deadlock, it 

may not immediately lead Ro to deadlock. Consider Ro after the occurrence 

of u, and suppose that it is not deadlocked. Then, a transition t may occur. 

If t 'f h and t 'f f, E F, then R1 can also perform t, as the preset and postset 

oft have not been changed by the reduction. Therefore R1 is not deadlocked. 

If t = f., then h must have been enabled. Therefore, hf. is enabled in R1 as 

well and R1 is not deadlocked. If t = h, then none of the /; can be enabled, 

because if this was the case, then the corresponding hf; would be able to 

fire in R1 , which implies that R1 is not deadlocked. Hence, the only possible 

transition that can fire in Ro after the occurrence of u, is h. Therefore, we 

have two cases: either u leads Ro to the same deadlock marking M' or uh 

leads Ro to a deadlock M that is one step further than M'. By the rule of 

firing of a transition, M = (M' - pre(h)) Lipost(h). But post(h) = {p}, and 

this completes the proof. ■ 

Referring again to example 5.1, we see that the deadlock marking {p3 ,p6 } of 

the reduced Petri net can be obtained by the deadlock marking {p1 ,p6 } of 

the initial net. Clearly, {Pa,Ps} = ( {p1,Ps} - {p1}) LI {pa}. 

Theorem 5.6 Let R, be the Petri net resulting from Ro after a sequence of 

pre-fusions of transitions, and let u be a sequence of transitions leading R; 

to deadlock. Then, u can be extended to lead Ro to deadlock. 
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Proof: Let Fm and hm denote the transitions that are pre-fused in them-th 

step of the reductions. Then, by Theorem 5.5, if u leads R, to deadlock, then 

either uh,_1 or u leads Jl;_1 to deadlock. This means that uw,_1 leads R,_1 

to deadlock, where w,_1 = h,-1 or w,_1 is empty. Continuing in this way, we 

get that uw,_1w,_2 ••• w0 leads Ro to deadlock. Therefore, u can be extended 

to lead Ro to deadlock. ■ 

The above theorem suggests that if the hm 's are stored during the reductions, 

one can later restore the sequences that lead to deadlock in Ro, by extending 

the sequences that lead to deadlock in R,. 

Theorem 5.7 Let R1 be the Petri net resulting from Ro after eliminating 

redundant place p and let u be a sequence of transitions leading R1 to a 

deadlock marking M'. Then u also leads Ro to a deadlock marking M, and 

M2M'. 

Proof: The elimination of a redundant place does not alter the firing condi­

tions of transitions. Therefore, R1 will have the same behavior as Ro and u 

leaa.s Ro to deadlock. A deadlock marking of Ro will either be the same as 

that of R1 or it will additionally contain the eliminated place p. ■ 

Corollary 5.2 Let R; be the Petri net resulting from Ro after a sequence 

of eliminations of redundant places. Then if u leads R; to deadlock, it also 

leads Ro to deadlock. 

We can now prove that the reduction techniques do not change the number 

of deadlock markings of a Petri net. The following theorems, one for each 

technique, show this claim: 
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Theorem 5.8 Let R1 be the Petri net resulting from Ro after a post-fusion 

of transitions F with transition h. Let 80 and 81 be the number of deadlock 

markings in Ro and R1 correspondingly. Then, 80 = 81 • 

Proof: We show that Ro and R1 contain exactly the same number of dead­

lock markings by proving that for every deadlock marking of Ro there exists 

a distinct deadlock marking of R1 and vice versa. 

Let p be the place that is eliminated by this reduction. Let M be a 

deadlock marking of Ro and let u be a sequence of transitions that leads to 

M. Clearly, p </; M because whenever p holds a token, some f; E F can fire. 

The fact that p </: M implies that for every firing of h, there exists in u a 

corresponding firing of some f; E F after h. We can reorder u so as to have 

the corresponding pairs ( h, f;) consecutive. In this way, we get u' which when 

applied to Ro leads to the same marking M as u. But then, we can apply 

u' on R1 , where a consecutive pair of transitions ( h, f;) of u' corresponds to 

firing transition hf; of R1 • In this way we get marking M of R1 • This is 

clearly a deadlock marking of R1 , because if any transitions could fire, then 

some transition would be able to fire in Ro under marking M. Therefore, 

every deadlock marking M of Ro is also a distinct deadlock marking of R1 • 

Let M' be a deadlock marking of R1 . Then by Theorem 5.4, Mis also a 

deadlock marking of Ro. Therefore, every deadlock marking of R 1 is also a 

distinct deadlock marking of R0 • 

From the above, we conclude that Ro and R1 have the same number of 

deadlocks, i.e, 80 = 81, ■ 

Theorem 5.9 Let R1 be the Petri net resulting from Ro after a pre-fusion 

of transitions F with transition h. Let 80 and 81 be the number of deadlock 
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markings in & and R1 correspondingly. Then, 80 = 81, 

Proof: We show that Ro and R1 contain exactly the same number of dead­

lock markings by proving that for every deadlock marking of Ro there exists 

a distinct deadlock marking of R1 and vice versa. 

Let p be the place that is eliminated by this reduction. Let M be a 

deadlock marking of Ro and let a be a sequence of transitions that leads to 

M. In contrast to post-fusion, p may belong to M. This means that we may 

have a firing of h which is not necessarily followed by some/, E F. We can 

reorder a to have all the corresponding pairs (h,f,) consecutive getting a' in 

this way. This can be done because we can postpone all the h firings to occur 

just before the corresponding /, firings. If p (/. M, a' leads R1 to the same 

deadlock marking M. If on the other hand p E M, then we do not get the 

same marking M, but M' = (M -{p}) Lipre(h) by Theorem 5.5. Therefore, 

every deadlock marking M of Ro has a corresponding marking M' of R1 • 

What remains to be shown is that given two distinct deadlock markings M1 

and M2 of Ro, M~ and M; are distinct. If both M1 and M2 contain p or 

if they both do not, then clearly M~ and M; are distinct. If M1 contains p 

and M2 does not, then M~ = (M1 - {p}) LI pre(h) and M; = M2 • But M; 

does not contain the whole pre( h) because if it did, h would be able to fire 

under M 2 in Ro. Therefore, every deadlock marking M of Ro, has a distinct 

deadlock marking of R1 • 

On the other hand, let M' be a deadlock of R1 and a' be a sequence 

of transitions leading to M'. Then by Theorem 5.5, either a' leads Ro to 

deadlock marking M = M' or a'h leads Ro to deadlock marking M = (M' -

pre( h)) LI {p}. Therefore, every deadlock marking of R1 has a corresponding 
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marking of Ro. What remains to be shown is that given two markings M~ 

and M; of R1 , M1 and M2 are distinct. ff both M~ and M; contain pre(h) 

or they both do not, then clearly M1 f, M2 • HM~ contains pre(h) and M; 

does not, then M1 contains p while M2 does not. Therefore, every deadlock 

marking of R1 has a corresponding distinct marking of Ro. 
From the above, we conclude that Ro and R1 have the same number of 

deadlocks, i.e, lio = li1. ■ 

Theorem 5.10 Let R1 be the Petri net resulting from Ro after eliminating 

redundant place p. Let li0 and li1 be the number of deadlock markings in Ro 

and R1 correspondingly. Then, li0 = li1. 

Proof: We show that Ro and R1 contain exactly the same number of dead­

lock markings by proving that for every deadlock marking of Ro there exists 

a distinct deadlock marking of R1 and vice versa. 

Let M be a deadlock marking of Ro- By the definition of a redundant 

place, the behavior of the net does not change after its elimination. Therefore, 

the same sequence of transitions that led to M in Ro can be repeated in 

R1 leading to a deadlock marking M'. H M contains place p then M' = 
M - {p}, otherwise M' = M. Therefore, each deadlock marking of Ro has 

a corresponding deadlock marking of R1 • What must be shown is that given 

two deadlock markings M1 and M2 of Ro, they have distinct corresponding 

deadlock markings in R1 , i.e., M~ f, M;. H both M1 and M2 contain p or if 

they both do not contain p, we clearly have M~ f, M;. H M1 contains p and 

M2 does not, then M1 (as can be seen from Figure 5.5) contains at least one 

more place that does not belong to M2• Therefore, M~ f, M;. 
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Let on the other hand M' be a deadlock marking of R1 . If M' contains a 

place p; (see Figure 5.5), then the corresponding deadlock marking in Ro is 

M = M' LI {p }, otherwise M = M'. Consider two distinct deadlock markings 

M~ and M; of R1 . We show that M1 =/- M 2 • If both of M~ and M; do not 

contain any place p; or if they both contain the same place p;, then clearly 

M1 =/- M2 • If one of them contains a p; and the other does not, then again 

M1 =/- M2 because one of them contains p while the other does not. 

From the above, we conclude that Ro and R1 have the same number of 

deadlocks, i.e, 80 = 81. ■ 

Corollary 5.3 Let R; be the Petri net resulting from Ro after a sequence of 

reductions. Let 80 and 8; be the number of deadlock markings in Ro and El; 

correspondingly. Then, 80 = 8;. 

5.4 The Algorithm 

In this section, the proposed approach for deadlock detection in CCS agents 

is presented. An informal description of the algorithm is given below: 

The input of the algorithm - a CCS agent - is initially transformed into 

its corresponding Petri net. In order to reduce the number of states that have 

to be searched for deadlock, a sequence of transformations is applied on the 

net. Initially, redundant places are removed. From Figure 5.5, it is obvious 

that the elimination of redundant places reduces in general the number of 

inputs and outputs of transitions. This fact increases the probability that 

the new net will contain pre-fusable or post-fusable transitions. The Petri 

net is then searched for £usable transitions. When the final irreducible net 

is obtained, its reachability graph is computed, the possible deadlocks are 

51 



CHAPTER 5. DETECTING DEADLOCKS IN COS AGENTS 

identified and paths leading to those deadlocks are detected. However, this 

is not enough. We are interested in the paths that lead to deadlock in the 

initial Petri net, not the reduced one. Such information would allow the 

designer of a system to identify the deadlocks, and modify the system in 

order to avoi<,l them. Thus, we use the theory that was developed in the 

previous section to extend the paths that have been found, getting in this 

way the paths that lead to deadlock in the initial Petri net. The algorithm 

is described below: 

Input: An Agent P. 
Output: Paths Leading to Deadlocks in the Corresponding Petri Net. 

Step 1: Transform the Agent into the Corresponding 
Petri Net Ro = (Pio, To, Moo); 

Step 2: Eliminate Redundant Places; 
WHILE there exist post-fusable transitions Fm and hm DO 

Apply post-fusion rule; 
END; 
Initialize H to empty; 
WHILE there exist pre-fusable transitions Fm and hm DO 

Apply pre-fusion rule; 
H:= hmoH; 

END; 
Let H be equal to h; o h;_1 o • • • o h1 , where i is the 
number of pre-fusions of transitions that have occurred. 

Step 3: Obtain the reachability graph of the reduced Petri net; 

Step 4: For each sink node n of the graph, find a path Pn which starts 
from the root of the graph and leads to n; 

Step 5: IF the pre-fusion rule has not been used THEN 
Output the set of paths found; 

ELSE 
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FOR each path Pn DO 
Follow the path in the initial Petri net R0 ; 

Let M,. be the marking where the path leads; 
FORj = i TO 1 DO 

IF hi can fire in Ro THEN 
Pn := Pn O hj; 

END; 
Output Pni 

END; 

Before illustrating the algorithm by an example, some comments are neces­

sary: 

First, the algorithm always terminates. This is due to the fact that each 

time one of the proposed transformations is applied, the size of the Petri 

net is reduced: each place elimination removes one place and each fusion of 

transitions reduces the number of transitions by one and also removes one 

place. As we have a finite initial Petri net, the reductions terminate in a 

finite number of steps. 

Second, the reductions can be performed very efficiently. In the case of 

a fusion of transitions, one must consider a place of the net and check if the 

transitions in its preset and postset satisfy the required conditions. However, 

the number of transitions in the preset and the postset of a place, is very small 

in practice, and of course bounded by the number of transitions in the whole 

net. Therefore, fusions can be performed very efficiently. On the other hand, 

detecting a redundant place consists in finding a place with only one input 

transition t0 and only one output transition t,., such that t0 and t,. satisfy 

the properties of Definition 5.7. These properties can be easily validated by 

a depth first search algorithm that starts from t0 • During the depth first 

search, all the places visited, are examined to ensure that they have just one 
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input and one output. Clearly, redundant places can be detected efficiently 

as well. 

Concluding, we should point out that the Petri net representation of a 

CCS agent is usually very small compared to the size of the corresponding 

reachability graph. In this sense, it is worth performing the reductions on 

the net, than trying to find techniques that would operate on the reachability 

graph directly. 

5.5 An Example 

As an example of the applicability of the above method we use the classical 

"Dining Philosophers" problem. It is well known from the literature that 

there exists an incorrect solution that may lead to a deadlock situation. In 

this solution, each philosopher picks up his left fork first, then his right one, 

he eats and then puts the forks down in the same order that he picked them 

up. The deadlock occurs in the case where all philosophers have picked their 

left forks up and then wait indefinitely to get the right ones. The above 

solution can be described in CCS in the following way: A philosopher PH; 

i = 1, ... , 5, can be described by the following process term: 

µPHi: (Lpicks_up..fork_iJ.( Lpicks_up..fork_(i EB 1)). 

(Lputs..down_fork..i).( Lputs..down_fork-(i EB 1)).PHi 

where EB denotes modulo 5 addition. On the other hand, each fork Fi, i = 
1, ... , 5, can be represented as: 

µFi: (Lpicks_up..:fork..i).(Lputs..down..:fork..i).F i+ 

((i 81)-picks_up..fork..i).((i 81)-puts..down..:fork..iJ.F i 

54 



CHAPTER 5. DETECTING DEADLOCKS IN COS AGENTS 

Figure 5.7: The Dining Philosophers 

where 8 denotes modulo 5 subtraction. The whole system can be described 

by the parallel composition of the five philosophers and the five forks after 

properly restricting it. The Petri net corresponding to the above system, 

is shown in Figure 5.7. In this Figure, the darkened places are redundant 

places and are discovered before the WHILE loop of the algorithm is entered. 

The removal of these places reduces the Petri net to the one shown in Figure 

5.8. It should be noted here that if the redundant places were not removed, 

there would not exist any post-fusable or pre-fusable transitions in the Petri 

net. The new Petri net has 10 pairs of post-fusable transitions. Consider 

for example the pair (t 2 ,t3 ). After the post-fusion of the two transitions, a 
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Figure 5.8: The Net after Elimination of the Redundant Places 

new transition is created, namely t 2t3, which is post-fusable with t4• The 

post-fusion creates transition t2t3t4 • Repeating the same procedure for all 

the pairs of post-fusable transitions, we get the Petri net of Figure 5.9. This 

net is not further reducible. Its reachability graph has 32 nodes compared 

to the 242 nodes of the reachability graph of the initial Petri net. Analysis 

of the reachability graph reveals a sink node which corresponds to the dead­

lock mentioned previously. As a last remark on this example, consider the 

sequence u = t 1t5t9t13t17 of transition firings that leads the reduced Petri net 

to deadlock. One can easily observe that the same sequence leads the initial 

Petri net to deadlock. 
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Figure 5.9: The Net after Postfusion of Transitions 



Chapter 6 

An Implementation of the 
Algorithm 

In this chapter we describe a Prolog system which can be used to detect 

deadlocks in COS agents. Given an agent E, the system produces the corre­

sponding Petri net R[E]. The Petri net is then reduced and the deadlocks 

are located. The system is interesting because: 

• This is the first - to our knowledge - implementation of the concurrent 

semantics of COS, and has given us the chance to experiment with 

agents of considerable size. 

• The implementation can be used to evaluate the proposed deadlock 

detection algorithm. 

In the following, the structure of the system is described and its use is demon­

strated by examples. 
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6.1 System Description 

The theory that was developed in the previous chapters has been imple­

mented using the Prolog programming language. The reasons that led to 

this decision are: 

• A major characteristic of Prolog programming is that it allows the 

programmer to concentrate on telling the computer what the problem 

is, rather than giving it a description of how to solve it. The theoretical 

nature of the material presented in the previous chapters would make 

the use of another programming language very tedious. 

• Many transformations and definitions of the previous chapters, can be 

directly translated to Prolog programs. 

The system takes as input an agent E and produces as output a set of 

transition sequences that lead to deadlocks in 'R[E]. The interaction of the 

user and the system is performed with a query of the form: 

? - detect(E, DeadlockJ'aths). 

In the above query, E is explicitly specified by the user. On the other 

hand, the argument Deadlock_Faths is acting as the output of the pro­

gram. Detect is the main relation of the program and it ih fact performs the 

algorithm of Chapter 5. It is defined as follows: 

detect(E,Deadlock_Faths):­
convert(E,Petri..Net), 
reduce(Petri..Net,Reduced_Fetri..Net,H), 
reachability(Reduced_Fetri..Net,Graph), 
analysis(Graph,Paths), 
extend(Petri..Net,Paths,Deadlock_Faths,H). 
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We should note here that each one of the above relations corresponds to a 

distinct step of the algorithm of chapter 5. We comment on each relation, 

avoiding to give low level implementation details: 

1. Relation convert(E,Petri...Net) is true when Petri...Net is the concur­

rent semantics of agent E. The implementation of this relation consists 

of two main steps: 

• The initial marking Mo of n[E] is computed using the relation 

dec(E,MO). This can be done by directly implementing the func­

tion dee of Definition 4.2. 

• Starting from Mo, the system investigates what transitions are 

applicable. It is remarkable that the rules for the concurrent se­

mantics of CCS can be directly translated into Prolog programs. 

Consider for example the general rule: 

11 ~ I~, ... ,Im~ 1:,. implies I~ I' where condition 

This can be written as: 

transition(I,A,Ip):-
Cond, 
transition(I1,A1,I1p), 

transition(IM,AM,IMp). 

where Cond is a piece of code that examines the validity of condi­

tion. When all the possible transitions have been investigated, the 

Petri net is complete, and the system proceeds to the next step. 
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2. Relation reduce(Petri.Net, Reduced.Petri.Net ,H) is true when, af­

ter the application of the transformation rules, Petri.Net has been re­

duced to Reduced.Petri.Net. Here, H is used to hold all the h m's that 

are pre-fused during the reductions. The high level description of this 

phase is: 

reduce(Petri.Net,Reduced.Petri.Net,H):­
eliminate...redundant..places(Petri.Net,Net1), 
postfuse_transitions(Net1,Net2), 
prefuse_transitions(Net2,Reduced.Petri.Net,H). 

The relations eliminate...redundant..places, postfuse_transitions 

and prefuse_transitions implement the corresponding reductions. 

3. The relation reachability(Reduced.Petri.Net,Graph) is true when 

Graph is the reachability graph that corresponds to the reduced Petri 

net. This relation is implemented by starting from the initial marking 

Mo of the net and examining all those markings that can be reached 

by firing a single transition. The new markings are then examined and 

this is repeated until all the possible markings have been considered. 

This procedure is guaranteed to terminate as the reachability graph of 

a safe net is finite. 

4. The relation analysis(Graph,Paths) computes for each sink node of 

the reachability graph, a path that starts from the root and leads to 

the node. This is done using a depth first search algorithm. 

5. The relation extend(Petri.Net ,Paths,Deadlock.Paths ,H) is used to 

find the paths that lead to deadlock in the initial Petri net. If H is 

empty, this means that the pre-fusion rule has not been used, and then 
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Deadlock.Paths will be the same as Paths. If H is not empty, then the 

Paths are extended to Deadlock.Paths, i.e., those paths that lead to 

deadlock in the initial Petri net. 

6.2 Example Application of the System 

In the following, we illustrate the use of the Prolog system with a "real world" 

example. At the same time, we show how our approach can aslo be used to 

correct a system that contains a deadlock state. The gas station system, 

consists of three agents working in parallel: a customer, an operator and a 

pump. The definitions of the agents are given below: 

Customer 

Pump 

Operator 

¥ 

¥ 

¥ 

µX: (prepay.pumpstart.pumpfinish.givechange.X) 

µY : ( activate.pumpstart. charge.pumpfinish.Y) 

µZ: (prepay.activate.givechange.charge.Z) 

Let L be the following set of actions: 

{prepay,pumpstart,pumpfinish,givechange,activate,charge} 

The whole system can be expressed as the composition of the above three 

agents after restricting them to L: 

Gas...Station ~ (Customer I Pump I Operator)\L 

When the above system is given as an input to the Prolog implementation 

we get the following output: 

Performing Step 1: Translating Agent into a Petri Net. 
The Transition Function of the Net is: 

t1=([p0,p1] ,t, [p2,p3]) 
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t2= c [p4,p5J , t, [po ,p6]) 
t3=([p7,p8] ,t, [p4,p1]) 

The Initial Marking of the Net is: 
MO= [p7 ,p5 ,pB] 

Performing Step 2: Reducing the Initial Petri Net. 
Eliminating Redundant Place: pi 
Post-Fusing Transitions : t2 with ti 
Pre-Fusing Transitions t3 with <t2,t1> 
The Transition Function of the Reduced Net is: 

<t3,t2,t1>= 
([p7,p5,p8] ,<t,t,t>, [p2,p3,p6]) 

The Initial Marking of the Reduced Net is: 
M1O=[p7,p5,p8] 

Performing Step 3: Computing the Reachability Graph of 
the Reduced Net. 

The Reachability Graph has 2 node(s). 

Performing Step 4: Analyzing the Reachability Graph. 
The Graph contains deadlock state(s)! 

Performing Step 5: Reporting the Deadlock Paths. 
The paths that lead to Deadlocks are: 

path1=<t3, t2, t 1> 

The above results are illustrated in Figure 6.1. Clearly, a deadlock has 

been detected. Using the information that the system has provided, one 

can change the program so as to become deadlock-free. Tracing the execu­

tion of the three transitions t3, t2 and ti one realizes that they correspond 

to the consecutive handshakes (prepay,prepay), (activate,activate) and 

(pumpstart,pumpstart). After the execution of these handshakes, the sys­

tem deadlocks as there exists a circular wait: the customer waits for the pump 
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(a) 

P2 

(c) 

Figure 6.1: The gas station example 

(b) 
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to finish, the pump waits for the operator to read the charging information 

and the operator waits for the customer to take his change. Clearly, this sit­

uation has been caused because the operator attempts to give change before 

actually reading the charging information. Changing the order of charge 

and gi vechange in the operator definition solves the problem. This can be 

seen by examining the new system: 

Performing Step 1: Translating Agent into a Petri Net. 
The Transition Function of the Net is: 

t1=([pO,p1] ,t, [p2,p3]) 
t2=( [p4,p5J, t, [po ,p6]) 
t3= ( [p7 ,p8] , t, [p4 ,p1]) 
t4= ( [p9 ,p1O] , t, [p5 ,p7]) 
t5=( [p11 ,p6] ,t, [p9,p8]) 
t6=([p2,p3],t,[p1O,p11]) 

The Initial Marking of the Net is: 
MO= [p2 ,p3 ,p6] 

Performing Step 2: Reducing the Initial Petri Net. 
Eliminating Redundant Place: pi 
Eliminating Redundant Place: p5 
Eliminating Redundant Place: p8 
Eliminating Redundant place: p1O 
Post-Fusing Transitions t2 with ti 
Post-Fusing Transitions t3 with <t2,t1> 
Post-Fusing Transitions t4 with <t3,t2,t1> 
Post-Fusing Transitions t5 with <t4,t3,t2,t1> 
Pre-Fusing Transitions t6 with <t5,t4,t3,t2,t1> 
The Transition Function of the Reduced Net is: 

<t6,t5,t4,t3,t2,t1>= 
([p2,p3,p6],<t,t,t,t,t,t>,[p2,p3,p6]) 

The Initial Marking of the Reduced Net is: 
M1O=[p2,p3,p6] 

Performing Step 3: Computing the Reachability Graph of 
the Reduced Net. 

65 



CHAPTER 6. AN IMPLEMENTATION OF THE ALGORITHM 

The Reachability Graph has 1 node(s). 
' 

Performing Step 4: Analyzing the Reachability Graph. 
No sink nodes have been found. The Agent does not 
contain any Deadlock states. 

What the above example suggests, is that deadlock detection is not the 

only function that the system can perform: it can also be used to correct an 

implementation that contains deadlocks as well as to prove that an imple­

mentation is deadlock free. 
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Figure 6.2: The correct system 



Chapter 7 

Concluding Remarks 

7.1 Contributions 

Reachability analysis is a widely used method for analyzing concurrent sys­

tems. Unfortunately, the number of states of even moderate systems, is 

often huge and unmanageable even for computers. This problem is usually 

described as the "state space explosion problem". To deal with state space 

explosion, one must effectively reduce the size of the state space, yet still be 

able to determine the system's properties. 

In this thesis, an algorithm for deadlock detection in an abstract con­

current language has been developed. Our approach is based on efficiently 

reducing the state space of the programs of the language by properly trans­

forming their corresponding Petri net representation into a simpler one. The 

contributions of our work can be summarized as follows: 

1. It is the first - to our knowledge - practical use of the concurrent 

semantics of CCS. We should note here that the primary goal of rep­

resenting CCS agents by Petri nets, was to transfer methods from net 

theory to the process algebra field (36]. However, no relevant work has 
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appeared until now. 

2. We suggest that Prolog provides a natural way for describing the con­

current semantics of CCS. An independent approach to the same prob­

lem using Pascal, faced considerable difficulties [35]. We should also 

note that experimentation with a prototype implementation in Prolog, 

gave us some of the ideas presented in Chapter 5. 

3. The proposed approach can be modified in order to apply to exist­

ing "concrete" concurrent programming languages such as Occam and 

ADA. 

Although the results we have obtained are encouraging, there are many open 

questions that should be examined. 

7.2 Future Work 

There are many interesting aspects of our work that should be further inves­

tigated. The most important of them are the following: 

1. The reduction techniques we have used, are a subset of those that have 

been prqposed in Petri net theory. Can we define other reductions that 

are efficiently implementable and which at the same time preserve the 

deadlock information of the initial Petri net? 

2. Can we define a set of deadlock preserving transformations directly on 

CCS agents, without transforming them into Petri nets? 

3. Can we characterize a subset of CCS which gives completely reducible 

Petri nets using the transformations we have described? Can we charac­

terize a subset of CCS that gives non-reducible nets? Can the answers 
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to these questions be used to define other more efficient transforma­

tions? 

4. What other practical applications may result from the representation 

of a concurrent program by a Petri net? 

Answers to the above questions will help us in defining more efficient methods 

for the analysis of concurrent programs. 
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