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Abstract 

We study the time evolution of a system of N identical hard spheres in R3 

and present a derivation of the BBGKY-hierarchy for the joint distributions 
of k spheres ( k = l, ... , N ). Previous derivations tacitly assumed that 
the unknowns had enough regularities for the lower-dimensional integrals 
appearing in the hierarchy to make sense. A rigorous argument due to 
Illner & Pulvirenti [7] shows that if the initial measure in phase space is 
continuous along trajectories and has a suitable decay at space infinity, 
then a weak version of the BBGKY-hierarchy holds. Here a rigorous proof 
of the uniqueness of the solution of the weak form is given for a sufficiently 
regular initial value. The uniqueness leads to the equivalence of the weak 
and mild versions of the hierarchy. 

Examiners: 
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1 

Introduction 

It is generally believed that in certain limit situations the dynamics of a gas 
of particles can be described by the Boltzmann Equation. One of the basic 
problems of kinetic theory is a rigorous proof of the validity of the equation, 
assuming the laws of classical mechanics as a starting point. The difficulty 
and appeal of this problem arise from the possibility of linking two evolu­
tions with basically different natures: Newtonian dynamics, deterministic 
and reversible, and Boltzmann dynamics, stochastic and irreversible. 

The Liouville equation is a linear, homogeneous, first-order partial dif­
ferential equation which describes the time evolution of the N particle dis­
tribution function for the N hard sphere dynamics and is a consequence 
of the law of classical mechanics; the Boltzmann Equation is an integro­
differential equation which describes the time evolution of the single particle 
distribution for the same dynamics. It therefore is highly desirable to derive 
the Boltzmann Equation from the Liouville Equation, that is to derive it 
from completely deterministic particle dynamics so that the only random­
ness introduced into the derivation comes through the initial randomness of 
the particle configuration in phase space. Through arguments ( though not 
of mathematical rigor) based on the carefuJ analysis of the Liouville equa­
tion, first we can get a chain of equations to be satisfied by the k particle 
correlation functions, which are called the BBGKY-hierarchy equations and 
were introduced in a general setting through works published around 1946 
by Bogoliubov, Born & Green, Kirkwood, and Yvon. Subsequently, the 
Boltzmann equation can be reduced formally from the BBGKY-hierarchy 
equation for the single particle correlation function in the Boltzmann-Grad 
limit (see [5]). 

The BBGKY-hierarchy for the hard sphere dynamics was brought into 
an explicit and exact formulation by Cercignani [2] in 1972. The first rigor­
ous result on validity of the Boltzmann equation was obtained by Lanford 
[9] in 1974. He showed, for the same dynamics , that a series expansion of 



1. INTRODUCTION 2 

the single particle correlation function derived from the BBGKY-hierarchy, 
approaches, in the Grad limit, the expansion corresponding to the Boltz­
mann equation for a short time ( on the order of magnitude of a fraction 
of the mean free time between collision). His proof begins with a strong 
form of the BBGKY-hierarchy for finitely many identical hard spheres, and 
he gave only an outline of his argument and did not rigorously derive the 
BBGKY-hierarchy. This is the gap in Lanford's proof, because there is a 
problem with the formal derivation of the hierarchy (see [2]) since the hard 
sphere dynamics are only defined almost everywhere and the collision inte­
gral is over a set of Lebesgue measure zero. This was pointed out by Spohn 
in his notes [11], where he discussed a more complicated version. By follow­
ing the general strategy proposed in [9] by Lanford, Illner and Pulvirenti 
[6,8] consider the same system and prove the validity of the Boltzmann 
equation for all times in the case of a gas allowed to expand into a vacuum 
and for large enough mean free paths. Furthermore, they gave an outline 
of a rigorous derivation of the BBGKY-hierarchy in the appendix of [6]. 
The details of the derivation were provided in [7], but the crucial fact is 
that the result was only a weak version of the BBGKY-hierarchy. So the 
gap revealed in Lanford 's argument is still not quite closed. Results con­
cerning the validity of the Boltzmann Equation and BBGKY-hierarchy for 
a model problem have been proved by Uchiyama [12], but the proofs are 
very technical, and longer and more complicated than those of Illner and 
Pulvirenti. 

The primary purpose of this thesis is to give a complete and coher­
ent exposition of the Illner-Pulvirenti derivation of the BBGKY-hierarchy, 
and the derivation of the mild version of the hierarchy under the following 
hypothesis on the density of the initial distribution function µ 0 (XN): 

l. µ 0(XN) is symmetric about the particles and continuous along the 
trajectories. 

2. µ0( X N) has compact support m ( ~ ; x ~~ )N or decays sufficiently 
rapidly. 

In §2, we introduce the dynamics and fundamental properties of the hard 
sphere system in ~ 3

• In particular, we show that the flow defined by this 
dynamics preserves the Lebesgue measure in the phase space. We also 
mention that the set of configurations which eventually lead to a triple 
or higher order collisions is Lebesgue null . The BBGKY-hierarchy and its 
series solution are introduced in §3, and we show that the joint time evolved 



1. INTRODUCTION 3 

is continuous about t and continuous along the k - trajectories. Also we 
show that if the density of the initial distribution satisfies the above hy­
pothesis, then the series expansion makes sense. In §4, we give the Illner­
Pulvirenti derivation of the weak version of the BBGKY-hierarchy. To 
establish the mild version of the BBGKY-hierarchy from its weak version, 
we first show that the series expansion satisfies the weak version of the 
hierarchy, and then we establish a uniqueness theorem for weak solutions 
of the hierarchy. It follows that the series expansion and the weak solution 
are equal. We also discuss the difficulty of the direct derivation of the mild 
vers10n. 
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The Dynamics of the Hard Sphere System 

Consider the time evolution of a system of N identical hard spheres with 
diameter d > 0 in the space R3

. A particle (x,v), whose center x E R3 

represents the position of the particle, will move with constant velocity 
v until it collides with another particle . All collisions are assumed to be 
elastic. 

To produce a rigorous definition of the flow we introduce the following 
notation 

f 3
N {X E R3

N I ll x; - Xj ll ~ d, Vi :/- j, X = (x1, X2, · · · , XN)} 

rN {X I X = (x;,v;)~ 1 ,x; and v; E R3
, llx; - xJ ~ d,\/ i :/-j} 

arN {X E rN I ll x; - Xj ll = d, for some pair i,j} 

\i\There f 3N denotes the part of R3N which is admissible for position vectors 
if the particles are not allowed to overlap each other, Bf N the set of all phase 
points such that at least two particles touch each other , r N = I' 3N x R3N . 

( ll x II denotes the Euclidean length of x E R3
, the symbol (a, b) will be used 

to denote the Euclidean scalar product in either R3 or R3N.) 

Therefore, the system state is explicitly described by the phase point 

where 

are the vectors respresenting the positions and the velocities of the N par­
ticles respectively. 

\Ve may confine our attention to pair collisions, because phase points 
XN leading to triple or higher multiple collisions or grazing collisions form 
a set of Lebesgue m easure zero in rN [1,10,12], and the dynamics of the 
particle system are in general not well defined past such collisions. Initial 
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configurations, XN, not leading to multiple or grazing collisions will be 
called admissible. In order to keep the notation simple, we use r N to 
denote the admissible phase space and rk the admissible phase space for 
the k particle system. 

Now consider a pair collision between two particles. Let (xi,vi) and 
(xj,vJ be positions and pre- collisional velocities of two different parti­
cles, then (xi,vi,xj,vj) is a pre-collisional configuration if and only if the 
positions and velocities of the two particles satisfy the following conditions: 

Xj = xi + d · n, (n,vi - vi) ~ 0, n E S2 = {n I [[ n il= l,n E R3
} (2.1) 

After the collision, the particles fly apart immediately with velocities : 

v' = v · - n · (n v · - v ·) v'. = v · + n · (n v · - v ·) (2.2) 1 1 l1 Jl J J l1 J 

Momentum and energy are conserved in the collision: 

v · + v · = v' t v'. v 2 + v 2 = v'2 + v'.2 
1 J t Jl l J l J (2.3) 

All the collisions we consider have the above properties. Generally, we use 
the x · to denote the post- (pre-) collisional configuration if the pre- (post-) 
collisional configuration is X. 

Now we can define the N-particle flow, Tt , formally. First, we define 
Ti° as the flow of N particle free motion, i. e. 

Let a(X) be the first time after time zero for which the free motion starting 
at X arrives at 8f N, and /3(X) be the last time before time zero for which 
the free motion starting at X passed through a collision, i. e. 

a(X) 

/3(X) 

We define the flow by 

inf { t > 0 [ Tt0 X E ar N} 
sup{t < O [ Tt0X E 8I'N} 

(2.4) 
(2.5) 

2 If X E 8f N and Xis in the out-going collision configuration then Tf X = 
X " and Tt X = Tt0 X for O < t :::; a(X). 

3 If X E 8f N and X is in the in-going collision configuration Tf X = X 
and Tt X = T1°x· for O < t :::; a(X ~). 
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In the succeeding steps, repeat the same procedure . Because the system is 
time-reversible, we can define the flow fort< 0 by using /3(X) . 

One fundamental result concerning the flow Tt is the following [12]: 

Theore m 2.1 For th e dynamics of the hard sp heres moving in ~3, th e flo w 

Tt defined abov e pres erves the L ebesgue measure m( ·) on I' N, i. e. for any 
f E L1(fN) 

r f(T[ X)dX = r f(X)dX 
lrN lrN 

OT for any Borel s et A C rN 

m(T~A) = m(A) if m(A) < oo 

PROOF: Let t > 0 and Et denote the set of configurations X E f N such 
that the flow starting from X at least once experiences a collision in the 
time interval [O, t). Without loss of generality, let the first collision particles 
be (xi,vi) and (xj,vj) - By introducing the parameters which stands for 
the time of t he first collision, we see 

Et = {X E r N I 3 1::; i,j ::; N, Xj = Xi + s · (vi - vi) + d · n , 

and (n,vi - Vj ) > 0 for some O::; s < t and n E S2
} 

The velocities after the collision are given by (2.2) 

v' = v - - n · (n v · - v -) v'- - v -+ n • (n v - - v -) 
t t ' t J' J - J 't J 

For each fixed n, the mapping An : ( vi, Vj) .- ( vL v;) is a linear t ransforma­
tion of R6 with I det An l = 1 and A;/ = An, the proof for t hose statements 
can be found in [3, pages 15- 17]. So that An preserves the volume dvidvj. 
Hence for any bounded measurable function f E L1 (f N ), 

l, f(T[ X)dX = l _, f(X)dX (2.6) 

Here E _t is defined in the same way as Et but for the time-reversed flow . 
Since 

Equation (2.6) yields 

r f(TtN X) dX = r f(Ti°X) dX + r f (T[ X )dX = r f( X) dX 
lrN lrN\E, JE, lrN 

Q. E . D . 
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The BBGKY-hierarchy and its Series Solution 

C. Cercignani first gave a rigorous formulation of the BBGKY-hierarchy 
for the hard sphere dynamics in [2]. The BBGKY-hierarchy, which was 
introduced in a general setting through works publi shed around 1946 by 
Bogoliubov,Born & Green, Kirkwood, and Yvon, is a chain of equations to 
be satisfied by a sequence of correlation functions. 

Let µ 0(X) be the density of an absolutely continuous probability mea­
sure on rN; because all the particles are indistinguishable, µ 0(XN) is sym­
metric about the particles. For a Borel set AC rN, 

is the probability that the state of the system at time O is in A. 
The joint distribution densities fk = fk( x 1, x 2 , • •• , xk, v1, v2 , • • • , vk) at 

time 0, dependent only on the first k particles, are defined by: 

and they are also symmetric about the particles. 
Since Tf preserves Lebesgue measure on rN, 

is the time evolved probability den sity. Generally, µt (X) is not continuous 
in X (nor in t) even if µ 0(X) is continuous, b ecause of the interaction 
between the particles. However, we sh all need some cont inui ty property of 
µt(X) in the following discussion. What we im p ose on µ0 is the continuity 
along the trajectory. 

We comment on the assumption that µ 0 be continuous along t ra jecto­
ries . Obviously, this assumption is only serious at collision p oints, and it is 
clearly enough to consider just two par ticles (we exclude mult iple colli sion s). 
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Let the pre-collisional coordinates and the post-collisional coordinates at a 
collision point be given by 

(x 0 ,u,xo+d-n,v) and (x 0 ,u',x0 + d-n,v'). 

Here n, u' and v' satisfy Equations (2.1) (2.2); then the continuity of µ 0 

along the trajectories implies that 

µ 0 (x 0 , u, x 0 + d · n, v) = µ 0 (x 0 , u', x0 + d · n, v'). 

Note that this does not imply that µ 0 be equal to an equilibrium density ( or 
even depend only on collision invariants) at the collision point, because u' 
and v' are given in terms of u, v and n. The class of µ 0 which are continuous 
along trajectories is certainly dense in Li(rN ). 

Let fk ,t be the associated joint distribution density: 

(3.2) 

The present thesis aims at rigorously proving that !k,t satisfy the BBGKY­
hierarchy equations in mild form, 

(3.3) 

Here, 

!k ,t = 0 if k > N, !N,t = µt (3.4) 

k 

Ck+1h+1 (x1, ... , xk; V1, ... , vk) = l)N - k )d2 · (3.5) 
j = l 

r dn r dvk+l (n, Vj - Vk+1) · fk +1(x1, ... , Xk, Xj + nd; Vi,···, Vk, Vk+1) }52 }R3 

5 2 is the unit sphere in R3
, elements of 5 2 are denoted by n. 

Formally, from Equations ( 3.3) ( 3.5), we have 

!k ,t = S(t)fk + lot dT5(t - T)Ck+dk+l ,-r (3.6) 

where S(t)fk(x 1, ... ,xk;v1, ... ,vk) = fk(T~i(x 1, ... ,xk,v1, ... ,vk)) From 
Equation (3.6), we obtain 

(3.7) 
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Substituting fk+i,t by 

fk+1,t = S(t)fk+1 + 1t dt1S(t - r)Ck+dk+2 ,r 

into Equation (3.7), we get 

5( - t)fk ,t fk + 1t drS( - t1)Ck+1S(t1)fk+1 (3.8) 

+ 1t dt11ti dt2S( - t1)Ck+1 S(t1 - t2)(Ck+dk+2,t2) 

Therefore, we can get the formal series solution of BBGKY-hierarchy 

(3.9) 

by substituting Equation ( 3. 7) successively into itself. For Equation (3.9 ), 
the right hand side defines the left hand side. 

The BBGKY-hierarchy (3.3) and its series solution (3.9) were usually 
established for particles interacting via smooth potentials. From a rigorous 
point of view the meaning of Equations (3.3) (3.9) is not completely clear, 
because the flow Tt is only almost everywhere defined ( e. g. the flow is 
not defined for the phase points which lead to triple or higher multiple 
collisions), and therefore µt(XN) is only almost everywhere defined, even 
if µ 0 (XN) has some kind of continuity. We have to show that the collision 
operator Ck+ih+i,t(TtXk) in Equation (3.5), which involves an integral 
over a set of measure zero in rk+l' is defined for almost all xk E rk and 
for all t E R such that the right hand side of Equation (3.9) makes sense. 
In order to solve our problem we prove the following lemma first. 

Lemma 3.1 Fix k < N and let 

F-+(- ) = { 
tJ x E rN l::3 i E {1,2,---k}, j E {k + 1,k+2,· ·• ,N} 

such that ll xi - Xj ll = d, (xi - Xj,Vi - Vj) > 0 ( < O)} 

be th e set of all phase points in I'N which display an out-going (in-going) 
collision between particle i and particle j. Furthermore, we put 

i = l j=k+J 

th en G = {(t, XN) E R X rN I (Ttk Xk, xN- k) (/. F} is an open subs et 
of RX rN and th e map: (t,XN) ~ (Ttxk,xN - k) from G into rN is 
continuous. 
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PROOF: Let ( t, x) E R x rN and t > 0, Ttx = (Ttk X\ X N- k). The flow 
Tt starting at x experiences at most a finite number of collisions between 
the first k particles and the other N - k particles in the interval [O, t], all of 
which must be pairwise and proper (i. e. , not grazing, and we will discuss 
the grazing collision in § 4.3.2). Therefore we can choose a finite sequence 
0 = t 0 < t 1 < ... < tm = t such that there is at most one collision between 
t i and t i+i and Tt ,x (/_ :F, i = l, 2, ... , m. The map Tt, +i - t, is continuous at 
Tt ,x for i = 1, 2, ... , m and the map (s,y) ~ Tti +•Y is continuous at (0,x) 
These together with the semigroup property of Tt, t ~ 0 implies that the 
map ( r, y) ~ Try is continuous at ( t, x ). One can similarly proceed in case 
when t ::; 0. In particular G is open. Q. E. D. 

Theorem 3.1 Assume th e density of th e initial distribution µ 0 has com­
pact support in (R; x R~t or decays sufficiently rapidly, then th e function 
t ~ !k ,t(Ttk Xk) is continuous f or almost every Xk E rk. 

PROOF: The associate k - th joint distributi on function t ~ fk ,t(T/ Xk) is 
defined by 

By the definition of the continuity, we consider the difference 

fk ,t+• - fk ,t (3.10) 

r µ t+. (Tt\ .xk, xN- k)dxN- k - r µt(Ttk xk, xN- k)dxN - k 
l rN - k lrN- k 

as s ----) 0 

The fl ow r: - k preserves Lebesgue measure on rN- k, therefore we can 
substitute r:- kxN - k for xN- k in the first integral of the right hand side 
of Equati on (3.10) and get 

Split rN- k into two disjoint sets J\ 1 and A2 

A1 {.xN - k E rN- k I (Ttk xk, xN- k) is not a k - interacting state } 

A2 rN- k \ A1 

Therefore , we have 
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We study 11 and 12 respectively. First, for A2 , the set of phase points xN-k 
in rN- k such that (Ttkx\xN - k) is a k-interacting state, because µo is 
continuous along the trajectories, 

1. (Tk xk rN - kxN- k) (Tk_xrk xN - k) Jm µt+• t+s , s = µt t , · 
8-+0 

(3.11) 

By Equation (3 .11) and the condition that µ 0 decays sufficiently rapidly, 
an application of the Lebesgue dominated convergence theorem ( see [4, 
Theorem (2 .24)]) shows that 

limo / [!Lt+.(Tt~.xk, r:- k xN- k) - µt(Ttk xk, xN - k) ]dxN - k = 0. 
B-+ JA2 

Then for 11 , if the phase point (Ttk X\XN - k) is not a k- interacting stat e, 
by Lemma (3.1), 3 s0 > 0 sufficiently small such that if isl < s0 , then 
(T.lc+txk, r;1-kxN- k) is not a k - interacting state. Therefore for xN -k E A1 

and isl < so, 

Therefore 12 = 0 as is I < s0 . Based on the above analysis, we have 

i. e. t ~ fk ,t(Ttk Xk) is continuous of all t E R for almost all Xk E rk . 

Q. E. D. 

C o r ollary 3.1 Th e formal sum 

makes s en se if th e continuity assumption on µ 0 is satisfied. 
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PROOF: We just prove it for k = N - l and k = N - 2, because the proofs 
for k ~ N - 3 are identical with the case k = N - 2. For k = N - l the 
formal series has the following form 

where S(t)JN(XN) = µ 0 (Tt XN), fk = J µ 0 dXN - k_ Because of the conti­
nuity along the trajectories of µ 0 , t ~ µ 0 (Tt XN) is continuous for all t E ~ 
and XN E arN, then 

N- 1 
CNJN,r(x1, .. . , XN - 1,v1, ... ,vN- 1) = L d2 

· 

j = l 

r dn r dvN (n,vj - vN)·!Nr(x1,••·,xN- l,x j+ nd;v1,•··,vN- l,vN) }52 }R3 , 

makes sense . So does the formal series (3.9) for k = N - l. For k = N - 2 
the series is equivalent to the sequence of equations 

S( - t)fN- 1,t = fN - 1 + j drS( - T )CN !N,r 

S( - t)fN- 2,t = fN - 2 + j drS( - r)CN- dN - 1,r 

By Theorem (3 .1), t ~ fN - l,r is continuous of all t E ~ for all xN- l E 
arN- 1, hence CN - l ,N- 2fN- l ,T makes sense. So does the formal series for 
k = N - 2 by induction. Q. E. D. 
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The Derivation of the BBGKY-hierarchy 

A derivation of the BBGKY-hierarchy can, e. g. , be found in [2], bu t 
the discussion there is largely formal. In particular, because the flow Tt 
is only defined a . e. with respect to the Liouville measure, it is not clear 
whether the lower-dimensional integration in (3 .5) makes sense. This point 
was disregarded in [2]. Spohn [11] has given a rigorous derivation, but it 
is very intricate. Here, we follow the Illner-Pulvirenti derivation [7], known 
as special flow representation, and first obtain a weak version of equat ion 
(3 .3). In§ 4.3, we show that the k particle distribution functions fk ,t satisfy 
the BBGKY-hierarchy (3.3). 

4.1 The Special Flow Representation 

To obtain the special flow representation, fix k < N, for i E {1, 2, · · · , k} and 
j E {k + 1, · · · , N}, let 

:Fi: (-)= {X E rN [=li, j, [[ xi - Xj ll = d, (xi - Xj,Vi - vj ) > 0 ( < O)} (4 .1) 

be the set of all phase points in rN which display an out-going (in-going) 
collision between particle i and particle j . Furthermore, we define 

k N 

U U :F.-+ (-) F = F + u F -
' J ' 

Elements of :F+ will be referred to as out-going k - interacting states, ele­
ments of F - will be referred to as in-going k- inter~cting states. 

Next we split rN into two disjoint sets r 00 and r, we define t hat 

r 00 = {X = (Xk, xN- k) E rN I xk E rk , xN- k E rN- k, 
rtx = (T/X\rt - kxN- k) for all t E (- 00,00)} 
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is the set of all phase points which never pass through a k-interacting 
state, and 

f = fN \ f 00 (4.2) 

is the set of the phase points that do pass through k- in~eracting states. 
The special flow representation is a representation of r. To this end, we 

split F + into the following disjoint subsets, characterized by the properties 
of the flow: 

F; : all k- interacting states Y from F+ for which T~Y (/_ F + for all 
t > 0, and TtNy (/_ F- for all t > 0, this means a-(Y) = oo, 
r(Y) = -oo . 

F/ : all k - interacting states Y from F + for which T~Y (/_ F + for all t > 0, 
but T:VY E F - for some s > 0, this means a-(Y) < oo, r(Y) = - oo. 

Fi : all k- interacting states Y from F + for which T~Y E F + for some 
t > 0, and for which T:VY E F - for some s > 0, this means a-(Y) < 
oo, r(Y) > - oo. 

Fi : all k - interacting states Y from F + for which T:V Y (/_ F - for alls > 0, 
but T~Y E F + for some t > 0. this means a-(Y) = oo, r(Y) > - oo . 

This decomposition of F + defines a natural decomposition of :r. Let 

{X E f I X = TtYfor some Y E F;and some i E (- 00,00)} 
{X E r I X = TtYfor some Y E F;and t E (- oo, a-(Y)} 

- N {X E r I X = Tt Yfor some y E F:and t E (0,a-(Y)} 
- N 

{X E r I X = Tt Yfor some Y E F t and t E (0,oo)} 

The natural mapping: 

cp [F; x R] U {(Y, s ) IY E F;, t E ( - oo, a-(Y))} 

U {(Y,s) IY E Fi,t E (0,a-(Y))} U [Fix (0,oo) ] 

r--) r (4.3) 

defined by cp(Y, s) = T,NY is one-to-one and bimeasurable. For the sequel, 
we find it is convenient to extend cp to F + x R by setting 

cp(Y, s) = Tf"Y ( 4.4) 
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This extension is, of course, not one-to-one. For a function f E L 1 (I'), we 
have 

h f(X)dX 
3 

L Ir f(X)dX 
l = o rl 

( 4.5) 

where: 

,o = /1 = - oo, /2 = /3 = 0 

uo(Y) = u1 (Y) = oo, u2(Y) = u3(Y) = u(Y) 

and dK.+ denotes the following measure on y -+ : 

k N 

dK.+(Y) = dXk L L 

dvk+1 ... dvNdYi · (n;j, Vj - v;) (4 .6) 

Here, dXk is the Lebesgue measure on rk, dyi stands for the Lebesgue 

measure on the sphere with radius d and center x; and n;j = 11:~=:'. 11 . 

These statements are consequences of the transformation theorem for 
integrals, and the calculations involved are a little lengthy but straightfor­
ward. In [7], the result concerning 3 particles and k = 2 was given and was 
found to be consistent with ( 4.6). ( 4.6) defines a measure on y +. The right 
hand side also defines a negative measure on y - , denoted by dK- - . 

y - can be split in complete analogy to y +. In fact, { (Y, 0- ) I Y E :Fcf} 
corresponds bijectively to the set of all the in-going k interactions such 
that {TtY I t E R} contains one such interaction. {(Y, u(Y) - ) I Y E 
:Fi} corresponds bijectively to the in-going k interactions which have seen 
exactly one k interaction before, { ( Y, 0- ) I Y E :Fi} corresponds to those 
which are first k interactions but not last ones, {(Y, u(Y) - ) I Y E F/} is 
simply the rest, i.e. those who have seen at least two k interactions in the 
past. 

4 .2 T he Weak Version of t he Hierarchy 

In the previous chapter we have assumed that the initial probability den­
sity µ 0 is continuous along trajectories and ordinary continuous at al­
most all X E rN, in particular, with µt(X) = µ0 (T!!iX) we want t I------) 

µt(X) to be continuous for almost all X. Then we choose a test function 
uk(x 1 , . .. ,xk,v1 , . •• ,vk) which satifies the following conditions : 
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1. uk is bounded and depends on the first k particles only. 

2. t ~ uk(Ttk Xk) is differentiable a. e .. 

3. it [uk(Ttk Xk) ] is an essentially bounded function . 

In order to make sure that all the integrals in the subsequent calculation will 
exist, we will assume either that µ 0 has compact support in (R! x R~ )N or 
decays sufficiently rapidly ( e. g. , exponentially in the position and velocity 
variables). Because energy and momentum are conserved in every colli sion , 
we will have compact support ( or rapid decay) also at any later time. 

Now we finally begin the derivation of the BBGKY-hierarchy. By Equa­
tion (4 .5), 

The substitution r : = s - t leads to 

( 4.8) 

where we have used the fact that the total domain of integration is flow­
invariant. The assumptions on Uk allow differentiation in the usual way, as 
is easily checked, but the discontinuity of t ~ uk(TtN X) at k interacting 
states requires the splitting of the time integrals associated with f_ = 0, 1. 
We obtain the following four equations: 

(I.) 

! j:F,; dt.:+(Y) {1-: + 1-7} druk(cp(Y,r + t))µ 0 (cp(Y,r)) 

l dt.:+ (Y) [uk( cp(Y, + 0)) - uk( cp(Y, 0- ))]µt( cp(Y, 0)) 
:F,7 

+ l + dt.:+ (Y) {1-: + 1-7} dr :T uk( cp(Y, r + t))µ0( cp(Y, r )) 
() 

(4 .9 ) 
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(II. ) 

(III. ) 

(IV.) 

.!!_ r + dK+(Y) {J - t + Jai(Y)-t} dTuk( 'P (Y, T + i) )µo( 'P(Y, T)) 
di J:1\ - oo - t 

= JF[ dK+ (Y) { 1-: + 1-~1 (Y)-t} dT : T uk( 'P (Y, T + i) )µ0( 'P(Y, T)) 

+ f dK+(Y){uk('P(Y,0+ )) - uk('P(Y, 0- )} · µt('P(Y, O)) 
}F[ 

- r dK+(Y)uk -µt('P(Y,a-1(Y) - ) (4.10) 
}Fi 

d
d r dK+(Y)ja

2

(Y) - t dTuk('P(Y,T + i))µo('P(Y,T)) 
i }Fi - t 

- - r dK+(Y)uk('P(Y, a-2(Y) - ))µt( 'P(Y, o-2 (Y)) 
}Fi 

+ f dK+(Y)uk('P(Y,O+ ))µt('P(Y,O)) (4.11) 
}Fi 

+ r dK+(Y)ja
2

(Y) - t dT: uk('P(Y, T + i ))µo('P(Y, T)) 
}Fi - t UT 

.!!_ r dK+(Y)j
00 

dTuk('P(Y,T + i ))µo('P(Y,T)) 
di JFJ - t 

= f dK+(Y)uk('P(Y,O+ ))µt('P(Y,O)) (4.12) 
}Fi 

+ l + dK+ (Y) 17 dT :T uk( 'P(Y, T + i) )µ0 ( 'P(Y, T))} 
3 

We collect and cli scuss all the boundary terms . By Liouville 's theorem, we 
get 

- f dK+(Y)uk · µt( 'P(Y, 0- )) 
} Fo+ 

- f dK+ (Y)uk · µt( 'P(Y, 0-1 (Y) - )) 
} Fl+ 

- f dK+(Y)uk- µt('P(Y, 0- )) 
}F[ 

- f dK+ (Y )uk · µt( 'P(Y, o-2(Y )- )) 
}Fi 

= JF_ dK- (Y )uk · µt('P(Y,0 - )) ( 4.13 ) 
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Here, we have used that ;:-- can be split in complete analogy to ;:-+. 
Similarly, the other boundary terms add up to 

and by ( 4.6) and d"'- , the expressions ( 4.13) and ( 4.14) add up to 

k N 1 dXkuk(Xk) L L dxk+1 ... dxj _1dxj+1 ... dxN 
F i=lj= k + l 

18 

( 4.14) 

(4.15) 

By the continuous property of µ 0 along the trajectories, µt is d"'+ ( d"' - ) a . 
e. defined in ;:-+ ( ;:-- ) . In the last chapter , we have in particular proved ( see 
Theorem 3.1) that the joint distribution t t---t fk+i ,t(Ttk Xk) is continuous for 
almost all xk E rk and i 1---t fk+1,t( X1 1 X2, ... 1 xk, Xk + d · n, V1 1 V2, .. . 1 Vk+l) 
is defined for almost all xk E rk 

Because µo( x1, x2, ... , XN; Vi , v2, .. . , VN ) is symmetric about the parti­
cles , we can rewrite Equation (4.15) as 

k 

~(N - k) JF dXkuk(Xk)dxk+ 2 ... dxNdvk+i ... dvN 

·dYk+I (n i,k+I, vk+1 - vi ) µt( X1,. •., xk, Yk+1, Xk+2, •. •, xN; v1, • • • , VN) 
k 

I:(N - k )d2 j dXkuk(Xk) fs
2 

dn k,
3 

dvk+1 (n, vk+1 - vi ) 
i= l 

· fk +1,t( X1, . . . , Xk, Xi + d · n; Vi, . .. , vk, Vk+1) 

j dXkuk(Xk)(Ck+dk+1,t)(Xk) ( 4.16) 

The operator Ck+i is the collision operator given by (3.5). 
The remaining terms in the identities ( 4.9) ( 4.10)( 4 .11) ( 4.12) add up 

to 

(4.17) 

We set 
d 

dT [uk(cp(Y, T)) ] = 0 

at the discontinuity points of T t---t uk(cp(Y,T)) and [,k as the generator 
associated with the flow Ttk and defined by 
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Hence ( 4.17) is equal to 

( 4.18) 

Summarizing, we have the following equations: 

! j dXkuk(Xk)h ,t(Xk) ( 4.19) 

! t ""' dXN uk(XN)µt(XN) + :i h dXN uk(XN)µt(XN) 

_!,_ r dXN u (Tk xk rN- k xN- k) (XN) + _!,_ r dXN u (XN)µ (XN) 
di lr= k t ' t µo di lr k t 

We have used that r CX) is invariant under T{" and for X E r 00 i. e. 

TN x _ (Tk xk TN - k xN- k) 
t - t ' t 

Therefore, we have 

From ( 4.16), ( 4.18) and ( 4.19) we have 

! j dXkuk(Xk)fk,t(Xk) ( 4.20) 

= j dXk(£kuk)(Xk)fk ,t(Xk) + j dXkuk(Xk)Ck+1 h +1,t(Xk) 

An equival ent formulation is 

_!,_ j dXku (Tk Xk)f (Tk Xk) di k t k,t t 

j dXk :i [uk(Tt Xk) ]fk ,t(Ttk Xk) ( 4.21) 

+ j dXkuk(Ttk Xk)( Ck+ifk+i ,t)(Ttk Xk) 

and this is exactly what one obtains by multiplying the mild form of the 
k-th hierarchy equation (3.3) 

( 4.22) 

by the test function uk(Ttk Xk) and integrating. 
We have therefore shown that the k - particle distribution functions 

satisfy the BBGKY-hierarchy equations in the weak form ( 4.20) or ( 4.21). 



4. THE DERIVATION OF THE BBGKY-HIERARCHY 20 

4 .3 Uniqueness, The M ild Version of the Hierarchy 

In Section 4.2 we proved that the joint distribution functions fk,t l < k < 
N satisfy the weak version of the BBGKY-hierarchy 

! j dXkuk(Xk)fk ,t(Xk) ( 4.23) 

j dXk(£kuk)(Xk)f1c,t(Xk) + j dXkuk(Xk)C1c+dk+1,t(Xk) 

under the assumptions : 

1. The density of the initial distribution µ0 is continuous along the trajec­
tories, and µ 0 is symmetric in the N particles, i. e. , invariant under 
any permutation of the variables (x 1, v1 ), .. . , (xN , VN ). 

2. µo has compact support in (Ri X Rt )N or decays sufficiently rapidly, 
e. g. exponentially in the position and velocity. 

4. 3. 1 Uniqueness Method 

We take two steps to show that the functions f1c ,t are actually a mild solution 
of the BBGKY-hierarchy. 

1. We show the uniqueness of the weak solution of the BBGKY-hierarchy 
in the sense of the previous section. 

2 . We show that the series solution given by (3.9), which is certainly a mild 
solution , is also a weak soluti on of the BBGKY-hierarchy. 

It is easy to verify that a mild solution of the BBGKY-hierarchy (3.3) 
is a solution of Equation ( 4.21 ). We can verify this by multipling the mild 
form of the k-th BBGKY-hierarchy equation (3.3) 

by a test function u1c(Ttk Xk) and integrating over f 1c. 

Theorem 4.1 Assume that th e density of th e initial distribution µ 0 is con­
tinuous along th e trajectori es. Th en th ere is at most one weak solution f1c ,t 
of th e BECKY-hierarchy (4.23} such that t i------, f1c ,t , for l ::; k ::; N - l, zs 
continuous for almost all xk E rk. 
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PROOF: In fact we just need to prove the uniqueness of fN - l,t, for the 
proofs are identical for k ::S N - l. Assume that there are two functions 

fN - 1,t, 9N- l,t such that 

! j dxN - 1uN- 1(xN- 1)fN- 1,t(xN- 1) 

J dxN - l (£N - l UN - l )(xN- l )fN- 1,t(xN- l) 

+ j dxN- 1uN- 1(xN- i )CNµt(xN- 1) 

!!_ J dxN- 1 (xN- 1) (XrN-l) dt UN- l 9N- 1,t 

J dxN- l (£N - 1UN- 1 )(xN- l )9N- 1,t(xN - l) 

+ j dxN- 1uN- 1(xN- l )CNµt(xN- i) 

and the initial condition 

f N- 1,t lt=O = 9N- 1,t lt=O = j µodxN - 1dvN- 1 

(4.24) 

( 4.25) 

Let hN- 1,t = fN - 1,t - 9N- 1,t, then hN- 1,t lt=O = 0 at a. e . xN- l E rN-1 · So 
we have to prove that 

IjdxN- 1 (xN -1 )h (xN- 1) dt - UN- 1 - N- 1,t • 

j dxN - i (£N - 1 uN- 1 )(X N -i )hN- 1,t(xN - i) 

hN - 1,t lt=O = 0 

( 4.26) 

has only the zero solution, where uN- i(XN - l) is the test function which 
satisfies the following conditions: 

1. UN- l is bounded and depends on the first N - l particles only. 

2. t 1-------t uN _1(Tt - 1xN- 1) is differentiable a. e .. 

3. f [uk(Tt - 1 xN- 1 )] is an essentially bounded function. 

Hence, if uN _1(XN - l) is a test function, then for all T E R 

(XN- 1) (TN - 1 vN - 1) UN- 1,T = UN - 1 - T J \. 

is a test function . In particular, we have 

!!_ J dxN- 1u (xN- l)h (xN-1) dt N- 1,T N - 1,t 

j dxN- 1(£N - 1 uN - 1,T )(xN- l )hN- 1,t(xN-i) ( 4.27) 
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By the definition of the generator associated with flow TtN - J, we have 

1
. UN-1 a+T(xN- l) - UN- 1 T(xN - l) 
]ffi I I 

._,o s 

u _ (TN - 1xN-1) _ u _ (xN - 1) 
1. N l ,T - • N 1,T 
1m 

. _,o s 

- (£N - 1UN- l,T )(xN- l) 

:r j dxN - 1uN - 1,T(xN- 1)hN- 1,t(xN- 1) 

- j dxN - 1(£N - 1uN- 1,T)(xN- 1)hN- 1,t(xN- 1) 

By Equations ( 4.27) ( 4.28), we obtain 

!__ J dxN- Ju _ (xN- l)h _ (xN- l) dt N 1,t N l ,t 

:t j dxN - 1uN-1 ,T(xN - 1)hN- 1,t(xN - 1) IT=t 

+ :T j dxN - 1uN- 1,T(xN - 1)hN- 1,t(xN- 1) IT=t 

J dX N- l(LN - 1 UN - 1,t)(X N - J )hN- 1,t( X N-l) 

- j dxN - 1(£N - 1uN - 1,t)(xN - i )hN - 1,t(xN- l) 

0 

By the initial condition hN- J,t lt=O = 0, we have 

Jd
rN - 1 (XN - l)h (XN - 1) - 0 

-'l UN- 1,t N- 1,t -

Therefore hN- 1,t = 0 for almost all (t,xN- l) ER X rN - 1· 

(4.28) 

( 4.29) 

Because t f-t hN- J,t(Tt - 1 xN-l) is continuous a. e. , it follows that 

f (TN- 1xN-1) _ (rN - 1xN- 1) N- 1,t t - 9N- 1,t t 

for almost all xN- l and all t. This contains that 

we can repeat the above argument to obtain 

The uniqueness method can be applied to the direct proof of that the joint 
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distribution functions fk ,t(TtkXk), l ~ k < N satisfy the BBGKY-hierarchy 
equation (3.3). We give an outline of the proof here. By the same method 
in the above proof, from Equation ( 4.20) we obtain: 

:t j dXkuk ,T(Xk)fk ,t(Xk) (4 .30) 

j dXk(£kuk ,T )(Xk)fk,t(Xk) + j dXkuk ,T(Xk)Ck+dk+1 ,t(Xk) 

By the definition of the generator associated with flow T(, we have 

( 4.31) 

By Equations ( 4.30) ( 4.31 ), we obtain 

:t j dXkuk ,t(Xk)fk ,1(Xk) = j dXkuk ,t(Xk)Ck+dk+1,t(Xk) ( 4.32) 

Because the flow Ttk preserves the Lebesgue measure on rk, from Equa­
tion ( 4 .32) we have 

(4 .33) 

Equation ( 4.33) is equivalent to Equation (3.3). 

4 .3.2 Why A Direct Derivation Is Difficult 

The techrucally most difficult part in the direct derivation of the hierarchy 
is to show that t f-? !k ,t (T(Xk) is differentiable with respect to time t for 
almost all Xk E rk for the sufficiently regular initial value µ 0 (XN) . If we 
can solve this problem, then we can obtain the BBGKY-hierarchy (3.3) 
directly from its weak version ( 4.21). We now explain why this is difficult 
to verify directly, even though it seems highly plausible. 

We impose one more condition on t he density of the initial distribution 
µ 0 (XN) as follows : 

3. µ 0(XN) has a bounded gradient °':JqNµ0(XN) off 8I'N and satisfies the 
boundary condition µ 0(Y*) = µ 0(Y) for Y E 8f N; here Y and y ~ are 
the pre- and post- collisional coordinates respectively, and qN is the 
position vector of the phase point XN = ( qN, vN). 
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But this conrution does not trivially imply that 

t ~ fk,t(Ttk xk) = j µt(Ttk xk, xN- k)dxN - k 
rN - k 

is rufferentiable. To explain this point more closely, we decompose t ~ 
µt(Ttk xk,xN- k) into two maps 

where 

If we can show that 

l. fJil> / fJt exists. 

2. For almost all xk E rk , there is a function g(xN-k) E £ 1(rN- k) such 
that 

then by the chain rule and the dominated convergence theorem ( see [4, 
Theorem (2.27)]), we can calculate 

Because of the condition 3, we only need to show that f}ip / fJt exists and is 
bounded by some function g(xN- k) E £ 1 (I'N - k) for almost all xk E rk. 

For simplicity, we only consider the case N = 2. Let 

X = (x ,v), Y = (y,w) , X 2 = (X, Y) = (x,v;y,w) and q 2 = (x,y), 

be the coordinates of the two part icles, the phase point and the position 
vector respectively. We have 

Suppose that T/ ( x, v) and (y, w) are such that the backward flow experi­
ences exactly one collision which is proper (i. e. not a grazing collision) in 
the time interval [O, t], then there is a time instant T such that 

y - T•w = x + (t - T)·v + d-n , (n, v-w) < 0 ( 4.34) 
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4>(t,XN) = (x + (t - T) ·(v-v'), v'; y - T·w - (t - T)·w', w') (4.35) 

where v' = v - n · (n, v - w), w' = v + n · (n, v - w) are the post-collisional 
velocities and n E S2 = { n I llnll = 1, n E R3

} is the collision parameter. 
Because llnll = 1, from Equation (4.34) we calculate 

11 X + t . V - y - T • ( V - w) 11
2 = d2 

11 V - w 11
2 

T 
2 

- 2 ( V - w' X + t . V - y) T + 11 X + t . V - y 11
2 

- d2 = 0 ( 4. 3 6) 

We want to determine T from Equation ( 4.36), which has at least one 
positive solution provided that t, y and w satisfy the following inequalities 

( v - w, x + t · v - y) > 0, ( m, x + t v - y) 2 
- 11 x + t v - y 11

2 + d2 ~ 0 

where m = (v - w)/ llv - wll -
We solve the quadratic equation ( 4.36) under the condition that the 

above inequalities are true, and obtain 

(m, x + tv - y) - j(m, x + tv - y)2 
- ll x + tv - Yll 2 + d2 

ll v - wll 
(m, x + tv - y) + j (m, x + tv - y)2 

- llx + tv - Yll 2 + d2 

llv - wll 

If l\ x + tv - Yll 2 = d2
, we obtain T = 0 from Equation ( 4.34) . Therefore 

the solution T 2 is not physically feasible and we delete it. 
For convenience, we define 

P(t,y,w) 

R(t, y , w) 

(m, X + iv - y) 

(m, x + tv - y)2 
- ll x + tv - y\\ 2 + d2 

Based on the above calculation, we determine T and n as follows 

T 

n 

(m, x + tv - y) - j (m, x + tv - y) 2 
- l\ x + tv - Yll 2 + d2 

llv - w\l 
P(t,y,w) - jR(t,y,w) 

\l v - wll 
y - x - t-v T·(v - w) 

d 

y - x - t-v + (P(t,y,w) - R(t,y,w)) ·m 

d 

( 4.37) 

( 4.38) 
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If the collision is proper (i.e. not grazing), then R(t,y,w) > 0. By Equa­
tion ( 4.37), we obtain 

ar 

at 

Q(t,y,w) 

jR(t,y,w)· 

Q(t,y,w) is a smooth function oft, y and wand defined ift, y and w 
are such that a collision happens at all. If ar / at were bounded, Equa­
tion ( 4.38) would enable us to calculate a bounded derivative an/ at, and 
by Equation ( 4.35) we could calculate the bounded derivative ail>/ at. Fi­
nally, we would have 

Unfortunately, ar / at is not bounded as the proper collision becomes the 
grazing collision. The condition for a grazing collision is 

y - r·w =x+ (t - r)-v + d-n, (n, v - w) = O 

and from these equations, we obtain 

(x + t · v - y, m) 
(x + t · v - y, v - w ) = ll v - w ll 2 

• T and T = -----­
ll v - w ll 

which is equivalent to 

R(t,y,w) = (m,x + iv - y)2 
- ll x + iv - Yll 2 + d2 = 0 

For any fixed X , assume that Y0 = (y0 , w 0 ) E f 1 is a phase point which 
leads to a grazing collision, i. e. R(t, y0 , w 0 ) = O; therefore, as Y -t Y0 , a 
proper collision becomes the grazing collision, and 

ar Q(t,y, w) 

at jR(t, Y, w) 

becomes singular. 
There is an easy way out of this dilemma, we could just set µ 0 = 0 on 

a small neighbourhood of the phase points (y , w) which lead to the grazing 
collisions, then '7q2µ 0 would vanish near the singularity. However, this is 
not satisfactory for physical reasons. 

Based on the above discussion, we can conclude that the hardest prob­
lem in the direct derivation of the BBG KY-hierarchy is to prove that the 
function ail> / at , which is defined by 
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is integrable about dXN - k on rN- k, as the proper collision becomes the 
grazing collision . Therefore if we assume the integrability of 8<I> / 8t, we can 
calculate the derivative 

d k r k { 8<I> N - k 
dtfk ,t(Tt X ) = Jr (\/ qNµo, at )dX 

fN - k 

and finish the direct derivation of the hierarchy as follows . 

Theorem 4.2 Assume that the integral 

r !!:__ (Tk xk xN- k)dxN- k Jr di µt t ' 
fN - k 

exists , then th e time evolv ed joint distribution function t 1------t h,t(Ttk Xk) 
satisfies the BBGKY-hierarchy (3.3) under the assumptions 1, 2, 3 (see 
pag es 20 and 23 ). 

PROOF: In Section 4.2, we proved that fk,t(T/ Xk) satisfies the weak ver­
sion BBGKY-hierarchy 

!!:__ j dXku (TkXk)f (Tk Xk) dt k t k,t t (4.39) 

j dXk :t [uk(T/ Xk) ]fk ,t(T/ Xk) + j dXkuk(T/ Xk)(Ck+dk+1 ,t)(T/Xk) 

By the assumption, the left side of Equation ( 4.39) can be reduced to 

:t j dXkuk(Ttk Xk)fk ,t(Ttk Xk) ( 4.40) 

j dXk :t [uk(Ttk Xk)lfk ,t(Ttk Xk) + j dXkuk(T/ Xk) ! [fk ,t(Ttk Xk) ] 

by exchanging the differentiation and integration. By Equations ( 4.39) and 
( 4.40) we obtain the following equation: 

j dXkuk(Tt"Kk) ! [h,t(TtkXk) ] = j dXkuk(Ttk Xk)( Ck+ifk+1 ,t)(Tt"Kk) 

Because the test function uk(Ttk Xk) is arbitrary, it follows that 

:t fk,t(TtkXk) = ( Ck+ ifk+1,t)(Ttk Xk) 

this is the BBGKY-hierarchy. 

Q. E . D. 

The result in thi s thesis together with those in [6,8] gives a rigorous 
proof of the complete transition from Liouville equation to the BBGKY­
hierarchy to the Boltzmann equation. But the results are restricted to the 
Cauchy problem in R3

, and do not apply in the more relevant context of 
bounded domains. This is a technical difficulty. 
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