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Abstract

We study the time evolution of a system of N identical hard spheres in R®
and present a derivation of the BBGK Y-hierarchy for the joint distributions
of k spheres (k = 1,...,N). Previous derivations tacitly assumed that
the unknowns had enough regularities for the lower-dimensional integrals
appearing in the hierarchy to make sense. A rigorous argument due to
Illner & Pulvirenti [7] shows that if the initial measure in phase space is
continuous along trajectories and has a suitable decay at space infinity,
then a weak version of the BBGKY-hierarchy holds. Here a rigorous proof
of the uniqueness of the solution of the weak form is given for a sufficiently
regular initial value. The uniqueness leads to the equivalence of the weak
and mild versions of the hierarchy.
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Introduction

It is generally believed that in certain limit situations the dynamics of a gas
of particles can be described by the Boltzmann Equation. One of the basic
problems of kinetic theory is a rigorous proof of the validity of the equation,
assuming the laws of classical mechanics as a starting point. The difficulty
and appeal of this problem arise from the possibility of linking two evolu-
tions with basically different natures: Newtonian dynamics, deterministic
and reversible, and Boltzmann dynamics, stochastic and irreversible.

The Liouville equation is a linear, homogeneous, first-order partial dif-
ferential equation which describes the time evolution of the N particle dis-
tribution function for the N hard sphere dynamics and is a consequence
of the law of classical mechanics; the Boltzmann Equation is an integro-
differential equation which describes the time evolution of the single particle
distribution for the same dynamics. It therefore is highly desirable to derive
the Boltzmann Equation from the Liouwille Equation, that is to derive it
from completely deterministic particle dynamics so that the only random-
ness introduced into the derivation comes through the initial randomness of
the particle configuration in phase space. Through arguments (though not
of mathematical rigor) based on the careful analysis of the Liouville equa-
tion, first we can get a chain of equations to be satisfied by the k particle
correlation functions, which are called the BBGKY-hierarchy equations and
were introduced in a general setting through works published around 1946
by Bogoliubov, Born & Green, Kirkwood, and Yvon. Subsequently, the
Boltzmann equation can be reduced formally from the BBGKY-hierarchy
equation for the single particle correlation function in the Boltzmann-Grad
limit (see [5]).

The BBGKY-hierarchy for the hard sphere dynamics was brought into
an explicit and exact formulation by Cercignani [2] in 1972. The first rigor-
ous result on validity of the Boltzmann equation was obtained by Lanford
9] in 1974. He showed, for the same dynamics, that a series expansion of
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the single particle correlation function derived from the BBGKY-hierarchy,
approaches, in the Grad limit, the expansion corresponding to the Boltz-
mann equation for a short time (on the order of magnitude of a fraction
of the mean free time between collision). His proof begins with a strong
form of the BBGKY-hierarchy for finitely many identical hard spheres, and
he gave only an outline of his argument and did not rigorously derive the
BBGKY-hierarchy. This is the gap in Lanford’s proof, because there is a
problem with the formal derivation of the hierarchy (see [2]) since the hard
sphere dynamics are only defined almost everywhere and the collision inte-
gral is over a set of Lebesgue measure zero. This was pointed out by Spohn
in his notes [11], where he discussed a more complicated version. By follow-
ing the general strategy proposed in [9] by Lanford, Illner and Pulvirenti
[6,8] consider the same system and prove the validity of the Boltzmann
equation for all times in the case of a gas allowed to expand into a vacuum
and for large enough mean free paths. Furthermore, they gave an outline
of a rigorous derivation of the BBGKY-hierarchy in the appendix of [6].
The details of the derivation were provided in [7], but the crucial fact is
that the result was only a weak version of the BBGKY-hierarchy. So the
gap revealed in Lanford’s argument is still not quite closed. Results con-
cerning the validity of the Boltzmann Equation and BBGKY-hierarchy for
a model problem have been proved by Uchiyama [12], but the proofs are
very technical, and longer and more complicated than those of Illner and
Pulvirenti.

The primary purpose of this thesis is to give a complete and coher-
ent exposition of the Illner-Pulvirenti derivation of the BBGKY-hierarchy,
and the derivation of the mild version of the hierarchy under the following
hypothesis on the density of the initial distribution function po(X%"):

1. po(XYN) is symmetric about the particles and continuous along the
trajectories.

3
z

2. po(X"™) has compact support in (B3 x R3)V or decays sufficiently

rapidly.

In §2, we introduce the dynamics and fundamental properties of the hard
sphere system in R®. In particular, we show that the flow defined by this
dynamics preserves the Lebesgue measure in the phase space. We also
mention that the set of configurations which eventually lead to a triple
or higher order collisions is Lebesgue null. The BBGKY-hierarchy and its

series solution are introduced in §3, and we show that the joint time evolved
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distribution ¢ — fi (TFX*) defined by

frd TEX*) = [ po(TN(TEXR, X)) dx N+
N-—k

is continuous about ¢ and continuous along the k— trajectories. Also we
show that if the density of the initial distribution satisfies the above hy-
pothesis, then the series expansion makes sense. In §4, we give the Illner-
Pulvirenti derivation of the weak version of the BBGKY-hierarchy. To
establish the mild version of the BBGKY-hierarchy from its weak version,
we first show that the series expansion satisfies the weak version of the
hierarchy, and then we establish a uniqueness theorem for weak solutions
of the hierarchy. It follows that the series expansion and the weak solution
are equal. We also discuss the difficulty of the direct derivation of the mild
version.



The Dynamics of the Hard Sphere System

Consider the time evolution of a system of N identical hard spheres with
diameter d > 0 in the space R®. A particle (z,v), whose center z € R®
represents the position of the particle, will move with constant velocity
v until it collides with another particle. All collisions are assumed to be
elastic.

To produce a rigorous definition of the flow we introduce the following

notation
I = {X eR™ | |le; - all 2 d,Vi #j,X = (21,22,...,28)}
I'y = {X|X = (zs,v)N,,z; and v; € R®,||e; — z;]| > d,V i # j}
o'y = {X eTly|| & — ;|| =d, for some pair ,7}

Where I'*" denotes the part of R*" which is admissible for position vectors
if the particles are not allowed to overlap each other, 9'y the set of all phase
points such that at least two particles touch each other, I'y = I'*N x RV,
(||z|| denotes the Euclidean length of 2 € R®, the symbol (a,b) will be used
to denote the Euclidean scalar product in either R® or R*N.)

Therefore, the system state is explicitly described by the phase point

XN =(q",V)eI*N xR
where
q = (B15 %05+ 5EN) E N and V = (v1,v2,...,UN) € RN

are the vectors respresenting the positions and the velocities of the N par-
ticles respectively.

We may confine our attention to pair collisions, because phase points
X leading to triple or higher multiple collisions or grazing collisions form
a set of Lebesgue measure zero in I'y [1,10,12], and the dynamics of the
particle system are in general not well defined past such collisions. Initial
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configurations, X", not leading to multiple or grazing collisions will be
called admissible. In order to keep the notation simple, we use I'y to
denote the admissible phase space and I', the admissible phase space for
the k particle system.

Now consider a pair collision between two particles. Let (z;,v;) and
(z;,v;) be positions and pre- collisional velocities of two different parti-
cles, then (z;,v;,z;,v;) is a pre-collisional configuration if and only if the
positions and velocities of the two particles satisfy the following conditions:

z;,=z;+d-n, (n,v;—v;) >0, ne S ={n]|n|=1necR} (21)
After the collision, the particles fly apart immediately with velocities:
v =v; —n-{(n,v; —v;), v;=v;+n-(n,v—v; (2.2)
Momentum and energy are conserved in the collision:
v; +v; = v; + v}, v? + sz- =2 + vf (2.3)

All the collisions we consider have the above properties. Generally, we use
the X~ to denote the post- (pre-) collisional configuration if the pre- (post-)
collisional configuration is X.

Now we can define the N-particle flow, TN, formally. First, we define
T? as the flow of N particle free motion, i. e.

(@™, V) = (a" +1tV, V)

Let a(X) be the first time after time zero for which the free motion starting
at X arrives at OI'y, and B(X) be the last time before time zero for which
the free motion starting at X passed through a collision, i. e.

a(X) = inf{t >0]| T’X € 6Ty} (2.4)
B(X) = sup{t <0| T'X € 0I'y} (2.5)

We define the flow by
1 X elny\OT, TVNX =T?X for 0 <t < o(X).

2 f X € dT'y and X is in the out-going collision configuration then TV X =
X" and TNX = T?X for 0 < t < a(X).

3 If X € 'y and X is in the in-going collision configuration T)) X = X
and TVX = T)X" for 0 < t < a(X").
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In the succeeding steps, repeat the same procedure. Because the system is
time-reversible, we can define the flow for ¢t < 0 by using 3(X).
One fundamental result concerning the flow T}V is the following [12]:

Theorem 2.1 For the dynamics of the hard spheres moving in R3, the flow
TN defined above preserves the Lebesgue measure m(-) on I'y, . e. for any

f € L(Ty)
N v 7o > r
L (TN X)X = [ 10ax

'n

or for any Borel set A C T'y
m(TN,A) = m(A) if m(4) < oo

PROOF: Let t > 0 and FE; denote the set of configurations X € I'y such
that the flow starting from X at least once experiences a collision in the
time interval [0,¢). Without loss of generality, let the first collision particles
be (z;,v;) and (z;,v;). By introducing the parameter s which stands for
the time of the first collision, we see

Et = {XEFNlﬂls’L,]SN, z:]-:mi+s-(vi—vj)+d-n,
and (n,v; — v;) > 0 for some 0 < s < t and n € §°}

The velocities after the collision are given by (2.2)
v; = v —n-{n,v—v;), v;=v;+n-(n,v;—v;)

For each fixed n, the mapping A,, : (v;,v;) + (v}, v;) is a linear transforma-
tion of R® with |det A,,| = 1 and A_! = 4, the proof for those statements
can be found in [3, pages 15-17]. So that A4, preserves the volume dv;dv;.

Hence for any bounded measurable function f € L*(I'y),

/ F(T¥X)dX = / F(X)dX (2.6)
Et E_g

Here E_,; is defined in the same way as E; but for the time-reversed flow.
Since

TtO(FN \ Et) =TIy \ E_,
Equation (2.6) yields

‘/I:N F(TN X)dX :/I: f(T,OX)quL/;E! FTNX)dX :/I" (X)X

~N\E; N

Q. E. D.



The BBGKY-hierarchy and its Series Solution

C. Cercignani first gave a rigorous formulation of the BBGKY-hierarchy
for the hard sphere dynamics in [2]. The BBGKY-hierarchy, which was
introduced in a general setting through works published around 1946 by
Bogoliubov,Born & Green, Kirkwood, and Yvon, is a chain of equations to
be satisfied by a sequence of correlation functions.

Let po(X) be the density of an absolutely continuous probability mea-
sure on I'y; because all the particles are indistinguishable, po(X?) is sym-
metric about the particles. For a Borel set 4 C I'y,

oty ax
A

is the probability that the state of the system at time 0 is in A.
The joint distribution densities f, = fi (21, Z2,...,Zk,v1,02,...,0k) at
time 0, dependent only on the first k particles, are defined by:

Fal®15 8oy 555 5 B Vys Pagons y B) = / po(X)dXNF fork < N (3.1)
| 5 VY

and they are also symmetric about the particles.
Since T}N preserves Lebesgue measure on I'y,

,th(X) = .U‘O(Tith)

is the time evolved probability density. Generally, u, (X)) is not continuous
in X (nor in t) even if po(X) is continuous, because of the interaction
between the particles. However, we shall need some continuity property of
#:(X) in the following discussion. What we impose on p, is the continuity
along the trajectory.

We comment on the assumption that po be continuous along trajecto-
ries. Obviously, this assumption is only serious at collision points, and it is
clearly enough to consider just two particles (we exclude multiple collisions).
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Let the pre-collisional coordinates and the post-collisional coordinates at a
collision point be given by

(zo,u,z0 + d-n,v) and (zo,u’,zo + d - n,v’).

Here n, v’ and v’ satisfy Equations (2.1) (2.2); then the continuity of p,
along the trajectories implies that

po (o, u,zo + d - n,v) = po (zo,u', o + d - n,v').

Note that this does not imply that p, be equal to an equilibrium density (or
even depend only on collision invariants) at the collision point, because u'
and v’ are given in terms of u, v and n. The class of g, which are continuous
along trajectories is certainly dense in L} (T'y).

Let fi, be the associated joint distribution density:

fud X9 = [ (X N)ax "k (3.2)

The present thesis aims at rigorously proving that f, satisfy the BBGKY-
hierarchy equations in mild form,

d
= [Fea(TEX®)]) = Crpa frsr  TEXF) (3-3)
Here,
Xk = (z1,22,..., 501,02, .., 0k)
fre=0i k>N, fn:= s (3.4)
k
Ck+1fk+](m1, ooy LpyVyyen. ,vk) — Z(N 2 k?)d2 2 (3.5)
3=1

dn dvgi1(n,v; — Vkt1) - fes1(1y- oy Thy @ + nd; V1, . oy Vi, Vi)
s2 R?

S? is the unit sphere in R®, elements of S? are denoted by n.
Formally, from Equations ( 3.3) ( 3.5), we have

g = S(t)fk + /: drS(t — T)Ck+1fk+1,-r (3.6)

where S(t)fi(21y-.- @k v15--250) = fulT*(2z1,...,Z4sv1,...,v;)) From
Equation (3.6), we obtain

S(-t)fue = i+ [ drS(=r)Chin fusas (3.7)
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Substituting fxy1 ¢ by

t
Fusin = B0 /0 dt:5(t — 7)Crsafrsar

into Equation (3.7), we get
t
S(-t)fex = fe+ /(; d7S(—11)Cr+15(11) fre4a (3.8)

t t
+ /0 dt]/(; dt2s(_t1)0k+ls(tl = tz)(Ck+2fk+2,t2)
Therefore, we can get the formal series solution of BBGKY-hierarchy
S(=t)fue = fe + (3.9)

N—-k ¢ & s
,{2/0‘“1/0 ‘“2"'/0 dtS(—11)Chir S(ts — 12) - - S(tn) fisn

by substituting Equation (3.7) successively into itself. For Equation (3.9),
the right hand side defines the left hand side.

The BBGKY-hierarchy (3.3) and its series solution (3.9) were usually
established for particles interacting via smooth potentials. From a rigorous
point of view the meaning of Equations (3.3) (3.9) is not completely clear,
because the flow T}¥ is only almost everywhere defined (e. g. the flow is
not defined for the phase points which lead to triple or higher multiple
collisions), and therefore p;(X”?) is only almost everywhere defined, even
if po(X™) has some kind of continuity. We have to show that the collision
operator Cryifrs1(TFXF¥) in Equation (3.5), which involves an integral
over a set of measure zero in I'441, is defined for almost all X* € T'y and
for all t € R such that the right hand side of Equation (3.9) makes sense.
In order to solve our problem we prove the following lemma first.

Lemma 3.1 Fiz k < N and let
}-if(f) - { X € FNB 1 € {]72a"'k}a je {k+1’k+27vN}
such that ||z; — z;|| = d, (z; — zj,v; —v;) >0 (< 0)}

be the set of all phase points in T'y which display an out-going (in-going)
collision between particle 1 and particle j. Furthermore, we put

kN
= +(-) . =
FHi=] L] F37, F=FtUF
1i=1 j=k+1
then G = {(t,X") € R x Ty | (TFX*,XN-*%) ¢ F} is an open subset
of R x 'y and the map: (t,X") s (TN Xk, X¥*) from G into Ty is

continuous.
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PROOF: Let (t,z) c Rx 'y and t > 0, T,z = (T*X*, X¥-F). The flow
T, starting at  experiences at most a finite number of collisions between
the first k particles and the other N — k particles in the interval [0, ¢], all of
which must be pairwise and proper (i. e. , not grazing, and we will discuss
the grazing collision in § 4.3.2). Therefore we can choose a finite sequence

0=ty <ty <...<t, =tsuch that there is at most one collision between
t;and t;;; and T,z ¢ F,2=1,2,...,m. The map T, _, is continuous at
T;xz fori = 1,2,...,m and the map (s,y) — T}, 4,y is continuous at (0,z)

These together with the semigroup property of T;,f > 0 implies that the
map (7,y) — T,y is continuous at (¢,z). One can similarly proceed in case
when ¢ < 0. In particular G is open. Q. E. D.

Theorem 3.1 Assume the density of the initial distribution po has com-
pact support in (R2 x R®)N or decays sufficiently rapidly, then the function
t — fei(TEX*) is continuous for almost every X* € T.

PROOF: The associate k—th joint distribution function t — fi (T} X*) is
defined by

flc,t(Tgkl‘Yk) = / ,ut(Ttk.Xk,.XN’k)dXN—k

Cn_&

By the definition of the continuity, we consider the difference

Trpvs — Jrs (3.10)
_ / teso(TE, X*, XN-k)g X Nk _ / po(TE X, XN-*)gx N
Cn_& Fn_&
as s = 0

The flow TN ~F preserves Lebesgue measure on I'y_j, therefore we can
substitute TN =% XN~k for XN-* in the first integral of the right hand side
of Equation (3.10) and get

fk,t+s - fk,t'
= | Dol TR g Tt S
Split I'y_, into two disjoint sets A; and A,

A = {XNM* ey i | (TFX*, XV %) is not a k — interacting state }
By = Figail

Therefore, we have
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fk,t+a =i fk,t
= [ lhesoTH X TN HXNR) = i (TEXH, XV N
+A [ﬂt-H(Ttﬁan’TaN_kXN_k) - :u'ﬂ(Ttk‘Xk,XN_k)]dXN_k
2
= Il + Iz

We study I; and I, respectively. First, for A,, the set of phase points X~ %
in I'y_x such that (TFX* XV*) is a k—interacting state, because pq is
continuous along the trajectories,

lim ey o (TE, X5, TN R XV F) = oy (TEXF, XNH). (3.11)

By Equation (3.11) and the condition that po decays sufficiently rapidly,
an application of the Lebesgue dominated convergence theorem (see |4,

Theorem (2.24)]) shows that

hm [M'F"(T'tﬁ'a‘Xk’TaN_kXN_k) - #t(nkxkaXN_k)]dXN_k = O

s—0Jp,

Then for I, if the phase point (T X*  X¥-*) is not a k—interacting state,
by Lemma (3.1), 3 so > 0 sufficiently small such that if |s| < sp, then
(Tk  X*, TN-kXN-k)is not a k—interacting state. Therefore for XV F ¢ A,
and |s| < sg,

T(TH X8 THRXR)  (TRXA, XN
and ey o(T X5, TN RXNk) = py(TFX* XNH),
Therefore I, = 0 as |s| < so. Based on the above analysis, we have

lim ’fk,t-n - fk,z| = ()
s—0

1.e.t— fkyt(Tthk) is continuous of all 1 € R for almost all X* € T.

Q. E. D.

Corollary 3.1 The formal sum

N-k .4 t th—1
fi+ Z/O dtl/o dtz.../o Bt S~ Y1 Sty — Ba) s S ) fiss
n=1

makes sense if the conlinuity assumption on po is satisfied.



3. THE BBGKY-HIERARCHY AND ITS SERIES SOLUTION 12

PROOF: We just prove it fork = N —1 and k = N — 2, because the proofs
for k < N — 3 are identical with the case k = N — 2. For k = N — 1 the

formal series has the following form

S(—t)fn-1e = fvo1 + /Ot drS(—7)CN fn +

where S(2)fn(X") = uo(TNXYN), fr = [ podX"~*. Because of the conti-
nuity along the trajectories of pg, t — po(T¥ X %) is continuous for all t € R
and X" ¢ Ty, then

N-1
CNfN;,-(.’E],...,$N_1,'U1,...,’UN,]) = Z d2 .

j:

/;2 dn/m dvy(n,v; —vN) - fn-(21,.. . 2N_1,2; + nd;vy,...,N_1,VN)

makes sense. So does the formal series (3.9) for k=N — 1. For k=N — 2

the series is equivalent to the sequence of equations

S(—t)fn-1: = fn-a +/d7‘5(—7)CNfN,T

S5(-t)fN-2:= fn-2 +/d7’5(—7)CNA1fN,1,T

By Theorem (3.1), t + fy_1. is continuous of all ¢ € R for all N g
OI'y_1, hence Cy 1 n_ofn_1, makes sense. So does the formal series for

k = N — 2 by induction. Q. E. D.
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The Derivation of the BBGKY-hierarchy

A derivation of the BBGKY-hierarchy can, e. g. , be found in [2], but
the discussion there is largely formal. In particular, because the flow T}V
is only defined a. e. with respect to the Liouville measure, it is not clear
whether the lower-dimensional integration in (3.5) makes sense. This point
was disregarded in [2]. Spohn [11] has given a rigorous derivation, but it
is very intricate. Here, we follow the Illner-Pulvirenti derivation [7], known
as special flow representation, and first obtain a weak version of equation
(3.3). In § 4.3, we show that the k particle distribution functions f . satisfy
the BBGKY-hierarchy (3.3).

4.1 The Special Flow Representation

To obtain the special flow representation, fix k < N,fori € {1,2,---,k} and
je{k+1,---,N}, let

fi;(‘) ={X € I'y|3, 3, ||lz: — z;|| = d, (z: — zj,v: —v;) > 0(<0)} (4.1)

be the set of all phase points in I'y which display an out-going (in-going)
collision between particle 7 and particle j. Furthermore, we define

kN
=) +(-) - .
Fl = |} U] 5O F=FruF
i=1 5=k+1
oY) = inf{t>0|TNY € F'}, r(Y)=sup{t <0 | TNY € F}
Elements of F* will be referred to as out-going k—interacting states, ele-

ments of 7~ will be referred to as in-going k—interacting states.
Next we split I'y into two disjoint sets I'* and I', we define that

IF°={X=(X*X"") ey | X* e TW, XV * e Ty_s,
TNX = (TEX", TN X%} for all t € ({—o0,00)}
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is the set of all phase points which never pass through a k—interacting
state, and

T=Ty\Ir* (4.2)

1s the set of the phase points that do pass through k—interacting states.

The special flow representation is a representation of I'. To this end, we
split 7' into the following disjoint subsets, characterized by the properties
of the flow:

Fo @ all k—interacting states Y from F* for which TNY ¢ F* for all
t > 0, and TNY ¢ F~ for all t > 0, this means o(Y) = oo,
7(Y) = —o0.

Fi' : all k—interacting states Y from F* for which TNY ¢ F* forall t > 0,
but T¥Y € F~ for some s > 0, this means o(Y) < oo, 7(Y) = —oc.

Fy : all k—interacting states Y from F* for which T%Y € F* for some
t > 0, and for which TVY ¢ F~ for some s > 0, this means o(Y) <
oo, 7(Y)> —o0.

F4 : all k— interacting states Y from F* for which TVY ¢ F~ forall s > 0,
but TVY € F* for some ¢ > 0. this means o(Y) = oo, 7(Y) > —o0.

This decomposition of F* defines a natural decomposition of T'. Let

Ty = {XeT |X =T Yfor some Y € F;and some t € (—o00,00)}
I, = {XeT'|X =T Yforsome Y € Fand t € (—o0,0(Y)}

I, = {XeT|X=T"Yfor some Y € Fand t € (0,0(Y)}

I3 = {XeT|X =T Yfor some Y ¢ Fiand t € (0,00)}

The natural mapping:

¢ : [Fod xRIU{(Y,s)|Y € Ff,t € (—o0,0(Y))}
U {(Y,s)|Y € F,t € (0,0(Y))}U[FS x (0,00)]
— T (4.3)

defined by ¢(Y,s) = TNY is one-to-one and bimeasurable. For the sequel,
we find it is convenient to extend ¢ to F© x R by setting

e(Y,s) =TNY (4.4)




4. THE DERIVATION OF THE BBGKY-HIERARCHY 15

This extension is, of course, not one-to-one. For a function f € Ll(f‘), we
have

f(X)dX

z

Me
oy

fronax -

~
Je T

I
5

() [ aspevis)  (a5)

! Ye

£=0

where:

Yo=71=-00, 12=73=0
oo(Y)=01(Y) =00, 03(Y)=03(Y) =0(Y)

and dk* denotes the following measure on F*:

k N
det(Y)=dX*) Y dzpyr...dzjideyg...dey

1=1 j=k+1
dvkﬂ ‘e d'UNdyi 3 (nij, v; — ’U,;) (46)

Here, dX* is the Lebesgue measure on Iy, dy; stands for the Lebesgue
measure on the sphere with radius d and center z; and n;; = H—:j—:—::—n

These statements are consequences of the transformation theorem for
integrals, and the calculations involved are a little lengthy but straightfor-
ward. In [7], the result concerning 3 particles and k = 2 was given and was
found to be consistent with (4.6). (4.6) defines a measure on . The right
hand side also defines a negative measure on F~, denoted by dx™.

F~ can be split in complete analogy to F'. In fact, {(Y,0-) | Y € F; }
corresponds bijectively to the set of all the in-going k interactions such
that {TNY | t € R} contains one such interaction. {(Y,o(Y)-) | Y €
F,} corresponds bijectively to the in-going k interactions which have seen
exactly one k interaction before, {(Y,0—) | Y € F;'} corresponds to those
which are first k interactions but not last ones, {(Y,o(Y)—) | Y € F,}is
simply the rest, i. e. those who have seen at least two k interactions in the
past.

4.2 The Weak Version of the Hierarchy

In the previous chapter we have assumed that the initial probability den-
sity po is continuous along trajectories and ordinary continuous at al-
most all X € Iy, in particular, with p,(X) = po(T%X) we want t
p:(X) to be continuous for almost all X. Then we choose a test function
ug(zy,...,2k,0v1,...,v;) which satifies the following conditions:



4. THE DERIVATION OF THE BBGKY-HIERARCHY 16

1. u, is bounded and depends on the first k particles only.
2. t > ux(TFX*) is differentiable a. e. .
3. 4[ux(T}X*)] is an essentially bounded function.

In order to make sure that all the integrals in the subsequent calculation will
exist, we will assume either that p, has compact support in (R2 x R3)¥ or
decays sufficiently rapidly (e. g. , exponentially in the position and velocity
variables). Because energy and momentum are conserved in every collision,
we will have compact support (or rapid decay) also at any later time.

Now we finally begin the derivation of the BBGKY-hierarchy. By Equa-
tion (4.5),

dt/”k (X)e(X)dX = diZ/ B(X)dX 2in
= G a0 [ dse Dl 07,0

= %{;} /}_; dn+(y)/:AY)dsuk(tp(y,s))ﬂo(SO(Y,S — 1)

The substitution 7 : = s — t leads to

%{ZZZO/E+ d,;+()«f)/”’_‘(y)"druk( (Y, 7+ Oo(p(Y, 7))} (48)

Yo

where we have used the fact that the total domain of integration is flow-
invariant. The assumptions on u; allow differentiation in the usual way, as
is easily checked, but the discontinuity of ¢ +— ux(T,NX) at k interacting
states requires the splitting of the time integrals associated with £ = 0, 1.
We obtain the following four equations:

(1)

dili/}_4 s (Y) {/;: ¥ /j} druk(e(Y, 7 + 1)) po(e(Y, 7))

= / dit (V) (9 (Y, +0)) — we( (Y, 0-))e(ip(Y, 0))

b fa {4 [T ar gutetvir + ey m)

(4.9)
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(IL.)

[ a0 ,{/ L[ }d oY, + )pol (Y, 7))
. /f et (Y {/ +/U’ }T—uk (Y, 7 +t))po(p(Y, 7))

b [ et ) s, 04)) — wale(¥,0-)} - wu( (¥, 0))

e L+ dfi+(Y)’lLk i ,Ut((P(Y, 0’1(Y)—) (4_10)

E‘:}D~

(11L.)
n a (1) [ drus(oVm + D)ol (7))
= [ a0 oY, oY) DtV )
b at (usl (Y. 01 )l (Y:0) (4.11)
o [ ) [T (v 4 )ale(Yo7))
(IV.)
i 00 [ drue(v + O)ua(e(,7)
= [ AT (V.04 )l (Y, 0)) (4.12)
+ / dic* / deuk (¥, + 1))po((Y, 7))}

We collect and discuss all the boundary terms. By Liouville’s theorem, we
get

- /ﬂ dre (Y Juy - p(p(Y,0-))
de’ (Y )ug - (e (Y, 01(Y) =)
de™ (Y Juk - pe(p(Y,0-))
de’t (Y )ug - p(p(Y,05(Y ) )

ds (Y g - p(ip(Y,0-)) (4.13)
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Here, we have used that 7~ can be split in complete analogy to F*.
Similarly, the other boundary terms add up to

[ et (- (o (Y,04)) (4.14)

and by (4.6) and dk™, the expressions (4.13) and (4.14) add up to

k N
/dX"uk(X")Z S dzpys...dzjoydzy ... dey (4.15)
T

i=1 j=k+1

dyj(nij, v; — vi)dvk_H .o .d’UN ,u,t(.’l,'l ceej 1 Y; Tjyq ... TN,Vp . .’UN)

By the continuous property of uo along the trajectories, p; is dk* (dk™) a.
e. defined in F*(F ). In the last chapter, we have in particular proved (see
Theorem 3.1) that the joint distribution ¢ + fr.1(TFX*)is continuous for
almost all X* ¢ I', and t Ferre(®1s @2y oo sy T + d - My 01,02y 0 00 5 Vky)
is defined for almost all X* ¢ T',

Because po(z1,22,...,2N;v1,02,...,vN) 1s symmetric about the parti-
cles, we can rewrite Equation (4.15) as

k
SN - k)/ B ] T Vil g .o B Bl G
F

i=1

'dyk+1<ni.k+1avk+1 = vi),ut(mly s Ty Ykt Lht2y oo - s NI ULy - e e 7UN)
k

= Z(N - k)dzdekuk(Xk)/ dn/3 dvgyq (N, Ve — v;)
S2 R

i=1
Sz, Th T+ donjvn, . Uk, k)

/dxkuk(xk)(cH1f,c+],t)(x‘c) (4.16)

The operator Cy,, is the collision operator given by (3.5).
The remaining terms in the identities (4.9) (4.10)(4.11) (4.12) add up
to

ol oY) d
de* (Y dr—|ur(o(Y, 7)) (Y, T 4.17
[t @) [T eV ule(ir) (1)

Ye

We set p
= f(p(Y,7)] = 0

at the discontinuity points of 7 +— uk(p(Y,7)) and L4 as the generator
associated with the flow T and defined by

(Coug) (X*) = i 2 IEXE) — el X5)

t—0 t
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Hence (4.17) is equal to

[aX (Laun)(X) - e X) (4.18)
Summarizing, we have the following equations:
d
= / dX Fup(X*) foa(X5) (4.19)
d -N N N d N N N
= B X . L T ax X X
0 o X (X (X )+dt/FdX ur( XM (XY)
d

= XX TN (V) 4 2 [ aX (X (X )
We have used that I'™ is invariant under T}¥ and for X € I i. e

T,NX s (T:‘X", TtN—kXN—k)
Therefore, we have

L aXu(TEXo(X) = [ X S (T o X)
= / X (L) (X el X)
From (4.16), (4.18) and (4.19) we have
= / dX *up (X %) f (X F) (4.20)
[ XM (Lrur)(X*) e X*) + [ dXFun(X*) O faso(XF)
An equivalent formulation is
j/kauk(T'“Xk)fk,t(Tthk)
/ AX =2 un(TEX ") fud( TEXF) (4.21)
v f dxkuk (T XN Fins N TES)

and this is exactly what one obtains by multiplying the mild form of the
k-th hierarchy equation (3.3)

Z s TEXH)] = (Cutn firn HTLX¥) (122)

by the test function ux(TFX*) and integrating.
We have therefore shown that the k— particle distribution functions
satisfy the BBGKY-hierarchy equations in the weak form (4.20) or (4.21).



4. THE DERIVATION OF THE BBGKY-HIERARCHY 20

4.3 Uniqueness, The Mild Version of the Hierarchy

In Section 4.2 we proved that the joint distribution functions fr, 1 < k <
N satisfy the weak version of the BBGKY-hierarchy

%/d‘xkuk(xk)fk,,(xk) (4.23)

- /ka(Ekuk)(Xk)fk,:(Xk) +/kaUk(Xk)Ck+1fk+1,t(Xk)

under the assumptions :

1. The density of the initial distribution pg is continuous along the trajec-
tories, and po is symmetric in the N particles, i. e. , invariant under
any permutation of the variables (z,,v,),...,(zn,vN).

2. po has compact support in (R% x R} )N or decays sufficiently rapidly,
e. g. exponentially in the position and velocity.

4.3.1 Uniqueness Method

We take two steps to show that the functions fi; are actually a mild solution

of the BBGKY-hierarchy.

1. We show the uniqueness of the weak solution of the BBGKY-hierarchy
in the sense of the previous section.

2. We show that the series solution given by (3.9), which is certainly a mild
solution, is also a weak solution of the BBGKY-hierarchy.

It is easy to verify that a mild solution of the BBGKY-hierarchy (3.3)
is a solution of Equation (4.21). We can verify this by multipling the mild
form of the k-th BBGKY-hierarchy equation (3.3)

d . :
dt [fk,t(TtkAk)] = Ck+1fk+l,t(T¢kAk)

by a test function ux(TFX*) and integrating over I';.

Theorem 4.1 Assume that the density of the initial distribution po ts con-
tinuous along the trajectories. Then there is at most one weak solution fi,
of the BBGKY-hierarchy (4.28) such that t — fi,, for 1 <k < N —1, is

continuous for almost all X* € T.
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PROOF: In fact we just need to prove the uniqueness of fy_;,, for the
proofs are identical for k < N — 1. Assume that there are two functions
fN—l,t, gN-1t such that

d
E/dXN‘luN_l(XN‘l)fN_l,,(XN“l) (4.24)
= /dXNil(‘CN—luN—l)(XN_I)fN—l,t(XN—l)

X tuy (XN O (XN

%/dXN-luN_l(XN-l)gN_l,t(XN"l) (4.25)
= [axXN Ly ruy ) (XY gwo1 (X )
+/dXN*IuN_l(XN‘l)C’N;Lt(XN‘l)

and the initial condition
In-1g =0 = gn-1¢ lt=0 = /ﬂodf’?N—lva—1

Let hN—l,t = fN—l,i —GN-1t then hN—l,t ‘t:O =0 at a. e. ‘YN_I (S FN—-l' So
we have to prove that

d
o / dX ¥ yn (X NYhy_ o (XY (4.26)

= /d‘XNfl(ACN—luN—l)(«YN?l)hN~1=t(-X'N—1)

hN -1,t |t:0 =0

has only the zero solution, where uy_;(X™~!) is the test function which
satisfies the following conditions:

1. un_; is bounded and depends on the first N — 1 particles only.
2. 1 uN_l(T,N_]XN_l) is differentiable a. e. .

3. %[uk(T,N_lXN_l)] is an essentially bounded function.

Hence, if uy_1(X™~1) is a test function, then for all 7 € R
qul,-r(-YN_l) = UNfl(TfVT_]XN_])
is a test function. In particular, we have
d
E/dXN_l“N—l,T(XN_l)hN—l,t(XN-l)

= /dXN-l(.cN,luN_l,)(XN-l)hN_l,,(XN—l) (4.27)
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By the definition of the generator associated with flow TV ~!, we have

d —1,84+T A’N_l s e ‘XN"I
a—uN—l,‘r(AXrN—l) = lim UN 1,8+ ( ) un 1, ( )
T s—0 s
. uN—lT(Tiva—lXN-]) —UN_1 T(XN_I)
= hné : ,
88— s

- _(EN—luN—l,-r)(‘XN'l)

8
5;/d-YN_]uN—l,-r(aXN_l)hN—l,t(XN_l)
= —/dXN—l(LN_luN_l,)(XN—l)hN_l,t(XN—l) (4.28)
By Equations (4.27) (4.28), we obtain
d
E/dAXNﬁ]uN—l,t(AXN_])hN—l,t(XN—l)
9
= o [ A (XY (X
o [ n ) .
tom [ AXN (XY (X
=[x Ly un o (X (XY

—/dXN_I(EN-luN-l,t)(XN_l)hN—u(XN_l)
-0 (4.29)

By the initial condition Ay_1; |1=0 = 0, we have
/d.\'N-luN_l,t(XN-l)hN_l,t(XN‘l) =1

Therefore hy 14 = 0 for almost all (t,XN_l) €ERxTn_;.
Because t hN_l,t(TtN'lXN'l) is continuous a. e. , it follows that

N (LY IXNTY) = gy (TN XN )
for almost all X¥~! and all t. This contains that
Ch-1fv-14( XN 1) = Cnorgnv-1 (X)),
we can repeat the above argument to obtain
o T 2X% N = g o [T 2 X4 QBD.

The uniqueness method can be applied to the direct proof of that the joint
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distribution functions fi ,(7T¥X*),1 < k < N satisfy the BBGKY-hierarchy
equation (3.3). We give an outline of the proof here. By the same method
in the above proof, from Equation (4.20) we obtain:

2 [ dxXtu (X4)fu X*) (4.30)

= [ AX*(Laur ) (X*) fua X9 + [ dX e (X*)Cta Fri o X*)

By the definition of the generator associated with flow T}, we have

/dykuk,(x ) fue(X*) /dlx (Crun)(XEVfea(X®) (431

By Equations (4.30) (4.31), we obtain

- / AX Fup (X5 o X*) = [ AN upo(X*)Coiafrnd X5 (4.32)

Because the flow T} preserves the Lebesgue measure on I'y, from Equa-
tion (4.32) we have

d
- / dX *u(X*) fi (TEXE) = / dX *up(X*)Crir frrr (TEX"®)  (4.33)

Equation (4.33) is equivalent to Equation (3.3).

4.3.2 Why A Direct Derivation Is Difficult

The technically most difficult part in the direct derivation of the hierarchy
is to show that ¢ i f ,(TFX*) is differentiable with respect to time ¢ for
almost all X* € T for the sufficiently regular initial value po(X™). If we
can solve this problem, then we can obtain the BBGKY-hierarchy (3.3)
directly from its weak version (4.21). We now explain why this is difficult
to verify directly, even though it seems highly plausible.

We impose one more condition on the density of the initial distribution

po(XN) as follows :

3. po(X™) has a bounded gradient \/qnvpo(X™) off 8Ty and satisfies the
boundary condition po(Y ") = po(Y ) for Y € OI'y; here Y and Y~ are
the pre- and post- collisional coordinates respectively, and qN is the

position vector of the phase point XV = (qN,vN).
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But this condition does not trivially imply that

t o fu(TEXF) = / po(TFX*, XN-*)gx N+

PNk

is differentiable. To explain this point more closely, we decompose t —
pe(TEXE, XN=F) into two maps

pe(TF Xy XY = po(TI(TY X5, XN7F)) = po 0 @(2, XT)
where
(t,XN) = TN(TFX*, X %), ®:RxTy > Ty, po:Ty — RT
If we can show that
1. 0% /0t exists.

2. For almost all X* € T, there is a function g(X¥~*) € £(TI'y_4) such
that
0o

(Vantias 5] < g(XVH)

then by the chain rule and the dominated convergence theorem (see [4,
Theorem (2.27)]), we can calculate

d " 0% N
e TEXN) = [ (Gqpo, T )dX N

I'n—k

Because of the condition 3, we only need to show that 9 /0t exists and is
bounded by some function g(X~~*) € L1(T'y_4) for almost all X* € T.
For simplicity, we only consider the case N = 2. Let

X =(z,v), Y = (y,w), X =(X,Y) = (z,v;9,w) and q° = (z,y),

be the coordinates of the two particles, the phase point and the position
vector respectively. We have

fol(TPX?) = po(X?), fi(T(z,v)) = L Ho© ®(t, X,Y)dY

Suppose that 7} (z,v) and (y,w) are such that the backward flow experi-
ences exactly one collision which is proper (i. e. not a grazing collision) in
the time interval [0, t], then there is a time instant 7 such that

y—1tw=z+((t—7)-v+d-n, (n,v—w)<0 (4.34)
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e(t,XN)=(e+(t-7)-(v—-0'),v;y—T-w—(t—7) -w, w) (4.35)

where v/ =v—n-(n,v—w), w' =v+n-(n,v—w) are the post-collisional
velocities and n € S? = {n | ||n|| = 1, n € R} is the collision parameter.
Because [|n|| = 1, from Equation (4.34) we calculate

le+t-v—y—7-(v-w)?=d

v —w|?r? —2(v —w,z +t-v—y)r+||c+t-v—y| —d* =0 (4.36)
We want to determine 7 from Equation (4.36), which has at least one
positive solution provided that ¢, y and w satisfy the following inequalities

(v—w,z+t-v—y) >0, (mz+tv—y)’ —||lz+tv—y|?+d>0

where m = (v — w)/||lv — w||.
We solve the quadratic equation (4.36) under the condition that the
above inequalities are true, and obtain

(m,m+tv—y)-\/<m,m+tv_y>2_ |z + tv — yl||> + 2
lv — ]
(myz + to — y) +/(m,2 + tv — y)? — ||z + tv — y||? + &

[v — w]

Ty =

If |z + tv — y||* = d?, we obtain 7 = 0 from Equation (4.34). Therefore
the solution 7, is not physically feasible and we delete it.
For convenience, we define
P(t,y,w) = (m,z+tv—y)
R(t,y,w) = (mz+tv—y)° — |z +to—y|* + &

Based on the above calculation, we determine 7 and n as follows

(m,z 4+ tv —y) — \/(m,z+tv—y)2— |z + tv — y||> + &2
v —w]|
_ P(t7y3w) - R(tay’w) (4.37)

[[v — w]|

y—z—t-v+7-(v—w)
d

~ y—z—t-v+ (P(t,y,w) — /R(,y,w))-m (4.38)

d
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If the collision is proper (i. e. not grazing), then R({,y,w) > 0. By Equa-
tion (4.37), we obtain

or  Q(ty,w)

o \/R(t.y,w)
Q(t,y,w) is a smooth function of ¢, y and w and defined if ¢, y and w
are such that a collision happens at all. If 07/0t were bounded, Equa-
tion (4.38) would enable us to calculate a bounded derivative On/8t, and

by Equation (4.35) we could calculate the bounded derivative ®/0t. Fi-
nally, we would have

d ) L
A @XN = [ (Tame, G

Unfortunately, 07/0t is not bounded as the proper collision becomes the
grazing collision. The condition for a grazing collision is

y—1t-w=c+(t—71)-v+d-n, (n,v—w)=0
and from these equations, we obtain

(z+t-v—y, m)
lo — w]|

(z+t-v—y,v—w)=|v—w|? - Tand 7 =

which is equivalent to
R(tay’w) - (m,:c + tv — y/\/? o HJ) + tv — sz “+ d2 =1

For any fixed X, assume that Y, = (yo,wo) € I'; is a phase point which
leads to a grazing collision, i. e. R(t,yo,wo) = 0; therefore, as ¥ — Y, a
proper collision becomes the grazing collision, and

or _ Q(t,y,w)

ot /R(t,y,w)

becomes singular.

There is an easy way out of this dilemma, we could just set po = 0 on
a small neighbourhood of the phase points (y,w) which lead to the grazing
collisions, then \/q2p10 would vanish near the singularity. However, this is
not satisfactory for physical reasons.

Based on the above discussion, we can conclude that the hardest prob-
lem in the direct derivation of the BBGKY-hierarchy is to prove that the
function 89 /0t, which is defined by

(1, XV) = TN(TEXH, XVH),
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is integrable about dX™~* on I'y_,, as the proper collision becomes the
grazing collision. Therefore if we assume the integrability of 0®/0t, we can
calculate the derivative

0d

d k vk
el Xk =
dtfk,i(Tt ) /FN—I:<VQN’LO’ Bt

and finish the direct derivation of the hierarchy as follows.

>dXN k

Theorem 4.2 Assume that the integral
/ [Lt(TkX X N-Rygx Nk
Iy di

exists, then the time evolved joint distribution function t — fi (TFX¥)
satisfies the BBGKY-hierarchy (3.3) under the assumptions 1, 2, 3 (see
pages 20 and 23).

PROOF: In Section 4.2, we proved that fk7t(Tthk) satisfies the weak ver-
sion BBGKY—hierarchy

/dX ur(TEX*) fiu (T X (4.39)

/ ‘“’" W(TEXH) f T X 4 / dX up(TEX®)(Chin fusne) (TEXF)

By the assumpt10n the left side of Equation (4.39) can be reduced to
N /d\”‘ (TEX®) fu (TFX*) (4.40)

/ d“"ka[uk(ﬂ’“z\’ e TEX*) + [ dXFun(TEX*) [fkt(T’“X )

by exchanging the differentiation and integration. By Equatlons (4.39) and
(4.40) we obtain the following equation:

ey d . 2 i .
[ axX*u(TEXR) L TEXR) = [ X ur(TEXR)Cua fun HTEXY)

Because the test function u,(7 X*) is arbitrary, it follows that

d
afk,t(Tth ) (Crs1 fr1,4)( tX )
this is the BBGKY-hierarchy.

Q. E. D.

The result in this thesis together with those in [6,8] gives a rigorous
proof of the complete transition from Liouville equation to the BBGKY-
hierarchy to the Boltzmann equation. But the results are restricted to the
Cauchy problem in R®, and do not apply in the more relevant context of
bounded domains. This is a technical difficulty.
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