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In this paper, a massless scalar field coupled to gravity is considered. Then the Casimir effect at finite 
temperature is calculated. Such development is carried out in the Thermo Field Dynamics formalism. 
This approach presents a topological structure that allows for investigating the effects of temperature 
and the size effect in a similar way. These effects are calculated considering Gödel-type solutions as 
a gravitational background. The Stefan-Boltzmann law and its consistency are analyzed for both causal 
and non-causal Gödel-type regions. In this space-time and for any region, the Casimir effect at zero 
temperature is always attractive. However, at finite temperature, a repulsive Casimir effect can emerge 
from a critical temperature.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The Casimir effect is a quantum remarkable phenomenon 
with numerous applications. This effect was first proposed by H. 
Casimir, in 1948 [1]. It describes an attractive force that arises be-
tween two parallel conducting plates placed in the vacuum of a 
quantum field. About ten years after the theoretical proposal, ex-
perimental confirmation was carried out [2]. Recently, the experi-
mental accuracy has increased significantly [3–7]. The original idea 
was developed using the electromagnetic field. However, nowadays 
this phenomenon appears in any quantum field. The Casimir effect 
emerges when boundary conditions or topological effects are im-
posed on a quantum field. As a consequence, the vacuum energy 
of the field is modified [8–10]. In this paper, the quantum field to 
be considered is the massless scalar field coupled to gravity. In this 
context, thermal effects are investigated having as a gravitational 
background the Gödel-type solutions.

Temperature changes the properties and behavior of any sys-
tem. Furthermore, phenomena at zero temperature generally do 
not occur in nature. To be more realistic let us introduce the 
temperature effect in our theory. There are different approaches 
in the literature to introduce temperature effects into a quantum 
field theory [11,12]. Here the Thermo Field Dynamics (TFD) formal-
ism [13–18] is considered. TFD is a thermal quantum field theory 
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that exhibits a topological structure. This topology is defined as 
�d

D = (S1)d ×RD−d , where D are the space-time dimensions and 
d is the number of compactified dimensions. This implies that any 
set of dimensions of the manifold can be compactified in a cir-
cumference S1. Due to this characteristic, different effects such as 
the Stefan-Boltzmann law and Casimir effect at zero and non-zero 
temperatures can be calculated in this formalism in the same way, 
just considering different compactifications along the space-time 
dimensions. In this work, the TFD formalism is used to calculate 
the Stefan-Boltzmann law and Casimir effect on a gravitational 
background described by the Gödel-type universe.

In 1949, Kurt Gödel proposed a cosmological model that is a 
solution to Einstein’s equations [19]. It is a rotating cosmological 
model with a non-vanishing cosmological constant and a dust-like 
matter source. The main feature of this solution is the possibility 
of the existence of Closed Time-like Curves (CTCs) that lead to the 
breakdown of causality. Violation of causality is not a unique char-
acteristic of the Gödel solution, there are other solutions from the 
general theory of relativity that allow such CTCs [20,21]. This met-
ric has been generalized to the so-called Gödel-type metric [22]. 
Various properties of this metric have been investigated [23–25]. 
In the Gödel-type solution there is a specific relationship between 
two parameters that allow the investigation of three classes of 
solutions that lead to three different regions: (i) non-causal; (ii) 
causal and (iii) there is an infinite sequence of alternating causal 
and non-causal regions. Here, the Gödel-type universe is consid-
ered to calculate the Stefan-Boltzmann law and Casimir effect at 
finite temperature. The Casimir effect in the Gödel space-time has 
been investigated [26,27]. However, these works do not analyze 
what happens in the energy density and in the Casimir effect in 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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the causal and non-causal Gödel-type regions. Therefore, here it 
is investigated whether there is an influence of these regions on 
these phenomena.

This paper is organized as follows. In section 2, the the-
ory is presented. The vacuum expectation value of the energy-
momentum tensor associated with the massless scalar field cou-
pled to gravity is calculated. In section 3, a brief introduction to 
the TFD formalism is given. In order to obtain physical quantities, 
the energy-momentum tensor is rewritten, where a renormaliza-
tion procedure is performed. In section 4, some characteristics of 
the Gödel-type universe are explored. In section 5, thermal ap-
plications on a Gödel-type background are investigated. Different 
topologies are chosen, then thermal effects and the size effects are 
calculated in this cosmological model. In section 6, some conclud-
ing remarks are made.

2. The theory: scalar field coupled to gravity

Here the theoretical model describes the gravitational field cou-
pled with a massless scalar field. Its Lagrangian is given as [28]

L = 1

2

(
gμν∂μφ(x)∂νφ(x) − ξ Rφ(x)2

)
, (1)

where gμν is the metric tensor, φ(x) is the massless scalar field, 
R is the Ricci scalar and ξ is the coupling constant. The main 
objective of this work is to investigate this model in the Gödel-
type universe at finite temperature. To develop such a study, the 
energy-momentum tensor associated with Eq. (1) must be calcu-
lated. Using the definition,

Tμν = − 2√−g

δL
δgμν

, (2)

the energy-momentum tensor is given as

Tμν(x) = 1

2
gμν∂ρφ(x)∂ρφ(x) − ∂μφ(x)∂νφ(x)

+ ξ

(
Rμν − 1

2
gμν R + gμν� − ∂μ∂ν

)
φ(x)2, (3)

with Rμν being the Ricci tensor and � = gμν∂μ∂ν is the d’Alem-
bertian operator.

It is important to observe that, due to the product of two fields 
at the same space-time point, the energy-momentum tensor be-
comes a divergent quantity. In order to obtain a finite quantity, 
this tensor is written at different points in space-time. This is a 
well-known technique used in quantum field theory, for examples 
see [29–31]. Then

Tμν(x) = lim
x′→x

{
	μντ

[
φ(x)φ(x′)

] − �μνδ(x − x′)
}
, (4)

where τ is the time ordering operator and

	μν = 1

2
gμν∂ρ∂ ′

ρ − ∂μ∂ ′
ν

+ ξ

(
Rμν − 1

2
gμν R + gμν� − ∂μ∂ ′

ν

)
(5)

�μν = − i

2
gμνnρ

0 n0ρ + in0μn0ν . (6)

Here nμ
0 = (1, 0, 0, 0) is a time-like vector and the canonical quan-

tization for the scalar field, i.e. [φ(x), ∂ ′μφ(x′)] = inμ
0 δ(�x − �x′), has 

been used.
To make the proposed applications, the vacuum expectation 

value of the energy-momentum tensor is calculated, i.e.
2

〈
Tμν(x)

〉 = lim
x′→x

{
i	μνG0(x − x′) − �μνδ(x − x′)

}
, (7)

where the definition of the massless scalar field propagator

〈
0
∣∣τ [φ(x)φ(x′)]∣∣ 0

〉 = iG0(x − x′) (8)

has been considered.
In order to use Eq. (7) for some applications at finite temper-

ature, an introduction to TFD formalism is presented in the next 
section.

3. TFD formalism

Thermo field dynamics formalism is a real-time approach that 
introduces the effects of temperature into a quantum field theory 
without losing the temporal evolution of the system. This formal-
ism is built on ideas where the statistical average of an arbitrary 
operator is equal to the vacuum expectation value in a thermal 
vacuum. To construct a thermal vacuum, two elements are needed: 
(i) the doubling of the Hilbert space and (ii) the Bogoliubov trans-
formation. The duplicated Hilbert space ST = S⊗ S̃ , also known as 
the thermal Hilbert space, consists of the original Hilbert space S
and the dual (tilde) Hilbert space S̃ . The map between the spaces 
tilde and non-tilde is defined by the tilde (or dual) conjugation 
rules, which are defined as

(Ai A j)
∼ = Ãi Ã j, ( Ãi)

∼ = −ηAi, (9)

(A†
i )
∼ = Ãi

†
, (c Ai + A j)

∼ = c∗ Ãi + Ã j,

with η = −1 for bosons and η = +1 for fermions. The other basic 
element of the TFD formalism is the Bogoliubov transformation, 
which introduces a rotation in the tilde and non-tilde operators. In 
this way, the temperature effect emerges from a condensed state. 
For an arbitrary operator A(k), this transformation is given as(

A(k,α)

η Ã†(k,α)

)
= B(α)

(
A(k)

η Ã†(k)

)
, (10)

where B(α) is defined as

B(α) =
(

u(α) −v(α)

ηv(α) u(α)

)
, (11)

with u(α) and v(α) are given as

v2(α) = (eαωk − 1)−1, u2(α) = 1 + v2(α). (12)

Here, the parameter α is defined α = (α0, α1, · · ·αD−1), where D
is the space-time dimension. It is called the compactification pa-
rameter. It is important to note that, in this formalism, any space-
time dimension can be compactified.

For the applications that follow in the next section, it is impor-
tant to consider the scalar field propagator in the TFD approach. In 
this context, the propagator is written as

G(AB)
0 (x − x′;α) = i

∫
d4k

(2π)4
e−ik(x−x′)G(AB)

0 (k;α), (13)

where A, B = 1, 2 define the doubled notation and

G(AB)
0 (k;α) = B−1(α)G(AB)

0 (k)B(α), (14)

with G0(k) being the usual massless scalar field propagator. The 
choice A = B = 1 leads to the physical component, which is given 
by the non-tilde variables. Then

G(11)
(k;α) = G0(k) + η v2(k;α)[G∗(k) − G0(k)], (15)
0 0
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where v2(k; α) is the generalized Bogoliubov transformation, 
which is defined as [32]

v2(k;α)

=
d∑

s=1

∑
{σs}

2s−1
∞∑

lσ1 ,...,lσs =1

(−η)s+∑s
r=1 lσr exp

⎡
⎣−

s∑
j=1

ασ j lσ j k
σ j

⎤
⎦ ,

(16)

with d being the number of compactified dimensions and {σs} de-
notes the set of all combinations with s elements.

Using this formalism the vacuum expectation value of the 
energy-momentum tensor Eq. (7) becomes〈

T (AB)
μν (x;α)

〉

= lim
x′→x

{
i	μνG(AB)

0 (x − x′;α) − �μνδ(x − x′)δ(AB)
}
. (17)

To obtain a physical result, a renormalization procedure must be 
carried out, which consists of

Tμν(x;α) =
〈
T (AB)
μν (x;α)

〉
−

〈
T (AB)
μν (x)

〉
. (18)

This leads to

Tμν(x;α) = lim
x′→x

{
i	μνG

(AB)

0 (x − x′;α)
}
, (19)

with

G
(AB)

0 (x − x′;α) = G(AB)
0 (x − x′;α) − G(AB)

0 (x − x′). (20)

Since the physical quantities are given by the non-tilde compo-

nents, i.e. A = B = 1, let us take G0(x − x′; α) = G
(11)

0 (x − x′; α).
In the next section, the gravitational background, where the ap-

plications at finite temperature will be investigated, is presented.

4. Gödel-type universe

In this section, the Gödel-type metrics are introduced and their 
main characteristics are discussed. These metrics are solutions of 
Einstein field equations and their principal characteristic are the 
so-called Closed Time-like Curves (CTC’s). An observer traveling on 
these curves can return to the past, at least theoretically. This leads 
to the violation of causality. The first Gödel-type metric was pro-
posed by Kurt Gödel in 1949 [19]. The Gödel solution describes 
a rotating universe with non-vanishing cosmology constant and 
dust-like as matter source. The Gödel metric is given as

ds2 = [dt + H(x)dy]2 − D2(x)dy2 − dx2 − dz2, (21)

where the functions H(x) and D(x) are defined as

H(x) = emx, (22)

D(x) = emx

√
2

. (23)

This metric is a solution of the Einstein field equations if the fol-
lowing relations are satisfied

m2 = 2ω2 = −2� = κρ (24)

with ω being the vorticity of matter, � the cosmological constant, 
κ the Einstein constant and ρ the energy density. The Gödel-type 
metric is a generalization of the metric given in Eq. (21). In cylin-
drical coordinates the Gödel-type line element is written as [22]

ds2 = [dt + H(r)dφ]2 − D2(r)dφ2 − dr2 − dz2, (25)

w

H

D

D

D

H
ra
G
+
th

m
ap
to
as

ds

w
a 
vi
fi
ra

si

In
fi
oc

un

5.

en
to
gr
us
th
th
3

here the functions H(r) and D(r) satisfy the relations

′(r)
(r)

= 2ω

′′(r)
(r)

= m2. (26)

ere the prime denotes the derivative with respect to r. The pa-
meters m2 and ω completely characterize the properties of the 
ödel-type metrics and take the values ω 	= 0 and −∞ ≤ m2 ≤
∞. The signal of parameter m2 defines three different classes of 
e Gödel-type metrics:

1. linear class (m2 = 0 and ω 	= 0):

H(r) = ωr2,

D(r) = r. (27)

2. trigonometric class (m2 < 0 and ω 	= 0):

H(r) = 2ω

μ2
[1 − cos(μr)],

D(r) = 1

μ
sin(μr), (28)

where m2 = −μ2.
3. hyperbolic class (m2 > 0 and ω 	= 0):

H(r) = 4ω

m2
sinh2

(mr

2

)
,

D(r) = 1

m
sinh(mr). (29)

It is to be noted that, the Gödel metric is recovered for the case 
2 = 2ω2, then this metric belongs to the hyperbolic class. For the 
plications that follow, the hyperbolic class is considered. In order 
 investigate the presence of CTC, the line element (25) is written 

2 = dt2 + 2H(r)dtdφ − dr2 − G(r)dφ2 − dz2, (30)

here G(r) = D2(r) − H2(r). The CTC arises if G(r) is negative for 
range of r-values (r1 < r < r2). The hyperbolic class can be di-
ded into two regions: (i) 0 < m2 < 4ω2 and (i) m2 ≥ 4ω2. In the 
rst case, there is a non-causal region for r > rc , where the critical 
dius is defined as

nh2
(mrc

2

)
=

(
4ω2

m2
− 1

)−1

. (31)

 the second case, when m2 = 4ω2 the critical radius goes to in-
nity, then there is no violation of causality and, therefore, no CTC 
curs.
In the next section, the effects of temperature in a Gödel-type 

iverse are investigated. The TFD approach is considered.

 Thermal applications on a Gödel-type background

Our attention is focused on calculating the components of the 
ergy-momentum tensor associated with a scalar field coupled 
 gravity at finite temperature having a Gödel-type solution as a 
avitational background. In order to make calculations simpler, let 
 consider a local set of tetrad basis θ A = e A

μdxμ , with e A
μ being 

e tetrad or vierbein. A good simplification comes from choosing 
e basis
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θ(0) = dt + H(r)dφ, θ(1) = dr,

θ(2) = D(r)dφ, θ(3) = dz. (32)

Then the Gödel-type line element (25) takes the form

ds2 = ηABθ Aθ B = (θ(0))2 − (θ(1))2 − (θ(2))2 − (θ(3))2. (33)

Here the capital Latin letters are labeled as tetrad indices and ηAB
is the Minkowski metric.

The energy-momentum tensor (19) in the tetrad basis becomes

TAB(x;α) = lim
x′→x

{
i	AB G0(x − x′;α)

}
, (34)

where

	AB = 1

2
ηAB∂ρ∂ ′

ρ − ∂A∂ ′
B

+ ξ

(
R AB − 1

2
ηAB R + ηAB� − ∂A∂ ′

B

)
, (35)

with

ηAB = eμ
A eν

B gμν, ∂A = eμ
A ∂μ, R AB = eμ

A eν
B Rμν. (36)

It is to be noted that, eμ
A is the inverse of e A

μ that satisfies the 
condition e A

μeμ
B = δA

B .
In the Local Lorentz frame (tetrad basis), the non-zero compo-

nents of the Ricci tensor are

R(0)(0) = 2ω2 R(1)(1) = R(2)(2) = 2ω2 − m2, (37)

and the Ricci scalar is

R = 2(m2 − ω2). (38)

In this framework, let us investigate different applications at 
finite temperature. To achieve this goal, the TFD topological struc-
ture which is defined as �d

D = (S1)d × RD−d with 1 ≤ d ≤ D is 
used. Here D are the space-time dimensions and d is the num-
ber of compactified dimensions. Thus, three situations are analyzed 
for different choices of the compactification parameter α which is 
defined α = (α0, α1, · · ·αD−1): (i) α = (β, 0, 0, 0) in the topology 
�1

4 = S1 × R3, where β = 1/kB T with kB being the Boltzmann 
constant and T the temperature. In this case the time-axis is com-
pactified in S1, with circumference β . In this way, the effects of 
temperature are introduced. (ii) α = (0, 0, 0, i2d) considering the 
topology �1

4, with the compactification along the coordinate z. This 
leads to size effects (Casimir effect). (iii) α = (β, 0, 0, i2d) with 
�2

4 = S1 ×S1 ×R2. This implies double compactification, i.e., one 
being time and the other along the coordinate z. Such compactifi-
cations allow calculating the Casimir effect at finite temperature.

5.1. Thermal effects in the Gödel-type universe

In order to calculate the thermal effects, α = (β, 0, 0, 0) is cho-
sen. For this case, the generalized Bogoliubov transformation (16)
and the Green function are given, respectively, as

v2(β) =
∞∑

l0=1

e−βk0l0 , (39)

G0(x − x′;β) = 2
∞∑

l0=1

G0(x − x′ − iβl0n0). (40)

Then energy-momentum tensor Eq. (34), becomes

TAB(x;β) = 2i lim
x′→x

{
	AB

∞∑
G0(x − x′ − iβl0n0)

}
, (41)
l0=1

4

where n0 = (1, 0, 0, 0). To make the calculations of the last equa-
tion, it is necessary to use the massless scalar field propagator 
which is defined as

G0(x − x′) = − i

(2π)2

1

(x − x′)2
, (42)

with

(x − x′)2 = ηAB(x − x′)A(x − x′)B

= ηAB e A
μeB

ν (x − x′)μ(x − x′)ν

= (t − t′)2 + 2H(r)(t − t′)(φ − φ′) − (r − r′)2

−
[

D2(r) − H2(r)
]
(φ − φ′)2 − (z − z′)2. (43)

Here the non-zero tetrad components, i.e. e(0)
0 = e(1)

1 = e(3)
3 =

1, e(0)
2 = H(r), e(2)

2 = D(r), have been used.
The component A = B = 0 of Eq. (41) leads to

E(T ) = π2

30
(1 + ξ)T 4 + ξ(m2 − 3ω2)

12
T 2, (44)

where E(T ) ≡ T(0)(0)(T ). This is the Stefan-Boltzmann law for the 
scalar field coupled to gravity in a Gödel-type universe. It is to be 
noted that, the first term is the usual and dominant contribution 
at high temperatures, while the second term represents the modi-
fication due to the gravitational background and becomes relevant 
at low temperatures. In addition, there are two cases that must be 
considered. (i) Choosing m2 = 2ω2 leads to the Gödel universe. In 
this case, there is a critical temperature for which the second term 
of Eq. (44), i.e. − ξω2

12 T 2, becomes dominant. This implies that a 
negative energy density arises. (ii) For the choice m2 = 4ω2 which 
implies a causal Gödel-type solution, the second term is always 
positive, i.e. ξω2

12 T 2. Therefore, in a causal universe, the energy den-
sity is positive for any temperature value as expected.

5.2. Size effect at zero temperature

Here α = (0, 0, 0, i2d) is chosen. Then the Casimir effect at zero 
temperature is calculated. To develop such a calculation, it is con-
sidered

v2(d) =
∞∑

l3=1

e−i2dk3l3 (45)

as the Bogoliubov transformation and

G0(x − x′;d) = 2
∞∑

l3=1

G0(x − x′ − 2dl3n3) (46)

with n3 = (0, 0, 0, 1) is the Green function. Thus the energy-
momentum tensor (34) is given as

TAB(x;d) = 2i lim
x′→x

{
	AB

∞∑
l3=1

G0(x − x′ − 2dl3n3)
}
. (47)

From this expression, the Casimir energy and pressure are ob-
tained choosing, respectively, A = B = 0 and A = B = 3. Then

T(0)(0)(d) = − π2

1440d4
(1 + ξ) + ξ

(m2 − 3ω2)

48d2
, (48)

T(3)(3)(d) = − π2

480d4
(1 + ξ) − ξ

(m2 − ω2)

48d2
. (49)

It is important to note that the Casimir energy and pressure are 
negative, which implies an attractive force. Therefore, the Casimir 
force is attractive for both causal and non-causal Gödel-type solu-
tions. Furthermore, the question of causality does not change the 
nature of this phenomenon.
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Fig. 1. Casimir pressure (P = T(3)(3)(T )) as a function of the temperature T . It is 
used d ∼ μm (μ = 10−6) [3,4], ξ = 1/6 [28,33] and m2 = 4ω2 with ω2 = 103.

5.3. Effects of temperature and size in a Gödel-type universe

In order to investigate effects due to the temperature and 
spatial compactification, the α parameter is chosen as α =
(β, 0, 0, i2d). For this case, the generalized Bogoliubov transfor-
mation is composed of three parts: the first one corresponds to 
the Stefan-Boltzmann law given in Eq. (39), the second is associ-
ated with the Casimir effect at zero temperature Eq. (45) and the 
third part is formed as a combination of the first two parts. Then

v2(β,d) =
∞∑

l0=1

e−βk0l0 +
∞∑

l3=1

e−i2dk3l3 + 2
∞∑

l0,l3=1

e−βk0l0−i2dk3l3 .(50)

To calculate the Casimir effect at finite temperature, the Green 
function related to the third part of the Bogoliubov transformation 
is needed. It is given as

G0(x − x′;β,b) = 4
∞∑

l0,l3=1

G0
(
x − x′ − iβl0n0 − 2dl3n3

)
. (51)

Using Eq. (51) in Eq. (34) and taking A = B = 0 we get

T(0)(0)(β,d)

= − 1

π2

∞∑
l0,l3=1

1

[(2dl3)2 + (βl0)2]3

{
(1 + ξ)[2(2dl3)

2 − 6(βl0)
2]

− ξ
[
(m2 − 3ω2)

(
(2dl3)

4 + (βl0)
4 + 2(2dl3)

2(βl0)
2
)]}

. (52)

This is the Casimir energy at finite temperature in a Gödel-type 
universe. Choosing A = B = 3 leads to

T(3)(3)(β,d)

= − 1

π2

∞∑
l0,l3=1

1

[(2dl3)2 + (βl0)2]3

{
(1 + ξ)[6(2dl3)

2 − 2(βl0)
2]

+ ξ
[
(m2 − ω2)

(
(2dl3)

4 + (βl0)
4 − 2(2dl3)

2(βl0)
2
)]}

, (53)

which is the Casimir pressure at finite temperature. Here the be-
havior of pressure at non-zero temperature must be analyzed. As 
discussed in the previous subsection, the Casimir effect is attrac-
tive at zero temperature for both causal and non-causal Gödel-type 
universes. However, at finite temperature this situation is different, 
that is, there is a critical temperature where the Casimir pressure 
is zero. From this value up to high temperatures, the Casimir effect 
becomes repulsive. Fig. 1 shows this behavior. Furthermore, this 
result occurs for both causal and non-causal Gödel-type universes. 

m

5

In addition, the critical temperature increases with the value of 
the ω2 parameter. In Figs. 2 and 3, the behavior of pressure ver-
sus temperature is shown for different values of ω2 for the cases 

2 = 2ω2 and m2 = 4ω2, respectively. Therefore, it is shown how 
the critical temperature varies with the parameter ω2. It is impor-
tant to emphasize that, the parameters d and ξ , are assumed to be 
fixed, since d = 10−6m is the separation between the plates used 
in some experiments [3,4] and ξ = 1/6 is a usual value for the 
coupling constant [28,33].

6. Conclusions

One of the most fascinating quantum phenomena is the Casimir 
effect. It occurs for any quantum field as a consequence of the vac-
uum fluctuations of that field under specific boundary conditions 
or topological effects. To investigate this phenomenon, a massless 
scalar field coupled to gravity is considered. For such development, 
the TFD formalism is used. It is a real-time quantum field theory at 
a finite temperature that is built from two fundamental elements: 
the doubling of the Hilbert space and the Bogoliubov transforma-
tion. Here its topological structure is explored allowing the study 
of different effects such as temperature effect and size effect in 
the same way. Such phenomena are studied having the Gödel-type 
solutions as the gravitational background. Gödel-type metrics can 
display CTCs that lead to a causality violation. Then our main ob-
jective is to analyze whether this causality breakdown affects the 
Stefan-Boltzmann law and the Casimir effect for a massless scalar 
field coupled to gravity. The first result is obtained in Eq. (44), 
i.e. the Stefan-Boltzmann law, which shows that the Gödel uni-
verse must be discarded to avoid negative energies. However, it is 
possible that another region in this space is a causal region and 
the energy density is always positively defined. Another result is 
Eq. (49) which exhibits that the Casimir effect at zero temperature 
in Gödel-type universes is attractive for both causal and non-causal 
regions. The main result of this paper is given in Eq. (53). It is the 
thermal Casimir effect in the Gödel-type universes. It is important 
to note that, as shown in Figs. 1, 2 and 3, there is a critical temper-
ature where the Casimir effect goes to zero. Then from this point 
up to high temperatures the Casimir effect becomes repulsive. This 
behavior arises in both causal and non-causal regions. Therefore, 
for a certain temperature, there is a phase transition from an at-
tractive Casimir effect to a repulsive Casimir effect. This transition 
from the attractive to the repulsive Casimir effect has been also 
obtained in other physical systems, as an example see the refer-
ence [34].
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