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ABITRACT

A general disease transmission model of SIRS type is formulated and analyzed.
There is constant recruitment into the susceptible class. mass action incidence. and
stage age in the removed class. Disease fatalities occur in the infective class and
the removed stages. Sufficient conditions are given for the endemic equilibrium to
be globally asymptotically stable. For example. if the disease confers permanent
immunity. then global stability of the endemic equilibrium (for parameter values
such that it exists) is assured. Other examples are given thar exhibit this same
assured behavior.

1. INTRODUCTION

In most classical epidemic models. the total population is assumed to be con-
stant. Anderson and May [1] formulated one of the first o.d.e. epidemic models
that includes population dynamics. thus the total population varies. They modeled
the spread of Pasteurella muris in laboratory mice. The recruitment rate of mice
was constant, and the rate at which mice acquired the infection was found to be
proportional to the number of encounters between susceptible and infective mice
(the law of mass action). This disease causes some fatalities. but other infective
mice recover with temporary immunity. Thus the model is of SIRS type. Anderson
and May [1] gave a condition for the disease to remain endemic. and showed that in
this case the disease decreases the population. This model was further analyzed by
Mena-Lorca and Hethcote [6, Section 2] and using a Lyapunov function they proved
that the endemic equilibrium (when it exists) is globally asymptotically stable if
there is no disease fatality or if immuniry to the disease is permanent.

The SIRS model introduced by Anderson and May assumes that removed (re-
covered) individuals lose immunity at a rate proportional to their number, cor-
responding to an exponentially distributed time in the removed class. In other
epidemic models a more general probability of remaining removed is assumed. For
example. Hethcote et al. [4] derived two SIRS models in a constant population that
can exhibit Hopf bifurcation giving rise 1o periodic solutions for some parameter
values. One model. 1. Sections 2. 3. hLas a fixed period of temporary immunity.
which corresponds to a step function probability. The other model [4, Section 4]
has a chain of n > 3 removed stages corresponding to a gamma distribution. For
n = 1.2. the endemic equilibrium is known to be globally asvmprotically stable [3.

In a complementary study on the constant popularion SIRS model. Stech and
Williams ‘9" used a result of Londen 3 1o find conditions on the probability function
that implv global stability of the endemic equilibrium. This result was used by
Castillo-Chavez and Thieme [2. Section 3.5 in a variable population SIRS model
with a distributed length of the removed period and no disease farality. This latter
assumption means that the system has rhe same asvmproric behavior as that of an
easier limit svstem.

Motivated by HIV/AIDS studies. Simon and Jacquez 7 analvzed o.d.e. ST mod-
els with subpopulations and a chain of infective stages. Under the assumption thar
each subpopulation is isolated (restricted mixing). Simon and Jacquez [7, Section 6]
used a Lvapunov function to find sufficient conditons for the endemic equilibrium
1 be globallv asvmptoticallv stable. These conditions are ore readily satisfied
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when the natural death rate is large compared with the rare of passing from one
infective stage to the next.

Our aim is to use the method of Stech and Williams [9] to prove global con-
vergence to the endemic equilibrium (for parameter values such that it exists) in
& variable population SIRS model with disease fatalities. We base our model on
that of [1]. but we include stage age for those individuals in the removed class.
Our model svstem is formulated in Section 2, where the notation and assumptions
are given. Further a standard threshold condition is derived for stability of the
disease-free equilibrium versus existence of an endemic equilibrium. In Section 3.
the svstem is transformed into a scalar integro-differential equation and the result
of Stech and Williams [9] is used to give sufficient conditions for convergence to the
endemic equilibrium. Section 4 continues with conditions for arbitrarily distributed
time in the removed class. Each of Sections 5 and 6 considers a special case of the
model svstem with several exponentially distributed removed stages. The model in
Section 5 has one primary removed stage through which all individuals pass, and
then an individual passes into one of several secondary removed stages that may
be permanent or transient to the susceptible class. A limiting case of this model
reduces to the SIRS model analyzed by Anderson and May [1} and by Mena-Lorca
and Hethcote [6. Section 2]. The model in Section 6 assumes that all individuals
pass through a chain of two removed stages, then either return to the susceptible
class or become permanently immune. Global asymptotic stability of the endemic
equilibrium (whenever it exists) is proved for each of these o.d.e. models as well as
for a chain of removed stages with permanent immunity (Section 4;. Thus there
is a sharp threshold. with the disease dying out below the threshold. and tending
to the endemic level above the threshold. This is in contrast to the model with
a chain of at least three removed stages through which all individuals pass before
losing immunity. which can have solutions that oscillate about the endemic level 4.
Section 4]. The models that we consider in Sections 5 and 6 need no extra parame-
ter conditions for global convergence to the endemic equilibrium. this is in contrast
to the models analvzed by Simon and Jacquez {7] with multiple infective stages.
As kind of a trade-off. the method we present does not work if there is more than
one infective stage. and it also does not work if an exposed class is included in the
model 1for diseases with a latent period). However. global stability of equilibria is
nreserved under small perturbations ‘Smith and Waltman [8]): g0 global stability
of the endemic equilibrium still holds when the latency period is sufficiently small.
although this is difficult to quantify.

2. THE MODEL

A population of size N is divided into susceptible. infective. and removed (or
recovered) classes. with the number of individuals in each class given by S, I. R.
respectivelv. and

Nity=5it)+ I(t) + R(t).
Infecrion is modeled according to the law of mass action. thus

I'tty = kSTt t) — (u+ e+ ~)I(t).

Here x denotes the transmission coefficient. i denotes the per capita natural death
rate constant. € denotes the extra per capita disease mortality rate constant for
infecrives. and = denotes the per capita removal (or recovery) rate constant of
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Substituting the first into the second equation gives
I'ty=r(N{t)=T(t; — R(t)) It) = (g — e+~ (1). (2.1)
In order to get a handle on N we formulate the following differential equation
N(t) =N = uN(t)—ellt)— Mpit). (2.2)

Here A is the constant recruitment rate into the population (actually into its sus-
ceptible class since vertical transmission is ignored). The remaining expressions on
the right hand side are various components of the population mortality rate: [TAY
is the mortality rate due to natural causes. e] is the extra mortality rate for infec-
tives due to the disease. and M p(t) denotes the extra mortality rate of removed
(recovered) individuals due to the disease.

In the following we illustrate that it is possible to express R and Mg in terms of
I. To this end we stratifv the removed individuals according to their stage age.

H(t):/ plt.a)da. (2.3)
0

with the stage age a being the time since removal and p(t.-) the stage-age density
at time t.

The stage age density p for the removed individuals relates to the stage input
(which here is ~I) and to the initial density pg in the usual way

~I{t—a)F(a)., t>a.

Fra)
= t < a.

(t.a) = A
P ) po(a—t)}_ i

(2.4)

where F(a) is the probability to be still in the removed class a time units after
removal from the infective class. This probability factorizes into three parts:

Fla) = e Frla)Qla). (2.5)

Here e~#¢ is the probability of not having died from natural causes in the time
interval {0.« . Fg is the survivorship of removed individuals with respect to the
disease. i.e.. Friai is the probabilirv of not having died from disease-related causes
in the time from the moment of removal until @ time units later. and @ describes the
duration of the removed class. i.e.. Q(a} is the probability of not having returned
to the susceptible class a time units after removal from the infective class. If the
removed period has a finite maximum length L. then Q(a) = 0 for a > L. If the
disease confers permanent immunity. then Qla) = 1.

It follows from the interpretation that both Fp and () are non-negative. non-
increasing functions on [0. x) that have the value 1 at a = 0. For any function of
this tvpe. e.g.. for F. we make the convention that

Flaj
Fla —1)

=0. whenever a >t and Fla) = 0.

Another natural assumption states that the number of removed individuals is
finite in the beginning and their density is non-negative. so py € LY0.x). re.

=~
/ polayida < .
Ji



t Global Stabilisy in Cvehie Epidemic Maodels

I order to close our model. we have for the extra death rate of removed individuals.
Mpg. that

= plt.a)
Ji }—R(QJ

Mplt) = — Frida) (2.6)
with the last integral being a Stieltjes integral.

The fastest way to understand the Stieltjes integral is to assume for a moment
that Fg is differentiable. Then

_7rla)
Fria)

is the per capita extra mortality rate at which removed individuals die from the
disease, and the integral

olay =

>
/ plt.a)é(a)da
]

gives the associated population rare.
We substitute (2.4) and (2.5) into (2.3) and obtain that

t
R(t) =~ / It —a)e #g(a)da + e Htu(t)
0

with
g(a) = Frla)Qla). thus g(0)=1. (2.7)
e Frla)Q(a)
' < rla)Q(a
t) = {q —
uft) /, Pt =) 0t =)
We have

e
u(t) < / polayda = up < xX.
0
We also substitute {2.4) and (2.5} into {2.6) obtaining
t
Mgp(t) =~ / I't —aje™  flda) ~ e #117(t).

with

[
[pa)

f(a)z—/ QirFgidr). a>0. Fl0) =0. (:
0

and

i " Qla)
V()= - pnia —t " Fridai
(1) /f pota IQ(a—t)_'FR(a—t)fH(m
We claim that 1" € L'[0. ). Indeed.

ot ) t ~x 1
./o‘(S)dS < —/ / po(a—s)mfmda;ds

i s 1
— o i — 8)——————dsFrida)
/ ,/.. po 3).7'_R<a—s) k

t a ‘ .
= —/ [ /Jm.s)}_R(S)dsFR(da)

/ peiada.

FAN

IN
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In the last step we have used integration by parts for Stieltjes integrals. Remember
that we have assumed that py £ L'[0, <), hence 17 € L*[0. x).
Summarizing, we have obrained the following model:

I'ty = wiNity=It)= R I(t) —(p+e+-)1(1). (2.9)
Nty = A-puNit)—el(t) = Mplt).
R(t) = - / It — aje Hg(a)da + e~ u(t)
JO
Mgty = = / Iit —a)e ™ 8 f(da) + e #'17(2).
0

In view of our derivation (recall (2.7) and (2.8)) we make the following assumptions.
Assumptions 2.1. All parameters are non-negative. u > 0.

e g:[0.x) — [0.1] is non-increasing.

e f:[0.x)— [0.1] is non-decreasing. and f(0) = 0.

e u:[0,x)— [0.x) is continuous and bounded.

e 17:[0.x) = [0,x). 1" L0.x).

With the above assumptions. the model given by (2.9) is well posed. and solutions
with nonnegative initial conditions remain nonnegative, while § = N'—I— R remains
non-negative as well if it is non-negative initially. The system always has the disease
free equilibrium, namely N = § = A/u, I = R = 0. The basic reproduction
number, defined as

Ak
plp+e+v)
is the product of the population size at the disease-free equilibrium. the transmission
coefficient, and the mean infective period. The number Rq acts as a threshold
parameter in the familiar way.

When Rg < 1. the disease free equilibrium is the only nonnegative equilibrium.
Applving Proposition 2.2 from Thieme [10] to the first equation in (2.9) shows
that the disease-free equilibrium is globally asymptotically stable when Ry < 1.
When Rg > 1. svstem (2.9; has a unique endemic equilibrium with I. > 0 and
S.=N,—1,—R. = \/1uRy from the first equation. Solving the second equation
for N, and equating to S, — I. — R.. gives the number of infectives at the endemic
equilibrium as

I, [u—{—e—:—‘.y / e Higa)yda + - / eTHE f(da)} = \(Rg —1)/Ro.
J0 J0

Ry = (2.10)

(2.11)

We focus on the endemic equilibrium. and our aim is to give sufficient condirions
so that all solutions of (2.9) with Ry > 1 and having a positive number of initial
infectives are attracted to this endemic equilibrium.

3. REDUCTION TGO A SCALAR INTEGRO-DIFFERENTIAL EQUATION

Our strategy consists in transforming the system (2.9) into a scalar integro-
differential equation for I and in proceeding as in [9]. In order to find \* we
integrate the second equartion in (2.9) and obtain

\

o -1
Ny = Npge ™+ S (1 —e 77—k / I(t — s)e Hs — / .\./H(.S')E_””_‘“rls.
/1 Al S0
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From the last equation in (2.9).
ot 2 $
/ Mp(s)e "% ds = n/ / I(s —a)e " f(daje ™ "5"ds
S0 40

S0

Thus by changing the order of integration

t f
/ Mpls)e™#i=8ds — e™H / 1 (s)ds
n 0

t gt
"./ / I(s —a)e ™' dsfida)
0 a
t t—a
~,/ / I(s)e #"'"*dsfida)
o Jo

t
- / I(t - a)e="* f(a)da.
0

Il

The last equality follows from integration by parts. recall f(0) = 0. Summarizing.
we have

t
N =2 _/ I(t = s)e=" (e + ~f(s)) ds — e~He(t)
H 0
with a bounded continuous function v.

We substitute this equation and the third equation of (2.9) into the first equation
of (2.9):

; ;
I'it)y = —(u +e+~)I(t) + k() <—3 — I(t) — e #tw(t) -—/ I(t— s)P(.s‘)ds)>
0

with a bounded continuous function w = v + u and

Pls)=e " (e+~fls) 4+ ~g(s)). (3.1
To bring this equation to the same form as equation (1.4) in [9]. we introduce
A
I(t) = —x(1)
7

and obtain
ot

'ty = —(u—e+n)r{t)+ 3x(t) (1 —z(t) — e Hz(t) — /

r(t — .s-;P(s)ds)
0

(%)
[V

with
I=kK—
U
and a bounded function z(t).

We call the endemic equilibrium globally asymptotically stable if it is locally
asvmptoticallv stable and atrracts all solutions of (3.2) with 2(0) > 0. Here local
asvmprotic stability is formulated as in [9. Lemma 4.1]: see Sections 1. 5. Before
we formulate our first global stability result. recall the definition of the Laplace
transform of P. namelyv

PiA) = / e P(s)ds.

7
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Proposition 3.1. Let —P'(0) < x and
1+ RP(w)>0 Jv>0.

Then the endemic equilibrium of (3.2). whenever it exists. is globally asymptotically
stable.

Proof: Tt follows from [9. Theorem 2.1] that the endemic equilibrium attracts all
solutions of (3.2) with z(0) > 0. Local asymptotic stability follows from [9. Lemma
1.1] and a similar continuation argument as in the proof of [2. Theorem 5.2]. O
Notice that this condition does not involve the parameter 3 (the parameters ~
and ¢ are hidden in P), although 3 > p-+e+~ is needed for the endemic equilibrium
to exist, see (2.10). This indicates that this condition may not be optimal. Stech
and Williams [9, Theorem 3.1]. show that it is sharp in the following sense. If
~P'(0) < <. and
1+ RP(w) <0 Zv>0.
then there exists some 3 > 0 such that the endemic equilibrium exists and is
unstable.
By (3.1).
€

P\ = on + /0- e~ fla) + g(a))da.

Hence -
PO =S+ [ e alta) + gla)da
- 0
Since f and g take values between 0 and 1, the condition —~P'(0) < x is satisfied,
and so Proposition 3.1 translates into the following result.

Theorem 3.1. Let the Assumptions 2.1 be satisfied and
€

1+ -
ﬂ2+V2

+ 7'3?(f/—+—\g)(/1 ~w)>0 Vv>0.

Then the endemic equilibrium of (2.9). whenever it exists. is globally asymptotically
stable.

The following corollaries of the above result are useful for applications.

Corollary 3.1. Let the Assumptions 2.1 be satisfied and
x* 1

/ e H(fla) +gla)yda < —.
Jo :

Then the endemic equilibrium of (2.9). whenever it exists. attracts all solutions with
I{0) > 0.

Corollary 3.2. Let the Assumptions 2.1 be satisfied and the function f+g be non-
increasing and convez on [0.>). Then the endemic equilibrium of (2.9). whenever
it exists, attracts all solutions with I1{0) > 0.

Proof:

>
R(f+gHp+w)= / (f —gjilsje " costvs)ds.
0
Since the product of two non-negative. non-increasing. convex functions has the
same properties. then
hisi=if—g s
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is non-increasing and convex. Without restricting the generality. it can be assurmed
that h is differentiable. Orherwise it is possible to find a sequence of differentiable
non-increasing convex functions h; such that

-3
/ hjis) = his)dslds = 0. j— x.
0
Integrating by parts.

R(m)(u +w) = —-1—/ sin(vs)h'(s)ds.
0

v
Since —h' is non-negative and non-increasing. the last integral is non-negative as
can see be seen by splitting up the integral into appropriate pieces and comparing
them. O
1. SOME GENERAL RESULTS

In this section we lock at the general case that the sojourn in the removed class
is arbitrarily distributed. At the endemic equilibrium, the stage age distribution of
the removed class is given by (2.4).

pela) = ~I.F(a).

The endemic equilibrium is called locally stable if for every n > 0 there exists a
7 > 0 such that. for any solution of (2.1)-(2.6)

>
IN() = N1+ () = L)+ / plt.a) - pela)lda <7 ¥t >0
0
whenever
oo
N10) = N, = T(0) — -/ 1p(0.a) — p.la)lda < 7.
0

The endemic equilibrium is globally asymptotically stable if it is locally stable and
attracts all solutions with J(0) > 0. This notion of global asvmptotic stability is
equivalent to the one used in the previous section.

From (2.7) and (2.8}. since @ and Fpr are monotone non-increasing.

flai—glay = fﬁz(a)Q(a)—/ Q(r)Frldr)
o]

v

mm@(a)-/ Qla)Frldr)
0
Qla).

From Corollary 3.1 we obtain the following result.

Theorem 4.1. Assume that

/- e M Qa)da <

J0

Then the endemic equilibrium. whenever it exists, is globally asymptotically stable.

1

Recall that -
Dp = / Qfa)da
Jo

is the average duration of the removed class. while 1/~ is the average durarion of
the infective lass. Henee the endemic equilibrium attracts all nonrrivial solutions
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if the average duration of the removed class does not exceed the average duration
of the infective class.
In order to apply Corollary 3.4. we integrate by parts and obtain

flay—glay =1+ / FrrQdr).
J0
which shows that f + ¢ is non-increasing.

Theorem 4.2. Let .
|| Fatriquan
0

be a conver function of a. Then the endemic equilibrium of (2.9). whenever it
exists, is globally asymptotically stable.

If Q is differentiable. then the condition in Theorem 4.2 is satisfied if @’ has a
representative such that Fg(a)Q'(a) is a non-decreasing function of a. Since Frg is
non-increasing and Q' is non-positive. it is sufficient that Q' is non-decreasing. If @
is convex, but not necessarily differentiable. a sequence Q; of convex differentiable
functions can be chosen such that

/ Fr(r)Q{dr) = lim Fr(r)Q;(dr)
0 Jee

0
pointwise in a. By the preceding considerations the assumptions of Theorem 4.2
are satisfied if @ is convex.

Corollary 4.1. Let Q be conver. Then the endemic equilibrium of (2.9), whenever
it exists, is globally asymptotically stable.

The conditions of Corollary 4.1 are satisfied. for example. if the length of the
removed period is exponentially distributed. In particular. the endemic equilibrium
attracts all nontrivial disease dyvnamics if the disease induces permanent immunity
(Q = 1) even if disease-related deaths are arbitrarily distributed over the removed
class. This includes a model with a chain of exponentiallv distributed removed
stages with no return to the susceptible class.

5. ONE PRIMARY AND SEVERAL SECONDARY EXPONENTIALLY DISTRIBUTED
REMOVED STAGES

We now consider a cvelic model of

7 Ry vy
R, /

type where a removed individual first enters a primary removed stage where it is still
prone to disease-related death and later one of several secondary removed stages
where it is safe from disease-related death. The various secondary stages may have
different durations: in particular it is possible thart there is a stage where permanent
immunity is acquired. bur individuals in other secondary stages lose immunity and
return to the susceptible class. The primary removed stage could be a quarantine
period where the individual is still infective. but prevented from transmitting the
disease. The total population size N splits into

N=§~]-R with R=Ry-R - —HR,. (5.

(1]
—
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where Ry. ... . R, are the number of individuals in the various stages of the removed
class. In terms of S.I. Rg. ... . R, the model takes the following form:
S = A—uS—-wSI+o R+ - +o.R,. (5.2)
I' = wSI-(u+e+-)1L.
Ry, = ~I-(p+6+pRo. p=pr+:~pn
R, = pjRy—(p+oj)R;. j=1...n

Here 1/p and 1/0; are the mean durations of the primary removed stage and of
the secondary removed stages: the jth secondary removed stage is associated with
permanent immunity if ; = 0. The extra per capite mortality rate constant in the
primary removed stage due to the disease is denoted by 4.

For this o.d.e. system. local stability of the endemic equilibrium is defined in
the usual sense. and its global asymptotic stability means thar it is locally stable
and attracts all solutions with I{0) > 0. It is possible. but cumbersome to rewrite
this model in the form of Section 2. in particular to determine Fr. This is why we
determine the functions f and g instead.

Adding the differential equations in (5.2) vields

N'=A\-puN —¢el —0Ry. (5.3)

Set
go('a) — e-(OTp)a
Then
Ro(t) = Ro(0)e g / I{t — s)e Hgo(s)ds.
We identify from (3.3) and the last equation in (2.9) that
0 .

flay = 5 (1= golt). (5.4)

Set
gj(t)::pje"”it. j=1l.....n (3.3)

For convenience we recall the convolution notation

t
(g0 % g;)(t) =/ gols)g;(t — s)ds
u]

Solving the differential equations for R;. j = 1.....n. we obtain
. R;(0 t
R;(t) = ——Jl;(—)e““tg (t) + Ro(0ie ™ igg = g;)(t) + ~ / Tt — sie7H g = g 1isids.
J o

Since R = Rg + -- - + R,, we identifv from the third equation in (2.9} that

gla) =(go+gox(g1+ - +gn))la)
By i5.4).

0
j(l—go((l 1+ gola) + 1 go Z{I} (a)

fla) + gla)

i

P ; )
= - = - gota) ~ | go * { {at.
0+ p N p futd) o Z )
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Bv (5.5) and the convolution theorem for Laplace transforms.

—_— ] 1 7 X
+ )+ = + = lp +w+ 6+
(f+g)p+w) i O_prfu w p

43

1
+ _ Z Pj
pH+w+o+p U+ +o;

J=1
Multiplving by conjugates.
— 0 p—w p pro+p—w
+ ; = = : 5 T = = g -
(f+9)u+w) S+put+v? d+plp+=d+p)?+02
p+dé+p—aw - pu+o;—w
N 9 B PiT—— 3 a2
(p+d+p)°+v = (u+0oj)> + 02
Taking real parts.
R(f+g) (u+w)
_ 4 © p Lo+ p
- 2 9 + 7 N 2
S+pu2+v? S+plp+o-p)*+v-

Jj=1
v = v
T+ d+p)2 R ]Ez:lpj(p*a_,)z-}—1/2
> 1 H+d—p zn: V-
- (+ 38+ p)? +v? o+ j=1pJ(,U+U]‘)2‘:"I/2

Recalling that p is the sum of the p;. %(ﬂ—\g)(p —1w) > 0. and Theorem 3.1 gives
the following result.

Theorem 5.1. The endemic equilibrium of model (5.2), whenever it exists. is glob-
ally asymptotically stable.

The SIRS formulated by Anderson and Mayv 1° and analyzed by Mena-Lorca
and Hethcote [6] as described in the Introduction is easily seen as a limiting case of
the model of this section (with the mean durations of all secondary removed stages

being 0). There is a unique removed stage with no disease mortaliry. thus stages
13

Ry.--- . R, are absent, y_ o;R; is replaced by pRy where p is the loss of immuniry
j=1

rate constant. and = 0. The endemic equilibrium is then given by
(Se.I.. Roe) = (\/(uRo). L. ~ L. [(p + p))
where Rq is defined in (2.10) and
A—pS.
e+p(l+-/lp—p))

e =

from (2.11). Theorem 3.1 shows that if Rg > 1. then this endemic equilibrium is
globally asvmptotically stable. This completes the global stability analysis of the
endermnic equilibrium in Mena-Lorca and Hethieore 6. Seetion 2]
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6. THREE SUBSEQUENT REMOVED STAGES WITH THE LAST BEING PERMANENT

In this section we consider a model of

—+85 —=1— Ry — R
S

tvpe where some removed individuals return into the susceptible class, but others
become permanently immune. The total population size -V splits into

N=S+I+R. with R=Ry+ R+ Ra. (6.1)

where Ry, Ry, R» are the number of individuals in the various stages of the removed
class. In these terms. the model takes the following form:

S = A-uS—-rkSI+-o R (6.2)
I' = kST —(u+e—--)L

Ry = ~I-{u+0d¢=+po)Ro.

R} = poRo—(p+d1+p1+o1)Ry,

Ry = pRy—{p+6:)Rs.

The parameters &; > 0 are the extra per capita mortality rate constants in the jth
removed stage, 1/p; are the mean durations in the jth removed stage, and oy is
the return rate constant into the susceptible class. We define

gols) = 7\ gi(s) = poeT BTIITINS go(s) = pre” %
Integration of the equations in (6.2) and comparison with (2.9) vields

g=gy—goxg1 T~ 00 *g1*92

and
f'(s) =dogols) —d1(go * g1)(s) = d2(go * g1 * g2)(s).
Now
g'(s) = —dagols) — {0y — o1){gy * g1 1181 — b2(go * g * g2)(s).
Hence

flis)—g'lsi = —ovriga = gu)ls).
This implies that

fls)+glsy=1-0, / tgo = g1)(s)ds.
O
By the convolution theorem for the Laplace rransform.

T 1
(f—g)u+w)= (1—a)
U=t
with
T 0

o= = : :
bg = pg~pu—1wo —p —oy+p+iv

Thus R(f + ¢g)(p +1w) > 0if
1-Ra>0. Ja<l.
Now X i
O — pon — jt — W 0 —p1 0 H Y

=0y , o 5 R
(A — o — - — U7 A = =T = )T
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Obviously 3a < 0. Further

{6y + po + By — p1r + 01 + H) -7

Ra = oipors 5 I ™ FE
(0 + pn— w2 +v7 (61— p1— 0y = p)” — v,
(0 + po — ple

5 1oL~ 01— HY
(6 + po — p)201 + pL+ oL — )

IA

< 1
From Theorem 3.1 we obtain the following resulr.

Theorem 6.1. Whenever the endemic equilibriurn of (6.2) exists. it is globally
asymptotically stable.
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