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Abstract: First, by making use of the concept of basic (or g-) calculus, as well as the principle
of subordination between analytic functions, generalization R;(h) of the class R(h) of analytic
functions, which are associated with the leaf-like domain in the open unit disk U, is given. Then,
the coefficient estimates, the Fekete—Szego problem, and the second-order Hankel determinant Hy(1)
for functions belonging to this class R, (1) are investigated. Furthermore, similar results are examined
and presented for the functions ﬁ and f~!(z). For the validity of our results, relevant connections
with those in earlier works are also pointed out.

Keywords: analytic functions; univalent functions; bounded turning functions; g-derivative
(or g-difference) operator; principle of subordination between analytic functions; leaf-like domain;
coefficient estimates; Taylor-Maclaurin coefficients; Fekete-Szegt problem; Hankel determinant

MSC: Primary 05A30; 30C45; Secondary 11B65; 47B38

1. Introduction, Definitions, and Motivation

The class of analytic functions in the open unit disk:
U={z:zeC and lz| <1},

where C is the set of complex numbers, is denoted by # (U). Let A be the subclass consisting of
functions f € H (U). We represent the functions class with series representation:

f(z):z—l-ianz" (Vzel), 1)
n=2
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that is, the following normalization condition is also satisfied:

£(0)=f(0)-1=0.

Furthermore, the function class comprised of all univalent functions in open unit disk U is represented
by S, which is a subclass of A.

In the furtherance of the area of geometric function theory of complex analysis, several researchers
have devoted their studies to the class of analytic functions and its subclasses as well. A function
f € Ais known as starlike and is denoted by S*, which satisfies the following conditions:

fesS and %(ﬁé?)>o (Vz € ). @)

For two analytic functions f and g in U, the function f is subordinate to g and written as:
f<g o f(z)<g(2),
if there exists a Schwarz function w € B, where:
B:={w:weA w(0)=0and |w(z)|<1l (VzeU)}, 3)

such that:
flz)=g(w(z)).
In particular, if the function g is univalent in U, then we have the following equivalence:

f(z) <8(z) (z€U) <= f(0)=¢(0) and  f(U) Cg(U).

Next, the class of normalized analytic functions p in U is denoted by P, which is given by:

p(z) =1+ paz", 4)
n=1
such that:
R{p(z)} >0.

The class P plays a central role in the theory of analytic functions, because almost all of the
important subclasses of analytic functions were defined by using this class of functions.

Definition 1. (See [1].) Let S* (o) denote the class of analytic functions f in the unit disk U normalized by:
fO)=f(0)-1=0
and satisfying the following condition:

zf'(2)
f(z)

where the branch of the square root is chosen as ¢(0) = 1.

<V1+4+z224+z=:9(z) (Vzel), (5)

The function class S*(¢) was defined and studied by Raina and Sokél [1]. Clearly, one can see
that S*(o) is a function class of starlike functions subordinate to a shell-shaped region. These earlier
authors derived results related to coefficient inequalities for this function class [1]. Later on, Priya
and Sharma [2], who were essentially motivated by the work of Raina and Sokél [1], introduced a new
class R (h) of functions associated with the leaf-like domain as follows.
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Definition 2. (See [2].) A function f € A is said to belong to the class R(h), if it satisfies the following

condition:
fllz)<z+ V1422 ©6)

For convenience, now, we recall some firm footing concept details and definitions of the
g-difference calculus, which will play a vital role in our presentation. Throughout the article, it should
be understood that unless otherwise notified, we presume 0 < g < 1 and that:

N={1,23---} =Ng\{0}  (No:={0,1,2,3,---}).

Definition 3. For q € (0,1), we define the g-number [A], by:

1-q"
= (AeC)
(Al = X
qu:1+q+q2+...+q”_1 (A=neN).
k=0

Definition 4. (See [3,4].) The q-derivative (or the q-difference) operator Dy is defined for a function f ina

given subset of C by:

f(2) — f(q2)

—_— z#0
a-gp: 70

£ (0) (z=0).

Dyf (z) = (7)

We note from Definition 4 that the g-difference D, f(z) converges to the ordinary derivative f’(z)
as follows:

. — i JB) —fa2) _
Am (D)) = lim Za—ge =S¢
for a differentiable function f in a given subset of C. Moreover, it is readily deduced from
Equations (1) and (7) that:

(Dyf) (z) =1+ i [n]qanz”_l. (8)
n=2

Up to date, the study of g-calculus has intensely fascinated researchers. This great concentration is
due to its advantages in several fields of mathematics and physics. The significance of the operator D, is
quite obvious by its applications in the study of the several subclasses of analytic functions. For example,
initially, in 1990, Ismail et al. [5] gave the idea of the g-extension of the class of starlike functions in
U. Historically speaking, a foothold usage of the g-calculus in the context of geometric functions
theory was effectively invoked by Srivastava (see, for details, [6], p. 347 et seq.). Subsequently,
remarkable research work has been done by many authors, which has played an important role in
the development of geometric function theory. In particular, Srivastava et al. [7] studied the class of
g-starlike functions in the conic region, while the upper bound of the third Hankel determinant for the
class of g-starlike functions was investigated in [8]. Moreover, several authors (see, for example, [9-12])
published a set of articles in which they concentrated on the classes of g-starlike functions related
to the Janowski or other functions from several different aspects. Additionally, a recently-published
survey-cum-expository review article by Srivastava [13] is potentially useful for researchers and
scholars working on these topics. In this survey-cum-expository review article [13], the mathematical
explanation and applications of the fractional g-calculus and the fractional g-derivative operators in
geometric function theory were systematically investigated. For some more recent investigations about
the recent usages of the g-calculus in geometric function theory, we may refer the interested readers
to [14-27].
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Definition 5. (See [5].) A function f € Ais said to belong to the class S5 if it satisfies the following conditions:

f0)=f(0)-1=0 )
and:
D
z(Dgf)(z) 1 < 1 (10)
f(z) 1—q| = 1—¢
Then, on account of the last inequality, it is obvious that, in the limiting case ¢ — 1—:
’w R P
1—-gq|~1—9

the above closed disk is merely the right-half plane and the class S; of g-starlike functions turns into
the prominent class §*. Analogously, on behalf of principle of subordination, one may express the
relations in (9) and (10) as follows (see [28]):

z(Dyf) (z) o 14z
e e (pe=r)

Now, in order to define the new class R (1) of analytic functions that are associated with a certain
leaf-like domain, we make use of the above-mentioned g-calculus and the principle of subordination
between analytic functions and define the following.

Definition 6. A function f € S is said to be in the functions class R4(h) if it satisfies the condition given by:

z(Dgf) (2) < ¢(z)  (z€U), (11)
where:
_ A4z ol (1 (g2’
¢@_Hﬂﬂm+%+QH%mJ' 2

Remark 1. It is easy to see that:
lim R4(h) =: R(h)
qg—1—

where R (h) is a function class introduced and studied by Priya and Sharma [2].

Definition 7. (See [29].) The jth Hankel determinant is given, for j € Nand n € Ny, by:

an Ap+1 - - 0 Apyj-1
An1 :

Hj(n) =
Aptj-1 - o (g1

The determinant H; (1) has also been considered by several authors in the literature on the subject
(see, for example, [8,30,31]). In particular, Noor [32] determined the rate of growth of H j(n) asn — 0
for functions f given by Equation (1) with bounded boundary. Ehrenborg [33] studied the Hankel
determinant of exponential polynomials. The Hankel transform of an integer sequence and some of its
properties were discussed by Layman [34].
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Remark 2. By giving some particular values to j and n, the Hankel determinant H; (n) is reduced to the
following form:

ay a 2
H(1) = = aja3 — a;.
ap as

We note that Hy(1) is the well-known Fekete—Szeg0 functional (see, for instance, [35]). On the other hand,
we have:
a as

HQ(Z) = a3 as = axd4 — a%,

where Hy(2) is known as the second Hankel determinant.

Until now, very few researchers have studied the above determinants for the function class that is
associated with a leaf-like domain. Therefore, in this paper, we are motivated to find estimates of the
first few Taylor-Maclaurin coefficients of the functions f of the form (1) belonging to the class R;(h),
which is associated with a leaf-like domain. We also consider the estimates of the familiar functionals
such as |a3 — Aa3| and |axay — a3|. Finally, this work will be generalized and extended to hold true for

. -1
the functions ﬁ and f~(z).
2. Preliminary Results
Each of the following lemmas will be needed in our present investigation.
Lemma 1. (See [36-38].) If:
p(z) =1+piz+pz>+-- €P,
then:
2p2 = P+ x (4= 1})

for some x (|x| = 1) and:
aps=pi+2 (4= p}) px— (4= 1) p?+2 (4= p}) (1 - xP)z
for some z (|z| £ 1).
Lemma 2. (See [39].) If p(z) € P, then, for any complex number y,
‘Pz - Wﬂ < 2max {1, [2u —1[}.
This result is sharp for the functions p(z) given by:

1422
p(z) = 1-_2 and p(z) = 1—2

Lemma 3. (See [40].) Let the function p € P be given by (4). Then:
lpn| £ 2 (n € N).
This inequality is sharp.

3. A Set of the Main Results

We begin this section by estimating the upper bound of the Taylor-Maclaurin coefficients for the
functions belonging to the class f € R4(h).
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Theorem 1. If the function f € R,(h) has the form (1), then:
lay] < 144
la3] < &/
~3(1+q+47)
and:

lay| < ’72_37‘7%
- 2(1+4?)

Proof. If we suppose that f € R;(h), then there exists a function w(z) € B such that:

(Dyf) (2) = ¢(w(z2)),

At wE) ]°
1+<2+u—ww@91 |

together with:

¢(w(z)) _ (A +quw(z)

2+ (1—q)w(z) +

We now define a function p(z) by:

P = o) =1+ X o

n=1

Then, it is clear that p € P. The last relation can be restated in the following equivalent form:

p(z) —1
p(z) +1°

w(z) =

Substitution of w(z) from (18) into (17) yields:

(1+49)(p(z) = 1)
1+3p(z) + (1 -p(z))q

1+9)[pkz) -1 \° 3
+(1+3P P(Z)M)]
)

Dpr1, (1+11) <p2— (314);7%) 24

¢(w(z)) =

From the right-hand side of (16), we find that:

[ee]
(Dyf) :1+2 Jganz"™

S
N

1+ [2]ga0z + [3]ga32% + [4]qmaz® + - - -

Equating the coefficients of like powers of z, z2, and z3 from the relations (19) and (20), we get:

1+
ay = [ ]qplr

6 of 15

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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7= ) (Pz-@ﬁ%)

S 3(14q+4?)

and:

_ 1 (7" —49+7) 5 (9-3)
“4_2(1+q2)< . Nt R

respectively. Thus, by applying Lemma 3 in (21), we obtain (13).
Next, Equation (22) can be reduced to the following form:

4

__a+a) g, 2
93] = 3 0+ 7 P2 =¥}

together with:

y= (3;67)‘

Using (24) in conjunction with Lemma 2, we get (14).
Finally, we find from Equation (23) that:

_ 1 (*—49+7) 5 (q—3)
|ay] = ETD R Pt P21t ps).

7 of 15

(22)

(23)

(24)

Substituting for the values of p; and p; from (21) and (22) and also by applying Lemma 3, one can

obtain the result as in Equation (15). The proof of Theorem 1 is thus completed. [

Remark 3. In the special case, if we let g — 1—, Theorem 1 would coincide with the corresponding result of

Priya and Sharma [2].

Theorem 2. If the function f € R,(h) has the form (1), then:

4 2
g < T AT
|a2a3 — a4| < 2UA()
together with:
1
A(q) = .
W= @@

Proof. From (21)—(23), upon substituting for the values of a3, a3, and a4, we have:

o1 4¢3 2 3
|apas — ay| = 1924 (7) ‘(q 6g9° +22q —|—18q+37) P1

+12 (q3 —5q2 —5q—7) p1p2 +48 (q2+q+l> pP3

7

where A(q) is given by (26). Substituting for p, and p3 from Lemma 1, we obtain:

RS S L VRN 3
19205 =84 = 558 ) (s 428 47)

+6(q3—q2—q—3) (4—p12>p1x—12(q2+q+1>

. (4 - plz) p1x? +24 (qz +q+ 1) (4 - p12> (1 - |x|2> z’ .

We assume that:
|x| =t € [0,1] and p1=pe€]0,2].

(25)

(26)
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Then, using the triangle inequality, we deduce that:

|a2ﬂ3—ﬂ4|§1921A(q){<q4+4q2+7)p3+6 (3+q+q2—q3> (4—p2) pt+12(q2—|—q—|—1)
-(4—p2>pt2+24<q2+q+1) (4—p2>t2+24(q2+q+1> (4—p2)}.

We now define:

Fy(p,t) = 19211\(q) {(¢*+42+7)p* +6 (3+q+ 02— (4= p?) pt+12 (P +q+1)
(4=p?) pP 24 (P 1) (4-p?) P 2u (P rq+1) (4-p7) )
Differentiating F;(p, t) partially with respect to t, we have:

%:: 192/1\(q) {6(3+q+a—7) (4-p*) p+24 (P +q+1)

: (47;92) pt + 48 (q2+q+1) (4—;12) t}
which, after some elementary calculation, shows that:

oF;(p, t) =0
ot !

implying that F,(p,t) is an increasing function of t on the closed interval [0,1]. Thus, clearly,
the maximum value of the function F,(p, t) is attained at t = 1, which is given by:

s 0 0) = o) = g {(8 046 +7) 9 6 (3w —77) (347
+12(q2+q+1) (4—p2>P+24<q2+q+1) (4_pz>+24(q2+q+1) (4—702)}.

Finally, we set:

Gy(p) :1921[\([1) {(¢*+4a2+7)p* +6 (3+q+a2—°) (4= %) p
+12 (P +q+1) (4= ) p+24 (P +q+1) (4= p2) +24 (P +q+1) (4= 17) }.
Then, since p € [0,2], it follows that:

4 2
+4q% +7
G,(2) < s
q( = 24A(q)
This completes the proof of Theorem 2. [

If we let g — 1—, Theorem 2 yields the following corollary.

Corollary 1. (See [2].) Let the function f given by (1) be a member of the class R (h). Then:

1
< L
|apaz —ay| = 5

4. The Fekete-Szeg6 Problem for the Class R;(h)

We first prove the following result.
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Theorem 3. If the function f € R4(h) is of the form (1), then:

ol < (1+’1)
‘ng yaz’ = 0 tq+00) max q 1,

A+ (A—q(—p)+p
2(1+4) ‘} @7

Proof. From Equations (21) and (22), we have:

(1+q) (3-—4q) 14+q \°
3<1+q+q2>{”2‘ 1 ’“2}‘”(4[2]#’1)]'

After some suitable simplification, this last relation can be interpreted as follows:

az — Hax =

= | OO,
23 W2|_’4(1+q+q2) (p2 = vrr?)

- 4(1(—1i-—t:j->q2) ’("’2 - VP%)

, (28)

where:

(1+q)B+qp—1)+pu
4(1+9q) ’

Now, taking into account (28) and Lemma 2, we obtain the assertion (27).
A closer examination of the proof shows that the equality in (27) is attained for:

1+q _ 1+ 22
2(1+q+4?) (V(Z) —1_ qzz>
a3 — paz| =
149 | (+q)(A—q(1—p)+p _1+z
2(1+q+q%) 2(1+q) ‘ <p(z) T 1- qz) :

The proof of Theorem 3 is thus completed []

Remark 4. In the special case, if we let g — 1—, Theorem 3 will yield the corresponding result that was already
proven by Priya and Sharma (see [2]).

5. Estimates of the Second Hankel Determinant

In this section, we prove the following result.
Theorem 4. If the function f € R,(h) has the form (1), then:

6 5 4 3 2
’ﬂ2a4—a§‘ <0049+ 11t 14 + 1147 vdg 41
- 48(1+*)(1+49+4°)7?

(29)
Proof. Let f € R;(h). Then, from Equations (21)—(23), we have:

(4° +4g° + 11g* + 4¢° + 119> + 49 + 1) p}

2l
20y — a3 ‘ 768(1+ 2)(1+q + 42)2
(9 —3)4*pip2 pip3
32(1+g+4%)2(1+42)  16(1+42)
(14+4%)p3

16(14 g + ¢%)2

Substituting for p and p3 and by using Lemma 1, we obtain
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2’ | (°+49° + 119* + 49° + 1142 + 49 + 1) pr*

3 768(1 + ¢2)(1 + g + g2)2

(4—pH(A—|xP)zpr  ¢*(1—q)(4— p})xp?
32(1+¢2) 64(1+q )(1+4 g+ g2)2

(4—pxpt | (1+q2)(4— p3):x>
64(1 + g2) 64(1+ g+ g2)?

(30)

We now set p; = p and assume also, without restriction, that p € [0,2]. Then, by applying the
triangle inequality on (30), with |x| = t € [0, 1], we find that:

(7° +4¢° + 114* + 44> + 114° + 49 + 1) p*
768(1+g2)(1+ g + g?%)2
4—pHp | 4—p)fp
32(1+42)  32(1+42)
PF(1—q)4—p)tp* | G-—pHep* | 1+ (4E-p?)*?
64(1+¢%)(1+q+4¢%)?  64(1+43) 64(1+q+4%)?%

’612614 — H3‘

+

+

By assuming further that:

(9° +49° + 11g* + 4¢° + 114* + 49+ 1) p*
768(1+q%) (14 q + ¢%)2
4-pp , 4-p)Fp
32(144¢%)  32(1+4?)
FA-q)d—pHtp> | @G-pHp*  (+¢)[@E—-p>)*F
64(1+q)(1+q+q2)2 64(1 + g2) 64(1+q+4¢%)2

Fy(p 1) =

_l’_

+

Differentiating F,(p, t) partially with respect to t, we have:

oF(pt) _ (4—pHtp | P —g9@-pHp* | @-pHip* 1+ -p*)*
ot 16(1+4%)  64(1+g2)(1+g+42)2  32(1+42) 32(1+ g+ 4g2)?

>0,

which implies that, as a function of t, F;(p, t) increases on the closed interval [0, 1]. This means that
F;(p,t) has a maximum value at t = 1, which is given by:

(g +49° + 1100 + 47 + 117 + 49 + 1) p*
A-pp | G-pp
32(1+42)  32(1+4?)
FPl—qU—-pHp* | G-pHpr* A+ E-p*)?
64(1+g2)(1+q+4¢%)2  64(1+q2) ' 64(1+q+4¢2)2 "

+

+

We now set:

(7° +4¢° + 114* + 44> + 114% + 49 + 1) p*
768(1 +¢2)(1+ q + ¢%)?
(4—pHp | (4—pHp
32(1+42)  32(1+42)
FA-q)d-p)p* | G-p)p*  1+¢*)4—-p*)?
64(1+¢2)(1+q+4¢%)?%  64(1+4?) 64(1+ g+ ¢2)2

Gq(p) =

+




Mathematics 2020, 8, 1334 11 of 15

Then, since p € [0, 2], it follows that:

(9° +49° + 11g* + 44> + 11¢> + 49 + 1)
48(1+¢*)(1+q+4°)? '

Gq(2) =

which completes the proof of Theorem 4. [

Remark 5. If, in Theorem 4, we let g — 1—, we get the corresponding result due to Priya and Sharma [2].

6. Coefficient Estimates for the Function ﬁ

Let the function G(z) be defined by:

G(z) = ]% =z (f(lz)> =1+ nibnz”. (31)
We now prove the following result.
Theorem 5. Let the function h(z) be defined by (12). Suppose also that:
f € Ry(h) and G(z) = —.
Then, for any o € C, it is asserted that:

_ 42| < (1+q)
‘bz oby :2(1+q+q2)max 1,

24+q—0c(14+q9+4¢%)
2(1+q)

} . (32)

Proof. Since f € R;(h), we have:

z <f(12>) =1—az+ (ap —a3) 2> + (azag—a4— (a22 —a3> az) 24 (33)

Equating the coefficients of z and z2 from (31) and (33), it can be deduced that:
by = —a (34)
and:
by = a, — as. (35)

Thus, on account of (21), (22), (34), and (35), we get:

_ (+4q)
b=~ (36)
and:

(1+4q) Bq+4) 13
by=——77-—""— - . 37
S TG Ry ) T Gy 7

Now, for ¢ € C, we set:

T S € & /) B SN

bZ Jbl - 4(1 +q+q2) (pz gpl )/ (38)
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where:
4+437-0(1+q+4%)
o 4(1+9q)

Thus, by applying Lemma 2 and after some suitable computation, Equation (38) is reduced to (32).

¢

The sharpness of the estimate is given by:

(1+q) 1+ z?
2(1+49+4?) (}7(2) —1_ qzz
b2 = oby?| =
|2+q70(1+q+q2)| . 1+2z
4(1+9+4%) p(z) = 1—gz)"

Our demonstration of Theorem 5 is now complete. [

As a special case of Theorem 5, if we let ¢ — 1—, we get the following known result.
Corollary 2. (See [2].) Let the function h(z) be defined by (12). If:

feR() and  G(z) = ——

then, for any o € C, it is asserted that:

3—-30

1
_ohil < Z
‘bz abl‘ < 3max{l, 1

b

7. Coefficient Estimates for the Function f~1(z)

Here, in this section, we prove the following result.

Theorem 6. If f € Ry(h) and:
flw) =w+ Y dew,
n=2

is the inverse function of f with |w| < ro, where r( is greater than the radius of the Koebe domain of the class
f € Ry(h), then, for arbitrary p € C, it is asserted that:

1+
’d3—ﬂd§ < _1t0

2 2
g +2g—u(l+q+9°)+2
< 72(1 7+ 7 max{l, . (39)

2(1+q)

The above-asserted estimate is sharp.

Proof. It is well known that every function f € S has an inverse f !, which is defined by:

@) =ff@) =2z (z€D).
By means of the above relation and (1), we find that:
iz + i anzy) = z. (40)
n=2

It is also known that:

Flw) =w+ i dywy,.
n=2
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Making use of (33) and (40), it can be seen that:
z+4 (ay +dp)2? + (a3 + 2apdy + d3)2° + - - - = z. (41)
Now, by equating the coefficients of z and z?, we obtain:
dy = —ap (42)
and:
dz = Za% — as. (43)

From (21), (22), (42), and (43), we can see that:

L
and:
by (1+0) ( L (P +49+5) P12>
4(1+q+49%) 4(1+9)
For any ¢ € C, we set:
dy —od = _4(1(13342) (2 —ar?) (44)

and:

_PH4q+5-0(l+q+¢)
4(1+4q)
Then, by applying Lemma 2, it is easy to observe that the inequality (44) reduces to (39).
The sharpness of the estimate is given by:

¢1

_ (+q) _ 142

2 2(1+q+¢?) PE) =gz
o= 2

|2 +2q —u(1+q+4%) +2] ( (2) = 1+z)

40 +q+¢) 1—qz)

This completes our proof of Theorem 5. [

As a special case of Theorem 5, if we let § — 1—, we are led to the following known result.
Corollary 3. (See [2].) If f € R(h) and if:
fHw)=w+ Z dpwy
n=2
is the inverse function of f, then, for an arbitrary y € C, it is asserted that:

2—p
1 .

‘bz —Ubﬂ < ;max{l,
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8. Conclusions

Here, in our present investigation, we first defined a new subclass R, (1) of normalized analytic
functions in the open unit disk U, which is associated with a leaf-like domain and which involves the
basic (or g-) calculus.

We then successfully investigated many properties and characteristics such as the estimates on
the first few Taylor-Maclaurin coefficients, the Fekete-Szego problem, and the second-order Hankel
determinant Hy(2). We also obtained several results for the functions ﬁ and f~1(z) associated
with this newly generalized domain. Finally, we highlighted a number of known corollaries and

consequences that are already available in the literature on the subject.
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