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ABSTRACT 

The advent of LIDAR technology has led to a range of applications in the field of 

topographical mapping. An airborne laser system can acquire a large volume of 

terrain data within a short span of time. The thesis is based on a project which 

involves the development of ground and canopy profiles from a terrain data acquired 

by a laser system mounted on an airborne sensor platform. The project , sponsored by 

Terra Remote Sensing Inc. , also involves extracting wire hits, if any, from the terrain 

data and drawing catenary curves through the wire hits. While data acquired by a 

profiler laser system are good for extracting a 2-D topographical curve they are not 

suitable for obtaining a 3-D surface plot. Data acquired by a laser scanner system, 

on the other hand, are quite suitable for obtaining a 3-D terrain model. 

The process starts by classifying the data points as ground hits, canopy hits or 

wire hits using a method based on order statistics filters. The non-uniformly located 

data points are interpolated in order to obtain smooth profiles. Two methods of 

interpolating non-uniform profiler data have been used. The first is a multiscale pro­

cess wherein the data are regularized using an iterative piecewise polynomial method. 

The second method is based on maximum smoothness interpolation in the wavelet 

domain. The wavelet based interpolation technique has also been used to interpolate 

data acquired by a scanner system. A second method used for interpolating scanning 

data involves fitting a smooth curve in each of the triangular cells formed by drawing 

a triangulated network with data points as vertices of the network. Finally, catenary 

wires have been traced by joining the wire hits and eliminating data points which 

might have wrongly been classified as wire hits. 



PARTIAL COPYRIGHT LICENSE 

I hereby grant the right to lend my thesis to users of the University of Victoria Library, 
and to make single copies only for such users or in response to a request from the 
Library of any other university, or similar institution, on its behalf or for one of its 
users. I further agree that permission for extensive copying of this thesis for scholarly 
purposes may be granted by me or a member of the University designated by me. It 
is understood that copying or publication of this thesis for financial gain shall not be 
allowed without my written permission. 

Title of Thesis: SIGNAL PROCESSING FOR A LIDAR SYSTEM. 

Author: 
DEBASISH SASMAL 
March 2001 



lll 

Examiners: 

Dept . of Elect. & Comp. Eng. 

Dept. of Elect. & Comp. Eng. 

Dept. of Mechanical Eng. 

Mr. Terry Curran, External Examiner, Instit ute of Ocean Sciences 



Table of Contents 

Abstract 

Table of Contents 

List of Figures 

Acknowledgement 

Dedication 

List of Abbreviation 

1 Introduction 

1.1 Concept and Operation 

1.2 Scope of Thesis . ... . 

2 Preprocessing of LIDAR Data 

2.1 Introduction . . 

2.2 Data Archiving . 

2.2.1 Rotation and normalization of the data 

2.2.2 Grouping of data points 

2.3 Search for Neighboring Points . 

2.4 The Order Statistics Filter . 

2.5 Classification of Data Points 

2.6 Conclusions . . ....... . 

3 Signal Processing for a LIDAR Profiler System 

3.1 Introduction ....... ... ..... .. . 

3.2 The Deslauriers-Dubuc Interpolation Process 

IV 

11 

IV 

VI 

IX 

X 

xi 

1 

3 

3 

6 

6 

6 

7 

8 

8 

11 

11 

14 

15 

15 

17 



Table of Contents v 

3.3 An Iterative Approach to onuniform Interpolation . 18 

3.4 Wavelets and Smoothness Spaces . . . . . . . . 21 

3.5 Wavelet Approach to Nonuniform Interpolation 22 

3.5.1 Maximum-smoothness interpolation . . 23 

3.5.2 Interpolation in Sobolev space . . . . . 23 

3.6 Octave-Band Filter Bank and the Discrete-Time Wavelet Transform 24 

3. 7 Interpolation Results and Discussion 29 

3.8 Conclusions . . . . . . . . . . . . . . 36 

4 Signal Processing for a LIDAR Scanner Data 

4.1 Introduction . . . . . . . . . . . . . 

4.2 The Delaunay Triangulation Process 

4.3 Implementation of the Procedure . . 

4.4 Bivariate-Interpolation in a Triangular Cell 

4.5 Formulation of the Polynomial . . . . . . . 

4.6 Determination of the Coefficients of the Polynomial . 

4.7 Wavelet-Based 2-D Interpolation .. 

4.8 Interpolation Results and Discussion 

4.9 Conclusions ............. . 

5 Delineation of the Transmission Wire 

5.1 Introduction ... 

5.2 Tracing the Wire . 

5.3 Optimizing the Catenary Curve . 

5.4 Conclusions ........... . 

6 Conclusions and Scope of Future Work 

Bibliography 

38 

38 

40 

41 

43 

46 

51 

54 

58 

65 

66 

66 

67 

74 

76 

77 

81 



vi 

List of Figures 

Figure 1.1 Laser-beam geometry for the scanning laser system. . . . . . . 4 

Figure 2.1 Point p0 is nearer to some points in adjacent blocks than some 

of the points in block bi,j itself. . . . . . . . . . . . . . . 9 

Figure 2.2 Block bi,j divided into five parts. . . . . . . . . . . 

Figure 2.3 Point p0 nearer to points p2 and p3 than point p1. 

Figure 3.1 Interpolating functions generated from the Kronecker sequence 

10 

10 

for (a) D = l, (b) D = 3, (c) D = 5 and (d) D = 7. . . . . . . . . . . 19 

Figure 3.2 An octave-band filter bank with J stages. (a) Analysis part. 

(b) Synthesis part. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 

Figure 3.3 Three-stage octave-band synthesis filter bank with J = 3 stages 

and Haar filters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 

Figure 3.4 (a) Original data samples. (b) Data samples converted to be 

placed at binary rationals . . . . . . . . . . . . . . . . . . . . . . . . . 29 

Figure 3.5 Interpolated curves for (a) D = 1, (b) D = 3, (c) D = 5 and (d) 

D = 1 for the nonuniform process and D = 3 for the DD refinement 

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 

Figure 3.6 Interpolated curves using (a) Haar, (b) D4, (c) D6 and (d) D8 
filters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 

Figure 3.7 (a) Original signal. (b) Randomly sampled 96 data points. . . 32 

Figure 3.8 Interpolated data for 256 samples using (a) the iterative nonuni-

form process with D = 3 and (b) the wavelet-based process. . . . . . . 32 

Figure 3.9 Interpolated data for 512 samples using (a) the iterative nonuni-

form process with D = 3 and (b) the wavelet-based process. . . . . . . 33 

Figure 3.10 Interpolated data for 1024 samples using (a) the iterative nonuni-

form process with D = 3 and (b) the wavelet-based process. . . . . . . 33 



List of Figures vii 

Figure 3.11 Interpolated data obtained for 1024 samples (a) using the itera­

tive nonuniform process with D = 3 for 128 samples and then applying 

the DD refinement technique for 3 iterations, (b) using the iterative 

nonuniform process with D = 3 for 256 samples and then applying the 

DD refinement technique for 2 iterations. . . . . . . . . . . . . . . . . 34 

Figure 3.12 LIDAR profiler data. . . . . . . . . . . . . . . . . . . . . . . . 34 

Figure 3.13 Data points categorized as (a) ground hits and (b) vegetation 

top hits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 

Figure 3.14 Interpolated data using the iterative nonuniform interpolation 

process for (a) ground profile and (b) vegetation top profile. . . . . . 35 

Figure 3.15 Interpolated data using the wavelet-based nonuniform interpo-

lation process for (a) ground profile and (b) vegetation top profile. 36 

Figure 4.1 Lawson's swapping algorithm. . . . . . . . . . . . . . . . . 41 

Figure 4.2 Data structure for triangulation algorithm. . . . . . . . . . 42 

Figure 4.3 Search path to find the triangle which encloses a data point. 43 

Figure 4.4 

Figure 4.5 

Figure 4.6 

Implementation of Lawson's swapping algorithm. . .. . . . 

Delaunay triangulation of 12 data points ........... . 

(a) The x-y Cartesian coordinate system. (b) The u-v coordi-

44 

44 

nate system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 7 

Figure 4.7 The s-t coordinate system with the s axis parallel to AA- 49 

Figure 4.8 The s-t coordinate system with the s axis parallel to PiP3 . 50 

Figure 4.9 The s-t coordinate system with the s axis parallel to AP3 . 51 

Figure 4.10 Separable filter bank in two dimensions, with separable down-

sampling by 2 .......... • . . . . . . . . . . 55 

Figure 4.11 Original signal. . . . . . . . . . . . . . . . . . . . . 58 

Figure 4.12 300 sample points of the original signal. . . . . . . . 59 

Figure 4.13 Delaunay triangulation of the sampled data points. 60 

Figure 4.14 Surface interpolated using the triangulation method. 60 

Figure 4.15 Dyadic points, approximated from the sampled data points. 61 

Figure 4.16 Surface interpolated using the wavelet-based method. . . . . 62 

Figure 4.17 Ground profile obtained using the triangle-based interpolation 

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 



List of Figures viii 

Figure 4.18 Ground profile obtained using the wavelet-based interpolation 

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 

Figure 4.19 Canopy profile obtained using the triangle-based interpolation 

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 

Figure 4.20 Canopy profile obtained using the wavelet-based interpolation 

process. . ........ . 

Figure 5.1 

Figure 5.2 

Possible wire hits .. 

Data points joined to trace possible catenary wires. 

64 

71 

71 

Figure 5.3 Trace of a wire with erroneous data points. . . . . . 72 

Figure 5.4 Unwanted data points replaced with suitable values. . 72 

Figure 5.5 Transmission wires and their projection on the x-y plane. 73 



ix 

Acknowledgement 

At the very outset I convey my deep respect and gratitude to my supervisors Dr. 

Andreas Antoniou and Dr. Dale Shpak, for their valuable guidance and comments 

throughout my graduate studies. 

I would like to acknowledge Terra Remote Sensing Inc. for their financial support 

without which I would not have been able to undertake my research work during my 

tenure as a graduate student. 

I am thankful to the computer and secretarial staff of the Department of Electrical 

and Computer Engineering, in particular, Vicky Smith, for the support extended to 

me. I would also like to thank all my friends who became an integral part of my 

student life and extended their help both academically and otherwise. 

I would like to specially thank Sanghamitra Ghosh, who has now become a special 

person for me, for her help and constant encouragement during the thesis work. 

Finally, I would like to thank my family who encouraged me throughout my graduate 

studies and gave me the will to continue. 



X 

Dedication 

Dedicated to my family 



xi 

List of Abbreviation 

AOL Airborne oceanographic LIDAR 

DD Deslauriers-Dubuc 

DWT Discrete wavelet transform 

LIDAR Light detection and ranging 

OSF Order statistics filter 

PLADS Pulse-light airborne depth sounder 

PRF Pulse repetition frequency 

TM Topographic map 



Chapter 1 

Introduction 

Topographic mapping has been an ever evolving process with numerous researchers ac­

tively involved in developing more efficient means of providing needed data products. 

The need for an ever growing volume of surveying and mapping data and higher data 

density warrant the ongoing research involved in the development of cost-effective 

methods for application to topographical mapping. This provides an impetus for 

developing airborne laser technology for application to surveying and mapping. 

The concept of using an airborne laser system for terrain mapping evolved from 

oceanographic applications of light detection and ranging (LIDAR) starting in the 

late 1960s. First used for bathymetry in 1968, the use of airborne laser techniques 

was demonstrated with a system constructed at the Syracuse University Research 

Corporation by Hickman and Hogg [1]. In laser bathymetry a series of short , intense 

pulses of laser light is projected from the aircraft into the ocean. The depth of the 

ocean bed can be deduced from the surface reflection and the laser light reflected from 

the ocean bed. Backscattered radiation from the water column is also received and 

can be analyzed to estimate the turbidity of the sea water. The first commercially 

built research system was the pulse-light airborne depth sounder (PLADS) developed 

by Raytheon [2]. Hoge et al. reported the results of a study to derive water depths 

in the Atlantic Ocean and in the turbid Chesapeake Bay using a system developed 

for NASA, known as the airborne oceanographic LIDAR (AOL) system [3] [4]. 

The attributes which make an airborne laser so useful for ocean profiling have 

been known to be relevant to terrestrial problems. Initial interests in the terrestrial 

applications of airborne laser was on topographic mapping of the terrain. The ability 

of the laser profiler to penetrate the vegetation so that the ground elevations beneath 

a continuous vegetation cover could be derived was used to map the vegetation cover 
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of the terrain. Link and Collins [5] provided a summary of the operational aspects 

of a laser terrain mapping system. Krabill et al. [6] used an airborne laser equipped 

with a vertical accelerometer to map the topography of a watershed near Memphis, 

TN. Arp et al. [7] reported on an ambitious laser mapping project for water reservoir 

location in an inaccessible area in Venezuela. Schreier et al. [8] determined in a terrain 

mapping study in Canada that 95% of all laser terrain elevations were within 1.80m 

of photogrammetrically derived values. Vegetation cover had a significant influence 

on the accuracy of the laser terrain measurements; dense vegetation introduced an 

element of noise into terrain mapping. They noted that laser profiling data would be 

useful for vegetation canopy height determination. Nelson et al. [9] utilized the tree 

height-finding capability of a profiling laser on a heavily forested hardwood site in 

Pennsylvania to show the changes in the laser canopy profile corresponding to chang­

ing canopy density conditions. Schreier et al. [10] reported that their near-infrared 

laser produced accurate terrain and vegetation canopy profiles, thereby permitting 

accurate measurement of tree height. They used the canopy height measurements in 

conjunction with the near infrared reflectance value to tree types ( conifer, hardwood) 

using semiautomated classification techniques. Maclean [11] demonstrated that the 

cross-sectional area of the forest canopy derived via photointerpretation is directly 

related to the natural logarithm of the gross merchantable timber volume. 

In the forestry experiments accomplished so far the lasers have ususally been op­

erated in a profiling mode, i.e. , only a single line of data directly beneath the aircraft 

is recorded. For large scale practical applications of laser data the profiling technique 

provides a rather limited sample. Scanning laser systems would provide greater dis­

tributions of samples, although the consequences of looking through the forest canopy 

at an angle need to be better investigated [12]. Essential for the success is a high 

intensity of measurements, the ability to locate accurately the three-dimensional co­

ordinates of the objects reflecting the pulsed laser beams [13] [14] [15] and narrowly 

focused laser beams producing well-defined return signals. Today's advanced systems 

meet these requirements [16] [17]. 
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1.1 Concept and Operation 

The thesis is based on a project sponsored by Terra Remote Sensing Inc. The project 

involves the development of an airborne scanning laser to measure distances between 

transmission-line wires and ground targeted from an accurately positioned airborne 

sensor platform. A high pulse-repetition-frequency (PRF) laser directed by a scanning 

mirror system will be used to capture returns from transmission wires and the terrain 

backgrounds. The laser scanner data will then be used to create a topographic map 

(TM) of the ground. Software routines will extract the wire hits from the laser 

data and using catenary formulae, fit a curve through the points. Wire and ground 

profiles can then be extracted from the data sets. The resulting profiles for the 

wires, vegetation and ground are used for determining safe clearances for high-voltage 

transmission lines. This development will build on Terra's previous work with lasers 

used in its LIDAR profiler system. Terra has developed infra-red/blue/green 30 Hz 

profiling lasers for coastal mapping applications and will use this as its building block 

for integrating a 2 kHz scanning laser into the proposed project. 

A Bell 206B helicopter is the vehicle which has been planned for carrying the 

sensor package. The proposed laser range finder uses a pulsed laser diode emission 

in the infrared spectrum at 905 nanometers. The PRF of the laser is variable, but a 

PRF of 2000 Hz has been proposed. The laser scanner distributes the laser pulses in 

a defined pattern across the flight path of the aircraft. The scanner will consist of an 

oscillating mirror coupled to a shaft encoder. The pattern of oscillation will be from 

+15 to -15 degrees from nadir for a total scan sweep angle of 30 degrees. Figure 1.1 

illustrates the geometry of the scanning laser system. 

1.2 Scope of Thesis 

The objectives of the thesis are to explore the use of signal processing for the following 

processes: 

• classification of laser hits as ground hits, vegetation hits or possible transmission 

wire hits, 

• delineation of the ground profile, 



1. Introduction 4 

Incident laser 
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--+------~ 

Transmission wire 

Ground --11-.► 

Vegetation 

Figure 1.1. Laser-beam geometry for the scanning laser system. 

• delineation of the canopy profile and, 

• tracing of transmission wire catenaries, if any. 

One-dimensional signal processing algorithms are used to process the LIDAR data 

aquired by an existing profiler system. These algorithms are further improved and 

modified to process data aquired by a scanner system by using 2-D signal processing 

techniques. 

Chapter 2 describes a set of signal processing algorithms that can be used to pre­

process the LIDAR data in order to facilitate automatic classification of data points. 

The data are suitably archived and data structures maintained in order to make the 

processes time and memory efficient. The data are normalized and translated from 

the x-y coordinate system to the x' -y' coordinate system where the x' -y' coordinate 

system is formed by rotating the x-y coordinate system by a certain angle. A search­

ing algorithm which determines the nearest neighbors of a particular data point has 

been described. To facilitate the searching process the data set is broken down into 

smaller blocks. A method based on order statistics filters ( OSF) has been developed 

in order to classify the data points as ground hits , vegetation hits or possible trans­

mission wire hits . Vegetation-top hits are further identified from the set of vegetation 

hits. 
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The data points classified as ground hits and vegetation-top hits are nonuniformly 

scattered and thus, to obtain a 2-D topographical curve for a profiler data and a 3-D 

surface plot for scanner data, nonuniform interpolation techniques are used to inter­

polate data onto a regular grid. Chapter 3 discusses two methods of 1-D nonuniform 

interpolation. The first is a multiscale iterative interpolation technique based on the 

Deslauriers-Dubuc process and the second is based on maximum smoothness inter­

polation in the wavelet domain. The iterative approach tries to fill-in missing data 

points on a regular grid by using a piecewise polynomial method. On the other 

hand, the wavelet-based interpolation process is considered as an optimization prob­

lem where the original signal is estimated from the given signal samples according to 

some optimality criterion. The behavior of the two processes is discussed and their 

performances compared. 

Chapter 4 discusses two processes for interpolating data points scattered on a 

2-D profile. The first is a triangle-based interpolation process wherein a triangulated 

network is constructed with the data points forming the vertices of the triangulated 

network. The resulting surface is modeled as a combination of surfaces, each surface 

modeled over a triangular cell in the network. A fifth-degree polynomial is fitted in 

each triangular cell. The second method is an extension to two dimensions of the 

wavelet-based process discussed in chapter 3. The formation of the wavelet transform 

matrix, which converts a 2-D signal to its wavelet coefficients, is discussed in detail. 

Transmission wires, if any, are traced considering the fact that the projection of 

the wires on the x-y plane form straight lines. Actual wire hits are identified from 

the set of possible wire hits. An optimization method of fitting a smooth curve 

through the points using catenary formulae has been presented. Chapter 5 discusses 

the algorithms developed to obtain the wire profiles. 

Conclusions and directions for further research are found in chapter 6. 
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Chapter 2 

Preprocessing of LIDAR Data 

2 .1 Introduction 

The LIDAR data consist of the x and y coordinates and the corresponding elevation 

values obtained from the laser reflections. Depending on the topography of the region 

laser beams can be reflected off the ground, bushes, trees, buildings, cars, transmission 

wires, or even from flying birds. The data can also have occasional impulsive noise 

due to errors in the data acquisition system or for some other reason. In order to 

obtain the ground and canopy profiles of the region from where the data have been 

acquired and also to delineate transmission wires , if any, the data points will first have 

to be classified as ground hits, vegetation hits , wire hits or anything other. Section 

2.5 discusses in detail the classification of the laser hits . 

Once the data points have been classified, data is interpolated on a regular grid to 

obtain the profiles. Transmission wires, if any, are delineated considering the fact that 

wires maintain catenary curves from pole to pole. These procedures will be discussed 

in subsequent chapters. In order to make the procedures time and memory efficient, 

various data structures will be maintained while archiving the data and also during 

the implementation of the procedures. 

2.2 Data A rchiving 

In order to make the processing more time and space efficient, it is necessary to 

archive the data. For this reason some data-structures are maintained and the data 

points suitably grouped. 
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2. 2 .1 Rotation and normalization of the data 

The direction of the flightline of the aircraft which acquires the data depends on 

the topographical pattern of the region. When the aircraft maintains a particular 

flightline the sounding pattern of the data generated on the surface has an orientation 

which is related to the flightpath. More often the flightline is not parallel to the x 

axis, the data points being represented by x ( easting) and y (northing) coordinates. 

Hence, for a convenient way to process the 2-D data, the data is first transformed to 

a new coordinate system, the x' -y' system. 

The data point (xi, Yi) is transformed to (x~, YD according to the relations 

where 

x'­i r cos{ tan- 1(ydxi) - 0} 

rsin{tan- 1(ydxi) - 0} 
(2.1) 

and 0 is the angle by which the x-y coordinate system is rotated to form the x' -y' 

coordinate system. 

The data points are then normalized to the values (x, y) according to 

where 

maxmin 

and 

(x~ - xmin) /(maxmin) 

Yi (y~ - ymin)/(maxmin) 

maximum(xmax - xmin, ymax - ymin) 

xmax 

xmin 

ymax 

ymin 

maximum{x~} 

minimum{x~} 

maximum{ya 

minimum{ya 

This ensures that the values of i; and y lie between O and 1. 

(2.2) 
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2.2.2 Grouping of data points 

A lot of searching is involved during the classification of data points and also while 

data are interpolated. In order to make the searching process more efficient, the data 

set is divided into smaller blocks. Thus, to search for data points in the neighborhood 

of a particular data point located in a particular block it is sufficient to search for 

data points in that particular block and, if need be, in adjacent blocks instead of 

searching the whole data set. This considerably reduces the search time. The next 

section describes a simple algorithm to search for data points in the neighborhood of 

a particular data point. Here the focus is to determine the local characteristics of the 

surface at the location of the particular point using a few data points near it and so 

importance is given not on the accuracy of the searching algorithm to find the nearest 

neighbors but on the simplicity and efficiency of the data structures that would help 

in further processing of the data. Other similar hierarchical searching schemes can 

be used based on quad-trees [18], [19]. 

The size of the blocks may be appropriately chosen depending on the density of 

the data points. The greater the number of data points in a block, the greater is the 

number of data points which have to be searched in order to determine the nearest 

neighbors. So the size of the blocks is so chosen so that each block contains a few 

data points. 

Once the sizes of the blocks have been :finalized, data points belonging to the 

corresponding blocks are grouped. A linked list is maintained for each block, the 

nodes of the linked list being the data points included in the block. Each node in 

the list consists of the x and y coordinates of the data point it represents and also 

its elevation value. A separate field in the block keeps track of the number of data 

points included in the block. Memory is allocated dynamically depending upon the 

number of data points included in the block. 

2. 3 Search for Neighboring Points 

Let the desired number of neighbors for a particular point p0 located in block bi,j be 

n. The search to find n neighbors close to p0 starts by finding the number of data 

points contained in block bi,j. If bi,j contains more than n data points, there may not 
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be a need to search for data points located outside bi ,j· If the number of data points 

contained in bi,j is less than n , all of the blocks adjacent to bi,j are also searched. If 

the total number of data points included in bi,j and all its adjacent blocks is still less 

than n, blocks adjacent to these blocks are also searched and so on. 

It is always possible that for p0 to be located near the boundary of bi,j and bi,j 

to contain more than n data points. In such a case, the nearest neighbors of p0 will 

be selected among the data points included in bi,j itself although other data points 

included in blocks adjacent to bi,j may be nearer to p0 as illustrated in Figure 2.1. 

• • 
• • 

b . I . - • • i--- bi-JJ+ 1 I- J • 
• • • • • 

• • • p/ • 
b .. - -biJ+1 • 0 • • • IJ • 

• • • • 

Figure 2.1. Point Po is nearer to some points in adjacent blocks than some of the 

points in block bi,j itself. 

In order to avoid false identification of nearest neighbors, data points located in 

adjacent blocks are also included in the search to find the n nearest neighbors of p0 . 

For this, a simple criterion has been used. Block bi,j is broken into five parts: center , 

top-left , top-right , bottom-left and bottom-right as illustrated in Figure 2.2. If p0 is 

located inside the top-right part of block bi,j data points contained in adjacent blocks 

bi- l,j, bi - l ,j +l and bi, j+l are also considered. Similarly, if Pi is located in any of the 

other three parts of block bi,j denoted by the shaded regions in Figure 2.2 , then blocks 

adjacent to the shaded portion are also considered. The area of the shaded parts can 

be appropriately chosen. If p0 is located inside the center part of block bi,j then no 
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adjacent blocks are considered unless bi,j has fewer than n points. 

b . I . I I- J- b -1 . I- J bi-lJ+I 

' ' ' , , , , 
' ' , , 

' ' ' 
, 

' 
, , 

' ' , , , 
' ' ' , , , 

' ' , 
b . · 1 ' 

biJ+I ' ' 
, , 

' ' 
, , 

IJ- , ' , , 
' ' , , , ' ' , , , 

' ' ' , , , 
' ' , , ' ' ' , , , 

' ' ' , , , 
' ' ' ' ' I 

biJ 

b i+IJ-1 
bi+IJ 

bi+IJ+I 

Figure 2.2. Block bi ,j divided into five parts . 

• 
• • 

• 
• 

p • • 
• · --~---- .. . • • 
• • • • 

'yp2 • r 

• 
• ; . 

• Pa 
• • 

• • 
pl 

• 
• biJ • • 

• • 

Figure 2.3. Point Po nearer to points p2 and p3 than point p1 . 

When p0 is located in the center, for some cases it may so happen that some 

data points in adjacent blocks are nearer to p0 than some of the data points selected 
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as its nearest neighbors from within block bi ,j itself. We see in Figure 2.3 that p1 

is considered as one of the n = 5 nearest neighbors of Po although P2 and p3 lo­

cated in adjacent blocks are nearer to it. Thus, it is advisable to search for m data 

points, where m > n, and then select the n points nearest to Pi as its nearest neigh­

bors. Although this may eliminate the problem of false identification of the nearest 

neighbors to some extent, for some cases when most of the data points in bi ,j are 

concentrated at the corners, this may still not work. Since data points are usually 

approximately evenly distributed, it is not expected that data points in any block 

will be concentrated only at the corners. 

2 .4 The Order Statistics Filter 

In order to classify data points as ground hits, vegetation hits or transmission wire 

hits, a method based on order-statistics filters (OSF) has been developed. 

If Yk is the output of the order-statistics filter with window size 2N + 1, then for 

an input sequence x1 , j = 1, 2, ... , 2N + 1, Yk is given by 

2N+l 

Yk = L WjXj (2.3) 
j=l 

where x1 is the jth smallest sample among the 2N + 1 samples inside the window 

centered at k and w1 is a constant weight applied to x1. Note that when W N+ l = 1 

and the rest of the weights are set to zero, the OSF becomes a median filter; when 

Wq+ l = Wq+ 2 = • • • = w2N+l = 1/[2(N - q) + 1] where 0 :S q :S N and the rest of 

the weights are set to zero, the OSF becomes an alpha-trimmed mean filter. Thus, 

by appropriately selecting the weighting coefficients, we can use the OSF for specific 

needs, and in particular to classify height estimates scattered on a 2-D domain. 

2.5 Classification of Data Points 

Suppose we have a set of data points di, i = 1, 2, . . . , N scattered on a 2-D domain. 

We define a neighborhood of di and search for its m closest height estimates. The 

spatial characteristics of the data samples in the neighborhood are then used to 

classify di. The data points in the neighborhood are initially arranged in ascending 
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order of their elevation values, such that hi ::; h2 ::; • • • ::; hm, where hi represents 

the ith element in the ordered array. The data point having the least elevation value, 

hi, can be considered to be a ground hit assuming that there are no data points with 

an impulsive elevation value lower than the actual ground elevation. The point di is 

classified as a ground hit if its elevation value does not exceed that of hi by a certain 

threshold value, i.e., 

elevation ( df) ::; hi + th9 (2.4) 

for a suitably chosen threshold th9 . Similarly, di is classified as a vegetation hit if 

the elevation value of di exceeds hi by some threshold thv1 but does not exceed by a 

certain threshold thvh, for thvl < thvh, i.e., 

hi + thv1 ::; elevation ( dY) ::; hi + thvh (2.5) 

Considering the fact that transmission wires maintain a minimum elevation from 

the ground and also pass above the vegetation in that region, di can be accordingly 

classified as a transmission wire hit if its elevation value exceeds hi by a certain 

threshold thw, i.e., 

elevation ( df) ~ hi + thw (2.6) 

Note that this scheme will result in false categorization of di if the neighborhood of 

di contains even a single impulsive elevation value which is much less than the actual 

ground value at that point. Moreover, the scheme does not distinguish between a 

data point which is near di and one which is far from it. Since, in general, the 

spatial correlation of a typical topographical datum decreases with increasing distance 

from the point under consideration, undue influence of distant data points should be 

avoided. Therefore, instead of considering just the first data point in the ordered 

array of data points to compare with di it is advisable to discard the first few data 

points in the ordered array and consider more than one point as ground hits. An 

array of height estimates X can be formed as 

where the number of discarded data points is f and the number of data points con­

sidered to be ground hits is g. By applying a suitable weighting function over X one 
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can avoid the undue influence of distant points. One such weighting function is the 

inverse distance-powered function given by 

A 
Wj = l _b 

J 

where lj represents the Euclidean distance between di and the sounding location of 

hj. The parameter b controls the degree of influence of distance on the prediction, 

and A is a normalizing constant defined as 

such that 

f+g 

L Wj = 1 
j=J+l 

Thus by applying Wj to hj in X, the ground elevation value at the location of di can 

be predicted. Let hi denote the predicted ground elevation value at the location of 

di. Replacing hi for h1 in (2.4), (2.5) and (2.6), di can be classified as a ground hit , 

vegetation hit or a wire hit , respectively. 

ote that at places where there is no vegetation the canopy profile should coincide 

with the ground profile. To ensure that this is the case, the lower vegetation threshold 

value thvt is kept low so that ground hits are also classified as vegetation hits at these 

regions. 

Data points classified as vegetation hits may include laser hits reflected from the 

top of trees, bushes, etc., as well as hits which penetrate the vegetation. Thus to 

get the canopy profile only the vegetation-top hits should be selected. To categorize 

vegetation7top hits from vegetation hits classified earlier, a similar approach is used as 

was done to classify data points. For each vegetation hit vi, we define a neighborhood 

of vi and search for its m closest neighbors. The data point having the highest 

elevation value among all the data points within the neighborhood is considered as a 

vegetation-top hit and is grouped in a separate set. 

Data points classified as transmission wire hits, if any, may include laser hits 

reflected from birds, poles supporting the wires and also may include impulsive noise 

values. Hence, to delineate transmission wires, data points classified as wire hits are 
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further processed to determine actual wire hits by using the fact that the projection of 

the transmission wires onto the x-y plane maintains straight lines. This is discussed 

in detail in chapter 5. 

Thus, with the data points accordingly grouped as ground hits, vegetation-top 

hits or transmission wire hits, the stage is now set to obtain the ground and canopy 

profiles and to trace the transmission wires , if any. 

Although ground hits, vegetation hits and possible transmission-wire hits are 

grouped in seperate sets, the data points are not actually reproduced. In order 

to save memory space, the nodes representing the grouped data points are declared 

as pointers and are not allocated any memory. These pointers merely point to the 

location where the data points were located in the original data set. The grouped 

data points thus form virtual data sets consisting of some points selected from the 

original data set itself. From the virtual set consisting of possible wire hits selected 

points are considered as actual wire hits. These data points in turn form a virtual 

set. 

2. 6 Conclusions 

For convenient processing of LIDAR data, the data has been initially translated to 

another coordinate system, the x' -y' system and then normalized. The data set is 

further broken down into several blocks. The data points are spatially grouped into 

appropriate blocks. This effectively helps in the search for the nearest neighbors of a 

particular point and makes the process more time-efficient. 

Data points have been classified as ground hits , vegetation hits or transmission­

wire hits using a method based on an order-statistics filter. Data points are accord­

ingly classified by comparing their elevation values with the elevation value of an 

assumed ground hit in their neighborhood. Vegetation-top hits are then identified 

from the set of vegetation hits using a similar approach. Suitable data structures 

have been maintained so that the memory requirement is minimized. 



Chapter 3 

Signal Processing for a LIDAR 

Profiler System 

3 .1 Introduction 

15 

The data aquired by a LIDAR profiler system is nonuniform and so the data needs to 

be interpolated in order to get the ground and vegetation-top profiles. Thus, we have 

a nonuniform interpolation problem. onuniform interpolation over scattered data 

refers to the problem of fitting a smooth function through a set of nonuniformly dis­

tributed data samples. Despite a lot of activity in this area, nonuniform interpolation 

over scattered data remains to be a difficult and computationally extensive problem. 

There is a vast amount of literature devoted to nonuniform interpolation which docu­

ments various approaches, many of which suffer from limitations in smoothness, time 

complexity, or allowable data distributions [20]. 

One of the earliest methods used was based on inverse distance weighting of data 

which became known as Shepard's method [21] . Shepard defined a C0 continuous in­

terpolation function, a function which has no continuous derivatives, as the weighted 

average of the data, with the weights being inversely proportional to the distance. 

This method has several shortcomings. It is a global method and requires all the 

weights to be recomputed if any data point is added, removed or modified. Further­

more, it suffers from undue influence from points which are far away, and hence the 

interpolated data is not representative of local characteristics of the data. Franke 

and ielson introduced the modified quadratic Shepard's method [22] to address 

these deficiencies and to produce C1 continuous interpolation functions which have 

only first-order continuous derivatives. 
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Another popular approach to interpolation, and by far the most common tech­

nique, is polynomial interpolation wherein a polynomial, of certain degree, is fitted 

over the data samples. However, the use of polynomial interpolation offen gives un­

satisfactory results when used for practical problems. In order to use polynomial 

interpolation for practical problems it may be neccessary to use polynomials of a very 

high degree. As a polynomial with a high degree is very oscillatory in behavior it is 

unsuitable for interpolating functions which are smooth in nature. 

An alternative approach is to define the interpolating function as a combination of 

lower-degree polynomials. These polynomials are joined together to form a piecewise 

polynomial which is then used to interpolate the data. However, the interpolated 

function often shows oscillatory behavior and thus is unsuitable for problems where 

the functions are fairly smooth in nature. The resulting curves may also have dis­

continuous derivatives if continuity conditions are not imposed between successive 

polynomials. 

Another popular approach is to define the interpolation function as a linear combi­

nation of basis functions or splines. This method has the property that it interpolates 

at each of the data points and smoothes out as much as possible between the points. 

Thin plate splines, derived by minimizing the integral of the curvatures over the 

domain among the interpolation functions of the data points, are widely used. 

Another class of solutions is due to finite element methods. One approach, mainly 

used for 2-D nonuniform interpolation, involves forming a triangulation network, with 

the data points as vertices of the triangles, over which surface patches are fitted. This 

approach will be discussed in more detail in the following chapter. 

Schumaker [23] proposed a two-stage method that first generates a grid of data 

using any suitable method for nonuniform interpolation and then applies a standard 

tensor product approximation on the grid. The resulting approximation may be made 

to interpolate the original data through the use of an iterative process called the delta 

iteration, developed by Foley and Nielson [24]. 

Deslauriers and Dubuc presented a multiscale method of interpolating uniformly 

sampled discrete data points using an iterative refinement technique [25] [26]. Given a 

set of uniformly sampled data points the refinement technique finds the interpolating 

values of the function at points halfway between the given points. This method will 
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be discussed in further detail in section 3.2. Based on this technique a simple method 

for interpolating nonuniformly sampled data points will be presented in section 3.3. 

A new approach to signal interpolation from nonuniform samples, formulated by 

Choi and Baraniuk [27], is the multiscale maximum-smoothness interpolation. In the 

maximum-smoothness interpolation approach a signal is selected passing through the 

samples which has the minimum smoothness norm in an appropriate function space. 

This technique will be discussed in detail in sections 3.4-3.6. Choi and Baraniuk 

have shown that the maximum interpolation technique [27] yields better interpolation 

results when compared to the optimal bandlimited interpolation and cubic spline 

interpolation techniques. 

The 1-D interpolation techniques will be used for interpolating profiler data. The 

wavelet based interpolation technique will be introduced for interpolating 1-D nonuni­

form data and will be extended to interpolate 2-D nonuniform data in the next chap­

ter. 

3.2 The Deslauriers-Dubuc Interpolation Process 

Definition: A point ( on the variable axis) is said to be a binary rational at scale j 

if it can be expressed as t for some arbitrary integers j and k. 

The Deslauriers-Dubuc (DD) interpolation is a multiscale refinement technique for 

interpolating uniformly sampled discrete data points. In a multiscale interpolation 

process the set {tk , k E Z} is approximated by a set of binary rationals {ik, k E Z}. 

The approximation is justified by two reasons. Firstly, for an arbitrary tk and a 

given tolerance c, there always exists a binary rational ik such that ltk - ik I < c, 

and secondly, for a smooth J(t), IJ(tk) - J(ik) I can be made arbitrarily small with a 

binary rational ik . 

Given a set of data points { vk = J(ik)} at binary rationals ik = t, j 2: 0, 

k1 :s; k :s; k2 for j, k E Z , the DD refinement technique tries to find the interpolating 

values of the function f at all binary rationals ik, = ( k + ½) /2J , j 2: 0, k1 :S k < k2 

for j, k E Z. In other words, it finds the values of ](t) at all points halfway between 

previously defined points. Let L 2: 0 be an integer and D be defined as D = 2L + l. 
The DD refinement process can be described as follows: 
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D l 1 f f
~ (t) t k-L k - L + l k k + L+l d t • 1 • + va ues o a ~' ----;g-, . . . , 23 , . .. , ----;g- are use o umque y 

determine a polynomial of order D , which is denoted by P 1,k(t), such that the 

values of P1,k(t) and J(t) at the above points are identical. 

• i[(k + ½)/21] = P 1 ,k[(k + ½)/21] 

• The above two steps are repeated for k1 :'.S k :'.S k2 , k E Z . 

• The above three steps are repeated for the next higher scale j + l. 
• The above four steps are repeated until J(t) is defined at a prescribed scale J. 

There are a number of desirable features that the DD refinement process enjoys: 

1. For D = l (i .e., L = 0), the DD process is just linear interpolation. 

2. For D = 3, 5, 7, ... it can be shown that this scheme defines a function which 

is uniformly continuous at the rationals and hence has a unique continuous 

extension to the reals. 

3. If we start with a Kronecker sequence, which is defined as 

Vk = { 
1 k = 0 

0 k = ±l , ± 2, ... 

then the DD refinement process generates interpolating functions. Figure 3.1 

shows the interpolating functions for corresponding values of D. 

3.3 An Iterative Approach to Nonuniform 

Interpolation 

The problem of signal interpolation from nonuniformly sampled data can be stated 

as follows. Let f (t) be the signal under consideration. Here, we assume that f (t) is 

defined on the interval I = [O, 1]. In, addition, let { t1, ... , t N } be the sampling points 

on the interval, where N is the number of samples. Without loss of generality we 

assume that O :'.S t 1 < t 2 < · · · < tN :'.S 1. The available data are the sample values at 

the sampling points, that is , {J(t1), ... , f (tN )}. 

Interpolation of discrete data points is the problem of finding a continuous function 

i(t) , for t E I , having a certain degree of smoothness such that J(tk) = f (tk), k = 
1, 2, ... , N 
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Figure 3.1. Interpolating functions generated from the Kronecker sequence for (a) 

D = 1, (b) D = 3, (c) D = 5 and (d) D = 7. 

The multiscale point of view in the DD interpolation process can be extended to 

interpolate a set of nonuniform data points. The method can be better explained 

by regarding it as a two-stage process. At the first stage, one tries to regularize the 

data by filling in the missing data points using a multiscale technique. With all the 

missing data points filled in, we have a uniform interpolation problem and the second 

stage of the interpolation can be carried out using the DD refinement process. 

We approximate a given set of data points { vk = f (tk)} by the set { vk = f (ik)} , 

where ik, expressed as ik = ii, j ~ 0 for some arbitrary integers l and j , are 

approximated at a certain scale J ~ 0. Without loss of generality, we assume 

· · · < ik < ik+l < ik+2 < · · ·. Consequently, we can write ik = ~ where i(k) is 

an integer dependent on k and · • • < i(k) < i (k + 1) < i(k + 2) < • • •. Thus the 

interpolation problem can be stated as: given the point values { vk = f[i(k) /2J]} , 
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find a continuous time function ](t) with certain degree of smoothness such that 

f[i(k)/2J] = vk fork E Z. 

The first stage can be described as follows: 

(a) An attempt is made at the highest scale J to fill in as many missing data points 

as possible, using a D = 2L + 1 polynomial interpolation process described 

in the DD process. The process starts with identifying a missing data point, 

say located at ik' = ~+l<2 for some arbitrary integer k. Valid data points at 
k-L k-L+l k k+L+l h d c d 'f th D 1 • t 
2J-1 , v=r-, ... , 2J-1 , ... , ~ are searc e 1or an , 1 ese + porn s 

exist, a polynomial of order D is fitted using the data values at these locations. 

However, if data is missing at any of these D + 1 points, the interpolation cannot 

be carried out at k2+l<2 and so, the next missing data point is identified. 

( b) The process is repeated until all the missing data points have been accounted for. 

( c) ext , if there are still missing data points which could not be interpolated earlier, 

the process is repeated for a coarser scale J - 1. 

(d) If necessary the processes (a) and (b) are repeated for a further coarser scale, and 

so on until a desired coarsest scale, say M is reached. 

( e) There may be a possibility that some missing data points are still left . If this is 

the case, steps (a) to (d) are repeated. 

(!) If still some missing data points are left out , the coarsest scale, M is decreased 

to M - 1. 

(g) Steps (a) to (!) are repeated until all the missing data points have been interpo­

lated. 

When all the missing data points are filled in we have a uniform interpolation 

problem and so, at stage two, the DD refinement process is carried out for a predefined 

number of iterations. 
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3.4 Wavelets and Smoothness Spaces 

The discrete wavelet transform (DWT) represents a 1-D, continuous-time signal f in 

terms of shifted and dilated versions of a lowpass scaling function ¢ given by 

00 

</>(t) = v'2 L hi ¢>(2t - k) 
k=-oo 

and shifted and dilated versions of a prototype bandpass wavelet function 'lj; given by 

00 

'lj) (t) = v'2 L hi ¢>(2t - k) 
k=-oo 

where the sequences { hZ, k E Z} and { hl, k E Z} can be interpreted as the impulse 

response of a lowpass and a bandpass filter respectively [28] [29] . 

For special choices of¢ and 'lj;, the functions </>j,k(t) = 2Jl2¢(2Jt - k), 7Pj,k(t) = 

2J/2'1j;(2Jt - k), j, k E Z form an orthonormal basis for L2 , i.e., for any function 

f (t) E L2 , f (t) can be expressed as 

with 

00 

f (t) = L Uj0 ,k<Pj0 ,k(t) + L L Wj,k7Pj,k(t) 
k j=jo k 

Uj,k I f (t)<t>;,k(t)dt 

Wj,k I f (t) 'lj); ,k(t)dt 

(3.1) 

The scale j0 represents the coarsest scale under consideration; the Uj0 /s correspond 

to local means at this scale [27]. 

Wavelets provide a simple characterization for a wide variety of function smooth­

ness spaces [30] . The norms of these spaces measure the signal smoothness: smaller 

norms imply smoother functions . The scale of B esov spaces B;[Lp(I)], 0 < a < 
oo, 0 < p < oo, 0 < q < oo, are particularly useful , for they contain many life-like 

signals. The Besov norm II f IIB~[Lv(I) ] can be defined as a sequence norm on the 

wavelet coefficients of f 
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The three parameters have natural interpretations: a p-norm of the wavelet coeffi­

cients is taken within each scale j, a q-norm is taken across scales, and the smoothness 

parameter a controls the rate of decay of the Wj ,k across scales. The larger the a, 

the smoother the function in B;[Lp(I)] [30]. A simple but useful set of Besov spaces 

are the Sobolev spaces , obtained as wa[L2(J)] = B2[L2(J)] with p = q = 2. In the 

wavelet domain we have 

3.5 Wavelet Approach to Nonuniform 

Interpolation 

The problem is to estimate the original continuous-time signal f from the given signal 

samples according to some optimality criterion. Here the optimality criterion will be 

the Sobolev norm of the reconstructed signal, which we will minimize in order to 

maximize the smoothness of the reconstructed signal. 

For the sake of simplicity we will approximate the set of sampled points with 

a subset of dyadic points at a certain scale j = J. The error resulting from this 

approximation depends on the regularity of the signal and the scale J. 

We define f as the column vector of length M = 2J whose elements are the dyadic 

samples Ii = f(i/2l), i = 0, ... , M - 1 at the starting(finest) scale J > j 0 . That 

is, f = [!0 Ji · · · fM- iJI'. For finite , discrete data, an orthonormal discrete wavelet 

transformation matrix W that takes the data vector to a wavelet/ scaling coefficient 

vector can be constructed. This will be described in further detail in section 3.6. 

Since Wis orthonormal, we have w-1 = w r. In general, the elements of the vector 

Wf will not equal the wavelet coefficients of the continuous time-signal f (t) unless 

the signal samples are prefilter ed [31]. Denoting the prefiltering matrix by P , the 

DWT coefficients for scale j < J can be written as w = WPf. Conversely, the correct 

continuous-time signal samples can be obtained from the inverse wavelet transforma­

tion by postfiltering. Denoting the postfilter matrix as F , we have f = FWT w . Let 

V = FWT. 

Denoting the ith row of the matrix V as v[ and collecting the rows of the equation 



3. Signal Processing for a LIDAR Profiler System 23 

f = Vw only for those indices for which Ii is known, we can write the following 

constraint equation on the wavelet coefficients w 

(3.2) 

with s = [v~l v~2 ''' v~N v and f N = U n1 f n2 ''' fnNV • 

As (3 .2) is an under-determined system of equations, there exist many different 

solutions for w that match the given sampled data f N. 

3.5.1 Maximum-smoothness interpolation 

For the minimum Besov solution, w can be chosen such that it satisfies (3.2) and 

also minimizes llfllsr(Lp(I)J· Due to the simple characterization of Besov norms in 

terms of the wavelet coefficients of f, we can repose this interpolation problem as 

a wavelet domain optimization problem. For a general Besov space B~[Lp(I)], the 

problem of finding the signal that obeys (3.2) while minimizing II! llsr(Lp(I)J becomes 

a nonlinear constrained optimization problem. For Sobolev spaces, however, the 

solution is simpler. 

3.5.2 Interpolation in Sobolev space 

In Sobolev spaces, the maximum-smoothness interpolation reduces to simple weighted 

least-squares optimization in the wavelet domain. Let w = [w1 w2 • • • wMJT be the 

wavelet coefficients of the samples and let Ji , i = 1, 2, . . . , M denote the scale of 

the wavelet coefficients wi, i = 1, 2, ... , M . Denoting the ith column of the matrix 

S by si, we obtain the following equation by weighting the columns of S and the 

corresponding elements of w : 

(3.3) 

20:jMWM 

Let § = [2- o:ii s1 2- o:hs2 • • • 2- 0:iM sM] - Then, the least-squares solution of (3.3) 

can be written as § T (§§T) - 1f N , and the solution to the original problem is obtained 
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by restoring the weighting: 

(3.4) 

The desired time-domain interpolation can be obtained by using the inverse wavelet 

transform of w. Ignoring the error in dyadic approximation, the interpolated signal 

is maximally smooth in the sense of Sobolev norm among all the functions passing 

through the samples. 

3.6 Octave-Band Filter Bank and the Discrete-Time 

Wavelet Transform 

We consider the filter bank given in Figure 3.2. This structure implements an or­

thonormal discrete-time wavelet transform, if the two-channel filter bank is orthonor­

mal. The basis functions of the discrete-time expansion are given by the impulse 

responses of the synthesis filters . Therefore, we will concentrate on the synthesis 

filter bank. 

To highlight the main features of the octave-band filter bank expansions, we start 

with a simple example where we consider a three-stage octave-band filter bank, i.e., 

J = 3, and the filters G0 and G1 are Haar filters. The transfer functions of the Haar 

filters are given as 

Go(z) 

Using the multirate identity which says that G(z) followed by upsampling by 2 is 

equivalent to upsampling by 2 followed by G(z2), we can transform this filter bank 

into a four-channel filter bank as shown in Figure 3.3. The transfer functions of the 

equivalent filters are as follows 

G11l (z) 

G12l (z) 

G13l (z) 

G1 (z) = ~(1 - z-1
) 

1 
Go(z)G1(z2

) = 2(1 + z-1 - z-2 
- z-3 ) 

Go(z)Go(z2 )Gi(z4
) 
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stage l 

stage2 

(a) 

stage2 

stageJ 
( b ) 

• • • 

stageJ 

A 
X 

Figure 3.2. An octave-band filter bank with J stages. (a) Analysis part. (b) Synthesis 

part. 

1 --(1 + z- 1 + z-2 + z3 - z- 4 - z- 5 - z- 6 - z-7) 

2\/'2 

Go (z )Go (z2 )Go (z4
) 

1 
--(1 + z-1 + z-2 + z3 + z- 4 + z-5 + z- 6 + z-7) 
2\/'2 

The filters are preceded by upsampling by 2, 4, 8 and 8, respectively. 

The equivalent filter comprising three cascaded lowpass filters G0 each preceded 

by upsampling of 2, denoted by G63
), can be represented by the transfer function 

2 

G63)(z) = Go(z22)G62)(z) = II Go(z2k) 
k=O 

On the other hand, the equivalent filter corresponding to highpass filtering followed 
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1 
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Figure 3.3. Three-stage octave-band synthesis filter bank with J = 3 stages and Haar 

filters . 

by ( i - 1) stages of lowpass filtering each preceded by upsampling of 2, denoted by 

Gli) for i = 1, 2, 3 can be represented by 

i-2 

Gli)(z) = G1(z2
i-

1) II G0 (z2k) 
k=O 

Since this is an orthonormal system, the time-domain matrices representing analysis 

and synthesis are just the transposes of each other. Thus the analysis matrix W 

representing the actions of the filters H?), H?), ... , Hf), Hf) having impulse re­

sponses hp) ( n) , hl2) ( n), ... , hlJ) ( n) , h~J) ( n) contains as lines the impulse responses 

gf\n), g?)(n), ... , gf)(n) , gf\n) or h11\-n), h12\-n), ... , h11\-n) , hf\-n) , 

since analysis and synthesis filters are linked by time reversal. The matrix Wis block­

diagonal, i.e., 

w Ao 

Ao 
(3.5) 
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where J = 3, G0 and G1 are Haar filters and the block A0 is of the following form: 

1 1 1 1 1 1 1 1 

1 1 1 1 -1 -1 -1 -1 

v'2 v'2 -v'2 -v'2 0 0 0 0 

1 0 0 0 0 v'2 v'2 -v'2 -v'2 
(3.6) Ao 

2v'2 -2 0 0 0 0 0 0 2 

0 0 2 -2 0 0 0 0 

0 0 0 0 2 -2 0 0 

0 0 0 0 0 0 2 -2 

It can be noted that the matrix reflects the fact that the filter Gi1
) is preceded by 

upsampling by 2 (the row (2 -2) is shifted by 2 each time and appears 4 times in the 

matrix). G12l is preceded by upsampling by 4 (the corresponding row is shifted by 4 

and appears twice), while filters in G13l, Gb3
) are preceded by upsampling by 8 (the 

corresponding rows appear only once in the matrix) [32] . 

Next, we consider the case where the filters G0 and G1 are Daubechies-4 filters 

having the transfer functions 

G0(z) 0.4830 + 0.8365z-1 + 0.2241z-2 
- 0.1294z-3 

G1 (z) -0.1294 - 0.2241z-1 + 0.8365z- 2 - 0.4830z-3 

For a three-stage two-channel filter bank, the corresponding block A0 is given as 

Ao - [ R1 R2 Ra R4 Rs Ra R1 Rs f (3.7) 

where 

R1 [ hb3)(21) • • • • hb
3
\0) ] 

R2 [ hl3) (21) hl3) (0) ] 

Ra [ hl2
) (9) hl2

) (0) 0 . . . 0] 

R4 [ 0 0 0 0 hl
2
\ 9) h12l (0) 0 ... 0 ] 

Rs [ h11l (3) h11l (0) 0 ... 0] 

Ra [ 0 0 h11l (3) hl1
) (0) 0 0] 

R1 [ 0 0 0 0 h11l (3) h11l (0) 0 0 ] 
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Rs 0 ] 

For a data set of eight samples, the orthonormal discrete wavelet transformation 

matrix W which takes the data vector to its wavelet coefficient vector can be con­

structed by periodization of the data. In other words, block A0 can be reconstructed 

into a 8 x 8 matrix by wrapping over as shown below 

where 

R1 

R2 

R3 

R4 

R5 

R6 

R1 

Rs 

[ h~
3
11 + h~

3L + h~
31 . . . h~

3
)16 + h~

31 + h~
3b h~

3
i5 + h~

3
~ 

[ h (3 ) h(3) h (3) h (3) + h (3) + h(3) 
1 21 + 1 13 + 1 5 • • • 1 16 1 8 1 0 

[ h (2) + h(2) h(2) + h(2) h (2) h(2) h(2) 
19 11 18 10 17 16 15 

h (3) + h(3) 
1 15 1 7 

h
(2) h(2) 
1 4 1 3 

[ h (2) h(2) h(2) h(2) h (2) + h(2) h(2) + h (2) h(2) 
15 14 13 12 19 11 18 10 17 

[ h 1
1
1 h1

1
1 hl

1i h1
1
b O O 0 

[o o hP1 hP1 hPt hPb o 
[ 0 0 0 0 hp 1 h1

11 
h(l) 

1 0 0 0 0 0 

h(l ) 
1 1 

h(l) 
1 3 

0 ] 

0 ] 

(3.8) 

Here h (3)_ denotes h (3) (J.) and h (i) - denotes h (i) (J.) 
OJ O lJ 1 • 

For a general case, when the orthogonal octave-band filter bank has J stages, the 

transfer functions of the equivalent filters are given by 

J-l 

G~J)(z) = Gf-
1
l(z ) Go(z 2

J -
1

) = II Go(z 2K ) (3 .9) 
K=O 

j-2 

G1j\z ) = G~-
1
\ z ) G1(z 2i-

1
) = G1(z 2i-

1
) II Go(z 2K) (3.10) 

K=O 

J = 1, 2, . . . , J 

Thus, a data vector with 2J data samples can be completely decomposed into its 

wavelet coefficients using a ]-stage orthogonal octave-band filter bank. The wavelet 

transformation matrix W would then be of size 2J x 2J. 
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3. 7 Interpolation Results and Discussion 

To illustrate the behavior of the interpolation methods presented, we consider a set of 

irregularly spaced data samples as shown in Figure 3.4(a). The data samples are then 

approximated to be located at binary rationals xk' = k/26 , 1 ::; k' ::; 20 for arbitrary 

integers k, i.e. , the data is considered to be of 64 samples, with missing data samples 

in between. 

The data is interpolated using the iterative nonuniform interpolation method for 

different values of D. After all the missing data points are filled-in in the first stage, 

we have a data set with samples placed at regular intervals. In the second stage, 

the DD uniform interpolation process is applied for 6 iterations and the data points 

are joined to get the interpolated curve. The results for different values of D are 

compared in Figure 3.5. 

(a) 
70 

60 60 

50 50 · .. · · ·••:- . ... -:- · - · •· ., ...... . 

40 40 
>- >-

30 30 

20 20 

10 .' 10 .' 

0 o..__-~-~-~-~-~ 
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 

X (reals) X (binary rationals) 

Figure 3.4. (a) Original data samples. (b) Data samples converted to be placed at 

binary rationals. 

It can be noted that for D = 1, the interpolation is linear as can be observed from 

Figure 3.5(a) which shows linear characteristics. The curves for D = 3 and higher 

are smoother. 

The same set of data samples are then applied to the wavelet-based interpolation 

process for different sets of filters G0 and G1 corresponding to different wavelets. In­

terpolation results are compared for Daubechies-2 (D2) commonly known as Haar 

filters , Daubechies-4 (D4) , Daubechies-6 (D6) and Daubechies-8 (D8) filters in Fig­

ure 3.6. While Haar filters are suitable for data with frequent sharp edges and are 
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X X 

(c) 
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Figure 3.5. Interpolated curves for (a) D = 1, (b) D = 3, (c) D = 5 and (d) D = 1 

for the nonuniform process and D = 3 for the DD refinement process. 

unsuitable for data which is fairly smooth in nature , D8 filters are suitable for data 

which is fairly smooth in nature. This can be observed from Figure 3.6. 

Next , we select a synthetic signal having both smooth and sharp features and 

randomly choose 96 data samples of the signal as shown in Figure 3. 7. The samples are 

then approximated to be located at x k' = k/28 , for arbitrary integers k, 0 ::; k ::; 256, 

such that the final interpolated data has 256 samples. The data is interpolated 

using just the iterative nonuniform interpolation process with D = 3, without using 

the DD refinement process. The same data is interpolated using the wavelet-based 

interpolation process. As the final interpolated data has 256 samples, the wavelet 

transformation matrix W is of size 256 x 256. W is obtained considering an 8-stage 

orthogonal octave-band filter for a complete wavelet decomposition. The results are 

shown in Figure 3.8. The root mean square errors between the interpolated data 
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(a) (b) 
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Figure 3.6. Interpolated curves using (a) Haar, (b) D4, (c) D6 and (d) DB filters. 

and the original data for the iterative method and the wavelet based method were 

found to be 0.0273 and 0.0241 respectively. The number of floating point operations 

required for interpolating the sampled data was found out to be 3997110 whereas 

the wavelet based method requires a total of 26731415 floating point operations for 

interpolating the same data. 

Similarly, data are interpolated for 512 and 1024 samples as shown in Figures 3.9 

and 3.10 respectively. We observe that as the number of interpolated samples in­

creases, i.e., the original sampled data is more sparse, the iterative nonuniform in­

terpolation process gives more inaccurate interpolation results. This happens due to 

the unavailability of valid data points at higher scales during filling-up of the missing 

points which forces the process to be executed at coarser scales. At coarser scales 

the interpolation is not local and thus interpolated samples may be quite inaccurate. 

As the interpolation is iterative and the data samples used to interpolate missing 
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Figure 3. 7. (a) Original signal. ( b) Randomly sampled 96 data points. 
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Figure 3.8. Interpolated data for 256 samples using (a) the iterative nonuniform 

process with D = 3 and (b) the wavelet-based process. 

samples may be themselves interpolated at coarser scales the error is carried forward 

rendering the interpolated data highly inaccurate. 

For D = l , the interpolation process is simpler as only two data points are needed 

to interpolate a missing data point instead of four for the case when D = 3. As a 

result more missing data points are filled in at higher scales compared to the case 

when D = 3. However, for D = l the interpolation is linear and so the interpolated 

data may not be fairly smooth especially for sparse data sets, as observed earlier 

in Figure 3.5(a). On the other hand, interpolating the same set of sample points 

using the wavelet-based interpolation process gives fairly good results in the sense 

that it preserves, to some extent, the signal characteristics even with a sparse data 
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Figure 3.9. Interpolated data for 512 samples using (a) the iterative nonuniform 

process with D = 3 and (b) the wavelet-based process. 
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Figure 3.10. Interpolated data for 1024 samples using (a) the iterative nonuniform 

process with D = 3 and (b) the wavelet-based process. 

set. The iterative nonuniform interpolation process gives inaccurate interpolation 

at regions with sharp features but the wavelet-based interpolation process maintains 

even the sharp features of the original data set. This can be observed in Figure 3.9 

and Figure 3.10. However, the iterative nonuniform interpolation process and the 

DD refinement process can be used in conjunction to get better interpolated results 

at the expense of greater approximation error. For the same data set we obtain 128 

samples using the iterative nonuniform interpolation process with D = 3 and then 

apply the DD refinement technique for 3 iterations to obtain an interpolated set of 

1024 samples. For comparison, we obtain 256 samples using the iterative nonuniform 
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interpolation process with D = 3 and then apply the DD refinement technique for 

2 iterations to obtain an interpolated set of 1024 samples. We compare the results 

in Figure 3.11. It can be noted that the smaller the number of data samples in the 

estimated output signal the greater is the approximation error. 

(a) (b) 

0.5 • 

>- 0 . >- 0 . 

-0.5 · · · ............ . - 0.5 

-1 -1 

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 
X X 

Figure 3.11. Interpolated data obtained for 1024 samples (a) using the iterative 

nonuniform process with D = 3 for 128 samples and then applying the DD refinem ent 

technique for 3 iterations, (b) using the iterative nonuniform process with D = 3 for 

256 samples and then applying the DD refinem ent technique for 2 iterations. 
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Figure 3.12. LIDAR profiler data. 

We next implement the interpolation processes for a LIDAR profiler data set 

shown in Figure 3.12. The profiler data points are init ially categorized as ground hits 

or vegetation-top hits (Figure 3.13). The categorized data points are then interpolated 
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Figure 3.13. Data points categorized as (a) ground hits and (b) vegetation top hits. 
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Figure 3.14. Interpolated data using the iterative nonuniform interpolation process 

for (a) ground profile and (b) vegetation top profile. 

to get the ground and vegetation-top profiles using the iterative interpolation process 

and the wavelet-based process as shown in Figure 3.14 and Figure 3.15, respectively. 

Although the wavelet-based interpolation process produces better results com­

pared to the iterative scheme in the sense that it produces smoother interpolated 

data, t he wavelet approach has some limitations. For an interpolated data of M 

samples, the wavelet transformation matrix Wis of size M x M. For a large M , the 

computational time to formulate W and also for the solution given by (3.4) is very 

high. Moreover, t he smaller the number of missing data points, the more is the com­

putational t ime for the solution given by (3.4). On the other hand, for t he iterative 

scheme the smaller the number of missing data points, the faster is the interpolation 
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Figure 3.15. Interpolated data using the wavelet-based nonuniform interpolation 

process for (a) ground profile and (b) vegetation top profile. 

process. 

3. 8 Conclusions 

Two techniques for interpolating nonuniformly sampled data points have been pre­

sented. The first method interpolates the data using an iterative scheme whereas the 

second method is based on wavelet domain processing. As both the methods are mul­

tiscale interpolation processes the original data samples are initially approximated to 

be located at binary rationals. 

The iterative nonuniform interpolation process has been considered as a two stage 

process. At the first stage, the data is regularized by filling-in the missing data points 

using an iterative scheme. When all the missing data points are filled-in the problem 

simplifies to that of a uniform interpolation problem. The uniform interpolation 

process iteratively interpolates data at halfway between the uniformly spaced data 

points. 

The second interpolation process estimates the original signal from the given signal 

samples by minimizing the Sobolev norm of the interpolated signal. This reduces to 

a weighted least-square optimization problem, in the wavelet domain. 

Interpolation results for both the methods have been compared and their behavior 

studied. Finally the interpolation methods have been used to obtain the ground and 
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vegetation-top profiles for a LIDAR profiler data. 

It was found that the Sobolev-norm approach yields better results but at a signif­

icantly higher computational cost. 



Chapter 4 

Signal Processing for a LIDAR 

Scanner Data 

4.1 Introduction 

38 

LIDAR scanner data can be considered as 2-D data with the projections of the data 

points scattered on the x-y plane. In order to get the ground and canopy profiles, 

data points have to be interpolated at a regular rectangular grid. We, therefore, have 

a 2-D nonuniform interpolation problem. Although numerous methods have been 

proposed for the purpose of 2-D nonuniform interpolation, we will concentrate on two 

approaches: one based on interpolation over a triangulated network and the other 

based on interpolation in the wavelet domain. 

Triangle-based interpolation has gained extensive use, particularly for topograph­

ical mapping. In this approach, a triangulated network is formed with the data points 

as the vertices of the network. The resulting surface is modeled as a combination of 

surfaces, each surface modeled over a triangle in the triangulated network. Although 

there may be many different ways in which the mesh of triangles can be drawn from 

a set of data points, attempts have been made to construct an unique, optimal tri­

angulated network. This implies that the triangles thus formed should be as close 

to equiangular triangles as possible. Thin triangles are not preferred as they usually 

give rise to inaccurate interpolation results. 

Lawson [33] introduced a procedure to optimize the triangulation network. The 

resulting triangulated network thus formed is a Delaunay triangulation, wherein the 

triangles are as equiangular as possible [34]-[35]. One of the advantages of Delau­

nay triangulation, as opposed to triangulations constructed heuristically, is that they 
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automatically avoid forming triangles with small included angles whenever this is 

possible. Lawson [33] and Sibson [35] have shown that Delaunay triangulations are, 

by definition, locally equiangular and the triangles in the triangulated network satisfy 

the max-min criterion. This means that for every convex quadrilateral formed by 

two adjacent triangles, the minimum of the six angles in the two triangles is greater 

than it would have been if the alternative diagonal had been drawn and the other pair 

of triangles chosen. For this property, Delaunay triangulations are particularly suited 

to grid generation for finite element and contouring algorithms. Sloan [36] introduced 

a fast algorithm to construct Delaunay triangulations on the plane. This procedure 

starts with one triangle and then adds one data point at a time into the triangulation, 

maintaining the max-min criterion at each time. This procedure will be discussed 

in detail in sections 4.2;-4.3. Subsequent improvements over Sloan's procedure were 

proposed by Huang and Shih [37]. 

Once the construction of the triangulated network is complete, a curved sur­

face can be fitted to each triangle cell by using a low-order bivariate polynomial. 

Zlamal [38] constructed a bivariate 5th-degree polynomial over each triangular cell to 

approximate the surface over the cell. The procedure ensures C1 continuity. More­

over, the polynomials have piecewise continuous second-order derivatives. The pro­

cedure is discussed in futher detail in sections 4.4-4.6. 

A multiscale approach to maximum-smoothness interpolation was proposed by 

Choi and Baraniuk [27]. This process was discussed in detail for a 1-D signal in 

sections 3.4-3.6. The technique can be applied to a 2-D signal by converting it into a 

1-D signal which contains the subsequent rows of the 2-D signal. However, the wavelet 

coefficients formed using the wavelet transformation matrix W should be those of the 

2-D signal and not of the 1-D signal which contains the subsequent rows of the 2-D 

signal. Thus the formulation of the wavelet transformation matrix W is different 

for a 2-D signal than its 1-D counterpart. Section 4. 7 discusses the formulation of 

the wavelet transformation matrix which converts a 2-D signal into its corresponding 

wavelet coefficients. 
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4.2 The Delaunay Triangulation Process 

The algorithm proposed by Sloan [36] combines features of the Watson [39] and the 

Lawson [33] procedures. The process is started by considering a single super-triangle 

which completely encompasses all of the data points to be triangulated. Initially the 

Delaunay triangulation comprises the super-triangle. The Delaunay triangulation 

is then assembled by introducing each data point, one at a time, into the existing 

Delaunay triangulation which is then updated. 

When a new point P is introduced into the triangulation the existing triangle 

which encloses Pis found and three new triangles are formed by connecting P to each 

of its vertices. After the new point P has been inserted, the existing triangulation is 

updated to a Delaunay triangulation using the swapping algorithm of Lawson [33]. 

In this procedure all the triangles which are adjacent to the edges opposite P are 

placed on a last-in first-out stack. Each triangle is then unstacked, one at a time. 

If P lies inside the circumcircle of the unstacked triangle, then the diagonal of the 

convex quadrilateral formed by the triangle containing Pas a vertex and the adjacent 

triangle is in the wrong direction according to the max-min criterion of a Delaunay 

triangulation and so it is replaced by the alternative diagonal using a swapping pro­

cedure to preserve the structure of the Delaunay triangulation. Once the swap is 

completed, triangles which are opposite Pare added to the stack. The next triangle 

is t hen unstacked and the whole process is repeated until the stack is empty. This 

results in a new Delaunay triangulation containing the point P . Figure 4.1 illustrates 

the swapping procedure. It can be noted that if P lies outside ( or on) the circumcircle 

for a stacked triangle, then no action is taken and we simply skip to the next triangle 

on the stack. It has been shown by Lawson [33] that this iterative algorithm must 

result in a Delaunay triangulation and will always terminate after a finite number of 

swaps. 

After all the data points have been added to the triangulation, the final Delaunay 

triangulation is obtained by removing all of the triangles that contain one or more of 

the super-triangle vertices. Any vertex which appears in these deleted triangles, but 

is not a super-triangle vertex, must lie on the boundary of the triangulation. 
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Figure 4 .1. Lawson's swapping algorithm. 

4.3 Implementation of the Procedure 

Initially, the x and y coordinates of the data points are stored in real vectors X and Y. 

Throughout the process the structure of the Delaunay triangulation is stored in the 

integer arrays V and E. Both of these arrays are two-dimensional with V containing 

the vertices for each triangle and E containing the indices to the adjacent triangles. 

The conventions for this data structure are shown for a simple example in Figure 4.2. 

To begin the process of triangulation we define the vertices and coordinates for 

the super-triangle. The super-triangle is initially stored in the first column of the 

vertex and adjacency arrays, and its vertex coordinates are stored in the last three 

locations of the X and Y vectors. It can be noted that if the corners of the super­

triangle are very close to the window enclosing the points, the boundary of the final 

triangulation may be locally concave. Strictly speaking, such a triangulation does 

not correspond exactly to a Delaunay triangulation, since some long thin triangles 

along the boundary might have been omitted. Therefore, it should be assured that 

the super-triangle is sufficiently larger than the window enclosing the data points. 

After the super-triangle has been defined, each of the points is inserted into the 

triangulation one at a time. To insert a point P , a search is done to find an existing 

triangle T which encloses P. The search is started at the triangle which has been 

most recently created, and checks if the point is to the right of any of its edges. Since 

the triangle vertices are always listed in an anticlock-wise sequence, a point can only 

be enclosed by a triangle if it is to the left of each of its edges. If the point lies to the 
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Figure 4.2 . Data structure for triangulation algorithm. 

right of any edge of the triangle, then the search shifts to the triangle which is adjacent 

to this edge and the process is repeated. In this way the search marches from one 

triangle to the next in the general direction of the point. This searching algorithm is 

due to Lawson and avoids the need to search all of the triangles in the grid. Figure 4.3 

illustrates the searching algorithm. After triangle T has been identified, it is deleted 

and three new triangles are created by connecting P to each of its vertices. ext, each 

triangle containing P as a vertex is placed on a last-in first-out stack (provided that 

the edge opposite P is adjacent to some other triangle) . This completes the initial 

insertion phase, and we are now ready to update the triangulation to a Delaunay 

triangulation using the swapping algorithm of Lawson [33]. 

Lawson's procedure is illustrated in Figure 4.4. Triangle Lis the triangle removed 

from the stack. Triangle R is the triangle opposite point P which is adjacent to L. 

Triangles L and R share the edge Vl - V2 and form a quadrilateral with vertices 

P, V2, V3, Vl. If the point P is inside the circumcircle of triangle R , then the 

diagonal Vl - V2 needs to be replaced by the diagonal P - V3 to preserve the 

structure of the Delaunay triangulation. As pointed out by Lawson, this circumcircle 
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triangle enclosing 
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Figure 4 .3. Search path to find the triangle which encloses a data point. 

check maximizes the minimum angle occuring in any pair of adjacent triangles forming 

a convex quadrilateral. If a swap is necessary, as shown in Figure 4.4, the vertex and 

adjacent arrays for triangles L and R are updated, as are the adjacency arrays for 

triangles A and C . Provided that there is a triangle opposite P which is adjacent 

to L, triangle L is placed on the stack. Similarly for triangle R. The next triangle 

is then removed from the stack and · the whole process is repeated until the stack is 

empty. This signifies that the insertion of P is complete and the new triangulation is 

a Delaunay triangulation. 

After all of the points have been triangulated, the program deletes any triangle 

which contains one or more super-triangle vetices. During this phase the vertex and 

adjacency arrays are updated to fill any blanks created. The vertex and adjacent 

triangle lists are stored in V and E , respectively. 

Figure 4.5 shows the Delaunay triangulation of 12 points. It can be observed that 

each of the quadrilaterals, formed by joining two adjacent triangles of the Delaunay 

triangulation satisfies the max-min criterion, i.e. , the least angle among the six angles 

of the two adjacent triangles is greater than that of the least angle among the six 

angles which would have been formed with the other diagonal of the quadrilateral. 

4 .4 Bivariate-Interpolation in a Triangular Cell 

Assuming that the plane is divided into a number of triangles, the procedure discussed 

by Zlamal [38] interpolates the values of a function in each triangle in the triangulated 
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Figure 4.4. Implementation of Lawson's swapping algorithm. 

10 

Figure 4.5. Delaunay triangulation of 12 data points. 

network. For each triangle T , let the vertices of T be denoted by Pi, i = 1, 2, 3 

and the mid-points of the sides of T be denoted as Qi, i = 1, 2, 3. The value of the 

function at point (x, y) in the triangle T is interpolated by a bivariate fifth-degree 
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polynomial in x and y given by 

5 5-j 

z (x, y) LL (4.1) 
j=Ok=O 

where q1k are the coefficients of the polynomial to be determined using the values 

of Z and oz/ax, az/ay, 8
2

z /8
2

x
2

, a
2

z /a
2

y
2 and a

2
z/axay, denoted as Zx , Zy, Zxx, 

Zyy and Zxy, respectively, at Pi. This determines 18 coefficients and the remaining 

three coefficients are determined by considering three normal derivatives o z / av at 

Qi, where v is the normal to the side of T under consideration. The interpolating 

function is a smooth function when the interpolating function and its first-order 

partial derivatives are continuous on the boundaries of the triangles. In order to make 

the first derivatives continuous on the sides of the triangles , Akima [40] imposed a 

condition that the partial derivative of the function differentiated in the direction of 

v is a polynomial of degree three, at most, in the variable measured in the direction 

of the side of the triangle. In other words, when the coordinate system is transformed 

to another Cartesian system, the s-t system [40], in such a way that the s axis is 

parallel to each of the side of the triangle, Zt is a polynomial of degree three at most 

in s and so it satisfies 

Ztssss = 0 (4.2) 

Since a triangle has three sides, this condition yields the three remaining coefficients. 

The partial derivatives are estimated in two steps; the first-order derivatives Zx 

and z y in the first step and the second-order derivatives Zxx , Zyy and Zxy in the second 

step. To estimate the first-order derivative at point P0 , several additional data points 

Pi, i = 1, 2, . .. , N are selected, the projections of which are nearest to the projection 

of P0 . Two data points Pi and P1 are taken out of the N points and the vector product 

of PoPi and P0P1 is constructed in such a way that the resulting vector product points 

upwards, i.e., the z component of the vector product is positive. Vector products for 

all possible combinations of Po Pi and P0P1 ( i -=I- j) are constructed and the vector sum 

of all the vector products thus constructed is taken. The first-order partial derivatives 

Zx and z y are then estimated as those of a plane that is normal to the resultant vector 

sum thus composed. 

In the second step, the same procedure as described above is applied to the esti­

mated Zx values at Pi , i = 1, 2, ... , N and the values of Zxx = ( z x) x and Zxy = ( zx )y 
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are estimated at P0 . The procedure is repeated for the estimated z y values to estimate 

the values of Zyx = (zy)x and Zyy = (zy)y at P0 . The second derivative Zxy at P0 is 

then estimated as the average of Zyx and Zx y computed earlier. 

4.5 Formulation of the Polynomial 

We denote the vertices of the triangle by Pi, P2 and P3 in a counter-clockwise order, 

and their respective coordinates in the x-y Cartesian coordinate system by (xi, Yi), 

(x2 , y2 ) and (x3 , y3 ) as shown in Figure 4.6(a). To facilitate the determination of the 

coefficients of the triangle a new coordinate system, the u-v system is defined. The 

vertices Pi, P2 and P3 are represented by (0 , 0) , (1 , 0) and (0, 1), respectively, as shown 

in Figure 4.6(b). From the relationship between the x-y system and the u-v system, 

the five partial derivatives Zu, Zv, Zuu, Zvv and Zuv at each vertex of the triangle can 

be obtained. The fifth-degree polynomial in the x-y system is then transformed into 

the u-v system. 

The coordinate transformation between the x-y system and the u-v system is 

represented by 
X 

y 

where 

The inverse relation is given by 

u. 

V = 

au+ bv + xi 

cu+ dv + Yi 

a X2 - Xi 

b X3 - Xi 

C Y2 - Yi 

d Y3 - y1 

d(x - xi) - b(y - Y1) 
(ad - be) 

-c(x - xi)+ a(y - Yi) 
(ad - be) 

(4.3) 

( 4.4) 

(4.5) 

Using ( 4.3), the partial derivatives in the x-y system can be transformed to those 

in the u-v system. The first derivative Zu can be expressed as 

az az ax az ay 
--+--

au ax au ay au 
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y 

X 
(a) 

V 

(b) 

Figure 4.6. (a) The x-y Cartesian coordinate system. (b) The u-v coordinate system. 

i.e., 

Zu = a Zx + C Zy 

Similarly, the other first-order and second-order derivatives are obtained as 

Zv b Zx + dzy 

2 2 2 Zuu a Zxx + ac Zxy + C Zyy 
(4.6) 

Zuu ab Zxx +(ad+ be) Zxy + cd Zyy 

Zvv b2 Zxx + 2bd Zxy + d2 Zyy 
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Since the coordinate transformation from the x-y system to the u-v system is 

linear , the interpolating polynomial given by ( 4.1) is transformed to 

5 5-j 

z (u,v) = LL Pjk uj vk (4.7) 
j=Ok=O 

Since coefficients Pjk are determined directly and are used for interpolating the z 

values, it is unnecessary to relate coefficients Pjk to coefficients qjk used in ( 4.1). 

The partial derivatives of z ( u, v ) in the u-v system can be expressed as 

5 5-j 

zu (u , v ) = LL j Pjk uj-l vk 

zv (u , v) 

Zuu(u, v) 

Zuv(u , v ) 

j=lk=O 
4 5-j 

L L k Pjk uj vk - l 
j =Ok= l 

5 5-j 

LL j(j - 1) Pjk uj-2 vk 
j=2k=O 

4 5-j 

LL jk Pjk uj - 1 vk-1 
j=lk= l 

3 5-j 

Zvv (u , v) = LL k(k - 1) Pjk uj vk-2 

j=Ok=2 

(4.8) 

We denote the lengths of the unit vectors in the u-v system (i.e., the lengths of 

sides AA and AP3 by Lu and L v, respectively, and the angle between the u and v 

axes by 0uv · They are given by 

Jb2 + d2 (4.9) 

tan-
1 

( 1) - tan- 1 ( ~) 

where a, b, c and d are constants given in ( 4.3). 

To utilize the smoothness condition given by (4.2), we rotate the s-t system. First, 

we consider the case where the s axis is parallel to side AA, as shown in Figure 4.7. 

The coordinate transformation between the u-v system and the s-t system can be 

expressed by 

u 
(sin0uv)(s - so) - (cos0uv)(t- to) 

L u sin 0uv 
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V = 
t - to 

L v sin 0uv 

where (so, t0 ) is the vertex position of A , L u, L v and 0uv are as given in ( 4.9). 

t 

6-------s 

Figure 4.7. The s-t coordinate system with the s axis parallel to PiP2. 

Partial differentiation of z = z(u , v) in (4.7) with respect tot gives 

oz 
at 

oz OU oz av 
ouot+ovot 

COS 0uv 1 
L ·0 Zu+L · 0 Zv 

u sin UV V sin UV 

The partial derivative of z = z(u,v) with respect to s using (4.10) is given by 

oz 
OS 

oz OU oz av 
OU OS+ av OS 
1 oz 

Lu OU 

(4.10) 

(4.11) 

(4.12) 

Partially differentiating (4.11) four times with respect to s using (4.12) we obtain 

1 ( - COS 0uv 1 ) 
Ztssss = £ 4 L . 0 Zuuuuu + L . 0 Zvuuuu 

u u Sln UV V Slil U V 

( 4.13) 

Zuuuuu and Zvuuuu as obtained by partially differentiating the polynomial Zuv in ( 4.8) 

with respect to u and v are given as 

Zuuuuu 120p50 
(4.14) 

Zvuuuu 24p41 
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Substituting (4 .14) into (4.13) and letting Ztssss = 0, we get 

Lu P41 - 5Lv COS 0uv Pso = 0 (4.15) 

Next, we consider the case where the s axis is parallel to side PiP3 , as shown in 

Figure 4.8. The coordinate transformation is expressed by 

t - to 
u 

Lu sin0uv 

V 
(sin0uv)(s - so)+ (cos0uv)(t - to) 

Lv sin 0uv 
(4.16) 

t 
s 

Figure 4.8. The s-t coordinate system with the s axis parallel to PiP3 . 

In this case 

1 ( -1 COS 0uv ) 
Ztssss = L4 L . 0 Zuvvvv + L . 0 Zvvvvv 

V u sin U V V Sln UV 

( 4.17) 

and the derivatives are obtained as 

Zuvvvv 
(4.18) 

Zvvvvv l20po5 

Substituting (4.18) into (4.17) and letting Ztssss = 0, we get 

Lv Pl4 - 5Lu COS 0uv Pos = 0 (4.19) 

Next, we consider the third case where the s axis is parallel to side P2P3 , as shown 

in Figure 4.9. The coordinate transformation is expressed by 

u A (s - s0 ) + B (t - t0 ) 

( 4.20) 
v C (s - so)+ D (t - to) 
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where 

A 

B 

C 

D 

sin(0uv - 0us) 

Lu sin 0uv 

cos(0uv - 0us) 

Lu sin 0uv 

sin 0us 

L v sin 0uv 

COS 0us 

Lv sin 0uv 

1 (d- c) 1 (c) tan - b _ a - tan - ~ 

s 

Figure 4 .9. The s-t coordinate system with the s axis parallel to P2P3 . 

The result for this case is complex and is given by 

5A4Bp5o + A3(4BC + AD)p41 + A2C(3BC + 2AD)p32 

(4.21) 

+AC2(2BC + 3AD)p23 + C3(BC + 4AD)p14 + 5C4Dpo5 = 0 (4.22) 

Equations ( 4.15), ( 4.19) and ( 4.22) are the results of implementation of the smooth­

ness condition given by ( 4.2) and are used to determine the coefficients of the poly­

nomial z = z(u,v) . 

4.6 Determination of the Coefficients of the 

Polynomial 

We can determine the coefficients of the lower-power terms by letting u = 0 and v = 0 

and inserting the values of z , Zu, Zv, Zuu, Zuv and Zvv at Pi (i.e. , u = 0 and v = 0) in 
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(4.7) and (4.8). Doing so, we obtain 

Poo z (O , 0) 

Pio 

Poi 

Zu (O , 0) 

Zv (O , 0) 

P20 Zuu (0 , 0)/2 

Pu Zuv(O, 0) 

Po2 Zvv (O, 0)/2 

( 4.23) 

Next, letting u = 1 and v = 0 and inserting the values of z, Zu and Zuu at P2 (i.e., 

u = 1 and v = 0) in (4.7) and the first and the third equations in (4.8), we obtain 

the following three equations 

P3o + P4o + Pso 

3p30 + 4p40 + 5p50 

6p30 + 12p40 + 2Op50 

z (l, 0) - Poo - Pio - P20 

zu( l , 0) - Pio - 2p20 

Zuu (l , 0) - 2p20 

Solving these equations with respect to p30 , p4o and p5o, we obtain 

P3o [2Oz (l , 0) - 8zu (l , 0) + Zuu (l , 0) - 2OPoo - 12pio - 6p20] /2 

P4o 

Pso 

-15z(l , 0) + 7zu (l, 0) - Zuu (l , 0) + 15poo + 8pio + 3p20 

[12z (l, 0) - 6zu (l, 0) + Zuu (l, 0) - 12Poo - 6Pio - 2p20] /2 

(4.24) 

Since Poo , Pio and P20 are already determined from (4.23), we can calculate p30 , p40 

and Pso from (4.24). 

Similarly, using the values of z, Zv and Zvv at P3 (i.e. , u = 0 and v = 1) , we obtain 

Po3 [2Oz(O, 1) - 8zv (l , 0) + Zvv (O , 1) - 2OPoo - 12Poi - 6Po2] /2 

Po4 

Pos 

-15z (O, 1) + 7zv (O , 1) - Zvv (O , 1) + 15poo + 8poi + 3po2 

[12z (O, 1) - 6zv (O, 1) + Zvv (O , 1) - 12Poo - 6poi - 2Po2] /2 

(4 .25) 

Substituting the values of p50 and p05 in (4.24) and (4.25) , respectively, we obtain the 

values of p4i and Pi4 as 

P4i 

Pi4 

5Lv COS 0uv 
----p50 

Lu 
5Lu COS 0uv 

Lv Pos ( 4.26) 
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ext, we use the values of Zv and Zuv at A (i.e., u = 1 and v = 0) in ( 4.8) and 

obtain 

P21 + P31 

2P21 + 3p31 

Zv (l , 0) - Poi - Pu - P41 

Zuv (l, 0) - Pll - 4p41 

Solving these equations, we obtain p21 and p31 as 

P21 

P31 -2zv (l , 0) + Zuv (l, 0) + 2Po1 + Pll - 2p41 
(4 .27) 

Similarly, using the values of Zu and Zuv at P3 (i.e. , u = 0 and v = 1) in (4.8), we 

obtain 
P12 3zu (0, 1) - Zuv(0, 1) - 3pm - 2pn + Pl4 

( 4.28) 
Pl3 -2zu (0 , 1) + Zuv (0 , 1) + 2pm + Pll - 2p14 

Rewritting ( 4.22) as 

91P32 + 92P23 ( 4.29) 

where 

91 A2C(3BC + 2AD) 

92 AC2(2BC + 3AD) (4.30) 

h1 -5A4BPso - A3(4BC + AD)p41 - C3(BC + 4AD )p14 - 5C4Dpo5 

with A, B , C and D as defined in (4.21). From the value of Zvv at P2 in (4 .8), we 

obtain 

P22 + p32 (4 .31) 

where 

h2 = (1/2) zvv( l , 0) - Po2 - P12 (4.32) 

Similarly, from the value of Zuu at P3 in ( 4.8), we obtain 

( 4.33) 
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where 

h3 = (1/2)zuu (l , 0) - P20 - P21 (4.34) 

Solving (4.29) , (4.31) and (4.33), we obtain 

P22 
91h2 + 92h3 - hi 

p32 ( 4.35) 

with 91 , 9 2 , h 1 , h 2 and h3 given by (4.30) , (4.32) and (4.34) . 

Thus, with all the coefficients of the polynomial determined for a particular trian­

gle, any point included inside or on the boundary of the triangle can be interpolated 

using the polynomial. 

4.7 Wavelet-Based 2-D Interpolation 

In section 3.5, a wavelet approach for interpolating 1-D signals was described. Anal­

ysis of 2-D systems can be performed in a similar fashion to their 1-D counterparts. 

If one uses the scheme as in Figure 4.10 then all 1-D results are easily extended to 

the 2-D case. The signal now is considered as a 1-D vector consisting of subsequent 

rows of the 2-D signal. The analysis matrix W can be formulated in a similar fashion 

as was done for the 1-D case. However, at each stage horizontal as well as vertical 

decompositions have to be considered. It can be noted that for a 2-D signal of size 

N x N the size of the analysis matrix W is N 2 x N 2 and hence the transformation 

is computationaly very extensive. 

We consider a 2-D signal in the form of a 4 x 8 matrix expressed as 

Xu X12 X13 X14 X 15 X16 X17 X i s 

X 
X21 X22 X22 X24 X25 X26 X27 X2s 

X31 X32 X33 X34 X35 X35 X37 X3g 

X41 X42 X43 X44 X45 X45 X47 X4g 

and convert it into a 1-D signal as 

x - [ X.1 X.2 X.3 ~ ]T X4 
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X 

Horizontal HlJi 
Vertical 

Stage 1 

Horizontal 

Vertical 

Stage 2 

Figure 4.10. Separable filter bank in two dimensions, with separable down-sampling 

by 2. 

where 

X1 [ x11 Xis ] 

X2 [ X21 X2s] 

:X3 [ X31 X3s ] 

X4 [ X41 X4s] 

For a complete decomposition of X into its wavelet coefficients, we require a 2-stage 

filter bank as shown in Figure 4.10. Let A2, A4 and As denote the transformation 

matrices which convert a set of 2, 4 and 8 data points, respectively, into its wavelet 

coefficients using a single-stage filter-bank. For Haar filters they are given as 
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1 

0 

0 

1 0 
As 

v'2 1 

0 

0 

0 

1 1 0 0 

1 0 0 1 1 

v'2 1 -1 0 0 

0 0 1 -1 

1 0 0 0 0 

0 1 1 0 0 

0 0 0 1 1 

0 0 0 0 0 

-1 0 0 0 0 

0 1 -1 0 0 

0 0 0 1 -1 

0 0 0 0 0 

0 0 

0 0 

0 0 

1 1 

0 0 

0 0 

0 0 

1 -1 

Let Z2 , Z4 and Zs denote null matrices of size 2 x 2, 4 x 4 and 8 x 8 respectively 

and 12 , 14 and Is denote identity matrices of size 2 x 2, 4 x 4 and 8 x 8, respectively. 

Let Yl be the wavelet coefficient matrix after the horizontal decomposition of X in 

the first stage. Yl is given by 

y l 
h w 1 x h (4.36) 

where 

As Zs Zs Zs 

wi Zs As Zs Zs 
(4.37) h Zs Zs As Zs 

Zs Zs Zs As 

Here, Y l contains the subsequent rows of the matrix formed by transforming X into 

its wavelet coefficients considering horizontal decomposition only. 

Similarly, let Y~ be the wavelet coefficient matrix after the vertical decomposition 

of Yl in the first stage. Y~ is given by 

y1 = y 1 
V 

w i y 1 
V h ( 4.38) 
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where 

a!1Is a!2Is a!3Is a!4Is 

w i 
a~1 ls a~2l s a~3l s a~41s 

( 4.39) 
V 

al1 Is al2Is al3Is al4Is 
a!1 Is a!2Is a!3Is a!4Is 

In (4.39) a1 denotes the element in the ith row and the jth column of A 4 . Therefore, 

the wavelet transformation matrix W 1 which converts X into its wavelet coefficients 

after stage one is given by 

aFAs a!2As a!3As a!4As 

w i w 1 w 1 
a~1As a~2A s a~3A s a~4A s 

( 4.40) V h 
al1As al2As al3As al4As 
a!1As afAs a!3As a!4As 

After careful consideration, the wavelet transformation matrix W which converts 

X into its wavelet coefficients after two stages is given by 

w = w
2

w
1 ( 4.41) 

where W 2 which converts W 1 into its wavelet coefficients is given by 

a11A4 Z 4 a12A4 Z 4 Z 4 Z 4 Z 4 Z4 

Z4 l 4 Z 4 Z4 Z4 Z 4 Z 4 Z 4 

a11A4 Z 4 a12A4 Z 4 Z 4 Z 4 Z 4 Z 4 

w 2 
Z4 Z 4 Z 4 l 4 Z4 Z 4 Z 4 Z 4 

( 4.42) 
Z 4 Z 4 Z 4 Z4 l 4 Z4 Z 4 Z 4 

Z 4 Z 4 Z 4 Z4 Z 4 l 4 Z 4 Z 4 

Z 4 Z 4 Z4 Z 4 Z 4 Z 4 l 4 Z 4 

Z 4 Z4 Z 4 Z 4 Z 4 Z 4 Z 4 l 4 

In ( 4.42) aV denotes the element in the ith row and the jth column of A2. Thus 

y 2 - wx ( 4.43) 

where Y 2 contains the subsequent rows of the matrix formed by transforming X into 

its wavelet coefficients considering a two-stage decomposition. The wavelet transform 

matrix W can be similarly determined for a data of a larger size. 
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Once the wavelet transformation matrix W is formulated , data can be interpolated 

in the Sobolev space in the same way as was done for a 1-D signal which has been 

discussed in section 3.4.2. The inverse wavelet transform of w will produce, in the 

time-domain, the interpolated data in the form of subsequent rows of the estimated 

2-D signal. 

4.8 Interpolation Results and Discussion 

We consider a 2-D signal which has both smooth as well as sharp edges, as shown in 

Figure 4.11 

1.5 

0.5 

-0.5 

0 

- 1 

y 

Figure 4.11. Original signal. 

To illustrate the behavior of the interpolation techniques, we arbitrarily sample 

300 data points from the original 2-D signal as shown in Figure 4. 12. In order to 

estimate the original signal from the data samples data is interpolated at a regular 

rectangular grid. The sampled data is interpolated using both the triangle-based 

method as well as the wavelet based method. 

The triangle-based interpolation method starts by considering a super-triangle 

with vertices at (0.5,5) , (-2.5,-3) and (3.5 ,-3). As the x and y coordinates of the 
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Figure 4.12. 300 sample points of the original signal. 

data points have initially normalized to a scale of [O 1], the window enclosing all the 

data points is well within the super-triangle. The data points are inserted into the 

triangulation one at a time and the triangulation updated. When all the 300 data 

points have been inserted, the triangles having one or more of the vertices of the 

super-triangle are removed from the triangulation. The final Delaunay triangulation 

is shown in Figure 4.13. 

Once the Delaunay triangulation is complete, a data point inside a particular 

triangle is interpolated using a fifth-degree polynomial formed inside the triangle as 

discussed in section 4.4. A surface is thus formed by interpolating data points on a 

regular rectangular grid. The interpolated surface is shown in Figure 4.14. Although 

this is a good estimate of the original data, both at smooth areas and sharp edges, it 

can be observed that some interpolated data points, especially at the boundary, do 

not conform to the local characteristics of the data. This can be attributed to the 

fact that the Delaunay triangulation formed as shown in Figure 4.13 has some thin 

triangles, especially at the edges. As polynomials formed inside thin triangles do not 

produce good interpolation results they are unsuitable for interpolation. 

Next , the same set of sample points is used to interpolate a surface using the 

wavelet-based interpolation process described earlier. Initially the data points are 

converted to dyadic points by approximating them to be placed at binary rationals. 
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Figure 4.13. Delaunay triangulation of the sampled data points. 
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Figure 4.14. Surface interpolated using the triangulation method. 

Considering that the final interpolated data is of size 32 x 32, data points are placed 

at (k/25 , l/25), 1 :S k :S 32, 1 :S l :S 32 for arbitrary integers k and l. It can be 

noted that two or more data points can be approximated at the same dyadic point. 
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In such case an average of the elevation values of all such data points is considered 

as the elevation value at that point. Figure 4.15 shows the dyadic points, which have 

been approximated from the sample data points shown in Figure 4.12. Thus data is 

0.8 

0.6 

>-

0.4 

0.2 

0.2 0.4 0.6 0.8 
X 

Figure 4.15. Dyadic points, approximated from the sampled data points. 

placed at a regular grid with missing points in between. The missing points are then 

interpolated using the wavelet-based interpolation technique. 

The resulting surface is shown in Figure 4.16. It can be observed in Figure 4.16 

that the wavelet-based interpolation technique gives fairly good results for regions 

which are smooth in nature. However, it tries to smoothen regions with sharp edges 

if a sufficient number of data points is not available at places near the sharp edges. 

The root mean square errors between the original data and the interpolated data 

using the triangle based method and the wavelet based method are found out to be 

0.0655 and 0.0612 respectively. 

ext , we apply the two interpolation techniques to obtain the ground and canopy 

profiles for a scanning LIDAR data. After initially categorizing the data points as 

ground hits or canopy hits, the scattered data points are interpolated to obtain the 

corresponding profiles. 

Figure 4.17 shows the ground profile obtained by interpolating the ground hits 

using the triangle-based interpolation process whereas Figure 4.18 shows the ground 

profile obtained by interpolating the data points categorized as ground hits using the 
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Figure 4.16 . Surface interpolated using the wavelet-based method. 

wavelet-based interpolation process. The ground profile indicates a hilly area and 

is fairly smooth in nature barring some regions with uneven surface charateristics, 

as seen from Figure 4.17. Possible reasons for this unevenness can be the presence 

of rocks or houses. Another possibility may be due to false categorization of data 

points at these regions. This may happen if the neighborhood of the data point to 

be categorized does not include any ground hit and all the data points are vegetation 

hits. In that case, a data point under consideration will be categorized as a ground hit 

even though it is a vegetation hit . Thus at places where the vegetation hits are very 

dense the neighborhood search area should be sufficiently large so that it may contain 

at least a single ground hit. On the other hand, the ground profile obtained with the 

wavelet-based interpolation process for the same set of data points has occasional 

uneven regions and undulated surface patches especially at places where the density 

of the data points is very low, as seen in Figure 4.18. The surface in this case is fitted 

considering a Sobolev space and may not exactly represent the actual surface. 

Figures 4.19 and 4.20 show the canopy profiles obtained by interpolating the data 

points categorized as canopy hits using the triangle-based method and the wavelet­

based method, respectively. Here, both the profiles obtained show similar surface 
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Figure 4.17. Ground profile obtained using the triangle-based interpolation process. 
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Figure 4.18. Ground profile obtained using the wavelet-based interpolation process. 

characteristics. 

We can conclude that a large part of the region is covered with vegetation, pre­

sumably comprising trees, as can be inferred by comparing the elevation in the canopy 
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Figure 4.19. Canopy profile obtained using the triangle-based interpolation process. 
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Figure 4.20. Canopy profile obtained using the wavelet-based interpolation process. 

profile with that in the ground profile. It is noted that at places where there is no 

vegetation the canopy coincides with the ground. 
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4.9 Conclusions 

The problem of interpolating scattered 1-D data was examined in chapter 3. Chap­

ter 4 extends the interpolating problem to 2-D. Two techniques for the purpose of 

interpolating data points scattered irregularly on a 2-D profile have been discussed. 

The first technique involves approximating the surface over a triangulated region. A 

Delaunay triangulation is constructed with the scattered data points as the vertices 

of the triangles. Data points are interpolated using a fifth-degree polynomial fitted 

over each triangular cell. The second technique builds on the wavelet-based 1-D in­

terpolation process discussed in chapter 3. The wavelet transformation matrix, which 

converts a 2-D signal to its wavelet coefficients, has been formulated. This is followed 

by minimizing the Sobolev norm of the reconstructed signal which in the wavelet 

domain reduces to weighted least-squares optimization. 

The interpolation techniques have been applied to obtain the ground and canopy 

profiles of a LIDAR scanning data. It was found that at places where the density 

of data is low, the triangle-based method of interpolation yields better results as 

compared to the wavelet-based interpolation process. However, when a thin triangle is 

present in the triangular network, the polynomial fitted into it experiences oscillatory 

behavior and produces incorrect interpolation values. On the other hand, at places 

where the density of the data is quite high the wavelet-based process yields better 

results . The computational cost of the wavelet-based interpolation process is higher 

than the triangle-based process and increases significantly with increasing size of the 

data. 
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Chapter 5 

Delineation of the Transmission 

Wire 

5 .1 Introduction 

When a transmission wire is supported by poles, the part of the wire from one pole 

to the next forms a catenary, a curve formed by a hanging flexible wire supported at 

its ends and acted upon by a uniform gravitational force. Thus, in order to delineate 

the transmission wire it is imperative to approximate the wire hits with a series of 

catenaries. 

Data points that were classified earlier as wire hits can include laser hits reflected 

from poles supporting the wire, tall trees or birds. In addition the data may also 

include impulsive noise values. In order to delineate the catenary wires laser hits 

actually reflected from the wires have to be identified. 

We consider the fact that the projection of a catenary wire from one pole to the 

next on the x-y plane forms a straight line. Thus the data points whose projection 

on the x-y plane doesn't lie on a straight line can be discarded. Although this may 

remove some data points which are not wire hits, the data set may still contain some 

data points not reflected from the wire but has its x-y projection aligned with the 

line of the transmission wire. In order to get rid of these unwanted data points and 

to obtain a smooth curve representing the wire hits are approximated by a chain of 

catenaries using an optimality criterion. 
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5.2 Tracing the Wire 

A transmission wire is initially traced by collecting all the data points, among the 

set of points classified as wire hits, whose projection on the x-y plane maintains a 

chain of line segments. These data points are grouped in lists , each list representing 

a transmission wire. A list starts by considering a data point p and searching for its 

neighboring data points in order to find points collinear with p. If such points exist, 

then they can be part of the wire and so it is attempted to extend from both ends by 

inserting more data points collinear to the line. When the line can not be extended 

any further a check is made on the length of the line; if the length is too short to 

be a segment of a transmission wire the list is deleted and the process is repeated. 

Otherwise, the line is accepted as a segment of the transmission wire from one pole 

to the next or from a pole to one end of the data set. Next, an attempt is made to 

further extend the segment considering the fact that at a pole the transmission wire 

may take a course with a different angle. This is done by searching points which may 

be collinear with the point at the extreme end of the initial line. If such points exist 

then the second line is initiated. This line is similarly extended until it cannot be 

extended any further. The process is repeated until the series ofline segments cannot 

be drawn any further . This completes the tracing of a transmission wire and the data 

set is then searched for more wires. 

The process can be illustrated in a simple algorithm as given below. Each data 

point is assigned a status: noLvisited - data point not yet considered, visited -

considered but not listed as a wire hit and listed - data point included in a list of 

wire hits. Initially all data points are assigned the status noLvisited. 

1. Consider a data point Pi which is noLvisited. 

2. Find n nearest points of Pi which are noLvisited and arrange them in increasing 

order of their distance from Pi· 

3. Among then nearest neighbors of Pi, find two points Pb and PJ such that Pbi, Pi 

and PJi form a line, with an accepted angle of curvature with Pi at the middle, 

making an angle 0 with the x-axis. 

If no such points exist then: 

Declare Pi as visited. 
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Consider another point which is noLvisited and go to step 1. 

Else continue. 

4. Try to extend the line in the forward direction: 

a. Find n nearest points of PJi which are noLvisited. 

b. Find a point p12 among then nearest neighbors such that the line segment 

p fl -p 12 maintains the same angle 0. 

c. If there exists such a point then: 

Include point p 12 in the line. 

PJl ~ PJ2· 

Go to step 4(a). 

Else continue. (The line cannot be extended any further for this angle.) 

5. Try to extend the line in the reverse direction: 

a. Find n nearest points of Pbi which are not listed or visited. 

b. Find a point Pb2 among the n nearest neighbors such that the line segment 

Pb2-Pb1 maintains the same angle. 

c. If there exists such a point then: 

Include point Pb2 in the line. 

Pbl ~ Pb2· 

Go to step 5(a). 

Else continue. (The line cannot be extended any further for this angle.) 

6. Calculate the length of the line, len. 

7. If Zen < chklen then: (The line at this angle cannot be considered as a trans­

mission wire.) 

Discard the points included in the line. 

Find a different combination of Pbi and PJi with Pi in step 3 and proceed from 

step 3. 

Else declare all points in the line as listed. 

8. Try to extend the line with a different angle in the forward direction: 

a. Find n nearest points of PJi not listed or visited. 
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b. Among then nearest points find two points PJ2 and PJ3 such that PJi, PJ2 

and p 13 form a line with an accepted angle of curvature, p 12 being at the 

middle, making an angle /3 with the x axis. 

c. If two such points exist then: 

Include p 12 and p 13 in the line. 

PJl f-- PJ3· 

Do step 4. 

Else continue. 

9. Calculate the length of the line, if any, at the new angle and call it len. 

10. If len < chklen then: 

Discard the points included in the line at the new angle. 

Find a different combination of Pt2 and Pt3 with PJI in step 8(b) and proceed 

from step 8 (b). 

If no such combination exists then go to step 11. (The line cannot be extended 

in the forward direction at any angle.) 

Else 

Declare all points in the line as listed. 

Go to 8(a) . 

11. Try to extend the line with a different angle in the reverse direction: 

a. Find n nearest points of Pbl not listed or visited. 

b. Among the n nearest points find two points Pb2 and Pb3 such that Pbl, Pb2 

and Pb3 form a line with an accepted angle of curvature, Pb2 being at the 

middle. 

c. If two such points exist then: 

Include Pb2 and Pb3 in the line. 

Pbl f-- Pb3· 

Do step 5. 

Else continue. 

12. Calculate the length of the line at the new angle, len. 

13. If len < chklen then: 
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Discard the points included in the line at the new angle. 

Find a different combination of Pb2 and Pb3 with Pbi in step 11 (b) and proceed 

from step ll(b). 

If no such combination exists then go to step 14. (The line cannot be extended 

in the backward direction at any angle.) 

Else 

Declare all points in the line as listed. 

Go to ll(a). 

14. Repeat the whole process to look for other wires. 

This completes the tracing of a transmission wire. As more than one transmission 

wire can exist, the whole process is repeated to trace other possible wires. The process 

is repeated until all the data points have either been visited or listed. 

Due to unavailability of real data, the algorithm has been used over synthetic 

data. Figure 5.1 shows a set of possible wire hits. As mentioned earlier this may 

include hits from tall trees, birds or the poles supporting the wires. Figure 5.2 shows 

the traces of two parallel wires. It also shows two other smaller traces of data points 

whose projection on the x-y plane form straight lines. These two smaller traces are, 

however , not considered as the length of the traces indicate that they cannot be wires. 

This leaves us with two lists of data points corresponding to two wires. 

The lists thus formed may include data points which are actually not wire hits 

but whose projection on the x-y plane aligns with the line which a wire projects on 

the x-y plane. In order to get rid of these unwanted data points from the lists, a 

simple algorithm, as given below, has been used. 

1. Consider a point p in the list. 

2. Consider 2n points, n on the left and n on the right of p. 

3. Take the average, av, of the elevation values of the 2n number of points. 

4. If t he elevation value of p is greater or lesser than av by a certain threshold t 

then declare p as erroneous and replace the elevation value of p with av. 

5. Repeat steps 1 - 4 for all points in the list. 

Figure 5.3 shows possible bird hits or erroneous data points whose x-y projection 

aligns with the line the wire projects on the plane. Using this simple algorithm 
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Figure 5.1. Possible wire hits. 

Figure 5.2. Data points joined to trace possible catenary wires. 

the elevations of these unwanted data points have been approximated with suitable 

values as shown in Figure 5.4. Figure 5.5 shows the two transmission wires and their 
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projection on the x-y plane. 
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Figure 5.3. Trace of a wire with erroneous data points. 
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Figure 5.4. Unwanted data points replaced with suitable values. 
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Figure 5.5. Transmission wires and their projection on the x -y plane. 

In order to approximate the wire hits with a series of catenaries, two poles being 

the ends of each catenary, the poles have to be first marked. The following algorithm 

marks the pole positions for the lists, each list representing a transmission wire. The 

algorithm starts by considering three moving windows: left , middle and right. The 

windows contain consecutive data points in the list , each containing a fixed number 

of points. The data point having the maximum elevation value in each window is 

noted. If the elevation value of the data point having the maximum elevation in the 

middle window, say p, is greater than the corresponding values in the left and the 

right windows then p is marked as the pole. The windows are moved one window 

length and the process is repeated until the windows have covered the whole wire 

length. 

1. Consider the first n data points in the list as contained in left window, the next 

n in middle window and then next in right window. 

2. Set max1 as the data point having the maximum elevation among the n data 

points in the left window. 

3. Similarly set maxm and maxr as the data points having the maximum elevation 

value in the m iddle and the right windows, respectively. 
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4. If the elevation value of max_middle is greater than that of both max1 and maxr 

then declare maxm as a pole position. Otherwise, shift the windows towards 

right by a window length, i.e. , n data points and repeat steps 2, 3 and 4 until 

all data points have been included. 

5. Consider the first and last data points in the list also as pole positions. (This 

ensures that the first and the last catenary curves are not omitted out.) 

Once the poles have been marked, a catenary curve can be drawn between two 

consecutive poles, which best fits the wire hits. All the catenary curves can then be 

joined to form the transmission wire. 

5.3 Optimizing the Catenary Curve 

As a transmission wire forms a series of catenaries from pole to pole, it is imperative 

to approximate the wire hits with a series of catenaries. The equation of a catenary 

from a pole to the next can be formulated as 

(
X - Xo) y(x) = bcosh a - Yo (5 .1) 

where x0 is the point where the catenary is at its lowest elevation having a value y0 , 

a and b being constants. 

Let d = [ab xo Yof. Then equation (5.1) can be written as 

(
X - Xo ) Y(d,x) = bcosh a -yo (5.2) 

Let the wire hits from a pole to the next be represented by Y 0(xk), where, xk, k = 
1, 2, ... , K be the locations of the wire hits. An approximation error can, therefore, 

be expressed as 

(5.3) 

This can be formed as a column vector 

E(d) (5.4) 

where 

(5.5) 
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for k = 1, 2, 

of E(d) as 

... ' K. An objective function can be defined in terms of the Lp norm 

(5.6) 

where p is an integer. The magnitude of the largest amplitude-response error is 

usually required to be as small as possible and, therefore, the L00 norm of the error 

function should be used. Algorithms developed specifically for the minimization of 

the L00 norm are known as minimax algorithms and lead to designs in which the error 

is uniformly distributed with respect to an independent variable. 

A common minimax algorithm is the least-pth algorithm which involves minimiz­

ing an objective function of the type given is (5.6) for increasing values of p, say 

p = 2, 4, 8, .. . , etc., and is as follows 

1. Input d.0 and t:1 . Set j = 1, p = 2, µ = 2, E0 = 1099 . 

2. Initialize locations x1 , x2 , ... , XK . 

3. Using dj - l as initial value, minimize 

• _ A { K [~]p}l/p '113(d) - E(d) Li=l E(d) 

where 

E(d) = max lei(d)I 
l<i<K 

with respect to d, to obtain dj. Set Ej = E(d). 

4. If IEj-l -Ejl < t:1 , then output dj and Ej, and stop. Else set p = µp, j = j + 1 

and go to step 3. 

The minimization in step 3 can be carried out by using a standard optimization 

method such as the quasi-Newton optimization method. The gradient of '11 j ( d) is 

given as 

where 

ei( d) 2:: 0 

otherwise 

(5.7) 

(5.8) 
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Thus, Y[dj, xk] produces the best fit catenary curve. Although the optimiza­

t ion process yields smooth catenary curves representing the transmission wires, it 

is computationally very expensive and time consuming. Due to these reasons the 

optimization process has not been used. 

5.4 Conclusions 

Several algorithms used to delineate transmission wires have been discussed in this 

chapter. The process starts by grouping data points which are expected to be actual 

wire hits into lists, each list representing a transmission wire, from a set of data 

points classified earlier as possible wire hits. This is done keeping in mind that 

transmission wires project straight lines on the x-y plane. Next , data points which 

have been included in the lists representing the wires but in fact are not wire hits, are 

eliminated. The process has been tried on synthetic data as real data were unavailable. 

Although simple algorithms have been used for the purpose, complications may arise 

with real data and the algorithms used may have to be modified accordingly for better 

performance. The chapter also presents a method of fitting a smooth catenary curve 

to the wire hits by using an optimization process. 
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The thesis is based on a project sponsored by Terra Remote Sensing Inc. , for the 

development of efficient data processing techniques to create a topological map of 

an area surveyed by a scanning laser system. A light airplane with a scanning laser 

system installed has been used to acquire data. Elevation values of the region under 

survey have been calculated from the laser hits reflected from the topological surface. 

Initially data have been acquired by a laser profiling system but since a laser profil­

ing system cannot survey a large area at one time, Terra Remote Sensing Inc. has 

developed a laser scanning system to acquire topological data. 

In order to obtain the ground and canopy profiles and to delineate transmission 

wires, laser hits have been classified as ground hits , vegetation hits or wire hits. This 

has been done using a method based on order statistics filter as described in chapter 

2. Some preliminary processing techniques have been implemented so as to make the 

processing of data simple and efficient. The algorithm developed for searching the 

nearest neighbors of a data point greatly reduces the time for the classification of the 

laser hits. This algorithm has also been used in the interpolation technique described 

in chapter 4. 

The data points classified as ground, vegetation or wire hits are scattered. In 

order to obtain the ground and canopy profiles, these scattered data points have been 

interpolated. Moreover, as a profiler system acquires data which can be considered 

1-D, the interpolation technique used for this data is also 1-D. Two techniques have 

been used to interpolate 1-D profiler data. The first is based on the Deslauriers-Dubuc 

(DD) process, which is a multiscale method of iteratively interpolating uniformly 
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sampled data points. The data points are initially approximated in terms of binary 

rationals . The DD process interpolates data halfway between given data points by 

using polynomial interpolation with the help of neighboring data points. The actual 

nonuniform interpolation process used has been considered to be a two-stage process. 

In the first stage, nonuniform data have been regularized by iteratively interpolating 

data points in between the given data points in a way somewhat similar to the DD 

process. Once this has been done, the uniform data is further interpolated, at the 

second stage, using the DD process to obtain a smooth curve. 

The second method used is a wavelet approach to nonuniform interpolation. Here 

a curve is constructed from the given data points using an optimality criterion. The 

optimality criterion choosen is the Sobolev norm of the constructed curve which has 

been minimized so as to maximize the smoothness of the constructed curve. 

Ground and canopy profiles have been obtained using both of the techniques. The 

wavelet-based method yields better results in the sense that the constructed profiles 

are smoother than those obtained using the iterative technique, especially when the 

scattered data points are sparsely populated. However, the computational cost of 

the wavelet-based approach is significantly higher than that of the iterative process. 

The iterative process is more suited when the data points are fairly dense and evenly 

situated. 

Unlike the profiling system, the laser mounted in the scanning system scans a 

large part of the survey area at one time along the flightline. Hence 2-D interpolation 

has been used to obtain 3-D profiles from data acquired by the scanning laser system. 

Two techniques have been implemented for interpolating 2-D scattered data. The 

first method is based on approximating surfaces over a triangulated network. An 

optimal triangulated network, the Delaunay triangulation, has been used to ensure 

that the triangles formed are as close to equiangular triangles as possible. Once the 

Delaunay triangulation has been formed, a bivariate fifth-degree polynomial is fitted 

in each of the triangles. The interpolation function is smooth and its first-order partial 

derivatives are continuous on the boundaries of the triangle. 

The second method of 2-D interpolation is similar to the wavelet approach of 

interpolation used for interpolating the 1-D profiler data. Here, the 2-D data have 

been considered as a 1-D signal which contains subsequent rows of the 2-D signal. A 
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2-D signal is reconstructed whose Sobolev norm has been minimized. In the wavelet 

domain, this reduced to a weighted least-squares optimization problem. 

Two techniques have been used to obtain 3-D ground and canopy profiles. The 

triangle-based interpolation process yielded smoother profiles compared to the wavelet­

based approach at places where the data is sparse. Moreover, the wavelet-based 

method has a very high computational cost which increases significantly with the size 

of the data. However, often some of the triangles formed in the Delaunay triangula­

tion, especially the ones at the border of the data, are thin which produces inaccurate 

interpolation results. 

Algorithms have been developed to delineate the transmission wires. The process 

starts by tracing the wire by grouping the data points which are most likely to be wire 

hits from the set of data points classified earlier as possible wire hits. This is done 

considering the fact that transmission wires project straight lines on the x-y plane. 

An optimization method has been presented to fit smooth catenary curves to the 

wire hits. Synthetic data have been used for the process as real data was unavailable. 

With real data, complications may arise and there may be the need to modify the 

algorithms. 

The work done so far provides a base for further research into the various aspects 

of the project. The algorithm used for the classification of the data points is quite 

simple and straightforward. The data density and spatial corelation between the data 

points need to be looked into in order to classify data points more accurately. Spatial 

aliasing should be considered while sampling a known signal in order to better analyze 

the reconstructed signal after applying the interpolation processes. The data points 

have been converted to their wavelet coefficients in the wavelet-based interpolation 

process. This conversion process is quite cumbersome and time-consuming. A faster 

process will greatly enhance the efficiency of the interpolation process. A 2-D data set 

has been first converted to a 1-D signal consisting of the subsequent rows of the 2-D 

data before converting it to its corresponding wavelet coefficients. A better way to do 

this would be to directly convert the 2-D data to its corresponding wavelet coefficients 

without breaking it into a 1-D signal although this will highly increase the complexity 

of the process. A few improvements have been recently proposed by Sloan for the 

Delaunay triangulation method which can be implemented for a better performance 
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of the triangulation process. Finally a lot of improvements have to be made for the 

process of delineating the transmission wires. Depending on the actual wire data, 

adjustments have to be made for the classification of the wire hits. Special provisions 

have to be taken for the presence of multiple transmission wires. The optimization 

process to draw a smooth curve representing the wires should be investigated further 

with real-life data and methods of reducing the computational complexity should be 

explored. 
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