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ABSTRACT

The irredundant Ramsey number s(m,n) is the smallest
integer p such that for every graph G of order p, the
complement G of G contains an m-element irredundant set or
G contains an n-element irredundant set. We prove that
5(3,7) = 18.

1. INTRODUCTION

Unless stated otherwise, terminology and notation used in this paper follow that
of [1]. In particular, all graphs are simple and undirected.

The closed neighbourhood N[X] of a set X of vertices in a graph
G = (V,E) is defined to be the union of the closed neighbourhoods of its elements,

that is, N[X] = U N[x]. For x € X, the private neighbourhood PN(x,X) of
x € X

x relative to X consists of all those vertices in the closed neighbourhood of x
but not in the closed neighbourhood of the remainder of X; that is,

PN(x,X) = N[x] — N[X-{x}]. The elements of PN(x,X) are the private neighbours



of x (relative to X). The set X C V is drredundant if PN(x,X) # ¢ for each
x € X. Observe that X 1is irredundant iff each vertex which is not isolated in
(X) has a private neighbour in V — X. The (upper) irredundance number IR(G)
of the graph G is the largest cardinality among the irredundant sets of vertices of
G. It is easy to see that the concept of irredundance extends that of independence,
for if X is an independent set of G, then x € PN(x,X) for each x € X and
hence X is irredundant. Since the classical Ramsey numbers can also be defined
using independent sets instead of cliques, the above observation leads to the following
definition of irredundant Ramsey numbers:

The irredundant Ramsey number s(ql,qz,- . -,qt) is the smallest integer p
such that for any t—edge colouring of Kp and at least one i € {1,2,---,t}, the
complement Gi of the graph Gi induced by the ith edge colour class has an
irredundant set of size g;- Hence in the case where t = 2, the irredundant
Ramsey number s(m,n) is the smallest integer p such that for every graph G
with p vertices, IR(G) > m or IR(G) > n. This concept was introduced by
Brewster, Cockayne and Mynhardt in [2], where it was shown that s(3,3) = 6,
5(3,4) = 8 and s(3,5) = 12. In [3], the same authors prove that s(3,6) = 15.
Short proofs of these results may be found in [10]. The irredundant Ramsey number
$(3,3,3) was investigated in [6] and proved to be equal to 13 in [7]. In this

paper we prove that s(3,7) = 18.
2. PRELIMINARY OBSERVATIONS
In what follows, if G is a graph of order p with IR(G) < m and

IR(G) < n, then G will be called an (m,n,p)—graph or an (m,n)-graph. Given

an (m,n,p)-graph G = (V,E) and a vertex v € V, we can partition V into the



three subsets = {v} U N(v) U N[v], where N[v] = V - N[v]. Note that
(N(v)) is an (m-1,n,deg(v))—graph and that (N[v]) is an
(m,n~1,p~1-deg(v))-graph. We shall need the following three results of [10], which

are stated here without proof.

LEmma 1 [10]. If G s an (m,n,p)-graph, then p — s(m,n-1) < §G) < A(QG) <

s(m-1,n) - 1. g

LemMa 2 [10]. Suppose G is a graph with IR(G) < 2. For an arbitrary verter v
of G, let X = {xl,xz,- . -,xg} C N[v] have the property that at most one of the
sets Y, = {y € N(v) | x;y € E(G)}, i€ {12,---,4}, is empty. Then (X) s

bipartite. g

Observe that if the hypothesis of Lemma 2 is satisfied for a graph G, so that
there exists an felement set X C V with (X) bipartite, then X contains an
[{/2]-element subset which is independent in G. Thus if [£/2] > n — 1, this set,

together with v, yields an n-element independent set in G.

Lemma 3 [10]. If G is a (3,6,14)—graph, then &G) > 2 and at least 12

vertices of G have degree at least three. g

We shall also need two results proved in [2]. We state the first of these in a
slightly stronger form, the proof of which is implicit in the proof given in [2] and

hence omitted here.

LEmMas 4 [2]. Suppose G is a graph with IR(G) < 2. For an arbitrary vertez v
of G, let X C N[v] be such that (X) v P, with verter sequence (xl,xz,x3)



and such that Y, = {y € N(v) | x;y € E(G)} is nonempty for i€ {1,3}. Then

at least one of the sets Y1 -Y, and Y3 - Y1 s emply. g

3
Note that if the hypothesis of Lemma 4 is satisfied for vertices X1, X and
X, then by Lemma 4, Xy and Xq have at least one common neighbour in

N(v), and not both have private neighbours (relative to {x;,x5}) in N(v).

LEMMs 5 [2]. The graph G has an irredundant set of size three if and only if G
contains a triangle or G contains a 6—cycle with vertex sequence (vl,v2,- --,v6),

where ViVyr VoVgs VgV aTE all edges of G. g

The edges ViV VoVps VgVe are called the diagonals of the 6-cycle
V]:Voy*++,Vg. Whenever Lemma 5 is used to show that IR(G) 2 3 (or to prove
the existence or non—existence of certain edges in G if IR(G) < 2), we simply
write, for brevity, "by C(Vl,Vz,- . »,v6), .. .". A generalisation of Lemma 5 to

irredundant sets of any given size can be found in [5].

3. CALCULATION OF s(3,7)

We prove that s(3,7) = 18 by proving that no (3,7,18)-graph exists. In
order to do so, we henceforth assume G to be a (3,7,18)-graph and 2-colour the
edges of K18 in the colours red and blue, where the red edges belong to G and
the blue edges to G. Instead of saying that uv is an edge of G (G,
respectively), we shall also say that wuv is a red (blue) edge, or that "u sends a
red (blue) edge to v", etc. We begin by proving that G is 4-tegular. For

v eV, let Sv consist of those vertices in N[v] which send blue edges to each



vertex in  N(v). As before, deg(v) is used to denote the degree of the vertex v

in G, i.e., the red degree of wv.
TueoreM 1. If G s a (3,7,18)~graph, then G 1is 4-regular.

Proof. An application of Lemma 1 shows that 3 < deg(v) < 6 for each
vertex v of G. To show that A(G) < 4, we use Lemma 2. If deg(v) = 6,
then S = @, for otherwise N(v) U S, contains a set of cardinality seven which
is independent in G, contradicting IR(G) < 6. Hence Lemma 2 can be applied
with X = N[v] to yield an independent set of cardinality [11/2] + 1 = 7 in
G, again a contradiction. Suppose deg(v) = 5. If [S | 2 3, then, since
IR(G) < 2, Lemma 5 implies that G has no triangles and therefore there exist
two nonadjacent vertices, r,s € S . But then N(v) U {r,s} is an independent set
of G of cardinality seven, which is impossible. Consequently, |Sv| <2 and we
can apply Lemma 2 with |X| = 11, which yields a contradiction as before.

To show that &6(G) > 4, suppose v is a vertex of G with deg(v) = 3.
If [S,| 28, then since s(3,4) =8 and IR(G) < 2, the graph (S ) contains
an irredundant set T with |T| > 4. But then N(v) UT is a 7—element
irredundant set in G, a contradiction. Hemce |[S [ < 7 so that
T - 8,

three in H = (N[v]), a (3,6,14)—graph. Lemma 3 implies that H has at least

v

7. Since A(G) < 4, each vertex in N[v] - S, has degree at most

five (and hence at least six) vertices of degree exactly three. However, the computer
algorithm described in Section 4 and the analysis given in Sections 5 and 6 show

that no (3,6,14)—graph contains a vertex of degree three, a contradiction.

In view of Theorem 1, we may now assume that for any vertex v of G,

the graph H = (N[v]) is a (3,6,13)—graph with 20 edges. We now prove that



(SV) is one of only four graphs.
Lemma 6. (S ) s a (3,3,|S |)-graph, where 4 < [S_| < 5.

Proof. Since G is a (3,7,18)-graph, IR({S )) < IR(G) < 2. Further, if
(S,) contains a 3-element irredundant set, then the union of this set and N(v) is
a T—eclement irredundant set of G, which is impossible. Since s(3,3) = 6, this
implies that |[S | ¢ 5. If S =0, we may apply Lemma 2 with X = N[v] to
obtain a contradiction. If 1 < [S | <3, let s €S  be arbitrary and apply

Lemma 2 with X = (N[v] - S,) U {s} to obtain a similar contradiction. g

Note that Lemma 6 implies that <Sv> € {2K2,P me 4,05}. The possible degree
sequences of H are determined in Lemma 8. In order to do this, we first prove
the existence of matchings of certain cardinalities in H. As in the proof of Lemma

6, let X = (N[v] - S,) U {s} for some s € S ; recall that (X) 1is bipartite.

Lemia 7. If |S | =4 (|S,| =5 respectively), then there is a matching

consisting of five (four) edges in (X).

Proof. If |S | =4, then [X]| = 10 and since H is a (3,6,13)—graph,
(X) has no 6-element independent set. Hemce (X) has bipartition (X;X,)
with [X;| = |Xy| = 5. Let M be a maximum matching from X; to X, If
M does not saturate X, (say), then by Hall’s Theorem (see [1, p. 161]), there is
a subset A of X, such that |N(A)| < |A], where here

N(A) = ( U N()) n X, But then [(X;-N(A)UA| = [X;| - [N(A)| +
ac

|Al > [X{] =5 and (X;-N(A)) U A is independent in H, which is impossible.



Consequently, M consists of five edges.
Similarly, if [S | =5, e [X| =9, then (X) has a matching consisting

of four edges. g

Lewma 8. If |S | =4 (|5, | = 5 respectively), then H has degree sequence
(2,2,2,3,3,3,3,3,3,4,4,4.4) ((2,2,2,2,3,3,3,3,4,4,4,4,4) respectively).

Proof. By assumption, H has exactly |Sv| vertices which are nonadjacent
to every vertex in N(v). Since G 1is 4-regular, these are precisely the vertices of
H of degree four. Since H 1is a (3,6,13)—graph and s(3,5) = 12, every vertex of
H has degree at least one in H. Since G 1is 4-regular, each vertex in N(v) is
adjacent to three vertices in N[v] - S, If degg(u) =1, then wu is adjacent to
three vertices in N(v) and there are nine edges joining vertices in N(v) to
vertices in B = N[v] - {u} -~ 8. Since 7 < [B| <8, thereis a vertex w € B
which is adjacent to at least two vertices in N(v) and hence degp(w) < 2. Note
that u and w have a common neighbour in N(v) and hence, since G is
triangle~free, u and w are nonadjacent. Let C = NH[u] U Nglw]. Then
|C| < 5 and since s(3,4) =8, H - C contains a 4-element irredundant set X.
Clearly, X U {u,w} is irredundant in H, which is impossible. Hence H only
has vertices of degrees two, three and four. Since H has 13 vertices and 20 edges,

the result easily follows by solving the simultaneous equations

2a + 3b + 4c 40
a+ b + ¢ =13 ,

where a, b and c¢ are the number of vertices of degree two, three and four

respectively and ¢ = ]Sv|.



LewMA 9. G does not contain a subgraph isomorphic to K(2,3).

Proof. Suppose F 1is a subgraph of G isomorphic to K(2,3) and let
u, w be the vertices of F of degree three. Then u has degree at most one in

(N[w]), contradicting Lemma 8. g

In order to prove that no (3,7,18)-graph G exists, we prove that for any
V(Klg) = {0,1,---,17} and choose v to be the vertex 0, while the red
neighbours of v {orm the set N(v) = {14,15,16,17} so that V(H) =
{1,2,---,13}.

Assume first that [SVI = 4, say 10, 11, 12, 13 send no red edges to N(v).
By Lemma 2, ({1,2,---,9,10}) is bipartite and we may assume without loss of
generality that ({1,2,---,9,10}) has bipartition (X,Y) with X = {1,---,5} and
Y = {6,---,10} and that M = {{i,i+5} | i € {1,2,---,5}} is the red matching

from X to Y guaranteed by Lemma 7.
Lemua 10. If [S_ | =4, then (S ) ® C,.

Proof. If (S ) € {2K,,P,}, then (S ) has at least two nonadjacent
vertices u and w of degree one. Since G 1is 4-rtegular, there exist vertices
Uy,lg,llg, Wy, Wo,Wa € {1,2,---,9} such that uu, ww; are red for each i € {1,2,3}.
Now any two vertices u, uj, with 1 # j are distinct and form the end vertices of
a common P3 with vertex u in H and hence by Lemma 4, have a common
red neighbour in N(v). By Lemma 9, no vertex in N(v) is adjacent to all three

vertices uy, U, and Ug. Hence we may assume without losing generality that



u114, u214, u215, u315, u116, 11316 are red edges, so that u., i€ {1,2,3}, are the
vertices of degree two in H. However, the vertices Wi, Wo and W also do not
all have a common neighbour in N(v). Since 17 is the only vertex in N(v) that
can possibly be adjacent to two distinct vertices in {wl,w2,w3} - {ul,uz,u3}, it
follows that {u;,u5us} N {wy,wo,wa} # 0.

Let x € {uj,uyuq} N {w;,wy,wa}. Note that x is adjacent to two distinct
vertices in N(v), to the distinct vertices u,w ¢ N(v) and to a vertex y in the
matching M from X to Y. Since G is 4-regular, the only possibility is when
x =25 y=10 and one of u and w, say wu, is the vertex 10. Say
x = uy = w;. Then the common neighbour of x and w, (x and w3) in
N(v) is 14 (16) (say), while w, and wy are both adjacent to 17. Now w,

and Wq are both adjacent to two vertices in N(v) and hence also of degree two

in H, which contradicts Lemma 8. g

Let (Sv) have vertex sequence (10,11,12,13). Note that 10 12 and 11 13
are blue. Hence to avoid a blue KG’ 12 sends a red edge to X, while 11 and
13 send two independent red edges to X — N[10]. Note that 10 is adjacent to
exactly two vertices in X. Without loss of generality, assume that 10 4, 11 3,

13 2 are red. By Lemma 4, vertices 4 and 5 have a common red neighbour,
say 14, in N(v). Note that v sends no red edge to N(10). Hence if

H' = (N[10]) (and Sig 1s the set of all vertices of H’ which send no red
edges to N(10)), then exactly two vertices in {15,16,17} send no red edges to
N(10) since (S;q) € {C4Cs}. In particular, two vertices in {15,16,17}, say 16

and 17, send no red edges to 4 and 5. We formulate a more general result.

LEMMA 11. Let u be any verter of H which sends no red edges to N(v). Then

v €S and eractly two vertices in N(v) are in S,



10.

Proof. If u sends no red edges to N(v), then v sends no red edges to

N(u), hence v €5 . Since (S ) € {CyCs}, [N(v) NS | =2 g

We next prove that 1 € le'
LEMMA 12. Vertez 1 sends no red edges to N(10).

Proof If 1 ¢ SlO’ then 1 1is adjacent to 11 or 13; say 1 11 is red.
But then 12 sends no red edges to {1,2,3}, so that 124 or 12 5 is red.

However, in this case 12 sends three red edges to N(10), contradicting

Lemma 9. g

Note that, by the proof of Lemma 12, the edge 12 1 is red, while 5 12
and 4 12 are blue. Since {v,16,17,1} C S1D’ we may assume that 1 16 (say)
is red.
Lemma 13. Verter 1 has no common neighbours with 4 and 5 in N(v).

Proof. Let x € {4,5} and suppose 1 and x have a common neighbour y
in N(v). Note that x 12 is blue, as are y 11 and 1 10. Hence by
C(x,y,1,12,11,10), IR(G) > 3, a contradiction. g

CorOLLARY. The edges 115, 46, 56, 19 are blue

Proof Since 16 and 17 are the only vertices in N(v) which send no red
edges to N(10), 15 sends a red edge to {4,5}, hence, by Lemma 13, 1 15 is



11.

blue. If 46 (or 5 6) is red, then by Lemma 4, vertices 4 (or 5) and 1
have a common neighbour in N(v); therefore 4 6 and 5 6 are blue. Similarly,

19 is blue. g

LemMa 14. Vertices 2 and 3 have no common neighbour in N(v).

Proof. Note that 2 11 and 3 13 are blue, for otherwise 11 would have
degree 1 in (N[13]). If x € N(v) and 2 x, 3 x are red, then by
C(2,13,10,11,3,x), IR(G) > 3. g

In order to prove that S10 = {v,16,17,1}, we prove in the next three lemmas

that {6,7,8} n Si9 = 0.

Lemma 15. Verter 6 sends a red edge to N(10).

Proof. Note that 6 12 is blue. By Lemma 13, the edge 1 14 is blue. If
6 sends only blue edges to N(10), then, since degy(6) > 2, vertex 6 sends a
red edge to 2 or 3. Without loss of generality, let 2 6 be red. Also, in this
case <SlO) v Cg, so 6 is adjacent to 17. By Lemma 4, vertices 1 and 2
have a common neighbour in N(v) and this is 16. To avoid a XK(2,3), 1 7 is
blue. Therefore 1 and 3 have a common neighbour in N(v) and this must be

16. However, 2 16 is red, contradicting Lemma 14. g

Leuma 16. Verter 7 sends a red edge to N(10).

Proof. Since 6 sends a red edge to N(10) and 4 6, 5 6 are blue, 6

sends a red edge to {11,13}; assume without loss of generality that 6 13 is red.



12.

Then 1 7 is blue, for otherwise (1,7,2,13,6) 1is a 5-cycle, contradicting the
bipartiteness of ({1,2,---,9,13}) (see Lemma 2). Therefore 7 ¢ Sy for

otherwise [S;,] =5 but (5,5 ¢ Cym

As in the proof of Lemma 16, we henceforth assume that 6 13 1is red. Note

that then 2 6 1is blue.
LEMMA 17. Vertez 8 sends a blue edge to N(10).

Proof. Suppose 8 € S;g- Then §,, = {v,16,17,1,8}, so that 18, 8 17
and also (by Lemma 4) 3 16 are red. Let S, denote the set of vertices
nonadjacent to N(1). Clearly, {4,5,10} C Sl' Since 2 4, 2 5 are blue and
(8;) € {C4,C}, 2 sends a red edge to {6,8,12,16}. Note that 2 12 is blue
and by Lemma 14, the edge 2 16 is blue. Since 2 6 is blue, 2 8 is red, so
that 1 and 2 have a common neighbour in N(v). But 2 16 is blue and by
the 4-regularity of G, wvertex 1 is nonadjacent to each vertex in N(v) — {16},

a contradiction. g

By Lemmas 15, 16 and 17, 5,5 = {v,16,17,1}, for all other vertices send
red edges to N(10). However, we prove that this is not possible, and consequently

that for any v € V(G), at least five vertices in N[v] send no red edges to N(v).
Lewma 18. S, # {v,16,17,1}.
Proof. Suppose S10 = {v,16,17,1}. Then 1 17 is red and 8 sends a red

edge to {4,5,11}. To avoid triangles, both 6 17 and 6 16 are blue so that the

common neighbour of 2 and 6 in N(v) is 15. Since 3 11 and 3 8 are



13.

red, 8 11 1is blue and so 8 sends a red edge to a € {4,5}. Lemma 13 implies
that the common neighbour of a and 3 1is 14. By considering 513, we see
that {v,14} C S,4, hence exactly one of 16 and 17 belongs to Sqq. Vertex
2 therefore sends a red edge to, without losing generality, 16. Note that by
Lemma 14, the edge 3 16 1is blue. Also, 3 17 is blue, for otherwise H would
have at least four vertices of degree two, namely 1, 2, 3 and whichever vertex of
4, 5 is adjacent to 15. But now {3,4,5,14} sends no red edges to

N(1) = {6,12,16,17} and ({3,4,5,14}) ~ K(1,3), which is impossible. g

We have therefore proved the following theorem:

TueoreM 2. If G s a (3,7,18)—graph with v € V(G) and S, s the set of

vertices which are not adjacent to any vertices in N(v), then (S ) ¥ Cg.

Let G be a (3,7,18)-graph and consider any vertex v of G. By
Theorem 2 and Lemma 8, the graph H = (N[v]) has degree sequence
(2,2,2,2,33,33,4,44,44). Let X and Y be the sets of vertices of degree two and
three respectively. By Theorem 2, (Sv) has five edges and there are ten edges
joining the vertices in Sv to the vertices in X U Y. Consequently, there are five
edges in (X U Y). Further, each vertex in X (Y) sends two edges (one edge)

to N(v). We next determine the number of edges in (X) and (Y) respectively.

LEmMA 19.

(a)  The bipartite subgraph F of G induced by the red edges from X to N(v)
s 2-regular.

(b) The four edges between Y and N(v) form a matching.

(c) No two vertices in Y have a common neighbour in H.



(a)

(b)

()

(d)

(€)

14.
There are at most five red edges from Y to Sv'
(Y) contains ezactly two edges while (X) K4.

Proof.

Every vertex in X 1is of degree two in F. By Lemma 5, F contains no
diagonal-free 6-cycles. Hence if N(v) contains two vertices of degree three,
or one vertex of degree three and two vertices of degree two (in F), then it
is easy to see that F contains a K(2,2), which, together with v, forms a
K(2,3) in G, -contradicting Lemma 9.

This follows directly from the fact that F is 2-regular, G is 4-regular, and
each vertex in Y sends one red edge to N(v).

If any two vertices in Y have a common neighbour in H, then by Lemma
4, these vertices have a common neighbour in N(v), contradicting (b).

If there are at least six red edges from Y to SV, then some vertex in Sv
is adjacent to at least two vertices in Y, contradicting (c).

By (c), the graph (Y) has at most two edges. If (Y) has exactly two
edges, then Y sends eight red edges to X U S_, so that by (d), Y sends
at least three red edges to X. Since (X U Y) contains exactly five edges, it
follows that there are exactly three edges from Y to X and that

(X) o 'K4. If (Y) has exactly one edge, it follows similarly that there are
at least five edges between X and Y, which is impossible. Similarly, (Y)

is not isomorphic to K. g

We now present our main result.

TneoreM 3. s(3,7) = 18.



15.

Proof. Let G be a (3,7,18)-graph and v an arbitrary vertex of G. We
count the number of 5—cycles through v. Clearly, any such 5—cycle contains exactly
two vertices in  N(v) and no vertices in S since S sends no red edges to
N(v). Hence every 5—cycle through v contains exactly one edge in (X U Y).
Further, any edge in (Y) lies on exactly one such cycle whereas every edge from
X to Y lies on exactly two such cycles. Therefore there are exactly eight
5-cycles through v. However, this holds for every vertex v of G so that G
contains precisely (8 x 18)/5 5-cycles, which is impossible since (8 x 18)/5 is
not an integer. Consequently, no (3,7,18)—graph exists, so that s(3,7) < 18.

An example of a (3,7,17)-graph G which shows that s(3,7) > 18 is the
graph G with V = {0,1,---,16}, where vertices i and j are adjacent if and
only if i —j = #1 or #4 (mod 17). That IR(G) = 2 and IR(G) = 6 can

easily be verified by computer — c.f [4].

4. THE ALGORITHM
In this section we describe the computer algorithm which is used in the proof

of Theorem 1. This algorithm is based on one which can be found in [8].

Algorithm (Constructing all the (3,n,p)—graphs G in which a vertez v has degree
r > 2 with the vertices in N(v) having degrees d1 > d2 > oeen D dr > 2)

Input  The set {Hl’HZ"“’Hk} of all (3,n~1,p—r—1)—graphs.

Output All (3,n,p)—graphs as specified in the algorithm heading, if any exist.
Method

1. Replace dj by dj -1 for j=12,---r

2. Let 1 =0

3. Replace i by i+ 1. If i=5k + 1, then stop.

4. Generate a list of all independent sets of cardinality dj in H for



16.

j= 1,2,---;1 — name these sets S{,S%,---,SJZ. If Ej = 0 for some j, go
i

to step 3.
5. Generate a list of all independent sets of cardinality n — 2 in Hi — name
these sets 81,52,- . -,Sq.

Comment We say that the pair of sets (Sgi, ng) is good if and only if the graph
H, - (S%i U ng) has no independent set of cardinality n — 2.
6. For j = 1,2,---,;r, create an (Zj x q)-matrix n(j) as follows:
Entry (a,b) in n(j) is set to one if and omly if Sg ns, =9,
0 otherwise. (Of course, if q = 0, it is not possible to create these
matrices.)
Comment Note that the following statements are equivalent:
(i) The pair of sets S-tii, S%Z) is good.
(ii) The graph H; - (S%i u S%]Z) has no independent set of
cardinality n — 2.
(iii) Each of the sets S, has nonempty intersection with at least
one of the sets Sgi or S;gz
(iv) The t;—th row vector of n(j;) and the ty—th row vector of
n(j,) are orthogonal.
(Of course, if q = 0, every such pair is good.)
7. For each pair (ab), a < b, ab e {1,2,---,r}, create an (Zaxéb)—matrix
m(a,b) as follows:

Entry (e,f) in m(a,b) 1is set to one if and only if the pair (Sg, S?) is
a good pair, 0 otherwise.
Furthermore, if d, = db, entry (ef) in m(a,b) is set to zero for each
f = 1,2,---,£a and each e = 1,2,---f - 1.
Comment We will now determine all possible r—tuples of sets (8%1’ 832,- . -,Sir)

where each pair of sets is a good pair — call such an r-tuple a good



17.

1—tuple. For each good r—tuple, let N(v) = {wl,w2,---,wr} and, for
j=12,---1, let E, = {wjx | x € S,g} Also, let
j

J
= {vw. | j = 1,2,---,r}. Form a new graph G as follows: let

Er+1 ]
r+1
V(G) = V(H;) U N[v] and let E(G) = E(H;) u U Ej' This graph is
j=1
then tested for a (3,n)-graph.
8. Let c = 2, let t; = 1 and let ty = 0.

9. If ¢ =0, then go to step 3.

Increment t. by one until either t > £ or m(c-1,c)(t ,,t.) = 1L
C C N ‘ C—1° U7

c
Comment If t, > £, then the (c~1)~tuple (S%I,sz,- . -,Sgi 1) can never be part
of a good r—tuple and, thus, we backtrack.
10. If bC > ZC, then decrement ¢ by 1 wuntil either t, < ZC or ¢ =0. If
¢ = 1, then replace b by t, + L, replace ¢ by 2 and replace ¢ c by
0. Go to step 9.

1 &2
11 If m(c-1,¢)(t,_4,t,) = 1, then the c-tuple (Stl,Sh,«

good r-tuple if all the pairs (S%,,Sf) for j=12,---,c — 1 are also good.
i le

. -,S(t: ) can be part of a
C

If not, we go to step 9. If this is indeed the case, we consider two cases:

if ¢ =1, we have found a good r—tuple, we form our new graph G as

discussed above, test it for a (3,n)-graph and proceed to step 9;

if ¢ < r, we move forward in our algorithm by replacing ¢ by c¢ + 1,
t, by 0 and going to step 9.
5. THE (3,4-GRAPHS

In this section we construct all the (3,4,p)-graphs, for p = 5,6,7. The
(3,4,p)—graphs for p =5 and p = 6 appear in Figure 1 and 2 respectively —
they were found by examining the graphs of order 5 and 6 which appear in [9]. As

before, we use red (blue) edges to denote edges of G (G).
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Claim: The graphs which appear in Figure 3 are the only (3,4,7)—graphs.

Proof (of Claim). Suppose G 1is a (3,4,7)—graph. By Lemma 1, we have
1< 6G) < A(G) <3 If deg(v) =1 {for some v €V, then (N[¥]) = H C,
and we have graphs H,, H3 and Hg of Figure 3. If G 1is 2-tegular, then
Gy C7 = H;. Now suppose that 2 < §G) < A(G) = 3, say deg v =3 for
veV. Let N(v) ={xyz} and N[v] = {abc} and note that H & P, or

H 2 Ky UK, (where again, H = (N[v])). Suppose firstly that H v P, with

2
vertex sequence (say) (a,b,c). Since IR(G) < 3, every vertex in N[v] sends a
red edge to a vertex in N(v). By Lemma 4, vertices a and c¢ have a common
neighbour, say x, in N(v). Assume that yb is also red. Since deg(b) = 3
and &§(G) > 2, vertex z sends a red edge to a or ¢ -— assume without loss
of generality that az is red. Thus, if cz is blue (red), we obtain the graph H 4
(Hy) in Figure 3. Now suppose that H 2 K, U K; with c¢ the isolated vertex
of H. Again, each vertex in NJ[v] sends a red edge to a vertex of N(v) and we
may assume that ax and by are red. Now c¢ sends red edges to at least two
vertices in N(v) and hence we may assume that cy is red. If cz is blue, then
cx is red and we may assume without losing generality that az is red. This
yields a graph isomorphic to H 4 Let cz be red. If all remaining edges are blue,
we obtain He. Other possible red edges are az, bz (but not both) and cx.
Of these, the red subset {az} ({bz}, {cx}, {az,cx}, {bz,cx}) yields a graph

isomorphic to Hj (H7,H7,H5,H5). -
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6. THE (3,5,10)-GRAPHS

In this section we construct all the (3,5,10)—graphs using the algorithm of
Section 4 and the (3,4)—graphs of Section 5.

If G is a (3,5,10)-graph, its vertices have degree two, three or four. If G
is a (3,5,10)-graph with a vertex v of degree two, then (N[v]) is a (3,4,7)-graph
and the possible degrees in G of the vertices adjacent to v are: 4,4; 4,3; 4,2
3,3; 3,2 and 2,2. These graphs appear in Table I. As an illustration of the
notation used in this table, we take the graph 1 of Table I. The vertex v appears
as vertex 10. The middle columns show that the neighbours of 10 are 8 and
9 and that these vertices are adjacent to the vertices in {1,3,5,10} and {2,10}
respectively. Then (N[10]) is given in the last column. In this case, (N[10]) is
H, of Figure 3.

1
TABLE I
The (3,5,10)-graphs in which a vertex v has degree two
Graph Neighbours of vertices in N(10) (NT10])
1 8-1,3,5.10 9-2,10 H,
2 8-1,3.10 9-2.4,10 H,
3 8-1,3.10 9-8,10 H,
4 8-1,3.5,10 9-1.4,6,10 H,
5 8-1.3.6,10 9-1,3.7,10 H,
6 8-6.1 9-7.10 H,
7 8-2.6,10 9-7.10 H,
8 8-2.4.6,10 9-1.4,7,10 H,
9 8-1.3.7.10 9-2.6,10 H,
10 8-1,4,7,10 9-4.6,10 H,
11 8-2.4,6,10 9-7,10 H,
12 8-1.4.7,10 9-5,10 H,
13 8-2,6.10 9-1,7,10 H,
14 846,10 9-3,7,10 H,
15 8-1,3.7,10 9-2.1 H,
16 82410 9-2.7,10 H,
17 8-2.7.10 9-2.7,10 H,
18 8-2.4.6,10 9-2.7.10 H,
19 8-1.3.7,10 9-2,7,10 H,
20 8-16.1 9-3.1 Hy
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We now construct all the (3,5,10)—graphs in which a vertex v has degree

three with the additional assumption that the minimum degree in such a graph is

then

is a (3,5,10)-graph and v 1is a vertex of degree three in G,

If G

three.

444 443, 433; 3.33.

the possible degrees of the vertices adjacent to v are:

These graphs appear in Table IIL.



The (3,5,10)-graphs with minimum degree three

TABLE I

in which a vertex v has degree three
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The following graph is the unique 4-regular (3,5,10)—graph:

Graph
69

Neighbours of vertices in N(10)

6-1,2,4,10

By now using the 69

7-1,2,4,10

(3,5,10)—graphs constructed above as input in the

8-1,3,5,10

9-1,3,5,10

(NTI0])

Fy
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algorithm, we see that there does not exist a (3,6,14)—graph containing a vertex of

degree three (i.e.,

the output obtained is empty).
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