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ABSTRACT

Communications over millimeter wave (mmWave) frequencies is a key component

of the fifth generation (5G) cellular networks due to the large bandwidth available

at mmWave bands. Thanks to the short wavelength of mmWave bands, large an-

tenna arrays (32 to 256 elements are common) can be mounted at the transceivers.

The array sizes are typical of a massive MIMO communication system, which makes

fully digital beamforming difficult to implement due to high power consumption and

hardware cost. This motivates the development of hybrid beamforming due to its

versatile tradeoff between implementation cost (including hardware cost and power

consumption) and system performance. However, due to the non-convex constraints

on hardware (phase shifters), finding the global optima for hybrid beamforming de-

sign is often intractable. In this thesis, we focus on hybrid beamforming design for

mmWave cellular communications both narrowband and wideband scenarios are con-

sidered.

Starting from narrowband SU-MIMO mmWave communications, we propose a

Gram-Schmidt orthogonalization (GSO) aided hybrid precoding algorithm to reduce

computation complexity. GSO is a recursive process that depends on the order in

which the matrix columns are selected. A heuristic solution to the order of column

selection is suggested according to the array response vector along which the full
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digital precoder has the maximum projection. The proposed algorithm, not only con-

strained to uniform linear arrays (ULAs), can avoid the matrix inversion in designing

the digital precoder compared to the orthogonal matching pursuit (OMP) algorithm.

For the narrowband MU-MIMO mmWave communications, we propose an in-

terference cancellation (IC) framework on hybrid beamforming design for downlink

mmWave multi-user massive MIMO system. Based on the proposed framework, three

successive interference cancellation (SIC) aided hybrid beamforming algorithms are

proposed to deal with inter-user and intra-user interference. Furthermore, the optimal

detection order of data streams is derived according to the post-detection signal-to-

interference-plus-noise ratio (SINR).

When considering wideband MU-MIMO mmWave communications, how to de-

sign a common RF beamformer across all subcarriers becomes the main challenge.

Furthermore, the common RF beamformer in wideband channels leads to the need of

more effective baseband schemes. By adopting a relaxation of the original mutual in-

formation and spectral efficiency maximization problems at the transceiver, we design

the radio frequency (RF) precoder and combiner by leveraging the average of the co-

variance matrices of frequency domain channels, then a SIC aided baseband precoder

and combiner are proposed to eliminate inter-user and intrauser interference.
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Chapter 1

Introduction

More than a century ago, in 1895, the capability of using electromagnetic waves to

transmit signals wirelessly was successfully demonstrated, for the first time, in the fa-

mous wireless telegraphy experiment conducted by Guglielmo Marconi [3], and since

then new wireless communications methods and services have been enthusiastically

adopted by people throughout the world. In this dissertation, we will concentrate on

cellular mobile communications, not only because they are of great current interest

but also because the features of many other wireless systems can be easily understood

as special cases or simple generalizations of the features of cellular mobile commu-

nications [4]. Cellular mobile communications have experienced exponential growth

over the last few decades and there are currently about seven billion users worldwide,

including about six billion smartphone users [5]. A brief history of the evolution of

cellular mobile communications throughout the world is useful in order to appreciate

the enormous impact that cellular radio and personal communication services (PCS)

will have on all of us over the next several decades [4, 6–11]. Figure 1.1 shows the

evolution of cellular mobile communications, and we will discuss the brief history of

the evolution of cellular mobile communications in the following section.

1.1 Evolution of Cellular Mobile Communications

1.1.1 1G: Where it all began

The first generation of mobile networks (1G) as they were retroactively dubbed when

the next generation was introduced – was launched by Nippon Telegraph and Tele-

phone (NTT) in Tokyo in 1979. By 1984, NTT had rolled out 1G to cover the
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Figure 1.1: Evolution of Wireless Communication [1].

whole Japan. In 1983, the US approved the first 1G operations and the Motorola’s

DynaTAC became one of the first ‘mobile’ phones to see widespread use stateside.

Other countries such as Canada and the UK rolled out their own 1G networks a few

years later. China deployed and commercialized its 1G mobile communication system

in Guangdong on November 18, 1987. The 1G mobile communications were based on

analog communications by using the frequency-division multiplexing access (FDMA).

It only allowed voice signal transfer with limited and unstable spatial coverage [5].

There was no roaming support between various operators and, as different systems

operated on different frequency ranges, there was no compatibility between systems.

Worse of all, calls weren’t encrypted, so anyone with a radio scanner could drop in

on a call.

1.1.2 2G: The Digital Revolution

The second generation of mobile networks (2G), was launched under the Global Sys-

tem for Mobile Communications (GSM) standard in Finland in 1991. The 2G mobile

communications use digital communications where the time-division multiplexing ac-

cess (TDMA) and code-division multiplexing access (CDMA) were adopted. For the

first time, calls could be encrypted and digital voice calls were significantly clearer

with less static and background crackling. Furthermore, people could send text mes-
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sages (Short Message Service, SMS), picture messages, and multimedia messages

(Multimedia Messaging Service, MMS) on their phones. The transfer speeds of 2G

mobile communications were initially only around 9.6 Kbps. By the end of the era,

speeds of 40 Kbps were achievable and Enhanced Data rates for GSM Evolution

(EDGE) connections offered speeds of up to 500 Kbps.

1.1.3 3G: The ‘Packet-Switching’ Revolution

The third generation of mobile networks (3G) was launched by NTT DoCoMo in

Japan in 2001 and aimed to standardize the network protocol used by vendors. This

meant that users could access data from any location in the world as the ‘data packets’

that drive network connectivity were standardized. This made international roaming

services a real possibility for the first time. The 3G mobile communications employ

variations of advanced CDMA techniques and have 4 times the data transferring

capabilities reaching up to 2 Mbps on average compared to 2G. The increased data

transfer capabilities led to the rise of new services such as video conferencing, video

streaming, and voice over IP (such as Skype).

1.1.4 4G: The Streaming Era

The forth generation of mobile networks (4G) was first deployed in Sweden and

Norway in 2009 as the Long Term Evolution (LTE) 4G standard. With the help

of orthogonal frequency-division multiplexing (OFDM) and multiple-input multiple-

output (MIMO) techniques, 4G, including the LTE and LTE-advanced (LTE-A) was

developed. They are able to offer a dramatically faster speed than 3G, providing a

data rate of tens of megabytes per second. It was subsequently introduced throughout

the world and made high-quality video streaming a reality for millions of consumers.

The milestone of the 4G era was the prosperous widespread usage of smartphones

worldwide, which changed the lifestyle of human beings and the way people com-

municate with each other. In terms of the frequency spectrums that are designated

for the different generations of mobile communications, we can make two observa-

tions. First, more frequency bands have been gradually released for a larger channel

bandwidth that can meet the demands for higher data rates. Second, all the released

frequency bands are below 6 GHz (Sub-6 GHz), which is overcrowded as shown in

Figure 1.2.
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This chart is a graphic single-point-in-time portrayal of the Table of Frequency Allocations used by the
FCC and NTIA. As such, it does not completely reflect all aspects, i.e., footnotes and recent changes
made to the Table of Frequency Allocations. Therefore, for complete information, users should consult the
Table to determine the current status of U.S. allocations.

Figure 1.2: United States Frequency Allocation [2].

1.1.5 5G: The Internet of Things Era

With the rapid growing of the number of consumer wireless devices in use and the

expansion of the Internet of Things (IoT), the amount of mobile data transfer is

almost doubled every year, which results the 4G mobile network infrastructure can

no longer meet the needs for high-speed wireless data transmission. Therefore, from

the second decade of the 21st century, the fifth-generation (5G) of mobile commu-

nications emerges with the outlook to the sixth-generation (6G) [12–14]. The 5G

has been first commercially deployed in 2019 in South Korea and is on the corner

of massive commercialization. The 5G is expected to support a data rate of a few

Gbps, which is much more than 4G can support. The International Telecommuni-

cation Union (ITU) has defined three major application scenarios for 5G New Radio

(NR): the enhanced mobile broadband (eMBB), massive machine type communica-

tion (mMTC), and ultra-reliable low latency communication (URLLC). Importantly,

from the frequency resource perspective, the uniqueness of 5G, in comparison with

3G and 4G, is the utilization of millimeter-wave (mmWave) frequencies from 30 GHz

to 300 GHz. The mmWave band can provide a much wider bandwidth than the
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current centimeter waveband, which is shown in Figure 1.2. The Third Generation

Partnership Project (3GPP) has divided the 5G NR into Frequency Ranges 1 (FR1)

band, i.e., 410 – 7125 MHz, and FR2 band, or also called mmWave band, i.e., 24.25

– 52.6 GHz [15]. Furthermore, a shorter wavelength at mmWave bands enables a

large number of antennas to be mounted at the transceivers, which facilitates the

implementation of massive MIMO [16], [17]. It has been theoretically proved that

massive MIMO can achieve orders of magnitude improvement in spectral efficiency

with simple linear precoding [18–20]. The above two advantages provide mmWave

communications the tremendous potential ability to support multiple gigabit-per-

second transmission. Besides cellular communications [21–23], 5G has been consid-

ered for many other applications including device-to-device communications [24, 25],

and vehicular communications [26–28].

1.2 Beamforming

1.2.1 Analog Beamforming

Analog beamforming is an approach that relies entirely on RF domain processing to

steer the transmit or receive beams in the desired directions [18], [29], [30], [31]. The

configuration of analog beamforming is illustrated in Figure 1.3. In this configuration,

several antenna elements are connected via phase shifters to a single RF chain, the

phase shifter weights are adaptively adjusted using a specific strategy to steer the

beam and meet a given objective, for example to maximize received signal power.

However, analog beamforming with a single beamformer only supports single-user

and single-stream transmission, which means it is not possible to realize multi-stream

or multi-user benefits associated with MIMO.

RF Chain

Data

Stream

1

2

Nt

Digital/

Baseband

Precoder

DAC RF Chain

Data

StreamDigital/

Baseband

Combiner

ADC

1

2

Nr

Figure 1.3: Analog beamforming architecture for MIMO sytems.
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1.2.2 Digital Beamforming

In conventional cellular systems working at sub-6GHz cellular frequencies like the

Institute of Electrical and Electronics Engineers (IEEE) 802.16m, 3GPP LTE, and

LTE-A, the number of transmit and receive antennas is small. For example, IEEE

802.16m and 3GPP LTE-A target MIMO schemes for the same sets of antenna con-

figurations: 2, 4, or 8 transmit antennas and a minimum of 2 receive antennas in

the downlink (DL), and 1, 2, or 4 transmit antennas in the uplink (UL) with a mini-

mum of 2 receive antennas [32]. In this case, precoding and combining are performed

in the baseband using fully digital signal processing, which is also called fully dig-

ital beamforming. This digital processing allows better control over the entries of

the precoding and combining matrices, which in turn facilitates the implementation

of sophisticated single-user, multi-user, and multi-cell beamforming algorithms [33].

The configuration of fully digital beamforming is illustrated in Figure 1.4. In this

configuration, each antenna is connected to a dedicated RF chain which includes

the analog-to-digital converters (ADCs), digital-to-analog converters (DACs), sig-

nal mixer, and power amplifier (PA) or the low noise amplifier (LNA). Recently, a

Q-band 64-channel fully digital beamforming transceiver for 5G communications has

been proposed and implemented, covering a frequency range from 37 to 42.5 GHz [34].

However, the cost of hardware implementation and the burden of signal processing

in the baseband will increase quickly as the antenna number increases or the channel

bandwidth broadens, limiting its commercialization [11], which will be discussed in

the following subsection.
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Data
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DAC

DAC RF Chain

Nr

Digital/
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RF Chain

1

ADC

ADC

1
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Data

Streams
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Figure 1.4: Conventional digital beamforming architecture for MIMO sytems.
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1.2.3 Hybrid Beamforming

For mmWave communication systems, large antenna arrays (32 to 256 elements are

common) can be mounted at the transceivers. The array sizes are typical of a mas-

sive MIMO communication system, which makes fully digital beamforming difficult

to implement due to several hardware constraints [35,36]. First, the practical imple-

mentation of the PA or LNA, the RF chain associated with each antenna element and

all baseband connection is difficult at mmWave bands [18], [37], [38], because these

devices have to be packed behand each antenna, and all the antenna elements are

placed close to each other to avoid granting lobes. Although the distances between

antenna elements at mmWave communications can be smaller than that at lower

frequency systems, the space limitation is still an issue along with the increasing of

antenna elements. This space limitation prevents using a complete RF chain per

antenna. Second, power consumption is also a limiting factor: (i) PAs and ADCs

are power hungry devices especially at mmWave bands [22], [39], [40]. For example,

according to the data from a number of recent papers proposing prototype devices,

The power consumption of a PA is as much as 40-250 mW [41–43], the power con-

sumption of an LNA is as much as 4-86 mW [44–48], and the power consumption of

an ADC is as much as 15-795 mW [49–52]. (ii) a digital conversion stage per antenna

leads to a large demand on digital signal processing, since many parallel Giga samples

per second data streams have to be processed, with excessive power consumption as

well [83]. Therefore, having a separate RF chain and data converter for every an-

tenna element can drive the cost and power beyond allocated design budgets, which

results in fully digital beamforming difficult to implement at mmWave bands. To

address this issue, a hybrid beamforming structure (including hybrid precoding and

combining) which can be implemented with only a small number of RF chains has

been extensively investigated in recent years due to its potential low cost and energy

efficiency [53–56]. It has been shown that such an architecture can approach the

performance of a fully digital scheme if the number of RF chains is twice the total

number of data streams [56] [57]. Hybrid precoding design can be divided into the

following categories, matrix decomposition [56,58,59], two-stage based design [60–62],

alternating minimization [63], successive interference cancellation (SIC) [64], [65] and

deep-learning based [66–70]. Hybrid beamforming will be discussed in a greater de-

tail in the upcoming chapters. The configuration of hybrid beamforming is illustrated

in Figure 1.5. In this configuration, hybrid beamforming decouples the traditional
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full digital precoder into a low-dimension baseband (or digital) precoder and a high-

dimension RF (or analog) precoder, and the RF precoder is implemented via phase

shifters.

1

2

Nt

Analog

RF

Combiner

RF Chain

1

Digital/

Baseband

Precoder

RF Chain

Analog/

RF

Precoder

Data
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Ns

DAC

DAC

Data

Streams

RF Chain

1
ADC

RF Chain ADC

Digital/

Baseband

Precoder

1

2

Nr

Ns

Figure 1.5: Hybrid beamforming architecture for MIMO sytems.

1.3 Contribution and Organization of the Thesis

The organization of the thesis is shown in Figure 1.6. First, in Chapter 2, the propaga-

tion characteristics of mmWave bands and mmWave channel models are introduced.

Second, in Chapter 3, for narrowband mmWave channel with single-user MIMO

(SU-MIMO) transmission, we focus on how to further reduce the computation com-

plexity when designing digital beamforming and achieve spectral efficiency close to

that obtained by full digital solutions. We propose a novel hybrid precoding algo-

rithm based on Gram-Schmidt orthogonalization (GSO) which can avoid the matrix

inversion in designing the digital precoder compared to Orthogonal Matching Pursuit

(OMP). Since GSO is a recursive process that depends on the order of the vectors to

be orthogonalized. We propose a heuristic solution to the order of columns selection

to perform GSO.

Chapter 4 contributes to designing hybrid beamforming narrowband mmWave

channel with multi-user MIMO (MU-MIMO) transmission. In this scenario, the

inter-user interference and intra-user (inter-stream) interference cancellation are our

main concerns. Instead of using linear algorithms to cancel inter-user and intra-user

interference, we propose a new framework, that is, an interference cancellation (IC)-

aided hybrid beamforming design framework for downlink mmWave multi-user mas-

sive MIMO systems, in which non-linear algorithms can be used to suppress inter-user
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and intra-user interference. Under the proposed framework, three successive inter-

ference cancellation (SIC)-aided hybrid beamforming algorithms that maximize the

sum spectral efficiency are presented according to the dominance of inter-user in-

terference, intra-user interference, or both. To deal with error propagation in the

SIC procedure, we propose the optimal detection order of data streams according to

the post-detection signal-to-interference-plus-noise ratio (SINR), which can further

improve the spectral efficiency performance of the proposed three algorithms. The

proposed algorithms are illustrated to outperform the state of the art hybrid beam-

forming designs and can achieve good spectral efficiency performance even with finite

resolution phase shifters and channel estimation error. In addition, the proposed

algorithms have closed-form solutions with relatively low complexity.

Chapter 5 further considers hybrid beamforming design for wideband mmWave

multi-user MIMO-OFDM Systems. How to design a common RF beamformer across

all subcarriers and consequent more effective baseband schemes are our main con-

cerns. We develop a near-optimal closed-form RF beamforming solution for wideband

mmWave MU-MIMO OFDM systems. In our design, we adopt a relaxation of the

original mutual information maximization problem at the transmitter and a relax-

ation of the spectral efficiency maximization problem at the receiver. For the relaxed

problems, we design RF precoder and combiner which have almost the same spectral

efficiency as the original problems. We propose an SIC-aided baseband beamforming

algorithm on a per-subcarrier basis to cancel both inter-user and intra-user interfer-

ence. Specifically, we use successive optimization (SO)-based SIC to cancel inter-user

interference and Zero Forcing (ZF) SIC to cancel intra-user interference. The optimal

detection order of data streams is derived according to the post-detection SINR. Fur-

thermore, We analyze the performance of the proposed algorithm in the presence of

channel estimation error. By modelling the estimation error as independent complex

Gaussian random variables and uncorrelated with the ideal channel, tight approxi-

mations for both the original mutual information and spectral efficiency are derived.

Numerical results show that the proposed algorithm outperforms the state of the art

hybrid beamforming designs and can achieve good spectral efficiency performance

even with finite resolution phase shifters and channel estimation error.

In the end, Chapter 6 summarizes the entire thesis and proposes the future work.



10

Narrowband mmWave channel

Introduction

Wideband mmWave channel

System model

Problem formulation

Hybrid beamforming 

design

Performance evaluation

System model

Problem formulation

Performance evaluation

System model

Problem formulation

Performance evaluation

System model

Problem formulation

Performance evaluation

SU-MIMO MU-MIMO SU-MIMO MU-MIMO

Chapter 3 Chapter 4 Chapter 5

Chapter 2

 Hybrid beamforming for mmWave 

communications

Chapter 1

Conclusions Chapter 6

Hybrid beamforming 

design

Hybrid beamforming 

design

Hybrid beamforming 

design

Figure 1.6: Organization of the thesis.
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Chapter 2

mmWave Channel Model

In this chapter, we will introduce propagation characteristics of mmWave band and

mmWave channel models.

2.1 Propagation Characteristics of mmWave

Due to the increase in frequency, mmWaves have different propagation characteristics

compared to microwaves with frequencies below 6 GHz. For example, mmWaves

cannot efficiently penetrate and diffract around obstacles, e.g., vehicles, buildings and

human bodies. This makes mmWaves propagation is characterized by few diffracting

MPCs and high path loss. mmWaves propagation is illustrated in Figure 2.1. The

rays transmit from the transmitter (Tx), propagate through the channel which is

represented by Nc clusters, and finally arrive at the receiver (Rx). In the spherical

coordinates, the angle-of-departure (AoD) and angle-of-arrival (AoA) at both TX and

RX sides are used to characterize the rays. Furthermore, a cluster generally consists

of a few rays, which come from the same scatterer (e.g., a group of buildings), with

similar characteristics, e.g., delays, AoDs and AoAs. In the following subsections, we

focus on several main channel properties in mmWave bands and introduce mmWave

channel models.

2.1.1 Attenuation and Blockage

During propagation, mmWaves may be partially or totally absorbed by the propoga-

tion medium, which results in attenuation. Thus the attenuation due to molecular

absorption should be considered in mmWave systems, although this is not a con-



12

x

y

z

x

y

z

cluster 1 

cluster Nc 

BS antenna 
array

MS antenna 
array

LoS

Figure 2.1: Illustration of mmWave propagation.

cerned problem in microwave systems [71]. For example, the attenuation due to gas

absorption for a 60 GHz waveform is more than 10 dB/km, while a 700 MHz wave-

form experiences an attenuation on the order of 0.01 dB/km. Additionally, a more

significant challenge is mmWaves’s vulnerability to blockage [18]. Materials such as

brick can attenuate mmWave signals by as much as 40 to 80 dB [21], [72], [73], out-

door tinted glass can attenuate mmWave signals by 40.1 dB at 28 GHz [73], and the

human body itself can result in a 20 to 35 dB loss [74]. Furthermore, Foliage loss can

also be significant [75], [76].

2.1.2 Channel Sparsity

mmWave channels are expected to have limited scattering [77], [78], [79], which results

in sparsity in the angle and delay domains. For example, only up to five spatial

lobes are found [80] in dense-urban non-line-of-sight (NLOS) environments, and the
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delay/angle spreading within each cluster is relatively small.

2.1.3 Large Bandwidth and Large Antenna Arrays

As mentioned in Chapter 1, the main motivation for shifting cellular communication

to mmWave bands is to make use of the large bandwidth available at high frequencies.

This enables users to be assigned a large communication channel bandwidth, and

to send data at high rates. Furthermore, smaller wavelengths make large antenna

arrays (32 to 256 elements are common) mounted at the transceivers feasible, which

facilitates the implementation of massive MIMO, but still occupy the same or even

a smaller physical size [20], [33]. Therefore, the channel model should consider high

resolution in both delay and angular domains. Moreover, various types of antenna

arrays, such as the uniform linear array (ULA) and uniform planar array (UPA), are

both considered.

2.1.4 Random Cluster Numbers

For the mmWave bands, the cluster/time-cluster numbers are small and random, and

are well-modeled by a Poisson distribution [71], [79], [80]. In [81], the mean cluster

number is 12 while it is less than 4 in [79] (Note that the definition of cluster is

different in these two references). Some channel properties, e.g., capacity, will change

correspondingly along with the random cluster numbers.

2.2 mmWave Channel Model

2.2.1 Narrow Band mmWave Channel Model

According to the propagation characteristics of mmWave bands, mmWave channels

are expected to have limited scattering capabilities with only a few scattering clusters

[72], [82], [83]. Therefore, we adopt a narrow band flat fading clustered channel

representation, which is based on the extended Saleh-Valenzuela model [58]. Using

the clustered channel model, the matrix channel H is assumed to be a sum of the

contributions of Nc scattering clusters, each of which contribute Np propagation paths

to the channel matrix H. The narrow band flat fading channel matrix H can be
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written as

H =

√
NtNr

NCNP

NC∑
i=1

NP∑
l=1

αilaMS(θil)aBS(ϕil)
H , (2.1)

where αil, i = 1, 2 · · ·Nc, l = 1, 2 · · ·NP is the complex gain of the l -th ray in the i -th

cluster, which follows CN (0, 1), while aMS(θil) and aBS(ϕil) are the MS and BS array

response vectors, respectively, where θil and ϕil denote the AoA and AoD of the l -th

ray in the i -th cluster, respectively. The channel matrix H can be further represented

H =
[
aMS(θ11), · · · , aMS(θNcNp)

]︸ ︷︷ ︸
Ar

diag
[
α11 α12 · · · αNcNp

]
︸ ︷︷ ︸

D

×
[
aBS

H(ϕ11), · · · , aBS
H(ϕNcNp)

]T︸ ︷︷ ︸
AH

t

= ArDAH
t ,

(2.2)

where D = diag
[
α11 α12 · · · αNcNp

]
denotes complex gain matrix, whose (i, l)-

th element αil represents the complex gain of the l -th ray in the i -th cluster. Ar =[
aMS(θ11), · · · , aMS(θNcNp)

]
and At =

[
aBS(ϕ11), · · · , aBS(ϕNcNp)

]
are the MS and BS

array response matrix, respectively. For an N -element ULA, the array response vector

is given by

aULA(θ) =
1√
N

[
1, ej

2π
λ

∆d sin(θ), · · · , ej
2π
λ

(N−1)∆d sin(θ)
]T
, (2.3)

where λ is the wavelength of the carrier, and ∆d denotes the antenna element spacing.

In the UPA case, assume an (M,N)-element UPA in the xy-plane, the array response

vector can be derived according to [84].

aUPA (φ, θ) = 1√
MN

[
1, · · · , ej 2π∆d

λ
(m cosφ sin θ+n sinφ sin θ) ,

· · · , ej 2π∆d
λ

[(M−1) cosφ sin θ+(N−1)n sinφ sin θ]
]T
,

(2.4)

where m and n are the antenna element indexes with 0 ≤ m ≤M−1, 0 ≤ n ≤ N−1.

2.2.2 Wideband mmWave Channel Model

When considering wideband mmWave communications, we adopt a clustered wide-

band mmWave channel model with Nc clusters to incorporate the wideband and

limited scattering characteristics of mmWave channel [78], [85], [86]. Each cluster c
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Table 2.1: Channel parameters

Parameters Description
Nt Number of BS antennas
Nr Number of MS antennas
K Number of subcarriers
Nc Number of cluster
Np Number of path for each cluster
τc Time delay of cluster c
αcl Complex gain of cluster c path l
Ts Sampling period
d Time delay
D Cyclic prefix length
θc AoA of cluster c
γc AoA shift of cluster c
ϕc AoD of cluster c
φc AoD shift of cluster c
∆d Antenna element spacing
aMS (θc) MS array response vector
aBS (ϕc) BS array response vector

has a time delay τc ∈ R and is further assumed to contribute with Np rays/paths

between BS and MS. Moreover, let g(τ) represent the path-shaping function for Ts-

spaced signaling evaluated at τ seconds. According to this model, the delay-d MIMO

channel matrix between the MS and the BS, H[d] can be written as [85], [86]

H[d] =

√
NtNr

NCNP

NC∑
c=1

NP∑
l=1

αclg(dTs − τc − τl)aMS(θc − γl)aBSH(ϕc − φl), (2.5)

where αcl, c = 1, 2 · · ·Nc, l = 1, 2 · · ·NP is the complex gain of the l -th ray in the

c-th cluster, which follows CN (0, 1), while aMS(θc) and aBS(ϕc) are the MS and BS

array response vectors, respectively, θc and ϕc denote the AoA and the AoD of the

c-th cluster, respectively. γl and φl denote relative AoA and AoD shift of the l -th

ray, respectively. Given the delay-d MIMO channel model, the frequency channel

response at subcarrier k, H[k], can be then expressed as

H[k] =
D−1∑
d=0

H[d]e−j
2πk
K
d, (2.6)
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where D is the length of cyclic prefix. For clarity, we summarize all the channel

parameters in Table 2.1.
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Chapter 3

Gram-Schmidt Orthogonalization

Aided Hybrid Precoding in

Millimeter-Wave Massive MIMO

Systems

3.1 Introduction

In this chapter, we consider hybrid beamforming for point-to-point (single-user)

mmWave massive MIMO communication systems. We focus on how to reduce the

computation complexity of the hybrid beamforming.

3.1.1 Prior Works and Motivations

Hybrid beamforming for point-to-point mmWave massive MIMO communication sys-

tems has been investigated in the recent literature. In [56], the authors proposed a

heuristic hybrid precoding algorithm that first calculates the optimal baseband pre-

coder assuming a fixed analog precoder and then calculates a local optimal analog

precoder by an iterative coordinate descent algorithm. However, the digital precoder

is required to be a scaled unitary matrix. In [58], by leveraging the spatially sparse

characteristic of a mmWave channel, the spectral efficiency maximization problem can

be formulated as minimizing the Frobenius norm between the full digital beamforming

and the overall hybrid beamforming. Then a sparse signal reconstruction algorithm

via OMP was proposed to find the optimal solution. The OMP algorithm requires
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the computation of matrix inversion iteratively when designing the digital precoder

utilizing least square (LS) algorithm, thus leading to high computation complexity.

In order to improve the computation efficiency of the OMP algorithm, several low

complexity hybrid precoding solutions were proposed [87–90]. An Orthogonal Based

Matching Pursuit (OBMP) algorithm was proposed in [87], which utilizes the DFT

matrix (in lieu of array response matrix in OMP) as a set of candidate analog pre-

coder. Due to the orthogonality of DFT matrix, the computation of matrix inversion

can be avoided when designing the digital precoder. However, there is performance

loss in the OBMP algorithm, and it is only applicable to ULA. In [88] and [89], the

authors proposed several low complexity hybrid beamforming solutions which pro-

vide different trade-offs between performance and complexity. However, the digital

precoder is required to be a scaled unitary matrix, and the number of data streams

equals to the number of RF chains. Using a complex Hadamard matrix as a set

of candidate analog precoder was proposed in [90], which is actually equivalent to

quantizing the phase of RF precoder matrix [60]. Minimizing the previously men-

tioned Frobenius norm can also be solved via matrix decomposition [91] or matrix

factorization [92]. In [93], based on the matrix-monotonic optimization theory, the

combination of the optimal analog precoder and combiner was proved equivalent to

eigenchannels selection for various optimal hybrid MIMO transceivers. In [63], an

alternating minimization (AltMin) algorithm based on manifold optimization was

proposed for the fully-connected structure. For the partially-connected structure, an

AltMin algorithm based on semidefinite relaxation (SDR) is presented by offering

optimal solutions for both subproblems of analog and digital precoders in each alter-

nating iteration. In [94], using the minimum mean squared error (MMSE) criterion,

the authors proposed a manifold optimization-based hybrid beamforming algorithm,

which, however, suffers from high computation complexity. In [95], based on the

alternating minimization of approximation gap framework, the authors proposed a

minimal gap iterative quantization algorithm, which results in low complexity and

low mean squared error (MSE). Moreover, in some existing hybrid beamforming de-

signs mentioned previously, the hybrid receive combiner was optimized by the MMSE

criterion [56], [58], [96]. In [64], the authors proposed a hybrid precoding for fixed

partially connected structure based on SIC. Given that the sub-arrays can be dynami-

cally constructed, the dynamic sub-array partitioning hybrid precoding was proposed

in [86]. However, it requires an exhaustive search for all sub-array constructions to

find the optimal solution.
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Furthermore, a Gram-Schimidt orthogonalization (GSO) [97] based hybrid precod-

ing method was proposed for frequency selective fading mmWave MIMO systems [85]

and [98], which modifies the OMP algorithm by adding a Gram-Schmidt orthogo-

nalization step in each iteration to project the candidate beamforming codewords on

the orthogonal complement of the subspace spanned by the selected codewords in RF

precoder matrix. However, the method proposed in [85] and [98] is intuited by the ef-

fective channel seen through the RF precoders lens will have better coverage over the

dominant subspaces belonging to the actual channel matrix if the RF beamforming

vectors to be orthogonal (or close to orthogonal). Furthermore, the method proposed

in [85] and [98] requires singular value decomposition (SVD) twice and matrix in-

version in designing the digital precoder, which increases computational complexity

significantly. Moreover, the method proposed in [85] and [98] cannot be applied to

partially connected hybrid precoding mmWave massive MIMO systems with each

sub-array connected to one RF chain because the RF precoder of each sub-array is a

vector in this scenario.

Motivated by the aforementioned considerations, we are aiming to design hybrid

precoding and combining algorithm which can further reduce the computation com-

plexity by avoiding matrix inversion when designing digital beamforming and achieve

spectral efficiency close to that obtained by full digital solutions. In this chapter, we

propose a low-complexity hybrid precoding algorithm based on GSO, assuming per-

fect and instantaneous channel state information (CSI) at the base station (BS) and

the mobile station (MS). The rest of this chapter is organized as follows. In Section

3.2, we introduce mmWave hybrid precoding and combining system model, both fully

connected and partially connected architecture are considered. Then the formulated

optimization problem is given. A hybrid precoding and combining algorithm based

on GSO is proposed in Section 3.3. In Section 3.4, computation complexity analysis

is provided. The simulation results used to evaluate the effective and reliable per-

formance of the proposed algorithm are provided in Section 3.5, which followed by a

summary in Section 3.6.

3.2 System Model

Consider the single-user downlink communication of a fully connected and partially

connected mmWave massive MIMO system based on hybrid precoding and combin-

ing as shown in Figure 3.1 and Figure 3.2, respectively. The BS with Nt antennas
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Figure 3.1: System block diagram of a fully connected mmWave hybrid precoding
structure.

transmits Ns independent data streams to the MS with Nr antennas. Furthermore,

we assume BS and MS are driven by a far smaller number of RF chains, namely,

N t
RF and N r

RF, respectively. To guarantee the effectiveness of the hybrid processing

structure, the number of RF chains is constrained by Ns ≤ N t
RF ≤ Nt for the BS

and Ns ≤ N r
RF ≤ Nr for the MS. This hybrid architecture enables the BS to apply

an N t
RF × Ns digital baseband precoder FBB, followed by an Nt × N t

RF analog RF

precoder FRF, which is implemented through an array of analog phase shifters with

constant norm. Therefore, all elements of FRF have equal norm. The only difference

between Figure 3.1 and Figure 3.2 lies in that each RF chain is connected to all trans-

mit antennas via phase shifters in Figure 3.1, while the antenna array at transmitter

is divided into multiple sub-arrays and each sub-array is connected to multiple RF

chains in Figure 3.2. In this case, each sub-array can transmit multiple data streams

simultaneously. Furthermore, the sub-arrays are considered to be independent of each

other in this chapter. The parallel structure is also applied to the receiver as well,

i.e., the received signal is post-processed by an Nr ×N r
RF analog RF combiner WRF,

followed by an N r
RF ×Ns digital baseband combiner WBB.

The spectral efficiency (bits/s/Hz) achieved by the mmWave hybrid precoding

system when Gaussian symbols are transmitted over the channel with uniform power

allocations among transmitted data streams, is given by

R = log2

(∣∣∣∣INs +
P

Ns

R−1
n GGH

∣∣∣∣) , (3.1)

where P represents transmit power and Rn = σ2
nW

H
BBWH

RFWRFWBB denotes the co-

variance matrix of the combined noise. Each entry of the additive white noise vectors

atNr receive antennas follows the independent and identically distributed (i.i.d.) com-
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Figure 3.2: System block diagram of a partially connected mmWave hybrid precoding
structure.

plex Gaussian distribution with zero mean and variance σ2
n. G = WH

BBWH
RFHFRFFBB

denotes the equivalent processing matrix.

The optimal hybrid precoders (FRF,FBB) at BS and the optimal hybrid combiners

(WRF,WBB) at MS can be obtained by maximizing the achieved spectral efficiency

as given in Equation (3.1). Unfortunately, the non-convex constraints on FRF and

WRF often makes finding the global optima intractable. A more feasible method is to

decouple the joint transmitter-receiver optimization problem [58], and the decoupled

hybrid precoder design at the transmitter end is formulated as

min
FRF,FBB

‖Fopt − FRFFBB‖F ,

s.t. FRF(:, i) ∈ {aBS(φi),∀i} ,

‖FRFFBB‖2
F = Ns,

(3.2)

where Fopt denotes the optimal unconstrained precoder, which is composed of Ns right

singular vectors corresponding to the Ns largest singular values of H. The second

constraint is the transmit power constraint. In this chapter, we only concentrate on

the hybrid precoding design at the transmitter end, similarly, the hybrid combining

design of WRF and WBB at the receiver end can be achieved in the same way.

The optimization problem illustrated by Equation (3.2) can be solved via the OMP

algorithm [58]. The pseudo-code of OMP algorithm is summarized in Algorithm 1.

In the OMP algorithm, when designing FBB via LS, matrix inversion is required by
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N t
RF times as shown in Step 7. To reduce calculation complexity, DFT matrix is

adopted as a set of candidate RF precoder in OBMP algorithm [87]. However, the

performance of OBMP will be decreased, and OBMP algorithm is constrained by

array construction, which indicates that it is only applicable for ULA.

Algorithm 1 OMP Hybrid Precoding Algorithm

Input: Fopt,At

1. FRF = EmptyMatrix
2. Fres = Fopt

3. for i ≤ N t
RF do

4. ψ = AH
t Fopt

5. k = argmaxl=1,2,··· ,Q
(
ψψH

)
l,l

6. FRF = [FRF |Ak
t ]

7. FBB =
(
FHRFFRF

)−1
FHRFFopt

8. Fres =
Fopt−FRFFBB

‖Fopt−FRFFBB‖F
9. end for
10.FBB =

√
Ns

FBB

‖FRFFBB‖F
Output FRF,FBB

3.3 Proposed Hybrid Precoding Algorithm

In this section, we present the proposed hybrid precoding algorithm. The rationale

of the proposed algorithm is to utilize the columns of array response matrix orthog-

onalized by GSO as a set of candidate RF precoder, which can avoid the calculation

of matrix inversion in designing digital precoding matrix. Since Gram Schmidt or-

thogonalization is a recursive process that depends on the order in which the matrix

columns are selected. A heuristic on the order of columns selection should be ac-

cording to the vector aBS(ϕi) along which the full digital precoder has the maximum

projection. In other words, performing GSO to array response vectors obtained by

the OMP algorithm. According to [97], given a set of N linearly independent vectors

v1,v2, · · ·vn from CN , we can construct an orthogonal set u1,u2, · · ·un which is

linear combination of the original set and spans the same space as the one spanned

by the original set.

The proposed algorithm utilizes the columns of array response matrix orthogo-

nalized by GSO as a set of candidate RF precoder, then adopts OMP to find the

optimal RF and BB precoder, which is named Prior GSO Orthogonal Matching Pur-
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suit (PGOMP) algorithm. The PGOMP hybrid precoder design is formulated as

min
FRF,FBB

‖Fopt − FRFFBB‖F ,

s.t. FRF(:, i) ∈ {At,orth(:, i),∀i} ,

At,orth
H(:, i)At,orth(:, j) =

{
1,i = j

0,i 6= j

i, j = 1, 2, · · ·Nc,

‖FRFFBB‖2
F = Ns,

(3.3)

where At,orth denotes the unitary matrix obtained by performing GSO to the columns

of array response matrix. The pseudo-code of PGOMP algorithm is given in Algo-

rithm 2.

Algorithm 2 PGOMP Hybrid Precoding Algorithm

Input: Fopt,At,orth

Initialization: U0 = EmptyMatrix
1. ψ = AH

t,orthFopt

2. V = diag(ψψH)
3. for i ≤ N t

RF do
4. k = argmax

1≤j≤NC

V(j)

5. Ui = [Ui−1| k]
6. V(k) = 0
7. end for
8. FRF = At,orth(:,U)
9. FBB = ψ(U, :)
10. FRF CM = exp

[√
−1 ∗ phase(FRF)

]
11. Calculate Λ according to (3.7).
12. FBB = ΛFBB

13.FBB =
√
Ns

FBB

‖FRF CMFBB‖F
Output FRF CM,FBB

It can be seen from Algorithm 2, due to the orthogonality of At,orth, the calcula-

tion of matrix inversion can be avoided in designing FBB of step 9, as a result, the

computation complexity can be decreased significantly. Furthermore, parallel process

to find the best N t
RF vectors as FRF is utilized as described in OBMP Algorithm [87].

Moreover, according to [97], the space spanned by the columns of At,orth is the same

as the one spanned by the columns of array response matrix, as a result, the per-

formance of PGOMP Algorithm is the same as the OMP Algorithm. However, it

should be noted that the entries of At,orth are not constant amplitude due to GSO,

and hence the columns of At,orth searched by OMP cannot be adopted as the RF
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precoder directly. Therefore, the normalization step will be considered in the end of

PGOMP algorithm, which may unfortunately cause some performance loss to some

extent. Specifically, FRF is decoupled into the approximate product of two matrices,

one being FRF CM with constant modulous entries, the other being a diagonal ma-

trix M with dimension N t
RF × N t

RF , i.e., FRF ≈ FRF CMΛ. The entries of FRF CM is

composed of the phase of elements of FRF, i.e., FRF CM(a, b) = e
√
−1∗phase(FRF CM(a,b)),

so FRF CM can be adopted as the RF precoder and the diagonal matrix Λ can be

calculated according to Minimum Mean Square Error (MMSE) [99], which is given

by

min
Λ

‖FRF − FRF CMΛ‖2
F ,

s.t. |FRF CM(i, j)|2 = 1,∀i, j.
(3.4)

It is obvious that the columns of FRF and FRF CM are mutually independent. There-

fore, the solving process in Equation (3.4) can be equivalent to the optimization

problem for each column, i.e., minimizing the MMSE between f iRF and f iRF CM. Now,

the problem in Equation (3.4) can be simplified as

min
λi

∥∥f iRF − f iRF CMλi
∥∥2

F
,

s.t.
∣∣f iRF CM(i, j)

∣∣2 = 1, ∀i, j,
(3.5)

where f iRF, f iRF CM represent the ith column of FRF and FRF CM respectively, λi is

the ith element in the diagonal of Λ. The Mean Square Error (MSE) can be further

represented as

‖f iRF − f iRF CMλi‖
2

F = Tr
(
f iRF(f iRF)

H
)
− 2λiR

(
(f iRF )

H
f iRF CM

)
+ λ2

iTr(f
i
RF CMf iRF CM

H)

= ‖f iRF‖
2

F + λ2
i ‖f iRF CM‖

2

F − 2λiR
(

(f iRF)
H

f iRF CM

)
.

(3.6)

Compute the partial derivatives of Equation (3.6), λi can be obtained by

∂‖f iRF−f iRF CMλi‖
2

F

∂λi
= 2λi ‖f iRF CM‖

2

F − 2(f iRF)
H

f iRF CM = 0

⇒ λi =
(f iRF)

H
f iRF CM

‖f iRF CM‖
2

F

.
(3.7)

Hence, the equivalent baseband precoder is ΛFBB, as illustrated from step 10 to 12

in Algorithm 2.

Then a heuristic solution on the order of columns selection is suggested to perform
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GSO to N t
RF BS antenna response vectors along which the full digital precoder has

the maximum the projection, which is named Orthogonal Matching Pursuit GSO

(OMPG) algorithm. The OMPG hybrid precoder design is formulated as

min
FRF,FBB

‖Fopt − FRFFBB‖F ,

s.t. FRF(:, i) ∈ {aBS(φi), ∀i} ,

GSO : FRF
H(:, i)FRF(:, j) =

{
1,i = j

0,i 6= j

i, j = 1, 2, · · ·NRF,

‖FRFFBB‖2
F = Ns.

(3.8)

The pseudo-code of OMPG algorithm is shown in Algorithm 3. Via performing

GSO to N t
RF BS antenna response vectors obtained by the OMP algorithm, the cal-

culation of matrix inversion can also be avoided when designing FBB, which can be

seen from step 10 in Algorithm 3. Furthermore, the baseband precoder computa-

tional complexity of the OMPG algorithm can be largely reduced compared to that

of Algorithm 2 (which requires performing GSO to Nc BS antenna response vectors in

Algorithm 2, N t
RF < Nc). The constant norm of BS array response vectors becomes

invalid due to GSO that is similar to Algorithm 2, and the same procedure (steps

13-15) should be followed in Algorithm 3.

After hybrid precoders FRF and FBB are obtained, we seek to design hybrid com-

biners WRF and WBB. In the absence of any hardware limitations, the exact optimal

solution to combiner design is unconstrained MMSE combiner (full digital combiner)

WMMSE [58], which is given by

WMMSE =

√
P

Ns

FH
BBFH

RFHH

(
P

Ns

HFRFFBBFH
BBFH

RFHH + σ2
nINr

)−1

. (3.9)

The hybrid combiner WRF and WBB at the receiver can be obtained the same

way, i.e., utilizing the columns of MS array response matrix orthogonalized by GSO

as a set of candidate RF combiner and a heuristic solution to the order of columns

selection is to perform GSO to N r
RF MS antenna response vectors along which full

digital combiner WMMSE has the maximum projection. The pseudo-code of hybrid

combiner corresponding to PGOMP is summarized in Algorithm 4. As mentioned

before, the RF combiner matrix WRF also requires constant norm process, which can
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Algorithm 3 OMPG Hybrid Precoding Algorithm

Input: Fopt,At

Initialization: FRF = EmptyMatrix,Fres = Fopt

1. for i ≤ N t
RF do

2. ψ = AH
t Fres

3. k = argmax
1≤l≤NC

(
ψψH

)
l,l

4. if (i = 1)
5. FRF(:, 1) = At(:, k)
6. else

7. gRF = At(:, k)−
i−1∑
j=1

〈At(:, k),FRF(:, j)〉FRF(:, j)

8. FRF(:, i) = gRF/ ‖gRF‖
9. end if
10. FBB = FHRFFopt

11. Fres =
Fopt−FRFFBB

‖Fopt−FRFFBB‖F
12. end for
13. FRF CM = exp

[√
−1 ∗ phase(FRF)

]
14. Calculate Λ according to (3.7).
15. FBB = ΛFBB

16. FBB =
√
Ns

FBB

‖FRF CMFBB‖F
Output FRF CM,FBB

been seen from step 10 to 12 in Algorithm 4.

The pseudo-code of hybrid combiner corresponding to OMPG is summarized in

Algorithm 5. It can been seen from Algorithm 5, N r
RF MS antenna response vectors

obtained by OMP are performed GSO, which is shown from step 4 to 9. The RF

combiner matrix WRF also requires constant norm process, which can been seen from

step 13 to 15.

3.4 Computational Complexity Analysis

The required computational complexity of PGOMP algorithm, OBMP algorithm,

OMP algorithm and OMPG algorithm are presented and compared in Table 3.1.

It can be observed from Table 3.1 that Nc and N t
RF BS array response vectors are

orthogonalized by GSO in the proposed PGOMP algorithm and OMPG algorithm,

respectively. The additionally required computational complexity in the PGOMP

algorithm and OMPG algorithm is O(Nc × (2Nt + 1)) and O(N t
RF × (2Nt + 1)),

respectively.

Furthermore, due to the orthogonalization characteristic of the RF precoder ma-

trix in the PGOMP algorithm, OBMP algorithm and OMPG algorithm, the ma-
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Algorithm 4 PGOMP Hybrid Combining Algorithm

Input: WMMSE,Ar,orth

Initialization: µ0 = EmptyMatrix
1. ψ = AH

r,orth.WMMSE

2.V = diag(ψψH)
3. for i ≤ N r

RF do
4. k = argmax

1≤l≤NC

(
ψψH

)
l,l

5. ui = [ui−1| k]
6. V(k) = 0
7.end for
8. WRF = Ar,orth(:, u)
9. WBB = ψ(u, :)
10. WRF CM = exp

[√
−1 ∗ phase(WRF)

]
11. Calculate Λ according to (3.7).
12. WBB = ΛWBB

13. Wres =
WMMSE−WRFWBB

‖WMMSE−WRFWBB‖F
Output WRF CM,WBB

Algorithm 5 OMPG Hybrid Combining Algorithm

Input: WMMSE,Ar

Initialization: Wres = WMMSE,WRF = EmptyMatrix
1. for i ≤ N r

RF do
2. ψ = AH

r WMMSE

3. k = argmax
1≤l≤NC

(
ψψH

)
l,l

4. if (i = 1)
5. WRF(:, 1) = Ar(:, k)
6. else

7. gRF = Ar(:, k)−
i−1∑
j=1

〈Ar(:, k),WRF(:, j)〉WRF(:, j)

8. WRF(:, i) = gRF/ ‖gRF‖
9. end if
10. WBB = WH

RFWMMSE

11. Wres =
WMMSE−WRFWBB

‖WMMSE−WRFWBB‖F
12. end for
13. WRF CM = exp

[√
−1 ∗ phase(WRF)

]
14. Calculate Λ according to (3.7).
15. WBB = ΛWBB

Output WRF CM,WBB
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trix inversion can be avoided when designing the digital precoding matrix FBB,

which also means, FBB = FH
RFFopt. Then, the required computational complexity is

O(
∑Nt

RF
k=1 kNsNt). However, matrix inversion is required in designing the digital pre-

coder using the OMP algorithm, i.e., FBB =
(
FH

RFFRF

)−1
FH

RFFopt, and the required

computational complexity is O(
∑Nt

RF
k=1 (k2 + kNs)Nt +k3). Therefore, the additionally

required computational complexity in the PGOMP algorithm is O(Nc × (2Nt + 1))

compared to the OBMP algorithm. And the additionally required computational

complexity in the OMP algorithm is O(
∑Nt

RF
k=1 (k2Nt + k3)−N t

RF(2Nt + 1)) compared

to the OMPG algorithm. Compared to the PGOMP algorithm, the additionally re-

quired computational complexity in the OMPG algorithm is O((N t
RF− 1)NcNs(Nt +

Nc) + (N t
RF −Nc)(2Nt + 1)).

Table 3.1: Comparison of computational complexity

Algorithms Calculate FRF Calculate FBB Total Complexity

PGOMP
O(NcNs(Nt +Nc)+

Nc(2Nt + 1))
O(

Nt
RF∑
k=1

kNsNt)

O(NcNs (Nt +Nc) +

Nc(2Nt + 1) +
Nt

RF∑
k=1

kNsNt)

OBMP [27] O(NcNs(Nt +Nc)) O(
Nt

RF∑
k=1

kNsNt) O(NcNs(Nt +Nc) +
Nt

RF∑
k=1

kNsNt)

OMP [22] O(Nt
RFNcNs(Nt +Nc)) O(

Nt
RF∑
k=1

(k2Nt + kNsNt + k3))

O(Nt
RFNcNs(Nt +Nc)+

Nt
RF∑
k=1

(k2Nt + kNsNt + k3))

OMPG
O(Nt

RFNcNs(Nt +Nc)+

Nt
RF(2Nt + 1))

O(
Nt

RF∑
k=1

kNsNt)

O(Nt
RFNcNs(Nt +Nc)+

Nt
RF(2Nt + 1) +

Nt
RF∑
k=1

kNsNt)

Take Nt = 256, Nc = 8, N t
RF = 6 and Ns = 6 as an example. The computational

complexity of the RF precoder, baseband precoder, and total precoder is shown in

Figure 3.3. The four groups are PGOMP, OBMP, OMP, and OMPG algorithms,

respectively. It can be seen from Figure 3.3 that the computational complexity of the

proposed PGOMP and OMPG algorithms significantly decreased compared to the

OMP algorithm.

3.5 Simulation Results

In this section, simulation results are presented to illustrate the SE and BER per-

formance of the proposed algorithms. We consider an environment with 10 scatters,

and after performing QPSK modulation, the length of each data stream is 100 sym-

bols. For the full digital precoding algorithm, the precoding matrix is composed of
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Ns right singular vectors corresponding to the Ns largest singular values of H and

the combining matrix is composed of Ns left singular vectors corresponding to the Ns

largest singular values of H. In order to implement full digital precoding and com-

bining algorithm, a dedicated RF chain is required for each antenna element both

at the transmitter and the receiver. Furthermore, it requires perfect CSI to perform

singular value decomposition of H. For the rest algorithms, the full digital MMSE

combiner is adopted at the receiver, and all the results are simulated over 3000 chan-

nel realizations. The signal-to-noise ratio is defined as SNR = P/σ2
n. Figure 3.4 to

Figure 3.9 show the performance comparison with fully connected hybrid precoding

mmWave massive MIMO systems assuming perfect CSI, while Figure 3.10 to Figure

3.17 show performance comparison with partially connected (PC) hybrid precoding

mmWave massive MIMO systems assuming perfect CSI. Figure 3.18 to Figure 3.21

show the performance of the proposed algorithms with imperfect CSI. Noted that for

PC scenarios, only one RF chain is assumed to be connected to each predetermined

subarray in our simulation. In this case, it should be noted since the RF precoding

of each subarray is a vector, the proposed PGOMP algorithm is more suitable for

the PC hybrid precoding mmWave massive MIMO systems. It is straightforward to

extend one RF chain to multiple RF chains.

Figure 3.4 and Figure 3.5 show the SE and BER performance comparison with
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ULA at both BS and MS end, with Nt = 64, Nr = 16 and N t
RF = N r

RF = 6 RF

chains. It can be seen from Figure 3.4 that the SE performance of the proposed

PGOMP and OMPG algorithm are almost the same as the OMP algorithm and full

digital precoding in the case Ns = 2 and are almost the same as the OMP algorithm

and within a small gap from full digital precoding algorithm in the case Ns = 4

and 6 data streams. It should be noted the proposed OMPG algorithm outperforms

the proposed PGOMP algorithm which confirms our heuristic assumption on the

order of columns selection to perform GSO. Further, we note that although OBMP

algorithm can also avoid matrix inversion when designing FBB, the SE performance

gain of the proposed algorithm (with SNR larger than -10 dB) compared to OBMP

algorithm when transmitting 2, 4 and 6 streams, is approximately 1%, 3% and 6%,

respectively. Figure 3.5 shows the proposed algorithms achieve almost perfect BER

performance in the case when Ns = 2, Ns = 4 and Ns = 6. Further, we note the BER

performance gain of the proposed algorithm (with BER equal to 10−2) compared to

OBMP algorithm when transmitting 2, 4 and 6 streams, is approximately 0.6 dB, 1.0

dB and 2.0 dB, respectively.

Figure 3.6 and Figure 3.7 plot the SE and BER performance comparison with ULA

at both BS and MS end, with Nt = 256, Nr = 64 and N t
RF = N r

RF = 6 RF chains. It

can be seen from Figure 3.6 that the SE performance gain of the proposed algorithm

(with SNR larger than -10 dB) compared to OBMP algorithm when transmitting 2,

4 and 6 streams is approximately 1% , 3% and 7%, respectively. Figure 3.7 shows the

BER performance gain of the proposed algorithm (with BER equal to 10−2) compared

to OBMP algorithm when transmitting 2, 4 and 6 streams, is approximately 0.4 dB,

0.5 dB and 6.0 dB, respectively.

To explore the performance when using UPA in mmWave systems, Figure 3.8

and Figure 3.9 plot the SE and BER performance comparison when using UPA at

both BS and MS ends, with Nt = 16 × 16, Nr = 8 × 8 and N t
RF = N r

RF = 6 RF

chains. As illustrated in Figure 3.8 and Figure 3.9, considering the SE and BER

performance comparison, both the proposed PGOMP and OMPG algorithms are not

affected by array configuration. However, since the space spanned by the columns

of DFT matrix is different from the one spanned by the array response vectors of

UPA, the SE performance of OBMP Algorithm is largely outperformed by other

algorithms particularly when SNR increases. In this case, two-dimensional DFT

should be considered

Figure 3.10 and Figure 3.11 show the SE and BER performance comparison with
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ULA at both BS and MS end, with Nt = 64 (the antenna number of each subarray

is divided by Ns), Nr = 16 and N t
RF = N r

RF = Ns RF chains. It can be seen

from Figure 3.10 that the SE performance of the PC proposed PGOMP algorithm

is almost the same as the OMP algorithm and within a small gap from full digital

precoding algorithm in the case Ns = 2 and Ns = 4 data streams. And the SE

performance gain of the proposed algorithm (with SNR larger than -10 dB) compared

to OBMP algorithm when transmitting 2 and 4 streams, is approximately 4% and

2%, respectively. Figure 3.11 shows that the BER performance of the PC Proposed

PGOMP algorithm is within a small gap from OMP algorithm in the cases when

Ns = 2 and Ns = 4 data streams. And the BER performance gain of the proposed

algorithm (with BER equal to 10−3) compared to OBMP algorithm when transmitting

2, and 4 streams, is approximately 0.6 dB and 0.5 dB, respectively.

Figure 3.12 and Figure 3.13 show the SE and BER performance comparison with

ULA at both BS and MS end, with Nt = 256 (the antenna number of each subarray

is divided by Ns), Nr = 16 and N t
RF = N r

RF = Ns RF chains. Figure 3.12 shows that
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the SE performance of the PC Proposed PGOMP algorithm is almost the same as

the OMP algorithm and within a small gap from full digital precoding algorithm in

the cases when Ns = 2 and Ns = 4 data streams. And the SE performance gain of the

proposed algorithm (with SNR larger than -10 dB) compared to OBMP algorithm

when transmitting 2 and 4 streams, is approximately 4% and 2%, respectively. It can

be observed from Figure 3.13 that the BER performance of the PC Proposed PGOMP

algorithm is almost the same as the OMP algorithm in the cases when Ns = 2 and

Ns = 4 data streams. And the BER performance gain of the proposed algorithm

(with BER equal to 10−3) compared to OBMP algorithm when transmitting 2, and

4 streams, is approximately 0.6 dB and 0.5 dB, respectively.

Figure 3.14 and Figure 3.15 show the SE and BER performance comparison with

ULA at both BS and MS end, with the antenna number of each sub-array is 64,

Nt = 64 × Ns , Nr = 16 and N t
RF = N r

RF = Ns RF chains. It can be seen from

Figure 3.14 that the SE performance of the PC Proposed PGOMP algorithm are

almost the same as the OMP algorithm and within a small gap from full digital
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Figure 3.7: BER performance comparison vs SNR of different precoding algorithms
with Nt = 256, fully connected structure, Nr = 64 and N t
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precoding algorithm in the case Ns = 2, Ns = 4 and Ns = 6 data streams. And

the SE performance gain of the proposed algorithm (with SNR larger than -10 dB)

compared to OBMP algorithm when transmitting 2, 4 and 6 streams, is approximately

4%, 5% and 5%, respectively. Figure 3.15 shows that the BER performance of the PC

Proposed PGOMP algorithm is almost the same as the OMP algorithm and within

a small gap from full digital precoding algorithm in the cases when Ns = 2, Ns = 4

and Ns = 6 data streams. And the BER performance gain of the proposed algorithm

(with BER equal to 10−2) compared to OBMP algorithm when transmitting 2, 4 and

6 streams, is approximately 0.7 dB, 0.8 dB and 1.0 dB, respectively.

To explore performance in partially connected mmWave systems with UPA, Fig-

ure 3.16 and Figure 3.17 plot the SE and BER performance comparison with UPA

subarray at BS and UPA at MS end, with the antenna number of each subarray is 64,

Ns = 6, Nt = 64×Ns, Nr = 4× 4 and N t
RF = N r

RF = Ns RF chains. As illustrated in

Figure 3.16 and Figure 3.17, considering the SE and BER performance comparison

with UPA at both BS and MS end, the PC proposed PGOMP algorithm are not
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affected by array configuration. However, since the space spanned by the columns of

DFT matrix is different from the one spanned by the array response vectors of UPA,

the SE performance of PC OBMP algorithm is largely outperformed by other algo-

rithms particularly when SNR increases. In this case, two-dimensional DFT should

be considered.

Furthermore, Figure 3.18 to Figure 3.21 evaluate the impact of imperfect CSI on

the proposed algorithm. The estimated channel matrix can be modeled as [17]

Ĥ = ξH +
√

1− ξ2E, (3.10)

where 0 ≤ ξ ≤ 1 represents the reliability of the estimate and E is an error matrix

with i.i.d. CN (0, 1) distributed entries.

Figure 3.18 and Figure 3.19 show the SE and BER performance in fully connected

structure with N t
RF = N r

RF = 6 and Ns = 4. It can be seen from Figure 3.18 that the



36

-40 -35 -30 -25 -20 -15 -10 -5 0 5 10

SNR(dB)

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

B
E

R

Proposed PGOMP

OBMP

OMP

Proposed OMPG

Full Digital Precoding

-0.2 0 0.2 0.4
3.8

4

4.2

4.4

4.6

4.8

10-3
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SE performance loss of the Proposed OMPG and PGOMP algorithm with imperfect

CSI (ξ = 0.9 and ξ = 0.7, Im CSI is used in the figure) compared to perfect CSI is

approximately 1 bit/s/Hz and 4 bits/s/Hz, respectively. Figure 3.19 shows that the

BER performance loss of the Proposed OMPG and PGOMP algorithm with imperfect

CSI (ξ = 0.9 and ξ = 0.7, Im CSI is used in the figure) compared to perfect CSI is

approximately 0.7 dB and 1.9 dB (with BER equal to 10−2), respectively. It also can

be seen from Figure 3.18 and Figure 3.19 that the SE and BER performance of the

Proposed OMPG and PGOMP algorithm are almost the same.

Figure 3.20 and Figure 3.21 show the SE and BER performance in partially con-

nected structure with N t
RF = N r

RF = 4 and Ns = 4. It can be seen from Figure 3.20

that the SE performance loss of the Proposed PGOMP algorithm with imperfect CSI

(ξ = 0.9 and ξ = 0.7) compared to perfect CSI is approximately 1 bit/s/Hz and

4 bits/s/Hz, respectively. Figure 3.21 shows that the BER performance loss of the

Proposed PGOMP algorithm with imperfect CSI (ξ = 0.9 and ξ = 0.7) compared to

perfect CSI is approximately 0.7 dB and 3 dB (with BER equal to 10−2), respectively.
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From Figure 3.18 to Figure 3.21, we can observe that the proposed algorithm is able

to cope with imperfect CSI.

3.6 Summary

In this chapter, we investigated single user GSO based hybrid precoding and com-

bining algorithms in both fully and partially connected mmWave massive MIMO

architectures. The computation complexity of the proposed algorithm is decreased

significantly compared to the OMP algorithm, while it is increased a bit more than

OBMP algorithm. Furthermore, the proposed algorithm is unconstrained to array

construction. Finally, we presented simulation results on the performance of the pro-

posed GSO based hybrid precoding and combining algorithm, the simulation results
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have verified that the proposed algorithm outperforms OBMP algorithm and is almost

the same as the OMP algorithm on SE and BER performance.

It is worth mentioning that the proposed algorithm is based on the narrowband

flat fading mmWave channel and designed for the single user scenario. In the next

chapter, we will develop efficient hybrid precoding and combining algorithm for multi-

user scenarios, which may emerge more frequently in future applications.
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Chapter 4

Interference Cancellation Aided

Hybrid Beamforming for mmWave

Multi-User Massive MIMO

Systems

4.1 Introduction

In Chapter 3, we consider hybrid beamforming for point-to-point mmWave massive

MIMO communication systems. As mmWave communication systems are expected to

be deployed in small cell networks using massive MIMO antennas to provide gigabit

data rates to users with high densities, hybrid beamforming is also studied for multi-

user massive MIMO communication systems, where inter-user interference must be

considered. In this chapter, we consider hybrid beamforming for mmWave MU-MIMO

communications.

4.1.1 Prior Work and Motivations

In [60], the authors matched the RF precoder to the phase of the conjugate transpose

of the composite downlink channel and designed the digital precoding by a zero-

forcing (ZF) algorithm for the effective channel, where only single antenna users were

considered. In [61], the authors proposed a two-stage hybrid beamforming algorithm.

At the analog beamforming stage (or first stage), RF beamforming can be obtained

by an exhaustive search algorithm over the candidate set constructed by beamsteering
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codebooks with a similar format to array response vectors. At the digital precoding

stage (or second stage), the conventional ZF precoding is applied to the equivalent

baseband channel obtained from the first stage, and no digital combining is required.

The authors in [59, 62, 100] also proposed a similar two-stage hybrid precoding algo-

rithm. In [59], under the assumption that the number of RF chains at the BS is equal

to the total number of RF chains of all MSs, the best RF combiners for each MS were

obtained by an exhaustive search over DFT codebooks, and then found the RF pre-

coder by equal gain transmission (EGT) to harvest the large array gain at the analog

stage. At the digital stage, a baseband block diagonalization (BD) precoder [101] was

designed to deal with inter-user interference and intra-user interference. However,

the BD precoder suffers from performance loss due to the overlap of null space [101].

In [100], the authors proposed an OMP based algorithm to design hybrid MMSE

precoder and combiners by minimizing the sum-MSE of the data streams intended

for the MSs. In [62], the authors proposed to design the RF combiner by matching

the left singular vectors of the downlink user channel and design the RF precoding by

matching the right singular vectors of the equivalent channel at the analog stage. The

BD scheme was then applied to the baseband equivalent channel to cancel inter-user

interference at the digital stage. However, all of the aforementioned works are based

on linear algorithms to cancel inter-user and intra-user interference, which is known

to be suboptimal for multi-user MIMO downlink transmissions.

When considering multi-user and multi-stream downlink transmission, the optimal

capacity can be achieved by nonlinear algorithms, i.e., dirty-paper coding (DPC)

[102], Tomlinson-Harashima precoder (THP) [103], [104] and SIC [105], [106]. A

hybrid design implementing the THP was proposed in [107]. However, it suffers from

high complexity due to QR factorization of RF beamforming matrices and block-

diagonal geometric mean decomposition (BD-GMD) of the effective channel matrix.

SIC was proposed for multi-user signal detection in code division multiple access

(CDMA) systems [105], [106], and was used to cancel multi-user interference in MU-

MIMO systems [108], [109]. Regarding the existing literature about SIC-aided hybrid

beamforming for mmWave massive MIMO systems, the authors in [64] proposed a

hybrid precoding algorithm for fixed partially connected structures based on SIC.

The paper uses the idea of SIC to decompose the optimization problem of total

spectral efficiency into the sum of the spectral efficiency of the subarrays. However,

the work only considers the single-user scenario. Inter-user interference and intra-

user interference cancellation (IC) are not included. Inspired by [64], the authors
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in [110] proposed MU-SIC joint hybrid precoding and combining design for partially

connected architecture, but only used a linear BD algorithm to cancel inter-user and

intra-user interference. An important contribution in this context is [111], in which

the authors proposed an SIC-based uplink multiuser detection. However, the BS

is only equipped with analog beamformers, which results in a limited performance

compared to the BS with hybrid beamformers. Furthermore, each MS has a single

antenna, which can only support one data stream transmission. More recently, a

distributed digital and hybrid beamforming scheme with MMSE-SIC receivers was

proposed for MIMO interference channels [112], which consists of multiple transmit-

receive pairs with MIMO links. The authors developed a weighted MMSE (wMMSE)

based SIC receiver to cancel intra-user interference, and linear spatial filters were used

to cancel interference between different transmitter-receiver pairs.

From the discussion mentioned above, most of the existing works are focused on

linear algorithms to cancel inter-user and intra-user interference. As non-linear IC

algorithms can achieve better performance than linear ones, one direct motivation

is to consider how to design non-linear IC-aided hybrid beamforming algorithms for

downlink mmWave multi-user and multi-stream transmission.

In this chapter, we investigate the SIC-aided hybrid precoding and combining de-

sign for downlink mmWave multi-user massive MIMO systems, aiming to maximize

the overall spectral efficiency. The rest of this chapter is organized as follows. In

Section 4.2, we introduce the downlink mmWave multi-user massive MIMO hybrid

beamforming system model and the formulated optimization problem. In Section

4.3, the proposed SIC-aided hybrid beamforming algorithms are presented. The com-

putational complexity of the proposed algorithms is analyzed in Section 4.4. The

simulation results used to evaluate the spectral efficiency performance of the pro-

posed algorithms are provided in Section 4.5, followed by summary in Section 4.6. In

this chapter, k refers to the kth user.

4.2 System Model and Problem Formulation

In this section, we introduce the hybrid beamforming structure of multi-user massive

MIMO systems and mmWave channel model.
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Figure 4.1: System diagram of a multi-user massive MIMO system with hybrid beam-
forming structure.

System Model

We consider the downlink multi-user communication of a massive MIMO system as

shown in Figure 4.1 in which a BS with Nt massive antennas and N t
RF limited RF

chains is simultaneously communicating with K MSs. Each MS is equipped with Nr

antennas and N r
RF RF chains. Hence, each MS can support up to N r

RF data streams.

Without loss of generality, we assume each MS support Ns (Ns ≤ N r
RF ) data streams,

which means total KNs (KNs ≤ N t
RF ) data streams are transmitted by the BS. To

guarantee the effectiveness of the hybrid processing structure, the number of RF

chains is constrained by KNs ≤ N t
RF � Nt for the BS and Ns ≤ N r

RF � Nr for each

MS. Note that to supportNs data streams transmission for each user, the least number

of RF chains at each MS and the BS are N r
RF = Ns and N t

RF = KNs = KN r
RF ,

respectively. In consideration of hardware cost and power consumption of RF chains,

we assume the least number of RF chains in this chapter.

At the BS, this hybrid architecture enables the BS to apply an N t
RF × KNs

digital baseband precoder FBB = [FBB,1,FBB,2, · · · ,FBB,K ], where FBB,i ∈ CNt
RF×Ns ,

followed by an Nt × N t
RF fully-connected RF precoder FRF , which is implemented

through an array of analog phase shifters. Since the phase shifters in the analog RF

precoder (colored yellow) in Figure 4.1 can only change the phase of the transmitted

signal, each entry of FRF is of constant modulus. We normalize its entries to satisfy
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|FRF (i, j)| = 1√
Nt
, 1 ≤ i ≤ Nt, 1 ≤ j ≤ N t

RF . Furthermore, to meet the total

transmit power constraints, FBB is normalized to satisfy ‖FRFFBB‖2
F = KNs. The

transmitted signal at the BS can be modeled as

X = FRFFBBS =
K∑
k=1

FRFFBB,ksk, (4.1)

where S =
[
sT1 , s

T
2 , · · · , sTK

]T ∈ CKNs×1 is the total transmitted symbols of all K users,

and sk ∈ CNs×1 denotes the transmitted symbol of user k. Assuming a narrowband

block fading channel model, the received signal of the k-th MS is given by

yk = HkX + nk = HkFRFFBBS + nk, (4.2)

where Hk ∈ CNr×Nt represents the flat fading channel between MS k and the BS,

nk ∈ Nr×1 is the additive complex Gaussian noise at the k-th MS and each entry

of nk follows the independent and identically distributed (i.i.d.) complex Gaussian

distribution with zero mean and variance σ2.

At the k-th MS, firstly the received signals are processed by a fully-connected RF

combiner WRF,k ∈ CNr×Nr
RF which is implemented by analog phase shifters similar to

the BS. We also normalize its entries to satisfy |WRF,k (i, j)| = 1√
Nr
, 1 ≤ i ≤ Nr, 1 ≤

j ≤ N r
RF . Then followed by a baseband combiner WBB,k to detect its symbol. After

combining, the detected signal at the k-th MS is given by

ỹk = WH
BB,k(i, :)W

H
RF,kHkFRFFBB,k(:, i)sk,i

+ WH
BB,k(i, :)W

H
RF,kHk

Ns∑
j=1,j 6=i

FRFFBB,k(:, j)sk,j

+ WH
BB,k(i, :)W

H
RF,kHk

K∑
l=1,l 6=k

Ns∑
j=1

FRFFBB,l(:, j)sl,j

+ WH
BB,k(i, :)W

H
RF,knk. (4.3)

The four successive terms of Equation (4.3) on different lines represent the i-th desired

data stream for user k, the intra-user interference, the inter-user interference from

other K − 1 MSs and the effective noise, respectively. When the Gaussian symbol

are utilized by the BS, the spectral efficiency achieved by the i-th data stream for the
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k-th MS will be

Rk,i = log2 (|1 + SINRk,i|) . (4.4)

The sum spectral efficiency is given by

R =
K∑
k=1

Ns∑
i=1

Rk,i =
K∑
k=1

Ns∑
i=1

log2 (|1 + SINRk,i|), (4.5)

where SINRk,i = Ps
PI+PN

denotes SINR of the i-th stream of the k-th user. Ps, PI and

PN are the desired signal power, interference power and noise power, which are given

by Equations (4.6), (4.7) and (4.8), respectively. There, Pk,i, k = 1, 2 · · ·K, i = 1, 2 · · ·Ns

denotes the transmit power of the i-th stream of the k-th user.

Ps = Pk,iW
H
BB,k(i, :)W

H
RF,kHkFRFFBB,k(:, i)F

H
BB,k(:, i)F

H
RFHH

k WRF,kWBB,k(i, :) (4.6)

PI = Pk,jW
H
BB,k(i, :)W

H
RF,kHk

Ns∑
j=1,j 6=i

FRFFBB,k(:, j)F
H
BB,k(:, j)F

H
RFHH

k WRF,kWBB,k(i, :)

+Pl,jW
H
BB,k(i, :)W

H
RF,kHk

K∑
l=1,l 6=k

Ns∑
j=1

FRFFBB,l(:, j)F
H
BB,l(:, j)F

H
RFHH

k WRF,kWBB,k(i, :)

(4.7)

PN = σ2WH
BB,k(i, :)W

H
RF,kWRF,kWBB,k(i, :) (4.8)

4.2.1 Channel Model

According to the mmWave channel model described in Chapter 2, the flat fading

channel of the k-th MS, Hk can be written as

Hk =

√
NtNr

NCNP

NC∑
i=1

NP∑
l=1

αkilaMS(θkil)aBS(ϕkil)
H
, (4.9)

where αkil, i = 1, 2 · · ·Nc, l = 1, 2 · · ·NP is the complex gain of the l -th ray in the i -th

cluster of the k -th MS, which follows CN (0, 1), while aMS(θkil) and aBS(ϕkil) are the

MS and BS array response vectors, respectively, where θkil and ϕkil denote the AoA

and AoD of the l -th ray in the i -th cluster of the k -th MS, respectively. It is assumed

that perfect CSI is available at both BS and MSs. In practical systems, CSI can be

obtained by beamforming based channel estimation methods [113,114] or compressive

sensing based channel estimation methods [115,116] and references therein.
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4.2.2 Problem Formulation

The main purpose of this chapter is to maximize the sum spectral efficiency of all

users under total transmit power and constant modulus constraints on each entry of

the analog beamformers, assuming perfect knowledge of Hk. That is, we aim to find

the optimal hybrid precoder at the BS and optimal hybrid combiners for each user

by solving the following problems:

maximize
FRF ,FBB ,{WRF,k,WBB,k}K

k=1

R (4.10a)

s.t. T r
(
FRFFBBFH

BBFH
RF

)
≤ P (4.10b)

|FRF (i, j)|2 = 1,∀i, j (4.10c)

|WRF,k(i, j)|2 = 1,∀i, j, k. (4.10d)

To solve the above optimization problem as described in Equation (4.10a), a joint

optimization over {FRF ,FBB,WRF,k,WBB,k} is required. However, in general, the

optimization problem described in Equation (4.10a) is a non-convex problem due to

the presence of the variables {FRF ,FBB} and {WRF,k,WBB,k} in the interference

plus noise term (PI + PN) and the product between the variables. In addition, as

stated in [58], due to the non-convex constraints on FRF and WRF,k, finding the global

optima for Equation (4.10a) is often found to be intractable. To simplify transceiver

design, most of the aforementioned joint transmitter-receiver optimization problems

in point-to-point mmWave massive MIMO communication systems are decoupled into

the hybrid precoders {FRF ,FBB} design and the hybrid combiners {WRF,k,WBB,k}
design. For the hybrid precoders design, in lieu of maximizing spectral efficiency,

the hybrid precoders {FRF ,FBB} are jointly designed to maximize the mutual infor-

mation achieved by Gaussian signaling over the mmWave channel. Once the hybrid

precoders are fixed, the hybrid combiners {WRF,k,WBB,k} are jointly designed ac-

cording to the same algorithm as the hybrid precoders. However, as mentioned before,

most of these works cannot be directly extended to multi-user scenarios due to inter-

user interference. Furthermore, the objective function in such a case is suboptimal

compared to maximizing the sum spectral efficiency formulated in Equation (4.10a).

For multi-user scenarios, the classic method is to divide the joint optimization prob-

lem into the RF stage and baseband stage optimization problems. At the RF stage,

RF precoding and combining are alternately optimized to harvest array gain regard-

less of inter-user interference, and baseband precoding and combining are alternately
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optimized at the baseband stage to deal with inter-user and intra-user interference.

Recent research has shown that the separate RF and baseband design (also called as

two-stage design) can achieve satisfactory performance without the need for myriad

iterative procedures [59, 61, 62, 100]. Therefore, we use the two-stage design in this

chapter.

4.3 SIC-Aided Hybrid Beamforming

In this section, we investigate SIC-aided hybrid beamforming design to cancel inter-

user interference and intra-user interference under the proposed framework. From

Equation (4.3) to enable inter-user interference-free and intra-user interference-free

transmission, we need to remove inter-user and intra-user interference in turn. To

the authors’ best knowledge, most of the existing works use linear algorithms (ZF,

MMSE or BD) to cancel inter-user interference and intra-user interference [59–62,100,

117–119]. However, linear algorithms suffer from performance loss due to the overlap

of the null space of different users [101]. According to whether SIC is performed to

cancel inter-user interference, intra-user interference, or both, we propose three SIC-

aided hybrid beamforming designs which can be applied to three different scenarios.

For the first design, we use the linear algorithm to cancel inter-user interference while

SIC is adopted to cancel intra-user interference, which is suited to the scenario where

intra-user interference is dominant. For the second design, we utilize SIC to cancel

inter-user interference while the linear algorithm is used to cancel intra-user interfer-

ence, which is suited to the scenario where inter-user interference is dominant. For

the last design, SIC is utilized to suppress both inter-user and intra-user interference,

and thus applicable to the scenario where both inter-user and intra-user interference

are dominant. For simplicity, we choose the ZF algorithm for intra-user interference

cancellation and the BD algorithm for inter-user interference cancellation to demon-

strate that the SIC algorithm outperforms its linear counterpart. It should be noted

the proposed IC framework in this chapter is general for any linear IC algorithms.

The number of users and the number of data streams per user can be obtained by sys-

tem parameters. Therefore, the relative dominance of the inter-user and intra-user

interference can be obtained. For example, during the system scheduling step, far

apart users are typically paired together as groups, and these users between different

groups will be spatially separated and thus have minimal inter-user interference. In

each user group, the relative dominance of the inter-user and intra-user interference
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can be determined according to the number of users and the number of data streams

per user.

For all the three designs, we focus on the baseband precoder and combiner. The

RF precoder and combiner can be obtained through the codebook exhaustive search

[61], array gain harvesting algorithms [59], or phase extraction [62]. Motivated by

maximizing the capacity of the baseband channel and acceptable complexity of multi-

user hybrid RF beamforming algorithm, we use the phase extraction design for RF

precoder and combiner [62]. Note that the proposed algorithms in this chapter are

general for any RF precoder and combiner.

4.3.1 RF Beamforming

When the double of the least number of RF chains are available at transceivers, i.e.,

N t
RF = 2KNs, N

r
RF = 2Ns, two RF chains with the constant modulus constraints can

be combined to act as one RF chain without the constant modulus constraint, the

RF combiner of the k-th MS, WRF,k = U
(Nr

RF )
k , where U

(Nr
RF )

k consists of the first

N r
RF left singular vectors of Hk. The RF precoder, FRF = V

(Nt
RF )

int , where V
(Nt

RF )
int

consists of the first N t
RF right singular vectors of Hint, where Hint is given by

Hint =


WH

RF,1H1

...

WH
RF,KHK


KNr

RF×Nt

. (4.11)

When the double of the least number of RF chains are not available at transceivers,

i.e., KNs ≤ N t
RF < 2KNs, Ns ≤ N r

RF < 2Ns, WRF,k and FRF can be obtained by

extracting the phase of U
(Nr

RF )
k and V

(Nt
RF )

int , respectively, which are given by

WRF,k =
1√
Nr

ej∠U
(NrRF )
k . (4.12)

FRF =
1√
Nt

ej∠V
(NtRF )
int . (4.13)

The baseband equivalent channel of the k-th MS H̃k with dimension N r
RF × N t

RF is
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given by

H̃k = WH
RF,kHkFRF , k = 1, 2, · · · , K. (4.14)

4.3.2 Inter-user IC with Linear Algorithm, Intra-user IC with

SIC

Baseband Precoder In this case, we use the linear algorithm to remove inter-user

interference and adopt SIC to cancel intra-user interference. We define H̄k as

H̄k =
[
H̃T

1 , · · · , H̃T
k−1, H̃

T
k+1, · · · , H̃T

K

]T
. (4.15)

After SVD of H̄k, V̄
(Nr

RF )
k which consists of the last N r

RF right singular vectors of

H̄k can be acquired. From the definition of SVD, the columns of V̄
(Nr

RF )
k are exactly

the orthogonal bases of the null space of H̄k. To cancel the inter-user interference,

we force the baseband precoder of the k-th MS FBB,k to lie in the null space of H̄k,

given by

FBB,k = V̄
(Nr

RF )
k . (4.16)

Note that the baseband precoder is different from the counterpart of BD [59]. Fur-

thermore, it can be seen from Equation (4.15) and (4.16), the null space of different

MSs are overlapped, and therefore, BD suffers from performance loss [101]. By us-

ing the baseband precoder as given by Equation (4.16), the k-th MS does not see

any interference from the other K − 1 MSs. The overall baseband precoder with the

assumption of N t
RF = KN r

RF is given by

FBB = [FBB,1,FBB,2, · · · ,FBB,K ]

=

[
V̄

(Nr
RF )

1 , V̄
(Nr

RF )
2 , · · · , V̄(Nr

RF )
K

]
.

(4.17)

The baseband precoder of the k-th MS FBB,k satisfies:

H̃kFBB,l = WH
RF,kHkFRFFBB,l

=

{
0, l 6= k

WH
RF,kHkFRF V̄

(Nr
RF )

k , l = k

(4.18)
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In this case, the received signal of the k-th MS after RF combining is given by

yRF,k = WH
RF,kHkFRFFBB,k(:, i)sk,i

+
Ns∑

j=1,j 6=i
WH

RF,kHkFRFFBB,k(:, j)sk,j

+ WH
RF,knk.

(4.19)

The three successive terms of Equation (4.19) on different lines represent the i-th

desired data stream for user k, the intra-user interference and the effective noise,

respectively. It can be seen from Equation (4.19), the inter-user interference has been

cancelled due to Equation (4.18).

Baseband Combiner The SIC-aided baseband combiner is designed to cancel

intra-user interference at the receiver side. When SIC is used, the order in which

streams of the k-th MS sk are detected becomes important to the overall performance

of the system. For now, we first discuss the general detection procedure with respect

to arbitrary ordering. For the k-th MS, define the equivalent channel as

Ĥk = WH
RF,kHkFRFFBB,k =

[
ĥk,1, · · · , ĥk,Ns

]
. (4.20)

To perform SIC between multi-streams of the k-th MS, define Gk =
(
ĤH
k Ĥk

)−1

ĤH
k .

The baseband combiner to detect the i-th data stream of the k-th MS is WH
BB,k(i, :

) = Gk(i, :). The detected i-th data stream of the k-th MS ŝk,i is given by

ŝk,i = WH
BB,k(i, :)yRF,k

= WH
BB,k(i, :)W

H
RF,kHkFRFFBB,k(:, i)sk,i

+ WH
BB,k(i, :)W

H
RF,knk.

(4.21)

The two successive terms of the second equality of Equation (4.21) on different lines

represent the i-th desired data stream for user k and the effective noise, respectively.

It can be seen from Equation (4.21), the intra-user interference has been cancelled

due to WH
BB,k(i, :) = Gk(i, :). Therefore, we can detect the i-th data stream of the

k-th MS ŝk,i, and then ŝk,i is demodulated and re-modulated to cancel the noise

accumulation. After that the re-modulated symbol s̃k,i will be subtracted from the
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received signal, which is given by

ȳk,i = yRF,k − ĥk,is̃k,i

=
Ns∑

j=1,j 6=i
H̃kFBB,k(:, j)sk,j + WH

RF,knk.
(4.22)

Next, we will detect the n-th (n 6= i ) data stream of the k-th MS sk,n. Let H̄k,i

denote zeroing column i of Ĥk, which is given by

H̄k,i =
[
ĥk,1, · · · , ĥk,i−1,0, ĥk,i+1, · · · , ĥk,Ns

]
. (4.23)

Define Ḡk,i =
(
H̄H
k,iH̄k,i

)−1
H̄H
k,i. The baseband combiner to detect the n-th data

stream of the k-th MS sk,n is WH
BB,k(n, :) = Ḡk,i(n, :), and the detected n-th data

stream of the k-th MS ŝk,n is given by

ŝk,n = WH
BB,k(n, :)ȳk,i

(a)
= WH

BB,k(n, :)W
H
RF,kHkFRFFBB,k(:, n)sk,n

+WH
BB,k(n, :)W

H
RF,knk .

(4.24)

The simplification step (a) of Equation (4.24) holds due to WH
BB,k(n, :) = Ḡk,i(n, :).

Then the detected symbol sk,i and sk,n will be subtracted from the received signal,

and the above steps are performed for the rest streams by operating in turn on the

progression of the detected symbol removed.

In summary, we provide inter-user IC with the linear algorithm and intra-user IC

with SIC in Algorithm 6. To distinguish, we refer to Algorithm 6 as the HBF SIC I

Algorithm.

Detection Stream Order As mentioned before, when SIC is used, the order in

which streams of the k-th MS’s symbol sk are detected becomes important to the

overall performance of the system. We choose the best post-detection SINR of the i-

th stream of the k-th MS at each stream detection, which is given by Equation (4.25).

Note that PI in Equation (4.26) is different from Equation (4.7) since the inter-user

interference has been cancelled in Equation (4.19). The SINR can be obtained by

user measurements.

SINRk,i =
Pk,iW

H
BB,k(i, :)W

H
RF,kHkFRFFBB,k(i, :)(FBB,k(i, :))

H
FHRFHH

k WRF,kWBB,k(i, :)

σ2WH
BB,k(i, :)W

H
RF,kWRF,kWBB,k(i, :) + PI

(4.25)



61

Algorithm 6 The HBF SIC I Algorithm

Input: Hk, 1 ≤ k ≤ K
Analog Stage
1. for k ≤ K do
2. Calculate WRF,k according to Equation (4.12)
3. Calculate Hint according to Equation (4.11)
4. end for
5. Calculate FRF according to Equation (4.13)
6. Calculate H̃k, k = 1, 2 · · · ,K, according to Equation (4.14)
End Analog Stage
Digital Stage
7. for k ≤ K do

8. H̄k =
[
H̃T

1 , · · · , H̃T
k−1, H̃

T
k+1, · · · , H̃T

K

]
9. H̄k = ŪkΣ̄k

[
V̄

((K−1)Nr
RF )

k , V̄
(Nr

RF )
k

]H
10. FBB,k = V̄

(Nr
RF )

k

11. end for
12. Obtain FBB = [FBB,1, · · · ,FBB,K ]
13. for k ≤ K do
14. Ĥk = WH

RF,kHkFRFFBB
15. for i ≤ Ns do

16. H̄k,i =
[
h̃k,1, · · · , h̃k,i−1,0, h̃k,i+1, h̃k,Ns

]
17. Ḡk,i =

(
H̄H
k,iH̄k,i

)−1
H̄H
k,i

18. WBB,k(i, :) = Ḡk,i (i, :)
19. end for
20. end for
End Digital Stage
Output FRF ,FBB , (WRF,k,WBB,k) , k = 1 : K
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PI = Pk,jW
H
BB,k(i, :)W

H
RF,kHkFRF

Ns∑
j=1,j 6=i

FBB,k(j, :)(FBB,k(j, :))
H

FHRFHH
k WRF,kWBB,k(i, :)

(4.26)

4.3.3 Inter-user IC with SIC, Intra-user IC with Linear Al-

gorithm

Baseband Precoder In this case, linear successive optimization (SO) at the BS

[101] and non-linear SIC at the MS are used to remove inter-user interference, and

ZF is adopted to cancel intra-user interference. As mentioned before, BD suffers from

performance loss due to the overlap of null space. To address this issue, we utilize

SO implemented by baseband precoder and SIC implemented after RF combiner to

remove inter-user interference. That is to say, if we want to detect the k-th MS,

the previous k − 1 MSs are suppressed by SO, and the rest k + 1 to K-th MS are

cancelled by SIC. To cancel the inter-user interference due to the previous k−1 MSs,

the baseband precoder of the l-th MS FSO
BB,l needs to satisfy H̃kF

SO
BB,l = 0, 1 ≤ l < k,

and we define H̄SIC
k , (1 ≤ k < K) different from BD, written as

H̄SIC
k =

[
H̃T
k+1, H̃

T
k+2, · · · , H̃T

K

]T
. (4.27)

After SVD of H̄SIC
k , V̂

(Nt
RF−(K−k)Nr

RF )
k which consists of the last N t

RF − (K − k)N r
RF

right singular vectors of H̄SIC
k can be obtained. From the definition of SVD, the

columns of V̂
(Nt

RF−(K−k)Nr
RF )

k are exactly the orthogonal bases of the null space of

H̄SIC
k . Comparing Equation (4.27) with Equation (4.15), we can observe the null

space of H̄SIC
k , 1 ≤ k < K are not overlapped any more, and therefore, the SIC based

inter-user cancellation algorithm outperforms its linear counterparts. For the K-th

MS, there is no interfering user according to our design. After performing SVD of

its baseband equivalent channel H̃K , V̂
(Nr

RF )
K which consists of the first N r

RF right

singular vectors of H̃K can be obtained. Therefore, the K-th MS can perform inter-

user interference-free multi-stream transmission.

For the first K − 1 MSs, to achieve inter-user interference-free transmission, we

force the baseband precoder FSO
BB,k of the k-th MS lies in the null space of H̄SIC

k by

setting FSO
BB,k = V̂

(0)
k Gk, 1 ≤ k < K, where V̂

(0)
k = V̂

(Nt
RF−(K−k)Nr

RF )
k denotes the

null space of H̄SIC
k . For the K-th MS, FSO

BB,K = V̂
(Nr

RF )

K GK , where Gk, 1 ≤ k ≤ K is
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derived to maximize the spectral efficiency of the k-th MS, which is given by

Gk = M
(Ns)
k Γ

1/2
k , (4.28)

Proof : See Appendix A or [65].

The baseband precoder FSO
BB,k is given by

FSO
BB,k =

 V̂
(Nt

RF−(K−k)Nr
RF )

k Gk 1 ≤ k < K

V̂
(Nr

RF )
K GK k = K

(4.29)

Finally, the overall baseband precoder to enable inter-user interference-free transmis-

sion is given by

FSO
BB =

[
FSO
BB,1,F

SO
BB,2, · · · ,FSO

BB,K

]
. (4.30)

From the previous derivation, the baseband precoder of the k-th MS FSIC
BB,k satisfies:

H̃kF
SO
BB,l = WH

RF,kHkFRFFSO
BB,l

=


0 1 ≤ l < k

WH
RF,kHkFRFFSO

BB,lV̂
(0)
k Gk k ≤ l < K − 1

WH
RF,kHkFRFFSO

BB,KV̂
(Nr

RF )
K GK l = K

(4.31)

It can be seen from Equation (4.31), for the k-th MS, the previous k − 1 MSs has

been cancelled due to the linear SO based inter-user cancellation baseband precoding

as given by Equation (4.29) and (4.30). After RF combining, the received signal of

the k-th MS is given by

yRF,k = WH
RF,kHkFRFFSO

BBS + WH
RF,knk

(b)
= WH

RF,kHkFRFFSO
BB,ksk

+ WH
RF,kHk

K∑
l=k+1

FRFFSO
BB,lsl

+ WH
RF,knk.

(4.32)

The simplification step (b) of Equation (4.32) holds due to Equation (4.31). So far,

all the previous k − 1 MSs have been cancelled. To achieve inter-user interference-

free transmission, the (k + 1)-th to K-th MS are required to be subtracted from the
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received signal, which is given by

ȳk = yRF,k −
K∑

l=k+1

WH
RF,kHkFRFFSO

BB,lsl

= WH
RF,kHkFRFFSO

BB,ksk + WH
RF,knk.

(4.33)

Note that, due to SIC implemented after RF combiner at the receiver side, the de-

tected k + 1 to K-th MS signals are removed from the received signal of the k-th

MS.

Baseband Combiner Then we perform baseband combining with WBB,k of the

inter-user interference-free signal, and the ZF baseband combiner is given by

WBB,k =
(
HH
Equ,kHEqu,k

)−1
HH
Equ,k, (4.34)

where HEqu,k = WH
RF,kHkFRFFSO

BB,k denotes the equivalent channel of the kth MS.

The baseband combined signal is given by

ŝk = WH
BB,kȳk

(c)
= sk + WH

BB,kW
H
RF,knk. (4.35)

The simplification step (c) of Equation (4.35) holds due to ZF baseband combiner

given in Equation (4.34), i.e., WH
BB,kW

H
RF,kHkFRFFSO

BB,k = INs , which results in

inter-user interference-free and intra-user interference-free transmission of the k-th

MS. Without considering the detection order of MSs, the MSs will be detected in the

reverse order, i.e, the K-th MS will be detected first. According to Equation (4.35),

ŝK is given by

ŝK = sK + WH
BB,KWH

RF,KnK . (4.36)

To detect the (K − 1)-th MS, the detected K-th MS will be subtracted from the

received RF combined signal of the (K − 1)-th MS, which is given by

ȳK−1 = yRF,K−1 − H̃K−1F
SO
BB,KsK

= WH
RF,K−1HK−1FRFFSO

BB,K−1sK−1

+ WH
RF,K−1nK−1.

(4.37)
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Algorithm 7 The HBF SIC II Algorithm

Input: Hk, 1 ≤ k ≤ K
Analog Stage
1. for k ≤ K do
2. Calculate WRF,k according to Equation (4.12)
3. Calculate Hint according to Equation (4.11)
4. end for
5. Calculate FRF according to Equation (4.13)
6. Calculate H̃k, k = 1, 2 · · · ,K, according to Equation (4.14)
End Analog Stage
Digital Stage
7. for k ≤ K do
8. if k < K do

9. H̄SIC
k =

[
H̃T
k+1, H̃

T
k+2, · · · , H̃T

K

]T
10. H̄SIC

k = ÛkΣ̂kV̂
H
k

11. FSOBB,k = V̂
(Nt

RF−(K−k)N
r
RF )

k Gk

12. HEqu,k = WH
RF,kHkFRFFSOBB,k

13. WBB,k =
(
HH
Equ,kHEqu,k

)−1
HH
Equ,k

14. else

15. H̃K = ÛKΣ̂K

[
V̂

(Nr
RF )

K , V̂
(Nt

RF−N
r
RF )

K

]H
16. FSOBB,K = V̂

(Nr
RF )

K GK

17. HEqu,K = WH
RF,KHKFRFFSOBB,K

18. WBB,K =
(
HH
Equ,KHEqu,K

)−1
HH
Equ,K

19. end if
20. end for
21. Obtain FSOBB =

[
FSOBB,1, · · · ,FSOBB,K

]
End Digital Stage
Output FRF ,F

SO
BB , (WRF,k,WBB,k) , k = 1 : K

After ZF baseband combining with WBB,K−1, the obtained signal is given by

ŝK−1 = WH
BB,K−1ȳK−1

= sK−1 + WH
BB,K−1W

H
RF,K−1nK−1.

(4.38)

Obviously, the (K − 1) th MS can be detected from Equation (4.38), the rest MSs

are performed by operating in turn on the progression of the detected MSs removed.

Therefore, the number of interference users to the later-detect user is less than the

previous ones. The order in which users are detected can be determined by their large

scale fading, for example, near MSs with less path attenuation should be detected

first. In summary, we provide inter-user IC with SIC and intra-user IC with ZF in

Algorithm 7. To distinguish, we refer to Algorithm 7 as the HBF SIC II Algorithm.
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4.3.4 Both Inter-user and Intra-user IC with SIC

In this case, both inter-user and intra-user interference are cancelled by SIC. The

inter-user IC using SIC is the same as described in the Hybrid SIC II Algorithm, and

the intra-user IC using SIC is the same as described in the Hybrid SIC I Algorithm.

Baseband Precoder The baseband precoder is the same as described in Equation

(4.29). The detected (k + 1) to K-th MS data are cancelled after RF combining

through SIC. According to Equation (4.33), the RF received signal of the k-th MS

can be represented by

ȳk = WH
RF,kHkFRFFSO

BB,k(:, i)sk,i

+
Ns∑

j=1,j 6=i
WH

RF,kHkFRFFSO
BB,k(:, j)sk,j

+ WH
RF,knk.

(4.39)

The three successive terms of Equation (4.39) on different lines represent the i-th

desired data stream for user k, the intra-user interference and the effective noise,

respectively.

Baseband Combiner Different from the ZF baseband combining Equation (4.32),

we use SIC to cancel intra-user interference of the k-th MS. Without loss of generality,

supposing to detect the i-th data stream of the k-th MS, the baseband combiner to

detect the i-th data stream of the k-th MS is WH
BB,k(i, :), where WBB,k is given in

Equation (4.34). After the baseband combining, the detected i-th stream of the k-th

MS is given by

ŝk,i = WH
BB,k(i, :)ȳk

= WH
BB,k(i, :)W

H
RF,kHkFRFFSO

BB,k(:, i)sk,i

+ WH
BB,k(i, :)W

H
RF,knk.

(4.40)

The two successive terms of the second equality of Equation (4.40) on different lines

represent the i-th desired data stream for user k and the effective noise, respectively.

Then we use the same procedure described in Equation (4.20) to (4.24) to detect the

rest data streams of the k-th MS.

In summary, we provide inter-user IC with SIC and intra-user IC with SIC in

Algorithm 8. To distinguish, we refer to Algorithm 8 as the HBF SIC III Algorithm.
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Algorithm 8 HBF SIC III

Input: Hk, 1 ≤ k ≤ K
Analog Stage
1. for k ≤ K do
2. Calculate WRF,k according to Equation (4.12)
3. Calculate Hint according to Equation (4.11)
4. end for
5. Calculate FRF according to Equation (4.13)
6. Calculate H̃k, k = 1, 2 · · · ,K, according to Equation (4.14)
End Analog Stage
Digital Stage
7. for k ≤ K do
8. if k < K do

9. H̄SIC
k =

[
H̃T
k+1, H̃

T
k+2, · · · , H̃T

K

]T
10. H̄SIC

k = ÛkΣ̂kV̂
H
k

11. FSOBB,k = V̂
(Nt

RF−(K−k)N
r
RF )

k Gk

12. else

13. H̃K = ÛKΣ̂K

[
V̂

(Nr
RF )

K , V̂
(Nt

RF−N
r
RF )

K

]H
14. FSOBB,K = V̂

(Nr
RF )

K GK

15. end if
16. end for
17. Obtain FSOBB =

[
FSOBB,1, · · · ,FSOBB,K

]
18. for k ≤ K do
19. HEqu,k = WH

RF,kHkFRFFSOBB
20. for i ≤ Ns do
21. Calculate H̄i

Equ,k according to Equation (4:23)

22. Gk,i =

((
H̄i
Equ,k

)H
H̄i
Equ,k

)−1(
H̄i
Equ,k

)H
23. WBB,k(i, :) = Gk,i (i, :)
24. end for
25. end for
End Digital Stage
Output FRF ,F

SO
BB , (WRF,k,WBB,k) , k = 1 : K
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Detection stream Order As discussed before, the detection data stream order

can be determined by post-detection SINR, which is given by Equation (4.25). Note

that FBB,k in Equation (4.25) should be updated by FSO
BB,k.

In this section, we have proposed three SIC-aided hybrid beamforming algorithms

according to whether SIC is performed to cancel inter-user interference, intra-user

interference, or both. For clarity, the IC implementation of the proposed algorithms

is summarized in Table 4.1.

Table 4.1: IC implementation of the proposed algorithms

Algorithms Inter-user IC Intra-user IC

HBF SIC I Baseband precoder (linear) Baseband combiner (SIC)

HBF SIC II Baseband precoder (linear), after RF combiner (SIC) Baseband combiner (linear)

HBF SIC III Baseband precoder (linear), after RF combiner (SIC) Baseband combiner (SIC)

4.4 Computational Complexity Analysis

In this section, we analyze the complexity of implementing the proposed HBF SIC

algorithms. For comparison, we also present the complexity in implementing the fully

digital SVD (SVD-based single-user) [58], the fully digital BD [101], HBD [59], RF

phase extraction baseband BD (PEHBD) [62], hybrid MMSE [100] and the hybrid

THP beamforming algorithms [107]. In order to focus on the main ideas, we consider

the simplified case where each MS is equipped with the same number of antennas

Nr and RF chains N r
RF . Furthermore, each MS is assumed to support the same

number of data streams Ns. In Table 4.2, we enumerate the RF beamforming, digital

beamforming and total complexity in undertaking major computational procedures.

For example, the RF and baseband beamforming complexity of HBD algorithm is

O(KN r
RFNtN

2
r ) and O(K(K− 1)2(N r

RF )2N t
RF ) +O(K(N r

RF )3) ≈ O(K3(N r
RF )2N t

RF ),

respectively.

For fully digital SVD beamforming, the total complexity is dominated by SVD of

the overall channel matrix with dimension KNr ×Nt, yielding the complexity order

of O(K2NtN
2
r ). For fully digital BD beamforming, the total complexity is dominated

by K times of SVDs of H̄k, yielding the complexity order of O(K(K−1)2NtN
2
r ). For

HBD, the total complexity is dominated by RF beamforming, and therefore can be

shown to be the complexity order of O(KN r
RFNtN

2
r ). For the hybrid THP algorithm,

which starts by constructing the fully digital THP precoder and combiner, and then
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performs K times of SVDs in the BD-GMD, it can be shown to be of complexity

O(KNsN
t
RFN

2
t ) + O(KN2

rNt) [107]. For all other hybrid beamforming algorithms,

the total complexity is dominated by K times of SVDs of Hk, yielding the same

complexity order of O(KN2
rNt). Therefore, the total complexity of the proposed

SIC-aided hybrid beamforming algorithms are comparable to PEHBD, hybrid MMSE

and the hybrid THP algorithms.

When considering the computational complexity of baseband beamforming part

of the hybrid schemes, the required extra complexity of the HBF SIC I algorithm

compared to the existing linear algorithms is dominated by KNs times of matrix

inverse of Ĥk when performing SIC to cancel intra-user interference, and therefore can

be shown to be of complexityO(K3(N r
RF )2N t

RF )+O(KN r
RFN

3
s ) ≈ O(K3(N r

RF )2N t
RF ).

Furthermore, the complexity of the HBF SIC II algorithm is dominated by K − 1

times of SVDs when performing SIC to cancel inter-user interference, yielding the

complexity order of O(1
3
K3(N r

RF )2N t
RF ), K times of SVDs with the complexity order

of O(K3(N r
RF )2N t

RF ) and K times of matrix inverse with the complexity order of

O(K(N r
RF )2N t

RF ) when maximizing the spectral efficiency of each MS. Therefore the

complexity order of the HBF SIC II algorithm is simplified to O(4
3
K3(N r

RF )2N t
RF ).

Similarly, the complexity order of the HBF SIC III algorithm is O(4
3
K3(N r

RF )2N t
RF ).

Moreover, the complexity order of the Hybrid MMSE algorithm is O(K3(N r
RF )3N t

RF )

[100]. Therefore, the baseband beamforming complexity of fully digital BD � fully

digital � hybrid THP � hybrid MMSE � HBF SIC III = HBF SIC II > HBF

SIC I = PFHBD = HBD. It should be noted that the complexity of the HBF SIC

III algorithm is a little higher than the HBF SIC II algorithm when considering all

procedures since the HBF SIC III algorithm uses SIC to cancel intra-user interference

while the HBF SIC II algorithm uses ZF to cancel intra-user interference.

Table 4.2: Comparison of computational complexity

Algorithms Calculate FRF and WRF Calculate FBB and WBB Total Complexity

Fullly Digital SVD Not Involved O(K2NtN2
r ) O(K2NtN2

r )

Fullly Digital BD Not Involved O(K(K − 1)2NtN2
r ) O(K(K − 1)2NtN2

r )

HBD O(KNr
RFNtN

2
r ) O(K3(Nr

RF )2Nt
RF ) O(KNr

RFNtN
2
r )

PFHBD O(KN2
rNt) O(K3(Nr

RF )2Nt
RF ) O(KN2

rNt)

Hybrid MMSE O(KN2
rNt) O(K3(Nr

RF )3Nt
RF ) O(KN2

rNt)

HBF SIC III O(KN2
rNt) O( 4

3
K3(Nr

RF )2Nt
RF ) O(KN2

rNt)

HBF SIC II O(KN2
rNt) O( 4

3
K3(Nr

RF )2Nt
RF ) O(KN2

rNt)

HBF SIC I O(KN2
rNt) O(K3(Nr

RF )2Nt
RF ) O(KN2

rNt)

Hybrid THP O(KNsNt
RFN

2
t ) O(KN2

rNt) O(KNsNt
RFN

2
t ) +O(KN2

rNt)
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4.5 Simulation Results

In this section, simulation results are presented to illustrate the sum SE performance

of the proposed algorithms as well as their performance robustness with finite resolu-

tion phase shifters and imperfect CSI. In view of hardware cost and power consump-

tion of RF chains, the least number of RF chains are considered at transceivers.

Unless stated otherwise, the system parameters are set as follows. Both BS and

MS are equipped with ULA with the number of antennas Nt = 256 and Nr = 16.

For simplicity, we suppose that the channels from BS to each MS are with the same

number of scattering clusters Nc = 8. The AoA and AoD of the clusters are assumed

to be uniformly distributed in [0, 2π]. The signal-to-noise ratio is defined as SNR =

P/σ2
n. All the results are simulated over 3000 channel realizations.

4.5.1 Sum Spectral Efficiency Evaluation

In this set of simulation results, we illustrate the sum SE performance of the proposed

SIC-aided HBF algorithms in different configurations. The state of the art mmWave

multi-user massive MIMO systems for comparison include HBD [59], PEHBD [62],

Hybrid MMSE [100] and fully digital BD scheme [101]. The benchmark is provided by

the sum of the maximum achievable spectral efficiency of the single-user fully digital

SVD beamforming, which is implemented by transmitting the same number of data

streams over the same channels in the absence of inter-user interference. Specifically,

we stack the channel of each MS Hk into an overall channel matrix H and assume the

absence of inter-user interference. The full digital precoding and combining matrix are

composed of KNs right singular vectors and KNs left singular vectors corresponding

to the KNs largest singular values of H, respectively.

Figure 4.2 to Figure 4.4 illustrate the sum spectral efficiency achieved by the

proposed SIC-aided hybrid beamforming algorithms in contrast with fully digital

beamforming and traditional hybrid beamforming designs considering three different

scenarios. In the simulation of Figure 4.2, N t
RF = 16, K = 8, N r

RF = Ns = 2, the

inter-user interference is dominant in this scenario. In the simulation of Figure 4.3,

N t
RF = 16, K = 4, N r

RF = Ns = 4, both the inter-user interference and intra-user

interference are dominant in this scenario. In the simulation of Figure 4.4, N t
RF = 8,

K = 2, N r
RF = Ns = 4, the intra-user interference is dominant in this scenario.

Figure 4.2 to Figure 4.4, we can observe that the proposed HBF SIC algorithms

achieve slightly lower sum spectral efficiency compared to the benchmark in the case
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Figure 4.2: Sum SE performance comparison of different algorithms with K = 8,
Ns = 2 and N t

RF = 16, N r
RF = 2.

of 8 MSs and perform very close to the benchmark in the case of 4 and 2 MSs.

Furthermore, with the more powerful nonlinear beamforming, all the proposed HBF

SIC algorithms exhibit substantially higher sum spectral efficiency compared to the

traditional linear hybrid beamforming algorithms. Finally, it can be observed from

Figure 4.4 that the HBF SIC II algorithm shows lower sum spectral efficiency than

the HBF SIC I algorithm. This is because in the simulation set up of Figure 4.4,

the intra-user interference is dominant. The HBF SIC II algorithm uses ZF to cancel

intra-user interference while the HBF SIC I algorithm uses SIC to cancel intra-user

interference. Therefore, the HBF SIC II algorithm shows lower sum spectral efficiency

than the HBF SIC I algorithm.

Figure 4.5 and Figure 4.6 further evaluate the sum spectral efficiency at SNR =

0 dB when varying the number of BS antennas and MS antennas with N t
RF = 16,

K = 8, N r
RF = Ns = 2. In the simulation of Figure 4.5, Nr = 16, the number of

antennas at BS changes from Nt = 20 to Nt = 500. In the simulation of Figure
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Figure 4.3: Sum SE performance comparison of different algorithms with K = 4,
Ns = 4 and N t

RF = 16, N r
RF = 4.

4.6, Nt = 256, the number of antennas at MS changes from Nr = 10 to Nr = 100.

The figures show a considerable performance gain by the proposed HBF SIC I to III

algorithms over the PEHBD, HBD and Hybrid MMSE algorithms, especially for the

proposed HBF SIC II and III algorithms. The reason is the inter-user interference is

the main interference in this scenario, and it is cancelled by SIC in HBF SIC II and

III algorithms, which boosts the sum spectral efficiency performance.

With the same system configuration as that of Figure 4.2, and K increases from

2 to 16, N t
RF = KN r

RF = KNs in Figure 4.7. In this scenario, the sum spectral effi-

ciency of the proposed SIC-aided hybrid beamforming, PEHBD and HBD algorithms

increase as the number of MSs K grows. A considerable performance improvement

is observed by the proposed algorithms over the ones in the literature, especially for

the proposed HBF SIC II and III. The reason is that inter-user interference becomes

the main interference when K increases, and it is cancelled by SIC in HBF SIC II

and III algorithms, which boosts the sum spectral efficiency performance. As for the
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Figure 4.4: Sum SE performance comparison of different algorithms K = 2, Ns = 4
and N t

RF = 8, N r
RF = 4.

fully digital BD algorithm, it reaches a peak sum spectral efficiency at a certain K,

and then the sum spectral efficiency will decrease along with increasing K beyond an

optimal value. This is because when K grows beyond an optimal value, the inter-user

interference becomes substantially severe, which degrades the sum spectral efficiency

performance.

Figure 4.8 compares the sum spectral efficiency achieved by the proposed HBF

SIC algorithms and the Hybrid THP algorithm [107]. The system configuration is the

same as that of Figure 4.2. It can be observed from Figure 4.8 that the proposed HBF

SIC III and HBF SIC II are superior to Hybrid THP while Hybrid THP is superior

to the proposed HBF SIC I. The reason is that Hybrid THP cancels the inter-user

interference by the BD algorithm and suppresses the intra-user interference by SIC

at the transmitter end. While the proposed HBF SIC III and HBF SIC II algorithms

cancel the inter-user interference by SIC, and therefore, the proposed HBF SIC III

and HBF SIC II are superior to the Hybrid THP algorithm.
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Figure 4.5: Sum SE performance with different number BS antenna.

Figure 4.9 illustrates the sum spectral efficiency improvement achieved by the

proposed ordered HBF SIC algorithms with the same system configuration as that

of Figure 4.2. In Figure 4.9, when SNR = -5 dB, we can observe the sum spectral

efficiency improvement achieved by the proposed HBF SIC III algorithm with optimal

data stream order (determined by Equation (4.25)) is about 0.6% compared to the

proposed HBF SIC III algorithm with arbitrary data stream order. The sum spectral

efficiency improvement achieved by the proposed HBF SIC I algorithm with optimal

data stream order (determined by Equation (4.25)) is about 0.8% compared to the

proposed HBF SIC I algorithm with arbitrary data stream order.

4.5.2 Robustness Evaluation

In this set of simulation results, we illustrate the robustness of the proposed SIC-aided

HBF algorithms with finite resolution phase shifters and imperfect CSI.

Figure 4.10 illustrates the sum spectral efficiency achieved by the proposed SIC-
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Figure 4.6: Sum SE performance with different number MS antenna.

aided hybrid beamforming algorithms with finite resolution phase shifters. The sys-

tem configuration is the same as that of Figure 4.2. As observed from Fig. 4.10,

when SNR = −5 dB, the performance of the proposed HBF SIC algorithms for 2-bit

phase shifters (B = 2 bits is used in the figures) and 1-bit phase shifters (B = 1 bit is

used in the figures) can achieve over 91% and 64% performance of infinite resolution

phase shifters (B = ∞ is used in the figures), respectively.

Figure 4.11 evaluates the impact of imperfect CSI on the proposed SIC-aided

hybrid beamforming algorithms with the same system configuration as that of Figure

4.2. The estimated channel matrix can be modelled as Equation (3.10). As shown

in Figure 4.11, three proposed HBF SIC algorithms experience similar degradation

in the presence of channel estimation error. The performance gap to the perfect CSI

is less than 1 dB when ξ = 0.9, and about 2.5 dB when ξ = 0.7, for the considered

imperfect CSI model.
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Figure 4.7: Sum SE performance with different number of MS.

4.6 Summary

In this chapter, we have investigated the non-linear hybrid beamforming design with

interference cancellation for downlink mmWave multi-user massive MIMO systems.

Based on the proposed framework, three SIC-aided hybrid beamforming algorithms

have been proposed according to the dominance of inter-user interference, intra-user

interference, or both. It has been demonstrated that the proposed hybrid beam-

forming algorithms exhibit a comparable SE to the fully digital beamforming and

outperform their existing linear counterparts at the cost of computational complexity

for the SIC procedure. Furthermore, the proposed hybrid beamforming algorithms

with 2-bit finite resolution phase shifters can achieve over 91% SE of infinite resolution

phase shifters. Moreover, when considering channel estimation error, the performance

gap to the perfect CSI is less than 1 dB when ξ = 0.9. Therefore, our proposed hybrid

beamforming algorithms reveal the profound practically to be employed in mmWave

communications.



77

-40 -35 -30 -25 -20 -15 -10 -5 0 5 10

SNR (dB)

0

20

40

60

80

100

120

140

160

180
S

p
e

c
tr

a
l 
E

ff
ic

ie
n

c
y
 (

b
p

s
/H

z
)

Hybrid THP

HBF SIC !

HBF SIC II

HBF SIC III

Fully digital SVD 4.4 4.6 4.8 5 5.2 5.4

140

145

150

Figure 4.8: Sum SE comparison to the Hybrid THP.

It is worth mentioning that the proposed algorithms are designed for flat fading

mmWave channels. In the next chapter, we will develop efficient hybrid precoding

and combining algorithms for for wideband mmWave channels, which may emerge

more frequently in future applications due to large bandwidth of mmWave bands.
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Chapter 5

Hybrid Beamforming for

Wideband Millimeter Wave

Massive MIMO Systems

5.1 Introduction

In Chapter 3 and 4, we consider hybrid beamforming design for narrowband mmWave

communication systems. However, mmWave communication systems will likely oper-

ate on wideband channels with frequency selective fading due to a large bandwidth in

mmWave bands [72], [82]. How to design a common RF beamformer across all bands

becomes the main challenge. Furthermore, the common RF beamformer in wideband

channels leads to the need of more effective baseband beamforming design. In this

chapter, we will focus on the development of efficient hybrid precoding and combining

algorithms for for wideband mmWave channels.

5.1.1 Prior Work

The design of hybrid precoding schemes for the wideband mmWave MIMO system

has attracted more interest, where typically orthogonal frequency-division multiplex-

ing (OFDM) is utilized to convert broadband frequency-selective fading channels into

multiple parallel narrowband frequency-flat fading channels. However, hybrid pre-

coding design for narrowband scenarios cannot be directly extended to wideband

scenarios due to the RF precoding and combining identical to all subcarriers, which

is the main challenge in designing the hybrid precoding and combining in wideband



82

OFDM systems. Because when a common analog beamformer is applied over all

subcarriers, the directional response of the beamformer will change with frequency.

In [120], hybrid beamforming with only a single-stream transmission over MIMO-

OFDM systems was considered. The solution proposed in [120] relied on the joint

exhaustive search over both RF and baseband codebooks without giving specific cri-

teria for the design of these codebooks. In [85], the authors first developed a hybrid

analog-digital codebook design scheme for broadband mmWave single-user MIMO

(SU-MIMO) systems, then proposed a hybrid precoding algorithm for the given code-

book based on Gram-Schmidt orthogonalization. However, the authors in [85] only

considered SU-MIMO systems. Furthermore, they did not specify the hybrid com-

biner design. In [121], the authors proposed a joint hybrid precoder and combiner

design for wideband mmWave MIMO-OFDM systems with dynamic hybrid beam-

forming architecture. However, only point-to-point mmWave MIMO-OFDM systems

are considered. In [122], the authors proposed two hybrid beamforming approaches,

based on the virtual sub-array and the true-time-delay lines, respectively, to elimi-

nate the impact of beam squint in wideband terahertz communications. However, only

single-user MIMO-OFDM systems are considered. Furthermore, the digital precoder

design in [122] adopts linear algorithms to cancel interference, which is insufficient due

to the common RF beamformer in wideband scenarios. In [86], the authors proposed

a closed-form solution to hybrid precoder for fully connected and partially connected

wideband mmWave SU-MIMO systems by exploiting the covariance matrix of fre-

quency domain channels. However, [86] assumed the fully-digital combining at the

receiver. The average of the covariance matrices of frequency domain channels is also

used to design hybrid precoder for wideband mmWave SU-MIMO OFDM and MU-

MISO OFDM systems in [96]. However, the digital precoder design for SU-MIMO and

MU-MISO in [96] adopt linear algorithms to cancel interference, which is not sufficient

due to the common RF beamformer in wideband scenarios. Using the minimum mean

square error (MMSE) criterion, the authors in [94] proposed a hybrid beamforming

design via eigenvalue decomposition and OMP for broadband mmWave SU-MIMO

systems. In [123], the authors proposed a principal component analysis (PCA)-based

hybrid precoder and combiner design for broadband mmWave SU-MIMO systems.

Only a small number of papers considered the design of hybrid precoding for wide-

band multi-user MIMO (MU-MIMO) scenarios [57, 124–126]. In [124], the authors

proposed a hybrid beamforming for wideband mmWave MU-MIMO OFDM systems.

In particular, the analog precoder and combiner design are based on tensor unfold-
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ing, and the digital precoder is designed to maximize the signal-to-leakage-plus-noise

ratio (SLNR). The authors in [57] established the required number of RF chains and

phase-shifters such that hybrid beamforming achieves the same performance as that

of the digital beamforming. The work in [57], however, is limited to the case of single-

antenna users. In [125], the authors proposed to design the precoders and combiners

for MU-MIMO OFDM systems by leveraging the duality between the downlink and

uplink. However, the authors neglected the inter-user interference in the design of

the uplink precoders. Furthermore, the computational complexity is very high due

to multiple iterations. In [126], the authors proposed a non-uniformly spaced quanti-

zation codebook based RF precoding without considering the inter-user interference

and block diagonalization (BD) based baseband precoding algorithm to cancel the

inter-user interference.

As mmWave communication systems are expected to be deployed on wideband

channels with frequency selective fading, how to design a common RF beamformer

across all subcarriers becomes the main challenge. Furthermore, the common RF

beamformer in wideband channels leads to the need of more effective baseband

schemes. However, most of the existing works are focused on linear algorithms to

cancel inter-user and intra-user interference. These two important features motivate

us to consider the hybrid beamforming design for wideband mmWave MU-MIMO

OFDM systems. In this chapter, we develop hybrid beamforming solutions for wide-

band mmWave MU-MIMO OFDM systems. The analog beamforming aiming to max-

imize the mutual information or spectral efficiency is frequency flat, while the digital

beamforming is different for each subcarrier aiming to cancel inter-user interference

and intra-user interference. The rest of this chapter is organized as follows. In Section

5.2, we introduce wideband mmWave MU-MIMO hybrid beamforming system model,

wideband mmWave channel model and the formulated optimization problem. Then,

the proposed hybrid precoding and combining algorithm are presented in Section 5.3.

In Section 5.4, the effect of channel estimation error on the proposed algorithm is

analyzed. The computational complexity of the proposed algorithm is analyzed in

Section 5.5. The simulation results used to evaluate the spectral efficiency perfor-

mance of the proposed algorithms are provided in Section 5.6, followed by summary

in Section 5.7. In this chapter, k refers to the kth subcarrier.
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5.2 System Model and Problem Formulation

In this section, we introduce the wideband mmWave MU-MIMO hybrid beamforming

structure and wideband mmWave channel model.

Figure 5.1: System block diagram of a fully connected downlink multi-user massive
MIMO with hybrid precoding/combining structure.

5.2.1 System Model

We consider the OFDM based wideband mmWave MU-MIMO hybrid beamforming

communication system as shown in Figure 5.1 where a BS with Nt massive antennas

and N t
RF limited RF chains is simultaneously communicating with Nu MSs. Each

MS is equipped with Nr antennas and N r
RF RF chains. In general, the number of

data streams can be different for different MSs. However, for simplicity, this paper

restricts attention to the scenario with an equal number of data streams for all users.

Without loss of generality, we assume each MS support Ns (Ns ≤ N r
RF ) data streams,

which means total NuNs (NuNs ≤ N t
RF ) data streams are transmitted by the BS. To

guarantee the effectiveness of the hybrid processing structure, the number of RF

chains is constrained by NuNs ≤ N t
RF � Nt for the BS and Ns ≤ N r

RF � Nr for

each MS. Note that to support Ns data streams transmission for each user, the least

number of RF chains at the BS and each MS are N t
RF = NuNs and N r

RF = Ns,

respectively.

At the BS, the NuNs data streams S[k] at each subcarrier k are first precoded

by an N t
RF ×NuNs baseband precoder FBB[k] = [FBB,1[k],FBB,2[k], · · · ,FBB,Nu [k]],
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where FBB,i[k] ∈ CNt
RF×Ns . After serial to parallel (S/P) transformation, the data

streams are transformed to the time domain using N t
RF K-point inverse fast Fourier

Transform (IFFT). Note that it is assumed all subcarriers are used in our system

model, therefore, the data stream length is equal to the number of subcarriers. After

adding a cyclic prefix (CP) of length Lcp and parallel to serial (P/S) transformation,

the data streams are finally precoded by an Nt × N t
RF analog precoder FRF , which

is implemented through an array of analog phase shifters. Since the analog precoder

is a post-IFFT module, it is important to emphasize here that the analog precoder

is identical for all subcarriers, which means that the analog precoder is frequency

flat while the digital precoder is frequency selective. This is the main distinguishing

feature of OFDM-based wideband hybrid beamforming compared to the narrowband

scenario. Since the phase shifters in the analog RF precoder can only change the phase

of the transmitted signal, each entry of FRF is of constant modulus. We normalize its

entries to satisfy |FRF (i, j)| = 1/
√
Nt. Furthermore, to meet the total transmit power

constraint for each subcarrier, FBB[k] is normalized to satisfy ‖FRFFBB[k]‖2
F = NuNs.

The discrete-time transmitted signal at subcarrier k can therefore be modeled as

X[k] = FRFFBB[k]S[k] =
Nu∑
i=1

FRFFBB,i[k]si[k], (5.1)

where S[k] =
[
sT1 [k], sT2 [k], · · · , sTNu [k]

]T ∈ CNuNs×1 is the signal vector for total trans-

mitted symbols of all Nu users, and si[k] ∈ CNs×1 denotes the transmitted symbol of

user i at subcarrier k with E
{
si[k]sHi [k]

}
= PiINs . Assuming a block fading channel

model, the received signal of the i-th MS at subcarrier k is given by

ri[k] = Hi[k]X[k] + ni[k]

= Hi[k]FRFFBB[k]S[k] + ni[k], (5.2)

where Hi[k] ∈ CNr×Nt represents the frequency selective fading channel between MS

i and the BS at subcarrier k, ni[k] ∈ Nr×1 is the additive complex Gaussian noise and

each entry of ni[k] follows the independent and identically distributed (i.i.d.) complex

Gaussian distribution with zero mean and variance σ2.

At the receiver i, assuming perfect time and frequency synchronization, the re-

ceived signal of all subcarriers are initially processed by an analog combiner, WRF,i ∈
CNr×Nr

RF , which is implemented by analog phase shifters similar to the BS. We also

normalize its entries to satisfy |WRF (i, j)| = 1/
√
Nr. After S/P transformation, the
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CP is removed and N r
RF K-point fast Fourier Transforms (FFTs) are applied to trans-

form the data streams to the frequency domain. Then N r
RF frequency domain equal-

izers are applied to recover the frequency domain signals. After P/S transformation,

finally the received signal is processed by a digital combiner WBB,i[k] ∈ CNr
RF×Ns ,

the receiver obtains the final processed signal given by

yi[k] = WH
BB,i[k]WH

RF,iHi[k]FRFFBB,i[k]si[k]

+ WH
BB,i[k]WH

RF,iHi[k]
Nu∑

j=1,j 6=i

FRFFBB,j[k]sj[k]

+ WH
BB,i[k]WH

RF,ini[k].

(5.3)

The three successive terms of Equation (5.3) denote the desired i-th MS signal, inter-

user interference and noise, respectively. It should be noted the desired i-th MS signal,

yde,i[k] consists of the desired m-th data stream and the intra-user interference, as

given by Equation (5.4).

yde,i[k] = WH
BB,i[k]WH

RF,iHi[k]FRFFBB,i[k]si[k]

= WH
BB,i[k](m, :)WH

RF,iHi[k]FRFFBB,i[k](:,m)si,m[k]

+ WH
BB,i[k](m, :)WH

RF,iHi[k]
Ns∑

n=1,n6=m
FRFFBB,i[k](:, n)si,n[k].

(5.4)

It can be seen from Equation (5.3) and Equation (5.4) that the received signal of

MS i at subcarrier k includes the desired data stream, the intra-user interference (or

inter-stream interference of the i-th MS), the inter-user interference from other Nu−1

MSs and the effective noise. When the Gaussian symbol is utilized by the BS, the

spectral efficiency achieved by the n-th data stream for the i-th MS at subcarrier k

will be

Ri,n[k] = log2 (|1 + SINRi,n[k]|) . (5.5)

The sum spectral efficiency of all MSs at subcarrier k is given by

R[k] =
Nu∑
i=1

Ns∑
n=1

Ri,n[k] =
Nu∑
i=1

Ns∑
n=1

log2 (|1 + SINRi,n[k]|), (5.6)

where SINRi,n[k] = Ps[k]
PI [k]+PN [k]

denotes SINR of the n-th stream of user i at subcarrier
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k. Ps[k], PI [k] and PN [k] are desired signal power, interference power and noise power,

given by Equation (5.7), (5.8) and (5.9), respectively.

Ps[k] =
Pi
KNs

WH
BB,i[k](n, :)W

H
RF,iHi[k]FRFFBB,i[k](:, n)FBB,i

H [k](:, n)FHRFHH
i [k]WRF,iWBB,i[k](n, :).

(5.7)

PI [k] =
Pi

KNs
WH

BB,i[k](n, :)W
H
RF,iHi[k]×

Ns∑
m=1,m 6=n

FRFFBB,i[k](:,m)FBB,i
H [k](:,m)FHRFHH

i [k]WRF,iWBB,i[k](n, :)

+ 1
KNs

WH
BB,i[k](n, :)W

H
RF,iHi[k]×

Nu∑
j=1,j 6=i

PjFRFFBB,j [k]F
H
BB,j [k]F

H
RFHH

i [k]WRF,iWBB,i[k](n, :).

(5.8)

PN [k] = σ2WH
BB,i[k](n, :)WH

RF,iWRF,iWBB,i[k](n, :). (5.9)

5.2.2 Channel Model

According to Chapter 2, the delay-d MIMO channel matrix between the i-th MS and

the BS, Hi[d] can be written as

Hi[d] =

√
NtNr

NCNP

NC∑
c=1

NP∑
l=1

αiclg(dTs − τc − τl)aMS(θic − γil )aBSH(ϕic − φil),

where αicl, c = 1, 2 · · ·Nc, l = 1, 2 · · ·NP is the complex gain of the l -th ray in the c-th

cluster of the i -th MS, which follows CN (0, 1), while aMS(θic) and aBS(ϕic) are the MS

and BS array response vectors, respectively, θic and ϕic denote the AoA and AoD of

the c-th cluster of the i -th MS, respectively. γil and φil denote relative AoA and AoD

shift of the l -th ray of the i -th MS, respectively. The frequency channel response of

MS i at subcarrier k, Hi[k], can be then expressed as

Hi[k] =
D−1∑
d=0

Hi[d]e−j
2πk
K
d. (5.10)

5.2.3 Problem Formulation

The main objective of the design is to maximize the overall spectral efficiency of the

system under the total transmit power constraint and the constant modulus con-

straints on each entry of the analog beamformers, assuming perfect knowledge of
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Hi[k]. That is, we aim to find the optimal hybrid precoder at the BS and optimal

hybrid combiner for each user by solving the following problems

maximize
FRF ,FBB [k],{WRF,i,WBB,i[k]}Nu

i=1

1
K

K∑
k=1

R[k] (5.11a)

s.t. Tr
(
FRFFBB[k]FBB[k]HFH

RF

)
≤ P (5.11b)

|FRF (m,n)|2 = 1,∀m,n. (5.11c)

|WRF,i(m,n)|2 = 1,∀m,n, i. (5.11d)

To solve the above optimization problem, joint optimization on the RF and base-

band precoders and combiners are required. However, in general, the optimization

problem described in Equation (5.11a) is a non-convex problem due to the presence

of the variables {FRF ,FBB[k]} and {WRF ,WBB,i[k]} in the interference plus noise

term (PI [k] + PN [k]) and the product between the variables. In addition, as stated

in [58], due to the non-convex constraints on FRF and WRF,i, finding global optima

for Equation (5.11a) is often found to be intractable. This paper uses the alternative

strategy proposed in [60–62], in which the RF beamforming is first designed regardless

of inter-user and intra-user interference, then the baseband beamforming is designed

to cancel interference given the already designed RF beamforming.

5.3 Proposed Wideband Hybrid Beamforming De-

sign

In this section, based on the wideband mmWave channel model and formulated prob-

lem in Section 5.2, we consider hybrid precoder and combiner design for wideband

mmWave multi-user MIMO-OFDM systems. The RF beamforming aiming to max-

imize the mutual information or spectral efficiency is designed by a relaxation of

the original maximization problem. Then the baseband beamforming is designed by

SO-based SIC to cancel inter-user interference and ZF SIC to cancel intra-user inter-

ference. It should be noted that the receivers of multiple users need to have other

users information and some sort of coordination among users is needed to do SIC.

This is the price paid for SIC. The SIC receiver on the k-th subcarrier for desired MS

i is shown in Figure 5.2. This strategy leads to a decoupled RF and baseband beam-

forming design. Following this strategy, the RF and baseband beamforming design



89

are given below.

5.3.1 RF beamforming design

As mentioned before, the RF beamforming is performed in the time domain and the

same RF beamforming matrix is applied for the entire bandwidth. We propose to

design RF beamforming by leveraging the sample covariance matrix of the frequency-

domain channel.

RF precoder

According to Equation (5.2), the mutual information of MS i at subcarrier k achieved

by Gaussian signaling over the mmWave channel is given by

Ii[k] = log2

∣∣∣∣I +
Pi
σ2

Hi[k]FRFFBB[k]FH
BB[k]FH

RFHH
i [k]

∣∣∣∣
(a)

≤ log2

∣∣∣∣I +
Piγ

2

σ2
Hi[k]FRFFH

RFHH
i [k]

∣∣∣∣
(b)
= log2

∣∣∣∣I +
Piγ

2

σ2
FH
RFHH

i [k]Hi[k]FRF

∣∣∣∣ .
(5.12)

The simplification step (a) of Equation (5.12) holds due to FBB[k]FH
BB[k] ≈ γ2INt

RF

[56] [96], and (a) is satisfied with equality if N t
RF = NuNS. The simplification step

(b) holds due to |I + AB| = |I + BA|. The mutual information achieved by all the

MSs across all subcarriers is given by

I =
1

K

Ku∑
i=1

K∑
k=1

Ii[k]

=
1

K

Ku∑
i=1

K∑
k=1

log2

∣∣∣∣I +
Piγ

2

σ2
FH
RFHH

i [k]Hi[k]FRF

∣∣∣∣
(c)

≤ log2

∣∣∣∣∣I +
γ2

σ2
FH
RF

1

K

Ku∑
i=1

K∑
k=1

PiH
H
i [k]Hi[k]FRF

∣∣∣∣∣
= log2

∣∣∣∣I +
γ2

σ2
FH
RFCaveFRF

∣∣∣∣ .
(5.13)
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Figure 5.2: SIC receiver on the k-th subcarrier for desired MS i
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The simplification step (c) of Equation (5.13) holds due to Jensen’s inequality. Cave

stands for the average of the frequency-domain channel covariance matrix of all users,

given by

Cave =
1

K

Ku∑
i=1

K∑
k=1

PiH
H
i [k]Hi[k]. (5.14)

When double the least number of RF chains are available at the transmitter, i.e.,

N t
RF = 2NuNs, two RF chains with constant modulus constraints can be combined

to act as one RF chain without constant modulus constraint. From Equation (5.13),

the optimal unconstrained RF precoder is given by

FRFun = Vave(:, 1 : N t
RF ), (5.15)

where Vave(:, 1 : N t
RF ) consists of the first N t

RF left singular vectors of Cave. When

double the least number of RF chains are not available, i.e., NuNs ≤ N t
RF < 2NuNs,

Vave(:, 1 : N t
RF ) does not satisfy the constant modulus constraints. According to the

prior work [58], we calculate the constrained RF precoder FRF by minimizing the

Frobenius norm between the optimal unconstrained and constrained RF precoder,

which is given by

FRF = min
FRF
‖FRFun − FRF‖2

F (5.16)

s.t. |FRF (i, j)| = 1/
√
Nt,∀i, j.

FRF can be obtained by

FRF =
1√
Nt

ej∠Vave(:,1:Nt
RF ). (5.17)

Proof : See Appendix B.
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RF combiner

The received signal of MS i at subcarrier k after RF combining is given by

yRF,i[k] = WH
RF,iri[k]

= WH
RF,iHi[k]FRFFBB[k]S[k] + WH

RF,ini[k].

(5.18)

Without considering inter-user interference, the spectral efficiency achieved by MS i

at subcarrier k is given by Equation (5.19), where (d) is based on FBB[k]FH
BB[k] ≈

γ2INt
RF

[56] [96].

Ri[k] = log2

∣∣∣I +
PiW

H
RF,iHi[k]FRFFBB [k]FHBB [k]FHRFHH

i [k]WRF,i

σ2WH
RF,iWRF,i

∣∣∣
(d)

≤ log2

∣∣∣I + Piγ
2

σ2 WH
RF,iHi[k]FRFFH

RFHH
i [k]WRF,i

∣∣∣ . (5.19)

The average spectral efficiency achieved by MS i across all subcarriers Ri is given by

Equation (5.20),

Ri = 1
K

K∑
k=1

Ri[k] = 1
K

K∑
k=1

log2

∣∣∣I + Piγ
2

σ2 WH
RF,iHi[k]FRFFH

RFHH
i [k]WRF,i

∣∣∣
(e)

≤ log2

∣∣∣∣I + Piγ
2

σ2 WH
RF,i

1
K

K∑
k=1

Hi[k]FRFFH
RFHH

i [k]WRF,i

∣∣∣∣
= log2

∣∣∣I + Piγ
2

σ2 WH
RF,iCave,iWRF,i

∣∣∣ .
(5.20)

where (e) in Equation (5.20) is based on Jensen’s inequality. Cave,i represents the

average of the frequency-domain equivalent channel covariance matrix of MS i, given

by

Cave,i =
1

K

K∑
k=1

Hi[k]FRFFH
RFHH

i [k]. (5.21)

When double the least number of RF chains are available at the receiver, i.e., N r
RF =

2Ns, the RF optimal unstrained combiner of MS i is given by

WRFun,i = Vave,i(:, 1 : N r
RF ), (5.22)
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where Vave,i(:, 1 : N r
RF ) consists of the first N r

RF left singular vectors of Cave,i. When

double the least number of RF chains are not available at the receiver, i.e., Ns ≤
N r
RF < 2Ns, as mentioned in the RF precoder, the constrained RF combiner of MS

i can be obtained by extracting the phase of the optimal unstrained RF combiner,

given by

WRF,i =
1√
Nr

ej∠Vave,i(:,1:Nr
RF ). (5.23)

The baseband equivalent channel of MS i at subcarrier k, H̃i[k] with dimension N r
RF×

N t
RF is given by

H̃i[k] = WH
RF,iHi[k]FRF , i = 1, 2, · · · , Nu. (5.24)

5.3.2 Baseband beamforming design

From the baseband combined signal Equation (5.3) and (5.4), both inter-user inter-

ference and intra-user interference need to be eliminated to demodulate the desired

data stream. In this subsection, the baseband precoder and combiner are designed

by employing the SIC-aided hybrid beamforming algorithm already proposed in [65]

for single-carrier systems with frequency flat-fading channels to cancel inter-user and

inner-user interference. Therefore, the baseband beamforming algorithms proposed

in the following part will be specialized to the narrowband case if there is only one

subcarrier. The rest of this subsection provides a brief description of the hybrid beam-

forming algorithm in [65] extended to OFDM-based wideband systems with frequency

selective fading channels.

Baseband Precoder

To cancel inter-user interference, the baseband precoder of the i-th MS at subcar-

rier k, FSIC
BB,i[k] needs to satisfy H̃j[k]FSIC

BB,i[k] = 0, i + 1 ≤ j ≤ Nu. We define

H̄i[k], (1 ≤ k < K) as

H̄i[k] =
[
H̃T
i+1[k], H̃T

i+2[k], · · · , H̃T
Nu [k]

]T
(5.25)
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Then the SVD of H̄i[k] is given by

H̄i[k] = Ui[k]Σi[k]VH
i [k] = Ui[k]Σi[k][V1

i [k],V2
i [k]]

H
, (5.26)

where V1
i [k] consists of the first (Nu−i)N r

RF columns of Vi[k], and V2
i [k] holds the rest

N t
RF − (Nu − i)N r

RF columns of Vi[k], which are exactly the orthogonal bases of the

null space of H̄i[k]. Note that the null space of H̄i[k], 1 ≤ i < Nu are not overlapped

any more. Therefore, the SIC-based inter-user interference cancellation algorithm

outperforms its linear counterparts. For the Nu-th MS, there is no interfering user

according to our assumptions and we perform SVD of its baseband equivalent channel

H̃Nu [k], given by

H̃Nu [k] = UNu [k]ΣNu [k]VH
Nu

[k]

= UNu [k]ΣNu [k]
[
V1
Nu

[k],V2
Nu

[k]
]H
,

(5.27)

where V1
Nu

[k] consists of the first Ns columns of VNu [k], and V2
Nu

[k] holds the rest

N t
RF − Ns columns of VNu [k]. Since the previous Nu − 1 MSs have been cancelled,

the Nu-th MS can perform inter-user interference free multi-stream transmission at

subcarrier k.

For the first Nu − 1 MSs, to achieve inter-user interference-free transmission, we

force the baseband precoder FSIC
BB,i[k] of MS i at subcarrier k lies in the null space

of H̄i[k] by setting FSIC
BB,i[k] = V2

i [k]Gi[k], 1 ≤ i < Nu. For MS Nu, FSIC
BB,Nu

[k] =

V1
Nu

[k]GNu [k]. Gi[k], 1 ≤ i ≤ Nu is derived to maximize the spectral efficiency of the

i-th MS at subcarrier k, given by

Gi[k] = M
(Ns)
i [k]Γ

1/2
i [k]. (5.28)

Proof : See Appendix C.

The baseband precoder FSIC
BB,i[k] is summarized as

FSIC
BB,i[k] =

{
V2
i [k]Gi[k] 1 ≤ i < Nu

V1
Nu

[k]GNu [k] i = Nu.
(5.29)

Finally, the overall baseband precoder to enable inter-user interference-free transmis-
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sion is given by

FSIC
BB [k] =

[
FSIC
BB,1[k],FSIC

BB,2[k], · · · ,FSIC
BB,Nu [k]

]
. (5.30)

Obviously, the baseband precoder of the i-th MS at subcarrier k, FSIC
BB,i[k] satisfies

H̃i[k]FSIC
BB,j[k] = WH

RF,i[k]Hi[k]FRFFSIC
BB,j[k]

=


0 1 ≤ j < i

WH
RF,i[k]Hi[k]FRFV2

j [k]Gj[k] i ≤ j < Nu − 1

WH
RF,i[k]Hi[k]FRFV1

Nu
[k]GNu [k] j = Nu

(5.31)

After the detected (i+ 1)-th to Nu-th MS has been cancelled, the RF received signal

of the i-th MS at subcarrier k is given by

ȳi[k] = yRF,i[k]−
Nu∑

j=i+1

WH
RF,iHi[k]FRFFSIC

BB,j[k]sj[k]

= WH
RF,iHi[k]FRFFSIC

BB,i[k]si[k] + WH
RF,ini[k]

= WH
RF,iHi[k]FRFFSIC

BB,i[k](:,m)si,m[k]

+
∑Ns

n=1,n 6=m WH
RF,iHi[k]FRFFSIC

BB,i[k](:, n)si,n[k]

+ WH
RF,ini[k].

(5.32)

The first equality of Equation (5.32) holds due to Equation (5.31). The three suc-

cessive terms of the third equality of Equation (5.32) on different lines represent the

m-th desired data stream for MS i at subbcarrier k, the intra-user interference and

the effective noise, respectively.

Baseband Combiner

Without loss of generality, we want to detect the m-th stream of the i-th MS at

subcarrier k. Define the equivalent channel of the i-th MS at subcarrier k as HEqu,i[k],

given by

HEqu,i[k] = H̃i[k]FSIC
BB,i[k] = [hi,1[k], · · · ,hi,Ns [k]] . (5.33)
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The ZF baseband combiner to detect the m-th stream of MS i at subcarrier k is

WH
BB,i[k](m, :) = Gk(m, :), where Gk is the ZF baseband combiner, given by

Gk =
(
HH
Equ,i[k]HEqu,i[k]

)−1
HEqu,i[k]. (5.34)

Therefore, the detected m-th stream of the MS i at subcarrier k is given by

ŝi,m[k] = WH
BB,i[k](m, :)ȳi[k]

= WH
BB,i[k](m, :)WH

RF,iHi[k]FRFFSIC
BB,i[k](:,m)si,m[k]

+ WH
BB,i[k](m, :)WH

RF,ini[k].

(5.35)

Then ŝi,m[k] is demodulated and re-modulated to cancel the noise accumulation. After

that the re-modulated symbol s̃i,m[k] will be subtracted from the received signal,

which is given by

ȳi,m[k] = ȳi[k]− hi,m[k]s̃i,m[k]

=
Ns∑

q=1,q 6=m
WH

RF,iHi[k]FRFFSIC
BB,i[k](:, q)si,q[k]

+ WH
RF,ini[k].

(5.36)

Then we will detect the n-th (n 6= m ) data stream of the i-th MS at subcarrier k,

si,n[k]. Let H̄SIC
i,m [k] denote zeroing column m of HEqu,i[k], which is given by

H̄SIC
i,m [k] = [hi,1[k], · · · ,hi,m−1[k],0,hi,m+1[k], · · · ,hi,Ns [k]] . (5.37)

To detect the n-th data stream of the i-th MS at subcarrier k, si,n[k], the baseband

combiner WH
BB,i[k](n, :) = Qk(n, :), where Qk is given by

Qk =
((

H̄SIC
i,m [k]

)H
H̄SIC
i,m [k]

)−1(
H̄SIC
i,m [k]

)H
. (5.38)
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The detected n-th data stream of MS i at subcarrier k, ŝi,n[k] is given by

ŝi,n[k] = WH
BB,i[k](n, :)ȳi,m[k]

= WH
BB,i[k](n, :)

Ns∑
q=1,q 6=m

WH
RF,iHi[k]FRFFSIC

BB,i(:, q)si,q[k]

+ WH
BB,i[k](n, :)WH

RF,ini[k]
(f)
= WH

BB,i[k](n, :)WH
RF,kHi[k]FRFFSIC

BB,i(:, n)[k]si,n[k]

+ WH
BB,i[k](n, :)WH

RF,ini[k].

(5.39)

The simplification of step (f ) of Equation (5.39) holds due to Equation (5.38). Then

the detected symbol si,m[k] and si,n[k] will be subtracted from the received signal,

and the above steps are then performed for the rest streams by operating in turn on

the progression of the already-detected symbol removed. Since the preceding treat-

ment eventually cancels both inter-user and intra-user interference, the sum spectral

efficiency of all MSs across all subcarriers can be simplified as Equation (5.40). In

summary, we provide the proposed hybrid SIC algorithm as Algorithm 9.

R =

K∑
k=1

Nu∑
i=1

Ns∑
n=1

Pi
σ2KNs

WH
BB,i[k](n, :)W

H
RF,iHi[k]FRFFBB,i[k](:, n)FBB,i

H [k](:, n)FHRFHH
i [k]WRF,iWBB,i[k](n, :)

WH
BB,i[k](n, :)W

H
RF,iWRF,iWBB,i[k](n, :)

.

(5.40)

Detection User and stream Order

As discussed in [65], the order in which user are detected can be determined by their

large scale fading, and the order in which streams of the i-th MS si are detected ac-

cording to the best post-detection SINR of the m-th stream of the i-th MS SINRi,m

at each stream detection, as given by Equation (5.41). Note that PI [k] in Equa-

tion (5.42) is different from Equation 5.8 since the inter-user interference has been

cancelled in Equation (5.35).

SINRi,m[k] =
PiW

H
BB,i[k](m, :)W

H
RF,iHi[k]FRFFSICBB,i[k](m, :)

(
FSICBB,i[k](m, :)

)H
FHRFHH

i [k]WRF,iWBB,i[k](m, :)

σ2WH
BB,i[k](m, :)W

H
RF,iWRF,iWBB,i[k](m, :) + PI

(5.41)

PI [k] = WH
BB,i[k](m, :)W

H
RF,iHi[k]FRF

Ns∑
q=1,q 6=m

PiF
SIC
BB,i[k](q, :)

(
FSICBB,i[k](q, :)

)H
FHRFHi[k]

HWRF,iWBB,i[k](m, :)

(5.42)
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Algorithm 9 Hybrid SIC algorithm

Input: Hi[k], i = 1, 2, · · ·Nu; k = 1, 2, · · ·K.
Analog Stage
1. for i ≤ Nu do
2. for k ≤ K do
3. Calculate Cave according to Equation (5.14)
4. end for
5. end for
6. Calculate FRF according to Equation (5.15) or (5.17)
7. for i ≤ Nu do
8. for k ≤ K do
9. Calculate Cave,i according to Equation (5.21)
10. end for
11. Calculate WRF,i according to Equation (5.22) or Equation (5.23)
12. end for
13. i = 1, 2, · · ·Nu; k = 1, 2, · · ·K,

Calculate H̃i[k] according to Equation (5.24)
End Analog Stage
Digital Stage
14. for k ≤ K do
15. for i ≤ Nu do
16. if i < Nu do

17. H̄i[k] =
[
H̃T
i+1[k], H̃

T
i+2[k], · · · , H̃T

Nu
[k]
]T

18. H̄i[k] = Ui[k]Σi[k]
[
V1
i [k],V

2
i [k]
]H

19. FSICBB,i[k] = V2
i [k]Gi[k]

20. else
21. H̃Nu

[k] = UNu
[k]ΣNu

[k]
[
V1
Nu

[k],V2
Nu

[k]
]H

22. FSICBB,Nu
[k] = V2

Nu
GNu [k]

23. end if
24. end for
25. Obtain FSICBB [k] =

[
FSICBB,1[k], · · · ,FSICBB,Nu

[k]
]

26. end for
27. for k ≤ K do
28. for i ≤ Nu do
29. Calculate HEqu,i[k] according to Equation (5.33)
30. for m ≤ Ns do
31. Calculate H̄SIC

i,m [k] according to Equation (5.37)

32. Qk =
((

H̄SIC
i,m [k]

)H
H̄SIC
i,m [k]

)−1(
H̄SIC
i,m [k]

)H
33. WBB,i[k](m, :) = Qk (m, :)
34. end for
35. end for
36. end for
End Digital Stage
Output FRF ,F

SIC
BB [k],WRF,i,WBB,i[k],

i = 1, 2, · · · , Nu; k = 1, 2, · · · ,K

5.4 Channel Estimation Errors

In Section III, we assume that perfect channel state information is available. In

this section, we analyze the performance of the proposed hybrid beamforming with
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imperfect CSI. According to Chapter 3, the estimated channel matrix of MS i at

subcarrier k can be modeled as [17]

Ĥi[k] = ξHi[k] +
√

1− ξ2Ei[k], (5.43)

where 0 ≤ ξ ≤ 1 represents the reliability of the estimate and Ei[k] is the estimation

error matrix that is uncorrelated with Hi[k], the entries of Ei[k] are i.i.d and follow a

complex Gaussian distribution of CN (0, I). For the RF precoding, substituting Equa-

tion (5.43) into (5.13), the mutual information can be expressed as Equation (5.44),

where the third equality holds due to the fact that Hi[k] and Ei[k] are uncorrelated,

and the last line is obtained based on the fact that each element of Ei[k] follows a

complex Gaussian distribution of CN (0, 1) and K is large.

I = 1
K

Nu∑
i=1

K∑
k=1

log2

∣∣∣∣I + Pi

σ2 FHRF

(
ξHi[k] +

√
1− ξ2Ei[k]

)H (
ξHi[k] +

√
1− ξ2Ei[k]

)
FRF

∣∣∣∣
= 1

K

Nu∑
i=1

K∑
k=1

log2

∣∣∣I + Pi

σ2 FHRF

(
ξ2HH

i [k]Hi[k] + 2Re
(
ξ
√
1− ξ2EH

i [k]Hi[k]
)
+
(
1− ξ2

)
EH
i [k]Ei[k]

)
FRF

∣∣∣
≤ log2

∣∣∣∣I + Pi

σ2 FHRF
1
K

Nu∑
i=1

K∑
k=1

(
ξ2HH

i [k]Hi[k] + 2Re
(
ξ
√

1− ξ2EH
i [k]Hi[k]

)
+
(
1− ξ2

)
EH
i [k]Ei[k]

)
FRF

∣∣∣∣
= log2

∣∣∣∣I + Pi

σ2 FHRF
1
K

Nu∑
i=1

K∑
k=1

(
ξ2HH

i [k]Hi[k] +
(
1− ξ2

)
EH
i [k]Ei[k]

)
FRF

∣∣∣∣
≈ log2

∣∣∣∣I + Pi

σ2 FHRF

(
ξ2

K

Nu∑
i=1

K∑
k=1

HH
i [k]Hi[k]

)
FRF

∣∣∣∣
(5.44)

For RF combining, substituting Equation (5.43) into (5.20), as in RF precoding, the

average spectral efficiency of MS i can be further expressed as Equation (5.45). From

Equation (5.44) and (5.45), we can observe that ξ2

K

∑Ku
i=1

∑K
k=1 HH

i [k]Hi[k] and Cave

have the same left singular vectors. For the same reason, ξ
2

K

∑K
k=1 Hi[k]FRFFH

RFHH
i [k]

and Cave,i have the same left singular vectors. Therefore, when the number of subcar-

riers and ξ is large, the proposed RF beamforming is virtually unaffected by channel



100

estimation error.

Ri =
1
K

K∑
k=1

log2

∣∣∣∣I + Pi

σ2 WH
RF,i

(
ξHi[k] +

√
1− ξ2Ei[k]

)
FRFFHRF

(
ξHi[k] +

√
1− ξ2Ei[k]

)H
WRF,i

∣∣∣∣
= 1

K

K∑
k=1

log2

∣∣∣∣∣I + Pi

σ2 WH
RF,i

(
ξ2Hi[k]FRFFHRFHH

i [k] + 2Re
(
ξ
√
1− ξ2Hi[k]FRFFHRFEH

i [k]
)

+
(
1− ξ2

)
Ei[k]FRFFHRFEH

i [k]

)
WRF,i

∣∣∣∣∣
≤ log2

∣∣∣∣∣I + Pi

σ2 WH
RF,i

1
K

K∑
k=1

(
ξ2Hi[k]FRFFHRFHH

i [k] + 2Re
(
ξ
√
1− ξ2Hi[k]FRFFHRFEH

i [k]
)

+
(
1− ξ2

)
Ei[k]FRFFHRFEH

i [k]

)
WRF,i

∣∣∣∣∣
= log2

∣∣∣∣I + Pi

σ2 WH
RF,i

1
K

K∑
k=1

(
ξ2Hi[k]FRFFHRFHH

i [k] +
(
1− ξ2

)
Ei[k]FRFFHRFEH

i [k]
)
WRF,i

∣∣∣∣
≈ log2

∣∣∣∣I + Pi

σ2 WH
RF,i

(
ξ2

K

K∑
k=1

Hi[k]FRFFHRFHH
i [k]

)
WRF,i

∣∣∣∣
(5.45)

For the baseband precoding, substituting Equation (5.43) into (5.24), we can

obtain ˆ̄Hi[k], which is given by Equation (5.46). Ēi[k] in Equation (5.46) is given by

Equation (5.47). Defining the SVD of ˆ̄Hi[k] =
∑ri,k

p=1 λpupvp, where up and vp are

the left and right singular vectors corresponding to the p-th singular value λp, ri,k ≤
min ((Nu − i)N r

RF , N
t
RF ) is the rank of ˆ̄Hi[k]. It is obvious that ξH̄i[k] and H̄i[k] have

the same null space, since they have the same right singular vectors corresponding

to zero singular values. Moreover, if ξ is large enough, there exists a lk that satisfies∑lk
p=1 λpupvp ≈ ξH̄i[k]. Therefore, we conclude that if ξ is large enough, ˆ̄Hi[k] and

H̄i[k] have the same null space. That is to say, our proposed null space based baseband

precoding design can reduce the influence of channel estimation errors.

ˆ̄Hi[k]=



WH
RF,i+1

(
ξHi+1 +

√
1− ξ2Ei+1[k]

)
[k]FRF

WH
RF,i+2

(
ξHi+2 +

√
1− ξ2Ei+2[k]

)
[k]FRF

...

WH
RF,Nu

(
ξHNu

+
√
1− ξ2ENu

[k]
)
[k]FRF



=


WH

RF,i+1ξHi+1FRF

WH
RF,i+2ξHi+2FRF

...

WH
RF,Nu

ξHNu
FRF

+


WH

RF,i+1

√
1− ξ2Ei+1[k]FRF

WH
RF,i+2

√
1− ξ2Ei+2[k]FRF

...

WH
RF,Nu

√
1− ξ2ENu

[k]FRF

 ,
= ξH̄i[k] +

√
1− ξ2Ēi[k]

(5.46)

Ēi[k] =
[(

WH
RF,i+1Ei+1[k]FRF

)T
,
(
WH

RF,i+2Ei+2[k]FRF

)T
, · · ·

(
WH

RF,NuENu [k]FRF

)T]T
.

(5.47)
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For the baseband combining, Gk is the pseudo-inverse of HEqu,i[k], substituting

Equation (5.43) into (5.33), we can obtain ĤEqu,i[k], given by

ĤEqu,i[k] = WH
RF,i

(
ξHi[k] +

√
1− ξ2Ei[k]

)
FRFFBB,i[k]

= ξHEqu,i[k] +
√

1− ξ2WH
RF,iEi[k]FRFFBB,i[k]

= ξHEqu,i[k] +
√

1− ξ2QEqu,i[k],

(5.48)

where QEqu,i[k] = WH
RF,iEi[k]FRFFBB,i[k]. Assume ξ is very large,

√
1− ξ2 is very

small, then the pseudo-inverse of the equivalent channel matrix with estimation error

can be approximated by the linear part of the Taylor expansion [127], which can be

expressed as

Ĥ†Equ,i[k] =
(
ξHEqu,i[k] +

√
1− ξ2QEqu,i[k]

)†
≈ (ξHEqu,i[k])†

(
I −

√
1− ξ2QEqu,i[k](ξHEqu,i[k])†

)
= 1

ξ
H†Equ,i[k]−

√
1−ξ2

ξ2 H†Equ,i[k]QEqu,i[k]H†Equ,i[k].

(5.49)

From Equation (5.49), we can observe that for baseband combining, the effect of

channel estimation errors is negligible when ξ is large enough.

5.5 Computational Complexity Analysis

In this section, we analyze the complexity of implementing the proposed hybrid SIC

algorithm. For comparison, we also present the complexity in implementing SU fully

digital SVD, the fully digital BD, extended RF phase extraction hybrid BD (Extended

PEHBD) [62] and hybrid SLNR (HSLNR) [124]. To focus on the main ideas, we

consider the simplified case where each MS is equipped with the same number of

antennas Nr and RF chains N r
RF . Furthermore, each MS is assumed to support the

same number of data streams Ns.

For the SU fully digital SVD beamforming, the total complexity is dominated byK

SVDs of the overall channel matrix with dimension NuNr×Nt, yielding the complexity

order of O(KN2
uN

2
rNt). For the fully digital BD beamforming, the total complexity

is dominated by KNu SVDs of the overall channel matrix with dimension (Nu −
1)Nr×Nt, yielding the complexity order of O(KNu(Nu−1)2N2

rNt). For the extended

PEHBD, the total complexity is dominated by RF beamforming, and therefore can

be shown to be the complexity order of O(N3
t ). For the HSLNR algorithm, the total
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complexity is dominated by Nu times of SVDs of the horizontal unfolding of the

frequency domain channel, yielding the complexity order of O(NuK
3N3

t ). For the

proposed hybrid beamforming algorithm, the total complexity is dominated by SVD

of Cave, yielding the complexity order of O(N3
t ).

For the baseband beamforming, the extra computation of the proposed algorithm

compared to the existing linear algorithms when performing intra-user interference

cancellation is dominated by KNuNs times of matrix inverse of Ĥk, and there-

fore can be shown to be of complexity O(KN3
u(N r

RF )2N t
RF ) + O(KNuN

r
RFN

3
s ) ≈

O(KN3
u(N r

RF )2N t
RF ). Furthermore, the required extra complexity of the proposed

algorithm compared to the existing linear algorithms when performing inter-user in-

terference cancellation is dominated by K(Nu − 1) times of SVDs, yielding the com-

plexity order of O(1
3
KN3

u(N r
RF )2N t

RF ), KNu times of SVDs with the complexity order

of O(KN3
u(N r

RF )2N t
RF ) and KNu times of matrix inverse with the complexity order of

O(KNu(N
r
RF )2N t

RF ) when maximizing the spectral efficiency of each MS. Therefore

the complexity order of the proposed algorithm is simplified to O(4
3
KN3

u(N r
RF )2N t

RF ).

Therefore, the baseband beamforming complexity of the proposed hybrid SIC algo-

rithm is higher than the extended PFHBD and HSLNR algorithms. In summary, we

list the above complexity evaluation results in Table 5.1.

Table 5.1: Comparison of computational complexity

Algorithms FRF and WRF FBB and WBB Total Complexity

Fullly Digital SVD Not Involved O(KN2
uN

2
rNt) O(KN2

uN
2
rNt)

Fullly Digital BD Not Involved O(KNu(Nu − 1)2N2
rNt) O(KNu(Nu − 1)2N2

rNt)

Extended PFHBD O(N3
t ) O(KNu(Nu − 1)2(Nr

RF )2Nt
RF ) O(N3

t )

HSLNR O(KNuN2
rNt) O(KNu(Nu − 1)2(Nr

RF )2Nt
RF ) O(KNuN2

rNt)

Proposed Hybrid SIC O(N3
t ) O( 4

3
KN3

u(Nr
RF )2Nt

RF ) O(N3
t )

5.6 Simulation Results

In this section, we present simulation results to illustrate the sum SE performance

of the proposed hybrid SIC algorithm. In the simulations, the least number of RF

chains is considered at transceivers. Further, unless otherwise mentioned, both BS

and MS are equipped with ULA with the number of antennas Nt = 256 and Nr = 16,

respectively. The system carrier frequency is set to fc = 28 GHz, and the bandwidth

is set to B = 4 GHz. The total number of subcarriers is chosen as K = 512. The CP

length Lcp is K/4 = 128 and the maximum delay is less than LcpTs. The channels
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from BS to each MS with the same number of scattering clusters Nc = 8 and paths

Np = 10 are generated according to Equation (5.10) in which the center AoAs and

AoDs of the clusters are assumed to be uniformly distributed in [0, 2π] and the relative

AoAs and AoDs are assumed to follow Laplacian distribution [85]. The path delay

is assumed to be uniformly distributed in [0, LcpTs). The antenna element spacing is

set to de = λ/2. In simulations, the sum SE is plotted versus the SNR per subcarrier

(SNR = P/σ2
n) or the number of antenna elements or the number of users averaged

over 5000 random channel realizations.

5.6.1 Sum Spectral Efficiency Evaluation

First, we numerically illustrate the sum SE performance of the proposed Hybrid SIC

algorithm with different configurations in Figure 5.3 to 5.5. We compare the proposed

hybrid SIC algorithm with the extended PEHBD [62], HSLNR [124] and fully digital

BD scheme [101]. The benchmark is provided by the sum of the maximum achievable

spectral efficiency of the SU fully digital SVD beamforming [58] with the same system

configuration. Furthermore, we also provide an upper bound spectral efficiency of the

proposed algorithm, given by Equation (5.20).

Three cases, Nu = 8 , Nu = 4 and Nu = 2 are considered in Figure 5.3 to 5.5, re-

spectively, and we suppose N r
RF = Ns = 4, N t

RF = NuNs. We can observe from Figure

5.3 to 5.5 that the proposed hybrid SIC algorithm achieves slightly lower sum spectral

efficiency compared to the upper bound given by Equation (5.20), which confirms our

analysis in Section 5.3. Furthermore, the spectral efficiency of the proposed hybrid

SIC algorithm performs close to the SU fully digital SVD beamforming, and outper-

forms the fully digital BD algorithm in the case of Nu = 8 and Nu = 4. Moreover,

with the more powerful nonlinear beamforming, the proposed hybrid SIC algorithm

exhibits substantially higher sum spectral efficiency compared to the traditional linear

hybrid beamforming algorithms.

Next, we evaluate the sum spectral efficiency when varying the number of BS

antennas and MS antennas with SNR = 10 dB. In Figure 5.6, the same setup of

Figure 5.4 is adopted except the number of ULA element at BS changes from Nt = 50

to Nt = 400. In Figure 5.7, the same setup of Figure 5.4 is adopted except the

number of ULA element at MS changes from Nr = 10 to Nr = 100. The figures

show a considerable performance gain by the proposed hybrid SIC algorithm over

the extended PEHBD and HSLNR algorithm. The reason is that the inter-user
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interference and intra-user interference are both cancelled by SIC in the proposed

hybrid SIC algorithm, which boosts the sum spectral efficiency performance.

Then we evaluate the performance of the proposed hybrid SIC algorithm with

a different number of MS in Figure 5.8. In this figure, the same system setup is

adopted in Figure 5.3, but with Nu increasing from 2 to 16, and N t
RF = NuN

r
RF .

In this scenario, the sum spectral efficiency of the proposed hybrid SIC and HSLNR

algorithm increase as the number of MSs Nu grows. A considerable performance

improvement is observed by the proposed algorithm over the one in the literature. The

reason is that inter-user interference is cancelled by SIC in the proposed algorithms,

which boosts the sum spectral efficiency performance.

In Figure 5.9, we further illustrates the sum spectral efficiency improvement

achieved by the proposed hybrid SIC algorithm with optimal data stream order (re-

ferred to as hybrid OSIC) in different cases. Three cases, Nu = 8, Nu = 4 and Nu = 2

are considered. Each MS is equipped with N r
RF = 4 RF chains and supports Ns = 4
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data streams. In Figure 5.9, it is witnessed the sum spectral efficiency improvement

achieved by the proposed hybrid OSIC algorithm is about 2%, 4% and 4% compared

to the proposed Hybrid SIC algorithm with arbitrary data stream order in the case

of Nu = 8, Nu = 4 and Nu = 2, respectively.

5.6.2 Robustness Evaluation

Finally, we illustrate the robustness of the proposed hybrid SIC algorithm in Figure

5.10 and 5.11, adopting the same setup of Figure 5.3. In Figure 5.10, we demonstrate

the sum spectral efficiency achieved by the proposed hybrid SIC algorithm with the

finite resolution of phase shifters. As observed in Figure 5.10, the performance of

the proposed hybrid SIC algorithm for 3-bit, 2-bit and 1-bit resolution phase shifters

can achieve over 94%, 90% and 74% performance of infinite resolution phase shifters

(referred to as B = ∞), respectively.
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RF = 16, N r
RF = 4.

In Figure 5.11, we evaluate the impact of imperfect CSI on the proposed hybrid

SIC beamforming algorithm. From Figure 5.11, we can observe that the performance

gap between the proposed hybrid SIC algorithm with imperfect CSI and perfect CSI

gets smaller with increasing the reliability of the channel estimate. It is witnessed

that the gap is neglectable when ξ = 0.9, which confirms our analysis in Section IV.

5.7 Summary

In this chapter, a hybrid beamforming design for wideband mmWave MU-MIMO

OFDM systems has been proposed. In our design, we adopt a relaxation of the

original mutual information and spectral efficiency maximization problems at the

transceiver. For the relaxed problems, we design RF precoder and combiner which

can achieve almost the same performance as the original problems. Then a SIC-aided

baseband beamforming algorithm on a per-subcarrier basis has been proposed to
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Figure 5.7: Sum SE performance with different number MS antenna, Nt = 256,
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RF = 16, N r
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cancel both inter-user and intra-user interference. The performance of the proposed

algorithm in the presence of channel estimation error has been studied. The numerical

results demonstrate that the proposed hybrid beamforming algorithm outperforms the

existing linear hybrid beamforming at the cost of computational complexity for the

SIC procedure. Furthermore, the proposed hybrid beamforming algorithm can achieve

good SE performance with finite resolution phase shifters and channel estimation

error.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, we have addressed the hybrid beamforming design for mmWave cellu-

lar communications. We have considered both narrowband and wideband mmWave

channels. First of all, for narrowband SU-MIMO transmission, we designed a set of

orthogonal candidate analog precoder, which can be achieved by performing GSO to

the columns of the array response matrix. Array configuration and connection archi-

tecture are not required to be considered any more. Furthermore, it can be applied

to both fully connected and partially connected architecture. According to the array

response vector along which the full digital precoder has the maximum projection, we

have proposed a heuristic solution to the order of columns selection to perform GSO.

We then investigate the SIC-aided hybrid precoding and combining design for

downlink mmWave multi-user massive MIMO systems, aiming to maximize the overall

spectral efficiency. We have proposed an IC-aided hybrid beamforming design frame-

work, in which non-linear algorithms can be used to suppress inter-user and intra-user

interference. Under the proposed framework, three SIC-aided hybrid beamforming

algorithms have been presented according to the dominance of inter-user interference,

intra-user interference, or both. Furthermore, we have proposed the optimal detec-

tion order of data streams according to the post-detection SINR, which can further

improve the spectral efficiency performance of the proposed three algorithms.

Finally, we have developed a near-optimal closed-form RF beamforming solution

for wideband mmWave MU-MIMO OFDM systems. We have reformulated the RF

precoder and combiner design problem by a relaxation of the original mutual infor-



114

mation maximization problem at the transmitter and a relaxation of the spectral effi-

ciency maximization problem at the receiver. For the reformulated problems, we have

designed RF precoder and combiner which have almost the same spectral efficiency

as the original problems. We have proposed an SIC-aided baseband beamforming

algorithm on a per-subcarrier basis to cancel both inter-user and intra-user interfer-

ence. We have analyzed the performance of the proposed algorithm in the presence of

channel estimation error. By modeling the estimation error as independent complex

Gaussian random variables and uncorrelated with the ideal channel, tight approxi-

mations for both the original mutual information and spectral efficiency have been

derived.

6.2 Future Work

It should be noted the hybrid beamforming design proposed in this thesis is based

on the assumption that BS has full CSI of all MSs. Future work should be done to

investigate efficient channel estimation algorithms, especially in fast fading channels.

As mmWave cellular systems are expected to be densely deployed to guarantee

acceptable coverage, spectral efficiency, as well as energy efficiency, inter-cell interfer-

ence is a major challenge that needs to be solved. It will be interesting to investigate

the hybrid beamforming design for multi-cell mmWave cellular systems.

The user fairness is not considered in Chapters 4 and 5. It will also be interesting

to investigate how to maximizing the overall system throughput with user fairness.

In addition, the RF beamforming and baseband beamforming proposed in this

thesis is designed alternatively. Future work can be focused on how to joint opti-

mization of RF beamformer and baseband beamformer with minimal increase in the

computational complexity.
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Appendix A

Proof of Equation (4.28)

From Equation (4.32), after RF combining, the received signal of the k-th MS is given

by

yRF,k = WH
RF,kHkFRFFSO

BB,ksk

+WH
RF,kHk

K∑
l=k+1

FRFFSO
BB,lsl + WH

RF,knk

= H̃kF
SO
BB,ksk + H̃k

K∑
l=k+1

FSO
BB,lsl + WH

RF,knk

= H̃kV̂
(0)
k Gksk + H̃k

K∑
l=k+1

FSO
BB,lsl + WH

RF,knk.

(A.1)

The achieved spectral efficiency of the k-th Ms is given by

Rk = log2

(∣∣∣∣INr
RF

+ R−1
I+NH̃kV̂

(0)
k GkG

H
k

(
V̂

(0)
k

)H
H̃H
k

∣∣∣∣)
(c)
= log2

(∣∣∣∣INs + GH
k

(
V̂

(0)
k

)H
H̃H
k R−1

I+NH̃kV̂
(0)
k Gk

∣∣∣∣) , (A.2)

where step (c) of Equation (A.2) is the result of using |I + AB| = |I + BA|, RI+N is

the noise and interference covariance matrix, which is given by

RI+N = σ2WH
RF,kWRF,k +

K∑
l=k+1

H̃kF
SO
BB,l

(
FSO
BB,l

)H
HH
k . (A.3)
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The optimal Gk is the solution to the following optimization problem

((G∗k)k=1:K) = arg maxRk (A.4a)

s.t. Tr
(
GkG

H
k

)
≤ Pk, (A.4b)

where Pk is the transmit power of the k-th MS. Finding Gk to maximize the achieved

spectral efficiency leads to a water-filling solution using the following SVD(
V̂

(0)
k

)H
H̃H
k R−1

I+NH̃kV̂
(0)
k = MkΛkM

H
k

= MkΛk

[
M

(Ns)
k ,M

(Nr
RF−Ns)

k

]H
,

(A.5)

where M
(Ns)
k consists of the first Ns columns of Mk, and M

(Nr
RF−Ns)

k holds the rest

N r
RF −Ns columns of Mk. The optimal solution of Gk, which is given by

Gk = M
(Ns)
k Γ

1/2
k , (A.6)

where the water-filling coefficients in Γk are chosen such that maximum spectral

efficiency is achieved. The total transmit power for all users is then the sum of the

elements of all Γk. Therefore, the baseband precoder of the k-th MS is obtained

FSO
BB,k = V̂

(0)
k Gk = V̂

(0)
k M

(Ns)
k Γ

1/2
k . (A.7)
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Appendix B

Solution to Problem (5.16)

From Equation (5.16), the Frobenius norm between the optimal unconstrained RF

precoder and constrained precoder can be rewritten as

‖FRFun − FRF‖2
F

= Tr
{

(FRFun − FRF ) (FRFun − FRF )H
}

= Tr
{

(FRFun − FRF )H (FRFun − FRF )
}

(e)
= 2N t

RF − Tr
{

2Re
{
FH
RFFRFun

}}
.

(B.1)

The simplification step (e) of Equation (B.1) holds due to FH
RFunFRFun = INt

RF
and

FH
RFFRF = INt

RF
[96]. FH

RFFRFun can be further expressed as

FH
RFFRFun

=
Nt
RF∑
i=1

Nt∑
j=1

|F∗RF (i, j)| |FRFun (i, j)| ejφ(i,j),
(B.2)

where φ (i, j) = ∠F∗RF (i, j) − ∠FRFun (i, j). It can be seen from Equation (B.2)

that when φ (i, j) = 0, ‖FRFun − FRF‖2
F will be minimized. Therefore, FRF can be

expressed as

FRF =
1√
Nt

ej∠FRFun =
1√
Nt

ej∠Vave(:,1:Nt
RF ), (B.3)

which completes the proof.
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Appendix C

Proof of Equation (5.28)

From Equation (5.18), after RF combining, the received signal of the i-th MS at

subcarrier k is given by

yRF,i[k] = WH
RF,iHi[k]FRFFSIC

BB,i[k]si[k]

+WH
RF,iHi[k]

Nu∑
j=i+1

FRFFSIC
BB,j[k]sj[k]

+WH
RF,ini[k]

= H̃i[k]FSIC
BB,i[k]si[k] + H̃i[k]

Nu∑
j=i+1

FSIC
BB,j[k]sj[k]

+WH
RF,ini[k]

= H̃i[k]V̂
(0)[k]
i Gi[k]si[k] + H̃i[k]

Nu∑
j=i+1

FSIC
BB,j[k]sj[k]

+WH
RF,ini[k].

(C.1)

The achieved spectral efficiency of the i-th Ms at subcarrier k is given by

Ri[k] = log2

(∣∣∣∣INr
RF

+ R−1
I+N [k]H̃i[k]V̂

(0)
i [k]Gi[k]GH

i [k]
(
V̂

(0)
i [k]

)H
H̃H
i [k]

∣∣∣∣)
(g)
= log2

(∣∣∣∣INs + GH
i [k]

(
V̂

(0)
i [k]

)H
H̃H
i [k]R−1

I+N [k]H̃i[k]V̂
(0)
i [k]Gi[k]

∣∣∣∣) (C.2)

where step (g) of Equation (C.2) is the result of using |I + AB| = |I + BA|, RI+N is

the noise and interference covariance matrix, which is given by

RI+N [k] = σ2WH
RF,iWRF,i

+
Nu∑

j=i+1

H̃i[k]FSIC
BB,j[k]

(
FSIC
BB,j[k]

)H
HH
i [k].

(C.3)
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The optimal Gi[k] is the solution to the following optimization problem

(
(G∗i [k])i=1:Nu

)
= arg maxRi[k] (C.4a)

s.t. T r
(
Gi[k]GH

i [k]
)
≤ Pi, (C.4b)

where Pi is the transmit power of the i-th MS. Finding Gi[k] to maximize the achieved

spectral efficiency leads to a water-filling solution using the following SVD(
V̂

(0)
i [k]

)H
H̃H
i [k]R−1

I+N [k]H̃i[k]V̂
(0)[k]
i

= Mi[k]Λi[k]MH
i [k]

= Mi[k]Λi[k]

[
M

(Ns)
i [k],M

(Nr
RF−Ns)

i [k]

]H (C.5)

where M
(Ns)
i [k] consists of the first Ns columns of Mi[k], and M

(Nr
RF−Ns)[k]

i holds the

rest N r
RF −Ns columns of Mi[k]. The optimal solution of Gi[k], which is given by

Gi[k] = M
(Ns[k])
i Γ

1/2
i [k], (C.6)

where the water-filling coefficients in Γk are chosen such that maximum spectral

efficiency is achieved. The total transmit power for all users is then the sum of the

elements of all Γi[k]. Therefore, the baseband precoder of the i-th MS at subcarrier

k is obtained

FSIC
BB,i[k] = V̂

(0)
i [k]Gi[k] = V̂

(0)
i [k]M

(Ns[k])
i Γ

1/2
i [k]. (C.7)
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