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Abstract

Pressure retarded osmosis (PRO) power plants generate power from mixing of saltwater
and freshwater by means of membrane systems. In this paper we present a model which
describes the complete power station, suitable to optimize the power station both with
respect to system parameters and in operating conditions. Special attention is dedicated to
the flow model of the “core” membrane unit. It considers the relevant water and salt flows in
the system. It also accounts for irreversible losses in the flow across the membrane as well
as through the membrane unit, and in the surrounding pump-turbine system. The model
represents a compromise between needed complexity (including the most relevant chemo-
physics) and simplicity to allow rapid simulations which is an important prerequisit for
optimisation. Finally, we optimise numerically, i.e., the net power output (per membrane
area) with respect to geometric parameters, membrane parameters as well as operational
parameters such as the applied pressure settings during operation.

1 Introduction

Earth’ largest 921 rivers discharge about 37288 km3/y or 1.18 × 109 litres/s of freshwater
into the worlds oceans [8]. As the freshwater enters the oceans, it mixes with saltwater in an
uncontrolled irreversible process and entropy is generated. Whenever an irreversible process
occurs, there is an associated potential to produce work.
Thermodynamic analysis reveals that each liter of freshwater flowing into the oceans has a work
potential of about 2.75 kJ that could be extracted by fully controlled mixing. Accordingly, the
921 largest rivers offer a total work potential of 3.245 TWh, which is about one-fifth of the
worldwide energy consumption [2]. Of course, not all freshwater discharge will be accessible,
and realistic power extraction processes will not be able to deliver the theoretical maximum
work per liter, but nevertheless the numbers show that power extraction from reversible mixing
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can be a factor in the future energy production [13, 14].
Power production by reversible mixing is based on osmotic processes with suitable membranes.
When freshwater and saltwater are brought into contact through a semipermeable membrane
that lets only water pass, osmotic forces draw freshwater to the saltwater side, as long as the
pressure difference across the membrane is below the osmotic pressure of the saltwater. The
strong desire of salt to draw more water is due to the system’s propensity to minimize its free
energy by increasing the entropy of mixing. Thermodynamically speaking, the difference in
chemical potential across the membrane drives the flow of water and offers the opportunity to
produce work [17].

The Norwegian company Statkraft (www.statkraft.com) has build a demonstration power
plant based on the concept of pressure retarded osmosis (PRO). A sketch of the prototype is
shown in Fig. 1, see [3] and [9] or [25] for more details.

Pressure retarded osmosis power plants generally consist of membrane modules, turbine
for power generation and pressure exchanger. Fig. 2 shows the graphic representation of the
substitute model we use to describe the PRO system design in Fig. 1 and to which we will
refer from now on. The pressure exchanger is simply substituted by two parts, a pump and a
turbine. The saltwater outflow is not split into two parts (as in the realisation in Fig. 1), turbine
and pressure exchanger, but the turbine and the pressure exchanger turbine substitute are put
together in a single turbine. This makes no difference in our power balance considerations.

The freshwater and saltwater sides of the membrane unit are usually called feed and draw
sides, so we will adjust our notation accordingly. The mass flow J0

d of incoming saltwater
(draw) enters the system at environmental pressure PE . Then, the pump compresses it to the
pressure P 0

d . The mass flow of incoming freshwater (feed) J0
f is pressurized to P 0

f . Both streams
then run along a membrane unit.

Inside the membrane unit, freshwater at pressure Pf is brought into contact with saltwater
at pressure Pd through the semipermeable membrane. As long as the saltwater pressure is
below the osmotic pressure, freshwater will pass through the membrane and mix with saltwater.
Because saltwater and freshwater have flow resistance, there are some pressure losses along
the membrane unit. The increased mass flow JLd of a diluted saltwater with outlet pressure PL

d

drives the turbine and generates electricity. The resulting brackish (saltwater with the lower
concentration than seawater) is then discharged back in the environment.

If the freshwater inflow Jf is sufficiently large and the pressure losses are sufficiently small,
the power generated by the turbine WT is greater than the sum of W d

P and W f
P , that are the

powers needed to pump and to pressurize water in the draw and the feed side. Then, the resulting
net powerWnet = WT−W d

P−W
f
P is positive. The power plant design, membrane properties and

operating conditions define the pressure losses and the amount of saltwater mass flow, which
then – for favorable operating conditions – give a certain net power output. The membrane
setup is presented in Fig. 3.

The main flow direction is along the membrane length (x-axis). The channel height is
denoted as H , the membrane length and width as L and Z, respectively. In the real application
H � L and H � Z, therefore inflow and outflow boundary effects are neglected. Moreover,
the temperature is assumed to be a constant for all mass flows. The operating pressures have
to be chosen such that the hydraulic pressure difference ∆P is less than the osmotic pressure
difference ∆π (see Fig. 7), therefore freshwater is passing through the membranes. The inflow
rate of pressurized saltwater J0

d increases to the outlet value JLd .
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As in any thermodynamic system, the amount of power produced will be reduced by
irreversible losses such as pressure losses in the pipes, the turbine and the pressure exchanger,
friction in the flow through the membrane, and friction inside the membrane unit. The losses
depend on the details of construction, e.g., membrane material and thickness, length of flow
channels, etc. For a given unit with specified materials and dimensions, system performance
depends on the detailed flow setting, in particular the chosen pressures. Also, to have a better
model description, it is essential to include relevant effects like salt leakage through the
membrane and the negative concentration polarization effect.

The idea to produce energy via osmosis can be traced back to Pattle [19] (1954), and models
for PRO have been developed since the 1970’s [11, 12, 13, 20]. A thorough historical review
is provided by Achilli and Childress [3] (2010). We also refer to the review of Logan and
Elimelech [15] (2012).

The near future relevance of this power source is related to technical feasibility and to
economic profitability. The main problem for the development of reliable and cost-effective
PRO systems appears to be that of providing membranes with the proper behavior and longevity.
A crucial value with this respect is the power generation per membrane area. In Achilli and
Childress [3] the order of 3.5W/m2 for seawater is reported. It seems that the value of 5W/m2

is an important threshold value for future realisations.

In the last few years, the growing relevance of renewable energies and improvements in
membrane technology, have sparked new interest on the topic. In particular the modeling and
simulation of such power plants has attracted particular interest. Models of different complexity
have been proposed, including many of the (known) relevant physical and chemical effects.
Important effects in real settings are the reverse salt flow (RSF), the internal and the external
concentration polarisation (ICP and ECP). Also, due to the known changes of the various flows,
concentrations and pressures along the membrane in flow direction models which resolve the
spatial (x) dependence are necessary. Another important issue are realistic boundary conditions
for such a power plant. In many theoretical studies inflow conditions are used whereas boundary
conditions on the pressures would be more realistic and are much easier to realize. Various
studies assume the applied pressure over the membrane to be a given constant quantity and not
to be the result of underlying (coupled) flow equations. Finally let us mention that in many
studies not the whole power station with the relevant components and losses is considered but
only the isolated membrane part.

In Straub et al. [21] a x dependence in the flow equations is introduced, the effects of internal
and external concentration polarization and reverse salt flux are taken into account. The pressure
difference is used as a input value. Maison et al. [16] introduce the nonlinear coupling of the
pressure and pressure differences and the flow direction is resolved in a discrete model. In [18]
an energy efficiency analysis is presented. Sung et al. [22] and Sundaramoorthy et al [23] use
a 2 dimensional model for the membrane only, the pressure is nonlinearly coupled. In Wang
et al. [26] the flow equations are resolved along the flow direction, the pressure difference are
introduced in an averaged way.
There are other complex applications where PRO is used as an additional energy recovery
system e.g. for reverse osmosis [24].

For a deeper and profound understanding of the possibilities and limitations of PRO systems,
accurate models have to be developed and used. In this paper we present a flow model which
takes care of all the above described effect and phenomena. It is designed to describe a complete
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PRO power plant, with emphasis on the losses in the membrane flow assembly. The system will
be characterized by resistance parameters for the flow through the membrane unit (flow parallel
to membrane), and through the membrane itself (flow perpendicular to membrane). Parameters
of the systems are the flow length L of the membrane unit, some defining properties of the
membrane and the various flow pressures.
This leads to a continuous stationary model for both the mass fluxes and the pressures along
the membrane in the fresh and the salt water part. As has meanwhile become standard, we
include RSF, ICP and ECP [10]. Static mixing of the saltwater with the incoming freshwater
is employed to avoid, or at least reduce, concentration polarization, and the resulting flow
resistance plays a role for the overall performance of the system. With this the important
pressure differences depend on the position along the membrane and are self-consistently and
nonlinearly coupled to the local fluxes and densities. We describe the complete power plant by
including the pressure exchanger and the power turbines. This leads to a parameter dependent
nonlinear Ordinary Differential Equations (ODE) system for which a corresponding boundary
value problem has to be solved. To our knowledge presently this model with the described
properties is one of the most complete models used to describe a PRO power station. This
model allows for fast simulations and thus for optimization approaches, so we can optimize
with respect to the various applied pressures and with respect to system parameters. Therefore
this model can be applied both in the planning phase and in the operational phase of a PRO
power station.

In Section 2 we set up and analyze a one-dimensional mathematical model, that represents
the dynamics in the membrane unit. It consists of a simple system of conservation laws for
mass and momentum. We complete the model first with one sided boundary value conditions
(Section 2.1), as a simplest first case; then a more realistic set-up is considered, assigning the
values of the pressures on the boundaries. In Section 2.2 we include the pressurizing pumps
and the turbine. In order to evaluate the performance of a complete PRO system we introduce
the gross and net power output of the PRO power station and the specific energy (per total
volume flow). In Section 3 we scale the system, perform numerical tests and optimize the net
power output with respect to system and operating parameters. In Table 6 we collected a list of
symbols.

2 Mathematical model

Here we introduce the system of balance laws that we intend to use to model the phenomena
described in the previous section. The direction of the membrane width Z has no influence on
the system performance, so we normalize any variable F (x) as F̂ (x) = F (x)/Z. The extended
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model for full-scale PRO system is given by

dĴsd(x)

dx
= −Js,in(x),

dĴwd(x)

dx
= Jw,in(x),

dĴsf (x)

dx
= Js,in(x),

dĴwf (x)

dx
= −Jw,in(x),

dPd(x)

dx
= −fmix(ReH)

4

Ĵd(x)2

ρd(x)H3
− 1

H2

d

dx

[
Ĵd(x)2

ρd(x)

]
,

dPf (x)

dx
= −fmix(R̄eH)

4

Ĵf (x)2

ρf (x)H3
− 1

H2

d

dx

[
Ĵf (x)2

ρf (x)

]
.

(2.1)

where the indices f and d refer to fresh (feed) and salt water (draw) part, respectively. The
indices s and w refer to salt and water, respectively.
The unknowns are six, namely: the salt and water mass flows Ĵsf , Ĵwf and the pressure Pf in
the freshwater (feed) part and the corresponding quantities Ĵsd, Ĵwd, Pd in the saltwater (draw)
part.
The first four equations in (2.1) define at every point x the changes of the mass flows Ĵf (x)

and Ĵd(x) due to the water flow per length through the membrane Jw,in from the freshwater to
the saltwater part and due to the salt flow Js,in from the saltwater to the freshwater part.
The last two equations in (2.1) are the stationary momentum balance in the draw and feed
part. Pressure loss is given by friction (first term on the right hand side) and by convection
(second term on the right hand side). In the friction term we have the (dimensionless) friction
coefficient fmix which depends on the Reynolds number ReH of the flow.

In the following we will close the system be expressing the remaining quantities - the total
mass flows Ĵf , Ĵd, the mass densities ρf , ρd, the water and salt flows Js,in, Jw,in through the
membrane - as functions of the six unknwons.
We start with the total mass flows in the freshwater and in the saltwater part: these are given by

Ĵf (x) = Ĵsf (x) + Ĵwf (x), Ĵd(x) = Ĵsd(x) + Ĵwd(x),

respectively.

Next we consider the mass densities in (2.1): the local mass densities of freshwater ρf and
of saltwater ρd are defined as ratios of the corresponding mass and volume flows. Under the
assumption of ideal mixing the volume flows V̇f and V̇d of the mixture is the sum of volume
flows of the unmixed components:

V̇f =
Jwf
ρw

+
Jsf
ρs
, V̇d =

Jwd
ρw

+
Jsd
ρs

(2.2)

where ρw and ρs are the mass densities of water and salt respectively.
Then local mass density of saltwater can be calculated as the ratio of the local total mass and
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volume flows,

ρd =
Jd

V̇d
=

Jwd + Jsd
Jwd
ρw

+
Jsd
ρs

. (2.3)

Likewise, the local mass density of the freshwater is calculated as

ρf =
Jf

V̇f
=

Jwf + Jsf
Jwf
ρw

+
Jsf
ρs

. (2.4)

Before we pass to the flows trough the membrane, let us make a comment on the channel
height H which plays an important role. The quantity on the left (change of the pressure) is a
quantity per unit area (in Nm−2 = kgs−2m), where the area is intended orthogonal to the x
flow direction. Therefore on the right hand side we have mass fluxes per unit area

Ĵd/H = Jd/(ZH), Ĵf/H = Jf/(ZH)

(in kgs−1m−2) obtained as total mass fluxes Jf , Jd (in kgs−1) divided by the area orthogonal to
the flow direction formed by a rectangle of height H and depth Z.
Thus the friction term can be written as

−fmix(ReH)

4

Ĵd(x)2

ρd(x)H3
= −fmix(ReH)

2

1

2H

(Ĵd(x)/H)2

ρd(x)

where the 2H in the denominator represents the limit of the so called hydraulic diameter
2HZ/(H + Z) for the mentioned H × Z rectangle for Z →∞ or H/Z → 0.

To describe the water and salt flows Jw,in and Js,in trough the membrane in (2.1) we need
(chemo-physical) models. The amount of permeating salt at a fixed point x along the membrane
can be modeled by the first Fick’s Law [7]. Thus for the mass flow of salt we have

Js,in = B∆csalt, (2.5)

whereB is the salt permeability coefficient and ∆csalt is the salt concentration difference across
the membrane at a fixed point x. The salt concentration difference is given by the difference of
the (relative) concentrations

∆csalt(x) =
Ĵsd(x)

Ĵsd(x) + Ĵwd(x)
− Ĵsf (x)

Ĵsf (x) + Ĵwf (x)
.

The mass flow of freshwater through the membrane at a fixed point x along the membrane can be
modelled as proportional to the difference of the two competing effects, the pressure difference
∆P (x) = Pd(x)− Pf (x) and the osmotic pressure difference ∆π(x) = πd(x)− πf (x), where
πd is the osmotic pressure in the draw side and πf the osmotic pressure in the feed side:

Jw,in = A (∆π −∆P ) . (2.6)

A denotes the membrane water permeability coefficient.
At this point the only quantities to define are the osmotic pressures πF and πd. To do so we
assume that the saltwater is an ideal mixture of water and salt; the osmotic pressure reads [17]

π = −ρwRwT0 ln (Xw) , (2.7)
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where T0 is the systems absolute temperature, Rw is the gas constant of water, ρw is the mass
density of water and Xw is the mole fraction of water in the saltwater.
Assuming the same velocities for water and salt, the mole fraction of water in saltwater is given
by

Xw =

Ĵwd
MW

Ĵwd
MW

+ 2
Ĵsd
MS

=

(
1 +

2MW

MS

Ĵsd

Ĵwd

)−1

(2.8)

where MW is the molecular weight of water and MS is the molecular weight of salt. The factor
2 accounts for the dissociation of salt crystals into Na+ and Cl− ions. Substituting (2.8) into
the equation (2.7) gives us the final form of the osmotic pressure.
Therefore the corresponding equations for the draw (saltwater) and feed (freshwater) osmotic
pressures are given by

πd = ρwRwT0 ln

(
1 +

2MW

MS

Ĵsd

Ĵwd

)−1

, (2.9)

πf = ρwRwT0 ln

(
1 +

2MW

MS

Jsf
Jwf

)−1

. (2.10)

So we can state a first, simple version of the model, completing equations (2.1) with:

Js,in = B

(
Ĵsd(x)

Ĵsd(x) + Ĵwd(x)
− Ĵsf (x)

Ĵsf (x) + Ĵwf (x)

)
,

Jw,in = A (∆π −∆P ) = A

ρwRwT0 ln

(
1 +

2MW

MS

Ĵsf

Ĵwf

)
(

1 +
2MW

MS

Ĵsd

Ĵwd

) −∆P

 .

(2.11)

However, this form form of the model does not include concentration polarization, which is an
essential effect for the process we intend to describe. To take into account this effect, we need
to slightly modify (2.5) and (2.6). There are two types of concentration polarization effects:
the external concentration polarization (ECP) and the internal concentration polarization (ICP).
The concentration polarization mechanism is shown in Fig. 4.

The external concentration polarization effect is due to a thin layer of diluted solution
appearing both in draw and feed side of the membrane. Assuming perfectly mixed conditions,
ECP can be neglected and the external boundary layers can be ignored [11], i.e. we set the salt
concentrations c1 = c2, c4 = c5 and the osmotic pressures π1 = π2, π4 = π5 (see Fig. 4). Thus
from now on we can set πd = π1 = π2 and πf = π4 = π5.
To include the internal concentration polarization we follow [11], where a model for the water
mass flow through the membrane is derived:

Jw,in = A

 πd − πf exp (Jw,inK)

1 +
B

Jw,in
[exp (Jw,inK)− 1]

−∆P

 . (2.12)
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Here K is the internal concentration polarization mass transfer coefficient of the membrane
support layer, namely a measure of the resistance to salt transport in the porous support. It can
be represented as K = S/Ds, that is the ratio of a structural parameter S and the salt diffusion
coefficient of the membrane Ds. The structure parameter is given by S = τt/ε where τ is the
tortuosity, ε is the porosity and t is the thickness of the membrane.

It is easy to see that for no internal concentration polarization (i.e. K = 0, S = 0, τ = 0)
we obtain immediately the simple model (2.11) from above.
Note that te equation (2.12) is not explicit for Jw,in but it can be simplified by expanding
exp(Jw,inK) for small Jw,inK. Then, (2.12) transforms into

Jw,in = A

[
πd − πf (1 + Jw,inK)

1 +BK
−∆P

]
(2.13)

and thus the related explicit form of Jw,in is computed solving (2.13):

Jw,in = −Aπf − πd + ∆P (1 +BK)

1 +K (B + Aπf )
. (2.14)

Let us finally discuss the coefficients A and B. The water permeability coefficient A is usually
obtained experimentally or given by the membrane manufacturer. However, assuming also
an independent given (constant) salt permeability coefficient B is not realistic. B depends in
general on the value of A. This is the last refinement of the model we have to discuss. The
relation is given by

B = B(x) =
A(1−R)(∆π −∆P )

R
, (2.15)

where R is the salt rejection coefficient (amount of rejected salt in %), which is usually
given by the membrane manufacturer. As B now depends on ∆π and ∆P , it becomes also
space dependent. Equation (2.15) shows that the high water permeability trades-off with the
low salt selectivity and, vice versa, high salt selectivity of the membrane results in low water
permeability.
So we can finally write an updated version of (2.11) that includes internal concentration
polarization effects:

Jw,in(x) = −Aπf (x)− πd(x) + ∆P (x) (1 +B(x)K)

1 +K (B(x) + Aπf (x))
,

Js,in(x) = B(x)∆csalt(x),

B(x) =
A(1−R)(∆π(x)−∆P (x))

R
.

(2.16)

The complete set of equations (2.1) together with the definitions of the various terms in this
section have to be completed with additional boundary conditions.

2.1 Boundary conditions

The differential equations (2.1) have to be equipped with boundary conditions. One
possibility is to prescribe conditions for the six unknowns at the right boundary (entrance), i.e.
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:

Ĵsd(x)|x=0 = Ĵ0
sd =

Ĵ0
sd

Ĵ0
d

Ĵ0
d

Ĵwd(x)|x=0 = Ĵ0
wd =

Ĵ0
wd

Ĵ0
d

Ĵ0
d

Ĵsf (x)|x=0 = Ĵ0
sf = 0,

Ĵwf (x)|x=0 = Ĵ0
wf = Ĵ0

f ,

Ps(x)|x=0 = P 0
s ,

Pf (x)|x=0 = P 0
f .

(2.17)

Mathematically the problem with this conditions becomes an initial value problem (IVP). The
coefficients Ĵ0

sd/Ĵ
0
d and Ĵ0

wd/Ĵ
0
d are the salt and the water mass fractions in the incoming

saltwater assuming a salinity of Ĵ0
sd/Ĵ

0
wd. There is no incoming salt in the freshwater part

(Ĵ0
sf = 0), and the total incoming saltwater flow Ĵ0

d and total incoming freshwater flow Ĵ0
f will

be assumed to be equal (see example in Table 4). To our knowledge this type of boundary
conditions was used in all models from the literature where a detailed x dependence of the
quantities (along the flow in the membrane) is described (e.g. [16, 21, 26]).

However, in reality controlling saltwater J0
d and freshwater J0

f inflow rates is difficult,
mainly because of high dependency on the membrane unit design. Clearly, membrane module
geometry is fixed and cannot change once it is manufactured. Technically the control of the
fluxes would be realized by using the pumps at the entrances and therefore choosing appropriate
pressures P 0

f and P 0
d . Therefore it is natural to prescribe directly the pressures on the two sides.

Thus, we would like to determine the incoming draw and feed flow rates with respect to chosen
in and out-let saltwater and freshwater pressures. To answer this question, we have to formulate
a two sided boundary value problem.
We need to equip the model with 6 conditions. First, we start with saltwater P 0

d and freshwater
P 0
f inlet pressures. Also we prescribe saltwater and freshwater outlet pressures PL

d and PL
f

respectively. Then, we assume that incoming feed flow consists of pure water only, J0
sf = 0.

To find the last missing condition we will introduce a new function, the mass fraction on the
draw side Cd(x), a quantity that we can compute easily and that we can prescribe at x = 0.
The salt to water mass fraction in the draw side of the membrane is given as the ratio of salt to
pure water flow:

Cd(x) =
Ĵsd(x)

Ĵwd(x)
or Ĵsd(x) = Cd(x)Ĵwd(x). (2.18)

Differentiating Ĵsd(x) with respect to x and combining with the first equation from (2.1) gives

dĴsd(x)

dx
=
dCd(x)

dx
Ĵwd(x) +

dĴwd(x)

dx
Cd(x) = −Js,in(x). (2.19)

Then, we can write the differential equation for salt to water mass fraction in the draw side as

dCd(x)

dx
= −

Js,in(x) +
dĴwd(x)

dx
Cd(x)

Ĵwd(x)
. (2.20)
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Changing the first equation in (2.1) to (2.20) will result in the following model:

dCd(x)

dx
= −

Js,in(x) +
dĴwd(x)

dx
Cd(x)

Ĵwd(x)
,

dĴwd(x)

dx
= Jw,in(x),

dĴsf (x)

dx
= Js,in(x),

dĴwf (x)

dx
= −Jw,in(x),

dPd(x)

dx
= −fmix(ReH)

4

Ĵd(x)2

ρd(x)H3
− 1

H2

d

dx

[
Ĵd(x)2

ρd(x)

]
,

dPf (x)

dx
= −fmix(R̄eH)

4

Ĵf (x)2

ρf (x)H3
− 1

H2

d

dx

[
Ĵf (x)2

ρf (x)

]
.

(2.21)

In the equations above, updated terms ρd(x), ∆csalt(x), Ĵd(x) and Js,in(x) are given as

ρd(x) =
Cd(x) + 1

1
ρS
Cs(x) + 1

ρW

, ∆csalt(x) =
Cs(x)

Cs(x) + 1
− Ĵsf (x)

Ĵsf (x) + Ĵwf (x)
,

Ĵd(x) = Cd(x)Ĵwd(x) + Ĵwd(x), Js,in(x) = B(x)∆csalt(x).

(2.22)

We can finally introduce the boundary conditions for equations (2.21) (see example in Table 5):

Cd(x)|x=0 = C0
d =

Ĵ0
sd

Ĵ0
wd

,

Ĵsf (x)|x=0 = 0 kg/s,

Pd(x)|x=0 = P 0
d ,

Pd(x)|x=L = PL
d ,

Pf (x)|x=0 = P 0
f ,

Pf (x)|x=L = PL
f = PE.

(2.23)

Some of these quantities are fixed: C0
d = Ĵ0

sd/Ĵ
0
wd is the salinity of the incoming saltwater; PL

f

also does not change as the freshwater channel does not end up in a turbine, so we have see
level standard external pressure; finally the incoming salt flow in the feed side Ĵ0

sf is 0.
We are left with three parameters, P 0

d , PL
d and P 0

f , that we may discuss to obtain the optimal set
of the operating pressures.

Since we do not know which type of conditions will prevail in future applications of such
models, in this paper we use them both. Although the two sided conditions are numerically more
costly, we believe that the two sided pressure conditions are easier to combine with realistic
settings in experiments. Therefore we would propose to use the two sided conditions in the
future.
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2.2 Net Power

To complete the model, we introduce a suitable expression for the net power produced by
the PRO power plant:

Wnet = WT −W d
P −W

f
P , (2.24)

where WT is turbine power production, W d
P is pump power demand to pressurize saltwater and

W f
P is pump power demand to pressurize freshwater.

Saltwater pump pressurizes incoming seawater to pressure P 0
d , hence we can define

W d
P =

1

εP

J0
d

ρ0d

(
P 0
d − PE

)
. (2.25)

Here, ρ0 is the mass density of incoming saltwater, εP is the pump efficiency, J0
d/ρ

0
d is the

volume flow of the incoming saltwater and PE is environmental pressure.
The pump power to pressurize freshwater is given by

W f
P =

1

εP

J0
f

ρ0f

(
P 0
f − PE

)
. (2.26)

The turbine is driven by the pressure difference between PL
d and PE . Therefore, we can describe

the turbine power generation as

WT = εT
JLd
ρLd

(
PL
d − PE

)
, (2.27)

where ρL is the mass density of exiting saltwater, εT is the turbine efficiency and JLd /ρ
L
d is the

volume flow of exiting saltwater.
If εP = 1 then the pump is fully reversible. However, the typical pump efficiencies are around
95 % and for the turbine 90 %. For sake of simplicity, we will assume εP = εT .
The power per width Z, Ŵnet, is given by

Ŵnet = ŴT − Ŵ d
P − Ŵ

f
P

ŴT = εT
ĴLd
ρLd

∆PL
d , Ŵ d

P =
1

εP

Ĵ0
d

ρ0d
∆P 0

d , Ŵ f
P =

1

εP

Ĵ0
f

ρ0f

(
P 0
f − PE

)
.

A more common and useful criteria to estimate PRO system performances is the power per
membrane area, defined as:

W̄net =
Ŵnet

L
=
Wnet

ZL
, (2.28)

where L is the membrane length.
In Section 4, when evaluating the performances of our model, we will use mainly W̄net; however
it is worth mentioning another quantity that can be useful to estimate PRO system performance,
the specific energy, that is the energy extracted per total volume of the feed and draw solutions
combined. In our notation the specific energy is:

SE =
Wnet

J0
d/ρ

0
d + J0

f /ρ
0
f

, (2.29)

measured in kWh/m3.
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3 Numerical Simulations

3.1 Scaling

Before discussing the numerical results, we scale the equations in order to better understand
the relevant dimensionless parameters and the role of the various terms. We use the reference
values listed in Table 1. The values are of the same order of the ones in [16] and refer to a
full scale PRO system. Contrary to that often “coupon-scale” examples are considered for both
simulations and experiments (see e.g. [16, 21]).

We remark that for every scaled quantity we set f̃ = f/fr. In order to avoid a too heavy
notation we use the same symbols for the scaled quantities (without (̃)).
The scaled equations for the one sided IVP are:

dĴsd(x)

dx
= −γJs,in(x),

dĴwd(x)

dx
= γJw,in(x),

dĴsf (x)

dx
= γJs,in(x),

dĴwf (x)

dx
= −γJw,in(x),

dPd(x)

dx
= −fmix(ReH)

4

Ĵd(x)2

ρd(x)
− b d

dx

[
Ĵd(x)2

ρd(x)

]
,

dPf (x)

dx
= −fmix(R̄eH)

4
Ĵf (x)2ρf (x)− b d

dx

[
Ĵf (x)2

ρf (x)

]
,

(3.1)

with parameters

γ =
x2rAPr
JrCr

∼ 2.5 · 10−2 b =
H

xr
∼ 10−4. (3.2)

The convection term in the equations for pressure has a smaller effect than the friction term (as
long as no rapid changes in x occur).
The amount of permeate salt Js,in(x) and water Jw,in(x) as well as the feed Ĵf (x) and draw
Ĵd(x) flows are given as

Ĵd(x) = Ĵsd(x) + Ĵwd(x),

Ĵf (x) = Ĵsf (x) + Ĵwf (x),

Jw,in(x) = −πf (x)− πd(x) + ∆P (x) (1 + APrKB(x))

1 + APrK (B(x) + πf (x))
,

Js,in(x) = B(x)∆csalt(x),

(3.3)

where πf (x) and πd(d) are the osmotic pressures at feed and draw sides of the membrane
unit, respectively. Additionally, total local densities, salt concentration difference across the
membrane, salt permeability coefficient, salt diffusion coefficient and structural parameter of
the membrane support layer, as well as Reynolds number and friction factor are of the following
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form:

ρd(x) =
Ĵsd(x) + Ĵwd(x)

ρW
ρS
Ĵsd(x) + Ĵwd(x)

, ρf (x) =
Ĵsf (x) + Ĵwf (x)

ρW
ρS
Ĵsf (x) + Ĵwf (x)

,

∆csalt(x) =
Ĵsd(x)

Ĵd(x)
− Ĵsf (x)

Ĵf (x)
, ∆π = πd − πf ,

πd =
ρwRwT0
Pref

ln

(
1 +

2MW

MS

Ĵsd

Ĵwd

)−1

, πf =
ρwRwT0
Pref

ln

(
1 +

2MW

MS

Ĵsf

Ĵwf

)−1

,

∆P = Pd − Pf , B(x) =
(1−R)(∆π(x)−∆P (x))

R
,

ReH =
Jr
xr

Ĵ(x)

2η
, K =

S

Ds

,

fmix =
96

ReH

(
4.86 + 0.65

√
ReH

)
, S =

τt

ε
.

(3.4)

The scaled equations for the two sided BVP are:

dCd(x)

dx
= −

γJs,in(x) +
dĴwd(x)

dx
Cd(x)

Ĵwd(x)
,

dĴwd(x)

dx
= γJw,in(x),

dĴsf (x)

dx
= γJs,in(x),

dĴwf (x)

dx
= −γJw,in(x),

dPd(x)

dx
= −fmix(ReH)

4

Ĵd(x)2

ρd(x)
− b d

dx

[
Ĵd(x)2

ρd(x)

]
,

dPf (x)

dx
= −fmix(ReH)

4

Ĵf (x)2

ρf (x)
− b d

dx

[
Ĵf (x)2

ρf (x)

]
,

(3.5)

with B, Ĵf , Jw,in from (3.3) and

Ĵd(x) = Cd(x)Ĵwd(x) + Ĵwd(x),

ρd(x) =
Cs(x) + 1
ρw
ρS
Cs(x) + 1

,

∆csalt(x) =
Cd(x)

Cd(x) + 1
− Ĵsf (x)

Ĵsf (x) + Ĵwf (x)
.

(3.6)

Finally, we remark that also the one sided (2.17) and two sided boundary conditions (2.23), the
net power (2.28) and the specific energy (2.29) have to be scaled. The fluxes are scaled by Jr,
the pressures by Pr, Cd is already a dimensionless quantity. The net powerWnet is scaled by the
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reference values JrPr

ρr
, W̄net accordingly by JrPr

ρrZL
; for the specific energy we use the reference

value Pr.

Now we can start with some simulations. We mention that the aim of the paper is to show
the qualitative properties of the proposed model. Standard parameter sets from the literature are
used in order to verify the qualitative behaviour. The parameters characterizing the membrane
are summed up in Table 2, while in Table 3 we introduce the remaining quantities included in
our set up. For the membrane parameter we refer to [11] and also to [4, 16, 21] where a similar
set of parameters for the PRO related considerations and simulations are used. Note that the salt
permeability B is not prescribed as a fixed parameter but given by the relation (3.4).

First we start our simulations by considering those as fixed parameters and secondly we will
discuss the dependence on the most relevant ones.

Let us mention that all numerical simulations are done in Matlab using standard initial and
boundary value problem solvers. Since the direct simulations are extremely fast and robust, we
optimize “by hand” running through the parameter ranges under consideration.

3.2 Prescribed data at the inflow side: Initial value problem

The one sided boundary conditions we start with are listed in Table 4. As already
mentioned, it is very common to use such kind of conditions where the fluxes have to be
prescribed, although the practical realisation is non trivial. We assume purely sweet water at
the fresh water side inlet and apply an overpressure for both the fresh water and the draw water
side, to make sure that a flow dynamics is induced.
We start by visualizing the behavior of flux and pressure along x in the saltwater and in the
freshwater channels (Fig. 5). The behaviour corresponds to our expectations, the total flow in
the draw side is increasing, in the fresh water side decreasing. This is due to the water passing
through the membrane (see Fig. 6). For the change of the volume flow the salt flow through the
membrane plays a minor role. The pressure losses in both sides can also be seen. Interesting is
the relation between the different pressures along the flow direction in Fig. 7. For very simple
models the maximal power output is expected for ∆P = (∆π/2) (see [4]). In reality this ratio
will assume certain values and change along the flow direction, as we can also observe in the
simulation in the last panel of Fig. 7. Notice that the operating condition are prescribed so that
∆P < ∆π.
Now we start to look for optimal operating conditions. In Fig. 8 we see how the net power per
area W̄net depends on the values assigned to initial pressures (a) and to initial flux (b). We have
max (W̄net) ∼ 1.9 Watt/m2 and we obtain a first set of optimal values for the parameters P 0

d ,
P 0
f , J0

d , J0
f .

We can also look for optimal system parameters when designing a power plant. An interesting
parameter is the membrane length L. In Fig. 9 we see its influence on both the net power
and the specific energy. The power output becomes optimal at a certain lenght, for longer
membranes the losses become again dominant. The optimum with respect the specific energy
is reached at a much higher length, at about 7m. This is not surprising, since the optimised
target function was different.
Next we compare the influence of the different physical effects. In Fig. 10(a) we compare the
power per membrane area obtained with our complete model, without the effects of internal
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concentration polarization (i.e., K = 0), and with the ideal assumption of a membrane
completely impermeable to salt (i.e., R = 100% and B = 0). We conclude that these effects
have a non negligible impact on the results, in this example up to 15 %. Therefore it is
necessary to include these effects.
In Fig. 10(b) we compare the gross (turbine) power output and the net power output. The
former is monotonically increasing in the applied pressure difference (between draw and fresh
water input), the latter has the already know optimal (maximum) value.

3.3 Prescribed pressures at in- and outflow.

As already discussed the most realistic data to be described at the boundaries are the applied
pressures. However, we only have 4 applied pressures but the structure of the set of equations
requires 6 conditions. The 2 missing conditions are obtained almost naturally, the vanishing
salt content at the fresh water input and the salt concentration at the salt water input given by
35/983 as the standard average for sea water. These boundary data are summarized in Table 5.
We assume the freshwater outlet pressure as the standard ambient pressure since there is no
pump, turbine or similar. We are left with P 0

d , PL
d and P 0

f , as parameters that we are able to
control, by controlling the two pumps at x = 0 and the turbine in x = L. The only restriction
that we require on these quantities are P 0

d > PL
d and P 0

f > PL
f , in order to keep the flow from

right to left.
After investigating the dependence of the net power production on these three pressures, we
will look at the main parameters given in Table 2 and Table 3.

In Fig. 11 (a) we see how the power production depends on the pressures that we assign
at the inlet and at the end of the saltwater channel. Here we are considering only the case
P 0
s > PL

s , a left to right flow, with P 0
d , PL

d ∈ [1.1, 1.4] · 106 Pa. We obtain the maximal value
for net power of max(Wnet) = 1.8954W/m2, at P 0

d = 1.247·106 Pa and PL
d = 1.2349·106 Pa

(about 12 bar over pressure). A huge part of the energy produced is balanced by that consumed
in the pump. And we see that there is a linear relation between the P 0

d and PL
d for the highest

values (the red area in Fig. 11 (a)) .
In Fig. 11 (b) we explore the dependence on the pressure at the inlet of the fresh water;
according to our set-up this is due to the pressurizing pump, here with P 0

f ∈ [1, 1.5] · 105

Pa, while the left side of the fresh water pipe is free, with constant pressure PE = 105 Pa.
Increasing P 0

f helps increasing the power production, until the costs for the pump weight too
much in the net power computation, and Wnet starts decreasing. With this we have a good idea
for which triple of (P 0

d , P
L
d , P

0
f ) we obtain the highest net power (per area) production.

Having an idea about the optimal pressure boundary data, we can begin to investigate some
of the other relevant parameters of our set up. We vary the geometry and the efficiencies of
the pump and the turbine, and investigate both the net power (per area) output and the specific
energy.
In Fig. 12 we vary the length of the membrane (along the flow direction) and see an optimal
value of about 2m for the net power output and a higher value (about 5− 6m) for the specific
energy. For short membranes we do not transfer enough fresh water to the salt water side, for
long membranes the losses (in pressure due to friction) become dominant.
Similar, the situation for the channel height H in Fig. 13(a). For small H the frictional losses
dominate, for largeH the transfered freshwater through the membrane (related to the flux in the
salt water part) looses importance.
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In Fig. 13(b) we study the dependence of the net power on the pump and turbine efficiency
ε assumed to be equal. The dependence is linear with a strong ratio, i.e. an increase of the
efficiency from of 5 % increases the net power per area by 1W/m2. For the data set used there
is a lower threshold at 85% below which we cannot gain power.
In Fig. 14 we summarize the effects of the parameters characterizing the membrane: the ICP
mass transfer coefficient K, the water permeability A and the salt rejection R. As expected,
increasing K decreases the power output (seemingly linear). There is a lower threshold for the
water permeability A, above the threshold there is a nonlinear direct relation between A and the
power output. Also, there is a lower threshold for the salt rejection R, above that value there is
(seemingly) linear relation between R and net power output. We see that the proposed model
offers the possibility to investigate the dependence of the highly relevant quantities net power
output and specific energy on system parameters or on control quantities such as boundary data.

4 Conclusions

We present a model which gives an overall description of a PRO power station with the aim
of optimizing key quantities such as net power output or specific energy. The model describes
the detailed dependence of the quantities along the flow in the membrane (x dependence), which
results to be essential due to the significant changes of the quantities in that direction. This
approach makes it possible to include a precise description of the nonlinear coupling of the
pressures at each position along the flow in the membrane. We discuss to different possibilties
of boundary conditions and propose the two sided boundary conditions for future applications.
In addition - as it is meanwhile standard in the membrane literature - we include reverse salt
flow and internal and external concentration polarisation along the membrane.

We consider the presented model as a step towards accurate modeling of PRO systems.
Our results show that PRO performance can vary drastically with design and settings, and
thus underlines the need and usefulness of reliable and robust models for PRO performance
optimization. We believe that our model includes the most relevant known chemo-physical
effects to be considered for a PRO system. On the other hand the model is simple enough to
allow for optimizing with respect to system and operational parameters.
We are convinced that models of this type can significantly contribute in the design and the
development of future PRO systems. Exact models like the presented one can be used i.e.
to further evaluate advanced configurations with multi-staging [5], or combined reverse and
forward osmosis processes for energy storage [6].
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Figure 1: Schematic representation of a pressure retarded osmosis (PRO) power plant by Statkraft [1].

Figure 2: Schematic representation of a pressure-retarded osmosis (PRO) power plant with the pump-
turbine setup.

Figure 3: Cross-section through the membrane assembly along the flow. Saltwater at P 0
d enters the

membrane unit at x = 0 with initial draw flow J0
d . Osmotic forces draw water from the feed to the

draw side of the membrane (Jw,in) and salt in the opposite direction (Js,in). Obstacles provide mixing of
permeate water and saltwater. Increased draw flow exits the membrane unit at JLd with reduced pressure
PLd .
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Figure 4: Cross-section of the membrane unit across the flow; ci are the salt concentration values: c1 –
draw side of the membrane, c2 – membrane surface on the saltwater part, c3 – inside membrane porous
support, c4 – membrane surface on the freshwater part, c5 – feed side of the membrane [11]. We denote
by πi the related osmotic pressures.

Quantity Reference value Typical reference value
length x xr = L 1 m
pressure P Pr = PE = PL

f 105 kgm−1s−2

density ρ ρr = ρw 103 kgm−3

flux J Jr =
√
H3xrPrρr 10−2 kgs−1

Table 1: Scaling table with typical reference values

Water permeability A 2.5× 10−9 s/m
Structure parameter S 1× 10−4 m
Height H 1× 10−3 m
ICP mass transfer coefficient K 102 m2s/kg
Temperature T 297 K
Length L 2 m
Width Z 1 m

Table 2: Input data for the membrane sample [11]

20



Temperature T0 297 K
Water mass density ρW 1000 kg/m3

Salt mass density ρS 2165 kg/m3

Water molecular weight MW 18 kg/kmol
Salt molecular weight MS 58.44 kg/kmol
Water gas constant Rw 462 J/kmolK
Saltwater viscosity η 1.3 ×10−3 kg/(ms)

Incoming salinity C0
d = Ĵ0

sd/Ĵ
0
wd 35/983

Incoming salt water salt mass fraction Ĵ0
sd/Ĵ

0
d 35/1018

Incoming salt water water mass fraction Ĵ0
wd/Ĵ

0
d 983/1018

Pump and turbine efficiency εP = εT 0.95
Salt Rejection R 94%

Table 3: Input data for fixed quantities

Salt flux in fresh water Jsf (x)|x=0 = J0
sf 0 kg/s

Water flux in fresh water Jwf (x)|x=0 = J0
wf = J0

f 0.01353 kg/s
Salt flux in saltwater Jsd(x)|x=0 = J0

sd
35

1018
0.01353 kg/s

Water flux in saltwater Jwd(x)|x=0 = J0
w

983
1018

0.01353 kg/s
Saltwater pressure Ps(x)|x=0 = P 0

s 1.151 · 106 Pa
Fresh water pressure Pf (x)|x=0 = P 0

f 1.1 · 105 Pa

Table 4: Initial conditions

Figure 5: Sea water flux Jd and pressure Pd, and fresh water flux Jf and pressure Pf along x.
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Figure 6: Water flux Jw,in and salt flux Js,in, across the membrane, along x.

Figure 7: Osmotic pressure ∆π, hydraulic pressure difference ∆P , and their ratio, along x.
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(a) (b)

Figure 8:
(a) Power per membrane area as function of hydraulic pressures P 0

d and P 0
f , maximal value at P 0

f = 105

Pa and P 0
d = 1.25 · 106 Pa.

(b) Power per membrane area as function of inlet draw and feed flows J0
d and J0

f , maximal value at
J0
f = 0.0117 kg/s and J0

d = 0.0038 kg/s.

(a) (b)

Figure 9:
(a) Power per membrane area as function of membrane length L, maximal value at L = 1.7474 m.
(b) Specific energy as function of membrane length

(a) (b)

Figure 10:
(a) Comparing the complete model (max (W̄net) = 1.86Watt/m2), with a model that does not take into
account the effects of internal concentration polarization (max (W̄net) = 1.98 Watt/m2) and a model
for a membrane completely impermeable to salt (max (W̄net) = 2.15 Watt/m2).
(b) Comparing the net power generated for membrane area W̄net to W̄T , the power per membrane area
generated in the turbine, in the complete model.
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Data in x = 0
Saltwater pressure (pump) Pd(x)|x=0 = P 0

d 1.151 · 106Pa
Fresh water pressure (pump) Pf (x)|x=0 = P 0

f 1.1 · 105Pa
Salt flux in fresh water Jsf (x)|x=0 = J0

sf 0 kg/s
Fraction of salt in saltwater Cd(x)|x=0 = C0

d 35/983
Data in x = L
Saltwater pressure (turbine) Pd(x)|x=L = PL

d 1.141 · 106Pa
Fresh water pressure (-) Pf (x)|x=L = PL

f = PE 105Pa

Table 5: Boundary conditions

(a) (b)

Figure 11:
(a) Dependence on P 0

d and PLd of net power per membrane unit area. Maximal net power at P 0
d =

1.247 · 106 and PLd = 1.2349 · 106.
(b) Dependence on P 0

f . Maximal net power at P 0
f = 1.1061 · 105.

(a) (b)

Figure 12:
(a) Dependence of net power on membrane length. Max(Wnet) = 1.899 W/m2, at L = 1.9293 m.
(b) Dependence of specific energy on membrane length.
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(a) (b)

Figure 13:
(a) Dependence of net power on channel hight. Max(Wnet) = 1.899 W/m2, at H = 0.001 m.
(b) Dependence on of net power on pump and turbine efficiency. Minimum efficiency required:
εP = εT > 0.852.

(a)
(b)

(c)

Figure 14:
(a) Dependence on membrane ICP mass transfer coefficient K.
(b) Dependence on membrane water permeability A. Minimum required A > 0.4424 · 10−9 s/m.
(c) Dependence on membrane salt rejection R. Minimum required: R > 0.5102.
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Quantity Symbol
Height of the membrane unit H
Width of the membrane unit Z
Length of the membrane unit L
position along the membrane unit x

Salt flux in fresh water/salt flux in fresh water per with Jsf , Ĵsf
Water flux in fresh water/water flux in fresh water per with Jwf , Ĵwf
Flux in fresh water/flux in fresh water per with Jf , Ĵf
Salt flux in salt water/salt flux in salt water per with Jsd, Ĵsd
Water flux in salt water/water flux in salt water per with Jwd, Ĵwd
Flux in salt water/flux in salt water per with Jd, Ĵd
Water flux through the membrane from fresh to salt water Jw,in
Salt flux through the membrane fram salt to fresh water Js,in
Salt water mass density ρd
Fresh water mass density ρf
Water mass density ρW
Salt mass density ρS
Water molecular weight MW

Salt molecular weight MS

Water mole fraction Xw

Salt water volume flow V̇d
Fresh water volume flow V̇f
Salt water pressure Ps
Fresh water pressure Pf
Pressure difference ∆P
Salt water part osmotic pressure πs
Fresh water part osmotic pressure πf
Osmotic pressure difference ∆π
Pump power salt water part W d

P

Pump power fresh water part W f
P

Turbine power WT

Net power Wnet

Salinity in the salt water part Cd
Salt concentration difference ∆c
Reynolds number ReH
Friction coefficient fmix
Temperature T0
Water gas constant Rw

Saltwater viscosity η
Pump/turbine efficiencies εP , εT
Salt Rejection R
Water permeability A
Salt permeability coefficient B
Membrane structure parameter S
Membrane tortuosity τ
Membrane porosity ε
Membrane thickness t
ICP mass transfer coefficient K

Table 6: List of symbols
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