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Abstract: In this paper, we define a subclass of starlike functions associated with the Van der Pol
numbers. For this class, we derive structural formula, radius of starlikeness of order «, strong
starlikeness, and some inclusion results. We also study radii problems for various classes of analytic
functions. Furthermore, we investigate some coefficient-related problems which include the sharp
initial coefficient bounds and sharp bounds on Hankel determinants of order two and three.

Keywords: analytic functions; Van der Pol numbers; starlike functions; coefficient bounds; Hankel

determinants; radii problems

MSC: 30C45; 30C50

1. Introduction and Preliminaries

Van der Pol [1] studied the sequence Vy, Vq, Vs, - - - by using

_ g3 _ - Vm m

where the numbers V,,, were later named Van der Pol numbers. These numbers are used in
unsmoothing a smoothed function of three variables. The Bernoulli numbers are analogous
to V), for functions of one variable. The first few of these numbers are V) = 1, V; = _71,
Vo, = %, V3 = % ; see [2]. The numbers V;, can be related with the Rayleigh function;
see [2]. The Rayleigh functions can be represented in terms of the zeros of the Bessel
function; see [3-5]. Howard [6] showed that Euler and Bernoulli polynomials have identical
properties to the Van der Pol polynomials.

Geometric function theory is the study of the geometric properties of analytic func-

tions in D ={g : |[¢|] <1, ¢ € C}. The Riemann mapping theorem is considered as the
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cornerstone of the theory. The analytic and univalent functions and their generaliza-
tions have various applications, such as fluid mechanics [7], image processing, and signal
processing [8], while conformal mappings (locally univalent functions) are very useful
in cryptography.

Now we give some notions of the theory which will be helpful in our study.

Denote by A, the class of functions k which are analytic and have the expansion of
the form k(¢) = ¢+ dy 162 +dmiac® +--- inD ={c:[g| <1, ¢ € C}. Theclass A; = A
is well-known. A function k € A is given as

k() =¢+ Y dug", ¢eD. 2)

m=2

Let S represent a class of univalent functions in 4. We denote by B a family of
self maps w, analytic (holomorphic) in D with w(0) = 0. The function w with such
properties is known as a Schwarz function. Consider that functions k and g are both analytic
(holomorphic) in . Then we write mathematically f < g, read as f is subordinated to
g such that k(¢) = g(w(g)) for w € B and ¢ € D. If ¢ is univalent (one-to-one) with
k(0) = g(0), then k(D) C g(D).

This concept is very useful in studying various problems in function theory. Ma
and Minda [9] beautifully utilized this concept to unify various classes of starlike and
convex functions. These are defined analytically as S* () := {k € A : ¢k'(¢) /k(g) < ¥(g)}
and C(y) :={k € A:1+¢k"(g)/k (g) < ¥(g)}, respectively. The analytic and univalent
function ¢ satisfies (0) = 1 and Re{¢’(¢)} > 0, ¢ € D and y(D) is a convex set in C. We
see that the class S*(1) generalizes many classes. Some are given as follows:

i st =87(E).
i.  S*[A,B]:= 3(%) “1<B<A<1,see[l0].
i 87 (w) =87 (HE2E), 0 <w < 1 see [11],

iv. 8F:=8%(1+sin(g)), see[12].

v. S i=8"(y1+¢),see[13].

vi. Sip =8 (\f (V2 - 1)4/14_2([ e > see [14].

vii, Sgi=8 (14 %+ %), see[15].
viii. Sy := &*(e%), see [16].
ix. Sl :=S*(cos(g)),see[17].

x. S =8 (V1+¢2 +g ), see [18].
xi. BS(a):=8"(1+ 1" ) 0<a<1,see[l9].

xii. S = S*(1+\fg+7),see [20,21].

lim

The geometry of analytic functions related with some familiar sequences of numbers
has been explored by some researchers working in the theory. The class S £ related with
Fibonacci numbers was introduced and investigated by Sokoét [22]. The class S related with
Bell numbers was introduced by Cho et al. [23] and Kumar et al. [24], whereas functions
related with generalized Telephone numbers were utilized by Deniz [25] to introduce a
subclass of $*. The generating function for Euler numbers was recently used to introduce a
subclass of starlike functions (see [26]), while the generating function for Bernoulli numbers
is considered in [27] to investigate a subclass of S*.

Motivated by the above contributions, we study starlike functions related with Van
der Pol numbers.
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The function ¢y (g) defined in (1) is analytic in D and maps D onto a convex set and
Reypy(g) > 0. We define the class S, of starlike functions by using the generating function
of Van der Pol numbers as follows:

. K (¢) c?
&= {ke A T 6<eg<g—z>+<g+2>>}'

From the above definition, k € S5, if and only if h(¢) < ¢y (g) = and

QS
6(cc(c—2)+(s+2))

k(g) = gexp (/Og h(ul_ldu), ®)

where / is analytic in ). The set S5;, is non-empty; we present some examples for functions
init. Consider h; : D — C, (i = 1,2,3,4) given by

_4+2
= 744—(; ,

1
m(e) =1+ S ny(e) =S,

2
(e) =1+ 26 (o)

The function ¢y,(¢) is univalent in D. Furthermore, ;(0) = hp(0) = 1 and h;(D) C ho(D),
(i =1,2,3,4). This implies h;(¢) < ¥y (). Therefore, from (3), we obtain the functions
ki € S5, (i =1,2,3,4) with k;(0) = kj(0) — 1 = 0 to every h;, respectively, as follows:

2 2 cos(1) Geé—]
ki(g) = ¢ge®, kz(f;)=g+%, ka(g) =ge 2 ¢, k4(g)=<;ew</o Tt |

We have the following layout of our work.

In Section 2, we find the growth result and some inclusion results for the class S5;. In
Section 3, we give sharp radii problems for various classes of analytic functions. In the last
section, we derive coefficient bounds and Hankel determinants for the class Sy;.

2. Inclusion Results
Firstly, we study the order of starlikeness and strong starlikeness for the class Sj,.

3 .
Lemma 1. Let y,(g) = m. Then for ¢ = te'¢, t € (0,1),

minReyy (¢) = Pp(t) = min|yy(c)|
|c|=t lol=t

and

r‘agReva(g) =py(—t).

Proof. For ¢ € [0,27), x = tcos(¢) and y = tsin(¢@); we have Reyy(g) = %, where

u = t3cos(3¢)(e*(tcos(y + @) —2(y)) +x+2)
+%sin(3¢) (¢* (tsin(y + ¢) — 2 sin(y)) +), @)
ro= 6(e"(tcos(y+ @) —2(y)) +x+2)* +6e5(tsin(y+¢) —2(y)) +y> ()
Let g(¢) = %. Then ¢'(¢) = 0 has 0 and 7 roots. Furthermore, we see that g"(0) > 0
and g”(7t) < Ofort € (0,1). Therefore, g has minima at ¢ = 0 and maxima at ¢ = 7. Hence,
13

EE}REIPV(‘;) = ¢V(t) = 6(t(ef T+ 1) — Z(Et — 1))
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and
3
maxRegy(e) =¥v(~t) = g —2Ee =1y
Similarly,
u\2  (v\2
P = (2) +(3) =alo)

where

v = —t3cos(3¢)(e*(tsin(tsin(g) + @) — 2 sin(y)) +y)

+t3sin(3¢) (e* (tcos(y + @) — 2 cos(y)) + x +2)

and u and r are given in (4) and (5), respectively. Some computations show that g; has a
minimum value at ¢ = 0. Hence, we conclude that

t3

mgﬂll)l/(g)‘ =Py(t) = 6(i’(€t i 1) —Z(Bt — 1))

O

Theorem 1. The class Sy, satisfies the following relations:
(i) Sy C S*(a), for 0 < o < 6(;—_8)

(ii) Sy, € M(a) for a > @,

(iii) Sy, C SS*(B), where B > 2h(¢1)/ 7 ~= 0.3199041635,

where @1 ~ 4.811266810 is the root of the equation h'(¢) = 0 and h is defined in (7).
Proof. (i) Let k € S);. Then, it is easy to see that

k(o) _ ¢
k(c)  6(es(g—2)+ (c+2))

Therefore,

. ¢ ck'(c) ¢
i Re<6<e€<g—z> n <g+2>>) <Ko < ré}a’l‘Re(aeg(g —2)+ <g+z>>)'

Hence, by using Lemma 1, we conclude that

1 ck'(c) e
6G-a k) 6B ©

Thus, S}, C §*(«), where 0 < a < 6(314)'
(ii) Result follows from (6).
(iii) Let k € S5;. Then

! 3
arg g;:(g) ‘ < Ea:l(arg 6(es(c — 2§ T(c+2)) = Ea:)l(h(q))'
where
—t2 cos(39) (—2sin(y) + e*(tsin(y + 9)) + )
hp) = tan-t | T2 SNGP)(2c0s(y) +e*(Ecos(y + ¢)) +x+2) )

t3 cos(3¢)(—2cos(y) + e*(tcos(y + ¢)) + x +2)
+2sin(3¢) (—2sin(y) + e*(tsin(y + ¢)) +v)
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It is easy to see that i/ (¢) = 0 has two roots in [0, 27, namely
@o = 1.471918497 and ¢, = 4.811266810.
Furthermore, we see that 1" (¢;) = —0.5177687016. Hence, max(h(¢)) = h(p1) =

0.5025042849. Thus,
(2
keSS <7Th((p1)>.
O]

Theorem 2. The S* («)-radii, for S5, is to, where tq is the solution of t* — 6a [e! (t — 2) + (t +2)] =
0and1/6(3—¢) <a < 1.

Proof. Let k € &;. Then from Lemma 1, we can write

3 ck'(c) 3
S =)+ (12 = Re( k(<) > = 6let(t+2)+ (t—2))

ck'(¢) £
Re( k(c) ) G R

for > — 6a[e! (t —2) + (t+2)] = 0 > 0. Thus, the radius of S* (), for S;; is the smallest
root ty € (0,1) of 2 — 6afel(t —2) + (t+2)] =0. O

Hence,

3. Radius Problems

Consider the class

P () := {P(Q) =1+ i cmg™ : Rep(g) > 0}.

k=m
Furthermore, Py, := Py, (0). Let
Sy = An NSy, Spy(a) == A NS*(a).

Ali et al. [28] investigated the class S, 1= {k € Ay, : @ € Pu}. Now consider the
following useful results to prove our results.

Lemma 2 ([29]). If p € Pu(a), then, for |g| =t,

o) 2o
plo) | = =) (T + (1 - 200

Lemma 3 ([30]). If p € Pu(a), then, for g| =t,

(1+ (1 —2a))t2m

‘p(g) - 20— )"

1— 2

<

The main purpose of the next result is to obtain the disks of maximum radius and

minimum radius centered at (a,0) such that Ay, := ¢, (D), where Py (g) = W

is contained in the smallest disk and contains the largest disk.

Lemma 4. Let ﬁ <a< @. Then, the following inclusions hold:

{weCilw—a| <t} CAy C{we: |w—a| < Ty},
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where .
b= { a e 66-0) <a SE a,
66— Y 4 =<z
and
550 7 6(31—6) <asa,
T, = h(@a), a* <a<a*,
4= 5=e) a* <a< @,

where @, is the zero of h'(¢). The function h is given by (8) with a® ~ 1.099999, a* =~
1.0683509192, and a** ~ 1.1944463972.

Proof. Let ¢y () Then

_ S
T 6(ef(6—2)+(c+2))
e3¢

v (eiq)) - 6<eef<o (e —2) + (e + 2))

represents the boundary of ¢ (D). Let x = cos(¢) and y = sin(¢). Then the square of the
distance of (a,0) to the boundary of Ay is given by the function

o= (50 + ()

where
up = cos(3¢)(e*(—2cos(y) +cos(y+¢))+x+2)
+5in(3¢)(—2 sin(y) +¢* (sin(y + ¢)) +y),
v; = —cos(3¢)(—2sin(y) +e*(sin(y + ¢)) +y)
+sin(3¢)(—2cos(y) + e*(cos(y + ¢)) + x + 2),
1 = 6(—2cos(y) +e*(cos(y + ¢)) + x +2)*

+6(—2sin(y) + ¢*(sin(y + ¢)) + y) .

To prove that |w — a| < t, is a disk with maximum radius contained in Ay, we have to
show that ming<y<x \/h(¢) = t,. Since h(¢) = h(—¢), we consider 0 < ¢ < 7 only. We
suppose that

1
o a— <
6G—¢) <a<a’,

where a* ~ 1.0683509192. We see that the equation h'(¢) = 0 has the roots 0 and 7. The
graph of the function 1’ (¢) is positive in the interval [0, 7t]. Hence, it is increasing; therefore,

Jzin o) = 0 = g5t

Now, we consider a* < a < a**, where a** ~ 1.1944463972. Then I'(¢) = 0 has
0, 9o € (0, 1), and 7 roots. The root ¢, depends upon a. We notice that #'(¢) > 0 in
(0, ¢q) and 1 (@) < 01in (¢g, 7r). We also see that h(0) < h(rm) for a* < a < a°, where
a° ~

1.099999. Hence,
. 1
o0 \hie) = \/h0) =a-gr—py

Similarly, we see that h(7r) < h(0) for 1.099999 < a < a**. Therefore,

jmin /h(g) = \/h(m) =
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Fora™ <a < ﬁ, we notice that /' (¢) < 0in (0, 7r). Hence,

Ogggn\/@: \/h(m) = 6(367—6)_11'

For the case of the minimum radius of a circle centered at (a,0) which contains
3
Py(D) = W, we calculate the maximum distance of (a,0) to a point on the

boundary of Ay, = (D). We notice that & is increasing for @ < a < a*. Therefore,

Orﬁr}paﬁxn\/@: Vi) = 6(36— g

When a* < a < a**, the function //(¢) has 0, ¢,, and 7. The root ¢, depends on

a. The graph of 1/ (¢) indicates that h'(¢) > 0 when ¢ € (0,¢,) and I'(¢) < 0 when

¢ € (@a, ). We conclude that [max h(¢) = \/h(¢a). Furthermore, h is decreasing when
<g<m

*% 4
a <ﬂ<mand

o%agn\/@: \/m_”_a:-sl—e)'

Hence, we obtain the required result. O

Example 1. (a) The function k(¢) = ¢ + doc?* is in S}, if and only if

17 —
\dy| < 35—716263 ~ 0.29480.

(b) The function k(g) = isin Sy, if and only if

3
1—-A¢?

7e —18

A < 1;:56 ~ 0.22540.

Proof. (a) We know that k(g) = ¢ + dp¢? € S* if and only if |d,| < 1. Since S}, C S*, we
have |d| < %, whenever k € Sy;. The function

_cK(g)  142dyg

w - - 7
©= %) " Trae
maps I onto
w1 —2|dy? |2
2 2°
1— |do] 1— |dy|
. 1-2|dy|?
Since TlaF <1,
1 1—2|dy|? g dl _1-2 daff 1
6(3—¢) = 1—|dy)? 1—|da)* = 1—1|dy)* 6(33—¢)

The above two inequalities give us

17 — 6e 17 — 6e
<y < 2 zte
82| </ 355, and Id2| < 35—
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respectively. Thus, we have

dy] < min 17—6e 17—6e | 17 —6e
2l = V'35 1235 —12¢ [ 35— 12¢

g)\gz yields

(b) Logarithmic differentiation of the function k(¢) = T

_6k(e) _1+A¢
k(c)  1-Ag

w(g)
The function w maps D onto

k() 1+ AP
k()  1—|A)?

2|7l
T1-AP

Hence, by using Lemma 4, it is contained in Ay provided

LHAP e g 2L e _1+|/\|2‘
1— A ~ 6(B—e) 1— A~ 6B—¢e) 1-|A]
Thus,
7e — 18 7e — 18
<
M<yig—s 4 M=%

respectively. Thus, we have

Al < min [7e—18 7e—18 | 7e—18
= 18 —5¢” 18 —5¢ [ 18 —5e’

Hence, we obtain the result. [

Theorem 3. The Sy, , -radius for Sy, is

17 — 6e
R+« (Sm) =
SV,m (67’”(3 . E) + \/367712(3 _ 6)2 + (17 — 6@)2)

Proof. Letk € S;. Consider the function # : D — C defined by

h(c) = k(gg) h € P

Taking logarithmic differentiation, it follows that

ck'(¢) | _ 6h'(e)
k() h(g) -

By applying Lemma 2, we obtain
ck'(c) | _|M(Q)| o 2mt™
Ke) I [ hlg) |~ 1—em

By using Lemma 4, the image of || < t under g}l:;g) is contained in Ay, if

2mt™ 17 — 6e
1—2m — 6(3—e)
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This implies that
£2M(17 — 6e) + 12m(3 — e)t™ — (17 — 6¢) < 0.
Hence, the Sy, | -radius of Sy, is the root of 12 (17 — 6e) +12m(3 — e)t"™ — (17 — 6e) =0

n (O, 1). Consider the function ko (g) = g(1+§” ) Then ReXl&) ( ) > 0inD. Thus, kg € Sy and
.. Furthermore, k¢ gives a sharp result, since at ¢ = RS* (Sm), we have

ckole) 1 2mg™ 17 —6e

ko(g) — 1-¢™ 6(B—¢)
This completes the proof. [

Consider the class F defined as

:{keAm:Re %) >0andRe(%) >0,g€Am},

Theorem 4. The sharp S5, , -radius for F is

1

17 — 6e 8
Rg: (F) = :
oo (6m(3 —e) + \/(17 — 6¢)2 + 36m2(3 — 6)2)

Proof. (1) Letk € Fand define p, h : D — Cby p(g) = % and h(g) = % . Then, clearly
p, h € Py. Since k(g) = ¢p(c)h(g), by Lemma 2 it implies that

ko) | . 4mt" o
k(¢) =1 =T (G e
1
fort < Lo " _ R (F). Consid
ori < (6’"(3_")+\/36m2(3—e)2+(17—6e)2 SV,;n( ) onsider

gm

TCOREECOR

and hence, k € F. A computation shows thatat ¢ = Rg | (F)e",%

to(0) = ¢(150) and sute) = ¢ (1750 ).

Thus, clearly

ck'(¢) 4mg" 1
=1 =2 :
k(c) 1o 6(3—¢)
This confirms the sharpness.

O

Theorem 5. The sharp Sv-mdii for the classes S}, S&, S, and Sj;

11rn
(1) Rs; (S}) = W ~ 0.65109,

(2) Re;(SE) = % (642 + V=15 +11e —2¢7) /(3 — ¢) ~ 037751,
(3) R (S7) = In(gles) +1 ~ 047528,

(4) Ry (Si) = (F22P2ZV3) ~ 0.32624.




Mathematics 2023, 11, 2231

10 of 22

Proof. (1) Let k € S;. Then, we have Ilf(g < v1+4¢. Thus, for [¢| <t < Rs;(S]),
we have
‘gk 1

ko) _‘\/1+ —1’<1—\/7<1 6G_o)

By using Lemma 4, we obtain the hypothesis. Consider the function

kolc) = e P(VTH6—1)]
(R

kf (g !
Since gko(g) VI+g, ko € S;. Furthermore, ko((G)) =1+¢ = m at ¢ =
%, hence, the sharpness of the result is verified.

(2) Letk € SE. Then k(()) =<1 + ¢ 4% Thus, for |g| = t, we obtain

ck'(¢) 4g | 2¢?
1] = h+=4% g
'k@ 373
4t 242 1
< 1-— <1 ——
< 1 <1+3+3>_1 557

fort < 3 ( 6+ 2¢ +v/15¢ — 3¢% — 18) /(3 —e). Consider the function k; given by

4¢ +¢?
() = cexp{ 35,

Since gkk (( )) =1 —|— ¢+ 2 it follows that k; € S¢ and at ¢ = Rgy (S¢), we have

cki(c) 1

ki(g)  6(3—e)

Hence, the result is sharp.
(3) For k € §), we have

e
6(3—e)

ck'(¢) ’ t
—1l =l -1 <" —-1<
‘k(g) | < -

Sharpness is guaranteed by k; such that gklz((gg)) = ef.

(4) Suppose k € S . Then, % < 1+V2+% (see [21]). Thus, for [¢| =
we obtain

/ 2
‘gk(g)—ll - ‘1+\@g+92—1’

k(¢)
2 1

IN

fort < —v2+4/ 62%1 For sharpness, consider k3 given by

- 555,

/
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ks (¢)
k3(g)

=1+V2+ ﬁ, it follows that k3 € S5, and at ¢ = Rs: (S};

Since i), We have

ckz(¢) 1

ks(g)  6(3—e)

Hence, the result is sharp. O

4. Coefficient Estimates

Pommerenke [31] introduced the gth Hankel determinant for analytic functions. It is
given as

A Ayt oo dyygi
A1 dmyz oo duig
Hom(k) := . : . , )
dm+qfl dm—l—q s dm+2q—2

where m > 1 and g > 1. We note that
Hoy(k) =ds —d3, Hyp(k) = dpdy — d3
and
Hs (k) = 2dodsdy — d5 — dj + dads — dads. (10)

To find the sharp upper bound of Hj; for subclasses of analytic function is much
difficult. Only a few papers [32-37] are devoted to finding a sharp bound for Hs ;. In this
section, we find the sharp coefficient bound and sharp results for the Hankel determinants
H2,11 Hz/z, and H3’1.

In order to prove our theorems, we will use the following useful results related to the
functions in the class P.

Let P represent the class of functions p which are analytic and defined for ¢ € D
given by

p(c) =1+ ) cmg" (11)

m=1

having positive real part in D.

Lemma 5 ([9]). Let h € P be given by (11). Then
—4¢ + 2, ¢ <0,
o-gd[<q 2 o<e<1,
AF—-2, E>1.
Lemma 6. Let h € P and of the form (11). Then
’cz - (;‘cﬂ < 2max{1,]2¢ —1|}.

Lemma 7 ([38,39]). Ifh € P of the form (11) with ¢y > 0O, then

1
o = gld+@-ca, (12)
1
6 = lG+2ad-dr-al- 24— Py, 19
g = %[6%4—36%(4—6%)364—(4—3c%)(4—c%)x2+c%(4—c%)x3

+4(4 - ) (1 — [x) (c1y — crxy — Xy?)
+4(A -1 - [xP) A - |y[H)z] (14)
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forsome x, y, z€ D := {g, |¢| < 1}.
Lemma 8 ([40]). Let h € P given by (11). Let 0 < [ < land J(2] — 1) < K < . Then
le3 — 2] c1p + Ke3| < 2.
Lemma 9 ([41]). Let h € P be given by (11),0 < j < 1,0 < k < 1and let
8j(1 — j){ (kI —2m)* + (k(j + k) — k)*} + k(1 — k) (I — 2jk)* < 4k%j(1 — k)*(1 — j).
Then
|mc} + jc3 + 2keqes — ;lc%cz —oyl <2.

Lemma 10 ([42]). Let D := {c € C: |¢| < 1}, and ], K, L are real numbers; let

Y(J,K L) := max{|]+1<g+Lg2\ +1—cl:¢ eﬁ}.

IfJL > 0, then

[JI + K]+ |L1, K| >2(1—[L]),

. 2
Y<LI<IL>—{ V4 g K <20 1),

(1 —IL[)’

Theorem 6. Let k € S5, be of the form (2). Then

1
< om= ,
|dm| < 2m=1)’ m=2,3,45
These bounds are sharp.
Proof. Letk € &j;. Then
K(c) _ (@(c))’ -
o)~ 6((@) (@@ +1) —2(e® — 1))’

where w € BinD. Now for h € P and of the form (11), we can write

_hle) -1 i cme”
h(g) +1 2435 1 cmg™

Now

(w(c))®
6(w(g)(e¥(®) +1) —2(ew() —1))

= 1—1c + _—1c —1—202 24 _—10 +£cc—1—703 3
g8 2T pa)e 4 BT 092 T 19016
6929 c4fgczc +gcc71c ‘|‘3C2 SRR
1344001~ 6412 T 1018 T g4 T 26 '

Furthermore, we have

ck'(¢) _ _ 2\ 2 _ 3\ -3
k(g) = 1+dy+ (2d3 dz)g + (3d4 3dyds + dz)g

+(4ds — adody — 245 + 4dsd — df ' + -+ (16)
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Substituting in (15) and comparing the coefficients, we obtain
-1
dy = Tclr (17)
1 17
dz = —= 2 1
3 8C2 J’_ 16061/ ( 8)
293 21 1
d, = — == 3 19
4T 75760 T 16012 T 12 (19)
82531 4 67 2 23 B o2 29 B ic 20)
5~ 32256001 64021 T 24071 640 16"

The bound for |d;| can easily be obtained by using the well-known coefficient bounds
for class P. The bound for |d3| is obtained by using Lemma 5 for { = 17/20. For |d4|, we
may write (19) as follows:

3
—C1C2 + —==

|d4|=ﬁ %~ 10

‘63 —2]Jcicp + KC‘;) ,

3
4801

12

where | = % and K = Zgg It is easy to verify that0 < ] <1and J(2] —1) < K < J. Then
by using Lemma 8, we have the required result. For d5, we can rewrite (20) as

|ds| = —@c‘l—i—zgz—k €103 — —CpC2 — ¢
51 T 16]20160071 T 202 T 151 T 41T
= 1 mc} + jes + 2keqes — flczcl —cyl.
By using Lemma 9 with m = 28021563010, j= 4218/ k= %8, and [ = %, we have

8j(1 — j){ (kI —2m)* + (k(j + k) — k)*} + k(L = k) (I — 2jk)* — 4k%j(1 — k)*(1 — j)
— 44977769161
= 2032128000000

Therefore,
1
ds| < =.
|ds| < 3

For sharpness, consider the function k;, : D — C given by

k = °1 £ 1)dt =1,2,3,4
m(g)_gexp/o t(6(tm(€tm+1>—2(€tm—1)) - ) 7 m=1,2,0,4.

ckiu(e) _ £
kn(c) — 6(F7(e™ +1) —2(e" — 1))’

Then
m=1,2,3,4.
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Hence, ki € Sy, and
c1 £
= - -1
fa(e) COP Jo 1 (6(t(ef F1) =20 —1)) )dt
_ Yo 7T s 7 4
ka(g) = cgexp [ — -1
0 E\6(r2(e” +1) —2(e? —1))
_ 13,9 5
= 1S TS T (22)
51 9
k() = gexp [ - -1
0 E\6(B(ef +1) —2(e? ~1))
B 1, 11,
= 67 gf taeps T (23)
S1 tlZ
k() = cexp [ - -1
0t 6(t4<et4+1) —2(€t4 —l))
_ 15, 134

Next we investigate the Hankel determinant problems; the first two results study

Fekete-Szego functional, which is a generalized form of Hj ;.

Theorem 7. Let k € Sy, be given by (2). Then

7—10u

5
|d3 — pd3| < !

=

7

7

—7+10u
5

[0/¢]

U

o.‘\1 IA S‘L‘p
= -
IN
=
SiN|

N
= |
V gl IA

7

This result is sharp.

Proof. If k € S5, then from (17) and (18), we have

c

‘ds —yd%‘ -3

2 17 — 10p)c?

1
2= 55

1

Then, by using Lemma 5 for § = 5;5(17 — 10y), this completes the result.

Theorem 8. Let k € Sy, be given by (2). Then

1 1
— 2 < - — —
|d3 yd2|_4max{1, 10|7 10y|}, necC.

Sharpness is obtained by ko and ks given in (21) and (22), respectively.

Corollary 1. Let k € Sy, and of the form (2). Then

3

2
— — < —.
|Ha1 (k)| = |d3 —d5| < 0

This inequality is sharp for the function ks defined by (22).

O
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Theorem 9. Let k € Sy, and of the form (2). Then
Hoa(W)] < 1
22 =16
This inequality is sharp for the function ks defined by (22).
Proof. From (17)-(19) , we obtain

329¢4 2y 2 cqc
Hy»(k) = 112 2, 183 2
22(k) 230400 60 64 T 48 (25)

Now we can write 1

Hy,(k) = m@

(26)

where
¢ = 329¢] — 1440c3c, + 4800c3¢; — 3600c3.

The class Sy, as well as the functional Hp > (k) are invariant (rotationally); we suppose
that ¢ := c¢1, such that 0 < ¢ < 2. Then from (12) and (13) and by simplifying, we have

¢ = —91c* —120(4 — ¢?)xc* —300(4 — c?) (62 + 12) x? +2400c(4 — ¢*) (1 — |x|?)y,
where x and y are such that |x| <1, |y| < 1.

First assume that ¢ = 2. Then

|| < 1456,
From (26), we obtain
91
< —
2201 < 135007

and when ¢ = 0,
|| = 14400|x|? < 14400,

so that
1

| < —.
16

Next assume that ¢ € (0,2). Using triangle inequality, we obtain

|Ha (k)

|| < 2400c(4 — *)¥(],K, L),

where _
¥(],K, L) = ‘]+Kx—|—Lx2‘+1—|x|2, xeD,
—91¢3 (c?+12)
ith]=——— K=3¢ L=————- learl
with | 220004 — )’ 50 and So clearly
91c?(c? 4 12)
L= "~/ f 2).
i 2200(4 — &) >0, or c€(0,2)
Note now that
2
-2
K| 20— |L) = X220 S e (0,2),

10c
which shows that |[K| > 2(1 — |L|).
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Using Lemma 10, we have
|| < 2400c(4 — *)(|]| + K] + |L]) := g(c),

where
g(c) = —329c4 — 1920c* + 14, 400.

Since g’(c) < 0 for ¢ € (0,2), maxg(c) = g(0) = 14,400, and hence from (26), we obtain
the result.
It is sharp for k; given in (22). This completes the proof. [

Theorem 10. Let k € Sy, and of the form (2). Then

1
This result is sharp.
Proof. From (17)—(19), we obtain
48 11 48
|dods — dy| = 57g |63 —c1e2 + @c? = %‘63 —2]Jc100 +Kc‘i’ ,

where | = %andK: %.ItisclearthatOS]S land J(2] —1) < K <

< J. By the application
of Lemma 8, we obtain the result. It is sharp for k4 defined by (23). O

Theorem 11. Let k € Sy, and of the form (2). Then

1
< —.
|Hs1 (k)| < %

This bound is sharp.

Proof. Using (17)-(20), we obtain

Hs 1 (k) 161371c§ — 17236800c3 4 21772800c; coc3 — 1597860c% ¢,

= 1624862000
+658560c3c3 + 4,944, 240c3 3 — 12700800c3c4 + 36288000ca¢4 — 32256000¢3).

Using Lemma 7 and after simplification we obtain

— 1 2

where x, y,z € D and

v1(c, x) == —5459¢® + (4 — c)((4 — ¢®)(252,000x*c? — 1044540c%x? + 453600x> + 693000x°c?)

+ 2721600c%x? — 51330c* x + 680400c* x> — 895440c*x?),

vy(c, x) == —6720c(4 — c)(1 — |x|*)(30(4 — c?) (8x + 5x2) — 64c? + 405xc?),
v3(c, x) := —100800(4 — c)(1 — |x|?)(10(4 — ¢?) (x4 8) + 27¢%%),
¥(c,x,y) == 907200(4 — ) (1 — |x[2) (1 — [y|?)(Bc* + 10x(4 — ¢?)).
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Now, by using |x| = x, |y| = y and |z| < 1, we obtain

1 2
Ha1(0) < gezsaanon 71(6 )+ loa(e,0)ly + [oa(e 1)l + (e, x,v)])

<G(c,x,y),
where
Gle ) = gepmerons (8160 820000y + 836,07 +ga(e 1)1~ 1),
with

g1(c, x) 1= 5459¢® + (4 — c2)((4 — c?)(252000x*c? + 1044540c%x% + 453600x> 4 693000x>¢?)
+2721600cx? + 51330c*x + 680400c*x® 4 895440c*x?),
92(c, x) 1= 6720c(4 — c?)(1 — x%)(30(4 — ¢?)(8x + 5x2) + 64c? + 405xc?),
g3(c, x) :=100800(4 — ¢?)(1 — x?)(10(4 — c?)(x* + 8) + 27¢%x),
ga(c, x) :=907200(4 — ¢*)(1 — x2)(3c® + 10x(4 — ¢?)).

To prove the result, we maximize G(c, x,y) over A : [0,2] x [0,1] x [0, 1]. We discuss
all the cases one by one.

I.  Firstly, we prove that interior of A has no critical point.
Let (c,x,y) € (0,2) x (0,1) x (0,1). Then
G 1
T~ (4—
dy 691200 (
4 ¢(30x (4 — ) (8 + 5x) + c2(405x + 64))].

2)(1 — x?)[30y(x — 1)(10(4 — ®)(x — 8) +27¢?)

So %—(y; = 0 when

_ c(30x(4—*)(8+5x) + c*(405x +64))
30(1—x)(10(4— ) (x—8) +272) = I

If yo is in A, a critical point, then iy € (0,1), and
c3(405x 4 64) + 30cx (8 + 5x) (4 — c*) +300(x — 1)(x — 8)(4 — ¢?) < 810(1 — x)c* (27)

and 10(x —8)

2, 27O

© 7 Tov—107 (28)

Suppose g(x) :=40(8 — x)/(107 —10x). Now ¢’(x) < 0 for (0,1). This implies that g(x) is

decreasing in (0,1). Hence, c¢? > 280/97. We see that (27) is satisfied for ¢ > 1.760524723

and x < 3i1. Now we prove that G(c, x,y) < 5 in (1.760524723,2) x (0, 31%) x (0,1). We
see that 1 —x2 < 1forx < g‘l%, we may write

34138222033916 , 4441003952 326949173771
< 54590 + (4 - ¢ 2 - 4) =@
gilex) = 5459¢+( C)( 23914845 © 32805 23914845 © 1),
1116434 233743
< _ 2 =
Q(c,x) < 6720c(4 )( 2187 + 2187 ) D, (c),
10730162 2309657
< — 2 _ _
g3(c,x) < 100800(4 c)( 35805 35805 ) = ®3(c),
ga(c,x) < 907200(4—c2)(—2?c2+12§4> = Py ().
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Therefore
G(6,%Y) < T1a33a05 | ©1(6) T P4(0) + @2()y + [@5(c) — @4(0)]y?] = ple.y).
o WL 1g)(c) +2/ds(c) — D
3y~ 1194393600 2(c) +2[P3(c) — Pa(c)]y]
and

%y 1

992 ~ 1192393600 [ 23(¢) ~ Pa(e)):

Since ®3(c) — Py4(c) < 0 for ¢ € (1.760524723, 2)

is decreasing. Hence, fory € (0,1),

9% _
dy

o 29Y < 0fory € (0,1). This shows that 3—5

ay|y 0=¢a2(c) >0

Therefore,

P(e,) < $(61) = Trazasass [#1(0) + 92(0) + 43(0)] = x(c).

We see that x takes its maximum value 0.02473632401 at ¢ = 1.760524723. Thus,

1 41
Glc,x,y) < % ~ 0.027778, (c,x,y) € (1.760524723,2) x (0, 310) x (0,1).
Hence, G(c, x,y) < 31—6. Therefore, G has no optimal solution in the interior of A.
II. Next we obtain the maxima inside the six faces of A.

On the face ¢ = 0, we have

. 20(1 — 22)(x — 1) (x — 8)y% — x(171x% — 180
i(xy):=G(0,xy) = ( X I 576())y ( ),x,yE(O,l).

As j1 has no point of maxima in (0,1) x (0,1) since x, y € (0,1),

. _ 2 _ _
o _ (A== 1)E=8)y ,
ay 144
On the face ¢ = 2, we write
5459
(ny) m x,yE(O,l)

On the face x = 0, G(c, x, y) reduces to G(c,0,y), given by

jaley) =
100800(4 — ¢2)(320 — 107c2)y? + 430080c3 (4 — c2)y + 5459c® — 2721600c* + 10886400c>
4644864000 ’

where c € (0,2) and y € (0,1). We solve %2 =0and %LCZ = 0 to obtain the required result.

On solving 5 %2 — (), we obtain

3203

Y= 1501072 —320) U @9)



Mathematics 2023, 11, 2231

19 of 22

For y; € (0,1), which is possible only if ¢ > ¢, ¢p ~ 1.72935. The equation %LCZ = 0 implies

(—25132800 + 7190400c)y? + (860160c — 358400c )y + 5459¢* — 1814400c% + 3628800 = 0. (30)

By substituting Equation (29) in Equation (30) and simplifying, we obtain

—2313362944¢° + 1490403¢® + 18418671360c* — 48254976000c2 + 41287680000 = 0. (31)

After some simplifications, we have a solution ¢ ~ 1.40960 of (31) in (0, 2). This value does
not satisfy (29). Thus we conclude that j, has no point of maxima in (0,2) x (0,1).
On x = 1, we have

367829c® — 11675640c* + 39090240c? + 7257600

jB(C/y) = G(Cr 14/) = , CE (0,2).

ja(e, x)

js(c,x)

4644864000
Solving % = 0, we obtain ¢ := ¢y ~ 1.35379 as a critical point. We see that j3 has maxima
approximately equal to 0.00903 at co.

Ony =0, G(c, x,y) can be written as

= G(c,x,0)

1 5459¢% + (4 — c2)((4 — c*)(252000x*c? — 8618400x3
YPIVTYAT 3¢c2 2,2 4
16A48ea000 | T693000x"c” +9072000x -+ 1044540c"x") + 51330c"x

+680400c*x3 + 895440c*x? + 2721600c?)

We see that by using the numerical method, the system % =0and aai;‘ = 0 has no solution
in (0,2) x (0,1).
Ony =1, G(c, x,y) reduces to

= G(c,x,1)
5459c% + (4 — c2)((4 — ¢*)(1044540c2x% + 1008000cx>
+252000x*c? + 1612800cx — 1008000cx* + 693000x3c2
1 —1612800cx3 — 7056000x2 + 453600x3 — 1008000x*
4644864000 [ +8064000) + 51,330c*x — 2721600c3x3 — 430080c3x2
+2721600c?x? — 2721600x3c? + 680400c* x> + 430080c3
+895440c*x? + 2721600c3x + 2721600cx)

Similarly, % =0and %Lg = 0 has no solution in (0,2) x (0,1).
III. On the vertices of A, we have

1 1 1

G(0,0,0)=0, G(0,0,1) =2, G(0,1L1) =5, G(0,1,0) = 5,
5459

G(2,1,0) = G(2,0,0) = G(2,1,1) = G(2,0,1) = 7o .

IV. Lastly, we find points of maxima of G(c, x,y) on the 12 edges of A.

54590 — 2721600c* + 10886400¢2

= <
G(c,0,0) 4644864000 < G(%1,0,0)
1992069 ———— 1239527205
where
12
= /34391700 — 27295/1549387 ~ 1.41851.



Mathematics 2023, 11, 2231

20 of 22

G(c,0,1) =

G(c,1,0) =

5459¢® — 430080c° + 8064000c* + 1720320¢% — 64512000¢2 + 129024000

<
4644864000 <G(0,0,1)

1
= — ~0.02778, 0,2).
3% ce(0,2)

367829c° — 11675640c* + 39090240c? + 7257600

< G(A2,1,0)

4644864000
16177950997 2381135977308821
= \ — ~ U.
61371251382117600 161779509970 24548500552847040 0.00903, ¢ € (0,2),
where
= V161779509970 ~
ci=\p) = 3, 829\/357886582130 735658v/161779509970 ~ 1.35379.
20 — 19x2 V2
G(0,x,0) = X20=19Y) _ \/28 5,0) = 444§§ ~0.01234, x € (0,1)
640 1368
42m4+9x444u4+m0 1
= < = — .
G(0,x,1) 0 < G(0,0,1) %,xemﬂ)
5459
G@Jﬁ)—ﬁgﬁﬁﬁ, € (0,1).
5459
G(Z,x,l) — m, S (0,1)
1, 1
= — < — 1).
1
G(0,1,y) = waomw6 ye (0,1).
5459
G(2,0,y) = EE000" € (0,1).
5459
C2LY) = g0 ¥ € O

Since all cases have been dealt with, we have the required result. The result is sharp for
k3 given in (23), which is equivalent to choosing d) = d3 = ds = 0 and dy = %, which
from (10), gives |[Hz1 (k)| = . O

5. Conclusions

We have defined and studied the starlike functions associated with Van der Pol
numbers. We have studied certain geometrical characteristics of the said functions which
include the derivation of structural formula, finding the radius of starlikeness of order «
and strong starlikeness, and establishing some inclusion results. We have also studied the
radii problems for various classes of analytic functions. Furthermore, we have investigated
some coefficient-related problems which include the sharp initial coefficient bounds and
sharp bounds of Hankel determinants of order two and three. This work would be helpful
in finding the bounds of the fourth Hankel determinant, Toelpitz determinants, bounds of
logarithmic coefficients and their related Hankel determinants for the functions of defined
class S}, and their associated convex functions.
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