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A b stract

The breakdown of vertically-propagating p lanetary  waves in the stratosphere is 

investigated using an  ultra-high horizontal resolution C ontour Dynamics with Surgery 

model. In the model, planetary waves are forced a t the tropopause and propagate upwards 

through the stratosphere and into an absorbing sponge (the first of its kind for such 

a model). In the context of wave breaking, two aspects of the system  are questioned, 

namely, 1) what is the sensitivity to upper-boundary conditions? and 2) given perfect 

upper-boundary conditions what controls wave breaking?

1) In a  Boussinesq environm ent, wave breaking is com pared using: a) a  rigid upper- 

boundary condition (as in previous work) and b) an absorbing sponge (preventing spurious 

reflections). In a) both  local (to the forcing) and rem ote breaking is evidenced for weak 

forcing while only local breaking is observed for sufficiently strong forcing. In b) remote 

breaking is absent and local breaking, which occurs for sufficiently strong forcing, has 

quite a different character to th a t seen in a). Com pressibility effects are also investigated.

2) -A. quasi-linear slowly-varying theory is developed which predicts wave breaking if 

the zonal mean flow decelerates by m ore th an  one-half of its initial value (via positive 

group-velocity/zonal-mean-flow feedbacks). This so-called “one-half’ rule for planetary 

wave breaking is confirmed through fully-nonlinear simulations. Numerical simulations 

detail the precise sequence of events leading up to and after wave breaking.



Examiners:

supervisor (School of E arth  and Ocean Science)

Dr. Dale Olesky, Co-supervisor (D epartm ent of C om puter Science)

Dr. Frank Roberts, D epartm ental Member (D epartm ent of C om puter Science)

Dr. Andrew Weaver, O utside M ember (School of E arth  and Ocean Science)

Dr. Charles M cLandress, External Exam iner (University of W ashington)



IV

A cknow ledgem ents

First and foremost, I would like to express my deep gratitude to Dr. John Fyfe, my 

thesis supervisor, for his rigorous guidance on my doctoral research and invaluable help in 

this dissertation writing. His support throughout my Ph.D  study is highly appreciated. I 

am also grateful to Dr. Dale Olesky, my departm ental supervisor, for all his support and 

encouragement in the past few years. This dissertation is not possible w ithout them.

My hearty thanks also go to the scientists and staff at Canadian Centre for Clim ate 

Modelling and Analysis. They have provided me with superb com puting facilities as well as 

a friendly working environment. Dr. R. Saravanan from National Centre for Atmospheric 

Research kindly provided the  Contour Dynamics with Surgery com puter code as well 

as detailed help in the earlier stage of this research. I also benefited considerably from 

discussions with Dr. Ruping Mo from McGill University on some of the theoretical aspects 

of this dissertation.

Scholarship and other financial support from D epartm ent of C om puter Science, Uni­

versity of Victoria, and Clim ate Research Network of the Atmospheric Research Service 

of C anada are gratefully acknowledged.

Last bu t not the least, I give my sincere thanks to my husband, Ming Li, for his love, 

patience, understanding and support.



To m y parents



C o n ten ts

A b stra c t ii

A ck n o w led g em en ts  iv

D ed ica tio n  v

C o n ten ts  vi

L ist o f  F ig u res v iii

L ist o f T ab les x iv

1 In tro d u ctio n  1

2 T h e  m od el 9

2.1 Governing e q u a t io n s ......................................................................................................  9

2.2 Piecewise-uniform potential v o r t ic i ty ........................................................................ 12



2.3 Initial and boundary c o n d itio n s .................................................................................. 13

2.4 Numerics ..........................................................................................................................  17

3 U p p er-b o u n d a ry  e ffec ts  on p lan etary  w ave b reak in g  23

3.1 .Model s e tu p ...........................................................................................................................24

3.2 Vertical sponge sensitivity ex p erim en ts ........................................................................25

3.3 Main experim ental r e s u l t s ............................................................................................... 26

3.3.1 Rigid upper b o u n d a r y ...........................................................................................26

3.3.2 Vertical sponge .....................................................................................................30

3.4 D iscussion ..............................................................................................................................31

4 A  new  m ech an ism  for p la n eta ry  w ave b reak in g  48

4.1 T h e o ry .................................................................................................................................... 51

4.1.1 Q u asi-lin ea riza tio n ................................................................................................. 52

4.1.2 Dispersion relation and vertical group velocity .............................................54

4.1.3 Wave activity evolution e c p ia tio n ...................................................................... 59

4.1.4 Zonal mean flow e q u a t io n ....................................................................................61

4.1.5 T he one-half rule for planetary wave b re a k in g ..............................................62

4.2 Nonlinear numerical sim ulations ................................................................................. 64

4.2.1 Verification of the one-half r u l e ......................................................................... 65



vin

4.2.2 Steady c a s e .............................................................................................................66

4.2.3 Unsteady case ...................................................................................................... 66

4.3 Sum m ary and d iscu ssio n ...................................................................................................68

5 C on clu sion s 83

B ib liograp h y  86

A  W ave a c t iv ity  90

B  In tegra ted  P V  flux 91

C  Zonal m ean  flow re la tio n sh ip  94

D  S tea d y  s ta te  w ave a c tiv ity  98



L ist o f  F igu res

1.1 Geopotciitial a t 10 m b for 1993-1997: (a) Dec-.Ian-Feb m ean for the N orth­

ern Hemisphere; (b) .June-.Iuly-Aug mean for the Southern Hemis])here.

Units are m'^s“ .̂ D ata  are from United Kingdom Meteorological Office

(UKMO) analyses (Swinbank and O ’Neill, 1994)...............................................  7

1.2 Geopotential a t 10 m b for February 22, 1979 (OOZ). Units are m^s""^. D ata 

are from National Centre for Environm ental Prediction (N C EP) reanalyses 

(Kalnay et ah, 199G).......................................................................................................... S

2.1 Plan view of the initial polar vortex (bold circle) on an /-c a p  plane. The 

topography is shown by shaded contours. The North Pole is the  centre of

the p lot......................................................................................................................................21

2.2 A single patch vortex with interior and exterior vorticity Qi and Qo, re­

spectively. C is the bounding contour and the area enclosed by C is Tv.

is the distance from th e  N orth Pole to C. N P  denotes the N orth  Pole. . . .  22



X

3.1 Total wave activity density normalized by rj  ̂ for a range of relaxation rates

c ir  w ith i'/'=120km  (i.e., zr= 1 9 .5 ) and r/o=0.15. W here applicable the 

vertical sponge bottom  is indicated by a horizontal dashed line. Note the 

nonlinear wave activity scale..............................................................................................34

3.2 As in Figure 3.1 but for £7’=72km  (i.e., z r = l l . ~ ) ........................................................35

3.3 Perspective views of the vortex for the case of a  low rigid upper boundary:

(a) BCq,45 (7/0 = 0 .4 5 ); (b) BCq go (7/0 = 0 .CO)................................................................. 3C

3.4 Top level (dotted) and bo ttom  level (solid) potential vorticity contours for

the  case of a  low rigid upper boundary: (a) BC qas (t/o=0.45); (b) BCq.go 

(7/0 = 0 .6 0 ). T he bottom  topography is shown by shaded contours.........................37

3.5 Total (top) and relative (bottom ) wave activity density for the case of a low

rigid upper boundary: (a) BCqag  (7/0 = 0 .45); (b) BCo.eo (7/0 = 0 .60)..................... 38

3.6 As in Figure 3.3 for the case of a high rigid upper boundary: (a) BTioAS

(7/0 = 0 .4 5 ); (b) Bno.eo  (7/0=0.60)...................................................................................... 39

3.7 As in Figure 3.4 for the case of a high rigid upper boundary: (a) B H qag

(7/0= 0 .4 5 ); (b) By.0.60 (7/0 = 0 .6 0 ) ...................................................................................... 40

3.8 .\s  in Figure 3.5 for the case of a  high rigid upper boundary: (a) B'Hqag

(7/0 = 0 .4 5 ); (b) B H o m  (7/0=0.60)...................................................................................... 41

3.9 As in Figure 3.3 for the case of a vertical sponge ( 0 7  = 1 .6 ): (a) fî5o.45

(7/0= 0 .4 5 ); (b) B J 0 .6O (7/0= 0 .6 0 ). The thin solid contours lie w ithin the 

vertical sponge........................................................................................................................42



XI

3.10 A.S in  Figure 3.4 for the case of a vertical sponge (aT = l-0 ): (a) B S qas 

(r/o=0.45); (b) B S q.go (r/o=O.GO).......................................................................................43

3.11 .As in Figure 3.5 for the case of a vertical sponge (a'/-=1.6): (a) C5o.45 

(7/0 = 0 .4 5 ); (b) i6 »So.60 (7/0 = 0 .6 0 ). The vertical sponge bottom  is indicated

by the horizontal dashed line.............................................................................................44

3.12 Perspective views of a  compre.ssible vortex. Low rigid upper boundary 

cases: (a) CBo.is (r/o=0.15); (b) CBo.i7S (7/o=0.175); (c) CBo.25 (r/o=0.25). 

Vertical sponge cases: (d) C.So,i5 (?7o=0.15); (e) CSq .175  (r/o=0.175): (f) 

C(9o.25 (7/0 = 0 .2 5 ). Note th a t the plots do not include the region of the 

vertical sponge........................................................................................................................45

3.13 Upper-level (dotted) and bottom-level (solid) potential vorticity contours:

Low rigid upper boundary cases: (a) C£q .15 ( 7/ 0 = 0 . 1 5 ) ;  (b) £ £ 0.25  (7/0 = 0 . 2 5 ) .  

Vertical sponge cases: (c) C Jo .is  ( 7 / o = 0 . 1 5 ) ;  (d) £ £ 0 .25  ( 7 / o = 0 . 2 5 ) ..........................46

3.14 Perspective views of a compressible vortex for a very weak forcing am plitude 

of 7/0 = 0 .0 4 . (a) Low rigid lid: £ £ 0 .0 4 ; (b) High rigid lid: CHo.oi\ (c) Vertical 

sponge: £5q.o4........................................................................................................................47



4.1 Graphical derivation of .4̂  ̂ and as in Fyfe and Held (1990). The curves 

represent the relationship between .4 and u, (based on quasi-linear slowly- 

varying theory) th a t must exist in a  steady s ta te  for different forcing am­

plitudes 7/ (where r/o < < % <  % <  The straight line represents

the relation between .4 and  ïï th a t exists a t all tim e for a flow th a t evolves 

from the initial wind 17°. T he dashed curve marks the critical am plitude i f  

above which no steady sta tes can evolve from the initial wind v ° .........................70

4.2 Plan view of the initial polar vortex (bold circle) on an /-c a p  plane. The

topography is shaded. The centre of the plot is at the N orth Pole.......................71

4.3 Vertical profiles of the (a) PV  jum p, AQ\  (b) zonal mean flow at r  =  Co, 77o:

(c) vertical wavelength, L \v  and (d) vertical group velocity, Cg. The solid 

curves correspond to the initial state while the dashed curves were obtained 

diagnostically from a C D /C S simulation (r/o =  0.12) evaluated at t = 100. . 72

4.4 Relation between the initial s ta te  as expressed by 7Z^/(7oAQ) and the 

critical ratio Ti%/Ti%. The dashed horizontal line is the approxim ate ra­

tio for small 77^/(roAQ). No propagating wave solutions exist beyond 

77°/(7oAQ) =  0.5 (shaded area). The solid dot identifies the initial setup 

and critical ratio  a t Z* in the numerical experim ents discussed in Section

4.2 73

4.5 The initial zonal mean wind distribution. The zero wind line is indicated

bv the thick contour............................................................................................................. 74



Xl l I

4.6 Zoiially averaged zonal wind field calculated from a  3-year run  with the 

Canadian Middle A tm osphere Model. Contour interval is 10 m /s  (Beagley

ct ah, 1997)..........................................................................................................................  75

4.7 Wo/ïï° evaluated at Z* for % = 0 .12 ,0.15,0.138, 0.16, 0.17. The dashed line

is the critical ratio  as predicted theoretically................................................................76

4.8 Particle displacem ent contour for r\o =  0.12 at (a) t =  40, (b) t = 60,

(c) t = 80 and (d) t =  100. The shaded and unshaded contour represent 

positive and negative value respectively. The contour interval is 0.5..................... 77

4.9 Wave activity density A  (normalized by for % =  0.12....................................... 78

4.10 Zonal mean wind (contours) and its change (shaded) for //o =  0.12 at t =40,

60, 80 and 100......................................................................................................................... 79

4.11 Perspective view of the vortex a t t =  166 for 7/o=0.16.............................................. 80

4.12 PV contour a t Z* for 7]o = 0.16 at (a) t =  160; (b) t =  166; (c) t =  168; (d)

t = 174.......................................................................................................................................81

4.13 PV contour (thick and solid curve) and the stagnation point (solid dot) at 

Z* for //o =  0.16 at t =  156 [(a) and (c)] and t = 158 [(b) and (d)]. .Arrows 

in (a) and (b) represent the  velocity field. Shaded contours in (c) and (d) 

represent the stra in  field around the stagnation po in t...............................................82

CM The zonal m ean flow change. Aw for e =  0.6, 0.8 and 1.2........................................ 96



C.2 Relationship between zonal mean flow deceleration a t r^, and radially- 

integrated zonal mean flow deceleration, Atldr.  D ata  points denoted by 

corresponds to A Q  =  3.5, “-t-” to A Q  =  4.5 and “o” to A Q  =  5.5. The 

three straight lines are the linear flts to the respective d a ta  points...................... 97



L ist o f  T ables

3.1 Sum m ary of Boussinesq experim ents perform ed, where 27- is the dimen­

sional domain height (km), a y  the relaxation rate  (where applicable) and 

7/0 is the topographic am plitude. The m ain set of experiments to he dis­

cussed are in bold-type and the identifying labels are in parentheses. . . .  27



C hapter 1

In tro d u ctio n

Planetary waves are the largest spatial scale waves on E arth . These waves, which are 

commonly seen in the N orthern Hemisphere stratosphere, mostly owe their existence to 

surface forcing associated w ith large-scale topography a n d /o r ocean-continent tem pera­

ture contrasts (Charney and Eliassen, 1949; Derome and VViin-Nielsen, 1971; Grose and 

Hoskins, 1979). Indeed, the fact th a t they are relatively weak in the Southern Hemisphere 

stratosphere [see Figure 1.1(b)'] as compared to the N orthern Hemisphere stratosphere 

[see Figure 1.1(a)] is partly  a ttribu tab le  to the obvious topographic ^isymmetrics existing 

between the hemispheres.

The particular aspect of planetary waves which is of interest to us here is their ability to 

transport zonal mean m om entum  from the surface vertically, which when deposited aloft 

induces zonal mean circulation changes. Given th a t zonal mean vorticity gradients act as 

the restoring force for p lanetary  waves, changes in the zonal mean circulation can in tu rn

'N o te  th a t  figures for each c h a p te r  are  located  a t  th e  end of each ch a p te r .



affect the propagation characteristics of the waves. In  fact, under some circum stances these 

so-called “wave-mean” interactions can be ra th er extrem e and lead to wave breakdown. 

Wave-mean interactions leading to  wave breaking have been the subject of considerable 

research in the past (Andrews and M cIntyre, 1976; Tung and Lindzen, 1979; D unkcrton, 

1981; Fyfe and Held, 1990) and are the general topic of this dis.sertation.

Our prim ary interest here is in wave-mean interactions which lead to a n d /o r prom ote 

planetary wave breaking. Like surface water waves approaching a  beach, planetary waves 

are known to break as they propagate vertically through the middle atm osphere. However, 

unlike surface water waves the mechanisms underlying p lanetary  wave breaking are less 

understood. Towards improving our understanding of planetary wave breaking we have 

set the following objectives for this study:

•  To implement an ultra-high horizontal resolution mechanistic model of the s tra to ­

sphere which incorporates an  upper absorbing sponge. Ultra-high resolution is re- 

([uired to obtain accurate sim ulations of wave breaking, while an upper absorbing 

sponge is required to lim it back reflections of vertically-propagating planetary waves.

•  To develop a new analytical theory for the breakdown of vertically-propagating plan­

etary waves which does not rely on the usual assum ption of “critical levels” in the 

zonal mean How. The theory will be tested, and where possible extended, througfi 

fnlly-nonlinear, ultra-high resolution simulations.

While the theory we will develop is fairly general in nature  we will focus our attention  

on one specific application, namely, stratospheric sudden warmings. Stratospheric sudden
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warmings arc one of the m ost striking examples of wave-mean interaction. Normally the 

w inter stratosphere consists of an  anticlockwise vortex centered on a cold polar cap [see 

Figure 1.1(a)]. The zonal mean zonal wind (i.e., east-west wind) is westerly (i.e., from the 

west) and the zonal mean tem pera tu re  decreases towards the winter jsole. However, dur­

ing some winters the polar vortex is greatly disrupted within a few days (see Figure 1.2). 

During these ejjisodes the polar stratospheric winds decrease rapidly w ith tim e and may 

even reverse from westerly to easterly. W ith  this, the polar vortex breaks up and tem ­

peratures rise by tens of degrees. For obvious reasons such events are called stratospheric 

sudden warmings and it is generally accepted th a t the essential dynamical mechanism re­

sponsible for them  involves the interaction of vertically-propagating planetary waves with 

stratospheric zonal mean flows (.Andrews et ah, 1987).

M cIntyre and Palmer (1983) used meteorological analyses to show th a t planetary wave 

breaking is characteristic of the circum stances leading to stratospheric sudden warmings. 

This seminal observational paper spawned a number of ultra-high horizontal resolution 

m odelling studies {.luckes and M cIntyre, 1987; .luckes, 1989; Waugh, 1993; and Norton, 

1994) to investigate the dynam ics of planetary  wave breaking, and specifically the effect of 

breaking on the erosion of the polar vortex. Horizontal resolution has been an im portant 

consideration in modelling studies since observations show that when the polar vortex 

breaks up, small-scales and sharp-gradients are rapidly generated over very localized re­

gions (McIntyre and Palmer, 1983, 1984; Clough et ah, 1985; Dunkcrton and Delisi, 1986; 

Baldwin and Holton, 1988).

O ne of the first ultra-high resolution modelling studies of planetary wave breaking was



th a t of Juckes and McIntyre (1987, hereafter JM ). To solve the governing equations, JM  

used a “pseudo-spectral” numerical m ethod which, as with o ther conventional m ethods, 

suffers from the com putational disadvantage th a t uniform resolution is required over the 

whole dom ain even though, in this physical problem, wave activity is localized near the 

edge of the polar vortex. Here wo will take a very different numerical approach to  .IM 

and solve the governing equations using th e  “Contour Dynamics with Surgery” m ethod 

(hereafter C D /C S). The C D /C S  m ethod allows one to adapt the resolution to the problem 

a t hand and so exploit the available com puting resources much more fully.

“Contour Dynamics” was first proposed by Zabusky et al. (1979) and then extended by 

Dritschel (1988) to include a set of “surgical” procedures which effectively allow for infinite 

horizontal resolution. C D /C S is a  Lagrangian m ethod based on the recognition th a t in a 

conservative system  the evolution of a patch  of uniform vorticity is fully described by the 

behaviour of its bounding contour. In practice, this reduces the dimension of the physical 

problem in question by one, and in so doing greatly accelerates the com putations. Of 

course, as the num ber of patches increases, so docs the num ber of bounding contours and 

hence also the com putational burden. Therefore best advantage of the m ethod is realized 

in physical problems where a small num ber of patches (ideally one) i.s appropriate, such 

as the one a t hand (Legras and Dritschel, 1993; Waugh, 1993).

The numerical model to be used here is the three-dimensional quasi-geostrophic C D /C S 

m odel developed by Dritschel and Saravanan (1994, hereafter DS). The main modifica­

tion we have m ade to the model of DS (to  be described in detail in Section 2.3) is the 

im plem entation of an absorbing sponge at the top of the model domain in order to limit



back reflections of upward propagating waves (Lindzen et al., 1968; Beaudoin and Derome, 

1976; Kirkwood and Derome, 1977). Such absorbing sponges are common in numerical 

models [e.g., the C anadian Middle Atm osphere Model (Beagley et al, 1997)] bu t are very 

difficult to  incorporate in C D /C S models because of the conservation constraints th a t the 

teclmicjues of C D /C S impose. Indeed, the absorbing sponge described in Section 2.3 is the 

first of its kind, and its design and im plem entation was the  first m ajor hurdle we needed 

to overcome to achieve our objectives. Prelim inary results using the absorbing sponge 

were published in Fyfe and Wang (1997).

Now for a description of the key issue at the heart of this study. The main issue 

here involves explaining why planetary waves are often observed to break at heights lower 

than  expected based on “critical level” theory (B arnett, 1975; Schoeberl, 1978). Critical 

level theory predicts tha t waves will break when their phase speed m atches the speed of 

the zonal mean flow (Dickinson, 1970; W arn and Warn, 1976). For the special case of a 

topographically-forced stationary wave (i.e., with zero phase speed) a critical level occurs 

where the zonal mean flow is zero. However, as alluded to, sta tionary  wave breaking is 

observed to occur in the absence of zero zonal mean flow, leading us to conclude that 

critical levels are not a necessary condition for wave breaking. Is there an explanation for 

the occurrence of stationary wave breaking in the absence of zero zonal mean winds?

Fyfe and Held (1990, hereafter FH) proposed a mechanism for Ross by wave break­

ing which predicts breaking under circum stances where there is no critical level (nor the 

expectation of one being generated given linear wave theory estim ates). FH term ed the 

m ain result of their theory the “two-fifths” rule for Rossby wave breaking (which will be
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discussed in detail in C hap ter 4). W hile the two-fifths rule is powerful it is limited to 

horizontally-propagating Rossby waves and as such is not directly applicable to vertically- 

propagating planetary  waves of the sort discussed here. I t is our overall aim then to 

generalize the theory of FH to allow for an analysis of vertically-propagating planetary 

waves which are relevant to the stratosphere, and in particular, to the problem of stra to ­

spheric sudden warmings. Further to this we intend to exploit the power of our modified 

CD /C S model to sim ulate the detailed behaviour of wave breaking once initiated. FH used 

a pseudo-spectral numerical model, and as such were unable to characterize the breaking 

once it was in itiated  following the two-fifths rule.

The plan for this dissertation is as follows. In C hapter 2 we describe the governing 

ecpiations and the  C D /C S model used to solve them. In C hapter 3 we study  the model 

sensitivity of p lanetary  wave breaking to upper-boundary conditions. In C hapter 4 we 

present a new theory for the breakdown of vertically-propagating planetary waves and 

provide numerical sim ulations which verify the theory, and as well, show how the breaking 

waves behave outside the a.ssumptions of the theory. In C hapter 5 we summarize the main 

results of this dissertation.



Figure 1.1: Geopotential a t 10 mb for 1993-1997: (a) Dec-.Jaii-Feb mean for the Northern 
Hemisphere; (b) .June-July-Aug mean for the  Southern Hemisphere. U nits are m “s“ ‘̂ . 
D ata arc from United Kingdom Meteorological Office (UKMO) analyses (Swinbank and 
O ’Neill, 1994).



Figure 1.2: G eopotential at 10 mb for February 22, 1979 (OOZ). Units arc in-^s D ata 
are from National C entre for Environm ental Prediction (NCEP) reanalyses (Kalnay et al., 
1996).



C hapter 2

T h e m od el

III this dissertation we employ a ciuasi-geostrophic potential vorticity (hereafter QG 

PV) model which except, for one m ajor modification (to be described in Section 2.3) is 

th a t of DS. This model approxim ately describes rapidly-rotating and strongly-stratified 

flow such as is seen in the extratropical stratosphere. In Sections 2.1, 2.2 and 2.3 we intro­

duce the m odel’s governing equations, PV discretization and in itia l/boundary  conditions, 

respectively. In Section 2.4 we describe the numerical approach to solving the governing 

equations.

2.1 G overning equations

Assuming frictionless and adiabatic  QG flow on an /-p lane , the governing equation is
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(cf. Pedlosky, 1987). T his equation sta tes th a t QG PV q is conserved following the flow 

when advected by horizontal velocity u, wliere

, =  a n d u  =  k x V 0 .  (2.2)
Po a z  \ B  az J

Here V is the horizontal gradient vector, ip the stream function and k the vertical unit 

vector. We use a iog-pressurc vertical coordinate z given by 2  =  H\n(pao/ v)  where H  =  

RToaIg is the mean scale height {R  being the ideal ga.s constant, Too a  constant reference 

tem perature and g gravity acceleration), p pressure and poo a constant reference pressure. 

The reference density Po{z) and Burger num ber D{z) arc given by

P o (z )= P ..e -= /^ ^  and B (z )= tV 2 (z ) / /2  (2.3)

where poo is a constant reference density, fo=2Q  the constant Coriolis param eter (fi be­

ing the angular ro ta tion  ra te  of E arth ) and No{z) the Brunt-V nisala frequency given by 

N' iiz)  =  [ R / H ) { d e j d z ) e ~ ^ ' - I ‘< = {R /H ){d To ld z  + kT ^ /H )  where 9 ,(z) =  T,{z)c^ ' ' l"  

and To(z) are the reference potential tem perature and tem perature, respectively {K=R/cp 

where Cp is specific heat capacity at constant pressure). In this dissertation we mainly 

consider a Boussinesq atm osphere, corresponding to taking / /  —> oo and To = Too- In this 

case N'o = { R / H ) kT oo/ H  =  g^/cpToo and

Po — Poo and 13 =  ^ . (2-4)
Cp J oo/o

This is a reasonable approxim ation to the real atm osphere when motions considered have 

small vertical wavelengths compared to the density scale height. In this dissertation we 

will mainly concentrate upon a Boussinesci atm osphere although some aspects of com­

pressibility will be discussed in Section 3.4.
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Values for the constants used in this dissertation are typical ones for the s tra to ­

sphere, i.e., 0 = 7 .2 9 2 x 1 0 " ^  r a d s " ';  poo =  l-225 kgm"^; poo =  101.3 kPa; Too=210 K; R=287  

.7 k g " 'K " '; fy=9.8 m s"''; Cp=1012 .JK g" 'K “ '. Derived constants are therefore set as 

/o  ~  1.458 X 10” “' r a d s " ',  k  % 2 /7  and H  % 6.14 km.

In the poiar-cap /-p lan e  considered in this dissertation, the centre of the domain is at 

the North Pole and is unbounded horizontally (see Figure 2.1). As will be seen we will be 

working with the governing equations in either Cartesian [i.e., (.'r,?y)] or polar cylindrical 

horizontal coordinates [i.e., (A,r)].

C a r te s ia n  c o o rd in a te s

In Cartesian coordinates i and  j  arc unit vectors pointing in the x  and y  directions, 

respectively (see Figure 2.1). In this system the position and velocity vectors are given by 

p  =  z i +  yj and u  =  ?n -f a j, respectively, and the underlying equations take the form,

u =  — and V  =  . [2.i)
ay  ox

P o la r  c y lin d r ic a l c o o rd in a te s

In polar cylindrical coordinates i and j  are unit vectors pointing in the A (azimuthal) 

and r (radial) directions, respectively (see Figure 2.1). In what follows we use the term s 

azimuthal interchangeably with zonal and meridional interchangeably w ith radial. In this
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system the position and velocity vectors are given by p  =  Ai +  r j and u =  ui +  wj, 

respectively, and the underlying scalar equations take the form

I - ; ! - ! ' » '

.  =  .. .d  (2.10)
or  r 0 \

Finally, we nondimensionalize the system with tim e scale 5  =  47t//o =  1 day; vertical 

length scale H  = BToolg ~  6.14 km  and horizontal length scale L = Na H/ fo  ~  902 km. 

Thus we can define a horizontal velocity scale U =  L / S  ~  10.4 m s“ F Unless stated , 

variables other than  those circuniflexed are assumed nondimensional.

2.2 P iecew ise-un iform  poten tia l vorticity

O ur aim is to model the evolution of the polar stratospheric vortex subject to the 

disturbing influence of upward propagating planetary waves. To this end we assume 

that PV is simply piecewise-uniform, i.e., q(z) = Q ,(c) inside the vortex edge C (see 

Figure 2.2) and q[z) = Q„{z) outside, is the distance from the North Pole to a  point 

a t C. The vortex edge evolves dynam ically under the constraint th a t Qi{~) and Qo{z) is 

time-invariant. Hence A Q  = Qi  — Qo, which is the PV jum p across the vortex edge, is 

also time-invariant. In general one might consider many such vortex edges (or equivalently 

many PV jum ps) but in this dis.sertation we will, for com putational reasons, consider only 

one such edge (or jum p).
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2.3 In itia l and boundary conditions

In itia l co n d itio n s

In this dissertation the system  is initialized w ith a cylindrical PV  column centered on 

the N orth Pole (shown in plan view Figure 2.1 by the bold circle centered on the North 

Pole). In m athem atical term s this am ounts to setting

r e ( A ,  2 , 0 ) =  r o  ( 2 . 1 1 )

where Tq is a  constant. In all of the experim ents discussed here we set To =  3. In general 

we could allow Vo to vary as a  function of z b u t for simplicity we choose not to. We 

note th a t in C hapter 3 we set Qi  and Qo to constant values independent of height and in 

C hapter 4 we allow Qi and Qo to vary as a function of z.

B ou n d ary  co n d itio n s

The physical dom ain of the model is infinite horizontally bu t bounded vertically by 

rigid surfaces a t the  bottom  zg and top zj- of the domain. The top surface is Hat while 

the bottom  surface describes a  large spatial scale topography of the form /fo'/, where 

Ro = U/{ foL)  % 0.08 is the Rosshy num ber and

7/ =  T/o./i ^ — T{r)S{ t)cos \ .  (2.12)
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Here T]o is the non-dimensional topographic am plitude and J i  a  Bessel function. The 

tapcT-function

T (r )  =

1 for r < 5.0,

cos I ^ ^ ^ 7T ) for 5.0 < r < 7.5, (2.13)

(2.14)

0 for 7.5 <  r,

sets the topography to zero a t large r while the switch-on function,

[  sin^ for 0 < t < is,
S ( t )  =

1 for t, <  t,

allows the topography to be smoothly switched-on to  its m axim um  value at time is- In

C hapter 3 the topography is switched-on instantaneously [i.e., S{ t)  =  1 for t >  0], while

in C hapter 4, where we purposely a ttem pt to generate a wave “front” , the topography is

switched-on slowly (with t., =  10). A plot of the topography is shown in Figure 2.1 by the

shaded contours. The m ountain is identified with a “4-” and the valley with a

Since no flow can pass through a rigid surface one writes

dtp diji
=  - - — // and —

/o  uz
0 . (2.15)

Z  =  Z 'J '

Following DS, these troublesom e nonhoniogeneous boundary conditions can be replaced 

by homogeneous ones by introducing a modified stream function ijt,

N'i
i> = Ip + rnin(r, o ) - — rj 

Jo

where a is a small param eter (cr z-y). Taking the z-derivative of i/j yields

(2.1G)

d'4>
â z

=  0 and d4> 0 . (2.17)
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Further to this, V' is replaced in Eq. (2.2) with to yield a modified g, i.e.,

- 2 , 7. ,  ̂ d  (  Pa dip
a  ,  -  V; +  -  ^  ^  j  (2.18)

where J is the Dirac delta  function. Like q this modified QG PV satisfies

^ ^ = 0 .  (2.19)
Di  ̂ '

Note th a t this is the equation to be solved in this dissertation.

A b sorb in g  sp on ge

We now present the main modification we have m ade to  the m odel of DS. To prevent 

back reflections of upw ard-propagating waves from the rigid top boundary  we have imple­

m ented an absorbing sponge. W ithout such a sponge reflected waves would contam inate 

the interior flow and produce unrealistic results (as we shall dem onstrate in C hapter 3). 

The description of the sponge we will now give is based on the assum ption of a single 

patch of PV. The generalization to m ultiple patches is straightforw ard.

The sponge layer used here lies in the range zs  <  z <  z r  where z s  is the bottom  of 

the sponge. Over this range of heights the velocity u  is adjusted  in such a  m anner as 

to cause upward propagating waves to be damped, while a t the sam e time maintaining 

tem peratures near a prescribed and fixed profile. In this sense the sponge could be called 

a “Newtonian-cooling” sponge. To be more specific, the velocity field at. any instant is 

adjusted in a “force-restore” m anner, with forcing velocity u^ and restoring velocity u'', 

i.e.,

u' =  u -f u-̂  +  o'" (2.20)
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where u ’ is the adjusted velocity. In the sponge, we choose

u-  ̂ =  p (s ,< )k  X u*' and o'" =  —o (z )^ j

respectively where u** is the barotropic (i.e., height independent) com ponent of u.

The im portant point here is th a t bo th  the forcing and restoring velocities are by 

design irrotational and as such neither introduces any external vorticity into the system. 

This is an im portan t consideration because of the fact th a t our numerical approach to 

solving the underlying equations dem ands vorticity conservation (as we will see in the next 

subsection). Indeed, it is this constraint which until now has prevented the im plem entation 

of an absorbing sponge in such a  C D /C S model.

The m agnitude of is determ ined by solving (at each tim e step) the following

eciuation [where f-j^{)dTZ' represents an area integral over area TZ enclosed by contour C]

o  d+ u ' ) . v , = ( 2 .21 )

where tp,, a  prescribed equilibrium  stream function which we take to be the initial sta te  

stream function and a{z)  is a "Newtonian dam ping” coefficient defined as

- i f  g -
Of X {e J — g ■'} for < s < z-f,

( 2 .22 )

0 for z < Zs,

where a-j- is a constant which sets the m axim um  dam ping. In words, Eq. (2.21) eciuates 

the advection of r/jot t)y u ’' +  to the dam ping of vertical gradients of any tem perature 

anomalies [i.e., d{t(> — ipe)/dz\ th a t may arise in the sponge layer. In Eq. (2.22) we note 

tha t a[{zr  +  z.s’)/2] ~  and a ( z r )  ~  «-y.
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2.4 N um erics

The numerical approach used to solve the  governing equations is the C D /CS m ethod. 

The C D /C S m ethod is a Lagrangian m ethod which is based on the assum ption th a t on 

level surfaces the PV (which is m aterially conserved) is initially, and for all time, piecewise- 

uniform. Out of this assum ption comes the trem endous simplification th a t the evolution 

of the flow throughout the domain is solely determ ined by the movement of particles on 

contours separating regions of constant PV. We will now describe the m ethod in detail for 

the special case of a single contour on each level surface.

We begin by vertically discretizing the system  into N  equally thick layers, allowing 

the modified stream function tj) to  be expanded as

N
•0(X, 2, f) =  ^  Xm(2)v5m(x,f) (2.23)

r n = l

where x  =  [.r,y/]. Substituting y „ ,(2 )<pm(x, t) into Eq. (2.18) and letting then leads

to a Sturm-Liouville equation for the eigenfunction Xm,

^  -  7mPo,Y,n =  0 with =  0 a t 2 =  2 / j , 27’. (2.24)

Because B  and Po are positive, the eigenvalues 7 /^ are guaranteed to be real, non-negative 

and ordered (cf. Boyce and DiPrim a, 1986). Next we su b stitu te  Eq. (2.23) into Ecp (2.18) 

and make use of Eq. (2.24) to produce

N

(^V <p,„ Xm — (iltot’ (2.25)
i n — 1

which after multiplication by poXn {n is an integer between 1 and N )  and vertical inte­
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gration (note th a t the eigenfunctions Xm are orthonorm al) yields

f  Po{z')Xn{z)qtot{y^,z ' , t )dz . (2.26)

iPn is obtained by inverting the above equation using th e  Green’s function of the Helmholtz 

operator. P u ttin g  the back into Eq. (2.23) gives

i>[yi,z,t) = Po(z')<7tot (x% z', ( )G (x ,  z; x% z ')dz ' (in' ,  (2.27)

w ith Green’s function

N

G{x,  z; x% z') = ^  (7 mIx' -  x |) (2.28)
m=l

where A'o is the modified Bessel function. Making use of Eq. (2.7) we have

u  =  /  Po{z') [  { ,  -% ']G '(x , z; x ',  z ') } f/tot (x% z', t)d% ' dz',
J cy VJtz

which after using G reen’s theorem leads to

u  =  -  ^  P o(r')A Q (z ') I G (x, z; x ', z')[f/;j;', * /'] j dz' (2.29)

where A Q [ z ) = Q i { z ) —Q„{z). In this crucial step  the velocity determ ination reduces from 

an area integral to a line integral, thereby reducing the dimension of the problem by 

one. The next crucial step follows from Kelvin’s circulation theorem which states th a t 

fluid particles on a m aterial line remain on tha t line forever (cf. K undu, 1990). Since the 

bounding contour C is a  m aterial line, the contour movement can be tracked by following 

the individual particles making up the contour, and from the contour position the velocity 

field can be obtained anywhere in the dom ain using Ecp (2.29).
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To evaluate Eq. (2.29) we discretize the bounding contour C into a finite number of 

nodes connected by cubic spline line segments. The line integral in Eq. (2.29) can be cal­

culated by adding the line integrals along all the cubic spline lines connecting the nodes on 

C. Given the horizontal location vector of a node x  and corresponding horizontal velocity 

vector u  a t level z and tim e t, we can calculate its subsequent location by evaluating

-  = u(x,z,().

This equation consists of a  system of coupled ordinary differential equations which are 

solved using a fourth-order R unge-K utta scheme to achieve high-order tem poral accuracy.

.\n  im portant feature of the C D /C S method is th a t it is adaptive (Zabusky and Over­

man, 1983). As a contour deforms under its self-generated velocity field, the number of 

nodes and their location are adjusted where and when necessary to m aintain an adequate 

resolution everywhere along the contour. For example, additional nodes are often inserted 

and rearranged together w ith existing nodes in regions of increasing curvature. Nodes may 

also be removed from regions where the curvature is weakening. These operations are per­

formed (or not) on the basis of a com puted local density, which is determ ined mainly by 

the local curvature and the presence of nearby small spatial scale features. A formula for 

calculating the local density at each nodal point has been obtained empirically (Dritschel, 

1989).

The adaptive procedure is appealing but limited. .\s  contours become increasingly 

complex (as they often will) adaptation quickly becomes prohibitively expensive [increas­

ing as the square of the  num ber of nodes, Dritschel (1988)]. To overcome this lim itation 

various “surgical” operations have been introduced (Dritschel, 1988) which autom atically
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remove features smaller th an  a predefined so-called surgical scale 5, (set to 0.00125 in this 

d issertation). Contour surgery consists of two operations: 1) labelling and subsequent 

removal of corners and 2) separation and reconnection of contours. 1) If the curvature 

a t a node exceeds the node is connected to its neighbours witfi straight lines nearly 

forming an acute angle, then  the node is labelled as a corner. In this special case the 

curvature of the node and its two neighbours are set to zero so th a t no additional nodes 

are added in the vicinity during the adaptation  stage of the com putation. However, when 

the angle made by the line segments connecting the corner and its neighbours becomes 

obtu.se, the node loses its corner sta tus and the adaptive procedures resume for this node 

as for any other ordinary node. 2) W hen two parts of a contour approach each other 

by a distance less than (5.,, they are separated into two closed contours. On the other 

hand, when parts  of two closed contours approach each o ther by a distance less than J ,, 

they are connected as a single contour. In addition, the ends of excessively th in  contours 

(sometimes called filaments) consisting of five or less nodes are perm anently removed.

Surgery allows C D /CS calculations to  extend well Ireyond the conventional CD method 

and thereby allows for exceedingly complex vorticity dynamics to  evolve. The underlying 

assum ption of surgery is th a t scales smaller than  the predefined scale (5,, are dynamically 

insignificant and will not grow with time.
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Figure 2.1: Plan view of tlie initial polar vortex (bold circle) on an  /-c a p  plane. The 
topography is shown by shaded contours. T he North Pole is the centre of the plot.
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NP

Figure 2.2: A single patch vortex w ith interior and exterior vorticity Qi  and Qo, respec­
tively. C is the hounding contour and  the area enclosed by C is TZ. I'g is the distance from 
the North Pole to C. N P  denotes the North Pole.



C hapter 3

U p p er-b o u n d a ry  effects on  

p lan etary  w ave breaking

In this C hapter we describe a series of experim ents designed to assess the effects of 

nppcr boundaries on planetary wave breaking. DS studied the response of an initially 

barotropic vortex to topographic forcing of varying am plitude in the presence of a rigid lid. 

The main result of DS was th a t for either Boussiiie.se; or compressible flow two regimes of 

wave breaking exist, namely, 1) local breaking near the lower boundary a t strong forcing 

or 2) rem ote breaking near the lid at weak forcing. I) Local wave breaking, which is 

directly topographically forced, is insensitive to the ujjper-boundary condition and has an 

apparent shielding effect on upward wave propagation. 2) Remote wave breaking, which 

involves vertical transport of wave activity, is sensitive to the upper boundary condition 

and is coupled with the compressibility effect when compressibility is invoked. It is the 

uijper-boundary condition sensitivities th a t we shall investigate by placing our Newtonian-

23
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cooling sponge under the m odel’s rigid lid. To this end we will mainly focus on Boussinesq 

How in order to isolate upper-boundary effects when those effects are im portant. Towards 

the end of the C hapter we will investigate how the compressibility effect modifies our 

conclusions. We again note tha t most of the results of this C hapter were published in 

Fyfe and Wang (1997).

The plan for this chapter is as follows. Section 3.1 describes the  model setup, Section 

3.2 the sponge param eter sensitivity experim ents and Section 3.3 the wave breaking ex­

periments. In Section 3.4 wo sum m arize the  Boussinesci results and how they are modified 

by the compressibility effect.

3.1 M odel setu p

The general model setup was described in C hapter 2. Here we introduce some features 

of the model specific to  this Chapter. Here the bo ttom  of the dom ain is fixed a t iy  =  12 

km (nominally the tropopause) while the top of the dom ain zt ranges from about 48 to 

144 km (depending on the particular experim ent). Numerical solutions are obtained using 

a layer thickness of about 2.4 km, which depending on z r  yields 20 to  66 layers. The model 

is initialized with a cylindrical PV colum n with radius Vo =  3 and w ith Qi =  and 

Qo = 3.67r. The column is d isturbed topographically w ith an instantaneously switched-on 

forcing (Figure 2.1). T he instantaneously switched-on forcing enables us to com pare our 

results w ith those of DS. Note th a t Q;, Qo and Co are all independent of height in this 

Chapter. In the experim ents with the absorbing sponge the bottom  of the sponge layer is 

at. Zs =  48 km.
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3.2 V ertical sponge sen sitiv ity  experim en ts

The vertical sponge thickness, zt  — zs  and m axim um  relaxation ra te  ny- (cpioted in 

Section 2.3) have been determ ined by trial and error using a vertical sponge under a weak 

forcing condition (i.e., r/o =  0.15). The rationale for the weak forcing, at this stage, is 

th a t since there is no wave breaking (and the response is nearly linear) the simulations 

arc relatively easy to in terpret and economical. Consider Figure 3.1, which for a range of 

relaxation rates shows the to tal wave activity density (hereafter total wave activity) when 

Z'T — 120 km (giving abou t a twelve scale height vertical s])onge). Wave activity is a useful 

diagnostic for m onitoring the mcan-scpiare am plitude of wave disturbances relative to a 

circularly symmetric basic flow (see .\ppcnd ix  A  for a full definition of wave activity). In 

the (Vf = 0.0 (no vertical sponge) sim ulation we see initial upward wave propagation which 

after apparent multiple boundary reflections leads to a complicated and unsteady vertical 

structure. On the o ther hand, when 1.6 <  a y  < 3.2, the boundary reflections are largely 

brought under control. .4s seen in Figure 3.2, dropping the top of the vertical sponge to 

zy =  72 km (giving aljout a four scale height thickness and a much reduced com putational 

load) does not seriously compromise the absorbing ability of the vertical s|)onge. It is on 

the basis of these experim ents, and others w ith larger topographic am plitudes (see Table

3.1 for a sum m ary of all experim ents conducted), tha t we have selected zy =  72 km and 

o y  =  1.6 as our main vertical sponge param eters.
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3.3  M ain experim en ta l resu lts

Consider Table 3.1 which sum m arizes the various experim ents conducted (over 45 in 

to tal). The m ain set of experim ents to be discussed (in bold type in Table 3.1) build upon 

the Boussinesci rigid upper-boundary experim ents of DS, where tjo =  0.45 or 7/0 =  0.60. 

T he plan here is to contrast wave breaking seen with and w ithout a vertical sponge.

3 .3 .1  R ig id  u p p e r  b o u n d a r y

Here we consider two sets of experim ents: rigid upper boundary a t 1) 27- = 48 km (low 

rigid upper boundary) and 2) i y  =  72 km (high rigid upper boundary). In subseciuent 

subsections we introduce a vertical sponge in the  region 48 km < z < 72 km, and so in a 

sense the present experim ents can be considered as limiting vertical sponge cases with 1) 

corresponding to a-y —» 0 0  and 2) corresponding to « 7— > 0.

Low  rigid u p p er b ou n d ary

Consider Figure 3.3(a) and (b) which show perspective views of a weakly forced (here­

after B£o.4 5 , BC standing for "Boussinesci low rigid upper boundary") and strongly forced 

(hereafter BCo.eo) vortex, respectively. These are OS’s .54 and B 6 experim ents respec­

tively, using their nom enclature. To 1 =  5 the B C 0.45 and BCq go vortices arc very similar 

w ith the lower (upper) contours moving southw ard in the positive y direction (x direction). 

.A.t < =  10 (not shown) lower-level breaking has ju s t begun in the B £o .45  simulation but 

is ciuitc advanced in the  BCq.go simulation. By t — 15 upper-level contour deformations 

dom inate the B £q .45 sim ulation while lower-level breaking dom inates the  5£o.oo simu-
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Table 3.1: Sum m ary of Boussinesq experim ents perform ed, where i r  is the dimensional 
domain height (km), a r  the relaxation rate (where applicable) and % is the topographic 
am plitude. The main set of experiments to be discussed are in bold-type and the identi­
fying labels are in parentheses.

U p p er

bou n d ary

z r

(krn)

a r

Tjo =  0.15 Tjo =  0.45 Tjo =  0.60

R ig id

Lid

48 0.0 0 .0  (BC o a s ) 0.0 (BCo.eo)

60 0.0 0.0 0.0

72 0.0 0 .0  [B-Ho a s ) 0.0 [ISKo do)

96 0.0 - -

120 0.0 - -

144 0.0 - -

V ertica l

Sponge

60 0.8, 1.2, 1.6 0.8, 1.2, 1.6 0.8, 1.2, 1.6

72 0.4, 0.8, 1.2, 1.6 

2.0, 2.4, 2.8, 3.2

0.8, 1.2 

1 .6  (B 5 o.45), 2.8

0.8, 1.2 

1 .6  (gJo .oo), 2.8

06 1.6 - -

120 0.4, 0.8, 1.2, 1.6 

2.0, 2.4, 2.8, 3.2

- -
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latioii. At t = 15, the upper-level contours in the BCqas  sim ulation are stretched way- 

out [see the plan view of the  top contour (dotted) in Figure 3.4(a)] while the lower-level 

contours are filarnented [see the plan view of the bottom  contour (solid) in Figure 3.4(a)]. 

At t =  15 the upper-level contours in the BCo.eo sim ulation arc relatively quiescent [see 

the plan view of the top contour (dotted) in Figure 3.4(b)] while the lower-level contours 

are broken and dramatically- deformed [see the plan view of the bottom  contour (solid) 

in Figure 3.4(b)]. Here, the strong lower-level breaking evidently shields the upper-level 

contours from the dram atic deform ations seen in the corresponding BCq.45 contours (as 

suggested by DS). A  physical reason is th a t the low level breaking homogenizes the PV, 

which in effect removes the restoring force needed for the vertical propagation of planctary 

waves. O ur vertical sponge experim ents to come will show which aspects of this picture 

are artifacts of the rigid upper boundary- and which are not.

.Another way to look a t these sim ulations is through height-tim e cross sections of total 

and relative wave activity (Figure 3.5). Relative wave activ ity  is th e  component of the 

to tal wave activity which is clue to motions relative to the centroid of the vortex, i.e., 

motions th a t leads to the shape changes of the vortex. In either th e  B Cqas  or BCo eo 

cases we see an accum ulation of the to tal wave activity a t the  top o f the domain up to 

( % 5. It is during this tim e th a t the vortex obtains its strong tilt with height as the 

upper-level contours shift off the Pole in the direction of low topographic heights (see 

Figure 2.1). .At f. % 10 the to tal wave activity again builds, mostly- at upper levels in 

the B £ q .4 5  simulation and a t lower levels in the BCq.bo sim ulation (further evidence of 

the shielding effect alluded to in the last paragraph). T he relative wave activity plots
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indicate th a t these behaviours are due to contour shape changes as much as they are to 

changes in the position of the centroid of the vortex. We also note the impression of waves 

reflecting downwards from the  top a t t «  5 (the m axim a of total wave activity a t the top 

around th a t time), reaching the bo ttom  at t % 1 0  (the m axim a of to ta l wave activity at 

the bo ttom  around tha t time) and then in the BCqa^ simulation reflecting upwards to 

cause the subsequent upper-level havoc and in the BCo.eo case setting  off the dramatic- 

lower-level breaking (and perhaps suppressing further wave propagation as suggested by 

DS). Further diagnostics would be required to confirm these hypothesized chains of events.

H igh  rigid  u p p er b ou n d ary

How does the picture change when the rigid upper boundary is lifted to iy- =  72 

km? Consider Figures 3.6(a) and (b) which arc the perspective views of a weakly forced 

(hereafter BT-Lo.ao, where H  stands for high rigid upper boundary) and strongly forced 

(hereafter BHo.eo)  vortex, respectively, when i f  =  72 km. Nothing appreciably different 

from the low upper boundary case happens to the vortex before f % 3, whether weakly 

or strongly forced. After f % 3 the BHo.eo  vortex evolves much as the BCo.eo one, in the 

sense th a t the breaking is confined to the lower half of the dom ain and is very complex, 

[i.e., involving vortex displacement, reshaping, filamentation and secondary development 

(compare Figure 3.7(b) and Figure 3.4(b) solid curves)]. On the o ther hand, after < w 3 

the B'Ho .4 5  vortex evolves much differently than the ^ £ 0.45 case insofar iis the former’s 

upper-level contours undergo relatively little shape change [compare Figure 3.7(a) and 

Figure 3.4(a), dashed curves]. We note in the BH0.45 case subsequent to f % 13 (not
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shown), two distinct regions of breaking develop, one near a kink in the vortex at z % 7.5 

and  another near the bottom . An early hint of this behaviour is seen in the bottom  left 

panel of Figure 3.8 which shows relative wave activity maxima at z % 7.5 and z % z« 

beginning around t =  10.

3.3.2 V ertical sponge

Lot us now consider placing a vertical sponge in the region 48 km <  z < 72 km. 

C om paring Figure 3.9 and Figure 3.6 there appears little difference between the BT-L (high 

rigid upper boundary) and the B S  (vertical sponge) cases up to ( % 5 (i.e., w ith  or 

w ithout a vertical sponge the vortex is tilted w ith height and there is some m inor lower- 

level breaking when strongly forced). Beyond t % 5 the evolution is cjuite different. For 

example, the B5o.45 vortex [Figure 3.9(a) and  Figure 3.10(a)] rem ains in a more or less 

steady sta te  (except for some relatively minor lower-level breaking) to t % 15 (and in fact 

to  the end of the sim ulation at < =  25, not shown). On the other hand, the corresponding 

B H oa^ vortex [Figure 3.6(a) and Figure 3.7(a)] shows advanced breaking and /o r contour 

distortion  throughout the lower two-thirds of the dom ain during the same time. The 

BJo.GO [Figure 3.9(b) and Figure 3.10(b)] and  BTïo.eo [Figure 3.6(b) and Figure 3.7(1))] 

sim ulations arc also cpiite different, .\lthough  both simulations exhibit significant lower- 

level breaking, the character of the breaking is quite different. Specifically, the B S q.oo 

vortex remains more or less in tact despite winding and then expidsion of a th in  and 

seemingly passive filament. The BT^o.ao vortex, on the other hand, shows a much less 

recognizable main vortex and the development of a secondary vortex. For completeness we
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show the B S  wave activity plots in Figure 3 .I I ,  which when compared to the corresponding 

BH  plots in Figure 3.8, further punctuates our point th a t the evolution of a barotropic 

vortex can be highly sensitive to  the upper-boundary condition.

3.4 D iscussion

T he study in this C hapter was prim arily m otivated by DS who used a  three-dimensional 

QG C D /C S  numerical model to  study the response of a barotropic vortex to topographic 

forcing of varying am plitude. O ur specific question, in the context of DS, is what is the 

role of the rigid upper-boundary condition in wave breaking? We have addressed this 

(luestion by placing a vertical sponge under the rigid upper boundary. O ur main results 

are:

• Given a vertical sponge and a forcing am plitude greater than a  certain critical value, 

breaking is as in the corresponding rigid upper boundary case insofar as it is confined 

to the lower half of the vortex. However, im portan t differences exist. For example, 

w ith a vertical sponge the vortex rem ains fairly true to its initial circular shape but 

is w rapped by a long narrow hlam ent at lower levels. W ithout a vertical sponge the 

vortex is so deformed at lower levels as to  be nearly unrecognizable.

• Given a vertical sponge and a forcing am plitude less than  the critical value no break­

ing exists. This contrasts with the rigid upper boundary case which shows significant 

deform ations near the upper boundary. Evidently the upper-level deformations arc 

an artifact of the rigid upper-boundary condition.
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Our conclusions so far are based on the assum ption of a constant density profile. Now 

we consider an isotherm al (i.e., To — 210K) atm osphere in which the density po has an 

exponential profile given ;xs Eq. (2.3). The degree to  which our Boussinesq results hold 

will depend upon the point at which wave am plitudes become large enough, due to the 

density effect, to  break. If th a t point is situated  well above the model dom ain then our 

Boussinesq results should hold to first approxim ation. If, on the o ther hand, tha t point 

lies w ithin the model dom ain our conclusions will have to be modified. For example. 

Figure 3.12(a)-(c) show a series of experim ents (CZZo.is, CC,o.i7S and CTq.25  where C 

stands for “compressible” ) w ith an exponential density profile and a  rigid lid located just 

afjove the top-m ost contour (as considered in DS). To judge w hether or not the upper-level 

breaking is due to the density effect (i.e., wave am plitudes increasing exponentially with 

height) or the rigid-lid effect (discussed earlier) we repeat this set of simulations but with 

our absorbing sponge replacing DS’s rigid lid [see Figure 3.12(d)-(f)]. Given the close 

correspondence between the rigid-lid and absorbing sponge simulations we conclude that 

for this range of forcing am plitudes the density effect dom inates the  upper-level response, 

with upper-boundary  condition playing only a minor role (consider also Figure 3.13 for the 

corresponding plan views). Further in this vein, consider Figure 3.14 where, given a much 

reduced topographic am plitude (i.e., rjo =  0.04), we contrast low rigid-lid CE0 .0 4 , high 

rigid-lid C'Hq,04 and absorbing sponge C.$o.04 sim ulations. For tins topographic forcing 

it appears th a t the density effect only becomes significant w ithin the  region of sponge as 

shown in Figure 3.14(b). The upper-level breaking seen in the low rigid-lid experim ent is 

therefore in terpreted  as a local amplification due to boundary  reflections (as in our small
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am plitude Boussincsq sim ulations).

In this C hapter we have studied upper-boundary effects on planetary wave breaking. 

To eliminate spurious reflections from the top boundary, we have developed and tested a 

Newtonian cooling sponge layer. Using the C D /CS model w ith this sponge layer, we now 

investigate the dynamics leading to planetary wave breaking.
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Figure 3.1: Total wave activity density normalized by % for a range of relaxation rates
a r  with z/ =:120kni (i.e., z/-=19.5) and Oo=0.15. W here api.dicable the vertical sponge
bottom  is indicated by a horizontal dashed line. Note the nonlinear wave activity scale.
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Figure 3.2: As in Figure 3.1 b u t for z-/-=72kin (i.e., 2'/-=11.7).
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(a)
N

IX

Figure 3.3: Perspective views of the vortex for the case of a low rigid upper boundary:
(a) B£o,45 (7/0= 0 .4 5 ); (b) BCo.eo (7/0 = 0 .6 0 ).



37

(a) 4 5  {t  — 15)
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Figure 3.4: Top level (dotted) and bo ttom  level (.solid) potential vorticity contours for 
the case of a low rigid upper boundary: (a) BCqas (% =0.45); (b) -STo.eo (?/o=0.60). The 
bottom  topography is shown by shaded contours.
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rigid upper boundary: (a) B C o a 5 (r/o=0.4o); (b) BCo.eo (r/o=O.GO).
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(a)
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Figure 3.6: As in Figure 3.3 for the case of a high rigid upper boundary; (a) BTIoas
(t?o= 0 .4 5 ); (b) BHo.eo (7/o=0.60).
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Figure 3.7: As in Figure 3.4 for the case of a high rigid upper boundary: (a) BHqas
(770= 0 .45 ); (b) BHo go (r/o=0.60).
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Figure 3.8: .4s in Figure 3.5 for the ease of a high rigid upper boundary: (a) B H 0 .4 5

(r/o=0.45); (b) BHo.eo (r/o=0.60).
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Figure 3.9: As in Figure 3.3 for the case of a vertical sponge (n r= l-G ): (a) G5o.45
(7/0 = 0 .4 5 ); (b) B5o.co (r/o=0.(iO). The thin solid contours lie w ithin the vertical sponge.
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( a ) « i b . 4 5 ( f =  15 ) (b) 60 ~
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Figure 3.10: As in Figure 3.4 for the case of a  vertical sponge (c ir= l-6 ): (a) ;B5o,45 
(r?o=0.45); (b) B S qqo (t/o=0.60).
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Figure 3.11: As in Figure 3.5 for the case of a vertical sponge (q t'= 1 .6 ): (a) B Sq as  
(i/o=0.45); (b) B S q gq (r/o=0.60). The vertical sponge bottom  is indicated by the horizontal 
dashed line.
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Figure 3.12: Perspective views of a conipre.'^i ible vortex. Low rigid upper boundary cases: 
(a) C£o.i5 (/7o = 0 . 1 5 ); (b) C£o.i75 (7/o=0.175); (c) C£o .25 (r/o=0.25). Vertical sponge cases: 
(d) C5o.i5 (r?o=0.15); (e) C5o.i75 ( t ?o = 0 . 1 7 5 ); (f) CSq.25 (% =0.25). Note th a t the plots 
do not include the region of the vertical sponge.
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Figure 3 . 1 3 :  Upper-level (dotted) and bottom-level (solid) potential vorticity contours: 
Low rigid upper boundary  cases: (a) C £o,i5 ( t? o = 0 . 1 5 ) ;  (b) C£o .25 ( / ; o = 0 . 2 5 ) .  Vertical 
sponge cases: (c) C ^o.is ( % b = 0 . 1 3 ) ;  (d) CS0.25 ( r / o = 0 . 2 5 ) .
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Figure 3.14: Perspective views of a compressible vortex for a very weak forcing am plitude 
of 7/o=0.04. (a) Low rigid lid: CCo.0 4 ', (b) High rigid lid: CHo.0 4 ', (c) Vertical sponge: 
CSo.04-



C hapter 4

A  n ew  m ech an ism  for p la n eta ry  

w ave breaking

In C hapter 3 we investigated the effects of u pper boundaries on planetary wave break­

ing. T hrough the incorporation of an absorbing sponge layer in the C D /C S  model we 

were able to limit back reflections from the top of the model and in so doing b e tte r rep­

resent wave breaking processes. In this C hapter, we investigate a possible mechanism for 

p lanetary  wave breaking.

FH investigated the interaction of cquatorw ard-propagating Rossby waves and zonal 

mean flows, where the latter were initially free of any critical lines (i.e., locations where 

the phase speed of the waves match the speed of zonal mean flow). If the initial zonal 

mean flow were to contain a critical line then critical layer theory (W arn and W arn, 1976, 

1978; Killworth and McIntyre, 1985) dem onstrates th a t wave breaking will occur in the 

vicinity of the critical level. However, the c[uestion addressed in FH was w hether or not

48
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wave breaking can occur w ithout critical lines in the zonal m ean flow (as often appears to 

be the case in the real atm osphere).

The main result from FH is term ed the “two-fifths” rule for Rossby wave breaking. 

In FH a stationary  Rossby wave, sinusoidal in longitude was slowly switched on, and the 

meridional propagation of the resulting wave front through a shear flow was examined. 

It was shown th a t under slowly-varying conditions in an  inviscid quasi-linear model (i.e., 

one w ithout any wave-wave interactions), a steady s ta te  was obtained if, and only if, the 

zonal mean flow was decelerated by less than two-fifths of its initial value as a result of the 

passage of the wave front. If the passage caused a larger zonal mean How reduction, a pile- 

up of wave activity density in the shear layer was seen to  culm inate in the generation of a 

critical layer. The physical explanation for this behaviour is as follows. The passing wave 

front causes a m ean flow deceleration which acts to reduce the group velocity. In the shear 

layer, the deceleration and the reduction in group velocity are not uniform, being largest 

in regions w ith the sm allest initial winds. This causes the wave activity to pile up in such 

regions. For a steady sta te  to emerge, the wave activity m ust increase proportionately 

to the decrease in group velocity so th a t there will be no prolonged convergence of wave 

activity into the shear layer. However, the increase in wave activity again reduces the 

mean winds and the group velocity. If the two-fifths rule is violated, this process does 

not converge; instead the slowly varying theory predicts th a t the mean flow deceleration 

and the pile-up of wave activity will continue until a critical layer forms. FH noted th a t 

this qualitative p icture was preserved in the quasi-linear model when the slowly-varying 

assum ption was relaxed.
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Figure 4.1 illustrates graphically the m athem atical basis of P H ’s two-fifths rule for 

wave breaking. T he curves represent the relationship between wave activity density .4 

and zonal meal flow li. in the steady  sta te  for different forcing am plitudes r]. The straight 

line represents the relation between .4 and v. th a t exists at all tim e for flows evolving 

from initial zonal mean flow rt°. Intersections between the straight line and the curves 

represent possible steady s ta tes for the given rj and 11°. It is evident from Figure 4.1 tha t 

there exists a critical forcing denoted •q'' (corresponding to the dashed curve) beyond which 

no steady states exist for the given n°. Corresponding to th is critical forcing, there is a 

corresponding critical wave activ ity  density .4° and zonal m ean flow FH showed th a t 

.4° =  2îî°/5 and =  3ïï°/5, which are the basis of the two-fifths rule for wave breaking, 

i.e., wave breaking occurs if the zonal mean flow decelerates by more than  2ïI°/5.

.A.S stated , F H ’s investigation was focused on eciuatorward-propagating Rossby waves. 

In this investigation we a tte m p t to generalize the rule to our vertically-propagating plan­

etary wave situation. The num erical model we will use is the C D /C S model described in 

Chapter 2. This particu lar model, as opposed to the pseudo-spectral one used by FH, will 

allow us to describe wave breaking in much greater detail. In Section 4.1 we develop an 

analytical theory for the breakdown of vertically-propagating p lanetary  waves. In Section 

-1.2 we numerically investigate the system when the assum ptions of the analytical theory 

are relaxed. The rcsidts are sum m arized in Section 4.3. We note th a t most of the residts 

of this C hapter have been subm itted  for publication (Wang and Fyfe, 1998).

Here we briefly introduce the model setup used in this C hapter. We initialize the 

.system w ith a cylindrical PV  column, or vortex, with radius To centered on the North
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Pole. The vortex edge separates interior and exterior regions of uniform  PV, Qi{z)  and 

Qo{z) ,  respectively (the initial vortex edge is shown in plan view in Figure 4.2). Note 

th a t the PV jum p across the vortex edge, A Q (z) =  Qi(z)  — Qo{z) ,  varies w ith height. By 

carefully setting A Q { z )  we are able to  introduce a zonal mean shear How in the middle 

layers of the domain. Vertically the model is bounded by rigid surfaces at the bottom  

and top. The bottom  surface describes a large spatial scale topography shown by the 

shaded contours in Figure 4.2. In the numerical simulations described in Section 4.2, the 

topography is switched on slowly (to a m axim um  at t,, =  10) in order to produce an 

upward-propagating wave front  which interacts w ith the shear flow. Note th a t the slow 

switch-on, aside from generating a  wave front, limits the generation of undesirable wave 

transients. To prevent back reflections of the upward-])ropagating waves, an absorbing 

sponge is placed underneath  the rigid-lid.

4.1 T heory

In w hat follows we invoke the Boussinesq approxim ation and express the underlying 

equations in polar cylindrical coordinates. The plan is to first present the quasi-linear 

eciuations for the system  and then derive a dispersion relationship for planetary waves 

whose vertical wavelengths are much smaller than  any vertical variations in the back­

ground sta te  (i.e., we invoke the W KB assum ption). Following this we will derive wave 

activity density and zonal m ean flow evolution equations, which together with the disper­

sion relation allow us to  derive a rule for vertically-propagating planetary  wave breaking.
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4 .1 .1  Q u a s i-lin ea r iza tio n

The linearized equation governing a small am plitude disturbance ‘ip'{X,r, z , t )  to  a 

zonally-averaged mean s ta te  ip{r,z, t)  is

+ +  =  o Wl,«c (4J )
at r aX or

v \ \ , r , z , t )  = ------------------------------------------------------------------------- (4.2)
r  aX

(4.3)

v.{r,z, t) = ^  and (4.4)

where A, r  and z are the zonal (or azim uthal), meridional (or radial) and vertical directions, 

respectively. The zonal average is w ritten  as () =  l / {2n)  f ^^OdX  and D  =  !r/(cpToofo)  

(where g is gravity acceleration, Cp is specific heat capacity at constant pressure. Too 

a constant reference tem perature  and /o=2f2 is the constant Coriolis param eter w ith Q 

being the angular rotation ra te  of E arth). The equation governing the zonally-averaged

zonal flow (with the residual mean transpo rt term , foV^, neglected as justified later in this

C hapter) is

dt PoT

where S =  S’*''*, =  \Q,—poru 'v ' ,—{por/B)v'd^l)' ldz^ (.Andrews et al., 1987).

Note th a t the system is nondimensionalized as before with time scale S = 4 7 t / / o ,  vertical 

length scale H —RToa/g and horizontal length scale L —NoHjSo {R being the ideal gas 

constant and No the Brunt-V aisula frequency). Eq. (4.1) is linear in 0 ' b u t because of
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the fact th a t the time-varying mean s ta te  ip{r,z, t)  depends on second order disturbance 

quantities (as vve shall see) it is referred to as a “c[uasi-linear” equation.

In order to make analytical progress w ith Eq. (4.1) we require that dqi'dr be time- 

invariant. In FH this was true under their assum ption th a t the mean s ta te  was slowly 

varying in the meridional direction. In this study the assumed piecewise-uniform distri­

bution of PV does not allow us to assume slow variations in the meridional (i.e., radial) 

direction so we assum e

rUTi rtTi
= -AQ(z)J(7- -  T o )

dr dr

where A Q { z )  = Qi{z )  — Qo{z) is the PV jum p across the vortex edge and <5 is the Dirac 

delta  function. The validity of the assum ption th a t Oqfdr  is time-invariant will be judged 

later when we com pare our theoretical predictions (given this assum ption) w ith our nu­

merical sim ulations (w ithout this assum ption). Wc note th a t the subsecpient theoretical 

development can be generalized to include the special case of a circular contour shifted a 

finite distance e off the pole, in which case

a ,  AQ(z)
dr  TTy/e- -  (ro -  r)^

h.(r) where

h{r) = <
0 if |r — 7-01 > e,

(4.6)
1 if |7- —7’o |< e .

Finally, take note th a t all the calculations to follow have To =  3 and B % 1.0.
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4 .1 .2  D is p e r s io n  r e la t io n  a n d  v e r t ic a l  g r o u p  v e lo c i t y

To solve Eq. (4.1) we assum e a wave solution

r, 2 , <) =  and q'(X,r, z , t )  = (i{r, (4.7)

where .s is the zonal wave num ber and cr the frequency (both  constant and  real). S ubstitu t­

ing the above into Eq. (4.1) produces q =  .sq^tj!/{üs — ar)  which upon further substitution 

into Eq. (4.3) yields

Note tha t this equation is tim e-independent except param etrically  through the dependence 

of V' on Ti(r,z,t).  We now invoke W KB theory under the assum ption th a t V is a slowly- 

varying function of z, i.e., V =  V ( r , Z ) ,  where Z  = v z  and v  is a small dimensionless 

param eter (in w hat follows we take v  =  0.1). Thus, Z  is a  “stretched” variable compared 

to ; . We now seek local wave solutions,

%̂ =  0 (r ,Z )A (z ,Z ) (4.9)

where 0  is real and A is complex, and which after substitu tion  into Eq. (4.8) yields

Since the left-hand-side is only a function of r and Z  and the right-hand-side only a 

function of z and Z  it m ust be the case tha t both  sides are equal to  a function of the 

stretched variable Z  alone, call it C (Z ). We thus obtain the following equations:

1 '  1
B  dz'^

(4.10)

^ + B C ( Z ) A  =  0. (4.12)
Oz^
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S o lu tion  to  Eq. (4 .11 )

(a) r  ^  7-0

Eq. (4.11) is singular at ro because of the <5-function behaviour of [recall the definition 

of V' in Eq. (4.8)]. Away from where q,. is zero Eq. (4.11) is a  modified Bessel equation 

whose general solution is

8 (r , Z) =  C iA (\/C r) +  CgKXx/Cr), (4.13)

where C\ and Cg are, at this point, unknown functions of Z  {Is and A', are modified Bessel 

functions of the first and second kind, respectively). Note th a t I s{ \ /C r)  —> oo as r  —)• oo 

and Ks{y /Cr)  ^  oo as —7 0. Dem anding tha t 0  be bounded as r  —> oo and 7 -4 0 

produces two solution branches for 0 ,  i.e., one where C\ = 0 for r  >  Vo and another where 

Cb =  0 for r < To- M atching the two branches of 0  as r —7 Vo yields C\ =  2?,,A ',(v /C r^) 

and C-2 = BsIs{\ /Cro)-  Thus we have

BsKs { \ /C ro ) I s{ \ /C r)  r < 7o,
8(7-, Z )  = (4.14)

BsI s { ' / C ro )K s{ \ / C r)  r > Vo,

where Bs is obtained from the following norm alization constrain t (following the usual 

standard  procedure), rQ'^ dr  =  1, i.e.,

^  r5’ [/^ (v /C ro )A -^  -  i r - { ^ / C r o ) V ^ ]

A' =  A 's_i(\/C 'ro) +  K's+ii^/Cro)  and Y  = I s - \ { \ / Cro )  + Is+i( ' /Cro).

( b )  7- =  7-0

We now re tu rn  to the general ecpiation (4.11) which is valid for all r ,  including Tq. -As
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noted, Eq. (4.11) is singular at Vo because of the J-function behaviour of To find the 

so-called “jum p condition” which ensures th a t 0  in Eq. (4.14) solves Eq. (4.11) at Tq we

l-To+t
apply the operator 11 m /  r() dr  to Eq. (4.11) (Yih, 1980). Here e is a sm all and real

J to- c

num ber. This yields (after some m anipulation);

lim
f->0

a e
dr

ro + c .stoAQ
©o, (4.16)

( UoS — ora

where Tio =  Ti{ro,Z,t) and ©o =  8 (ro , Z ). Using © from Eq. (4.14) in the above yields 

the following constraint on the frequency of the waves:

o = s —  -  AQAT, (V C r .) (4.17)

S o lu tio n  to  Eq. (4 .12)

Since by assum ption the coefficient C{Z)  in Eq. (4.12) is slowly-varying we can use 

standard  WKB theory (Nayfeh, 1981) to obtain

(4.18)

where .'Vo is a constant (determ ined from the lower boundary condition) and rn{Z)  is the 

vertical wave num ber satisfying m, =  V B C .  T he dispersion relationship for the system 

follows from Eq. (4.17), i.e..

o = .S' (4.19)

Solutions to this eciuation exist only when 0 <  Uo/ii'o-^Q) — o/(.<iAQ) < (2.s) *. Finally, 

the vertical group velocity, Cg, is given by

P
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(4.20)

Wo will use bo th  Eqs. (4.19) and (4.20), as well as their approxim ate forms which we now 

derive.

A sy m p to tic  form s

For large x  =  m r o l s / B  (i.e., small vertical wavelength, which is our WKB limit) 

we have the asym ptotic formulae for the  modified Bc.ssel functions /,(%) and A'.,(.r) (see 

W atson, 1944):

I s { x ) 2~x
1 -  4.S- (1 -  4.s^)(9 -  4s^)

1 H rr ; 1-------------------  r  • •1I8.C 2!(8r)'^

1 — 4.s  ̂ (1 — 4s^)(9 — 4.s^)
1 ----- 77%------ 1-----------777%——--------- (-l!8x 2!(8z)2

R etaining only the first term  in each of these expressions leads to

Uo A Q  /  m
To

and

.fAQvo f  rn - 2 ■SToTT / U o

A Q s/ B  \Co

(4.21)

(4.22)

.4s can be seen the vertical group velocity (in this limit) is proportional to tfic .squai’e of 

the zonal mean flow at r^. This contrasts to the mcridionally-propagating case treated in 

FH where the horizontal group velocity is more weakly dependent on the zonal mean flow 

(specifically, it is proportional to the zonal m ean flow to the power 1.5).
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Illustration

Here we illustra te  our results gained so far. Consider a vortex initially centered on the 

pole w ith radius ro =  3 and PV jum p A Q  which varies w ith Z  as shown in Figure 4.3(a). 

Wo use Z* to  represent the centre of the shear region. For this PV distribution the 

solid curve in F igure 4.3(b) shows the zonal m ean flow a t Tq. For a stationary  {a =  0) 

planetary wave w ith gravest zonal wavenumber (.s =  1) we plot in Figures 4.3(c) and (d) 

(solid curves) the vertical wavelength L\,v =  2-Kjm and group velocity Cg. L\\- and Cg 

are calculated using the exact expressions in Eqs. (4.19) and (4.20). .4.s can be seen the 

vertical wavelength and group velocity are sm allest in the shear region a t Z* ~  10. We 

note also th a t the vertical wavelengths are, by design, small compared to the w idth of the 

shear region (i.e., the zonal mean How is slowly varying).

The dashed curve in Figure 4.3(b) was obtained from a simulation w ith the C D /C S 

numerical model (described in C hapter 2) initialized w ith the zonal mean flow given by 

the solid curve. The system was forced from below w ith a slowly switched-on .s =  1 

topography (as shown in Figure 4.2) with r/o =  0.12. Note th a t an absorbing sponge 

exists above Z  =  20 in order to limit back reflections. At this time in the simulation 

(i.e., t =  100) the system  has reached equilibrium  and the passage of the wave front has 

caused the zonal mean flow to be decreased everywhere. Shown in Figures 4.3(c) and 

(d) (dashed curves) arc the corresponding L\v  and C,j profiles com puted diagnostically 

using Eqs. (4.19) and (4.20), respectively. As can be seen, the decelerated zonal mean flow 

implies smaller vertical wavelengths and slower group velocities.
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4 .1 .3  W ave a c t iv ity  e v o lu tio n  eq u a tio n

Tlie wave activity  density .4 for this cjuasi-linear model is given by

A{z , t )  = 2nporiAQTj' '%^.  (4.23)

where r/^lr» is the  m ean square particle displacement in the radial direction from r — to 

(sec .A.ppendix X).  This expression is valid for small displacem ents from r =  To- In two 

steps we now derive the wave activity evolution equation

^  ^  (Q -4) _  0. (4.24)

S tep  1

M ultiplying the well-known particle displacement ecjuation d i f  / d t  -t- {u/T)dii ' /dX = v' 

(.Andrews et al., 1987) by AttpoVarj'XQ zonally averaging along To and using the definition 

of wave activity density yields

^  -  47rpo7oAQT/'i)'|r„ =  0. (4.25)

Applying the oijerator rdr  to the Eliasseii-Palm fiux equation V • S =  —po'i'v'q' yields

nc ___
—  4- A i r p o r l X Q i f  v' lr^ =  0, (4.20)

where 5  =  47T rS^^hir. Note th a t to obtain this equation we have used the facts that

for plane waves, u'v'  =  0 and /J ”  r ’v'q'dr — rlXQv'rj' \r^ (see .4ppendix B). Finally, adding

Eqs. (4.25) and (4.26) gives
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S tep  2

We now relate ,4 and 5. S ubstitu ting  rf = and v' = —isip' /r into the

particle displacement equation gives rf =  sip' /{ar — lis) or tf'  ̂ = O.o.f^ip'-lr^/iaro —

This result, along with the facts from the previous subsection th a t =  0 . 50^ | A =  

O.ojB^A's (\/C 'ro )/? (\/C ro )|A p  and avo — UoS = —s r o ^ Q K s { \ / C r o ) h { V C r o ) ,  allows us to 

rewrite .4 in Eq. (4.23) as

7rpo5?|A|2

As for 5 , we note th a t v'  =  dip' /dz  — iriiip' and =  O .50^|Ap yield

5 2 7 rp o A -m .|^ ^ |2

B

where the previous norm alization constraint /q°° 7 0 ^  dr — 1 has been used. W ith these 

expressions for .4 and S  and replacing B f  by (4.15), it follows th a t

^ 2 s r n \ Q  ,
-  " B â T

'  (Æ'“) + '■*' (Æ'“) l }

Further algebraic m anipulation using the recurrence formula f ,(.7;) A', + 1 (z ) + + 1  (z ) A',, (.7;) =  

l / x  and the group velocity expression in Ecp (4.20) yields.

S' =  CgA.

This result together w ith Eq. (4.27), leads to the desired Ecj. (4.24).
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4 .1 .4  Z onal m ean  flow  eq u a tio n

Here we derive the following approxim ate relationship between the wave activity den­

sity at tim e t. and the zonal mean flow change at Tq between tim e t =  0 and t (denoted by 

A Wo)

A{z , t )  = 4npaTa£{^Uo)‘̂ . (4.28)

In this expression f  is a prescribed function of A Q .  We begin w ith the Transformed 

Eulcrian Mean equation d u f d t  = (por)~^V ■ S where the re.sidual mean transport term 

which ordinarily appears (i.e., foV*) can be neglected on the scale of the stretched vertical 

coordinate Z.  Again using v'q' = — (por)“ 'V  • S and applying /q°° dr  yields

d  r=° r ° °___ ___
— /  udr = -  /  v'q'dr — —AQv'ri'lr^,  (4.29)
ot Jo Jo

where the right-hand-side is shown to follow in .Appendix B. This relation together with 

Eqs. (4.26) and (4.27) and tim e-integration produces

.4(z, t) =  —dnpoT^ /  A u d r  (4.30)
Jo

a.ssuniing tha t .4(z, 0) =  0. Finally, in .Appendix C we approxim ately relate the radially-

integrated zonal mean flow change to the zonal mean flow change at Vo as:

/■oo
/  Au d r  =  —£{Ailo)~. (4.31)

Jo

This with Eq. (4.30) yields Eq. (4.28).
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4 .1 .5  T h e  o n e -h a lf  r u le  for  p la n e ta r y  w a v e  b r e a k in g

We now derive a rule for p lanetary  w a\c breaking following the  approach set out in 

FH. Here we work w ith two erpiations, one connecting wave activ ity  density and zonal 

mean How in the steady sta te  and ano ther connecting wave activ ity  density and zonal 

mean flow for all time. Ecpiating Ô A / d ü  evaluated from both these ecpiations establishes 

the critical steady sta te  zonal m ean flow.

From Eq. (4.24) with O Ajd t  = 0 we get .4 =  l iC~^ where /3 is a constant. Given that 

Cg =  Cg [Eq. (4.20)] and Uo = Wo {inVa/ ' /B^  [Eq. (4.19) w ith a  =  0], it is

shown in .Appendix D th a t

d A  2.4
(4.32)

where V  involves a complicated com bination of modified Bessel functions. Take note that 

this expression is valid only for sta tionary  steady sta te  waves. .4t the same tim e we have 

the following expression which is valid for stationary waves a t all tim e [recalling Eq. (4.28)]

where denotes the value of üo at t =  0. Equating (4.32) and (4.33) and using Eq. (4.28) 

produces the following ecjuation involving the critical steady s ta te  values and /nf', i.e.,

.4t the same time from Eq. (4.19) w ith cr =  0, we have

A',
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W ith Eqs. (4.34) and (4.35) we have two equations in the two unknowns ïï^ /(toA Q ) and 

rr f r o l \ fB .  [Note tliat the empirically-derived function f (A Q ) now has been eliminated 

by the analysis.] Before deriving the exact solution to these ccjuations, we note th a t for 

large x  =  m r o l \ f B  it follows from Eq. (4.22) (with cr =  0) th a t Cg ~  [ s n I ùi.Q\fBro)ui.  

Therefore given tha t .4 =  l iC~^  we have th a t OA/dUa »  —2.4/wo, which together with

(4.33) yields

In other words, in this asym ptotic limit, a steady sta te  is possible if, and only if, the zonal 

mean flow at I'o is decelerated by less than  one-half of its initial value. This contrasts 

w ith the smaller critical value of two-fifths derived by FH for the case of meridionally- 

propagating Ross by waves.

In Figure 4.4 we plot the exact (solid curve) and asym ptotic (dashed line) critical 

ratio for a range of « ^ /( toA Q ). Take note th a t from a previous comment no

propagating wave solutions exist for Mo/(roAQ) >  0.5 (given s =  1 and a = 0). As can be 

seen the exact critical ratio varies weakly w ith i7°/(7'oAQ) and approxim ately converges 

to one-half as u°/(7oA Q ) -> 0. This differs from FH in the sense th a t their critical ratio 

is independent of the initial zonal mean flow.

To summarize this section: we have form ulated a quasi-linoar, slowly-varying theory 

for the interaction between vertically-propagating planetary waves and vertically-sheared 

zonal mean flows. The theory predicts th a t planetary waves propagating through an 

initially westerly zonal mean flow will achieve a steady sta te  only if the zonal mean flow 

at the vortex edge is decelerated by less than  roughly one-half its initial value. To test
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this theory beyond its simplifying tissurnptions we now use our fully-nonlincar C D /C S 

numerical model.

4.2 N onlinear num erical sim ulations

Before discussing our numerical results, we briefly review some of the features of the 

initial zonal mean wind used. As m entioned earlier, the PV jum p across the vortex edge 

varies w ith height as shown in Figure 4.3(a). This determines an initial zonal mean wind 

with an hourglass d istribution as shown in Figure 4.5. This zonal mean wind distribution 

is meant to resemble the winter stratospheric winds as indicated in Figure 4.6. R eturning 

to Figure 4.5, the position of the m inim um  wind a t each r is indicated by the horizontal 

dashed line at height Z* . The position of the maximum wind a t each Z  is indicated by 

the vertical dashed line a t radius Tq. The bold contour defines the zero wind line, which 

since it is so far away from the vortex edge does not play a direct role in the sim ulations 

to be described.

In the numerical experim ents to be discussed we have used 120 vertical levels yielding 

about 10 levels per vertical wavelength and a domain which accommodates abou t 12 

vertical wavelengths in total (with a sponge thickness of about 3 vertical wavelengths). 

The results which follow are insensitive to increased vertical levels and /o r dom ain height. 

In this C hapter, we purposely switch on the topography slowly (i.e., the topography 

reaches its m aximum a t f =  10) to generate a wave front with cr =  0 which propagates 

toward the shear layer.
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4.2.1 V erification of th e  one-half ru le

A  series of numerical experim ents over a range of topographic am plitudes have been 

carried out and are sum m arized in Figure 4.7. In this figure the ratio, Wo/ïï° at Z* (i.e., in 

the middle of the shear region), is p lo tted  as a function of time (up to t = 200) for several 

topographic am plitudes (iis labelled). For % < 0.15 this ratio  remains unchanged when we 

continue the integrations up to < =  300. Inspecting these curves in this figure, we conclude 

that steady states arc obtained only if 7/0 <  0.15 or equivalently, only if <  0.47. The

horizontal dashed line indicates th a t the theoretically predicted critical ratio  obtained in 

the last subsection. One can see th a t the  theoretical prediction is quite accurate in this 

case. For t]o > 0.15 the zonal mean wind decelerates beyond the theoretically predicted 

critical ratio and continues to slowly decelerate.

.A,s indicated in Figure 4.7, and  as characterized further in the following discussion, 

there appear to be three phases in the evolution of the system when 7/0 >  0.15; (I) an 

initial phase of deceleration as the wave front passes the sliear layer (as in the steady 

cases); (II) an interm ediate phase of small deceleration presum ably involving enhanced 

zonal-mean-fiow/group-velocity feedback and (III) a  final rapid phase of wave breaking 

involving the migration of a stagnation point (i.e., a hyperbolic point of no-fiow) across 

the vortex edge. To characterize the system  further we now detail one of the steady and 

one of the unsteady (i.e., breaking) cases.
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4 .2 .2  S te a d y  ca se

Consider the rjo =  0.12 case shown in Figure 4.7. For th is case we plot in Figure 4.8 

contours of partical displacement from Tq, i.e., r/|r„ . One can see very clearly upward wave 

propagation with the  waves increasing in am plitude and decreasing in vertical wavelength 

in the shear layer. By t =  100 the waves have propagated into the sponge layer and the 

system has reached its steady state. .Another perspective on the wave evolution is afforded 

by Figure 4.9 which shows the wave activity density as a function of height and time. Note 

tha t the wave activity density p lo tted  here is defined by (-A.1) and is normalized by %. .As 

expected from our group velocity analysis the wave front slows as it approaches the shear 

layer (as indicated by the flattening of the isolines around Z*). W ith  regards to the zonal 

mean flow, Figure 4.10 shows th a t as the wave front propagates upward it leaves a trail 

of decelerated zonal mean How behind (shaded). .As predicted in .Appendix C the largest 

deceleration occurs a t the initial vortex edge (i.e., a t r  =  =  3) and in the middle of

the shear layer (i.e., at Z*) where the vortex displacement from its initial position is the 

greatest.

4 .2 .3  U n s te a d y  ca se

Now consider the //o =  0.16 case shown in Figure 4.7. For this stronger forcing the 

zonal mean wind at Z* decelerates beyond the critical value and as such the system  can not 

achieve a  steady state. .A perspective view of the vortex at t =  166 is shown in Figure 4.11. 

W ithin the shear layer a t this tim e the vortex has clearly broken down. Figure 4.12 shows 

the events leading to  the wave breaking (at Z"). Following local overturning of the PV
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contour [Figure 4.12(a)] a th in  filament stretches outside and w raps around the vortex 

[Figure 4.12(b)], Very rapidly after the filament thins out to a point th a t it becomes 

separated from the main vortex [Figure 4.12(c)]. The filament then orbits the vortex 

until it is eventually surgically removed [Figure 4.12(d)]. A  sim ilar cycle of overturning, 

thinning, separation and expulsion follows a t intervals of approxim ately 14 days. .A. similar 

process was observed by Polvani and Plum b (1992) for a two-dimensional perturbed vortex.

It has been observed tha t the initial overturning involves the m igration of a stagnation 

point across the contour. This is shown in Figure 4.13(a) and (b), where the solid dot 

indicates the stagnation point and velocity vectors are indicated w ith arrows. Following 

the initial passage of the wave front and before f =150 (not shown) the PV  contour slowly 

shifts towards the lower-left quadran t of the domain w ithout significant departure from its 

initial circular shape (with the stagnation point being located well outside the contour). 

After t % 150, a region of high-curvaturc builds on the contour [Figure 4.13(a)] and when 

it becomes sufficiently high the contour overturns (i.e., the wave breaks). At precisely this 

tim e the stagnation moves inside the contour [Figure 4.13(b)]. T he stra in  held around the 

stagnation point is shown in Figure 4.13(c) and (d). .As can be seen, once the stagnation 

point crosses the contour, part of the contour is drawn towards an  area of large negative 

stra in  and is subsec|uently stretched out. Polvani et al. (1989) also found th a t the onset 

of hlam entation is associated w ith a stagnation  point m igrating inside a vortex (in their 

case in a two-dimensional system).
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4.3 Sum m ary and discussion

In this chapter we have studied the interaction between a vertically-propagating p lan­

etary wave front and a vertically-sheared zonal m ean flow (initially free of any relevant 

critical levels). The quasi-linear, slowly-varying theory which we have developed shows 

th a t if the zonal mean wind decelerates by less than  roughly one-half its initial value a 

steady sta te  will ensue. On the other hand if the deceleration exceeds one-half its ini­

tial value no steady s ta te  is obtained. Numerical sim ulations with our C D /C S  model 

shows tha t despite the simplifying assum ptions of the theory (e.g. quasi-linearity, etc) the 

prediction of a one-half threshold is a very good one. The numerical model also shows 

th a t when the threshold is exceeded wave breaking eventually occurs in the shear region 

through a process involving the  migration of a stagnation point across the vortex edge.

It is worthwhile em phasising tha t in our theoretical analysis we have m ade several 

simplifying assum ptions, beyond quasi-linearity and slow-variation. These include the 

assum ptions that: 1) the radial gradient of the zonally-averaged PV Tĵ  is tim e-invariant; 

2) the residual mean circulation is negligible and 3) the radially-integrated zonal mean 

flow deceleration is functionally related to the zonal mean flow deceleration a t the initial 

vortex edge. Future work should bo directed towards relaxing these assum ptions in order 

to ol)tain a tighter estim ate on the threshold value for wave breaking. Nonetheless, even 

with these apparently strong assum ptions the threshold value we have derived seems a 

very reasonable one (at least within the range of param eters for which we have tested  it).

In this C hapter we have examined a new mechanism for planetary wave breaking in a
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sheared zonal m ean flow. We must note however th a t the system  we have investigated is 

one w ithout any non-conservative external forcing o r dissipation, either of which may act 

to  suppress the mechanism (or possibly even enhance it). Future work should he directed 

towards investigating the mechanism in a compressible atm osphere with the relevant ex­

ternal forcing agents included (e.g., radiative forcing).
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Figure 4.1: Graphical derivation of and u’'- as in Fyfo and Held (1990). The curves 
rci>rc.scnt the relationship between .4 and m, (based on quasi-linear slowly-varying theory) 
th a t m ust exist in a steady s ta te  for different forcing am plitudes // (where 7/0 <  7/, <  7/2 <  
7/:i <  7/.|). The straight line represents the relation between .4 and Tl th a t exists at all 
tim e for a How th a t evolves from the initial wind 77°. The dashed curve m arks the critical 
am plitude if' above which no steady states can evolve from the initial wind m°.
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Figure 4.2: P lan view of the initial polar vortex (l)old circle) on an /-c a p  plane. The 
topography is shaded. T he centre of the plot is a t the N orth Pole.



72

20

z=z

2 50 1 3 64

20

80 2 64

20

N  10

10 20 255 15

20

0 .0 1 5 0 .0200 .0 0 0 0 .0 0 5 0 .0 1 0

Lv C

Figure 4.3: Vertical profiles of the (a) PV jum p, AQ; (b) zonal m ean flow a t r  =  Tlo\ (c) 
vertical wavelength, L\\- and (d) vertical group velocity, C g .  T he solid curves correspond 
to the initial s ta te  while the dashed curves were obtained diagnostically from a CD/CS 
simulation =  0.12) evaluated at t =  100.
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Figure 4.4; Relation between the initial s ta te  as expressed by w°/(7’oAQ) and the critical 
ratio Mq/Mo. The dashed horizontal line is the approxim ate ratio for small T7°/(roAQ). No 
propagating wave solutions exist beyond 7ï°/(roA Q ) =  0.5 (shaded area). The solid dot 
identifies the initial setup and critical ra tio  at Z* in the numerical experim ents discussed 
in Section 4.2.
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Figure 4.5: T he initial zonal mean wind d istribu tion . The zero wind line is indicated by 
the thick contour.
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Figure 4.9: Wave activity  density .4 (normalized by r/^) for r/o =  0.12.
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Figure 4.10: Zonal mean wind (contours) and its change (shaded) for r/o =  0.12 at t =40, 
60, 80 and 100.
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Figure 4.12: PV  contour a t Z* for r/p =  0.16 a t (a) t = 160; (b) t = 166; (c) t =  168; (d) 
t = 174.
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Z* for r/o =  0.16 a t t =  156 [(a) and (c)] and t — 158 [(b) and (d)]. .A.rro\vs in (a) and 
(b) represent the velocity field. Shaded contours in (c) and (d) represent the strain  field 
around the stagnation  point.



C hapter 5

C on clu sion s

This s tudy  has been concerned w ith the breakdown of v ertically-propagating planetary  

waves. Wave breaking is generally characterized by irreversible deform ation of m aterial 

contours such as potential vorticity and is a very effective means whereby waves cause 

the system atic redistribution not only of potential vorticity, bu t also of pollutants, an ­

gular m om entum  and o ther dynam ical and chemical ciuantities of interest in atm ospheric 

sciences. As discussed in the Introduction, planetary wave breaking is also linked to the 

erosion of the stratospheric polar vortex during episodes of stratospheric sudden warm ­

ing. Towards improving our understanding of p lanetary  wave breaking, and hopefully also 

stratospheric sudden warmings, we have set the following objectives for this study; 1) the 

im plem entation of a  vertical absorbing sponge in an ultra-high resolution contour dynam ­

ics model of the stratosphere and 2) the development of a new theory for the breakdown 

of vertically-propagating planetary waves which does not rely on the presence of "critical 

levels” in the mean flow.

83
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To these ends, in C hapter 2 we form ulated the governing equations and described the 

numerical model used to solve these equations, namely the C D /C S m ethod. The C D /C S 

m ethod effectively allows for infinite horizontal resolution and is e.specially well-suited to 

the specific physical problem addressed here, namely, planetary  wave breaking associated 

with the polar stratospheric vortex. The C D /C S model used was originally developed by 

DS for their study of the response of a barotropic vortex to topographic forcing and was 

modified here to include an upper absorbing sponge. The im plem entation of an absorbing 

sponge in a C D /C S  model is a difficult problem  owing to the conservation constraints the 

techniques of C D /C S  impose. We believe th a t our im plem entation is the first of its kind.

Given the model described in C hapter 2, in C hapter 3 we considered the influence of 

the upper boundary  on wave breaking in a  Boussinescj environm ent. Here we compared 

CD /C S sim ulations using; 1) a  rigid upper-boundary condition (following DS) and 2) a 

vertical sponge (preventing spurious reflection of upward propagating waves). In 1) both  

local (to the forcing) and rem ote breaking were evidenced for weak forcing while only local 

breaking was observed for sufficiently strong forcing. In 2) rem ote breaking was absent and 

local breaking, which occurs for sufficiently strong forcing, has quite a different character 

to th a t seen in 1). Compressibility effects were also discussed. W hile m any studies exist 

which consider the role of upper boundaries on linear wave propagation (Lindzen et al., 

19G8; Beaudoin and Derome, 197G; Kirkwood and Derome, 1977) we believe this is the 

first to consider the ir role on wave breaking. Most of the results from C hapter 3 have been 

published in Fyfc and W ang (1997).

In C hapter 4 we investigated a new mechanism for the breakdown of vertically-propagating
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planetary waves. This mechanism, not unlike th a t exposed by FH for the case of horizontally- 

propagating Rossby waves, involves wave-mean interactions which under certain conditions 

lead to positive group-velocity/mean-How feedbacks which in tu rn  cause p lanetary  wave 

breaking. Theoretical considerations estim ate th a t wave breaking will occur when the 

zonal mean flow is decelerated by more th an  one-half its initial value, hence the so-called 

•‘one-half’ rule for p lanetary  wave breaking. The theory so developed involves the com­

bined assum ptions of quasi-linearity and slow-variation (and several o ther subsidiary as­

sum ptions) whose lim its were tested using a fully-nonlinear C D /C S model. T he numerical 

simulations confirmed the one-half rule. Even w ith these apparently  strong assum ptions 

the threshold value we have derived seems a very reasonable one. Our numerical experi­

ments also revealed the detailed scciuence of events leading to wave breaking (which were 

seen to involve the m igration of a stagnation  point across the vortex edge).

Future work should however be directed towards relaxing the cussumptions we have 

made to obtain  a tighter estim ate on the threshold value for wave breaking. Future 

work is also reciuired to investigate the m echanism in a compressible atm osphere w ith the 

relevant external forcing agents included (e.g., radiative forcing).
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A p p en d ix  A  

W ave a c tiv ity

As discussed in DS the wave activity density for a  single contour per vertical level case is 

given by

A (z ,t )  = dX,

under the assum ption th a t the contours are not displaced over the Pole (as is always true  in 

this study). Using 7/  =  r — Co the  integrand can be w ritten as +  7/ '  which

under the assum ption of small particle displacem ents can be approxim ated by 4r^rj'-. 

Therefore, given small particle displacem ents we have tha t

A{z,t.) ^  PotIA^Q = 27rpo'oAQ7/'-|r„.
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A p p en d ix  B

In tegra ted  P V  flux

Here we derive

fO O  _____  ______

/  v'q 'dr = AQv'T)'\r^. (B .l)
Jo

S om e p relim inaries

Suijstituting our plane wave solution into the linearized vorticity equation and using 

the piecewise-uniforrn definition of q° yields

US — 07' o r  us — or  

Now, for arb itrary  function F  =  F{r^ where F  is defined for all r  and z and is

continuous in the interval ro — f  < r < I'o +  e we have th a t

rro + c  fOO r o o

lim /  F d r = 0 and /  F q'dr = F |,-, /  q'dr. (B.3)
Jo Jo

The first ccpiation follows from the mean value theorem  for integrals and the second from 

the “sifting property” of the (5-function. In w hat follows we implicitly use these results
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repeatedly, recognizing th a t ip' and its derivatives w ith respect to A and z arc continuous 

and dij)'/dr is a finite function a t To-

M ain  derivation

We have that

fO O   1 r'l-n roo  1 r27T roo
/  v'q'dr  =  —  /  / v'q'drdX = —  v'\r^ /  q'drdX. (B.4)

Jo 2ir Jo Jo 27T Jo Jo

Analyzing the q' integral further, yields

roo
/ q d r

Jo
lim r  \ / d r

rro+f 1*2 Q /  dlj>'\ 1 d^lp' 1 0 ^4’’

t->o7ro-( r Or \  dr J

r2 dA'2 B  dz'2
dr

— lim
Ta f^O V dr  J r.+. 1 ar j r „ - £

dr

rro + c
Applying lim /  dr to the linearized vorticity equation now yields 

c->OJro-c

\d 4 /d  Uo d
dr -  =  0 ,

which together w ith the  particle displacement eciuation produces

r # ' i/  d  Uo d \
dr

0 .

(B.5)

If the quantity in the curly brackets is zero initially it will remain so for all tim e so

roo
/  q'dr = 

Jo
^dip'

dr
(B.6)



93

which together w ith Eq. (B.4) produces our desired result given by Eq. (B .l). 

Similar to the the above procedure, we can derive

rOO _____  _____

/ 7-^nVyV/r =  7-oAQ(/r/|r„. (B.T)
Jo



A p p en d ix  C

Z onal m ean  flow  re la tion sh ip

Hero we derive an approxim ate relationship between the radially-integrated mean zonal 

flow change and the mean zonal flow change at Vo [sec Eq. (4.31)]. To do so we assume 

th a t due to the passage of a wave front the initially-circular, piccewise-imiform vortex 

remains circular w ith  centroid located distance e{z,t.) from the N orth Pole. Numerical 

experim entation (not shown) reveal this to be an acceptable idealization given reasonably 

small (albeit finite-arnplitude) displacements of the centroid. Further to this we take 

7 =  4- % V^'0 =  [d{ru)/dr — clu/c?A]/r. The la tte r allows us to write

A F f
Aw, =  -—  where F =  /  /  qr dr d \  (C .i)

zTrr Jo Jo

is the circulation. Using the fact th a t QG PV  is Qi inside and Q„ outside the contour, 

then a t t =  0

Q i~r‘̂ for r  <
P(r,z,0) =  {  (C.2)

Qim-'i 4- Q o ( / r r -  -  vrr^) fo r  r  >  r^ ,
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while at tim e t

Qiiir"^ for 7- <  To -  e,

r ( r ,  2 , <) =  +  Qo(7T7"̂  — a) for t'o — e <  7-< To +  f , (C-3)

QiT^r'i +  Qo(7rr^ -  irri) for r  >  ro +  e.

Various geometrical considerations lead to the following expression for a, the area common 

to the initial and shifted vortices, a =  Tvrl +  r^(/3 — / / )  — ersin/ÿ where cos/3 =  (r^ + —

r^)/2re  and cos/3' =  (r^ — — r^)/2ro(.. From the 1st equation in Eq. (C .I) it follows tha t

0 for r < j'o — e,

(7T7-'̂  -  a )ilQ
A u { r ,z , t ) 2irr for 7-0 — e <  r  <  I'o,

(yrrg -  n)A Q
(C.4)

2TTr for 7'o <  7 <  7'o +  f ,

0 for r > 7 o — e.

In Figure C .I we plot A ll  for various arb itrary  e (with Vo =  3 and A Q  =  5.3). -A.s can be 

seen, shifting the vortex results in a m axim um  deceleration a t r  =  7 o =  3 which increases 

with increasing f . In Figure C.2 we plot Jg°° A lld r  (obtained numerically) verses Alio over 

a range of shifting param eters e and for three different values of A Q  (again w ith To = 3). 

These AQ span the range of A Q  found in Figure 4.3(a). .4Iso shown is the best least 

squares fit between the two quantities. We conclude th a t to good approxim ation

j:
(C.5)

where £  is functionally related to AQ. We note th a t the precise functional dependence of 

£  on AQ is irrelevant since £  will be seen to drop out of the sab.secpient analysis.
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Figure C .I: The zonal mean flow change, Aw for e =  0.6, 0.8 and 1.2.
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Figure C.2: Relationship between zonal mean flow deceleration a t Vq, Auq and radially- 
integrated zonal mean flow deceleration, Jq°° A w /r. D ata  points denoted by corre­
sponds to AQ — 3.5, "4-" to  A Q  =  4.5 and “o” to AQ =  5.5. The three straight lines are 
the linear fits to the respective d a ta  points.



A p p en d ix  D

S tea d y  s ta te  w ave a c tiv ity

Letting x  = in r o l ' /B  we have th a t (after considerable m anipulation)

OA _  ___________________________ 2 \/B A __________________________
dC,j ■‘iVoAQ {Is{x) [ / v , , _ i ( : r )  +  / v , + i ( . x ) ]  -  / v , , ( . t )  [ / , , - i ( . i : )  +  7 s + i ( : r ) ] } ’

S  =  { [ ^ ' - 1  (■'") +  ^■'■+ > (-'-)] +  K ,+1 ( z ) ]  -  2 7 , ( : r ) 7 v , ( x )

- 0 . 5 7 , ( x )  [ 7 r , _ 2 ( z )  +  7 v , + 2 ( z ) ]  -  0 . ô 7v ,.(.t ) [ 7 , _ 2 ( x ) +  7 , + 2 ( x ) ] } , 

dm  _  2 \/~B
dlto r'iAQ  { [ 7 , _ i ( x )  +  7 , +  i ( ; c ) ]  7 v ' , ( x )  -  [ 7 v , _ i ( x )  +  7 \ T , + i ( x ) ]  7 , ( x ) }  '

Therefore

0.4 0.4 0C„ Om 2.4
  — ---------------- •—  — _ — _______________  W i i c r e
0«o dCg Om OTJo ro -\Q V {x)

V{x)  = I [ 7 , _  1 ( x )  +  7 , + 1 ( x ) ]  7 v , ( x )  -  7 , ( x )  [ 7 v ' , _ i  ( x )  +  7 \ , + , ( x ) ] |  /

I [ / s - i ( z )  +  7 , +  i ( x ) ]  [ A ' , _ i ( x )  +  7\T,+ i ( x ) ]  -  2 7 , ( x ) 7 v , ( x ) -  

0 . 5 7 , ( x )  [7v , _ 2 ( x ) +  7v , + 2 ( x )] -  0 . 5 7 v , ( x )  [ 7 , _ 2 ( x )  +  7 , + 2 ( x ) ]
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