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A phenomenological calculation of the differentisl
cross sections for the reaction mwd —ppry is presented.
The scattering matrix is derived from the first order
Feynman diagrams. When the angles of the protons are
chosen close to their elastic (T*d —pp) values, the
energy of the photon is small. The scattering matrix
can then be simplified since magnetic-moment coupling
is insignificant for low photon energies. Expansion in
powers of the energy of the photon, and the application
of gauge invariance allows the scattering matrix to be
written in terms of mass-shell strong amplitudes. The
cross section can then be determined from the elastic
data.

The pion energy range considered is 150-300 MeV.
The geometry is chosen such that the two protons make
equal angles with the incident direction, and results

are given for various
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CHAPTER 1
INTRODUCTION

The study of quantum field theory has led to
several different approaches to the problem of inter-
actions of particles and fields. These approaches are
ultimately equivalent in that when they are applied to
specific problems, they lead to the same physical pre-
dictions. Schwinger (1958) has developed. field theory
using a strict variational approach. Canonical field

theory, with its elaborate mathematical structure, has

been thoroughly treated by Schweber (1961). There have

also been attempts at a purely axiomatic field theory.
A less formal but more direct approach, which is
applicable to quantum electrodynamics, is propagator
theory. This theory was developed by Feynman, and it
can be found in various texts of modern physics (see,

for example, Bjorken and Drell 1964). The propagator

for a certain particle is determined by the wave equa-

tion which describes that particular particle. In fact,

the propagator is just the Green's function G(xx) of



the appropriate wave equation, and represents the
probability amplitude for a particle wave to originate
at x and propagate to x”/. Application of propagator
theory to scattering processes involving electromag-
netic interactions leads directly to a perturbation
expansion of the scattering matrix in powers of the
proton charge e. Each term in the expansion can be
interpreted in terms of corresponding Feynman diagrams
of the process. The rules used in the analysis of these
diagrams are identical to those developed from a rigor-
ous canonical field theory.

The number and complexity of the diagrams required
to evaluate the terms in the scattering matrix increases
rapidly with increasing powers of e. The success of the
procedure lies in the fact that e is small. Thus, the
contribution from the complex higher order terms is
comparatively small. It is well known that calculations
in which only the first order diagrams are considered
have produced results in good agreement with experimental
data.

Calculations of scattering amplitudes using Feynman
diagrams is intuitively abpealing and much simpler than

a canonical field-theoretic calculation, since it allows



one to write the scattering matrix directly from simple
graphs which describe the process. One of the inter-
esting features of these graphs is the appearance of
virtual particles. Real particles, the particles which
describe the initial and final states for example,
always satisfy the Einstein condition that the square
of the four-momentum of the particle equals the square
of its rest mass. Virtual particles, however, are
described by propagators in momentum space, and do not
satisfy the Einstein condition. The exchange of virtual
particles is considered to be responsible for the type
of interaction involved. The electromagnetic interaction
is described by the exchange of virtual photons. Analo-
gously, one tries to describe the strong interaction in
terms of the exchange of virtual pions. In Feynman
diagrams an external (real) particle is drawn as a line
which connects a vertex (interaction) to a region out-
side the interaction. An internal (virtual) particle
is drawn as a line which connects two vertices and is
always described by a propagator in the scattering matrix.
Virtual particles are also known as particles that
are off the mass shell. ' Since a virtual process tem-

porarily violates the usual relation between energy and



momentum, the durations of such violations must of
course be compatible with the uncertainty principle.

The dynamics of strong interaction processes
depend on whether or not the particles involved are
on their mass shells. Consider the case in which an
incident particle emits a photon in the field of the
target particle and then interacts strongly with that
particle. After the incident particle emits the photon
(which is classically forbidden by energy-momentum
conservation) it becomes an off-shell particle and
must be described by its appropriate propagator. This
bremsstrahlung scattering matrix is thus described by
off-shell strong amplitudes.

Bremsstrahlung reactions involving nucleons and
mesons have received considerable experimental and
theoretical attention in recent years. Refinement of
bremsstrahlung experiments and calculations is necessary
in order to explicitely determine the off-shell behavior
of the strong interactions. The results of such inves-
tigations are useful in the testing of strong-inter-
action models and in the study of nuclear reactions.

Since nucleons have Been the most readily avail-

able nuclear probes, nucleon-nucleon bremsstrahlung has



been extensively studied and used as a test of different
potential models. Pearce, Gale and Duck (1967) have
calculated proton-proton bremsstrahlung cross sections
using the Tabakin separable potential to generate off-
shell scattering matrix elements for low partial waves
and off-shell one-pion-exchange amplitudes for higher
partial waves. Their results were in good agreement
with experiments in which the nucleon energies were above
30 MeV. Drechsell and Maximon (1968) calculated the
cross section for the same reaction using the Hamada-
Johnston and Reid (soft-core) potentials. Agreement is
obtained with experimental data for angular distribu-
tions and cross sections integrated over the -photon
directions.

The only phenomenological calculations for nucleon-
nucleon bremsstrahlung were carried out by Nyman (1967)
and Felsner (1967). Their results are obtained by using
only the elastic (without bremsstrahlung) nucleon-nucleon
scattering data. Even though the method used is applic-
able to the production of soft, or low energy, photons,
they found good agreement with experiment even for
photons with energies comﬁarable to the incident nucleon

energy.



With the coming availability of high-intensity
pion beams, new information and understanding of the
strong interaction can be obtained by using pions as
nuclear probes. There are several advantages of util-
izing pion interactions in nuclear structure studies
(Jean 1964). The pion can be absorbed by the nucleus,
and, since it is a boson, the kinematical analysis of
the final state is simplified. This occurs also with
photons as nuclear probes, but the pion's charge makes
it easier to control experimentally than the photon.
In addition, since charge exchange is possible with
pions, there is a greater number of possible investi-
gations. Study of the reactions wN-—swNY and wd — NNY
is attractive because their strongly interacting parts
correspond to quasi-elastic nuclear scattering (w,mN)
and (w,2N), which are scattering events in which the
nucleus takes no dynamic part in the interaction.

Calculations for wN bremsstrahlung have been
carried out recently by Picciotto (1969): In the
present work similar phenomenological calculations
are carried out for the reaction w'd— ppr for pion
energies of 150-300 MeV and various angles of the final
particles. First-order electromagnetic effects are

added to the reaction n'd —pp, with the approximation



that magnetic-moment coupling is insignificant. This
approximation is valid for soft photons and provides
good estimates for future experiments.

The constraints introduced by the gauge-invariance
of the electromagnetic interaction relate the ampli-
tudes due to photon emission from external particles to
the amplitude due to emission from within the strong
interaction. This result is a very important tool of
quantum electrodynamics, and it is used here in the
following way. An expression is gauge-invariant if its
physical content is not affected by the substitution
An—> A+r3f/x" , where A. is the four-potential of the
interaction (see Appendix A for notation). It can be
shown (Bjorken and Drell 1964) that gauge-invariance of
the electromagnetic interaction is equivalent to the
conservation of overall electromagnetic current. The
continuity equation VuT*%% = 0 is written covariantly
as 2.J“=0. In quantum mechanicsa.is proportional to
k., thus k,j"=0. Here j* is the total four-current
which produces the photons of four-momentum k,. It is
also known from quantum electrodynamics that the total
matrix element for emissioh of a free photon of polar-
ization €. is proportional to €.j". It follows that

if €. in the total matrix element is replaced by k.,



the resulting expression must vanish identically. 1In
the present problem the condition of gauge-invariance
allows the unknown part of the matrix element (photon
emission from within the strong interaction) to be
determined. This allows the first two terms in the
expansion of the scattering matrix in powers of k/E,
where k is the energy of the photon, and E is the

total energy available to the photon, to be written in
terms of strong amplitudes evaluated on the mass-shell,
and thus the cross section can be determined from the

data for the elastic reaction alone.



CHAPTER 2
CALCULATION OF THE SCATTERING MATRIX

In calculating bremsstrahlung matrix elements to
first order in e, all possible Feynman diagrams in which
one photon is emitted must be considered. When a pos-
itively charged pion strikes a deuteron, and two protons
emerge, a photon can be emitted from the pion, deuteron,
either proton, or from within the structure of the strong
interaction. Referring to the Feynman diagram (Figure
2.la) and the rules for its analysis (Appendix A), the
contribution to the scattering matrix due to photon

emission from the pion is, in momentum space,

Ser = (am)*3*(P,+ Py vk - P-Pa) <5 1T * (Prsrors o * St
[-ie(aPr-x)T-€ )iy, \2.1
where Py Py k, p,, and p, are the four-momenta of the
pion, deuteron, photon and two protons respectively; a is
the mass of the charged pion. The four-dimensional Dirac
delta function expresses pverall energy-momentum conser-
vation. The factor i/[(p,-k)*-ux*] is the pion propa-

gator. The scattering of the pion from momentum p. to

p,-k contributes the vertex factor -ie(2p,-k), and the
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free photon vertex contributes €, the photon polarization
four-vector. The operator Tw characterizes the strong
interaction. Using pl=ax®, k*=0, and the transversality

condition e-k =0, one obtains

Sp = (a2 (v r +k-P,.—P..)(-ce- %‘f—x ) <s1feley . (2.2)
From the diagram (Figure 2.lc) in which a photon is
emitted from the first proton, one obtains (see Appendix
A) the contribution
5, = (Y 3P +Py+ k- PP ) <5 | (~cey) (€.) ©
el o 1

where (-ieY*) is the fermion vertex factor, m is the

(2.3)

proton mass, and i/(¥,+¥-m) is the propagator for the
proton. Using KK=A", where A is any four-vector, and

py=m*, the proton propagator simplifies to

L = .L(}"\")("m) = {
Pt -m (Pirk) —m> -‘LKL-P.‘(P")(““) ; (2.4)

therefore equation (2.3) becomes
S, = R 2P+ P e k~Pe—Pa) Tk <SS (Brr X om) T iy (2.5)
Using the identity KB= -BK +2A-B, one obtains
LA vk +m) Ty = SL (=P +m) T i) (2.6)
SHLERT, 1> + 26 PCs It

11.
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The first term in equation (2.6) vanishes since the final
state {f| includes the spinor u(p,,s,), and by the Dirac
equation, u(p, ,s,)(P,-m)=0. Now, using &¥= e-k-i6..e”k",
where 6.~ is defined in Appendix A, and substituting equa-

tion (2.6) into equation (2.5) gives

o= (:xn)“z,“(P.'P,:K—P'—h).uf.-x[1@‘P'<*‘+"L> h (2.7)
<§|(~t)&6me‘*k')‘f'.\i>] )

where A is the total magnetic moment of the proton.

The contributions from the graphs in which the photon
is emitted from the deuteron and second proton are calcu-
lated in the same manner. The scattering matrix is the
sum of the contributions from all the graphs in Figure 2.1

and is given by

Ss = (am) 28R+ Py v k- Pa-P) (ﬂ—ee-('\{ﬁ_tr N E%_‘\LA + Toy
(2.8)

—P.Pﬁ_’i_t - ’;T‘?I_Arz) ¥ ;l\oc,.k (=X 6 emk=T,) *

v Fawew ) * 3o (Da b e~k TOY |
where Aa is the total magnetic moment of the deuteron.
The terms with @““, T,, and T; correspond to the graphs
in Figure 2.le, d, and b respectively. The terms which
contain 6u.. are due to the magnetic-moment coupling of
the photon.

In the soft-photon approximation all components of
k™ are small compared with the components of p and p*.

This approximation greatly simplifies an otherwise
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extremely difficult problem, since the magnetic-moment
coupling is no longer significant, and the scattering

matrix reduces to

-~

Ss = (am) L“(P.’f’nk-m—h) {flee- (;‘:F.LK T, ’T"'.’;\ _R *

! A A (2.9)
_F'P—;'KT_IT’PTP,J‘; TJ. £ mt)‘“')
The final state is represented by
50 = <N; u(p, Py, s, s,) 451 (2.10)

where N, is the product of the normalization factors for
the photon and two protons; u includes the spinors
(without normalization) for the protons, and depends on
their momenta and spins (s, and s,). ¢, is the unnor-
malized photon wave function. The initial state is
written as |N(¢.) , where ¢. represents the wave function
for the pion and deuteron, and N; are their normaliza-

tion factors. The scattering matrix can now be written

Sec = @m0 PP k- PP NN, €€ (Mem + Min) (2.11)
where
Mese = % T PLPTK.Tx N P:'-'KTf ~e (2.12)
in which

Tl =<M(PI.PL,S.,S‘L)'4’§l‘-'~_-l|¢L> (2.13)

)

spd similarly for T,, T,, @nd T,: and

Miw = <Wl(P. Py, s, 52) 4:4‘)‘?'[“\4\;) ) (2.14)



The Lorentz-invariant amplitudes T7,, T,, T,, and
T, depend on the masses of the respective particles and
on two independent kinematic variables. These variables
describe the kinematics of the strong interaction. The
amplitudes have spin dependence, but it does not have to
be determined explicitely since it will automatically be
included when the amplitudes are extracted from the
elastic data.

When considering the elastic collision (w*d — pp),
it is convenient to use the kinematic variables ¢,=
(pa--p“\):L and s, = (p“rpsz, or ta= (p‘-p“)l and s, =
(pﬂ§pdff because they are Lorentz-invariant. Since
total four-momentum is conserved, these sets are identical.
However, when considering the inelastic collision (m*d—
ppY) the sets are no longer the same, and it is convenient
to use the variables determined by the average of s, and
s,, and the average of t, and t,. This averaging process
leads to the variables

V="~FFkP*+t PP

A= PP * ParPy \Red3)

1l

The strong amplitudes in equation (2.12) therefore have
the functional dependence T(wm2,MS,mY,m.,v,,A,), where
wy, M, m,, and m, are the masses of the pion, deuteron,

first, and second protons respectively. The subscript

14,
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on the variables indicates that they correspond to the
off-shell strong interaction. Substituting the four-
momenta for each amplitude, as shown in Figure 2.1, into

the corresponding terms in equation (2.12) gives

P
M"‘t . i\.“ T(MlxMl)m\a"l\"PUm:;\r’K'P; )A"'K'Pﬂ')
Pa
PI.K T(Ml, HJ‘) m‘l,m:*QK'P,_,V'*K'Pu,A+K'P'\) (2.16)
- _Pnm ( N o o'h 5 _
Pr K A -JK.P“)M vy ;mL)V-'K'PJ)A-k'ﬂ)

{3
= Pk T(MZ,MI-—QK‘PA,m.",m:‘\r‘K‘P;\—‘A"K'PL )

Using an approximation procedure introduced by Low
(Low 1958), the right side of equation (2.16) is expanded
in powers of k. The first two terms in this expansion
will give sufficient accuracy provided that k is small,
and T is a smooth function of all six variables. The

result of this expansion is

B ( P, o _ P _ R )
Mm— Pk Pk Birk Pak T(M",\\'\‘,m.",mf,v,A)

+ O | PlPik) | P(Pa-k) | PalPrk) | n.,uu.m]
v P K P& Pa-K Pr - K

(2:17)

, 9T [m(m-k) + PulProk), Pa(Puik) Pw(P\'k)]
dA Pa- K P-K Pa- k Pr- K

+ 2 (ap,) + 3T
am

a1
am’. (‘IP|\ + an (D‘PA) +

E S

g-:;z (1 P‘T)

x
\

Now, by gauge invariance k-M,, = k-(M,.+ M. ) vanishes,

thus



KeMet = —K-Misx .

(2.18)
Therefore
21 . db
K-M.n\=~K-[(P\+P1*P“+P‘Q(av aA) +
N 5T o i (2.19)
a( e Tom v Ton ~ Tw) |
and, to this order
=14 31
M;nt:"(R*P:L*Pn’PA)(SF e ﬁ)
(2.20)

ol Al aT Y
';l( Eyveils ST e C am> P T Sz Pa) .

Adding equation (2.17) to equation (2.20) gives

\rA)

) )

= Pl Pl — !’A . P"T e
Mcrl— b Mlnt i ( Pl'K i F.,L'K P&K Pﬂ"h) ‘ (Ml)Mls M'\2-)"""-1

QU VT PulPi- k) | P(Pa-k) . Pa(Pgr-k) Pe(Pa-k) _
+3v ] Pk T BR T RKk TR R

=) PulPe-K) . Pi(Pr-K) . Pa(Pa-k) (2.21)
—P*—PT-P‘*I d _3_—2 Pa- K * P\‘wk = Pa- K
BBl — p - p —p—ry |

It is seen that, since no derivatives with respect to

the masses appear in equation (2.21), the matrix elements
to order k° are functions of the mass-shell scattering
amplitudes and their derivatives with respect to v and

4 . By comparing equation (2.21) with equation (2.12),
it is observed that the k™' term in the matrix element
consists only of the graphs with a photon emitted by

external lines, while the contribution of the internal

16.



emission diagram is to modify the external graphs in

such a way that the strong-interaction amplitudes are
taken on the mass-shell and at the average values of the
kinematic variables. At this time tnere is not enough
experimental data to determine 3T/ov and 3TAA | so only
the leading term will be calculated here. This gives a
good approximation as long as k is small, that is, if

the proton angles are chosen close to their elastic
values. Substituting the k™ term of equation (2.21) into
equation (2.9}, and writing out the normalization factors
gives the soft-photon scattering matrix

4 n (m m_
Sse = (am) 2 (P * Park-Pe-Pa) \E\V E.V 2AERV

;—.lv) SN [ A (2.22)
vk Pk Pek Pk )
where E,, E,, E_., E,, and k are the energies of the
protons, pion, deuteron, and photon. V is the normal-
ization volume.
The scattering matrix in equation (2.22) has
resulted from the first two terms in the expansion of
Mesx in powers of k. When higher order terms are inclu-
ded, the resulting scattering matrix will have the form
Sei= k*A_, + A, + KA, + kK*A, 4 ... , where the coeffi-~

cients A,, A,, etc. will depend on derivatives of T

17.
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with respect to the masses of the particles. Very
accurate experiments are necessary in order to deter-
mine the significance of these coefficients. The
geometry used for such experiments would have to be
chosen carefully in order to obtain large values of

k. The data from these experiments would be useful in
testing strong interaction models which predict differ-

ent values for these coefficients.



CHAPTER 3
CALCULATION OF THE CROSS SECTION

In order to obtain the transition probability per
unit time wyg{, one must sum over the final polarization
states of the square of the scattering matrix and divide

by the arbitrarily large normalization four-volume VT,

thus
-\ 2 -~
= (v1) Z1S,|" = (an’ {B"(P.»«P,m-&-m)] (Vi)™
mt b (301)
TEfaany * LMl
where
Mt = 3 {Te (s i 1170 .
Since the term fé~(§h {} ———~ -———%]J" has spin

dependence through the photon only, the sum in equation

(3.2) can be written

Z\M“\ Z[é ( ?‘k r:x"?:x \] ‘;\le (.3.3)

where the first sum is over the photon polarizations.

< N W -¥ is a conserved current, one can

Since

P\ K Pl \’l\' PA-K

apply the equation

Y.(e-a) = -a* (3.4)

phet

19.



to obtain

a2 [ 2%-p2 aP. - Pr 2 PPy
:Z: lP‘*~ - [(fl'h\(ﬁl'h) T P (P CESYET S
’.
2P - Py - ”-_ZE&'P’\} p— 0 T Ve
_owmt _ T I . I ] 2 (3.5)
w. Y (P )™ (P2 (BT 2;\‘?\ .
Returning to equation (3.1) and using
e 4
Afs - =
[i(urhxk—m-mﬂ —Ch\(VT)U(ﬂrﬂfk—Q—ﬁﬂ, (3.6)

one obtains the transition probability per unit time

Wy = (@ 3 (R 4P v k- Pe-R2) TELERE B, KV Zl“";;ll . 3.7

The cross section d6 can now be found by dividing
the transition probability per unit time by the incident
flux and then multiplying by the density of final states.

The incident current is
ILZPWP,(\.\—/N_VA\ "—‘V_l‘.\—"rr"'\—/«ll ) (3.8)

where ¢, and ¢, are the particle densities of pions and
deuterons. 7V, and va are the velocity vectors of the

pion and deuteron. The density of final states is

Jl_13 (3.9)
O ] R

20,



where k, p, and p, are now used as the magnitudes of the
three-vectors k, P, and P, respectively. The cross
section is therefore

o2 2iIMed™ w2k £ OB
d6 = (aw) L*(P Pt K= Pr—Pa) Ewalvﬂ val” aK ag 3E, (3.10)

In the laboratory frame v,= O, and the cross section

reduces to

wale @—“?’-\W" B (PPt ko P) 2™, =) CAKAP.A’FL(B A

where
\‘ r—z A E 2P.-Py ;E-
Z M. RIER) © (B kXBrR) T RABAR)
2P - Py m > _m* e N
PR XPrR) | (Reek)® (B g™
- b _ 2P -P _ AEx ' 2 (3.12)
Prry  Fo@r) ~ Kiper | 2T
b
Using
(B,6.R)" A’k a%p, 7P =
(P Pai) SiN@, Ady A AELE, (40,40, A6,), (3.13)
one obtains the differential cross section
46 _ m*e* e ,
Jﬂ|dnl_dek . (Q»W)’— gP‘M S(PI PLK)B (P\*PL*K-PT—PA) x (3.14)

Sthe,dd, AKLE, dE, 2 | Mhll

21.
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For the coplanar geometry of Figure 3.1, the four-

delta function can be written

dimensional
5 (P +Putk-P-P) = 2(E, +E,_ v+ k- )"
2P+ Ptk - ) = (B vELrR-EL)

?‘;, (P sind,~ P Sine, tksihey cosd, ) 2)3 (\\SmG“ sin ¢k3 x (%.15)

th( P\ cosey t {“:’L CeSO; + KCOS G — r’; ) )

where E; =E +Eq and P,= p,+P,- When integrating over

d$,, &, can be expressed as

o(d) + 2(d=T) _ (4 +2(de-m)
a(\(i;ng Sind, ) Ksing
3> Pk

Zc‘_ ( KSLV\G}\ Stmq’h) =

O)Tr

(%3.16)

Carrying out the integration over 4’& gives
S(RF;K)L“(P.fP,_‘r\x-P‘l.-PJ)StY\GK&&kik&EL&E\zIMhll =

S P\ Pz.?><E.‘sz.fK‘EL3232<F\6056. t+Prces@, v kecesa, - P ) ¥
[_?31.| (Pn sihe =P stne, TR SCV\&K\ *‘Z*L(P\S.né.‘ﬂ.smel— KSfV\e'gB] (3' 17)
‘2_

b dKCQEz_‘ciE‘ Z;:\ M&L

)

with the conditions that 24, is used when &,=0 and 2«2

is used when ¢, =7. When integrating over E,, ba becomes

L_(Ez_— Elo)

: o e = )
32(Picose, vPacese, vrcose, P 3 (Picose, + Prcos®, + Keosey)

2E, (3.18)
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where E,, is the value of E, which makes p,cos6,+p,cos6,+

kcos®,—p; vanish. Since p , p, and k are still indepen-

2

dent,

(3.19)

b=l _ (= ) )
5_5'1( P.Cose. +P2Cose, + KCDS-QJ = —P:. COs8,;.
Therefore

%2 (P, cose, + Pocose,+Kcose, ~P ) = |C°5‘9a.\—'(31 L(Ez_Elc), (3.20)

where Q,=p,/E.. Carrying out the integration over E

reduces the right side of equation (3.17) to

\S Pl PLD;_ l:(E‘ s S K"Eg_) [2);\ (P(S'(V\9|—P7_S'(VIG')_ + KS\NGV,)

(3.21)
+ ?;,n_(l’. sing,— R sinsL-KS&he.‘)] \Cosel\—l Ak AE, glMg. \1 .
When integrating over k,
LX\(P\SLV\O‘-PLSKr\ez_ "'KSuY\O,)*’Z,Q(P‘ Yl‘ne‘—P;_San;—’kS\k\er_) =

(3.22)

&n(K"‘Km) 2 .b;_(\K'KoL) i :
|'a§i(ﬂ sine, - Pesine, + Ksmed |a§\2 (Pisine,— \’lsmei—ksmeﬁ\,

where k., is the value of k which makes p,K sin®,—psin@, +
ksin®, vanish, and k., is the value of k which makes

b, sin6, -p, sinO,-ksin6, vanish. Since p, is still an

24,



independent variable, 3p, /2k =0, but by using the

condition that p,cos6,+p,cos6, +kcos6 ~p, vanishes,

2P, _ —cos8y
aK CoOS el i (5'23)

Therefore the right side of equation (3.22) can be

written as

|cose \[ %ﬁlﬂi:ffll~ + a2 (K- Kea) ]
- Isin(6k+8.)| | sin(Bk-62) | .

(3.24)

It is now convenient to introduce the variable 8,/ defined
by

Be= 6,/ when &, =0

Bk=am - B« when =T . (3.25)
The right side of equation (3.22) can then be written,

for either &,, as

3(K-Ke)

lcose
2 | sin(ed v8,)|

(%.26)

where k., is the value of k which makes p,sin®, =p,sin6, +
ksinB,! vanish. Carrying out the integration over k

reduces the right side of équation (3.21) to

SF,: P sz(El+EL*K ‘EL) | Si“(ekl"ez“-.dEl élm{-lv-- (5'27)
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When integrating over E,,

Z(E|—E(D) )
|1+ 2B 2k (3.28)

L(E“‘ELPK—Eg)=

where E,. is the value of E, which makes E,+E,+k-E;
vanish. Differentiating with respect to E, the condition

which resulted from the integral over b(k-k,) results in

2P aP; oka

SE, WO T SEC SE

Sine, +-%“E-. Sindd = 0 - (3.29)

Differentiation of the condition which resulted from the

integral over L(E,-E,,) results in

T A
36, SE COse, 1——3—‘5—|<_useK =0 . (3.30)

Using ap, /3E,= E,/p,= 0, and 9p./9E.= @', equations
(3.29) and (3.30) are written as

JE. oK .
B. sine, - G,gg’; Sina * 8,0, 3, Sinex = o
(3.31)

2E 2K o =
B, cose, + B, TF cose, +B,0,5F, cosel = o

These are solved simultaneously for JE,fE, and 2ak/#E,,

thus giving

26.



B(E\ —E\c)

1 = Sin(ayv—-e.) - ‘Sih(ep!-e:.) ’ (3.32)
3, sin(ed+6,.) B,sn(6v+a.)

B(E\+E +k-E) =

Carrying out the integration over E,, and replacing 0,/

by O« gives

d36 . m*e* % P] PzOzGl Z‘M‘r\.\z

anan.de,  (Qu) IPrM B,5n(Bk-0,) = 3, 51 (B, +0.) + Sin (8,48 '

(3.33)
According to the defining equations (3.25), the final

integration over ©, (actually 6«) in equation (3.33)

covers the range (0,2w). This will finally yield 41:.:\?!11 5
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CHAPTER 4
EXTRACTION OF STRONG AMPLITUDES AND NUMERICAL INTEGRATION

The integration over 6« must be performed numerical-
ly. For each value of 6. the energy and momentum conser-
vation equations must be solved, again numerically (see
Appendix B), for P,s P,, 8nd k. Everything on the right
side of equation (3.33) except é;ﬁ11 is determined
directly from p , p,, and k. The quantity Z;rrr'is
exfracted from the elastic data through the variables
v and A. In the laboratory frame v and A are determined
by

v=EM*EE, -PP, Cos(8:+62) (4.1)
A=EEr PP (056, + E.M

Since the elastic data is given in terms of center-
of-momentum variables (see Appendix C), the theoretical
differential cross section for this reaction is calcu-
lated in the CM frame. The only Feynman diagram for the
elastic reaction is the one with the pion and deuteron
entering and the two protons leaving the strong inter-
action without any emission of radiation. The analysis

of this diagram gives the scattering matrix

28.



V2
n 41 | m m
= (aw) & (P + Py=Po- P‘L\(;LEA\/ 2BV EVEN) o )

(4.2)

where T=T(wx* ,M* m>*m>,v,A) as before. The transition

probability per unit time is then found to be

oo = (2w BH(P, Py -Re-pa)x m« ZlT\
The current and density of final states are
Jo= V7N - )

AN; = [(.11\')3] AP, 43P,

Therefore the elastic cross section is

mr AT
a6, = (any™ MR 4P PPl AEAEEE oS0 * 470, 4P,

In the CM frame p_= -p,, thus giving
EaEel % —Val = Pr(Ea + Eq)
The elastic cross section in the CM frame is then

m* 2T 43P 43P
464 = Tamy AR (evE) b (RrRopeRa) S5t 45

[}

The differential cross section is given by

E S

i:gf = (aw)? ‘L;';)w(Ew*EAS‘ Sl‘*(F\ ’Pa.—P“—P"\) EEa h dspt AP\Z&:\T‘I.

Using the identity

&P = m* 4
e &%(E ) &%,

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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g 224( i+ Pa- PW—RQ)(E|E1Y|P|LJP| JBP,_ =
;)‘SE\.-'P\:LL(E:‘F{L‘W\I)AP\ )
with the conditions
P.= ‘Str +Pa - Py
Ez.:EI\’ tEa—BEy »

When integrating over p,,

2)( 1 \ _L(FI-P\o\ .
= Par-m*) = 2E. = z r)z_
:L\E* N Rl'%ﬁf\

where p, is the value of p, which makes E; —p," —m

vanish. But the conditions(4.11) give

2Ea . 08 _ _ P
aP' aPl - E|
a_‘sx g __3§|_ N
3p, ~ em v

where u,=7p, /p,. It follows that

) 5 _— _ $(P\—P|O) 2
YES-PI-m) = AP, cos(p,P)-Ea B |

But in the CM frame cos(p,,p.)= -1, E,=E,=E, and

, = P.= P, therefore

L(EZ-B2-m2) = (40)'2(R-R.).

Carrying out the integration over p, gives the

differential cross section

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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A Guk - £ T\=
a0 - (@) 3P (Ex+E) E Zl'\ ' (4.16)

This can be written as

Yra
A6 = -\_ml = iﬂ = Lo
ALy 3QWLPnEk‘t\ (E;) } 2;\I‘L, (4.17)

where

; W2 7
E. = (P +a) f(PﬂL*P’\L)” ,

L

(4.18)
In the CM frame
V = EgBa t Bt + 2B =m*

A=a2({E*-PPycos) . (4.19)

These can be solved to give

V)2
5 l(\r -‘;w-'imhml)"—qmmﬂ’

2{ ANV + * 5 M2 am™)

V~A-EaEA-Pa tm> (4.20)
Pe P

COYE&E =

Thus %HTris extracted from the elastic data, and the

numerical integration is carried out.
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CHAPTER 5
RESULTS OF NUMERICAL INTEGRATION

A*s
AL, 4N was

The differential cross section
calculated for pion laboratory energies 150 MeV, 200 MeV,
250 MeV, and 300 MeV. The proton angles were chosen to
be equal (8, = 6.=06). The values of © were chosen
different from the proton angles in the elastic collision.
Thus the complications of the infrared divergence which
appear in radiative correction calculations are not
present. The conservation equations, with equal proton
angles, can be solved to give the elastic angles in terms

of the pion energy. The result is
t/a

_ Eﬂz-Mz )
COS B¢ ~ [(Eww«)‘-‘\m*] (5.1)

Results of the numerical integration are given in
Figures 5.1 and 5.2. Figure 5.1 gives the differential
cross section as a function of pion energy for several
proton angles, while Figure 5.2 gives it as a function
of proton angles for different pion energies. Figure 5.3
shows ':Eﬁ%%]g; as a function of 6, for the typical

cases T,= 250 MeV, ©6=64°; and T, = 150 MeV, 6= 67°.
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Iidﬁéja‘ is symmetric about 6, = 180°.

The error introduced by making the soft-photon
approximation is of the order of k/E, where E is the
total energy available to the photon. This quantity
depends on the geometry of the final state and is approx-
imately 25% when © is 2° from 6, , and 55% when © is 10°
from 64 . However, this error estimate assumes that the
model-dependent coefficients in the k/E expansion are
of the same order of magnitude as the coefficient of the
k-' term. In the nucleon-nucleon bremsstrahlung case,
it was shown (Nyman 1968) that the first term alone
could account for the experimental results even for
large values of k. Thus the present calculation may
give results which are in better agreement with experi-
ment than the above errors would indicate. More accur-
ate experiments are in order to test the results given
here and establish the significance, if any, of the

model-dependent part of the interaction.
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APPENDIX A

NOTATION AND RULES FOR FEYNMAN DIAGRAMS

The propagator approach to relativistic quantum

field theory yields the intuitively appealing formulation

of quantum electrodynamics in terms of Feynman diagrams
(Bjorken and Drell 1964). Here a four-vector A has
contravariant components A“= (A°,A). The metric tensor

is given by

1 0 O O
g = 0O-1 0 O
~ l0o 041 o0 (4.1)
0 0 0O -1
The covariant components of A are defined by
An=9uchA” = (A, -A) (A.2)
The scalar product of vectors A and B is
A'B:'AAB.».: 3».\1'A“Bw:A°BO—A'E (A'a)

The Feynman slash of a vector is a scalar defined by

K=Y"AL=YA-Y-A (A.4)

where the gamma matrices are
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In the representation of (A.5) the components of & are

Another frequently appearing combination is

6\7.
63I P
601 =



The asnalysis of the Feynman diagrams in the present
problem is based on the rules given below.

A fermion vertex contributes the factor -ieY”.

An internal fermion line of momentum p contributes
i/(f-m), where m is the mass of the fermion.

A vertex scattering a meson from p, to p’ con-
tributes -ie(p+p”), .

An internal meson line of momentum q has propagator
i/(q*-sx*), where m is the mass of the meson.

A vertex at which a free photon of polarization €
is emitted contributes a factor €”.

The strong interaction is represented by

)

Photon emission from the deuteron is represented by

Y

41.
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APPENDIX B
SOLUTION OF CONSERVATION EQUATIONS

The equations of conservation of energy and momentum

for the inelastic reaction are, with 6,= 6, =6,

K+(Rz+mﬂm*(Pf*Mﬂ“

E'W"’Ea\ =
Pr= (P,+P,)cose + kcosey (B.1)
ksine, = (P,-P,)sine
The last two equations are solved for p, and p, as
functions of k. The result is
\ Pe  _ sin 8k COS 6B«
P,==2| Tose K (Slne E cose)]
B .L [ P’l\' + K (5\"\9‘\_ = Coseh)] " (B.2)
P = 3 | Eoso Sino6 cose
These are then substituted into the energy conservation
equation. The resulting equation for k is
Ak +BK’+Ck*+DKk *E =0,
(B.3)
where

( SinGy c_osé..)" aab I}

5 .
SWN"8y % Coslex —
Sing Cose

A= sin*Q cos*e




B=

- P'u' COS 6w

sin’e

cos‘e

C = (Enega)(

=
I

(

sinta

Sin*e,

* - !) + (EffE‘;)n;L(l‘

sin*e

* cos™6u —6) + _.En:._ (‘_

cos*e cos?e

+ APwcosou (g +E4) 4+ 4m2

cos*e

Q(En"’Ea)é (Ent Ed)[l(E“ +Ea) — Prcosex

(Ew *Eul)l[‘&m" -

cos*@

PJ.
oy - (Eeven™]

S\.V\leh
sn*e

sinTg

] —4m* -

cos?eu
cosS*o

SL!’\LS”)

Pe’
cos*e

)
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APPENDIX C

ELASTIC DATA

The differential cross section for the elastic

reaction in the CM frame is (Richard-Cerre 1968)

[30MeV > Tk

|

0T Te =81 * {.003 T -.l)cos*e Se -

(1.7-.037 T ). 0037 Tir —.2\ *cos2e) - 180MeV> T 2130 MeV

= {3 3b",0\3'\ﬁ,)(.0037Tw - 21 +cos20) for w2 130MeV .

The units are mb/sr.
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