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Abstract

A useful and simple algorithm is presented for interactively generating B-spline interpola-
tion curves and surfaces from B-spline approximation solutions. The difference between the
data points and the B-spline approximation is used to modify the control vertices in order
to generate a succession of B-spline approximations which converge rapidly to the interpo-
lation solution. The intermediate B-spline approximations can be viewed interactively and

the most appropriate solution selected for a particular application.
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1. Introduction

B-splines (de Boor [3]; Gordon and Reisenfeld [4]) have found many applications for
defining curves and surfaces through sets of data points. If the curve or surface fits among
the data, thereby smoothing the shape, the curve is called an approximation. If the curve
or surface passes through the data, then it is called an interpolation. Typical B-spline
approximation and interpolation curves are shown in Fig 1.

The parametric B-splines for curves can be defined by

s(u) = i\piBg(u)
i=0
where the indexed variables p; are the control polygon vertices, and B;(u) are the normalized
B-spline basis functions of order K (polynomial degree i’ — 1) defined on the knot sequence
for the curve. The variable u is a parameter and s(u) represents the position of the curve in
the plane or space. Likewise,
(u,v) Z Tple (uw)M;(v)

i=0 j=0
defines a B-spline surface where p,; is the control polyhedron, N;(u) and M;(v) are the
B-spline basis functions in the v and v direction on the surface.

When a B-spline approximation is required, a numerically efficient algorithm for gener-
ating the B-splines from the control polygon has been given by Cox {2] and de Boor[3]. The
B-spline solution fits within the convex hull defined by the control points and has the effect
of smoothing these points. The spline does not in general go through all control points. If
the B-spline is required to go through all data points, then a set of suitable of control points
must be found.

In order to obtain a solution which passes through a data set given by d; for § < j < n,
the set of linear equations defined by

d; = s(u;) = 3 piBilu;)

=0

[N}



for each knot value u;, 0 < j < n, must be solved for the coefficients of the spline. Since

B-splines have local support, the case of fourth order B-spline curves has at each knot u;

> piBi(u;) = 0.16666p;_1 + 0.66666p; + 0.16666p;.1
1=0

for 0 < 7 < n. This gives a tridiagonal form for the coefficient matrix of the set of linear

equations
d = Bp,

where d is the vector of data points and p is the vector of control vertices to be found. Since
the matrix B is diagonally dominant, it can be inverted efficiently with LU decomposition
using the Thomas algorithm.

In the case of surfaces, the bandwidth of the coefficient matrix is larger so the LU de-
composition may no longer be the preferred method for the inversion. An alternate method
is to use an iterative method to solve this problem. An advantage of the iterative method
is that the solution can be observed interactively and stopped when sufficient accuracy has
been obtained. This partial interpolation will not exactly pass through the data and so has
the additional advantage that it may not emphasize any small irregularities that may be
present in the original data.

In the present work, a sequence of solutions is developed which progresses efficiently
from a B-spline approximation to a B-spline interpolation. The approach uses the B-spline
algorithm to generate each approximate solution. The difference, or error, between the B-
spline approximation solution and the data vertices is used to modify the control vertices
and thereby develop a sequence of solutions. The validity of the iterative scheme is based
on standard iterative methods to solve linear equations. The method is discussed for fourth

order B-splines curves, although the method is suitable for B-splines of any order.



2. Description of iteration scheme

The B-spline approximation has a variation diminishing property (de Boor[3]), which
forces the curve to always lie within the convex hull of the enclosing polygon as shown in Fig.
1. In general, there is always a difference between each data vertex and the corresponding
point on the curve. To solve the B-spline interpolation problem d = Bp, a sequence of

intermediate approximation solutions to the interpolation problem is defined in the form
PPt =p" +(d - Bp*) ,for k> 0 with p° =d

The vector d— Bp"* can be thought of as the error in the k th approximating B-spline iteration
based on the control coeflicients p*. The sequence of control coefficients p* generates the
sequence of approximating splines.

The convergence of p* can be easily shown by the applications of standard iterative linear
algebra theorems. In fact, the scheme is the well known Gauss-Jacobi iterative method. For
example in the case of curves with forth order splines, the value of the spline at a knot point

u’ given by

(Bp*); = 0.16666p;_, + 0.66666p; + 0.16666p". ,,

for 0 < j < n. Since
p**t=d+(I-B)p*.

where [ is the identity matrix, the matrix [ — B is diagonally dominant, and so the iteration
scheme will converge (see e.g. Atkinson [1]). In practice, the iteration is continued until the
vector error term (d — Bp") is sufficiently small for the application. Fig 2 shows an iterative
control vertex moving in order to force the curve through the data point.

The method of SOR or successive overrelaxation can provide a significant improvement in
the method while retaining the general simplicity of the argument. To do this, a parameter

w 1s introduced into the iteration



pk+1:pk+W(d*Bpk),forkzO\VithpO:d'

The correction then tends to overshoot the error and give a sequence of solutions that
converges faster than the Gauss-Jacobi method. Many numerical experiments have been
done in the literature to determine suitable values for the relaxation parameters and values

of 1.5 to 1.7 are commonly used. For this problem, w = 1.5 has proved to be useful.

To demonstrate the effectiveness of the technique and the rapid convergence from the
approximation to the interpolation, a few examples are presented. In Fig 3, the function
y = sin(nz/2) was used and the B-spline interpolation solution after 3 SOR iterations was
within a tolerance of 0.0001 of the function.

An analytical surface defined by

1.25 + cos(5.4y)
6+ 6(3z — 1)

was examined where the original control polyhedron formed by (11 x 9) vertices. After four
iterations the maximum error between the interpolating surface data points and the given
data vertices was 0.0001 with an average error of .00002.

A B-spline fit to a set of data, obtained by stereo photogrammetry of a human face, is
given in Iig. 4. The face surface is defined by (80 x 80) points and the fitted surface by
(160 < 160) points. The B-spline fit in this case was carried out so that the error above a

certain level was not adjusted and hence the surface was not modified at these points. As

=

the error was largest at the periphery of the face, this had the effect o

adjusting only the
interior surface. This selective smoothing give a close interior fit to the face and avoids the

edge oscillations that would normally occur with a regularly interpolated surface.



4. Complexity discussion

For the case of curves, the iterative technique for solving the equation has no particular
computational advantage over the LU decomposition using the Thomas algorithm. For ex-
ample, the LU decomposition uses about 4n multiplications in each component to completely
invert the problem. On the other hand, the iterative method uses about 2nk multiplications
where % is the number of iterations used. Experience has shown about two to four iterations
are required for curves.

In the case of surfaces, the increased bandwith of the coefficient matrix makes the iterative
method more attractive. For the case of fourth order B-splines. the coefficient matrix is

determined from the equation

d,',j = 0666662}71'] + 0.66666 x 016666(}),-1'] + Pic1

4T
Pij-1 + Pije1) + 0.16666%(piy j_1 + pic1 1
Pit1,j-1 T Pi+1,j+1) )
for 0 < < nand0 < j < m. This expression generates a coefficient matrix with a bandwidth
of at least 9 depending on how the points are ordered. Then, if n = m and N = n?, the LU
decomposition will need about 2((9 — 1)/2)*N = 32N multiplications, whereas the iterative
solution will require 3N % multiplications in each component and some extra additions. This
means that the iterative solution can take about 10 iterations to complete the solution in
about the same time. Experience has shown that 4 to 5 iterations are usually sufficient to

obtain a suitable accuracy for the solution with SOR iteration.

There are three main reasons that method is successful:

o usually the full accuracy for an inversion is not required when defining and machining

curved surfaces.

e the initial data provides a good approximation to the control vertices and so it is a

good starting value for the SOR iteration.



e the method is simple to program for various types of B-splines

5. Conclusions

A algorithm for iteratively generating B-spline interpolation curves and surfaces form the
B-spline approximation solution is presented. The algorithm is numerically stable, compu-
tationally eflicient and can readily handle large amounts of sampled data. The converging
sequence of graphical B-spline solutions can be interactively viewed and the most appropri-
ate solution selected for a particular application. Alternatively, the number of iterations ca
be adjusted to produce a curve or surface that is within a specified tolerance of B-spline

interpolation.
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