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Abstract. An explicit formula for the polar decomposition of an
n x n nonsingular companion matrix is derived. This involves the largest and

smallest singular values of the companion matrix.



1. INTRODUCTION. Every matrix A € C'*" has a polar decomposition, namely

A = PU where P € C'*" is a (unique) positive semidefinite matrix and U € C'*" isa

unitary matrix. If A is nonsingular, then P is positive definite and U is unique. In view

of the wide range of applications, both theoretical and numerical aspects of the polar
decomposition have been studied in detail; see, for example, [3], [5, Ch. 7].

It is of interest to single out special classes of matrices with polar decompositions that
can be obtained in an explicit form. In this paper we show that nonsingular companion matrices

are such a class.

For n 2 2, let the complex companion matrix

0 1 07

C =
0 0 1
! a1
be associated with the complex polynomial z" - a,_,z""' - ~ - 4,z - a;. With

the matrix C can be written as

(1.1




It will be assumed that C is nonsingular, equivalently a, # 0. The aim of this paper is to
derive the polar decomposition of C in terms of the data a;, and d together with the largest

and smallest singular values, o, and o, of C. This explicit formula is stated in Theorem

1, and is proved by developing properties of these singular values in Lemmas 2 and 3.

2. POLAR DECOMPOSITION FORMULA

THEOREM 1. Assume that the companion matrix C in (1.1) is nonsingular. Let o,

. 2
and o, be positive real numbers such that o% and o, are the roots of

F(z) = 2% - z(la()[2 +owla 2+ 1) + |a, % (2.1)

Then C = PU is the polar decomposition with P = P* positive definite, U unitary and the

factors P = [pl, -y Pn]: and U = [v, Py s pn_l] given by:

l_ , - ———— dd’
P _ 1 (01 + 0;;) a-1 (0.1 + 1)(0_” + 1) l d (2.2)
o, +0, d*

and

s % { - ] 2.3)
lagl(o, +o,) |1 * |a, |



To prove Theorem 1, we first consider the singular values of C (i.e. the positive square
roots of the eigenvalues of CC*). The following result is known (see, for example, [1, p. 224-

5]). We include a simple proof as it clarifies the role of the quadratic polynomial F(z) in

@2.1).

LEMMA 2. Ler 0 < 6, < 0, < 0,_, <0, be the singular values of C. Then

0’2=...=G

= 1, (2.4)

M
[y

n
and o>, o> are the zeros of (2.1), namely F(z) = 2% -z Y, | + lap|% with a,
iz0

Proof. We have

CC’& - In-—l é
d* s

n-1

where s = Y |a;|* = d*d + |ay|>. Hence, by expanding the determinant,
i=0

det(zl, - CC*) = (z-s)det((z - DI, _;) - d~ adj(z - DI,_,)d
= (-1 22 -(s+ Dz +s-d*d)
= (z-1)""? Fl2).



hence F(1) = 0 is equivalent to d=0. In this case F(z) = (z—l)(z— Iaolz), and
{o%, oi} = {1, |g,|*}. If FQ1) # 0, then F(1) < 0. Thus when d =0, a, * 0, from

F(0) = |a,|* > 0 and F(«) = +, it follows that 6] < 1 < o,. When d # 0, a, = 0, then

oy =0,and o> = ¥ |g,2>1. O

i=0

The subsequent observations will be useful.

LEMMA 3. Let o, be the smallest and o, be the largest singular values of C. Then

6,0, = |ay] 2.5)

and

a+d = -(o%-1)(o?-1). .6
In addition, assuming a, # 0, and defining

, i=1,n, @7

gives

CC*g. = G%gi, i =1,n, (2.8)



and

&:* = &g, = (oF - 1)} - o}), i} = {L,n). 2.9)

Proof: From (2.4) it follows that

I o; = 0%02 = det CC* = ldetC|2 = |a0|2’

which yields (2.5). To prove (2.6), note that trace (CC*) is equal to the sum of the

eigenvalues of CC* and (by the proof of Lemma 2) is also equal to n -1 +d*d + |ay|>. Thus

2 2
n-2+o,+a,=n-1+d*d+ |a,|%,

giving, by (2.5),

which is (2.6).

We prove (2.8) for nonsingular C in the equivalent form

C*g, =0/ Clg, i=1n (2.10)

From (2.5), @, = 030-/a,,, thus

0 |a
C*gi = ‘ 0
In-l | d

d 2 o?(o? - 1)/(10
o? -1 % d ’



where {i,j} = {1,n}. Note that (2.6) is equivalent to -d*d + (af - 1) = 0?(0? - 1). It is

well known that

C—l _ “d*/ao l llao (2.11)
In~l 0 ,

hence

which establishes (2.10). Using (2.7) and (2.6) again, it is straightforward to verify (2.9). U

Proof of Theorem 1: The case with 6, =1 or o, =1, equivalently d =0 (see the proof

of Lemma 2), is trivial. In this case, C = PU with P = diag(l, .., 1, |ao|) and

G
"

. 01
— 0 .0
Lla()'

agreeing ‘with (2.2) and (2.3).

Assume now d # 0, thatis o, <1< o, . Let y;, -y, be an orthonormal set of

eigenvectors of CC* such that CC* y, = c?y‘., i=1,-,n (cf. 2.8)). Then P2 = CC*

and



the fact that P is the unique positive definite square root of CC* imply

Py, =90y, i=1,-n

Thus P has the specfral decomposition

n n-1
P=% oy’ = ¥ oy’ + X oow = X (-l oL G
i=1 i=2

ie{ln}) ie{ln}

Taking y, = g,/lg,}, i = L,n, with g;, g, given by (2.7) and using (2.9), we calculate the

explicit representation for P. From (2.12)

pop -0l e BTl o

n

d

2 1}[d* oi - 1]

(oY [ i hd* O D

(oi - 1)(031 - o%)
_ {add* | pd]
pd* | v

1

where o = - ,
(01 + 1)(0n + 1)(01 + on)
p-—1—,
01 + 0-n

and Yy = - 1.
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Hence P is of the form (2.2).

For U wehave U™ = C'P, and since U isunitary U = P(C™")*. Hence, by

@.11),

U = [Pp "',pn-ppn]{ } = [v)pp "‘ap,,_l]-

Taking (2.5) and (2.6) into account, the first column v can be determined as follows

o afheivedd® pa [d]
50{ pd* y+1{|1

|1+ adds p)d]

01l —Bd*d+y +1

Q

T U
a, (°1 + on) olcn(l +0,0,)

el | ]
50(01 + 0,,) 1+ |a|

which yields (2.3) and completes the proof. [

3. ADDITIONAL REMARKS
3.1 For a nonsingular 2 x 2 matrix 4, the explicit polar decomposition A = VP with

¥ unitary and P positive definite is given for A real in {7, Th 1j and for A complex in



3.2

11

[6, Th 1]. Specializing to a 2 x 2 complex companion matrix C = PU, gives
P = |det(C* + |det C| C71)|™#(CC* + |det C|L),
and

U = |det(C* + |detC| CY)|™(C + |detC|(C*)7Y),
with

\det(C* + |det C| C_l)I = |a1 IZ +(1 + laol)z = (01 + 02)2'

in agreement with our Theorem 1 above. For an n x n companion matrix C, we have

i=1

n-1
|det(C* + [det C| C1)| = (1 + |ayl) 2 {): a2+ (1 + lao|>2},
but this does not appear in our polar decomposition formula for n > 2.

Closely related to the polar decomposition of a matrix is the singular value decomposition,

see, for example, [3], [5, Ch. 7]. For a nonsingular companion matrix C, this

decomposition is C =V A W*, where V and W are unitary and

A= diag(o", 1,1, 01)- The columns of V are the (ordered) orthonormal eigenvectors
of CC*. The first and last columns are given by (2.7), (2.8) normalized by (2.9). Each

remaining column (v, ---,vn)T has v, = 0 and is a normalized linearly independent

n-1

solution of Z ay; = 0. Matrix decompositions are important in best approximation
i=1



3.3
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properties. With the Frobenius norm, the nearest unitary matrix to a given matrix is the
unitary factor in its polar decomposition [3]. Thus for a companion matrix C, the nearest

unitary matrix is given by U in Theorem 1.

Some spectral properties of polar decompositions of general matrices have been considered

in the literature, see, for example [2], [4]. Restricting our attention to real nonsingular

companion matrices, we are interested in the relation of the spectrums of C and U, where
C = PU, and have some preliminary results. For 2 x 2 matrices, explicit calculation of
eigenvalues shows that C and U have the same inertia. However, this is not in general

true as the following 3 x 3 example shows. Let

0 1 O]
c=/0 0 1
48 -44 12

with spectrum {2,4,6}. The polar factorization PU has the spectrum U equal to
[1, -.0477 + .9989i}, thus inertia (U) # inertia (C). The field of values F(C)
(numerical range) of C, always contains 0, as z7Cz = 0 for z = (1,0, -,0)". In some

cases 0 € F(U) and in others 0 ¢ F(U). For n = 2, we know precisely: 0 ¢ FU)

if and only if a, > 0 and a, * 0.
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