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ABSTRACT

A new, intuitive approach to the study of a Boolean function using its set of 
parities of subfunctions called the parity spectrum is presented. This approach 
simplifies the classical theory of Boolean difference, and serves to unify and extend a 
number of previous results on the modulo-2 logic design and fault detection of digital 
logic networks. Fundamental properties of the parity spectrum are established. They 
are instrumental in developing the principal results.

New algebraic and geometric representations for fixed, polarity and fixed basis 
modulo-2 canonical expansions (FPEs and FBEs) are obtained by identifying 
coefficients in these expansions to subfunction parities in the parity spectrum. These 
representations offer new insights into the underlying structure of modulo- 2  canonical 
expansions as well as algorithms that manipulate them.

Boolean matrix transforms among the parity spectrum, the FPEs, and the FBEs 
are described in a unified manner using Kronecker products, and efficient recursive 
algorithms derived for these and other transforms are applied to tv/o different 
approaches to the minimization of FPEs and FBEs.

By verifying subfunction parities from the parity spectrum of the function 
implemented by a digital logic network, the generalized constrained parity testing 
technique is developed. It is considered for detecting multiple stuck-at faults in 
single-output combinational networks.



Supervisor: Prof. Jon C. Muzio iii

Examiners:

Di. J.C. Muzio, Supervisor (Department o f Computer Science)

Dr. J.A. Ellis, Departmental Member (Department of Computer Science)

Dr. F.D.K. Roberts, Departmental Member (Department of Computer Science)

Dr. G.A. Beer, Outside Member (Department of Physics)

Dr. V.K. Bha'-gava, Outside Member (Department of Electrical & Computer Engineering)

Dr. D.K. Pradhhn, External Examiner (Dept. Elcc. & Comp. Eng., U. of Massachusetts at Amherst)



iv

TABLE OF CONTENTS

Abstract .......................................................................................................................... ii
Table of Contents ......................................................................................................... iv
List of T ab les ................................................................................................................  vii
List of F igures...............................................................................................................  viii
List of Algorithms ........................................................................................................ ix
Acknowledgements....................................................................................................... x
Chapter 1: Introduction................................................................................................  1

1.1 A Simplified Approach ..................................................................................... 1
1.2 Modulo-2 Logic Design .............................................  2
1.2.1 M otivation........................................................................................................ 2
1.2.2 Modulo-2 Canonical Expansions .................................................................  3
1.2.3 Transforms and M inim ization......................................................................  4
1.3 Fault Detection ..................................................................................................  5
1.4 Outline of Remaining Chapters ......................................................................  5

Chapter 2: Background................................................................................................  7
2.1 Introduction......................................................................................................... 7
2.2 Boolean Functions .............................................................................................  7
2.3 The Exclusive-or O perator...............................................................................  10
2.4 Modulo-2 Canonical Expansions ....................................................................  14
2.4.1 FBEs and F P E s ...............................................................................................  14
2.4.2 Modulo-2 Minimization ................................................................................  18
2.5 Boolean Matrix Transforms ............................................................................. 19
2.6 Gray Codes ..................................................................................................  20
2.7 Fault Detection ..................................................................................................  22



V

2.8 Sum m ary..........................................................................................................  27
Chapter 3: The Parity Spectrum ................................................................................  29

3.1 Introduction........................................................................................................  29
3.2 The Parity Spectrum ......................................................................................... 30
3.3 Boolean D ifference...........................................................................................  31
3.4 A Simplified T h eo ry ......................................................................................... 32
3.4.1 Modulo-2 Expansions.................................................................................... 33
3.4.2 Modulo-2 Minimization ...............................................................................  34
3.4.3 Fault Detection ..............................................................................................  35
3.5 Properties of the Parity Spectrum ................................................................... 36
3.6 Sum m ary............................................................................................................. 39

Chapter 4: The Structure of Modulo-2 Canonical Expansions.............................  40
4.1 Introduction........................................................................................................  40
4.2 FPEs and F B E s ..................................................................................................  40
4.3 Algebraic Representation ................................................................................  41
4.4 Geometric Representation ................................................................................ 47
4.5 Modulo-2 Minimization ................................................................................... 54
4.5.1 Gray Code A pproach..................................................................................... 54
4.5.2 Parity Spectrum Approach ...........................................................................  56
4.6 Sum m ary ............................................................................................................. 57

Chapter 5: Matrix Transforms for Modulo-2 Minimization .................................  58
5.1 Introduction........................................................................................................  58
5.2 Transforms among FPEs and F B E s ...............................................................  59
5.2.1 The Transforms .............................................................................................  59
5.2.2 The Fast Transforms .....................................................................................  62
5.3 Transforms for the Parity Spectrum ..............................................................  6 6

, . i . l  The Forward Transform s..............................................................................  6 6

5.3.2 The Inverse Transforms ................................................................................ 70
5.4 Minimization of FPEs and F B E s .................................................................... 72
5.4.1 The Minimization Approaches..................................................................... 72
5.4.2 Brute-Force Approach .............................................................................  73
5.4.3 Gray Code Approach.....................................................................................  75
5.4.4 Parity Spectrum Approach ...........................................................................  77



vi

5.5 Sum m ary........................................................................................................... 83
Chapter 6 : Constrained Parity T esting ......................................................................  8 6

6.1 Introduction  ........................................................................................... 8 6

6.2 The Testing Schem e.........................    87
6.3 Single-input Stuck-at F a u lts ............................................................................. 8 8

6.4 Multiple-input Stuck-at Faults ........................................................................  90
6.5 Vacuous Faults ....................................................................................................... 91
6 . 6  General Stuck-at Faults ....................................................................................  97
6.6.1 Fanout-free N etw orks....................................................................................  98
6.6.2 Internally Fanout-free Networks ..............................................................  99
6.6.3 General Irredundant N etw orks.....................................................................  103
6.7 Hybrid Syndrome T estin g .......................................................   104
6 . 8  Sum m ary................................................................................................................. 105

Chapter 7: Conclusion and Future Research ...............................................................  106
7.1 Summary of Contributions................................................................................... 106
7.2 Related Publications .............................................................................................  109
7.3 Future Research Directions .................................................................................. 110

References .........................................................................................................................  I l l
Appendices..................................................................................................................... 119

Appendix I : Proof of Results in Table 2-1 (X19-X13)........................................ 120
Appendix II: Proof of Results in Table 3-1 ............................................................  121



VII

LIST OF TABLES

Table 2-1: Properties of the XOR Operator ..........................................................  12
Table 3-1: Properties of the Parity Spectrum ........................................................ 37
Table 5-1: Time Complexities for Minimization Approaches ............................  78
Table 5-2: Time Complexities for Minimization Approaches ............................  84
Table 5-3: Space Complexities for Minimization Approaches ...........................  84
Table 6-1: Optimal Time/Space Complexities for an S P S  .............................  97
Table 6-2: Parity Spectrum for the IFF Implementation......................................  102



VIII

LIST O F FIGURES

Figure 2-1: T-cube Representation..........................................................................  11
Figure 4-1: Boolean H ypercubes.............................................................................. 47
Figure 4-2: Ternary Hypercubes .............................................................................. 48
Figure 4-3: T-cube Representations ........................................................................  49
Figure 4-4: P-cube Representations.......................................................................... 50
Figure 4-5: FPEs in a P-cube ...................................................................................  52
Figure 4-6: Other FBEs in a P-cube ........................................................................ 53
Figure 4-7: A segment in the i-th dimension of a P-cube ................................... 55

i) Figure 6-1: Compaction Testing Schem e  ..................................................  8 8

Figure 6-2: Constrained Parity Testing ...................................................................  89
Figure 6-3: An IFF Implementation......................................................................... 100
Figure 6-4: Subnetworks from the IFF Implementation.......................................  101



ix

LIST OF ALGORITHMS

Algorithm 2-1: Generating Binary or Ternary Reflected Gray Code .................. 22
Algorithm 5-1: Fast Transforms between two FPEs ..........   64
Algorithm 5-2: Fast Transforms from FBEs to the Parity Spectrum ..................  69
Algorithm 5-3: Fast Transforms from the Parity Spectrum to the FBEs .............  72
Algorithm 5-4: Fast Transform to the FPE Weights .............................................  80
Algorithm 5-5: Fast Transform to the FBE Weights ............................................ 82



X

ACKNOWLEDGEMENTS

Dr. J.C. Muzio has been my supervisor throughout my graduate studies, and has 
nourished me with his technical expertise, research inspirations, and personal wis­
dom. His guardianship, support, and encouragement has been a tremendous driving 
force throughout the course of this research. His patience and kindness, especially 
while this dissertation is being written off-campus in Ottawa, is warmly felt and 
treasured. My deep appreciation and sincere gratitude for his invaluable supervision 
is beyond the mere expression of words.

I am thankful to the many who have assisted my research through their helpful 
comments and generous support. In particular, I would like to thank Dr. M. Cheng, 
Dr. J. Ellis, Dr. N. Horspool, Mr. J. Kowalski, Mr. J. Lee, Dr. M. Levy, Mr. V. Liu, 
Dr. R. Probert, Dr. F. Ruskey, Dr. M. Serra, Dr. W. Wadge, Mr. M. Whitney, and 
Mr. A. Wong tor heir help. I would also like to thank the Computer Science 
Department in University of Ottawa for providing the computing facilities in which 

this dissertation is completed. Finally, I would like to thank the members of my 
Examining Committee for their careful review of this dissertation.

This research has been financially supported by a University of Victoria Gradu­
ate Fellowship, and by NSERC, grant no. A5711.



I

CHAPTER 1 

INTRODUCTION

1.1. A Simplified Approach

Modem day digital logic systems manipulate discrete elements of information 
encoded in binaiy form. Data is represented by physical quantities called binary sig­
nals and data processing is performed on these signals by means of binary logic ele­
ments. The mathematical counterpart of a physical quantity having precisely two 
stable states is a binary variable, and the manipulation of binary signals can be 
expressed in terms of Boolean (or switching) functions in binary variables.

In a paper[Ake59] entitled On a Theory o f Boolean Functions, Akers applies the 
concept of Boolean difference for defining and examining various formal properties of 
a Boolean function. This Boolean difference is shown to correspond in many respects 
to the finite-difference operator and accordingly an analogy is drawn between the 
theories of Boolean and ordinary functions. However, there are two major problems 
with Boolean difference. Firstly, the expressions often involve complex algebraic 
notation and derivations. Secondly, it is difficult to grasp the intuitive meaning of 
Boolean difference. It appears that these difficulties stem from using an ordinary 
function approach which may be too general and notationally too cumbersome for the 
purpose of studying practical engineering applications of Boolean functions.

In this dissertation, we introduce a new approach to the study of Boolean func­
tions using its parity spectrum, which is the set of parities of all of its subfunctions. 
The new approach simplifies and unifies a number of existing results in the design, 
analysis, and testing of digital logic networks implementing Boolean functions, and 
allows these results to be generalized. Using an intuitive interpretation of the values
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of Boolean differences as subfunction parities in the parity spectrum, properties of 
Boolean functions previously derived from Boolean differences are re-expressed with 
simplified notation and proofs, and new properties are derived. Applications of the 
theory of parity spectrum to the modulo-2 logic design and fault detection of digital 
logic networks are investigated. This chapter introduces these applications and out­
lines the results obtained in our investigation.

1.2. Modulo-2 Logic Design

1.2.1. Motivation

Following the classic work of Shannon[Sha38] on the theory of switching alge­
bra, the design of digital logic systems is based heavily upon the simplification of 
inclusive-or sum-of-product expressions of Boolean functions and the implementation 
of these expressions using AND/OR/NOT logic gates. However, the work of 
Reed[Ree54] and Muller[Mul54] on exclusive-or (modulo-2) sum-of-product expres­
sions has initiated an alternative design approach using XOR  gates. In practice, it is 
well-known that many useful circuits such as arithmetic units and parity checkers are 
heavily XOR oriented and it is more economical to implement their modulo-2 expres­
sions. Some authors[Eve67, Muk70, Rob82] even conjecture that it is generally more 
economical to base logic design on modulo- 2  expressions rather than conventional 
inclusive-or expressions. Recent empirical results in [Sas90] support this view by 
showing that programmable logic arrays (PLAs) implementing XOR sum of products 
of randomly generated functions require, on the average, fewer product terms than 
standard PLAs implementing conventional inclusive-or sum of product expressions. 
Furthermore, digital networks realized by XOR gates have the feature of being easily 
tested[Rt&12, Red73, Sal75, Pra78] because a change in an input to an XOR gate is 
always propagated to the gate output. In contrast, implementations using AND/OR 
gates require specific input patterns to establish a sensitized path[Mic8 6 ] for a change 
to be propagated.
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The above advantages of modulo-2 logic design motivate the study of modulo-2 
expressions and their simplifications in this research.

1.2.2. Modulo-2 Canonical Expansions

Previous research on modulo-2 logic design emphasizes on the simplification of 
the modulo-2 expressions of a Boolean function. Because the underlying mathemati­
cal structures of these expansions are not well understood, results have been presented 
in vastly different notations and terminologies. Consequently, much confusion is gen­
erated and duplication in reporting appears inevitable.

Fundamental to the study of modulo-2 expressions are the modulo-2 canonical 
expansions. These expansions are said to be canonical because, under pre-defined 
conditions, each expansion is a unique representation for a Boolean function. The 
best known canonical form is called the complement-free (positive) Reed-Muller 
canonical expansion, first considered by Reed[Ree54] and Muller[Mul54] for applica­
tions to logic design and to error correcting codes. The characteristic of this canoni­
cal expansion is that each binary variable appears only in its normal uncomplemented 
form. By aPowing variables to appear complemented or uncomplemented but not 
both, Akers[Ake59] arrives at a more general set of 2n canonical forms, where n is 
the number of variables of the considered function. These expansions are called the 
fixed polarity modulo-2 canonical expansions, or simply the FPEs, of a Boolean func­
tion. The set of 2n FPEs is further generalized by Bioul et al.[Bio73] into 3n canoni­
cal forms, called fixed basis modulo-2 canonical expansions (FBEs), by allowing 
some variables to always appear in both complemented and uncomplemented form. A 
part of this research investigates the properties and structures of FPEs and FBEs, as 
well as the matrix transforms and simplification procedures for these expansions.

Various authors[Ree54, Ake59, Dav71, Bio72, Bio73, Dav78] apply a Boolean 
difference approach to derive coefficients in FPEs and FBEs using complex algebraic 
notations and proofs. This research reveals a simpler derivation by identifying these 
coefficients with subfunction parities in the parity spectrum of the Boolean function. 
Thus a new and simplified algebraic representation for FPEs and FBEs is obtained.
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Furthermore, the intuitive characteristics of subfunction parities give rise to a new 
geometric construction called the parity hypercube, or P-cube, representation of a 
Boolean function. A graphical display of the subfunction parities in the parity spec­
trum, the P-cube geometrically represents all the FPEs and FBEs of the Boolean func­
tion, and visually highlights the relationship among coefficients within an FPE or FBE 
as well as the relationship among all the FPEs and FBEs. It is an exposition of many 
interesting properties of a Boolean function that are not previously evident, and pro­
vides visual interpretations for algorithms that manipulate Boolean functions and their 
modulo- 2  canonical expansions.

1.2.3. Transform s and  Minimization

Many authors (e.g. [Cal61, Lec63, Dav71, Swa72, Bio73, Dav78, WuC82, 
Bes83, Zha84]) consider transforms among FPEs and FBEs and their applications to 
the simplification of these expansions. In this research, these transforms are unified 
and generalized. As proposed by Lechner[Lec63], these transforms are described as 
Kronecker products o f elementary Boolean matrices since this approach leads to 
efficient algorithms for carrying out the transforms. Also described are all the possi­
ble transforms between the parity spectrum and the FPEs and FBEs, again using a 
Kronecker matrix product approach. Recursive procedures implementing the various 
transforms are also included.

The weight of an FPE or FBE is its number of non-zero product terms. In this 
dissertation, the simplification o f FPEs and FBEs for a Boolean function is considered 
by deriving the expansion(s) containing the minimal weight. Two minimization 
approaches are considered. The first approach explicitly generates all the FPEs or 
FBEs and evaluates each of their weights individually. In the second approach, the 
FPEs and FBEs are not explicitly generated. Rather, their weights are computed 
simultaneously from the parity spectrum by means of Boolean matrix transforms also 
described as Kronecker products. Computationally, the first approach requires less 
space, while the second approach is faster.
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1.3. Fault Detection

The ever-increasing complexity o f integrated circuits has lead to renewed interest 
in the search for new, cheaper testing techniques for detecting faults and locating 
faulty components in a digital logic system. Using the parity spectrum, this research 
also considers the detection of faults in single-output irradundant combinational net­
works implementing Boolean functions. The multiple stuck-at fault model[Eld59, 
Bos71] is assumed, although the proposed testing technique can be applied to any 
other logic fault model.

In the traditional test vector based method, input patterns are applied to the net­
work under test (NUT) and the output responses are verified one by one. Any 
discrepancy indicates a fault. This technique has given way to the more recent com­
paction fe.srwg[McC85] techniques, which reduce the volume of the responses by 
compacting them into a bit vector called a signature. Several compact testing 
techniques[Car82, Ake8 8 , Dam89] verify the parity or subfunction parities of the 
Boolean function implemented by the NUT. These are special cases of the con­
strained parity testing technique developed in this research. Under this generalized 
technique, a signature is formed from any subset of subfunction parities from the par­
ity spectrum of the implemented function. During testing, each subparity in the the 
signature is collected by constraining a subset of the inputs to the NUT to 0 ’s and l ’s 
and applying all combinations of binary values to the remaining inputs. Since a test 
which constrains all inputs is equivalent to a test in the traditional test vector method, 
constrained parity testing is also a generalization of the test vector method. Com­
pared with other techniques, constrained parity testing offers many practical advan­
tages such as versatility, flexibility, low test volume, low test time, high fault cover­
age, and reduced fault simulation and test generation costs.

1.4. Outline of Remaining C hapters

Chapter 2 provides the necessary background, notation and terminology.

In chapter 3, the parity spectrum is introduced and its relationship to Boolean 
difference is examined. Fundamental properties of the parity spectrum are
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established. These properties are instrumental in the development of the applications 
presented in Chapters 4 to 6 .

The relationship of the parity spectrum and coefficients of the fixed polarity and 
fixed basis expansions (FPEs and FBEs) are derived in Chapter 4, and the parity 
hypercube (P-cube) is introduced as a new geometric representation for the parity 
spectrum, the FPEs and the FBEs.

Using a Kronecker matrix product approach, Chapter 5 derives all possible 
transforms among the parity spectrum, the FPEs and the FBEs. Together with 
transforms that compute the weights of FPEs and FBEs from the parity spectrum, 
algorithms are described to derive the FPE or FBE with the least number of terms.

The constrained parity testing technique is developed in Chapter 6 . By consider­
ing vacuous faults, which include over 99 percent of all multiple stuck-at faults, an 
approach is described to derive a signature for testing all multiple stuck-at faults in a 
combinational logic network with small number of fanout lines. For non-vacuous 
stuck-at faults, a method is described for test generation using subnetworks o f the net­
work under test (NUT). A hybrid scheme by combining with syndrome testing is also 
considered to detect all single stuck-at faults and most multiple stuck-at faults in 
internally unate networks without the need for expensive fault simulation.

Finally, Chapter 7 concludes this dissertation with a list of the contributions by 
this research and a discussion of possible directions for future research.

For notational convenience, tables, figures, algorithms or equations within each 
chapter are numbered sequentially and referred to in others chapters using their 
chapter number as prefix. For example, Table 1 in Chapter 2 is referred to in other 
chapters as Table 2-1.



CHAPTER 2

BACKGROUND

2.1. Introduction

This chapter provides the background, notation, and terminology for the remain­
ing chapters. Algebraic and geometric representations for Boolean functions are 
described. Properties of the exclusiveor (XOR) operator are presented. Fixed polarity 
and fixed basis modulo-2 canonical expansions are defined. Background on 
Kronecker products of Boolean matrices, and binary and ternary reflected Gray 
codes is also covered. Finally, an overview of the research on fau lt detection tech­
niques for digital logic networks is presented.

2.2. Boolean Functions

In 1854, Boole[Boo54] introduced an orderly treatment of logic and developed 
an algebraic system now called Boolean algebra. In 1938, Shannon[Sha38] applied 
the classical prepositional calculus, or equivalently, a two-valued Boolean algebra 
now commonly called switching algebra, to the systematic representation, analysis, 
and synthesis of bistable electrical switching circuits. Since then, switching algebra 
has formed a cornerstone for the study of digital logic systems.

Switching algebra is defined on a set of two elements B = (0, l j ,  two binary 
operators AND and OR (A and V), and a unary operator NOT ( ~  ). A formal 
definition for the algebra and its operations is included in almost every textbook on 
digital logic design and is not repeated here (see for example [Man84]).

A binary variable is one which can assume one of the two values in (0, 1). An 
n-variable Boolean function (or switching function) / ( x n • • • x}) on the n binary
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variables in (xn • • • Xj} is a one-to-one mapping from {0, l} n into {0, 1}. Thus there 

are 22" Boolean functions of n variables.

A Boolean function may be represented by a truth table, which tabulates its 
values for all possible assignments of its variables. Let /  (Un • • • u ^ , where 

U; e {0 , 1 }, be the value of / ( ^  • • • x2) when Xj = u^ V  1 < i ^  n. The truth vector 

T ( f )  o f f  is given by T ( f )  = [ f ( 0  • • • 0) , / ( 0  • • ■ 0, 1) • • • / ( I  • • • l)]1. Note that 
the superscript "t" denotes vector transpose and T ( f )  is a 2 nx l column vector. The 
weight or syndrome of / ,  denoted by w( f ), is the number of l ’s in T ( / ) .  The parity 
of / ,  denoted by p( f ), is equal to 0  or 1 dependi.ng on whether w( f ) is even or odd.

A Boolean function can also be represented by a Boolean expression in its vari­
ables using operators from the switching algebra. A Boolean expression can be 
transformed into a number of possible digital logic networks composed of AND, OR 
and NOT logic gates, which can in turn be fabricated using the various integrated cir­
cuit (IC) technologies available. Many Boolean expressions exist for a given Boolean 
function, and much attention has been focused on the simplification of these expres­
sions in order to minimize the implementation cost.

A binary variable xj in a Boolean expression may appear in its normal (uncom­
plemented) or complemented form (i.e. xj or jq). A product term is the AND product 

of a subset of the variables from {x„ • • • xj J, each of which can appear as normal or 

complemented but not both. For example, xt A x2  A x4  is a product term. The AND 

operators are usually omitted and we write X!X2 x4  instead of Xj A x2  A x4. It is con­
ventional to express a Boolean function as an OR sum of AND product terms. For 
example, the 4-variable majority-vote function can be written as /  (x4, x3, x2, x ^  = 

xix2 x3  V XjX2 x4  V x1x3 x4  V x2x3x4. It may be verified that /  = 1 if and only if 

three or more of its variables assume the value of 1 .

We develop a notation for product terms using binary and ternary n-tuples, 
where n is the number of variables in the considered (Boolean) function.

Let N = 2n—1, M = 3n—1, 1 < i £ n, O ^ u ^ N ,  and 0 ^  a  < M. It is convenient 
to interpret u as the decimal equivalent of the binary n-tuple (Un ♦ • • Ui) where
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Uj e  {0 , 1 }, and we write u ~ (un • • • u t) or (un • • • ut) ~ u whenever 
n • 1u = S  ui • 2 • (We say u corresponds to (un • • • U]) or vice versa). Similarly, a  

i=l
may be decomposed into the ternary n-tuple (a„ • • • a j) where a ; e  {0 , 1 , 2 ) and

» . .
and we wnte a  ~ (cx̂  • • • c^) or (a,, • • • a j)  ~ a  whenever a  = • 3 .  A ter-

i= l

nary n-tuple (o^ • • • a t) ~ a  is said to be reducible to a binary n-tuple
(un • • • uj) -  u, written (o^ • • • c^) => (un • • • Uj) or a  => u, if a ; e  {0 , 1 ) and
cq = Uj Vi, 1 £ i < n.

Let a  ~ (ctn • • • a j); x® = Xj, x;1 = xj, and xj2 = 1; X = (xn • • • Xj); and Xa =
l

A  Xj 1 = x,j" • • • X j l. Then X“ is a product term for n-variable functions. Clearly,
i=n
there are 3n such product terms, including the constant term XM = 1 where 
M = 3n- l .

When a  => u (i.e. Oj e  (0, 1} Vi), the product term Xa involves all the n vari­

ables and is called a minterm. Since 0 < u <, N, there are 2" minterms of n variables. 
For convenience, we denote a minterm by Xu instead of X“ when a  => u. Ambi­
guity is avoided by noting that u and a  correspond to binary and ternary n-tuplcs 

respectively.

Let u‘ = N -  u be the l ’s complement of u so that u -  (un • • • u"i), and recall 

that T (f)  = [f0  • • • fN]1, where fu = / ( u n • • • uj), is the truth vector of /(x „  • • • xj). 

Using Shannon’s decomposition[Sha38\:

/ ( x n • • • Xj) = Xi/tXn,! • • • xi+1, 0, Xj_! • • • X^ V

x i / ( x n - l  • • • x i+ l. 1 . x i - l  • ‘ • x l )  ( 1 )

on all the n variables {x„ • • • Xj}, we can derive the sum o f minterm expansion 

N

/ ( x n - - - x , ) = V ' f 0 X“ . (2)
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Since only the terms involving the 1 values in T ( f )  remains in (2), the above sum of 
minterm expansion uniquely identifies an n-varia’ole function from among the 2 2" sum 
of minterm expansions of all possible n-variable functions. An expansion that is 
unique for a Boolean function is called a canonical expansion. We describe a class of 
modulo-2 canonical expansions involving the exclusive-or (XOR) operator later in this 

chapter.

A third representation of an n-variable Boolean function /  (x„ • • • x2) is 

geometric using an n-dimensional Boolean hypercube of 2n vertices corresponding to 

the 2n minterms of n variables. A vertex representing a minterm Xu is marked white 
or black depending on whether its coefficient fu in the minterm expansion (2 ) is 0  or 

1. ,Since the fu’s are the truth values o f / ,  we call this the truth hypercube, or T-cube 
representation of / .  For example, Figure 1 is a T-cube representation for 
/ ( x 3, x2, x ^  =  X3 X2 X1 V X3 X2 X1 V x3 x2Xi with T ( f )  = [0 1 1 0 0 0 0 l]1. Note that 

we choose to label vertices by function values f ^ . . .  Ul = fu instead of minterms Xff, 

as is customary in most descriptions for the T-cube found in the literature (see for 
example [Hurst78]).

Two new representations o f a Boolean function are introduced in Chapters 3 and 
4. As described in these chapters, the parity spectrum in Chapter 3 and the parity 
hypercube in Chapter 4 may be interpreted as extensions from the truth vector and the 
truth hypercube representations, respectively.

2.3. The Exclusive-or O perator

Modem Boolean algebra employs the inclusive-or (i.e. OR) operator. Thus it is 
perhaps rather amusing that Boole originally used[Boy6 8 ] the equivalent of an 
exclusive-or (XOR) operator in his algebra. The use of AND and OR in Shannon’s 
switching algebra is natural as these operators correspond respectively to the opera­
tions of serial and parallel connections of switches. In 1954, Reed[Ree54] and 
Muller[Mul54] observed that any Boolean function can be expressed as an XOR sum 
of AND products and paved the way for the application of the XOR operator to
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Figure 1: T-cube Representation

digital logic design. Although the implementation of an XOR gate is more complex 
and costly than an OR gate in most known integrated circuit technologies, many 
practical circuits, especially those for arithmetic operations, often have more econom­
ical XOR implementations. For example, it is weil-known that the XOR sum of a 
group of bits is equal to its parity, which may also be interpreted as the sum bit in 
the binary addition of these bits. Thus XOR is also known as modulo-2 addition, 
and XOR sum o f product expressions are often called modulo-2 (sum-of-product) 
expansions.

The XOR operator is usually denoted by the symbol ©. Table 1 contains a list 
of properties concerning the XOR operator. Most of them are well known (see for 
example [Sel6 8 L]) and we only prove X9-X13 in Appendix I.

In Table 1, A, B, and C are Boolean expressions; /  = / ( x n • • • Xj) is a function

* •*
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Table 1. Properties of the XOR Operator

XI. iio©o

1 @ 1 = 0 ; 0 © 1  = 1 © 0  = 1

X2. bjffl • • * © bjj = 1 if there is an odd number of 1 bits in the bj’s, 0  otherwise

X3. 0 © A = A; 1 @A = A ; A © A  = 0 ; A © A = 1

X4. A ©B =: AB V AB; A © B = AB V A B

X5. A ©B = A © B  = A © B ; A . © B  = A © B (complementary)

X6 . A ©B = B © A (commutative)

X7. A @ B  © C  = ( A © B ) © C  = A @ ( B  ©C) (associative)

X8 . A(Bj © • • • © Bk) = ABj © • • • © ABk (distributive)

X9. A V (Bj © • • • © Bjk-O = (A V Bj) © ■ • • © (A V B2k_!);
A(B! © ■• • © B21c) = (A V BO © • • • © (A V B 2k)

X10,,A ©AB = AB; A © AB = 1 © AB

Xl l . ,AB = A © B @ ( A V B ) ; A V B = A @ B ©  AB

X12,,Aj V • • • V Ak = Aj © • • • © Ak if AjAj = 0  whenever i *  j

X 13 ./ = xn/ °  © x, , / 1 (Shannon’s decomposition)

= / °  © xn(f°  © f )  (positive decomposition)
= f l © xntf° © Z 1) (negative decomposition)

where / 0  = / ( 0 , xn_! • • * Xj) and / 1 = / ( ! ,  x ^  • • • xj)

of n-variables; f °  = / ( 0 ,  xn_! • • • Xj) and f l = / (  1, x ^  • • • x t). Property X I defines 

the XOR operation. X2 computes the parities of a group of bits. X3 concerns a sin­
gle Boolean expression A. Incidentally, the expression A = 1 © A and its derivative
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A = 1 © A are used by many authors (e.g. [Zha84]) for algebraic conversions among 
the modulo-2 canonical expansions defined in the next section. X4 relates the 
inclusive- and exclusive-or operations, and is equivalent to the relationship between 
inclusive and exclusive unions in set theory. X5 shows the interesting behaviour of 
XOR under complementation. X6  and X7 shows the commutativity and associativity 

of the XOR operator. X8  shows that AND is distributive over XOR. X91 shows 
that OR is distributive over XOR only if the number of terms involved is odd, but a 
nice relationship also exists when the number is even. X 1 0  contains two tcrm- 
reduction rules used in a number of (mostly heuristic) minimization algorithms for 
general modulo-2 expressions(e.g. [Eve67, Jad70, Mar74, Rob82]). These rules can 
be extended to cover more terms. For example, A © AB © AC © ABC = AB C, etc. 
X I1 relates-AND and OR using XOR. X12 demonstrates the equivalence of the 
XOR and OR in cases when the operands are mutually disjoint. Since minterms are 
mutually disjoint, an immediate corollary is that the inclusive-or sum o f minterm 
expansion of a Boolean function given in (2) can be re-written as the exclusive-or (or 
modulo-2) sum o f minterm expansion, i.e.

N

/ ( x n - - - x 1) =  © f u X® (3)
u=0

Finally, X13 represents the three different ways of decomposing a function into 
an XOR sum of simpler functions. The expansions can be carried out for any Xj but, 

for simplicity, are listed only for x„. The first of these three equations is the XOR 
form of Shannon’s decomposition in (1). The second yields an expansion in x„ but 

not while the last yields the opposite. We have seen in (2) and (3) that the min­

term canonical expansion of a Boolean function can be obtained by repeated use of 
Shannon’s decomposition. In the next section, we define a class of 3n modulo-2 
canonical expansions derived by using a combination of the three decomposition

1 These two properties of ©  do not appear to have been previously published, although their 
derivation is straightforward.
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rules in X I3.

2.4. Modulo-2 Canonical Expansions

2.4.1. FBEs and FPEs

Rearranging the order of the equations in property X I3 of Table 1 and extend­
ing the consideration to any x; e  {x„ • • • Xj), we have:

where Y  = / ( xn ' 1 ‘ xi+i> b> xi-i ‘ ’ * x i) for b e  {0, 1}. Let B0  = [1 x], 
Bj = [1 x], and B2  = [x x] be row vectors where x is one of xn • • • xj. We say 

that equations (4.1), (4.2) and (4.3) are expansions o f / ( x n • • • Xj) in Xj using bases 

B0, Bj, and B2  respectively. If we fix a basis B ^ (where ocj e  {0, 1, 2}) for every 

variable xit 1 < i < n, and then expand /  in all its n variables, we obtain a modulo- 2  

sum of products, form called the fixed basis modulo-2 canonical expansion (FBE) 
with composite basis a  ~ (o^ • • • a t), where oqe {0, 1, 2). Alternatively, we call it 

the a-FB E o f f .  Since 0 < a < M  = 3n- l , /  has 3n FBEs.

Example 1: Consider / ( x 3,x2,X{) = x3x2 V x2xj. Using the basis 19 ~ (2,0,1), 

we apply (4.1)—(4.3) as follows:

/ ( x3*x2’x l) =  ®  x 3(*i)

- Y  @ X; ( Y ©  Y)
= x; Y  e  Xi Y

(4.2)

(4.3)

~ X3(Xj © X2Xj) © x3(l © x2)

X3Xi © X3 X2Xi © x3  © x3 x2

= x3  © x3 x'i © x3 x2  © X3 X2 X[ © x3 © x3 x2  

to obtain the final expression (5), which is the 19-FBE of / .

(5)
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Notice that for every single product term in the FBE expansion (5), a variable 
with basis B0  either does not appear or appears as uncomplemented; a variable with 

basis Bt either does not appear or appears as complemented; and a variable with 

basis B2  always appears and can either be complemented or uncomplemented.

Using the ternary n-tuple representation for product terms, we develop a new, 
compact notation for FBEs as follows. Introduce the circle-star (c-star) operator, 
denoted by © : {0 , l}nx{0 , 1 , 2 }n -*  {0 , 1 , 2 }n, with the following componentwise 
table of operation:

where N = 2n- l ,  c “ e  {0,1}, u = N -  u, and u ~ (un • • • uj). Let 

Ca(f) = [cq - • • c# ] 1 be the column vector of 2n coefficients in the a-F B E  of / .  For

the a-FB Es of all n-variable functions, so that Ca(f) uniquely represents / .  Hence 
an a-FB E  is a modulo-2 canonical expansion.

When a  => v ~ (vn • • • Vi) e  {0, l ) n, only equations (4.1) and (4.2) are used to 

obtain the expansion and the a-FB E  contains each variable i as uncomplemented (xj) 

or complemented (xj) but not both. We say that X; has a fixed polarity and call the 

a -F B E  the fixed polarity modulo-2 canonical expansion (FPE) with composite polar­
ity v, or simply, the v-FPE of / .  For convenience, we allow the c-star operator to

© 1 0  1 2

0  1 0  1 0  

1 1 2  2  1

As before, let x° = x, x 1 = x, and x2  = 1; X = {xn ■ • • xt }; and Xa = x “" • 
Then the a-FB E  of /  can be expressed as 

N

(6)

(7.1)

N
(7.2)

a fixed a , it can be shown that the 2 2n possible assignments of C“(/) corresponds to
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act on two binary n-tuples so that U © v -  (un ® vn • • • Iq © Vj) and use an alterna­

tive to (7.2) for expressing the v-FPE as:
N

/ ( * „ ' ■ ■  x,) = © a j  X1®” (8 )
u=0

and let Ay(f)  = [a^ • • • a^ ] 1 be the column vector of coefficients from this v-FPE.

The set of 2n FPEs has attracted much attention from a number o f authors. 
Reed[Ree54] and MuIler[Mul54] first show that any Boolean function can be 

expressed in its 0-FPE:

/(x ,, • • • x ^  = ao © a ^  © a2 x2  © a3 X!X2  © a4 x3  © • • • © aNx : • • • x„ (9)

where ^  e  (0 ,1) ,  0 < u < N = 2n- l .  Equation (9) is more often called the 

complement-free (or positive) Reed-Muller canonical expansion. By symmetry con­
sideration of Xj and x;, Akers [Ake59] shows that /  can be expressed in, for 

0 < v < N, its v-FPE:

f  (x^ • • • xi) = ao © a ^ 1 © a2 x2 2 © a3 Xi'x2 2 © • • • © a ^ q 1 • • • x^n ( 1 0 )

which is equivalent to (and somewhat more readable than) equation (8 ). Because of 
their popularity in the literature, the FFBs have been given a host of exotic names 
such as Taylor expatisions[Ake59, Dav71], consistent canonical forms[Coh60, 
Coh62], polarized polynomial forms[Mail4], generalized Reed-Muller 
expansions\WuC%2], and Reed-Muller polynomials with fixed polarity[ZhaM\.

In contrast, the more general set of 3n FBEs are not well known in the litera­
ture. Bioul, Davio, and Deschamps[Bio73] are the first to derive these expansions 
using equations (4.1)—(4.3) in vector notation. These expansions are also emphasized 
in a book[Dav78] published later by Davio, Deschamps and Thayse, but do not 
appear to have been discussed elsewhere. Part of this research is devoted to the 
extension of known results on matrix transforms and minimization procedures for 
FPEs to FBEs. These extended results are reported in Chapter 5.
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One mixed polarity FBE of special interest is the M-FBE where 
M = 3n- l  ~ (2 • • • 2). Since only Shannon’s expansion (4.3) is used throughout, the 
M-FBE is the modulo-2 sum of minterm expansion as given in (3). Putting a  = M in
(7.2) and noting that u © M = u, it can be seen that (7.2) reduces to (3). Conse­
quently, c™ = fu and CM( f )  = T ( f ) .

Apart from being of immense theoretical interest, the study of FPEs and FBEs is 
also of practical importance.

Firstly, the economical design of digital logic networks composed of XOR gates 
is dependent on effective simplification procedures for general modulo- 2  expansions. 
Unfortunately, no effective method has yet been developed and ocly heuristic ones 
which do not guarantee optimality have been proposed. By studying less general but 
structurally simpler modulo-2 canonical expansions such as the FPEs and FBEs, valu­
able insights can be gained into the structure of general modulo- 2  expansions and 
their minimization procedures. For example, the FBEs have been used in [Bio73] to 
obtain minimal modulo-2 expansions for any 4-variable function. As another illustra­
tion, it is noted that some heuristic modulo-2 minimization procedures(e.g.[Rob82]) 
start from an FPE with the smallest number of terms among all the FPEs, and then 
search for mixed polarity reductions.

Secondly, digital logic networks which directly implement FPEs have been 
shown to have easily testable properties[Red72, Sal75]. Because of the escalating 
cost of testing VLSI chips, an FPE network may be preferable to a cheaper modulo-2 
or even inclusive-or sum of product implementation if the gain in testability is 
sufficient to offset the increase in implementation cost.

Lastly, as demonstrated in [Ree54, Mul54], the study of FPEs and FBEs may 
have applications in error detecting and correcting codes.

In Chapter 4, the parity spectrum is used to develop new algebraic and geometric 
representations for FPEs and FBEs.
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2.4.2. Modulo-2 Minimization

The weight o f an FPE or FBE is its number of non-zero terms. Let d)a(f)  
denote the weight of the a -F B E  o f / ( x n • • • Xj), then

©°(f) = Z  cua  (1 1 . 1 )
u=0

where N = 2n- l  and Ca = [cq • • • c^ ] 1 is the vector of coefficients from the a-FB E  

of / .  For brevity, we write coa instead of ooa (f)  if it is clear which function /  is 

being considered. The vector of all 3n FBE weights is denoted by

Q (f) =  [0)° • • • 0)M]1 (11.2)

where M = 3n- l .  Similarly, the weight of the v-FPE of /(X h • • • x^) is denoted by

wv(f) = £  auv(f) (12.1)
u=0

where Av = [a  ̂ • • • a^ ] 1 is the vector of coefficients from the v-FPE. The vector of 

jt j j  all 2n FPE weights is

Wi f )  = [w° • • • wN]1 (12.2)

where wv = wy(f). Clearly, coa = wv when a  => v, and W (f)  is a subset of Q.(f).

A minimization algorithm for FBEs selects from among the 3n FBEs one that 
has the smallest number of non-zero terms, i.e. an FBE with the minimal weight. 
Since several FBEs can have the same weight, a minimal solution may not be unique. 
Analogously, an algorithm for FPEs selects from among the 2n FPEs one that has the 
minimal weight. The assumption is that by minimizing the number of terms that 
have to be implemented, the implementation cost is reduced. Also, a minimal FPE 
or FBE is a good starting point for applying heuristic minimization procedures to 
derive a near-minimal modulo-2 expression(e.g.[Rob82]).

Many authors consider the minimization of FPEs(e.g.[Dav71, Swa72, Sal79, 
WuC82, Bes83, Zha84, Gre87]) using vastly different sets of notations and termino­
logies. Consequently, much confusion is generated and duplicated reports of the
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same results have appeared. In Chapter 5, these results are presented in a unified 
manner, and extended to cover FBEs. Using Boolean matrix transforms, two 
approaches to the minimization of FPEs and FBEs are described, analyzed and com­
pared.

2.5. Boolean Matrix Transforms

Many authors[Lec63, Dav71, Swa72, Dav78, Sal79, WuC82, Bes83, Zha84, 
Gre87] consider fast transforms among FPEs, and to a smaller extend, among FBEs of 
a Boolean function. These transforms are best described by Boolean matrices. 
Calingaert[Cal61] first introduces the use of square non-singular Boolean matrix 
transforms, and Lechner[Lec63] proposed to describe them as Kronecker products of 
elementary matrices. The Kronecker product approach allows efficient recursive algo­
rithms to be devised for these transforms.

Let A and B
pxq

bji
rxs

be Boolean matrices. The Kronecker product

A © B is a Boolean matrix of dimension pr x  qs given by 

anB  a12B . . . alqB
a21® a22® • • • a2q®

A ©B =

ap2B ap2B • • • a^B

(13)

Let C and D also be Boolean matrices. The properties in Lemma 1 below are 
well known for real matrices under real multiplication (see for example [Gra81], Sec­
tion 2.3). They can easily be proved for Boolean matrices under modulo-2 matrix 
multiplication.

Lemma 1:

(a) A © ( B © C  ) = ( A ©B ) ©C

(b) (A © B)(C © D) = (AC) © (BD), if the dimensions of the matrices are such that 
AC and BD exist
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(c) (A ® B ) - 1  = A- 1  ® B"1, if the inverses A 1 and B 1 exist □

In Chapter 5, existing matrix transforms among the FPEs and FBEs are general­
ized and new transforms between the parity spectrum and the FPEs and FBEs are 
developed. These transforms, which are described using Kronecker products, are 
applied to the minimization o f FPEs and FBEs. Two minimization approaches are 
described. The first approach explicitly generates all FPEs (or FBEs) in a Gray code 
sequence of their polarities (bases). In the second approach, weights of the FPEs or 
FBEs are computed from the parity spectrum using matrix transforms, which are also 
described using Kronecker products.

2.6. Gray Codes

The distance between two binary n-tuples (t^  • • • uj) and (vn • • • v ^ , denoted 

by d(u,v), is the number of positions where u5 ^  v;. The distance d(oc,p) for two ter­

nary n-tuples is similarly defined. If d(u,v) = 1, u and v are said to be adjacent. Simi­

larly, a  and (3 are adjacent if d(a,P) = 1.

If we list all 2n possible binary n-tuples in such a way that each n-tuple is adja­
cent to its immediate predecessor, we form a sequence known as a binary Gray code. 
Similarly, a ternary Gray code is a list of 3n ternary n-tuples such that each n-tuple 
is adjacent to the preceding one.

To simplify the notation we represent an n-tuple in a (binary or ternary) code 

sequence by a string of n bits (binary digits) or trits (ternary digits). The n-bit 
binary reflected Gray code Bn is defined recursively as(see [Rei77]):
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B 0 . 0
1 (14.1)

where is the list Bn reversed. Thus Bj = 0, 1; B2  = 00, 01, 11, 10; and B3 = 
000, 001, O il, 010, 110, 111, 101, 100. This can be extended to the ternary 
reflected Gray code[Flo56] Tn, which is defined recursively as:

tK.

0
T 1 = 1 ; Tn = 

2

0
1

1
2

2

(14.2)

where T ^  is the reverse of the list Tn. For example, Tj = 0, 1, 2; and T2  = 00, 01, 

02, 12, 11, 10, 20, 21, 22. Algorithm 1 (in pseudo-PASCAL) extends Algorithm 
5.7(a) from [Rei77] to generate either the binary or ternary reflected Gray code. It 
runs in O(n) time, and is used in the Gray code approach to the minimization of 
FPEs and FBEs in Chapter 5.
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Algorithm 1: Generating Binary or Ternary Reflected Gray Code 

const
k = 2 or 3; (* binary or ternary *)
k l = 1 or 2; 

var
g: a rray [l • • • n] of 0 • • • k l; (* the code *)
d: a rray [l • • • n] of (-1,+1); (* directions *)
S: stack;

procedure Init; 
begin

for i := n downto 1 do
g[i] := 0; d[i] := +1; Push(S, i);

end Init;

procedure Next; 
begin

if IsEmpty(S) then stop; 
i := StackTop(S); 
g[i] := g[i] + d[i]; 
if (g[i] = 0) or (g[i] = k l) then 

d[i] := -  d[i]; Pop(S); 
for j := i- l  downto 1 do 

Push(S, j);
end Next;

2.7. Fault Detection

Digital logic systems can be faulty for a number of reasons such as design 
errors, manufacturing defects, abusive misuse, or wear and tear. The ability to detect 
and locate faults can substantially affect the total cost o f design, production, testing
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and field maintenance of a digital system. Thus the problem of digital logic network 
testing has received much attention in recent years.

A digital logic system is an assembly of digital logic networks which accept 
input binary logic signals, process these signals, and produce binary signals as out­
puts. Digital logic networks may be studied at the circuit level (switch level) or logic 
level (gate level). O f interest in the circuit level are electrical components such as 
transistors, diodes and resistors; and physical quantities such as voltages, currents and 
wave shapes. At the logic level, a digital logic network is considered to be tin inter­
connection of memory elements called flip-flops and processing elements called logic 
gates. A digital logic network without memory elements and feedback connection 
loops is classified as combinational (or memoryless), otherwise it is said to be sequen­
tial. The characteristic of a combinational network is that its steady state outputs 
depends only on its steady state inputs. In other words, it directly implements Boolean 
functions with its inputs representing binary variables and outputs corresponding to 
function values.

This research is only concerned with the testing of combinational logic networks. 
Although sequential networks are not considered, they can be tested in the same 
manner as combinational networks provided that they are designed using scan-path 
techniques such as Level Sensitive Scan Design (LSSD) (see [Wil84]) which separates 
the implementation of the combinational control logic from that of the memory ele­
ments. Design for testability techniques such as LSSD greatly simplifies the testing 
problem, and represent a growing trend in the digital electronic industry to incorporate 
testability considerations in the design in order to manufacture products that are more 
easily tested. The recent proposed Joint Test Action Group (JTAG) standard on boun­
dary scan testing[van90] is an extension of this approach to the printed-circuit-board 

(PCB) level.

To guarantee reliable products, two kinds of testing must be performed. 
Parametric testing (or AC testing) is concerned with the time-related behaviour of the 
logic network and involves the measurement of actual voltage and current levels. In
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logic testing (or DC testing), the objective is to detect any logic fault which causes 
the combinational network under test (NUT) to cease to implement the intended 
Boolean function(s). This research deals only with logic testing. For simplicity, only 
single-output combinational networks are considered, although many of the results 
can be extended to logic networks with multiple outputs.

Logic testing consists of applying a sequence of input stimuli to the NUT and 
comparing its responses to the expected sequence of values. Any discrepancy indi­
cates the presence of a fault. In the extreme, an exhaustive test where all possible 
input stimuli are applied to the NUT and all output responses are verified individually 
is the only way to detect arbitrary logic faults. Since an n-input single-output network 
requires the application of 2 n input patterns and the storage for 2 n correct responses, 
the test time and data volume for exhaustive testing increases exponentially with the 
number of inputs n. Assuming that input patterns can be applied to the NUT at a 
rate of 1 (is per input pattern, an LSI chip having 25 input pins and one output pin 
requires 32 seconds of test time and 32M (mega) bits of storage. For a chip with 40 
inputs, the test time increases to over 12 days and the test volume to 1024G (giga) 
bits! Therefore, exhaustive testing is feasible only for chips with a small number of 

inputs.

Another approach to logic testing is to exercise the functionality o f the NUT by 

applying stimuli that are considered to be its typical inputs. If all the responses pro­
duced are correct, it is tempting to conclude that the NUT is free of defects. Unfor­
tunately, a fault may not be detected by the selected stimuli and this approach easily 
leads to faulty products being shipped to the customers.

In 1959, Eldred[Eld59] advocated the technique of testing for hardware defects 
rather than functional incorrectness. The most commonly occurring faults caused by 
known real physical defects are modelled by a fau lt model. Input stimuli can then be 
chosen according to this model such that any fault within the model would cause the 
NUT to produce an incorrect response to one of the selected stimuli. Because of its 
effectiveness in practice, Elred’s approach has since become a standard in digital
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logic testing.

The most popular logic fault model used throughout the electronic industry is 
the single stuck-at fault model[Eld59]. The model assumes that in a logic gate level 
representation of the NUT, one of the gate inputs or outputs is fixed at either logic 
zero or logic one. With the increasing density in LSI and VLSI chips, it becomes 
more common to have a single physical defect that manifest itself into several logic 
faults at the same time. This leads to the more general multiple stuck-at fault 
model[Bos71, She72], which assumes that several lines in a gate level representation 
of the NUT are simultaneously stuck. As shown by the statistical analysis in 
[Gol77], multiple stuck-at faults are not uncommon in LSI chips and the single fault 
assumption is inadequate.

The main advantage of the stuck-at fault models, which have since survived 
many transitions in IC technology, is their effectiveness to model actual physical 
faults that commonly occur. However, it is known that certain common defects, in 

particular shorts[Mei74] and CMOS opens2[Wad78], are not modelled by stuck-at 
faults. Many test generation programs still generate tests only for the stuck-at faults 
in view o f the fact that such tests are practically sufficient to identify most of the 
faulty chips. Also, some encouraging experimental results reported in [Wil84] show 
that 99.5% of the randomly selected shorts in sample circuits are detected by test pat­
terns designed for stuck-at faults. On the other hand, CMOS open faults can cause a 
faulty combinational network to exhibit sequential behaviour[Wad78] and this is 
probably the most potentially damaging evidence against the stuck-at fault 

model3  [Wil84].

Using a presumed logic fault model, the traditional test vector testing method 
applies a selected subset (called the test set) of all input patterns to the NUT and

2 Some authors argue that CMOS open faults occur very rarely in practice.

3 Strictly speaking, a CMOS open fault is not a logic fault. However, a logic fault test can some­
times detect such a fault if the test inputs are applied in a specific ordcr[Red83],
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verifies the observed responses bit by bit. Problems with this approach include costly 

test generation and verification,4  excessive storage requirement for test inputs and 
expected outputs, expensive automatic test equipment, and its inability to adapt to 

build-in se lf test (BIST)5. These shortcomings are addressed by newer techniques 
that incorporate the concept of compaction resri/tg[McC85], which passes the 
responses from the NUT to a compacter circuit that reduces them to a bit vector 
called the signature. The observed signature is then compared to its expected value, 
and any discrepancy indicates a fault. Most noticeable compaction techniques 
include signature analysis[Fro77], transition counting[Hay76], syndrome and spectral 
testing[Tzi78, Sav80, Sus83, Muz83, Lui83, Lui8 6 ], and several parity-based testing 
techniques[Tzi78, Car82, Ake8 8 , Dam89].

The parity-based techniques are of special interest in this research, which 
develops a generalized approach to encompass all these techniques. Tzidon et 
al.[Tzi78] and Carter[Car82] first consider parity testing by employing a one-bit sig­
nature, which is the parity on the number of logic ones of all responses from the 
NUT. Akers[Ake8 8 ] extends the technique to parity signature testing using an 
(n-fl)-bit signature that also includes n subparities obtained by constraining one of 
the n inputs of the NUT at logic zero. More recently, Damarla and 
Karpovsky[Dam89] introduce Reed-Muller coefficient testing by deriving a signature 
from coefficients in the complement-free Reed-Muller canonical expansion (i.e. the 
0-FPE) o f the implemented function. By associating coefficients in FPEs and FBEs 
to the parity spectrum in Chapter 4, this research shows that the use of Reed-Muller 
coefficients for testing in [Dam89] is equivalent to employing subparities from con­
straining any number of the network inputs at logic zero.

4 Goel[Goe81] observes that the computer run time to perform test generation and fault simula­
tion is approximately proportional to the number of logic gates to the power 3.

5 BIST is a scheme where some or all o f  the external tester functions are moved onto the chip 
being tested. The aim is to reduce testing effort and the need for expensive external testcrs[McC85].
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Chapter 6  presents the generalized scheme, called constrained parity testing, 
where any number of the inputs can be constrained at either logic zero or logic one. 
This scheme is also a generalization of the traditional test vector method, since a con­
strained test that simultaneously constraints all the network inputs is equivalent to a 
test vector test.

2.8. Summ ary

In this chapter, the background, notation, and terminology for this dissertation 
are presented.

A brief history of Boolean algebra is reviewed. Representations of Boolean 
functions are described. A notation for product terms using binary and ternary n- 
tuples is developed. Fundamental properties of the XOR operator are listed and 
proved in Appendix I. Fixed polarity and fixed basis modulo-2 canonical expansions 
(FPEs and FBEs) are defined, and a compact notation for these expansions is intro­
duced using the new © star) operator on binary and ternary n-tuples. The minimi­
zation problem for these expansions is also introduced. Known properties of 
Kronecker product of real matrices under real multiplication are re-stated for modulo- 
2 matrices under modulo-2 multiplication. A stack-based algorithm for generating 
binary reflected Gray code is generalized to the ternary reflected Gray code. Finally, 
background on fault detection techniques for digital logic circuits is provided.

The ternary notation developed for product terms (Section 2.2) and FBEs (Equa­
tion (7.2)) can also be used in compact expressions of general inclusive-or or 
modulo-2 sums of products by assigning a ternary n-tuple to each of the 3n 

coefficients in such an expression. 6  Although this ternary notation for Boolean expres­
sions is more elegant than other proposed ones, it does not appear to be widely used 
in the literature.

6As in Muller[Mul54] for an implementation of a modulo-2 minimization algorithm on the ILLI- 
AC computer at University of Illinois in 1954.
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In the following chapters, we introduce the concept of a parity spectrum and 
describe its applications to modulo- 2  logic design and fault detection.
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CHAPTER 3 

TH E PARITY SPECTRUM

3.1. Introduction

Akers[Ake59] proposes the concept of Boolean difference for defining and exa­
mining various formal properties of Boolean functions. His work allows an analogy 
to be drawn between the theories of Boolean and ordinary functions, and is useful for 
obtaining series expansions of a Boolean function using modulo-2 additions and mul­
tiplications (i.e. XOR sum of AND products). Since then, Boolean difference has 
been applied to modulo-2 logic design[Dav71, Bio72, Bio73, Dav78] and fault 
detection[Sel6 8 a, Sel6 8 b, KuM75].

There are two major problems with Boolean difference. Firstly, the expressions 
often involve complex algebraic notation. Secondly, it is difficult to grasp the intui­
tive meaning of Boolean difference. It appears that these difficulties stem from using 
an ordinary function theory approach which may not be appropriate for studying 
practical engineering applications of Boolean functions.

This chapter presents a new way of studying a Boolean function using its parity 
spectrum, which is a vector of its subfunction parities. The relationship between par­
ity spectrum and Boolean difference is described. It is shown that the former may 
replace the latter in many applications with considerably simplified notation and more 
intuitive analysis, and that the former may be used to unify and generalize a number 
of important resuits in several areas of switching theory. Various fundamental pro­
perties of the parity spectrum are established. In particular, properties involving joint 
functions, fubfunctions, dependent variables, variable complementation and permuta­
tion, and simple functions are examined.
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Section 3.2 defines the parity spectrum. Section 3.3 describes its relationship 
v/ith Boolean difference. Section 3.4 demonstrates its usefulness in unifying and gen­
eralizing existing results in series expansion, logic design, and fault detection. Section 
3 . 5  establishes its fundamental properties which are instrumental for further develop­
ment of the applications in later chapters. Proofs for these properties appear in 
Appendix II.

3.2. The Parity Spectrum

Let /  (Xn • • • x^) be an n-variable Boolean function. A subfunction o f  f  of k
variables, 0 < k < n, is a Boolean function formed from restricting each of any n -  k

c ^
variables o f xn • • • xx in /  at 0 or 1. Thus /  has £  -2n-k subfunctions o f k vari­

ables for a total of 3n subfunctions including itself. Associate each subfunction with a 
ternary n-tuple (o^ • - • oq) ~ a  such that the subfunction, denoted by f a , is formed 
.from f  (xn • • • Xj) by replacing Xj with cq if and only if cq e  {0 , 1 }.

Example 1: A 4-variable fu n c tio n /(x 4  • ■ • Xj) has 34  =  81 subfunctions denoted 

by / o • • • /so -  s ° / 6 5  " / (x ^ lA x !) since 6510 = 21023. □

L it fu = / (  un • • • Uj) where iq e  {0, 1} V i ,  n > i >1. The truth vector T  i f )  of 
/ ( x „  • • • xj) is given by T i f )  = [f0  * - * fN]1, where N =  2n—1 and "t" denotes vector 

transpose. The parity of / ,  denoted by p( f ), is equal to 1 or 0 depending on whether 
the number of l ’s in T ( / )  is odd or even. Mathematically, the parity of f  is 

N

p < / ) = © f j  (1 )
j=0 J

with the summation modulo-2 .

The parities o f subfunctions, or subparities, of f  are similarly defined. Thus if 
f a is a subfunction of k variables (k is the number of 2 ’s in a ), then p ( / a) is the par­
ity in T ( fa) .  Note that T ( f a ) has 2k entries since f  a is a k-variable function. Let 
pa( f )  s  p ( f a) and if it is clear which function /  is being considered, we simply write 

pa  instead of pa( f ). Define the parity spectrum of /  to be the vector of subparities
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P(f )  -  tPo ’ ' ‘ Pm! 1 where M = 3n- l .  Note that pM = pif). Note also that if a  => u, 
then f a is equal to fu in T(f ) ,  so that pa = pV*) = fu. Hence TV) is embedded in

P(f).

We use / u to denote f a (i.e. f a = / u = fu) when a  => u. Ambiguity is avoided 

by noting that u corresponds to a binary tuple while a  corresponds to a ternary tuple. 
Also, when convenient we replace decimal number subscripts by their corresponding 
n-tuples and w r i t e . . .  Ul, p ^ . . .  a , etc. instead o f / u and pa .

We now give an alternative definition of pa(f) in terms of T'(f). A binary n- 

tuple (tin • • • Uj) -  u subsumes[Dicl 1] a ternary n-tuple (o^ • • • a j)  ~ a  if cq = u; or 
oq = 2 , Vi. We denote the subsumption relationship by u El a . Let the binary 

domain o f a ternary n-tuple a  be the set of all binary n-tuples that subsume a . For­
mally, we write D (a) = {u : u C  a ) .  It is easy to show that D(ot) contains all 
entries in T (fa), and the alternative definition is therefore

P< # )  =  PCfce) =  ®  / *  (2)ue D(a)

Example 2: Let / ( x 2, x 2) = x2 V x 1 with TV) = [ f o o /o i / to / l l ] 1 = [ 1 1 0  1]‘. 

Then p(f20) = p(*2 ) = !• Also> D(203) = {OOj, 102}, so p2o(0 = /oo ® /io  = 
0 © 1 •- 1. □

3,3. Boolean Difference

Given a Boolean function /(x „  • - • xj), the first order Boolean difference with 

respect to a single variable X;, denoted by / x., is defined as[Ake59]

/ Xi = *y°®  xf  (3)

where xf b = / ( x ,l • • • xi+1, b, x ^  • • • x2) for b e  {0, 1}. The second order 

difference with respect to X; and Xj, denoted by / X.XJ, is defined as ( f x) x, • From pro­

perty (4) in [Ake59], / x.Xj = / XjX. . Higher order (> 2) differences can be defined 

analogously. It may be seen that a Boolean difference of order k is a function of 

n -  k variables.
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Let h (X; Y) = h  • • • x t; ym • • • be a Boolean function in (n+m) vari­

ables X = {x,j • • • x j  and Y = {ym • * • y ^ , and h x (Y)  be the Boolean difference of 

h (X; Y) with respect to X. Then by definition,

h x (Y) = i fQ • • • 00; Y) 0 h(0  • • • 01; Y) © • • • ® A(1 • • • 11; Y). (4)

Let the binary values vm • • • v t be an assignment to the variables ym • • • yi- 
Clearly, the Boolean difference value h x (vm • • • Vj) is equivalent to the parity of the 

subfunction h(X;  vm • • • V j ) .  In other words, an alternative (admittedly obscure) 

definition o f a subfunction parity could be given in terms of a value o f a particular 
Boolean difference o f  the given function evaluated at a particular assignment o f  the 
variables. Indeed, this definition is implicitly used by Bioul & Davio[Bio72] to 
obtain the extended truth vector, which is identical to the parity spectrum.

Example 3: Let / ( x 3, x2, x:) be a 3-variable Boolean function with

P ( 0  = [pooo • • • P2 2 2 ]1- Then p021(O = / X2(0,l). Conversely, T ( / X2(x3, x j ) ) =

[P0 2 0  P02 1  P 1 2 0  P m l1- n

Consequently, a formal relationship exists between the parity spectrum and the 
Boolean differences of a Boolean function. The expressions for this relationship are, 
nevertheless, rather tedious and do not seem to have any practical use. Informally, a 
Boolean difference is an algebraic expression defining a subset of the binary values 
in the parity spectrum, while the parity spectrum is a vector of values of all possible 

(including zero order) Boolean differences1 evaluated at all possible assignments of 
the variables.

3.4. A Simplified Theory

The concept of Boolean difference has been applied to modulo-2 
expansions[Ake59, Dav71, Dav78], modulo-2 minimization[Dav71, Bio73, Dav78],

1 These arc the Boolean differences as defined in [Ake59], and do not include later extensions 
such as the double difference in [Sel68a,b].
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and fault detection[Sel6 8 a,b, KuM75]. Using the proposed concept of parity spec­
trum in these areas has several advantages. Firstly, the parity spectrum simplifies the 
derivations of and offers new insights into many existing results. Secondly, the par­
ity spectrum is a tool for unifying other previous results that are not derived from 
Boolean difference. Lastly, the parity spectrum allows many of the existing results to 
be generalized.

3.4.1. Modulo-2 Expansions

Boolean difference has been employed to obtain modulo-2 expansions of a 
Boolean function(see [Ake59, Dav71, Dav78]). Consider an example function 
/i (x2,x1;Y), From [Ake59], Theorem 2,

h (x2,xi;Y) = h (0, 0;Y) © xjAXl(0;Y) © x2AXj(0;Y) © x,x2 AXlXl(Y) (5)

By putting Y = 0  as in [Dav71], the 0-FPE o f / (x 2 ,x1) is

/ ( x ^ x j )  = /(0 ,  0) ©  X j / Xi(0) © x 2 / X2(0) © X jX 2 f  x^2 (6 )

Since the coefficients (f(0,  0), / x,(0), etc.) in (6 ) are values of Boolean differences 

evaluated at x2  = 0  and/or Xi = 0 , they can be replaced by their equivalent parities of 

subfunctions to form

/ ( x 2, Xj) = poo © p02xi © p2 0 x2  © p2 2xjx2  (7)

Obviously, (7) is notationally simpler than (6 ). It also seems to be clearer because, 
intuitively, it is easier to interpret subfunction parities than to interpret values of 

Boolean differences.

Expressions like (6 ) have been derived for any of the 2n Fixed Polarity Expan­
sions (FPEs) of an n-variable function (see [Ake59, Dav71]). Consequently, all FPEs 
can be expressed in terms of subfunction parities. Moreover, the results can be gen­
eralized to express Fixed Basis Expansions (FBEs) in terms of subfunction parities as 
well. These results also lead to a new geometric interpretation of FPEs and FBEs 
using a parity hypercube. These results are presented in Chapter 4.
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In summary, the parity spectrum leads to many new and interesting results for 
deriving and studying modulo- 2  canonical expansions.

3.4.2. Modulo-2 Minimization

Following the work in [Sha'18], design methods for logic networks are based 
primarily on the logic primitives NOT, AND and OR. It is observed in [Ree54, 
Mul54] that a Boolean function may be expressed as a canonical form in terms of 
modulo-2 additions and multiplications (i.e. XOR and AND). Since then, attention 
has also been given to design using the XOR primitive. As noted in Chapter 2, 
although an XOR gate is more complex and costly than an OR gate in most known 
digital logic technologies, many practical networks, especially those for arithmetic 
operations, often have more economical XOR implementations.

Optimal XOR implementations ultimately rely on effective minimization pro­
cedures for general modulo-2 sum of product expansions of Boolean functions. 
Unfortunately, no effective solution has yet been discovered although many heuristic 
algorithms for finding near-minimal expansions have been proposed.

An important subproblem concerns algoriihms for finding a Fixed Polarity 
Expansion (FPE) of a Boolean function with the smallest number of terms. As 
pointed out by some authors[Red72, Sal75], networks based on FPEs have many 
easily testable properties. Furthermore, some heuristic algorithms for the general 
modulo-2 minimization problem starts from a minimal FPE, and then search for 
mixed polarity reductions (e.g. [Rob82]). Since FBEs generalize FPEs (see Section 

2.4.1), minimization algorithms for the latter often extend to cover the former (see 
Chapter 5).

Now it can be shown that the parity spectrum contains all the coefficients in all 
the FPEs and FBEs of the considered function (see Chapter 4). This allows the 
development of fast FPE and FBE minimization algorithms that makes use of the 
parity spectrum. These algorithms, to be presented in Chapter 5, resemble the ones 
that appear earlier in [Bio73], which use the extended truth vector derived from
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Boolean difference. Using the parity spectrum, the derivations and proofs are consid­
erably simplified.

Other concepts developed for the minimization of FPEs also have simpler 
derivations and descriptions in terms of the parity spectrum. The polarity functions in 
[Muk70] have been shown in [Dav71] to be equivalent to Boolean differences, and 
thus can be re-interpreted using the parity spectrum. The polarity-coefficient matrix 
in [Fis74] can be more compactly represented by the parity spectrum, and the k- 
subnumbers in the same paper are similar to elements in the binary domain of a ter­
nary n-tuple, as used in (2 ) in the definition of a subfuncticn parity from the parity 
spectruir.

In summary, the parity spectrum is useful in the design of economical XOR 
logic networks, as is described in Chapter 5.

3.4.3. Fault Detection

A combinational logic network2  may be tested for faults by applying a sequence 
o f inputs to the network and comparing the outputs with the expected values. Any 
discrepancy indicates a fault.

Under the traditional test vector testing approach, a selected subset of the inputs 
are applied and the responses are verified bit by bit. Boolean difference has been 
employed to generate test vectors for detecting single and multiple stuck-at faults  in a 

network[Sel6 8 a,b, KuM75].

Compaction ton7tg[McC85] is a newer approach that is used to reduce the 
volume o f the test output data by compacting the responses into a bit vector call the 
signature, which can then be compared to its expected bit values. Several techniques 
based on this approach have been described in the literature. In parity 
testing[Car82], the parity o f the function implemented by the network under test is

2 As mentioned in Chapter 2, the testing of sequential networks can be reduced to the race-free 
testing of combinational networks using design for testability techniques such as Level Sensitive Scan 
Design (LSSD)[Wil84].
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used as a signature. This technique is later generalized to parity bit signature 
tay//rtg[Akc8 8 ], where the parities of the function and n of its subfunctions constitute 
an (n+l)-bit signature. A third technique called Reed-Muller coefficient 
rm>ig[Dam89] forms a signature by selecting coefficients from a single FPE of the 
function.

Using the parity spectrum, a new compact testing technique can be devised. 
This technique, called constrained parity testing, selects as the signature a subset of 
the subfunction parities in the parity spectrum. Constrained parity testing is a gen­
eralization of the four mentioned techniques: test vector testing, parity testing, parity 
bit testing, and Reed-Muller coefficient testing. This is because the truth vector is 
embedded in the parity spectrum, and the parity spectrum is a vector o f subfunction 
parities that can be identified with coefficients in the FPEs.

To conclude, the parity spectrum leads to the new constrained parity testing 
technique which generalizes the traditional test vector testing technique and several 
parity-based compact testing techniques. This generalized technique is presented in 
Chapter 6 .

3.5. Properties of the Parity Spectrum

The preceding discussion demonstrates the significance o f the parity spectrum 
and motivates the establishment o f its most fundamental properties in this section. 
These properties are listed in Table 1 and proved in Appendix II at the end of this 
presentation after the references.

In Table 1, / ( x n • • • Xj), g(x„ * • • Xj) and h(ym • • • yi) are Boolean functions; 

{xn • • • x^} and (ym • • • y j} are disjoint sets of variables; f °  = / ( 0 , x„_i • • • xj); and 
f 1 = / ( l ,  xn_j • • • xj). Also, a  ~ (ctn • • • a j); D(a) is the binaiy domain of a;

a '  ~ K - i  * • • « i); <*" ~ («n- 2  • • ‘ a i)‘> 0 a ' -  (0, (V i • ’ • <*i) etc.; P ~ (Pm • • • Pi); 
aP  -  (a,, • • ’ oti Pm • • • Pi); and the three omega functions of a ternary n-tuple 

a  ~ (otn • • • (Xi), denoted by 0 )t(a) for t e  {0, 1, 2}, are defined to be the numbers of 
the t ’s in ({x„ • • • o^). Thus o)0(a) + co^a) + co2(a) = n.
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Table 1: Properties of the Parity Spectrum

p i. Pa( f )  = ©  /„
ue D(a)

P2. Pa( f® g ) = Pa(f) © pa (# ) where /  = / ( x n 

P3. P a ( rA 5 )^ P a (f)© P a (^ )© P a (fV g )

P4. Pa(^Vg ) = pa(f) © pa( g ) © pa( f A g )

xj) and g = g ( x n • ■ • X])

P5. pa ( / )
Pa(f) if C0 2 (a) = 0 

. Pa (f)  otherwise 

P6. (a) pta . If)  = Pct. i f )

(b) Pi«- If)  = P„- (/■')

(<0 P2a' ( 0  = Pa' <f°) ® Pa' I f 1) where ~ (“ n-l ' ' ' « l)

P7. (a) Potf (f)  = pia' (f) © P2a' <f)

(b) Pia' ( f ) = POa' (f)  © P2a' (f)
(c) pja' ( f )  =  Poa' ( 0  ©  Pia' <f)

P8. Let PC/-) =

pO

P1
Tj'l

where each Pl is a vector of length 3"-1, then

(a) P° = P ( f )
(b) P1 = V ( f x)

(c) P2 = P( f °  @ /!) = PCf ° )  © P(f 1)

P9. /  is independent of x„ if and only if p2a' = 0 V a'

P10. PaC/’CXn ' • • Xi) = Pfj^x' (f(xn ‘ ' ' x^) where 0 = 1, 1 = 0 and 2 = 2 

P l l .  Pa(/Xxn • • • X!)) = Pan.,ana" (Axn-ix n * ■ • Xj)) where a "  ~ ( a ^  • • • a j)
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P12. pap( f®h)  =

w h ere/ = 

P13. pap /A h)

P14. pap( f Vh )  =

Pa<f) © Pp(^) if ©2(a ) =  0®2(P) = 0
pa(f) if co2(a) > O'and co2(P) = 0

pp(/i) if co2(a) = 0 and co2(P) > 0

0 if co2(a) > 0 and co2(p) > 0

• Xj) and h = h(ym ’ * ' yi) arc variable disjoint./(x „  ‘

*Pa( f )A pp(A )

Pa(f )  v  Pp(A) if ©2(a) =  ©2(P) = 0

Poff)  A Pp(*) if © 2 ( a )  > 0 and co^p) = 0
if co^oc) =  0 and cĉ CP) > 0

if co^a) > 0 and co2(P) > 0

P I5. pa(x„® • • • ©Xi) = 

P16. PcO^iA ‘ ‘

P17. pa(xnV • •

P a (f) A  Pp(A)

P a(f) A  Pp(*)

1 if co2(a) = 0 and C0 j(a) is odd, or co^a) = 1

0 otherwise

1 if co0(a) = 0

0 otherwise

1 if (o2(a) = 0 and a  *  0, or co2(a) > 0 and co^a) = 0 

0 otherwise

Axi) =

V x j) =

Property PI defines a coefficient in the parity spectrum in terms o f a subset of 
the function values in T (f). Properties P2-5 consider joining functions using opera­
tors XOR, AND, OR and NOT respectively. The combined spectra are expressed in 
terms of those of the individual functions. These four properties can be used simul­
taneously for more complex combinations. P6 and P8 express the parity spectrum of 
a function in terms of those of its subfunctions, while P7 relates coefficients within 
the same spectrum. P9 gives the condition for a function to be independent of a 
variable. P I0-11 show how entries in the parity spectrum are re-arranged under vari­
able permutation and complementation. P12-14 involve combining functions of
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disjoint sets of variables. These three properties are used to derive P15-P17, each of 
which gives the parity spectrum of a simple function involving a single operator. 
The parity spectra of more complex functions, such as minterms, maxterms, product 
terms etc. can also be derived using P I2-14.

Properties of Boolean differences[Ake59], polarity functions[Muk70], FPEs 
(e.g.[Fis74]), parity and parity bit signature[Ake88], and Reed-Muller spectra[Dm\^l] 
are all included in or derivable from Table 1, which provides a solid base for the 
study of Boolean functions using the parity spectrum.

3.6. Summary

A new concept for defining and examining various properties of a Boolean func­
tion using its parity spectrum is introduced. The close relationship between parity 
spectrum and Boolean difference is investigated. Applications of the parity spectrum 
to modulo-2 expansion, modulo-2 minimization, and fault detection are discussed. It 
is seen that the parity spectrum is a simplified tool for unifying and extending many 
previous results in these areas. Fundamental properties for the parity spectrum are 
established and proved in Appendix II. They are instrumental in further development 
of the applications in the following chapters (Chapters 4 to 6).

The parity spectrum is a new approach to the study of Boolean functions. 
Further research is required to investigate the possibility of applying it to other areas 
in switching theory not pursued by this research.
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CHAPTER 4

THE STRUCTURE OF MODULO-2 CANONICAL EXPANSIONS

4.1. Introduction

In this chapter, new algebraic and geometric representations for fixed polarity 
and fixed basis modulo-2 canonical expansions (FPEs and FBEs) are developed. The 
algebraic representation is based on a new, simple, and intuitive result that identifies 
coefficients in FPEs and FBEs to subfunction parities in the parity spectrum 
described in the preceding chapter. The geometric representation makes use of a new 
structure called the parity hypercube (P-cube), which graphically displays the parity 
spectrum, the FPEs, and the FBEs. These new representations provide interesting 
insights into the structure of and relationships among modulo-2 canonical expansions, 
and is useful for deriving and interpreting minimization algorithms for these expan­

sions.

Section 4.2 reviews the notation for FPEs and FBEs detailed in Section 2.4.1 of 
Chapter 2. Section 4.3 derives algebraic representations of FPEs and FBEs from the 
parity spectrum. Section 4.4 describes the geometric representation using the parity 
hypercube. Section 4.5 makes use of the parity hypercube to geometrically interpret 
two approaches to the minimization of FPEs and FBEs.

4.2. FPEs and FBEs

Let 0 £  u, v £  N = 2n- l ;  u ~ (un • • • Uj) and v ~ (vn • • • Vj); IT = N -  u is the 

l ’s complement of u so that u ~ (un • • • ui); 0 < a  < M = 3n- l ;  and 

a  ~ (ot,, • • • (Xj). Let /(x „  • • • x ^  be a Boolean function; x® = Xj, x / = xj, and

x 2 = 1; and X“ = x ”° • * • x ”1. From Section 2.3.1, /  can be expressed in the fixed
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polarity modulo-2 canonical expansion of polarity v (the v-F P E ) as: 
N

/ ( * „ • • •  xt) = ©  a^ X“®v ( 1 . 1 )

or the fixed basis modulo-2 canonical expansion of basis a  ( the a -F B E ) as:

where the c-star operator is defined to be © : {0, l ) n x{0, 1 }n —> {0, 1, 2}n for FPEs 
or ©: {0, l}n x{0, 1, 2}n —> {0, 1, 2}n for FBEs, with the componentwise table of 
operation:

In vector notation, the v-FPE and a-F B E  can be represented by Av = 
[a j • • • ajJj]1 and C“ = [c“ • • • c^f]1 respectively. Since 0 £ v ^  N and 0 £ a  £ M , /  
has 2n FPEs and 3n FBEs. Note that the FBEs include the FPEs, and the M-FBE is 
the XOR sum of minterms o f / .

4.3. Algebraic Representation

Theorem 1 describes an algebraic representation of the FPEs using the parity 
spectrum. Its proof requires the following result on the parity of a Boolean function:

Lemma 1: Let /(x „  • * • Xj) be eXpressed as an XOR sum of AND products, 
then p(/) = 1 if and only if an odd number of minterms appears in the eXpression.

Proof. Let

where the P j’s are n-variable product terms from {X„ • • • Xj). From Property P2 of

N

/OtH • • • Xl) = ©  c “ Xu0a ( 1.2 )

© 1 0  1 2

0 1 0  1 0  
1 1 2  2 1

(2)

k

Table 3-1 ,
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P(f) = p( Pi ®  • • •  © pk) = p (P i )© • • • © P(Pk)

Note that the Pj’s are considered as n-variable functions in the variables (x„ • • • x ^ . 
Therefore, from Property P9, p(Pj) = 0 if Pj contains fewer than n variables. Other- 

wise p(Pj) = 1 because Pj is a minterm and T(Pj) has a single 1 entry (i.e. the weight 

w(Pj) is equal to 1). Hence the parity o f f  is same as that of the number of minterms 

in any XOR sum of product expression. □

Theorem 1: The u-th coefficient a j  in the v-FPE of / ( x n • • • Xj) is equal to the 

parity pu©v of the subfunction / u@v> i.e.,

N
/ ( X *  ‘ * • X j )  = @ pu@vXtI®V (3)

u=0

Proof. Without loss o f generality consider pu@v where Uj, = • • • = uk+1 = 0;

and uk = • • • = Uj = 1 (i.e. u = 2k- l ) .  Since 0 ©vj = Vi and 1 ©Vj = 2, we have

u © v -  (vn • • • vk+1 2 • • • 2). From (1.1),

/ ( x n • • • xt) = a j  © a^x*1 © a^X2 2 © a^xij'x^2 © • • • © ajljxi1 • • • x^” (4)

Therefore,

/u®v ~f ( y n * " ' vk+l> xk ’ x l)

= a j  © a^x*1 © • • • © a^x*1 • • • xkk ©

au+iv k+il ©  * • • ©  a j W 1 * • ‘ x iN k + i1 • • • vnv“

V A 1 V V
Since Vj1 = 0 -  1 = 0, all terms after a^Xj1 • • • xkk vanish. Therefore,

/ u@v = aov © a f x ^  © • • • © a jx^1 • • • xk“

Now the subfunction / u@v is of the k variables xk • • • xt, thus it follows from 

Lemma 1 that
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Pu®v = P(Ai®v) = P(auxi,‘ • • • *kk) •= a„ (5)

□
Two coefficients a “ and a£ are said to be equivalent, written aju s  if and 

only if they are derived from the parity of the same subfunction, otherwise they arc 
distinct.

Corollary 1: Let j ~ (jn * * * Ji) and k ~ (k„ • • • kj). Two coefficients a “ and a£ 
from the u-FPE and v-FPE (respectively) of /  are equivalent if and only if

(a) j = k, and

(lb) u; ^ Vj implies j; = k; =  1.

Proof, a ” and a£ are equivalent if and only if j © u = k © v. The results (a) and

(b) follow from 0 © b ^  1 © b for any b e  {0, i}, and 0 © 0 *  0 © 1, respectively. 
□

Corollary 1 shows that coefficients in the same position from different FPEs of 
/  can be equivalent, but different coefficients from the same FPE must be distinct.

Example 1: a3° s  a32 ; a$ = = * • • = a$  = pM = p(/"). □

There are 2n FPEs each with 2n coefficients for a total of 4n coefficients. Since 
some coefficients are equivalent, there are less than 4n distinct coefficients.

Corollary 2: There are exactly 3n distinct coefficients in the 2n FPEs of 
/ ( x n • • • Xj). These coefficients form the parity spectrum P(f).

Proof. Every coefficient a j  is identical to a subparity pu@v. Since f  only has 3" 

subfunctions, there are at most 3n distinct coefficients. Now 
© : {0, l ) n x (0, l}n —> {0, 1, 2}n is a many-to-one and onto mapping so that for 
every 0 ^  a  ^  M there exists u, v where 0 < u, v < N such that a  = u ©v, Thus 
ever)' subparity in P (f)  can be identified with one or more FPE coefficients. There­
fore, there are exactly 3n coefficients, corresponding to all " . ' .ofunction parities in 

P(f). □
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In [Muk7Q], coefficients in FPEs are derived algebraically using polarity func­
tions. In [Dav71], the polarity functions are shown to be equivalent to Boolean 
differences and the FPE coefficients are derived from values of these differences. 
Both of the above formulations involve complex expressions. The relationship 
between Boolean difference values and the parity spectrum is described in the 
preceding chapter (Chapter 3), and Theorem 1 is comparable to the equivalent 
Boolean difference formulation in [Dav71j, equation (1). However, the analysis of 
Theorem 1 is new using simplified notations and proofs to allow coefficients in FPEs 
to be intuitively interpreted as parities of subfunctions.

Other algebraic representations for FPEs have also been described. Defining the 
coefficients in terms of k-subnumbers in [Fis74] is equivalent to the definition of sub­
function parities using the binary domain of a ternary n-tuple (see PI, Table 3-1), 
with the latter definition being more intuitive and less cumbersome. In [Dam89], the 
use of Reed-Muller spectra creates an extra level of abstraction for interpreting the 
FPE coefficients.

Besides being more intuitive than previous derivations, the analysis for FPEs 
above extends to FBEs which algebraic representation have not been described else­
where.

Theorem 2: The u-th coefficient c “ in the a-FBE of /(Xj, - • • x t) is equal to the 

parity pu@a of the subfunction / u@a, i.e.

N
(6)

Proof. Without loss of generality let

(un Ur+1 U, • • • lls+1 Us • • ■ Uj) = (0 • ' • 0  1 ' • • 1 1 • • • 1)

and

(On ■ * • CCr+i Or • • • Os+1 a s • • • a i )  =  (On • • • 0 ,+ ! 2  • • • 2  v s • • • V l)

where 0 <; s £ r < n. It follows from (2) that
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u © tt ~ (vn vr+1 1 • • • 1 2 • • • 2) 

where vj = 0 © oq e  {0, 1} V  i, n ;> i > r.

From (1.2)

/ ( x n • • • Xl) = © ck“ (7)
k=0

Therefore

fu®a “ /" ( ^ n  " ’ ' v r+ l’ 1 * * " 1 , Xs " * ‘ X j)

N _  _
_  m r OL kn®an . . . v kftl®artllkf@2 . . . 1 k,fi©2 k ,® V , .  .  . kl®v!
- ^ ck vn vr+l 1 1 xs X1k=0

is a function of s variables xs • • • xj.

For n > i > r, since Vj = 0 © cq and v*1 = 0° -  l 1 = 0, all terms with any k; = 1
k 0cc

vanish and only terms where 0 < k < 2r remains. When k; = 0, V; 1 1 =

(0 © oq)ieai = 1 because 02 = l 2 = 01 = 1. Therefore,

2-1

fM a  = ® o f l S K -  lE" '“ xsk-9V' • • • x,‘kl®vl

k=0

For r > i > s, since kj © 2 = k; and l 1 = 0, all terms with any k; = 0 vanish. 

Also, 1° = 1. Therefore,

/u®a = ©  Ck“ x f *  • • • X ^ '
k=2r-2‘

For s £ i £  1, since 1 ©Vj = 2 (where vj e  {0, 1}) and x 2  = 1, a product term

x f *  • • • Xjkl@CXl involves all the s variables if and only if k; = 1 Vi. This requires 

k = 2r- l  = u. S in ce /u@a is a function of s variables, it follows from Lemma 1 that

Pu@a = P(Area) = P(c “xs ‘ • xj ‘) =  cua (8)

□
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As for FPEs, two FBE coefficients are equivalent if they are derived from the 
same subfunction parity, otherwise they are distinct. We can generalize Corollary 1 to 
show that coefficients from different FBEs (not necessarily from the same position) 
can be equivalent, but coefficients in the same FBE must be distinct.

Corollary 3: Let P ~ (P„ • • • pi). Two coefficients c “ and c^ from the a-FB E  

ana the P-FBE respectively are equivalent if and only if

(a) a  = P and j = k, or

(b) a  *  P and for each »i *  Pj:

( 1 ) if  a; = 0 , pj = 1 , then jj = lq = 1 ,

(2 ) if ctj = 0 , Pj = 2 , then j; = k; = 0 ,

(3) if aj = 1, pi = 2, then jj = kj = 0.

Proof: Cja and c^ are equivalent if and only if j © a  = k © p. Result (a) follows 

because 0 © Oj *  1 © Oj. Similarly, result (b) follows from the table of operations of 
© in (2). Note that all possible values of oq and Pi are covered by this corollary, due 

to symmetry of the = operation. □

Example 2: c f  s  c (i15 = p2io = p(f(x 3 , l , 0 )) since 1002  © 0123  = 1102  © 1203  = 
2103. □

Because of equivalence, there are less than 6 " distinct coefficients in the 3n 
FBEs.

Corollary 4: There are exactly 3" distinct coefficients in the 3n FBEs of 
/ ( x n • • • Xj). These coefficients form the parity spectrum PC/).

Proof. Similar to corollary 2. □

FBEs are more general than FPEs, but have received much less attention. They 
are used in [Bio73] to obtain a minimal modulo-2 expansion for any 4-variable func­
tion.
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101

Figure 1: Boolean Hypercubes

4.4. Geometric Representation

Boolean functions and algorithms that manipulate them are usually described 
algebraically. However, it is often found that geometric representations of Boolean 
functions are easier to comprehend than algebraic ones. While algebraic formulations 
are suitable for mathematical analysis and computer automation, geometric represen­
tations offer insights into the underlying structure which may be difficult or impossi­
ble to be described in algebraic terms. These insights are useful in the interpretation 
of existing algorithms and in the derivation of new ones.

In this section, a new geometric representation for a Boolean function and its 
parity spectrum is introduced. It is also a representation for all the FPEs and FBEs,

00
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100

000 001
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Figure 2: Ternary Hypercubes

and allows the structures of and relationships among these expansions to be visual­
ized.

An n-dimensional Boolean hypercube is defined on a co-ordinate system with 2n 
co-ordinates (u„ • • • Uj) where Uj e  {0,1} (Figure 1). Analogously, an n- 
dimensional ternary hypercube is defined with 3n co-ordinates (o^ • • • c^) where 

cxj e  {0, 1, 2} (Figure 2). As illustrated in Figure 2, we abandon the natural order in 

the domain of oq and use 0, 2, 1 instead of 0, 1, 2 in ordering the co-ordinates. This 

allows a ternary hypercube (Figure 2) to be viewed as an expansion of a Boolean 
hypercube (Figure 1) with the latter forming an enclosure around the former.
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Figure 3: T-cube Representations

A well-known geometric representation for an n-variable function / ( x n • • • Xj) 

uses an n-dimensional Boolean hypercube described in Section 2.2 as the truth hyper­
cube, or T-cube. The 2n function values in the truth vector T (f)  = [f0  • • • fN]\ where 

N = 2n- l ,  are mapped to the 2n vertices in the T-cube such that a vertex with co­
ordinate (tin • • • uj) -  u is marked black or white depending on whether the function 

value fu in T ( f )  is 1 or 0. The T-cubes for two example functions / ( x 2, xj) = 

Xj V x2  and g (X3 , x2, Xi) = xjx2  V x ^ 2  V XjX  ̂ of 2- and 3-variables respectively are 

given in Figure 3.

The T-cube can be interpreted as a Boolean hypercube representation of all 0- 
variable subfunction parities of / .  Expand it as described earlier into a ternary
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Figure 4: P-cube Representations

hypercube of 3n vertices to represent all the subfunction parities in P(f). In this what 
we call the parity hypercube, or P-cube, representation of / ,  each vertex with co­
ordinate (On • • • <Xi) ~ a  in the P-cube is mapped to subfunction parity pa = p ^ ) ,  
and is marked black or white depending on whether pa = 1 or pa = 0. For example, 

T-cubes in Figure 3 can be expanded to form the P-cubes in Figure 4.

From Property P7(c) of Table 3-1, Potn. . .  aw2aw . . .  a, = Pa.. . .  a,+1oaw • • • « , © 

Pa, • • • ojuian • • • a(* As is evident from Figure 4, values of vertices (i.e. black or 

white) in a P-cube are computed as XORs of two neighboring vertex values, starting 
from those in the enclosing T-cube. In Figure 4(a) for example,
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Poo= foo j P o i= f o i ; Pio= ^ io; Pn = fn ;

P02 = POO © Poi ; P20 = Poo © PlO ;

P1 2 = Pio © P1 1 5 P2 1 = Poi © P1 1 ;

P22 = P02 © P12 = P20 © P21

The usefulness of a P-cube lies in its ability to represent FPEs and FBEs. Con­
sider first the 22 = 4 FPEs of a two-variable function/(x2, x^. From Theorem 1, the
coefficients are:

A0 = [Poo P02 P20 P22l l 

A1 = [poi P02 P21 P22l ‘

A2 = [Pio P12 P20 P22]‘

* A3 = [pn p12 P21 P22]1

As illustrated in Figure 5 (for the P-cube in Figure 4(a)), any 2-dimensional P-cube 
can be divided into 4 2-dimensional hypercubes each of which contains vertices that 
correspond to coefficients in an FPE. In other words, a P-cube simultaneously 
represents all the FPEs o f a Boolean function.

The extension to FBEs in a 2-dimensional P-cube is straightforward. From 
Theorem 2, the 32 = 9 FBEs o f / ( x 2i xt) are:

C° = A0 ; C1 = A1 ; C3 = A2; C4 = A3 

C2 = [poo Poi P20 P2i l l 

C5 = [P1 0P11 P20 P2i l l

C 6 -  [Poo P02 PlO P l2ll



52

a  0 = c  0

p.10

P, 2 2<0

A 2 = C 3

02
A 1 = C 1

A 3 = C 4

Figure 5: FPEs in a P-cube

C 7 = [Poi P02 P ll Pl2.]‘

C 8 = [poo Poi Pio P i l l1 =  W )

In Figures 5 and 6, these FBEs correspond to all the 9 possible Boolean hypercubes
embedded within a 2-dimensional P-cube. Thus a P-cube is a representation for all
the FBEs of the considered function.
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mm

Figure 6: Other FBEs in a P-cube

In general, an n-dimensional P-cube of an n-variable function / ( x n • • • xj) 

embeds 3n Boolean hypercubes each of which represents an FBE of / .  The Boolean 
hypercube representing the a-FBE (for some a  -  (a,, • • • a j) , 0 ^  a  <M) is 

identified (in the P-cube) as follows. Consider a P-cube as a collection of segments 
of two edges connecting 3 vertices such that all segments along dimension i connects 

vertex triplets of the form v0 = p ^ . . .  aitl0aM • • • a,> v2 = Pa„ • • • a1(12 aM • • • «,> and 

v l = Po  ̂• • • a ^ ia n  • • • a! (see Figure 7). From Theorem 2, the Boolean hypercube for
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the a-FB E  is composed of the vertex pair (v0 , v2) when a j = 0; (V[ , Vj) when 

a; = 1; or (v0 , when a; = 2.

A P-cube representation ceases to be a useful visual aid when n > 3, but the 
insights gained in interpreting 2- and 3-dimensional P-cubes can be carried over to 
higher dimensions without difficulty. In particular, the orderly arrangement of FPEs 
and FBEs within the parity spectrum and the relationship among FPEs of different 
polarities and FBEs with different bases are graphically illustrated by a P-cube 
representation. As such it is useful for deriving and interpreting minimization algo­
rithms for selecting optimal FPEs and FBEs, to be discussed in the next section.

4.5. Modulo-2 Minimization

The P-cube representation provides interesting insights into two minimization 
algorithms for FBEs. These algorithms selects from among the 3n FBEs of an n- 
variable function the one(s) with the least number of terms in order to obtain an 
economical AND-XOR implementation. They can be modified to select an optimal 
FPE from among the 2n FPEs. In this section, we describe only the geometric 
interpretation of these algorithms as related to the P-cube representation, and leave 
their mathematical and algorithmic details to the next chapter (Chapters 5), using 
Boolean matrix transforms.

4.5.1. G ray Code Approach

The distance d(a, p) between two ternary n-tuples (o^ • • • a t) ~ a  and 

(Pn • • • Pj) ~ p is the number of places where oq & Pj. If d (a , P) = 1, a  and P are 

said to be adjacent.

In the P-cubes, two FBEs with adjacent bases are represented by intersecting 
Boolean hypercubes sharing half o f their vertices. For example, in Figure 5, since 
(0 ,0 ) is adjacent to (0, 1), (0, 2), (1, 0), and (2, 0), so C° shares half of its 
coefficients with C 1, C2, C3, or C 6. This observation can also be extended to 3- 
dimensional P-cubes, and generalized to higher dimensions. Furthermore, any two 
(distinct) Boolean hypercubes embedded within a P-cube can share at most half of
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V

V° =  P“n ' • • • “ l

V> = P“n • ’ ' • «l
V2 = P«d • • ' ‘ “I

Figure 7: A segment in the i-th dimension of a P-cube

their vertices, when the hypercubes represent FBEs with adjacent bases.

The above observations lead to a new, efficient FBE minimization algorithm 
which explicitly computes the 3n FBEs of an n-variable function one at a time, and 
selects from among them the one(s) with the least number of terms. The FBEs are 
generated in a ternary Gray code [Flo56] sequence of the bases. (For example, a ter­
nary Gray code for 2-tuples is {(0, 0), (0, 1), (0, 2), (1, 2), (1, 1), (1, 0), (2, 0), (0, 
1), (2, 2)}.) This sequence allows each new FBE to be computed from another with 
an adjacent basis. Since the two FBEs share half of their coefficients,, the amount of 
computational work is minimized.

This FBE minimization algorithm can be modified to minimize FPEs only, using 
a binary Gray code sequence of the 2n polarities. The binaiy Gray code method has 
been reported in various forms, including one based on folding coefficient 
maps[WuC82] that are simply planar projections of the Boolean hypercubes
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embedded in the P-cube. A survey of the development of the binary Gray code algo­
rithm for FPEs and the generalization obtained in this research to the ternary Gray 
code algorithm for FBEs are described in a unified manner in the next chapter, using 
matrix transforms.

4.5.2. Parity Spectrum Approach

Define the weight of an FBE to be its number of non-zero terms. Thus the 
weight of the a-F B E  of /  is the arithmetic sum of coefficients in Ca(f). In the Gray 
code algorithm, all the FBEs are explicitly generated, and the weight of each FBE is 
computed separately. Since the FBEs (of an n-variable function) share coefficients 
among themselves, and the parity spectrum implicitly contains all the FBEs, it may 
be more efficient to first compute the parity spectrum, and then compute the 3n 
weights simultaneously from the parity spectrum.

As is often the case, suppose a function /  is defined by its truth vector T(f).  
The minimization algorithm requires two transforms. The first transform computes 
P(f) from T (f) and can be visualized as the expansion of a T-cube into a P-cube 
using XORs (modulo-2 additions) as described earlier. The second transform com­
putes the weight of each FBE from the P-cube by arithmetic addition of vertex 
values. Because FBEs share coefficients, parts of the weight of one FBE contribute 
to weights of other FBEs. Thus the number of arithmetic additions required can be 
reduced by exploiting such overlaps in the weights.

Although the P-cube representation provides an intuitive framework, fast compu­
tations of the two transforms are best described by recursive matrices. These 
transforms has first been deduced [Bio73] using a Boolean difference approach. A 
simplified derivation in terms of the parity spectrum is described in the next chapter. 
As with the Gray code approach, the parity spectrum method can be modified to 
minimize FPEs only.
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4.6. Summary

In this chapter, coefficients in FPEs and FBEs are identified with subiiinction 
parities in the parity spectrum. The algebraic formulation thus obtained can also be 
represented geometrically using a ternary hypercube called the parity hypercube (P- 
cube). The P-cube representation of the parity spectrum, the FPEs, and the FBEs 
allows the geometric interpretations of two approaches to the minimization of FPEs or 
FBEs. Details on these minimization algorithms are described in the next chapter 
(Chapter 5), using Boolean matrix transforms.

Cohn[Coh60, Coh62] and Davio et al.[Dav78] mention that there exist other 
modulo-2 canonical forms besides the FPEs and FBEs. It is not clear if our algebraic 
and geometric representations based on the parity spectrum can be extended from 
FPEs and FBEs to these other canonical forms.
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CHAPTER 5

MATRIX TRANSFORMS FOR MODULO-2 M INIM IZATION

5.1. Introduction

This chapter describes the Boolean matrix transforms among the fixed polarity 
and fixed basis modulo-2 canonical expansions (FPEs and FBEs) of a Boolean func­
tion. It also describes transforms between the parity spectrum and the FPEs and 
FBEs, as well as transforms from the parity spectrum to the weights of these expan­
sions. These transforms, described as Kronecker products[Gra81] o f elementary 
matrices, are applied in two different approaches to the minimization of FPEs and 

FBEs.

Calingeart[Cal61] first considers Boolean matrix transforms among canonical 
expansions of a Boolean function. Lechner[Lec63] proposes to describe these 
transforms in terms o f Kronecker products o f elementary matrices in order to derive 

fast algorithms for computing these transforms. Most results on matrix transforms 
among FPEs and their applications to FPE minimization are first developed by 
Davio[Dav71] and Bioul et al.[Bio73] (see also the book by Davio et al.[Dav78], 
who summarize and enhance these results), but less general results are published by 
later authors[Swa72, Sal79, WuC82, Bes83, Zha84, Gre87] using different sets of 
notations and terminologies.

In this chapter, the transforms among FPEs as well as FBEs are described in a 
unified manner, and recursive algorithms for the fast computation of these transforms 
are presented. Using these transforms, the Gray code approach for the minimization 

of FPEs is reviewed and generalized to FBEs.
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Matrix transforms between the parity spectrum and the FPEs and FBEs and 
from the parity spectrum to the weights of all the FPEs or FBEs are also described. 
These transforms lead to another approach to the minimization of FPEs and FBEs 
using the parity spectrum. This approach is faster than the Gray code approach but 
requires more storage.

Section 5.2 derives square transforms among FPEs and FBEs, while Section 5.3 
derives rectangular transforms between the parity spectrum and the FPEs and FBEs. 
The minimization of FPEs and FBEs are described in Section 5.4. For the purpose of 
comparison, a brute-force approach is considered before the Gray code and parity 
spectrum approaches.

5,2. Transform s among FPEs and FBEs

5.2.1. The Transform s

This section describes square Boolean matrix transforms among FPEs and FBEs 
using Kronecker products of nine elementary order-2 matrices. Denote these nine

matrices by e ^ ,  e0l, e ^  e 10, • • • ,  e ^  where e m  = e n  = e 12 = [ q  ? ] ;

e oi = e io = [ o  l]» e oi ~ e 20 = [ } i ] l  e i2 = [ { o ] ; and e 2i = [ ?  }]• They have 

two important properties under modulo-2 multiplication:

Lemma 1: Let a , |3, y  e  {0, 1, 2}, then

(a) e ~fie py = e Pa 

CO -ap “ Cpa
Wkif.re matrix multiplications are performed in modulo-2.

Proof.

(a) By exhaustively checking the 27 possible combinations of a , p, and y, one can 

show that Caoe oo= e ioe oi = e 20e 02 = e cx> e ooe io = ^to^ii = e 20e i2 = e to* 
• • • ; and « 02e 20 = e n e 2\ = e 22e 22 ~ e 7i•
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(b) From (a), e a pe(!a = epp = epo^ap = e a.a = [ q  ? ]• Therefore, e a^ = <?pa. □

Let the vectors of coefficients in the a -  and p-FBEs o f /(x „  • • • Xj) be Ca(f) 

and C^(f)  respectively, where Ca(f)  = [c“ • • • c$], C^(f) = [ c | • • • c$], and 

N = 2n- l .  The transform from C^(f) to Ca(f) can be expressed as the Kronecker 
products of n elementary matrices from as follows:

Theorem 1:

l
'  CP(T) (1)C “(/•) =

l

©  e
i=n Pi«i

where
i=n

:p((Xi = e$na ® ' ‘ ' ® e Pi^ of order 2nx2n and matrix multiplications 
.

are performed in modulo-2.

Proof. From Theorem 1 of Bioul et al.[Bio73], we have

C ( / ')  =
l
©  e
i=n 2Pi T  (f) (2)

where T ( f)  = CM(f) is the truth vector o f f .  Using Lemma 2 -l(c ) in Section 2.5 of 

Chapter 2 and Lemma 1(b) above,

From (2) and the associativity of modulo-2 matrix multiplication, we have

' 1 -1 1 i

IIH

.® e 2Pi „ 1=11

n ■'w
' II

.
C P(f) = ©  ^p .2 > n  P,Z.

1 1 f ’ I
C“(f) = .© e 2a, i=n

W )  = .© e2di 
. ,=n 1 1

ca.

©
Ii

& ( f )
•

i 1 *

.© e 2ai
. i=n -

►
•

CP(f)

Finally, it follows from Lemma 2 - 1(b) and and Lemma 1(a) that
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1 i
C  “ (/•) = ®  e 2<X\e  P i 2  _ i=n

C P(f) = C P(f)

□
Corollary 1:

1 1

.
= (3)

Proof. Let In be the identity matrix of order 2n. From Lemma 2 - 1(b) of 
Chapter 2 and Lemma 1(a),

= P  II = In

1 l i

. © ‘ ft*, - 1=11
= ®  e pia 1e a ip1

Similarly, 

l
©  e
i=n «iPi © e

i=n PA = In

□
Alternatively, Corollary 1 can be proved from Theorem 1 and the associativity

of modulo-2 matrix multiplication, since Ca(f) = ©  e

Corollary 2: [Dav71, Bio73]

(a) Let i 0 = e 20 = [}  ? ]  and s x -  e 2\ = [ J  } ], then

Pi«i ©  e OlPl C “(/•).

Av(f) -
l

©  s
i=n vi T (f) (4.1)

where Av(f)  is the vector of coefficients from the v-FPE of / ( x n • • • X]).



where Ca(f) is the vector of coefficients from the a -F B E  o f / ( x n • • • X j) . □

Davio[Dav71] establishes Corollary 2(a), which is later generalized to Corollary 
2(b) by Bioul et al.[Bio73]. Davio et al.([Dav78], Theorem 4.13) also describe 
transforms between any two FPEs. However, these authors employ Kronecker pro­
ducts of symbolic matrices in order to obtain algebraic expressions after matrix multi­
plications. The formulae thus derived are cumbersome and difficult to use. Indeed, 
these results seem to have been lost sight by later authors[Swa72, Sal79, WuC82, 
Bes83, Zha84, Gre87] who implicitly or explicitly repeat the description of some of 
these transforms using different sets of notations.

Theorem 1 is a generalized result since it covers all possible transforms among 
FPEs and FBEs. The use o f  a Kronecker product structure in terms of the elemen­
tary matrices allows all the transforms to be compactly and coherently described in a 
single theorem. It also allows a simple algorithmic description of the fast transforms 
as shown below.

5.2.2. The Fast Transforms

Many fast algorithms for computing part of the transforms covered by Theorem 
1 have been described in the literature[Lec63, Dav71, Bio73, Dav78, WuC82, Bes83, 
Zha84, Gre87]. These fast transforms are much more efficient than full matrix multi­
plications. Unfortunately, very different sets of notations and terminologies have 
been used and there is an overlap o f results between the various authors. Further­
more, the discussions are often informal and an algorithmic description suitable for 
direct computer implementation has yet to appear.

As pointed out by Lechner[Lec63], the Kronecker product structure of the 
transform matrices can be used to formulate fast transforms. In Theorem 1, there are
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3n-3n = 32n possible combinations of a  and P and hence 32n possible transform 
matrices, but their similar structure calls for a homogeneous treatment of their fast 
transforms. Algorithm 1 describes, in pseudo-PASCAL notation, a fast recursive pro­
cedure for computing efficiently any of the 32n transforms.

Algorithm 1 is self-explanatory and only the recursive steps need to be 
described further. First we establish a simple result on the Kronecker product involv­

ing an order-2 matrix A. Let A = B = C = [c0 • • ■ cN]‘;

C° = [c0 • • • c2n-i_1]t; and C1 = [c2n-i • * • cN]1, then it can be shown that

a^BC0 © a^B C 1
(A © B)C = allB a l 2B C°

_ a 21B a 22B c 1 a2iBC° © a^BC1 (5)

where © in (5) above denotes elementwise modulo-2 addition between two 2n~'xl 
column vectors. Using Theorem 1, Lemma 1(a) and the above result, the recursive 
calls in Algorithm 1 can easily be constructed.

Previous fast transforms consider only those from T ^ )  to the 0-FPE[Lec63, 
WuC82, Bes83, Zha84, Gre87], to any FPE[Dav71, Dav78], or to any FBE[Bio73, 
Dav78]; from the 0-FPE to any other FPE[Gre87]; or between FPEs with adjacent 
polarities[Dav71, Dav78, WuC82, Bes83, Zha84, Gre87]. Algorithm 1 is a unified 
description since it encompasses all the previous fast transforms. It is a generalized 
result since Theorem 1 is generalized. Its compact and algorithmic description makes 
it amenable to computer implementation and complexity analysis.

It is important to perform a complexity analysis on the fast transforms since 
they are used in minimization algorithms for FPEs and FBEs. A full matrix multipli­
cation for a transform in Theorem 1 would require 4n modulo-2 additions (XORs). 
We show in the next theorem that, a fast transform using Algorithm 1 takes at most

21
n-2"-1 XORs. In other words, the fast transform is at least 

full matrix multiplication.

n+l
times faster than a
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Algorithm 1: Fast Transforms for Computing Ca(f)  from C^V) 
type

BoolVec : array[0 • • • 2n~ l] of boolean; 
ntrits : a rray [l • • • n] of 0 • • • 2; 

procedure Trans(n:integer; var C“ :BooIVec; C^:BoolVec; a ,  (3:ntrits); 
procedure Trans-Aux(n,lba,lbb:integer); 
begin 

if n = 1 then 
a := cP[lbb]; b := cP[lbb + 1]; 
case (o^pn) of 

00,ll,22:C a [lba] := a; C“ [lba+1] := b;
01,10: C“ [lba] := a © b; C“[Iba+l] := b;
02,20: C“ [lbaj := a; C°[lba+1] := a © b;
12: C“[lba] := a © b; C°[lba+1] := a;
21: C“ [lba] := b; C“ Qba+l] := a © b;

end 
else 

case (otnpn) of
00,ll,22:Trans-Aux(n-l,lba,lbb); Trans-Aux(n-l,lba + 2n J,Ibb + 2n—1); 
01,10: Trans-Aux(n-l,lba,lbb); Trans-Aux(n-l,lba + 2n-1,lbb + 2n- l ) ;  

for k := 0 to 2n-1- l  do 
C^tlba + k] := C“ [lba + k] © C°[lba + 2n~l + k];

02,20: Trans-Aux(n-l,lba,lbb); Trans-Aux(n-l,lba + 2n-1,lbb + 2n_1); 
for k := 0 to 2n_1- l  do 

C“ [lba + 2n_1 + k] := C“ [lba + k] © C“ [lba + 2"-1 + k];
12: Trans-Aux(n-l,Iba,Ibb + 2"-1); Trans-Aux(n-l,lba + 2n-1,lbb);

for k := 0 to 2n-1- l  do 
C“[lba + k] := C“ [lba + k] © C“ [lba + 2n~l + k];

21: Trans-Aux(n-l,lba,lbb + 211-1); Trans-Aux(n-l,lba + 2n-1,lbb);
for k := 0 to 2n-1- l  do 

C“ [lba + 2n_1 + k] := C“ [lba + k] © Ca [lba + 2"-1 + k];
end

end Trans-Aux; 
begin 

Trans-Aux(n, 0, 0); 
end Trans;
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Theorem 2: The fast transform from to C“ takes nv2n_1 modulo-2 additions, 
where m = d(oc,p) is the distance between the bases a  and P; and n is the number of 
variables in the considered function.

Proof: From Algorithm 1, the recurrence relation for Tn, the number of 

modulo-2 additions for the fast transform of -> C“ , satisfies

T =An

2'Tn_i if a,, = p„
, u • (6.1)2-Tn_! + 2"-1 otherwise

and

0 if  a i =  Pi
Ti = ,  • (6-2) 1 otherwise.

Using (6.1) and (6.2), we can prove Theorem 2 by induction on n as follows:

(a) First consider n = 1 where the bases in the transform are a  -  (a j) and P -  (pj), 

then

f 0 if  d(a l> P i) = 0
T i = \ l  i f d ( a lt pj) = l

Therefore, Tn = m-2n_1 for n = 1. Thus the theorem is true for n = 1.

(b) As the induction hypothesis, suppose Tn_! = m '^""2 for the fast transform

-4  C® involving any two (n-Invariable bases a ' ~  (a ,,.! • • • « ! )  and 

P' -  (Pn-i • • • ? ! )  whose distance is m' = d(a', p'). Now consider Tn for the
transform involving bases a  -  (c^ • • • a t) and p -  (Pn • • • Pj).

(1) If ex,, = Pn, then d(a ', p') = d(a,p) = m' = m, By the induction

hypothesis, T ^ j  = m-2n~2. Therefore, Tn = 2‘Tn_! = m-2""1.

(2) If Oj, ¥= Pn, then m' = m -  1. By the induction hypothesis,

Tjj_i = (m-l)-2"~2. Therefore, T„ = 2-Tn_! + 2""1 -  (m - l)^ " " 1 - 2n_1 = 

m-2"-1 .
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From (1) and (2), the theorem is true for n variables if it is true for (n-1) vari­
ables.

From (a) and (b), the theorem is true for all n £ 1. □

Corollary 3:

(a) The fast transform of T (f)  -» Au(f) takes n-2n_1 modulo-2 additions.

(b) The fast transform of A?(f) —> A.u(f)  takes m-2n_1 modulo-2 additions, where 
m = d(u,v). □

The analysis as in Corollary 3(a) and the case m = 1 in Corollary 3(b) is first 
carried out by Davio et al.[Dav78] and later repeated by others[Bes83, Zha84, 
Gre87]. Green[Gre87] also analyses the fast transform from A°(f) to Au(/"). Thus 
Theorem 2 extends all the previous analysis to cover all possible transforms among 
FPEs and FBEs.

5.3. Transforms for the Parity  Spectrum

5.3.1. The Forward Transform s

The transform from the a-F B E  Ca(f) to the parity spectrum P (f),  denoted by 
the Boolean matrix La , can also be described as Kronecker products of elementary 

Boolean matrices. Unlike the transforms among FBEs, these matrices are rectangular 
rather than square.

For brevity, let

; e i = e i2 =  [ i  o  ]  ; e 2 =  t’22=  [ j  i  ]e Q ~  e 02 =
1 0 
1 1

and define new 3x2 elementary matrices

1 0 i i 1 0
1 1 ; '1 = i 0 * ^2 “ 0 1

.0 1 . .0 1 .1 1 .

l
Let 0  e at = ©

i=n
© ea , and ©  / 0 = /0 © • • • © Iq (n times), etc.

i=n
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Lemma 2: /j = / 2 e v for any i e  {0, 1, 2}.

Froo/: By ordinary modulo-2 matrix multiplication. □  

Lemma 3:

T (ft = c “( n

Proof: From Theorem 1. □  

Lemma 4:

P (f)  =
l

® / 2
i=n

T (/)

Proof. By induction. Let Ln = ©  / 2. 

(a) Consider n = 1, then L{T( f )  =
1 0 
0 1 
1 1

*o
ft

f0 ©fi
m -

(7)

(8)

(b) As the induction hypothesis, assume the result is true for k = n - l .  Consider 
k = n where

T0r(0,xn. 1 • • X^) T ( f )
_W (l,X n_1 • • xt)) T ( f l)T(f(xn - - - x 1)) = [f0 —  fN]t =

From the induction hypothesis, P ^ )  = Ln-1 T (f°) and PO'-1) = Ln_j T(/rl). 

Therefore,

L»T(f) = (/2 T (f)

Ln-1 0 L„-l T(T>)
o K-i W )  = L„-, W )

K-i o L„_, T tf°) ffl Ln. i  T(/-')
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P (f°)
P(f 1)

p( f )  e  p ( f l)
m

by Property P8 of Table 3-1. □

Thus the transform from Ca(f) to P (f) is as follows:
l

® l rTheorem 3: Let La = 

P(f)  = La Ca(f)

ai , then

(9)

Proof. From Lemmas 2 to 4 and the associativity of modulo-2 matrix multipli­

cations,

P (f) =
i=n

1
® / 2
i=n

1
0 /

T (f)

1 1

.® e a, 
. 1=11

C a(f) = ®  f
_ i=n L2 e <XiJ Ca(f)

ai c°0)

□
Using the Kronecker product structure, a fast recursive implementation of the 

above transform is formulated in Algorithm 2.

Theorem 4: The fast La transform takes 3n -  2n modulo-2 additions.

Proof. The number of XOR operations required in Algorithm 2 satisfies the 

recurrence relation

Tn = 3n_1 + 2-Tn_i; T! = 1 ( 10.1)

Let Tn = 2n-Yn, then



Algorithm 2: Fast Transforms from Ca(f) to P (f) 
type

BoolVec : array[0 • • • 2n- l ]  of boolean; 
ntrits : a rray [l • * • n] of 0 • • • 2;
PSpec : array[0 * • • 3n- l ]  of boolean; 

procedure Ltrans(n:integer; arntrits; C“ :BoolVec; var P:PSpec); 
procedure Ltrans-aux(n,lbc,lbp:integer); 
begin 

if n = 1 then 
a := C“[lbc]; b := C“ [lbc + 1]; 
case of

0: P[lbp] := a; P[lbp + 1] := a © b; P[lbp + 2] := b;
1: P[lbp] := a © b; P[lbp + 1] := a; P[lbp + 2] := b;
2: P[lbp] := a; P[lbp + 1] := b; P[lbp + 2] := a © b;

end 
else 

case a,, af 
0: Ltrans-aux(n--l, lbc, lbp);

Ltrans-aux(n-l, lbc + 2n-1, lbp + 2*3n_I); 
for k := 0 to 3n-1- l  do 

P[lbp + 3n_1 + k] := P[lbp + k] © P[lbp + 2-3n“1 + k];
1: Ltrans-aux(n-l, lbc, lbp + 3n_1);

Ltrans-aux(n-l, lbc + 2n-1, lbp + 2-3n_1); 
for k := 0 to 3n-1- l  do 

P[lbp + k] := P[lbp + 3 sup n-1 + k] © P[lbp + 2-3""1 + k] 
2: Ltrans-aux(n-l, lbc, lbp + 3n-1);

Ltrans-aux(n-l, lbc + 2n_1, lbp + 3n_1); 
for k ;= 0 to 3n-1- l  do 

P[lbp + 2‘3n_1 + k] := P[lbp + k] © P[lbp + 3"-1 + k];
end

end Ltrans-aux; 
begin 

Ltrans-aux(n, 0, 0); 
end Ltrans;
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(10.2)

Evaluating Yn as the sum of a geometric series and substituting back for Tn, we get

Since every FBE coefficient is a subfunction parity, P i f )  embeds Ca(f). Thus 
there are 3n -  2n new and distinct entries in P (f) to be computed in the transform. 
Because Algorithm 2 requires an average of only one XOR operation per new entry, 
it is optimal. In contrast, an ordinary matrix multiplication for the transform requires 
6" -  3n XORs. Even if an algorithm which considers only non-zero entries of the 
transform matrix could be developed, a total o f 4n -  3n XORs are required.

5.3.2. The Inverse Transform s

The inverse problem of computing Ca(f) from P (f)  is also of interest. 
Mathematically, we seek the inverse transform matrix Kq, such that C“ = K ^P(f). 
From Theorem 3, K^Pt f )  = Ka (LaCa</)) = (KaLa)Ca(f). Thus KaP (f) = Ca(f)  if 

and only if KaLa = 1^ the 2nx2n identity matrix.

Since La is non-square, its left inverse is not unique. Now V(f)  embeds Ca(f) 

and the transform needs only to be an extraction process. In other words, has a 

sirgle 1 in every row.

Define the following 2x3 elementary matrices:

Tn = 3" -  2" (10.3)

□

Lemma 5: = Ij V  i e  {0, 1, 2).

Proof: By ordinary modulo-2 matrix multiplication. □
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Theorem 5: 

C a(f)  =
l
® k
i=n ai m ( i d

Proof. From Theorem 3, Lemma 2-1, and Lemma 5:

1 1 1 1

.® *a, 
. 1=11

P(ft = .® *«, 
. 1=11 1

8

©
1

I

C “(/•) = .® Vo,
- 1=511

C a(f)

= InC“(f) = C a(f )

□
The recursive extraction of Ca(f) from P(f) is given in Algorithm 3. A measure 

of its time complexity is its number of recursive procedure calls, which satisfies 
Tn = 2-T^j; T t = 1. Thus Tn = 2""1.

An alternative for constructing the inverse transform as described is to use 
another set of elementary matrices:

These alternative transform matrices have 2n ones per row and modulo-2 additions 
are required to carry out the transforms. Consequently, this approach is less efficient.

A third method of computing the transform is algebraic using the © (c-star) 
operator (see Theorem 4-2  in Chapter 4). This approach is also less efficient in gen­
eral, but is the preferable method for extracting random FBE coefficients individually 
from the parity spectrum.
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Algorithm 3: Fast Transforms from P (f) to Ca(f)

procedure Ktrans(n:integer, o::nrrits; PrPSpec; var C^BoolVec); 
procedure Ktrans-aux(n,Ibp,lbc:integer); 
begin 

if n = 1 then 
a := P[lbp]; b := P[lbp-i-l]; c := P[lbp+2]; 
case ctj of 

0: (^[Ibc] := a; C“ [lbc+1] := c;
1: C“ [lbc] := b; C ^lbc+ l] := c;
2: (^[lbc] := a; (^[lbc+ l] := b;

end 
e’ ê 

case otji of 
0: Ktrans-aux(n-T, lbc, lbp);

Ktrans-aux(n-l, lbc + 2"-1, lbp + 2-3n_1);
1: Ktrans-aux(n-l, lbc, lbp + 31*-1);

Ktrans-aux(n-l, lbc + 2n_1, lbp + 2-3n_1);
2: Ktrans-aux(n-l, lbc, lbp);

Ktrans-aux(n-l, lbc + 21*-1, lbp + 3n_1);
end

end Ktrans-aux; 
begin 

Ktrans-aux(n, 0, 0); 
end Ki/ans;

5.4. Minimization of FPEs and FBEs

5.4.1. The Minimization Approaches

Recall from Section 2.4.2 that the weight of an FPE or FEE is its number of 
non-zero terms, and a minimization algorithm for FPEs or FBEs select from among 
the 2" FPEs or 3" FBEs an expansion with the minimal weight. Le. wv = wv(f)  and
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coa = a)“(/") be the weights of the v-FPE and a-FB E of / ( x n • • • Xj). The vector of 
the 2n FPE weights of /  is denoted by

W (f)  = [w° • • • wN]c (12.1)

and the vector of the 3n FBE weights of /  is denoted by

0. ( f )  = [co° • • • cdm]c (12.2)

where N = 2n- l  and M = 3n- l .  Note that coa = wv when a  => v, and W ( / )  is a sub­
set of Cl(f).

Let / (X jj • • • Xi) be represented by its truth vector T ( / ) .  Using the transforms 
developed in the previous sections, two approaches to the minimization of FPEs or 
FBEs are possible. In the first approach, the FPEs or FBEs are generated explicitly 
and the weights are computed directly from the expansions. To minimize the required 
amount of computation, the expansions are generated in a Gray code sequence of the 
polarities for FPEs or of the bases for FBEs. In the second approach, the expansions 
are not explicitly generated. Instead, Boolean matrix transforms also described in 
terms of Kronecker products are used to obtain the weight vectors from the parity 
spectrum by ordinary matrix multiplications (as opposed to modulo-2 matrix multipli­
cations). These minimization approaches are described in this section. For the pur­
pose of comparison, we first describe below a brute-force approach that explicitly gen­
erates each of the FPEs or FBEs from the truth vector.

5.4.2. Brute-Force Approach

Consider the problem of generating all 2n FPEs of /  (xn • ■ • X j) from T ( f ). A 

brute-force approach is to apply (4.1) in Corollary 2(a) and compute the v—FPE as 

l
Av( / ) =  @ e 2Vi T ( f )  (13)

Let a  and M be decimal equivalents of ternary n-tup»es such that a  => v and 
M -  (2 • • • 2). Since A V ) = Ca( f ) and T ( f ) = CM( f ), it follows that d(a, M) = n.
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From Theorem 2, an application of (13) in computing an FPE requires n-2n_1 
modulo-2 additions. Therefore, the number of modulo-2 additions required for gen­
erating all the 2" FPEs from T (f) is

n-4n2n-(n-2n' 1) (14)

Similarly, the 3n FBEs can be generated by applying (4.2) in Corollary 2(b) to 

compute the a-F B E  as

C “ ( 0 -
i

® e
i=n 2aj T (f) (15)

Let m = d(a, M), then 0 £  m < n and the number of modulo-2 additions required in 
computing an FBE using (15) is, from Theorem 2, equal to nv2n-1. Now for all the 
3" FBEs, the number of bases a  such that d(a, M) = m is

m (16)

Summing over all possible m’s we obtain the number of modulo-2 additions required 
for generating all the 3n FBEs from T (f) as

n-6n
l ’"m~ j-Z ‘“  |-Z “  * =  z - n - j “  ‘ •Z “ * =

|m=0
£ n ' ( m - l } 2'" •2 ^ 1 = 2 - n '[ £ 1 f c 1} 2 » |-2 » -> = 2 - n -3 » - '-2 » -> = ^  (17)

m=l J [m=0 J

The brute-force approach to the generation of FPEs is first mentioned briefly, 
also for the purpose of comparison, by DavioDDav71j. Some later authors[Swa72, 
Sal79] erroneously suggest that instead of carrying out 2n different transforms for the 
2n FPEs, a single transform matrix should be used. The different FPEs must then be 
obtained by applying this single transform to vectors obtained by permuting entries in 
T (f). According to Corollary 3(a), each of the 2n fast transforms requires the same 
number of operations, and the single-transform approach does not speed up the 
exhaustive generation of the FPEs. In fact, it is less efficient because extra computa­
tion is required to permute the entries in T if).
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By extending the brute-force approach for generating FPEs to FBEs and calcu­
lating the time complexities of both schemes, a basis is provided for comparison with 
the Gray code approach, which may be seen as a simple refinement of the brute-force 
approach.

5.4.3. Gray Code Approach

Recall from Chapter 4, Section 4.5 that two FPEs with adjacent polarities or two 
FBEs with adjacent bases share half of their coefficients in the P-cube. This observa­
tion is further expanded by Theorem 2, which shows that the number of modulo-2 
additions required in computing one FPE/FBE from another is directly proportional to 
the distance between the two polarities/bases.

In the brute 'orce approach for generating FPEs o f /(x n • • • xj), each FPE Av(f) 
is generated from the truth vector T (f) = CM(f) where the distance d(M, v) = n is at 
the farthest. Since it is most efficient to compute Av(f) from another FPE with an 
adjacent polarity, an improved algorithm is obtained by computing all the FPEs in an 
n-bit binary Gray code sequence of their polarities. The first FPE, say the O-FPE, is 
computed from T (f)  but each subsequent FPE is generated from the previous FPE 
using the fast transform for

Since a Gray code sequence is used, the distance d(u, v) = 1 is at its minimum in 
(IS). Consequently, the total number of modulo-2 additions required is reduced from 
(14) to

A v( f t =  © e UiVl A “(ft (18)

n-2"-1 + (2n-l)-2 n_I = 4" + (n - l) -~ - (19)

For large n, the speed-up factor is

n-4n (20)= n
4n + (n-l)-2n
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Incidentally, our analysis here provides the theoretical interpretation for an empirical 
tabulation([Zha84], Table 1) of n venus ..he speed-up factor which gradually 

approaches n.

The Gray code approach to the minimization of FBEs is first published by Davio 
et al.([7], Algorithm 6.2). Unfortunately, later authors[WuC82, Bes83, Zha84] seem 
unaware of the results. A cumbersome map-folding procedure is used in [WuC82], 
applicable only to the minimization of functions with n < 4 variables. The map- 
folding method is improved in [Bes83] using signal flow diagrams., but the result is, in 
fact, identical to the Gray code approach. In [Zha84], the signal flow diagrams are 
called flow graphs and the Gray code minimization procedure is re-stated and then 
extended to multiple output networks and multi-valued functions. The extensions are 
nevertheless "brute-force" and do not seem practical because o f the computational 
complexities involved in the algorithms. Further research is required to obtain practi­
cal solutions to these extended minimization problems.

Although the binary Gray code approach to die minimization of FPEs have been 
presented e.'sewhere, our unified description in terms of the generalized fast transform 
(Algorithm 1) simplifies its analysis and its extension to the minimization of FBEs. 
In this extension, the 3n FBEs are generated in an n-trit ternary Gray code sequence 
of their bases. Using Theorem 1, 

l

'OlPlC P (/) = C “( / )  (21)

Since the distance d(a, P) = 1 is minimized, the amount of computation is reduced 
from the brute-force approach.

The ternary Gray code sequence of the bases can also be generated using Algo­
rithm 2-1, which starts from basis zero (i.e. the 0-FBE). Since T ( f )  = CM( / )  is an 
FBE itself, Algorithm 2-1 may be modified to star* from the basis M = (2 • • • 2). In 
this case, the number of modulo-2 additions required for generating the 3n FBEs is



Compared with (17) for the brute-force approach, the speed-up factor for large n is

 — ;6" = (23)
3 -(6 " -2 n) 3

So far we have not mentioned the number of arithmetic operations required in 
computing the weights for FPE or FBE minimization. For FPEs, this number is

2n-(2n -  1) = 4n -  2n (24)

and for FBEs, this number is

3n-(2n~1) = 6n -  3n (25)

These numbers are the same for both the brute-force and Gray-code approaches, 
which differ only in their way of generating the expansions. To simplify the com­
parison of these approaches, we assign a unit computational cost to both a modulo-2 

addition and an arithmetic addition.1 Also, we note that the cost of generating the 
next element in a Gray code sequence using Algorithm 2-1 is of order O(n), which 
is negligible compared with generating the expansions and their weights. These 
assumptions allow the time complexities of these approaches to be compared in Table 
1.

5.4.4. Parity Spectrum Approach

Instead of generating the FPEs or FBEs explicitly, the parity spectrum approach 
to the minimization of FPEs and FBEs computes the weights of the expansions 
simultaneously from the parity spectrum. This is possible because, from Chapter 4, 
the coefficients of the FPEs and FBEs can be identified with subfunction parities in 
the parity spectrum. This app oach eliminates the computation required for

'Strictly speaking, the computational cost of an n-bit arithmetic addition is of order n times that 
o f a modulo-2 addition.
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Time
Complexity

Approach 
Brute-force Gray Code

FPE

FBE

0(n-4") Q(4n) 

0(n-6") 0(6")

Table 1: Time Complexities for Brute-force and Gray Code Minimization

generating the e : , uisions. Furthermore, since coefficients from different FPEs or 
FBEs can be equivalent (i.e. from the same subfunction parity), additional savings in 
time is obtained by computing the weights simultaneously.

The transforms frforms from the parity spectrum P(f) to the vector W (f)  of 
weights o f FPEs and the vector €l(f) of weights of FBEs can also be described in 
terms of Kronecker products of elementary Boolean matrices, except that the 
transform process now involves real rather than modulo-2 matrix multiplications. As 
is used for scalars throughout this dissertation, the dot symbol * is also used to denote 
real multiplications of matrices and vectors.

Let Zn = [1 ■ • • 1] denotes the row vector of 2" l ’s, then the weight o f the 
a-FB E  can be computed as

Zh-C V )

Let /q = [1 0 1]; / i  = [0 1 1]; l 2 = [1 1 0]. It may be seen that / 0

; and l 2 =

(26)

Using real matrix multiplications, we easily obtain the
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following lemmas:

Lemma 6: l-x = [1 l]*A:j, where i e  {0, 1, 2). □
A

In other words, /, can be formed by collapsing the rows in k\ using modulo-2 
addition.

Lemma 7:

(0 = (27)

Proof'. From Lemma 7 and the real counterpart of the Kronecker product result 
in Lemma 2-1(b), Section 2.5 of Chapter 2:

Since Ka has a single 1 per row, the real matrix multiplication between Ka and I*(f) 

can be replaced by a modulo-2 matrix multiplication to obtain

From Theorem 4, K aV(f) = Ca(f), and result follows from (26).

Lemma 7 can be applied to simultaneously compute a subset of the 3n FBE 
weights. For certain subsets, one can make use of the ICronecker product structure of 
the transforms to reduce the computational effort required. Intuitively, the savings in 
computation is achieved by exploiting the sharing of coefficients among FBEs. Thus 
a partial weight common to several FBEs in the subset need only be computed once.

Therefore,

v p ( o  = 7 ^ - m  = z ,-  [k^-pw)]

L „-P (0  = Z„ [Ko.P(n]
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For minimization of FPEs and FBEs, we are interested in transforms that com­

pute all of the FPE wei ghts W (f) and all of the FBE weights Q.(f). Let

i
©

i=n
and Ln = ©

l
©

i=n

1 o 1
, so that Lf = [ 0 i i

1 0 1
II 0 1 1

.1 1 0 .
, and L„ is the

transpose of Ln. ( Ln is the transform for computing P(f) from T ^ )  in Lemma 4).

Algorithm 4: Fast Transform from P i f)  to W (f)  
type

WVec : array [0 • • • 2n- l ]  of integer;

procedure Ll-trans(n:integer; P:PSpec; var W:WVec); 
procedure Lt-trans-aux(n,Ibp,lpw;integer; var W.’WVec); 
var

tempW : array [0 • • • 2n-1- l ]  of integer; 
begin 

if n = 1 then 
a := Pflbp]; b := P[lbp + 1]; c := P[lbp + 2];
WDbw] := a+c; W[Ibw+l] := b+c; 

else
Ll-trans-aux(n-l, lbp, Ibw, W);
L'-trans-auxCn-l, lbp + 3n_1, lbw + 2n_1, W); 
L^trans-auxCn-l, lbp + 2-3n_1, 0, tempW); 
for k := 0 to 2n-1- l  do 

WDbw + k] := WDbw + k] + tempW[k];
WDbw + 2n_1 + k] := WDbw + 2""1 + k] + tempWfk]; 

end LLtrans-aux; 
begin

Ll-trans-aux(n, 0, 0, W); 
end L’-trans;
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Theorem 6:

(a) W (f) = L j-P (0

(b) Q (0  = Ln-P(0

Proof. The u-th row of L *, 0 < u < N, is the vector Z^© • • • © / Also, the 

a-th row of Ln, 0 £ a  < M, is the vector I a®  • • • © /"ai. Thus the results follow 

from Lemma 7. □

By making use of the Kronecker product structure, Algorithms 4 and 5 imple- 
* ^

ment the fast and transforms. Their time complexities are measured by the 

numbers of real additions required.

Theorem 7: The fast L„ and Ln transforms require 2-(3n- 2 n) and n-3n arithmetic 

additions, respectively.

P roof For Algorithm 4, the number of arithmetic additions satisfies the 
recurrence relation

Evaluating Yn as the sum of a geometric series and substituting back, we get

Tn = 2n + 3-T n_j ;T i  = 2n-l * A1 (28.1)

Let Tn = Yn-3n, then

(28.2)

Tn = 2’(3n -  2n)

For Algorithm 5, the number of arithmetic additions satisfies

(28.3)

Tn = 3n + 3-T n_i; T j = 3  

Again let Tn = Yn-3n and solve

(29.1)

(29.2)
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Algorithm 5: Fast Transform from Pi f)  to Q.(f) 
type

£2Vec : array [0 • • • 3n--l] of integer;

procedure L-trans(n:integer; PrPSpec; var jQ.-HVec); 
procedure L-trans-aux(n,lbp,lpco:integer); 
begin 

if n = 1 then 
a := P[lbp]; b :=■- P[lbp + 1]; c := P[lbp + 2];
Q[lbco] ;= a+c; £2[lbco+l] := b+c; 0[lbco+2] := a+b; 

else
A

L-trans-aux(n-l, lbp, lbco);
L-trans-aux(n-l, lbp + 3n_1, lbco + 31*-1); 
L-trans-aux(n-l, lbp + 2*3n~1, lbco + 2-3n_1); 
for k := 0 to 3n_1- l  do 

a := £2[lbco + k]; 
b := £2[lbco + 3n_1 + k]; 
c ;= Q[lbco + 2-3n_1 + k];
£2[lbco + k] := a+c;
C2[Ibco + 3"-1 + k] := b+c; 

a Q[lbco + 2-3n~1 + k] := a+b; 
end L-trans-aux; 

begin 
L-trans-aux(n, 0, 0); 

end L-trans;

Tn = n*3n (29.3)

The parity spectrum approach to the minimization of FPEs for a Boolean func­
tion /(Xj, • • • Xi) defined by its truth vector representation T( f )  can be carried out as 

follows. The Ln transform is first used to derive the parity spectrum P (f). Applying
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the L„ transform to P (f) yields the weights of all FPEs (i.e. W (f) ). The optimal 
polarities are then determined from the minimal weight in W (f),  and the appropriate 
K transforms are used to extract the optimal FPEs. Similarly, the optimal FBEs are 
found by using the Ln transform to obtain Q.(f) from which the optimal bases arc 

determined.

The minimization of FPEs and FBEs expansions using the L,‘ and the Ln 

transforms is also considered in [Bio73], based on Boolean difference. Our manner 
of attack using subfunction parities leads to generalized transforms, simplified proofs, 
and efficient computer implementations.

The time complexities of the minimization algorithms are 0(3") for FPEs and 
0(n-3n) for FBEs. Compared with the Gray code minimization approach, the parity 
spectrum approach is faster (see Table 2). This is because FPEs and FBEs are not 
explicitly generated and the weights are computed simultaneously by exploiting the 
sharing o f coefficients among the expansions. Also, the generation of a Gray code 
sequence is no longer necessary.

However, the parity spectrum approach requires more space (see Table 3). In 
the brute-force and Gray code approaches, only one FPE or FBE (of 2n bits) needs to 
be stored at a time as the expansions are generated, and the space requirement is 
0 (2n). For the parity spectrum approach, the requirement increases considerably to 
0(3"), since the entire parity spectrum (of 3n bits) has to be stored.

5.5. Sum m ary

In this chapter, generalized Boolean matrix transforms among the FPEs, FBEs 
and the parity spectrum of a Boolean function are described in a unified manner. 
Based on the Kronecker product structure of these transforms, fast recursive algo­
rithms are developed.

Using the transforms among FPEs and FBEs, the Gray code approach to the 
minimization of FPEs is reviewed and then extended to FBEs. Combining the use of 
transforms between the parity spectrum and the FPEs and FBEs and transforms that
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Time
Complexity

Approach 
Parity Spectrum Gray Code

FPE

FBE

0(3n) 0 (4n) 

0(n-3n) 0(6n)

Table 2: Time Complexities for Gray Code and Parity Spectrum Minimization

Space
Complexity

Approach 
Parity Spectrum Gray Code

FPE

FBE

0(3n) 0 (2n) 

0 (3n) 0 (2n)

Table 3: Space Complexities for Gray Code and Parity Spectrum Minimization

simultaneously compute from the parity spectrum the weights of all FPEs or all 
FBEs, the parity spectrum approach to minimization is also described.

Compared with the Gray code approach, the parity spectrum approach is more 
efficient but requires more storage space. It may be possible to develop a hybrid 
approach that is adaptable to either space or time limitations. Further investigation is 
required.

Certain heuristic minimization algorithms for general modulo-2 expressions (e.g. 
[Rob82]) start from a minimal FPE and then search for mixed-polarity reductions.
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These algorithms may be more effective if an optimal FBE is used, since FBEs are 
more general than FPEs. New heuristic reduction rules need to be devised for such a 
minimization approach.

Finally, some of the transforms developed in this paper can also be used in a 
generalized fault detection technique called constrained parity testing, which detects 
faults in a combinational circuit by verifying subfunction parities of its output func­
tion. Results for this new testing technique are developed in the next chapter.
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CHAPTER 6 

CONSTRAINED PARITY TESTING

6.1. Introduction

In this chapter, we develop the constrained parity testing technique for detecting 
multiple stuck-at faults in single-output combinational networks. Logic fault testing 
involves the application of a sequence of input stimuli to the network under test 
(NUT) and comparing the output responses from the NUT to their expected values. 
Any discrepancy indicates a fault. In recent years, the traditional test vector testing 
method has given way to compaction techniques more suitabie for built-in self-test 
(BIST) schemes[McC85]. These techniques reduce the volume of test data by com­
pacting the test responses from the NUT into a bit vector called a signature. Testing 
is performed by verifying this signature instead of the individual responses.

A number of compaction techniques employ signatures composed of parity bits. 
T7.idon et al.[Tzi78] and Carter[Car82] use as a signature the parity on the number of 
ones of all responses from the NUT. Akers’[Ake88] parity bit signature contains the 
network parity plus subparities formed from constraining one of the network inputs at 
logic zero. More recently, Damarla & Karpovsky[Dam89] derive signatures from 
coefficients in the complement-free Reed-Muller canonical expansion of the imple­
mented function. It follows from Chapter 4 that these coefficients correspond to sub­
parities resulting from constraining a subset of the network inputs at logic zero. This 
chapter presents a generalization of the above parity-based techniques to constrained 
parity testing, where each of constrained inputs can be fixed at either zero or one. 
Since all inputs can be constrained simultaneously, this new technique is also a gen­
eralization of the'traditional test vector method. The proposed constrained parity
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testing technique provides more flexibility and versatility in the choice of tests. The 
signatures derived are usually short and provide high stuck-at fault coverage. More­
over, tire tests in a signature can be chosen to require only a small subset of the input 
combinations, thus reducing the test time required in the exhaustive testing of large 
networks.

Section 6.2 introduces the constrained parity testing scheme. Implementation 
independent testability conditions for single- and multiple-input stuck-at faults are 
established in Sections 6.3 and 6.4, respectively. In Section 6.5, a spanning parity 
signature (SPS) is introduced to detect vacuous faults, which includes all the input 
stuck-at faults and over 99 percent of all stuck-at faults. The SPS is considered in 
Section 6.6 for testing all stuck-at faults in networks with small number of fanout 
lines, and a method of deriving tests for non-vacuous faults is described. For net­
works with large fanouts, a hybrid scheme by combining with syndrome testing is 
proposed in Section 6.7 to eliminate or reduce the need for expensive fault simula­
tion.

6.2. The Testing Scheme

In the proposed constrained parity testing scheme, a subset of the subparities in 
P(f)  is selected to test a combinational network implementing the function / .  This 
subset of P (f)  is called a constrained parity signature o f the NUT. During test time, 
input combinations are applied to the NUT and the signature is collected and verified 
at the network output using flip-flops and the necessary control and clocking circui­
try. Any distortion in the collected signature indicates a fault in the NUT.

The general compaction testing scheme is shown in Figure 1. In Figure 2, an 
example of constrained parity testing is shown for a NUT implementing a three- 
variable function / ( x 3, x2, x}) with {po2 i» P2 0 2 } chosen as the signature. Note that all 
input patterns can be applied, although the subset {000, 001, 011, 100, 101} is ade­
quate for the verification of P0 2 1  and p202.



88

Output
Response
Compactor

Input
Pattern
Generator

Network
Under
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Figure 1: Compaction Testing Scheme

6.3. Single-input Stuck-at Faults

A stuck-at fau lt occurs when a line in the (NUT) is permanently stuck at 0 or 1. 
Let the NUT implement /(x ,, • • • xj). Denote the two single-input stuck-at faults 

involving an input line, say xn, by Xn-s-a-0 and x ^ s - a - l  respectively. Theorem 1 

derives the conditions for the faults to be detected by verifying a subparity pa at the 

network output.

Theorem 1: Let a  ~ (c^ • • • o^), a '  -  ( a ,^  • • • <Xj), and une (0, 1). Then 

Xjj-s-a-Un is pa-testable iff p ^  = 1 and & u„. i.e. If p2a' = 1, then

(a) p2a' is a test for both Xn-s-a-0 and xn- s - a - l ;

(b) p la- is a test for x„-s-a-0 ; and

(c) Poa' is a test f°r xn- s - a - l .

Proof. Let j)a be the faulty subparity due to Xn-s-a-un. Then p ^  = p ia> so that 

p2a' = Poa' © Pia' = 0. Therefore, = 1 is a test for both xn- s - a - 0  and xn- s - a - l .  

Now for xn-s -a -0 , p la' = p ^ ,  and the fault is p ̂ -testable iff p ^ ' ^  Pia- (i.e. 

p2a' = !)• Similarly, p ^  is a test for xn- s - a - l  iff p^- = 1. □
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021 202

Figure 2: Constrained Parity Testing

When a  => u (i.e. oq = uj e  {0, 1} V l <, i £  n), pa  = pu is a test vector and the 

above theorem states that pu covers v - s - a - u ^  iff p2u' = 1. where u ~ (un • • • and 

u' ~ (tin_i • • • Uj). A corresponding result in [Sel68a,b] defines test vectors for 

xn-s - a -0  and xn-s ~ a - l  by the Boolean dijjerence[Ake59] equations 7 ^ / ^ =  1 and 

xn/x„ = 1 respectively, where f Xt = / ( x n • • • xi+1, 0, xw  • • • x ^  © / ( x n • * • xi+1, 1,

xi-i * ‘ ' xi) ^  the first order Boolean difference of /  with respect to x;. The Boolean
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difference result yields expressions for defining test vectors covering a fault, while 
Theorem 1 determines the fault coverage of a test vector without requiring the sym­
bolic manipulation of Boolean expressions. The correspondence between these two 
results stems from the fact that a subparity can be interpreted as the value of a 
Boolean difference expression evaluated at an assignment of the variables (see 
Chapter 3).

In [Dam89], single-input stuck-at fault testability conditions are derived for 
coefficients in the complement-free Reed-Muller expansion (i.e. the 0-FBE) of / .  
From the results in Chapter 4, these conditions correspond to those for subparities pa 

in Theorem 1(a) when oq e  {0, 2) for all i. Thus the above theorem generalizes the 

earlier result of [Dam89] to coefficients in FBEs of any bases. Furthermore, the 
additional possibilities of (b) and (c) give greater flexibility in choosing signatures.

6.4. M y’ ;iple-input Stuck-at Faults

If several inputs xn • • • xk+i are stuck at un • • • uk+], we have a multiple-input
stuck-at fault denoted by x,, ■ * • xk+1- s - a - u n • • • uk+i. In this case, Theorem 1 can

be generalized to the result below:

Theorem 2: Let a  = Py where a  -  (oq, • • • a j) , P ~ (Pn ’ ’ ' Pk+i)>
k+1

y ~ (Yk • * * Yi) and Oi. Pj> Yk e  (0 ,1 ,2 ) ;  and co2(P) = £ (P j = 2). Then the
j=n

multiple-input stuck-at fault x„ • • • xk+1- s - a -  un • • • uk+1 is pa-testable iff

(a) co2(P) > 0 and pa = 1; or

(b) co2(p) = Oandpa @pUn. . . UktlY= 1.

Proof.

(a) The faulty network implements f(x„ • • • Xj) which is redundant in a variable Xj 

whenever ki-1 < i ^  n. From property P9 in Table 3-1 of Chapter 3,
= pa = 0 whenever co2(p) > 0, and the fault is pa -testable iff pa = 1.
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(b) Since pa = . . .  Uktly and the fault is pa-testable iff pa pa . Note that a

necessary condition is that P *  (un • • • uk+i), otherwise ppY = ppr  □

When a  => u, pa = pu represents a test vector. This special case of Theorem

2(b) corresponds to a rather complex Boolean difference formulation which defines
vectors covering x„ • • • xk+1- s - a - u n • • • uk + 1  by the equation[KuM75]

xnUn/x 0 © C ! 1 /x„.1 © xnUnx1̂ iI/x 0xn.1© • • •  © *n" ^ i ‘/ Xa. . . Xltl (4)

where xj° = x{, x / = x;, and / X(Xj = (fXl)x etc. are Boolean differences of /  with 

respect to subsets of {x„ • • • xk+1}. Our formulation using Theorem 2 is more intui­

tive and simplifies considerably the notation and proofs.

A special case of Theorem 2(a) is given in [Dam89] for Reed-Muller
coefficients in the 0-FBE (i.e. pa where a ; e  {0, 2}). From Chapter 4, Theorem 2(a) 

covers coefficients from FBEs of arbitrary bases.

6.5. Vacuous Faults

A vacuous /flw/r[Lui83, Lui8 6 ] causes the NUT to become independent of one or 
more of its input lines. Any multiple-input stuck-at fault is vacuous. In fact, any 
stuck-at fault involving internal lines and one or more of the input lines or the output 
line is vacuous. Consider a NUT of p lines including n inputs and one output. There 
are 3P -  1 possible stuck-at faults of which only 3p - n - 1  faults do not involve the 
inputs and the output and are potentially non-vacuous. Thus a lower bound on the

3 P _  3 P-n-i i
percentage of vacuous stuck-at faults is[Car82] B(n) = — --— -—  > 1 -

For n > 3, B(n) > 99.5%.

A subparity p ^ . . .  0l is said to span an input X; iff cq = 2. For example, p2a' 

spans xn. From property P9 in Table 3-1, we have

Theorem 3: If p ^  = 1, then p2a- is a test for all vacuous faults that cause the 
NUT to become independent of input xn. □
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Note the similarity of this theorem to Theorems 1(a) and 2(a).

A spanning parity signature (SPS) for a NUT im plementing/(xn • • • Xj) is a set 
of non-zero subparities {pa, pp • • • p^} such that every Xj, 1 £1 i £ n, is spanned by at 
least one subparity in the signature. The next theorem follows directly from the pre­
vious one:

Theorem 4: A spanning parity signature (SPS) detects all vacuous faults in the 
NUT. □

An SPS for vacuous faults is a functional attribute —  it is independent of the 
implementation of the NUT. A Boolean function can have many SPSs and a choice 
should be made to minimize the testing cost in terms of test time and test space (i.e. 
number of input patterns required and length of the SPS). Unfortunately, these two 
minimization criteria are often in conflict with each other.

Consider first the problem of minimizing the test time for an SPS. The follow­
ing result offers an n-bit signature requiring at most 2-n input patterns:

Theorem 5: Let/(Xn • • • Xj) be irredundant (i.e. /  depends on all of xn * • • Xj), 

then there exists an SPS of the form

Sy =  ( P2un-i • • • ut» Pv^v^ • • • V, ‘ * Pwn • • • w22 )

where u,;, Vj • • • wk s  {0, 1).

Proof. It is sufficient to show that if /  depends on xn, then p2u' = 1 for some

u' ~ (un_i • • • Uj). Suppose not, then p2u< = 0 = p^* © Piu' for all u'. This implies 

m  xn - 4  * * • Xj) = / (  1, x ^  • • • x ^  and /  is independent of xn, a contradiction. □

Each subparity in Sv above requires 2 input patterns for a total of 2m patterns. 

If the subparities share input patterns, then as few as n+1 test patterns are required.

For example Sv = {p2ooo» Pl2 0 0 > Pii2 0 » P1 1 1 2 } onty requires patterns {0000, 1000,
1100, 1110, 1111).

Corollary 1: The upper bounds on the number of input patterns required by an 
SPS of Theorem 5 are:
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2, 3 ,4  
5 

£ 6

n upper bound 
n + 1  
n + 2 

2-n - 4

Proof: Weiss[Wei72] describes bounds on the length of tests for terminal (i.e. 
inputs and output) stuck-at faults using the concept of alternating 1-trees in the T- 
cube representation o f /(x „  • • • Xj). An alternating 1-tree of k variables (k <, n) con­

sists of k connected edges such that there is at most one edge of the 1-tree along any 
dimension of the T-cube and the pair of vertices in each edge have opposite function 
values. For example, if / ( x 5 • • • Xj) = X jX jX ^ V XiX2x3X5 , then fooooo = 1, 

foiofX)= fooioo = foooio = fooooi = ® ^ d  ^ ese vertices in the T-cube representation of 
/  form an alternating 1-tree of 4 variables. It can be seen that each edge in an alter- 
nating 1-tree corresponds to a subparity in the SPS of Theorem 5, so that if 
/(x „  • • • x ) has an alternating 1-tree of k variables, a maximum of 2-n -  k +  1 test 

patterns are required in the SPS. Weiss[Wei72] shows that for n = 2, 3, 4, an alter­
nating 1-tree of n variables exists for any irredundant n-variable function. For n = 5, 
an alternating 1-tree of 4 variables exists, and for n 2: 6, an alternating 1-tree of 5 
variables exists. Hence we arrive at the results above. □

The SPS in Theorem 5 minimizes the test time but not the test space in terms of 

signature length. Carter[Car82] employs a 1-bit SPS {P2 • • * 2 ) f°r functions with odd 
parity. It requires the exhaustive application of all 2n input patterns but i.z 'dearly 

optimal in length. Akers[Ake88] chooses an (n+l)-bit signature (P2 - - - 2* P0 2 - - - 2  

' ‘ ' P2 • • • 20) which is an SPS if p2 . . .  % is odd or if two or more of the remaining 
subparities are odd. This SPS also requires an exhaustive application of inputs but is 
not optimal in length. In fact, an alternative of at most two bits to Akers’ SPS 
always exists for any irredundant function. For if p2 , . .  2 is odd, it forms an SPS of 

length 1. Otherwise if any one of the other n subparities, say P02 • • • 2* is odd* then 

from Theorem 5 there exists p2u* = 1 so that {p02 . . .  2* P2u'l an SPS. Thus an SPS 
of £ 2  bits may not exist only if all subparities in Akers’ signature are even.
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The preceding discussion on Akers’ SPS and its alternative implies that over 
2n+i _  i
— —  of all n-variable functions have an SPS of £ 2 bits (ignoring corrections for

redundant functions, to which Theorem 5 does not apply). We formalize this result 
with a much better bound in Theorem 6, after we establish some basic results for the 
probabilistic analysis of constrained parity signatures.

Lemma 1: Let the signature S = (pa , pp • • • py) be k distinct subparitics 
extracted from coefficients of an n-variable FBE. Then S is uniformly distributed 
among all n variable functions, i.e.

Prob j(pa = &i) A (pp = a2) A • • • A (py = ak) J  =

where aj e  (0, 1} and 1 £ i <, k £  2n.

Proof. Given a fixed basis 8, the 8-FBE uniquely represents a Boolean function. 
There are 2n coefficients in the 5-FBE with 22" possible assignments (of 0 ’s and l ’s) 
representing all the 22“ possible n-variable functions. Hence any subset of k of these 
coefficients is uniformly distributed. □

Corollary 2: Let pa and pp be two distinct subparities. Then for a, b e  {0, 1},

(a) Probjpa = 0 • = Prob- P a =  1 2

(b) Prob (pa = a) A (pp = b) 1.1
2 * 2

Proof.

(a) Obvious, since every subparity appears in at least one FBE.

(b) Using the P-cube representation of the parity spectrum and the FBEs developed 
in Chapter 4, it can be visualized that any two subparities constitute the vertices 
of at least one embedded Boolean hypercube which represents an FBE. Thus 
any two subparities can be interpreted as coefficients of the same FBE, and
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result follows from Lemma 1. □

Lemma 1 and Corollary 2 are of significance because subparities are not always

P2 2  ~  P0 2  ® Pi2 - Lemma 1 can actually be generalized to any set of independent sub­
parities from the parity spectrum. A vigorous proof for such a generalization is 
necessarily complex and is not pursued here. Nevertheless, our discussion should 
provide useful hints for analyzing aliasing probabilities[McC85] o f constrained parity 
signatures based on a uniform distribution of faulty functions.

Returning to the problem o f minimizing the test space, we refine Theorem 6 in 
[Dam89] to the following result:

Theorem 6; For n > 5, over 99.99% of all n-variable functions have an SPS of 
£ 2 bits.

Proof. We give an upper bound on the probability that such an SPS does not 
exist by considering only subparitic'' from the 0-FPE of • • • Xj). This simplifies 

the analysis as we know from Lemma 1 that these subparities are independent of one 
another.

Let a  ~  (otn • • • a t) where otj e  {0, 2), and let a  -  (0 ^  • • • ctj) where 0 = 2 

and 2 = 0. Then {pa, pa ) is an SPS iff pa  = pH = 1. Now for a fixed a ,

independent of one another. For example, Probjp02 = P12 = P2 2  = 0 ' = s ince

Prob- (pa  *  1) V <pB *  1) ■= 1 -  Prob- (pa = 1) A (ps  = 1)

Let 1 <l k £ n-1, then the combined probability for all a  such that (0 2 (a) = k is

except in a special case when n is even and k = If we combine the probabilities
z

for all k, then each fpa , pa } pair is also counted as {pH, pa ). Hence,
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Prob ( P a  *  1) v  (P H *  1 ) . V l  £  co2 ( a ) ,  co2( S )  <  n - 1
i s  [£)

2 n - l _ i

When co2(a) = 0 or n, pa = p2 . . .  2 or pH = p2 . . .  2. Therefore,

P(n) = Prob (p2 . . .  2 *  1) A [(Pa *  1) V (Ps  *  1), V l £ (0 2 (a), (0 2 (a) ^  n-1 j

_1_
2

Clearly,

P(n) £  Prob / ( x „ • • • Xi) does not have an SPS of ^  2 suKparities

and the theorem follows since P(n) < 0.007% for all n > 5. □

For an example of a "long" SPS the XOR function / ( x n • • • x t) = xj © • • • © xn 

has pa = 0 for all (0 2 (a) > 1 (see property P15 in Table 3-1). Thus it requires a 
minimal SPS length of n.

In Table 1, the optimal SPS test time and test space of ten sample functions are 
derived using properties of the parity spectrum listed in Table 3-1. The first nine 
functions are taken from Table II of [Dam89], which gives only sub-optimal test time 
and does not consider the test space requirements. The tenth function in Table 1 is

k (x n • • • Xt) = X!11 • • • XrIr Xr+1 V X,J1 • • • Xr * Xr+2

V Xi ''fay (5)

where n £  6, r S: log2(n-r), ey 6 {0, 1), x® = Xj, X;1 = xit and e^ • • • cu and1 _
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Function time (£  2n) space (<. n)

1. AND X i A • ■•Ax, n + 1 1

2. NAND xi A • * A Xq n + 1 1

3. OR x, V- ’ ■ v Xo n +  1 1

4. NOR x, V- • • V x 0 n + 1 1

5. XOR xt ©• • ©  X„ n + 1 n

6. XNOR Xi © • • © X o n + 1 n

7. QUADRATIC X ]X 2 ©  X |X 2 © • • • © xn.,x„ n + 1 n
2

8. THRESHOLD > X It 1 iff £ x i = 2
l-i

n +  1
2 if n = 4m or 4m+l 
1 otherwise

9. THRESHOLD

10. KUHL-REDDY Jfc(X)

/(X )=  1 iff S x i  = c
M

n + 1 

a  2(n -  r) i n - r + 1

Table 1: Optimal Time/Space Complexities for an SPS

eji • * • ej,. differ in at least one position whenever i ^  j, V  1 < i, j  < n-r. This func­

tion is first described by Kuhl and Reddy[Kuh78] as a counter-example to the conjec­
ture that (n + 1) is an upper bound on the length of terminal stuck-at fault tests. 
Since tests for stuck-at faults involving xr+i and Xf+j are different whenever i * j, at 
least 2(n -  r) tests are required[Kuh78].

6.6. General Stuck-at Faults

The vast number of possible stuck-at faulr, in a NUT makes it difficult to derive 
an optimal constrained parity signature to detect all of them. For n > 3, over 99.5% 
of all stuck-at faults are vacuous. Thus the derivation is greatly simplified by
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incorporating an SPS, which is usually short, into the signature. Since an SPS can 
also detect non-vacuous faults, it should be selected accordingly.

Disregarding stuck-at faults involving inputs and/or output that are obviously 
vacuous, the number of potentially non-vacuous faults is cubic in the number of 
internal lines in the NUT. To further simplify the analysis of these faults, we use the 
concepts of minimal checkpoints[ Bos71], fault equivalence[ She72], fault 
collapsingShe72], and connectivity considerations^.ke88, Lui86]. We also general­
ize an observation by Akers[Akc88] to derive tests for non-vacuous stuck-at faults 
that becomes vacuous if only a subnetwork of the NUT is considered. These fault 
reduction/test generation techniques will be described below as we consider the prob­
lem of constrained parity testing of all stuck-at faults in three progressively more 
complex types of irredundant networks —  fanout-free networks, internally fanout ■ 
free networks, and general irredundant networks.

6.6.1. Fanout-free Networks

Two faults are said to be equivalent if they cause the NUT to implement the 
same faulty function[Sch72]. Bossen and Hong[Bos71] define the minimal check­
points of a network to be the set of all fanout-free input lines and all the branches of 
each (input or internal) fanout line, and show that any stuck-at fault is equivalent to a 
stuck-at fault involving these checkpoints.

In a fanout-free network (tree network), the minimal checkpoints are the input 
lines, and any stuck-at fault is vacuous since it is equivalent to a multiple-input 
stuck-at fault. Thus an SPS is a signature for all stuck-at faults,

Tzidon et al.[Tzi78] show that a fanout-free network composed of 
AND/OR/NAND/NOR/NOT gates only implements a function with odd parity, so 

that (P2  ••• 2 ) is ^  SPS. This SPS requires exhaustive application of input patterns, 
and an alternative such as from Theorem 5 or the proof of Theorem 6 may be used 
in order to reduce the test time.
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For an n-input fanout-free network composed also of XOR/XNOR gates, it is 
shown in [Lui8 6 ] that the parity p(f)  = p2 . . .  2  is even and an n-bit spectral signature 
called the height H (f) is a test for all stuck-at faults. Testing using H (f)  is also 
exhaustive and requires sophisticated compactor circuitry. Thus it is more economi­
cal to use an SPS, which is usually less than n bits and requires non-exhaustive 

inputs.

Only a small number of Boolean functions can be implemented by fanout-free 
networks of the aforementioned logic gates. Note that it is possible to implement 
fanout-free networks using more complex gate types, and an SPS can still detect all 
stuck-at faults in such a network.

6.6.2. Internally Fanout-free Networks

An internally fanout-free (IFF) network has fanouts from its input lines only. 
(For example, a PLA is an IFF network.) Thus the minimal checkpoints are the 
fanout-free input lines and all input fanout branches. Since a stuck-at fault involving 
all fanout branches of an input disconnects the input from the network output, it is 
vacuous. Hence it is shown in [Lui8 6 ] that the number of potentially non-vacuous

n k kcheckpoint stuck-at faults is at most U(n) = (j~J(3 -2  ')) -  1, where kj is the number
i=l

of fanout branches of input Xj, 1 < i <, n. The obvious approach is to analyze each of 

the U(n) faults, discard those that a r; vacuous, and derive tests for the non-vacuous 
ones. Since U(n) increases exponentially with the number of fanout branches, this 
approach may not be viable if U(n) is too large. Fortunately, more faults can be 
shown to be vacuous by fault equivalence considerations.

Example 1: Consider the IFF network (Figure 3) from [Lui8 6 ] realizing 
f(x4  • • • Xj) = X4X3  V x 2 © xj. There are U(n) = 52~1 = 24 candidate non-vacuous 

faults at the checkpoints a, b, c and d (Figure 3). Let the faults a/0, bc/10 denotes 
respectively line a s-a-0, lines be s-a-10 etc. Then the following 8  of the 24 faults 
ad/0 0 , ad/0 1 , ad/1 1 , bc/0 0 , bc/1 0 , bc/1 1 , a c /l l  and bd/QO are equivalent to the vacu­
ous faults cd/00, cd/01, ab/11, ab/00, ab/01, cd/11, e/1 and e/1 respectively. Thus



100

Figure 3: An IFF Implementation

these faults are vacuous and are covered by an SPS. □

After we have discarded all vacuous faults, there remains the task of analyzing 
the truly non-vacuous ones and deriving constrained parity tests for them. As 
pointed out by Akers[Ake88], analysis by fault simulation is expensive for compac­
tion techniques since we have to simulate the behaviour of the faulty network for all 
possible input patterns. Here, we generalize an observation in [Ake88] to a new tech­
nique for deriving tests for certain non-vacuous faults. This technique is especially 
easy to apply for stuck-at faults among input fanout branches.



1 0 1

x.
V

*2-

>
—3 " ^  f  2221 *2 ------ 2220

(a) xx = l (b) x: = 0

x-i__ r-
*3— _  

X ,_____ c

> a4.
V

~ f 2212 ^ -tx> - / 2202

(c) x2 = 1 (d) x2 = 0

Figure 4: Subnetworks from the IFF Implementation

The idea is that by constraining a set of inputs, say xk • • • xj, at Uj, • • • uj, the 

NUT is reduced into a subnetwork that implements the subfunction f 2 . . .  2  Uk - • m* 

Now if a non-vacuous fault in the NUT is vacuous in this subnetwork, then the sub­
parities o f this subnetwork may be used to detect this fault!

Example 2: We continue with the analysis of the NUT in Example 1. Using 
fault collapsing[Sch72], the remaining 16 faults can be reduced into 8 sets of 
equivalent faults {a/0, c/0, ac/00, ac/01, ac/10}, {a/1}, {b/0}, {b/1, d/1, bd/11, bd/10,
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bd/01), {c/1}, {d/0}, {ad/10} and {bc/01}.

Consider the first two fault sets which are equivalent to the two non-vacuous 
stuck-at faults at line a, a fanout branch of x2. If we constrain the input Xj at 1 so 

that line b, the other fanout branch of x2, is blocked, then a/0 and a/1 becomes vacu­

ous in this subnetwork fo r / 2 2 2 1  (Figure 4a). Therefore, pa4a32 i is a test for both a/0 

and a/1 if P o ^ i  = 1 for some a 4, a 3 e  {0, 1, 2). Similarly, Pp4pj2o = 1 is a test for 

both b/0 and b/1 (Figure 4b), Py4y3i2  = 1 is a test for both c/0 and bc/10 (Figure 4c), 

and Ps453o2  = 1 is a test for both d/1 and ad/01 (Figure 4d). Thus an SPS can be 

chosen to also cover all the non-vacuous faults.

In Table 2, the parity spectrum o f / ( x 4 • • • Xj) is easily hand-computed from its 

truth table (Table 2 may be interpreted as a planar projection of a 4-variable P-cube).

a
(x4x3)

Pap
CO

00 01 02
P (x2Xi) 
10 11 12 20 21 22

1 0 1 0 1 1 1 1 0
01 1 0 1 0 1 1 1 1 0
02 0 0 0 0 0 0 0 0 0
10 1 0 1 0 1 1 1 1 0
11 1 1 0 1 1 0 0 0 0
12 0 1 1 1 1 1 1 1 0
20 0 0 0 0 0 0 0 0 0
21 0 1 1 1 0 1 1 1 0
22 0 1 1 1 0 1 1 1 0

Table 2: Parity Spectrum for the IFF Implementation
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By inspection, a possible SPS for all (vacuous and non-vacuous) stuck-at faults in the 

NUT is St = (Po0 2 0 » P(X)2 I» Pl2 0 2 , P2 1 1 2 }*

Note that the above procedure may not always yield the best solution. In the 
example, since the faulty parities £ 2 2 2 2  f°r all the non-vacuous faults are odd[Lui86], 

Sj can be replaced by a shorter signature S2 = [p2222, Pi2 2 i» P2 1 1 2 }* 0 °  the other 
hand, S2 requires the exhaustive application of all input patterns while Sj is non- 

exhaustive. □

Part of our on-going research focuses on the further development of methods for 
non-vacuous faults. It is hoped that the method based on subnetwork consideration 
as illustrated in the above example can be automated and incorporated into a fault 
simulator/test generator for constrained parity testing.

6.6.3. General Irredundant Networks

For networks with internal fanouts, all such fanout branches are also check­
points. The same ideas of connectivity considerations and fault equivalence as illus­
trated for IFF networks can be used to identify and eliminate all the vacuous faults 
from further analysis. Tests for the non-vacuous faults can then be derived by con­
sidering subnetworks that cause these faults to become vacuous or by fault simula­
tion. This approach is only feasible to networks with small number of fanouts.

If a network has a high number of fanouts, the cost of fault simulation and test 
generation can be very high. Although an SPS provides high stuck-at fault coverage, 
it is not a sufficient test by itself because stuck-at faults of low multiplicities occurs 
more frequently in practice[Gol77], and an SPS is not guaranteed to provide high 
coverage for them. One approach is to abandon the complete stuck-at fault test 
requirement and derive instead a constrained parity signature that covers all stuck-at 
faults up to a designated multiplicity. An SPS can still be incorporated into the final 
signature to reduce fault simulation cost and to ensure that all vacuous faults (and 
hence most stuck-at faults) are covered. This is the approach taken by the hybrid 
testing scheme described in the next section.
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6.7. Hybrid Syndrome Testing

Syndrome testing[Sav80] applies all input patterns to the NUT and verifies the 
ones count of its responses. Now the parity o f the syndrome is equal to the parity of 
(the implemented function. Thus if the function parity is odd, syndrome testing cov­
ers all vacuous faults[Tzi78, Car82, Lui86].

It is well known[Tzi78] that a unate line, which does not directly or indirectly 
fanout to reconverging paths with unequal inversion parity, is syndrome-testable for 
both single stuck-at faults. An internally unate network is one where only input lines 
can be non-unate. For an internally unate network implementing a function with odd 
parity, syndrome testing covers all single stuck-at faults and all vacuous faults. Since 
single stuck-at faults occur the most frequently in practice and most stuck-at faults 
are vacuous, syndrome testing is effective even though some stuck-at faults may not 
be covered.

For an internally unate network implementing a function with an even parity, 
syndrome testing usually does not cover all vacuous faults. In fact, single stuck-at 
faults involving non-unate inputs may not even be covered[Tzi78]. Thus it is sug­
gested in [Lui86] that an odd superfunction of one extra input be implemented 
instead so that syndrome testing can still be effective. However, since the ever 
increasing density of VLSI chips has already made packaging difficult by requesting 
more external pins per chip, the cost of an extra pin for testing may not be practical. 
Furthermore, there remains the problem of detecting stuck-at faults in networks not 
designed for syndrome testability. These problems can be solved if we combine syn­
drome testing with constrained parity testing. In particular, the syndrome coupled 
with an SPS is sufficient to cover all single stuck-at faults and all vacuous faults in 
an internally unate network without the need for expensive fault simulation.

For networks with small number of non-unate lines, the hybrid syndrome 
scheme can still be used as long as sufficient subparities are selected to cover all sin­
gle stuck-at faults that are syndrome-untestable. In this case, fault simulation may be 
needed to identify syndrome-untestable faults and to derive constrained parity tests
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for them.

6 .8. Summary

In this Chapter, we consider the testing of single-output irredundant combina­
tional networks using parities and subparities of the implemented functions. This 
technique is a generalization of many existing ones including test vector testing, par­
ity testing[Car82], parity signature testing[Ake88], and Reed-Muller coefficient 

testing[Dam89].

Testability conditions for single- and multiple-input stuck-at faults are esta­
blished. By considering vacuous faults, an implementation independent spanning par­
ity signature (SPS) is introduced to cover most stuck-at faults in the network under 
test (NUT). Many SPSs are possible and results are presented for choosing one that 
is short in test time and/or signature length. The SPSs for some standard networks 
are also investigated.

Using the SPS as a basis, the problem of testing all stuck-at faults in a NUT 
with small number of fanouts is considered, and a method of deriving tests for non- 
vacuous faults by considering subnetworks of the NUT is described. A hybrid 
scheme combined with syndrome testing is also proposed to eliminate or reduce the 
need for expensive fault simulation in the testing of networks with high number of 
fanout lines.

The proposed technique also applies to sequential circuits since their testing can 
be reduced to the race-free testing of combinational circuits by using design for testa­
bility techniques such as Level Sensitive Scan Design (LSSD)[Wil84]. Further 
research is required to implement a fault simulator/test generator for constrained par­
ity testing of stuck-at faults. The extension to the bridging fault model[Mei74] 
should also be investigated. The testing of multiple output networks, in particular 
programmable logic arrays (PLAs), is also of interest. Finally, it may be possible to 
extend the testing technique to multi-valued logic networks.
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CHAPTER 7 

CONCLUSION AND FUTURE RESEARCH

7.1. Summary of Contributions

In this research, a new, intuitive approach to the study of Boolean functions has 
been developed. This approach is based on the parity spectrum, which is a vector of 
the 3n parities o f subfunctions of an n-variable Boolean function, By applying the 
parity spectrum approach to problems in the modulo-2 logic design and fault detec­
tion of digital logic networks, it is shown that this new approach simplifies, unifies 
and extends many previous results in these areas.

In Chapter 3, the parity spectrum is defined and related to the classical theory of 
Boolean difference for defining and examining various formal properties of Boolean 
functions. Values of Boolean differences are made more comprehensible by inter­
preting them as subfunction parities in the parity spectrum. Fundamental properties 
of the parity spectrum, some of which have been previously described using Boolean 
difference and other concepts, are established in Table 3-1.

The usefulness of the parity spectrum in modulo-2 logic design stems from its 
connections to the 2n fixed polarity and the 3n fixed basis modulo-2 canonical expan­
sions (FPEs and FBEs) of an n-variable function. In Chapter 4, the 2n coefficients of 
an FPE, previously expressed in cumbersome Boolean difference notation, are more 
directly interpreted as subfunction parities. Using the new © operator and a ternary 
notation, a new, compact algebraic representation for the FPEs of an n-variable func­
tion is derived from its parity spectrum. This representation is then extended to the 
FBEs.
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From the intuitive nature of the parity spectrum, a geometric representation for 
the FPEs and FBEs is also developed in Chapter 4. The parity hypercube (P-cube), 
which is a ternary hypercube o f 3n vertices corresponding to all the subfunction pari­
ties in the parity specu-um, is a graphical exposition of all the FPEs and FBEs of an 
n-variable function. Each FPE or FBE is represented by one of the 3n Boolean hyper­
cubes embedded in the P-cube. These embedded Boolean hypercubes intersect with 
one another, and their intersections represent coefficients being shared among different 
FPEs and FBEs. The number of vertices (i.e. coefficients) shared by two such cubes 
is 2d, where d is the distance between the polarities or bases of the two FPEs or FBEs 
represented. Although the P-cube ceases to be a useful visual aid for n > 3, the 
insights gained from studying 2 -  and 3-dimensional P-cubes can be generalized to 
higher dimensions without difficulty. By highlighting the relationship among the 
FPEs and FBEs visually, it becomes easier to conceptualize algorithms that manipu­
late these expansions. For example, all the transforms and minimization algorithms 
for FPEs and FBEs in Chapter 5 can be geometrically interpreted using the P-cube.

The complete, generalized set of Boolean matrix transforms among FPEs and 
FBEs are derived in Chapter 5 and presented in a unified manner in terms of 
Kronecker products o f elementary matrices. The Kronecker product approach unifies 
and extends the description o f previous transforms developed mainly for FPEs and 
simplifies the derivation o f efficient recursive algorithms for computing these 
transforms. These algorithms are presented in a compact, pseudo-PASCAL notation 
suitable for computer implementation and complexity analysis.

Transforms among FPEs and FBEs of an n-variable function are square matrices 
of dimension 2nx2n. New, non-square matrix transforms of dimensions 2nx3n and 
3nx2n are also described in Chapter 5 for computing the parity spectrum from an FPE 
or FBE and vice versa. Again using a Kronecker product approach, fast recursive 
algorithms are developed for these transforms.

Chapter 5 also tackles the minimization problems for FPEs and FBEs. By select­
ing an FPE or FBE with the minimal weight (i.e. the smallest number of terms), the 
cost of implementing a modulo-2 design of a Boolean function is optimized. Using
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transforms among FPEs and FBEs, the Gray code approach to the minimization of 
FPEs is reviewed and extended to FBEs. The alternative parity spectrum approach, 
which makes use of transforms involving the parity spectrum, is also described. This 
approach also involves transforms from the parity spectrum to the weights of the FPEs 
and FBEs, and these transforms are also expressed in terms of Kronecker products of 
elementary matrices. The parity spectrum minimization approach has been previously 
formulated in [Bio73] using the extended truth vector derived from Boolean 
differences, but our manner of attack simplies the formulation and provides algo­
rithmic descriptions suitable for computer implementation. As shown in Tables 5-2 
and 5-3, the Gray code minimization algorithms are of time complexities 0(4n) for 
FPEs and 0(6") for FBEs, and both of them are c f space complexities 0 (2n). In con­
trast, the time complexities of the parity spectrum minimization algorithms are 0(3") 
for FPEs and 0(n-3n) for FBEs, while the space complexities are 0(3n) for both FPEs 
and FBEs. In short, the parity spectrum approach is faster than the Gray code 
approach, but it requires more storage.

In Chapter 6, the constrained parity testing scheme, which generalizes the tradi­
tional test vector testing and several other parity based techniques, is proposed. A 
signature in this compaction testing scheme is comprised of subfunction parities from 
the parity spectrum. Since more freedom is allowed in the choice of tests, the 
obtained signature usually is shorter, takes less time to apply, and provides better fault 
coverage than those from the less general techniques.

The constrained parity testing is applied in Chapter 6 to the detection of multiple 
stuck-at faults  in single-output combinational logic networks. Testability conditions 
for detecting single- and multiple-input stuck-at faults using subfunction parities are 
established. The choice of tests for all the input stuck-at faults is simplified by con­
sidering the more general set of vacuous faults, which includes over 99.5% of all pos­
sible multiple stuck-at faults in a network with n > 3 inputs. A spanning parity sig­
nature (SPS) is derived to detect all vacuous faults. This implementation independent 
signature is at most n bits in length and can require the application of 2-n or less test 
patterns. The optimal space and time requirements for an SPS of some standard

A
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functions are tabulated in Table 6-1.

The SPS is considered for detecting all possible multiple stuck-at faults. For 
fanout-free networks all stuck-at faults are vacuous and an SPS is a complete signa­
ture. For networks with a small number of fanouts the SPS can be augmented with 
extra subfunction parities to cover all stuck-at faults. By considering vacuous faults in 
subnetworks of the network under test, a heuristic approach to the derivation of tests 

for non-vacuous fault is described.

Although most of the multiple stuck-at faults are covered, an SPS is not a 
sufficient test for logic networks in general because the probabilities of occurrences of 
different stuck-at faults are not the same. For a network already in operation, single 
faults occur the most frequently and an SPS is not guaranteed to cover all o f them. If 
the network is internally unate, a hybrid scheme combined with syndrome testing is 
proposed since all single and most multiple stuck-at faults are covered by the syn­
drome and the SPS.

In summary, this research has developed a new, intuitive framework on which a 
Boolean function can be studied. This framework is applicable to the simplification, 
unification and extension of a number of results in modulo-2 logic design and fault 
detection. Consequently, the contributions are of theoretical interest and practical 
value.

7.2. Related Publications

Results in this dissertation are first presented in the form of six technical reports 
which have been submitted for publication. The parity spectrum concept in Chapter 3 
has been published in [Lui90] and the parity spectrum approach to the minimization 
of FPEs in a part of Chapter 5 has been presented in [Lui88]. The remaining four 
reports submitted cover: the structure and representations of FPEs and FBEs[Lui90a] 
in Chapter 4, the transforms among FPEs and FBEs and the Gray Code minimization 
approach[Lui90b] in a part of Chapter 5, the transforms between the parity spectrum 
and the FPEs and FBEs and the parity spectrum minimization approach[Lui90c] in the 
remaining part of Chapter 5, and the constrained parity testing technique[Lui90d] in
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Chapter 6.

Recently, in [Gre90], Green also describes transforms among FPEs and FBEs 
and the Gray code approach to the minimization of FBEs. Nevertheless, his results 
appear after ours in [Lui90b] and do not provide vigorous proofs nor algorithmic 
descriptions found in [Lui90b]. Another report that is related but has slipped our 
early attention is published by Tran[Tra89], who derives a tri-state map method for 
the minimization of general modulo-2 expansions. It is interesting to note that his 
tri-state maps are planar projections of the P-cube described in Chapter 4 and 
[Lui90a].

7.3. F uture Research Directions

Other modulo-2 canonical expansions such as those suggested by Cohn[Coh62] 
and Davio et al.[Dav78] should be studied using the parity spectrum. The constrained 
parity testing technique should be applied to other logic fault models such as bridging 
faults[Mei74]. An extension of the parity spectrum to multi-valued logic should be 
pursued. In particular, the possibility of developing modulo-k canonical form s com­
parable to those in [Pra75, Kod75] should be considered. Also, constrained modulo-k 
testing of multi-valued logic networks should be investigated, as these networks are 
now becoming more practical (see for example the 4-valued multiplier in [Kaw87]). 
Finally, applications of the parity spectrum to other areas of switching theory not 
mentioned in this dissertation should be examined.
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APPENDIX I. Proof of Results in T^ble 2-1 (X9-X13)

Proof:

X9. (a) Using X5(a) and X8, A V ( B ^  • • • © B ^.j) = A(Bj© • • • ©B2k_i) =

A(B!© • • • @B2k_i) = A Bj © • • • © A B ^ -i = (A V Bj) © • • • © (A V B2k^ ) .

(b) Using X5(b) and X8, A(Bt © • • • © B2k) = A ^  © • • • © B2k) =
(A B; © • • • ©  A B2k) = (A V Bi) © • • • © (A V B2k) = (A V B ^  © • • • © 
(A V B2k).

X10. Using X3 and X8, A © AB = A(1 © B) = AB. Also, A @ A B = 1 © A © A B  =
1 ©AB.

X I1. Using X5, X7 and X10, A © B © ( A V B ) =  A © B © (A V B) = 
A @ B @ A B = A f f i  AB = AB. Similarly, A V B = A © B © AB.

X12.Using XI 1(b), A ,  V • • • V A k = Aj © ( A 2 V • • • V A k) © A t ( A 2 V • • • V A k)

—  • • • =  A j  ©  • • • ©  A k.

X13.From Shannon’s decomposition (2-1.1) and X12:

/  =  x „ / ° V x „ / 1 = x „ / « e x „ / 1 

since the two terms are mutually disjoint. If we put xn = 1 © xn, then 

/  = (1 © xn) / °  © X n /1 = / 0  © x „ /°  © X n/1 =  / °  © xD( f  © Z 1)

Similarly by putting xn = 1© xn, we have 

f = f  © X n ^ © / 1).
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APPENDIX H. Proof of Results in Table 3-1

Proof.

PI. As for equation (3-2).

P2. pa(f® g ) = p(fa © g a) = p (fa) © P0>a) ^  PI aJid commutativity of the @ 
operator.

P3. From P2 and X10: f  A  g = f  ® g © ( f V g ) .

P4. By rearranging terms in P3.

P5. If 0 2 (a) = 0, then f a is a constant 0 or I. Thus pa(f)  = / a = p(fa)* Otherwise 

w(T(fa )) + w(T(/a)) = 2q where q = co2(cx) > 0, so that p(fa) = p (fa).

P6. Replacing aj with xj whenever a ; = 2, we h av e /(0 , a n_j • • ^ a j)  = ffpa' = f a ' . 

and / ( l ,  ot,,.! • • • a j)  = / lot* =/<£'• Therefore, poa'OC) = pa '(/°) and 
Pla'OO ~  Now by Shannon’s decomposition, we have

/ ( xn«n-l ® l) =  X n /^ O n -t  ’ * * <Xi) © Xn/ ( l , O n_1 • • • a j ) ,  SO p ^ t f )  =  

P(Xn/oa') ©  P(xn/ l a ' )  =  Ptfba') ©  P (fla ') =  Pa' ( f ° )  ©  Pa'(/

P7. Follows from P6.

P8. Also follows from P6, since P° = [poo . . .  0  * * * P0 2  • • • 2 l l> P 1 = [Pio • • • 0  

• • • p 12 . . .  2]1, and P2 = [p20 . . .  0  • • • P2 2  • • • d 1-

P9. From P6(c), p2a'(f) = Pa'(/°) © Pa'if1)- Now, /  is independent of xc if and only 

i f / a '  = /d '»  i-e. P2a '(f) = 0 V a '-

P10. Obvious.

PI 1. Obvious.

For P12-P14, since/  and h are variable disjoint, pap(f@h) = p(fa©hp).

P I2. (a) If C0 2 (a) = co2((3) = 0, th e n /a and /ip are constants. So p (fa®h^) = / a@/ip =

P(fa) © P (V -
(b) If co2(a) > 0 and co^p) = 0, then

>5>5 S.V-



since the cardinality | D (a) | is even so that ©  h R = 0.
uc-D(a) p

(c) Similar to (b).
(d) If co2(ot) > 0 and G^CP) > 0, then

P(/a®^p) = ©  (fu @Av) =ueD(a)
V6D(P)

©  / u
ueD(a)

IveD(P) J

© ©  h.
u g  D(a) 

(ye D(P)

= 0 ©  0 =  0

by commutativity of ©.

P13. (a) If 0 0 2 (a) = C02(P) = 0, then p ( fa A /ip) = / a A /ip = p(fa) A p(/jp).
(b) If co2(a) > 0 and ci^O) = 0, then

P(fa A /tp) = ©  (fu Afcp) =
r  ue D(a) K ©  / u

ueD(a)
A *p = p(fa) A p(/»p)

by distributivity of ©.
(c) Similar to (b).
(d) If 0 0 2 (a) > 0 and 0 0 2 ©) > 0, then

P ( f aA V =  ©K ue D(a)

* 1 

© n (fu A h y) =  ©
' ' 

/ U A ©  hy
veD(p)
* «

ue D(a) veD(P)

©  / u A ©  /»v
ue D(a) veD(P)

Ptfa) A p(/*p)

by distributivity of ©.

P14. (a) If 0 0 2(a ) = oo2(p) = 0, then p (fa V A p) = / 8 VAp = p(fa) V p(Ap).
(b) If co2(a) > 0 and 0 0 2(P) = 0, then
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P t f „ V A p) =  ©  t f u V A p) =
r  u g  D ( a )  K

©  / u
u g  D ( a )

A &p = P(fa) A P(*p)

since by X9: A(B, © • • • © B2k) = (A V B t) © • • • © (A V B2k).
(c) Similar to (b).
(d) If co2(a) > 0 and > 0, then

© ©  C T u V A v )
=  ©

0 • 

F u A  ©  h v
u g  D ( a ) v g D ( P ) u c D ( a ) v g D ( P )

©  / u
u c D ( a )

® f l y
V6D(P)

= P(/a) A P ^ p )  = P(fa) A PC* p) 

by property P5(b) since co^a) > 0.

For P15-P17, we make use of the following elementary properties of single variable 
functions:

Po(xi) = 0 I Pi(*i) = P2 <xi) = L

P15. (a) If o^Ca) = 0, then <Xj e  {0, l}Vi. By P12(a),

pa (xn © • • • © xO = p^CxJ © • • •’© Pa.CxO

which is equal to 1 if and only if OijCa) is odd.

(b) If (o2(a) = 1, then without loss of generality let = 2. By P12(b),

pa(xn © • • • © x t) = p^Cx,,) = p2(xn) = 1.

(c) Otherwise co^a) £ 2 and by P12(d), 

pa(xn © • * • © xj) = 0.
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P16. From P13,

Pa(Xn A • • • A Xj) = p^CxJ A • • • A pai(X!) 

which is equal to 1 if and only if o)0(o$ = 0.

P17. (a) If 0 )2 (0 $ = 0, then from P14(a),

Pa(*n V • • • V xj) = p ^ x j  V • • • V pai(Xl)

which is equal to 1 if and only if a  *  0.
(b) If  0 )2 (0 $ > 0 and G)i(a) = 0, then without loss of generality let

(Xn = • • • = a k+1 = 2 and a k = • • • = a j = 0. From P14,

PaOtn V • • * V x $  = {p2(x„) A • • • A p2(xk+i)) A {p0(xk) A • • • A p0(x1)J

= 1 A 1 = 1.

(c) Otherwise 0 )2 (01) > 0 and 0)i(a) > 0. Without loss of generality let a,, = 1. 

Then by P14(c),

Pa(*n V • • • V X,) = P!(xn) A pa> (xn_! V ■ • • V Xj) = 0.


