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Abstract

We review the construction of three Smale spaces associated to a unimodular Pisot
substitution on d letters: a subshift of finite type (SF'T), a substitution tiling space,
and a hyperbolic toral automorphism on the Euclidean d-torus. By considering an
SF'T whose elements are biinfinite, rather than infinite, paths in the graph associated
to the substitution, we modify a well-known map to obtain a factor map between our
SFT and the hyperbolic toral automorphism on the d-torus given by the incidence
matrix of the substitution. We prove that if the tiling substitution forces its border,
then this factor map is the composition of an s-resolving factor map from the SFT
to a one-dimensional substitution tiling space and a u-resolving factor map from the

tiling space to the d-torus.
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Chapter 1

Introduction

Symbolic dynamical systems were first introduced to better understand the dynam-
ics of geometric maps. This is done by coding the orbits of a dynamical system
with respect to a well chosen finite partition indexed by an alphabet A, and then
studying the symbolic dynamical system on a subset of A" or AZ.

Substitution sytems are an important class of symbolic dynamical systems. Al-
though they are very interesting from a mathematical point of view, additional moti-
vation for studying substitution dynamical system comes from other branches of sci-
ence, since they provide mathematical models for systems exhibiting self-similarity.
In the physics of quasicrystals, substitution sequences are used to model atomic
configurations. Substitution dynamical systems are also closely related to tiling dy-
namical systems and adic transformations [10]. [16] and [8] are excellent references
on substitution dynamical systems.

Constant length substitutions have been well understood since the late 1970s,
and since then, researchers have been focusing on nonconstant length substitutions.
The motivation to study unimodular Pisot substitutions is given by the key con-

jecture in the theory of substitutions of nonconstant length, known as the Pure



Discrete Spectrum Conjecture [4]. This conjecture states that every unimodular
Pisot substitution dynamical system has pure discrete spectrum, or, equivalently, is
metrically isomorphic to a translation on a compact Abelian group [10]. Under the
conditions of unimodularity and Pisot type, the substitutive dynamical systems are
not weakly mixing, and their spectrum is the spectrum of a toral translation. In
terms of quasicrystals, pure discrete spectrum corresponds to the atomic configura-
tion being pure point diffractive [10].

To study the question of whether unimodular Pisot substitutive dynamical sys-
tems have pure discrete spectrum, G. Rauzy developed the idea of constructing a
semiconjugacy from the substitution dynamical system onto a toral translation, and
then showing that it is a.e. injective.

Arnoux and Ito [2] prove the following:

Theorem 1.1 Let o be a unimodular Pisot type substitution over a d-letter alphabet
which satisfies the coincidence condition. Then the substitutive dynamical system
(X,,S) associated with o is measure-theoretically isomorphic to the exchange of d
domains defined almost everywhere on the self-similar Rauzy fractal of o. Further-
more, (X,,S) admits as a continuous factor an irrational translation on the torus

T4, the fibres being finite almost everywhere.

The work in [2] on the Rauzy fractal sparked a lot of interest from a variety of
standpoints, and practically all work on unimodular Pisot substitutions now involves
Rauzy fractals. Canterini and Siegel [7] give an alternate proof of the above theorem
and some additional results using a ”prefix-suffix automaton”. Sirvent and Wang
[18] prove a number of tiling properties of the Rauzy fractal using graph-directed
iterated function systems. The most recent and complete study of the geometric

theory of unimodular Pisot substitutions is given by Barge and Kwapisz [4]. They



use the notions of a "strand space” and "tiling space” to lead to a number of neces-
sary and sufficient conditions for unimodular Pisot substitution dynamical systems
to have pure discrete spectrum, including measure and tiling properties of the Rauzy
fractal of the substitution.

The foundation of almost all of the work on unimodular Pisot substitutions is the
stable/unstable decompostion R? = A¢@ A€ given by the incidence matrix A of the
substitution, where A¢ 2= R?! and A¢ =~ R. Rather than working directly with the
substitution dynamical system, we take a somewhat different approach and concern
ourselves with three Smale spaces associated to a unimodular Pisot substitution o
on a d-letter alphabet. These consist of a subshift of finite type (X, .5), a substitution
tiling space (©,w) on A¢, and the d-torus together with the linear transformation
given by A, (T, A). By considering a subshift of finite type whose elements are
biinfinite, rather than infinite, paths in the graph associated to the substitution, we
are able to use the same tools to study geometric representations of o on A° and
A¢. We remark that a substitution tiling space (Q,Ca) can be defined on A° such
that our results involving the one-dimensional tiling space (£2,w) can be extended
without much difficulty to this (d — 1)-dimensional tiling space.

The goal of this thesis is twofold. We aim to summarize and unify the methods
of the study of the geometric theory associated to unimodular Pisot substitutions.
And in doing so, we provide one of the first concrete examples of a property of factor
maps between Smale spaces proven in [14].

Assuming that (Q,w) satisfies the forcing the border condition, we define the
following maps, prove that they are factor maps, and that the following diagram

commutes:



(T4, A)‘/q

Moreover, we prove that T is s-resolving and ¢ is u-resolving. This gives one of

the first concrete examples of what Putnam proves in [14]:

Theorem 1.2 Let (Y, g) be an irreducible Smale space. Then there is another irre-
ducible Smale space, (2, w), an irreducible shift of finite type, (3,5), and two factor
maps, ¢1 : (5,5) — (Qw) and ¢o : (Qw) — (Y, g), such that ¢ is s-resolving

while ¢o is u-resolving.

Chapter 2 contains formal definitions and the background necessary to make this
work self-contained. We introduce the concepts of (symbolic) substitutions, tiling
substitutions, the geometric representation of substitutions, subshifts of finite type
associated with substitutions, and finally, we say a few words on Smale spaces.

In Chapter 3, we prove our main results. We define various maps between Smale
spaces associated to unimodular Pisot substitutions and prove that they satisfy a
number of desirable properties.

The Appendix contains a few technical proofs omitted from Chapters 2 and 3

due to length.



Chapter 2

Definitions and Background

We begin by formally introducing the concepts we’ll use to study unimodular Pisot
substitutions. These include symbolic dynamical systems, tiling substitutions, sub-
shifts of finite type, a stable/unstable decomposition of R¢, Rauzy fractals, and

Smale spaces.

2.1 Substitutions

After discussing our notation, the formal definitions of various classifications of
substitutions, and a few basic results, we give a brief introduction to substitution

dynamical systems.

2.1.1 Notation and Classifications

We start with an alphabet A = {1,2,...,d}, the elements of which are called letters.
To avoid triviality, we assume d > 2. Strings of letters of A are called words
on A. We use the notation u = wujus---u, for finite words (where n is called

the length of the word, denoted |u|), v = viv9v3--- for infinite words, and w =



CeeW_wW_q - wowiwsy - - - for biinfinite words. The unique word on A containing no
letters is denoted ¢ and called the empty word. For n > 0, the set of words on A of
length n is denoted A". The set of finite words on A is denoted A* = U2 A", and
the set of biinfinite (respectively infinte) words on A is denoted A% (respectively AY).
In addition, we will occasionally use the notation A™N = { w_sww_y | w; €
A, i < —1}.

A substitution is a map o : A — A*\{e}. We denote

o(i) = WO =wiwy Wi,
where i € A and [(7) is the length of o(i). If [(z) = I(j) for all i,j € A, then o is
said to be of constant length.

The substitution ¢ extends naturally to an endomorphism of A*, also denoted
o, by the rules o(¢) = ¢ and o(uy - -u,) = o(uy) - --o(uy,) for u=uy---u, € A*.
We generalize our notation above, and write for any u € A*, o(u) = W® =
W W'lgu()u)‘ We further define the morphisms o : AZ — AZ and o :
AN — AN by o(-w_y - wowy -+ ) = o (w_y) - o(wp)o(wy) -+ and o(vvy---) =
o(v1)o(vg) - - -, respectively.

The number of occurences of the letter ¢ in a finite word w is denoted |w|;. There
is a natural homomorphism f : A* — Z2 given by f(w) = (|w|;)L, (all vectors in
this work are column vectors). The mapping f is often called the abelianization
of A*. The d x d incidence matriv A = (A;;) associated to o is given by the
property that its jth column is f(o(j)); that is, A;; = |o(j)];- Since this matrix A
also represents a linear transformation on Z?, we have the following easily verified

commuting diagram:



A

zt ——— z7¢

It is clear that the incidence matrix for o™ is A™.

The incidence matrix of a substitution contains a lot of information about the
substitution. In fact, substitutions are often classified by various properties of their
incidence matrices, and these classifications have been studied separately. For ex-
ample, whether or not a substitution is Pisot is determined by its incidence matrix.
Although we restrict ourselves to studying only Pisot substitutions, work has also
been done on non-Pisot substitutions, see for example [9].

A square matrix M is called irreducible if for any ¢ and j, there is n € N such
that the 75 entry of M"™ is positive. It is called primitive if some power of M is
positive (i.e. all entries are positive). A substitution o is called irreducible if for any
a,b € A there is n € N such that ¢"(a) contains b. It is called primitive if there is
m € N such that ¢ (a) contains b for all a,b € A. It is clear that a substitution
is primitive (resp. irreducible) if and only if its incidence matrix is primitive (resp.
irreducible).

A substitution is called unimodular if its incidence matrix has determinant 1 or
—1. The inverse of a unimodular integer matrix is also a unimodular integer matrix.

An algebraic integer A > 1 is called a Pisot-Vijayaraghavan number, or Pisot
number, if all of its algebraic conjugates a other than itself satisfy |a| < 1 (the
algebraic conjugates of an algebraic integer \ are the other roots of the minimal
polynomial for \). A substitution is said to be of Pisot type, or simply Pisot, if
its incidence matrix A satisfies the following property: A has a simple eigenvalue
A > 1, called the dominant eigenvalue, and for every other eigenvalue o of A, one

has 0 < |a| < 1.



Theorem 2.1 [7] Let o be a substitution of Pisot type. Then the characteristic
polynomial P of its incidence matriz A is irreducible over Q and the dominant
eigenvalue X\ is a Pisot number. Moreover, o cannot be of constant length, the roots

of P are all simple, and the matriz A is diagonalizable (over C).

Proof Recall that a polynomial is irreducible over Q if and only if it is irreducible
over Z. Suppose that P is reducible over Z. Then there exist two non-constant
polynomials () and R with integer coefficients such that P = QR. Since 0, 1, and
—1 are not roots of P and since the constant term of P is the product of all the
roots of P, (Q and R each have at least one root which is greater than 1 in modulus.
Hence P is irreducible over Q. By Theorem 6.10 of [12], it follows P has no multiple
roots in C. It follows that A is diagonalizable over C.

If o is of constant length, say |o(i)| = [ for each i € A, then [ is an eigenvalue

for the eigenvector (1,...,1), which implies that P is reducible over Q. U

Theorem 2.2 [7] Any Pisot type substitution is primitive.

Proof We can deduce from the irreducibility of the characteristic polynomial of A
that A is irreducible. The proof of this theorem is hence a direct consequence of
the following classic theorem: a nonnegative matrix M is primitive if and only if M
is irreducible and the spectral radius of M is greater in magnitude than any other

eigenvalue [7]. O

We say that a word W occurs in the word w, or that W is a subword of w,
if there exists s such that for every 1 < i < |W|, W; = wsy,;. For a finite word
U= Uty - - u, and 0 < i < n, the prefix of length ¢ of u is the subword uqus - - - u;,
sometimes denoted wu[l,7]. Similarly, for an inifinite word v = vyvqv5 - - -, the prefix

of length ¢ > 0 of v is vvs - - - v;. By convention, we say that € is the prefix of length



0 of any finite or infinite word. Analogously, the suffix of length 0 < 7 < n of u is
the subword w,_;11 - -u,. And for any j7 > 1, the subword v;v;41vj42 - - - is a suffix
of the infinite word v.

As defined in [3], a substitution o on an alphabet A satisfies the coincidence

condition if for every i, j € A, there are integers k and n such that
1. ¢™(i) and o™(j) have the same kth letter (i.e. 0" (i) = 0"(j)x) , and

2. the prefixes of length k£ — 1 of 0" (7) and ¢™(j) have the same image under the
abelianization map (i.e. f(o"(i)[1,k — 1)) = f(c™(H)[1,k —1]) ).

In some papers, for example [2], the coincidence condition as defined above is
referred to as positive strong coincidences for all letters.

No examples are known of Pisot substitutions which do not satisfy the coinci-
dence condition [3]. The conjecture that all substitutions of Pisot type satisfy the
coincidence condition is known as the Coincidence Conjecture.

The following is currently the most complete result on coincidence, confirming
the Coincidence Conjecture for substitutions on 2 letters, and giving a partial result

for substitutions on d > 2 letters.

Theorem 2.3 [3] Let o be a Pisot substitution on an alphabet A = {1,2,...,d}.
There are distinct letters i,j € A for which there are integers k and n such that
0" (i) and 0" (j) have the same kth letter, and the prefizes of length k — 1 of o™ (i)

and o™ (j) have the same image under the abelianization map.

Barge and Kwapisz [4] also define a stronger version of the coincidence condition,
called the geometric coincidence condition, on “strands” in R?.

We will use the following well-studied example throughout this work.
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Example 1 The Fibonacci substitution o on A = {1,2} is defined as follows:

og:1—12

2—1

This substitution is called the Fibonacci substitution because the lengths of the
iterates of o(1) are the Fibonacci numbers.

The incidence matrix of this substitution is given by

This matrix has determinant —1 and eigenvalues v = (1 ++/5)/2 and —1/7, hence
o is unimodular and of Pisot type. By Theorem 2.3, this substitution satisfies the
coincidence condition. This can also be seen directly since the images under o of

both letters begin with 1.

We will only work with substitutions which are Pisot and unimodular, and for

some of our results, we also assume the coincidence condition.

2.1.2 Symbolic Dynamical System

Each substitution has an associated symbolic dynamical system. Before we define

this, we need a few simple results, as well as a metric and a transformation on A%.

Proposition 2.4 Every primitive substitution o on A = {1,2,--- ,d} has a periodic

point in A%. That is, there isu € A” and n € N such that 0" (u) = u.

Proof First, we show the result for o : AY — AY. Since A has d elements, there

exists i € A and 1 < k < d such that o%(i); = 4. If |o"(i)| = 1, then iii--- is a
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fixed point of o*. Otherwise |0¥"(i)| — oo as n — oo, and the unique word having
o" (i) as a prefix for every n > 0 is a fixed point for o*.

The analogous argument applied to j € A such that o¥ (7)i5) = J proves the
existence of a periodic point of ¢ in A™N. Concatenating this point with the periodic
one in AN from above gives a periodic point in AZ. (If the periodic point in AN
has period n and the periodic point in AN has period m, then the period of the

concatenated point is nm.) U

When speaking of a o-periodic point u € A%, we must be careful that the point
is “allowed” by the substitution. To illustrate what can go wrong, consider the
following example taken from [4]. Let o : 1 +— 12221,2 +— 21212212, a unimodular
Pisot substitution. The biinfinite word containing - --¢"(1) - ¢”(1)--- for n > 0 is
a fixed point of . However, we can easily see that the central subword 11 does not
appear in ¢™(1) or ¢™(2) for any m € N. As a result, we say that the periodic
point above is not allowed by the substitution. Barge and Kwapisz [4] prove that
a primitive substitution always has an allowed periodic point in A%. From now on,
by a periodic point of a substitution we will mean a periodic point that is allowed
by the substitution.

As in [8], the metric on A% is defined by
2_min{|n‘ Iu”#vn} u # v
d(u,v) =
0 U =0
Under this metric, two points u and v are close if u_y---uy = v_y---vyn for
some large N € N. In fact, it is easy to see that d(u,v) < 2=+ if and only if

U_p Uy = V_py* " Up.
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The left shift map S : AZ — AZ is defined by (Sw); = w;;1, and is a homeomor-
phism on A%. We will also denote by S : A* — A* the left shift map on finite words,

which drops the first letter of a word in A*. We will often refer to S as simply the
shift.

Theorem 2.5 If o is a primitive substitution whose incidence matriz has a nonzero

eigenvalue of modulus less than 1, then no periodic point of o in A% is shift-periodic.
Proof See Corollary 2.7 in [11]. O

A word w € A? is minimal (or uniformly recurrent) if every finite subword
of w occurs in an infinite number of positions and with bounded gaps, i.e. if for
every subword W of w there exists s such that for every n € Z, W is a subword of

Wy Wy
Proposition 2.6 If o is primitive, then each of its periodic points is minimal.

Proof Let n be such that ¢™(j) contains i for all i,j € A, and let w = o*(w) be

a periodic point of 0. Then w = o**(w) = ---o*(w_y) - o (wg)o* (wy) - - -, and
for each m € Z and i € A, 0" (w,,) contains i. Since for each j € A, the length
of o*7(j4) is finite, it follows that each i € A occurs in w infinitely often and with
o

bounded gaps. Hence for m > 0, ¢*™(i) occurs in w = ¢*™(w) infinitely often and

with bounded gaps, and therefore so does any word occuring in w. O

The orbit of a point w € A% under the shift map is the set {S"w | n € Z}.
It follows from Proposition 2.6 that if o is primitive, then all of its periodic points
have the same orbit closure under the shift map, where the closure is taken with
respect to the above metric, d. As a result, we can associate a dynamical system to

o as follows. Let w be any biinfinite word which is periodic for o and set

Xo ={S"w | n e Z},



13

that is, X, is the metric closure of {S™w | n € Z}. Then (X,,S) is the symbolic
dynamical system associated with o. It is clear that S(X,) = X,. By Proposition
2.5, Pisot substitutions do not have periodic points which are also shift-periodic,
hence the shift-orbits of all o-periodic points of Pisot substitutions are infinite.
Some authors prefer to work with AN and consider the symbolic dynamical system
(X1, S), where X I is the closure of the forward orbit of a g-periodic infinite word.

A dynamical system (Y, T) is minimal if the only closed sets V' C Y satisfying

T(V)CV are @ and Y. By Proposition 5.1.13 in [8], the word w € A? is minimal

if and only if ({S"w | n € Z}, S) is a minimal dynamical system. Hence (X,,S) is
minimal.
There is a significant body of work concerning symbolic dynamical systems. See,

for example, [8] for an excellent overview.

2.2 Tiling Substitutions

Most of the definitions and results in this section are taken from [1].

A tile is a compact subset of R" satisfying the property that it is the closure of
its (non-empty) interior. A partial tiling is a collection of tiles in R"™ with pairwise
disjoint interiors, and its support is the union of its tiles. A tiling is a partial tiling
with support R™.

Let T be a tiling. If ¢ is a tile in T, we will write t € T. If P is a partial
tiling with bounded support such that P C T, then we say that P is a patch of
T. Furthermore, we say that two tilings 7" and 7" agree on a set U if {t € T |t C

Ul={teT |t C U}, and write T =T" on U. For any partial tiling 7', we define
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expansions and translations of T" by

ol ={at|t €T}, a>0

TH+x={t+x|teT}, x € R".

Clearly o1 and T+ x are also partial tilings.
We define a metric on the space of tilings of R, in which two tilings are close if
they almost agree on a large ball around the origin. For any tilings 7" and T” of R",

let

AT, T =inf({1}U{e>0| T +x =T +y on By, (0), some |x[,[ly|| < €}),

where || - || is the usual norm on R™.

We now define tiling substitutions, which are very similar to symbolic substi-
tutions. Let P = {Py, Ps,..., Py} be a finite set of tiles, which we call prototiles.
Let P* be the collection of all partial tilings that only contain translations of these
prototiles. We assume that there is an inflation constant o > 1 and a substitution
rule w : P — P* that associates to each prototile P; a partial tiling in P* with
support aP;. We extend our definition of w by setting w(P; + x) = w(B;) + ax,
for any 1 < i < m and x € R™. As for symbolic substitutions, we then define
w(T) = Ugerw(t) for any T € P*. Clearly w(T) € P*. Let Q be the collection of
tilings T" of P* having the property that for any patch U of T', U is contained in
W™ (P; + x) for some m,i,x; then w(€)) C Q. We are interested in studying the
dynamical system (2, w).

We say that the tiling substitution w is primitive if there exists a positive integer

N such that for each pair of prototitles P, and P;, the partial tiling w™ (P;) contains
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a translation of P;. Further, () satisfies the finite pattern condition, or ) has finite
local complexity, if for each r > 0, there are only finitely many partial tilings up to
translation that are subsets of tilings in €2 and whose supports have diameters less

than 7.
Proposition 2.7 Q is non-empty and w()) = Q.

Proof See Propositions 2.1 and 2.2 in [1] (in Anderson and Putnam’s proof of
this Proposition, it served their purposes well to assume that the prototiles are
homeomorphic to closed balls, but these results also hold if we simply assume that

each prototile is the closure of its interior). O]

Note that R™ acts on €2 by translation. We say that a tiling T € €2 is translation-

periodic if T'4+ x =T for some x € R".

Proposition 2.8 1. w s continuous.
2. Q is compact if and only if it has finite local complexity.
3. w: Q — Qs injective if and only if €2 contains no translation-periodic tilings.

Proof See Lemma 1.4.4 in [15]. O

It is analogous to the proof of Proposition 2.6 to prove that if w is primitive
and () satisfies the finite pattern condition, then for any patch P in an w-periodic

tiling Ty € €2, P appears infinitely often and with bounded gaps. As a result,

O =1{T)+x| xR}

Remark If the substitution map w : 2 — 2 is injective, then it is hyperbolic: under
iterates of the substitution, tilings that agree around the origin become exponen-
tially closer together, while those that are close translations of each other become

exponentially closer under iterations of the inverse.
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In Chapter 3, we will construct a substitution tiling on an invariant subspace of

the incidence matrix of a substitution.

2.3 Geometric Representation of Substitutions

The geometric theory of unimodular Pisot substitutions on A = {1,2,---,d} is
based on the decomposition of R? into two A-invariant subspaces, one 1-dimensional
and the other (d —1)-dimensional. Most research on this subject involves the Rauzy

fractal of a substitution, a useful compact subset of the (d—1)-dimensional subspace.

2.3.1 The Stable/Unstable Decomposition for A

Recall that the incidence matrix of a Pisot substitution is primitive. The following
well-known theorem on primitive matrices was proved by Perron, and extended
to irreducible matrices by Frobenius. The Perron-Frobenius Theorem provides a
significant amount of information regarding the eigenvalues and eigenvectors of the

incidence matrix of a Pisot substitution.

Theorem 2.9 Let A be a non-negative primitive square matrixz. Then there exists

an eigenvalue \ of A with the following properties:
1. >0,
2. X\ is a simple root of the characteristic polynomial,
3. X has a positive eigenvector v (i.e. all entries of v are positive),
4. if a is any other eigenvalue of A, then |a| < A,

5. any non-negative eigenvector of A is a positive multiple of v.



17

Proof See Theorem 3.3.1 in [6]. O

The dominant eigenvalue of an irreducible matrix is called the Perron-Frobenius
eigenvalue.

Let A be the d xd incidence matrix of a unimodular, Pisot substitution o. Denote
by A, A, ..., Aq the eigenvalues of A, and by v = vy, Vvy,,..., V), the corresponding
right eigenvectors, where \ is the Perron-Frobenius eigenvalue of A. By Theorem
2.1, all of the eigenvalues of A are irrational. Since the Perron-Frobenius Theorem
guarantees a positive eigenvector associated with A, we may assume that v > 0
and ||v|]| = 1, and we denote by u > 0 the right eigenvector for AT associated to A
satisfying (u,v) = u? - v = 1. Notice that u” is a left eigenvector for A associated
to A (by our convention that all vectors are column vectors, left eigenvectors aren’t
actually vectors, but their transposes are). Finally, denote by u,,,...,u,, the left
eigenvectors of A corresponing to Mg, ..., Ag.

Define two subsets of R? as follows: let A° = Rv and A° = {u}t = {x €
R? | (x,u) = 0}. Then clearly A(A°) C A°, and A(A°) C A since if x € A¢, then
(Ax,u) = (Ax)Tu = xTATu = xThu = \(x,u) = 0. For av € A°NA°, we have 0 =
(u,av) = a(u,v) = q, so that A°N A° = {0}. Futhermore, A¢ + A° = R? since for
x € R we have x = (x—(x, u)v)+(x,u)v, where (x,u)v € A° and x—(x,u)v € A°
since (x — (x,u)v,u) = (x,u) — ((x,u)v,u) = (x,u) — (x,u)(v,u) = 0. Therefore
R? = A¢ @ A° is an A-invariant decomposition of R

It is easy to see that A is expanding on A, since for x € A, ||Ax| = Al|x] > [|x]|-
Now let us consider the action of A on A°.

For a linear transformation 7' : R — R? and a subspace X C RY satisfying
T(X) C X, we say that T is contracting on X if there are constants C' > 0 and
0 < a < 1 such that ||T"(x)|| < Ca™||x|| for every x € X and n € N. In this case,

|T"(x)]| — 0 as n — oo, for every x € X.
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Let us show that A is contracting on A°. Clearly the eigenvalues of A|4c are
A2, ..., Ag, and each of these has norm less than 1. Since each of the eigenvalues is
simple, A|4c is diagonalizable. That is, there exists an invertible matrix U such that
D = U A|4.U is a diagonal matrix, with the eigenvalues Ay, . .., A\q on the diagonal.
Let C' = maxi7k,j|U,~kU,;jl| and let a = maxo<;<q|N\i|. If x € A x| = (|x(7)|)1<i<d—1,

and x; is the vector with all entries 1, then

I(A[ae)"x[* = [UD"U x]|*

= Y lwp U

[\
™
Q:
[s)
faX
=
—

- Z_:((d—l)oz”C’)z( ‘_ x(5)])"

= (d=1)*a"C)*(xy, |x])*
< ([@d=D @ CPxlPIx* (%)

= a¥(d—1)'C?x?,

where in the inequality in (%) follows from the Schwarz Inequality, [(z, y)| < ||z|/||y/l-

Hence ||(A]4¢)"x|| < a™(d — 1)2C|x]|, and so A is contracting on A°.

The decomposition R? = A® @ A¢ is sometimes called the stable/unstable de-
composition for A [4]. By Theorem 5.10.3 in [6], both A® and A® are dense in
T¢ = RY/Z4.



19

Let 7¢ : RY — A€ denote projection onto A¢, and 7¢ : R? — A€ denote projection

onto A¢. More precisely, for x = av + w € R%, where w € A°,

m(av+w) =av

and

T(av+w) =w.

It is clear that An® = w¢A and An® = w¢A. The two projections n¢ and 7°¢ are
central to the theory of the geometric representation of Pisot substitutions.

Let m. denote Lebesgue measure on A° and m, denote Lebesgue measure on A°.
Then for any Lebesgue measurable set £ @ C C RY, m(E @ C) = m.(E)m.(C)a,
where m is Lebesgue measure on R? and a > 0 is a constant depending only on the
angle betwen A° and A°. Since A is unimodular, m(A(E & C)) = m(E & C), and

hence it follows that m.(A(C)) = A™1m.(C) for all measurable sets C' C A°.

2.3.2 Rauzy Fractals

In his analysis of unimodular Pisot substitutions, G. Rauzy developed the idea
of looking for a geometric representation of substitutive dynamical systems, as a
rotation on a suitable space [8]. He gave the following construction for the Tribonacci
substitution, and Arnoux and Ito [2] generalized his construction to all unimodular
Pisot substitutions.

Let o be a Pisot, unimodular substitution and let v € X, be a o-periodic word.

Then the Rauzy fractal R(u) C A® associated to u is defined as

R(u) = {Wc(éeui) In > 0},



20

where e; is the i canonical basis vector for RY. From Section 7.5 in [8] we have
that R(u) is a bounded subset of A°. There is a natural decompostion of R(u) into

d subsets called cylinders. For i € A, the i'* cylinder of R(u) is given by

Ri(u) = {ﬁc(ieui) 11> 0, s = z}

=0

It is clear that |J;c 4 Ri(u) = R(u).
One may well ask how the Rauzy fractals associated to distinct periodic points
of a substitution relate. It is not hard to prove that every unimodular Pisot substi-

tution has a unique Rauzy fractal.

Proposition 2.10 Let o be a unimodular Pisot substitution, and let u and v be two

periodic points of o. Then R(u) = R(v).

Proof It is clear that for every K > 1, if R,(u) is the Rauzy fractal associated to a
o-periodic point u, and R« (u) is the Rauzy fractal associated to the o®-periodic
point u, then R,(u) = R,x(u). If u is a o-periodic point of period m and v is
o-periodic of period n, and A* is positive, then both u and v are fixed points of
o™ and o™ (i) contains j for all 4, j € A. Hence we may assume, w.l.o.g., that
all periodic points of o are fixed points and that o (i) contains j for all 7, j € A. Let
u and v be two fixed points of o, and let R(u) and R(v) be their associated Rauzy
fractals.

For a finite word w, let W = oiiew 1 <n<|w[} ={f(wi--w,) [1<n <
wl}.

Then ug is contained in o (vy). Say uy = W,gUO), so that (S* 1o (vo))1 = up. Since

Af = fo, we have that 0" (ug) C 0™(S* 1o (vg)) C o™+ (vg) — A™f(W") . W ™))
— C (vo) . (vo) cf 1 c( n+1 _An
for n > 0. Let a = 7¢(f(W; W, ™). Then, 7¢(0™(ug)) C (¢ (vg)) — A"

for n > 0; that is
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- =

7°(0"™ (1)) C Bjana (m(a" (v0))) € Bjanay(R(v)),

where B, (U) = {x € A°|||x —u]| <, someu € U}.

Since A is contracting on A° lim,,_, [|A"«|| = 0. Hence

R(u) = | 7(0" (w9)) € (] Bjaraj(R(v)) = R(v).

n>0 n>0

Similarly, R(v) C R(u). O
As a result, we can define R = R(u), where u is any periodic point of o.

Proposition 2.11 [18] Let R be the Rauzy fractal associated to a periodic point
of a unimodular Pisot substitution on A. Then R; has non-empty interior and

Int(R;) = R; for each i € A. If, in addition, the substitution satisfies the coinci-

dence condition, then m.(R; NR;) =0 fori # j.
Proof See Theorem 4.1 and Corollary 4.5 in [18]. O

Example 2 Figure 2.1 shows the Rauzy fractal for the Tribonacci substitution.

Figure 2.1: Rauzy fractal for 0 :1+— 12,2+ 13,3 +— 1

Although it is the case for the Tribonacci substitution, Rauzy fractals need not
be connected. However, there is a criterion for the connectedness of the Rauzy
fractal [7].

An exchange of domains can be defined a.e. by ¢(x) = x + 7°(e;) if x € R;.
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Theorem 2.12 [2] Let o be a unimodular Pisot type substitution over a d-letter
alphabet which satisfies the coincidence condition. Then the substitutive dynamical
system (X,, S) associated with o is measure-theoretically isomorphic to the exchange
of d domains defined almost everywhere on the self-similar Rauzy fractal of o. Fur-
thermore, (X,,S) admits as a continuous factor an irrational translation on the

torus T4Y, the fibres being finite almost everywhere.

Proof See [2]. O

2.4 Subshifts of Finite Type

Given a substitution o on A, the directed graph G, = (V, E) associated to ¢ has

vertex set

V=A

and edge set
E={(j)|ie A 1<j<I1(@)}

where (i, 7) is an edge from vertex i to vertex Wj(i). This graph is commonly found
in the literature on substitutions, although sometimes with the edges in the opposite

direction, see for example [1] and [11].

Example 3 The graph associated to the Tribonacci substitution, o : 1 +— 12,2 —

13,3 — 1, is shown in Figure 3.

The subshift of finite type or SF'T associated to o is the set of all biinfinite paths

in G, and is denoted >,. That is,

So = {(in: Jn)nez | (in jn) € B, Wi =ipy ¥ € Z}.
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(1) 1,2

21
(31 (2.2)

Figure 2.2: G, foro:1— 12,2+ 13,3 +—1

If there is no ambiguity about which substitution we mean, we will write > instead

of ¥,.

Remark The set {(in, jn)n<o | (in,Jn) € EV n <0, Wj(j") = i1 V n < 0}, is

equivalent to the prefix-suffix SF'T D found in [8] and [7].

For © = (in, jn)nez, we write x, = (in, jn), for n € Z. The topology on X is

defined by the following metric:

g-min{ln| [Enyn} g £ 4
d(xz,y) = .
0 T=1y

For k <1 € Z and a path (ig, jx)(iks1, Jes1) - - (91-1, Ji—1) in G,, we define the
cylinder U (k, I, (ix, jr) - - - (i1—1, ji—1)) = {x € |2 = (in, Jn), k <n <1—1}. Since
we can also have a path consisting of a single vertex, i, we also define the cylinders
U(n,n,i) = {z € ¥ |i, =i} for n € Z. The cylinders are clopen and form a basis
for the topology on X [8]. It is easy to see that ¥ is closed, and hence compact.

We prove in Appendix 1 that Parry measure on Y can be simplified to the form
(UL, (i i) - (11 o)) = A u( ),

where A is the Perron-Frobenius eigenvalue of the incidence matrix A of o, and v

and u are the corresponding positive right and left eigenvectors satisfying (u, v) = 1.
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Parry measure is a Borel measure and is the unique measure of maximal entropy on
¥ [19]. In all that follows, we will take Parry measure to be the measure on X.

By an abuse of notation, we will also denote by S the left shift on . That is, for
x € 3, we define S(x), = x,,1. We will always be very clear about which domain
we are working with, and hence this notation should not cause a problem. Clearly

S 3 — ¥ is uniformly continuous and measure-preserving.

2.5 Smale Spaces

2.5.1 Notation and Definitions

We begin with an intuitive definition and then give a precise definition. A Smale
space is a compact metric space together with a homeomorphism, that has a certain
hyperbolic structure: each point in the space is the intersection of a local stable set,
on which the homeomorphism is contracting, and a local unstable set, on which the
homeomorphism is expanding; moreover, the product of these sets is homeomorphic
to a neighborhood of the point [17].

The following more precise definition is also taken from [17]. Let (X,d) be a
compact metric space and let f be a homeomorphism of X. Then (X,d, f) is a

Smale space if there exists 0 < \g < 1, ¢y > 0 and a continuous function

[,]I{(l’,y)‘l’,yGX, d(l’,y)<€0}ﬁX
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which satisfy the following. First we require

[z,2] = =
[z,y],2] = [z,4]
[z, [y, 2ll = [z, 4]

for x,y, 2 € X, whenever both sides of the equations are defined. We let

V(x,€) = {y € X |[z,y] =z and d(z,y) < €},

VU(z,e) = {ye X|[y,z] =zandd(z,y) <e}

for any 0 < € < ¢y. These are called the local stable sets and the local unstable sets.

We also require

[f (@), ()] = f(lz, y)),

whenever both sides of the equation are defined. Finally, we assume that

)‘Od(yvz)v Y,z € VS(ZL’,E),

d(f '), [71(2)) < Xd(y,2),  y.z€V(xe).

=
~
—~
<
>
=
R
S~—
SN~—
IN

It follows from the definitions that, for any z € X,

[,]: VY(z,e/2) x VI(2,60/2) — X

is a homeomorphism onto a neighborhood of x in X. It can also be shown that, for
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any 0 < e < €,

VS(z,€) ={y € X | d(f"(x), f"(y)) <e¢ foralln =0,1,2,---}

VU(z,e) ={y € X | d(f"(x), f"(y)) <e, foralln =0,—1,-2,---}

and that, for =,y with d(z,y) < €,

V3 (x,e0) NV (y, o) = {[, ]}

These last observations show that [,], if it exists, depends only on (X, d, f).
Each of the spaces (T?, A), (Q,w), and (3, S) is a Smale space, as follows.

In (T¢, A), the local unstable and stable sets of a point x € R? are given by

VU(w,e) = {g(x+1t) [t € A7, [t] < ¢}

and

V3(@,€) = {g(x +t) [ t € A°, [|t]| <€}

where ¢ is the quotient map from R?% onto T?. For additional details in the proof
that (T9, A) is a Smale space, see [15]. Since A has no eigenvalues of modulus one,
Alra is a hyperbolic toral automorphism, and (T¢, A) is one of the simplest examples
of an Anosov diffeomorphism.

In the substitution tiling space (€2, w), the local stable set for a tiling consists of
tilings that agree with it on a large ball around the origin, while the local unstable
set consists of tilings that are small translations of it. For a complete proof that our
substitution tiling spaces are Smale spaces, see [1].

The following proof that (3, 5) is a Smale space closely follows Section 1.4 in
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15].

For any = = (z,)nez € X, we define the sets
VU(z,e)={2' € X | 2], =z, foralln >0, d(z,2) < €}

Vi(z,e)={2' €2 |2, =, foraln <0, d(z,2') < €}

Clearly these two sets intersect exactly at . Given 2’ € VV(x,¢) and 2" € V5(x, ¢),

we form the sequence

It is clear that this construction gives a homeomorphism between VY (xz,€) x V5 (x, ¢)
and the set {y € ¥ | d(x,y) < €}, which is a neighborhood of z.

Let us now consider the contracting/expanding structure of S on these sets. If
o' 2" € VY (x,€), then 2/, = z, = 2/ for all n > 0 and so d(2/,2") = 27V, where N
is the smallest positive integer such that x’ \ # z” . From the definition of S, it

follows that d(Sa/, Sz") = 2N+ 50 that
/ " 1 / "
d(Sz', Sx") = id(:v ,x).
Similarly, for 2/, 2" € V9(x,¢),
-1, -1, 1 PN
d(S™ 2", 57 a") = §d(:v,x ).

More rigorously, we can define the operation [,] as follows. Set ¢y = 1/2. If

and y are in ¥ and d(z,y) < €, it follows from the definition of the metric that we
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must have xg = yy. In this case, we let

and we observe that [x,y] € X.

2.5.2 Factor Maps

Given two dynamical systems (X, f) and (Y, g), a factor map between them is a

continuous function

0. X —-Y

such that

bof=god.

We write this as

¢: (X, f) = (Y, 9).

A factor map is finite-to-one if there is a constant M such that |¢~'{y}| < M, for
every y € Y. Here, |B| denotes the cardinality of the set B.

When the dynamical systems are Smale systems, there are two special classes of
factor maps. A map ¢ is s-resolving if @|y s, ¢ is injective for every x € X and some
€ > 0. Similarly, it is u-resolving if ¢|vu(z,e) is injective. Such an s-resolving map is
actually a homeomorphism on the local stable sets, and s- or u-resolving maps are
always finite-to-one [14].

Let (X, f) be a topological dynamical system. A point z € X is said to be non-
wandering if for any neighborhood U of = there exists n € N such that f*(U)NU #

@. A Smale space is said to be irreducible if every point is non-wandering and there
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is a dense orbit.
In [14], it is shown that any finite-to-one factor map between two irreducible
Smale spaces may be lifted to an s-resolving map between two others which factor

onto the originals by u-resolving maps. The following is given as a corollary:

Proposition 2.13 [14] Let (Y, g) be an irreducible Smale space. Then there is
another irreducible Smale space, (2, w), an irreducible shift of finite type, (X,S),

and two factor maps

o1 (5,9) = (Qw)

and

¢2 : (Q>w) - (Kg)

such that ¢y is s-resolving while ¢o is u-resolving.
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Chapter 3

The Maps

Let ¢ be a unimodular Pisot substitution on the alphabet A = {1,2,...,d}. Recall
the notation

oli) =wiHwW Wl e A

Ok

Fori e Aand 1 <j <I(7), define xgi) = f(Wl(i) . ~Wj(i)1) = k< ey where f is
the abelianization map and e; is the " canonical basis element of R?. Notice that
XY) =0 and xg-i) € Z% for every i € A and 1 < j < 1(i).

Further, let A be the d x d incidence matrix of . Denote by A the Perron-
Frobenius eigenvalue of A, and by v the corresponding right eigenvector such that
v > 0 and ||v|| = 1. Denote by u > 0 the left eigenvector associated to A satisfying

T.v = 1. Recall the A-invariant decompostion of R = A¢ @& A¢, where

(u,v) =u
A¢ = {u}? is a contracting (d — 1)-dimensional plane, and A° = Rv is an expanding
line. Let 7¢ : R — A° denote projection onto A¢, and 7¢ : R? — A° denote
projection onto A°€.

We begin by constructing a map from the SFT associated to o to the d-torus.

We then give two more maps, one from the SF'T to a substitution tiling space, and

one from the tiling space to the d-torus, and prove that our original map is the
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composition of these two. Along the way, we prove a number of desirable properties

of these maps.

3.1 From the SFT to T¢

Recall from Section 2.4 that for an element x of the SF'T ¥ associated to o, x is of
the form (i, Jn)nez, where 4,1 = VV]-(:;") for every n € Z.

For ng € Z, define maps p;} : ¥ — A° and p, : X — A° as follows:

Py (i, jn)nez) Z AT (g

n=ng

no—1

p;o((Zn,jn nez) Z A" (Zn

n=—oo
Since A~! is contracting on A and A is contracting on A€, it follows that both

of these series converge for all ng € Z and (i, jn)nez € 2.

Lemma 3.1 For everyng € Z, p} oS = A oph .1 and Ppy 0SS =Aop, 1.

Proof Let x = (iy, jn)nez € ¥ and ng € Z. Then

i (S(z)) = ZA “(x)

n=ng

=AY Al

n=ng

n=ng+1

= Ap:’L_o-i-l (l’)

The proof that p, oS = Aop, ., is analogous. 0J
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We further define a map p,, : ¥ — R? by

Denote by ¢ : R? — T¢ the standard quotient map x — x(mod Z<).

Proposition 3.2 The map q o p,, : ¥ — T% is independent of ny. That is,
q O Pny = 4 © Pno+1 \V/TLQGZ
Proof For all x = (i, ju)nez € X, we have

pjl_o (x) = p;{oﬂ (x) + A_”Oﬂ-e(x(?"o)>

JIng

and

— - —no,—c((ing)
pno(x) = pn0+1($) — AT (Xjnoo )

So
— A—no e (i”o ) c (in() )
pm)(x) - pm)-i-l(x) + (71— (Xjno )+7T (Xjno ))

= Pugra () + AT,

Since A is a unimodular integer matrix, so is A™ for all n € Z. Since X%O) e 74,

it follows that A" (xg»i"o)) € 74 for all ny € Z. O

70

Consequently, for p : ¥ — T¢ defined by
P=4q0°p1,

we have p = q o p,, for every ny € Z. The aim of this section is to prove that

p:(X,8) — (T A) is a factor map.
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For simplicity, we will restrict our attention to the case ng = 1. We begin our

study of p; with an example.
Example 4 Let o be the Fibonacci substitution 1 — 12,2 +— 1. The two rectangles
in Figure 4 correspond to the two possibilities for 7; = Wj(g‘)), namely 1 and 2.

Y

(0,1)

AE

(1,0)

AC

Figure 3.1: py(3,) for o : 1+ 12,2 — 1.

It is easy to see that p; is continuous: if & = (in, jn)nez, @ = (i), j) )nez € ¥ are

close, then X;Z = x;;,t for all 0 < |n| < N, where N is large. As a result, pf (z) and

pi (2) (resp. pi (z) and p; (2)) will be close, making p; (resp. p;) continuous.

3.1.1 Properties of p;

To study p;, it will be useful to consider the tiling substitution on A¢ induced
by 0. We will use interval notation for the connected subsets of A° as follows:
lav, Bv] = {yv|a < v < B}. We will say that a point av € A€ is to the right (resp.
left) of a point fv € A° if a > (3 (resp a < f3), and write av < (v iff a < 8. This

terminology is quite intuitive since v > 0.
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Forie A=1{1,2,...,d}, let t; = [0, A\7°(e;)] C A° be the prototile correspond-
ing to 7. (The scaling factor A will simplify our calculations later.) Denote by w the
substitution rule on the set of prototiles {t;| € A} corresponding to the substitution

o on the alphabet A. That is,

1(i)—1

w(ts) = {tyo, tyw + A (eym), -, ) + > Artley,m)}
1 —1 J
k—1 ‘
= {tyo + 2 Am(e0) [ 1<k < I(0)} = {0 + Are(x) | 1< k< 1(i)}.
]:

It is clear that the intersection of any two of the tiles in this union contains exactly
one point if the tiles are adjacent and is empty otherwise.

We remark that w is a tiling substitution in the sense of Section 2.2: w scales t; by
t in that order.

A and then replaces it by adjacent translations of ¢ ,t

To see this, we observe that [7¢(e;)|m¢(es)] - - - |1¢(eq)]-A = A[w¢(e1)|m¢(e2)] - - - |7°(eq)]

since for all j € A,
A¢(e;) = An(e;) = m°A(e;) = m°(Aij)1<ica = [m°(€1)|T°(€2)] - - - [7°(€q)] (Aij)1<i<a-

As a result,

That is, supp(w(t;)) = |0, Zé@l Ame(e,m)] = At;. This gives a useful representation
J

of t; as

t; = supp(\tw(ty)) = <>\_1tWI£i) + We(x,(j))), (3.1)
k=1

where the unions are measure-wise disjoint. We will study the substitution tiling

space associated with w in Section 3.2, but for now we only need the substitution.
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Proposition 3.3 The image of ¥ under p{ is given by

Proof We begin with proving that pf (%) D L, A\t

Let a € Ule A7't;. Then o € A7, for some 1 < i; < d. From (3.1) we have

U(i1)
ti, = A7 U (twliil) + )\We(xgl)))
k=1

So a € )\_2(th(1i1) + Aﬁe(x§il)) for some 1 < j; < I(i1). Let 1o = W;ll Again we

have

1(i2)
tiy = A1 U (tW,Eiz) + )\We(xl(jz)))
k=1

Soa € >\_3(th(2¢2) + >\7re(x§-i2))) + A‘lwe(xﬁl)) for some 1 < jo < I(i).

Yand 1 < g, < U(iy)

For n > 3, repeat the above procedure to get 7, = W;::l

such that a € )\_(”“)twj(in) + > )\_kﬁe(x§ik)).
Since M1 A~ ) = Np21[0, A% (e, )] = {0}, we can see that
In In

a = lim Z )\_kwe(ngf)).

Since we had i, = W;: for all n > 1, there exists x € ¥ such that 4, and j,
are as in the construction above, for n > 1. Then a = p{ (z).

Now we’ll show that pi (2) € UL, A~ 't;.

Let = (in, Jn)nez € . It is easy to see that

A D )\_("H)tw(in) + Z )\_kﬂe(x(.i’“)) VneN.
k=1

in Ik
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It follows that

It is clear from the preceding proof that pi is not injective. However, a study of
the injectivity of p] on cylinders of ¥ yields a useful result. Before we continue in

this direction, consider the following easy consequences of the preceding proof.

Corollary 3.4 Foric A,
pi(UL1,0) = A",
and for k € N,
pr ULk + 1, (ix, 1) - (i, i) = A5 W(zk) +Z)\

In more intuitive terms, given = € X, (i1,71) - - - (i, jx) tells us in which subin-

terval of A=, pf(z) lies. As k increases, the length of the subinterval decreases.

Corollary 3.5 For anyn € Z, pf(U(n,n,i)) = AX""t;. In particular,
0<py(r) <A~ (=g “(ei,),

with pf(z) = 0 if and only if jm = 1 for every m > n, and pF(z) = A~ Yr(e;,)

if and only if j,, = (i) for every m > n.
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Recall that our measure on X is defined by
Uk, L (i i) -+ (i, i) = N (ia(W ).

Lemma 3.6 There exists a nullset N € ¥ such that if x,2’ € U(1,1,i) for some

i € A and pf(z) = pf (), then either (in, jn)n>1 = (ih, jh)n>1 or x, 2" € N

Proof Let x # ' such that (i,, jn)n>1 # (i, 5. )n>1 and 4, = 4. If pi (x) = pi (2/),

then

n

pi(z), pf (7)) € ()x_(”“)tw(m) +Z )\_kﬂe(xg-i’“))) N ()\_("H)tw_(igl) +Z )x_kwe(x;:,f)))

Jn /

k=1 In k=1

/
S

for n > 1. Let s be minimal such that js # j.. Then i = ., and the above

non-empty intersection for n = s implies |js — ji| = 1. Say j. = js + 1. Since
(in; ) = (ip, Jn) for 1 < n < s and pf (z) = p{ (2'), it follows that pf () = pf(2').
However,

Py () = AmE () it () < AT () AT

{ ) = A"k < (),

€.1,Gs)
Wi,

with equality holding iff p[,(z) = A7*m¢( ) and pJ,,(2') = 0. By Corollary

eW_(z-S)
Js
3.5, this happens iff j,, = [(i,,) and 5/ =1 for all n > s.

For s € N; let

N = Uls 00, (0. DOV, 1)) U Uls, 00, (0 10) (W77, 1(W)) ).

icA icA

Clearly each N is a nullset, and hence so is N' = [J, .y Ns. O



38

3.1.2 Properties of p;

Maps from ¥ to A¢, differing mostly in notation, are common in the literature on
SEFT’s associated to substitutions of Pisot type, see for example [7], [2], and [8]. In
Appendix 2, we prove that p; is identical to a map defined in [7], which is also
found in [§].

In Lemma 3.7, we prove that for any x € ¥ for which there exists a largest integer
n > 0 such that j_, # 1, p; (z) is equal to the projection of the abelianization of

n+1(

the prefix of o ) given by

o.n(Wlifn) . W‘(i;n_)l)o.n—l(wl(if(nfl)) . W( —(n— 1) ) (W(ZO . W(ZO) )

J- —(n-1)—1 Jo—1

A slightly different version of this lemma appears in [5].
Our previous notation of xgi) =3 <5 Cw extends easily to finite words u € A*,
(u)

so that X; -

- qu eW,£“>= where o(u) = W = W LW

Lemma 3.7 Letn >0 and let ((i—pn,j—n) - - (i0,Jo)) be a path in G,. Then

e <x,(fn(i’"))> = Z AMre (Xg-i;:)) , where k =1+ Z Z \am(Wj(i’"L))L

m=0 m=0j<j_m

Proof We begin by representing o™ *1(i

i—y) as follows:

U"+1(Z_n) = o" <Wl(z;n) o VVl((ZZ::LL)))
o () ) (k)
= <W1(Ln) W )1) o (Wl(i’("*”) . W( ~(n=1) )

jon—1) 7 —(n-1)—1
W i W(Ll) W(io) . W(io W W(ZO . W(io)
4 1 jo1—1 1 Jjo—1 Jo+1 I(i0)
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Since An¢ = 7¢A and Af = fo, we have A"n¢f = n¢fo” for all n > 0. As a result,

Anﬂ_c(x‘g'ifn”)) e <Z e o"(l n)))

An—lﬂc(xﬂi7(7lf1))) B ( o 1 Wl ~(n-1)) W( —(n— 1)))))

J—(n—1) —(n—1) 1
knt+kn—1
= E e (U"(l n))

Jj=kn+1

7L+ +k0
cr i)y
m(x5,) = Wit |
J= k?n"l‘ k1+1

where kg = |03(W1i’s) . VV](:_)I)L 0 < s < n. The result follows directly. O

By a slight abuse of notation, we’ll also write p; : Y,v — (AN)¢ = A€ for
N € N. To prevent ambiguity, we will take the domain of p; to be ¥ = X, unless
specified otherwise. Let us clarify what we mean when the domain is ¥,~. Denote
oN@)=UD =uPulh. .. U,(Li()i) and let yg-i) = ki ey Note that yji) = xg»oNil(i)).
Since AV is the incidence matrix for o, if X = (I,,, Jn)nez € Yo~ then py (X) =
S0 ANy ).

Due to the length and technical nature of the proof of the following lemma, it

has been moved to Appendix 3.

Lemma 3.8 For any N € N,

1 (B0) = pr (Bon).

Proposition 3.9 The image of ¥ under p; is the Rauzy fractal associated to o.
That 1is,

p(¥)=R.
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Proof By Proposition 2.10, the Rauzy fractals associated to a periodic point u of
o and to a periodic point w of ¢™ coincide for any n € N. Since we also have from
Lemma 3.8 that p; (X,) = p; (3on), we may assume w.l.o.g. that every periodic
point of ¢ is a fixed point.

We begin by showing that p; (X) O R.

Let w = ---u_y-upuyus - - - be a fixed point of 0. Then Wl("‘)) = ug and " (ug) =
UQUL * * * Uik (yp)|—1 for all k > 1.

Recall that R = {7°(> " sey,) | n > 0}. Let r = 7¢(> 1 es) € R, and let
m € N be minimal such that n + 1 < [0™"(ug)|. Then wpu; ... u, is a prefix of

0.m+1(

UQ).

Let iy, = ug and let 1 < j_,,, <I(i_,,) be the largest integer satisfying

o™ (W) ) <o 1

Then let i_(y,—1) = VVj(f;m) and let 1 < j_gn_1) < [(i—(m—1)) be the largest integer

satisfying

‘O_m(Wl(i—m) . W-(i77n) )O_m—l(Wl(if(mfl)) . W(if(mfl)) )‘ <n+ 1.

J—m—1 J—(m-1)—1

Again, let i_(,_9) = W](:E:’:)”), and continue as above until we reach ¢y = Wj(il),

From our choice of m and j; for —m < k < —1, there exists 1 < jy < [(ip) such that

Jo—1"" jo

O'm <W1(7'7m) e W(me) ) g <W1(271) “ .. W,(iil) ) Wl(ZO) PN W(ZO) W(ZO) = uo . un

and hence

o™ (Wl("*m) S U ) W W =1
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By Lemma 3.7, we have r = Wc(xifﬁ(uo») = > Akﬁc(xi’:)). So let us define

z € Y as follows:

as above -m<s<0
(i&jS) = (UQ, 1) s<—m
(WD 1) s> 0

Then r = p; (), since Xg-is) =0 for s < —m.

Now let r = limy_o 7%, where 1, = 7°(>_1* e,,). From the above step, we
know that there exist z; € ¥ such that pj (xy) = 7. Since ¥ is compact, there
exists an increasing sequence ks — oo such that zj, converges to some x € ». So
r = lmyg_oo py (21) = limg_ o py (2x,) = py (limg_ o 2, ) = p; (z), by the continuity

of py.

It remains to be shown that p; (¥) C R.

e e}
n=—oo

Let us start with the case where z = (i, jn) has the property that j_, # 1
and 7, = 1 for n < —s, some s > 0. Since we’ve assumed that every substitution-
periodic point is fixed, the sequence 1, Wl(i), Wlo(i)), Wloz(i)), -+ is eventually con-
stant for any ¢ € A. It follows that (i,, 1);5_213 is constant and Wl(i’s) = i_g, SO
that o**!(i_y) = wowy ... Wyps+1(;_,)|—1, where w is some fixed point of o.

S

Let v = (W) .. ~W-(i:°‘_)1) o (WY Wj(f;l_)l)Wl(iO) W) By Lemma

J— Jo—1-

3.7,
pi () = 7(f ().

Since v is a prefix of o*T!(i_,), it follows that v = wow; .. - Wy|—1. Since it does
not matter which periodic point of ¢ is used in the construction of R, py(z) =
m(f(v)) € R.

Let ¥ = {(in,Jn) € ¥ |3 s € Zsuchthat j, # 1and j, = 1forn < s}.

Then for any x € ¥, we can find a sequence (x,,) in ¥’ that converges to z. So
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pr () = py (im0 Tpy) = limy, oo 7 (21,) € R, since the py (z,,) € R and R is
closed. n

Recall that the cylinders of R are defined as R; = {d_,_, €u, | Unt1 =1}, 7 € A,
where u is a periodic point of o. From the preceding proof, we have the following

consequence.

Corollary 3.10 {p; (x) Wj(oio) =i =1} = p;(U(1,1,i)) = R;. In general, for
n€Z, p;(Un,n,i)=A"C"DR,

The generalization follows from Lemma 3.1.

As a result of Corollary 3.10, we may write

Ri = {p (@) |0 =i}
= {py (52) [ ia = i}
= {Ap, () [ iz = i}

= {A(p (2) + A7 7o (M) iy = i}

J1

= U <ARk + WC(ng))) :

(k)W =i

The last equality stems from the fact that {p; (z)|(i1, j1) = (k,J)} = {p7 (x)]i1 = k}.

By [18], the unions <ARk + WC(Xg»k))) U (ARk/ + 7TC(X§»]/€/))) are measure-wise disjoint

for (k,j) # (K, ') such that Wj(k) = Wj(,k/) = 7. This representation of the cylinders

of the Rauzy fractal leads to the following generalization of Corollary 3.10.

Corollary 3.11 Forn,m >0,

pl_(U(_nam_'_1v(i—nvj—n>"'(imajm>>> = pl_(U(_nv1v(i—naj—n)"'(i07j0)))

0
= AR+ > AEre(xV).
k=—n
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Proof The first equality is trivial.

Now, since

R= | (ARk+7rC(x§.’“>)),
(ko)W =i

it follows from the preceding Corollary that

AR, = At (A @) i = k) + e (x))
(k)W P=i

= U (1@ =k A xd))
kDWW =iy,

_ U ({p;(n+l)(sn+2x) iy =k} + A"“ﬂ"(Xﬁ-k)))

k)W =iy,

_ . n cr (K
= U <{p—(n+1)($) iy = R} 4+ A )>) -
(k)W =i,

Hence for a path (i, j5)°__, in Gy,

S=—n

0
AR, 4+ Y ATFR) = pr (U (=0, 1, (s o) < (i, Jo))-

k=—n

The two following lemmas closely follow [7]. Recall that m.(AB) = \~'m.(B)
for all measurable sets B C A€ and that v is a positive eigenvector of A associated

to .

Lemma 3.12 There exists a constant C > 0 such that for all i € A,

me(R;) = Cv(i).
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Proof We have from [18] that the unions on the right side of

J

R= | (ARk+W%£M»

(k.g) WP =i

are measure-wise disjoint and that m.(R) > 0.

Hence

That is,
Ame(Ri))1<i<a = A - (me(Ri))1<i<a-

Since A is a simple eigenvalue of A, this implies that there exists a constant C such
that (m.(R;))1<i<a = Cv. Moreover, since R is the union of the R; and m.(R) > 0,

we must have C > 0. O

Recall that

R=JR

i€ A

Ri= |J AR, +7(x")

(i0,50) | WJFSO)Zi
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= U AR A )

(i=1.d-1)(io.do) | W' 7 =i

and that these unions intersect on a set of measure 0 if o satisfies the coincidence
condition. Furthermore, Int(R;) = R;, so that m.(Int(R;)) = m.(R;). Let us call

the sets R; level-0 cylinders, the AR,;, + 7TC(X§-ZO)) level-1 cylinders, and so on.

Lemma 3.13 Suppose that o satisfies the coincidence condition and let

N=JRinR;
i#j

Then p((py)~"(N)) = 0.

Proof Let 4, — 0, and let us define the sets Bj, (N) = UxenBs,(x). Then
lim,, oo Me(Bs, (N)) = me(NPBs,(N)) = me(N) = 0, since o satisfies the coin-
cidence condition and N' = N. As a result, for every e > 0, there exists § > 0 such
that m.(Bs(N)) < e.

Fix € > 0, and let 6 > 0 be such that m.(Bs(N)) < e. We can choose n € N
such that all of the level-n cylinders have diameter less than /2. There are finitely
many level-n cylinders adjacent to NV, say r of them (sets are “adjacent” if they have
non-emtpy intersection). Label these r cylinders by T,,,, where each T, is associated

to a path (¢, ,,5™ 1), - (if", 50") in the graph G associated to o, that is

0
n ke GE)
Tp=ARim  + Y A7),

k=—n+1



46

Then

(pl_)_l(N> - U U(_n + 17 17 (iTn+17jT—nn+1)7 U (Zgnngn))u

1<m<r

since all of the other cylinders U(—n + 1,1, (i_pt1, J—nt1), - - - ({0, Jo0)) of X have
images in level-n cylinders that are not adjacent to N. Since m.(A"R;) = CA™"v (i)

and since the T;,, intersect on sets of measure 0, we get that

p((D) TN < S ATV u (W)

! 1 i
=y mc(Tm)Eu(Wj(g? N
m=1

IN

K me(T)
Kme(Bs(\)

IA

< Kie,

where K = max{éu(i) |ie A} (K > 0 since C,u > 0).

Since € was arbitrary, u((p;)"H(N)) = 0. O

Corollary 3.14 If o satisfies the coincidence condition, then the set containing all
of the pairwise intersections of level-n cylinders for every n > 0 has preimage under

p; of measure 0.

Lemma 3.15 If o satisfies the coincidence condition, then there exists a nullset
M C ¥ such that for x # o' € ¥\ M, either py (x) # py(2') or (in, Jn)n<o =

(41,5 Jn ) n<o-

Proof Recall that R; = {py (z) | i1 = i}. We have from [18] that if o satisfies the
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coincidence condition then the unions

and
R=JR
ieA
are measure-wise disjoint. That is, m.(R; N R;) = 0 if i # j. By Corollary 3.14,
this implies that for
H =) (RinRy),
i#j
we have p(H) = 0.

Letting

Ni= U (AR 6d) 0 (AR + 7o)

(k,5) # (K',5")
’
w® = wk) -
J Vi

be the set of pairwise intersections of level-1 cylinders, we apply Corollary 3.14 to get

w((py) " (MV:)) = 0. Furthermore, the ARy, +7¢(x k)) can be measurably partitioned

(
Xj
infinitely many times. So for m < —1 and paths Py, 11,0(¢) = (km+1, Jm+1) - - - (Ko, Jo)

in G, satisfying Wj(f o) =, let

m m__C k
NPm+1,o(i) = U ((A +1R A ( §))>
(k. 3) # (K, 5")
wk) = Wj(,k/) = km+1
ﬂ(Am+1Rk+Amc ) ZAHC(M)
n=m+1

Again, 1((p7) " (N, 0ay) = 0 for every path P, y10(0).
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Let

M= ((p;)‘l(M-) vy U (pf)‘%Npmﬂ,o(,-))) UH.

i€A m<—1 Py,41,0(%)

Then M is the union of countably many nullsets, and hence (M) = 0.

Let x, 2" € ¥ such that py (v) = py (2'). If iy # 4} then py (v) = py (2') € RN Ry
and so x,2' € H C M.

Otherwise iy = 4} and p; () = p; (¢') € Ry, If (0, J0) # (if, jy) then = and 2
are contained in (p; )~ ' (N;,) C M.

Otherwise (ig, jo) = (g, jy) and py (x) = py (2') € AR;, + WC(X%(J)).

Repeating the above step infinitely many times, we obtain that either z, 2’ € M

OF (in, jn)n<o = (i, 7 )n<o- -

3.1.3 Properties of p; and p

We define the Markov Rauzy fractal, R', as the union of d cylinders in R? with base
components consisting of a reflection of the d cylinders R; of the Rauzy fractal and

transverse components along A€ of heights equal to 7¢(e;). That is,

This set is similar to the set R = |, ([0,7°(e;)] + Rs), defined in Section 5 of
[5] as the Markov Rauzy fractal. The reason for the terminology is that ¢(R’) is a
Markov partition of T¢ if o satisfies the coincidence condition [4].

By Propositions 3.3 and 3.9, we have the following.
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Proposition 3.16 The image of ¥ under py is given by

P1 (2) = R/.

Proposition 3.17 The mapping p1 : X — R’ is a.e. injective if o satisfies the

cotncidence condition.

Proof Suppose that pi(x) = pi(2'). Since A® and A° intersect only at the origin,
this implies that pf (x) = p; (2/) and py () = py (z'). If iy = i}, then let A be the
nullset from Lemma 3.6, and let M be the nullset from Lemma 3.15. Then either
r=2a, x,2" € NUM, or iy # ). In the last case, p; (2),p; (') € Riy, "Ry, and

hence z, 2’ € M. O

For our next proposition, we need to assume the geometric coincidence condition
defined in [4]. This hypothesis is needed for the quotient map ¢ to map the Rauzy
fractal a.e. injectively onto the d-torus. The geometric coincidence condition implies

the usual coincidence condition.

Proposition 3.18 The map p : ¥ — T? is continuous and onto, and if o satisfies

the geometric coincidence condition, then p is also a.e. one-to-one.

Proof Since p; and the quotient map ¢ : R — T? are continuous, p = g o p; is
continuous.
From Proposition 3.2, p = qop,, for every ng € Z. Furthermore, since Aop, ;| =

Py, © S and py (X) = R, it follows that p, (X) = A~ *!'R. Hence for every = € ¥,

p(z) = lm q(pp,(2))

ng——oo

= lim_q(p},(z) — pp,(2))

ng——oo

= lim q(p,,(2)).

ng——oo
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From Lemma 3.5, pf (¥) = UL, A™t; for every ng € Z. Therefore o (3) C

P _1(8) € p_o(X) C - -+ for every ng € Z. Hence

p(¥) = ¢ ( U p%@)) :

no<0

Since

U »i () = f{av]a =0},

no<0
it follows that p(X) is dense in T¢. Since p is continuous and ¥ is compact, p(X) is
compact, and so p(3) = T

We proved in Proposition 3.17 that p; is a.e. injective if o satisfies the coinci-
dence condition. And Barge and Kwapisz [4] prove that if o satisfies the geometric
coincidence condition then ¢ : R% — T¢ is one-to-one except on the boundary of
R'. It is analogous to our proofs above to show that the inverse image under p; of
the boundary has measure 0. Hence p is a.e. injective if o satisfies the geometric

coincidence condition. O

Recall that S denotes the shift map on Y. By a slight abuse of notation, we will

write go A = A : T? — T¢.

Lemma 3.19 The following diagram commutes:

S
o — X

Proof It is easy to see that

Ap(l’) = q(ZA_(n—l)We(X§in)) _ ZA_(H_l)WC(X‘gi:L)))

n>1 n<0
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and

pS(a) = a( o A l) = X A ),

n>1 n<0

Hence

q (Ap(z) — pS(z))

e+ (1) c(+(i1)
q () + 7<)

O

We say that two dynamical systems (X, f) and (Y, g) are semi-topologically con-
jugate if there exists a continuous, surjective and a.e. injective map h : X — Y

such that ho f = g o h. We have shown the following:

Proposition 3.20 The dynamical systems (3, S) and (T¢, A) are semi-topologically

conjugate via p if o satisfies the geometric coincidence condition.

In terms of Smale spaces, p : (3, S) — (T9, A) is a factor map.

3.2 From the SFT to a Tiling Space to T

3.2.1 From the SFT to the Tiling Space

Recall our tiling substitution w(t;) = {t,o + Awe(x,(j)) | 1 < k < I(z)}, where
k

t; = [0, A\7%(e;)] for i € A. As in Section 2.2, we will denote by {ti,--- ,t;}* the

collection of all partial tilings of A® containing only translations of the prototiles ¢;.

Define maps T}, : ¥ — {t1,- -+ ,t4}* for k > 0 as follows,
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Example 5 Let 0 : 1+ 12,2+ 1 as above. Then

x:((zvl)(172>(271)<172))
and
y:((lvl)(lvl)(171)<171))

are elements of ¥, and we consider T}, for k = 0, 1,2 (see Figure 5, where the longer

tiles are translates of ¢; and the shorter tiles are translates of t5).

A° T Ty
0 0
T Ty
0 0
T Ty
0 0

Figure 3.2: T}, for k =0,1,2

Remark By Corollary 3.5, given a € t;, there exists x € X with iy = ¢ such that
pg (z) = a. Hence Ty(z) = t; — a. Since pg is not injective, neither is Ty. However,
by Lemma 3.6, for almost every tile in Ty(X), its inverse image under Tj contains a

unique infinite cylinder U(1, 00, (i1, 1) - -+ ). Otherwise, its inverse image under Ty

contains two infinite cylinders.
Proposition 3.21 Tj(z) C Ty (x) for all k >0 and z € X.

Proof By definition, we have

w(ty) = {tyo tyo + A7), - ) + e (xi() }- (3.2)



Let us begin with & = 0 for concreteness.

To(x) = tiy —p; (x)
Ti(x) = w(ti,)—ph(z)

= w(ti,) — (pf(x) + Are(x\5D))

J—-1

The last equality follows directly from the definition of p} .

Since ig = VV;:;, we have from (3.2) that ¢;, + Aﬁe(xgij)) € w(t;_,). Hence

Ti(z) 2 (tip +Mre(x{)) — (g (2) + Are(x =)

= i —par(l")

To see that T, (x) C T,.1(x), we consider

ety ) g+ )

= w"(twl(n) U <Wn(tW2(i)) + >\n+17T6(X§i))) U---u <w”(tw(i_) ) + >\n+17T6(X(

i)
)

1(9)

. i
As before, we have i_, = W~ (( :11)), hence

Wn(ti,n) 4 )\n—l-lﬂ_e(xif(nwtl)) g wn—l—l(t

J—(n+1) Z'—(n+1))'

Since

MUt ) — (0L (@) F X)),

Thia(r) = w J—(n+1)

93
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it follows from (3.3) that

To(x) = w"(ti_,) = pL,(x) € T (o).

O

We will need the following lemma to construct tilings of A° containing the partial

tilings T} (z).

Lemma 3.22 Forx € X, k>1 andn € Z,

(ti, = A" (7)) € (W (ti, ) — A"pa_i (@)

Proof Let z € ¥ and n € Z. From the definition of w we have

t, € wits, ) — Ame(x"0)
€ Wt ) = NrUXP) = At (x,Y)
k .
e Wit )= Y ATEExT).
m=1

It follows that

In—m

k
A", —pi(x) € )\_"wk(ti%k) —ph(x) — Z )\—(n—m)ﬁe(xlﬁn—m))
m=1
= AWt ) — o _i(®)-
The result follows. 0

Let us consider the substitution tiling space associated to w. As in Section 2.2,

we define €2 to be the collection of all tilings T in {t1,--- ,t4}* having the property
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that for any patch U C T, U C w™(P; + x) for some m > 0,1 <i < d, and x € A°.
Since o is primitive, so is w, and it is clear that (2 has finite local complexity.
Also, since X, contains no shift-periodic points, €2 contains no translation-periodic
points. It follows from Proposition 2.8 that w : 2 — €2 is injective. We also have

1

that w :  — € is onto and continuous, and that €2 is compact. Hence w™" is also

continuous.

Define

A=T1T,—alac A,

where 7 is a substitution-periodic tiling of A°. From Section 2.2, we have A = ().

Notice that if w € X, is a o-periodic word, then the tiling

Tw = { ) t’w—l - )‘ﬂ-e(ewﬂ)a twm tw1 + )‘We(ewo)> o }

is w — periodic and clearly T, € €.

In [13], a tiling substitution w is said to satisfy the forcing the border condition if
there exists k > 1 such that, if ', T" € Q are two tilings containing a tile ¢, then the
patches in w*(T) and w*(T") consisting of all tiles which meet w¥* () are identical.

Let us call the integer k a forcing number for w.

Proposition 3.23 If w satisfies the forcing the border condition, then for every

x € ¥ there exists a unique tiling T, € Q containing |J, 5o Tn(z).

Proof If (J,5,Tn(z) = A°, we are done. Otherwise, |J, 5, 7n(z) contains a right-
most or leftmost tile, but not both, since the support of 7, (z) is a translate of the
interval A"t; . Since the two cases are analogous, we’ll consider only the case of a
rightmost tile.

Let k be a forcing number for w as defined above, and let S € €2 be any tiling
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containing ¢; , — A™*p*, (z). Then there is a unique tile ¢ which may be right
adjacent to w*(t; ) — pT.(z) = Ti(z) in W*(S).

Further, let S’ € Q be any tiling containing t; ,, — A™%*p®,, (x). Then there is

i_ok
a unique tile # which may be right adjacent to w*(t;_,,) — A *pT,,.(z) in wk(S').
By Lemma 3.22, we have t; , — A™"p®, () Cw*(t;_,,) — A *p,,.(z). Hence w?(S’)
contains Ty, (x) Ut, and Ty, () Uw*(#') gives us some tiles right adjacent to Ty (z).
More generally, for [ € Nlet ; = {S € Q : S contains Akpt (z)}. Then,

gl

by Lemma 3.22, every tiling in w*(£2;) contains bi o

— ATkU=Dpt k(t—1)(®) and any
two have the same unique tile, s;, right adjacent to t;_,, , — A RI=1) pi’k(l_l)(x)

(since we know what tile is right adjacent to w*(t;_,, — A\™*p*,,(z))). It follows that

Tkl
every tiling in w*(€Y) contains Tj;_1)(z) and the same patch of tiles, w*(=1(s)),
right adjacent to Tj_1)(z). Clearly diam(w*!=V(s;)) — oo as | — oo.

In other words, w*(€;) C Q_1, and w*(€Y;) gives us growing patches of tiles right
adjacent to Ty_1)(z). Since we assumed that |J, 5, T, (x) has a rightmost tile, this
rightmost tile is contained in 7,,(z) for all n > N, some N € N. It is clear that the
patches of unique tiles right adjacent to the Ty;(x) grow to cover all of A° to the
right of the rightmost tile. By taking the union of these patches and (J, 5, Tn(z),

we obtain a unique tiling of A¢. This tiling is clearly contained in €. 0J

Of course, many tiling substitutions, including the Fibonacci substitution, do
not satisfy the forcing the border condition. However, Kellendonk and Putnam [13]
describe a method of replacing any substitution tiling system by one that forces its
border and has exactly the same collection of tilings. One may ask whether this new
substitution preserves properties of the orginal substitution, such as being Pisot and
unimodular, but we do not address this question here.

For the rest of this chapter, we assume that w satisfies the forcing the border

condition. So we can define a map 7' : ¥ — 2 by x — 7, where 7, is the tiling in
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Q containing 5o Tn(z).

The following terms are defined in [1]. Two points x,2’ € ¥ are said to be
right asymptotic if there is an integer N such that (i,, j,) = (i, 7)) for all n > N
(sometimes this is also referred to as being right tail-equivalent). A left closing
map is a continous shift-commuting map that never identifies two distinct right

asymptotic points.

Proposition 3.24 [1] If w satisfies the forcing the border condition, then the map

T : ¥ — Q is continuous, onto, left closing, and T'S = wT.
Proof See Theorem 5.1 in [1]. O

In other words, T': (£,5) — (©,w) is an s-resolving factor map.

3.2.2 From the Tiling Space to T

Since A is finite, there exist a € A and K > 1 such that % (a); = a. Let ¢y =

(iny Jn)nez where (ink, jnix) = (a,1) and j, = 1 for all n € Z. Then define
E ={ee ¥ |3 Nsuchthatipn_nyx =a¥n>0, j,=1Vm < NK}

and let 7y = T'(eg). Notice that w™*(t,) C 7Ty for n > 0.

Lemma 3.25 Fore € E, T(e) = Ty — pyx(€). Furthermore,
T(E)=To— A%y ={To—av|a >0}

Proof To show T(E) C Ty — A%y, pick € = (in, jn)nez € E. There there exists

N such that ¢ny_nx = a for n > 0 and 7, = 1 for m < NK. Then clearly
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Pih_i(e) = phx(e) for I > 0. As a result, for n > max{0, N} we have

T_(v-myic(€) = w™ T (t,) — plic(e).

Hence

UTue) = U T-v-mi(€) € To = pile)-

n>0 n>N
By Proposition 3.23, T'(e) = Ty — pyx(e) and clearly pi . (e) € AS,.

For the reverse inclusion, let x € AGZO. Then there exists N < 0 such that
x € [0, \"VE¢,]. Since pix(UNK,NK,a)) = [0, \"¥5¢,] by Corollary 3.5, there
exists & = (in, jn)nez € X With ixx = a such that pi,(z) = x. Let e = (i}, j/ )nez,
where (i1, 7, )n>Nk = (in, Jn)n>Nk and in_px = a for n > 0 and j,, = 1 for

m < NK. Then e € F and

U T(e) = U T—(N—N)K(e) = U w_(N_n)K(ta) - X.

n>0 n>N n>N

Since 7p is the unique tiling in Q containing |J,5,w™*(t,), it follows that T'(e) =
Ty — X. O

Recall ¢ : R* — T¢ by ¢ : x — x(mod Z*). Further define g : Ty — A%y — T by
G(7y — x) = q(x). This map is well-defined since € contains no translation-periodic

points.

Lemma 3.26 The following diagram commutes:
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Proof Let e = (i, jn)nez € E such that i(y_x = a for n > 0 and j,, = 1 for
m < NK. By Lemma 3.25, T'(e) = Ty — pix(€).

Since pyg(e) = 0, we have p} . (e) = pyx(€), and from Proposition 3.2,
q(pnx(e)) = ple).

Hence we have shown that p(e) = g(T'(e)). O

Although the following proof is long, the difficulty lies only in the notation.
Proposition 3.27 q: 7y — Ay — T is uniformly continuous.

Proof Let 0 < e < min{i, (largest tile length)~*}. We want to prove that there ex-
ists 0 > 0 such that for Ty, Ty € To— A<, with d(T1, T) < 0, we have d(q(T1), ¢(T2)) <
€.

By the continuity of p and the nature of the metric on ¥, there exists K > 1 such
that for z, 2’ € ¥ with (i,, j,) = (i/,, 7)) for —K <n < K, d(p(x), p(z')) < e. By
the continuity of w™, there exists § > 0 such that for Ty, Ty € Q with d(Ty, T) < 6,
we have d(w™5(T), w5(T3)) < ex™K.

So let Ty, Tp € Ty— A%y with d(Ty, Tz) < 6. Then d(w " (T1), w ¥(T3)) < eA™X.
That is, there exist x;, x5 € A® such that |x;], [x2| < eA™ and w™5(T}) +x; =
w™E(Ty) + x5 on B.-1,x(0). Tt is not hard to see that we may assume w.l.o.g. that
X1, X € AL,

Notice that e 'A% > €71 > (largest tile length). Therefore w=*(T}) 4+ x; and
w™E(Ty) + x5 have the same tile(s) containing the origin, as do w™(w™%(T}) + x1)
and W (W™ E(Ty) + x3) for n > 1.

By the triangle inequality,

dq@(Ty), (Ty)) < d(@T), @(Ty + X¥x1)) +d(q(Ty + Nx1), @(Ty + M%)

+d(q(Ty + Mx3), @(T2)). (3.4)
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Consider the first term on the RHS of (3.4). Since Ty = 7y —y, for some y, € A%,
we have T} + Mx; = Ty + Mx; —y,. Hence ¢(T}) = q(y;) and q(Ty + \x;) =

q(y, — A¥x1). However, [\¥x;| < M¥A7%e = ¢ < 1. Therefore,
d((j(Tl), (j(Tl + )\le)) = |)\KX1| < €.

The same argument works for the third term on the RHS of (3.4).
For the middle term on the RHS of (3.4), we need the following:
Claim: There exist e1 = (in, Jn)nez and es = (il il nez in E such that T(e;) =
Ty 4+ A%y and T(ez) = To + MN¥x9, and (in, jn) = (i, j.) for —K <n < K.
Therefore d(p(ey1),p(es)) < e. However, p(e;) = qT'(e1) = q(T1 + Mx;) and
pes) = q(Ty + M¥x5), and as a result the middle term in (3.4) is also less than e.
So to complete the proof, it suffices to prove the Claim.

Proof of Claim: Since Ty = Ty — y,, we have

T+ A =Ty = (v = M) 2 0™ (ta) = (v = V).
n>0
Recall that y, € A%y and x; € A% Hencey, —A¥x; € A%, Similarly T, = Ty—ys,,
where y, € A%y and x; € A%, s0 y, — M¥xy € A% Let N < —1 be such that
vy — Mxy) vy — A%, € Int(AVEe,).

First let us construct e; € E. Let iyx = a. Since
link) |
tinie = supp( U D +7re(x§.””<))),
J

i=1

there is 1 < jyx < I(ing) such that

y1 = A € XV oo + (). (3.5)

) INK
INK
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If (3.5) also holds if we replace jyx by jyx £ 1, choose the greater one to be jyk-.
Similarly, for n > NK + 1, let i,, = W;i’:l) and let 1 < j, <I(i,) be maximal such
that

y, — \¥x € )x_(”“)twj(in) + Z A_mwe(x§:)).
m=NK

(im)
j’!?L

—m €

Then clearly y, — \Mx; = D meng A TE(x). Let (in, jn)nenk be the path in
G, with i(v_pyxk = a for n > 1 and j,, = 1 for m < NK, and let e; = (in, jn)nez-

Then e; € E and p}r(e1) = y; — M¥x;. Furthermore,

T(er) 2 |J w ™ (ta) = Phicler).

n<N

Therefore, T'(e;) = T} + Ax;.
Moreover, (im, jm)n>nK satisfies the property that for every n > N K, the origin

is either the left endpoint or in the interior of

n—1
At b 3 AT ) — (v - Ax) = A, — i (e).

m=NK

Since TS = wT and T'S™! = w™IT, we have
T0(5n61> = tzn — )\"pZ(el) C T(Sn€1> = w"(Tl + )\le)

forn > NK. So t;, — A\"p;(e1) is the rightmost tile in w™(T} + A¥x;) containing
the origin, for n > NK.

Apply the same process to Ty + A¥xy to obtain ey = (i), 5/ )nez € F such that
T'(es) = To+Mxy and such that t;, —\"p;} (e2) is the rightmost tile in w™(Th+ A xy)
containing the origin, for n > NK.

Since for every n > 0, w™(w X (T1) + x1) and w™(w™ 5 (T3) + x2) have the same
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rightmost tile containing the origin, ¢;, — A\"p;(e1) = tiy — X"p/(ez) for n > —K.
Hence i,, = i, and p(e1) = p)(ey) for every n > —K. It follows that j, = j/, for

n > —K. O

By Proposition 2.6, since o is primitive, every finite word occuring in any o-
periodic point occurs infinitely often and with bounded gaps. It is clear that this
extends to w: every w-periodic tiling has the property that if P is any patch in the
tiling, then P occurs infinitely often and with bounded gaps. Therefore, it is easy

to see that for any y € A%, the tiling 7y —y has a sequence in 7y — A%, converging

to it. That is, 79 — A% is dense in 7y — A, and hence 7y — AS, = 7o — A°. Since
T, — A¢ is complete, it is the completion of 7y — Ay Now, Ty = T'(eo) is a periodic
point for w, so 7y — A¢ = Q. Therefore ¢ extends to €2 as follows: for any S € €2,
there exists a Cauchy sequence (7,,) in 7y — A%, converging to S. By the continuity
of ¢ on Ty — A%, lim,, . G(7,,) exists. And so we define

q(S) = lim §(T,), Ty— A%, (T,) - S.

n—oo

It is clear that the extension ¢ : Q — T¢ is continuous, and that p = gT". We
have from Section 2.3.1 that ¢(A°) is dense in T?. Since 2 is compact, so is g(£2),

and therefore g(Q2) = T?. Thus we have shown the following.
Proposition 3.28 7:Q — T? is continuous, onto, and p = qT .
It remains to quantify the injectivity of ¢ and check that Ag = qw.

Proposition 3.29 ¢ is injective on the local unstable sets of €.

Proof Clearly ¢ is injective on 7y — A°. Recall that for a tiling T € €2, the local

unstable sets for 7' consist of small translations of 7. Notice that if x € A° such
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that ||x|| < (shortest tile length), then d(7",7 + x) = ||x||. Also, for y,,y, € A°,
if d(y,,y,) < 1/4 then d(q(y,),q(y,)) = d(y,,¥,). Let y;,y, € A°¢ such that
d(y;,y,) < min(1/4, (shortest tile length)/2). We want to show that ¢(T + y,) #
a(T +ys).

Let 0 < € < d(y;,¥2)/2. By the continuity of g, there exists 6 > 0 such that for
any tilings 77, Ty satisfying d(T7,T5) < 60, we have d(¢(7}), ¢(12)) < €. By the density
of Ty — A° in Q, there exists x € A° such that d(T' +y,, 7o —x+y;) < fori=1,2.
Hence d(q(T+y;), (To—x+y;)) < e Thatis, d(q(T+y;), ¢(x~y;)) < d(y1,¥2)/2 =
d(g(x—y1),q(x—y,))/2 for i = 1,2. As aresult, ¢(T +y,) # ¢(T +y,). O

Since T is surjective and p = ¢I', T'S = wT, and pS = Ap, it follows from
AGT = qwT that AG = qw. Hence we have proven that g : (Q,w) — (T¢ A) is a

u-resolving factor map.

3.3 The (d — 1)-dimensional Analogy

It is also possible to construct maps analogous to 7' : ¥ — Q and g : Q — T? by
replacing (€2, w) with a suitable substitution tiling space on A¢. We outline the main
ideas here, but do not give any proofs.

Since for every i € A,

Ri= U (ARe+ ),

(ko) W) =i

we can define the following tiling substitution on the set of prototiles {R; | i € A}:

O(Ri) = {Ri + A7 re(xM) | Wi =i}

J
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By [18], distinct tiles in @(R;) have non-overlapping interiors and each of the proti-
tiles R; is the closure of its (non-empty) interior. Notice that the “incidence matrix”
for @ is AT. That is, since A;; is the number of times i occurs in o(j), A;; is the
number of translates of R; in @(R;). Since o is primitive, it follows that so is w.
As in Section 2.2, let ) be the collection of tilings T" of A€ satisfying the property
that for any patch U C T, U C &™(P; + x) for some m,i,x. By [1], Q) contains an
w-periodic tiling. Since the R; have non-empty interiors, it is clear that () has finite

local complexity. Hence, if i is an w-periodic tiling, it follows from the primitivity

of & that Q = {U —x | x € Ac}. It was easy to see that w : Q — Q was injective,
but this is not the case for w, and hence we must assume injectivity.

A mapping analogous to T : ¥ — €2 can be defined as follows. For k > 0, define
Ry X — {Rq, - ,Ra}* by

Ry(z) = &"(Ry,) — A7'py ().

It can be shown that for every n > 0 and = € ¥, R,(z) C R,41(z). Furthermore,
if @ satisfies the forcing the border condition, then for every x € 3 there exists a
unique tiling U, € Q containing U,s0 Bn(z). Since the Rauzy fractals for many
substitutions are not homeomorphic to closed balls, checking that @ satisfies the
forcing the border condition can be a much more subtle question than checking that
w does. However, if we assume that @ satisfies the forcing the border condition,
then we can define a map R: ¥ — O by x +— U,, where U, is the unique tiling in O
containing (J, 5 R(z). From [1], we have that R is continuous, onto, right closing
and RS = @R. In terms of Smale spaces, this means that R : (2,5) — (,&) is
u-resolving.

We proceed as with the one-dimensional tiling space to define a map from Q to
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T?. Recall that ey = (i, jn)nez is the point with (inx, jnx) = (a,1) and j, = 1 for
all n € Z. Define

F={feX|3Nsuchthatipnyyx =aV¥Vn>0,j,=1Vm>NK}

and let Uy = R(ep). Since p; (U(1,1,4)) = R, it is easy to see that p, (U(n,n,i)) =

A~(=DR; for every n € Z. Hence |J,; A" (R,) will replace the role that A%,

ne”L

played in the preceding section. That is, R(F) = Uy — U, ., A™*(R4). So we define

nel

amap 7 : Uy — e A" Ry — T by

Uy — x) = q(—Ax).

This map is well-defined since no w-periodic tiling is translation-periodic [18], and
plr = 7R|F.

As we did for ¢ : Ty — ASy — T?, we can show that if for every x € R, and € > 0
there exists X' € Int(R,) with d(x,x') < ¢, then 7 : Uy — ez A" (Ra) — T is

uniformly continuous. Since €2 is the completion of Uy — .., A% (R,), this means

nez
that 7 extends uniquely to Q. Moreover, 7 : O — T is continuous, onto, and p = ¢7'.

Now, in terms of Smale spaces, the local stable set of a tiling 7 € ) contains
small translations of 7 since on €, the transformation A is contracting on A°. So
it is analogous to Proposition 3.29 to show that for any 7 € ), 7 is injective on
the local stable sets of 7. Furthermore, A7 = 7, and so 7 : (Q,&) — (T%, A) is an
s-resolving factor map.

That is, assuming that @ is injective and that for every x € R, and € > 0 there

exists X’ € Int(R,) with d(x,x’) < €, we have the following commutative diagram:



Pl o
(T4, A)%

where R is a u-resolving factor map, and 7 is an s-resolving factor map.
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Chapter 4

Conclusion

The incidence matrix A of a unimodular Pisot substitution ¢ on d letters gives rise
to a stable/unstable decomposition of d-dimensional Euclidean space, RY = A¢® A°.
The one-dimensional unstable subspace A€ is inherently a simple object, and admits
a substitution tiling space ({2, w) that is very similar to the symbolic dynamical
system associated to the substitution. The complementary (d — 1)-dimensional
stable subspace A¢ contains the Rauzy fractal, a useful and well-studied compact
set.

By considering the set D of infinite paths in the graph G, associated to o,
Canterini and Siegel [7] prove that every dynamical system generated by ¢ admits
as a topological factor a minimal translation on T¢~!. We consider biinfinite paths
in G,, and prove that the subshift of finite type (X%,S) containing these paths is
semi-conjugate to (T?¢, A) via a map p : ¥ — T One could say that p is an
extension of Canterini and Siegel’s map from D to T4~

In terms of Smale spaces, the map p : ¥ — T turns out to have a number of
very desirable properties if we assume that o satisfies the coincidence condition and

that w satisfies the forcing the border condition. Besides being a factor map, p is
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the composition of s-resolving factor map 7" : (X, 5) — (€, w) and u-resolving factor

map ¢ : (Q,w) — (T4, A). That is, the following diagram commutes:

T
b \(Q,w)

(T4, A)‘/q

(%, 5)

Many open questions are left to be explored. For example, since every substitu-
tion is equivalent to a substitution that satisfies the forcing the border condition, it
is conceivable that we should be able to eliminate the forcing the border condition
altogether. It seems plausible that ¢ satisfying the coincidence condition is somehow
related to w satisfying the forcing the border condition. If this turned out to be the
case, it might provide a new approach to proving the Coincidence Conjecture.

Many researchers, especially those working on the applications of tiling dynam-
ical systems to quasicrystals, prefer to construct tiling spaces using the cut and
project method. Although our method of constructing tiling spaces is much more
useful for our purposes, it might be of interest to explore our results in terms of cut

and project tilings.
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Appendix

Appendix 1: Parry Measure on X

Recall that for a given substitution o on A, the directed graph G, = (V, E) associ-

ated to o has vertex set

V=A

and edge set
E={(j)]ice A 1<j<I@{}

where (7, ) is an edge from vertex i to vertex Wj(i).
Notice that the incidence matrix A of o has the property that A;; is the number
of edges of GG, from j to i.
Define A! to be the edge matriz of o indexed by the edges of G, and given by
1 ift(e) =i(f)
1
Ay = ,
0 otherwise
where t(e) denotes the terminal vertex of the edge e, and i(f) denotes the initial

vertex of the edge f.

Further, let I be the matrix whose rows are indexed by the vertices of G, and
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whose columns are indexed by the edges of G, given by

1 ifv=i(e)

0 otherwise

And let T be the matrix whose rows are indexed by the edges in GG, and whose

columns are indexed by the vertices of G, given by

1 iftle)=w
T., = (¢) )

0 otherwise

Then TI = A! since

Ty = Y Tl
veV

1 if t(e) = i(f)

0 otherwise

Similarly, IT = A7 since

(]T)uv - Z IueTev

eeE

= >
e€E | i(e)=u,t(e)=v

Apu-
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Since we had ATu = \u,

A'Tu = TITu
= TATu
= TA\u

= Nl u.

That is, A is an eigenvalue for A! and Tu is an associated right eigenvector.
Similarly, ITv is a left eigenvector of A' associated to . Recall that we denoted
the other d — 1 eigenvalues by Ao, - -+, Ay of A, and their associated left eigenvectors
by uy,, -, uy It is clear that Ay, -+, Ay

, and right eigenvectors by vy,, -, vy

.-
are also eigenvalues of A' and T'uy,, - -+ ,Tu,, are respective right eigenvectors and
ITvy,, -+, ITv,, are respective left eigenvectors.

Similarly, if o is an eigenvalue for A' and x is an associated right eigenvector,
then « is an eigenvalue for AT (and therefore A) and Ix is the associated right
eigenvector. Since A, \g,---,\g are the only eigenvalues for AT, the additional

eigenvalues of A' must be 0. Hence \ is the Perron-Frobenius eigenvalue of A!.

Notice that (I7v,Tu) = v ITu = vl ATu = vI'\u = \. Hence

(AT, Tu) =1,

and clearly A™'I7v and T'u are positive.
Let s be the number of edges of G, or equivalently, the size of A'. Parry

measure is defined to be the Markov measure associated to the probability vector
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p=(A"'(I"v)(i)(Tu)(i))1<i<s and the stochastic matrix
Py = A (Tw)(j)/M(Ta)(0).
That is, Parry measure is given by the following measure on cylinders of >:

M(U(kvl + 17 €k - -61)) = p(€k>Pek6k+1PEk+1ek+2 v 'Pelﬂel'

Since U(k,l,ex---¢) is a cylinder of 3, it follows that t(ey) = i(exs1), t(egpr1) =
i(erra), -+, tler_1) = i(e;). That is, Al = Al =...=A! =1 Asa

€kCLk+1 €k+1€k+2 €1—-1€]

result, we easily simplify the above expression to get
Uk T+ 1 ep--¢)) = NIV (er) (Tu) ().
However, (I7v)(e) = v(i(e)) and (Tu)(e) = u(t(e)) for every e € E. Hence

(U (kL4 1, (i, e) - G 1)) = AN EDv ()W),

N

Let B denote the Borel subsets of ¥. By [19], the above definition of yx on

cylinders of ¥ extends uniquely to a probability measure on (X, B).

Appendix 2: Proof that p; is the map in [7]

Claim The map p; defined in Chapter 3 is the same map as pny found in [7].

Proof The SFT D from [7] differs from X7 = {(in, jn)n<0|(in, jn)nez € 2} only

in notation. In the graph Gp, called the prefix-suffix automaton of o, the set of
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vertices is A and there is an edge from Wj(i) to ¢ labeled by

(p.a,s) = (W - w2, W Wl ),
fori € Aand 1 < j < [(i). So an edge (i,7) from i to VVj(i) in the graph Gy,
corresponds to the edge (Wl(z) = -VVj(i)l, Wj(i), Wj(_?l e VVZ((ZZ))) from Wj(i) to 7 in Gp.
Since ¥ is indexed by n < 0 and D is indexed by n > 0, the seemingly opposite

directions of the edges are not opposite after all. It is easy to see that for the point

(iny Jn)n<o € X7 also described by (pn, @y, Sn)n>0 € D, we have

xt= = f(p,) Vn > 0.

(
J—n
The d = r+ 2s eigenvalues of the incidence matrix A are labelled as aq, ..., q, €
R, and a,41, 011, - - -, Qrys, 0prs € C, where o is the Perron-Frobenius eigenvalue.
A set of right eigenvectors uy, . . . ug, where Au;, = aiuy, and a set of left eigenvectors

Vi,...Vq, where vI A = apv], are constructed to satisfy certain properties. A map

§: A* = R x C? is defined by w +— V - f(w), where

and f is the abelianization map, as above.
Further, a linear bijection py : R™™! x C* — A€ is given and shown to satisfy
w¢f = prd = pxV f. That is,

¢ =pyV

on Zéo. In addition, the definition of py easily leads to the equality Apy = prAdiag,
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where

Adiag =
0 Qg s

Recall that (X,,.S) is the symbolic dynamical system associated to o. A map
I': X, — D is defined and shown to be continuous, onto and one-to-one except on
the orbits of periodic points of o. Although the following map is defined on X,, no
information is lost if we define it on D.

The map ¢ : D — R""! x C* is defined by

@((pm Qns sn n>0 Z Adzag

n>0

Since v} A = oy vl we have Agiagd(w) = AgiagV f(pn) = VAf(w). It follows that
pHAdiag(S(w) = WCA.f(w) = Aﬂ-cf(w)

Equivalently, we could have deduced this from Apy = prAaiag-

This gives the following commutative diagram, and the result follows.

A
%
ZLy

S\

A <«—— erXCs

PH
A l lAdiag

P
Ac -— ]Rr—l % (CS ]
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Appendix 3: Proof of Lemma 3.8

Lemma For any N € N,

1 (50) = pr (Bon ).

Proof This proof uses many of the elements used in the proof of Lemma 3.7, and
could be seen almost as a corollary to that lemma.

First, let @ = (in, jn)nez € Yo and construct X € Y~ as follows. Let Iy =
i_(v—1y and Jo =1+ Z%;é
3.7,

i<iom |am(Wj(i’m))|. Then, as in the proof of Lemma

Ul g = V=t fieeen) oo n) Nz eoea) gy Geoea)

—(v-1p—1 Jo(nv-2)—1

Jo

(Ww W) Wi

Similary, let Iy = i_on_1) and J_; = 1 + Z%;é Um(wj(if(erN)))L

J<J—(m+N) |

Then, as before,

U1(171) L U(S'{zl) _ O_N—l(Wl(L@Nﬂ)) o W'(L(szl)) ) o WILN o W-LN.

J-@n-1n—1 J-N

Notice that U}{;l) = W]Z:IJVV = i_(n-1) = Ip. Continuing in this manner, we define

(I, Jn)n<o Where Uﬁi”) = I,41 for n < 0. By Lemma 3.7,

1 (UN 1( )) mc im
Ry = e, = Z A (),

O.Nfl i i
ANﬂ_c(yy:ll)) _ ANTFC(Xle (7(21\771)))) — AN Z A m c( (tm—n ) :

Jm N
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Choosing an arbitrary path (I, J,)n>1 in Gy~ satisfying I, = UJ ), we define X =
(In, Ju)nez € Zgn, and py (X) = py (). Hence p; (X5) C py (Een ).

Now, let X = (I, Jy)nez € X~ and we’ll construct x € ¥, as follows. Let
i—(v—1) = o and let 1 < j_(y_1) < I(i—(nv—1)) be maximal such that

J(N1)1

Then let i_(y_g) = VV](i(I(V]i )1)) and let 1 < j_(y_2) < 1(i_(ny_2)) be maximal such that

ade 1(W(2 (=) W(l (v-1) Yo = (Wl( ~(v-2) W(Z (v-2)) )| < Jo. We continue

—(nv-1—1 —(N-2)—1

in this manner until we arrive at 1y = Wj(il). From the proof of Lemma 3.7, we see

that there exists 1 < jo < I(ig) such that

|0N_1(W1 —(N-1)) W(Z (N=1)) )U (WI(L(Nfz))‘_‘W(Z (N—2)) ) W ) Wz0| — Jo.

—(nv—1—1 J-(N-2)—1

Hence we have obtained (in, jn)p_ (v

1) satisfying

—1(W1 ~(N-1)) W(Z (N-1)) ) W -W;O — U(IO ULSéO)'

—(v-1—1

Next, we repeat this process starting at i_on_1) = I_; to obtain (in,jn);iv_(w_l).

Then W]-(:N) = U}{;l) = Iy = i_(v-1). Continuing in this manner, we obtain
(imjn)nSO SatiSfying Wj(,in) = in—H for n < 0. Define x = (imjn>n627 where (ina.jn)nzl
is an arbitrary path in G, satisfying i; = VV]Z(‘)) Clearly the same equations as above

hold, and we get p; (z) = p; (X). O



