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ABSTRACT 

A new class of cellular automata is introduced and its properties studied. These one- 

dimensional neighbor-five cellular automata are proposed as pseudorandom pattern gen- 

erators to be applied in built-in self-test. Based on a theoretical analysis, the transition 

capability of the new class of cellular automata is larger than that of linear hybrid cellular 

automata. In order to evaluate their randomness properties, Knuth's randomness tests are 

employed; the patterns generated by the new class of cellular automata are shown to achieve 

a slightly better randomness than those generated by linear hybrid cellular automata and 

much better randomness than those generated by linear feedback shift registers. For testing 

combinational and sequential faults over a set of standard benchmark circuits, experimental 

results demonstrate that, in sequential circuits, the pseudorandom pattern generators pro- 

duced by the proposed cellular automata outperform the conventional generators produced 

by linear hybrid cellular automata and linear feedback shift registers. 
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1 .  Motivation 

Advances in Very Large Scale Integration (VLSI) technology have resulted in the ability 

to produce Integrated Circuits (ICs) with over one hundred million transistors on a chip. 

The problem of testing such complex circuits in a cost-effective way has been and remains 

a major concern. Built-In Self-Test (BIST) is a general approach to the testing of ICs. A 

widely accepted method for BIST is to use a pseudorandom pattern generator and a data 

compactor. It is well known that Linear Feedback Shift Registers (LFSR) are commonly 

used for pseudorandom pattern generators and data compactors. However, recent studies 

[IS, 211 prove that Linear Hybrid Cellular Automata (LHCA) are superior to LFSR in VLSI 

testing. 

LHCA are the simplest class of Cellular Automata (CA). CA were proposed first by 

John von Neumann in the 19403, and were used to model self-reproducing organisms. 

In 1983 and 1984, Stephen Wolfram published papers [19, 201, which are milestones for 

studying cellular automata in the engineering and science fields. Now CA have been ap- 

plied in different research fields such as VLSI testing, error correcting codes, cryptography, 

parallel computing and computer graphics. 

Cellular automata are mathematical models for complicated natural systems. They con- 

sist of a series of identical components (also called 'cells '), each with a finite set of possible 

values. The value of each cell is determined by the previous value of its neighbors and/or 

itself. The relation of its neighbors and/or itself forms different and complex structures 

such as a 1-dimensional string (e.g. LHCA), a 2-dimensional grid (e.g. 2-by-n CA [7]), 

or a 3-dimensional structure of cells. Based on different properties of different structures, 

this thesis introduces a New Class of Cellular Automata (NCCA), in which the value of 

each cell is dependent on the previous value of the nearest four cells or dependent on the 

previous value of the nearest four cells and itself, as pseudorandom pattern generators in 

VLSI testing. 

The main objective of this thesis is to evaluate the performance of this new class of 
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CA as pseudorandom pattern generators. This has not been done before, thus we set the 

notation, define their computation rules, and apply the necessary mathematical background 

for a complete theoretical analysis. Then we derive a recursive relation to compute the 

characteristic polynomial of an NCCA; analyze the transition properties of NCCA, which 

are used as the metrics of effectiveness of pseudorandom pattern generators for testing 

sequential faults, and also derive the maximum number of an NCCA's transitions. We 

compare NCCA with their corresponding LFSR and LHCA. All this work is accomplished 

through the generation of maximum-length NCCA and by performing Knuth's empirical 

tests [14] for evaluating the pseudorandom properties of the patterns generated from these 

NCCA. Furthermore, standard benchmark circuits are simulated to perform a feasibility 

study on the behavior of NCCA, LFSR and LHCA as pseudorandom test pattern generators. 

1.2 Outline of Thesis 

The main goal of this thesis is to formally introduce a New Class of CA (NCCA), to study 

their properties, and to compare them with the corresponding LFSR and LHCA. 

In Chapter 2, the background material relevant to this thesis is briefly introduced. The 

definition and mathematical characteristics of Linear Finite State Machines (LFSMs) are 

reviewed. LFSR and CA with an emphasis on LHCA are discussed together with the 

notation and mathematical background. In this chapter, we also present some background 

on built-in self-test especially for pseudorandom pattern generators, and also discuss its 

applications. 

In Chapter 3, a new class of cellular automata (NCCA) is proposed. Its definition and 

notation, as well as the computation rules for each cell are presented. Then we focus on the 

properties of NCCA: first, we introduce their transition matrix and characteristic polyno- 

mial; second, we derive a recursive relation to obtain the characteristic polynomial as well 

as the structure for the minimum-cost primitive NCCA for degrees 1 through 100; third, 

we analyze the transition properties of NCCA and compare them with those of LHCA; this 
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chapter concludes with a discussion of the application of NCCA in built-in self-test. 

In Chapter 4, Knuth's empirical ( or randomness) tests [14] are introduced. We employ 

these tests on the sequences generated by the maximum-length LFSR, LHCA and NCCA 

in order to compare their randomness, and the experimental results are presented. 

In Chapter 5, the standard benchmark circuits ISCAS'85 [ll] and ISCAS789 [9, 101 

are also briefly introduced. We perform a feasibility study on the performance of the pseu- 

dorandom pattern generators produced by the maximum-length NCCA, compared to those 

based on the corresponding maximum-length LFSR and LHCA by simulating a standard 

benchmark circuit with the generators and evaluating their fault coverage. Experimental 

results are presented and analyzed. 

In Chapter 6, the main results in this thesis are summarized and possible future work is 

discussed. 
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In this chapter, several LFSMs are introduced. The important concepts about LFSM 

are described, which include the notation used and the mathematical background, such as 

the definition of linear finite state machines, the characteristic polynomial of a LFSM and 

primitive polynomials, etc. 

One of the most frequently used forms of LFSM is LFSR. Type I and Type I1 LFSR are 

introduced in section 2.2. 

Another important form of LFSMs, LHCA are introduced. First, the general Cellular 

Automata (CA) are introduced, including their space structure and neighborhood relation, 

then a special linear CA, LHCA, are discussed. In Chapter 3, a new class of CA is intro- 

duced, and the transition properties of binary sequences produced by LHCA and NCCA 

are analyzed in greater detail. 

Finally, some hndamental concepts of built-in self-test, with an emphasis on pseudo- 

random testing are discussed. 

2.1 Definitions 

The general definitions of LFSM and some of mathematical characteristics are introduced 

below: 

Definition 2.1.1 [la] A machine M is a linear finite state machine if: 

1) the state space SM of M, the input space IM ,  and the output space YM are each vector 

spaces over the appropriate finite field (here a Galois Field of order 2, GF(2) ). 

2) let the vector qi denote the current state of the machine, the vector ui denote the inputs 

to the machine, and the vector yi denote the outputs of the machine. The next state q: of 

M is defined by: 

and output is defined by: 
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where X , P, T and Q are matrices of the appropriate size over the finite field (here GF(2)), 

and X is called the transition matrix. 

If the finite machine has no external input ui, that is, the second term is omitted from 

the above next state and output equations, it is called an Autonomous Linear Finite State 

Machine. So the next state q; of M is defined by: 

q; = Xqi 

and output is defined by: 

y; = Tqi 

In this thesis, we only consider autonomous LFSM with the underlying field GF(2). 

Definition 2.1.2 Any LFSM is uniquely represented by a transition matrix X and every 

transition matrix has a characteristic polynomial. The characteristic polynomial A of a 

LFSM is defined by: 

n = 1x1 + X I  

where I is an identity matrix, x is an indeterminate, and X I  + X is called the characteristic 

matrix of the LFSM. 

Definition 2.1.3 If the sequence generated by an n-cell LFSM has period 2n - 1, then it is 

called a maximum-length sequence. 

Definition 2.1.4 [3] The characteristic polynomial associated with an n-cell LFSM, which 

has period 2n - 1, is called a primitive polynomial. 

If the characteristic polynomial of an n x n state matrix of an autonomous LFSM is 

primitive (which is called a primitive LFSM), the machine cycles through all 2n - 1 non- 

zero states. 

The maximum-length sequence produced by a LFSM that has a primitive characteristic 

polynomial is indeed the property that one wants to exploit. The most common LFSMs 
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used in VLSI testing are LFSR and LHCA. 

2.2 Linear Feedback Shift Registers 

Figure 2.1. Linear Feedback Shift Register;(top) internal-XOR ALFSR; (bottom) external- 

XOR ALFSR 

The most commonly used class of pseudorandom pattern generators in BIST are Au- 

tonomous Linear Feedback Shift Registers (ALFSRs). An ALFSR consists of a series of 

delay elements ( D flip flops ) with no external inputs and with all feedback functions 

provided by means of XOR gates [16] as illustrated in Figure 2.1. 

Figure 2.1 shows the two categories of ALFSRs, which are called external-XOR ALFSR 

+ and internal-XOR ALFSR. Let s = ( s l ,  s2, ... , s,) be the present state and s+ = (ST ,  s;, ..., s, ) 

be the next state. For internal-XOR ALFSR, we find: 

s: = sn 

ST = si-1 + ai-IS, f o r i = 2 , 3  ,..., n. 

According to Definition 2.1.2, the next state s+ can be evaluated by s+ = As. Thus, the 



2.2 Linear Feedback Shift Registers 9 

behavior of the n-cell internal-XOR ALFSRs is described by the n x n transition matrix A: 

For the external-XOR ALFSR, we also find: 

+ - si - si-1 f o r i = 2 , 3  ,..., n. 

S: = an-lsl 4- a,-m+ ... 4- an-isi + ... + als,-l + s, 
and the behavior of n-cell external-XOR ALFSRs is described by an n x n transition 

matrix A: 

Both of the transition matrices lead to a degree n characteristic polynomial A: 

A = 1 + alx + a2x2 + a3x3 + ... + an-lxn-l + xn 

According to Definition 2.1.3 and Definition 2.1.4, if the polynomial A is primitive, 

then the ALFSR represented by the polynomial is a maximum-length ALFSR. 

In VLSI testing, the Linear Feedback Shift Register (LFSR) is widely applied as a data 

compactor [3] and a pseudorandom pattern generator. 
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2.3 Cellular Automata 

In recent VLSI testing developments, it has been proposed that test pattern generators based 

on cellular automata (CA) may be superior to those based on LFSR [21]. CA were proposed 

first by John von Neumann in the late 1940's [I], and were used for self-reproducing organ- 

ism models. In 1983 and 1984, Stephen Wolfram published his papers[l9,20] , which are 

considered to be milestones for studying cellular automata in the computer science field. 

CA are a realization of a finite state machine. A cellular automata consists of a regular 

uniform array, with a discrete variable at each cell [19]. They can be characterized by four 

features: the states of the cell, geometry, the neighborhood of a cell, and the transition rule. 

2.3.1 Cell States 

Assume that the cells of a cellular automata are in one of a finite number of possible states 

at any point of time. When these cells can have different state sets, the CA are called a 

polygeneous CA. However, the characteristics of CA are very complex, and in VLSI test- 

ing, CA are considered over the field GF(2), that is, the state space has only two elements, 

Oand 1. 

2.3.2 Geometry 

An array of CA can be 1 dimensional, 2 dimensional or more than 2 dimensional. The 

greater the number of dimensions, the more complex are the geometries of CA. However, 

the geometry of CA depends not only on the dimension but also on the boundary conditions. 

In the finite array, different boundary conditions can be defined. So far we only consider the 

quiescent boundary condition, in which the extreme cells are considered to be adjacent to 

cells in some pre-specified state whose value does not change during the computation. For 

the linear CA, the quiescent boundary condition is the null boundary condition in which 

value of pre-specified state is zero. In this thesis, all of the CA considered are null boundary 

CA. 
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2.3.3 Neighborhood 

According to the geometry of multiple-dimensional cellular automata, there are complex 

neighborhoods that can be generally defined as two kinds: local and global neighborhoods. 

Usually the neighborhoods are defined by the relation between inputs and outputs, that is, 

a cell takes its input from its input neighborhood and its state is available to the cells of 

its output neighborhood. Local neighborhood refers to the relation where a cell is solely 

influenced by its nearest neighbors, for example, the von Neumann (orthogonal) neighbor- 

hood and the Moore (unit cube) neighborhood (see Figure 2.2). Wolfram[l9] proposed a 

local neighborhood for 1 dimensional neighborhood-three CA that is depicted in Figure 

2.2. Global neighborhoods address the relation where a cell is influenced by not only its 

nearest neighbors but also more distant neighbors. 

Figure 2.2. Examples of the most frequently used neighborhoods in 1-dimensional and 2- 

dimensional CA: (a )  I-dimensional von Neumann neighborhood or Wolfram neighborhood 

(b)  2-dimensional von Neumann neighborhood (c)  the Moore neighborhood 

2.3.4 Rule 

The rules of a CA refer to the algorithms used to compute the successor states. Usually 

a rule can be expressed as a function by which the next state of a cell depends on the 

present states of k neighborhood cells and possibly its own present state. For different 
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neighborhoods or geometries, there exist many complex and different rules. In this thesis, 

only 1 -dimensional CA are considered. 

For 1-dimensional CAY let si be the current state of the cell i; the next state ST of the 

cell i can be represented as a function of the present state of cells i, i - 1, i - 2, ... , i - r 

(left neighbors), and of cells i + 1, i + 2, ... , i + k (right neighbors); 

where f is known as a rule. Thus, a rule is a function which is used to describe how the 

next state of a cell changes in response to its current state and those of its neighbors. 

In the 1-dimensional CAY Wolfram proposes to use the local, distance 3 neighborhood 

for the cell rules. According to Wolfram's theory, every cell of a 1-dimensional CA has a 

relationship with only two nearest neighbors; namely the cell to the left and the cell to the 

right. There are 223 possible rules when the next state of a cell is dependent on the current 

states of its two neighbors' or dependent on the current states of its two neighbors' and its 

own. In this case, rule of 1-dimensional CA can be defined as: 

In order to define Wolfram's rules clearly, we can use a transition table, similar to a truth 

table. In such a table, the first line lists the eight possible states of the cell and its two adja- 

cent cells as indicated by 3-bit binary numbers. In the second row, a rule can be described 

by an eight-digit binary number (r  7...~O). The ri is 1 iff f (a ,  b, c)  = 1 for abc as the logic 

states shown in the first line of Table 2.1 and is 0 otherwise. The last row shows the decimal 

numbers associated with the corresponding binary bit in the second line. The rule table for 

two examples is shown in Table 2.2. 

From the example, rule 90 can be expressed by the 8-bit binary number 0101 1010, because 

the binary number " 0101 1010 " is represented by the decimal number " 90 ". The same 

condition is for rule 1 50. 
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Table 2.1. WoIfram 's Rule Table 

BinaryRule 

DecimalRule 

Table 2.2. Wolfam's Rule Table of rule 90 and 150 

2.3.5 Linear Hybrid Cellular Automata 

r7 

27 

Though there are 256 rules in 1-dimensional neighborhood-three CA, there exist 8 linear 

rules. In this thesis, we only consider the two linear rules: rule 90 and rule 150. The class of 

1 -dimensional CA determined by the two rules are called Linear Hybrid Cellular Automata 

(LHCA) and their structure is shown in Figure 2.3 

Figure 2.3. I-Dimensional LHCA 

rs 

26 

Rule 90 and rule 150 can be formally written by the following expression: 

where di = 1 implies rule 150, and di = 0 implies rule 90 and " + " is over GF(2). 

The current state of an n-cell LHCA is represented by the vector s = [ sl , s2, . .. , s,]. 

The next state of the LHCA is represented by the vector s+ = [ S T ,  sg , . .. , s;]. Since the 

r5 

25 

r4 

24 

r3 

23 

r2 

22 

rl 

2l 

ro 

2O 
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next state function is a linear operator, the rule function can be expressed by the following 

n x n  transition matrix A: 

and the next state can be obtained by: 

Given an LHCA with n cells, let Ak denote the characteristic polynomial of the LHCA 

.... formed by removing cells k + 1, n - 1, n, thus, the characteristic polynomial of the 

original LHCA is A,. As a result, the CA recursive relation[l7] can be stated: 

A_, = o 
A, = 1 

Ak = (x + dk)Ak-l+ Ak-2 (1 < k 5 n) 

This recursive relation provides an efficient algorithm to compute the characteristic polyno- 

mial of a CA. In [6], an algorithm is presented to obtain a CA that has a given characteristic 

polynomial by using this recursive relation. 

2.4 Built-In Self-Test 

As a solution to increasingly complex digital circuits, BIST is being adopted as a preferred 

test strategy. BIST is a design technique in which parts of a circuit are used to test the 

circuit itselq31. 
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The principle of BIST is shown in Figure 2.4. BIST employs many techniques used in 

Pseudorandom 
Generator 

Test Pattern 
Generator 

(TPG) 

Figure 2.4. BIST architecture 

integrating the test resources on the chip including a test pattern generator and a signature 

- 

analyzer. The test pattern generator provides a test input sequence to the circuit under test 

(CUT). The output analysis compares the output sequence with the expected sequence and 

defines a " faillpass " test output. 

Among the different BIST approaches, the pseudorandom test is widely favored due to 

its associated low physical integrated circuits area overhead in manufacture. The pseudo- 

Circuit 
Under Test 

(CUT) 

random sequence applied to the circuit may be generated by an LFSR or an LHCA as 

pseudorandom pattern generators. 

Today, BIST techniques for combinational circuits are well established, whereas BIST 

techniques for sequential circuits are not yet mature. The main difficulty in implementing 

. 

sequential BIST is that some internal faults in sequential circuits are highly resistant to 

Output 
Analysis Pass1 Fail 

pseudorandom patterns.[4] A preferred solution to overcome this problem is to use the new 

pseudorandom pattern generators or to modify the pseudorandom pattern generator. 

This thesis focuses solely on a new pseudorandom pattern generator NCCA, which may 

lead to a higher degree of randomness and a more efficient pseudorandom pattern generator 

in BIST than a LFSR and a LHCA. In the following chapters, the NCCA are tested by 

Knuth randomness tests and evaluated by conducting fault simulation experiments using the 

ISCAS'85 benchmarks and ISCAS'89 benchmarks circuits, and the results are compared 

with those obtained using LFSR and LHCA as pseudorandom pattern generators. 
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2.5 Summary 

This chapter provides background materials on the following topics: the definition of Lin- 

ear Finite State Machines (LFSMs); two of the most important and special forms of LF- 

SMs, namely Linear Feedback Shift Registers (LFSR) and Linear Hybrid Cellular Au- 

tomata (LHCA). In the last section, Built-in Self-test (BIST) is discussed together with the 

application of these LFSMs. 



Chapter 3 

The New Class of Cellular Automata 
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In this chapter, a new class of cellular automata (NCCA) is introduced and analyzed. In 

Section 3.1, we define NCCA with its notation and introduce the two simple rules. Section 

3.2 defines the NCCA's transition matrix, characteristic matrix and characteristic polyno- 

mial. In Section 3.3, the general recursive relation, shown to be an important factor to study 

NCCA, is presented and proven. Section 3.4 lists the low-cost characteristic primitive poly- 

nomials for 1-cell NCCA through 100-cell NCCA. In Section 3.5, the transition property of 

NCCA is explored and compared with LHCA and LFSR to provide a theoretical basis for 

the experiments discussed in Chapter 5. Section 3.6 summarizes the materials concerning 

NCCA in VLSI testing applications. 

3.1 The New Class of Cellular Automata (NCCA) 

Figure 3.1. The New Class of Cellular Automata 

NCCA are, in fact, 1-dimensional 5-neighborhood CA. Actually, NCCA (Figure 3.1) 

are an extension of the 1 dimensional CA presented by Wolfram which are 3-neighborhood 
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CA. Alternately, they can be considered as a simple 2-dimensional CA. For the 3-neighborhood 

CA, it is well known that there are 256 rules. For the NCCA, however, there exists a much 

larger number of more complex rules (225). This occurs because the next state of any cell 

is dependent on the states of the four closest neighbors andlor its own in the current states. 

Only two simple linear rules are considered because these rules can be considered as 

the direct generalization of those used in LHCA, a kind of CA with local neighborhoods, 

a symmetric and regular structure, and more importantly, they also lead to the primitive 

LFSM. 

Rule 0: ST = si-2 + s ~ - ~  + s i + ~  + si+2 

Rule 1 :  ST = si-2 + siVl + si + s ~ + ~  + s ~ + ~  

Rule 0 implies that the next state of a cell depends on all of its four closest neighbors' 

current states; rule 1 implies that the next state of a cell depends on all of its four closest 

neighbors' and its own current state. 

The NCCA considered are all null boundary, so the boundary conditions of the NCCA 

are defined: 

3.2 Transition Matrix 

In GF(2), rule 1 and rule 0 can be defined by the expression: 

s L l  = si-2 + si-1 + disi + si-1 + si+2 

where di = 1 implies rule 1, di = 0 implies rule 0, and "+" is over GF(2). The general 

form of an n-cell NCCA transition matrix X is expressed as: 
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The characteristic matrix A of a NCCA is defined by: 

thus 

where I is an identity matrix and x is a variable. 

The characteristic polynomial A of a NCCA is defined by: 

A = det(A) 

where det(A) computes the determinant of the matrix A. 
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3.3 Recursive Relation 

The recursive relation of NCCA is to provide an efficient algorithm to compute character- 

istic polynomials of NCCA. 

Definition 3.3.1 For an n-cell NCCA, Aik is defined to be the characteristic polynomial 

of the partial CA consisting of cells i through k. If i = 1, one can define that Ak equals 

Alk, thus, the characteristic polynomial of the original NCCA is A,. 

Theorem 3.3.1 Given an NCCA with n cells: 

= A_, = A _ ,  = 0 

A, = 1 

Ak = (a: + 4)  * A,-1 + Ak-2 + (x + d k - 1 )  * Ak-3 + Ak-4 (1 5 k 5 n) (3.3) 

where di is the rule of the i-th cell, 1 5 i 5 k or [dld , . . .dk] is the rule vector of the k-cell 

NCCA. 

Proof. 

To prove the general case, assume that A is the characteristic matrix of a k-cell NCCA with 

the rule vector [dld  2 . . .dk];  

Simplifying det(A) by expansion along the last row, 
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where: 

B =  

and 

and 

Now, B is the characteristic matrix of the NCCA by removing the last cell, and so 
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de t (B)  = Ak-l. 

The det(C) and det(D) are expanded along the last column. So 

det(C) = det(Cl)  + det(C2) 

det (D)  = det(D1) + det(D2) 

where: 

and 

and 
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and 

Now, the matrix C1 is the characteristic matrix of the NCCA by removing the last two cells, 

and so det(C1) = Ak-2. 

The det(C2), det(D1) and det(D2) are expanded again through the last column, or the last 

row, 

where 

and 
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and 

and 

and 

and 

from those, one can derive the following: 
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det(C2l) = det(D11) = det(Dzl)  = Ak-3 

det(D12) = Ak-4. 

It is obvious that Cz2 is the transpose of the matrix D22, 

so det(Cz2) = det(Dz2). 

All operations are over GF(2), which leads to det(C22) + det(Da2) = 0. 

Thus 

det(A) = ( x  + dk) * det(B)  + det(C) + det(D) 

= (x + dk) * A k - I +  det(C1) + detC2 + det(D1) + det(D2) 

= ( X  + dk) * A k - 1  + A,-2 + det(C21) + det(C22) + det(Dll)  * ( x  + dk-l) + det(D12) + 
det(D21) + det (D22) 
- - ( X  + dk) * A k - 1  + A k - 2  + ( X  + dk-1) * Ak-3 + Ak-4. 

Example 3.3: For a 4-cell NCCA with a rule vector [1100]. 

Using(3.3), we get: 

According to (3.2), the following characteristic polynomial is also obtained: 
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Obviously, the computation results for the characteristic polynomial are the same by the 

two different methods. Note that when the number of NCCA's cells increases, the recursive 

algorithm using (3.3) is simpler and more effective than that using (3.2). 

3.4 Minimum-Cost Primitive NCCA 

In VLSI testing, the primitive NCCA are desirable as pseudorandom pattern generators 

because they can generate the maximum-length sequence. For all practical purposes, the 

minimum-cost hardware of primitive NCCA (called the minimum-cost primitive NCCA) 

should be sought and employed. Specifically, the minimum-cost primitive NCCA have the 

minimal number of rule 1 among all of the primitive NCCA because the structure of rule 1 

is a little more complex than that of rule 0 in evaluation and implementation. 

The procedure for finding the minimal-cost primitive NCCA is described in Algorithm 3.4 

Algorithm 3.4 

define an n x n NCCA transition matrix X as in Section 3.2; 

initialization (let rule vector d = [0 0 ... 01); 

repeat: 

j=1; 

select j rule-1 cells by a sequence of all combinations of j that can be taken 

from n; 

compute the characteristic polynomial A defined in (3.2); 

if A is primitive then return rule vector [dl  d2 ... d,] and break; 

j=j+l; 

end repeat 

We used Maple 7, which is specially designed for fundamental mathematics computa- 

tion, and obtained the results shown in Table 3.1 and Table 3.2 which list the minimum-cost 
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primitive NCCA for degrees 1 through 100. 

Table 3.1. Minimum-Cost Primitive NCCA, for Degrees 1 through 100 

Degree n 

1 

Positions of Rule 1 Cells 

1 

Degree n 

5 1 

Positions of Rule 1 Cells 

24 
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Table 3.2. Minimum-Cost Primitive NCCA, for Degrees 1 through 100 (Continued) 

Degree n 

24 

Positions of Rule 1 Cells 

8 

Degree n 

74 

Positions of Rule 1 Cells 

8 
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The first and third columns are the degree n (or n-cell NCCA); the second and fourth 

columns are the positions of rule 1 of the NCCA vector. For example, for degree 8, we have 

1, 2, 6, 8 which imply the 8-cell NCCA with the rule vector [l 1 0 0 0 1 0 11 or the 8-cell 

NCCA with rule 1 in cells 1, 2 ,6  and 8, and rule 0 elsewhere. Note that for 3-cells, there 

does not exist any primitive NCCA since it is a cyclic LHCA. Note that the algorithm 3.4 

is an exhaustive search technique and due to time, we only obtain all of the minimum-cost 

primitive NCCA for degree 1 through 100. 

3.5 The Transition Properties 

A good pseudorandom pattern generator in BIST must be able to test the faults not only in 

combinational circuits but also in sequential circuits. In combinational circuits, in general, 

the greater the number of the different patterns, the higher is the fault coverage. But, in 

sequential circuits, because a fault requires a pair of patterns to be tested, fault coverage is 

dependent on the number of different patterns as well as the ordering of these patterns, that 

is, the capability of testing sequential faults depends on the number of distinct transitions. 

Thus the number of transitions is used as a criterion to evaluate whether the generator is 

likely to have a good fault coverage for sequential faults. 

Definition 3.5.1 For a given n-bit vector ( s l ,  sz, ..., s,), si = (0, I), 1 5 i 5 n, a k- 

bit subvector of the vector is defined by 

Definition 3.5.2 For a given sequence < S >= S1, Sz, ..., S,, the composition of 

subvectorg, k] of Sj and subvectorb, k] of Sj+l, where 1 5 j < m, is defined as a transi- 

tion. 
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Theorem 3.5.1[22] Consider any n-cell LFSM test vector generator with the maximum 

cycle length (2n - 1). Let F(LFSM,  p, k) be the maximum number of distinct transitions of 

k-bit subvect~rg,~~,  produced by the LFSM, where 1 5 p <_ n and 1 5 lc < n + 1 - p. In 

this case, we have 

The detailed proof is presented in [22]. 

Consider an n-cell primitive LFSM. Let F[LFSM,  p,  k] be the maximum number of dis- 

tinct transitions of k-bit ~ubvector~, k], generated by the LFSM, where 1 < p < n and 

1 < k 5 n + 1 - p. For an LHCA, we have the following theorem. 

Theorem 3.5.2 [21,22] If the LFSM is a LHCA, then: 

2"-1 ,  ( k z n - l ) o r ( p = 2 a n d l c = n - 2 )  

2k+1, ( ( k < n - l ) a n d ( p = l o r p + k - l = n ) )  

2k+2, otherwise 

The detailed proof is presented in [22]. However, the theorem is not completely correct. 

Because when k = 1 and 1 5 p < n, there only exist 4 distinct transitions: 0-0, 0-1,l-0, 

1-1. 

A similar Theorem, giving the transition properties of NCCA is presented below: 
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Theorem 3.5.3 If the LFSM is a NCCA, then: 

2~+ ' ,  k = l a n d n >  2 

2k+2, ( k  = 2) and ( n  > 4) ,  or 

( ( 2 < k < n - 2 ) a n d ( p = l o r p + k - l = n ) )  

2k+3, ( ( k  = 3) and (p  # 1 and p + k - 1 # n) and ( n  > 6) ) ,  or 

( ( k  = n - 2) and ( n  2 4) ) ,  or 

( ( k  = n - 3 )  and (p= 2 o r p =  3)  and ( n  2 6)), or 

( ( k  = n - 4)  and (p = 3)  and ( n  2 8 ) )  

( 2k+4, otherwise 

Proof. 

Let (s,, s,+l, ... , sp+k-l) be a k-cell substate and (s:, s,f,, , .. . , s & ~ - ~ )  be the corre- 

sponding next substate. 

1. For the case of k = 1 and n > 2, for any substate s,, we can find at most 4 distinct 

transitions: 0-0,O-1, 1-0, 1 - 1 ,  so F(NCCA, ,, k )  is 2k+1 (= 4). 

2. For the case of k = 2 and n > 4, for any substate (s,, s,+~), according to Theorem 

3.5.1, we can find at most 16 distinct transitions: 00-00, 00-01, 00-10, 00-1 1 ,  01- 

00,Ol-01,Ol-10,Ol-11, 10-00, 10-01, 10-10, 10-1 1 ,  11-00, 11-01, 11-10, 11 -1  1 ,  so 

F(NCCA, ,, k )  is 2k+2(= 16). 

3. For the case of ( (2  < k < n - 2) and (p  = I ) ) ,  according to the NCCA's rules in 

Section 3.1, the next substate (s:, s l ,  ... , s l )  is dependent on s l ,  s2, ... , sk, sk+l, 

and sk+2. The new members sk+l, and Sk+2 can provide four possibilities to affect 

the next substate. so the total number of all distinct transitions for the 2k different 

k-bit substates is at most 2"2. Hence, F (NCCA,  ,, k )  is 2k+2. For the case of ( (2  < 

k < n - 2) and (p  + k - 1 = n ) ) ,  the proof is similar. 
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4. For the case of ((k = 3) and ( p  # 1 or p + k - 1 # n) and (n > 6)), based on 

Theorem 3.5.1, the upper bound of all distinct transitions for the 23 different 3-bit 

substate is 23+3. Hence, F(NCCA, ,, k )  is 2k+3. 

5. For the case of ((3 < k < n - 3) and (p = 2)), the next substate (s2, ... , sk)  is deter- 

mined by s ~ ,  s2, ... , s k ,  sk+l, Sk+2. The three new elements added, sk, ~ k + ~ ,  Sk+2, 

can provide 2k+3 distinct transitions for Ic-bit substates, so F(NCCA, ,, k) is 2k+3. The 

proof for the case of ((3 < k < n - 3) and (p + k = n)) is similar. 

6. For the case of k 2 n - 1, according to Theorem 3.5.1, when b/21 5 k 5 n, the 

upper bound of transitions is 2" - 1. So is the case with ((k = n - 2) and (n 2 4)), 

the case with ((k = n - 3) and (p = 2 or p = 3) and (n 2 6)) and the case with 

((k = n - 4) and (p = 3) and (n 2 8)). 

7. Otherwise, according to the NCCA's rules in Section 3.1, the next substate (s,, 

sp+l,..., sp+k-1) is determined by Sp-2, Sp-1, Spr Sp+l, Sp+k-1, Sp+k, Sp+k+l. 

The four new elements s,-z, s,-1, sp+k and s,+k+l can provide 24 possibilities to af- 

fect the next substate, so the total number of all distinct transitions for the 2k different 

k-bit substates is at most 2k+4. Hence, F(NCCA, ,, k) is 2k+4. 

Based on Theorems (3.5.2) and (3.5.3), we can easily find that the maximum-length 

NCCA potentially have more transitions than the maximum-length LHCA. The experi- 

mental results, which use transition test [23] to count the number of all the transitions for 

the specific subvectors, are shown in Table 3.3. 

Note: All the NCCA are the minimal-cost primitive NCCA listed in Table 3.2. All the 

LHCA are also the minimal-cost LHCA listed in [8]. In row 2 the first integer 'p' stands 

for the starting position of LHCA and NCCA and the second integer ' Ic' the length of sub- 

vectors of LHCA and NCCA; e.g., 2,4 implies subvec t~ r [~ ,~~ .  Row 3 is the number of all 

transitions for k-bit subvectors of NCCA. Row 4 is the number of all transitions for k-bit 

subvectors of LHCA. 
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I 11 the Number of Transitions of 5-Cell LFSMs 

11 the Number of Transitions of 6-Cell LFSMs 

I 11 the Number of Transitions of 7-Cell LFSMs I 

p,k 

NCCA 

LHCA 

- -  - 

I the Number of Transitions of 8-Cell LFSMs 

( b )  

1,2 

16 

8 

p, k 

NCCA 

LHCA 

I NCCA 1 64 

2,2 

16 

16 

1,3 

32 

16 

p,k 

NCCA 

LHCA 

I LHCA 1 32 

the Number of Transitions of 9-Cell LFSMs I 

3,2 

16 

16 

2,3 

64 

32 

( d  > 

1,4 

64 

32 

( e  > 
Table 3.3. Transitions of NCCA and LHCA 

4,2 

16 

16 

3,3 

64 

32 

2,4 

128 

64 

5,2 

16 

8 

5,3 

32 

16 

4,3 

64 

32 

4,4 

128 

64 

3,4 

255 

64 

1,3 

32 

16 

1,4 

64 

32 

5,4 

64 

32 

2,3 

63 

32 

2,4 

127 

64 

1,5 

128 

64 

3,3 

63 

32 

2,5 

255 

128 

3,4 

127 

64 

1,5 

127 

64 

4,4 

64 

32 

3,5 

255 

128 

4,3 

32 

16 

4,5 

128 

64 

1,4 

63 

32 

2,4 

63 

63 

2,5 

127 

127 

3,5 

127 

64 

3,4 

63 

32 

1,5 

63 

63 

2,5 

63 

63 
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From Table 3.3, we notice: 

1. When (k = 1 and n > 2), the maximum number of transitions is 4 for NCCA and 

LHCA, e.g., in Table 3.3(a), all of 1-bit subvectors. 

2. When (k = 2 and n > 4), the maximum number of transitions is 16 for NCCA , but 

the number of transitions for LHCA is 8 ( when p = 1 or p + k - 1 = n), or 16 ( 

when p # 1 or p + lc - 1 # n, e.g., in Table 3.3(a), all of 2-bit subvectors, in Table 

3.3(b), all of 2-bit subvectors. 

3. When ((2 < k < n - 2) and (p = 1 or p + k - 1 = n)), the maximum number 

of NCCA's transitions is 2k+2, but the maximum number of LHCA's transitions is 

2"', e.g., in Table 3.3 (e), the subvector[l,41, the subvec t~ r [~ ,~ ,  the s u b v e c t ~ r ~ ~ , ~ ~  and 

s~bvec to r [~ ,~~ .  

4. When ((k = 3) and ( p # 1 and p + k - 1 # n) and (n > 6)), the maximum number 

of NCCA's transitions is 64 (2k+3), but the maximum number of LHCA's transitions 

is 32 (2"'), e.g., in Table 3.3 (c), ~ubvector[~,~~,  subvec t~ r [~ ,~~ ,  and ~ u b v e c t o r ~ ~ ~ ~  

5. When k 2 n - 1, the maximum number for both machines' transitions is 2" - 1, e.g., 

in Table 3.3(a), the subve~tor [~ ,~ ;  in Table 3.3(b), the s u b v e c t ~ r [ ~ , ~ ~  and s u b v e c t ~ r [ ~ , ~ ~ .  

6. When lc = n - 2 and n > 4 , the maximum number of both machines' transitions 

is 2" - 1, e.g., in Table 3.3(a), the sub~ector[~,~] ,  in Table 3.3(b), sub~ector[~,~] ,  Table 

3.3(c), the subvect~r[~,~~,etc. 

7. When k = n - 3 and (p = 2 or p = 3) and n 2 6, the maximum number of NCCA's 

transitions is 2" - 1, but the maximum number of LHCA's transitions is 2k+2, e.g., 

in Table 3.3(c), the s u b v e c t ~ r [ ~ , ~ ~  and subvec t~ r [~ ,~~ ;  in Table 3.3(d), the s u b v e c t ~ r [ ~ , ~ ~  

and sub~ector[~,~] .  

8. For lc = n - 4 and p = 3 and n 2 8,the maximum number of NCCA's transitions is 

2" - 1, but the maximum number of LHCA's transitions is 2"', e.g., in Table 3.3(d), 

subvec t~ r [~ ,~~ .  

9. Otherwise, the maximum number of NCCA's transitions is but the maximum 
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number of LHCA's transitions is 2k+2, e.g., in Table 3.3(e), the s u b v e c t ~ r [ ~ , ~ ~  and 

sub~ector[~,~] .  

In 121,221, it was proven that the number of transitions for an LHCA is more than that 

of an LFSR on average. From Theorems 3 S.2 and 3.5.3, we can conclude that the number 

of transitions for an NCCA is more than that of an LHCA on average. Therefore, NCCA 

have the largest number of transitions amongst these three particular types of LFSMs on 

average. For testing sequential circuits, NCCA used as a pseudorandom pattern generator 

may have better fault coverage than LHCA and LFSR and the results of these experiments 

are shown in Chapter 5. 

3.6 VLSI Testing Applications 

Similar to LHCA and LFSR, NCCA are also used as pseudorandom pattern generators in 

BIST. In order to prove whether the sequence generated by NCCA has enough pseudo- 

randomness, NCCA should be compared with the corresponding LHCA and LFSR used 

commonly as pseudrandom generators. In Chapter 4, Knuth's random tests are used to 

compare the three types of LFSMs, and their experimental results are analyzed. In chapter 

5, the fault coverage for the ISCAS785 and ISCAS'89 benchmark circuits is evaluated. 

Summary 

This chapter analyzes the characteristics of the NCCA in detail. First, it proposes a new 

class of CA, and obtains its characteristic matrix as well as proves a recursive relation 

to derive the characteristic polynomial. The transition behavior of NCCA is discussed in 

detail, and it is shown to be better than that of the other machines. 



Chapter 4 

Knuth's Tests for Pseudo-random 

Sequences 
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In this chapter, Knuth's commonly used empirical tests [12, 131 are adopted to evaluate 

the pseudorandom behavior of the patterns generated from the maximum-length NCCA. 

These are compared with those generated from the maximum-length LHCA and LFSR. 

This chapter covers the following: first, random numbers, and pseudorandom pattern gen- 

erators are defined; second, a key and basic chi-square test is introduced; third, the em- 

pirical tests are discussed, as suggested in Knuth [14]; finally the tests are employed to 

evaluate the patterns generated by NCCA, LFSR, and LHCA, and the statistical results for 

the empirical tests are presented and explained. 

4.1 Definitions 

A random event is an event that occurs at a given time by way of chance, that is, there is no 

specific pattern, purpose, or objective. The term random number implies that numbers are 

chosen at random. Random numbers are a valuable source of data for testing the correct- 

ness and effectiveness in scientific fields including VLSI testing, computer algorithms and 

simulation. 

A truly random number generator is a non-deterministic process that produces a se- 

quence of numbers with an outcome that cannot be determined before it actually happens. 

In practice, a pseudorandom number generator is usually proposed, which takes as its in- 

put a (short) sequence of numbers (seeds). This generator is not truly random because the 

process that produces the sequence is deterministic and repeatable. 

However, pseudorandom number generators are used only when their randomness sat- 

isfies the requirements posed by their actual application. In order to assess the qualities of 

the pseudorandom number generators properly, the randomness tests proposed by Knuth 

[14] are employed as an acceptance criterion. 

Knuth's empirical tests can be applied to a sequence: 

< Un >= Uo, Ul, Uz, . . .  

where each Ui is a real number between 0 and 1.[14] Some of these tests are designed 
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mainly for integer-valued sequences. In which case, the sequence < U > is converted into 

an integer-valued sequence < Y >: 

< Yn >= Yo, Yl, Y2, . . -  

where each 

Y, = LdUi J , d is an integer value. 

This is a sequence of integers < Yn > that appears to be independently and uniformly 

distributed ranged from 0 to d - 1. The size of the integer d is chosen conveniently, and 

note that the value of d should be large enough so that the test is meaningful, but not so 

large that the test becomes impracticably difficult to carry out.[l4] 

For the pseudorandomness of sequences of binary patterns, in which each element is 

represented by ' 1 ' and ' 0 ', it seems more appropriate to test N successive n-bit binary 

sequences by adopting the following steps [12, 131: 

1. The n-bit binary-value sequences are converted into the corresponding decimal-valued 

sequences; 

2. These decimal-valued sequences are further converted into the decimal-valued se- 

quences whose elements range from 0 to d-1 by taking them modulo d where d is 

chosen conveniently and not more than N/10 [14]; 

3. Knuth's empirical tests are applied to the sequences; 

0 numbers in the sequences are grouped and counted; these are called the ob- 

served results; 

0 given a distribution for a test, the expected results can be computed; 

0 the observed and expected results are compared to check their difference and 

the chi-square test is used for the comparison. 

4. Repeat steps 2 to 4 for different values of the modulo d. 

In this thesis, NCCA, LHCA and LFSR are used as generators. If sequences produced 

by one of these generators pass a certain number of empirical tests, the generators can be 

considered as good pseudorandom generators. 
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4.2 Chi-square Test 

The chi-square test [14] is the most famous and common of all statistical tests and is a 

basic method underlying many other tests. It is performed to test whether the observed 

frequencies (values) differ significantly from the expected frequencies (values), and is used 

for the goodness-of-fit test. 

Before introducing the chi-square test, we define the following parameters, which are 

also used in Section 4.3. 

1. Let N be the length of a sequence; 

2. Let rn to be the number of independent observations made from the sequences when 

executed by the different tests, e.g., the outcome of one observation has absolutely 

no effect on the outcome of any of the others. For most tests, m is less than N, as 

explained later; 

3. Assume k to be the number of categories and every observation falls into one of the 

k categories. 

4. Let pi be the probability of the category i where 1 5 i 5 k, which is computed in 

accordance with the different distribution for the different tests and discussed later. 

5. Let Yi be the total number of observations that fall into the category i, which is 

counted during the process of the empirical tests. 

The calculation of this form of the chi-square test requires four steps: 

1. Computing the expected value. 

For any category i, the expected value is equal to mpi. According to a suggestion in 

1141, the chi-square test is valid only when m is large enough so that mpi is five or 

more. 

2. Applying the chi-square formula. 

For any category i, subtract mpi from Y,, square the result and divide by mpi. Finally 

perform the calculation for every category and sum the results. 
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The equation is commonly written as: 

3. Calculating the degrees of freedom v. 

The chi-square value is not interpretable directly but must be compared with a table 

of the chi-square distribution, such as Table 4.1 and Table 4.2, which gives values of 

" the chi-square distribution with v degrees of freedom " for various values of v. The 

degrees of freedom v is equal to k - 1 [14], where k is the number of categories. In 

this thesis, the values of v listed in Table 4.1 and Table 4.2 are less than or equal to 

100. 

4. Using the chi-square table. 

A chi-square table, which in effect is built into statistical software packages, provides 

critical values. The rows and columns of the table are indexed by the degrees of 

freedom v and the probability P. If the table entry in row v under the column P is x, 

it means , " the quantity V in (4.1) will be less than or equal to x with approximate 

probability P ,  if m is large enough ". For example, in Table 4.1, the value of x for 

the row with v = 8 and P = 5% is equal to 2.733, this means that the computed 

statistic V is greater than 2.733 with the probability 5%. 

In this thesis, according to a suggestion in Knuth [14], for all degrees of freedom v, 

1. A sequence is considered as a pseudorandom sequence if the value of its computed 

statistic V lies between the values listed in the columns P = 5% and P = 95%; 

2. A sequence is rejected as a pseudorandom sequence if the value of its computed 

statistic V is less than or equal to the values of column P = 5% or larger than or 

equal to the values of column P = 95%. 
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I Degrees of v I P = 5% 1 P = 95% 

Table 4.1. Selected Percentage Points of the Chi-square Distribution[2] 
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Table 4.2. Selected Percentage Points of the Chi-square Distribution (Continued)[2] 

P = 95% 

97.351 

98.484 

Degrees of v 

5 1 

52 

P = 5% 

35.600 

36.437 

P = 95% 

68.669 

69.832 

Degrees of v 

76 

77 

P = 5% 

56.920 

57.786 
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4.3 Empirical Tests 

In this section, we give a brief explanation of the equidistribution test, the serial test, the 

poker-t test, the gap test, the run test, and the permutation test of Knuth's empirical tests. 

Please refer to [13, 141 for a more detailed description. We perform the empirical tests 

on the successive integer sequences, each of length N, and for each test we assume m 

observations, k categories and the probability pi of each category i, 1 5 i 5 k. The user 

manual for the empirical tests, coded in C, is given in appendix B. 

4.3.1 Equidistribution Test 

The equidistribution test is used to test if a sequence is a uniform distribution. We perform 

the test on an integer sequence ranging from 0 to d - 1, and there are d categories: 0, 1, ..., 
d - 1. Then we count the number of times that a member of the sequence falls into each 

category. The number should be approximately the same for each category if the sequence 

is uniform. 

In this test, the number of observations is m = N. 

The number of categories is k = d. 

The expected probability for each category i is pi = i .  

4.3.2 Serial Test 

The serial test is a higher dimensional version of the equidistribution test. Here successive 

pairs, tuples, quadruples, and so on are taken from the sequence and tested for uniform 

distribution. For the successive pairs, the test is called a serial-pair test or the serial-2 test, 

which is adopted in this thesis. 

serial pair: successive pairs of numbers (Yzj, Yzj+l) from the integer sequences 

ranging from 0 and d - 1. There are d2 categories: (0, O), (0, I ) ,  ..., (0, d - 
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I ) ,  ( 1 ,  O), ..., ( 1 ,  d - I ) ,  ..., (d  - 1, d - 1) .  We count the number of each cate- 

gory and check if its distribution is uniform. 

In the serial-pair test, for an N integer number sequence, 

the number of observations is m = N/2. 

The number of categories is k = d2. 

The expected probability for each category i is pi = 5.  

4.3.3 Poker-t Test 

The poker-t test is also said to be a higher dimensional distribution. We generate N integers 

in [0, d - 11, divide them into successive t-tuples and count the number r ,  where r is the 

number in the range from 1 to t, of distinct integers represented in each tuple. For example 

if t = 3, d = 3 and the sequence is: 0, 1, 1, 2, 2, 2, 0, 1, 2 ,..., then the number of distinct 

integers obtained in the first three 3-tuple are 2, 1, and 3. We compare the results with the 

expected distribution for random samples from the uniform distribution. 

In this test, the number of observations is m = [Tj. 

The number of categories is k = t. 

The expected probability for each category i is pi = d(d-1)4d-i+1 '{i), 

where {f ) is the Stirling number of the second kind. 

In this thesis, we apply the poker test for t = 3, that is, poker-3. 

4.3.4 Gap Test 

The gap test is commonly used on real number sequences in Knuth[l4], but it can be 

used on integer number sequences. We generate N integer numbers in [0, d - 11 and 

select two suitable integers a and b where 0 5 a < b 5 d. The gap is the length of 

the segments with no element in the given interval [a,  b), e.g., for the integer sequence: 

q, q+l, q+2, ..., q+T, if q+r lies between a and b, but the other Y's do not, the gap is 
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r. We then count the number of different gaps and examine if the number is binomially 

distributed. 

In this test, the number of observations rn is dependent on the actual sequence data. 

The number of categories is lc = G  + 1, where G  is the maximal gap. 

The expected probability for each category i  is: 

~ ~ = p * ( l - p ) ~ ,  O I i < G  

pi = (1 - P ) ~ ,  i  = G 

where p is given by y. 
Example 4.3.4: Suppose a = 3, b = 7, and d = 10. Let a sample input sequence be 1, 2, 

8, 3,9, 1,2, 7, 8,4, 5,6, 7. We note that ' 3 ' is the first occurrence of a number in 13, 7) 

and thus forms the first gap; the next gap is formed by ' 5 ' and so on with a final result as: 

the number of categories lc is 6 ,  and the maximal Gap G  is 5. 

4.3.5 Run Test 

The run test examines the monotonicity of the sequence as in increasing or decreasing 

relation. The run is defined as the length of an increasing (a decreasing) succession of 

numbers preceded and followed by a decreasing (an increasing) number. For example, we 

generate the sequence which is determined by the number of ways of assigning elements 

from (0, ... , d - 1) : Y,, Y,+I, Y , + z ,  ... , Y,+, - I ,  Y,+r and, if Y,  < Y,+l < Y,+z < ... < 

%+,-I, and Y,+,-l 2 Y,+,, the run is r. At the same time, we discard the number Y,+, 

that follows a run before starting the new run, thus, the adjacent run is independent. We 

count the number of different runs and plot its distribution. In the thesis, we perform the 

increasing test. 

In this test, the number of observation m can not be determined until the test is actually 

performed. 
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The number of categories is k = R + 1, where R is the maximal run. 

The expected probability for each category i is pi = - & 1 5 i < R, 

4.3.6 Permutation4 Test 

The permutation-t test is used to check if each possible permutation occurs about equally 

often. We generate an N integer sequence in [0, d - 11 and divide the sequence into the 

t-tuple sequence. Assume there are distinct numbers in each t-tuple, then we can rank each 

number in each tuple: the smallest number is ranked as 1, the second smallest number is 

ranked as 2, ..., the largest number is ranked t, so there are t! possible permutations, for 

example, if t = 3, then the following orders are possible: (1,2, 3), (1,3,2), (2, 1,3), (2, 3, 

I), (3,1,2), (3,2,1). We count the number of time each permutation occurs and investigate 

its distribution. 

In this test, the number of observations is m = [f]. 
The number of categories is k = t !  . 
The expected probability for each category i is pi = $. 

As we notice, k and pi described above are valid only if the elements in each tuple are 

distinct. However, in practice there could exist the same elements in the same tuples, e.g., 

for the permutation-3 test, there should be 13 possible permutation: (1 ,1 ,I), (1, 1, 2), (1, 

2, 11, (1,2,2), ( 1,2,3), (1,3,2), (2, 1, I), (2, 1,213 (2, 1,3), (292, I), (293, I), (3, 132) 

and (3,2, l), so we modify k and pi in order to handle the tuples which may have the same 

elements and get the following results: 

In this test, assume that the test divides the sequence into successive t-tuples which have 

r distinct numbers (0 < r 5 t), then 

The number of categories is k = C:=, {FIT! 
The expected probability for each category i is pi = 9 

Here we adopt permutation3 test. 
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4.4 Knuth's Empirical Tests Results for LFSMs 

All of the above empirical tests are applied to the sequences generated by the maximum- 

length LFSR , LHCA and NCCA. During the process of the tests, we set up: 

1. The length of the sequences (N) is 10,000; 

2. Several different modulo d values are chosen conveniently and adopted. Here all 

of primes that are larger than 2 and less than 75 are used in the the empirical tests 

except the serial-pair test. For the serial-pair test, the modulo d values are the primes 

no more than 10 because if d is more than 10, the number of categories is (8) which 

should cause very small value or no observation for some categories, which leads to 

invalid chi-square values; 

3. For a particular test and modulo d, we compute the value of the test statistic V by us- 

ing the chi-square formula 4.1, and compare it with the chi-square tables 4.1 and 4.2. 

If V falls between the values listed in the columns P = 5% and P = 95%, the sequence 

is considered as passing the test for a particular modulo; or else, the sequence fails 

the test for a particular modulo; 

4. Every generator is initialized to three different starting points: 0000 ... 0001, 1 1 1 1 ... 1 1 1 1, 

and a random binary number which is the same for the same length machines. If more 

than 1 out of 3 sequences pass some particular test for some particular modulo d, the 

sequences produced by the generator can pass the particular test with the modulo d 

and is marked as " P "; or else, the sequences produced by the generator fail the test 

with the modulo d and are marked as " F ". 

5. "weight" is the count of P's in a column. For any particular test, if the value of weight 

is more than 10, the sequence passes the test; otherwise, it fails the test. 

6. If the sequences produced by a generator can pass at least 4 out of the 6 empirical 

tests, the generator, which produces the sequence, is considered as a good pseudo- 

random generator. 
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In this thesis, All of the generators we used are maximum-length LFSR, LHCA and 

NCCA and their polynomials are listed below: 

16 bit LFSMs 

LFSR: x16 + x12 + xl' + x7 + x4 + x + 1 

LHCA: x16 + x12 + xl' + x7 + x4 + x + 1 

NCCA: x16 + x12 + xl' + x7 + x4 + x + 1 

17 bit LFSMs 

LFSR: x17 + x13 + x1•‹ + x8 + x6 + x5 + x2 + x + 1 

LHCA: x17 + x13 + x1•‹ + x8 + x6 + x5 + x2 + x + 1 

NCCA: x17 + x13 + x1•‹ + x8 + x6 + x5 + x2 + x + 1 

18 bit LFSMs 

LFSR: x18 + x7 + 1 

LHCA: x18 + x15 + x12 + x1•‹ + x8 + x2 + 1 

NCCA: x18 + x15 + x13 + xl1 + x1•‹ + x9 + x7 + x6 + x5 + x3 + x2 + x + 1 

19 bit LFSMs 

LFSR: x19 + x14 + x2 + x + 1 

LHCA: x19 + x18 + x12 + xl1 + x1•‹ + x8 + x3 + x2 + 1 

NCCA: x19 + x18 + x17 + x16 + x15 + x14 + x13 + x12 + xll + x8 + x7 + x6 + x5 + 
x 4 + x 2 + x + 1  

28 bit LFSMs 

LFSR: x28 + x9 + 1 

LHCA: x28 + x~~ + x~~ + x~~ + x~~ + x~~ + x21 + x19 + + x17 + + x7 + 
x 5 + x 3 + x 2 + x + 1  

NCCA: x28 + x24 + x~~ + x19 + x18 + x17 + x15 + 211 + 210 + x8 + x7 + x6 + x5 + 

x4 + 1 

3 1 bit LFSMs 
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LFSR: x31 + x6 + 1 

LHCA: x31 + x30 + x8 + x4 + 1 

NCCA: x31 + x26 + x25 + x22 + x21 + 2 1 5  + 5 1 3  + 2 1 2  + xll  + + x3 + + 1 

0 35 bit LFSMs 

LFSR: x35 + x2 + 1 

LHCA: x35 + x34 + x32 + x28 + x27 + x2'j + x24 + x19 + ~ 1 8  + x16 + x3 + x2 + 1 

NCCA: x35 + x34 + x33 + x32 + x31 + x30 + 229 + x28 + x27 + ~ 2 6  + ~ 2 3  + ~ 2 1  + 
x20 + x18 + x17 + x15 + x13 + + + x ~ O  + x9 + ~7 + x5 + ~4 + ~3 + ~2 + 1 

Note the length of LFSMs is selected according to the ISCAS'89 benchmark circuits be- 

cause the sequences generated by these generators are used as inputs on the benchmark 

circuits in chapter 5. In applications, the minimum-cost LFSMs are commonly used as 

pseudorandom generators, so we select the minimum-cost 18-bit, 19-bit, 28-bit, 3 1-bit and 

35-bit LFSMs which are listed in Table 3.1, Table 3.2 and [8] as generators and employ 

Knuth's empirical tests to evaluate them. How about another case: the generators pro- 

duced by different LFSMs which have the same polynomials? So here we adopt the same 

polynomials for 16-bit and 17-bit LFSMs in order to compare the three LFSMs more com- 

prehensively. 

Then we employ the Knuth Tests using the testbench [23] on the above LFSMs, and we 

list the experimental results in the following tables: 

From the tables, we conclude: 

0 Except for the equidistribution test, all the LFSRs fail all of Knuth's empirical tests. 

Based on the tests, LFSRs can not be considered as good pseudorandom generators. 

0 Both of the two linear cellular automata pass more than 50 percent of the Knuth's 

empirical tests except the run up test, e.g., for the gap tests, the weights for both 

machines for each test and each length are more than 15, so they pass the gap test, 

and therefore appear to be good pseudorandom generators. 

0 If analyzed in more detail, NCCA is obviously a little better from a randomness 



4.4 Knuth's Em~irical Tests Results for LFSMs 51 

Test 

MOD 

d 

3 

5 

7 

11 

13 

17 

19 

23 

29 

3 1 

3 7 

4 1 

43 

47 

53 

59 

6 1 

67 

7 1 

73 

weight 

Equidistri Run up 

Table 4.3. Knuth Tests Results for 16-bit LFSM 
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Test 

MOD 

d 

weight 

Equidistri Run up 

Table 4.4. Knuth Tests Result for 17-bit LFSM 
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Test 

MOD 

d 

3 

5 

7 

11 

13 

17 

19 

23 

29 

3 1 

3 7 

4 1 

43 

47 

5 3 

5 9 

61 

67 

7 1 

73 

weight 

Equidistri Run 

Table 4.5. Knuth Tests Results for 18-bit LFSM 
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Test 

MOD 

d 

3 

5 

7 

11 

13 

17 

19 

23 

29 

3 1 

3 7 

4 1 

43 

47 

5 3 

5 9 

6 1 

67 

7 1 

73 

weight 

Equidistri Run up 

Table 4.6. Knuth Tests Results for 19-bit LFSM 
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Test Run up Equidistri 

MOD 

d 

3 

5 

7 

11 

13 

17 

19 

23 

29 

3 1 

3 7 

4 1 

43 

47 

5 3 

59 

61 

67 

7 1 

73 

weight 

Table 4.7. Knuth Tests Results for 28-bit LFSM 
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Test Equidistri Run up 

MOD 

d 

weight 

Table 4.8. Knuth Tests Results for 31-bit LFSM 
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Test 

MOD 

d 

weight 

Equidistri Run up 

Table 4.9. Knuth Tests Results for 35-bit LFSM 
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perspective than an LHCA because over all of the Knuth tests, NCCA has the largest 

weight for each test among the three LFSMs , e.g., the totals of the weights from all 

of the experiments for the equidistribution test are 135, 132, 119 for NCCA, LHCA 

and LFSR respectively. 

Based on the above criteria, we can conclude that the generators produced by NCCA 

and LHCA have much better pseudorandomness properties than those for LFSR. How- 

ever, we restricted our work to only a small number of LFSMs because larger-sized binary 

sequence can cause overflow when the sequences are converted into the corresponding 

decimal-valued sequences. In order to obtain more general conclusions, many larger size 

LFSMs should be tested. 

The test results are sensitive to several parameters that are normally chosen without 

much mathematical justification, such as a and b in the gap test. There are several other tests 

that are also applied for the testing of pseudorandomness properties of binary sequences, 

such as the spectral test [14], which is very complex and beyond the scope of this thesis. 

Further study for the LFSMs is in chapter 5. 

4.5 Summary 

This chapter employs Knuth's empirical tests suggested in [14] to evaluate the pseudoran- 

dornness of the sequences generated by the maximum-length LFSR, LHCA and NCCA. 

From the experimental results, the sequences generated by LFSR fail the pseudorandom 

tests whereas those generated by the two CA pass the tests; and the sequences generated 

by NCCA have a little better pseudorandornness than those generated by LHCA. 



Chapter 5 

Testing Applications 
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In this chapter, we briefly introduce benchmark circuits, then compare the performance 

of different BET generators for the testing of the benchmark circuits using the stuck-at 

fault model. Fault simulation is used to evaluate the performance of these generators on the 

basis of the ISCAS'85 and ISCAS'89 benchmark circuits. 

5.1 Benchmark Circuits 

How to evaluate the pseudorandom generators in BIST? A set of benchmark circuits is 

used to compare the performance of different kinds of test generators and fault simulators. 

In this thesis we only consider the benchmark circuit sets ISCAS'85 and ISCAS'89, since 

they have been widely accepted and employed by many researchers. Using these simulation 

results such as fault coverage, designers have the choice of modifying or evaluating the 

design before it runs into the practical manufacture. 

5.1.1 ISCAS985 Benchmark Circuits 

The ISCAS'85 benchmark set consists of ten combinational circuits provided at the In- 

ternational Conference "1985 International Symposium on Circuits and Systems". The 

detailed information can be found in [5]. 

Table 5.1 [5] lists the complete profile of the ten combinational circuits. The columns 

in the table correspond to circuit name, circuit function, the number of primary inputs and 

outputs, number of gates and the total number of faults (Collapsed Faults) in the ISCAS'85 

benchmark circuits. 

The Non-Redundant ISCAS '85 benchmark circuits, commonly called the ISCAS'85nr 

benchmark circuits, is a modified version of the ISCAS '85 benchmark circuits which 

removes the logic redundancies from the ISCAS'85 benchmark circuits. Therefore, IS- 

CAS785nr benchmark circuits are functionally equivalent to the original circuits. Here we 

employ the ISCAS'85nr benchmark circuits. Table 5.2 contains the profile of only those 

circuits which have been used in this thesis to compare the quality of NCCA as generators 



5.1 Benchmark Circuits 61 

Circuit 

Name 

Circuit 

Function 

16-bit Multiplier 

16-bit ECAT 

Priority Decoder 

32-bit ECAT 

32-bit ECAT 

ALU and Control 

ALU and Control 

ALU and Selector 

ALU and Control 

ALU and Control 

Primary 

Inputs 

Primary 

Outputs 

Number 

of Gates 

Collapsed 

Faults 

Table 5.1. ISCAS 85 Benchmark Circuits 

with LFSR and LHCA. Table 5.2 describes the known circuit hnctions [5] and the number 

of stuck-at faults of the ISCAS'85nr benchmark circuits. 

Circuit Name 

C6288nr 

Table 5.2. ISCAS 85nr Benchmark Circuits 

C 1908nr 

C432nr 

C499nr 

C1355nr 

C3540nr 

Circuit Function 

16-bit Multiplier 

16-bit ECAT 

Priority Decoder 

32-bit ECAT 

32-bit ECAT 

ALU and Control 

No. of Stuck-at Faults 

7710 
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5.1.2 ISCAS989 Benchmark Circuits 

The ISCAS'89 benchmark circuits consist of thirty one sequential circuits also provided at 

International Conference "1989 International Symposium on Circuits and Systems". The 

detailed information can be found in [9, 101. 

Owing to the limit of the minimum-cost primitive NCCA ( degree = 3, no primitive), 

Table 5.3 contains the profile of only those sequential circuits which have been used in 

the thesis in order to compare the performance of three different LFSMs ( NCCA, LFSR, 

and LHCA ) as pseudorandom generators. The columns in Table 5.3 correspond to circuit 

name, the number of primary inputs, the number of primary outputs, the number of D-type 

flip flops, the number of gates and the number of collapsed faults. 

5.2 Experimental Results 

Though Chapter 4 shows that NCCA have a slightly higher randomness than LHCA and 

much higher than LFSR, this does not guarantee that NCCA will lead to the higher fault 

coverage than LFSR and LHCA, so we need to perform experiments to measure their fault 

coverage. 

During the following experiments, the patterns produced by these generators are applied 

to the ISCAS benchmark circuits, because the benchmark circuits have been profoundly 

studied, widely accepted and commonly used. All of LFSMs are the minimal-cost primitive 

LFSMs. NCCA used are listed in Table 3.2. LHCA used are listed in [8]. LFSR used are 

listed in Appendix A. We perform the fault simulation on generators with initial vectors: 

000 ... 01, 1 1 1 ... 10 and a random vector listed in Appendix C. 

5.2.1 The Experimental Results for ISCAS985 

The experimental results are listed in Table 5.4 and they show that: 

0 all of the three LFSMs can obtain 100% fault coverage, though the number of patterns 
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Table 5.3. ISCAS 89 Benchmark Circuits 
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I The Minimum Number of Patterns to achieve 100% Fault Coverage I 
Initial 

Value I LFSM Name 

Circuits Name 

c6288nr I c499nr I c1355nr I c1908nr / c432nr I c354Onr 

000 ... 01 

111 ... 10 

I 

LFSR 

LHCA 

i random number 

Table 5.4. Experimental Results for ISCAS'85 

NCCA 

LFSR 

LHCA 

NCCA 

1 

used is different. 

looking at the number of patterns used, none of the LFSMs is superior to the others. 

For the stuck-at faults in combinational circuits, the fault coverage is dependent on 

the number of distinct patterns. Because all of the three LFSMs have maximal length 

sequences, the final fault coverage is loo%, which is exactly what was expected. 

544 

128 

LFSR 

LHCA 

5.2.2 The Experimental Results for ISCAS989 

160 

128 

96 

224 

The experimental results are listed in Tables 5.5.1 - 5.5.3. Each entry in the table gives the 

fault coverage for all faults in a circuit applying 2n (n 5 17, n is the number of the length 

of LFSMs) or 20,000 ( n > 17 ) test vectors. During simulation, we respectively set all of 

flip-flops to unrestricted, logic 0 or 1. 

In order to compare the three LFSMs, we can extract the corresponding best fault cov- 

erage for each circuit from Tables 5.5.1 - 5.5.3 to form the following Table 5.5, then we 

928 

864 

288 

128 

NCCA 1 128 1 544 

992 

960 

736 

992 

768 

2528 

2880 

1344 

864 

3744 64480 

1856 

2144 

5376 

2848 

10016 

14016 

12096 

3008 

2432 

10944 

9792 

18080 

12224 

1472 

704 

6368 

11232 

11456 

13504 

1600 

1216 

928 

576 

29056 

76288 

23136 

67456 

896 

1408 

30944 

30336 



1 
LHCA NCCA 
37.5 93.75 

33.854 52.083 
49.529 52.894 
48.871 51.926 
61.696 96.784 

62 96.286 
48.372 57.674 
58.243 57.855 
93.639 97. 665 
88.561 92. 103 
18.883 18. 755 
99.073 99.073 
62.046 67.063 
43.294 48. 588 
42. 184 47.471 
28.372 40.93 

100 100 
14.985 14.985 
14.984 14.57 
24.004 23.943 
85.133 86.077 
72.301 71.214 
88.009 88.223 
83.133 83.305 
32.789 32.322 

Table 5.5. 1. Expermental Results f o r  ISCAS'89 



Ta
bl

e 
5.
5.
2 

Ex
pe
rm
en
ta
l 

Re
su

lt
s 

fo
r 

IS
CA
S'
 8
9 



5.2 Experimental Results 67 



5.2 Experimental Results 68 

conclude: 

obviously NCCA have better fault coverage than LHCA and LFSR, in Table 5.5, 

NCCA show the best fault coverage in the 19 circuits of the 25 circuits; LHCA show 

the best fault coverage in the 6 cirucits of the 25 circuits; However, LFSR show the 

best fault coverage in the 6 circuits of the 25 circuits. 

for a few circuits, LHCA or LFSR have a slightly higher fault coverage than NCCA 

such as in the circuit ~15850, the fault coverages for LHCA and NCCA are 19.574 

and 19.497; in the circuit ~38417, the fault coverages for LFSR and NCCA are 15.141 

and 14.913. . 

LHCA have better fault coverage than LFSR. In Table 5.5, in 15 of the 25 circuits, 

LHCA have higher fault coverage than LFSR. 

comparing to NCCA and LHCA, LFSR have the lowest fault coverage in the most 

circuits. 

Note: In the circuit s5 10,O% fault coverage is achieved when all of flip-flops are at the 

default (unrestricted) value, but 100% fault coverage is achieved when all of flip-flops are 

set to 0 or 1. Why? [4] explains: " when power is applied to a circuit, the sequential circuits 

may stabilize to either a logical 0 or 1. Before testing can begin they must all be brought 

to a known state. This require finding an input sequence that will take the circuit from 

an unpredictable power-on state to some known starting state. ..., either by initialization 

circuit that resets all sequential elements at power-on, ... . " Hence, for the circuit s510 at 

the unrestricted state, no input pattern can take the circuit to a known starting state. 

For the stuck-at faults in sequential circuits, the fault coverage is depended on the num- 

ber of distinct transitions. In [21,22], it was proven that LHCA have the bigger transition 

capacity than LFSR on the average. In chapter 3, we also prove that NCCA have more 

transitions than LHCA on the average. The experimental results are consistent with the 

above research. 
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I Circuits I Number I Number I Best Fault Coverage (%) I 
among Tables 5.5.1 - 5.5.3 

Name ofInputs of Vectors LFSR LHCA NCCA 

Table 5.5. Experimental Results for ISCAS'89 
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5.3 Summary 

Fault simulation is used to evaluate the performance of different BIST generators: NCCA, 

LHCA and LFSR. For testing the combination circuits, the three LFSMs can attain the 

100% fault coverage. Based on the results of ISCAS789, we have confirmed the conclusion 

of our analysis of transition properties presented in chapter 3. 



Chapter 6 

Conclusion and Future Work 
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6.1 Conclusion 

In this thesis we have proposed a new class of cellular automata (NCCA) and have investi- 

gated the properties of the maximum-length NCCA. 

No previous work in the maximum length NCCA has been done. Hence, we have 

defined the notation and computation rules, and presented the mathematical background 

for analysis. In order to fbrther analyze the properties, the recursive relation of NCCA and 

maximum number of transitions of NCCA are derived. Based on the theoretical analysis 

and experimental results, the test sequences produced by NCCA have more transitions than 

those produced by LFSR and LHCA. 

In order to evaluate the pseudorandom properties of NCCA, Knuth's randomness tests 

suggested in [14] are employed and the experimental results are compared with those of 

corresponding LFSR and LHCA. The results show that NCCA have a slightly better ran- 

domness properties than LHCA and much better randomness properties than LFSR which 

are most widely applied as pseudorandom test generators. Therefore, based on Knuth's 

randomness tests, NCCA are the most suitable pseudorandom pattern generators among 

the three. 

We have also performed a feasibility study on the behavior of the maximum-length 

NCCA as pseudorandom test pattern generators by simulation on the standard benchmark 

circuit sets ISCAS'85 and ISCAS'89, and it is shown that NCCA as pseudorandom pattern 

generators have the better fault coverage than LFSR and LHCA as pseudorandom pattern 

generators for testing sequential circuits. 

Future Work 

There are many interesting aspects of our work that need be further studied. The most 

important of them are as follows: 

0 In order to obtain more general conclusions, we should employ the Knuth's random- 
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ness tests and simulate the benchmarks circuits with both large-sized LFSMs and the 

same-sized LFSMs which have different primitives and the large size LFSMs. 

0 The study of the behavior of the maximum-length NCCA as pseudorandom genera- 

tors for stuck-open faults and delay faults should be investigated. 

More complex CA, such as other computation rules, should be studied in order to 

find out the relationship between the structure of CA and transition properties. 

The Knuth's randomness tests can not supply a strong proof to evaluate the random- 

ness of binary sequences. Hence, other effective methods should be explored. 
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Appendix A 

The Primitive Polynomials of the 

Minimum-Cost LFSR for Degrees 1 

through 60 
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I Degree n I the Primitive Polynomials of Minimal-Cost LFSR I 
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Degree n 

31 

32 

the Primitive Polynomials of Minimal-Cost LFSR 

x3I+x3+ 1 

x ~ ~ + x ~ ~ + x ~ + x +  1 
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Knuth's Randomness Tests 
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Knuth's randomness tests in this testbench are used to evaluate the randomness of se- 

quences. Six tests are included here: Equidistribution test, Serial-2 test, Poker-3 test, Gap 

test, Runup test, and Permutation test. For detailed information please refer to "The Art of 

Computer Programming", written by Knuth. 

The tests here are for binary sequences and conversion is necessary. We convert N ( N 

5 100,000) successive n-bit (n < 150) binary sequences into the corresponding decimal- 

value sequences, and the decimal-value sequences are further converted into the decimal- 

value sequences whose elements range from 0 to d-1 by taking their modulo d. Then we 

employ the Knuth tests on the latter decimal-value sequneces. If the sequences pass a 

certain number of empirical tests, they are considered to be random enough. 

Example 

Suppose a binary sequence of N items, with N = 3 1, with each items of n bits, with n=5, is 

as saved as follows in a file named "Mytest": 00001 

000 10 

001 00 

01001 

10010 

00101 

01011 

101 10 

01 100 

11001 

1001 1 

001 1 1 

01111 

11111 

11110 

11100 
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1 1000 

1000 1 

0001 1 

001 10 

01 101 

1101 1 

101 11 

01 110 

11 101 

11010 

10101 

01010 

10100 

01000 

10000 

Step 1 : Select the name of the file. 

Step 2: input an integer d for the modulo, e.g. "3". 

Step : Choose the desired Knuth test, e.g. "Gap test". 

Step 4 : a sample output file may look like: 

*** SUMMARY OF GAP TEST RESULTS *** 
Input File: Mytest Number of Vectors:3 1 Modulo: 3 

GapV=4.57 1424 Chi-Table show: 

For the degree v= 4 

Probability 0.95 is: 0.71 1 

Probability 0.05 is: 9.488 

So the sequences PASS the Gap Test. 
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Random Numbers Used in Chapter 5 
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In Chapter 5, in order to evaluate the behaviors of different LFSMs as pseudorandom 

generators, we employ the benchmark circuits ISCAS'85 and ISCAS'89 by using the dif- 

ferent initial vectors: 000 ... 01, 11 I... 10. and a random number. The random number is 

generated by a random generator. For all three LFSMs with the same length, the same 

random number is applied as their initial vectors. Here, we list the random numbers used 

in Chapter 5: 

4-bit: 0110 

7-bit: 01 10010 

8-bit: 01 100101 

9-bit: 01 100101 1 

11-bit: 01 100101 100 

12-bit: 01 100101 1000 

14-bit: 01100101 100010 

16-bit: 01100101 10001001 

17-bit: 01 100101 100010010 

18-bit: 01 100101 1000100101 

19-bit: 01100101 10001001010 

28-bit: 01 100101 1000100101001 11 11 100 

31-bit: 001 100101 10001001010011 11 11001 1 

32-bit: 01 100101 1000100101001 11 11 1001 110 

33-bit: 001 100101 1000100101001 11 11 1001 110 

35-bit: 001 100101 1000100101001 11 11 1001 11001 

36-bit: 001 100101 1000100101001 11 11 1001 11001 1 

50-bit: 001 100101 1000100101001 11 11 1001 11001 101000000010010 



Appendix D 

Cost Analysis 



Chapter 3-5 proved that NCCA are superior to LFSR and LHCA on the different metrics 

( transitions, randomness and fault coverage). However, it is obvious that NCCA have 

more complex structure than LHCA, and much more complex structure than LFSR, which 

means that NCCA should have the higher price than the other LFSMs. It is very difficult 

to estimate the cost of circuits in practice, but commonly we adopt the simple method that 

count the number of XOR gates in the three LFSMs. Here the number of XOR gates of all 

minimum-cost LFSMs applied in benchmark circuits ISCASY89 is listed in Table D-1. 

From Table D-1, the number of NCCA's XOR gates is almost twice that of LHCA 

and more than 4 times that of LFSR. 

Tradeoff of cost and high performance is dependent on the need of customers. If high 

performance is preferred, cost may have to rise. 
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I Circuits I Number I The Number of XOR Gates 

of the Minimum-Cost LFSMs 1 ;; IOfTSW 

Table D.1. The Number ofXOR gates of the Minimum-Cost LFSMs 


