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ABSTRACT

A new class of cellular automata is introduced and its properties studied. These one-
dimensional neighbor-five cellular automata are proposed as pseudorandom pattern gen-
erators to be applied in built-in self-test. Based on a theoretical analysis, the transition
capability of the new class of cellular automata is larger than that of linear hybrid cellular
automata. In order to evaluate their randomness properties, Knuth’s randomness tests are
employed; the patterns generated by the new class of cellular automata are shown to achieve
a slightly better randomness than those generated by linear hybrid cellular automata and
much better randomness than those generated by linear feedback shift registers. For testing
combinational and sequential faults over a set of standard benchmark circuits, experimental
results demonstrate that, in sequential circuits, the pseudorandom pattern generators pro-
duced by the proposed cellular automata outperform the conventional generators produced

by linear hybrid cellular automata and linear feedback shift registers.
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1.1 Motivation

Advances in Very Large Scale Integration (VLSI) technology have resulted in the ability
to produce Integrated Circuits (ICs) with over one hundred million transistors on a chip.
The problem of testing such complex circuits in a cost-effective way has been and remains
a major concern. Built-In Self-Test (BIST) is a general approach to the testing of ICs. A
widely accepted method for BIST is to use a pseudorandom pattern generator and a data
compactor. It is well known that Linear Feedback Shift Registers (LFSR) are commonly
used for pseudorandom pattern generators and data compactors. However, recent studies
[15, 21] prove that Linear Hybrid Cellular Automata (LHCA) are superior to LFSR in VLSI
testing.

LHCA are the simplest class of Cellular Automata (CA). CA were proposed first by
John von Neumann in the 1940’s, and were used to model self-reproducing organisms.
In 1983 and 1984, Stephen Wolfram published papers [19, 20], which are milestones for
studying cellular automata in the engineering and science fields. Now CA have been ap-
plied in different research fields such as VLSI testing, error correcting codes, cryptography,
parallel computing and computer graphics.

Cellular automata are mathematical models for complicated natural systems. They con-
sist of a series of identical components (also called ‘cells *), each with a finite set of possible
values. The value of each cell is determined by the previous value of its neighbors and/or
itself. The relation of its neighbors and/or itself forms different and complex structures
such as a 1-dimensional string (e.g. LHCA), a 2-dimensional grid (e.g. 2-by-n CA [7]),
or a 3-dimensional structure of cells. Based on different properties of different structures,
this thesis introduces a New Class of Cellular Automata (NCCA), in which the value of
each cell is dependent on the previous value of the nearest four cells or dependent on the
previous value of the nearest four cells and itself, as pseudorandom pattern generators in
VLSI testing.

The main objective of this thesis is to evaluate the performance of this new class of
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CA as pseudorandom pattern generators. This has not been done before, thus we set the
notation, define their computation rules, and apply the necessary mathematical background
for a complete theoretical analysis. Then we derive a recursive relation to compute the
characteristic polynomial of an NCCA; analyze the transition properties of NCCA, which
are used as the metrics of effectiveness of pseudorandom pattern generators for testing
sequential faults, and also derive the maximum number of an NCCA’s transitions. We
compare NCCA with their corresponding LFSR and LHCA. All this work is accomplished
through the generation of maximum-length NCCA and by performing Knuth’s empirical
tests [14] for evaluating the pseudorandom properties of the patterns generated from these
NCCA. Furthermore, standard benchmark circuits are simulated to perform a feasibility

study on the behavior of NCCA, LFSR and LHCA as pseudorandom test pattern generators.

1.2 Outline of Thesis

The main goal of this thesis is to formally introduce a New Class of CA (NCCA), to study
their properties, and to compare them with the corresponding LFSR and LHCA.

In Chapter 2, the background material relevant to this thesis is briefly introduced. The
definition and mathematical characteristics of Linear Finite State Machines (LFSMs) are
reviewed. LFSR and CA with an emphasis on LHCA are discussed together with the
notation and mathematical background. In this chapter, we also present some background
on built-in self-test especially for pseudorandom pattern generators, and also discuss its
applications.

In Chapter 3, a new class of cellular automata (NCCA) is proposed. Its definition and
notation, as well as the computation rules for each cell are presented. Then we focus on the
properties of NCCA: first, we introduce their transition matrix and characteristic polyno-
mial; second, we derive a recursive relation to obtain the characteristic polynomial as well
as the structure for the minimum-cost primitive NCCA for degrees 1 through 100; third,
we analyze the transition properties of NCCA and compare them with those of LHCA; this
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chapter concludes with a discussion of the application of NCCA in built-in self-test.

In Chapter 4, Knuth’s empirical ( or randomness) tests [14] are introduced. We employ
these tests on the sequences generated by the maximum-length LFSR, LHCA and NCCA
in order to compare their randomness, and the experimental results are presented.

In Chapter 5, the standard benchmark circuits ISCAS’85 [11] and ISCAS’89 [9, 10]
are also briefly introduced. We perform a feasibility study on the performance of the pseu-
dorandom pattern generators produced by the maximum-length NCCA, compared to those
based on the corresponding maximum-length LFSR and LHCA by simulating a standard
benchmark circuit with the generators and evaluating their fault coverage. Experimental
results are presented and analyzed.

In Chapter 6, the main results in this thesis are summarized and possible future work is

discussed.



Chapter 2

Linear Finite State Machines
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In this chapter, several LFSMs are introduced. The important concepts about LFSM
are described, which include the notation used and the mathematical background, such as
the definition of linear finite state machines, the characteristic polynomial of a LFSM and
primitive polynomials, etc.

One of the most frequently used forms of LFSM is LFSR. Type I and Type II LFSR are
introduced in section 2.2.

Another important form of LFSMs, LHCA are introduced. First, the general Cellular
Automata (CA) are introduced, including their space structure and neighborhood relation,
then a special linear CA, LHCA, are discussed. In Chapter 3, a new class of CA is intro-
duced, and the transition properties of binary sequences produced by LHCA and NCCA
are analyzed in greater detail.

Finally, some fundamental concepts of built-in self-test, with an emphasis on pseudo-

random testing are discussed.

2.1 Definitions

The general definitions of LFSM and some of mathematical characteristics are introduced
below:

Definition 2.1.1 {18] A machine M is a linear finite state machine if:

1) the state space Sys of M, the input space [, and the output space Yy, are each vector
spaces over the appropriate finite field (here a Galois Field of order 2, GF(2) ).

2) let the vector g; denote the current state of the machine, the vector u; denote the inputs
to the machine, and the vector y; denote the outputs of the machine. The next state g;” of

M is defined by:
¢ = A\ + Pu;
and output is defined by:

y§ =Tg¢ + Qu;
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where )\, P, T and Q are matrices of the appropriate size over the finite field (here GF(2)),
and ) is called the transition matrix.

If the finite machine has no external input u;, that is, the second term is omitted from
the above next state and output equations, it is called an Autonomous Linear Finite State

Machine. So the next state ;" of M is defined by:
G =Xy
and output is defined by:
vi =Tq

In this thesis, we only consider autonomous LFSM with the underlying field GF(2).

Definition 2.1.2 Any LFSM is uniquely represented by a transition matrix A and every
transition matrix has a characteristic polynomial. The characteristic polynomial A of a
LFSM is defined by:

A=|zl+ )

where 1 is an identity matrix, z is an indeterminate, and I + ) is called the characteristic

matrix of the LFSM.

Definition 2.1.3 If the sequence generated by an n-cell LFSM has period 2" — 1, then it is

called a maximum-length sequence.

Definition 2.1.4 [3] The characteristic polynomial associated with an n-cell LFSM, which

has period 2" — 1, is called a primitive polynomial.

If the characteristic polynomial of an n x n state matrix of an autonomous LFSM is
primitive (which is called a primitive LFSM), the machine cycles through all 2" — 1 non-
zero states.

The maximum-length sequence produced by a LFSM that has a primitive characteristic

polynomial is indeed the property that one wants to exploit. The most common LFSMs
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used in VLSI testing are LFSR and LHCA.

2.2 Linear Feedback Shift Registers

Figure 2.1. Linear Feedback Shift Register;(top) internal-XOR ALFSR; (bottom) external-
XOR ALFSR

The most commonly used class of pseudorandom pattern generators in BIST are Au-
tonomous Linear Feedback Shift Registers (ALFSRs). An ALFSR consists of a series of
delay elements ( D flip flops ) with no external inputs and with all feedback functions
provided by means of XOR gates [16] as illustrated in Figure 2.1.

Figure 2.1 shows the two categories of ALFSRs, which are called external-XOR ALFSR
and internal-XOR ALFSR. Let s = (s1, 8, ..., S, be the present state and s* = (s7, s, ..., s7")
be the next state. For internal-XOR ALFSR, we find:

sT = s,

s§ = 8i_1 +ai_18, fori =2,3,...,n.

According to Definition 2.1.2, the next state s* can be evaluated by st = As. Thus, the
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behavior of the n-cell internal-XOR ALFSRs is described by the n x n transition matrix A:

00000 - - 000 1 |
10000 ««« - 000 a
01000 - - 000 a
00000 «« - 010 ans
00000 - - 00 1 ap,

For the external-XOR ALFSR, we also find:
S; = 8i—1 fori =2,3,...,n.
sT =an-181 + @n-283 + ... + An—iSi + ... + Q1871 + 8y

and the behavior of n-cell external-XOR ALFSRs is described by an n X n transition

matrix A:
An-1 Gn-2 Gp-3 Gn-4 Qn-5 - - a3 Az Q1 1
1 0 0 0 o «- -~ 0 0 00
0 1 0 0 o « - 0 0 0O
0 0 0 0 0 01 0O
i 0 0 0 0 0 0 0 1 0

Both of the transition matrices lead to a degree n characteristic polynomial A:
A=14+az+az?+a3z®+ ... +ap_z2" 1 4+ 2"
According to Definition 2.1.3 and Definition 2.1.4, if the polynomial A is primitive,
then the ALFSR represented by the polynomial is a maximum-length ALFSR.
In VLSI testing, the Linear Feedback Shift Register (LFSR) is widely applied as a data

compactor [3] and a pseudorandom pattern generator.
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2.3 Cellular Automata

In recent VLSI testing developments, it has been proposed that test pattern generators based
on cellular automata (CA) may be superior to those based on LFSR [21]. CA were proposed
first by John von Neumann in the late 1940’s [1], and were used for self-reproducing organ-
ism models. In 1983 and 1984, Stephen Wolfram published his papers[19, 20] , which are
considered to be milestones for studying cellular automata in the computer science field.
CA are a realization of a finite state machine. A cellular automata consists of a regular
uniform array, with a discrete variable at each cell [19]. They can be characterized by four

features: the states of the cell, geometry, the neighborhood of a cell, and the transition rule.

2.3.1 Cell States

Assume that the cells of a cellular automata are in one of a finite number of possible states
at any point of time. When these cells can have different state sets, the CA are called a
polygeneous CA. However, the characteristics of CA are very complex, and in VLSI test-
ing, CA are considered over the field GF(2), that is, the state space has only two elements,
Oand 1.

2.3.2 Geometry

An array of CA can be 1 dimensional, 2 dimensional or more than 2 dimensional. The
greater the number of dimensions, the more complex are the geometries of CA. However,
the geometry of CA depends not only on the dimension but also on the boundary conditions.
In the finite array, different boundary conditions can be defined. So far we only consider the
quiescent boundary condition, in which the extreme cells are considered to be adjacent to
cells in some pre-specified state whose value does not change during the computation. For
the linear CA, the quiescent boundary condition is the null boundary condition in which

value of pre-specified state is zero. In this thesis, all of the CA considered are null boundary
CA.
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2.3.3 Neighborhood

According to the geometry of multiple-dimensional cellular automata, there are complex
neighborhoods that can be generally defined as two kinds: local and global neighborhoods.
Usually the neighborhoods are defined by the relation between inputs and outputs, that is,
a cell takes its input from its input neighborhood and its state is available to the cells of
its output neighborhood. Local neighborhood refers to the relation where a cell is solely
influenced by its nearest neighbors, for example, the von Neumann (orthogonal) neighbor-
hood and the Moore (unit cube) neighborhood (see Figure 2.2). Wolfram[19] proposed a
local neighborhood for 1 dimensional neighborhood-three CA that is depicted in Figure
2.2. Global neighborhoods address the relation where a cell is influenced by not only its

nearest neighbors but also more distant neighbors.

il if ||
i jl J j+!

j-1 j j+l i i i i i i
Mo AEEEE.

i+l i+l i+l i+l
j SRR

(@) (b) ©)

Figure 2.2. Examples of the most frequently used neighborhoods in 1-dimensional and 2-
dimensional CA: (a) 1-dimensional von Neumann neighborhood or Wolfram neighborhood

(b) 2-dimensional von Neumann neighborhood (c) the Moore neighborhood

2.3.4 Rule

The rules of a CA refer to the algorithms used to compute the successor states. Usually
a rule can be expressed as a function by which the next state of a cell depends on the

present states of k& neighborhood cells and possibly its own present state. For different
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neighborhoods or geometries, there exist many complex and different rules. In this thesis,
only 1-dimensional CA are considered.

For 1-dimensional CA, let s; be the current state of the cell 7; the next state s;" of the
cell 7 can be represented as a function of the present state of cells 4,71 — 1,71 —2, ... ,i —r

(left neighbors), and of cells i + 1,7 + 2, ... , i + k (right neighbors);

85 = [ (Sicrs oos Sic s Sis Sidtls -os Sitk)
i, r, k are integers.

where f is known as a rule. Thus, a rule is a function which is used to describe how the
next state of a cell changes in response to its current state and those of its neighbors.

In the 1-dimensional CA, Wolfram proposes to use the local, distance 3 neighborhood
for the cell rules. According to Wolfram’s theory, every cell of a 1-dimensional CA has a
relationship with only two nearest neighbors; namely the cell to the left and the cell to the
right. There are 2% possible rules when the next state of a cell is dependent on the current
states of its two neighbors’ or dependent on the current states of its two neighbors’ and its

own. In this case, rule of 1-dimensional CA can be defined as:

s = f(si-1, 86, Siv1)
In order to define Wolfram’s rules clearly, we can use a transition table, similar to a truth
table. In such a table, the first line lists the eight possible states of the cell and its two adja-
cent cells as indicated by 3-bit binary numbers. In the second row, a rule can be described
by an eight-digit binary number (r7...rp). The r; is 1 iff f(a,b,c) = 1 for abc as the logic
states shown in the first line of Table 2.1 and is 0 otherwise. The last row shows the decimal
numbers associated with the corresponding binary bit in the second line. The rule table for

two examples is shown in Table 2.2.

From the example, rule 90 can be expressed by the 8-bit binary number 01011010, because
the binary number “ 01011010  is represented by the decimal number *“ 90 ”. The same

condition is for rule 150.
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Logic States | 111 [ 110 | 101 | 100 | 011 | 010 { 001 | 000

BinaryRule | r7 | 76 | 75 | 74 | 73 | T2 | 71 | To

DecimalRule | 27 | 26 | 25 | 2¢ 1 23 | 22 | 21 | 20

Table 2.1. Wolfram's Rule Table

111 {110 | 101 | 100 | 011 | 010 | 001 | 000
Rule90 | 0 1 1 1 0 1
90 = 0 | 26 24 1 221 0 | 2!
Rule 150 | 1 0 1 0 1 1
150= | 27 | 0 24| 0 | 22| 2

0
0
0
0

[==2 Bl e B e

Table 2.2. Wolfram's Rule Table of rule 90 and 150

2.3.5 Linear Hybrid Cellular Automata

Though there are 256 rules in 1-dimensional neighborhood-three CA, there exist 8 linear
rules. In this thesis, we only consider the two linear rules: rule 90 and rule 150. The class of
1-dimensional CA determined by the two rules are called Linear Hybrid Cellular Automata

(LHCA) and their structure is shown in Figure 2.3

1 » 2 P 3 —V'“'_rz__’ n-1

n-

-

Figure 2.3. I-Dimensional LHCA

Rule 90 and rule 150 can be formally written by the following expression:
SZL = 8i—1 + disi + Si11

where d; = 1 implies rule 150, and d; = 0 implies rule 90 and “ + ” is over GF(2).
The current state of an n-cell LHCA is represented by the vector s = [ s, S2,..., Syl

The next state of the LHCA is represented by the vector s* = [ s), s§,..., s;}]. Since the



2.4 Built-In Self-Test 14

next state function is a linear operator, the rule function can be expressed by the following

n X n transition matrix \:

(4, 1 000 .- --00 0 0 0]
1 d 100 ----00 0 0 0
0 1 d10----00 0 0 0
0 0 000 01 diy 1 0
0 0 000 00 1 dpy 1
[0 0 000 00 0 1 dn

and the next state can be obtained by:
st =Xs

Given an LHCA with n cells, let Ay, denote the characteristic polynomial of the LHCA
formed by removing cells k + 1, ..., n — 1, n, thus, the characteristic polynomial of the
original LHCA is A,,. As a result, the CA recursive relation[17] can be stated:
A_;1=0
Ny=1
Ap = (2 +di)Ar—1 + Dy—2 (1 <k <n)
This recursive relation provides an efficient algorithm to compute the characteristic polyno-
mial of a CA. In [6], an algorithm is presented to obtain a CA that has a given characteristic

polynomial by using this recursive relation.

2.4  Built-In Self-Test

As a solution to increasingly complex digital circuits, BIST is being adopted as a preferred
test strategy. BIST is a design technique in which parts of a circuit are used to test the

circuit itself[3].
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The principle of BIST is shown in Figure 2.4. BIST employs many techniques used in

Test Pattern Circuit Output
Generator Under Test Analysis Pass/ Fail
(TPG) (CUT)

Pseudorandom
Generator

Figure 2.4. BIST architecture

integrating the test resources on the chip including a test pattern generator and a signature
analyzer. The test pattern generator provides a test input sequence to the circuit under test
(CUT). The output analysis compares the output sequence with the expected sequence and
defines a “ fail/pass ™ test output.

Among the different BIST approaches, the pseudorandom test is widely favored due to
its associated low physical integrated circuits area overhead in manufacture. The pseudo-
random sequence applied to the circuit may be generated by an LFSR or an LHCA as
pseudorandom pattern generators.

Today, BIST techniques for combinational circuits are well established, whereas BIST
techniques for sequential circuits are not yet mature. The main difficulty in implementing
sequential BIST is that some internal faults in sequential circuits are highly resistant to
pseudorandom patterns.[4] A preferred solution to overcome this problem is to use the new
pseudorandom pattern generators or to modify the pseudorandom pattern generator.

This thesis focuses solely on a new pseudorandom pattern generator NCCA, which may
lead to a higher degree of randomness and a more efficient pseudorandom pattern generator
in BIST than a LFSR and a LHCA. In the following chapters, the NCCA are tested by
Knuth randomness tests and evaluated by conducting fault simulation experiments using the
ISCAS’85 benchmarks and ISCAS’89 benchmarks circuits, and the results are compared

with those obtained using LFSR and LHCA as pseudorandom pattern generators.
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2.5 Summary

This chapter provides background materials on the following topics: the definition of Lin-
ear Finite State Machines (LFSMs); two of the most important and special forms of LF-
SMs, namely Linear Feedback Shift Registers (LFSR) and Linear Hybrid Cellular Au-
tomata (LHCA). In the last section, Built-in Self-test (BIST) is discussed together with the
application of these LFSMs.



Chapter 3

The New Class of Cellular Automata
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In this chapter, a new class of cellular automata (NCCA) is introduced and analyzed. In
Section 3.1, we define NCCA with its notation and introduce the two simple rules. Section
3.2 defines the NCCA’s transition matrix, characteristic matrix and characteristic polyno-
mial. In Section 3.3, the general recursive relation, shown to be an important factor to study
NCCA, is presented and proven. Section 3.4 lists the low-cost characteristic primitive poly-
nomials for 1-cell NCCA through 100-cell NCCA. In Section 3.5, the transition property of
NCCA is explored and compared with LHCA and LFSR to provide a theoretical basis for
the experiments discussed in Chapter 5. Section 3.6 summarizes the materials concerning

NCCA in VLSI testing applications.

3.1 The New Class of Cellular Automata (NCCA)

1 3 5 7 9 [~ ;
I | I | |
2 4 6 8 A

Figure 3.1. The New Class of Cellular Automata

NCCA are, in fact, 1-dimensional 5-neighborhood CA. Actually, NCCA (Figure 3.1)

are an extension of the | dimensional CA presented by Wolfram which are 3-neighborhood
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CA. Alternately, they can be considered as a simple 2-dimensional CA. For the 3-neighborhood
CA, it is well known that there are 256 rules. For the NCCA, however, there exists a much
larger number of more complex rules (225). This occurs because the next state of any cell
is dependent on the states of the four closest neighbors and/or its own in the current states.

Only two simple linear rules are considered because these rules can be considered as
the direct generalization of those used in LHCA, a kind of CA with local neighborhoods,
a symmetric and regular structure, and more importantly, they also lead to the primitive
LFSM.

Rule 0: s7 = s;2 + $i—1 + Siv1 + Sit2

Rule 1: s = 8,5+ ;-1 + 8 + Sit1 + Sit+2

Rule 0 implies that the next state of a cell depends on all of its four closest neighbors’
current states; rule 1 implies that the next state of a cell depends on all of its four closest
neighbors’ and its own current state.

The NCCA considered are all null boundary, so the boundary conditions of the NCCA

are defined:

So=0 S_1=O

Sn41 =0 Sp+2 =0

3.2 Transition Matrix

In GF(2), rule 1 and rule 0 can be defined by the expression:
Sit.l = 89+ 8i—1 + diSi + Si—1 + Siyo

where d; = 1 implies rule 1, d; = 0 implies rule 0, and ”+” is over GF(2). The general

form of an n-cell NCCA transition matrix A is expressed as:
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44 1 100 -+ 00 0 0 0]
1 dy 1 10 00 0 0 0
11 00 0 0 0

1 1 dy

0 0 0 0O 11 d—o 1 1
0 06 000 - -+ 01 1 dug 1
0 0 000 00 1 1 d,

The characteristic matrix A of a NCCA is defined by:

A=ITz+ A 3.1

thus 3 .
T+ d; 1 1 0 --- 0 0 0 0
1 T+ ds 1 1 .- 0 0 0 0
1 1 r+dy 1 0 0 0 0

A=

0 0 0 0 -~ 1 z4+d,_o 1 1
0 0 0 0o --- 1 1 T4 dn-1 1

| o 0 0o 0 - 0 1 1 z4d, ]

where 1 is an identity matrix and z is a variable,
The characteristic polynomial A of a NCCA is defined by:
A = det(A) 3.2)

where det(A) computes the determinant of the matrix A.
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3.3 Recursive Relation

The recursive relation of NCCA is to provide an efficient algorithm to compute character-

istic polynomials of NCCA.

Definition 3.3.1 For an n-cell NCCA, A;; is defined to be the characteristic polynomial
of the partial CA consisting of cells i through k. If i = 1, one can define that A, equals
A1y, thus, the characteristic polynomial of the original NCCA is A,,.

Theorem 3.3.1 Given an NCCA with n cells:
Ay = Ay,=A ;=0
Ay =1
A = (4+de)*Dpo1 + D2+ (T +di—1) * Dg—s + Ap—g (1 <k <n)(3.3)

where d; is the rule of the i-th cell, 1 < i < k or [d;ds...di] is the rule vector of the k-cell
NCCA.

Proof.

To prove the general case, assume that A is the characteristic matrix of a k-cell NCCA with

the rule vector (d1ds...dg);

[ 24+d, 1 - 0 0 0 0 0 0
1 z+dy - 0 0 0 0 0 0
0 0 1 1 0 0 0 0
Ao 0 0 T+ dy_s 1 1 0 0 0
0 0 1 z+dyy 1 1 0 0
0 0 1 1 z+dys 1 1 0
0 0 0 1 1 z+dis 1 1
0 0 0 0 1 1 z+der 1
| 0 0 0 0 0 1 1 z+d |

Simplifying det(A) by expansion along the last row,
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det(A) = (z + di) * det(B) + det(C) + det(D)

where:
[ 24dr 1 .. 0 0 0 0 o |
1 z+dy - 0 0 0 0 0
0 0 1 1 0 0 0
B= 0 0 T+ de_s 1 1 0 0 ,
0 0 1 T+dey 1 1 0
0 0 1 1 z+dp_s 1 1
0 0 0 1 1 z+de_g 1
0 0 0 0 1 1 z+dky |
and
[ ctdr 1 - 0 0 0 0 0]
1 z+dy - 0 0 0 0 0
0 0 1 1 0 0 0
C= 0 0 T+ des 1 1 0 0,
0 0 1 T+ di_g 1 0
0 0 1 1 z+dp_s 1 0
0 0 0 1 1 +deg 1
0 0 0 0 1 1 1
and
[ c4d, 1 .. 0 0 0 0 0]
1 z+dp - 0 0 0 0 0
0 0 1 1 0 0 0
D= 0 0 T +dis 1 1 0 0
0 0 1 T+de_g 1 0 0
0 0 1 1 R 1 0
0 0 0 1 1 1 1
0 0 0 0 1 z+diy 1|

Now, B is the characteristic matrix of the NCCA by removing the last cell, and so



3.3 Recursive Relation

det(B) = Ag-y.

The det(C) and det(D) are expanded along the last column. So
det(C) = det(Cy) + det(Csy)

det(D) = det(D) + det(Ds)

where:
[ 2+d, 1 0 0 0 o
1 z+dy - 0 0 0 0
C, = 0 0 1 1 0 0
0 0 T+ di_s 1 1 0
0 0 1 T+ dp_g 1 1
0 0 1 1 z+ de_3 1
|0 0 0 1 1 z+di |
and _ -
z+d; 1 0 0 0 0
1 z+dy - 0 0 0 0
Cy = 0 0 1 1 0 0 ’
0 0 T+ dg-s 1 1 0
0 0 1 T+ di—g 1 1
0 0 1 1 T+deg 1
|0 0 0 0 11
and ) -
T+ d; 1 0 0 0
1 z+dy --- 0 0 0 0
D, = 0 0 1 1 0 0
0 0 T+ di—s 1 1 0
0 0 1 T+ dip_g 1 0
0 0 1 1 z+dps 1
| o 0 0 0 1 z+dim
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and ) )
T+ dp 1 0 0 0 0
1 T+ do 0 0 0 0
0 1 1 0 0
D, = 0
0 0 T+ di_s 1 1 0
0 0 1 T+ di_q 1 0
0 0 1 1 z4+de_g 1
| o 0 0 1 1 1]

Now, the matrix C| is the characteristic matrix of the NCCA by removing the last two cells,
and so det(C}) = Ag—q.

The det(C,), det(D;) and det(D,) are expanded again through the last column, or the last
oW,

det(Cy) = det(Ca1) + det(Ca2)

det(D,) = det(Dyy) * (x + dy—1) + det(Dy2)

det(D,) = det(Dy) + det(Dyp)

where } }
z+d; 1 0 0 0
1 z+dy - 0 0
Ca = 0 0 1 1 0 )
0 0 T+ di_s 1 1
0 0 1 T+ di_y 1
0 0 1 1 T+ d-3
and ) ~ } )
z+d; 1 0 0 0
1 z+dy - 0 0 0
Cp = 0 0 1 1 0|
0 0 T+ di_s 1 0
0 0 1 T+de—q 1
0 0 1 1 1_
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and _
z+d 1
1 z+do
Dy = 0 0
0 0
0 0
| 0 0
and }
z+d; 1
1 T +dy
Dy = 0 0
0 0
0 0
| 0 0
and _
r+d; 1
1 T+ dg
Dy, = 0 0
0 0
0 0
0 0
and }
Tz+d; 1
1 z+do
Dy = 0 0
0 0
0 0
i 0 0

from those, one can derive the following:

0 0 0
0 0 0
1 1 0
z+des 1 1
1 T+ dr_g 1
1 1 T+ dr_s
0 0 0
0 0 0
1 1 0
T+ dk_5 1 1
1 TH+de_g 1
0 0 1
0 0
0 0 0
1 1 0
T+ dg_s 1 1
1 T+ dk_4 1
1 1 r+di_s
0 0 0
0 0 0
1 1 0
T +di_s 1 1
1 T+de_g 1
0 1 1
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det(Cy1) = det(Dyy) = det(Dy1) = Dp_3

det(D12) = Ag_y.

It is obvious that Cy, is the transpose of the matrix Do,

so det(Cag) = det(Day).

All operations are over GF(2), which leads to det(Cag) + det(Dys) = 0.
Thus

det(A) = (z + di) * det(B) + det(C) + det(D)

=(z + di) ¥ Ap-1 + det(Cy) + detCy + det(Dy) + det(Ds)

= (2 + di) * Ag—1 + Ag_g + det(Cyy) + det(Caz) + det(Dyy) * (T + dy_q) + det(Dip) +
det(Dq1) + det(Daqs)

=(T+di) * Apo1 + Ap—o + (T + di—1) * Ag_z + Agy.

Example 3.3: For a 4-cell NCCA with a rule vector [1100].
Using(3.3), we get:

Ay =1

A = z+1

Dy = (z4+d)*D+Do=(z+1)*(z+1)+1=2?

Ay = (T+d3)* Do+ A1+ (@ +do)*Ag=xxz’+z+1+z2+1=23
Ay = (2+0)xAs+As+(24+0) x A; + A

= zx2®+ P 4rx(@+1)+1=a'+z+1

According to (3.2), the following characteristic polynomial is also obtained;

p—t
8

+
f—t
p—t
p—t

Ay = =zt+r+1
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Obviously, the computation results for the characteristic polynomial are the same by the
two different methods. Note that when the number of NCCA’s cells increases, the recursive

algorithm using (3.3) is simpler and more effective than that using (3.2).

3.4 Minimum-Cost Primitive NCCA

In VLSI testing, the primitive NCCA are desirable as pseudorandom pattern generators
because they can generate the maximum-length sequence. For all practical purposes, the
minimum-cost hardware of primitive NCCA (called the minimum-cost primitive NCCA)
should be sought and employed. Specifically, the minimum-cost primitive NCCA have the
minimal number of rule 1 among all of the primitive NCCA because the structure of rule 1
is a little more complex than that of rule 0 in evaluation and implementation.

The procedure for finding the minimal-cost primitive NCCA is described in Algorithm 3.4

Algorithm 3.4

define an n x n NCCA transition matrix ) as in Section 3.2;

initialization (let rule vector d = [0 0 ... 0]);

repeat:
=1
select j rule-1 cells by a sequence of all combinations of j that can be taken
from n;
compute the characteristic polynomial A defined in (3.2);
if A is primitive then return rule vector [d; d; ... d,] and break;
=i+

end repeat

We used Maple 7, which is specially designed for fundamental mathematics computa-

tion, and obtained the results shown in Table 3.1 and Table 3.2 which list the minimum-cost
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primitive NCCA for degrees 1 through 100.

Degree n | Positions of Rule 1 Cells | Degree n | Positions of Rule 1 Cells
1 | 51 24
2 | 52 1,20
3 - 53 2,48
4 1,2 54 43,54
5 2 55 5,55
6 2 56 32
7 1,2 57 3,47
8 1,2,6,8 58 1,3
9 3 59 3,36
10 1,2,4 60 18,60
11 3 61 3,61
12 23 62 1,33
13 1,8 63 1,23
14 2 64 7,28
15 1,11 65 1,10
16 1,9 66 1, 54
17 1,3 67 4,12
18 2,8 68 1,12
19 7 69 1,42
20 2 70 4,37
21 1,11 71 3
22 1,3,16 72 11
23 2,8 73 7,8

Table 3.1. Minimum-Cost Primitive NCCA, for Degrees 1 through 100
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Degree n | Positions of Rule 1 Cells | Degree n | Positions of Rule 1 Cells
24 8 74 8
25 4 75 9
26 1,6 76 1,26
27 1,10 77 1,20
28 7,16 78 3,56
29 1,27 79 1,62
30 2 80 4,71
31 1,9 81 2,22
32 3,22 82 1,44
33 1,23 83 1,3
34 13,16 84 13
35 9 85 1,35
36 3,31 86 17
37 7 87 1,18
38 6,8 88 7,38
39 1,17 89 28
40 7,16 90 4,14
41 9,29 91 2,52
42 441 92 16
43 7,21 93 1,53
44 13 94 4,43
45 1,28 95 46
46 3,19 96 3,7
47 18,46 97 1,12
48 11,48 98 1,48
49 23,46 99 3,90
50 10 100 8, 88

Table 3.2. Minimum-Cost Primitive NCCA, for Degrees 1 through 100 (Continued)
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The first and third columns are the degree n (or n-cell NCCA); the second and fourth
columns are the positions of rule 1 of the NCCA vector. For example, for degree 8, we have
1, 2, 6, 8 which imply the 8-cell NCCA with the rule vector [1 1000 1 0 1] or the 8-cell
NCCA with rule 1 in cells 1, 2, 6 and 8, and rule O elsewhere. Note that for 3-cells, there
does not exist any primitive NCCA since it is a cyclic LHCA. Note that the algorithm 3.4
is an exhaustive search technique and due to time, we only obtain all of the minimum-cost

primitive NCCA for degree 1 through 100.

3.5 The Transition Properties

A good pseudorandom pattern generator in BIST must be able to test the faults not only in
combinational circuits but also in sequential circuits. In combinational circuits, in general,
the greater the number of the different patterns, the higher is the fault coverage. But, in
sequential circuits, because a fault requires a pair of patterns to be tested, fault coverage is
dependent on the number of different patterns as well as the ordering of these patterns, that
is, the capability of testing sequential faults depends on the number of distinct transitions.
Thus the number of transitions is used as a criterion to evaluate whether the generator is

likely to have a good fault coverage for sequential faults.

Definition 3.5.1 For a given n-bit vector (sy, S2, ..., Sp), $i = {0,1},1 < i < n, a k-

bit subvector of the vector is defined by

subvectoryp, k) = (Sp, Sp41; -+ Spk—1) (3.4)
wherel <p<nandl <k <n+1-p
Definition 3.5.2 For a given sequence < S >= Sj, S, ..., Sn, the composition of

subvectory, y of S; and subvectoryy, k) of Sj41, where 1 < j < m, is defined as a transi-

tion.
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Theorem 3.5.1[22] Consider any n-cell LFSM test vector generator with the maximum
cycle length (2" — 1). Let F (Lrgm, p, k) be the maximum number of distinct transitions of
k-bit subvectory, ), produced by the LFSM, where ] <p<nand1 <k <n+1-p. In

this case, we have

2% 1<k<[n/2]

upper bound: F (1rsm, p, k) <
2" -1, [n/2]<k<n

2k 1<k<n
2"~1, k=n

lower bound: F(Lrsm, p, k) =

The detailed proof is presented in {22].

Consider an n-cell primitive LFSM. Let F[Lrsp, p, ¥ be the maximum number of dis-
tinct transitions of k-bit subvector), x|, generated by the LFSM, where 1 < p < n and
1<k <n+1—p. Foran LHCA, we have the following theorem.

Theorem 3.5.2 [21, 22] If the LFSM is a LHCA, then:

2" —1, (k>2n-1or(p=2andk=n-2)
Fieaca,p =94 26, ((k<n-1Dand(p=1lorp+k—1=n))

2k+2  otherwise

The detailed proof is presented in [22]. However, the theorem is not completely correct.
Because when k = 1 and 1 < p < n, there only exist 4 distinct transitions: 0-0, 0-1,1-0,
1-1.

A similar Theorem, giving the transition properties of NCCA is presented below:
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Theorem 3.5.3 If the LFSM is a NCCA, then:

(2’““, k=1landn >2
252 (k=2)and (n > 4), or
(2<k<n-2)and(p=1lorp+k—1=n))
23 ((k=3)and(p# landp+k—1#n)and(n>6)), or
(B<k<n-3)and(p=2o0rp+k=n))
F(Nncea, p, k) =
m_1, (k>n-1), 0
(k=n-2)and (n > 4)), or
(k=n-3)and (p=2o0rp=3)and (n > 6)), or
((k=n—4)and (p = 3) and (n > 8))
{ 2k+4 otherwise
Proof.
Let (Sp, Sp+1, - » Spk—1) be a k-cell substate and (s, s7,;, ... ,55,4_;) be the corre-

sponding next substate.

1. For the case of k = 1and n > 2, for any substate s,, we can find at most 4 distinct
transitions: 0-0, 0-1, 1-0, 1-1, 50 F (vcca, p, k) is 251! (= 4).

2. For the case of kK = 2 and n > 4, for any substate (sp, Sp+1), according to Theorem
3.5.1, we can find at most 16 distinct transitions: 00-00, 00-01, 00-10, 00-11, 01-
00, 01-01, 01-10, 01-11, 10-00, 10-01, 10-10, 10-11, 11-00, 11-01, 11-10, 11-11, so
F(ncoa, p, k) 1s 2672 (= 16).

3. For the case of ((2 < k < n —2) and (p = 1)), according to the NCCA’s rules in
Section 3.1, the next substate (s{, s, ..., s{) is dependent on sy, Sg, ..., Sk, Sk+1,
and sg.o. The new members sk, and sk.2 can provide four possibilities to affect
the next substate. so the total number of all distinct transitions for the 2* different
k-bit substates is at most 2¥*2. Hence, F (vcca, p, k) 18 2%+2_ For the case of ((2 <

k <n—2)and (p+ k — 1 = n)), the proof is similar.
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4. For the case of (k = 3) and (p # 1or p+ k — 1 # n) and (n > 6)), based on
Theorem 3.5.1, the upper bound of all distinct transitions for the 23 different 3-bit

substate is 23*3. Hence, F (vcca, p, k) 18 2573

5. For the case of ((3 < k < n—3) and (p = 2)), the next substate (s2, ..., s ) is deter-
mined by sy, S2, ... , Sk, Sk+1, Sk+2. The three new elements added, si, Sgi1, Ski2,
can provide 2¥*3 distinct transitions for k-bit substates, s0 F (vcca, p, k) is 2873, The

proof for the case of (3 < k < n —3) and (p + k = n)) is similar.

6. For the case of k > n — 1, according to Theorem 3.5.1, when [n/2} < k < n, the
upper bound of transitions is 2" — 1. So is the case with ((k = n — 2) and (n > 4)),
the case with (k = n — 3) and (p = 2 or p = 3) and (n > 6)) and the case with
((k=n—4) and (p = 3) and (n > 8)).

7. Otherwise, according to the NCCA'’s rules in Section 3.1, the next substate (s,
Sp+1, -y Sprk—1) i determined by Sp_2, Sp—1, Spy Spt1s s Spik—1> Spt+k Spik+1-
The four new elements s,_», Sp—1, Sp+k and Sp1x+1 can provide 24 possibilities to af-
fect the next substate, so the total number of all distinct transitions for the 2* different

k-bit substates is at most 25+4. Hence, F (vcoa, p, k) is 2674

Based on Theorems (3.5.2) and (3.5.3), we can easily find that the maximum-length
NCCA potentially have more transitions than the maximum-length LHCA. The experi-
mental results, which use transition test [23] to count the number of all the transitions for
the specific subvectors, are shown in Table 3.3.

Note: All the NCCA are the minimal-cost primitive NCCA listed in Table 3.2. All the
LHCA are also the minimal-cost LHCA listed in [8]. In row 2 the first integer ‘p’ stands
for the starting position of LHCA and NCCA and the second integer ‘k’ the length of sub-
vectors of LHCA and NCCA,; e.g., 2,4 implies subvector(z 4. Row 3 is the number of all
transitions for k-bit subvectors of NCCA. Row 4 is the number of all transitions for k-bit

subvectors of LHCA.
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the Number of Transitions of 5-Cell LFSMs
p,k [[1,1 121314151 1,2(22(32142(13(23|33|14241]1,5
NCCA| 4 |4 | 4|4 )| 4(16|16|16]| 16 31 |31 |31 | 31|31 31
IHCA| 4 | 4 | 4 {4 | 4 || 8 |16}16| 8 | 16 |31 | 16 | 31 | 31 | 31
(a)
the Number of Transitions of 6-Cell LFSMs
pk || 1,2122(32[42(5213]|23|33|43|14|24{34]15]25
NCCA |16 |16 |16 | 16 | 16 || 32 |63 |63 |32 63|63 ]|63]| 63|63
LHCA| 8 |16 |16 |16 | 8 || 16 |32 |32 (16| 32|63 |32 63| 63
(b)
the Number of Transitions of 7-Cell LFSMs
p,k [[1,3123(33(43(53 1424|3444 1,5|25]3,5
NCCA |32 |64 |64 |64 |32 64127127 | 64 || 127 | 127 | 127
LHCA || 16 | 32 {32 |32 | 16 || 32 | 64 | 64 | 32 | 64 | 127 | 64
(¢)
the Number of Transitions of 8-Cell LFSMs
p,k [14]24{34|44[54]1,5]25]|3,5]|4,5
NCCA | 64 | 128 | 255 | 128 | 64 || 128 | 255 | 255 | 128
LHCA | 32 | 64 | 64 | 64 | 32 | 64 | 128 | 128 | 64
(d)
the Number of Transitions of 9-Cell LFSMs
p,k |14]24134|44154 (64 15|25|35]|45]5,5
NCCA | 64 | 128 | 256 | 256 | 128 | 64 |} 128 | 256 | 511 | 256 | 128
LHCA [ 32| 64 | 64 | 64 | 64 | 32 || 64 | 128|128 | 128 | 64

(e)

Table 3.3. Transitions of NCCA and LHCA
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From Table 3.3, we notice:

1.

When (k = 1 and n > 2), the maximum number of transitions is 4 for NCCA and

LHCA, e.g., in Table 3.3(a), all of 1-bit subvectors.

When (k = 2 and n > 4), the maximum number of transitions is 16 for NCCA , but
the number of transitions for LHCA is 8 (whenp = lorp+ k — 1 = n), or 16 (
when p # 1 or p+ k — 1 # n, e.g., in Table 3.3(a), all of 2-bit subvectors, in Table
3.3(b), all of 2-bit subvectors.

. When (2 < k <n—2)and (p = 1 or p + k — 1 = n)), the maximum number

of NCCA'’s transitions is 2512, but the maximum number of LHCA’s transitions is
2F+1 e.g., in Table 3.3 (e), the subvector|s 4), the subvectorg 4], the subvectory; 5 and

subvectors 5.

. When ((k=3)and (p # landp + k — 1 # n) and (n > 6)), the maximum number

of NCCA’s transitions is 64 (2%*3), but the maximum number of LHCA's transitions

is 32 (2¥*2), e.g., in Table 3.3 (c), subvectoryz 3}, subvectorys 3, and subvectory 3|

. When k > n — 1, the maximum number for both machines’ transitions is 2" — 1, e.g.,

in Table 3.3(a), the subvectory; 5); in Table 3.3(b), the subvector(; 5} and subvectory 5.

When k = n — 2 and n > 4, the maximum number of both machines’ transitions
is 2" — 1, e.g., in Table 3.3(a), the subvectory 3, in Table 3.3(b), subvector 4), Table

3.3(c), the subvectory, 5),etc.

. Whenk =n —3and(p =2 or p=3)andn > 6, the maximum number of NCCA’s

transitions is 2" — 1, but the maximum number of LHCA’s transitions is 2¥*2, e.g.,
in Table 3.3(c), the subvector, 4 and subvectors 4; in Table 3.3(d), the subvectoryz 5|

and subvector(3 5).

Fork =n — 4 and p = 3 and n > 8,the maximum number of NCCA’s transitions is
27 — 1, but the maximum number of LHCA'’s transitions is 2¥+2, e.g., in Table 3.3(d),

subvectors 4.

. Otherwise, the maximum number of NCCA’s transitions is 2¥+4, but the maximum
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number of LHCA’s transitions is 25*2, e.g., in Table 3.3(e), the subvector|s 4 and

subvector(y 4.

In [21, 22], it was proven that the number of transitions for an LHCA is more than that
of an LFSR on average. From Theorems 3.5.2 and 3.5.3, we can conclude that the number
of transitions for an NCCA is more than that of an LHCA on average. Therefore, NCCA
have the largest number of transitions amongst these three particular types of LFSMs on
average. For testing sequential circuits, NCCA used as a pseudorandom pattern generator
may have better fault coverage than LHCA and LFSR and the results of these experiments

are shown in Chapter 5.

3.6 VLSI Testing Applications

Similar to LHCA and LFSR, NCCA are also used as pseudorandom pattern generators in
BIST. In order to prove whether the sequence generated by NCCA has enough pseudo-
randomness, NCCA should be compared with the corresponding LHCA and LFSR used
commonly as pseudrandom generators. In Chapter 4, Knuth’s random tests are used to
compare the three types of LFSMs, and their experimental results are analyzed. In chapter

5, the fault coverage for the ISCAS’85 and ISCAS’89 benchmark circuits is evaluated.

3.7 Summary

This chapter analyzes the characteristics of the NCCA in detail. First, it proposes a new
class of CA, and obtains its characteristic matrix as well as proves a recursive relation
to derive the characteristic polynomial. The transition behavior of NCCA is discussed in

detail, and it is shown to be better than that of the other machines.



Chapter 4

Knuth’s Tests for Pseudo-random

Sequences
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In this chapter, Knuth’s commonly used empirical tests [12, 13] are adopted to evaluate
the pseudorandom behavior of the patterns generated from the maximum-length NCCA.
These are compared with those generated from the maximum-length LHCA and LFSR.
This chapter covers the following: first, random numbers, and pseudorandom pattern gen-
erators are defined; second, a key and basic chi-square test is introduced; third, the em-
pirical tests are discussed, as suggested in Knuth [14]; finally the tests are employed to
evaluate the patterns generated by NCCA, LFSR, and LHCA, and the statistical results for

the empirical tests are presented and explained.

4.1 Definitions

A random event is an event that occurs at a given time by way of chance, that is, there is no
specific pattern, purpose, or objective. The term random number implies that numbers are
chosen at random. Random numbers are a valuable source of data for testing the correct-
ness and effectiveness in scientific fields including VLSI testing, computer algorithms and
simulation.

A truly random number generator is a non-deterministic process that produces a se-
quence of numbers with an outcome that cannot be determined before it actually happens.
In practice, a pseudorandom number generator is usually proposed, which takes as its in-
put a (short) sequence of numbers (seeds). This generator is not truly random because the
process that produces the sequence is deterministic and repeatable.

However, pseudorandom number generators are used only when their randomness sat-
isfies the requirements posed by their actual application. In order to assess the qualities of
the pseudorandom number generators properly, the randomness tests proposed by Knuth
[14] are employed as an acceptance criterion.

Knuth’s empirical tests can be applied to a sequence:
< Un >= UOa U17 UQ,

where each U; is a real number between 0 and 1.[14] Some of these tests are designed
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mainly for integer-valued sequences. In which case, the sequence < U > is converted into
an integer-valued sequence < Y >:
<Y,>=Y, ¥, Y, -

where each

Y; = |dU;], dis an integer value.
This is a sequence of integers < Y;, > that appears to be independently and uniformly
distributed ranged from 0 to d — 1. The size of the integer d is chosen conveniently, and
note that the value of d should be large enough so that the test is meaningful, but not so
large that the test becomes impracticably difficult to carry out.[14]

For the pseudorandomness of sequences of binary patterns, in which each element is
represented by ‘ 1’ and © 0 ’, it seems more appropriate to test N successive n-bit binary
sequences by adopting the following steps {12, 13]:

1. The n-bit binary-value sequences are converted into the corresponding decimal-valued

sequences;

2. These decimal-valued sequences are further converted into the decimal-valued se-

quences whose elements range from 0 to d-1 by taking them modulo d where d is
chosen conveniently and not more than N/10 [14];

3. Knuth’s empirical tests are applied to the sequences;

¢ numbers in the sequences are grouped and counted; these are called the ob-

served results;
e given a distribution for a test, the expected results can be computed;
¢ the observed and expected results are compared to check their difference and
the chi-square test is used for the comparison.
4. Repeat steps 2 to 4 for different values of the modulo d.
In this thesis, NCCA, LHCA and LFSR are used as generators. If sequences produced

by one of these generators pass a certain number of empirical tests, the generators can be

considered as good pseudorandom generators.
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4.2 Chi-square Test

The chi-square test [14] is the most famous and common of all statistical tests and is a

basic method underlying many other tests. It is performed to test whether the observed

frequencies (values) differ significantly from the expected frequencies (values), and is used

for the goodness-of-fit test.

Before introducing the chi-square test, we define the following parameters, which are

also used in Section 4.3.

1.
2.

Let N be the length of a sequence;

Let m to be the number of independent observations made from the sequences when
executed by the different tests, e.g., the outcome of one observation has absolutely
no effect on the outcome of any of the others. For most tests, m is less than N, as

explained later;

. Assume k to be the number of categories and every observation falls into one of the

k categories.

Let p; be the probability of the category ¢ where 1 < ¢ < k, which is computed in

accordance with the different distribution for the different tests and discussed later.

Let ¥; be the total number of observations that fall into the category i, which is

counted during the process of the empirical tests.

The calculation of this form of the chi-square test requires four steps:

1.

Computing the expected value.

For any category ¢, the expected value is equal to mp;. According to a suggestion in
[14], the chi-square test is valid only when m is large enough so that mp; is five or
more.

Applying the chi-square formula.

For any category ¢, subtract mp; from Y;, square the result and divide by mp;. Finally

perform the calculation for every category and sum the results.
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_ (i-mp)? | (Yommp)? | (Yp—mpg)?
V= mpy T mp2 T T mpy,

The equation is commonly written as:
= (Y; = mpy)?
- (4.1)

3. Calculating the degrees of freedom v.
The chi-square value is not interpretable directly but must be compared with a table
of the chi-square distribution, such as Table 4.1 and Table 4.2, which gives values of
“ the chi-square distribution with v degrees of freedom ” for various values of v. The
degrees of freedom v is equal to k — 1 [14], where k& is the number of categories. In
this thesis, the values of v listed in Table 4.1 and Table 4.2 are less than or equal to
100.

4. Using the chi-square table.

A chi-square table, which in effect is built into statistical software packages, provides
critical values. The rows and columns of the table are indexed by the degrees of
freedom v and the probability P. If the table entry in row v under the column P is z,
it means , “ the quantity V in (4.1) will be less than or equal to x with approximate
probability P, if m is large enough ”. For example, in Table 4.1, the value of x for
the row with » = 8 and P = 5% is equal to 2.733, this means that the computed
statistic V is greater than 2.733 with the probability 5%.

In this thesis, according to a suggestion in Knuth [14], for all degrees of freedom v,

1. A sequence is considered as a pseudorandom sequence if the value of its computed

statistic V lies between the values listed in the columns P = 5% and P = 95%;

2. A sequence is rejected as a pseudorandom sequence if the value of its computed
statistic V is less than or equal to the values of column P = 5% or larger than or

equal to the values of column P = 95%.
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Degreesof v | P=5% | P=95% || Degreesof v | P=5% | P =95%
1 0.004 3.841 26 15.379 | 38.885
2 0.103 5.991 27 16.151 | 40.113
3 0.352 7.815 28 16.928 | 41.337
4 0.711 9.488 29 17.708 | 42.557
5 1.145 | 11.070 30 18.493 | 43.773
6 1.635 | 12.592 31 19.281 | 44.985
7 2.167 | 14.067 32 20.072 | 46.194
8 2733 | 15507 33 20.867 | 47.400
9 3.325 | 16.919 34 21.664 | 48.602
10 3.940 | 18.307 35 22.465 | 49.802
11 4.575 | 19.675 36 23.269 | 50.998
12 5226 | 21.026 37 24.075 | 52.192
13 5.892 | 22.362 38 24.884 | 53.384
14 6.571 | 23.685 39 25.695 | 54.572
15 7.261 | 24.996 40 26.509 | 55.758
16 7.962 | 26.296 41 27326 | 56.942
17 8.672 | 27.587 42 28.144 | 58.124
18 9.390 | 28.869 43 28.965 | 59.304
19 10.117 | 30.144 44 29.787 | 60.481

20 10.851 | 31.410 45 30.612 | 61.656
21 11.591 | 32.671 46 31.439 | 62.830
22 12.338 | 33.924 47 32.268 | 64.001
23 13.091 | 35.172 48 33.098 | 65.171
24 13.848 | 36.415 49 33.930 | 66.339
25 14.611 | 37.652 50 34.764 | 67.505

Table 4.1. Selected Percentage Points of the Chi-square Distribution[2]
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Degreesof v | P=5% | P=95% | Degreesof v | P=5% | P=95%
51 35.600 | 68.669 76 56.920 | 97.351
52 36.437 | 69.832 77 57.786 | 98.484
53 37.276 | 70.993 78 58.654 | 99.617
54 38.116 | 72.153 79 59.522 | 100.749
55 38.958 | 73.311 80 60.391 | 101.879
56 39.801 | 74.468 81 61.261 | 103.010
57 40.646 | 75.624 82 62.132 | 104.139
58 41.492 | 76.778 83 63.004 | 105.267
59 42.339 | 77.931 84 63.876 | 106.395
60 43.188 | 79.082 85 64.749 | 107.522
61 44.038 | 80.232 86 65.623 | 108.648
62 44.889 | 81.381 87 66.498 | 109.773
63 45741 | 82.529 88 67.373 | 110.898
64 46.595 | 83.675 89 68.249 | 112.022
65 47.450 | 84.821 90 69.126 | 113.145
66 48.305 | 85.965 91 70.003 | 114.268
67 49.162 | 87.108 92 70.882 | 115.390
68 50.020 | 88.250 93 71.760 | 116.511
69 50.879 | 89.391 94 72.640 | 117.632
70 51.739 | 90.531 95 73.520 | 118.752
71 52.600 | 91.670 96 74.401 | 119.871
72 53.462 | 92.808 97 75.282 | 120.990
73 54.325 | 93.945 98 76.164 | 122.108
74 55.189 | 95.081 99 77.046 | 123.225
75 56.054 | 96.217 100 77.929 | 124.342

Table 4.2. Selected Percentage Points of the Chi-square Distribution (Continued)[2]
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4.3 Empirical Tests

In this section, we give a brief explanation of the equidistribution test, the serial test, the
poker-t test, the gap test, the run test, and the permutation test of Knuth’s empirical tests.
Please refer to [13, 14] for a more detailed description. We perform the empirical tests
on the successive integer sequences, each of length N, and for each test we assume m
observations, k categories and the probability p; of each category i, 1 < ¢ < k. The user

manual for the empirical tests, coded in C, is given in appendix B.

4.3.1 Equidistribution Test

The equidistribution test is used to test if a sequence is a uniform distribution. We perform
the test on an integer sequence ranging from 0 to d — 1, and there are d categories: 0, 1, ...,
d — 1. Then we count the number of times that a member of the sequence falls into each
category. The number should be approximately the same for each category if the sequence

is uniform.

In this test, the number of observations is m = N.
The number of categories is k = d.

The expected probability for each category i is p; = é.

4.3.2 Serial Test

The serial test is a higher dimensional version of the equidistribution test. Here successive
pairs, tuples, quadruples, and so on are taken from the sequence and tested for uniform
distribution. For the successive pairs, the test is called a serial-pair test or the serial-2 test,

which is adopted in this thesis.

e serial pair: successive pairs of numbers (Yz;,Y2;41) from the integer sequences

ranging from O and d — 1. There are d? categories: (0,0), (0,1), ..., (0,d —
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1), (1,0), ..., (1,d =1), ..., (d —1,d — 1). We count the number of each cate-

gory and check if its distribution is uniform.

In the serial-pair test, for an N integer number sequence,
the number of observations is m = N/2.
The number of categories is k = d2.

The expected probability for each category i is p; = ;1;

4.3.3 Poker-t Test

The poker-t test is also said to be a higher dimensional distribution. We generate N integers
in [0, d — 1], divide them into successive t-tuples and count the number r, where r is the
number in the range from 1 to ¢, of distinct integers represented in each tuple. For example
ift = 3, d = 3 and the sequence is: 0, 1, 1, 2, 2, 2, 0, I, 2,..., then the number of distinct
integers obtained in the first three 3-tuple are 2, 1, and 3. We compare the results with the

expected distribution for random samples from the uniform distribution.

In this test, the number of observations is m = | £ ].
The number of categories is k = ¢.
The expected probability for each category i is p; = M"—l%’f‘—iﬂ{ﬁ},

where {!} is the Stirling number of the second kind.

In this thesis, we apply the poker test for ¢ = 3, that is, poker-3.

4.3.4 Gap Test

The gap test is commonly used on real number sequences in Knuth[14], but it can be
used on integer number sequences. We generate N integer numbers in [0, d — 1] and
select two suitable integers a and b where 0 < ¢ < b < d. The gap is the length of
the segments with no element in the given interval [a, b), e.g., for the integer sequence:

Y, Yit1, Yo, ..., Yjtr, if Yj4, lies between a and b, but the other Y's do not, the gap is
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r. We then count the number of different gaps and examine if the number is binomially

distributed.

In this test, the number of observations m is dependent on the actual sequence data.
The number of categories is kK = G + 1, where G is the maximal gap.

The expected probability for each category i is:

p=px(1-p)i 0<i<@G

pi = (1-p), i=G

where p is given by (—b—;—“l.

Example 4.3.4: Suppose a = 3, b = 7, and d = 10. Let a sample input sequence be 1, 2,
8,3,9,1,2,7,8,4,5,6, 7. We note that * 3 * is the first occurrence of a number in [3, 7)

and thus forms the first gap; the next gap is formed by © 5’ and so on with a final result as:

3 5 0 0 1
1283 91,2784 75 76 "1

the number of categories k is 6, and the maximal Gap G is 5.

4.3.5 Run Test

The run test examines the monotonicity of the sequence as in increasing or decreasing
relation. The run is defined as the length of an increasing (a decreasing) succession of
numbers preceded and followed by a decreasing (an increasing) number. For example, we
generate the sequence which is determined by the number of ways of assigning elements
from {0, ... ,d —1}: Y}, Yit1, Yito, oo s Yigro1, Yjqrand, if Y; < Y < Yo < . <
Yi4r—1,and Y1 > Y;4,, the run is r. At the same time, we discard the number Y},
that follows a run before starting the new run, thus, the adjacent run is independent. We
count the number of different runs and plot its distribution. In the thesis, we perform the

increasing test.

In this test, the number of observation m can not be determined until the test is actually

performed.
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The number of categories is k = R + 1, where R is the maximal run.

1

The expected probability for each category i is p; = 5 — (7+1T)' 1<i<R,

4.3.6 Permutation-¢ Test

The permutation-t test is used to check if each possible permutation occurs about equally
often. We generate an N integer sequence in [0, d — 1] and divide the sequence into the
t-tuple sequence. Assume there are distinct numbers in each t-tuple, then we can rank each
number in each tuple: the smallest number is ranked as 1, the second smallest number is
ranked as 2, ..., the largest number is ranked ¢, so there are ¢! possible permutations, for
example, if t = 3, then the following orders are possible: (1,2, 3),(1,3,2),(2, 1,3),(2, 3,
1),(3,1,2),(3,2,1). We count the number of time each permutation occurs and investigate

its distribution.

In this test, the number of observations ism = | £ |.
The number of categories is k = ¢! .

The expected probability for each category ¢ is p; = %

As we notice, k and p; described above are valid only if the elements in each tuple are
distinct. However, in practice there could exist the same elements in the same tuples, e.g.,
for the permutation-3 test, there should be 13 possible permutation: (1,1 ,1), (1, 1, 2), (1,
2,1),(1,2,2),(1,2,3),(1,3,2),(2,1,1),(2,1,2),2,1,3),(2,2,1), (2,3, 1), 3, 1, 2)
and (3, 2, 1), so we modify k and p; in order to handle the tuples which may have the same
elements and get the following results:

In this test, assume that the test divides the sequence into successive t-tuples which have

r distinct numbers (0 < r < t), then

The number of categories is k = > -_, {}7!

- . d
The expected probability for each category ¢ is p; = %.—,2

Here we adopt permutation-3 test.
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4.4 Knuth’s Empirical Tests Results for LFSMs

All of the above empirical tests are applied to the sequences generated by the maximum-

length LFSR , LHCA and NCCA. During the process of the tests, we set up:
1. The length of the sequences (V) is 10,000;

2. Several different modulo d values are chosen conveniently and adopted. Here all
of primes that are larger than 2 and less than 75 are used in the the empirical tests
except the serial-pair test. For the serial-pair test, the modulo d values are the primes
no more than 10 because if d is more than 10, the number of categories is (d2) which
should cause very small value or no observation for some categories, which leads to

invalid chi-square values;

3. For a particular test and modulo d, we compute the value of the test statistic V by us-
ing the chi-square formula 4.1, and compare it with the chi-square tables 4.1 and 4.2.
If V falls between the values listed in the columns P = 5% and P = 95%, the sequence
is considered as passing the test for a particular modulo; or else, the sequence fails

the test for a particular modulo;

4. Every generator is initialized to three different starting points: 0000...0001, 1111...1111,
and a random binary number which is the same for the same length machines. If more
than 1 out of 3 sequences pass some particular test for some particular modulo d, the
sequences produced by the generator can pass the particular test with the modulo d
and is marked as “ P ”’; or else, the sequences produced by the generator fail the test

with the modulo d and are marked as “ F .
5. “weight” is the count of P’s in a column. For any particular test, if the value of weight
is more than 10, the sequence passes the test; otherwise, it fails the test.

6. If the sequences produced by a generator can pass at least 4 out of the 6 empirical
tests, the generator, which produces the sequence, is considered as a good pseudo-

random generator.
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In this thesis, All of the generators we used are maximum-length LFSR, LHCA and
NCCA and their polynomials are listed below:

e |6 bit LFSMs

LFSR: 216 + 22 4+ sl 4 27 4 2t 4+ 2 + 1
LHCA: 216 + 212 4 g1 4 27 4 24 4+ 2+ 1
NCCA: 216 + 212 4 g1l 4 2" 4 2t 4+ 2 + 1
o 17 bit LFSMs
LFSR: 2V 7 + 2B + 20 4 28 + 25 + 29 + 22 + 2 + 1
LHCA: 2V + 2183 4+ 210 4 28 4+ 26 4+ 25+ 22 4+ x4+ 1
NCCA: z'" + 2B + 204+ 2% + 2%+ 2 + 22 + 2 + 1
o 18 bit LFSMs

LFSR: z!8 + 27 + 1

LHCA: 218 4 215 4 212 4 210 4 28 4 22 41

NCCA: 28 4+ 208 4 2B 4 o1 4 210 4 29 4 o7 4 20 4+ 2+ 28 + 22+ 2+ 1
® 19 bit LFSMs

LFSR: 2% 4+ s + 22+ 2+ 1
LHCA: 2% 4+ 28 + 22 4 o1 + 210 4 28 4 23 4 22 4 1
NCCA: 2+ 28 + 21 + 20 + 2 4 oM + 2B 4 o2+ 2 4 2® + 27 + 28 4+ 25 +
s+ 2P+ +1
® 28 bit LFSMs

LFSR: 228 + 2%+ 1

LHCA: 22 4+ 22" + 26 4 2B + g2 4 2P 4+ 22 4 29 4 o8 4 217 4 216 4 27 4+
D+t +?+r+1
NCCA:$28+.'L'24+$22+$19+$18+$17+$15+$11+$10+$8+$7+$6+$5+
i 41

® 3] bit LFSMs
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LFSR: 23 + 28 + 1
LHCA: 3! + 230 + 28 + 24 +1
NCCA: 2% + 2% + 28 + 22 + 22 + 2% + 2P + 22 4 " + 20+ 2 2+ 1

e 35 bit LFSMs

LFSR: 2% + 22 +1

LHCA: 2% & 234 4+ 732 4 728 4 727 | 726 | 224 L 419 4 218 4 216 4 43 4 22 1 ]

NCCA: $35 + .’L'34 + .’II33 + .’E32 + .’E31 + .’E30 + $29 + $28 + 1.27 + .’L'26 + $23 + .’L'21 +

o e o 2 L e S AR Lo AR A A A |
Note the length of LFSMs is selected according to the ISCAS’89 benchmark circuits be-
cause the sequences generated by these generators are used as inputs on the benchmark
circuits in chapter 5. In applications, the minimum-cost LFSMs are commonly used as
pseudorandom generators, so we select the minimum-cost 18-bit, 19-bit, 28-bit, 31-bit and
35-bit LFSMs which are listed in Table 3.1, Table 3.2 and [8] as generators and employ
Knuth’s empirical tests to evaluate them. How about another case: the generators pro-
duced by different LFSMs which have the same polynomials? So here we adopt the same
polynomials for 16-bit and 17-bit LFSMs in order to compare the three LFSMs more com-
prehensively.

Then we employ the Knuth Tests using the testbench [23] on the above LFSMs, and we

list the experimental results in the following tables:

From the tables, we conclude:

e Except for the equidistribution test, all the LFSRs fail all of Knuth’s empirical tests.
Based on the tests, LFSRs can not be considered as good pseudorandom generators.

e Both of the two linear cellular automata pass more than 50 percent of the Knuth’s
empirical tests except the run up test, e.g., for the gap tests, the weights for both

machines for each test and each length are more than 15, so they pass the gap test,

and therefore appear to be good pseudorandom generators.

e If analyzed in more detail, NCCA is obviously a little better from a randomness
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Table 4.3. Knuth Tests Results for 16-bit LFSM
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Table 4.4. Knuth Tests Result for 17-bit LFSM
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Table 4.5. Knuth Tests Results for 18-bit LFSM
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Table 4.6. Knuth Tests Results for 19-bit LFSM
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Table 4.9. Knuth Tests Results for 35-bit LFSM
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perspective than an LHCA because over all of the Knuth tests, NCCA has the largest
weight for each test among the three LFSMs , e.g., the totals of the weights from all
of the experiments for the equidistribution test are 135, 132, 119 for NCCA, LHCA
and LFSR respectively.

Based on the above criteria, we can conclude that the generators produced by NCCA
and LHCA have much better pseudorandomness properties than those for LFSR. How-
ever, we restricted our work to only a small number of LFSMs because larger-sized binary
sequence can cause overflow when the sequences are converted into the corresponding
decimal-valued sequences. In order to obtain more general conclusions, many larger size
LFSMs should be tested.

The test results are sensitive to several parameters that are normally chosen without
much mathematical justification, such as a and b in the gap test. There are several other tests
that are also applied for the testing of pseudorandomness properties of binary sequences,
such as the spectral test [14], which is very complex and beyond the scope of this thesis.
Further study for the LFSMs is in chapter 5.

4.5 Summary

This chapter employs Knuth’s empirical tests suggested in [14] to evaluate the pseudoran-
domness of the sequences generated by the maximum-length LFSR, LHCA and NCCA.
From the experimental results, the sequences generated by LFSR fail the pseudorandom
tests whereas those generated by the two CA pass the tests; and the sequences generated

by NCCA have a little better pseudorandomness than those generated by LHCA.



Chapter 5

Testing Applications
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In this chapter, we briefly introduce benchmark circuits, then compare the performance
of different BIST generators for the testing of the benchmark circuits using the stuck-at
fault model. Fault simulation is used to evaluate the performance of these generators on the

basis of the ISCAS’85 and ISCAS’89 benchmark circuits.

5.1 Benchmark Circuits

How to evaluate the pseudorandom generators in BIST? A set of benchmark circuits is
used to compare the performance of different kinds of test generators and fault simulators.
In this thesis we only consider the benchmark circuit sets ISCAS’85 and ISCAS’89, since
they have been widely accepted and employed by many researchers. Using these simulation
results such as fault coverage, designers have the choice of modifying or evaluating the

design before it runs into the practical manufacture.

5.1.1 ISCAS’85 Benchmark Circuits

The ISCAS’85 benchmark set consists of ten combinational circuits provided at the In-
ternational Conference “1985 International Symposium on Circuits and Systems”. The
detailed information can be found in [5].

Table 5.1 [5] lists the complete profile of the ten combinational circuits. The columns
in the table correspond to circuit name, circuit function, the number of primary inputs and
outputs, number of gates and the total number of faults (Collapsed Faults) in the ISCAS’85
benchmark circuits.

The Non-Redundant ISCAS °85 benchmark circuits, commonly called the ISCAS’85nr
benchmark circuits, is a modified version of the ISCAS ’85 benchmark circuits which
removes the logic redundancies from the ISCAS’85 benchmark circuits. Therefore, 1IS-
CAS’85nr benchmark circuits are functionally equivalent to the original circuits. Here we
employ the ISCAS’85nr benchmark circuits. Table 5.2 contains the profile of only those

circuits which have been used in this thesis to compare the quality of NCCA as generators



5.1 Benchmark Circuits 61

Circuit Circuit Primary | Primary | Number | Collapsed
Name Function Inputs | Outputs | of Gates | Faults
c6288 | 16-bit Multiplier 32 32 2406 7744
c1908 16-bit ECAT 33 25 880 1879
c432 | Priority Decoder 36 7 160 524
c499! 32-bit ECAT 4] 32 202 758
c13551 32-bit ECAT 41 32 546 1574
c3540 | ALU and Control 50 22 1669 3428
c880 | ALU and Control 60 26 383 942
c5315 | ALU and Selector 178 123 2307 5350
c2670 | ALU and Control 233 140 1193 2747
¢7552 | ALU and Control 207 108 3512 7550

Table 5.1. ISCAS 85 Benchmark Circuits

with LFSR and LHCA. Table 5.2 describes the known circuit functions [5] and the number
of stuck-at faults of the ISCAS’85nr benchmark circuits.

Circuit Name | Circuit Function | No. of Stuck-at Faults
C6288nr 16-bit Multiplier 7710
C1908nr 16-bit ECAT 1879

C432nr Priority Decoder 520
C499nr 32-bit ECAT 750
C1355nr 32-bit ECAT 1566
C3540nr | ALU and Control 3297

Table 5.2. ISCAS 85nr Benchmark Circuits
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5.1.2 ISCAS’89 Benchmark Circuits

The ISCAS’89 benchmark circuits consist of thirty one sequential circuits also provided at
International Conference “1989 International Symposium on Circuits and Systems”. The
detailed information can be found in [9, 10].

Owing to the limit of the minimum-cost primitive NCCA ( degree = 3, no primitive),
Table 5.3 contains the profile of only those sequential circuits which have been used in
the thesis in order to compare the performance of three different LFSMs ( NCCA, LFSR,
and LHCA ) as pseudorandom generators. The columns in Table 5.3 correspond to circuit
name, the number of primary inputs, the number of primary outputs, the number of D-type

flip flops, the number of gates and the number of collapsed faults.

5.2 Experimental Results

Though Chapter 4 shows that NCCA have a slightly higher randomness than LHCA and
much higher than LFSR, this does not guarantee that NCCA will lead to the higher fault
coverage than LFSR and LHCA, so we need to perform experiments to measure their fault
coverage.

During the following experiments, the patterns produced by these generators are applied
to the ISCAS benchmark circuits, because the benchmark circuits have been profoundly
studied, widely accepted and commonly used. All of LFSMs are the minimal-cost primitive
LFSMs. NCCA used are listed in Table 3.2. LHCA used are listed in [8]. LFSR used are
listed in Appendix A. We perform the fault simulation on generators with initial vectors:

000...01, 111...10 and a random vector listed in Appendix C.

5.2.1 The Experimental Results for ISCAS’85

The experimental results are listed in Table 5.4 and they show that:

e all of the three LFSMs can obtain 100% fault coverage, though the number of patterns
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Circuit | Primary | Primary | D-type | Number | Collapsed
Name | Input | Output | Flip Flop | of Gates | Faults
s27 4 1 3 10 32
s386 7 7 6 159 384
s1488 8 19 6 653 1486
s1494 8 19 6 647 1506
s344 9 11 15 160 342
$349 9 11 15 161 350
5208 11 2 8 96 215
s38584 12 278 1452 19253 36303
s1196 14 14 18 529 1242
s1238 14 14 18 508 1355
s15850 14 87 597 9772 11725
s953 16 23 29 395 1079
s1423 17 5 74 657 1515
s820 18 19 5 289 850
s832 18 19 5 287 870
s420 19 2 16 196 430
s510 19 7 6 211 564
$9234 19 22 228 5597 6927
s38417 28 106 1636 22179 31180
s13207 31 121 669 7951 9815
s641 35 24 19 379 467
s713 35 23 19 393 581
s838 35 2 32 390 857
s5378 35 49 179 2779 4603
$35932 35 320 1728 16065 39094

Table 5.3. ISCAS 89 Benchmark Circuits



5.2 Experimental Results 64

The Minimum Number of Patterns to achieve 100% Fault Coverage

Initial LFSM Circuits Name

Value Name | c6288nr | c499nr | c1355nr | ¢1908nr | c432nr | ¢3540nr
LFSR 544 928 2528 14016 | 1472 | 11456
000...01 LHCA 128 864 2880 12096 704 13504
NCCA 160 992 1856 10944 | 1600 | 29056
LFSR 128 960 2144 9792 1216 | 76288
111...10 LHCA 96 736 5376 18080 928 23136
NCCA | 224 992 2848 12224 576 67456
LFSR 288 1344 3008 6368 896 30944
random number | LHCA 128 864 2432 11232 | 1408 | 30336
NCCA 128 544 3744 10016 768 64480

Table 5.4. Experimental Results for ISCAS’85

used is different.
o looking at the number of patterns used, none of the LFSMs is superior to the others.

For the stuck-at faults in combinational circuits, the fault coverage is dependent on
the number of distinct patterns. Because all of the three LFSMs have maximal length

sequences, the final fault coverage is 100%, which is exactly what was expected.

5.2.2 The Experimental Results for ISCAS’89

The experimental results are listed in Tables 5.5.1 - 5.5.3. Each entry in the table gives the
fault coverage for all faults in a circuit applying 2" (n < 17, n is the number of the length
of LFSMs) or 20,000 ( n > 17 ) test vectors. During simulation, we respectively set all of
flip-flops to unrestricted, logic 0 or 1.

In order to compare the three LFSMs, we can extract the corresponding best fault cov-

erage for each circuit from Tables 5.5.1 - 5.5.3 to form the following Table 5.5, then we



LEFSR, LHCA and NCCA generators with initial value 0000---0001

Circuits |Number [Number Fault Coverage (%)
Unrestricted 0 1
Name of Inputdof Vecto LFSR LHCA NCCA LFSR LHCA NCCA LFSR LHCA NCCA
S27 4 16 68. 75 37.5 90.625 | 71.875 75 93. 75 71.875 37.5 93.75
S386 7 128 30.469 | 33.854 | 52.083 | 34.115 37.5 52.083 | 30.469 | 33.854 | 52.083
S1488 8 256 33.042 | 47.914 | 51.346 | 33.244 | 48.048 51.48 35.868 | 49.529 | 52.894
51494 8 256 32.337 | 47.278 | 50.398 | 32.537 47. 41 50.531 | 35.126 | 48.871 51.926
S344 9 512 91.813 | 58.772 93. 86 95.322 | 73.392 ] 95.906 | 95.029 | 61.696 | 96.784
5349 9 512 91.429 | 59.143 | 93.429 | 94.857 | 73.429 | 95.429 | 94.571 62 96. 286
S208 11 2048 26. 977 38. 14 47.442 | 32.558 | 44.186 | 53.488 | 37.209 | 48.372 | 57.674
538584 12 4096 18. 673 18. 72 18.649 | 48.591 | 49.966 | 48.952 | 58.367 | 58.243 | 57.855
S1196 14 16384 92.432 | 93.639 | 97.665 | 92.432 | 93.639 | 97.665 | 92.432 | 93.639 | 97.665
S1238 14 16384 87. 38 88.561 | 92.103 87. 38 88.561 | 92.103 87. 38 88.561 | 92.103
S15850 14 16384 0.725 0.725 0.725 5. 092 5. 109 5. 109 18. 823 18. 883 18. 755
S953 16 65536 8. 341 8. 341 8. 341 97.776 } 99.073 | 99.073 | 97.776 | 99.073 | 99.073
51423 17 131072 | 37.294 | 59.934 | 64.554 38. 68 61.452 | 66.271 39. 01 62.046 | 67.063
S820 18 200000 | 41.529 | 43.059 | 48.353 | 41.647 | 43.176 | 48.471 | 41.882 | 43.294 | 48. 588
S832 18 200000 40. 46 41.954 | 47.241 | 40.575 | 42.069 | 47.356 | 40.805 | 42.184 | 47.471
S420 19 200000 | 22.558 20 32. 558 28. 14 25.581 | 38.372 30. 93 28. 372 40. 93
S510 19 200000 0 0 0 100 100 100 100 100 100
S9234 19 200000 0. 26 0. 26 0. 26 5.904 5. 904 5. 904 14. 985 14. 985 14. 985
S38417 28 200000 3.518 3.534 3.538 15. 141 13.736 | 13.204 | 14.323 14. 984 14. 57
S13207 31 200000 6. 51 6. 449 6. 205 27.723 | 27.438 | 27.438 | 24.279 | 24.004 | 23.943
535932 35 200000 | 60.503 | 84.985 | 85.936 | 60.528 85. 01 85.962 | 60.904 | 85.133 | 86.077
SH378 35 200000 65. 74 69.433 | 68.129 | 68.173 | 70.867 70. 28 69. 346 | 72.301 71.214
S641 35 200000 86. 51 86. 296 86. 51 87.366 | 87.152 | 87.366 | 88.009 | 88.009 | 88.223
S713 35 200000 | 81.928 | 81.756 | 81.928 | 82.616 | 82.444 | 82.616 ] 83.133 | 83.133 | 83.305
S838 35 200000 | 20.187 | 25.321 | 24.854 | 25.788 | 31.039 | 30.572 | 27.655 { 32.789 | 32.322

Table 5.5.1. Expermental Results for ISCAS 89
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conclude:

e obviously NCCA have better fault coverage than LHCA and LFSR, in Table 5.5,
NCCA show the best fault coverage in the 19 circuits of the 25 circuits; LHCA show
the best fault coverage in the 6 cirucits of the 25 circuits; However, LFSR show the

best fault coverage in the 6 circuits of the 25 circuits.

e for a few circuits, LHCA or LFSR have a slightly higher fault coverage than NCCA
such as in the circuit 15850, the fault coverages for LHCA and NCCA are 19.574
and 19.497; in the circuit s38417, the fault coverages for LFSR and NCCA are 15.141
and 14.913. .

e LHCA have better fault coverage than LFSR. In Table 5.5, in 15 of the 25 circuits,
LHCA have higher fault coverage than LFSR.

e comparing to NCCA and LHCA, LFSR have the lowest fault coverage in the most

circuits.

Note: In the circuit s510, 0% fault coverage is achieved when all of flip-flops are at the
default (unrestricted) value, but 100% fault coverage is achieved when all of flip-flops are
setto 0 or 1. Why? [4] explains: “ when power is applied to a circuit, the sequential circuits
may stabilize to either a logical O or 1. Before testing can begin they must all be brought
to a known state. This require finding an input sequence that will take the circuit from
an unpredictable power-on state to some known starting state. ..., either by initialization
circuit that resets all sequential elements at power-on, ... . ”* Hence, for the circuit s510 at
the unrestricted state, no input pattern can take the circuit to a known starting state.

For the stuck-at faults in sequential circuits, the fault coverage is depended on the num-
ber of distinct transitions. In [21, 22], it was proven that LHCA have the bigger transition
capacity than LFSR on the average. In chapter 3, we also prove that NCCA have more
transitions than LHCA on the average. The experimental results are consistent with the

above research.
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Circuits | Number | Number | Best Fault Coverage (%)
among Tables 5.5.1 - 5.5.3
Name | of Inputs | of Vectors | LFSR | LHCA | NCCA
S27 4 16 75 100 100
S386 7 128 34.115 | 37.76 | 52.083
S1488 8 256 37.685 | 50.808 | 53.836
S1494 8 256 36.919 | 50.133 | 52.855
S344 9 512 95.322 | 73.392 | 96.784
S349 9 512 94.857 | 73.429 | 96.286
S208 11 2048 40 |49.302 | 57.674
S38584 12 4096 58.665 | 58.824 | 58.425
S1196 14 16384 | 92.512 | 94.203 | 97.665
S1238 14 16384 | 87.528 | 89.077 | 92.103
S15850 14 16384 19.48 | 19.574 | 19.497
S953 16 65536 | 97.776 | 99.073 | 99.073
S1423 17 131072 | 39.472 | 62.178 | 67.195
S820 18 200000 | 43.059 | 44.235 | 49.529
S832 18 200000 | 41.954 | 43.103 | 48.391
S420 19 200000 | 36.744 | 30.698 | 44.419
S510 19 200000 100 100 100
S9234 19 200000 | 14.985 | 14.985 | 14.985
S38417 28 200000 | 15.141 | 14.984 | 14913
S13207 31 200000 | 30.973 | 29.536 | 31.024
S35932 35 200000 | 71.51 | 85.89 | 86.077
S5378 35 200000 | 71.171 | 72.301 | 72.822
S641 35 200000 | 90.578 | 88.865 | 89.507
S713 35 200000 | 85.026 | 83.649 | 84.337
S838 35 200000 | 36.523 | 36.406 | 35.473

Table 5.5. Experimental Results for ISCAS’89
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5.3 Summary

Fault simulation is used to evaluate the performance of different BIST generators: NCCA,
LHCA and LFSR. For testing the combination circuits, the three LFSMs can attain the
100% fault coverage. Based on the results of ISCAS’89, we have confirmed the conclusion

of our analysis of transition properties presented in chapter 3.



Chapter 6

Conclusion and Future Work
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6.1 Conclusion

In this thesis we have proposed a new class of cellular automata (NCCA) and have investi-
gated the properties of the maximum-length NCCA.

No previous work in the maximum length NCCA has been done. Hence, we have
defined the notation and computation rules, and presented the mathematical background
for analysis. In order to further analyze the properties, the recursive relation of NCCA and
maximum number of transitions of NCCA are derived. Based on the theoretical analysis
and experimental results, the test sequences produced by NCCA have more transitions than
those produced by LFSR and LHCA.

In order to evaluate the pseudorandom properties of NCCA, Knuth’s randomness tests
suggested in [14] are employed and the experimental results are compared with those of
corresponding LFSR and LHCA. The results show that NCCA have a slightly better ran-
domness properties than LHCA and much better randomness properties than LFSR which
are most widely applied as pseudorandom test generators. Therefore, based on Knuth’s
randomness tests, NCCA are the most suitable pseudorandom pattern generators among
the three.

We have also performed a feasibility study on the behavior of the maximum-length
NCCA as pseudorandom test pattern generators by simulation on the standard benchmark
circuit sets ISCAS’85 and ISCAS’89, and it is shown that NCCA as pseudorandom pattern
generators have the better fault coverage than LFSR and LHCA as pseudorandom pattern

generators for testing sequential circuits.

6.2 Future Work

There are many interesting aspects of our work that need be further studied. The most

important of them are as follows:

¢ In order to obtain more general conclusions, we should employ the Knuth’s random-
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ness tests and simulate the benchmarks circuits with both large-sized LFSMs and the

same-sized LFSMs which have different primitives and the large size LFSMs.

¢ The study of the behavior of the maximum-length NCCA as pseudorandom genera-
tors for stuck-open faults and delay faults should be investigated.
e More complex CA, such as other computation rules, should be studied in order to

find out the relationship between the structure of CA and transition properties.

o The Knuth’s randomness tests can not supply a strong proof to evaluate the random-

ness of binary sequences. Hence, other effective methods should be explored.
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Appendix A

The Primitive Polynomials of the
Minimum-Cost LFSR for Degrees 1
through 60
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Degree n the Primitive Polynomials of Minimal-Cost LFSR

1 X+1
2 X2+ X+1
3 X+X+1
4 X eX+1
5 X+x2+1
6 X0+ X+1
7 X +X+1
8 XX +X+X+1
9 X+ X441
10 X0 x+1
11 X'eX?+1
12 X2 x84 X4 X +1
13 XPexXP+ X+ X+1
14 X4 X2+ X2+ X + 1
15 XPeX+1
16 X X2+ X+ X +1
17 X7+XP+1
18 XX +1
19 XPexXP+ X2+ X +1
20 X0+ x3+1
21 X x4+ 1
22 X2+X+1
23 XP+ X +1
24 XX+ X+ X +1
25 XBex+1
26 X0+ X0+ X+ X +1
27 X7+ X+ X2+ X+1
28 XBex+1
29 X®eX+1
30 X0+ XB 4 X2+ X 41




Appendix A

78

Degree n the Primitive Polynomials of Minimal-Cost LFSR
31 XM x4
32 X324+ X2 X2+ X+ 1
33 X2 XP 41
34 X e X7 X2+ X +1
35 XS+ X 41
36 X®ex"41
37 X7+ X0+ X2+ X +1
38 X XPe X+ X+1
39 XX+
40 X0+ X¥ e X+ X +1
41 XX+
42 X2+ XP+ X2+ X +1
43 XP+ X2 X2+ X +1
44 X*+X® e X+ X +1
45 X+ X+ X3+ X +1
46 XX+ X+ X +1
47 X7+ X +1
48 X8 X®B X+ X +1
49 X+ X% +1
50 X0 X+ X2+ X +1
51 X' XB e X4 X +1
52 X2+ X341
53 X2 X4+ X2+ X +1
54 X*+ X7+ X+ X +1
55 XS+ X¥ 41
56 XXX+ X +1
57 X7+ X 41
58 X3+ X" 41
59 X+ XH X+ X+ 1
60 X%+ X +1
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Knuth’s Randomness Tests
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Knuth’s randomness tests in this testbench are used to evaluate the randomness of se-
quences. Six tests are included here: Equidistribution test, Serial-2 test, Poker-3 test, Gap
test, Runup test, and Permutation test. For detailed information please refer to "The Art of
Computer Programming”, written by Knuth.

The tests here are for binary sequences and conversion is necessary. We convert N (N
< 100,000) successive n-bit (n < 150) binary sequences into the corresponding decimal-
value sequences, and the decimal-value sequences are further converted into the decimal-
value sequences whose elements range from O to d-1 by taking their modulo d. Then we
employ the Knuth tests on the latter decimal-value sequneces. If the sequences pass a
certain number of empirical tests, they are considered to be random enough.

Example

Suppose a binary sequence of N items, with N = 31, with each items of n bits, with n=5, is
as saved as follows in a file named "Mytest”: 00001
00010

00100

01001

10010

00101

01011

10110

01100

11001

10011

00111

01111

11111

11110

11100
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11000

10001

00011

00110

01101

11011

10111

01110

11101

11010

10101

01010

10100

01000

10000

Step 1: Select the name of the file.

Step 2: input an integer d for the modulo, e.g. 3",
Step : Choose the desired Knuth test, e.g. ”Gap test”.
Step 4 : a sample output file may look like:

*** SUMMARY OF GAP TEST RESULTS ***
Input File: Mytest Number of Vectors:31 Modulo: 3

GapV=4.571424 Chi-Table show:
For the degree v=4

Probability 0.95 is: 0.711
Probability 0.05 is: 9.488

So the sequences PASS the Gap Test.



Appendix C

Random Numbers Used in Chapter 5
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In Chapter 5, in order to evaluate the behaviors of different LFSMs as pseudorandom
generators, we employ the benchmark circuits ISCAS’85 and ISCAS’89 by using the dif-
ferent initial vectors: 000...01, 111...10. and a random number. The random number is
generated by a random generator. For all three LFSMs with the same length, the same
random number is applied as their initial vectors. Here, we list the random numbers used
in Chapter 5:

4-bit: 0110

7-bit: 0110010

8-bit: 01100101

9-bit: 011001011

11-bit: 01100101100

12-bit: 011001011000

14-bit: 01100101100010

16-bit: 0110010110001001

17-bit: 01100101100010010

18-bit: 011001011000100101

19-bit: 0110010110001001010

28-bit: 0110010110001001010011111100

31-bit: 0011001011000100101001111110011

32-bit: 01100101100010010100111111001110

33-bit: 001100101100010010100111111001110

35-bit: 00110010110001001010011111100111001

36-bit: 001100101100010010100111111001110011

50-bit: 00110010110001001010011111100111001101000000010010
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Cost Analysis
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Chapter 3-5 proved that NCCA are superior to LFSR and LHCA on the different metrics
( transitions, randomness and fault coverage). However, it is obvious that NCCA have
more complex structure than LHCA, and much more complex structure than LFSR, which
means that NCCA should have the higher price than the other LFSMs. 1t is very difficult
to estimate the cost of circuits in practice, but commonly we adopt the simple method that
count the number of XOR gates in the three LFSMs. Here the number of XOR gates of all
minimum-cost LFSMs applied in benchmark circuits ISCAS’89 is listed in Table D-1.

e From Table D-1, the number of NCCA’s XOR gates is almost twice that of LHCA
and more than 4 times that of LFSR.

e Tradeoff of cost and high performance is dependent on the need of customers. If high

performance is preferred, cost may have to rise.
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Circuits | Number | The Number of XOR Gates
of the Minimum-Cost LFSMs
Name | of Inputs | LFSR | LHCA NCCA
S27 4 1 4 5
S386 7 1 6 11
S1488 8 3 7 14
S1494 8 3 7 14
S344 9 1 8 16
S349 9 1 8 16
S208 11 1 10 20
S38584 12 3 12 22
S1196 14 3 13 25
S1238 14 3 13 25
S15850 14 3 13 25
S953 16 3 16 30
S1423 17 1 16 32
S820 18 1 18 34
S832 18 1 18 34
S420 19 3 18 36
S510 19 3 18 36
S9234 19 3 18 36
S38417 28 1 27 54
S13207 31 1 30 60
S35932 35 1 34 68
S5378 35 1 34 68
S641 35 1 34 68
S713 35 1 34 68
S838 35 1 34 68

Table D.1. The Number of XOR gates of the Minimum-Cost LFSMs



