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ABSTRACT

Turbo-codes are a popular error correction method for applications requiring bit error 
rates from 1 0 '^  ^  io~®, such as wireless multimedia applications. In order to reduce the 

complexity of the turbo-decoder, it is advantageous to use the simplest possible constituent 
codes, such as 4-state recursive systematic convolutional (RSC) codes. However, for such 
codes, the error floor can be high, thus making them unable to achieve the target bit error 
range.

In this dissertation, two methods of lowering the error floor are investigated. These 

methods are interleaver selection, and puncturing selective data bits. Through the use of 
appropriate code design criteria, various types of interleavers, and various puncturing pa­
rameters are evaluated. It was found that by careful selection of interleavers and puncturing 
parameters, a substantial reduction in the error floor can be achieved.

From the various interleaver types investigated, the variable s-random type was found to 
provide the best performance. For the puncturing parameters, puncturing of both the data 
and parity bits of the turbo-code, as well as puncturing only the parity bits of the turbo­
code, were considered. It was found that for applications requiring BERs around lOr^, it 
is sufficient to only puncture the parity bits. However, for applications that require the full 

range of BER values, or for applications where the FER is the important design parameter, 
puncturing some of the data bits appears to be beneficial.
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Chapter 1

Introduction

Wireless eommunication systems, whether they earry voice, video or data are becoming 
more commonplace these days. There are many challenges to engineering wireless com­
munication systems, one of which is dealing with the harsh wireless transmission medium. 

A wireless link is inherently more error prone than its wireline cousin, due to noise, fad­
ing and interference. A number of techniques also exist to help combat these problems, 
with different techniques functioning at different layers of the transmission system. One 
common technique that functions to alleviate errors is forward error correction (FEC). Typ­
ically, wireless systems exchange information between a source and destination as infor­
mation packets. These packets often have a relatively short length, generally somewhere 
between 100 and 1000 data bits. Each packet may contain, for example, a short (20 ms) 
voice sample or a single message between two computer systems. FEC is used to detect 
and then correct errors in these information packets.

Forward error correction works by adding a certain number of redundant bits to each 
packet (using an encoder) before it is transmitted, based on the data contained within the 
packet. These redundant bits are usually referred to as the parity, or parity bits. When 
the packet is received, these parity bits are used to detect and correct any errors that may 
have occurred (using a decoder). The number of errors that can be corrected is determined 
by how many parity bits were added. Generally, the more parity added, the more error 
correction is possible. The disadvantage to adding more parity bits is that these bits use 
system resources that could otherwise be used for transmitting data. Thus, a key design 
criteria for an FEC code is to balance the amount of added redundancy with the desired 
error correction capability.

Many different FEC codes exist. A number of these have been applied to digital wire­
less systems. Which type of code to use has generally been determined by the bit error rate
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(BER) required by the application. Voice and multi-media applications generally require 

moderately-low BERs on the order of 10~^ to 10“ ,̂ whereas data applications require low 

BERs below 10”® [1,2]. Often data applications will incorporate some form of Automatic 

Repeat Request (ARQ) system at higher network layers, to further lower the BER. Some 
examples of the application of FEC codes include Global System for Mobile (GSM), where 
a convolutional code was used, and Cellular Digital Packet Data (CDPD) modems where a 
Reed-Solomon (RS) code was used. [1].

Turbo-codes have now become a popular alternative for many third generation (3G) 
wireless standards, both as a replacement for convolutional codes at moderately-low BERs 
and for data applications with a BER requirement on the order of 10”® [2]. Turbo-codes 

were first introduced in [3]. They have become very popular because they provide remark­

able error correction capability for relatively low decoding complexity. They are formed by 
the parallel concatenation of simple convolutional codes, usually referred to as constituent 
codes (CCs), and are decoded using an iterative decoding algorithm.

1.1 Significance of Research

The complexity of a turbo-code decoder implementation is directly related to the com­

plexity of implementing the constituent code decoders. Thus, it is advantageous fi"om an 
implementation perspective, to use constituent codes with a small number of states. How­
ever, turbo-codes using constituent codes with a small number of states tend to not perform 
as well, especially in the error floor region. This is even more evident for the small block 
lengths to be considered in this dissertation.

This dissertation investigates methods to improve the performance of such turho-codes, 
with the goal of reducing the BER error floor below 10”®, while at the same time keeping 

the good performance in the waterfall region. This investigation will he applied to a binary 
turbo-code with a 4-state constituent code, and overall code rate of 1/2. These methods 
should also be applicable to turbo-codes with larger constituent codes, and different code 
rates.

The specific methods for lowering the error floor, that are investigated in this disserta­
tion, are interleaver selection/design, and selective puncturing of data bits.



1. Introduction 3

1.2 Outline

This dissertation consists of 9 chapters.
Chapter 2 provides background information.
Chapter 3 discusses the code design methods used.
Chapter 4 discusses interleaver construction, and gives some simulation results.

Chapter 5 applies the code design methods of Chapter 3, to the interleavers discussed in 

Chapter 4, and compares the code design and simulation results for these interleavers. 

Chapter 6  introduces and compares partially systematic and fully systematic punctured 
turbo-codes.
Chapter 7 gives a detailed study of the partially systematic turbo-codes and presents simu­
lation results using randomly chosen interleavers.
Chapter 8 combines the results of previous chapters by applying code design methods to 
the selection of interleavers and puncturing patterns, and then comparing them with simu­

lation results.
Chapter 9 provides conclusions and suggestions for future work.



Chapter 2 

Background

This chapter presents some background information on the channel model, weight spectrum 
and turbo-codes.

2.1 Channel Models

The simulation results and bounds presented in this work are given for two types of chan­
nels, the additive white gaussian noise (AWGN) channel, and the Rayleigh fading chaimel. 
A detailed description of the channel models used can be found in [4]. The important de­
tails are presented here. For both channels, the signalling method used is binary phase shift 

keying (BPSK), with a bit value of zero mapping to (-1) and a bit value of one mapping to 
(+1).

The AWGN channel is commonly used to model a wireline channel, however, it also 
serves as an approximate lower bound on the performance of a wireless channel. The 
probability of bit error for the AWGN channel is [4]

^AWGN  ^  Q I  I  ( 2. 1)

where Q is the Q-function [4], Ef, is the energy per bit and Nq is the one-sided noise spectral 
density. The ratio Eb/No is also called the signal to noise ratio (SNR).

The Rayleigh fading channel is commonly used to model the outdoor wireless envi­
ronment. It provides an upper bound on the performance of a wireless channel. With the 
Rayleigh fading model, there is the assumption of slow, frequency non-selective, fading, 
with ideal interleaving. Slow fading means that the fading amplitude is constant over one 
or more bit periods. Ideal interleaving means that the fading amplitude of any two bits
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is uncorrelated. For convenience, the Rayleigh fading channel will simply be called the 
fading channel. The probability of bit error for the fading channel is [4]

where 7  =  {Eb/NQ)a^, which is the average value of the SNR, a  is the fading amplitude, 

and Eb and Âo are as defined above.

2.2 Weight Spectrum

The weight spectrum of a code will be used in the code design methods described in Chap­
ter 3. This section gives some useful background and definitions. More details can be 
found in [5]

A packet of information, or data, is usually called an information word, data word, or 
input word. After encoding, the resulting packet is called a codeword or output word. The 
length of the input word is K  bits, and the length of the codeword is N  bits. The ratio K /N  
is called the code rate, R. The terms block length or block size refer to the length of the 
input word, K .

The weight of a codeword is the number of non-zero bits in the codeword, and is given 
by d. Similarly, the weight of an input word is the number of non-zero bits in the input 
word, and is given by w.

For a linear code, such as a turbo-code, the minimum distance is the weight of the lowest 

weight nonzero codeword. The minimum distance is given by dmin, and the associated 
codeword is given by Cmin- Sometimes, only the codewords that are caused by an input 
word of a given weight are considered. In this case, the minimum distance of the codewords 

caused by a weight-x input word is given by dmin,x, and the associated codeword is Cmin,x-
The weight spectrum, or distance spectrum, of a code is the count of the number of 

codewords of every possible weight. It is usually given by the input-output weight enumer­
ating function (lOWEF) A(w, d), or the weight enumerating function (WEF) A{d). The 
relationship between the two functions is

K

A { d )^ '^ A { w ,d ) .  (2.3)
w=l
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The term weight enumerator will be used to refer to either of these two functions. The 
value of the weight enumerator, A{d) or A{w,d), is also referred to as the multiplicity of 
the codewords of weight d.

2.3 Turbo Codes

Turbo-codes are a relatively new branch of error-correcting codes, having only been in­
troduced in 1993 [3]. They have become very popular because they provide remarkable 
error correction capability for relatively low decoding complexity. The following sections 

present a brief overview of turbo-codes. Details can be found in [6 ].

2.3.1 Turbo Encoder

An example of the general structure of a turbo-code encoder is shown in Figure 2.1, where 
d is the data bits and pi and p 2  are the parity bits. The components of the encoder are 
the interleaver and the constituent code (CC) encoders CCI and CC2. The CC encoders 
shown in Figure 2.1 are rate 1/2 systematic encoders. The code rate is simply the ratio of 
input bits to output bits. A systematic encoder outputs the data and parity bits separately, 

such that the data bits are inserted, without modification, into the codeword. Although any 
finite error-correcting code can be used as a constituent code, the most common type is 

a recursive systematic convolutional (RSC) code. The constituent codes are described in 
more detail in Section 2.3.2. The interleavers are described in more detail in Chapter 4.

The output of the turbo-encoder in Figure 2.1 consists of the original systematic data 
followed by the parity data from the two CC encoders, giving a code word of the form

{do,Pio,P20i di,pn,p2i,  d2,pi2,P22, (2.4)

This code is a rate 1/3 turbo-code. By using puncturing, the rate of the turbo-code can 
be increased. One common puncturing scheme alternatively chooses between the parity 
fi’om the first and second CC encoders, giving a code word of the form

{do,piQ, di,p2i, d2,Pi2, ds,p23, ••■), (2.5)

and results in a rate 1 /2  turbo-code.
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CC 1 
E ncoder

CC 2 
E ncoderI n t e r l e a v e r

Pi

P2

Figure 2.1. Turbo Encoder 

2.3.2 Constituent Codes

As already mentioned, the constituent codes used in the turbo-eode are usually recursive 
systematic convolutional codes. Only details of the RSC codes are presented here, although 

most of the description is applicable to all convolutional codes.
The RSC encoder is represented by a shift register with feedforward and feedback taps 

as determined by the generator polynomials for the particular code. Additional parameters 
associated with the code are often given as the triplet (n, k, m). For every k input bits, the 
encoder generates n output bits, thus, giving a code rate o ik /n . The memory length, m, 
of the code is the length of the shift register. The number of states in the code is 2"*, for 
the binary codes considered here. A block diagram of a (2,1, 2) RSC encoder is shown in 
Fig. 2.2, with the feedback and feedforward paths labelled. The feedback and feedforward 
generator polynomials for this code are 7 and 5, respectively.

An alternative view of a convolutional code is provided by the code trellis. This is sim­
ply a graph of the code output that has been folded onto itself by eliminating the replication 
in the graph. The trellis for the above code is given in Fig. 2.3. The nodes on the graph 
identify the state of the encoder and the branches indicate the input/output relationship for 
a transition from one node/state to another. For a given input stream, the output of the 
encoder can be found by starting from the zero state, and tracing a path along the trellis, 

taking the branches as indicated by the input for the given transition, and generating the 
output as indicated by the output for each transition.



2. Background 8

fee d b ac k : 7 111

in p u t

fe e d fo rw a rd : 5 101

o u tp u t

Figure 2.2. RSC Encoder

11
In p u t/O u tp u t

S ta te  itiiiti-

10 10 10 10

01 01 01 01

00

K input bits no input bits
2K output bits 4 termination bits

Figure 2.3. Trellis Diagram
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For data that is partitioned into packets, the data in the encoder is usually ’’flushed”, to 

ensure that all the input data reaches the output. This is known as trellis termination and is 
accomplished by appending tail bits to the input stream. The number of tail bits to append 
is equal to the memory of the code. If tail hits are appended to the input stream, then this 
affects the length of the code word generated by the encoder and thus the overall rate of the 
code. The effective rate, Reg, of the code now becomes

For K  »  m, the effect of the tail bits on the code rate is negligible.
The main reason that RSC codes are used as constituent codes is that they are recursive. 

The benefit of this is that a single “1” bit in the input followed by a sequence of zeros, will 
generate an output sequence that does not return to zero, but continues to generate non-zero 
output. Thus, a weight-1 input word generates an output word of much higher weight. The 
weight of the output word is proportional to the length of that portion of the input word, 
following the initial “1” bit. Thus, if the length of the input word is infinite, the weight of 
the output word will also be infinite.

In fact, for an RSC code, a second ”1” is required in the input stream to bring the 
output back to all zeroes. This has a significant impact on the weight spectrum of the 
turbo-code. By varying the spacing between the successive ones, through the use of an 
appropriate interleaver, different weight code words can be generated with input data of the 

same weight. This allows the number of low weight code words generated by the turbo­
encoder to be reduced, and thus improves error rate performance.

As an example, if  the input sequence is

1000000... (2.7)

then the output of the RSC encoder will be

11010100 010100 . . .  (2.8)

with the last six bits (as highlighted in bold) repeating continuously.

2.3.3 Turbo Decoder

In Figure 2.4, we show the general structure of the turbo-decoder that corresponds to the
turbo-encoder given in Figure 2.1. The turbo-code decoder has analogous components
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Figure 2.4. Basic Turbo Decoder Structure

to the turbo-code encoder, using CC decoders that correspond to the CC encoders of the 

turbo-encoder. In the turbo-decoder case, both a de-interleaver and interleaver are required.
The received CC code words, r\ and rg, are formed from the received turbo-code word. 

Both ri and rg contain the received information bits, plus the received parity bits from the 
corresponding CC. Note that the extrinsic information, L ,̂ output from one CC decoder is 
fed to the input of the other as a priori information. La, recursively. Thus, the decoding 
process can be repeated over several iterations, refining the results with each iteration. The 

final output of the decoder, dgst, is simply

dest — 1'2 + La2 +  L,e2- (2.9)

To illustrate the benefits of iteration in the decoding process, the BER simulation results 
for a typical turbo-code are given in Fig. 2.5. This code was simulated for 20 full iterations 
of the turbo-decoding algorithm, where a full iteration means that both the CCI and CC2 
decoder were used. Several iterations, from the 1st iteration up to the 20th iteration, are 
identified on the figure. From the figure, it is seen that the BER performance steadily 
improves with each iteration. The amount of improvement is greatest for the low iterations, 
and gradually becomes less as the iteration number increases. For example, at a SNR 
of 3dB, the difference in BER between the first and second iteration is approximately an 
order of magnitude, whereas the difference in BER between the 10th and 20th iteration is 
approximately a factor of 2 .
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In order for the iterative decoding process to work, the extrinsic information must be in 

the form of a soft-value. This is achieved by using CC decoders which are soft-input/soft- 
output (SISO) decoders. What this means is that the decoder accepts and generates a mea­
sure of the reliability of each data bit.

2.3.4 Soft-Input Soft-Output Decoders

The two main categories of soft-in/soft-out decoders are based on the maximum a posteriori 
probability (MAP) algorithm [7] and the soft-output Viterbi algorithm (SOVA) [8 ]. For the 

binary turbo-code case, the MAP algorithm is generally accepted to be about twice as 
complex as the SOVA. However, when the SOVA is used within a turbo-decoder, an extra 
0.3dB to 0.7dB in SNR is required in order to achieve a comparable BER, depending on 

the block size used and the SNR [9].
To reduce the complexity of the original MAP algorithm, simplifications such as the 

Log-MAP and Max-Log-MAP algorithms have been introduced. The Log-MAP algorithm 
provides the same performance as the original MAP algorithm, but reduces some of the 
numerical problems in the original algorithm. The Max-Log-MAP algorithm provides a 
simplification of the Log-MAP algorithm with a small loss in performance, but still per­
forms better than the SOVA. A comprehensive comparison of these algorithms is given in 
[10].

To illustrate the performance differences between these three SISO decoders, the BER 
simulation results for a typical turbo-code are given in Fig. 2.6. For each BER curve, one of 
the SISO decoders was used as part of the turbo-decoder, and 20 full iterations of the turbo­
decoding algorithm were simulated. The figure clearly shows the relative performance of 
the three SISO decoders, with the LogMAP-based decoder giving the best results, and the 
SOVA-based decoder giving the worst results. For example, the SOVA-based decoder re­
quires an extra 0.3dB over the LogMAP-based decoder, to achieve a BER of 10“'̂ . Note 
that at a high BER above 10“ ,̂ the SOVA-based decoder provides better performance than 
the MaxLogMAP-based decoder; however, BER values above 10“  ̂ are not useful for the 
applications considered here. On the other hand, at a low BER below 10~®, the LogMAP- 
based decoder and MaxLogMAP-based decoder provide similar performance. In this case, 
the LogMAP-based decoder achieves this performance level with less iterations than re­
quired by the MaxLogMAP-based decoder.
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The memory length, m, of the constituent codes is another important parameter in 
determining the complexity of the turbo-decoder. Since the complexity of the CC decoder 

grows exponentially with the memory length, it is desirable to keep the memory length 

fairly short. This is because each CC decoder will he iterated on many times, and so a 
complex CC decoder will cause a considerable increase in complexity of the overall turho- 
code decoder. However, CCs with higher memory length (up to about m =  5) tend to give 
better error rate performance when used within a turbo-code. Thus, there is a trade-off 
between error correction performance and decoder complexity. For example, an m =  4 
code has four times the decoding complexity of an m =  2 code. Thus, if  these codes are 
used within a turbo-decoder, four iterations of the m =  2  code can be performed in about 
the same time it takes to perform one iteration of the m =  4 code.
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Chapter 3 

Code Design

This chapter examines techniques used for designing turbo-codes, and evaluating their per­
formance. These techniques are applied in later chapters as part of the code design process. 
They are applicable to a variety of codes, not just turho-codes.

The particular code design technique to use depends on the target BER being consid­

ered. Fig. 3.1 shows a typical BER curve of a turbo-code. On this figure are identified two 

regions of the BER curve, commonly referred to as the waterfall and error-floor regions. 
The waterfall region is generally characterized by a steeper slope of the BER curve, with 
the resulting larger decrease in BER for small increase in SNR. The error floor region is 
generally characterized by a more gentle slope of the BER curve, with the resulting small 
decrease in BER for larger increase in SNR. Note that there is also a small transition re­
gion. In the error floor region, performance is dominated by the structure of the code. In 
the waterfall region, two factors contribute to performance: the structure of the code, and 
the convergence characteristics of the iterative decoder.

Some code design techniques are better suited to the waterfall region, and some are 
better suited to the error floor region. By varying the turho-code parameters, the position 
and slope of the regions can be changed [1 1 ].

There is no strict definition of these regions, in terms of the BER, but for the purposes 
of this work, the waterfall region will be defined as the region where the BER is between 
10“  ̂ and 10~®. The error floor region will be defined as the region with a BER around 
10“®, or lower. The BERs associated with these regions are not strict, and some small 
variations will be used on occasion, especially with the error floor for simulation results. 
Often, the error floor will be defined by the highest SNR value used in the simulation. As 
a result, sometimes any BER around 10“® or lower, will be considered as part of the error 
floor region.
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3.1 Code Parameters

This section provides details on the particular turbo-eode used throughout this dissertation.
This is a standard rate 1/3 turbo-code with two identical rate 1/2 constituent codes. 

These constituent codes are 4-state RSC codes with feedback and feedforward polynomials 

(expressed in octal) of 7 and 5, respectively. Since this is a 4-state code, the memory length 
m =  2. This is the constituent code shown in Fig. 2.2.

The trellis of each constituent code is independently terminated, using the method de­
scribed in [12]. This method requires 2m bits to terminate the trellis of each code: m  extra 
data bits, which are selected based on the final state of the encoder; and the associated m  
extra parity bits. Thus, for the CC considered here, this means two extra data bits, and two 
extra parity bits for each CC. These extra bits are added to the turbo-code codeword, giving 
an effective code rate of

=  3 ^ + 8

which, for the block lengths of interest, is only slightly less than 1/3. For convenience, this 
will still be referred to as a rate 1/3 code.

3.2 Union Bound on Performance

If the distance spectrum of a code is known, then the BER and frame error rate (FER) per­
formance of the code, under maximum likelihood (ML) decoding, can be upper-bounded 
using the union bound. In maximum likelihood decoding, the decoder always selects the 
codeword that is closest to the received word.

Referring to [13, 14], the union bound on the FER and BER is
K  N

F E R < J 2  E '4(m,d)P2M (3.2)
W=1 d=dmin

and
K  N

B E R < J 2  E ^ A { w , d ) P M  (3.3)
W— 1 d—dfYiin

respectively, where w, d, K , N, and A{w, d) are as defined in Section 2.2, and P2 {d) is the 
pairwise error probability for the given channel. Without loss of generality, assume that
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the all zero codeword is transmitted. The pairwise error probability is the probability that a 

given incorrect codeword, of weight d, is selected by the decoder instead of the codeword 
that was actually transmitted.

Equations (3.2) and (3.3) require knowledge of the complete distance spectrum of the 
given code. Often this is difficult to obtain, due to the substantial computation time re­
quired, and so, only a partial distance spectrum is available. In this case, the summations 
are truncated to the number of available terms.

For the AWGN channel, the exact expression for the pairwise error probability is [4]

P M  = Q I \ l d ^ j  . (3.4)

The term (REb/No) is the SNR of the coded bit.

For the fading channel, the exact expression for the pairwise error probability is very 
difficult to evaluate [15]. An upper bound on the pairwise error probability is [15]

l/2\ / -, \ d - l

P^id) -  -  I 1 -  ̂ ' (3.5)1 +  R ^

where the term {R 7) is the average SNR of the coded bit.
The union bounds of (3.2) and (3.3) were applied in [16] to determine the upper bound 

on the average BER and FER. In that work, the bounds were averaged over all interleavers, 
and quickly became greater than 1 for small values of Eb/No. In [17], it is noted that union 
bounds that are averaged over an ensemble of codes are only valid for values of Eb/No 
corresponding to rates above the computational cutoff rate, Rq. It is also noted that this 
explains the behaviour of the bounds in [16] for small values of Eb/No-

In this work, the union bounds are applied to specific codes, and thus are still valid for 
small values of Eb/No, although the bounds do become less tight as Eb/No is decreased.

To better illustrate the bounds, the BER bound of (3.3) was applied to two sample 
codes. For the first code, the bound was calculated for the AWGN channel using (3.4) for 
the pairwise error probability. This bound is shown in Fig. 3.2, along with the simulation 
results for this code, and a second bound that will be explained later. For the second 
code, the bound was calculated for the fading channel using (3.5) for the pairwise error 
probability. This bound is shown in Fig. 3.3, along with the simulation results for this 
code, and a second bound that will be explained later. For the simulation results of both
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codes, the LogMAP algorithm was used, with 20 full iterations of the turbo-decoder. This 
was done to get as much performance as possible from the codes.

In order to evaluate the bounds, the distanee spectrums of the two eodes had to be eal- 

culated. The distanee spectrum was calculated by enumerating all the codewords caused by 
inputs of the given weight, and tabulating the weights of these codewords. For both of the 
codes eonsidered, only the partial distanee speetrum was ealculated, due to the exeessive 
computation time required to determine the complete distance speetrum. Specifically, the 

maximum input weight w, was chosen to be 4 and the maximum codeword weight d, was 
chosen to be 50. The maximum value of w was chosen so that the computation would com­
plete in a reasonable amount of time. In addition, it is expected that higher input weights 
will not significantly contribute to the values of the bound. For the given values of w, all 
values of d are available for calculating the bound; however, it was found that using a value 
greater than 50 did not noticeably ehange the bound. Thus, the summation was truncated 

at 50 to reduce the eomputation time.

For the AWGN channel, the bound provides a good approximation of the error floor 
region. Even though the bound is an upper bound, it is below the simulation results. 
This oecurs because the bound is an upper bound on the performance of a maximum- 
likelihood decoder, and the iterative turbo decoding algorithm is sub-optimum with respect 
to maximum-likelihood decoding.

For the fading channel, the bound provides a good approximation of the slope of the 
error floor region. However, in contrast to the AWGN case, the bound is above the simu­

lation results. This is likely due to the fact that (3.5) is an upper bound for P2 , and not an 
exact expression, as is the case for the AWGN channel.

For both channels, there is a substantial difference between the bound and the simu­
lation results in the waterfall region. This is due to the eonvergence characteristics of the 
iterative decoder.

3.3 Minimum Distance and Multiplicity

The most eommon design eriteria for block codes is the minimum distance of the code. 
The minimum distance design approach to turbo-codes has been analysed in [16, 18] and 
[1 1 ] among others.
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In [16, 18], the effective free distance of a turbo-code is defined as the minimum dis­
tance associated with weight- 2  inputs. It is argued that the performance of a turbo-code is 
largely determined by the minimum distance due to weight-2  inputs.

In [1 1 ], it is shown how the minimum distance and the multiplicity at that minimum 

distance affects the performance in the error floor region. The concept of spectral thinning 
is also introduced, and the argument is made that, for blocklength K , as K  -4- oo, the 

contribution of non weight- 2  inputs on the distance spectrum goes to zero.
If only the minimum distance and associated multiplicity of the code is known, then the 

union bounds in (3.2) and (3.3) can be simplified to

FER  ̂ îWrnini d'jnin}P2(,djjnin) (3 6)

and

B EA  <  (3-7)

where Wmin is the input weight associated with dmin, and the other terms have already been 
defined.

For the two codes considered in Figures 3.2 and 3.3, these simplified bounds were also 

calculated and are shown on those figures. In both cases the simplified bounds are below 

the regular bounds, although the gap decreases as the SNR is increased. This verifies the 
expected behaviour that the dmin term dominates at high SNR, but other terms become more 
important at low SNR. In the error-floor region, at a BER of 10“®, the difference between 
the bounds for the AWGN channel is about O.SdB, and for the fading channel, almost IdB. 
This shows that for the regions of interest, the dmin term is not sufficient for estimating the 
performance, although it is still useful as a rough approximation.

In this dissertation, the minimum distance and multiplicity at that minimum distance 
will be used extensively as a design criteria, especially in the error floor region. This 

design criteria will commonly be referred to as the dmin criteria, and codes found using the 
dmin criteria will be called dmin codes.

3.4 Distance Spectrum Slope

In [19], the average distance spectrum (ADS) slope design criteria was introduced which 
takes into account the multiplicity of a number of low weight codewords. This design
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procedure fits a line through the first 30 terms of the ADS, and determines the slope of the 

line. The slope provides a measure of the multiplicity of the low weight codewords. The 
objective is to find the code with the minimum slope. The ADS, as defined in [19], only 
includes the non-zero terms of the distance spectrum, and is calculated over all possible 
interleavers, using the uniform interleaver concept of [16].

In this dissertation, a slightly modified version of the ADS slope design criteria will 
be used. Speeifically, the partial distance spectrum of an actual code will be used instead 

of the average distanee spectrum. In addition, all terms of the distance spectrum, starting 
from d =  1 up to some maximum number of terms will be used, even if the associated 

multiplicity of the term is zero. In Seetion 3.2, when calculating the bounds for the sample 

codes, the maximum value of d was set to 50, which simply means that the first 50 terms 
of the distance spectrum were used. It seems reasonable to apply that same number here, 
in deciding the maximum value of d.

The basie design procedure is still the same. A line will be fitted through the first 50 
terms of the partial distance spectrum of a group of codes, and the slope of this line will be 
determined. The code with the lowest slope will be selected.

This design criteria will be used mainly for the waterfall region. It will be referred to 

as the distance spectrum slope criteria, or simply, the slope criteria. Codes found using the 
slope criteria will be called slope codes.

3.5 Monte Carlo Simulation

One common method to evaluate the performance of a given code is through Monte Carlo 
simulation.

Monte Carlo simulations of the turbo-encoder/turbo-deeoder were performed to gener­
ate all the simulation results presented in this thesis. The simulations were performed for 
specific values of the SNR and operated on one packet at a time until the stop criteria was 
met. The SNR values were chosen to give BER results below the error floor. The stop 
criteria required at least 1 0 0 0  packets to be processed and 1 0 0  error events to be detected, 
where an error event is defined as a single firame error.

All of the simulations of the turbo-deeoder were performed for a fixed number of full 
iterations of the decoder, where one full iteration consists of operating both CC decoders.
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The exact number of iterations and SISO decoder used, vary depending on the simula­
tions, and these details are provided when discussing particular simulation results. Perfect 
channel estimation was always assumed.

To allow for fair comparisons between the different coded and uncoded systems, the 
energy per packet was held constant. The error rate curves present the error performance 
against the data bit SNR. In the simulations, the code bit SNR was determined by multi­
plying the data bit SNR by the effective rate of the code.

Simulation can also be used for the purposes of code design, in comparing the relative 
merits of different codes. In order to compare the simulation results of two or more codes, 
it is useful to know the confidence interval and associated confidence level of the simulation 
results. The confidence level is expressed as the probability that the true BER is within the 
confidence interval. The confidence interval is an upper and lower bound on the true value 
of the BER, expressed in terms of the estimated BER. Similar definitions hold for the FER.

3.5.1 Confidence Interval

The following formula for the confidence interval is derived in [20], and so only the results 
are presented here.

The confidence level for a given simulation result, 1 — a, is defined as

Prob [y+ < p < y_] =  1 -  O' (3.8)

where

and

•  p =  10“  ̂= estimated probability of BER

• p = true value of BER

•  n = number of samples in error

• N  — = total number of samples

The term da is chosen to satisfy the relation

f*doi
[  =  1 — 0 : (3.10)

J-da v27T
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Eq. (3.10) can be rewritten as

2Q{da) =  a  (3.11)

where Q{x) is the Q-function.
As an example, for a confidence level of 95% and assuming n =  100 error events,

a  =  0.05 

da =  1.96
(3.12)

1/+ =  1 .2 2 p

—  0.82 p.

This means that the true value of p is between 1.22p and 0.82p, with a 95% confidence 
level. Note also that =  l/y_ .

3.5.2 Code Design Using Confidence Interval

The confidence interval will be used in evaluating eodes based on their BER and FER 
performance. Normally, two codes at a time are compared.

The process is quite simple, and is outlined as follows. Assume two codes, A and B, 
with BE R a < B E R b - The confidence intervals of B E R a and B E R s  will be computed 
and compared, and one of two decisions will be made:

•  If the confidence intervals of BE R a and B E R s  do not overlap, then code A is 
considered better in terms of BER performance.

• If the confidence intervals overlap, then A and B  will be judged to be approximately 
equal in terms of BER performance.

The same process can be repeated for FER.
In this work, the 95% confidence interval will be used, along with 100 error events. 

Referring to (3.12), this gives a confidence interval of

[p_, %/+] =  [0.82p, 1.22p]. (3.13)

The process of comparing the confidence intervals reduces to testing the relation

0.S2 B E R b ^  1.22 B E R a 

B E R b > 1.4Q B E R a
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which can be rounded off for simplicity to

B E R b >1.^ B E R a (3.14)

If this relation is true, then code A is better. If this relation is not true, then code A may or 

may not be better than code B, and so they will be considered equivalent.
Note that the equations in Section 3.5.1 assume that all the error events are independent. 

To ensure independent error events, frame errors will be counted rather than bit errors,
since bit errors often occur in pairs for turbo-codes, and so it is more difiicult to determine
independent bit errors. Thus, by counting 100 fi'ame error events, at least 100 independent 
bit error events are counted.
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Chapter 4

Interleavers

As mentioned, one of the key components of turbo-codes is the interleaver. The choice of 
interleaver can often affect the bit error rate (BER) performance of a particular turbo-code 

by more than an order of magnitude.
The general function of interleavers is to map a block of input data to a block of output 

data (interleaving) using a fixed rule or mapping that re-orders the data in the block. The 
reverse of the rule is used to convert the re-ordered data back to its original form (de­
interleaving).

Interleavers can be grouped into two general classes:

• random,

• structured.

The mapping used with random interleavers must be stored separately fi*om the actual 

data, with the size of the storage equal to the size of the interleaver. Structured interleavers 
have a fixed algebraic rule which maps the interleaver input to its output. Thus, the mapping 
can be computed as required and does not require significant extra storage.

Random interleavers are generally eonsidered to give better performance relative to 
structured interleavers (e.g. block interleavers), especially for large data block sizes [6 ]. For 
small block sizes (< 1 0 0 0  bits), the performance differences have often been considered 
negligible [9], but we have found substantial improvements in some cases.

Two of the most common techniques for generating random interleavers are pseudo­
random interleavers (PR) and S-random interleavers (SR) [12]. There are other techniques 
for generating random interleavers that have been presented in the literature, (e.g. [2 1 , 2 2 , 
23]). However, these techniques are generally just variations of the S-random technique.

The PR and SR interleavers will be examined in the detail within this chapter, in addi­
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Figure 4.1. Operation of Block Interleaver
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tion to two variations of the SR interleaver. As a basis for comparison, the random inter­
leavers will also be compared against block interleavers. The comparison will concentrate 
on interleaver sizes less than 1000 bits, specifically, interleaver/block sizes of 192,400 and 

900 bits will be considered.

4.1 Interleaver Construction

This section reviews the construction techniques for each of the interleavers under consid­
eration.

4.1.1 Block Interleaver

With a block interleaver, the data is ordered into a two-dimensional matrix. The data is 
written into the interleaver matrix a row at a time, and is read out a column at a time. This 
is illustrated in Fig. 4.1, with the numbers in the matrix indicating the write and read order 
of individual data items. An m by n block interleaver holds a total of mn elements.

Alternatively, interleaving may be viewed as the re-ordering of the elements in a se­
quence of data. For the interleaver illustrated in Fig. 4.1, if  the original data sequence 
is

0,1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 , 

then the interleaved version of this data is

0 ,3 ,6 ,1 ,4 ,7 ,2 ,5 ,8 .

(4.1)

(4.2)
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4.1.2 Pseudo-Random Interleaver (PR)

To create a pseudo-random interleaver, a pseudo-random mapping is generated which maps 
the original data into the interleaved data. This mapping is simply a pseudo-random re­
ordering of the indices of the original data block. As an example, if the original data
sequence is given by (4.1), then one possible pseudo-random interleaver would produce
the sequence

8 ,0 ,3 ,6 ,7 ,5 ,1 ,2 ,4 . (4.3)

4.1.3 S-Random Interleaver (SR)

This scheme was introduced in [12]. It is similar to the pseudo-random interleaver, ex­
cept that restrictions are imposed during the construction of the mapping. Specifically, the 
following constraint must be satisfied:

if \ i -  j \ <  S, then \pi  - P j \ >  S, (4.4)

where:

• i and j  are indices into the original data sequence,

•  Pi and pj are indices into the interleaved data sequence corresponding to i and j ,  
respectively.

• S' is the S-value of the interleaver.

The purpose of this constraint is to reduce the number of low weight codewords caused by 
weight- 2  inputs.

A mapping for an S-random interleaver ean be constructed by building the mapping, 

one element at a time, ensuring that each new element matches the above criteria. If this 
process gets stuck, it backtracks a certain number of elements (possibly all the way to the 
beginning). For the interleavers generated for this dissertation, the process is considered 
stuck if  a valid element cannot be found after trying 10000 random elements. Once the 
process is stuck, the current partial interleaver is discarded and a new interleaver mapping is 
started. In [12], an S-value around \ / K / 2  is recommended, to give good BER performance 
without taking excessively long to generate the interleaver.
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Table 4.1. Interleaver Generation Time

Type Interleaver Size

192 400 900

MSR 23s 39s 56s

SR 29s 1273s 5790s

To illustrate an S-random interleaver with an example, if the original data sequence is 

given by (4.1), then one possible SR interleaver (using an S-value of 2) would produce the 
sequence

5,8,1,6 ,2,7 ,4,0 ,3. (4.5)

4.1.4 Modified S-Random construction (MSR)

The time required to generate an S-Random interleaver can become excessive, especially 
for longer block sizes, and hence larger S-values. In some cases, it begins to approach the 
time required for simulation. In an effort to speed up the generation of the interleaver, a 
simple modification to the construction algorithm is presented. This is a straightforward 
modification of the mapping generation technique of the S-random interleaver. When the 
process gets stuck, rather than backtracking, the S-value is simply lowered by one for the 
next index only. After that index is generated, the original S-value is restored.

The important aspect of this technique is that temporarily relaxing the S-value does not 
significantly degrade the performance of the resulting interleavers. This is independent of 

the exact way in which the S-random interleavers are generated.
To show the efiiciency of this modified technique in generating interleavers, the time 

taken to generate 200 interleavers of the required type and size is given in Table 4.1. It is 
quite evident that a substantial reduction in interleaver generation time is possible. This 
is especially true for larger interleaver sizes, where there is a factor of 1 0 0  difference in 
generation time for an interleaver of 900 bits in size.
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4.1.5 Variable S-random construction (VSR)

This is another variation on the S-random interleaver. A very similar approach was inde­
pendently discovered and documented in [23], where it is called a high-spread interleaver. 

In the variable S-random construction, a modified set of constraints are used, namely

N - i !  +  |P i-P jl  > 2 5 , (4.6)

where:

•  i and j  are indices into the original data sequence,

•  Pi and Pj are indices into the interleaved data sequence corresponding to i and j ,
respectively.

• S is the S-value of the interleaver.

In addition, as with the MSR interleaver, the S-value is temporarily reduced by one if 
the sequence generation gets stuck.

To illustrate a variable S-random interleaver with an example, if the original data se­
quence is

0,..., 15, (4.7)

then one possible VSR interleaver (using an S-value of 2) would produce the sequence

12,7 ,10 ,3 ,14,11,8 ,5 ,0 ,15,6 ,2 ,13,4 ,1 ,9 . (4.8)

4.2 Simulation Results

In this section, the BER and FER performance results of the different classes of interleavers 
are examined.

The error rate performance results are obtained by simulating the rate 1/3 turbo-code 
of Section 3.1. Interleaver block sizes of 192,400 and 900 bits are used, and results are ob­
tained for both the AWGN and fading channels. The SOVA decoder is used in conjunction 
with 8  full iterations of the turbo-decoding algorithm.

For each of the random interleaver types, 200 interleavers were generated, and their 
BER and FER performance was determined. For the ease of the SR and MSR interleavers.
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Table 4.2. Interleaver AWGN Channel BER Results

length SNR(dB) type best worst mean

192 3.0 BL 9.59e-06

PR 7.61e-06 4.23e-05 1.97e-05

SR 1.28e-06 4.67e-06 2.11e-06

MSR 1.36e-06 5.97e-06 2.34e-06

VSR 1.18e-06 5.41e-06 1.83e-06

400 2.5 BL 1.76e-05
PR 7.05e-06 4.20e-05 1.73e-05

SR 9.92e-07 2.97e-06 1.40e-06

MSR 1.05e-06 6.53e-06 1.66e-06

VSR 6.92e-07 3.08e-06 1.09e-06

900 2.0 BL 8.00e-05

PR 8.50e-06 4.62e-05 1.64e-05

SR 1.41e-06 4.68e-06 2.05e-06
MSR 1.54e-06 4.56e-06 2.22e-06

VSR 1.44e-06 4.15e-06 2.16e-06

S-values of 9, 14, and 19 were used for interleaver sizes of 192, 400 and 900 bits respee- 

tively. For the VSR interleaver, the S-values do not have the same interpretation as for the 
SR and MSR interleavers. To provide a fair comparison, the S-values were chosen to be in 
the middle between the minimum and maximum separations of the SR interleaver. Thus, 
for the VSR interleaver, the S-values of 7,11, and 15 were used for interleaver sizes of 192, 
400 and 900 bits respectively.

The performance for the best, mean and worst interleaver for each random interleaver 
types is presented. For the block interleaver all combinations of row and column sizes were 
used in determining the interleaver with the best performance, and only this interleaver is 
shown. Tables 4.2, 4.3, 4.4 and 4.5 provide the detailed BER and FER results for both the 
AWGN and Rayleigh fading channels. These results are for the error floor region, and as 
such, are given for the highest SNR value that was used in the simulation. Note that this 
SNR value is different for each of the interleaver block lengths, and is thus noted in the 
tables.
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Table 4.3. Interleaver AWGN Channel FER Results

length SNR(dB) type best worst mean

192 3.0 BL 5.48e-04

PR 4.68e-04 2.75e-03 1.26e-03

SR 7.13e-05 3.56e-04 1.33e-04

MSR 7.60e-05 4.71e-04 1.46e-04

VSR 7.20e-05 4.81e-04 1.16e-04

400 2.5 BL 1.52e-03
PR 9.48e-04 5.81e-03 2.38e-03

SR 1.16e-04 3.76e-04 1.64e-04

MSR 1.17e-04 1.08e-03 2.12e-04

VSR 7.82e-05 5.04e-04 1.19e-04

900 2.0 BL l.lOe-02

PR 2.48e-03 1.47e-02 5.11e-03

SR 3.48e-04 1.78e-03 4.79e-04

MSR 3.83e-04 1.55e-03 5.41e-04

VSR 3.37C-04 1.17e-03 5.26e-04
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Table 4.4. Interleaver Fading Channel BER Results

length SNR(dB) type best worst mean

192 4.5 BL 9.97e-06

PR 9.29e-06 4.99e-05 2.14e-05

SR 1.41e-06 6.92e-06 2.49e-06

MSR 1.69e-06 7.53e-06 2.70e-06

VSR 1.33e-06 6.63e-06 2.16e-06

400 4.0 BL 1.33e-05

PR 5.24e-06 3.78e-05 1.36e-05

SR 6.06e-07 1.61e-06 8.81e-07

MSR 6.05e-07 4.72e-06 l.lOe-06

VSR 4.04e-07 2.08e-06 6.20e-07

900 3.5 BL 3.82e-05
PR 4.49e-06 3.79e-05 9.65e-06

SR 4.82e-07 2.65e-06 6.83e-07

MSR 5.02e-07 2.54e-06 7.84e-07

VSR 4.91C-07 2.12e-06 7.61e-07
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Table 4.5. Interleaver Fading Channel FER Results

length SNR(dB) type best worst mean

192 4.5 BL 5.71e-04

PR 5.05e-04 3.30e-03 1.32e-03

SR 6.71e-05 4.18e-04 1.42e-04

MSR 8.21e-05 6.23e-04 1.55e-04

VSR 7.09e-05 5.92e-04 1.25e-04

400 4.0 BL 1.44e-03
PR 5.64e-04 5.43e-03 1.95e-03

SR 6.64e-05 2.81e-04 1.05e-04

MSR 7.67e-05 7.45e-04 1.45e-04

VSR 4.27e-05 3.66e-04 6.92e-05

900 3.5 BL 5.74e-03

PR 1.29e-03 1.30e-02 3.28e-03

SR 1.15e-04 1.07e-03 1.63e-04

MSR 1.20e-04 9.74e-04 2.03e-04

VSR 1.16e-04 7.83e-04 1.99e-04
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Several observations can be made from the results:

1. The block interleaver consistently gives a higher BER and FER (i.e. performs worse) 
than the best results from any of the random interleavers.

2. At a blocklength of 192, the BER and FER performance of the block interleaver 
is similar to the performance of the best PR interleaver, but as the blocklength is 
increased the PR interleaver becomes better.

3. The error rate performance of the mean SR interleaver is approximately the same or 
better than the performance of the best PR interleaver.

4. The best SR and VSR interleavers consistently have the best error rate performance.

5. All three of the s-random based interleavers give similar error rate performance, not 
just for the best interleavers, but also for the mean and worst interleavers.

6 . The temporary relaxing of the S-value, as used in the MSR and VSR interleavers 
does not appear to have a detrimental affect on the error rate performance of the 

interleavers.

7. In all cases, the error rate performance of the best interleaver is at least an order of 
magnitude better than that of the mean PR interleaver. This suggests that choosing 
a good interleaver can give an order of magnitude improvement in the error rate, as 
compared to the average performance bounds calculated in [16].

From these results, it is quite clear that the s-random based construction generates in­
terleavers with the best error rate performance, even for small interleaver sizes. This has 
been suggested in [1 2 ], but no direct comparison is available in the literature.
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Chapter 5 

Interleaver Design

This chapter applies the minimum distanee and distance spectrum slope design teehniques 
discussed in Chapter 3, to select the best interleavers. These techniques are applied to 
the interleavers that were presented in Chapter 4. This allows for a good evaluation of 

the effectiveness of a given teehnique, since the seleeted interleavers ean be compared 

against the performance of all the interleavers to see how many of the best performing 
interleavers are chosen by the given technique, and also, how many of the badly performing 
interleavers are chosen by the technique. The ideal seleetion eriteria would only choose the 
best interleavers. However, this is not likely to happen with a particular code design criteria, 
so the best that can be expected is that most of the seleeted interleavers, provide better than 
the average performanee, and not too many bad interleavers are chosen. The focus of the 

investigation will be on the PR interleavers. These interleavers were ehosen since they have 
the largest range of error rate values; thus it is easier to determine how well the selection 
criteria are performing.

In order to apply the selection criteria, it is necessary to calculate the distance spectrum 
of the code, or at least the partial distanee spectrum. For the block lengths eonsidered it 
is only praetical, from a eomputation time perspective, to ealeulate the output weights for 
the first few input weights. Speeifically, for information block lengths of 192 and 400, 
input weights up to 4 are used in the calculation, whereas for the block length of 900, 
input weights up to 3 are used in the caleulation. The weight calculations are performed by 

explieitly enumerating all of the appropriate codewords, and then calculating and tabulating 
their weights.
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5.1 Minimum Distance Properties

This section examines the minimum distance properties of the different interleaver types, 
by examining all the interleavers generated.

5.1.1 Minimum Distance Histograms

One perspective on the minimum distance information can be found by looking at a his­
togram of the minimum distances of each interleaver of a given interleaver type. This is 
shown in Fig. 5.1 through Fig. 5.4, for the four random interleaver types.

Each figure is for one interleaver type, and shows the histogram plots of the minimum 

distances for the three block lengths considered, namely 192,400 and 900. The x-axis is the 

weight of the minimum distance codeword for a given interleaver. The y-axis is the number 
of interleavers with the given minimum distance. Also, the minimum distances associated 
with each input weight are given separately on the histograms. Thus, each interleaver 
appears once on the histogram for every input weight.

Referring to Fig. 5.1, a number of observations can be made about the PR interleavers:

1. The most common minimum distance is 10, and this is primarily caused by weight 2 
inputs.

2. The minimum distances associated with weight 2 inputs appear relatively constant 
across all three block lengths.

3. The minimum distances associated with weight 3 inputs and weight 4 inputs slowly 
increase with increasing block length.

4. Weight 3 inputs cause a significant number of minimum distance codewords that are 
below the most common distance of 1 0 , but this number decreases with increasing 
block length, as noted in the previous observation.

5. Weight 1 inputs generally produce the highest minimum distance codewords.

Referring to Fig. 5.2, a number of observations can be made about the SR interleavers:

1. The minimum distances associated with weight 1, 2 and 3 inputs increase with block 
length.

2. The minimum distances associated with weight-4 inputs appear relatively constant 
with block length. It has been suggested in [24], that for s-random interleavers, the
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minimum distance caused by weight-4 inputs is constant, and thus does not increase 
with block length.

The MSR and VSR interleavers in Fig. 5.3 and Fig. 5.4, exhibit similar trends to the SR 
interleaver in Fig. 5.2.

Comparing between the s-random based interleaver types, a number of additional ob­
servations can be made:

1. For the MSR and VSR interleavers, the minimum distances for weight 2 inputs are 
spread over a larger range of values, relative to the SR interleaver. The increased 

spread of the minimum distances is likely caused by the relaxation of the s-values for 
the MSR/VSR interleaver construction techniques.

2. For the SR and MSR interleavers, the most common minimum distance for weight 
2  inputs is the same between the two interleaver types, for all three block lengths. 
These values are 14,18 and 22 for the block lengths of 192,400 and 900, respectively. 

Also there are very few interleavers with minimum distances caused by weight 2 
inputs above this value.

3. Compared to the other two interleaver types, for the VSR interleavers, the minimum 
distances associated with weight 2  inputs behave differently depending on the block 
length.

• For a block length of 192, the most common minimum distance is higher by 2 
at 16.

• For a block length of 400, the most common minimum distance is the same at 
18, but there are quite a few interleavers with higher minimum distances.

•  For a block length of 900, there is no definitive most common minimum dis­
tance, and there are quite a few interleavers with a higher minimum distance 
than the value of 22, which is the most common minimum distance for the SR 
and MSR interleavers.

Comparing between the PR and SR interleaver types, a number of additional observa­
tions can be made:

1. The SR interleaver construction effectively reduces the contribution of weight 2 in­
puts to the minimum distance, as intended by the construction method.



5. Interleaver Design 43

2. In addition, the SR interleaver construction also improves the situation for weight 1, 

3, and 4 inputs as well.

3. For the PR construction, the minimum distance of weight 2 inputs appears relatively 

constant, whereas for the SR construction, the minimum distance of weight 4 inputs 
appears relatively constant.

The above observations can be summarized as follows:

1. The minimum distance of PR interleavers is lower than the SR interleavers for all 

block lengths, and the difference in dmin only gets larger as the block length is in­
creased.

2. The SR interleaver construction is effective in reducing the contribution o f weight 2 
inputs on the minimum distance. For small block lengths ( 400 or less) this is suf­
ficient as the weight 2  inputs are the primary cause of the minimum distance code­
words.

3. For larger block lengths (> 400), the weight 4 inputs start to have a more significant 
influence on the minimum distance, and in this case the SR interleaver construction 
starts to become less than optimum, although still better than the PR construction.

•  In this case, construction techniques that break weight 4 inputs should be con­
sidered, such as [2 1 , 2 2 ].

• This is in agreement with the observations made in [25], that for larger block 
lengths, higher weight inputs are the cause of the minimum distance terms.

•  At first, this appears to contradict the spectral thinning argument of [11], which 
suggests that as the block length is increased the contribution of non weight 2  

inputs on the distance spectrum is reduced. Two interpretations are:

-  Spectrum thinning is based on the average over all pseudo-random inter­

leavers, and not on an arbitrary interleaver. In addition, the s-random based 
construction works to reduce the contribution o f  weight 2 inputs on the dis­

tance spectrum. Thus, spectrum thinning does not necessarily occur for a 
specific interleaver, especially one which is not pseudo-random.

-  Alternatively, the block length may simply not be long enough for spectrum 
thinning to take full effect.

4. The s-value relaxation technique of the MSR/VSR interleavers produces interleavers
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Table 5.1. Input Weight Contributions to Minimum Distance: 192

Type Value to =  1 w =  2 to =  3 to — 4 Total

PR count 7 159 42 2 210

% 3.5 79.5 21.0 1.0 105.0

SR count 11 194 0 0 205

% 5.5 97.0 0.0 0.0 102.5

MSR count 1 197 7 0 205

% 0.5 98.5 3.5 0.0 102.5

VSR count 2 190 13 0 205

% 1.0 95.0 6.5 0.0 102.5

with minimum distances as good as or better than those generated by the SR tech­
nique, although the number of such interleavers is slightly lower.

5. The VSR construction technique appears to give interleavers with higher minimum 
distances than the SR/MSR techniques. However, this may be caused by the choice 
of s-value, and not by the superiority of the construction technique itself.

5.1.2 Input Weight Contributions to Minimum Distance

From Fig. 5.1 through Fig. 5.4, it is evident that different input weights cause the minimum 

distance code word in different cases. Table 5.1 through Table 5.3 are used to better illus­

trate this. Each entry shows the number of interleavers whose minimum distance codeword 
is generated by the given input weight. Note that the “Total” colunrn is sometimes more 

than 1 0 0 %, which indicates that more than one input weight causes the minimum distance 
codeword.

Some observations:

•  For all interleaver types and block lengths, the weight 2 input causes the most min­
imum distance codewords, followed by the weight 3 input and lastly the weight 1 
input input.

•  With one notable exception, very few minimum distance codewords are caused by 
weight 4 inputs for the block lengths of 192 and 400.

•  For the VSR interleaver of length 400, a surprisingly large number of interleavers
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Table 5.2. Input Weight Contributions to Minimum Distance: 400

Type Value U) =  1 w =  2 w =  3 W =  4: Total

PR count 1 172 27 2 2 0 2

% 0.5 86.0 13.5 1.0 101.0

SR count 5 195 0 0 2 0 0

% 2.5 97.5 0.0 0.0 100.0

MSR count 1 188 14 0 203

% 0.5 94.0 7.0 0.0 101.5

VSR count 0 184 3 37 224

% 0.0 92.0 1.5 18.5 112.0

Table 5.3. Input Weight Contributions to Minimum Distance: 900

Type Value w — 1 w — 2 w =  3 Total

PR count 7 184 12 203

% 3.5 92.0 6.0 101.5

SR count 12 178 20 210

% 6.0 89.0 10.0 105.0

MSR count 2 186 18 206
% 1.0 93.0 9.0 103.0

VSR count 0 188 19 207

% 0.0 94.0 9.5 103.5
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have their minimum distance codeword generated hy weight 4 inputs, with 37 in­
terleavers in total. This can be explained by referring to the output weights of 19 
through 22 in Fig. 5.4. It can he seen that there are quite a few interleavers whose 
weight 2  input minimum distance is at or above 19 and 2 0 , which is where the weight 
4 minimum distances are concentrated.

• A second observation with the VSR interleaver of length 400, is the value of 224 in 

the Total column. This indicates that 24 interleavers have their minimum distance 

codeword generated by more than one input weight. This is in contrast to the other 
interleaver types and sizes, where this happens for at most 10 interleavers. The cause 

of this may be the same as given in the previous observation.

• For the s-random based interleavers, the contribution of the weight 3 inputs is higher 
for the block length of 900, than for the smaller block lengths, with approximately 
1 0 % of interleavers having their minimum distance codeword generated by weight 
3 inputs. This again suggests, that for longer block lengths, it is necessary to use 
construction techniques which take into account input weights higher than 2 .

5.2 Code Design using Minimum Distance

This section examines the minimum distances and multiplicities of the best interleavers 
over all the interleaver types, and looks at the results of applying the minimum distance 
criteria to the PR interleavers.

5.2.1 Best Minimum Distance

This section takes a detailed look at the minimum distances and multiplicities of the best 
interleavers for each of the interleaver types and for each of the considered input weights.

For eaeh interleaver type and for each input weight, one interleaver is selected as the 
best interleaver, according to the design criteria. The following tests are applied in order. If 

a given test selects several interleavers, then the next test is applied, otherwise the selection 
process stops.

1. Select the interleaver(s) with the largest dmin,w lor input weight w.
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2. From the set of interleavers selected in the previous step, select the interleaver(s) 

with the smallest multiplicity, i.e. A{w^ dmm,w )•

3. From the set of interleavers selected in the previous step, select the interleaver by 
examining the minimum distance and multiplicity for the other input weights. The 

other input weights are ordered according to their associated minimum distance, from 
lowest to highest minimum distance. Minimum distances are considered first, across 
all the input weights, and then multiplicity is considered.

Tables 5.4, 5.5 and 5.6 list the best interleavers for block lengths of 192, 400 and 900 
respectively. For each interleaver type and input weight, the best selected interleaver is 

shown. For this interleaver, the tuple

dm in ,w  > A(^W , dffiin,w  ) (5 1)

is given for all of the input weights. The column labelled W gives the input weight that 
was used in the selection process. The column labels w =  l ,w  =  2,... give the values of 
w used in (5.1).

The tü =  0 column gives the tuple

dfnin > A(̂ dfYiin ) (5.2)

Usually this matches one of the entries in the other columns, but in some cases the mul­

tiplicity may be higher. This occurs if more than one input weight gives the minimum 
distance term, in which case, the multiplicity in the w =  0  column is the sum of the multi­
plicities in the other columns.

The W  =  D row shows the interleaver that was selected when the selection process 
was not restricted to a particular input weight. This is usually, but not always, one of the 
interleavers selected for a given input weight.

Throughout this section, and later sections as well, each of the interleavers is denoted 
by a number. The 200 interleavers of each interleaver type are numbered, and this number 
simply denotes one of those 200 interleavers. This number is given in the column labelled 
Ilv #.

In Table 5.6, the w =  4 column is special, in that the w =  A weight spectrum was cal­
culated after the interleavers were selected, and so the weigh-4 inputs were not considered 
in the selection process.

By examining Tables 5.4, 5.5 and 5.6 a number of observations can be made:
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Table 5.4. Minimum Distance and Multiplicity: 192

w Ilv# w =  0 w =  1 w =  2 =  3 1/7 =  4

ALL BL012 (9,1) (9,1) (15, 1) (19,1) (20,181)

BL016 0»,1) 0»,1) (15, 1) (19,1) (20, 181)

0 PR 192 (12,2) (24,1) (12,2) (13,2) (16, 1)
1 PR 114 (10, 1) (37,1) (10, 1) (15, 1) (16, 1)
2 PR 176 (12, 2) (25, 1) (12, 1) (13, 1) (12, 1)
3 PR 195 (10, 4) (14, 1) (10, 4) (17, 5) (16,2)

4 PR 170 (10, 2) (21, 1) (10,2) (13, 1) (19, 1)
0 SR109 (16,3) (24,1) (1<S, 3) (1<), 3) (20,5)

1 SR185 (14, 5) (34,1) (14,5) (19,2) (20,3)
2 SR109 (1<S, 3) (24,1) (16,3) (19, 3) (20, 5)

3 SR076 (14, 2) (20,1) (I'l, 2) (21,6) (20,5)
4 SR122 (16, 9) (16, 1) (16, 8) (18,1) (20,1)
0 MSR 020 (16, 5) (19,1) (16, 5) (19, 8) (20, 6)
1 MSR 006 (14, 2) (35,1) (14. 2) (19, 5) (20,7)

2 MSR 020 (16, 5) (19,1) (16, 5) (19, 8) (20,6)

3 MSR 191 (14,4) (14,4) (21,4) (20, 7)

4 MSR 132 (15, 1) (23,1) (15,1) (17, 1) (20, 1)

0 VSR 171 (16, 8) (27,1) (16, 8) (17,1) (20, 8)

1 VSR 089 (14,1) (36, 1) (14, 1) (19, 3) (20,6)

2 VSR 171 (16, 8) (27,1) (16, 8) (17, 1) (20, 8)
3 VSR 091 (14, 1) (15, 1) (14, 1) (21,1) (20, 5)
4 VSR 185 (13,1) (21, 1) (13, 1) (19, 1) (21, 3)
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Table 5.5. Minimum Distance and Multiplicity: 400

W Ilv# w =  Q w =  \ w =  2 w — 3 w =  4

ALL BL020 (9, 1) e» .i) (22, 2) (23,1) (20, 389)

0 PR 106 (14, 8) (33,1) (14, 8) (15, 1) (18,1)

1 PR 181 (10, 1) (47, 1) (10,1) (13, 1) (16, 1)
2 PR 106 (14,8) (33,1) (14,8) (15,1) (18,1)
3 PR 031 (10, 2) (27,1) (10, 2) (17, 1) (16,1)
4 PR 009 (12,2) (23,1) (12, 2) (17,4) (20,4)

0 SR177 (18, 3) (38,1) (18, 3) (2 L D (20, 8)
1 SR172 (18,11) (46,1) (18,11) (23,1) (20, 8)
2 SR177 (18, 3) (38,1) (18, 3) (2L1) (20, 8)

3 SR193 (18,7) (28,1) (18,7) (25, 2) (20, 5)
4 SROlO (18,9) (19, 1) (18, 9) (22, 2) (20,1)

0 MSR 040 (18, 6) (29,1) (18, 6) (23,1) (20,4)

1 MSR 131 (14, 1) (48,1) (14, 1) (23,1) (20, 4)
2 MSR 040 (18, 6) (29,1) (18, 6) (23,1) (20,4)
3 MSR 019 (16, 2) (20,1) (16, 2) (25, 2) (20, 6)
4 MSR 041 (12,1) (41,1) (12,1) (20,1) (22,17)

0 VSR 150 (2 ^ 1 ) (35, 1) (21,1) (26,6) (22, 26)
1 VSR 008 (19,1) (45, 1) (19,1) (23, 2) (20, 5)
2 VSR 166 (20,2) (27,1) (22, 26) (25,1) (20, 2)
3 VSR 066 (16, 1) (27,1) (16i, 1) (26,1) (20, 8)
4 VSR 150 (21, 1) (35.1) (21.1) (26. 6) (22. 26)
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Table 5.6. Minimum Distance and Multiplicity: 900

w Ilv# w =  0 w =  1 w =  2 w =  3 w =  4

ALL BL 030 (%1) C ^I) (27,2) (23,1) (20, 889)

0 PR 038 (12,1) (25, 1) (12, 1) (16, 1) (18, 3)

1 PR 114 (10, 5) (10, 5) (15, 1) (16, 1)

2 PR 038 (12,1) (25,1) (12,1) (16, 1) (18, 3)

3 PR 087 (10,2) (46,1) (10,2) (20,1) (20,7)

0 SR116 (22, 2) (31, 1) (22,2) CKJO (20, 6)
1 SR171 (22,7) (74,1) (22,7) (26,1) (20, 8)
2 SR129 (21,1) (22,1) (21, 1) (20, 3)

3 SR 086 (17, 1) (29,1) (17, 1) (3WI, 1) (20, 6)
0 MSR 012 (22,4) (48,1) (22,4) CKJO (20, 5)
1 MSR 122 (13, 1) (79, 1) (13, 1) (25, 1) (20, 6)
2 MSR 012 (22,4) (48,1) (22,4) (25,1) (20, 5)

3 MSR 020 (13,1) (28,1) (13, 1) (29,1) (20,6)

0 VSR 086 (26, 35) (31,1) (26, 35) (27,1) (20, 2)
1 VSR 172 (22, 2) (72,1) (22,2) (29,1) (20, 3)
2 VSR 086 (26, 35) (31,1) (26, 35) (27,1) (20,2)
3 VSR 164 (19, 1) (43,1) (19, 1) (31, 2) (20,1)
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1. For the block interleaver, dm in  =  for all three block lengths. This occurs be­
cause the last bit in an input word does not change its position after being interleaved 
by a block interleaver. As a result if  this last bit is a 1, then only the tail bits will con­

tribute to the weight of the resulting codeword. It is commonly believed, e.g. [11], 

that dmin is never caused by a weight-1 input, and in fact, that dmin,i =  oo. This is 
true only for infinite block lengths. For a finite block length dmin,i is also finite.

2. For the s-random based interleavers, the problem mentioned in Section 5.1.1 about 
dmin,A being stuck at a constant value is readily apparent. In virtually all of the inter­
leavers, the value of dmin,a is 20. Only in two cases is it above 20, the MSR041 and 
VSR150 interleaver for a block length of 400, and in both those cases, the multiplic­
ity is noticeably higher.

3. For the PR interleavers, dmin of the best interleavers is relatively constant over the 
three block lengths, while for the s-random based interleavers, there is a slight in­
crease in d m in  of the best interleavers as the block length is increased. Based on the 
discussion in Section 5.1.1, this is to be expected.

4. For block lengths 192 and 400, the interleavers selected by considering weight-2 
inputs tend to have the highest values of dmin ■ The only time that this is not the case 

is for the VSR interleaver for a block length of 400, where dmin,A <  dm«n,2 because 
dmin,A is stuck at a value of 20. This confirms that optimizing for weight-2 inputs is 
a sufficient design criteria for these block lengths.

5. For the s-random based interleavers with a block length of 900, the interleavers se­
lected by considering weight- 2  inputs are as good as or better than the interleavers 
selected by the other input weights. Unfortunately, for these interleavers, dmin — 
dmin,A in all three cases. This confirms that optimizing for weight-2 inputs at this 
block length is not sufficient, and weight-4 inputs must also be considered.

5.2.2 Code Design Results

A detailed examination of the application of the design criteria to the PR interleavers is 
presented in this section. The PR interleavers were chosen as they provide the broadest 
performance range, as compared to the s-random based interleavers. Thus, it is easier to 
determine the effectiveness of the design criteria.
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Tables 5.7, 5.8 and 5.9 give the results for bloek lengths 192,400 and 900 respeetively. 

The tables show the BER and PER performanee of the seleeted interleavers in the error 

floor region. In this ease, a rather loose interpretation of the error floor is used, sinee many 
of the BER values are around 10“ .̂ This is particularly valid for PR interleavers, which do 
tend to have a slightly higher error floor.

In addition, the associated group statistics are given for eaeh set of simulation condi­
tions, in order to show the performance of the selected interleaver against all 2 0 0  inter­

leavers. The values of min, median, and max are self-explanatory. The values of 25% and 
75% are simply the boundaries of the top quartile and bottom quartile, respeetively, of the 
200 interleavers. The values of the seleeted interleavers are positioned horizontally in the 
tables to indicate in which quarter of the group statistics they belong.

By examining the tables, and with reference to (3.14) for comparing simulation results, 
some observations can be made;

•  In all eases, the interleavers seleeted over all input weights, i.e. w =  0, were within 
the top quartile of all interleavers, and were equivalent to the best interleavers.

•  The interleavers selected using w — \  gave mixed results, but tended to get worse as 
K  was increased. In fact, for K  =  900, the selected interleaver was consistently in 
the bottom quartile of all interleavers. For K  =  192, although the selected interleaver 
was in the top quartile, it was not equivalent to the best interleaver.

• The interleavers seleeted using w =  3 also gave mixed results, but tended to get 
better as K  was increased. For the ease of K  =  900, the interleaver was within the 
top quartile, but only for the AWGN channel was it equivalent to the best interleaver.

•  The interleavers seleeted using w — 2, were the only interleavers, selected using a 
specific input weight, that were consistently in the top quartile for all simulations. 
However, for A  =  192 and the AWGN channel, the interleaver was not equivalent to 
the best interleaver. Note that in this ease, the w =  0 interleaver is different from the 
w =  2 interleaver, as noted in Table 5.4.

•  The interleavers seleeted using w — A, gave better results for K  — 400 than for 
K  ~  192. In fact, for K  =  400, the error rate values were lower than for the w — 2 
interleaver, although the two interleavers are considered equivalent.

The results for the other interleaver types were similar, although not as conclusive, 
since the spread of the simulation results is smaller. As a result, the best selected inter-
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(B)

(C)

(D)

Table 5.7. Design Selection Comparison, PR, 192: (A) BER, AWGN, snr=3.0dB; 
AWGN, snr=3.0dB; (C) BER, Fade, snr=4.5dB; (D) PER, Fade, snr=4.5dB

W Ilv # min 25% median 75% max 

7.61e-06 1.60e-05 1.93e-05 2.29e-05 4.23e-05

0 192 1.09e-05

(A) I 114 1.38e-05

2 176 1.47e-05

3 195 1.86e-05

4 170 1.50e-05

W Ilv# min 25% median 75% max

4.68C-04 l.OOe-03 1.22e-03 1.45e-03 2.75e-03

0 192 5.95e-04

1 114 8.38e-04

2 176 7.83e-04

3 195 1.37e-03

4 170 9.99e-04

W Ilv# min 25% median 75% max 

9.29e-06 1.73e-05 2.07e-05 2.44e-05 4.99e-05

0 192 1.09e-05
1 114 1.53e-05

2 176 1.35e-05

3 195 2.09e-05

4 170 1.87e-05

W Ilv#

0 192
1 114

2 176
3 195

4 170

min 25% median 75% max

5.05e-04 1.06e-03 1.29e-03 1.53e-03 3.30e-03
5.82e-04
9.62e-04

6.50e-04
1.59e-03

1.16e-03
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Table 5.8. Design Selection Comparison, PR, 400: (A) BER, AWGN, snr=2.5dB; 

AWGN, snr=2.5dB; (C) BER, Fade, snr=4.0dB; (D) PER, Fade, snr=4.0dB

W Ilv# min 25% median 75% max 

7.05C-06 1.40e-05 1.64e-05 2.00e-05 4.20e-05

0 106 1.05e-05

(A) 1 181 1.45e-05

2 106 1.05e-05

3 031 1.85e-05

4 009 8.21e-06

(B)

(C)

(D)

W Ilv# min 25% median 75% max

9.48e-04 1.93e-03 2.28e-03 2.73e-03 5.81e-03

0 106 1.12C-03

1 181 1.76e-03

2 106 1.12e-03

3 031 2.27e-03

4 009 l.Ole-03

W Ilv # min 25% median 75% max

5.24e-06 1.08e-05 1.29e-05 1.55e-05 3.78e-05

0 106 7.17C-06

1 181 l.lle-05

2 106 1 Ale-06
3 031 1.33e-05

4 009 5.24e-06

W Ilv# min 25% median 75% max

5.64e-04 1.56e-03 1.85e-03 2.29e-03 5.43e-03

0 106 8.17e-04

1 181 1.51e-03

2 106 8.17e-04

3 031 1.65C-03
4 009 6.45e-04
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Table 5.9. Design Selection Comparison, PR, 900: (A) BER, AWGN, snr-2.0dB; (B) PER, 
AWGN, snr=2.0dB; (C) BER, Fade, snr=3.5dB; (D) PER, Fade, snr=3.5dB

(A)

(B)

(C)

(D)

w Ilv # min 25% median 75% max

8.50e-06 1.40e-05 1,60e-05 1.90e-05 4.62e-05

0 038 1.08e-05
1 114 2.09e-05

2 038 1.08e-05

3 087 1.13e-05

W Ilv # min 25% median 75% max

2.48e-03 4.18e-03 4.96e-03 5.99e-03 1.47e-02

0 038 2.70e-03
1 114 7.04e-03
2 038 2.70e-03

3 087 3.40e-03

W Ilv # min 25% median 75% max

4.49e-06 8.00e-06 9.32e-06 1.09e-05 3.79e-05

0 038 6.21e-06

1 114 1.15e-05

2 038 6.21e-06
3 087 7.42e-06

W Ilv# min 25% median 75% max

1.29e-03 2.64e-03 3.15e-03 3.89e-03 1.30e-02

0 038 1.66e-03
1 114 4.39e-03
2 038 1.66e-03

3 087 2.38e-03
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leavers were not always within the top quartile, but were instead within the top ha lf o f  all 

interleavers.

From the above observations, it is clear that using weight-1 or weight-3 inputs as a 

selection criteria, will not give good results. Using weight-2 inputs as a selection criteria 

gives good results for all three block lengths. Lastly, using weight-4 inputs tends to give 

better results for the larger o f  the two block lengths considered.

This is consistent w ith previous observations that for longer block lengths it is impor­

tant to consider weight-4 inputs, whereas for smaller block lengths it is sufficient to only 

consider weight-2 inputs.

5.3 Code Design using Distance Spectrum Slope

This section examines the distance spectrum slope design criteria. It will mainly focus 

on applying the design criteria to the selection o f  interleavers. The performance o f  the 

selected interleavers in the waterfall region is then compared. Specffically, the required 

SNR to achieve a BER o f 10“ ^, for each o f  the selected interleavers, will be examined, and 

compared against the overall group.

In order to obtain results for a specific BER value, linear interpolation was applied to 

the simulation results for SNR points above and below the desired BER value. Consider 

two known points {Bi ,  Si)  and (Bg, % ), where is the base-10 logarithm o f  the actual 

BER, and is the SNR. The objective is to find the interpolated point (B ,, Si),  where B, 

is the known value. Assume that B i >  B* >  B 2 , which implies that Si <  Si <  % , since 

the BER curve has a negative slope. Then

Si = Si +  (5.3)
slope

where

slope =  ^ (5.4)

In applying the distance spectrum slope criteria, the decision has to be m ade as to how 

many terms o f  the distance spectrum to use. As discussed in Chapter 3, the first 50 terms o f  

the distance spectrum was chosen as a reasonable value. Given that the minim um  distance
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of good interleavers is around 20, using the first 50 terms is similar to the ehoice of using 
the first 30 non-zero terms, as mentioned in [19]. Also, for eomparison purposes, the first 
30 terms of the distanee speetrum are also used, which corresponds to approximately the 
first 10 non-zero terms. This is used to determine whether the higher number of terms is 

necessary or whether a smaller number of terms is sufficient. Thus, the maximum value of 
d will be either 30 or 50.

In addition, the slope will be determined for two types of distance spectrums:

• The distance spectrum resulting firom weight-2 inputs only. Thus, w =  2in  this case.

•  The distance speetrum resulting fi’om all the available input weights. For the block 
lengths of 192 and 400, this includes up to weight-4 inputs, and so w will take on the 
values 1,2,3 and 4. For the bloek length of 900, this includes up to weight-3 inputs, 

and so w will take on the values 1,2 and 3.

This is used to determine whether it is sufficient to use only weight-2 inputs, or whether 
higher weight inputs are necessary.

Combining the possible values of d and w as defined above gives a total of four different 
partial weight spectrums, for eaeh bloek length. Eaeh of these partial weight spectrums will 
be used in the calculation of the distance spectrum slope. The following labels will be used 
to refer to these partial weight spectrums:

•  w0d50 : all input weights, first 50 terms.

• w0d30 : all input weights, first 30 terms.

• w2d50 : weight-2 inputs only, first 50 terms.

• w2d30 : weight-2 inputs only, first 30 terms.

Tables 5.10, 5.11 and 5.12 give the results for the block lengths of 192, 400 and 900, 

respectively. The tables show the interleavers that were selected based on the slope criteria, 
using eaeh of the four partial weight spectrums. In some cases, more than one interleaver 
is listed, which simply means that all the listed interleavers had the same slope value. 
The tables also show the SNR required, by the selected interleaver, to achieve the desired 
BER of 10“ ,̂ and how this SNR value compares against all 200 interleavers. The column 
headings are similar to those already mentioned in Section 5.2.2. The entries in the W 
column are the partial weight spectrums defined above.

By examining the tables, a number of observations can be made:
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• The slope eodes seleeted using the wOdSO weight speetrum eonsistently give the 

lowest SNR values, with almost all of the seleeted eodes being in the top 25% of all 
eodes. The only exeeption is for AWGN ehannel and a block length of 900. In this 
ease, the seleeted code is still in the top half of all the eodes.

• Using the w0d30 weight spectrum gives reasonably good results, as well, although 
not as good as the wOdSO case. Most of the selected codes are within the top half of 
all the eodes, with the exeeption again being the AWGN ehannel and a block length 

of 900. For this particular ease, the range of the SNR values is quite small, which 
probably accounts for the relatively poor results for the seleeted code.

•  Using the w2d30 and w2dS0 weight spectrums does not give particularly good re­
sults. Although in some cases, the selected eodes do quite well compared to the 
group as a whole, this is not consistent across all the bloek lengths and ehannel con­
ditions. Overall, the additional terms of the w2d50 weight spectrum do result in 
slightly better selections being made.

• For both types of distanee spectrums, using the first 50 terms results in better selec­

tions being made than using the first 30 terms.

•  The distance speetrum that incorporates all the available input weights leads to better 
selection decisions than the one that only incorporates the affect of weight- 2  inputs. 
This is true even for the bloek length of 900, where the maximum input weight is 3, 
although in this case, the difference in the selected codes is not large.

The general conclusion that can be drawn is that noticeably better selection decisions 
are made when more weight speetrum data is available.
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Table 5.10. Design Selection SNR Comparison, PR, 192: (A) AWGN; (B) Fade;

(A)

(B)

W Ilv# min 25% median 75% max 

1.68 1.75 1.78 1.80 1.87

w0d30 073 1.76

w0d50 042 1.75

w2d30 047 1.83

178 1.82

w2d50 107 1.77

W Ilv# min 25% median 75% max 

2.97 3.06 3.09 3.12 3.19

w0d30 073 3.03

w0d50 042 3.05

w2d30 047 3.11

178 3.14

w2d50 107 3.00

Table 5.11. Design Selection SNR Comparison, PR, 400; (A) AWGN; (B) Fade;

(A)

(B)

W Ilv# min 25% median 75% max 

1.32 1.37 1.39 1.41 1.48

w0d30 009 1.37

w0d50 164 1.35
w2d30 112 1.38

w2d50 014 1.43

027 1.38

W Ilv# min 25% median 75% max 
2.55 2.60 2.62 2.64 2.71

w0d30 009 2.56

w0d50 164 2.56

w2d30 112 2.56

w2d50 014 2.62

027 2.61
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Table 5.12. Design Selection SNR Comparison, PR, 900: (A) AWGN; (B) Fade;

(A)

(B)

w Ilv# min 25% median 75% max 

9.94 1.06 1.07 1.09 1.11

w0d30 188 1.08

w0d50 002 1.07

w2d30 188 1.08

w2d50 Oil 1.08

024 1.07
101 1.10

175 1.05

W Ilv# min 25% median 75% max 

2.21 2.24 2.25 2.26 2.30

w0d30 188 2.24
w0d50 002 2 J2

w2d30 188 2.24
w2d50 Oil 2.27

024 2.27

101 2.25

175 2.24
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Chapter 6

Punctured Turbo-Codes

This chapter examines two approaches to puncturing turbo-codes, which will be called par­
tially systematic turbo-codes (PSTC) and fully systematic turbo-codes (FSTC). In FSTCs 
only the parity bits are punctured, whereas in PSTCs both the data and parity bits are punc­

tured. Both the BER and FER performance of the PSTC and FSTC codes are compared. 
The comparison looks at both the error floor and waterfall portions of the error rate curves. 
The BER and FER performance was obtained through simulation.

A number of papers in the area of punctured turbo-codes, have been presented in the 
literature, (e.g. [26, 19]), but these have focused almost exclusively on puncturing only 
the parity bits. If puncturing any data bits was considered at all, it was either immediately 
dismissed as giving bad performance for iterative decoding [26], or very few data bits were 

punctured [19]. In contrast, [27] considered puncturing half or more of the data bits, in 
order to reduce the error floor. This was further studied in [28].

The rate 1/3 turbo-eode given in Section 3.1 is punctured to give the rate 1/2 code. 
For both the PSTC and FSTC, equal amounts of puncturing are applied to both constituent 
codes. Using the terminology of [27], the permeability rate p is defined as the ratio of un­

punctured bits to total bits. The ratio of punctured data bits is p„, and the ratio of punctured 
parity bits is Pp̂  and pp̂  for the first and second constituent encoders, respectively. For the 

PSTC, we use =  1/2 and Pp̂  =  Pp2 =  3/4. These choices were found in [27] to give 
good overall performance in both the waterfall and error floor regions. For the FSTC, by 

definition =  1 , and thus we have =  Pp2 =  1 / 2 .
To minimize the influence of choice of interleaver on the performance results, a new 

random interleaver is generated for each packet. The performance results were obtained 
over 20 full iterations of the turbo-decoding algorithm using the Max-Log-MAP decoder.

The performance examination considers:
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•  various puncturing matrices,

•  blocklengths of 286,670 and 1054 information bits,

•  performance over a number of iterations,

• performance over AWGN and Rayleigh fading channels.

6.1 Notation

The puncturing matrices will be represented as a binary puneturing mask and written as a 
hexadecimal number. Consider, for example, the following puncturing matrix for a p„ =  

1/2 PSTC

1 0  0 1 

1 1 1 0  
1 0  1 1

(6.1)

Writing this as a puncture mask gives the tuple (D6 , 45), where the first number is the 
puncture mask for the first constituent code, and the second number is the puncture mask 
of the second constituent code.

To see how the puncture mask is derived from the puncture matrix, we first split the 

puncture matrix into two parts, one for each constituent code. For the first constituent 
code, this becomes

1 0  0 1 
1 1 1 0

(6.2)

Reading down the columns from left to right gives the binary sequence 1,1,0,1 ,0,1 ,1,0 , 

which, expressed as a hexadecimal number, is D6 . For the second constituent code, the 
puncturing matrix is

0 0 0 0 

1 0  1 1
( 6  3)

The first row of all zeros indicates that all the information bits are punctured. Reading 
down the eolunms from left to right gives the binary sequence 0 , 1 , 0 , 0 , 0 , 1 , 0 , 1 , which, 
expressed as a hexadeeimal number, is 45.
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CC 1
Apply p u n c tu r e  mask D6 = 1101 0110

CC 2

dio Pio dll Pii di2 P12 di3 Pl3 . . .
1 1 0 1 0 1 1 0 . . .

dio PlO Pii P12 di3

Apply p u n c tu re mask 45 = 0100 0101

*̂ 20 P20 d2i P21 d22 P22 d23 P23 • • •
0 1 0 0 0 1 0 1 . . .

P20 P22 P23 • • •

d' + pi

P2

Figure 6.1. Applying the puncture mask

The length of a puncture mask is the length of the associated binary sequence. Thus, 
both of the above masks are of length 8 .

The application of the puncture masks in the encoding operation is best illustrated with 
a diagram, as shown in Fig. 6.1. The outputs of the first (ci) and second (C2) constituent 
codes are input into the respective puncture masks. The masks are applied, and the outputs 
of the mask operation are the outputs of the turbo-encoder. Note that if  we split the output 
of the first puncture mask, d' -F p^, then this is equivalent to the data and parity branches 
of the standard turbo-encoder. Thus, we have not changed the structure of the code or the 

encoder, we have simply introduced a slightly different format.

6.2 Comparison of all Puncture Masks

All possible puncture masks of length 8  were generated for these two classes of codes. For 

the =  1/2 code, there are 96 possible combinations of the puncture masks, whereas for
the =  1 code, there are 36 possible combinations of the puncture masks.

6.2.1 Comparing Statistics

The comparison is based on examining the minimum, maximum and mean of the BER and 
FER, in the error floor region, for each of the blocklengths considered. The results are
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Table 6.1. AWGN channel statistics forFSTC and PSTC. (A) BER, (B) FER

length SNR(dB) min max mean

F286 4 3.12e-06 5.95e-06 4.30e-06

P286 4 1.25e-06 2.86e-06 1.91e-06

F670 3.5 2.44e-06 4.74e-06 3.49e-06

P670 3.5 7.50e-07 1.48e-06 1.04e-06

F1054 3 3.37e-06 6.78e-06 4.76e-06

PI 054 3 8.35e-07 1.63e-06 1.25e-06

length SNR(dB) min max mean

F286 4 4.05e-04 6.81e-04 5.27e-04

P286 4 1.36e-04 2.83e-04 1.91e-04

F670 3.5 7.20e-04 1.33e-03 1.06e-03

P670 3.5 2.10e-04 4.09e-04 2.78e-04

F 1054 3 1.65e-03 2.75e-03 2.24e-03

PI 054 3 3.90e-04 7.55e-04 5.73e-04

(A)

(B)

summarized in Table 6.1 for the AWGN channel, and in Table 6.2 for the fading channel. 
The single letter “F” or “P” before the block length in the tables, indicates the results for 
the PSTC and PSTC, respectively. As can he seen, the error rate performance of the PSTC 

is better than that of the FSTC. In all cases, the worst PSTC is as good as or better than the 
best FSTC. Generally, as the block length is increased, the error rate performance benefit of 
the PSTC also increases. This is the case for both the BER and FER and for both channels, 
although it is more significant for the FER than the BER.

6.2.2 Comparing Histograms

To better illustrate the results, histogram plots for a hlocklength o f 286 are given in Fig­

ures 6.2, 6.3, 6.4 and 6.5 for the BER and FER in the error floor region, and for both 
channels. To provide a fair comparison, the histograms are normalized by the number of 
codes in each case. In [27], puncturing matrices are given for the two classes of codes, 
although no mention is made of how these matrices were determined. Expressed as masks, 
these puncturing matrices are (D 9 ,15) and {EE,  11), respectively for the PSTC and FSTC.
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Table 6.2. Fading channel statistics for FSTC and PSTC. (A) BER, (B) FER

length SNR(dB) min max mean

F286 7 3.57e-06 5.92e-06 4.86e-06

P286 7 1.38e-06 2.91e-06 2.05e-06

F670 6 4.19e-06 6.82e-06 5.08e-06

P670 6 l.Ole-06 2.39e-06 1.48e-06

F1054 5.5 3.89e-06 l.OOe-05 5.23e-06
P1054 5.5 8.77e-07 3.74e-06 1.28e-06

length SNR(dB) min max mean

F286 7 4.64e-04 7.17e-04 6.06e-04

P286 7 1.49e-04 2.91e-04 2.14e-04

F670 6 1.23e-03 1.99e-03 1.52e-03

P670 6 2.83e-04 5.44e-04 4.15e-04

F 1054 5.5 1.90e-03 3.41e-03 2.42e-03

PI 054 5.5 4.19e-04 7.69e-04 5.80e-04

(A)

(B)

The results for these masks are also shown in the figures, along with the best puneture mask 
in each ease.

From these figures, it is evident that the PSTCs with =  1/2 perform much better 
than the PSTCs. For the BER, the histogram curves for the PSTCs and FSTCs touch, but 
do not overlap. However, for the FER, there is a noticeable gap between the histograms for 
the PSTCs and FSTCs. The results for the other blocklengths are similar. Also of note is 
that the puncturing matrices fi"om [27] are equivalent to the best possible masks, although, 
in each ease, the actual error rate is slightly higher.

The reason that the PSTCs have better FER performance than BER performance rela­
tive to FSTCs has to do with the convergence of the iterative decoding algorithm. In the 
error floor region, for an FSTC, each frame error causes a small number of bit errors. This 
indicates that the decoder has suecessfiilly converged to a codeword, although not the cor­
rect codeword, thus leading to a few bits errors. For a PSTC in the error floor region, some 
fi-ame errors cause a large number of bit errors, with the remaining frame errors causing a 
small number of bits errors. This indicates that the decoder does not always successfully 
converge to a codeword. It is in these eases where the decoder does not converge, that a
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Figure 6.2. BER Histogram for a Blocklength o f286 Bits, AWGN Channel, SNR=4dB

large number of bits errors can result from a single frame error. This does not mean that the 
decoder will never converge to a codeword. Thus, in these cases, more decoding iterations 
may provide further improvements in the BER.

6.3 Comparison of the Best Puncture Masks

In this section, we compare in detail the BER and FER performance of the best puncture 
masks for the partially-systematic and fully-systematic turbo-codes. The best masks were 

determined by examining the BER performance over a range of SNR values, and finding 
those that give the best performance over this range. This range of SNR values is shown 
in Table 6.3, and was chosen to cover both the waterfall and error floor regions. The best 
performance was obtained by comparing the performance of a particular mask over the 
range of SNR values with that of the best mask at each SNR value. The distance between
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Table 6.3. Best Puncture Masks over range o f  SNR values

channel length SNR range (dB) FSTC PSTC

AWGN 286 2.0 - 4.0 EE, 11 D 6,45

670 1.5-3.5 BB, 11 5B,51

1054 1.5-3.0 BB, 11 6D, 45

Fading 286 4.5 - 7.0 BB,44 B5, 54

670 4.0 - 6.0 BB,44 5E, 54

1054 3.5-5.5 BB, 11 7C, 54

Table 6.4. Coding Gains for Best Puncture Masks

Coding Gain at 

channel length BER = 10“  ̂ FER = 10“ ^

AWGN 286 0.5 dB 0.7 dB

670 0.5 dB 0.6 dB

1054 0.5 dB 0.7 dB

Fading 286 0.6 dB 1.0 dB

670 0.5 dB 1.1 dB

1054 0.4 dB 1.0 dB

the two sets of BERs is

distance =  ^  [logiQ{BERs) -  \ogiQ{BestBERs)f (6.4)
s  G SNR Range

where BERg is the BER of the mask at the given SNR value, and BestBERg is the best 
BER over all the masks at the given SNR value. The mask with the smallest distance was 
taken to be the best mask.

The best masks for the three blocklengths investigated are given in Table 6.3. The 
associated coding gains of the PSTC over the eorresponding FSTC are given in Table 6.4. 
When eomparing two error rate eurves, the coding gain is defined as the difference in SNR 
needed to achieve a given value of the error rate. For a particular channel and error rate, 
the coding gain appears to be relatively independent of the blocklength. Also, in general, 
the FER improvement is better than the BER improvement.
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As in the previous section, we focus on the results for a blocklength of 286 bits. The 
BER and FER performance for the best puncture masks is given in Figs. 6 .6  and 6.7, for the 
AWGN and fading channels, respectively. The results for other blocklengths are similar. 
Of particular interest is that the point when the PSTC starts to perform better than the 
FSTC occurs at approximately the same error rate for all the blocklengths. For the AWGN 
channel, the intersection points are for a BER of approximately 1.5e-04, and a FER of 
approximately 5.5e-02. For the fading channel, the intersection points are for a BER of 
approximately 3.0e-05, and a FER of approximately l.Oe-02.

6.3.1 Comparing Contour Plots

It is also useful to compare the codes over a range of SNR values and for a number of 
iterations. To best visualize these comparisons, the difference in performance between the
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two codes being compared was determined for each (SNR, iteration) point and plotted on 

a contour graph.
The BER and FER contour plots for a hlocklength of 286 hits are given in Figs. 6 .8  to 

6.11, for the AWGN and Rayleigh fading channels. The vertical axis is the number of half 
iterations, and the horizontal axis is the SNR. The contour values are given by

FSTC ) — ^ogi(j{BERpsTc)- (6.5)

For example, if  BERpsrc — 1 0 “® and BERpsrc =  1 0 ”®, then the contour would show 
1 .0 .

The most important contour to note is the one labelled 0. This is where the PSTC 
starts to perform better than the FSTC. For the points to the left of the 0 contour, the PSTC
performs worse than the FSTC. For the points to the right of the 0 contour, the PSTC

performs better than the FSTC.

From the figures, a number of observations can be made;

•  The performance benefits of the PSTCs are mainly for higher SNR values and num­

ber of iterations.

•  Even at the highest SNR value, the PSTCs do not perform better than the FSTCs 
until at least 8-10 half iterations. For lower numbers of iterations, the PSTCs perform 
worse, and in some cases significantly so.

• The better the PSTCs perform at higher iterations, the worse they perform at lower 

iterations.

All of these observations can be attributed to the slower convergence rate of the PSTC 

relative to the FSTC. The PSTC needs a higher SNR and/or number of iterations for con­
vergence to start. Even at the highest SNR values, the PSTC needs an extra one or two full 
iterations to converge.
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Chapter 7 

Partially Systematic Turbo-Codes

This chapter examines in more detail the simulation results for the PSTC from Chapter 6 . 
Recall that =  1/2, pp̂  =  Pp2 =  3/4, and puncture masks of length 8 were considered. 
All possible puncture masks were generated for this code. There are

g ) x g ) = 2 4  (7.1,

combinations of possible puncture masks for the first constituent code, and

'4
3 ;  -

combinations of possible puncture masks for the second constituent code, giving a total of 
96 possible combinations.

The simulation performance results were obtained over 20 full iterations of the turbo­
decoding algorithm using the Max-Log-MAP decoder. Information blocklengths of 286, 
670 and 1054 data bits were used on both the AWGN and fading channels. To minimize 
the influence of choice of interleaver on the performance results, a new random interleaver 
is generated for each packet.

The performance of these codes is examined in both the waterfall and error floor regions 
for both the BER and FER. These regions were defined in Chapter 3 for the BER. For 
the FER, the waterfall region will be defined as the region where the FER is between 
10“  ̂ and lOr^, while the error floor will be defined by the highest SNR value used in the 
simulation. The SNR values corresponding to the waterfall and error floor regions are given 
in Table 7.1. These ranges were selected so that they contain the error values of interest.

By examining the performance of the resulting codes, we can devise some simple de­
sign guidelines. These guidelines allow us to identify those puncture masks that have the 
potential to give good performance, and thus should be the subject of further analysis.
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Table 7.1. SNR Ranges/Values

channel length waterfall error floor

SNR range (dB) SNR value (dB) 

AWGN 286 2.0 - 3.0 4.0

670 1.5 -2.5 3.5

1054 1.5 -2.5 3.0

Fading 286 4.5 - 6.0 7.0

670 4.0 - 5.0 6.0
1054 3.5 -5.0 5.5

7.1 CCI Family Data

In this section, we examine the relative performance of each of the families of masks. 
This is done by taking the top and bottom 25% of the masks under given conditions, and 
counting how many of these masks belong to each family.

For the first constituent code, the 24 puncture masks are divided into 6  families, as 
shown in Table 7.2. Each family is labelled using the notation “f:XX”, where XX is a 
member of the family. The value of XX was arbitrarily chosen to be the lowest numbered 
member of the given family. For the second constituent code, the 4 puncture masks all 

belong to the same family.
The members of a given puncture mask family are determined by taking a single punc­

ture mask, and cyclically shifting through all possible values. Note that the cyclic shift 
must be done two positions at a time, in order to align the data and parity bits in the mask. 
For example, applying all possible cyclic shifts to SB gives

0101 1011 =  5B

1101 0110 =  D6

1011 0101 =  Bb

0110 1101 =  6D.

All of the 96 masks were partitioned according to the CCI families. Thus, we have 
96/6 =  16 puncture masks per CCI family for comparison. Since we are looking at the 
top and bottom 25% of the puncture masks, if the performance of a given family is evenly
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Table 7.2. CCI Families

label masks

f:lF IF 7C C7 FI

f:37 37 73 CD DC

f:3D 3D 4F D3 F4

f:5B 5B 6D B5 D6

f:5E 5E 79 97 E5

f:67 67 76 9D D9

distributed, we would expeet to see about 4 masks in the top 25% and 4 masks in the bottom 
25% for eaeh family.

For the first set of comparisons, we look at eaeh of the families at eaeh SNR point 

that was simulated. These results are shown in Table 7.3 for a blocklength of 286 and 
the AWGN channel, and in Table 7.4 for a blocklength of 1054, and the fading channel. 
The maximum value for each entry in the tables is 16, and the expected value is 4. Any 
table entry with a number significantly above the expected value indicates a superior mask 
family, for the given conditions, and any number significantly below indicates an inferior 
mask family.

From the tables, a number of observations can be made:

• The performance differences of the mask families tends to be more pronounced for 
the BER than the FER.

•  The f:37 family is consistently the worst, rarely appearing in the top 25%, and ap­
pearing the most in the bottom 25%.

• The f:lF and f:3D families perform well for low SNRs, but don’t do as well for the 
waterfall and error floor regions.

• The f:67 family generally performs the best in the error floor region at high SNR, but 
tends to perform very badly for the low SNR and waterfall regions.

•  The f:5B and f:5E families are generally the best in the waterfall region, although 
they do reasonably well in the other regions as well, since they rarely appear in the 
bottom 25%. The exception to this is the FER in Table 7.4.

• The FER in Table 7.4 exhibits an interesting charaeteristie for low SNRs. Specifi-
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Table 7.3. P286 AWGN (A) BER Top 25% (B) BER Bottom 25% (C) FER Top 25% (D) 
FER Bottom 25%>

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f;lF 9 6 4 5 2 4 2 1 0
f:37 0 0 0 0 0 0 1 1 0
f:3D 14 12 4 3 7 0 1 0 1
f:5B 1 3 8 8 9 10 7 7 9

f:5E 0 3 8 8 6 10 10 5 4

f:67 0 0 0 0 0 0 3 10 10

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f:lF 0 0 0 0 4 1 5 8 9
f:37 10 11 9 11 8 8 7 6 7
f:3D 0 0 0 0 1 5 2 8 5
f;5B 0 0 0 0 0 1 1 0 1
f:5E 0 0 0 0 1 0 1 1 2

f:67 14 13 15 13 10 9 8 1 0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f:lF 3 4 1 2 4 3 1 1 0
f:37 4 2 0 0 0 3 3 0 0
f:3D 3 3 3 3 3 5 0 1 1
f:5B 7 6 10 10 9 4 5 6 8
f:5E 3 7 10 9 8 7 5 4 1
f:67 4 2 0 0 0 2 10 12 14

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

f:lF 4 6 3 3 4 2 9 8 9
f:37 7 9 6 10 7 6 4 4 6
f:3D 3 1 2 1 3 7 7 8 7
f:5B 3 1 1 0 0 3 1 1 1
f:5E 5 1 1 0 0 0 3 3 1
f:67 2 6 11 10 10 6 0 0 0

(B)

(D)
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Table 7.4. P1054 Fading (A) BER Top 25% (B) BER Bottom 25% (C) FER Top 25% (D) 
FER Bottom 25%>

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

f:lF 12 14 11 12 9 12 9 5 8 6 1 0

f:37 0 0 0 0 0 0 0 0 0 1 1 2
(A) f:3D 12 10 13 12 15 12 9 6 5 4 0 1

f:5B 0 0 0 0 0 0 3 7 5 8 4 5

f:5E 0 0 0 0 0 0 3 6 6 5 6 5

f:67 0 0 0 0 0 0 0 0 0 0 12 11

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

f:lF 0 0 0 0 0 0 0 0 0 0 5 6

f:37 9 8 8 8 8 8 8 8 6 7 6 4

(B) f;3D 0 0 0 0 0 0 0 0 1 1 9 9

f:5B 0 0 0 0 0 0 0 0 1 1 3 2

f:5E 0 0 0 0 0 0 0 0 1 0 1 3

f:67 15 16 16 16 16 16 16 16 15 15 0 0

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

f:lF 4 4 4 4 4 6 2 5 5 2 0 1
f:37 4 4 4 4 4 2 0 0 2 2 1 4

(C) f:3D 4 4 4 4 4 4 5 3 5 3 0 0

f:5B 4 4 4 4 4 7 9 8 7 6 7 4

f:5E 4 4 4 4 4 4 8 8 5 5 5 5

f:67 4 4 4 4 4 1 0 0 0 6 11 10

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5

f:lF 4 4 4 4 4 1 0 0 2 2 6 7

f:37 4 4 4 4 4 6 11 9 6 5 5 5
(D) f:3D 8 8 8 8 8 5 0 0 1 6 9 7

f;5B 4 4 4 4 4 3 0 0 1 2 1 1

f:5E 4 4 4 4 4 1 0 0 1 1 2 4

f:67 0 0 0 0 0 8 13 15 13 8 1 0
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cally, all of the mask families appear to be equally likely sinee the eount is usually 4 
for both the top and bottom 25%.

Similar observations ean be made for the other bloeksize and ehannel eombinations.

7.2 CCI Individual Data

As we saw in the previous section, certain families of puncture masks tend to give better 
performance, with the f:5B and f:5E families doing best in the waterfall region, and the 
f:67 family doing best in the error floor region. As such, this section will concentrate on 

these families, and will look at the performance in the waterfall region for the f:5B and f;5E 
family masks, and in the error floor region for the f:67 family masks.

7.2.1 Waterfall Region

For the waterfall region, we linearly interpolated the simulation results, to determine the 
SNR required to obtain the desired BER and FER. Specifically, we determined the required 

SNR values to obtain bit error rates of 10“ ,̂ 10“'̂  and 10~® and frame error rates of 10“  ̂
and IGr^. As in the previous section, the relative performance is determined by taking the 
top and bottom 25% of the masks, and counting the number of times each mask appears.

In order to determine the top and bottom 25% of the masks, all of the masks were 
ordered according to their performance over the entire range of BERs or FERs. Using an 
approach similar to the one used in Section 6.3, the distance between a particular mask 
and the best mask at the given error rate value, was calculated over the range of error rate 
values. For the BER, the distance between the two sets of SNRs is

distance =  ^  [SNRf, — BestSNRbŸ (7.3)
b 6 BER Range

where SNRg is the SNR of the mask at the given BER value, and BestSNRb is the best SNR 
over all the masks at the given BER value. The distance between the two sets of SNRs for 
the FER is calculated in a similar manner. All 96 masks were ordered according to their 
distance value with the smallest distance values being the best, and the largest distance 
values being the worst.
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Although all the masks were ordered, only the counts for the f:5B and f:5E mask fami­
lies are presented in Table 7.5, which shows how many times the given masks appear in the 
top 25% of all the masks, for the BER and FER waterfall regions.

The six columns labelled 286A to 1054F indicate the counts for the given conditions. 
The numeric part of the label indicates the blocklength, and the letter indicates the channel, 
with A=AWGN and F=fading. The sum of all the individual masks (or equivalently, the 

sum of the mask families) in any one column has a maximum value of 24, which is the 

number of masks that are in the top 25% of all masks (i.e. 25% of 96 = 24). For each 
row labelled by an individual CCI mask, the maximum value of a table entry is 4, and the 
expected value is 1. For each row labelled by a CCI mask family, the maximum value of 
a table entry is 16, and the expected value is 4. The Total column shows the sum of all the 
entries in the given row. The Total entry for an individual CCI mask has a maximum value 
of 24, and an expected value of 6 . The Total entry for a CCI mask family has a maximum 
value of 96, and an expected value of 24.

As before, any number significantly above the expected value indicates a superior 
mask/family, and any number significantly below indicates an inferior mask/family.

Some observations can be made:

•  The majority of best masks in the waterfall region belong to the f:5B and f:5E fami­
lies. This can be clearly seen by combining the entries for the f:5B and f:5E families 
for any given blocklength and channel combination. The counts of the masks ranges 

from a low of 11 to a high of 22 out of the 24 masks in the top 25%. This observation 

was already suggested in the previous section, but is more noticeable here, especially 
for the bit error rate.

•  All masks contribute to the performance of the corresponding mask family, although 
certain masks tend to stand out, such as the 5B, 5E and B5 masks. For both the BER 
and FER, the values in the Total column for each of these individual masks is at least 
half the maximum value of 24 for that table entry. This means that for each of these 
masks, across all conditions, they are in the top 25% of all masks, at least 50% of the 
time.

•  Overall, the 5B mask tends to perform best across all conditions, and for both the bit 
and frame error rates.
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Table 7.5. CCI Waterfall Region (A) BER Top 25% (B) FER Top 25%>

286A 286F 670A 670F 1054A 1054F Total

f:5B 10 13 8 8 12 7 58

5B 4 3 3 3 4 3 20

6D 0 3 2 2 4 1 12

B5 2 4 1 0 3 2 12

D6 4 3 2 3 1 1 14

f:5E 12 7 9 7 10 4 49

5E 4 1 4 3 4 0 16

79 2 2 1 3 4 1 13

97 4 1 4 0 1 1 11

E5 2 3 0 1 1 2 9

286A 286F 670A 670F 1054A 1054F Total

f:5B 9 10 8 8 7 9 51

5B 3 2 2 3 1 3 14

6D 1 4 3 0 1 1 10
B5 2 4 1 1 4 4 16

D6 3 0 2 4 1 1 11

f:5E 8 6 7 6 4 8 39

5E 4 2 4 4 0 3 17

79 1 1 2 1 2 2 9

97 1 3 1 1 1 2 9

E5 2 0 0 0 1 1 4
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Table 7.6. CCI Error Floor Region (A) BER Top 25% (B) FER Top 25%

286A 286F 670A 670F 1054A 1054F Total

f:67 10 13 11 13 11 11 69

67 2 4 3 1 4 3 17

76 1 2 1 4 2 3 13

9D 4 4 3 4 3 4 22

D9 3 3 4 4 2 1 17

286A 286F 670A 670F 1054A 1054F Total

f:67 14 16 12 13 13 10 78

67 4 4 3 1 4 3 19

76 2 4 2 4 2 3 17
9D 4 4 3 4 4 4 23

D9 4 4 4 4 3 0 19

(A)

(B)

7.2.2 Error Floor Region

For the error floor region, we examine the error rate performanee for the highest SNR 

value simulated. The mask eounts for the error floor region of the f:67 family are given in 
Table 7.6. The table has the same format and layout as Table 7.5 in Seetion 7.2.1.

Some observations ean be made:

•  All masks eontribute to the performanee of the mask family, although the eontribu- 
tion is not evenly distributed.

•  Overall, the 9D mask tends to perform the best aeross all eonditions, and for both 
bit and fl-ame error rates. In fact, the individual mask eounts in the Total column are 
22 and 23 for the BER and FER, respectively, out of a maximum count of 24. This 
indicates that almost all of the 9D masks are in the top 25% aeross all interleaver and 
ehannel conditions.

• The 76 mask tends to perform the worst across all conditions, and for both the bit 
and frame error rates, although even here, the 76 mask will be in the top 25% of all 
masks at least 50% of the time.

• The f:67 masks tend to have a more significant presence for the FER than for the 
BER. This is in contrast to the waterfall region, where the predominant mask families
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Table 7.7. CC2 P286 AWGN (A) BER Top 25% (B) BER Bottom 25%

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

15 5 4 1 2 3 8 6 8 8

45 7 5 4 6 6 4 5 7 6 (A)

51 5 8 9 10 6 5 4 6 7

54 7 7 10 6 9 7 9 3 3

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

15 7 7 8 7 7 6 5 7 5

45 7 6 7 8 4 6 7 6 5 (B)

51 5 5 4 3 6 5 7 8 6

54 5 6 5 6 7 7 5 3 8

tend to have a more significant presence in the BER. We suspect that this is simply 
due to the particular definitions of these regions for given conditions.

7.3 CC2 Data

For the second constituent code (CC2), all four masks belong to the same family. Thus, if 
the 96 total masks are partitioned according to the CC2 mask, there are 96/4 =  24 puncture 
masks per CC2 mask for comparison. As in the previous section, we will look at the top 
and bottom 25% of all the masks, and count the number of times each CC2 mask appears. 
If the masks are equally distributed across the performance range, we would expect each 
CC2 mask to appear about 6  times in the top 25% and about 6  times in the bottom 25%.

Some sample results are shown in Table 7.7 for a blocklength of 286 and the AWGN 
channel, and in Table 7.8 for a blocklength of 1054, and the fading channel. These are the 
same conditions as presented in Tables 7.3 and 7.4 in Section 7.1. What we find is that all 
four masks appear with relatively equal frequency in both the top and bottom 25%. The 
tables suggest that the 15 CC2 mask tends to perform slightly better in the error floor region 
and the 54 CC2 mask tends to perform slightly worse, but other results, especially for a 
blocklength of 670, show the opposite. For the waterfall region, there is no clear distinction 
between any of the CC2 puncturing masks, as they all tend to appear with approximately
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Table 7.8. CC2 P1054 Fading (A) BER Top 25% (B) BER Bottom 25%

0.0 0.5 1.0 1.5 2.0 2.5 3.0

15 7 5 8 4 5 9 11

45 6 6 4 9 7 6 6 (A)

51 6 7 6 4 5 3 2

54 5 6 6 7 7 6 5

0.0 0.5 1.0 1.5 2.0 2.5 3.0

15 6 6 5 5 5 7 3

45 7 7 7 5 7 4 7 (B)

51 5 6 6 7 9 5 8

54 6 5 6 7 3 8 6

equal frequency.

To see if  a larger sample size would show anything different, we also repeated the above 
but took the top 50% of the masks. In this ease, the expected value of the count is 12, 
assuming uniform distribution. Again, there are no significant and consistent differences 
between the counts for any of the CC2 puncture masks. For example, the results for a 
blocklength of 670 on the AWGN channel, are shown in Table 7.9. This highlights the 
point mentioned above, that, for a blocklength of 670, the 54 CC2 puncture mask tends 
to perform better in the error floor region, whereas the 15 CC2 mask performs worse in 
the same region. However, this observation does not hold for other bloeklength/ehannel 
combinations.

One possible explanation for the similar performance across all the masks has to do 
with the choice of interleaver. Since the interleaver is applied to the information bits before 
being passed to the CC2 encoder, the interaction between the interleaver and the puncturing 
mask has a direct impact on the weight spectrum of the encoder output. However, in this 
chapter we are considering a randomly generated interleaver for each packet, and thus 
the contribution of a particular puncturing mask is averaged out over all the interleavers. 
This does not occur for the CCI encoder, since the interleaver does not affect the weight 
spectrum of the output of the CCI encoder.
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Table 7.9. CC2 P670 AWGN (A) BER Top 50% (B) FER Top 50%

0 .0 0.5 1.0 1.5 2 .0 2.5 3.0 3.5
15 14 11 12 11 11 14 6 6

45 11 11 8 16 12 8 15 10 (A)
51 10 13 13 11 15 13 16 14
54 13 13 15 10 10 13 11 18

0 .0 0.51 1.0 1.5: 2 .0 2.5 3.0 3.5
15 12 16 10 12 13 12 5 8

45 12 15 10 13 12 12 15 10 (B)
51 12 8 15 13 13 12 15 10

54 12 9 13 10 10 12 13 2 0

Table 7.10. Binary representation o f puncture masks

mask binary info bits only number of runs
IF 0 0 0 1 1111 0 0  11 2

37 0 0 1 1 01 1 1 01 01 4
3D 0011 1101 01 10 4
5B 0 1 0 1 1011 0 0  11 6

5E 0101 11 1 0 0 0  11 4
67 0 1 1 0 0111 01 01 4

7.4 Discussion

In this section, we discuss the relative performance of the different puncture masks, and 
their associated families.

By examining the actual bit patterns of these masks, we may be able to gain some 
insight. Table 7.10 gives the binary representation for the first mask in each family, along 
with the number of runs. A run is defined as a sequence of contiguous bits of the same 
value.

There is an obvious difference between the three families that perform poorly in the 
waterfall and error floor regions (i.e. f:lF, f:37, f;3D) and the three families that perform 
well in these regions (i.e. f:5B, f:5E and f:67). The poorly performing masks all start with
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00. Recall that each group of two digits represent a single stage in the trellis. Thus, a 00 
indicates that both the information and parity bits for the given stage are punctured. The 
conclusion that can be drawn from this is that for any given stage in the trellis, either the 
information bit or the parity bit can be punctured, but never both.

Further examining the masks that perform well, a number of observations can be made:

• The number of runs is highest for f:5B, but is the same for f:5E and f:67.

• Both f:5B and f:5E have runs of 1 ’s of length 1, whereas the shortest runs of 1 ’s for 
f:67 is 2.

•  Considering only the puncturing of the information bits, f:67 punctures every second 
information bit, whereas f:5B and f:5E puncture two consecutive information bits.

From these observations, it appears that puncturing alternate information bits gives 
better performance in the error floor region, while maximizing the number of runs of length 
one in the puncturing mask gives better performance in the waterfall region. Since the 
output of the CCI encoder is not affected by the choice of interleavers, it would seem 
reasonable that these observations can be applied to specific interleavers as well.
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Chapter 8 

Partially Systematic Turbo-Codes with 
Select Interleavers

This chapter combines the results of previous chapters by applying code design methods to 
the selection of interleavers and puncturing masks. The selected codes are then simulated 
and compared. The PSTC code parameters are the same as considered in the previous 
chapter, namely, =  1/2 and Pp̂  =  Pp̂  =  3/4, although only a blocklength of 286 
will be considered. In Chapter 6  and Chapter 7, the results were shown to be relatively 

independent of the blocklength. Thus, for the purposes of examining the puncturing masks, 
it is sufficient to examine a single blocklength.

8.1 Design Procedure

The design procedure that was used is detailed in this section. Both the minimum distance 
and distance spectrum slope criteria were used in the selection process.

The following major steps were applied. Each step is described in more detail later.

1. A number of VSR and MSR interleavers were generated, and the w =  \  and w — 2 
weight spectrums were determined. For each interleaver type, the interleavers with 
the highest dmin values were selected.

2. For the selected interleavers, the w =  3 and w =  4 weight spectrums were deter­
mined. Note that the w =  1 and w — 2 weight spectrums for these interleavers were 
already determined in the previous step. For each interleaver type, the interleavers 

with the highest dmin values were selected.

3. For the selected interleavers, the distance spectrum slope was calculated. For each
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interleaver type, 5 interleavers with the best (i.e. lowest) slope were selected.

4. The selected interleavers were combined with all the puncture masks, and the weight 
spectrum was determined for w — 1,2,3,4. From the weight spectrums, the distance 
spectrum slope was calculated. Two codes were selected: one that best satisfies the 

minimum distance criteria, and one that best satisfies the distance spectrum slope 
criteria.

8.1.1 Step #1

To determine whether the VSR interleavers are indeed better than the MSR interleavers, 
both types of interleavers were generated.

A total of 1600 VSR and 1600 MSR interleavers were generated. The S-values for 
both interleavers were varied over a range of values and for each particular value, 2 0 0  

interleavers were generated. For the VSR interleaver, the S-value was varied from 9 to 16. 
For the MSR interleaver, the S-value was varied fi"om 12 to 19.

The w =  1,2 weight spectrum was calculated for all the generated interleavers. For the 
VSR interleaver, the highest dmin was 20, and there were 139 interleavers with this value. 
For the MSR interleaver, the highest dmin was 18, and there were 331 interleavers with this 
value.

Although the VSR interleavers are better than the MSR interleavers fi-om the minimum 
distance criteria, both interleaver types were carried forward to the next step.

8.1.2 Step #2

For the 139 VSR and 331 MSR interleavers selected in the previous step, the w =  3 and 
w =  A weight spectrums were determined. The values of dmin for the selected interleavers 
were recalculated based on the additional weight spectrum data.

For the VSR interleaver there were 114 interleavers with a dmin of 20, which means 
that 25 interleavers or approximately 20% had minimum distances lower than 20 that were 
caused by the higher input weights. For the MSR interleaver there were 295 interleavers 
with a dmin of 18, which means that 36 interleavers or approximately 10% had minimum 
distances lower than 18 that were caused by the higher input weights.

The 114 VSR and 295 MSR interleavers were carried forward to the next step.
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Table 8.1. Selected VSR Interleavers

ilv slope w — 0 w; =  1 w =  2 w — 3 w =  A

VSR15 000 56.35 (20,11) (26,1) (20,7) (21, 1) (20, 4)

V SR ll 090 56.19 (20, 9) (26, 1) (20, 3) (23,1) (20, 6)

V SRll 112 56.08 (20, 8) (27,1) (20, 5) CKJl) (20, 3)
V SR ll 194 55.12 (20, 10) (22,1) (20,7) (20, 3)

V SR ll 154 53.5 (20,13) (33,1) (20,7) (2 ^ 1 ) (20, 6)

Table 8.2. Selected MSR Interleavers

ilv slope to =  0 to =  1 to — 2 to =  3 to =  4

MSR19 171 53.36 (18, 14) (18,14) (19, 1) (19,1)
MSR13 031 53.26 (18,10) (31, 1) (18, 10) (22, 2) (20, 4)
MSR15 062 52.53 (18,11) (33,1) (18,11) (21, 1) (20,14)
MSR18 111 52.5 (18,12) (29,1) (18, 12) (20,1) (20,11)

MSR18 023 51.41 (18,2) (23,1) (18,2) (2 ^ 1 ) (20,14)

8.1.3 Step #3

The distance spectrum slope was calculated for each of the interleavers carried over from 
the previous step. For each interleaver type, the 5 interleavers with the lowest slope values 
were selected and these 1 0  interleavers were then carried forward to the next step.

The selected interleavers are given in Table 8.1 for the VSR interleavers, and Table 8.2 

for the MSR interleavers. The ilv column identifies the interleaver. The first number is the 
S-value that was used to generate the interleaver. The second number is the number of the 
interleaver out of the 200 that were generated for each S-value. The slope column gives the 
value of the slope. The w — i Xo w — A columns give the (dmin,w, dmin,w )) tuples 
for each input weight w. As before, the w =  0 column shows the (dmin, A(dmin )) tuple.

A number of observations can be made from these tables:

•  The slope values for the MSR interleavers are lower than those of any of the VSR 
interleavers.

• When comparing their (dmin,w, A(w, dmin,w )) tuple values, the VSR interleavers are 
better than the MSR interleavers, for all input weights.
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•  Almost all of the interleavers exhibit the characteristic mentioned earlier concerning 

dmin,4 , namely, that the maximum value of dmin,a seems to be around 2 0 .

•  The S-values that gave the best interleavers are not the highest values considered. 
This is more prominent for the VSR interleavers, than the MSR interleavers.

•  For the VSR interleavers, the interleavers that have the best slope and dmin values 
are not the same, whereas for the MSR interleavers, the same interleaver has the best 

slope and dmin values.

8.1.4 Step #4

In this step, both the PSTCs and FSTCs were considered.

For the PSTC, a subset of the possible puncture masks were considered. In Chapter 7, 

three CCI puncture mask families were identified as providing good performance (f:5B, 
f:5E and f:67), and three were identified as not providing good performance (f:lF, f:37 and 
f:3D). As noted in Chapter 7, these results are independent of the choice of interleaver. 
Based on these results, only the three CCI mask families that gave good performance are 
considered for this step. All of the CC2 masks will be used. This gives a total of 48 
puncture masks to consider. Combining the selected interleavers from the previous step, 
with all the good puncture masks gives a total of 480 codes.

For the FSTC, all 36 possible puncture masks were used. Combining the selected in­

terleavers from the previous step, with all these puncture masks gives a total of 360 codes.
For each of the considered codes, the weight spectrum for w =  1,2,3,4 was deter­

mined, and the distance spectrum slope was calculated. Four PSTCs and four FSTCs were 
then selected. Of the four selected PSTCs, two use a VSR interleaver and two use an MSR 
interleaver. For each interleaver type, one code was selected based on the minimum dis­
tance criteria, and one was selected based on the distance spectrum slope criteria. The same 
approach was used for selecting the four FSTCs.

The four PSTCs are shown in Table 8.3, and the four FSTCs are shown in Table 8.4. 
The criteria column indicates which of the two design criteria were used in the selection 
process. The mask column indicates the puncture mask, as a hexadecimal number. The 
remaining columns are the same as used in Table 8.1.

A number of observations can be made regarding the slope and dmin values:



8. Partially Systematic Turbo-Codes with Select Interleavers 95

Table 8.3. Selected PSTC Codes

criteria ilv mask slope w = 0 w = 1 w — 2 '1/7 =  3 w — 4

dmin MSR18 023 67, 45 354.18 (13,4) (18,1) (13,4) (16, 4) (14,19)

V SRll 112 67, 54 374.21 (14, 5) (19,1) (14, 1) (17, 7) (14, 4)
slope MSR18 111 5B, 15 343.9 (12, 2) (22, 1) (12, 2) (16,4) (13,1)

V SR ll 154 5B, 15 349.09 (12, 1) (25, 1) (14, 4) (15, 1) (12:, 1)

Table 8.4. Selected FSTC Codes

criteria ilv mask slope w =  0 w =  1 w = 2 w = 3 w =  4

dm in MSR18 023 AF, 11 2162.19 (1(), 8) (15, 1) (K), 8) (12, 5) (12, 49)

V SR ll 112 EE, 44 2312.6 (10,2) (17, 1) (10,2) (13, 2) (12, 21)
slope MSR18 111 AF,5 2064.98 (10,18) (19, 1) (10,18) (13, 8) (12, 66)

V SR ll 154 AF,5 2078.45 (%1) (19, 1) (8,1) (11,2) (12, 44)

1. The slope values of the PSTCs are much lower than those of the FSTCs. This would 

suggest that the PSTCs should perform better in the waterfall region.

2. The minimum distance values of the PSTCs are higher than the FSTCs for all the 
input weights considered. This would suggest that the PSTCs should perform better 
in the error floor region.

3. The codes with MSR interleavers have better slope values, than the corresponding 
code with a VSR interleaver. With one exception, the codes with VSR interleavers 
have better and multiplicity values, than the corresponding code with an MSR 
interleaver. This is similar to the unpunctured codes in Tables 8.1 and 8.2, where 
the codes with VSR interleavers have better dmin values, and the codes with MSR 
interleavers have better slope values. The exception is the FSTC slope code, where 
the code with the MSR interleaver has a better dmin value.

In addition, a number of observations can be made regarding the interleavers used in 
the selected codes:

1. The interleavers used in the selected codes are the same for both the FSTCs and 
PSTCs, for the same selection criteria. For example, the (MSR18, 023) interleaver is 
used by the dmin code for both the PSTC and FSTC.
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2. Looking at the values in Tables 8.1 and 8.2 for the selected interleavers, a num­

ber of similarities emerge. In general, the interleaver selected by the slope codes 
has the best slope value, and the interleaver selected by the dmin codes has the best 
dmin value. The exception to this is the MSR interleaver selected by the slope codes. 
In this case, the selected interleaver has the second best slope value in Table 8.2. Ex­
amining the complete list of slope values for the FSTCs, the second best slope code 
has the (MSR18, 023) interleaver and the puncturing pattern is the same as given 

in Table 8.4. Similarly, examining the complete list of slope values for the PSTCs, 
the third best slope code has the (MSR18, 023) interleaver and the puncturing pat­
tern is the same as given in Table 8.3. This suggests that the best unpunctured slope 
interleavers are among the best punctured slope interleavers, and similarly the best 

unpunctured dmin interleavers are among the best punctured dmin interleavers.

Lastly, a number of observations can be made regarding the puncture masks used in the 
selected codes:

1. For the PSTC and FSTC slope codes, the same puncture mask is seleeted across the 
two interleavers. This is the (5B, 15) mask for the PSTC and the (AF, 5) mask for 
the FSTC.

2. For the PSTC dmin codes, the puncture masks only differ in the CC2 component and 
the same CCI puncture mask is selected, across the two interleavers,

3. The FSTC dmin codes, are the only codes where the puncture masks are not the same 
or similar across the two interleavers.

4. For the PSTC codes, the selected puncture masks confirm the observations made in 
Chapter 7, that the f:67 family of puneture masks tends to perform best in the error 

floor region, as selected by the dmin codes, and that the f:5B and f:5E families tend 
to perform best in the waterfall region, as selected by the slope codes.

8.2 Simulation Results

The eight punctured rate 1/2 codes listed in Tables 8.3 and 8.4 were simulated. In ad­
dition, the unpunetured rate 1 /3  codes using the interleavers from these tables were also 
simulated. All the simulations used the MaxLogMAP algorithm, with 20 full iterations of 
the iterative decoding algorithm. The simulations were performed on both the AWGN and
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fading channel. Selected simulation results are presented and compared in the following 
sections, in terms of their BER and FER performance in both the waterfall and error floor 
regions. The definitions of the waterfall and error floor regions as given in Section 3 for the 
BER and Section 7 for the FER, will be used for the comparisons.

8.2.1 Interleavers

The BER and FER simulation results for the rate 1/3 codes using the four interleavers 
are shown in Fig. 8.1 for the fading channel. The error rate performance of the two VSR 
interleavers is almost identical, and similarly, the error rate performance of the two MSR 
interleavers is almost identical. In the waterfall region, all four codes can be considered 
equivalent and it is only in the error floor region that the VSR interleavers, with their larger 

dmin values, start to be noticeably better. The results for the AWGN channel are similar.

8.2.2 PSTC

The BER and FER simulation results for the four PSTCs are shown in Fig. 8.2 for the 

AWGN channel.
Comparing the error rate performance of the codes with the same interleaver type, the 

slope code is better through the entire waterfall region, and well into the error floor region. 
It is only at the last SNR point (3.5dB) that the dmin code starts to approach the performance 
of the slope code. For the BER, the performance gap narrows, especially for the codes 
using the VSR interleaver where the slope and dmin codes are equivalent. For the FER, this 
is even more noticeable, as the dmin code performs as good as or better than the slope code. 
This can be explained by noting that the slope codes start to exhibit a flattening of the curve 

at 3.5dB, which is not evident for the dmin codes.
The relative performance of the slope and dmin codes is the expected behaviour, since 

the slope codes have better slope metric values, and worse dmin metric values.
Comparing the error rate performance of the codes using the VSR interleavers, with the 

codes using the MSR interleavers, it is evident that the VSR-based codes perform as good 
as or better in both the waterfall and error floor regions, than the corresponding MSR-based 
code using the same design criteria. For the slope codes, the VSR-based code is equivalent 
to the MSR-based code in the upper part of the waterfall region, and is only marginally
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better in the lower part of the waterfall region, at a BER around 10“ .̂ However, in the error 
floor region, the MSR-based code starts to exhibit a very noticeable flattening of the error 

rate curves, which widens the performance gap. For the dmin codes, the VSR-based code 
is better throughout both regions of interest, and the performance gap widens as the SNR 
is increased, even though the MSR-based code does not show a noticeable flattening of the 
error rate curves.

Based on the dmin metric values, it is expected that the VSR-based codes would perform 
better in the error floor region than the MSR-based codes selected with the same design 

criteria. This has been confirmed by the simulation results. On the other hand, based on the 
slope metric values, it would be expected that the MSR-based codes would perform better 
in the waterfall region, than their VSR-based counterparts. This has not been confirmed by 
the simulations. This discrepancy can be explained as follows:

1. For the two slope codes, the slope values are very close, so it is reasonable to expect 

their BER performance to be close, and at the lower end of the error floor, dmin and 
its multiplicity starts to influence performance.

2. The situation for the dmin codes is similar to that of the slope codes in point #1 above. 
Although the difference in slope values is larger, the difference in dmin is also larger.

3. For the MSR-based slope code, and VSR-based dmin code, the difference in slope 
values is quite large, and only for these codes does the expected behaviour occur, 
where the code with the lower slope performs better in the waterfall region.

This can be summarized by noting that for cases where the slope values are quite close, the 

dmin values start to influence the relative performance.
The results for the fading channel are similar, both when comparing the different design 

criteria, and when comparing the different interleaver types, although the differences are 
not as significant.

8.2.3 FSTC

The BER and FER simulation results for the four FSTCs are shown in Fig. 8.3 for the 

AWGN channel. Three of the codes are virtually identical. The VSR-based dmin code is 
the only one that stands out as being clearly better than the other three in both the waterfall 
and error floor regions. The results for the fading channel are similar.
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For the error floor region, the simulation results correspond to what is expected, since 

the VSR-based dmin code has the best dmin metric. However, for the waterfall region, the 
code with the worst slope metric has the best performance. One explanation for why the 

code with the worst slope metric has the best performance might have to do with the nature 

of the weight spectrum for these codes.
The weight spectrums and associated fitted lines, for two of the FSTC codes are shown 

in Fig. 8.4. These two codes are the VSR-based dmin code, which has the highest slope 
value, and the VSR-based slope code. Both codes exhibit the property that, for similar 
values of d, A{deven) > Mdodd), (i c. the multiplicity for even weight codewords is higher 
than for odd weight codewords for codewords of similar weight). However, for the slope 

code, the ratio A{deven)IA{dodd) is several times larger than for the dmin code. As a result, 
for all values of d,

■^{d odd,slope)
 ̂ratio,odd — <  1 (8 .1)

^ { d o d d , d m i n  )  

and

A _  even, slope) .
-^ratio,even —  a / ,  \

even,dmin )

In determining the slope values of the two codes, the fact that, for most similar values of 

d, Aratio,even < / Aratio,odd causcs thc slopc valuc of thc slopc codc to bc lowcr than that 
of the dmin code. In determining the error performance of the two codes, the odd weight 
codewords do not contribute significantly to the error performance, since their multiplicity 
is much lower than for the even weight codewords. Thus it is mainly the even weight 
codewords that actually contribute to the error performance, and since Aratio,even >  1, the 
dmin code has better error performance than the slope code.

The key attribute of the codes are the values of the CCI mask. All three of the FSTC 

codes that have a CCI mask of AF exhibit similar properties relative to the code with a 
CCI m ask o f  EE. The distance spectrum slope criteria is not able to properly handle this 

situation, and so codes that perform poorly have the potential to have good slope values.

8.2.4 Best PSTC vs FSTC

Based on the simulation results of Sections 8.2.2 and 8.2.3, the best PSTC and FSTC were 
selected and compared.
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Table 8.5. Intersection Points fo r  PSTC vs FSTC

BER Curves FER Curves

channel BER SNR(dB) FER SNR (dB)

AWGN 2.6e-6 2.95 1.7e-3 2.4
fading 3.2e-7 6.0 8.5e-5 5.5

The selection was based on the error rate performance in both the waterfall and error 
floor regions. In each ease, there is clearly one code the provides the best performance 

across both of these regions. In both eases, the best code uses a VSR interleaver. For the 

PSTC, the best code is the one selected using the slope design criteria, and is the code 
with puncture mask (5B, 15). For the FSTC, the best code is the one selected using the 
dmin design criteria, and is the code with puncture mask (EE, 44).

The error rate curves for these two codes are shown in Fig. 8.5 (A) for the AWGN 
channel and Fig. 8.5 (B) for the fading channel. The curves show both the BER and FER 
for the given channel. The intersection points, where the PSTC starts to perform better than 
the FSTC are given in Table 8.5.

For the BER on the AWGN channel, the FSTC is better than the PSTC throughout the 
waterfall region, and it is only in the error floor region that the PSTC starts to provide better 
BER performance. For the FER on the AWGN channel, the PSTC starts to perform better 
than the FSTC at a lower SNR than for the BER, towards the lower end of the waterfall 
region. For the BER on the fading channel, the FSTC is better than the PSTC throughout 
both the waterfall and error floor regions. The curves only intersect at the last SNR point of 

6dB, below the error floor region. For the FER on the fading channel, the PSTC again starts 
to perform better than the FSTC at a lower SNR than for the BER. Note that for both the 
AWGN channel and the fading channel, the SNR point where the PSTC starts to perform 
better than the FSTC is about 0.5dB lower for the FER than for the BER.

As previously discussed in Chapter 7, the PSTC has problems with convergence of the 
iterative decoder, and so does not exhibit the good performance that it is capable of, for 
a lower SNR or lower number of iterations. For the results presented in this section, the 

PSTC does eventually give better error rate performance than the FSTC, but at lower error 
rates than presented in Chapter 7.

Part of the the reason for this is simply the choice of interleaver. The previous results
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used a different random interleaver for eaeh paeket, giving the error rate performanee of 
the average random interleaver. The results presented here use the hest interleaver selected 
according to the code design procedure outlined earlier. This selected interleaver lowers 

the error rate curves eonsiderahly on its own. This is evident from the results of Chapter 4, 

where it was shown that the best interleaver can give an order of magnitude improvement 
in the error rate over the average interleaver.

Unfortunately, the choice of interleaver on its own, does not account for all of the 
performance difference between the current results, and those of Chapter 7. One method to 
improve the performance of the selected codes is investigated in the next section.

8.3 Simulation Results Using Scaling

It is known that scaling of the extrinsic information between eaeh iteration can sometimes 
improve the convergence properties of the iterative decoding algorithm. However, there 
is as yet no systematic way to choose appropriate scaling methods or parameters [29, 30]. 
A number of different sealing methods were investigated in [31], and it was found that 
increasing the sealing value with each iteration gave the best results. The investigation in 
[31 ] was focused on a turbo-deeoder using the SOVA algorithm, hut this method was also 
applied to a turho-deeoder using the MaxLogMAP algorithm with good results.

In this section, the above scaling method was used to improve the convergence proper­

ties of the PSTC. Thus, the sealing factor is given by

scale factor =  a +  ib (8.3)

where a is the initial value, b is the per iteration increment, and i is the iteration number, 
starting at 0. The extrinsic information is multiplied by this scaling factor before it is 
passed to the next iteration of the decoding algorithm. Through trial and error, the values 
of a =  0.5 and b =  0.025 were found to give good results. With 20 full iterations, the final 
scaling value will be 0.5 -f 19 x 0.025 =  0.975. Note that a different set of parameters may 
give equal or better results.

Some of the PSTCs and FSTCs given in Sections 8.2.2 and 8.2.3 were simulated again, 
but this time incorporating the above scaling parameters. All the other simulation parame­
ters were the same. For the PSTCs, only the slope codes were used, whereas for the FSTCs
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only the dmin codes were used. Codes using both the VSR and MSR interleavers were 
eonsidered. The results are shown and compared in the following sections.

8.3.1 Scaled PSTC

The BER and FER simulation results for the two PSTC slope codes are shown in Fig. 8.6 
for the AWGN channel. Both the sealed and unsealed simulation results are shown.

For both the waterfall and error floor regions, the scaled codes clearly perform better, 
providing about 0.25dB coding gain throughout the whole region, relative to the unsealed 
codes. This is true for both interleaver types, and for both BER and FER. Thus, scaling 
helps with the convergence of the decoder in these eases.

It is only at the last SNR point, well below the error floor that the performanee of the 
scaled and unsealed codes starts to converge. This is reasonable given that the sealing helps 
with the convergence of the decoder, and in general, it is easier for the decoder to converge 

as the SNR is increased. Thus, sealing provides less benefit at higher SNRs. Also, below 
the error floor region, most of the errors are due to the code structure, and not problems 
with the convergence of the decoder.

The results for the fading channel are similar, with a coding gain of about 0.45dB for 
the sealed codes in both the waterfall and error floor regions. However, the scaled codes 
continue to perform better even for the highest SNR point, which is below the error floor 
region.

8.3.2 Scaled FSTC

The BER and FER simulation results for the two FSTC slope codes are shown in Fig. 8.7 
for the AWGN channel. Both the sealed and unsealed simulation results are shown.

For the entire range of the error rate curves, the performance of the scaled codes is 
almost identical to their unsealed counterparts. There is a slight gap in the curves, for the 
region around the SNR=1.5dB point, but this gap is not large enough to indicate that the 
scaled codes are better.

The results for the fading channel are similar, although there is a small separation be­
tween the sealed and unsealed curves over the entire range of the curves. However, this 
separation is not sufficient to indicate that the scaled codes are better.
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Table 8.6. Intersection Points for Results with Scaling

BER Curves FER Curves

channel BER SNR(dB) FER SNR(dB)

AWGN 1.3e-4 2.25 8.6e-2 1.5

fading 2.1e-6 5.3 l.Oe-2 4.1

These results indicate that the scaling parameters used do not improve the performance 
of these codes, but neither do they degrade the performance of the codes. A different choice 
of scaling parameters may provide some improvement in the performance.

8.3.3 Best Scaled PSTC vs Scaled FSTC

In this section, the error rate performance of the best PSTC and FSTC is compared, using 
the simulation results with scaling. Although the chosen scaling parameters do not improve 
the performance of the FSTC, neither do they degrade the performance, so it is valid to use 
the simulation results with scaling for both codes.

As with the unsealed case, the VSR interleaver based codes provide better error rate 

performance than the MSR interleaver based codes. Thus, the same codes are compared 
in this section, as were compared in Section 8.2.4. For the PSTC, the best code is the one 

selected using the slope design criteria, and is the code with puncture mask (5B, 15). For 
the FSTC, the best code is the one selected using the dmin design criteria, and is the code 
with puncture mask (EE, 44).

The error rate curves for these two codes are shown in Fig. 8.8 (A) for the AWGN 
channel and Fig. 8.8 (B) for the fading channel. The curves show both the BER and FER 
for the given channel. The intersection points, where the PSTC starts to perform better than 

the FSTC are given in Table 8.6. The coding gain of the PSTC at select points is given in 
Table 8.7.

For the BER on the AWGN channel, the PSTC starts to perform better than the FSTC 
in the middle of the waterfall region, and continues to perform better than the FSTC into 
the error floor region. For the FER on the AWGN channel, the PSTC performs better than 
the FSTC through both the waterfall and error floor regions. For the BER on the fading 
channel, the FSTC is better than the PSTC throughout the waterfall region, and it is only
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Table 8.7. Coding Gains for Results with Scaling

Coding Gain at

channel BER^IO'^ BER=10“ ® FER=10-3 FER=10-^

AWGN 0.16 dB 0.36 dB 0.3 dB 0.5 dB
fading -0.14 dB 0.16 dB 0.14 dB 0.45 dB

in the error floor region that the PSTC starts to perform better than the FSTC. For the FER 
on the fading channel, the PSTC again performs better than the FSTC throughout both the 
waterfall and error floor regions.

The scaled PSTC performs better against the FSTC, than the unsealed version compared 

in Section 8.2.4. However, the coding gains of the scaled PSTC are still less than achieved 
by the PSTC in Chapter 6. Part of the reason for this is again the choice of interleaver, 
and the fact that the interleaver causes the error rate curves to be steeper for the scaled 

PSTC codes. The intersection points between the PSTC and FSTC do actually occur at 

slightly lower SNR values for the scaled PSTC codes, than the PSTC codes of Chapter 6, 
but because of the steeper error rate curves, the actual coding gain is smaller.

From the above, it is clear that puncturing data bits is not always beneficial. For appli­
cations that only operate in the upper end of the waterfall region, around a BER of lOr^, 
puncturing data bits is actually detrimental. However, for applications that need to oper­
ate in both the waterfall and error floor region, or for applications where the FER is more 
important than the BER, it appears that puncturing of the data bits is beneficial.
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Chapter 9 

Summary and Conclusions

This dissertation studied methods to improve the error floor performance of turbo-codes 

that use low complexity constituent codes. The two methods studied were interleaver se­
lection, and selective puncturing of the information bits.

Chapter 1 provided an introduction to the problem studied in this dissertation.
In Chapter 2, various background information and concepts were introduced, includ­

ing the channel models used, the definition of the weight/distance spectrum, and a brief 
overview of turbo-eodes.

In Chapter 3, two code design methods were introduced that would be used in later 
chapters. These were the minimum distance design criteria, and the distance spectrum 

slope design criteria. In order to understand the relevance and importance of these de­
sign criteria, union bounds on the error rate performance of block codes were introduced. 
The applicability of these bounds to the performance evaluation of turbo-eodes was also 
discussed, in the context of evaluating the bounds for specific turbo-eodes, rather than an 
ensemble of turbo-eodes. Details of the simulation techniques used throughout this disser­
tation for evaluating the performance of turbo-eodes were also presented. This included a 
review of methods to calculate the confidence interval of the simulations and how to apply 
this confidence interval for the purposes of comparing the relative performance of different 
codes.

Chapter 4 introduced interleavers as they are applied to turbo-eodes. The focus was 
on evaluating, through simulation, several techniques for generating random interleavers. 
These techniques are the pseudo-random interleaver, s-random interleaver, modified s- 
random interleaver, and variable s-random interleaver. For each particular technique, a 
large number of interleavers were generated (200 in each ease), and their performance 
within a turbo-code was evaluated through simulation. The resulting BER and PER statis­



9. Summary and Conclusions 114

tics were compared. It was found that all three of the s-random based interleavers provided 
very good performance, and in particular, an improvement of at least an order of magnitude 
over the average random interleaver is possible, for all the block lengths considered. In ad­
dition, the temporary relaxing of the design constraints as implemented in the modified 
s-random and variable s-random interleavers did not appear to have a detrimental affect on 
the error rate performance of the interleavers.

In Chapter 5, the design criteria introduced in Chapter 3, were applied to the interleavers 

that were introduced and generated in Chapter 4. For all of the interleavers from Chapter 
4, the minimum distance and multiplicity were investigated. For the pseudo-random in­
terleavers, it was found that most of the minimum distance terms are caused by weight-2 
inputs. In addition, the minimum distance due to weight-2 inputs was found to be fairly 
constant across all three block lengths. For the s-random based interleavers, it was found 
that the minimum distance due to weight-4 inputs was fairly constant across all three block 
lengths. For the short block lengths, the weight-2 inputs are responsible for the mini­
mum distance codeword, but as the block length is increased, the minimum distance due 
to weight-2 inputs also increases, and it is the weight-4 input that causes most of the mini­
mum distance codewords. For the pseudo-random interleavers from Chapter 4, the quality 

of the choices made by the dmin and slope design criteria were evaluated, by comparing 
the selected interleavers, against the statistics for all the pseudo-random interleavers. In 
general, both design criteria made good selections. Usually, the selected interleavers were 
within the top 25% of all the pseudo-random interleavers.

In Chapter 6, two approaches for puncturing turbo-codes were presented, and compared 
using simulation results. These are the partially-systematic turbo-codes (PSTC), which 
puncture some of the data bits as well as the parity bits, and the fully systematic turbo-codes 

(FSTC), which only puncture the parity bits. In general, it was found that puncturing some 
of the data bits improves the error rate performance towards the lower end of the waterfall 
region and in the error floor region. Usually the improvement in the FER performance is 
greater than the improvement in the BER performance. At a BER of 10“®, there is about a
0.5dB coding gain for the PSTC. At a FER of 10“ ,̂ there is about a 0.6dB coding gain for 
the PSTC in the AWGN channel, and about a 1 .OdB coding gain in the fading channel. The 
amount of coding gain appears to be independent of the block length.

The PSTCs with p« =  1 /2, were studied in more detail in Chapter 7. Simulation results



9. Summary and Conclusions 115

of the error rate performance for all the PSTCs was obtained. The puncturing masks were 
partitioned according to the six different CCI mask families. Two CCI mask families, 
f:5B and f:5E, were identified as giving the best performance in the waterfall region, and 
one CCI mask family, f:67, was identified as giving the hest performance in the error floor 
region. The other three CCI mask families were identified as performing poorly in both the 
waterfall and error floor regions. By examining the bit patterns of the puncturing masks that 
performed well, it was suggested that puncturing alternate data hits gave better performance 
in the error floor region, while maximizing the number of runs of length one gave better 
performance in the waterfall region.

In Chapter 8, the results of the previous chapters were combined by applying the code 

design methods to the selection of interleavers and puncturing masks. The error rate perfor­
mance of the selected codes was then obtained through simulation and compared. For the 
PSTCs, the codes selected according to the slope criteria gave the best performance in the 

regions of interest. For the FSTCs, the codes selected according to the dmin criteria gave the 
best performance in the regions of interest. In both cases, it was found that the codes using 
VSR interleavers gave better performance than the codes using the MSR interleavers. In 
comparing the PSTCs to the FSTCs, the PSTCs were found to not perform better than the 
FSTCs in the regions of interest, mainly due to issues with the convergence of the decoding 
algorithm. To improve the convergence of the decoding algorithm for the PSTCs, scaling 
of the extrinsic information was introduced and applied to select codes. In this case, the 
PSTCs performed better than the FSTCs towards the lower end of the waterfall region and 
in the error floor region, hut with smaller coding gains than given in Chapter 6.

The main contributions of this dissertation are as follows:

• In Chapter 4, two modifications to the s-random technique were introduced, both 
using an s-value relaxation technique. To provide a comprehensive comparison of the 
different interleaver types, a large group of interleavers of each type were generated 
and compared based on simulation results. From these results, it was concluded 
that the s-random based techniques are the best for all block lengths, and that the 
s-value relaxation technique did not adversely affect the achievable performance of 
the generated interleavers.

•  In Chapter 5, a comprehensive study of the minimum distance properties of the inter­
leavers from Chapter 4 was conducted, and some conclusions were drawn as to the
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impact of different input weights. In addition, for the pseudo-random interleavers of 
Chapter 4, the two code design criteria of Chapter 3, were evaluated by comparing 
the selected interleavers against the group statisties.

• In Chapter 6, all possible puncture masks, for the given code construction of both the 

PSTC and FSTC, were generated and extensively compared. This served, in part, to 
verify the work of [27], that puncturing of data bits does indeed give the potential for 
better performance. In addition, an extensive comparison of the best puncture masks 
for each type of code, was given, and conditions under which the PSTC would give 
better performance were identified.

•  In Chapter 7, the PSTCs from Chapter 6 were extensively studied. The eoncept of 

mask families was introduced, and it was determined, through simulation results, 
which mask families gave better performance for the regions of interest. Some ob­
servations were provided to explain the relative performanee of the different mask 
families.

•  In Chapter 8, a code design procedure incorporating both interleavers and punctur­
ing patterns was introduced and applied. It was verified that the variable s-random 
interleavers provide better error rate performance than the modified s-random inter­
leavers. This comparison was made using a range of s-values, to reduce the influence 
of the different definitions of the s-value. It was shown that, for the PSTC, the dis­
tance spectrum slope design criteria was best, whereas for the FSTC, the dmin design 
criteria was best. It was also shown that the PSTC can provide better error rate perfor­
mance than the FSTC, in the waterfall and error floor regions, but only by scaling the 
extrinsic information to improve the convergence properties of the iterative decoder.

9.1 Suggestions for Future Work

A number of suggestions for future work are presented in this section. These suggestions 
fall into three main categories: code design techniques, interleaver generation, and punc­
turing.

The distance spectrum slope design criteria does not always lead to good selections 
being made. The main issue appears to be with how the slope is ealculated. One possi­

ble solution is to determine the envelope of the distance spectrum, and then calculate the



9. Summary and Conclusions 117

slope based on this envelope. Other methods for calculating the slope should also be evalu­
ated, such as using a quadratic approximation to the distance spectrum, rather than a linear 
approximation.

The code design techniques considered within this dissertation are based on evaluating 

the structure of the turbo-code. A different approach, based on evaluating the convergence 
properties of the iterative decoding algorithm, have become very popular in the last few 
years [32, 33,34]. These techniques are mainly applicable to the waterfall region of the er­
ror rate curve. These techniques all assume that the extrinsic information generated by the 
SISO decoder can be approximated by a gaussian random variable. This gaussian approx­
imation is not very accurate for the first few iterations, but as the number of iterations are 

increased the approximation becomes more accurate. In addition, there is the assumption 
of long block lengths, of several thousand bits or more. The intent of the design proce­
dure is to identify an SNR threshold, below whieh the iterative decoder is not guaranteed 
to converge. Above this SNR threshold, the decoder should converge, although there is no 
guarantee as to how many iterations will be required for the decoder to converge. These 
techniques have also been applied to shorter block lengths [35, 36]. It would be worth­

while to examine these convergence-based design techniques, and compare the quality of 

their selections, against the design techniques presented in this dissertation.
The interleaver generation teehniques presented in this dissertation are mainly con­

cerned with reducing the impact of weight-2 inputs on the weight spectrum. It would be 
useful generate additional interleavers, by applying some of the techniques that consider 
higher weight inputs (e.g. [21, 24]), and comparing these new interleavers with those pre­
sented in this dissertation. We speculate that for the short block lengths used here, that 
these techniques that consider higher weight inputs, will not be able to generate signifi­
cantly better interleavers.

All of the PSTCs considered within this dissertation use =  1/2, and puncturing 

masks of length 8. It would be useful to investigate different values of with values 
slightly less than 1/2, as this would improve the convergence properties of the iterative 
decoder. In order to facilitate this, longer puncturing masks would also be necessary, since 
the length of the puncturing mask determines the allowable values of p„. Even without 
changing the value of it would be worthwhile to examine puncturing masks of longer 
length, as this would add more randomness into the structure of the turbo-code, which has
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the potential to improve the performance.
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