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ABSTRACT

In this thesis we advance a new definition of
incompressibility in general relativity, and develop
and analyse the equation of state for a uniform
proper-density static, perfect fluid.

Schwarzschild published the first exact interior
solution to Einstein's equations: the field inside a
static, spherically symmetric perfect fluid with
equation of state p = Po= constant, where p is the
energy-density component of the energy-momentum tensor.
He interpreted the p-constant condition to be the
equation of state for a 'uniform density', hence
'incompressible', perfect fluid, an interpretation
that has been generally accepted. As a consequence,
the p-constant equation of state has been taken to be the
limiting equation of state for superdense nonrotating
stellar bodies. While there is no general agreement
over what constitutes a 'limiting' equation of state for
a physically realistic star, to date, to the best of our
knowledge, there has been no argument that the
Schwarzschild fluid represents the absolute limit for

any static system.



In this thesis we argue that the Schwarzschild fluid
is not an incompressible fluid, and advance a new
definition of incompressibility. An incompressible
fluid would be one for which the limit of infinite
central pressure, and the static limit 2m/rO = 1 at the
surface, where m is the mass and ro the radius of the
body, would coincide. In addition we develop the
equation of state for a uniform proper-density perfect
fluid, and, using the new definition of incompressibility,
compare this with the Schwarzschild fluid, and with a
third proposed by Eddington. We find that the constant
proper-density equation of state more closely approximates
incompressibility than either the Schwarzschild or
Eddington equations of state, and briefly explore a few of
its properties, such as a greater maximum gravitational
red-shift, z = AA/X = 2.48, compared with z = 2.00 for the
Schwarzschild case, and note that the constant proper-
density equation of state would lead to a larger upper

limit to the mass of a neutron star.
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CHAPTER ONE

INTRODUCTION

Einstein's general theory of relativity was published
in 1915, and in 1916, Schwarzschild published the
spherically symmetric time independent 'exterior solution'

to Einstein's vacuum field equations.

RuV =0 (1.1)

(Misner, Thorne and Wheeler, 1973). A short time later
Schwarzschild (1916) published the exact interior solution
to Einstein's equations for a static, spherically
symmetric perfect fluid with equation of state p = s

= constant, .where p is the energy-density component of the
energy-momentum tensor.

Schwarzschild interpreted the p = po = constant
condition to be the equation of state for a uniform
density, incompressible perfect fluid, an interpretation
that has been almost universally accepted. In this thesis
Schwarzschild's interpretation of this equation of state
is re-examined, and a new definition of incompressibility

advanced. A new equation of state, representing constancy

of proper energy density, is then examined and compared



with the Schwarzschild equation of state, and with a
third equation of state, representing uniform particle
density, proposed by Eddington. -
In Chapter Two a brief development of Einstein's
special and general theories of relativity is presented.
In Chapter Three the Schwarzschild exterior and
interior solutions are derived, and the Schwarzschild
and Eddington equations of state examined. The
Schwarzschild exterior solution is the line-element exter-
ior to a spherically symmetric mass distribution,

2 2
ds? = (1 - 2?“‘-) e —@£—2—m— - r2(de2 + sin?0 d¢?) , (1.2)

(1"?)

where m is the total mass of the object, (G = c = 1) and

dx® = cdt. The line element becomes singular at

— =1 . (1.3)

At this value - - becomes infinite, and Y00 vanishes. Thus,
the exterior metric imposes a limiting condition on the size,
or mass, of a static body. For a static body, the r, = 2m
radius must fall inside the body, where the exterior metric
is inapplicable. For a static body of given radius,

condition (1.3) imposes an upper limit to the mass, and

conversely, for a static body of given mass, this condition



imposes a lower limit on its radius.
The interior equations are then derived.
Schwarzschild found an exact solution to the interior

equations by choosing the simple equation of state

p = po = constant, which has the solution
2 1, 1, 2
: o 2 2
ds2 = ’.‘3_ [1 -2 ] 2= .]; {]_ - Z'-__] (dXO)Z
’ R? . R?
dr? 2 2 Gy 2
B e r (de° + sin“6 d¢°) , (1.4)
R
R2
where f%—= ZE? "
R ro

This line element contains two singularities, the first

for the value 2m/ro = 1, and the second for the value

2m/rO 8/9 where r, is the radius of the body. For
2m/ro = 8/9 the metric component : vanishes at the
center of the body, and central pressure becomes
infinite. The existence of the singularity at 2m/rO

= 8/9 imposes a more severe restriction on the mass and
radius of a static body than that which arises from the

singularity at 2m/ro = 1.

Since Schwarzschild had set p, the energy-density



component of the energy-momentum tensor, to be constant
throughout the body, he interpreted this equation of
state to be the one for a 'uniform density', and there-
fore 'incompressible', fluid. The function p, however,
represents proper energy-density only within the context
of special relativity, as it includes energy contributions
from rest-mass and from motion, and includes binding
energy of all interactions excluding gravitation. It does
not include gravitational binding energy, and consequently
does not represent proper energy-density within the
context of general relativity.

Although several authors have noted that the p = po
= constant condition does not represent constancy of
proper energy density, it has been generally accepted that
the Schwarzschild equation of state does represent an
'incompressible' fluid and, as such, is the limiting
equation of state for any physically realistic system. It
should be noted that many workers in the field have
proposed more restrictive equations of state as the limit
for physically realistic systems; however, as far as we
are aware, all have agreed, up to the present, that no
system could be contemplated which has a less restrictive
equation of state than the Schwarzschild equation of state.

For the Schwarzschild system,



de - o , | (1.5)

Buchdahl (1959) has proved that for any equation of

state satisfying the conditions

QJIQJ
R|o

<o lz—r“l<1‘ ) (1.6)

for bodies of fixed radius and mass, the maximum value of
2m/rO is less than or equal to 8/9. Since it has been
generally considered that the condition (1.6) must hold
for any physically realistic system, as a matter
distribution with p increasing outwards would be unstable,
it has been concluded that 8/9 is the maximum possible
value of 2m/ro for any static configuration.

Eddington advanced an alternate definition of
incompressibility. An incompressible fluid should have
constancy, not of energy-density, but of particle density.

Eddington's equation of state
p - 3p £ B = constant , (X 1)

where p is the pressure, represents a system in which
particle-density, the closeness of packing of matter, is
a constant throughout the body, and is independent of
pressure. Eddington's equation of state implies a more
severe restriction than that of Schwarzschild in that the

maximum value of 2m/rO is less than 8/9. This is seen



from Buchdahl's proof:

—=3%¥r3<0 i ' (1.8)

In Chapter Four, we advance a new definition of
incompressibility, consistent with basic principles of
relativity. It is motivated by the observation that the
Schwarzschild body is not a true uniform-density body,
in that proper energy-density is not constant throughout
the body. The equation of state for a truly incompressible
fluid would be one for which the two limits, representing
metric singularity at the surface and infinite pressure at
the center, would coincide. That is, an incompressible
body would have an equation of state such that pressure at
the center of the body becomes infinite precisely when the
limit 2m/rO = 1 is reached. This, surely, represents the
ultimate stiffness of matter which can be envisaged.
Incompressibility is an idealization in the realm of clas-
sical physics, and an impossibility in special relativity,
since it implies the instantaneous velocity of propagation
of interactions. Accordingly, it would be expected that
such an equation of state would be unattainable.

The work of Bondi (1959, 1964) shows that, indeed,
for a body with non-negative pressure and density, the

limit 2m/rO = 1 cannot be reached. Thus, by the new



definition, an incompressible fluid cannot exist.
Moreover, the definition is very useful as a means of
comparing the relative compressibility of bodies repre-
sented by different equations of state: the closer the
maximum possible surface value of 2m/ro to .l for a
given equation of state, the less compressible that body
would be.

In Chapter Five an equation of state representing
constancy of proper energy-density is developed, and this
new, truly 'uniform density' body is compared with the
Schwarzschild body, against the new definition of
incompressibility advanced in Chapter Four.

The equations obtained from the new equation of state
were integrated numerically. As a check of the integration
methods used, the Schwarzschild equations were first
integrated. The maximum value obtained for 2m/ro at the
surface agreed with the maximum value of 2m/ro obtained
from the exact analytic solution to five significant
figures.

Although it was known from Buchdahl's proof, and from
Bondi's work, that the Eddington fluid was more compressible
than the Schwarzschild fluid, the Eddington equation of
state was integrated as well, as a further check of the
accuracy of the program, and to determine the extent to

which the Eddington fluid is less compressible than the



Schwarzschild fluid. Unfortunately, severe 'bundling'

of the Eddington equations, a consequence of the p - p
coupling in the Eddington equation of state, led to
cross-overs which made the results unreliable. As a
further check of the integration methods, various 'extreme'
equations of state were programmed, in an attempt to find
the maximum possible value of 2m/ro for any system with
non-negative pressure and density. The results agreed
with those of Bondi.

By numerical integration, the maximum possible value
of 2m/ro for the equation of state representing constant
proper energy-density was found to be .917, larger than
the .889 for the Schwarzschild case. From these results
it is concluded that a uniform proper-density body, which
represents the limit for a stable matter distribution, is
less compressible than the uniform density body traditionally
cénsidered to represent incompressibility.

The last sections of Chapter Five contain a discussion
on gravitational red-shift and the maximum mass of neutron
stars. The maximum gravitational red-shift from the
surface of a uniform proper-density body is 2.48, as
compared with 2.00 for the Schwarzschild body. At the
same time, the maximum mass of a neutron star obeying the
constant proper-density equation of state would be greater

than that for the Schwarzschild equation of state.



The Eddington equation of state, representing
constancy of particle-density, is equivalent to the
classical concept of uniform density and ihcompressibility
since classically, particle-density and mass density are
proportional. The Schwarzschild fluid would correspond to
a uniform-density body in the realm of special relativity,
since p is the special relativistic energy-density. The
constant proper-density fluid is the general relativistic
uniform-density model, since it includes gravitational
energy density as well as all other forms of energy.
Accordingly, a stable body would be one in which proper
density did not increase outwards from the center. The
limiting condition for stability, rather than the previously

considered equation (1.6), would be the condition

- pEroper & B

dr )

’ {1.9)

which is more in accord with principles of general

relativity.



CHAPTER TWO

THE FOUNDATIONS OF RELATIVITY

2.1 Special Relativity

The principle of relativity was first formulated
by Galileo, suspended when its classical formulation
came into conflict with Maxwell's equations of electro-
dynamics, and later reformulated by Einstein; a re-
formulation which reconciled relativity with electro-
dynamics. (Mgller, 1972; Balazs, 1972).

The classical principle of relativity stated that
the laws of mechanics were the same with respect to all
inertial observers. An 'inertial' frame is one in which
particles that are not acted on by any forces remain
unaccelerated. Any frame moving with constant velocity
relative to an inertial frame is itself an inertial frame.
Galileo illustrated his principle of relativity with an
example:

Shut yourself up with some friend in the main
cabin below decks on some large ship, and

have with you there some flies, butterflies,
and other small flying animals. Have a large
bowl of water with some fish in it; hang up a
bottle that empties drop by drop into a wide
vessel beneath it. With the ship standing
still, observe carefully how the little animals
fly with equal speed to all sides of the cabin.

The fish swim indifferently in all directions;
the drops fall into the vessel beneath; and, in



- 1% -

throwing something to your friend, you
need throw it no more strongly in one
direction than another, the distances being
equal; jumping with your feet together, you
pass equal spaces in every direction. When
you have observed all these things carefully
(though there is no doubt that when the ship
is standing still everything must happen in
this way), have the ship proceed with any
speed you like, so long as the motion is
uniform and not fluctuating this way and that.
You will discover not the least change in all
the effects named, nor could you tell from
any of them whether the ship was moving or
standing still. In jumping, you will pass on
the floor the same spaces as before, nor will
you make larger jumps toward the stern than
toward the prow even though the ship is
moving quite rapidly, despite the fact that
during the time that you are in the air the
floor under you will be going in a direction
opposite to your jump. In throwing something
to your companion, you will need no more force
to get it to him whether he is in the direction
of the bow or the stern, with yourself situated
opposite. The droplets will fall as before
into the vessel beneath without dropping toward
the stern, although while the drops are in the
air the ship runs many spans. The fish in their
water will swim toward the front of their bowl
with no more effort than toward the back, and
will go with equal ease to bait placed anywhere
around the edges of the bowl. Finally the
butterflies and flies will continue their
flights indifferently toward every side, nor
will it ever happen that they are concentrated
toward the stern, as if tired out from keeping
up with the course of the ship, from which they
will have been separated during long intervals
by keeping themselves in the air...

(Taylor and Wheeler, 1966)

Before Maxwell's formulation of the laws of electro-
dynamics it might have been natural to infer, from
Galilean relativity, a more general principle: that all

the laws of physics, not just the laws of mechanics, are



the same with respect to all inertial observers. If

the speed of light is taken to be infinite, Newton's

laws would be compatible with this more general principle
of relativity. Maxwell's equations, however, showed
light as an electromagnetic wave that propagated with
finite velocity. Thus, either Maxwell's or Newton's laws
had to be modified, or the principle of relativity was
not valid for all physical phenomena. To explain the
wave-like propagation of light, physicists hypothesized
the existence of an 'ether'--a highly tenuous medium that
filled all space; the medium in which light propagated as
a disturbance. If Maxwell's and Newton's laws were both
correct, then one could distinguish between inertial
frames, because each frame would measure a different
speed of light. Thus, the 'absolute' frame of reference
could be discovered: it would be the frame relative to
which the speed of light was the constant in Maxwell's
equations.

In 1881 Michelson attempted to measure the velocity
of the earth relative to the 'ether'. 1In his experiment
he measured the relative speeds of light beams which
were sent along paths of equal lengths, parallel and
perpendicular to the earth's direction of motion. From
the difference in time taken by the two beams, the speed

of the earth relative to the 'ether' could easily be



calculated. Michelson's experiment gave a null result:
the beams, emitted simultaneously, returned at the same
time. The null result persisted throughout the year,
even though the earth's velocity continued to change.

In 1905 Albert Einstein, although apparently
unaware of the Michelson experiment, (Holton, 1960),
reconciled Maxwell's laws of electrodynamics with the
Galilean principle of relativity. Einstein's theory was
based on two principles.

(a) All inertial frames are equivalent, with respect

to all the laws of physics
(b) The speed of light in vacuum is the maximum
speed of signal propagation

As a consequence of these two postulates time, and the
separation between two points at rest relative to each
other, could no longer be considered invariant quantities.

In 1908 Minkowski found a geometric framework for
special relativity, and in doing so introduced the concept
of a four-dimensional space-time, paving the way for
Einstein's later formulation of a geometric theory of
gravitation.

Euclidean geometry was the geometric framework of

classical physics. 1In classical physics the 'interval'
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the square of the separation between two points at rest
relative to each other, is an invariant quantity. We
will adopt the Einstein summation convention, where

repeated indices are to be summed. Then,

ds? = ax* ax® |, (2.1.1)

9ik

It dxl, dx2, dx3 are rectangular Cartesian coordinates,

1 i=k
= 8, = N {2.1.2)

Jik ik 0 igk
In Euclidean geometry and in classical physics the
distance between two points at rest relative to each other
is independent of the velocity or orientation of the
observer, or of the coordinate system. In special
relativity this invariance, as well as the invariance of
time intervals, no longer exists. An invariant quantity
does exist in special relativity, however, but within a
four-dimensional, rather than three-dimensional, framework.
;| 2

Let dx° = cadt and tdx podx dx3 have the same meaning they

have in Euclidean geometry. The quantity
as? = g, ax* ax? (2.1.3)

where o, B take values from zero to three, is an

invariant. 1In a Cartesian coordinate system, Iup takes
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the wvalues

= i=k

! g., = 7 (2.1.4)
ol ik 0 i#k

where we adopt the convention that Greek indices take
values from zero to three, and Latin indices from one

to three. Thus, in special relativity, the interval
ds? = c?dt? - dx? - dy? - dz? (2.1.5)

is an invariant quantity.

2.2 The Principle of Equivalence

After the publication of his special theory in 1905,
Einstein turned his attention to the problem of formulating
the laws of physics so as to be covariant with respect to
all reference frames, not just inertial frames. This
generalization seemed even more natural when one considered
that the Newtonian reference frame was experimentally
undiscoverable. In order to find an inertial frame, an
experimenter would have to observe the motion of a body
which had been freed from the influence of all forces.

This can be done for the electrical force by choosing a
neutral test particle. However, there is no way to
completely eliminate the influence of a gravitational

field, since the gravitational force is proportional to



the inertial mass of the test particle.

The equivalence between inertial mass and passive
gravitational mass, the mass with which a particle
responds to a gravitational field, baffled Newton.

Within the framework of classical physics this equivalence
is a coincidence. Einstein, however, saw a deeper
relationship. Motion in a gravitational field is mass-
independent, as is motion in a non-inertial reference
frame.

In 1907 Einstein formulated his Principle of
Equivalence, the foundation stone of general relativity.
The principle states that 'locally', the laws of physics
in gravitational fields and non-inertial frames of
reference are equivalent, not just with respect to the
laws of mechanics, but with respect to all the laws of
physics. Consider two laboratories, one in a uniform
gravitational field, and the other far from all gravi-
tational influences, but accelerated 'upwards' with a
uniform acceleration equal to the acceleration experienced
by the first laboratory, in the gravitational field. The
Principle of Equivalence then states that experimenters in
the two laboratories, no matter what experiments they
perform, will be unable to discover in which system they
are--the accelerated system, or the system stationary in

the gravitational field. This same principle would apply



to a system falling freely in a gravitational field.
The observer would be unable to tell by local measure-
ment whether he was in free-fall, or whether he was
motionless (or, rather, unaccelerated) in a gravity-
free region.

The equivalence principle does not say that a
gravitational field is 'nothing but' a non-inertial
reference frame. Because true gravitational fields are
non-uniform it would be impossible to find a single
reference frame which 'in the large'--over sufficient
distances, or for sufficient times--would reproduce the
effects of the field. In the above case, if the labora-
tory were large enough or were to fall long enough, the
experimenter would observe effects which would derive
from gravitation: he woﬁld see neighboring particles
accelerate towards each other if separated horizontally,
or away from each other if separated vertically.
Furthermore, the relative acceleration would be directly
proportional to separation. Uniformly accelerated frames

and gravitational fields are only equivalent 'locally'.

2.3 Some Consequences of the Principle of Equivalence

The equivalence of gravitational and inertial energy
follows as a direct consequence of the equivalence

principle. Special relativity showed that an increase in
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energy AE in a system resulted in an increase in inertial
mass AE/c? . From the equivalence principle, Einstein
showed that this also corresponded to an increase AE/c?
in the gravitational mass (Einstein, 1911). Two further
consequences of the equivalence principle, which also
served as tests of its validity, were gravitational red-
shift (or time dilation) and the deflection of light by
gravitational fields (Lanczos, 1972).

Consider two systems, Sl and 82’ separated by a
distance h along the Z-axis, in a frame K. Assume that
the gravitational potential is greater at 82 than at Sl’
by A¢ = yh . By the equivalence principle, this situation
is the same as the one in which 82 and Sl are rigidly
connected to a frame K', which is in a gravitation-free
region, but accelerated in the z-direction with acceleration
Y-

: 2- aX's
2,_0.\(|,S




e &

Assume that 52 radiates a pulse of light, with frequency

V2 , which arrives at S, a time t = h/c later. At this

i
time Sl’ in the K' frame, will have, to a first approxi-

mation, velocity yh/c relative to S, at the time of

2
emission. The relativistic Doppler effect predicts
that, to a first approximation, the frequency of the
absorbed light at Sy will be greater than the frequency
of the emitted light at S,-
\Y% =v2[1+—1} =v2{1+ﬂ] . (2.3:1)

By the equivalence principle, the frequency of the

absorbed light at S, in K will be

(i

= & yhi _ y + i)
vy Vz[l 2] 2[1 ) . (2+3.2)
In general,

V_a;‘ffz_:éi[ ¢L—_q_>3] ,
where Va = absorbed frequency, Ve = emitted frequency,
and A¢ = gravitational potential difference between the

point of emission and the point of absorption (Einstein,

Y941y,



Although the predicted red-shift of light from
the sun is not too small to be observed, it is masked
by other effects. It was not until 1960 that the
gravitational red-shift effect was unambiguously
confirmed, by Pound and Rebka, in an experiment com-
paring two clocks in the earth's gravitational field
separated by a height of 22 meters (Lanczos, 1972).

Light will deviate from a straight-line path,
relative to an accelerated reference system, and hence
should be deflected by a gravitational field. Einstein's
prediction was confirmed in 1919, when observations made
during a solar eclipse showed an apparent shift in

position of stars eclipsed by the sun.

£ appure~t
Sy \PP/ A
N
S
S+0~f S“‘v\ \

[igWt pois Eacth

The equivalence principle showed Einstein that
special relativity, based on the constancy of the
velocity of light, was limited. A more general theory
of relativity, one which incorporated gravitation, would

have to be formulated.



2.4 The Choice of Riemannian Geometry

The equivalence principle not only showed that
special relativity had to be modified, but it also
showed that the Lorentzian (or pseudo-Euclidean)
geometry of special relativity did not apply in
gravitational fields. For instance, a triangle bound
by light rays will, in the presence of gravitational
fields, be 'distorted' from a triangle in Euclidean
space; its interior angles will be greater than I

radians.

Consider also the case of a circle of radius r
fixed in a non-inertial frame L' rotating uniformly with
respect to an inertial frame L. An observer in L' will
measure the same circumference-to-diameter ratio as he
would measure if L' were stationary with respect to L,
since the dimensions of his measuring instruments and
the dimensions of the circle are equally affected by the
rotation. However, an observer in L will measure a

different ratio. Since the line of radius is
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perpendicular to its motion, he will measure the same
radius as the observer in L', but the circumference,
parallel to its motion, will be shortened. The figure
is still a 'circle' in the sense that each point on the
circumference is equidistant- from the center, but the
circumference-to-diameter ratio is not II. Space itself
appears to be 'curved'.

The geometry in the frame is non-Euclidean. By the
equivalence principle, the geometry in a gravitational
field would also be non-Euclidean. However, the non-
Euclidean character of space in a gravitational field is
a real, and not apparent, difference. 1In the above
example the 'curvature' of space would vanish if the
observer in L were to move to the frame L', while an
observer in a gravitational field will still observe
space to be curved.

In a non-inertial reference frame 9w is a general

function, and not the Lorentzian

1 0
o 0 =1
SR .
e K 0 =
L 0 0 =1 |
However, by a suitable transformation, g can be reduced

uv

to the Lorentzian form. That the metric tensor describing
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a gravitational field can be reduced to the above

diagonal form at a given point follows from the equiv-

alence principle. However, there is no transformation
which will reduce the tensor to that form everywhere.

In searching for a geometry for gravitational
fields, we need a four-dimensional geometry which
reduces to Lorentzian, or 'flat', space locally, but
which globally remains curved. Just such a geometry
had been developed many ycars earlier by Peimann. It .
was in the discovery of Riemannian geometry that Einstein
found the final key to his theory of gravitation.

As a final note, it should be mentioned that attempts
have been made to develop a theory of gravitation which
utilizes the equivalence principle while keeping the
geometric framework of special relativity, but none of

these attempts have ever been successful.

2.5 The Theory of General Relativity

In gravitational fields, global inertial frames,
which are impossible to obtain, lose their special signi-
ficance. The laws of physics should have the same form

in all coordinate systems. This principle of general

covariance, from which general relativity gets its name,

led Einstein to conclude that a successful theory of
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gravitation would have to be a tensor theory.
The field equation of Newton's theory of gravita-

tion is
Vip = -4mGp , (2.5.1)

where ¢ is the gravitational potential p the mass
density, and G the gravitational constant. This is a
scalar theory. We would like to replace the scalars

¢ and p by tensors. ‘

In special relativity mass-density is replaced by
total energy-density, which becomes one component of a
second-rank tensor in 4-space, the energy-momentum tensor
Tuv . For this tensor,

Too represents total non-gravitational
energy-density I
Toi represents momentum-density, or

energy flux density

Tij represents momentum—flux density.
Thus, in a tensor theory, the scalar p of Newton's theory
should be replaced by the tensor Tuv of special
relativity.

The simplest equation would be
F =T 2 bE e Bad)

where Fuv is some derivative of a tensor-potential.
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The equation of motion for a force-free particle
in an inertial frame in the Minkowski space of special

relativity is

=0 . (2:5.3)

In a non-inertial frame--in an arbitrary coordinate

system--its equation of motion would be

2 0O 0 R v A
. S M PR (2.5.4)
d52 BY ds ds
where
Q "
1 af
= + - F
FBY 29 9ys,8 * a5,y T Ipy,s

representing the inertial forces that arise in trans-
forming to a non-inertial frame. By the inverse
transformation the r"s can be made to vanish everywhere,
and equations (2.5.4) will revert to (2.5.3).

In general relativity will represent both
inertial and gravitational fglces. The [‘—terms cannot
be split into 'inertial' and 'gravitational' terms, nor
can they, by any transformation, be made to vanish
everywhere. Thus, (2.5.4) becomes the equation of motion

for a force-free particle in the curved, Riemann space.

The gas's, which compase the metric, become the
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gravitational potentials.

Fuv' a function of Jup’ can be obtained by demanding
that in weak fields, and low velocities, the equation
(2.5.2) reduce to the linear, second-order Newtonian
equation (2.5.1). But the only tensors which can be
constructed from the metric tensor and its derivatives,
which are linear in the second derivatives, are the

Riemann tensor and its contractions. (Papapetrou, 1972).

The Riemann tensor is

e P Ty T
R = - + - -+ r . (2.5.5)
Auv AU,V AV, U r;u ov r;v ou

Contracting p and u yields the double-index Ricci tensor

R 4 (2.5.6)

AV T Rxpv '

Contracting again yields

i Ry =R . (2.5.7)
The general form for Fuv would be
Fuv = aRuv + BguvR + Vguv : (2.5.8)
and the general field equations would be
+ B v = -
Ruv BguvR + S e kTuV ¥ (2.5.9)



- G

Einstein's original equation was the simplest:

But it was soon discovered that this would have to be
modified. The law of conservation of energy requires,
in special relativity, that the divergence of the

energy-momentum tensor vanish;

™ o =90 . (2.5.10)
rd

In a general coordinate system, the covariant divergence

of the energy-tensor would vanish.
™ =0 . (2.5.11)

By the equivalence principle this must hold true in the
Riemann space which describes the gravitational field.
If, however, this same condition is imposed on the Ricci

tensor,

v
T A

four additional equations will be obtained, and the .

will be over-determined. A divergenceless form of the

Ricci tensor must be found such that

(R*Y + B'g“VR);V = B
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This equation is an identity for B' = -% . The field
equations in their final form are:

RV - 1 gHVR + AgMV= k7MY

5 . (2.5.12)

The constant A is called the cosmological constant, and
is either zero or so small that on any scale other than
a cosmological scale the term Aguv is negligible.
Neglecting the cosmological term, the field equations

become

L % g"VR = —kTHV | (2.5.13)



CHAPTER THREE

SCHWARZSCHILD AND EDDINGTON EQUATIONS OF STATE

AND THEIR INTERPRETATIONS

3.1 The Schwarzschild Exterior Solution

In 1916 Schwarzschild published the first exact
solution of Einstein's equations and obtained the
free-space time-independent, or static, spherically
symmetric line element; the line element exterior to a
static, spherically symmetric maés distribution.*

By using plausibility arguments and employing
symmetry conditions we can greatly simplify the metric
from the general form, (2.1.3). Since the field is
static we demand the metric to remain unchanged under a
time-inversion, ax® » -ax° . Hence, the metric components
A should vanish. Similarly, spherical symmetry would
imply invariance under rotation. The metric should
remain unchanged under the transformation d6 -» -d6 ,

and d¢ > -d¢ . All diagonal terms would be zero, and the

*Birkhoff (Papapetrou, 1974) later showed this to be the
same as the exterior metric for non-static, spherically
symmetric distributions, as well.



line element would be

o p Aoy ’
ds? = A(dx )2 - Bdr? - Ccr2?ds? - Dr?sin?e6 d¢?, {311}

where A,B,C, and D are functions of radius only. A
further simplification can be made by noting that ¢
and 0, as they appear in (3.1.1), represent angular
coordinates. Consider two infinitesimal displacements,
one by € along the pole, and the other by € along the

equator. The interval ds? should be the same for each

displacement. At the pole ds? = -Cr%de?, and at the
2 _ 2442 . s
equator ds® = -Dr°d¢“ . But epole rd6 and
€ = rdp . So, dg® = ~Ce® = -pe? = C =D . The
equator

line element becomes
2
ds? = A(dx®)" - BdAr? - Ccr?(de? + sin?%6 d¢?) . (3.1.2)

One further simplification can be made, by making a
suitable transformation. Define a new radial coordinate
r = C(r)%r

r dc

~ 1 .-% 4acC % o 5
dr = §‘ C (a‘i_- dr)r v+ C “dr = drC (1 + Ti -d—r & (3.1.3)

Transforming to this new coordinate, Cr? becomes r? ,

and

~

) dr? = BAF? . (3.1.4)

IQJ

RO
1
N
>

Bdr? =

Q|w

X
(1 + YTel
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Since A and B are positive-definite, it would be
convenient to re-express them in exponential form.

The final form of the metric is

b
ds? = ¢V(ax®)~ - 2'dar? - r?(ae? + sin?e as?)

4 3
Voo 0 0
o -2 0 0
g =
Bv 0 0 -r?2 0
0 0 0 -r2sin?e .
| )
In free space
T =0 .
v

R -

S
Q
x
Il
o

The additional conditions

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)
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Lim 2Y = 1im 2* =1 - £3.1.9)

Y ->co Yo
are imposed on the metric. That is, infinitely far from
the source, the line element approaches the special
relativistic, flat-space, metric.

Employing these boundary conditions and solving the

equations (3.1.8) yields
-— -— —r— ’ ,Q, = ———2m e (3.1.10)

Thus, the expression for the interval is

2 2
ds? = (1 - %?)(dx°) 3 ‘QE‘EH - r?(36% + sin®6 44?),
-
b

{3:1.10)

where m is a constant of integration which can be
determined by demanding correspondence with Newtonian

theory. 1In weak-field, nonrelativistic limits,

g =1 + = . In the case of a point mass,
00 c?
GM
6= - =
C2

where M = total mass of the source. Hence,



3.2 The Schwarzschild Singularity

The exterior solution becomes singular at r = 2m.
At this value the metric component S becomes infinite,
and 9oo 2€YO. For bodies within our experience, such
as the Sun and planets, this singularity poses no
problems, since the 'Schwarzschild radius' (the r = 2m
radius) lies well within the body itself, in a region
where the exterior solution does not apply.* This
singularity does, however give a lower limit to the
radius of a static, spherically symmetric distribution
of given mass. For a static body the Schwarzschild radius

would have to lie within the body itself.

3.3 The Interior Solution

Schwarzschild also found the metric inside a static
spherically symmetric perfect fluid. He reduced the
field equations to three equations and found an exact
solution for the equation of state p = Ry ™ constant
(where p is the TOO component of the energy-momentum
tensor). His solution remains one of a handful of exact
physically interesting interior solutions, and certainly

the best-known and most widely utilized solution to the

*The Schwarzschild radius for the Sun is 1.5km, for the
earth .44cm, and for a neutron 1.2x10-°%cm. (Schild, 1967)
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interior equations.

We can obtain the value of the constant k in
equations (2.5.13) by matching with Poissoh's equation
for the gravitational field in the Newtonian limit.

Equation (2.5.13) becomes

v (3.3.1)

The metric has the same form as the exterior metric
13.%.59)%

In a perfect fluid characterized by a proper-density
field p(x), a scalar pressure-field P(x), and a four-
vector velocity field of flow vu(x), the energy-momentum

tensor will be (Adler, Bazin, and Schiffer, 1965)
T = pvv 4+ (vv. - g ) (3.3.2)
o y i > g . e

For a static fluid, v, = 0, v_.= (g . The final

form of T is
uv

otV 0 0 0
o P o 0
T & = (3-3.3)
H 0 0 Pr? 0
L 0 0 0 Pr?sin?s )
)

(letting c=1).
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A lengthy, but straightforward, calculation finally

yields the three equations

- ]

co = ME -2 - & , (3.3.4)
r X 3 of
= 1

op = k= g 3 By , (3.3.5)
£ r X

_emA|v'Ar w2 v" 1 (v'-AY)
CP = ¢ 7 a -5 By ————e ' (3.3.6)

from (3.1.5), (3.3.1), and (3.3.3), where the constant

C = -87mG (Adler, Bazin, and Schiffer, 1965). For
convenience in performing the numerical integrations
which are to follow, we will introduce a fourth equation,
which can be derived from (3.3.4), (3.3.5), and (3.3.6),

by differentiating with respect to r, and eliminating A:
1 p— l ]
B aesey (p + P) . (3.3.7)

There are three equations in the four unknowns
A(r), v(r), p(xr), and P(r). This gives the freedom to
eliminate one of the variables by choosing an equation
of state. Schwarzschild chose the simplest equation of
state, p = pO = const., which led to an exact solution.
Equation (3.3.4) can be integrated directly. Multi-

plying by r?, yields

-A

Cor? = M1 - a'p) = (L 0) =1 . (3.3.8)



Integrating, we obtain

{3.3.9)
where the integral

r
an J or?dr
o

has been defined to be the total mass inside a sphere
of radius r (Misner and Sharp, 1964; Misner, 1964;
Misner, Thorne and Wheeler, 1973).

From the condition of elementary flatness, explored
in the next section, and directly from equation (3.3.4),
it is seen that Qx =1atr =0 . It is clear that at
r = 0 in equation (3.3.4), p will be infinite, which is
physically impossible, unless A approaches 0 at least
like r? (Landau and Lifshitz, 1971). Accordingly, the
constant in (3.3.9) is zero. Setting p = p_ = const.,

o
(3.3.9) becomes

L3 Cep_x
RN . h (3.3.10)
3
Defining
~p _ _ 3
R? = = , (3.3.11)
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we obtain

2" =eg = (1 = =) . (3.3.12)
n Rz
Rearranging equation (3.3.7),
1
ey %V" (r) = P+P 7 (3.3-13)
o
and integrating, yields
D ,-v/2 _
ol L =P + Po ¢ (3.3.14)
where D is a constant of integration. The right-hand
term is the same as the term we would have if we were
to add (3.3.5) and (3.3.6):
e 1 -2 -\
B e ' v R ¥ o 1
o + p = c % (v'+)1") Cr 2-w (R - ) 3
{3.3.159)
Thus,
e L = 2
D2 u A - M e 1 Eyei(r) + 25, (3.3.16)
R? R?
Let

v/2

Y(r) = % . (e

3«17}
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We obtain

2
(1 - %—)Y'(r) + %; Y = % rD .
R? R?
The homogeneous equation
2
(1 - Z9)y'(r) + = y(r) =D
R? R?
has the general solution
r2 %
Y(r) = B(1 - A_) ’
R2

while (3.3.18) has the particular solution

= L ph2
Yp = 3 DR .
Thus,
” 2 %
y(r) = g 52 % DR? - B(1 - §—)’
R2
and
2!52
V=g =|a-B@1-I .
(e]e] ﬁz
where
I -
A—2DR .

It now remains to find the constants A and B.

the two boundary conditions that at the surface, r =

(3.3.18)

£3:3.19)

{3.3.20)

(3.3.21)

{3.3.22)

$3:3:23)

We impose

E
o’



the pressure becomes zero, and that the metric joins
smoothly at the surface with the exterior metric

(3.1.9)*, From egquation (3.3.13),

N

A

>

C(po + P) = " (3.3.24)
r2 %
A - B(1 - ﬁ_z)

At the surface r = r , P = 0, and

o
Co_ = (- 2)p_ =-22 L}, £5;3.75)
o 0 ﬁz o ﬁz ot %
o A= B{l = o=}
R2
2
o L
=> A= 3B(1 - -2 i
Rz
From the second condition,
= 1 - =1
-(g")int.,r=r i r 2 (g")ext.,r=r B 2m, % '
@ gy - 2By B, uE. ot
R? <
(3.3.26)

*There exists an 'admissible' coordinate system such that
the Iix and gijk are continuous across every 3-surface.

For any coordinate system obtained from admissible
coordinates by a transformation continuous only in the
first derivative, the 95k will remain continuous,

although gij K may not. The Schwarzschild coordinates
’

are not admissible, but can be derived from an admissible
coordinate system by a transformation continuous in the
first derivatives. (Svnge, 1965)
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which implies

1-29=-1-2 (3.3.27)
R o
and
r 2 %°
(goo)int.,r=r = [2B(1 . ) } 7
o /2
= 4p2(1 - 2| = ” _ 2m
{ kel ol )] (goo)ext.,r=r Wl gk
o o o
(3.3.28)
which implies
B:%- - (3.3.29)

The interior Schwarzschild metric, in its final form, is

2 %72 2
ds2=[§;(1—f:> —%(1-%)] (dx")z———z—drr
R R (L o o)
ﬁ?_
- r?(de? + sin?6 do¢) . (3.3.30)

Substituting for m and R? in (3.3.27), we also note

M=-=—1r_% . (3.3.31)
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The total mass is equal to the product of the (constant)

density and the coordinate volume.

3.4 Proper Quantities in General Relativity

In general relativity, as in special relativity,

it is the proper time or proper distance which has

physical significance rather than coordinate time or
coordinate distance, since coordinate quantities are
frame-dependent. The proper time would be the time
interval measured between two events in a frame in which
they are concurrent, and the proper distance the distance
measured between two events by an observer in the frame
in which they occur simultaneously.

The interval ds? between two events is either
positive or negative. If positive, we can find a frame
in which the two are concurrent, and if negative a frame
in which they occur simultaneously. In the former case

the proper time between the events would he

dT

"

Q

0
Il

dx . (3.4.1)
In the latter case, the proper distance would be

1 1 1
do & de = dxdx")% = (ax? + dy? + dz2)% . (3.4.2)

(—gik

The generalization to general relativity is



straightforward:

(3.4.3)

and g .q "
; . L
do = [(—g. i —()-l—gli)dxldxkjl )
ik g
00
(Landau and Lifshitz, 1971).
For the body previously considered, r, is the
coordinate radius, not the proper radius. The proper
radial separation of two infinitesimally separated

points would bhe

o 5 o dy
r = J (g )*dr = J —_— . (3.4.4)
proper rr r2 %
r=0 o (1 - =/
RZ
Thus, g;-roa is not the proper volume of the body.

More will be said about this in Section 6.
Consider an infinitesimal circle of radius 6r ,

centered at r = 0. The condition of elementary flatness,



mentioned in the previous section, demands that, as

dr approaches zero, the ratio of propesr circumference
to proper radius reduce to the ratio in Newtonian
flat-space, 2nm. (Synge, 1960). The ratio will be
independent of the orientation of the circle, but for
simplicity choose the circle to lie in the ¢ = %

plane. The proper distance interval on the circumference

is, from equation (3.4.3),
do = xd6 = drdb . (3.4.5)

since dr = d¢ = 0 . The proper circumference is the
integral of this, or 27ér . From (3.3.4), the proper

radius is

Sr Sr
r = f 12237 = zA/ZJ ar = 2M2%sr .
proper

(@] (o]

/2

The function 2 can be removed from the integral since
it would be approximately constant over the infinitesimal
distance 8r. The ratio of proper circumference to

proper radius is

amg~ A2

4

which must equal 27 as 8r -+ 0, implying Kk = 1 at the

center of the body.
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3.5 The Singularity in the Interior Solution

The interior solution contains a second singularity,
aside from the r = 2m singularity found also in the
exterior solution. This imposes a second, more severe
restriction on the radius of a body of given mass, or
given density. Substituting for A and v in equations

(3.3.5) or (3.3.6), we can solve for the pressure

2

(- I - g - 0"
52 52
P =0, - = " (3.5.1)
31 - 2 )%— (1 —ﬁ);2
ﬁz R2
Between the values %? and By 2m , the pressure,

at some point in the body, will be infinite. The central
pressure becomes infinite when P %? . At this value of
e, the static configuration cannot be sustained, since

the matter at the center could no longer 'support' the
rest of the body. Hence, this larger radius would be the

limit for a static fluid with the Schwarzschild equation

of state.

3.6 Interpretation of the Schwarzschild Interior Form

Because the energy-density o is constant in the

Schwarzschild equation of state, Schwarzschild referred to
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his interior solution as that of a uniform-density,
incompressible fluid. However, s represents the

density of all forms of energy excluding gravitational
binding energy. Although it is well known that the
proper energy density of the body, the density of gravi-
tational energy as well as all other forms of energy,

is not equal to P’ (Adler, Bazin, and Schiffer, 1965;
Mgller, 1972), the Schwarzschild fluid is generally
referred to as an incompressible fluid, and the condition
BB, = constant is considerea to be the limiting

equation of state for physically realistic, stable stars

(see, for example, Hegyi, Lee, and Cohen, 1975).%* The

condition

Q.alQa
R|o

<0 . (3.6.1)

is regarded as a necessary condition of stability.
Buchdahl (1959) and Weinberg (1971) show that, for
any static spherically symmetric body with arbitrary

equation of state, subject to the one limiting condition

%% < 0, the maximum value for %? is g , the same as the

maximum value in Schwarzschild's interior solution. The

*Eddington advanced an alternate definition of incom-
pressibility, which will be examined shortly.
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condition p' < 0 is imposed since "it is difficult to
imagine that a fluid sphere with a larger density near
the surface than near the center could be stable"
(Weinberg, 1971). From his proof, he concludes that
the maximum value of %? for any stable matter distri-
bution is g .

The proper energy-density of the Schwarzschild
fluid is not o The average physical density of the

fluid would be the total mass divided by the proper

volume. The physical volume element

av = dsrdseds¢ , (3.6.2)
where
ol =%
dsr = “grr dr = (1 - ;;) dr : (3:6:3)
R
dse = Vgee dé = rdb6 . (3.6.4)
ds¢ = ¢g¢¢ d¢ = r sin 6 do¢ S (3.6:5)
The proper volume is
2 rO 2 L
V___JJJdV=JJJr51n6d6d¢dr=4ﬂJ 1 AT aal -
r2 % R?
Oér (1 - =) o
R2

(3.6.6)
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Following the procedure of Adler, Bazin, and

Schiffer (1965), we expand (3.6.5) in a power series,

obtaining
41rro3 5 T £ r, 5
V= [1 + Ib— (T) + O(A_) + --.] . (3.6.7)
3 R R
We then find the average density
r 2
<p> = %: 3M [l - '13—0' (:2) + O(A_O‘) H ...] . (3.6.8)
4rr 3 R R
o
By (3.3.9) this becomes
P " xr
<p> = po []_ - I%_ (_A_O) + 0(',\—0) + ...] . (3-6'9)
R R

The physical density is neither the same as the
coordinate density p, Dor, as we shall see later, is it
uniform throughout the body. The difference between p
and the physical density is that p, the proper density
locally, a function which includes both rest-energy
density and energy-density due to motion, does not
include energy-density due to the presence of the gravi-
tational field. Gravitation is represented by the
metric on the left side of the field equations (3.3.1),

while the right-hand side of the equations, TUV, includes,
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by definition, all stress-energy except gravitation.
Indeed, this function, as the TOO component of the
energy-momentum tensor, could not include gravitational
energy density since gravitational energy cannot be
'localized' in an absolute sense. At any point where

a gravitational field exists we could transform to a

coordinate system in which that field vanishes.

3.7 Eddington Incompressibility

Eddington (1924) objected to calling the Schwarzschild
fluid incompressible. He advanced an alternate definition
of incompressibility, based upon an alternate concept of
uniform density. To understand the motivation for
Eddington's definition, it is useful to derive the
formula for the energy-momentum tensor (3.3.3), in the
following way:

The energy-momentum tensor for a system of non-

interacting particles, in Lorentz space, is

u v
uv _ POV — pidx dx
T = pUUY = oyt a2 a ; {3:7.1)
dxu ; . :
where uw! = =— . 1In Cartesian coordinates this would be

ds



5
(Q' jlvx LTV: plvz
p'v. ol . p'v. v p'v. v
o - | X X X X'y X 2 (3.7.2)
B ! ‘v 'v. v p'v. v 'v.v
" % | X m | | P VyVz
‘ ] 1 1 1
; 0 v
Lo L Vs s p'v v, |
where p' = py? .

Consider, now, Tuv for an element of a perfect
fluid in which the individual particles interact. If

(vx,v ,vz) refer to the motion of the center of mass of

Y
the fluid element, and (vé, v&, Vé) the motion of the

individual particles relative to the center of mass,

each term in (3.7.2) will now be

le k

pvt + v h K vy,
(3.7.3)

ZEVlvk + ZEV'lv'k .

Il

where p is the density of the individual particles.

Clearly the cross terms

k k

I —
valv (= lepv' )

are, by definition of center of mass, equal to zero. The
= $12 K . Al oo

terms Zpv ~v are the internal stresses P, i1.e., the

rate of transfer of the xl—component of momentum across

a plane perpendicular to the xk—axis. To the term (3.7.2)
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is now added the stress term,

( 3
0 0 0 0
0 Pyx Pyy  Pxz
S - (3.7-4)
0 p
W Pxy  FPyy  Fyz
| 0 Pyz Pyz Py j :

If the perfect fluid is now referred to axes with

respect to which it itsel” is at rest, the stress

i

© =1, vt = 0, and the

components Pij become G;P; v

energy-momentum tensor becomes

HV = (3.7.5)

The trace is N ™™V = p - 3p, where Y) is the metric
uv uv

tensor of special relativity. Since the trace is an
invariant, it will have the same value in curved space
as in flat space, i.e., T = guvTuv = p - 3P, from
equation (3.3.3). It should be noted that, since the
trace of the energy-momentum tensor for a system of non-
interacting particles must be positive, and that, since

the trace for the electromagnetic field is zero, the
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trace for a system of particles interacting electro-
magnetically, will be positive (see Landau and Lifshitz,
1971

Eddington's concept of incompressibility is

constancy of particle-density, not mass-density. He

writes,

"If a fluid is incompressible, i.e. if the
closeness of packing of the particles is
independent of p, the condition must be that...
|T, the trace of the energy-momentum tensor]|...
is constant. Incompressibility is concerned
with constancy not of mass-density but of
particle-density, so that no account should be
taken of increases of mass of the particles
due to motion relative to the centre of mass
of the matter as a whole."

(Eddington, 1924)

The particle-density of a system would be
proportional to the value obtained if the individual
particle masses were summed, where each particle is
referred to a set of axes with respect to which it
itself is at rest. If we denote the sum oo’ the energy-

momentum tensor would be

(o]e]

HY = (3.7.6)

Equating the traces of (3.7.1) and (3.7.5), gives the
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relationship

oo = P = 3P . (3.7.7)

The equation of state proposed by Eddington for

incompressible fluids is

o = p - 3P = B = constant . (327 4 8)

Substituting this into (3.3.7) gives

) V'
P'= -5 (B + 4P) . (3.7.9)
Integrating,
-2v
g ReER geiBibar (3.7.10)
4

where K is the constant of integration. However, the
coupling of the equations for density and pressure which
is demanded by the Eddington equation of state leads to
far more difficult equations for v and A themselves,
than the equations obtained by using the Schwarzschild
equation of state. Substituting (3.7.3) into (3.3.5)

and (3.3.6), and eliminating X, gives

- 1
CR2 ™ V(v - (vi)2 - &L+ &y 4o cp(-vt - (vi)2 + 2
X r? r2

_4v'?  4v" 8y {3.7.11)

r? r r?




o

This equation was solved by numerical integration.
Eddington's condition, that particle-density, not
energy-density, be independent of pressure} satisfies
the classical condition for uniform density and is
equivalent to the classical concept of incompressibility
since, in Newtonian physics, the constancy of mass and
particle density are equivalent for a homogeneous body.
The Schwarzschild condition is a generalization of this
classical condition to special relativity, since it
takes into account changes in mass due to particle
motion. Neither condition, however, would seem suitable
for a general relativistic concept of uniform density or
incompressibility, since neither take into account

increases in mass due to the gravitational field.



CHAPTER FOUR

GENERAL RELATIVISTIC INCOMPRESSIBILITY

4.1 A New Definition of Incompressibility

The condition p = P constant was considered by
Schwarzschild, and by many others subsequently, to be
the equation of state for an incompressible fluid. The
limit %f = % , at which central pressure becomes infinite
for the Schwarzschild equation of state, has been
generally considered to be the closest that any physically
realistic body could come to the ultimate static limit,
ro = 2m . However, as was seen in Chapter 3, pO does not
represent proper energy density, since gravitational
binding energy is not taken into account. The p = I
= constant condition is not the general-relativistic
condition for a body which has uniform proper-density.

True incompressibility, an idealization in the realm
of classical physics, is an even more remote concept in
general relativity, because its realization is already
precluded in special relativity. Complete rigidity

implies the instantaneous velocity of propagation of

interactions. Instead, we propose the following definition

of incompressibility:
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A static spherically symmetric body is
incompressible if its equation of state is
such that the pressure becomes infinite at

r=0 precisely when the limit %E =1 is

o
reached. (Cooperstock and Sarracino, 1976)
This certainly represents the ultimate stiffness of matter,

a condition which could be attained only as a limit, if

then.
Whereas central pressure may become infinite before
the static limit %ﬂ = 1 is reached, this static limit
o

could never be attained before central pressure becomes
infinite. This can be seen from an examination of the
Schwarzschild interior equations (3.3.4), (3.3.5), (3.3.6),
and (3.3.7). The metric component Iy has the wvalue 1 at
the center of the body, and increases outwards from the

center. Re-expressing (3.3.5), we obtain

gro1 A
X

v' = - CPL'r . (4.1.1)

Since 21 - 1 > 0 ,; and P, lx, and r > 0, v' will be

positive throughout the body. From (3.3.7), it is seen
that the pressure gradient is everywhere negative,
implying that the maximum value of pressure is at the
center of the body.

From the continuity condition for Qk and 2V i
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and the condition p = 0 at the boundary, it can be
shown that (27)' is also continuous at the boundary
(Schild, 1967).

From equation (3.3.5),

l2 N (z_x)surf ( l + surf.) -0 ,
r &R r
o o o
= W ' Vi, =_l_ v A e v
R )surf.v gurf. (27} surf. ro(g surf.2 surf. ? surf.)
| _ ¥
- ?_(l % surf.) ;
o
But
T ) = 2mr "2 = (&V) "
ry surf., o surfs ~9°

Matching with the exterior Schwarzschild solution,

A

- _ 2m
(% )surface = (1 ro) n (4.1.2)
v -1 - 2m
(% )surface =1 r, ¢ (4.1.3)
2m 2m, ~!
(v'") = — (1 - =) 2 (4.1.4)
surface r02 ro

Substituting into (3.3.7) yvields the pressure gradient

at the surface



- 57 -

1

lim P' =i M -2 in g . (4.1.5)
r->r o o o rHr
e} o .
At %E = 1 the surface pressure gradient, and
o

therefore the central pressure, would become infinite.
Thus, the new definition of incompressibility advanced
above represents a true limiting condition in that there
cannot exist a body whose equation of state is such that

the central pressure would be finite at £ooe 2m

It should be noted that a simple substitution of

B 2m into the pressure equation for the Schwarzschild

fluid, (3.5.1), will give a negative central pressure.

However, between the values %ﬂ = g and %E = 1 the pressure

will be infinite somewhere in the body. We are considering

here only static bodies or bodies at the static limit, and

beyond %E = g the static configuration of a body with the

Schwarzschild equation of state could not be sustained.

4.2 Incompressibility and the Work of Bondi

Since an incompressible fluid would be stiffer than
a uniform-density fluid, which is generally regarded as
physically unrealistic, it follows that a fluid which is
incompressible by our definition would be an idealization,

impossible of attainment. The definition does, moreover,
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provide a useful standard against which the relative
compressibility or incompressibility of a fluid may be
measured. The closer the surface value of %? approaches
to 1, the closer a given equation of state would come
to representing incompressiblity. In the next chapter
we shall use this standard to compare the Schwarschild
and Eddington equations of state, plus a third, which
represents uniform proper density.

Bondi (1959, 1964), has shown that for bodies with
non-negative pressure and density, the limit B, . 2m
cannot be reached. Beginning with the Schwarzschild

equationse” (3U3%4) A W3.358)5 K337306) ; and (3% 3u7) ;Pand

defining
u(r) _ Mr) . (4.2.1)
r
where r
M (r) = I 4nr?pdr (4.2.2)
(@]

equation (3.3.4) can be integrated to give
-A
2 =1 - 2u . $452.3)

Defining a second function,

v(r) = 4nr?p . (4.2.4)



equation (3.3.5) becomes

o

+
= —_2‘11; ; (4.2.5)

N| =
a}
21g
|

-

which when substituted into (3.3.6) assumes the form

(1-2u) %B +u+ v
- L4 A (4.2.6)

2v- (u?+6uv+v?)

2 L

QJIQ-:

<R
|

the equation of hydrostatic equilibrium. Bondi then does
a detailed analysis of this equation, plotting its
solution curves in the u-v plane.

Imposing the condition p - 3P > 0 , the maximum

value of %9 is found to be .638.* Under the less
o
stringent condition p - P > 0, the limiting equation of

%
state for bodies in which the speed of sound, g%) .

is less than or equal to the speed of light in vacuum,

the maximum value of %E is .780. In accord with the

o

proof of Buchdahl it found that for %% < 0 , the maximum

value of %ﬂ is .889. The highestvalue of ki
o o

by imposing no restriction except p > 0, P >

, obtained
0, is .970.
The solution yielding this extreme value corresponds to

'a thin shell of matter stuffed full of density-free

*This is the condition for a system of non-interacting
particles, or particles interacting electromagnetically.
(Landau and Lifshitz, 1971)
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pressure', and is, therefore, entirely unphysical.

As a final note, Bondi goes further still,.showing
that r, approaches 2m if negative densities are allowed,
and that %E can exceed 1 if pressure is allowed to

become negative. But these conditions are also com-

pletely unphysical.
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CHAPTER FIVE
UNIFORM DENSITY FLUIDS

Neither the TOO component of the energy-momentum
tensor, nor the trace (p - 3P in Schwarzschild coordinates)
of the energy-momentum tensor correspond to proper energy
density when one wishes to take gravitational energy into
account. 1In this chapter we find the general relativistic
expression for proper energy density in Schwarzschild
coordinates, and develop the equation of state for a
truly 'uniform density' fluid, that is, a fluid in which
the general relativistic energy density is constant. We
then compare this fluid with the Schwarzschild and
Eddington fluids, and determine which most closely

approximates incompressibility.

5.1 The Constant pproper Equation of State

In section 3.4 it was shown that

r
. o A/2
Sraper - T f 2 < dr ; (5:1.1)
o
and that for the Schwarzschild equation of state,
o
J o r? ar
5 o
> = # p @ (5.1-2)




It can be further concluded that <p> in the
Schwarzschild fluid is a function of r, and not constant
throughout the body, as is Po * In general we cannot
associate a definite proportion of the total gravitational
energy of a body to any particular region inside it.
Strictly speaking, gravitational energy cannot be
localized. However, in the special case of a spherically
symmetric body this can be done (Misner, Thorne, and
Wheeler, 1972). The total mass, that is, mass due to all
sources other than gravitation, and mass due to
gravitational binding energy, contained in a sphere of

radius r, of a spherically symmetric matter distribution,

is
e
M(x) = 4n f gr'? ar* . (5.1.3)
o
From (5.1.3) and (5.1.2) we see that pproper is not

constant throughout the fluid. By a straightforward
calculation the general expression for proper energy
density can be derived. The mass of a spherically

symmetric system is
M = f(proper density) (proper volume element) ,

= 4ﬂjpr2 dr = J(—E——)(4ﬂr2/grr dr) : (5.1.4)

grr



But from (3.6.1) we know that

av = 4nr?® vVg__ dr 4
proper o
Therefore,
-\/2
pproper ] rf—-= B /
Iyr

in Schwarzschild coordinates.

We now consider the equation of state

o} = A = const. ’
proper
or

p = Alk/z .

Substituting into eguations (3.1.4), (3.1.5),

and (3.1.7) yields the equations

- ]
_8nGAQA/2 = A(J; = %f) N ,
r? r?
-8TGP = 1 -A, 1 v
2 - =D,
2
s
- g=A]wli! v'? . y"  1.yt=)!
=$ner = A 15N il . 3 -
Pl = —% v'(ASl)\/2 + P) =

{5.1.5)

(5.1.6)

{5.1.%)

(3.1.6),

(5.1.8)

(5.1.9)

, (5.1.10)

{5.1.11)

These equations were integrated numerically. The



program used was "Variable Order Integrator for the
Numerical Solution of Ordinary Differential Equations",
by F.T. Krogh, Jet Propulsion Laboratory, California
Institute of Technology, May, 1969. The program was
carried out on the IBM 370/145 Computer at the
University of Victoria. Work was done in double

precision (16 significant figures).

5.2 Preliminary Work and the Schwarzschild Equation

of State

As a check, and in order to -.-determine the accuracy,
of the program, the equations for the Schwarzschild
equation of state were first solved numerically. The
equations (3.3.4), (3.3.5), (3.3.6), and (3.3.7) were

re-written in a form more suitable for integration,

\/2 _  3\/2
(eM2y0 2 % 2 - 82 3NV2, (5.2.1)
2r
A
' = &—E:—l = CBAME 1 (5.2.2)
A2 A2
PN, s L ik LA | 14 e RS A
T ik LA, 5 (5.2.4)

In solving differential equations numerically



precautions must be taken to assure that the solution
does not cross onto a curve which diverges radically
from the true curve represented by the given initial
conditions. To guard against this, a 'vector plot' of
the solution curves is made, to find the areas of
'bundling', that is, the areas where the solution curves
concentrate. If bundling is severe, but occurs at one
of the extremes of the curves, the boundary conditions
must be set, and integration performed, from the other
extreme. If bundling occurs in the middle, very little
can be done short of using a more accurate and sophisti-
cated program.

Figures 5.1 and 5.2 show solution curves for two
hypothetical equations. If integration begins at t = 0
for the equation represented by Figure 5.1, small errors
ﬁade at the start will be greatly magnified as integration
proceeds. If, however, integration is performed from to
to 0, small errors will be reduced as integration proceeds,
and the correct curve will be obtained. In Figure 5.2,
severe bundling occurs approximately mid-way between
t =0 and t = to. Regardless of which end of the curve
the integration is begun, crossing to the wrong curve
will result.

A vector plot was made of equation (5.2.1) by

\/2

calculating (2 )' for different values of zx/z and r.



Figure 5.3 shows the results of the plot.

The curves become singular at r = 1 and, with

the exception of the curve with boundary value 2A/2

at r = 0,

(0)=1,

Bundling occurs between these two values of

r, but fortunately it did not prove severe, except for

the Eddington equation of state.

From the vector plot,

it is clear that integration should be carried outwards

from r = 0.

As expected, a few attempts to integrate

from the surface towards the center did result in the

curve approaching negative infinity as r approached

Z€ero.

The equations (5.2.1), (5.2.2), (5.2.3), and

(5.2.4) were re-written in the form

(5.2:.5)

(5.2.6)

(5.2,7)}

{5.2.8)

m

3 kAr
£roe IE 4 £22
2r 2
= 271 | xp ¢ 2Pf2%
g ~ m m !
T
2 ] 1 ~
gt = - + gt - D + 24 2xp _r 2E2
2 e
A gA g/\
P=-3—-32P
2 Pm 2
where K = -C = 841G, f l/2' p = A = const., r = ﬁl
5 P dV " " L3 . :
P = a5 oG- L 1 and ! denotes differentiation
m
with respect to r



In evaluating the constants, rm was taken to be
the radius which gives the singularity in the exterior
Schwarzschild metric, and the ratio A/Pm was chosen
to be within an order of magnitude of the density-to-
pressure ratio at the center of a neutron star obeying
the Schwarzschild equation of state, with the mass and
radius of a 'maximum mass' neutron star (Weinberg,
1972} . *

For a 'uniform density' body (in the Schwarzschild

sense)

4 KAro3
r = 2m = 2G Ax® = 5
O 35, 3
Accordingly, we choose
J—
m T Ra .

The constant KArm2 in (5.2.5) is 3. The constant in

(5.2.6) and (5.2.7) becomes

*Recent work has resulted in much larger theoretical
values for the maximum mass of neutron stars (see, for
instance, Hegyi, Lee, and Cohen, 1975; Brecher and
Caporaso, 1975). However, the constants were chosen
simply to be in the neighborhood of values found in
the interior of neutron stars.



the inverse of the constant in (5.2.8).

A 'maximum mass' neutron star (Weinberg, 1972),
has mass .7M®, and radius 9.6km. This gives a value
2m .
f g~ +215, PFrom (3.5:1);
e}

L

2M; *

3 l—(l—'fg)
O_= 1 ~.07 ’

=5
® giyici . g
E
(@]

el

where Pc = central pressure, and r = radius at the

P
surface. We set ?§-= 5 , or about seven times the
above value. If A =

10'*g/cm? then P represents
4.5-10%"* dynes/cm? .
Making the appropriate substitutions we obtain the

equations in their final form, suitable for integration.

£9 .= f5£3 +3 £, (5.2.9)
g = f;'l + 3 pf2r (5.2.10)
g' = - %2+ g(%; - %) + %%l + IpEr (5.2.11)
B S g %? . (5.2.12)

We have the freedom of choosing P at the origin. The

values of f', g, g', and P' can be found at the origin by
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expanding £, P, and g in a power series about r = 0.

We find

o) =0 '

P'(0) = 0 '

g(0)= 0 ’
g'(0) =1 +32—P )

The central pressure was set at the maximum value
allowed by the computer, and the program stopped when
P became negative. A simple interpolation between
‘the final positive and first negative value of pressure
was used to give the value of r and f at the surface.
FProm £, %ﬂ can be readily found by matching with the

o
exterior solution:

A
£z "2 2 —-—1—; ) (5.2.13)

2m, 2
{1 - =)
o
As a preliminary check of the accuracy of the program
we integrated equation (5.2.9). The function f went off
the computer register (maximum setting, ~ 107%) at the
expected value of r = 1. The computer value agreed with

the analytic value to 10 significant figures.



Then the two equations (5.2.9) and

' o= = 3 f2.p2 1 £ 3, £ .1 5
P = A * ri = P(Zr 5T 5 1 r) - + E ’ (3.2.14)
obtained bv eliminating g between (5.2.10) and (5.2.12),

were integrated. With central pressure set at 10%%, €
at the surface was found to agree with the analytic
value for infinite central pressure to 5 significant
figures. Then a number of programs were run in which
all four equations (5.2.9) to (5.2.12) were solved. For
a number of values of central pressure, to values as low
as 10°, the computer solutions agreed with the infinite-
central-pressure analytic solution to five significant
figures. These checks were performed to assure the
accuracy of the program and the consistency of the
procedures.

Table 5.1 lists the most significant of the programs

run, and their results.

5.3 Numerical Solutions for the Constant p
proper

Equation of State

Equations (3.1.4) to (3.1.7) were integrated using

the constant-pproper equation of state,

ARA/z

Z - = Af . (5.3.1)
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As with the Schwarzschild equation of state, two
sets of equations were integrated: the first set
corresponding to (5.2.5) and (5.2.15), and the second
set corresponding to (5.2.9), (5.2.10), (5.2.11]), and

(5.2.12). The first set of equations were

L3
£1 = lef + % r (5.3.2)
and
T 1 1 f£= - £ f '
P —-——4—frP +P(E—§-E—5fr) —-}—4’;. (Be3:3)

The second set of equations were (5.3.2), (5.2.10),

(5.2.11)  and
p' = -gf - L . (5.3.4)

These equations have the same initial values for £, f',
g, g', and P' as those for the Schwarzschild equation of

state.

The maximum value obtained for (Qk/z

)

surface

corresponded to a maximum value for 2m/r0 of 917, as

compared to .889 for the Schwarzschild fluid. The

constant-p equation does lead to a stiffer fluid,
proper

more closely approximating an incompressible fluid, than

the Schwarzschild constant-p equation.
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5.4 Numerical Solutions for the Eddington Equation

of State

Substituting the Eddington equation of state

p=A + 3P {(5.4.1)

into equations (5.2.5) and (5.2.8), we obtain

Pfir , (5.4.2)

X

—g — 2gP > (5.4-3)

Pl

These equations, together with (5.2.10) and (5.2.11), were

integrated in the same manner as in the previous two cases.

Expanding f,

P, and g in power series about r = 0, we

find the initial wvalues

For low
increases as
However, for

the value of

f£'(0) =0 ’
g(0) = 0 ’
P'(0) =0 ’
g'(0) =1 + 3P(0) >

2m
values of central pressure, (E_)

O surface
central pressure is increased, as is expected.

values of central pressure between 10 and 100

%E at the surface levels off, and then
o

decreases, as central pressure is increased further still.
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It was suspected that the p-P coupling in the equation
of state led to severe bundling, which caused crossing
from one solution curve to another in the éritical
region. Graphs of the pressure, g, and f curves for
values of central pressure varying from 1 to 100
confirmed this suspicion (see graphs 5.5).

However, from the proof of Buchdahl, it is clear
that the Eddington equation of state will lead to a more
compressible body than that corresponding to the Schwarz-
schild equation of state. This follows from the

Eddington equation of state (5.4.1):

jon
ke

[oN)
g

—_— = 3 ——f < 0 ’ (5.4.5)

which satisfies the restriction on p necessary for the
proof. In addition, the work of Bondi (1959, 1964) shows
that for any fluid obeying the equation of state

p - 3P > 0, the maximum value of %E is .68, well below
o

the maximum values for the constant-p and constant-

pproper fluids. The condition p - 3P > 0 is less

restrictive than the Eddington equation of state, hence

%ﬂ in the Eddington case would be even lower than .638.

o
The Eddington equation of state was analyzed numerically
in order to determine just how much lower the maximum

value of %? would be, and also in order to gain more



- 74 -

familiarity with the program.

5.5 Other Numerical Solutions

We programmed several other equations of state,
including two which approximated the extreme configuration

of 'a thin shell of matter containing a space stuffed

full with density-free pressure' (Bondi, 1964). The
equations

PR e (5.5.1)
and

p = Ar?® (5.5.2)

produced maximum surface values of .970 and .969,
respectively, in close agreement with Bondi's maximum
.970. This computer analysis served as an additional

check of the accuracy of the integration methods used.

5.6 Gravitational Red-Shift

The gravitational red-shift from the surface of a

stellar object is

Y VR N
2 =0T (1 ro) 1 =f 1 . (5.6.1)
(Weinberg, 1972).

The gravitational red-shift for most stellar objects is

extremely small, 4x10™" for a 'maximum mass' white dwarf,



for instance (Weinberg, 1972). In the early 1960's,
however, a new class of obijects (the quasi-stellar
objects, or QS0's) were discovered, with starlike
optical images, and with red-shifts varying from .1 to
values in excess of 3 (Weinberg, 1972; De Veny, Osborn,
and Janes, 1971). These extraordinarily large red-
shifts could arise from a Doppler effect, in which case
the QSO's would have an absolute luminosity far
exceeding that of the largest galaxies, or, they could
be caused by powerful gravitational fields. The
gravitational red-shift from the surface of a 'maximum
mass' neutron star (Weinberg, 1972) would be .13. The
maximum red-shift from the surface of a star with
Schwarzschild equation of state would be 2.00, and for
awhile, when red-shifts were piling up to 1.95, it was
tempting to ascribe them to stars that had approached
the 'limit' of 'compressibility'. Since then, however,
red-shifts have been found to exceed 2.00, and in fact,
red-shifts as high as 3.2 have been observed (De Veny,
Osborn, and Janes, 1971). The maximum gravitational
red-shift from the surface of a star with constant
pproper equation of state is 2.48, higher than the
red-shifts from all but a very few QSO's. This new

value represents an improvement over the Schwarzschild

limit, but would not alone suffice to provide an



alternative hypothesis to the cosmological interpretation
of O80's.,

It should be noted, as well, that some ascribe the
large 0SO red-shifts to light coming from the interior
of stars (Weinberg, 1972). The red-shift from the
center of a star that had reached its static limit,

would be infinite.

5.7 The Maximum Mass of Non-rotating Neutron Stars

The question of the maximum possible mass of a
neutron star is a topical one, since it has been claimed
that the x-ray source Cygnus X-1 is too massive to be
a neutron star, and, therefore, must be a black hole.

Many different limiting equations of state for
neutron stars have been advanced over the years, leading
to different values for the maximum possible mass of
non-rotating neutron stars (Hegyi, Lee, and Cohen, 1975;
Brecher and Caporaso, 1976). All equations of state
proposed so far have been more restrictive than the
Schwarzschild condition, which, considered to represent
an 'incompressible' fluid, has been taken as the absolute
limiting equation of state for any stable matter
distribution (see, for example, Hegyi, Lee, and Cohen,
1975; Weinberg, 1972).

Oppenheimer and Volkoff (1939), using an independent
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particle model, originally calculated the maximum mass of
a neutron star to be '7MO’ Recent work has yieided
theoretical neutron star masses up to SMO using a

simple pressure-dependent density function in the
equation of state (Hegyi, Lee, and Cohen, 1975; Brecher

and Caporaso, 1976). The equation of state

o =P (5.7.1)

has been taken by some to be the limiting equation of
state for a physically realistic system, since the speed
of sound is equal to the speed of light in vacuum.
However, Bludman and Ruderman (1968 , 1970) argue that
larger sound velocities can exist which do not violate
causality. Hegyi, Lee, and Cohen (1975) have calculated
the maximum possible mass for the Schwarzschild equation
of state, and have found the value to be 8M_. . A neutron

O]

star with a constant pproper equation of state would have

a maximum mass larger than 8M

o’ although how much larger

has yet to be determined.

5.8 Physically Realistic Stars

The limiting condition for a stable mass distribution
would be

dp

B IDEL ¢ 0 (5.8.1)
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not the condition

Q:iQ.a
H|o

<0 , (5.8.2)

which previously, and traditionally, has been considered

(Weinberg, 1971; Wasserman and Brecher, 1977). For our
model,

dp _ d A/2

- i dr(AQ, ) >0 " {(5.8.3)

Wasserman and Brecher (1977) have observed that our
model violates the condition (5.8.2), and therefore should
be unstable. This argument, we feel, suffers from the
mistaken association of p, and not p , with the

proper
physically meaningful energy-density, an association too
closely wedded to classical concepts. All energy,
including gravitational energy, contributes to the total
mass of a body, and hence it is p which is the
proper
physically relevant quantity in general relativity.

Stability, then, is determined by the proper-density
distribution, not the density distribution represented by
the function p. "...we would find it hard to imagine
that a physically realistic star with p increasing

proper
outward can be made. Clearly our equation of state was

chosen as the limiting case which fulfills this requirement"”

(Cooperstock and Sarracino, 1977).
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CHART 5.1
(2?3
central # (ZX/Z) (2m/ro) analytic
Eq. of state pressure Eg. surface Z surface value
Schwarzschild 103° 2 |3.0000 2.0000 .889 3.0000
Schwarzschild 10° 4 | 3.0000 2.0000 .889 2.99997
C°n2tant 1.15-10%%] 2 |3.483 2.48 .9176
proper
COnitant 6.67°10° | 4 |3.483 2.48 .9176
proper
C°nitant 6.67-107 | 4 |3.483 2.48 .9176
proper
p=2245A 16*° 4 |5.74 4.74 .970 5.78%
p=2r?%°® 10'° 4 |5.64 4.64 .969 5.78%

*extreme value obtained by Bondi.



SUMMARY AND CONCLUSIONS

The two limits to the size and mass of static
bodies, infinite central pressure and metric singularity
at the surface, which appear from the general relati-
vistic interior and exterior field equations, arise in
general relativity. The condition that central pressure
become infinite precisely when the surface value of %?
reaches 1, would, then, appear the natural generalization
of incompressibility to general relativity. As complete
rigidity is precluded by special relativity, it would be
expected that an incompressible fluid, according to our
new definition, could not exist, and indeed, it cannot.
Moreover, the new definition provides a useful quanti-
tative standard against which the compressibility of fluids
obeying different equations of state can be measured. The
larger the maximum possible surface value of %? is, for a
given equation of state, the closer that body approaches
incompressibility.

The Eddington condition of incompressiblity is
equivalent to the classical concept of a uniform-density,
incompressible fluid because classically, for a homogeneous
body, mass and particle density are proportional. The

Schwarzschild condition is a generalization of these

concepts to special relativity, since the density function
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takes into account changes in mass due to motion. The
constant proper-density condition is a further generali-
zation of the concept of uniform density té general
relativity, since the density function includes
gravitational energy as well as all other forms of
energy. It is not surprising, therefore, that of the
three, the Schwarzschild fluid should more closely
approximate incompressiblity than the Eddington fluid,
and that the constant proper-density fluid should be

the least compressible.

The constant proper-density fluid has a higher
maximum value of gravitational red-shift from the surface,
2.48, compared to 2.00 for the Schwarzschild fluid. At
the same time, the constant proper-density equation of
state would give a greater upper limit to the mass of a
neutron star.

A star with uniform proper density would be stable,
since it is proper density which is the physically
relevant quantity in general relativity. The limiting
condition for stability, traditionally considered to be the
condition that p does not increase outwards, must, we feel,
be replaced by the new stipulation that proper density does

not increase outwards from the center of a body.
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