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ABSTRACT

To deal with nonsmooth phenomena in mathematics and optimization, various
kinds of subdifferentials have been introduced in the literature over the last
two decades. Among them are the Clarke generalized gradient, the limiting
subgradient, and the proximal subgradient. In this thesis, we provide some
conditions that guarantee the nonemptiness of the proximal subgradient, and
the sum rule for proximal subgradients to hold. We have also found a class of
functions f that can be recovered up to a constant by the proximal subgradient
of f or —f. Finally we provide some sufficient conditions for the existence of
error bounds in terms of the above three subdifferentials.
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Chapter 1

Introduction

Subdifferentials are important and useful tools in nonsmooth a.na,l‘ysis and
optimization (e.g., see [4, 5, 6, 7, 10, 14, 15, 19, 24, 30, 31, 35, 37, 38]). These
notions include the Clarke generalized gradient, the limiting subgradient and the
proximal subgradient. All these subdifferentials have their own merits and may
have applications in different situations. On one hand, the Clarke generalized
gradient, being the biggest among the three subdifferentials, may be too big
in some applications but usually enjoys good calculus. On the other hand, the
proximal subgradlent being the smallest, may be empty and tends to have poor
calculus. The main purpose of this thesis is to study the calculus and integration
of the proximal subgradient, and the characterization of error estimates for
equality and inequality systems in terms of the above three subdifferentials.

In Chapter 2, we study the conditions under which the proximal subgradient
is nonempty and the sum rule holds.

In Chapter 3, we discuss the integration problem, i.e., when a function can
be recovered up to a constant from its subdifferentials. In R”, there are some

classes of functions which can be recovered by their Clarke generalized gradients.



Rockafellar [37] proved that if the functions f and g are locally Lipschitz and
Clarke regular with df = 0g, where df denotes the Clarke generalized gradient
of f, then they differ by a constant. Qi [32] showed that a function whose
effective domain has a nonempty interior and whose subdifferential is single-
valued almost everywhere can be decided by its generalized gradient. Poliquin
[31] asserted that a primal lower-nice function f is also recoverable from its
generalized gradient (actually in this case its proximal subgradient 87 f coincides
with df). However, not every Lipschitz function can be recovered from the
knowledge of its Clarke subdifferential. In fact, Rockafellar [37] has constructed
a Lipschitz function f : R® — R such that df(z) = [-1,1]" for any z € R™ but
its translate g(z) =f(x — a) does not differ from f by a constant even though
0g(z)=0f(z) for any x € R™ and any a. This example also shows how “far”
the generalized gradient can be from the gradient according to Rademacher’s
theorem which states that a locally Lipschitz function is differentiable almost
everywhere.

For a Lipschitz function, the proximal subgradient would not be too “far”
from the gradient since the proximal subgradient of it either consists of the
gradient or is empty at the point of differentiability. So a natural question
is whether or not a function can be recovered from its proximal subgradient
(see Loewen [24]). Recently, Borwein, Girgensohn and Wang [3] have given a
negative answer by an example. In Chapter 3, we show that one can use both
proximal subgradients of f and —f to recover the function. Let I/ be an open
convex subset in a Hilbert space, and let f,g : U — R be continuous and

0" f(z) U 8™ (—f)(z) be nonempty and bounded. We prove that f and g differ



by a constant on U if and only if 9" f(z) = 7¢g(z) Vz with 8" f(z) # 0 and
0" (—g)(z) C 0"(~f)(z) Vaz with &"f(z) =0

In Chapter 4, we present some sufficient conditions for the existence of error
bounds and metrical regularity in terms of subdifferentials.

Let C be a nonempty subset of a Banach space X and let f; be a real-valued

function defined on X for each i = 1,---,r. Denote

Si={reC: i) <0, f(x) < 0}

and let z € S. The set S is said to have a global error bound if there exists a

constant g > 0 such that the distance function satisfies
ds(z) < pllF(z)ll Vz €C, (1.1)

where F(2),. = (f1(z)+, -+, fr(2)4) with fi(z),=max{fi(z),0}fori=1,.-.,r
and || - || is the usual Fuclidean norm. The system

fi(z) <0, folz) <0
is said to be metrically regular at z relative to C if there exist positive constants

u and € such that
ds(z) < p|F(z)4|| YVzeC and [z-z|<e.

The earliest result of an error bound was established by A. J. Hoffman for a
linear system in R™ in 1952 [17]. This fundamental result has been extended to
an analytic system [25, 26, 28], a polynomial system [18, 27], a convex system
[29, 21, 22] and a Lipschitz system [38] in R®. For an infinite dimensional

space, S. M. Robinson [33] and Sien Deng [13] proved that there exists a global



error bound for a convex system in a normed space which satisfies the Slater
constraint qualification with S being bounded and that inequality (1.1) is also
true for a locally Lipschitz convex system in a reflexive Banach space under a
condition relating to recession function and unbounded set S. In Chapter 4,
we will discuss some Lipschitz (or lower semicontinuous) systems in a Banach
space and then use Ioffe’s technique to give some sufficient conditions for the
existence of error bounds for these systems in terms of the Clarke generalized
gradient, the limiting subgradient (as in [38]) and the proximal subgradient.
Some parallel results about metric regularity are also provided there.
Throughout this thesis, X is a real Banach space whose open unit ball is
denoted by B. For any z € X, x+ 6B denotes the open ball in X with center at
z and radius § > 0. Let X* be the dual space of continuous linear functionals
on X. Forany z € X and £ € X*, £(z) is usually written as (£, z). H denotes

a real Hilbert space with the norm induced by
llz|| = +/(z,z) for each z € H,

where (-, -} is the inner product in H.



Chapter 2

The Generalized Gradient and
The Proximal Subgradient

This chapter consists of two sections. In §2.1 some basic concepts that are
related to the (Clarke) generalized gradient and that will be used throughout
the rest of this thesis are reviewed and some relationships between them are
discussed. In §2.2 the calculus of the proximal subgradient is developed in
detail. Special attention is paid to the nonemptiness and the sum rule of the

proximal subgradients.

2.1 The Clarke Generalized Gradient

Definition 2.1 Let C' be a nonempty subset of X. A function f: C — R is

said to be Lipschitz (of rank L) on C if for some nonnegative scalar L one has

|f () — f(w2)] < Llln — v2ll  Van,y2 € C.

We shall say that f is Lipschitz of rank L near z if C = x + § B for some 6 > 0.
A function f is said to be locally Lipschitz on a subset S of X if it is Lipschitz

near every point in 5.



Definition 2.2 Let f : X — R be Lipschitz near z. For any vector v in X, the
(Clarke) generalized directional derivative of f at x in the direction v, denoted
f°(z;v), is defined by

t .

Y=z t
t—0t+

The Clarke generalized gradient of f at x is the subset of X* given by
0f(z) ={£ € X" : {{,v) < f°(z;v) Wwe X}

Note that since f is Lipschitz near z, the difference quotient whose upper
limit gives the Clarke generalized directional derivative always takes values with
magnitude at most L|v||. So f°(z;v) is well defined. Also the function v —
f°(=z;v) is positively homogeneous and subadditive on X ([6, Proposition 2.1.1]).
Hence by the Hahn-Banach Theorem (e.g., see [11]), there is a linear functional
& majorized by f°(z;-) and agreeing with it at v. It follows that df(z) is
nonempty.

The Clarke generalized gradients have the following basic properties.

Proposition 2.3 [6, Proposition 2.1.2] Let f : X — R be Lipschitz of rank L
near . Then Of(z) is a nonempty, convex, weak*-compact subset of X* and

l€ll« < L for every & in df (x), where ||€||« is the norm of € in X* defined by
1€ll+ := sup{(€,v) : v € X, ||v]| < 1}.

Proposition 2.4 (Scalar Multiples [6, Proposition 2.3.1]) Let f : X — R be

Lipschitz near x. Then for any real scalar o, one has

d(af)(z) = adf ().



Proposition 2.5 (Finite Sums [6, Proposition 2.3.3]) If f; : X — R is Lipschitz

near x fori=1,---,m, then
3(2 fi)(z) € Y 0fi().
= =1

Proposition 2.6 (Pointwise Maxima [6, Proposition 2.3.12]) Let f; : X — R

be Lipschitz near  fori=1,---,m. Assume that for anyy € X

fly) — max{fi(y), -, fm(y)}
and I(y) — {1<i<m: fily) =)}
Then 8f(z) C co{0fi(z):i€ I(a)},

where co A denotes the convex hull of A.

Proposition 2.7 (Lebourg Mean-Value Theorem [20] or [6, Theorem 2.3.7])
Let © and y be points in X, and suppose that f is Lipschitz on an open set
containing the closed line segment [z,y] := {tz + (1 —t)y : t € [0,1]}. Then

there exists a point u in the open line segment (z,y) such that
fly) = f(z) € (0f(w),y — ).

Let F' map X to another Banach space Y. The usual one-sided directional

derivative of F' at x in the direction v is

F’(x-v) = lim F(:l: -}—t'l}) - F(SE)
’ t—0+ t

provided that this limit exists.

Definition 2.8 Let F' map X to another Banach space Y and £(X, Y) be the

space of continuous linear operators from X to Y.



e F is said to be Gdteaur (Fréchet) differentiable at x € X if there is an

operator DF(z) € £(X, Y) such that for any v in X

lim F(z +tv) — F(2)

t—0+ t

= DF(z)(v)

and the convergence is uniform with respect to v in any finite (bounded)
sets. The corresponding operator DF'(z) is called the Gdteauz (Fréchet)

derivative of F at z.

The condition for F' to be Fréchet differentiable at z is equivalent to the
assertion that there exists an operator DF(z) € £(X,Y) such that for

any € > 0 there exists 6 > 0 such that
||F(z + h) — F(z) — Df(z)(h)|| < €]|h]]| whenever h € X and ||h|| < &
(cf. [30, Definition 1.12]).

e F is strictly (Hadamard) differentiable at x € X if there is an operator
D,F(z) € £(X,Y) such that for every v € X

i P+ t0) = F(y)
Y=z t
t—0t

= D,F(z)(v)

and the convergence is uniform for v in any compact sets. The corre-

sponding operator D, F'(z) is said to be the strict deriwative of F' at x.

o Fis continuously Gateauz (Fréchet) differentiable at z € X if there exists
d > 0 such that F' is Gateaux (Fréchet) differentiable at each point ¥ in
z + 0B and the mapping y — DF(y) is continuous at z. In particular, F’

is Gdteauz (Fréchet) C'* at r € X if F is continuously Gateaux (Fréchet)



differentiable at z and the mapping y — DF(y) is Lipschitz on z+ B for

some & > 0.

It is easy to see that pointwise Fréchet (strict) differentiability implies Gateaux
differentiability. The following example shows that the converse may not be

true.

Example 2.9 Let f : R? — R be defined by

2%y ifz#Qory+#0

= zi+y?
J(@.9) {0 fz=y=0.

It is easy to check that f is Gateaux differentiable at (0,0), and the Gateaux

derivative at this point is 0. However, since

2 3,2 1 1 1
f@a)| _ la*-Y bkl s

= X =
@22 @i+Y) VZ+ad 21+ 2

f is not Fréchet differentiable at (0, 0).

Although pointwise Gateaux differentiability does not imply Fréchet differ-
entiability, a continuously Gateaux differentiable function is always continuously

Fréchet differentiable.

Proposition 2.10 (e.g., see [14]) A function f : X — R is continuously
Gateauz differentiable at x € X if and only if f is continuously Fréchet dif-

ferentiable at this point. Moreover, these derivatives are identical.

Proof. The sufficiency of this proposition follows from the definitions. Now

suppose that f is continuously Gateaux differentiable at z. To show that f is
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continuously Fréchet differentiable, it suffices to prove that it is Fréchet differ-
entiable. Under our hypothesis, for any € > 0, there exists é > 0 such that the

Gateaux derivative D f(z) exists at each point ¥ in z + B and

IDf(y) — Df(z)|l. <€ for each y € =+ 6B. (2.1)

For any h € X with ||h]| < §/2, let ®(t) = f(x + th). Then for any ¢ € (0,1)

¥ — lim O(t+ s) — B(2)

s=0 S
lim f(z +th+ sh) — f(z+th)

5—0 3

_ (Df(z+th), k).

Application of the mean value theorem for functions of one variable to ® yields
®(1) — ®(0) = d'(6) for some 0 € (0,1).
Consequently,
fl@+h) = f(z) - (Df(z),h) — (1) — 2(0) — (Df(z),h)
— ¥(0) - (Df(a), h)

— (Df(z+6h),h) - (Df(z),h)

— (Df(xz +6h) — Df(x), h).
Therefore
|f(x+ k) — f(z) = (Df(z),h)| — (Df(x+6h)— Df(z), h)

< ||IDf(z+06h) — Df ()] - |||

< ||| (by virtue of (2.1)),
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which implies that f is Fréchet differentiable at z and that D f(z) is the Fréchet
derivative of f at z. n

Since there is no difference between continuous Gateaux differentiability and
continuous Fréchet differentiability for f at z, f is simply said to be C! at z if

it is continuously Gateaux differentiable at x.

Corollary 2.11 A function f : X — R is Giteaur C'* at x € X if and only
if it is Fréchet C'* at . Hence f is said to be C** at x if it is Gdteauz C'* at

z.

Proposition 2.12 [6, Corollary of Proposition 2.2.1] If F : X — Y is contin-
uously differentiable at x, then I is Lipschitz near x and strictly differentiable

at x.

Proposition 2.13 [6, Proposition 2.2.1] Let F map a neighborhood of x to Y,
and let £ € £(X,Y). Then the following are equivalent:

(a) F' is strictly differentiable ot T and D F(z) =¢£.

(b) F is Lipschitz near z, and for eachv € X

Y=+T A
t—0t+

= (55’”)'

Proposition 2.14 [6, Proposition 2.2.4] A function f : X — R is strictly
differentiable ot x and D,f(z) = £ if and only if f is Lipschitz near z and
af (x) = {¢}-

To further characterize the strict differentiability, we need the following

notion and properties.
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Definition 2.15 A function f : X — R is said to be (Clarke) regular at

provided

(a) Forallv € X, the usual one-sided directional derivative f'(x;v) exists, and
(b) For allv € X, f'(z;v) = f°(x;v).

Proposition 2.16 [6, Proposition 2.3.6] Let f be Lipschitz near x.
(a) If f is strictly differentiable at x, then f is regular at z.

(b) If f admits a Géteauz derivative Df(x) and is regular at z, then 0f (z) =
{Df (=)}

The following property reveals the close relationship between the strict dif-
ferentiability and the Gateaux differentiability and regularity of a function f at

x.

Proposition 2.17 A function f : X — R is strictly differentiable at x if and

only if f is Lipschitz near x, Gdteaur differentiable and regular af x.

Proof. Let f : X — R be strictly differentiable at z. Then by Proposi-
tion 2.14 and the definition of Gateaux differentiability (Definition 2.8), f is
Lipschitz near z and Gateaux differentiable at z, and hence regular at z by
Proposition 2.16.

Conversely suppose that f is Lipschitz near z, Gateaux differentiable and
regular at z. Then it follows from Proposition 2.16 that 8f(zx) = {Df(z)}.

Using Proposition 2.14 again gives that f is strictly differentiable at =. [
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2.2 The Proximal Subgradient

Definition 2.18 Let f : X — R U {oo} be an extended real-valued function
and dom(f) = {z € X : f(z) < oo}. f is said to be lower semicontinuous
(Ls.c.) provided

flz) < ligl_)i%lff(y) Vz e X.

This is equivalent to saying that the epigraph of f
epi f:={(z,r) € X x R:r> f(z)}

is closed in X X R or that the level set {z € X : f(z) < r} is closed in X for

every r € R.

Example 2.19 Let S be a closed subset of X. Then the indicator function

defined by

0 ifzeS
'l,bs(.’l:)::{ oo fz¢gs

is l.s.c.

Definition 2.20 Let f : X — RU {oco} be l.s.c. and z € dom(f). A vector
£ € X* is said to be a proximal subgradient of f at x if for some M > 0 there

exists d > 0 such that
fW) - f@)+Mly—z|*>>{y—32) Vyez+dB.

Another way to say this is that

Iiminff(y) _ f(:E) — (§7y_$) > — 00
y=a Ny — =2

The proxzimal subgradient of f at z, denoted by 87 f(z), is the set of proximal

subgradients of f at z.
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Remark 2.21 Rewrite the inequality in the definition 2.20 as

f@)> f@)+{&y—zy— My —z||> Vy€x+6B.

Then the graph of the function y — f(z)+{¢, y—z) — M|ly—z|)* is a “parabola”
with (z, f(z)) as its vertex and £ as its slope at y = z. If we call this graph a
supporting parabola with slope £, then £ is a proximal subgradient of f at z if
and only if there exists a supporting parabola with slope £ such that fits under

the graph of f at z.

Remark 2.22 The name of the proximal subgradient was first introduced by
Rockafellar [35] for lower semicontinuous functions in B". The reason that
“proximal” is used is that in B™ (even in a Hilbert space) the proximal subgra-
dient can be defined through the closest point to a set. For a general Banach
space, 0" f(x) as defined is called the 1-Holder-subdifferential (e.g., see [4]). For
simplicity, although an abuse of terminology, we still call 87 f(z) the proximal

subgradient of f in a general Banach space.

Example 2.23

@1(2) = s, mﬂ@={$ W
i {m} z#0 _ { z} "177&0

(b)(See Rockafellar [37] )

F@) = —faP”, i ={y L2



o (-1 ={ @ 170

l3/2
@ra={ 7" 150
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0f () = { (apfm) 270

{0} z=0.

{ {—%MLI,Z} z<0

0" f(z) =14 (0,1] z=0
{1} z >0,

O (—f)(z) = [0,1] z=0

(~3gts) 2<0
0f(z) =
{1} z>0.

{igtn} v <0

0 z=0
{-1} z > 0,

As these examples indicate, unlike the Clarke generalized gradient, the prox-

imal subgradient 3" f(z) may be empty for a Lipschitz function f and need not

be closed even when 0" f(z) and 8f(z) are both of infinitely many elements.

However 0" f(x) is always convex.
Proposition 2.24 For all x such that 87 f(z) # 0, " f(z) is conves.

Proof. Let &,& € 07 f(z), A € [0,1]. Then

f) = flz) = (M + (1 - N,y — )

lim inf
. PEEE
> Mimingf @ =@ = &y = o)
e ly — |2
+1 - Nlimipe LW =IO Gy o)
o lly — =]
which explains that A& + (1 — A)é; € 07 f(z). Hence 0 f(2) is convex. m

The following proposition indicates that 97 f(z) is always a subset of 8f(z)

if f is Lipschitz near .

Proposition 2.25 Let f: X — RU {oo} be Lipschitz near . Then

0" f(z) S 8f ().
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Proof. Let £ € " f(x). By definition, there exist M > 0 and § > 0 such that
F)— f@)+ Mlly—=|* > (¢ y—2) Vyez+6B.

For any v € X with ||v]| #0, let y = 2 + tv and ¢ € (0, ﬁ) Then y € x + 0B
and

(e +tv) — f(z) + ME*||o]]* > (€, 10).
Dividing both sides of this inequality by ¢ then letting ¢ — 0" we have

flz+tv) - f(=)

lim sup > (& v).
t-0+ L
Hence
fo(l'; 'U) — limsup f(y + tvt) - f(y)
y—T
t—0+
> limsup flottv) = /() > (&, v).

t—0+ t

That is, £ € 8f(x). So 3" f(z) C Of(x). ]

It is worth discussing the question of nonemptiness of the proximal subgra-

dient. The following propositions provide some answers to this question.

Proposition 2.26 Let f: X — RU {co} attain its local minimum at z. Then
0e 0 f(x).

Proof. Assume that f attains its local minimum at z. Then there exists § > 0

such that

fly) > flz) Vyez+6B.
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And hence for any M > 0,
fy) = f(z)+ Mlly—2|* 20={(0,y —z) Vy€z+4B.
This proves that 0 € 9" f(z). |

Lemma 2.27 [24, Corollary 4A.5] Let f: X — RU {oo} be l.s.c. and Géteaus

differentiable at x. Then
" f(z) S {Df(x)},

where D f(x) is the Gédteauz derivative of f at .

Proof. Suppose that £ € 3" f(z). By definition, there exist M > 0 and § > 0

such that
f) = f@)+Mlly—=z|* > ({,y—2) VYyez+4B.

For any given v € X and any sufficiently small ¢ > 0, substituting y = z + tv

into the above inequality, we have

flz+tv) — f(x)
A

— (& v) = —Mtjv[*
It follows that by letting ¢ — O

(Df(z),v) — {&,v) > 0.

Since this holds for all v in X, we must have £ = D f(z). ]
The following example shows that a Gateaux differentiable function may

have no proximal subgradients.
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Example 2.28 Consider the function f(z) = —|z|?, z € R . It is easy to see
that D f(0) = 0 and 8" f(0) = B. Otherwise, suppose 07 f(0) = {0}. Then there

exist M > 0 and § > 0 such that

—|z? + M2? >0 Vze (=49).
This is a contradiction since the inequality fails to hold for any z € (—3z,0) U
(0, 72)-

Note that in this example f(z) is C* at 0. This shows that 8" f(x) may
be empty even for C' functions. However if a function f is C'* (convex

and Gateaux differentiable) at x, then 0" f(z) is nonempty and coincides with

{Df(z)}-

Proposition 2.29 Let f: X = RU {o0} be C'* at x. Then

0" f(z) = {Df(z)} = 0f ().
Proof. Since by Propositions 2.25, 2.12 and 2.14
0" f(z) € 0f(z) = {Df(=)},

by Lemma 2.27, it suffices to show that Df(z) € 8" f(z), i.e., for some M > 0
and § > 0

f)— f@)+ M|y —z||” > (Df(z),y—z) Yyez+dB.

Since f is C'* at =z, so is —f. By definition and Proposition 2.12, there exist

d > 0 and L > 0 such that for any y;,4 € 2 + 45,

(=) = (=Nl < Ll — well,
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1D{=F)y1) — D(=F)w2)ll+ < Lllpr — vl

and for any y €  + 6B, —f is strictly differentiable at y.
For any fixed y € z + 6B, using Lebourg Mean-Value Theorem (Proposi-

tion 2.7) and Proposition 2.14, we have
(=N) — (=) = (D(-F)(w),y — z),
where % := tz + (1 — t)y for some ¢ € (0,1). Thus
I1D(=£)(u) = D(~£) ()|l < Lflu — || < Llly — =],
which implies that there exists 5 € L]jy — || B* such that
D(=f)(u) = D(=f)(=) +
where B* is the open unit ball of X*. Thus
(=) - (=) = (D(=f)(=)+ny-3)
= (D(=H=)y—=z)+{ny—2)
< (D(=f)(z),y — =) + Llly — =||*.

Note that D(—f)(z) = —Df(z) and y € z + §B is arbitrary. Upon letting

M = L, we obtain that
f) = f(2) + Mlly — 2| > (Df(z),y — %) Vy€ez+4B.
That is, Df(x) € 0" f(z). The proof of the proposition is completed. u

Proposition 2.30 Let U be an open convez subset of X and x € U. Suppose

that f : U — R is convex and Gateauz differentiable at . Then

0" f(z) = {Df(x}}.
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Proof. According to Lemma 2.27, we only need to prove that Df(z) € 07 f(z).

For any y € U and t € (0,1), by the convexity of f, we have

fle+ily—) - fl@) < tf(y)+ (1 -1)f(z) - (=)
= (f(y) - f(z)).

Thus

f@+tly - ) - (@)
t

fy) - fz) 2
From this, letting ¢ — 0% yields for any y € U,

f(z+ iy — %)) - f(z)

fly) — f(z) Ztl_I}Ig}l_ " =(Df(z),y — ),
which implies that Df(z) € 07 f(z). |

Proposition 2.31 Let U be an open conver subset of X and f : U — R
bounded above on a neighborhood of some point of U. Then f is convez if

and only if f is Lipschitz near x and
Ff(x)=0"f(z) =0f(z) Vzel,

where &°f(z) = {€ € X* : f(y) — fz) > (E,y— ) for ally € U} is the

subdifferential of f ot z in the sense of convez analysis.

Proof. First let f be convex. For any z in U, by [6, Proposition 2.2.6], f
is Lipschitz near x. Also by the definition of 8°f(z) and 8" f(z) and Proposi-
tion 2.25,

O°f(z) C O f(z) C Af(x).
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Furthermore, since 8°f(z) is the subdifferential of the convex function f at z,
by [6, Proposition 2.2.7],
0°f(z) = 0f(z).

It follows that
Of(x) =0"f(x) =0f(z) Vzxel.

Conversely if for each z in U, f is Lipschitz near z and 0°f(x) = 0" f(z) =
0f(z), then for any xz,y € U and £ € df(z),n € 8f(y), one has £ € 8°f(z) and
n € 8°f(y), and hence

f(y) - f(ﬂl) 2 (E:y_a;):
f(=) - fly) = (n,z —v).
Adding the above two inequalities gives

m—&y—z)>20 Vaz,yeU and &€ df(z),necdf(y),

which implies that 0f(z) is monotone. By [6, Proposition 2.2.9], f is convex.

The proof is therefore completed. [
Corollary 2.32 Let x € X and n(y) == ||y — zf| Yy € X. Then

dn(y) = 0"n(y) = on(y) VyeX.
Proof. First since for any 31,y € X and ¢ € [0,1]

n(ty +(1—tw) = it —z) + (1 —t)(ye — )|
<ty ==l + (1= )y — zfl

= tn(yn) + (1 — nlye),
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n(y) is convex.
Besides for any y € X, let U = y+ B. Then n(z) is bounded on U. Applying

Proposition 2.31 to n(z) on U completes the proof. n

Proposition 2.33 Let f : X — R be Lipschitz near . Suppose that £ € X*

satisfies
iyt > |
neafly) 7

Then € € 3™ f(x).

Proof. Let 6 > 0 be small enough such that f is locally Lipschitz on = + §B.
Then for any y € z + 6B, by Lebourg Mean-Value Theorem (Proposition 2.7),
there exist § € (0,1) and n € 8f(z + 8(y — z)) such that

fy) - f(=) = (n,y — =)
Denote z = x + 0(y — ). Then

fly)—flz) —Ey—2)  (n—&y— 1)

ly — =||? o ly—afP
|z — =[|2/6° lz— =z
By assumption,
i s = 5a z— 1")
lllgl_g;lf —( To— 2] > —
nedf(z)
Thus
it W=/ @ = Cy=a)
y=z ly — 2|
which implies that £ € 0™ f(x). |

The following definition in R was first given by Rockafellar in [37].
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Definition 2.34 A locally Lipschitz function f : X — R is said to be hy-

pomonotone at z if for all £ in 8f(z)

gt T80T
n€df(y) Y
A Lipschitz and convex function f : X — R is hypomonotone at each z in
X since for such a function, by [6, Proposition 2.2.9], ( — &,y —z) > 0 for any
r,y € X and £ € 8f(z),n € 8f ().
The following proposition in the case X = R" was given by Poliquin in [31].

We extend it to a general Banach space using the same method.

Proposition 2.35 Let f : X = R be hypomonotone at z. Then
0" f(z) = 0f(2).

Proof. Since f is Lipschitz near z, 8" f(z) C df(z). We only need to show that
0f(z) € 0" f(z). Suppose that there exists £ in df(z) with & not in 87 f(x).
‘Then by Proposition 2.33,

liIél _'g}f (77”_6—’9;62332 = —00,
n€df(y) y
which contradicts the fact that f is hypomonotone at z. [

Proposition 2.36 Let X be a real reflexive Banach space. Suppose that f; :
X — R is continuous for i = 1,--+,m and f(z) = max{fi(z), -, fm(z)}.
Denote

Iz):={1<i<m: fi{z) = f(zx)} VYzelX.

If fi is Fréchet differentiable of x € X and 0" f;(z) # 0 for i € I(z), then

0" f(z) = co{Dfi(z) : i € I(z)},
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i.e., £ € 0" f(z) if and only if
fz Z /\in,(.’13) fO'f‘ 4\,; > 0 with Z /\z = 1,

iel(z) iel(z)

where Df;(z) the is the Fréchet derivative of f; at x fori € I(z).

Proof. Let us begin with the proof of the sufficiency.
Since for i € I(x), f; is Fréchet differentiable at z, it is also Gateaux differ-

entiable at z. By Lemma 2.27 and the nonemptiness of 37 f;(x),
0" fi(z) = {Dfi(z)} Viel(z),
which implies that there exist M > 0 and & > 0 such that for ¢ € I(z),
fily) = fi(z) + Mlly — z|* 2 (Dfi(s),y — ) Vy€z+IB.
Since for any 7 € I{z),
fy) = f(z) 2 fi(y) — fi(2),

we have  f(y) — f(z) + Mlly — 3| 2 (Dfi(z),y —z) Vy€=z+6B,
which implies that Df;(z} € 87 f(z) for i € I(z).
By Proposition 2.24, 07 f(z) is convex. So for A; > 0 with 3 ;c/) A = 1,
£= > MDfi(z) € 0" f(z).
i€l(z)
We now prove the necessity. Suppose that £ € 97 f(z), namely for some

M >0and é; >0,

f@) > fle)—Mlly—z|®+{y—2) Vyez+6B (2.2)
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but € # Tierey MDfi(z)  forany A 2 0 with Eiepqy A= 1.

Denote

S]_ = {f} and 82 ={ Z /\,,sz(ﬂ:) :)\i 2 0, Z Az = ].}.

iel{x) i€l(x}
Obviously S; and S, are two disjoint closed convex subsets of X*. Also S5 is
compact. By the separation theorem {11, Theorem 3.9 (Chapter IV)], S; and
Sy can be strictly separated. That is, there exist 0 # p™* € X*™ and € > 0 such

that j|[p**|| = 1 and

(p™, &) 2 e +sup{(p™,n) : n € S2}.

Since X is reflexive, there is p € X satisfying ||p|| = ||p**]| =1 and
<p**,x*) — <$*:p) V:L.* e X*'

Thus

(€,p) > € +sup{(n,p) : n € Sz} (2.3)

On the other hand, by the continuity of f; for ¢ = 1,---,m, there exists

do > 0 such that

fly) =max{fi(y) : i € I(z)} y€z+5B.
For all ¢ € I{z), Fréchet differentiability of f; at z implies
fily) = filz) + (Dfilz),y — 2) + ly — zllea(y —z) Vy € X,
where lim,_,, a;(y — z) = 0 for ¢ € I(z). Therefore for any y € z + 5B,

fly) = max{fi(y):ieI(z)}
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= max{fi(z) + {Dfi(z),y — =) + |y — llos{y — 2) : i € I(z)}
= max{f(z) + (Dfilz),y —2) + ly — zlles(y — z) : i € I(z)}
= f(@) +max{{Dfi(z),y — z) + |ly - zlles(y — z) : i € I(w)}.
Taking § = min{éy, 6.} and y = z + Zp, then by inequality (2.2), we have
et D)2 f@) - g+ (6n)  forn> 3,
and hence

max{(Dfi(z),p) + a,-(%p) i€ I(z)} > (&) — %— for n > %

Letting n — oo yields
max{{Dfi(z),p) : i € I(z)} = (£, p)-

Thus

sup{(n,p} :n € S} = sup{ X M(Dfiz),p) : % 20, X N =1}
iel(z) iel(z)
> max{(Dfi(z),p) 11 € I(z)} = (£, p),
which contradicts (2.3). u
Corollary 2.37 [1] Let f1, fo : R — R be differentiable and conver functions.

Suppose
f(z) == max{fi(z), f{z)} Vze R"
and f(Z) = fL(T) = fo(T). Then £ € 8°f(T) if and only if
E=AVAE) +(1-NVi(E) VA€,

where 0°f(T) = {{ € R : f(z) — f(T) > (£, ~F) Yz € R} and Vfi(T) is
the gradient vector of f; at T fori=1,2.
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Proof. Since for each i = 1,2, f; is differentiable and convex, f; is continuous
(in fact Lipschitz continuous). And hence f is convex and bounded in a neigh-
borhood of Z. By Proposition 2.31, 8¢f(Z) = 8" f(Z). So by Proposition 2.36,
it suffices to show that f; is Fréchet differentiable at T and that 0" f;(%) is
nonempty.

Now since for f; and any z € R", there exist a gradient vector V f;(z) and

a function ¢; : R® — R such that

fiy) = fi®) + Vi(2)' (v — 2) + ly — alloslz,y —2) Vy € BT,

where lim,,_,; ;(z, y—2) = 0. This means that the convex function f; is Gateaux
differentiable at z. Note that for continuous convex functions on finite di-
mensional spaces, Gateaux differentiability implies Fréchet differentiability [30].
It follows that f; is Fréchet differentiable at x. Besides by Proposition 2.31,
9" fi(x) = 0f;(z), which implies that 8" f;(z) is nonempty.

Taking z = T, we complete the proof. [

Proposition 2.38 Let f; : X — R be Lipschitz near x fori =1,---,m and
flz) = max{fi(x), -+, fm(x)}. Denote

ey ={1<i<m: filz) = f(z)} Ve X
Suppose that 0" fi(x) = 0fi(z) for each i € I(x). Then
Of(x) = 0" f(z) = co{0" fi(z) : i € I(z)}.

Proof. Since 8" f;(x) = 8f;(x) for each i € I(x), by Propositions 2.25 and 2.6,

we have

0" f(z) € 0f(x) C co{dfilz) : i € I(z)} = co{F" fi(w) : i € I(z)}.
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So it suffices to show that
co{0" fi(z) : i € I(z)} C 0" f(x).
Now we suppose that & € 0" f;(x) for ¢ € I(xz). Then there exist M > 0 and

¢ > 0 such that
fily) = file) + M|ly —z||> > {&,vy—2) Yye€z+dB.

Thus fl)—fle)+Mly—z|? > (&,y—z) Yy € z+dB,
which implies that & € 07 f(z) for any ¢ € I{x). By Proposition 2.24, 8" f(z) is

convex, so for any A; > 0 with ;¢ (myri=1

Z A& € 0" f ().

iel(z)
This is what we need to prove. |

Next we discuss the calculus of the proximal subgradients.
Proposition 2.39 For any A > 0, we have
0" (Af)(z) = A0" f ().

Proof. Since for any A >0, £ € X*

O - M) - Ey—2)
|y — |2

lim inf
y—m

if and only if
fy) - f@) + 36y —2)

N e
£ € 0"(Af)(=) if and only if 3¢ € 87 f(z), i.e., € € A" f(x). |

Remark 2.40 The result of Proposition 2.39 may not be true for A < 0. For
example, if A = 0 and f(z) = —|z|,z € R, then 8" f(0) = 0 and 8™(Af)(0) =
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{0}; if X < 0 and f(z) = |=|, then 8"(Af)(0) = @ and X0"f(0) = [-A, A]. And
hence 87 (Af)(0) # A0™ £(0).

In the following section we will be adding sets. If A and B are two nonempty
subsets of X then
A+B:={a+b:ac A be B}.

If at least one of A and B is empty, A + B is defined to be empty.

Proposition 2.41 Let f,g : X — RU {+oo} be l.s.c., z € dom(f) N dom(g)
and 0 f(z) # 0 # 07g(z). Then

0" f(z) + 9"g(z) € 8"(f + g)(=).
Proof. Let £ € 0" f{z) and € 8"g(z). By definition, there exist M; > 0, My >
0 and § > 0 such that for any y € £+ 4B,
f() = @)+ Milly— =l 2y~ 2)

and 9(y) — 9(z) + Maly — z||* > (n,y — 7).

From these inequalities we have
(f+9)®) = (f +9)@) + (Mi+ Mo)|ly - =l* 2 (€ +ny—w) Vy€w+6B,

i€ §+n €™ (f+g)(z).
Hence 0" f(x) + 8" g(x) C 07 (f + 9)(=). n

Remark 2.42 The inclusion 8% f(z) + 8"g(x) C 8"(f + ¢)(z) was once consid-
ered nearly useless. However, it will play a special role in the proofs of Theorems

3.4 and 3.18. Besides Proposition 2.41 asserts that there is no inclusion such as

o (f +lg) (z) C O f(x) + 0" g(x)
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unless o (f + g)(z) = 8" f(z) + 0"g(x).

The latter is possible for some special cases.

Proposition 2.43 Let f,g: X = RU {co} be l.s.c.. Suppose that 0" f(x) is

nonempty and g is C'* at . Then
0" (f £ g)(z) = 0" f(z) £ " g().
Proof. We first prove

0" (f + 9)(z) = 0" f(=z) + 0"g(x).

Since 8" f(z) is nonempty and by Proposition 2.29, 87 g(z) = {Dg(z)}, we only
need to show

O"(f + g)(=) C 0" f(z) + {Dg(x)}.
Equivalently it is enough to prove that £ € 8™(f + ¢)(z) implies £ — Dg(z) €
O f(z). As in the proof of Proposition 2.29, we can use the Mean-Value The-
orem and the Lipschitz assumption on Dg to obtain M; > 0 and 4, > 0 such
that

9(y) — g(z) < (Dg(z),y — ) + Mylly — z||* Yy ez+8B.
If £ € 07(f + g)(z), then there are some My > 0 and d2 > 0 such that
(f+9) ~ (f + 9)(2) + Mally — =l > {6,y —2) Vy €z +8B.
Upon taking § = min{éd;, >}, one arrives at
fy) = f(z) + (My + Ma)lly — =l|* > (€ — Dg(z),y —2) Vy€z+4B,

which implies that &€ — Dg(z) € 0" f(z).
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Next since -;g is also C't at z and 87 (—g)(z) = {D(—g)}(z)} = —0"g(=),
0" (f — 9)(z) = 0" f(z) + 0"(~g)(z) = 8" f(z) — 8" g(a).

The proof of the proposition is therefore completed. [

Proposition 2.43 has the following easy corollary.

Corollary 2.44 Let g: X — RU{oo} be C'* at z. Then 0" f(z) is nonempty

if and only if 8" (f + g)(z) is nonemply.

According to this result, the existence of proximal subgradient of f at any
point will not change whatever C** function is added to it. Also if 9" f(z) is
empty (nonempty) and 9™ (f + g)(z) is nonempty (empty), then g is not C'* at

x.

Proposition 2.45 Let U be an open conver subset of X and f,g : U = R

convex and Gdteauz differentiable of x € U. Then
0" (f + g)(z) = 8" f(z) + 8" g().

Proof. It is easy to check that the sum of two functions which are convex on U/
and Gateaux differentiable at z is still convex on U and Géteaux differentiable

at 2. By Proposition 2.30,

0"(f+9)(z) = {D(f+9)(2)} ={Df(z}+ Dg(z)}

{Df(z)} + {Dg(z)} = 0" f(z) + 8" g(x)-
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Proposition 2.46 Let f,g : X — R be Lipschitz near . Suppose 0" f(z) =
af(z) and 07g(z) = Bg(x). Then

& (f+g)(z) = 0" f(z)+0"g(z),
L F(fg)) = B +9)(a),
8(f +g)@) = 0f(x)+dg(x).

Proof. Since 0% f(z) = 8f(x) # 0,07g(z) = dg(z) # @, by Propositions 2.41,
2.25 and 2.5,

" f(z)+0"g(z) C I"(f+g)(x) COf +9)(z)
C Of(z)+0g(z) = 0" f(z) + 0" ¢(=).

It follows that all equalities in the above inclusions hold. [

The following corollary follows immediately from Propositions 2.31 and 2.486.

Corollary 2.47 Let U be an open conver subset of X. If f,g : U — R are

convex and locally Lipschitz on U, then for any x € U
0" (f +9)(x) = 0" f(x) + 0"g(z).

Proposition 2.48 Let f,g: X — R be hypomonotone at x € X. Then f+ ¢

18 hypomonotone at z and
F(f + g)(z) = 0" f(z) + 0" g().
Proof. For any y € X, by Proposition 2.5,

O(f +9)(y) Cof(y) + dg(y).
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Now for any fixed £ € 0(f +g)(z), let £ = &1+ 65,6, € 0f(z) and & € Bg(z).
Then

1iminf{m]ﬁ_’yﬂ% :n € 9(f +9)y)y— z}
= lim inf{ (m+m)— (G +8&),y—x) :

|y — |2
m+n € 0(f +9)(y),m € 0f(y),n2 € 9g(y) and y — z}
(m—&,y—2)+{m—&,y—z)
lly ~ |2 '

m € 3f(y),m € 9g(y) and y — z}
- &1,y — )
lly — =[|?
(e — &,y — )

ly — =||?

> lim inf{

> lim inf{ (. :m € 8f(y) and y — z}

+ lim inf{

12 € Og(y) and y — z} > —oo.

This explains that f + g is hypomonotone at z.
By Propositions 2.35,2.41 and 2.5, we obtain

0f(z) +8g(x) = 0"f(z)+8"g(z) CI"(f +g)(z)
= O(f +9)(z) € 8f(z) + 9g(z).
Hence we have
0"(f + g)(z) = 0" (=) + 0" g(x).

(This equality can also be obtained by using Propositions 2.35 and 2.46) [
According to Propositions 2.39, 2.43, 2.45 and 2.46 we have the following

result.

Theorem 2.49 The equality

(5 aufy) (@) = f;a,;a’ffi(x)

i=1
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holds if c; and f; satisfy one of the following conditions:
(1) 01 >0,0f1(x) #0 and f; is C*atz fori=2,-+-,m.

(2) o5 > 0, f; : U — R is convezr and Gateaus differentiable at z € U for

i=1,---,m.
(3) o > 0, f; is Lipschitz near ¢ and 9" fi(z) = 8fi(z) fori=1,---,m.

Proposition 2.50 Let g; : X — R be Lipschitz near 7o € X fori=1,---,m
and f: B™ — RU{oo} be l.s.c.. Suppose that g(xo) = (g1(Zo), *, gm(z0))* €
dom(f) and X; > 0 (i = 1,--+,m) whenever A := (Ay,-- -, An)’ € 0" f(g(x0)).
Then

m

> 20" gi(za) C 07 (f o g) (o).

i=1
Proof. Let A € 8™ f(g(z0)). Then for some M; > 0, there exists 6; > 0 such
that
F(y) ~ F(g(z0)) + Milly — g(zo)lI* 2 3 Milys — gilwo)) ¥y € g(mo) + 61Bm,
i=1
where y = (y1," -, Ym)* and By, is the open unit ball in B™.

Let g be Lipschitz of rank L near zy. Then for é;, there is d; > 0 such that
|gz(.'L') - gi(xo)l < L“.’L‘ - .’Bo“ < (51/m Yz € 2o+ 02.8.

If & € 0%gi(xo) for 2 = 1,- - -, m, then there exist My > 0 and (6, >)é > 0 such
that

gi(x) — gi(wo) > (&, 2 — o) — Ma]lz — mo|f® Vz € zo + 8B.
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Thus

fla(=)) — Flg(z0)) + MimL’|lz — 0|

> fo(e) = flolan) + M: 3 0(e) ~ o)l
> ii/\i(gi(w) - gi(z0))
> (f; N, — o) — i)\ngum w2 Vo € g0+ 0B,
which implies that
i_f;m- & 5 (f o g) ().

Hence

i)\iaﬁgi(fvo) C "(f o g)(z0)-

i=1



Chapter 3

Integration of The Proximal
Subgradient

In the class of continuous functions, we say that a function is integrable if it can
be determined, up to an additive constant, by its proximal subgradient. This
fundamental problem is considered for two cases in this chapter: continuous

functions in Hilbert spaces and Lipschitz functions in Banach spaces.

3.1 The Case in Hilbert Spaces

Lemma 3.1 Let U be an open convex subset of H and f : H — (—o0,00] be

[.s.c.. Then f is constant on U if and only if
o"f(z) C {0} VzeU.

The result in the special case H = R" was first proved by Clarke in 1990 [8].
At a meeting in the Canadian Mathematical Society in June 1991 Clarke asked
whether there might be a simpler proof than that in [8]. A positive answer

was given by Clarke and Redheffer three months later [9]. The statement in

36
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a general Hilbert space is just a simple corollary of the following proposition

which was showed by Clarke, Stern and Wolenski in [10].

Proposition 3.2 Let U be an open convex subset of Hand f:U = (—o0,00]

be l.s.c.. Then f is Lipschitz of rank L{> 0) on U if and only if
sup{||¢]| : £ € 8 f(x)} L Vzel.

Lemma 3.3 Let A and B be nonempty subsets of H, and let B be bounded.
Suppose A+ B C B. Then A= {0}.

Proof. Suppose that A+ B C B but A # {0}. Then there exists a in A
such that a # 0. Let P := {p € H: (p,a) = 0} and consider the orthogonal

decomposition (e.g., see [12])
H = span{a} @ P.

Any vector b in B can be uniquely written as b = b1a + byp for some b;,b; € R
and p € P.
Denote M := sup{b; : bya + bsp € B,p € P}. Then since B is bounded,
—xo< M <oo
and there exists by in B such that by = bya + bep for some p € P and
M-—3<b <M
Now by assumption, a + by = (b + 1)a + bop € B, but b +1 > M + 3, which

contradicts the definition of M. ]

Theorem 3.4 Let U be an open convez subset of H and f,g : U — R con-

tinuous. Suppose that for each x in U, 8" f(z) U 0" (—f)(z) is nonempty and



38

bounded. Then for some constant ¢, f(z) = g(z) +¢ Vzr €U if and only if
" f(z) = 0"g(z) Yz eUst 0" f(z)#0 (3.1)

and F(—g)(z) C 8"(—f)(z) VzeUst o flz)=0. (3.2)

Proof. The “only if” part of the theorem follows immediately from the def-
inition of the proximal subgradient. We prove the “if” part of this result as

follows.

Suppose that (3.1) and (3.2) hold. Consider the function h : U = R defined
by
h(z) = f(x) — g(z) VzeU.

If 07h(z) = 0, then 87h(z) C {0}. Now suppose d"h(z) # . Then for any
el st 0 f(z) #0,

O"h(z) +87g(x) € 9 f(z) (by Proposition 2.41)

= 8"g(z) (by virtue of (3.1))
and for any z € U s.t. 8" f(z) = 0,

Fhiz)+ 0" (—f)(z) C 8 (—g)(z) (by Proposition 2.41)

C 0 (=f)(z) (by virtue of (3.2)),
which implies by Lemma 3.3 that

0" h{z) C {0}.
Thus by Lemma 3.1, for some constant c,

h(zy=¢ Vzel.
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That is, flx)y=g(z)+c Vzel.
The proof of the therem is completed. [
Corollary 3.5 Let U; be an open conver subset of H for i = 1,---,m and

H = U™, U;, where U,; is the closure of U;. Suppose that f,g : H — R are
continuous and that for any z in U; (i = 1,---,m), & flz) U O"(—f)(z) is
nonempty and bounded. Then for some constant ¢, f(z) = g(z)+c Vr € H if

and only if foranyx € U; (i=1,---,m)

O flz) = 07gl(z) forx with & f(z) #0 (3.3)
and " (—g)(x) C & (=f)(x) forz with & f(z)=10. (3.4)

Proof. The necessity part of the corollary follows immediately from Theo-
rem 3.4.

Now assume that for any z € U; (i = 1,---,m), (3.3) and (3.4) hold. Then
applying Theorem 3.4 to each U;, we find some constant ¢; foreach i =1,---,m
such that

f@)=9=z)+a Vzel.

By the continuity of f and g, we have
flz)y=g(z)+c Vrel.
Let ¢ = f(0) — g(0). Then we only need to show that
CG=c fori=1,---,m.

For any i = 1,.-,m,U; is convex, so is U; (e.g., see [11]). Let x € H

and consider the line segment [0,z]. Obviously [0,z] N T; is a closed convex
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subset of [0, z] and can be written as [0, z]NU; = [z;, ;] for i = 1, - - -, m, where
[zi,3:] = {tz : t € [s;,4]} for some 0 < s; < ¢; < 1if [0,z]NT; # @ and

[x:,9:] = 0 if [0, 2] N TU; = B. Without loss of generality, we suppose that
0=51<ti =85t <81 <tp1=6m Stn=1

Then [0, ] = U2, (=i, 4],

and hence by the property of [z;,¥;] and the continuity of f and g,

f(@)—9(@) = f(ym) — 9(ym) = f(2m) ~ 9(Tm)

= fYm-1) = 9(Ym-1) = f(@m_1) — 9(Tm-1)

= f(0)—-g(0)=c
In particular, for z € U;,
e=fle)—gl@)=c, i=1--,m
and the proof of the corollary is therefore completed. [

According to Theorem 3.4 and Corollary 3.5, if we denote

j;aﬁf(:c)dx and /Ha”f(w)d:r

the sets of functions which satisfy the conditions in Theorem 3.4 and Corol-

lary 3.5 respectively and differ some constant from f, then

/U@“f(m)d:n = f(x)+c forzel,

/Hc'?ﬂf(a:)da: = flz)+c¢ forzel;,i=1,---,m,
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where ¢ is an arbitrary constant.
It is worth noting that we can not arrive at the conclusion of Corollary 3.5
without the condition that f, g : H — R are continuous. Consider the following

two functions

={8 758 w= {8 258

These two functions have the same proximal subgradient in (—o0, 0) and (0, +00),

yet they differ by constants on pieces of the domain.

Theorem 3.6 Let U be an open convex subset of H ‘and f. g ‘U R locally
Lipschitz. Suppose that 0" f(z) U 8" (—f)(x) is nonempty for any = in U. Then

for some constant ¢, f(x) = g(z) +¢ Vz e U if and only if

O f(x) C 8g(x) VzelUst & flzx)#0 (3.5)
and 0" (—g)(z) C I(—f)(z) VzeUs.t. 0" f(z)=0. (3.6)

Proof. The necessity of the theorem follows directly from the definition of the
proximal subgradient.

Now suppose that (3.5) and (3.6) hold. By Propositions 2.25 and 2.3,
0" f(z) U 8°(—f)(z) is bounded since f is locally Lipschitz. Then for any
z € U st. 0" f(z) # 0, by Proposition 2.41 and inclusion (3.5),

O"(f — 9)(z) + 0"g(z) € 0" f(z) C 0"g(x)
and for any z € U s.t. 0" f(z) = 0, by Proposition 2.41 and inclusion (3.6),
5 (f — 9)(@) + 0"(—f)(x) C "(~g)(x) C F7(~F)(x).

Therefore by Lemmas 3.3 and 3.1, for some constant c,

flxy=glz)+c Vel
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The proof is therefore completed. [

Remark 3.7 Note that Theorem 3.4 can not be replaced by Theorem 3.6.

Thanks are due to Jane Ye and Qiji Zhu for giving the following example

2 1
x?sinz ifz#0

f(“’”):{o ifz=0.

It is easy to see that

{2zsin % — Zcos 5} ifx#0

(=) = { {0} if 5 = 0,

By Theorem 3.4, one can recover f(z) by its proximal subgradient. However

since f'(z) = 2zsin; — % cos % goes to infinity as x goes to 0, f(z) is not

Lipschitz near 0 and hence Theorem 3.6 is invalid in this case.

Theorem 3.6 has the following corollaries.

Corollary 3.8 Let f,g: H — R be locally Lipschitz and 3" f(x) be nonempty
for each  in H. Then f(x) = g(z) Vz € H if and only if

f(0)=g(0) and & f(z) C 0"g(x) Vz € H.

The result in special case H = R" gives a positive answer to Loewen’s
questions in [24] under the condition that 8" f(z) is nonempty:

Let f,g : R* = R be locally Lipschitz functions with f(0) = ¢(0) and
d" f(x) = 07g(x) for all 2. Does it follow that f and g are identical? If so, can one
obtain the same conclusion under the weaker hypothesis that 0" f (z) C 07g(z)

for all 27
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Corollary 3.9 Let H = UR,U; and U; be the closure of the open convez set
U; fori=1,-+-,m. Suppose that f,g : H — R are locally Lipschitz and that
o f(z) U & (—f)(x) is nonempty for any z € U; for i =1,---,m. Then for
some constant ¢, f(z) = g(x)+¢ V€ H if and only if fori=1,-

O flz) C 0"g(x) Vr Ui st 0 f(z)#0
and o (—g)(x) CO(—f)(z) VzeU; st 8 f(z)=0.

Example 3.10 Let U be an open convex subset of H, and let f,g:U — R be
[.s.c.. Suppose that for each z in U, 8" f(x) U 8" (—f)(z) is nonempty and that
5" f and &"g are locally bounded at z, i.e., there exist M(z) > 0 and d{z) > 0
such that ||€|| € M(z) for any £ € 8" f(y) or £ € 8"g(y) and any y in z+(x)B
By Proposition 3.2, both f and g are locally Lipschitz near z in U. According
to Theorem 3.6, they differ by a constant when @ # 0 f(z) C 0"g(z) Vw e U.

Example 3.11 Reconsider Example 2.23. Let U; = (—o0,0) and U = (0, c0).
Then R = U, UU,. For any = € U;, 07 f(z) # 0 for i = 1, 2. Within the class of
locally Lipschitz functions, these functions can be recovered, up to an additive

constant, from the knowledge of their proximal subgradients.

Example 3.12 Let U be an open convex subset of H. Based on Propo-
sitions 2.29, 2.31 and 2.35, the following locally Lipschitz functions satisfy
O"flxy#0 VzxelU:

(a) f:U - RU{oo}isC'" ateach zin U.
(b) f:U — R is convex.

(¢) f:U — R is hypomonotone at each z in U.
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By Theorem 3.6, these functions are recoverable from their proximal subgradi-
ents and

| o"#(@) do = f(z) +c,

where ¢ is an arbitrary constant.

In general, any locally Lipschitz function f which satisfies 8" f(z) = 8f(x)
on U is recoverable from its proximal subgradient and hence from its Clarke
generalized gradient. Furthermore for locally Lipschitz functions f; : U — R

for i =1,---,m, if they satisfy one of the following conditions:
(1) oy > 0,0 fi(z) #0and fiisC* onUfori=2,---,m
(2) o; > 0 and 9 fi(x) = 8fi(x) VeeUfori=1,---,m

Then by Theorem 2.49,

/ Eazaﬂ“ filw)da = [ o ekl

i=1

= Z Olifz' (ZC) +c
i=1
Therefore

/Zaza’rfz dx—Zang filz

i=1
Example 3.13 Let Uy = {(z,y) : z > 0,y > 0}, U ={(z,y) : x < 0,y > 0},
Us = {(z,y) : = < 0,y < 0} and Uy = {(z,y) : z > 0,y < 0}. Then by
Corollary 3.9, the following locally Lipschitz function f : B? — R defined by

fzy) = |z = Iyl



45

is the uniquely locally Lipschitz function satisfying f(0,0) = 0 and

i 3

; _1,—- i {(z,y) € Uy,
" fz,y) = {(-1,1)} f (z, g) € Us,
{1, 1)} if (z,y) € Us.

Remark 3.14 For f(z,y) = |z| — |y| we can find

) -1, 1} ify>0
g (f)(0,9)={ %_ 1, %x{{l} } ifiio

and

i 1} x [-1,1] ifz>0
7] (—f)(x,0)={ El}i?—[l,l] | ifa:ZO,

which together with Example 3.13 yields

& flz,y) VO™ (—f)(z,y) £ 0 VY(z,y) # (0,0).

However since 8% f(0,0) = @ and 0™(—f)(0,0) = 0, we can not apply The-
orem 3.6 to U = R? and f(z,y) = |z|] — |y| to get the above statement in
Example 3.13.

This example shows that there does exist a function f which is Lipschitz
near zp such that both 8" f(zy) and 8% (—f)(zp) are empty. So we can not
use Theorem 3.6 without checking the condition that 07 f(z) U 0™(—f)(z) is

nonempty.

Example 3.15 Let C be a nonempty closed convex set in H, and let P be the
nearest point mapping of H onto C, i.e., for any z € H, P(z) is a point in C

such that

|z — P(z)|| = nf{f|lz — vl : y € C}.
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(The closest point property [12] indicates that such a point exists uniquely.)
Then the following differential equation has a unique C'* solution, up to an

additive constant, among all continuous functions f : H — R:
0" f(z) ={P(z)} VreH (3.7)

Proof. We prove the conclusion in the following steps [30]:
Step 1: The mapping P satisfies the following variational inequality: For
allz € H
{r — P(x),z— P(z)} <0 for allzeC.

In fact, for z € C and 0 < ¢ < 1, since P(z) € C and C is convex,
z=tz+ (1—t)P(z) € C,
and hence
lz = P(z)|| < llz — &l = li(z — P(z)) — t(z — P(=))]|
Squaring and then expanding both sides of this inequality yield
Iz — P()|* < ||z — P(2)||* - 2t{ — P(z),z = P(2)) + ||z — P(z)|I’,

i.e., 0 < —2t{x—P(z), z— P(z))+t?]|z—P(2)|%.
Dividing by ¢ and taking the limit as ¢ — 0, we obtain the above variational
inequality.

Step 2: P is a contraction.

For y € H, taking z = P(y) € C and using variational inequality, we have

{x — P(z), P(y) — P(z)) <0.



47

Interchanging z and ¥ in this inequality gives
(y— Ply), P(z) - P(y)) < 0.
Then adding these two inequalities, we obtaiﬁ
(z -y, P(z) = P(y)) 2 ||IP(z) = PW)II* Vz,y € H.
On the other hand, by Schwarz’s inequality,
(@ —y, P(z) - P(y)) < |z —yll - |1P(z) — Pyl

Thus |P(z) — Pyl < llz—yll Ve,y € H
This explains that P is a contraction. And hence P is Lipschitz continuous.

Step 3: The function g : H — R given by
o(z) = (sl = 1 - P)IP)
is a solution of differential equation (3.7).
It is easy to see that g is continuous. We show that P(z) is the Fréchet
derivative of g(x) as below.

Fix £ € H. Then for any y € H, by the definition of P, we have
Iz +y) - P+ )l < (@ +y) - Pa)].
Hence

Iz +y) = Ple+9)l* < llz+uif° - 2z +y, P(z)) + [|P(z)|”
= |lz+yl* + = — P@)I* - [l=l* - 2(y, P(x)),

which implies that

gz +y) — g(z) — (P(z),y) 2 0.
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Since ||z — P(z)|| < ||z — P{z + v)|, we have

9lz+y) — g(z)—(P(z),v)
< 5+ yl? =@ +2) - Pa+)|)
~ 5Usll* = 1z - Pla+ ) - (P@),v)
= (@+u,Pl+y) - 5IPG+ P
~ (@ P+ )+ 5IPE+ I - (P),)

= (5, Plz+y)— P(z)) < [yl - [IP(z+y) — P(=)] < wll%,

where the last inequality is from the contraction of P. Therefore
0< g(z+y)—g(z) —(P(z)y) < yl* VyeH,
which explains that P(z) is the Fréchet derivative of ¢ at z.
Note that P(z) is Lipschitz continuous. By Therem 2.29, g satisfies
07g(z) = {P(x)}.
Step 4: The solution of differential equation (3.7) is unique up to an additive

constant.

Let f be any solution of differential equation (3.7) among the class of con-

tinuous funections. Then

" f(z) = {P(x)} = 0"g(z).

By Theorem 3.4, for some constant c,
f(z)=g(z)+c VzeH.

The proof is completed. |

Another solution to this problem is to use the following result.
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Proposition 3.16 Let U be an open convex subset of H. Suppose that g : U —
Ris C'* at eachz € U and 8" f(z) C 07g(z) for all z in U. Then f — g is

constant on U,

Proof. Consider
hs) = f(2) — g(a), 2 € U.
By Proposition 2.29, 8" g(x) is nonempty. So if 0%h(z) # 0, then by Proposi-
tion 2.41 and assumption, we have
" h(x) + 07g(x) C 0" f(z) C 0"g(z).

It follows that 8 h(z) = {0} from Lemma 3.3. Therefore by Lemma 3.1, f — g
is constant on U. [

This proposition is an extension of the result of Clarke and Redheffer [9] in

which H = R™ and g € C*(U).

3.2 The Case in Banach Spaces

Lemma 3.17 Let U be an open convex subset of X and h : U — R locally

Lipschitz on U. Suppose Oh(z) = {0} for each z € U. Then for some constant c,
Mzy=e Yz el

Proof. For fixed 2y € U and any z € U, by Lebourg Mean-Value Theorem,

there exists a point % in (z, %) := {tz + (1 — t)zp : 0 < ¢ < 1} such that
h(z) — h(zo) € (Oh(u), x — zo).
Note that U is convex,u € (x, %) C U. Thus 6h(u) = {0}, and hence

h{z) = h(zy).
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Since z is arbitrary, h(z) = ¢ Vz € U holds for ¢ = h(w). |

Lemma 3.18 Let A and B be nonempty subsets of X*, and let B be bounded.
Suppose A+ B C B. Then
A= {0}

Proof. Suppose that there exists a nonzero element @ in A. Since
a+beB VbeB,

na+be B VYne N,be B.

By the boundness of B, there is a positive M such that
bl <M Vb€ B.
In particular,
|na+b|l« <M VneNandbeB.
On the other hand, since ||a|« # 0, for any n € N with n > 2M/||a|., we
have
lIna + 8l > nllall. — 18]l = nllall. — M > M,

which contradicts the boundness of B. | |

Theorem 3.19 Let U be an open convex subset of X and f,g: U — R locally
Lipschitz on U. Suppose that 0" f(x) U 0™ (—f)(x) is nonempty for each z in U.

Then for some constant ¢, f(z) = g(z) + ¢ Vz € U if and only if

Jf(z) C 9g(z) VreU st 9 f(z) #0, (3.8)
(—g)x) S & (=f)(a) VoeUst 0f(z)=0 (3.9)
and (f—g)z) = O(f-g)(z) Vzel. (3.10)
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Proof. It is easy to see that if f(z) = g(z) + ¢ Vz € U for some constant c,
then for any z in U
0" f(x) = 0"g(),
5 (~f)(z) = 0°(~g)(a)

and & (f - 9)(a) = {0} = 8(f — g)().
Hence (3.8), (3.9) and (3.10) hold.

Conversely, we suppose that (3.8), (3.9) and (3.10) hold. Then for any z € U
with 87 f(z) # @, we have

O(f — g)(z) +07g(z)

0"(f — g)(x) + 07g(z) (by (3.10))
0" f(z) (by Proposition 2.41)

C 0"g(z) (by (3.8))

IN

and for any z € U with 8" f(z) = 0, since 0" (—f)(z) # 0

o(f — 9)(z) + 8" (- f)(z)

0"(f — g)(=) + 0" (= f)(z) (by (3.10))
0" (—g)(z) (by Proposition 2.41)

c 8"(-fi(z) (by (3.9)).

N

Note that both —f and ¢ are locally Lipschitz on /. By Propositions 2.25
and 2.3, 8" (—f)(z) and 8"g(z) are both bounded. Therefore by Lemma 3.18,
we obtain

o(f —g)(=) ={0} Vzel.
It follows from Lemma 3.17 that for some constant e,

fl@)—g(z)=c VzeU,

which is what we need to prove. n
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Corollary 3.20 Let U be an open convez subset of X, and f,g: U — R locally
Lipschitz on U. Suppose that 07 f(x) is nonempty for each « in U. Then for
some constant ¢, f(z) = g(z) +c¢ Vz €U if and only if

o f(z) C 0"g(z) and " (f — g)(z) = 0(f — g)(z) VzeU.

Corollary 3.21 Let U be an open conver subset of X. Suppose that f,g: U —

R are locally Lipschitz on U,
0" f(z) = 0f(z) and 8"(—g)(z) =0(-g)(z) VzeU.
Then for some constant ¢, f(z) = g(z) +¢ Vz € U if and only if
0" f(z) C 0"g(z) Vz € U.
Proof. Since forany zin U, 8" f(z) = 8f(z) # # and 67(—g)(z) = 8(—g)(z) # 0,

0" (f — 9)(z)

M

(f — g)(z) (by Proposition 2.25)

C 0f(x) + 0(—g)(=z) (by Proposition 2.5)

I

0" f(z) + 0" (—g)(z) (by assumption)

M

0" (f — g)(z) (by Proposition 2.41),
which implies that
" (f~g)e)=0(f —g)(z) Vz el
The result follows from Corollary 3.20. ||

Corollary 3.22 Let U be an open convez subset of X. Suppose that f : U — R
is locally Lipschitz on U, g : U — R is C't on U and 8f(z) = & f(z) C
0"g(z) Vz € U. Then for some constant c,

flz)=g)+c Vzel.



Proof. Under our assumption, —g : U — R is C'*. By Proposition 2.29
0"(—g)(z) = 8(-g)(z) VzeU.
It follows from Corollary 3.21 that for some constant ¢,

flxy=g(z)+c Vel

53



Chapter 4

Error Bounds and Metric
Regularity

In this chapter we give some sufficient conditions for the existence of error
bounds and metric regularity for some Lipschitz (or lower semicontinuous) sys-
tems. These conditions are expressed in terms of the Clarke generalized gradient
in Banach spaces, the limiting subgradient and the proximal subgradient in R*.
Toffe’s technique [19] whose essential part is an application of Ekeland’s varia-

tional principle will be repeatly used.

4.1 Error Bounds

Let C be a nonempty subset of X. We define the distance function associated
with C' by
de(z) = inf{|jr —c||: c€ C} Vz € X.

It is easy to check that dc : X — R is Lipschitz of rank 1.

For z € C, we denote by To(z) the tangent cone to C at = which is the set

To(z) = {v € X : dp(z,v) = 0}.

54
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By polarity with T¢(z), we define the normal cone to C' at x to be the set
Ne(z)={6€ X*: {&v) <0 Vv e Tp(z)})

Based on Propositions 2.4.2 and 2.4.12 in [6], N¢(z) can be expressed in terms

of the Clarke generalized gradient as

Nc(ib‘) = Cl{UAZU)\adc(m)} = ng(ac),

where ¢l denotes weak* closure and ¢ is the indicator function of C.
The distance function is recalled here largely because of the following im-

portant property.

Proposition 4.1 Let C be a nonempty subset of X and f : X — R Lipschitz of
rank L near z in C. Assume that x minimizes f over C. Then for any o > L,

x 18 a local unconstrained minimizer of the function f + adc.

Proof. Since f is Lipschitz of rank L near z, there exists 6 > 0 such that

[f(z) = fWI < Lllz—yll VYy,z€z+0B.

Now for any y in the ball z + gB , let z be any point in C' satisfying

]
le—ll < 5.

( Such a point exists in C, for example, z itself lies in C with ||z — y|| < §/2.)

Then z belongs to z + §B. Since £ minimizes f over C,

Fz) < f(2) < fly) + Lllz — ),
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where the second inequality is from the Lipschitz condition. Thus for any o > L,

flz) < inf{f(y)+Lllz—yll: z € C with |z -yl <5/2}

= f(y)+ L inf{||lz—y|: 2 € C with ||z —y|| < §/2}

Il

Jy)+L-inf{||lz—y||: 2 € C}

= )+ Ldoy) < J(4) + adoly) Yy €zt 3B,

That is, for any & > L, f + ad¢ attains a local minimum at z. u

Definition 4.2 Let C be a nonempty closed subset of X and f;,|g;| : X = R
be lower semicontinuous for each ¢ =1,---,r and 7 =1,:-,s. Denote

S:={zeC: filz) <0,---, f{z) <0;01(x) =0, -, gs(z) = O},
which is assumed to be nonempty. The set S is said to have a global error bound
if there exists a constant g > 0 such that

ds(z) < p([|[F(z)+l| +[|G@)) vz eC,

where F(z)y = (fi(@)s, -, fr(2)s)* with fi(z); = max{fi(z),0} for ¢ =
1.+, 1, G(z) = (g1(x), -, 95(x))" and || - || is the usual Euclidean norm. The
set S is said to have a local error bound if there exist constants 4 > 0 and § > 0
such that

ds(z) < p(|F(@)4[| + G} Yz € C with [|[(F(z);, Gla)" )| < 6.

Throughout this chapter, F(z); and G(z) denote the vectors stated above.
Apparently if the set S has a global (local) error bound, then functions f;
and g; (1 €4 <rand 1< j<s) provide a global (local) error estimate for any

point z in C.
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Remark 4.3 To illustrate an application of error bounds in optimization prob-
lem, consider the following optimization problem with equality and inequality

constraints:

(P) minimize  h{z)
subject to  f(z) <0
9(z) =0

x € R",

where h is Lipschitz of rank L on B*, f : R® — R and g : R — R are
continuous. In this situation the feasible set § := {z € R": f(z) <0, g(z) = 0}
is closed and it is known that the constrained problem (P) is equivalent to the

unconstrained problem:

minimize  A(z) + ads(z)

subject to xr € R*

for any o > L (see [7, Proposition 1.3]). However, the objective function of
the unconstrained problem involves the distance function whose generalized
gradients are difficult to compute or estimate.

If S has a global error bound, then

h(z) + ads(z) < h(z) + ap(f(z)+ + |g(z)]).

If H(z) and K(z) denote the left-hand side and the right-hand side of this
inequality respectively, then the above unconstrained problem (i.e., the problem

of minimizing H(z)) is equivalent to the problem of minimizing K(z). In fact,
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if £p minimizes H(x), then xy must be in §. And hence for all z in R",

Conversely suppose zo minimizes K (). Then if 2o minimizes H (x), we are done.

Otherwise there exists z;(# %,) minimizing H(x). Clearly z; is in S, but then
K(zy) < K(z1) = H(z1) < H(zg) < K(zy),

which is a contradiction. Hence the constrained problem (P) is equivalent to
the problem of minimizing K(z) which is of a simpler form since it is not
only unconstrained but also has no distance function. Therefore the necessary
optimality condition for problem (P) can be easily derived.

This remark is due to Jane Ye.

In order to present some sufficient conditions for the existence of error
bounds, we will use the proof technique of Ioffe [19] whose essential part is

an application of the following Ekeland’s celebrated variational principle.

Proposition 4.4 (Ekeland Variational Principle [14])
Let (V,d) be a complete metric space, and let g: V — RU {400} be a l.s.c.

function, Z +oo and bounded below. If u is a point in 'V satisfying
glu) < i‘r}f g+o

for some o > 0, then for every A > 0, there exists a point x in V such that
g9(z) < g(u) , d{u,z) <A
and g(v) + $d(v,z) > g(z) Yo eV andv # .
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Proof. Let us define inductively a sequence {uy,} starting with ug = u. Suppose

u, € V is known. Now either
(a) Yv # ug, 9(v) > glun) — $d(v,un). Then set upi; = uy.
or (b) Fv # un: g(v) < g(u,) — §d(v, uy).

Let S, be the set of all such v in V' with inequality (b). Then for any v € S,

glup) = g(v) + %d(v,un) > infg + %d(v,un).

We can choose uy41 € S, such that

: 1 :
g(uny1) — lg,ifg < E(g(un) - lgifg)' (4.1)

We claim that {u,} is a Cauchy sequence. Indeed, if case (a) ever occurs, it is
stationary, and if not, we have the inequalities
£d(Uny Unt1) < g(Un) — gltnyr) forall n e N.

Adding them up, we obtain

%d(un,up) < g{un) — glu,) foralln < p. (4.2)

The sequence g{u,) is decreasing and bounded below (by infy g), hence con-
vergent, so the right-hand side converges to zero as (n,p) tends to infinity.
Therefore {u,} is a Cauchy sequence. Since V is complete, {u,} converges to
some x € V.

Next we show that & is what we want to find.

Firstly the inequality g(z) < g(u) follows from the string of inequalities
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g{u) > g(ur) > -+ 2 g(tn) = g(ting1) 2> -

and the fact that g is lower semicontinuous
g9(x) < lim g{un).
The second inequality d(u,z) < A comes from taking n = 0 in (4.2):
Ta(u,up) < g(w) — g(uy) < g(w) ~infg < o

by assumption and letting p — +oco.

The last one
g(v) + %d(v,x) >g(x) YwveVandv#zx
must hold also. Otherwise there would be some v # z such that
o
g(v) < g(x) — Kd(v,a:).

Letting p — +o0 in inequality (4.2), we get

g() < Jim gu) - (v, )
< glup) — %d(un,m) ~ %d(?),:ﬂ)
< g(un) = 3d(un,v)

and hence v € S, for all n. But relation (4.1) can be written as
29(unt1) — 9{un) < infg < g(v),
which combining with the lower semicontinuity of ¢ leads to

g(z) < lim g(un) < g(v).
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This contradicts the definition of v.  m

There are other interesting proofs of the Ekeland principle in [2, 6, 14,
15]. One can also see its wide applications in analysis and optimization there.
Roughly speaking, this principle says that there is a “nearby point” which ac-
tually minimizes a slightly perturbed function. One limitation on its application
is that even when the original function is differentiable, the perturbed function
is not. To get rid of this limitation, J. M. Borwein and D. Preiss provided their
smooth variational principle in 1987 [4]. Having noted that the former one is
not an exact consequence of the latter, Yongxin Li and Shuzhong Shi presented
a generalization of these two principles in [23]. However our main purpose is to
prove the following important lemma by applying Ekeland’s variational principle

as Toffe did in [19)].

Lemma 4.5 Let C be a nonempty closed subset of X and f : X — R be
Lipschitz of rank L on C. Assume that
z€8={yeC: f(y) <0}

and that for some e > 0 and p > 0, there is u in C such that

Py < e(t+ Lyt (flu— 2] < 1+ Ip)™)
and dg(u) > pf(u)y. Then there existt > 1 and x € C such that

0< flz) <e(flz—zl <e, f(z) > 0)

and f@)y +e@) + tw) v -2 > flz) YweX.

Proof. Suppose that for some £ > 0 and g > 0, the point « € C satisfies
flu)s <e(l+Lp)™ (or lu—zl| <e(1+ L))
and dg(u) > pf(u),.. Then u € S and hence f(u) > 0. Clearly we can choose
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t > 1 such that
flw) < e(l+tLp)™ (or flu—z|| <e(l+tLp)™) (4.3)
and ds(u) > tuf(u):=7. (4.4)
It is also obvious that
f(u) < 1nf f{y)+ + ()7

Now consider the function
g(v) = f(v)+ + Yo(v).
It is l.s.c. since f, is Lipschitz and C is closed. Also
: -1
g(w) < inf g(v) +v(ip)™

Using Ekeland’s variational principle to g(v),o = v(tu)~' and A = v, we get

z € C such that

Iz —u|l <~ (4.5)
and 9(v) + (tp) 7 Hlv — 2|l > g(z) Vv e X,
i.e., F)s + o) + ()Mo — zl| 2 f2)+ 2 fz) Vv e X

Hence

0 < f(z) (by(44), (4.5) and the fact z € C)

A

flu)+ L||z —u|| (by Lipschitz condition )
fu)+ Ly (by (4.5))
fu)(1+ Lip)  (by (44))

e(1+ L) "1+ Ltp)  (by (4.3))

I IA

A

= E&.
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(or f(z) >0 (by (4.4), (4.5) and the fact z € C),
lz—z|| < |lz—ull+]|u—=z| ( Dby triangle inequality)
< fu—zll +tuf(w) (by (44) and (45))
< =2l +tu(f(u) — f(2)) ( by inequality f(z) < 0)
< ||u—z|| +tuL]lu — 2|| (by Lipschitz condition )
< ¢ (by(43)}.)
This completes the proof. [

We are now in a position to give some sufficient conditions for the existence

of error hounds.

Theorem 4.6 Let C be a closed subset of X, and let each f;,|g;| : X — R be
Lipschitz of rank L on an open set containingC fori=1,---,randj=1,---,s.
Define '

f(z) = max{fi(z), -, f(@); lgs(®)], - -, lgs(z}|}-

Suppose
S={z€C: filzg} <0,---, fr(z) £ 0;01(z) =0,---, g5(z) = 0}

is nonempty. Assume that there exist p > 0, 0 < e < +oo and & > L + pu™!
such that for any x in C with 0 < f(a:) < € and any £ in O(f + ade) (a:), we
have €]l = p.

Then for any = in C with f(z)4 < &(1+ Lu)™t, we have

ds(z) < pf(e)y < pl|F)ll + G @))-
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Proof. We prove this theorem in three steps as follows.
Step 1: The conclusion holds for the case 7 =1 and s = 0. In this case
flz)=fi{z) and S={z € C: f(z) <0}
Suppose that there were u € C such that
flu)y <e(l+ L)t but ds(uw) > pf(u).
Then by Lemma 4.5, there exist ¢ > 1 and z € C such that 0 < f(z) < ¢ and
F)+ + o) + @) v — =l = flz) YoeX.
That is, the function
p(v) = fv)+ + ()7 v — x|
attains its minimum on C at x. Since
|f ()4 — flo2) 4| < [flw1) = flwe)| Vor,02 € X,
f{v)+ is Lipschitz of rank L, and hence o(v) is Lipschitz of rank not exceeding
L + (tu)~1. By Propositions 4.1 and 2.26, for any o > L+ p~* > L + (tp) 7,

we have
0€d(p+ade)(z) =0"(f+ + (tu)_lh + ade)(z), (4.6)

where h(v) = |lv — z||.
Note that 0 < f(x) and f is Lipschitz near z. There exists a positive

constant § such that
fe=fly) Yyex+4B.

According to the definition of the proximal subgradient, we have
O (f + (tp) " h + ade)(z) = 07(f + (tp) " h + ado)(x). (4.7)
Thus

0 € O(f+ ({tw) 'h+ade)(z) (by (4.6) and (4.7))
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IN

O(f + (tp)'h + adg)(z) (by Proposition 2.25)

N

A(f + ade)(z) + (tp)~*Oh(z) (by Propositions 2.4 and 2.5)

M

A(f + ade)(z) + () 'B. (by Proposition 2.3),

where B, is the closed unit ball in X*. The above inclusions yield the existence

of £ € 8(f + ade)(z) such that

€]l < ()™ <,

which together with the relation z € C and 0 < f(z) < ¢ contradicts the
assumptions.

Step 2: The result is true when r > 1 and s = 0. Under this condition,

flz) = max{fi(x), -, fr(x)}

and  S={zxe€C:file) <0,--, fr(x) S0} ={z € C: f(z) <0}
Denote I(x) := {1 <i<m: fi(z) = f(z)}. Then for any i € I(z),
f@)y = film)y < |Fz)4]l
Since f is Lipschitz of rank L, by Step 1
ds(z) < pf(x)+ < pl|F(@)4| Yz € C with f(z)y <e(l+ Lp)™".
Step 3: The theorem holds in the case r > 0 and s > 1.
Note that

S={z€C: filx) <0,---, fr(x) <05 |g1(z)[ <0,---,]gs(z)| < 0}.
By Step 2, for any z € C with f(z), <e(l+ Lu)™!, we have

ds(z) < pf(@)s <pll(fi(@)s, o fr(@)s @), - lgs (@) )]
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= p(l(fi@)ss s @ P+ (@) 195 ()43
= p(IF(@)+]” + |G)I%)?
< p(IF@)l + IGE)D).
The proof is therefore completed. n

Before we apply Theorem 4.6 to a system of convex inequalities, we recall

the following notions.

Definition 4.7 Let C be a nonempty closed convex subset of X. The recession

cone of C, denoted by C*°, is the set
C®={ze X :uw}C(0,+o0) & {z;} CC s.t.il_i)rgloui =0 and il_i)lgloui:z:i = 1}.

According to [34, Theorem 2A(c)], C* can be equivalently expressed as

C*={zeX:C+{z} CC}.
For example, when C is a nonempty bounded closed and convex set,
c> = {0}.
For a continuous and convex function f : X — R, since its epigraph
epi f:={(z,r) :z € X and r > f(z)}

is a closed convex subset of X x R, one can use the recession cone of epi f to

define the recession function of f, denoted by f*,i.e.,
epi(f*) = (epi f)*.
For example, for the function f(z) = ||z||, epi f = {(z,7) : z € X, ||z|| < r},
SO
(epi f)* = {(y;9) € X x R:epif+{(y,5)} Sepif}

= {(g,s) € X x R:|ly|| < s} =epif,
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which implies that f*(z) = ||z]|- For more examples, we refer to [36].

As in Corollary 3.1 of [38], specializing Theorem 4.6 to convex systems,
we now derive sufficient conditions for the existence of glabal error bounds for
convex systems in terms of the recession cone of C' and the recession function
of f. This result was given by Deng [13] under the assumption that X is a
reflexive Banach space and functions are convex and locally Lipschitz. In the

following corollary, X is a Banach space.

Corollary 4.8 Let C be a closed conver subset of X and each f; : X = R be
conver and Lipschitz of rank L on an open set containing C fori =1,---,r.

Assume that

S:={zeC:fi(z)<0,i=1,---,7} #0

and denote f(x) := max{fi(z) :t=1,---,r} and F(z) = (f1(z), -, fr(2))-
Suppose that there exist a unit vector & € C*° and a constant p > 0 such that
() < —pt fori=1,---,r
Then
ds(z) < pf(zhe < pllF(z)4|| Yz el

Proof. For any z € C' and any o > 0, by Proposition 2.5 and equality
Ne(z) = c(Ux>oA0dc(x)),
we have
O(f + adc)(z) C 8f(z) + addc(z) C 8f(z) + Ne(z).
So by Theorem 4.6, it is enough to show that for any z € C with 0 < f(z), any
¢ € 9f(z) and any n € Ng(z), we have

€+ nlls > p7.
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Note that C is convex. By [6, Proposition 2.4.4],
Ne(z)={ne X*:{ny—z) <0 VyeC}
Since 4 € C®,z + @ € C. Then for any 1 € N¢(z),
{n, @) ={nz+id—z) <0
And hence for any £ € 8f(z) and n € N¢(x),
1€ +nll = € +n, i) = —(£, ).
On the other hand, for any £ € 8f(z), by Proposition 2.6, there exist a; > 0
and &; € 0f;(z) for each i € I(z) such that
€= & with ) a=L
i€l(z) icI(z)
Recall that each f; is convex and Lipschitz for each ¢ = 1,---,7, by Proposi-

tion 2.31, we have
Bfi(x) = {& e X*: fily) - filzr) > (& y—2) Vye X}

Applying [34, Corollary 3C(c)] to f;, we obtain

[l

[ () sup{ fi(y + @) - fily) : y € X}
sup{{&;, @) : & € 3fily),y € X}

> (&, 1) V¢ € 8fi(z) and xz € C.

vV

Hence

”f‘*”?”* > —{&0) =~ Z ;s U

iel(x)

= =Y alét) 2 — Y oufP() 2 ph

i€l (x) iel(z)

This completes the proof. [
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Remark 4.9 Under the condition of Corollary 4.8, C must be an unbounded
set. Otherwise suppose that C is bounded, then C* = {0}, which is a contra-

diction since we assume 0 # & € C™.

There are some limitations of its application for Theorem 4.6 because the
Clarke generalized gradient often contains many (even infinitely many) elements.
In R™ these conditions can be slightly weakened in terms of the proximal sub-

gradient and the limiting subgradient.

Definition 4.10 Let f : R* — RU{co} be l.s.c. and z € dom(f). The limiting
subgradient of f at z, denoted by 8f(z), is the set

Of(z) = {kll)ﬂolo & : &k € O™ f(zk), 2 — 2, f (1) = f()}-

The singular limiting subgradient of f at z, denoted by 8 f(z), is the set

6°f(z) = {lim #&, 2 &, € 0" f(zx), k. — x, f(zx) — f(z), 4 4 0}.

For instance, for the function f(z) = —|z|,z € R, since 8" f(0) = 0 and

A

07 f(z) = {-77} for z#0,

]

df(0) = {-1,1} and 8°f(0) = {0}.

Proposition 4.11 [7, Proposition 1.2] 4 Ls.c. function f: R" — RU {00} s
Lipschitz near x if and only if
0 f () = {0}
In that case we have 8f(z) = co 8F(z); in general we have
8f(z) = cleo {0f(5) + 0= f(=)},
where 8f(x) is the Clarke generalized gradient as defined in (7).
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Proposition 4.12 If 6 f(z) # 0, then 0 € 5 f(z).

Proof 1. Let £ € 8 f(z). Then there exist sequences {¢;} C (0, 00}, {zx} C R"
and {&} C R™ such that

¢ = lim tx&e, & € 0" f(ax)ymx — =, f(2x) = flz) and & = 0.
If there exists a subsequence {k;} of {k} such that &, = 0, then
= 1 = i oo
0= lim #;.&, = lim #;&, € 0% f(2).

If there is no such a subsequence, then taking

o if ISl < &;
S T 1 N

we have t, = 0" as k— +oo.
Thus we can pick up a subsequence of {¢;}, which we label the same, such that

tx 4 0 as &k — 400. And hence
0= lim % € 0°f(a).

Proof 2. Let £ € 8 f(x). Then there exist sequences {t,} C (0, c0), {xx} € R”
and {&} C R" such that

&= ’}L%lotkgk, & € O f(zr), zr = z, flzx) = f(z) and & — 0.

And hence

1 2 Aoo
0= lim #4& € 0% f ().

The second proof is due to Chris Bose.
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Remark 4.13 For any lower semicontinuous function f, from the above notions
and propositions, we have

0" f(z) C 8f(z) € 8f ().
These inclusions may also be proper. For example, for the function f(z) =

—|x|, 87 £(0) = 0,8(0) = {—1,1} and 8f(0) = [-1,1].

Proposition 4.14 [7, Proposition 1.5] Let f,g : R* — RU {oo} be L.s.c,z €
(dom ) N (dom g) and 6 f(z) N —8%g(z) = {0}. Then we have

A

(a) B(f + g)(z) C 8f(x) + dg(x),
(b) 8%(f + g)(z) C 6= f(z) + 8%g(x),
(c) 8(f + 9)() C Bf(z) + Bg(x).

Remark 4.15 If we review the proof of [7, Proposition 1.5], then we see that
the condition 8 f(z) N —8%¢(z) = {0} in Proposition 4.14 can be replaced by
8% f(x) N —8%g(x) C {0}. Thus if one of f and g is Lipschitz near z, then these
sum rules hold. Furthermore it is worth pointing out that for general lower
semicontinuous functions, the proximal subgradient does not have “exact” sum
rule as the limiting subgradient and the Clarke generalized gradient do. We only
have the so-called “fuzzy sum rule” stated below that is, however, the basis of

the proofs of [7, Proposition 1.5] and Theorem 4.18.

Proposition 4.16 [7, Proposition 1.4] Let f, g : R* - RU {0} be l.s.c.,x €
(dom f) N (domyg) and ¢ € 8 (f + g)(x). Then for any § > 0, there exist
1,29 € x + 8B such that
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f(m1) € f(z) + 3By, 9(z2) € g(z) + 6By,
and f € Bﬁf(ml) + 6”9(3:2) + (5B,
where By = (—1,1) and B is the open unit ball in R".

Next we begin to improve the conditions in Theorem 4.6 in the case where

X = R™ by making use of these sum rules.
Theorem 4.17 Let C be a nonempty closed subset of R* and S = {z € C :
f(z) < 0} # 0, where f : R* — R is Lipschitz of rank L on an open set

containing C. Assume that there exist 4 > 0 and 0 < € < +o0 such that

€l = u*
whenever £ € 3(f + adg)(z) for some « > L+ p~! and any z € C with
0 < f(z) <e. Then we have |
ds(z) < pf(z)+
whenever x € C with f(z)y <e(l+ Lu)™.

Proof. Suppose that there were u € C such that
Flu)y <e(l+Lu)™! but dsu) > uf(u)s.
Then by Lemma 4.5, there exist ¢t > 1 and z € C such that 0 < f(z) < £ and
F)y +o(v) + (tu)7Hlv — 2 > f(2) VveR"
This implies that the function
p(v) = f(v)+ + ()" h(v)
attains its minimum on C at x, where h(v) = |[v — z||. Since ¢(v) is Lipschitz
of rank not exceeding L + (tp)~', by Propositions 4.1 and 2.26, for any o >
L + (t)™1, we have

0 € 8"(p + adc)(z) C O(p + ade)(x).
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Then by Proposition 4.14, Remark 4.13 and Proposition 2.3,
0 € B(fs + (tw) b+ ade)(x) C B(fy + ado) (@) + (t) 7 Oh(a)
C O(f+ +ade)(z) + (tw) "B = 8(f + ado)(z) + (tu)™'B,
where B stands for the closed unit ball in R™ and the equality is due to the
Lipschitz condition of f and the fact 0 < f(z). This inclusion implies that for
any a > L+ u~1, there exists £ € 3(f + ade)(z) such that
€l < @)=t < w7t

which is contrary to the assumption. [

Theorem 4.18 Let C be a closed subset of R* and S = {z € C : f(z) <
0} # 0, where f : R* — R is Lipschitz of rank L on an open set containing C.
Assume. that there exist 4 > 0 and 0 < £ < oo such that
€Ml > p?

whenever £ € % (f + ¥¢)(x) for any x € C with 0 < f(z) < e. Then we have

ds(z) < pf(z)+
whenever £ € C with f(z)+ <e(l+ Lu)™t.
Proof. Suppose that there were u € C such that

flw)s+ <e(l+Lp)™ but ds(u) > pf(u)s.
Then by Lemma 4.5, there exist ¢ > 1 and = € C such that 0 < f(z) < & and
F)e + o) + ) v — 2|l = f(z) Yve R
This means that the function
p(v) = f0)+ + Yo (V) + (tu) " h(v)

attains its minimum on R" at z, where h(v) = ||v — z||. By Proposition 2.26,

0 € 0" (f4 + o + (tu) " h)(2). (4.8)
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Since 0 < f(z) < € and f is Lipschitz continuous near x, for &; = min{f(z),

g — f(z)}> 0, there exists d; > 0 such that
—f@)<—a < fly)-flz)y<ear<e—f(z) Vy€z+4B,
which explains that
0< fly)<e Vyex+6B. (4.9)

Let & := min{é, f(2)/2, (1 —t ")p~'}. Then £ 4+ 6B C z + §; B. According

to inclusion (4.8) and Proposition 4.16, there are 2,23 € x + 6B such that

(f +vc)(z1) € ((f +¢c)lz) =6, (f + ¥c)(z) + )
= (f(z) -6, f(z) +9)

and 0 € 8™(f +vc)(z) + (tp) 10" h(z2) + 6B.
The first inclusion implies that
z; €CN(z+6B)CCN(x+6B)
and hence by inequality (4.9}, 0 < f(z1) < €. And the second one explains that

there exists £ € 8" (f + 9¢)(z1) satisfying
el < )y P +8 < )+ (1 -t =pt

since 8"h(z2) C B (the closed unit ball in R"). This contradicts the assumption.

Remark 4.19 Based on Steps 2 and 3 in the proof of Theorem 4.6, Theo-
rems 4.17 and 4.18 can be extended to a Lipschitz inequalities and equalities

system:
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S:={zeC: fi(x) <0,---, fr(z) < 0;g1(z) =0, -, gs{z) = O}.
We omit the statement and the proof here. In particular, for the case ¢ = oo,
Theorem 4.18 is allowed to be extended to a lower semicontinuous system in
which f;, |g;| is merely ls.c. for ¢ =1,---,7;5 = 1,---,s. We first prove the

following theorem.

Theorem 4.20 Let C be a closed subset of R* and S={z € C: f(z) <0} #

0, where f : R* - RU {0} is l.s.c.. Assume that there exists u > 0 such that

1€l > p
whenever £ € 87 (f + ¥¢)(x) for any x € C with 0 < f(z) < co. Then we have
ds(z) < pf(z)+ Vrel.

Proof. Suppose that there were v € C such that

ds(u) > pf (u)+
Then u ¢ S and hence 0 < f(u) < co. Besides we can choose ¢t > 1 such that

ds(u) > tuf(u) =1, (4.10)
which explains that
f(w) < inf f(v)4 + ()™

Consider the function

g(v) = f(v)+ + ¢o(v).

Since C' is closed and f; is easily checked to be l.s.c., g is L.s.c.. Also

g(u) < inf g(v) + v(t) ™"
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Applying Ekeland’s variational principle (Proposition 4.4) to g with o = y(tu)™

and A = v, we find z € C satisfying

A

o4 (4.11)

and g(v) + (tw) th(v) > g(z) Yve R, (4.12)

b — uil

where h(v) = ||lv — z||.
From inequalities (4.10), (4.11) and (4.12), we have
zecC,z ¢S and f(z), =g(z) < oo,
i.€., z€C and 0< f(z) < oo. (4.13)

On the other hand, inequality (4.12) implies that the function
g(v} + (tu)~"h(v)
attains its minimum on R"™ at z. Hence by Proposition 2.26,
0€8™(g+ (tp) th)(z). (4.14)

Since f is l.s.c. and 0 < f(x), there exists d; > 0 such that
0< f(y) Yy € x + 6, B.
Let 6 := min{d, f(z)/2, (1 —t~1)p~'}. Then z + 6B C z + 6; B. By Propo-

sition 4.16 and inequality (4.14), there exist z; and z, both in z + B such

that
(f+ +vc)(z) € ((f+ +oe)(z) — 6, (f+ +vo)(z) +6)
= (f(z) =6, f(z)+0)
and 0 € 8(f+ + vo) (1) + (b)) 207 h(ws) + 6B,

where B is the open unit ball in R®. The first inclusion means that

1 €CN(z+dB)CCN(z+6B),
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hence 0 < f(x1) < co. The second one implies that there exists

€ € 0"(f + o) (z1)
such that
el < ()t +6 < ()t + QA —t Dt =p,
which contradicts the assumption. ]

Corollary 4.21 Let C be a closed subset of R™ and each f;, |g;| : R* — RU{o0}
be Ls.c. fori=1,---,7 and j=1,---,s Assume that

S={r€C: fi() <0, fo(e) < 001(2) = 0y, 0,(z) = 0} 0
and denote

f(z) = max{fi(z),- -, fr(2); |ga ()], - -, |gs ()}
Suppose that there exists > 0 such that

| gl > p
whenever £ € 8 (f + ¢ )(z) for any x € C with 0 < f(z) < co. Then we have
ds(z) < pf(z)+ < p(|F @)+ +1G@)]) Yz el

Proof. For any z € R", since fi,---, f» and |g1],- -+, |gs| are Ls.c.,
l}crn?_l)%ff(xm) = Ilgil_l}%f max{ fi(Zm), * *; fr(@m); |g1(Zm) 5 - - -, |95 (z) |}
>

lim inf f;(zm) (and liminf|g;(zm)|)

V

> fi(z)(and |g;(z)]) Vi=1,---,r(and j=1,---,3),
and hence
liwm_i}gff(aim) > f(z) Vz € R",

which implies that f is [.s.c.. By Theorem 4.20, we have
ds(z) < pf(@)y < pllF @)+ G vz el =
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Example 4.22 Consider the function g : R — R given by

(z) = 1 —|z|, if z is a rational number;
I\EI = —1+|z|, if s a irrational number.

Take C = R. Then S = {z € R: g(z) =0} = {—1,1},%¢(z) = 0 and

1—lz|, if|z| <1
lg($)|=|1—|93||:{ |:c|—|1|, ifImI>1

is I.s.c. (in fact it is Lipschitz of rank 1). It is easy to find

dgx)] = {-1} for z<-1 or O<zx<l,
dg(z)] = {1} for —1<z<0 or 1<z and
a"1g(0)] = 0.

For any z € C with g(z) # 0, since any

¢ € 9"(lg] +vo)(z) = 8"|g(z)| €{-1,1},
we have ||€|| = 1. Thus by Corollary 4.21,
ds(z) < |g(z)[ =1 - |a]| Vz € R.

4.2 Metric Regularity

Now we turn to discuss the metric regularity.

Definition 4.23 Let C be a nonempty subset of X and f;, |g;| : X — R lower
semicontinuous for each ¢ =1,--+,rand j =1,.++,5. Let

ze8S:={zeC: fi(x) <0, -, fr(z) <0, u(x) =0, - -, gs(x) = 0}
The system:
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fl(x) < 0: tr ':f?‘(x) < 0,91(33) = 01 . '193(37) =0
is said to be metrically reqular at z relative to C if there exist positive constants

1 and e such that
ds(z) < p(|F @)+ + 1G]

whenever z € C and |jz — z|| <e.

It is easy to see that if S has a global arror bound or if each f; and |g;]
(1 <i<rand1l<j<s)are continuous and S has a local error bound, then

the corresponding system is metrically regular at any point of S.

Theorem 4.24 Let C be a closed subset of X, and let each f;,|g;|: X = R be
Lipschitz of rank L on an open set containing C fori=1,--+,randj=1,---,s.

Assume that

z€S={ze€C: fi(z) <0, fr(2) <0 01(z) =0,---,9s(x) = 0}

and f(x) = max{fl (33), B fr(m); lgl($)|7 T |gs(x)|}
Suppose that there exist ;4 > 0 and 0 < ¢ < 0o such that
1€l = p

whenever £ € O(f + ade)(z) for some a > L+ u~" and any v € C with
|z — 2|| < & and f(z) > 0. Then we have

ds(z) < pf(@)+ < p(l|F(@)4] + |G(@)]])
whenever x € C with ||z — 2| < e(1+ Lp)™t

Proof. Suppose that there were u € C such that
|lu—z|| <e(+Lpyt and dg(u) > puf(u).
Then by Lemma 4.5, there exist ¢ > 1 and x € C such that
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|z — 2| <€, flz) >0

and F(0)+ + () + @) v —ofl > (@) Voe X.

The rest is similar to the proof of Theorem 4.6. [

Corollary 4.25 Let C be a closed subset of X and |g| : X — R be Lipschitz of
rank L on an open set containing C. Assume that z € S :={z € C: g(z) =0}
and that there exist 4 > 0 and 0 < € < 0o such that
1€l = p7?
whenever £ € 8(|g| + ade)(x) for some @ > L+ p~! and any z € C with
|z — 2|| < & and g(z) # 0. Then we have
ds(z) < plg(=)|

whenever z € C with ||z — z|| < (1 + Lu)™'.

Remark 4.26 Note that

3(f + ado)(z) C 8f(x) + adde(z) C 8f(2) + Nol(a).
We can use 8f(x) + addc(z) or 8f(z) + Ne(x) to replace &(f + adg)(z) in
Theorem 4.24 and Corollary 4.25. In particular when we use 8|g|(z) + addc(z)
or 3|g(z)| + N¢(z) to replace 8(|g| + adg)(x) in Corollary 4.25, we obtain Ioffe’s
Theorem 1 and Corollary 1.1 in [19]. Finally the systems in Theorem 4.24 and

Corollary 4.25 are all metrically regular at z under the corresponding conditions.

Remark 4.27 For X = R", referring to the proof of Theorem 4.17, we can
use Lemma 4.5 to prove that the sets &(f + adc)(z) in Theorem 4.24 can be

replaced by 8(f + adc) ().
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Theorem 4.28 Let C be a nonempty closed subset of R* and f : R* — R be
Lipschitz of rank L on an open set containing C. Assume that z € § .= {zx €
C: f(z) < 0} and that there exist p > 0 and 0 < & < 00 such that
el 2 -t

whenever € € 0" (f + Y} () for any x € C with ||z — z|| < ¢ and f(z) > 0.
Then we have

ds(z) < pf(x)+
whenever z € C with ||z — 2|| < e(1 + Lyp)™L.

Proof. Suppose that there were u € C such that
lu—2|| <e(L+Lu)™ and dg(u) > pf(u).
Then by Lemma 4.5, there exist t > 1 and x € C such that
e — 2|l <e, f(z) >0
and f)e +dov) + (En)7Hlv — gl 2 f(z) VveR™
Since f is Lipschitz near x and f(z) > 0, there exist € — ||z — z|| > 6, > 0
such that
0< fly) Vyez+6B.
Let § = min{6y, f(z)/2, (1 — ¢71)p'}. Then z + 6B C = + §;B and for any
T € x4+ 4B,
oy — 2l < [loy — 2l + 1z — 2] < 6 + llo — 21| < e.

The rest is similar to the proof of Theorem 4.18. [ |

Remark 4.29 Theorem 4.28 can be extended to the same Lipschitz system as
in Theorem 4.24.
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