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The GENERIC-13 moment equations (General Equation for the Non-Equilibrium

Reversible-Irreversible Coupling) [Struchtrup & Öttinger, Phys. Fluids 34, 017105

(2022)] were developed to have complete thermodynamic structure, in contrast to

Grad's 13 moment equations which are not accompanied by a suitable formulation

of the second law of thermodynamics, and loose hyperbolicity for larger deviations

from equilibrium. With GENERIC-13 constructed to agree with Grad-13 to second

order in the Knudsen number, both sets are considered and compared for hyper-

bolicity and plane heat transfer, Couette and Poiseuille �ows. It is shown that the

GENERIC-13 equations are unconditionally hyperbolic. Jump and slip boundary

conditions for GENERIC-13 are developed from the second law with coe�cients

adapted from kinetic theory. Additional asymptotically vanishing boundary condi-

tions are constructed such that solutions of the GENERIC-13 equations reduce to

those of Grad-13 to second and of Navier-Stokes-Fourier equations to �rst order in

the Knudsen number.
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I. INTRODUCTION

This contribution concerns macroscopic equations for the description or rare�ed gas �ows,

that is �ows beyond the traditional hydrodynamic regime. Speci�cally, we compare solu-

tions of the recently presented GENERIC-13 equations1,2 to those of the Grad-13 moment

equations3�5 and the Navier-Stokes-Fourier equations.

The most accurate description for rare�ed gas �ows is given through the Boltzmann

equation, which describes the gas behavior on the microscopic level, such that the solution of

the equation yields the velocity distribution function of the particles.6�8 While the Boltzmann

equation provides excellent description on all scales, it requires costly numerical solutions,

and does not allow insightful analytical solutions for problems in simple geometries.

Relevant macroscopic �ow properties such as mass density ρ, velocity vi, temperature T

are obtained as suitable moments of the distribution function. Thus, one can either �rst solve

the Boltzmann equation and then determine the macroscopic properties from the solution,

or, as an alternative, one might derive transport equations for the macroscopic properties

from the Boltzmann equations and then solve these.

The Navier-Stokes-Fourier (NSF) equations of classical hydrodynamics are obtained by

Chapman-Enskog expansion of the Boltzmann equation as the �rst order approximation in

the Knudsen number Kn, which is de�ned as the ratio between mean free path and required

length of resolution.6�8 Thus, the NSF equations provide an excellent description of gas

�ows as long as the Knudsen number is su�ciently small.6�10 For the smaller relative scales

encountered in rare�ed gas �ows, such as micro and nano �ows as well as in vacuum �ows,

for which the Knudsen number is not small, the NSF equations lose validity, and analysis

and simulation of such �ows must rely on more elaborate models.

Higher order approximations based on the Chapman-Enskog expansion yield unstable

equations8,11 and thus must be discarded. An alternative approach is o�ered by Grad's

moment method which yields stable equations.3,4,7,8 In the moment method the set of hy-

drodynamic variables, i.e, mass density ρ, �ow velocity vi, temperature T , is extended by

adding higher moments of the distribution function, and deriving their transport equations

from the Boltzmann equation with a suitable closure. Grad's famous 13-moment equations

are obtained by extending the set of variables with stress tensor σij and heat �ux vector

qi, while addition of higher moments produces Grad-type moment systems with, e.g., 14,
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20, 21, 26, 35 or more variables.8,12 By combining the ideas of the Grad and Chapman-

Enskog methods it is seen5,9,13 that the choice of variables in the Grad method is linked to

orders in the Knudsen number, such that the Grad-13 equations are accurate to second order

O
(
Kn2

)
and the Grad-26 equations are O

(
Kn4

)
, while the NSF equations are O (Kn), and

the regularized 13 moment equations (R13) are O
(
Kn3

)
.

As approximations to the Boltzmann equation, Grad-type moment equations do not

fully inherit the properties of the Boltzmann equation, but re�ect these only in approxima-

tion. Most importantly, the Boltzmann equation is in full agreement with the second law

of thermodynamics: Boltzmann's famous H-theorem guarantees proper approach to stable

equilibrium states.6�8 In contrast, only the fully linearized Grad-type moment equations are

accompanied by a formulation of the second law.10,14 Non-linear Grad equations yield excel-

lent results for a wide range of conditions,10,15 where they behave as if accompanied by the

second law, but under extreme non-linearity they might give unreasonable results. More-

over, Grad moment systems form sets of generally hyperbolic partial di�erential equations,

but hyperbolicity breaks down under strong non-linearities.12

The loss of thermodynamic and mathematical structure in the Grad equations is related to

Grad's closure by a perturbation of the equilibrium distribution function, which unavoidably

loses positivity for fast particles, the more so as the non-equilibrium becomes stronger. An

alternative closure is o�ered by entropy maximization (MaxEnt) which yields a strictly

positive distribution for closure, and is equivalent to the principles of Rational Extended

Thermodynamics.12,16 The MaxEnt closure guarantees unrestricted validity of the second

law and global hyperbolicity of its closed transport equations,12 however, the closure can

be performed analytically only for 10 moments (ρ, vi, T , σij), but not for higher moment

numbers. Thus, one must either restore to costly on-the-�y numerical closure, or circumvent

the di�culty by constructing best �t closures numerically.17,18

The most general formulation of nonequilibrium thermodynamics is o�ered by GENERIC

(General Equation for the Non-Equilibrium Reversible-Irreversible Coupling),19�21 which

guarantees proper thermodynamic structure. While most thermodynamic models fall within

GENERIC�incl. the NSF equations and the Boltzmann equation21�the alignment of ex-

tended moment systems with GENERIC proved to be di�cult. Although a �rst set of

extended transport equations for 13 moments within GENERIC22 turned out to be incom-

patible with the moment equations in kinetic theory,23,24 its derivation introduced most
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of the tools for later success, most importantly the expression for nonequilibrium entropy.

Detailed consideration of the MaxEnt system for 10 moments, which has proper thermody-

namic structure, showed compatibility with GENERIC when irreversible but non-entropy-

producing contributions (Casimir symmetry) were allowed in the formalism.25

Combination of elements of these previous approaches led to the GENERIC-13 equations.1

Speci�cally, these are based on the 13-moment entropy of Ref. 22, following Ref. 25 include

contributions with Casimir symmetry, and are constructed such that they agree with the

original Grad-13 equations to second order in the Knudsen number in the spirit of Ref. 13.

The GENERIC-13 equations contain more and di�erent terms than the Grad-13 equations,

but the di�erences are of order O
(
Kn3

)
or higher.

While Ref. 1 presents the derivation of GENERIC-13 and the asymptotic matching to

Grad-13, until now the equations were not further evaluated. Thus, to evaluate the usefulness

of GENERIC-13, this contribution aims to study the mathematical properties and solution

behavior of this thermodynamically consistent set of equations. Speci�cally, we show that,

for one-dimensional transport, in contrast to Grad-13 the GENERIC-13 equations are un-

conditionally hyperbolic. Furthermore, we consider classical one-dimensional steady-state

boundary value problems for plane �ows, i.e., heat transfer, Couette �ow and Poiseuille �ow,

with GENERIC-13 and compare their predictions to those of NSF and Grad-13 for small to

larger Knudsen numbers.

For the solution of �ow problems thermodynamically consistent jump and slip boundary

conditions (BC) for GENERIC-13 are derived following the methods of Linear Irreversible

Thermodynamics.26 Here, the mathematical properties lead to an interesting problem: For

the chosen geometries the NSF and reduced Grad-13 equations require just �ve BC, which

are temperature jump and velocity slip conditions at both sides of the �ow plus a �lling

condition,27 while GENERIC-13 requires additional BC. With GENERIC-13 reducing to

Grad-13 and NSF to second and �rst order in Kn, the additional BC for GENERIC-13 must

be constructed such that they e�ectively vanish in the limit of smaller Knudsen numbers.

Hence, we present an approach for the construction of asymptotically vanishing boundary

conditions. Due to their mathematical structure, in the plane �ows studied the GENERIC-

13 equations require three additional boundary conditions for the two boundaries con�ning

the �ows. Thus, some asymmetry is induced through the boundary conditions, which for

the parameter space studied is almost negligible.
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As discussed, it is well known that the agreement of moment equations with the Boltz-

mann equation depends on the Knudsen number such that more moments are needed for

larger Knudsen numbers, e.g., to describe Knudsen layers and other rarefaction e�ects.

Thus, for larger Knudsen numbers one will not expect good agreement with the Boltzmann

equation for system with 13 moments. Our results show very good agreement between the

Grad-13 and GENERIC-13 for Kn = 0.1, which is close to the limit at which agreement with

the Boltzmann equation is expected (recall that the Grad equations are of order O
(
Kn2

)
).

Nevertheless, in order to study the di�erences between the two systems of equations, we

include results for Knudsen numbers up to Kn = 1.

The remainder of this paper is structured as follows: in Section II we brie�y present the

three sets of equations considered, NSF, Grad-13 and GENERIC-13. Next, in Sec. III, we

evaluate the GENERIC-13 equations for hyperbolicity in one-dimensional problems, where

it is shown that in contrast to Grad-13 the GENERIC-13 equations are unconditionally

hyperbolic. In Sec. IV the NSF, Grad-13 and GENERIC-13 equations are reduced for plane

�ow geometry, and written as �rst order non-linear ordinary di�erential equations. Section

V explores the question of boundary conditions in detail. The coe�cient matrices of the

transport equations are used to determine the required number of boundary conditions.

Velocity slip and jump conditions are constructed from kinetic theory (for NSF and Grad-

13) and the second law of thermodynamics (for GENERIC-13); construction of additional

conditions for GENERIC-13 is carefully discussed. Finally, Section VI presents numerical

solutions for heat transfer, Couette and Poiseuille �ows for Knudsen numbers up to unity.

The paper ends with our conclusions.

II. EQUATIONS

In the following three sets of transport equations for ideal gases are considered and com-

pared: Navier-Stokes-Fourier (NSF), Grad-13, and GENERIC-13. We write the equations

in tensor index notation with Einstein summation.
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A. Conservation Laws

All three sets share the conservation laws for mass, momentum and energy, which are

written as1,2,10,26

Dρ

Dt
+ ρ

∂vk
∂xk

= 0 , (1)

ρ
Dvi
Dt

+ ρ
∂θ

∂xi
+ θ

∂ρ

∂xi
+
∂σik
∂xk

= ρFi , (2)

3

2
ρ
Dθ

Dt
+ ρθ

∂vk
∂xk

+
∂qk
∂xk

+ σkl
∂vl
∂xl

= 0 . (3)

Here, xi denotes the spatial variable, t is time, ρ is mass density, vi is velocity, θ = RT is

thermodynamic temperature with the gas constant R, σij is the symmetric and trace-free

stress tensor, and qk is the heat �ux vector; the gas pressure is given through the ideal gas

law p = ρθ, and Fi denotes the body force. For compact notation we use the convective

time derivative D
Dt

= ∂
∂t
+ vk

∂
∂xk

.

The di�erences between the three models considered lie in the equations for stress tensor

and heat �ux. Moreover, the GENERIC-13 equations use an alternative set of variables that

will be introduced further below.

As was shown in Ref. 5, the original Grad-13 equations are valid only for Maxwell

molecules. Since the GENERIC-13 equations were constructed to agree with the Grad-

13 equations to second order in the Knudsen number, also these are valid for Maxwell

molecules. Thus, in the following we restrict the discussion to Maxwell molecules for which

shear viscosity µ and heat conductivity λ depend only on temperature as8

µ = µ0
θ

θ0
, λ =

15

4
µ , (4)

where µ0 is the viscosity at reference temperature θ0. The Knudsen number is de�ned

relative to the reference equilibrium state as8

Kn =
l0
L

=
µ0

ρ0
√
θ0L

(5)

with the mean free path l0 and the characteristic length L.
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B. Navier-Stokes-Fourier Equations

The NSF equations are well known and widely used, they are highly e�ective in applica-

tions of low Knudsen number and provide an excellent base case for comparison.

In the Navier-Stokes-Fourier equations the conservation laws are closed by means of the

Newton stress tensor and the Fourier heat �ux,8,26

σij = −2µ
∂v⟨i
∂xj⟩

, qi = −15

4
µ
∂θ

∂xi
. (6)

Here, indices in angular brackets denote the symmetric and trace-free part of a tensor, i.e.,
∂v⟨i
∂xj⟩

= 1
2

(
∂vi
∂xj

+
∂vj
∂xi

− 2
3
∂vk
∂xk

δij

)
.

C. Grad-13 Equations

In the Grad-13 equations stress and heat �ux are thermodynamic variables with their

own balance laws,8 which we write as

µ

[
Dσij
Dt

+
4

5

∂q⟨i
∂xj⟩

+ σk⟨i
∂vj⟩
∂xk

+ σij
∂vk
∂xk

]
= −ρθ

[
σij + 2µ

∂v⟨i
∂xj⟩

]
, (7)

µ

[
Dqi
Dt

+
5

2
σik

∂θ

∂xk
− σikθ

∂ ln ρ

∂xk
+ θ

∂σik
∂xk

+
7

5
qi
∂vk
∂xk

+
7

5
qk
∂vi
∂xk

+
2

5
qk
∂vk
∂xi

]
= −2

3
ρθ

[
qi +

15

4
µ
∂θ

∂xi

]
.

(8)

On the left of the heat �ux balance we have omitted a term −σij

ρ

∂σjk

∂xk
, which in Knudsen

number expansion is the only term at order O
(
Kn3

)
and was ignored for the matching

between Grad-13 and GENERIC-13, see the discussion in Ref. 1.

In the limit of small Knudsen numbers the left hand sides of both equations vanish, and

the Grad-13 equations reduce to the NSF expressions.

D. GENERIC-13 Equations

While the Grad-13 variables are {ρ, vi, θ, σij, qi}, due to the underlying philosophy the

GENERIC-13 equations are written in the alternative set of variables1,2

{ρ,Mi,Θij, wi} , (9)
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where Mi = ρvi denotes momentum density, and Θij = θδij +
σij

ρ
is the temperature tensor

with Θkk = 3θ and Θ⟨ij⟩ =
σij

ρ
. Moreover, the vector variable wi replaces heat �ux through

the non-linear relation

qk =
1

5
ρ

(
3

2
θδkl +Θkl

)
wl =

(
1

2
ρθδkl +

1

5
σkl

)
wl , (10)

which to leading order in Kn reduces to wi =
2qi
ρθ
.

With the abbreviations

κik =
∂vi
∂xk

, ωij =
∂vj
∂xi

− ∂vi
∂xj

(11)

the GENERIC-13 equations read

∂ρ

∂t
+
∂Mk

∂xk
= 0 , (12)

∂Mi

∂t
+
∂Mivk
∂xk

+
∂ρΘki

∂xk
= ρFi , (13)

∂Θij

∂t
+
∂Θij

∂xk
vk + 2κk(iΘj)k −Θrjωir −Θirωjr +

1

ρ

∂

∂xs

[ρ
5
(wiΘjs + wjΘis +Θijws)

]
= −ρθ

µ

[
1

3
θΘ−1

rr +
1

30
θΘ−1

kr wrΘ
−1
ks ws

]
Θ⟨ij⟩ , (14)

∂wi

∂t
+ vk

∂wk

∂xk
+ wk

∂vi
∂xk

+

(
2
∂Θik

∂xk
+ΘisΘ

−1
kl

∂Θkl

∂xs

)
− 1

5
(wiΘsl +Θilws +Θiswl)

∂wnΘ
−1
nl

∂xs

= − p

µ

[
1

6
θΘ−1

kk δir −
1

15
θΘ−1

ir +
7

30
θ2Θ−1

ik Θ
−1
rk +

1

60
θΘ−1

kr Θ
−1
ks wswi

]
wr . (15)

The �rst two equations above are the mass and momentum balances; the energy balance

appears as the trace of the equation for Θij; by Knudsen number expansion to second order

the trace-free part of the Θij-balance and the wi-balance reduce to the Grad equations (7,

8), respectively.
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The GENERIC-13 equations are accompanied by the entropy balance

∂η

∂t
+
∂ηvk
∂xk

+
∂ϕk

∂xk
= Σ (16)

with entropy density η, entropy �ux ϕi, and entropy generation rate Σ related to the variables

(9) through the relations

η = ρR

(
1

2
ln [detΘ]− ln ρ− 1

20
Θ−1

rs wrws + η0

)
, (17)

ϕk =
1

2
ρR

(
1 +

3

50
Θ−1

rs wrws

)
wk , (18)

Σ =
p2

µ
R

[
1

2

(
1

3
θΘ−1

rr − 1

)
Θ−1

rr +
17

300

(
10

17
θΘ−1

rr − 1

)
Θ−1

ij Θ
−1
ik wjwk

+
7

300
θΘ−1

ij Θ
−1
jk Θ

−1
kl wiwl +

1

600
θ
(
Θ−1

ij Θ
−1
ik wjwk

)2] ≥ 0 . (19)

According to the second law of thermodynamics the entropy generation rate Σ vanishes in

equilibrium, and is positive in non-equilibrium states.

III. HYPERBOLICITY IN 1-D

A. General

Famously, the Grad-13 equations are hyperbolic for processes not too far from equilibrium

states, but lose hyperbolicity for processes involving large stresses and heat �uxes.12 In this

section we revisit this behavior to show that the extension of Grad-13 to GENERIC-13 yields

a generally hyperbolic system.

Speci�cally, we study time dependent one-dimensional transport in x-direction, where all

variables depend on (x, t) only and vector variables point into the direction of transport,

that is

vi = [v (x, t) , 0, 0] , qi = [q (x, t) , 0, 0] , wi = [w (x, t) , 0, 0] . (20)
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As well, the temperature tensor is diagonal,

Θij =


θ
(
1 + σ

ρθ

)
0 0

0 θ
(
1− 1

2
σ
ρθ

)
0

0 0 θ
(
1− 1

2
σ
ρθ

)
 . (21)

Due to its de�nition,1 the diagonal elements must be non-negative, hence the normal stress

σ is restricted to the interval −1 ≤ σ
ρθ

≤ 2.

For both sets of equations, Grad-13 and GENERIC-13, the 1-D balance laws can be

written in the compact form

∂uA
∂t

+AAB
∂uB
∂x

= −CAB
ρθ

µ
uB (22)

where uA is the vector of 1-D variables, AAB is the �ux matrix, and the damping factors CAB

are dimensionless weights on the collision frequency ρθ
µ
. A system of this form is hyperbolic,

if the eigenvalues Λα�which are the characteristic speeds of disturbances�of the matrix

AAB are real, it loses hyperbolicity when the eigenvalues are complex.

Moreover, if the matrix AAB is symmetric, the set of equations is called symmetric hy-

perbolic, which is ensured when the equations are accompanied by an entropy balance with

concave entropy η (uA) and non-negative production. Symmetric hyperbolic systems have

desirable mathematical properties, such as well-posedness of initial value problems, see Ref.

12 for further discussion and references. For the Grad-13 and GENERIC-13 equations as

written below, the matrices are not symmetric, but are diagonizable with linearly indepen-

dent eigenvectors, which is equivalent to symmetry.

For evaluation of the eigenvalues, we consider an observer resting with the �ow, hence

v = 0, and use dimensionless variables chosen such that ρ = θ = 1, and dimensionless stress,

heat �ux and w-vector are σ
ρθ
, q

ρθ3/2
, w√

θ
.

B. Grad-13 Equations

The variables for the 1-D Grad-13 equations are

uA = {ρ (x, t) , v (x, t) , θ (x, t) , σ (x, t) , q (x, t)} (23)
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Figure 1. The eigenvalues Λα for the Grad-13 matrix AGrad
AB for dimensionless variables. The

eigenvalues are only shown where all are real, outside the plotted regions at least some of the Λα

are complex, and the Grad-13 equations lose hyperbolicity.

with the matrix

AGrad
AB =



v ρ 0 0 0

θ
ρ

v 1 1
ρ

0

0 2
3

(
θ + σ

ρ

)
v 0 2

3
1
ρ

0
(
4
3
ρθ + 7

3
σ
)

0 v 8
15

− θσ
ρ

16
5
q

(
5
2
ρθ + 5

2
σ
)
θ v


. (24)

Figure 1 shows the �ve eigenvalues of AGrad
AB as functions of dimensionless stress and

heat �ux in the admissible region for stress, −1 ≤ σ
ρθ

≤ 2. Eigenvalues are shown only

where they are real, the vertical black lines (an artifact of the numerical plotting) indicate

the boundary between the hyperbolic region with real eigenvalues, and the non-hyperbolic

region with complex eigenvalues, which are not shown. Due to the omission of the third

order term in (8) the hyperbolic region has a somewhat di�erent shape than the one shown

in Ref. 12, but the conclusion remains the same: for larger heat �uxes (in dependence on the

value of σ), the Grad-13 equations lose hyperbolicity and become physically meaningless.

The only non-zero entries for the production matrix CAB are constant,

CGrad
44 = 1 , CGrad

55 =
2

3
, (25)
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that is the damping of stress σ and heat �ux q is linear.

C. GENERIC-13 Equations

For the GENERIC-13 equations we chose the variables

uA = {ρ (x, t) , v (x, t) , θ (x, t) , σ (x, t) , w (x, t)} (26)

which yields the matrix

AGEN13
AB =



v ρ 0 0 0

θ
ρ

v 1 1
ρ

0

1
3
θw
ρ

2
3

(
θ + σ

ρ

)
v + 1

3
w 2

15
w
ρ

1
3
θ + 2

15
σ
ρ

4
15
θw

(
4
3
ρθ + 7

3
σ
)

4
15
ρw v + 7

15
w 4

15
ρθ + 7

15
σ

−
[
2− 5

2
σ
ρθ

1− 1
2

σ
ρθ

+ 3
5

1

(1+ σ
ρθ )

w2

θ

]
σ
ρ2

w
5+ 1

2
σ
ρθ

1− 1
2

σ
ρθ

+ 3
5

w2

θ(1+ σ
ρθ )

[
2− 5

2
σ
ρθ

1− 1
2

σ
ρθ

+ 3
5

w2

θ(1+ σ
ρθ )

]
1
ρ

v − 3
5
w


.

(27)

Figure 2 shows the �ve eigenvalues of AGEN13
AB as functions of dimensionless stress and

w-vector in the admissible region for stress, −1 ≤ σ
ρθ

≤ 2, for w-vectors in the range

−10 ≤ w√
θ
≤ 10, which refer to extremely large heat �uxes that will not be reached in

physical processes. Further numerical tests show that all eigenvalues are real for all values

of w (or heat �ux q =
(
ρθ
2
+ σ

5

)
w), hence the GENERIC-13 equations remain hyperbolic for

all possible processes.

The damping terms for GENERIC-13 are strongly non-linear, with the only non-zero

elements

CGEN13
44 =

(
1 + 1

2
σ
ρθ

)
(
1 + σ

ρθ

)(
1− 1

2
σ
ρθ

) +
1

30

θw2(
θ + σ

ρ

)2 , (28)

CGEN13
55 =

2
3
+ 3

5
σ
ρθ

+ 17
60

(
σ
ρθ

)2
(
1 + σ

ρθ

)2 (
1− 1

2
σ
ρθ

) +
1

60

w2

θ
(
1 + σ

ρθ

)2 . (29)

Interestingly, as shown in Fig. 3, both factors become large when stress approaches the

boundaries of the admissible region, −1 ≤ σ
ρθ

≤ 2, and for large w. Thus, the GENERIC-13

12



Figure 2. The eigenvalues Λα for the GENERIC-13 matrix AGEN13
AB for dimensionless variables. All

eigenvalues are real for all data.

Figure 3. Damping factors C44 and C55 for GENERIC-13 and Grad-13 equations. While Grad-13

factors are constant, GENERIC-13 factors are non-linear with strong damping for processes far

from equilibrium.

equations ensure strong damping for processes far from the equilibrium state σ = q = w = 0.

Meaningless values for stress, that is those outside the interval (−1, 2), are unattainable.
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x

y
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V0

µL

µ

v (y) µ(y)
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0

F

Figure 4. Geometry for steady-state plane �ows between two parallel planes in distance L with

prescribed boundary temperatures θ0, θL, velocities V0, VL, and driving force F .

IV. STEADY-STATE PLANE FLOWS

A. Flow Geometries

The remainder of this contribution concerns solutions of the NSF, Grad-13 and GENERIC-

13 equations for steady-state plane �ows between two parallel plates as sketched in Fig.

4. The plate distance is L and the plate temperatures and velocities are prescribed as θ0,

θL and V0, VL, respectively. Moreover, there might be a body force or pressure gradient F

driving the �ow.

We will consider the following standard �ow con�gurations:26

� Heat Transfer: plates at rest, V0 = VL = 0; plate temperatures θ0 = 1 − ∆θ,

θL = 1 +∆θ; no driving force, F = 0.

� Couette �ow: lower plate moves at V0 = −∆v, upper plate at VL = ∆v; equal

temperatures, θL = θ0; no driving force, F = 0.

� Poiseuille �ow: plates at rest, V0 = VL = 0; equal temperatures, θL = θ0; �ow driven

by body force F.

Due to geometry, all variables depend only on the normal direction, y, the velocity vector

reduces to

vi = [v (y) , 0, 0] , (30)

but the heat �ux vector will have contributions in x- and y-directions,

qi = [q1 (y) , q2 (y) , 0] , wi = [w1 (y) , w2 (y) , 0] . (31)

The three sets of equations can be reduced to systems of �rst order di�erential equations
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of the form

AAB
duB
dy

= PA (32)

with variables uA, matrices AAB, and production vectors PA speci�ed as below. This nota-

tion is particularly useful for the discussion of boundary conditions in Sec. V.

It is convenient to use dimensionless variables relative to an equilibrium rest state ρ0,

θ0, and use the length L to further non-dimensionalize, that is we introduce dimensionless

space coordinate, Knudsen number and body force as

x

L
= x̂ ,

µ

ρ0
√
θ0L

= Knθ̂ ,
LF

θ0
→ F̂ , (33)

and the dimensionless thermodynamic variables

ρ

ρ0
= ρ̂ ,

v√
θ0

= v̂ ,
θ

θ0
= θ̂ ,

σij
ρ0θ0

= σ̂ij ,
qi

ρ0
√
θ0

3 = q̂i ; (34)

or for GENERIC-13
Θij

θ0
= Θ̂ij ,

wi√
θ0

= ŵi . (35)

For sake of better readability the hats that indicate dimensionless variables will be omitted

in the sequel.

B. NSF

In the NSF case, the only non-vanishing variables are

uNSF
A = {ρ (y) , v (y) , θ (y) , σ12 (y) , q2 (y)} (36)

The mass balance is identically ful�lled, and the conservation laws for momentum in x- and

y-directions, and energy reduce to

dσ12
dy

= ρF , θ
dρ

dy
+ ρ

dθ

dy
= 0 ,

dq2
dy

+ σ12
dv

dy
= 0 , (37)
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with stress and heat �ux given by

Knθ
dv

dy
= −σ12 ,

15

4
Knθ

dθ

dy
= −q2 . (38)

The above equations are of the form (32), with

ANSF
AB =



0 0 0 1 0

θ 0 ρ 0 0

0 σ12 0 0 1

0 ρθ 0 0 0

0 0 5
2
ρθ 0 0


, PNSF

A =



ρF

0

0

− ρ
Kn
σ12

−2
3

ρ
Kn
q2


. (39)

C. Grad-13 Equations

Due to higher order terms accounting for gas rarefaction, the Grad-13 equations contain

additional variables, such as normal stresses and heat �ux parallel to the �ow, which vanish

in NSF; the variables are

uGrad
A = {ρ (y) , v (y) , θ (y) , σ11 (y) , σ12 (y) , σ22 (y) , q1 (y) , q2 (y)} . (40)

The complete Grad-13 equations in plane �ow geometry are highly non-linear, with

AGrad
AB =



0 0 0 0 1 0 0 0

θ 0 ρ 0 0 1 0 0

0 σ12 0 0 0 0 0 1

0 4
3
σ12 0 0 0 0 0 − 4

15

0 ρθ + σ22 0 0 0 0 2
5

0

0 −2
3
σ12 0 0 0 0 0 8

15

− θσ12

ρ
7
5
q2

5
2
σ12 0 θ − σ11

ρ
−σ12

ρ
0 0

− θ22
ρ

2
5
q1

5
2
(ρθ + σ22) 0 −σ12

ρ
θ − σ11

ρ
0 0



, PGrad
A =



ρF

0

0

− ρ
Kn
σ11

− ρ
Kn
σ12

− ρ
Kn
σ22

−2
3

ρ
Kn
q1

−2
3

ρ
Kn
q2



.

(41)

As will be discussed below, these equations are not accompanied by a complete theory of

boundary conditions. Thus, while we will discuss properties of the matrix AGrad
AB , we will

not consider their solutions.
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D. Grad-13 Bulk Equations

A simpli�ed form of the Grad-13 equations in plane �ow geometry is obtained from

applying the Chapman-Enskog expansion to second order, which shows that in plane �ow

geometry some contributions are of higher than second order. Removal of these higher

order terms results in the Grad-13 Bulk equations,8,27 we will consider their solutions for

comparison. The variables are the same as for the full Grad-13 equations, but with a simpler

matrix,

AGradB
AB =



0 0 0 0 1 0 0 0

θ 0 ρ 0 0 1 0 0

0 σ12 0 0 0 0 0 1

0 4
3
σ12 0 0 0 0 0 − 4

15

0 ρθ 0 0 0 0 0 0

0 −2
3
σ12 0 0 0 0 0 8

15

0 7
5
q2

7
2
σ12 0 θ 0 0 0

0 0 5
2
ρθ 0 0 0 0 0



, PGrad
A =



ρF

0

0

− ρ
Kn
σ11

− ρ
Kn
σ12

− ρ
Kn
σ22

−2
3

ρ
Kn
q1

−2
3

ρ
Kn
q2



. (42)

A closer look at the bulk equations shows that these can be be combined to yield alge-

braic relations between the non-hydrodynamic variables σ11, σ22, q1 and the hydrodynamic

variables σ12 and q2, as8,27

σ11 =
8

5

σ2
12

ρθ
, σ22 = −6

5

σ2
12

ρθ
, q1 =

7

2

σ12q2
ρθ

− 3

2
KnθF . (43)

while the remaining equations read

dσ12
dy

= ρF , θ
dρ

dy
+ ρ

dθ

dy
+
dσ22
dy

= 0 ,
dq2
dy

+ σ12
dv

dy
= 0 , (44)

Knθ
dv

dy
= −σ12 ,

15

4
Knθ

dθ

dy
= −q2 ; (45)

apart from the contribution dσ22

dy
in the momentum balance these are identical with the NSF

equations.
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E. GENERIC-13

Due to the strong non-linearity of the GENERIC-13 equations, their reduced form for

plane �ows is quite lengthy, see Appendix A for details. The eight non-vanishing variables

correspond to those in Grad-13, they are

uGEN
A = {ρ (y) , v (y) , θ (y) , Θ11 (y) , Θ12 (y) , Θ22 (y) , w1 (y) , w2 (y)} (46)

with the temperature tensor

Θij =


θ + σ11

ρ
σ12

ρ
0

σ12

ρ
θ + σ22

ρ
0

0 0 θ − σ11

ρ
− σ22

ρ

 . (47)

The expressions for AGEN13
AB and PGEN13

A given below include abbreviations αi, βi, γi, δi, ϵi

used for compactness as the full expressions are too long to write explicitly in matrix form.

Along with the full equations, the abbreviations are provided in Appendix A.3. Matrix and

production vectors read

AGEN13
AB =



Θ12 0 0 0 ρ 0 0 0

Θ12 0 0 0 0 ρ 0 0

1
5ρ

[
Θ12w1 +

(
3
2
θ +Θ22

)
w2

]
Θ12

3
10
w2 0 1

5
w1

1
5
w2

1
5
Θ12

(
1
5
Θ22 +

3
10
θ
)

1
5ρ
(2Θ12w1 +Θ11w2) 2Θ12 0 1

5
w2

2
5
w1 0 2

5
Θ12

1
5
Θ11

1
5ρ
(Θ22w1 + 2Θ12w2) Θ22 0 0 2

5
w2

1
5
w1

1
5
Θ22

2
5
Θ12

3
5ρ
Θ22w2 0 0 0 0 3

5
w2 0 3

5
Θ22

0 w2 3Θ12Θ
−1
33 α1 β1 γ1 δ1 ϵ1

0 0 3Θ22Θ
−1
33 α2 β2 γ2 δ2 ϵ2



,

(48)
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PGEN13
A =



ρF

0

0

− 1
3Kn

[
θΘ−1

rr + 1
10
θΘ−1

kr wrΘ
−1
ks ws

]
Θ⟨11⟩

− 1
3Kn

[
θΘ−1

rr + 1
10
θΘ−1

kr wrΘ
−1
ks ws

]
Θ⟨12⟩

− 1
3Kn

[
θΘ−1

rr + 1
10
θΘ−1

kr wrΘ
−1
ks ws

]
Θ⟨22⟩

− ρθ
6Kn

[
Θ−1

kkw1 − 2
5
Θ−1

1r wr +
7
5
θΘ−1

1k Θ
−1
rk wr +

1
10
Θ−1

kr Θ
−1
ks wswrw1

]
− ρθ

6Kn

[
Θ−1

kkw2 − 2
5
Θ−1

2r wr +
7
5
θΘ−1

2k Θ
−1
rk wr +

1
10
Θ−1

kr Θ
−1
ks wswrw2

]
‘



. (49)

V. BOUNDARY CONDITIONS

Solutions of the plane �ow con�gurations result from integration of the equations (32)

and consideration of proper boundary conditions (BC) that relate the parameters controlled

at the boundary to the variables in the domain. As will be discussed further in Sec. VF,

the number of boundary conditions required equals the number of constants of integration

which equals the number of non-zero eigenvalues of the coe�cient matrices AAB.

A. Controlled Boundary Parameters

As indicated in Fig. 4, in plane �ow geometry one will naturally control the plate veloc-

ities V0, VL and the plate temperatures temperatures θ0, θL. The corresponding boundary

conditions are velocity-slip and temperature-jump conditions at both walls of the channel,

which appear quite naturally from arguments in kinetic theory as well as from the second

law of thermodynamics. In the numerical solutions below, the slip condition is implemented

in the boundary cells of the tangential momentum balance, and the jump condition in the

boundary cells of the energy balance.

Furthermore, the �lling condition prescribes the average mass density of the �ow through

the integral

ρ0 =
1

L

∫ L

0

ρ(y)dy ; (50)

where in dimensionless formulation ρ0 → 1. Prescription of the value of ρ0 e�ectively serves

19



as an additional boundary condition, instead of vanishing normal velocities v2 = 0 at the

boundaries, which is guaranteed throughout.

The body force F is applied throughout the domain, and does not a�ect boundary con-

ditions.

Thus, all boundary conditions for the various systems of transport equations must be

related to these �ve parameters.

B. The Number of Required Boundary Conditions

The �rst step in developing suitable BC for the transport equations is to ask how many

BC are required for a particular set. We explore this for the steady plane �ows of interest,

for which the the transport equations reduce to (32),

AAB
duB
dy

= PA , (51)

hence the �elds uA are determined from integration. Each integration introduces a constant

of integration which must be determined from BC, hence the number of BC required equals

the number of independent integrations. This number follows from the properties of the

matrix AAB.

We introduce the eigenvalues (EV) Λα and the corresponding left eigenvectors Lα
A of AAB,

such that

Lα
AAAB = ΛαLα

B , (52)

where summation over Latin letters is implied, but not over Greek letters. We assume that

the left eigenvectors are all independent. In hyperbolic systems the EV of the matrix of

coe�cients are the characteristic speeds of the system.

With this, multiplication of the transport equations with the left eigenvectors Lα
A yields

ΛαLα
B

duB
dy

= Lα
APA (α = 1, . . . , n). (53)

The eigenvalues Λα might either be equal to zero, positive, or negative, which we indicate

by writing

Λα0 = 0 , Λα+ > 0 , Λα− < 0 ; (54)
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the numbers of such EV we denote by n0, n+, n−, respectively, with n0 + n+ + n− = n.

For vanishing EV the transport equations reduce to algebraic relations between the vari-

ables,

0 = Lα0
A PA (α0 = 1, . . . , n0) ; (55)

for these no integration is required. Indeed, Eqs. (43) from the Grad-13 bulk equations can

be obtained in this manner. Note that these algebraic relations hold in all points of the

domain, including the boundaries.

It follows that the number of independent integrations equals the number of non-zero

eigenvalues, hence the number of boundary conditions required is

# of BC = n− n0 . (56)

We discuss the eigenvalues for the individual systems in the subsections below. To develop

insight about the eigenvalues of the various matrices we considered the analytical solution of

the Grad-13B equations for Couette �ow, and evaluated the matrices at di�erent conditions

for Knudsen number and velocity di�erence.

1. NSF Equations

The matrix AAB for NSF (39) has �ve independent eigenvalues, which appear as one pair

of real EV, one pair of conjugate complex EV, and one individual EV. The pair structure

is particularly clear in the linear limit (small di�erences between the plate velocities and

temperatures, small force) where the real pair have the same value but opposite sign.

Relating the EV to the controlled parameters the two pairs are linked to velocity slip and

temperature jump conditions at the two sides of the domain, and the single EV is linked to

the �lling condition.

It is worthwhile to note that the complex conjugate EV are never used in computations,

only for counting of BC.
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2. Grad-13 Bulk Equations

Similar to NSF, the matrix (42) of the Grad-13 bulk equations yields two pairs and one

individual EV, where, however it might happen that both pairs of EV are conjugate complex,

while the individual EV remains real. Again, we attribute the pairs of EV to slip and jump

conditions, and the individual to the �lling condition (50).

3. Grad-13 Original Equations

The matrix (41) of the full Grad-13 equations yields one additional pair of eigenvalues.

Extending our observation from NSF and Grad-13B the extra pair should be linked to

another boundary condition that must be applied on both sides of the domain.

There is no theory of BC for the Grad-13 equations available in the literature, and we

will not explore the possibilities for the development of the required additional BC of higher

order. In our cursory evaluation of the EV this extra pair was always conjugate complex,

with corresponding eigenvectors complex. With that it is not possible to extend the method

discussed below for GENERIC-13, which relies on real EV and eigenvectors, to the case of

Grad-13. A complete set of proper BC for the full Grad-13 equations remains elusive.

4. GENERIC-13 Equations

The matrix (48) exhibits a surprising behavior, in that is has eight (8) non-zero eigenval-

ues.

Numerical evaluation shows that these eigenvalues depend on the Knudsen number as

follows: Five eigenvalues�one real pair, one conjugate complex pair, and one individual�are

always distinct from zero�these correspond to the non-vanishing EV of NSF and Grad-13B,

and thus are linked to slip, jump and �lling conditions.

The three additional EV appearing, however, are generally smaller, and vanish with the

Knudsen number. The signs of the extra EV depends on location. At the left boundary

(x = 0) we �nd two negative and one positive EV, on the right (x = 1) one EV is negative

and two are positive.

In other words, as the Knudsen number decreases the GENERIC-13 equations approach

the Grad-13B or even the NSF equations, and their extra eigenvalues become smaller and
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smaller until they e�ectively vanish. As the number of BC required equals the number of

non-zero EV, the number of BC required changes from eight to �ve with Knudsen number

decreasing.

From this observation we derive the BC consistency requirement :

Solving GENERIC-13 demands additional BC that give meaningful results for

all Knudsen numbers, speci�cally the BC must reduce to, or be compatible with,

0 = Lα0
A PA for small Kn.

We speci�cally note that the second law of thermodynamics�which we use below to motivate

jump and slip conditions�does not provide any additional BC. These, therefore, must be

constructed in a rational manner without help of the second law.

While the slip and jump BC for each boundary together with the �lling condition (50)

su�ce for the NSF and Grad-13 equations, three additional BC are mathematically required

for GENERIC-13. From physical considerations one would expect that additional BC are

required on both sides of the domain, linked to pairs of EV. With three additional EV, the

need for three additional BC cannot be satis�ed by symmetrically prescribing BC to both

sides of the domain.

The formulation of the additional BC must be compatible with the Knudsen number

ordering: as GENERIC-13 reduces to Grad-13 for smaller Knudsen numbers, the number of

required BC decreases, and the slip and jump BC su�ce. That is, the additional BC should

be compatible such that its in�uence vanishes with Knudsen number. We will return to this

question after the discussion of jump and slip boundary conditions.

C. Slip and Jump BC for GENERIC-13 from the Second Law

We proceed with the construction of jump and slip BC for GENERIC-13 from the second

law of thermodynamics, following the procedures of Linear Irreversible Thermodynamics,

as, e.g., outlined in Ref. 26. Denoting stress tensor and heat �ux vector in the wall by tWik ,

qWk conservation of tangential momentum and normal energy �ux at the wall-gas boundary
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read

ρΘτn = −tWτn , (57)

qn + ρΘτnvτ = qWn − tWτnv
W
τ . (58)

In these equations, τ and n indicate tangential and normal vector and tensor components,

respectively, e.g., qn = qini, qτ = qi− qnni. The velocities of the wall and the gas at the wall

are only tangential, that is vWn = vn = 0. Note that with the wall normal pointing into the

gas, we have, e.g., qn = q2 at x = 0 and qn = −q2 at x = L .

The corresponding entropy generation rate ΣS is the di�erence between normal entropy

�uxes leaving and entering, where the wall entropy �ux is given by the classical ratio of heat

�ux and wall temperature,26

ϕn −
qWn
TW

= ΣS ≥ 0 . (59)

The second law of thermodynamics requires that also the wall entropy generation rate is

non-negative.

The three equations above are combined by eliminating wall stress and heat �ux, and the

expression for the GENERIC-13 entropy �ux ϕk (18) is inserted to obtain the dimensionless

entropy generation rate Σ̂S = ΣS/R as[
1

θ

(
1 +

3

50
Θ−1

rs wrws

)
− 1

θW

(
1 +

2

5

σnn
ρθ

)]
1

2
ρθwn +

[
−Vτ −

1

5
wτ

]
σnτ
θW

= Σ̂S ≥ 0 (60)

where

Vτ = vτ − vWτ (61)

is the purely tangential slip velocity.

In Linear Irreversible Thermodynamics, the entropy generation is interpreted as the sum

of products of thermodynamic �uxes JA and thermodynamic forces FA, that is we write

Σ̂S =
∑
A

JAFA ≥ 0 . (62)

We follow Ref. 28 where it was argued that the force-�ux splitting is such that properties
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that are even in normal tensor components are the forces, and properties which are odd in

normal component are the �uxes, hence we identify the forces as

FV = −Vτ −
1

5
wτ , (63)

Fθ =
1

θ

(
1 +

3

50
Θ−1

rs wrws

)
− 1

θW

(
1 +

2

5

σnn
ρθ

)
, (64)

with the corresponding �uxes

JV = σnτ , Jθ =
1

2
ρθwn . (65)

Positive entropy generation rate at the wall-gas interface in non-equilibrium is guaranteed

by linear force-�ux relations between expressions of identical tensor structure, that is with

suitable positive phenomenological coe�cients ψV , ψθ we write26

σnτ = −ψV

[
Vτ +

1

5
wτ

]
, (66)

wn = ψθ

[
1

θ

(
1 +

3

50
Θ−1

rs wrws

)
− 1

θW

(
1 +

2

5

σnn
ρθ

)]
. (67)

The coe�cients ψV , ψθ will be determined from matching to the kinetic theory BC presented

next.

D. Slip and Jump BC from Kinetic Theory

For NSF and Grad-13 we consider kinetic theory boundary conditions based on the well-

known Maxwell model, which considers a sharp wall-gas interface, where gas particles collid-

ing with the wall are either di�usely or specularly re�ected; the accommodation coe�cient

χ gives the likelihood of di�usive re�ection, the wall normal points towards the gas. Jump

and slip boundary conditions for the Grad-13B equations where derived from this model,

ignoring Knudsen layers corrections, in Ref. 8, which reduced to order O (Kn2) for plane
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�ow geometry read

σnτ = − χ

2− χ

√
2

πθ
ρθ

[
Vτ +

1

5

qτ
ρθ

]
, (68)

qn = − 2χ

2− χ

√
2

πθ
ρθ

[
θ − θW +

1

4

σnn
ρ

− 1

4
V 2
τ

]
. (69)

Considering only �rst order terms in Kn yields the appropriate slip and jump conditions

for the NSF equations as

σnτ = − χ

2− χ

√
2

πθ
ρθVτ , qn = − 2χ

2− χ

√
2

πθ
ρθ (θ − θW ) . (70)

E. Matching of Grad-13 and GENERIC-13 Slip and Jump BC

For a sound comparison of results, we match the phenomenological coe�cients ψV , ψθ to

the kinetic theory boundary conditions for Grad-13 (68, 69). From (69) and (43) we �nd to

second order in Kn that

−1

4
V 2
τ = −1

4

(
2− χ

χ

)2
πθ

2

σnτσnτ

(ρθ)2
=

(
2− χ

χ

)2
5π

48

σnn
ρ

. (71)

With this, and the approximation of (10) as qn = 1
2
ρθwn, the Grad-13 BC can be written as

σnτ = − χ

2− χ

√
2

π
ρ
√
θ

[
Vτ +

1

10
wτ

]
, (72)

wn = − 4χ

2− χ

√
2

π

√
θθW

[
1

θW

(
1 + ξ

σnn
ρθ

)
− 1

θ

]
, (73)

with the abbreviation

ξ =
1

4

(
1 +

5π

12

(
2− χ

χ

)2
)

. (74)

This is su�ciently similar to the GENERIC-13 BC (66, 67) to identify the coe�cients ψV ,

ψθ so that the slip and jump BC for GNERIC-13 �nally read

σnτ = − χ

2− χ

√
2

π

√
θρ

[
Vτ +

1

5
wτ

]
, (75)

wn = − 4χ

2− χ

√
2

π

√
θθW

[
1

θW

(
1 +

2

5

σnn
ρθ

)
− 1

θ

(
1 +

3

50
Θ−1

rs wrws

)]
. (76)
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Note that for χ ∈ (0, 1) we have ξ ∈ (∞, 0.577), that is compared to the simpli�ed kinetic

theory model GENERIC-13 generally gives a smaller value (2/5) for this factor.

F. Additional BC for GENERIC-13

1. Asymptotically Vanishing BC

The BC consistency requirement can be guaranteed by the following procedure. Let Λϵ

be an asymptotically vanishing eigenvalue, that is

lim
Kn→0

Λϵ = 0 , (77)

with the associated characteristic transport equation

ΛϵLϵ
B

duB
dy

= Lϵ
APA . (78)

We interpret
dW ϵ

dy
= Lϵ

B

duB
dy

(79)

as the characteristic gradient for the EV Λϵ.

A consistent BC is obtained by setting the characteristic gradient at the boundary to

zero,
dW ϵ

dy
= 0 , (80)

so that at the boundary (|B, that is at x = 0 and x = L)[
ΛϵLϵ

B

duB
dy

]
|B

=

[
ΛϵdW

ϵ

dy

]
|B

= [Lϵ
APA]|B = 0 . (81)

With this, we arrive at the boundary condition

[Lϵ
APA]|B = 0 , (82)

which ensures that independently of the actual value of Λϵ this algebraic equation is ful-

�lled at the boundary. At larger Kn the algebraic relation does not hold in the interior,
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but is enforced only at the boundary. As the Knudsen number decreases GENERIC-13 is

reduced towards Grad-13B, so that the EV approaches zero and the solution in the interior

approaches the algebraic relation, which then is valid in all locations.

With three asymptotically vanishing EV we must chose EV for the construction of the

boundary condition (82). Closer (numerical) evaluation showed that at the left side (x = 0)

one EV is positive and two EV are negative, while on the right (x = L) one EV is negative

and two are positive. As the eigenvalues are interpreted as the characteristic speeds of the

equations, negative EV on the left (or positive EV on the right) refer to characteristics leaving

the system, while positive (negative on the right) EV refers to characteristics entering.

Prescribing a BC for an incoming characteristic implies an external manipulation of

the system, that is the characteristic is set to a value at the boundary that propagates

into the system. In contrast, values of characteristics traveling outward are created within

the system, as expressed through the transport equations. Setting dW ϵ

dy
= 0 for such a

characteristic implies free �ow of the characteristic out of the system, and was chosen as the

least impactful BC.

With three BC required, and two boundaries we are facing some asymmetry introduced

in the solution by prescribing one characteristic BC on one side of the domain, and two on

the other, or one pair of BC's and one singular one. Thus, for the two EV describing exiting

characteristics on either side, we decided to chose that with the larger absolute value on

both sides of the domain, and the one with the smaller absolute value at just one side (left).

Indeed, the BC (82) is closer to the actual equation (78) for the smaller EV, and we expect

this choice to create less asymmetry.

It worked well to implement the corresponding pair of BC (82) in the boundary cells of

the discretization of the Θ22 balance, and the single BC in the Θ11 balance.

Obviously, while they appear intuitively plausible, we have no strong reasons for the

choices laid out above that lead to the described implementation of additional BC for

GENERIC-13. The need for additional BC beyond slip and jump was encountered be-

fore for the R13-moment equations, where it could be circumvented by a reformulation of

the transport equations that kept the Knudsen order intact, but reduced the number of

BC.29,30 A similar reformulation of GENERIC-13 is not possible, since this would impact

the thermodynamic structure that is at the core of the equations. We are not aware of a

similar problem elsewhere, hence had to develop our own approach.
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In our numerical solutions we experimented with other choices, e.g., BC for di�erent char-

acteristics, implemented into other equations, but di�erences between results were generally

small, and did not warrant a deeper evaluation. The results presented below show that the

chosen approach produces sensible results.

A deeper consideration of the construction of a full set of of BC for GENERIC-13 might

be warranted, but is beyond the scope of this contribution.

2. Kinetic Theory

Just as the jump and slip conditions (68, 69) for NSF and Grad-13 are obtained from

the Maxwell boundary condition, one can derive boundary conditions for higher moments of

the distribution function of kinetic theory.10,28,29 By extension of the derivation of slip and

jump conditions, such BC for higher moments might be meaningful as the additional BC

required.

Kinetic theory BC are not linked to the EV discussed above, hence there is no guideline

as to which particular higher order BC one might chose. Thus, we explored several options

before settling on a BC developed for the fourth moment, Rij, of the distribution function

as part of the regularized 13-moment (R13) equations, adjusted to stand in agreement with

the second law of thermodynamics.28 In our notation, and for Maxwell molecules, the BC

reads (Eq. (12b) of Ref. 28)

−12

5
Kn

dqτ
dn

=
χ

2− χ

√
2

πθ

(
Vτ −

11

5

qτ
ρθ

− 16

15
Kn

dστn
dn

)
, (83)

where d
dn

= ni
d
dxi

denotes the derivative in direction of the wall normal. This BC is imple-

mented in the boundary cells of the w2-balance.

With its background in kinetic theory, this BC is not linked to the eigen-structure of the

matrix AAB, hence the consistency requirement is not guaranteed. We note that the fourth

moment has no physical meaning, but is found in the regularized 13 moment equations as

the gradient of the heat �ux vector.5,9,13
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VI. NUMERICAL SIMULATIONS

We now present and discuss numerical solutions of steady-state plane �ow con�gurations

for NSF, Grad-13B and GENERIC-13. Numerical solutions are generated through an it-

erative process using fourth-order �nite di�erence approximations on a uniform grid with

n = 200 grid points. To simplify the approach, MATLAB's fsolve(eqs,z0) function is used

in which initial guesses z0 must be provided along with a tolerance; more speci�cally, the

function uses the Levenberg-Marquardt algorithm. For our applications, initial guesses are

selected from the previous model and a conservative convergence tolerance of 10−15 is imple-

mented. Consistency between our solutions and previously published work give con�dence

of excellent convergence. The number of signi�cant �gures is dependent on the variable of

interest and is unique to each curve, therefore they can vary on the presented results.

A good initial guess is crucial for �nding reliable results and for this the hierarchy of

models in terms of Knudsen number o�ers a natural multi-step approach to determine useful

guesses. For NSF we chose the well known analytical results for constant coe�cients26 as

initial guesses. The numerical solution for NSF then serves a the initial guess for Grad-13,

and the result of that calculation serves as the initial guess for GENERIC-13. All calculations

are performed in dimensionless variables, with set Knudsen numbers.

Accuracy is high, and di�erences between the results of the various sets of equations are

due to di�erences in the equations themselves and their boundary conditions.

This method of solution is quite forgivable about the prescription of boundary conditions.

We show solutions of GENERIC-13 with the full set of eight properly compatible BC as

discussed above, and with the extra BC (83) on two sides added to jump, slip and mass

conditions, that is one BC less than mathematically required. These results are included

to show that the incompatibility of the extra kinetic BC leads to unwelcome jumps at the

boundaries in the limit of small Knudsen numbers.

A. Heat Transfer

In case of pure heat transfer, �ow velocity v, shear stress σ12, and parallel heat �ux q1

vanish, and only the temperature jump boundary conditions are required, where we set the

wall temperatures to θB = 1±∆θ.
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For this simple geometry NSF and Grad-13B equations agree, hence no separate curves

for Grad-13B are shown in Figs. 5,6 which compare NSF and GENERIC-13 curves for mass

density ρ, temperature θ, normal stress σ22, normal heat �ux q2 and pressure p. No extra

BC are required for GENERIC-13.

Figure 5 shows results at Kn = 0.05 with a small temperature deviation ∆θ = 0.05. At

this small Knudsen number we are in the NSF regime, and as expected NSF and GENERIC-

13 agree very well; the di�erence of below 0.01% between pressures and heat �uxes are only

visible due to the chosen scale. There are small temperature jumps at the walls, and normal

stresses vanish.

Figure 6 shows results at Kn = 1 and a signi�cant temperature deviation ∆θ = 0.5. At

this large Knudsen number NSF is not valid, and this is seen in the signi�cant di�erences in

the curves. Temperature jumps are large (the boundary temperatures are θB = 0.5, 1.5), and

due to the large temperature di�erence non-linear e�ects in GENERIC-13 induce normal

stress and pressure deviation (of course, p+ σ22 = const.).

B. Couette Flow

Next we consider Couette �ow, for which NSF and Grad-13B equations di�er, and so-

lutions for GENERIC-13 are based on a) the asymptotically vanishing BC (82) and b) the

kinetic theory boundary condition (83), which in the plots are indicated as GEN-A and

GEN-B, respectively. The plots show the eight relevant variables (40) as well as pressure.

We begin with �ows at low Knudsen number Kn = 0.1 which is large enough as that

some discrepancy between NSF and the higher order models is expected, but no di�erence

between Grad-13 and GENERIC-13. Temperatures and velocities of the plates are set to

θ = 1 and VB = ±∆v. Figures 7 and 8 show results for ∆v = 0.1 and ∆v = 0.5, respectively.

At the smaller velocities (Fig. 7) we observe good agreement between Grad, GEN-A and

GEN-B, with the important di�erence that these show normal and parallel stresses and

tangential heat �ux, which are not described by NSF. While GEN-A and GEN-B agree in

the bulk, they disagree at the boundary. Indeed, the kinetic theory BC used for GEN-B

produces a jump in the tangential heat �ux at the boundary, which must be attributed

to violation of the BC consistency requirement of Sec. VB. At this Knudsen number the

parallel and normal stresses σ11, σ22, and the tangential heat �ux q1 are given by the bulk
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Figure 5. Heat Transfer for NSF and GENERIC-13 at Kn = 0.05, ∆θ = 0.05.

equations (43), which hold for Grad-13 as well as for GENERIC-13 (for small Kn). Thus,

the extra BC's are not needed, and with the kinetic BC not consistent we observe the jump

in q1 for GEN-B, while no such jump appears for GEN-A which uses the consistent BC (82).

No asymmetry is observed in GEN-A, since the extra BC do not have any in�uence on the

�ow.

For the larger velocity di�erence of Fig. 8 the relative mismatch for GEN-B at the bound-

ary is less pronounced, and GEN-A and GEN-B agree. Probably due to non-linear e�ects we

observe some di�erences between GENERIC-13 and Grad-13 in the curves for temperature

and shear stress, but excellent agreement else.

Next we consider two cases with Knudsen number Kn = 1 where more pronounced

di�erences between Grad-13 and GENERIC-13 are expected. For ∆v = 0.1 as shown in

Fig. 9, the general behavior is quite similar to those at smaller Kn, again with boundary

jumps for GEN-B. For larger boundary velocity ∆v = 0.5 most of the behavior is as for the

cases discussed before, but the di�erent extra BC lead to visible di�erences in the tangential
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Figure 6. Heat Transfer for NSF and GENERIC-13 at Kn = 1, ∆θ = 0.5.

heat �ux q1 in the vicinity of the wall. While the kinetic BC of GEN-B now does not induce

a jump, the compatible BC of GEN-A induces some extra curvature towards the boundary.

While the tangential heat �ux curve is similar to curves with Knudsen layers known for the

R-13 equations of kinetic theory,10,30 the latter result from linear e�ects and are present also

for small velocities, while the curvature for GEN-A is due to non-linearities and vanishes for

smaller velocities. Although one BC is prescribed only on the left side, there is no visible

asymmetry in the curves.
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Figure 7. Couette Flow for NSF, Grad-13, and GENERIC-13 at Kn = 0.1, ∆v = 0.1
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Figure 8. Couette Flow for NSF, Grad-13, and GENERIC-13 at Kn = 0.1, ∆v = 0.5
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Figure 9. Couette Flow for NSF, Grad-13, and GENERIC-13 at Kn = 1, ∆v = 0.1
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Figure 10. Couette Flow for NSF, Grad-13, and GENERIC-13 at Kn = 1, ∆v = 0.5
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C. Poiseuille Flow

Poiseuille �ow proved to be more di�cult for our numerical approach, where it was not

possible to obtain reliable results for larger Knudsen number or driving force. Thus, we show

only few results, a more thorough examination will require an improved numerical approach.

Figure 11 shows results for Kn = 0.1, F = 0.1. This Knudsen number is su�ciently small

so that GENERIC-13 and Grad-13B agree well in heat �ux and stress components. Due

to the simpli�cation of Grad-13B through the second CE expansion these cannot describe

the characteristic convex dip in the temperature pro�le�a well known rarefaction e�ect15�

which is well reproduced by GENERIC-13. While GEN-A employs asymmetric BC, there

is no visible asymmetry in the results. As for Couette �ow, the kinetic boundary condition

(GEN-B) has a mismatch at the boundary that induces boundary jumps in the heat �ux

q1. NSF cannot describe parallel heat �ux and normal stresses, underestimates temperature

jumps, and yields the usual26 concave temperature pro�le.

For other values of Kn and F we were not able to produce proper results from GEN-A

with eight BC as mathematically required. However, just as for the kinetic BC, the code

yields reasonable results with seven BC prescribed (three pairs for jump, slip, extra BC, plus

�lling). For the case of Fig. 11 the corresponding results are indistinguishable from those

shown. Figure 12 shows results for a case with larger Knudsen number and driving force,

with Kn = 0.5, F = 0.25, where the temperature curve is dominated by the convex dip, but

other variables are similar to the previous case.

VII. DISCUSSION AND OUTLOOK

We have studied the full non-linear GENERIC-13 equations, which were developed as a

system with complete thermodynamic structure to describe mildly rare�ed gases. Within

second order in the Knudsen number the equations agree with Grad's 13 moment equations.

Evaluation for one-dimensional propagation revealed that the GENERIC-13 equations

are unconditionally hyperbolic for all values of the variables. Moreover, their non-linear

production terms emphasize push-back towards equilibrium for larger deviation from equi-

librium.
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Figure 11. Poiseuille Flow for NSF, Grad-13, and GENERIC-13 at Kn = 0.1, F = 0.1
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Figure 12. Poiseuille Flow for NSF, Grad-13, and GENERIC-13 at Kn = 0.5, F = 0.25
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In order to solve GENERIC-13 for classic plane �ow problems we had to develop appropri-

ate boundary conditions (BC). Jump and slip BC were found from the entropy generation at

a solid-gas interface which suggests �ux-force relations as in Linear Irreversible Thermody-

namics. Phenomenological coe�cients were matched to jump and slip boundary conditions

from kinetic theory. However, due to their complex mathematical structure, the GENERIC-

13 equations require additional BC, which must be formulated such that their in�uence

fades as the Knudsen number decreases, and the equations reduce towards the Grad-13 or

NSF equations. Based on this requirement and the structure of the equations we proposed

a set of asymptotically vanishing BC, which lead to meaningful solutions for heat transfer,

Couette and Poiseuille �ow. We emphasize that, while reasonable, the additional BC are

postulated, and additional justi�cation, or working alternatives, would be welcome.

The results presented here indicate that the GENERIC-13 provide a set of meaningful

equations for the description of mildly rare�ed �ows. Further numerical evaluation for more

complex �ow problems should be considered in the future.
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Appendix A: GENERIC-13 Equations for Plane Flows

The following shows the fully reduced GENERIC-13 equations for both heat transfer and

shear �ow cases followed by the abbreviations used in the matrix AGEN13
AB .

1. Equations for Heat Transfer (V0 = VL = w1 = F = 0)

Momentum Balance:
dρΘ22

dy
= 0 (A1)
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Θ11-balance:

w2Θ11

5ρ

dρ

dy
+
w2

5

dΘ11

dy
+

Θ11

5

dw2

dy

= − 1

Kn

θ

30

[(
w2

Θ22

)2

+ 10

(
1

Θ11

+
1

Θ22

+
1

3θ −Θ11 −Θ22

)]
(ρΘ11 − ρθ) (A2)

Θ22-balance:

3w2Θ22

5ρ

dρ

dy
+

3w2

5

dΘ22

dy
+

3Θ22

5

dw2

dy

= − 1

Kn

θ

30

[(
w2

Θ22

)2

+ 10

(
1

Θ11

+
1

Θ22

+
1

3θ −Θ11 −Θ22

)]
(ρΘ22 − ρθ) (A3)

Energy Balance:

1

ρ
(2w2Θ22 + 3w2θ)

dρ

dy
+ (3w2)

dθ

dy
+ (2w2)

dΘ22

dy
+ (2Θ22 + 3θ)

dw2

dy
= 0 (A4)

w2-balance:

(
Θ22

Θ11

− Θ22

3θ −Θ11 −Θ22

)
dΘ11

dy
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(
3 +

3

5

w2
2

Θ22
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dy

+
Θ22
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− 12

5
w2
dw2
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θ
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[
5

Θ11

− 1

Θ22
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5

Θ33

+
7θ + 5w2

2

Θ2
22

]
w2 (A5)

2. Equations for Shear Flows

Momentum balance:

dρΘ12

dy
= ρF ,

dρΘ22

dy
= 0

To reduce the length of the expanded equations, use the abbreviation

ζ = − 1

Kn

[
1

3
θΘ−1

rr +
1

30
θΘ−1

kr wrΘ
−1
ks ws

]
= − 1
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Θ11-balance:

w2Θ11

5ρ

dρ

dy
+ 2Θ12

dv

dy
+
w2

5

dΘ11

dy
+

2Θ12

5

dw1

dy
+

Θ11

5

dw2

dy
= ζσ11 (A7)

Θ12-balance:

Θ
dv

dy
+

Θ22

5

dw1

dy
+

2Θ12

5

dw2

dy
= ζσ12 (A8)

Θ22-balance:

3Θ22
dw2

dy
= ζσ22 (A9)

Θ33-balance:
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3w2θ

5ρ
− w2Θ11
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dy
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dy
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3w2
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dθ
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dw2
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Energy balance (θ):

3w2θ
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w2-balance
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3. Abbreviations

Here we list the abbreviations used in Eq. (48)

 α1

α2

 =


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 β1
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−1
12 Θ

−1
11

+(3w2Θ22)w1Θ
−1
22 Θ

−1
11

+(3w2Θ22)w1Θ
−1
12 Θ

−1
12

+(2w2Θ12 + w1Θ22)w2Θ
−1
12 Θ

−1
12

+(2w2Θ22) 2w2Θ
−1
22 Θ

−1
12

+(2w2Θ12 + w1Θ22)w2Θ
−1
11 Θ

−1
22

]



(A15)

 γ1
γ2

 =



Θ12Θ
−1
22 + 1

5

[
(2w1Θ12 + w2Θ11)w1Θ

−1
12 Θ

−1
12

+(w1Θ22 + 2w2Θ12)w1Θ
−1
22 Θ

−1
12

+(2w1Θ12 + w2Θ11)w2Θ
−1
12 Θ

−1
22

+(w1Θ22 + 2w2Θ12)w2Θ
−1
22 Θ

−1
22

]
− Θ12

3θ−Θ11−Θ22

2 + Θ22Θ
−1
22 + 1

5

[
(2w2Θ12 + w1Θ22)w1Θ

−1
12 Θ

−1
12

+(3w2Θ22)w1Θ
−1
22 Θ

−1
12

+(2w2Θ12 + w1Θ22)w2Θ
−1
12 Θ

−1
22

+(3w2Θ22)w2Θ
−1
22 Θ

−1
22

]
− Θ22

3θ−Θ11−Θ22



(A16)

 δ1
δ2

 =



−4
5

[
(2w1Θ12 + w2Θ11)Θ

−1
11

+(w1Θ22 + 2w2Θ12)Θ
−1
12

]
−4

5

[
(2w2Θ12 + w1Θ22)Θ

−1
11

+(3w2Θ22)Θ
−1
12

]


(A17)
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 ϵ1
ϵ2

 =



−4
5

[
(2w1Θ12 + w2Θ11)Θ

−1
12

+(w1Θ22 + 2w2Θ12)Θ
−1
22

]
−4

5

[
(2w2Θ12 + w1Θ22)Θ

−1
12

+(3w2Θ22)Θ
−1
22

]


(A18)
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