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Abstract: In this paper, our first purpose is to describe a class of phenomena involving the growth
in the Hadamard-Kong product of several Dirichlet series with different growth indices. We prove
that (i) the order of the Hadamard-Kong product series is determined by the growth in the Dirichlet
series with smaller indices if these Dirichlet series have different growth indices; (ii) the g;-type of
the Hadamard-Kong product series is equal to zero if p Dirichlet series are of g;-regular growth, and
71 <4g2 <---<4qpg; € Ny, j=1,2,...,p. The second purpose is to reveal the properties of the
growth in the Hadamard-Kong product series of two Dirichlet series—when one Dirichlet series
is of finite order, the other is of logarithmic order, and two Dirichlet series are of finite logarithmic
order—and obtain the growth relationships between the Hadamard-Kong product series and two
Dirchlet series concerning the order, the logarithmic order, logarithmic type, etc. Finally, some
examples are given to show that our results are best possible.

Keywords: Dirichlet series; Hadamard-Kong product; growth

MSC: 30B50; 30D15

1. Introduction
The following series

ane)\ns — aOeAOS + ale)\ls + -+ ane)LnS “+ ... ,
n=0

s =0 +it, €))

is usually called the Dirichlet series, where sequence {a,} is a complex number,
0< A <-+ <Ay = 4+ooand o and t are real variables.

If we take e’ = n,s = —z and a,, = 1, then series (1) becomes the famous Riemann 4
function {(z) = Y74 %, which is useful in analytic number theory to study the properties
of prime numbers. If we take ¢°* = z and A, = n, then this series (1) becomes a basic
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power series f(z) = Y ;o a,z". If we take ¢ = 0 and A,, = n, then this series (1) could be a
complex Fourier series. It is widely known that the Dirichlet series can be used in many
fields of mathematics, such as analytic number theory, functional equations, and certain
areas of theoretical and applied probability (see [1-5]).

In the past 80 years, many mathematicians have paid considerable attention to the
growth and the value distribution of entire functions representend by Dirichlet series
that are convergent in the whole complex plane (see [6-9]). For example, Doi and Na-
ganuma [10] studied the properties of Dirichlet series, satisfying a certain functional equa-
tion, and analytical support of the problem was given by G. Shimura [7]; X. Q. Ding, D. C.
Sun, J. R. Yu explored the singular points and deficient functions of random Dirichlet series,
and reveal the relationships between these Singularities and the growth of the Dirichlet
series (see [11-13]); S. M. Daoud, Z. S. Gao, Y. Y. Huo, M. L. Liang discussed the growth in
multiple Dirichlet series, and provided some results of the linear order, the lower order of
multiple Dirichlet series (see [14-17]); M. M. Sheremeta, A. R. Reddy, C. E. Yj, J. H. Ning,
H. Y. Xu explored the approximation of the Dirichlet series, and established some results
regarding the relationship between error and growth (see [18-21]); H. M. Srivastava, D.
Sato, S. M. Shah, S. Owa, A. R. Reddy, O.P. Juneja, D. C. Sun, Z. S. Gao investigated the
Hadamard product of analytic functions and the growth in the Dirichlet series, and ob-
tained some theorems involving the concepts of zero-order, finite p-order, and (p, q)-order,
etc. (see [22-38]).

2. Some Definitions and Basic Results
Let Dirichlet series (1) satisfy

lim sup logn _ ¢ < 400, limsup 10g/\|an| = —o0, ()

n—-+oo n n—r—+o0 n

then, in view of Refs. [6,9], we can conclude that the series (1) converges on the whole plane.
Thus, the sum function f(s) of (1) is an entire function. For convenience, allow D to denote
the set of all functions f(s) with the form (1), which is analytic in the region s < +o0 and
the sequence {A, } satisfy (2).

Usually, we utilize the order and type to estimate the growth in f(s), which are defined
as follows.

Definition 1 (see [22]). Let f(s) € D. The g-order pl9 and lower g-order x4 of f(s) are
defined by

T—+o0 (% T— 400 o
where M(c, f) = sup |f(o +it)|. Here and below, unless otherwise specified, q is a positive

—oo<t<+00

integer and g = 2,3, ...
Furthermore, if p € (0, +c0), the g-type T\ and the lower g-type T\ of f(s) are defined by

[9—1]
T — limsup 08— MS) gl i i log”™ ! M(e, f)

—too er’ o—+oo erv
where log[_l] X = ex,log[o] X=X, logm x =log" x, log[k] x =log" log[k_l] x keZ,.
Remark 1. It is said that f(s) has the growth index g, if o=V (f) = oo and pl4) € [0, +-0).

Remark 2. Generally, 2-order is always called an order, that is, o2 = p. Similarly, for the lower
2-order, 2-type and lower 2-type, we have x12 = x, T2 = T and 7 = ¢

Remark 3. We say that f(s) is of g-reqular growth if pl1) = x4, f(s) is of g-irreqular growth if
ol1 £ x4l Further, f(s) is of perfectly g-reqular growth if pl9) = x4 and T!9 = 74,
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To describe the growth in f(s) when p? =0, the definitions, including the logarith-
mic order, logarithmic type, lower logarithmic order and lower logarithmic type, can be
introduced as follows

Definition 2 (see [30,39]). If f(s) € D, and is of zero-order p!¥ = 0, then we define the
logarithmic order and lower logarithmic order of f(s) as follows

oot +
o = limsup log™ log M(O’,f), o = limini log™ log® M(c, f)
—too logo o0 log o

Furthermore, if 1 < p! < o0, the logarithmic type T' and lower logarithmic type T' of f(s)
are defined by
+ +
log M(U’f) Tl — liminf log M(U/f) .

T! = lim
sup o1 ! T—r400 ol

o—+0o0

Remark 4. We say that f(s ( ) is of logarithmic regular growth if o' = x!, while f(s) is of logarithmic
zrregular growth if o' # x'. Further, f(s) is of perfectly logarithmic reqular growth if o' = x' and
T = 7.

We will then list some results of the g-order, g-type, lower g-order, lower g-type, ... of
Dirichlet series, which are used in this paper.

Theorem 1 (see [22]). If f(s) € D, and is of g-order pl7) and g-type T, then

[7-1]
pl7 = lim sup Anlog” _Au ,
n—+00 - log ‘an|

[q]
Tl = lim sup |an|pA7 logl7~2! ( An )
-0 plile

Theorem 2 (see [22]). Let f(s) € D, and be of lower g-order x!9), then

[9-1]
X < liming A 108 An-t
n—00 log |an ‘ -

the equal sign in the above inequality holds if, and only if,

log |a,| —log |a,41]
n) =
P(n) N1 = A

is a non-decreasing function of n.

Theorem 3 (see [8,22]). Let f(s) € D; then

1] < 11m1nf|an|?m log[q 2](@
n——+ ep

),

the equal sign in the above inequality holds if, and only if, {(n) is a non-decreasing function of n
and logl72 A,y ~ 1oglT=2 A, (n — o).

Theorem 4 (see [30]). If f(s) € D, and is of zero-order and finite-logarithmic order o', then

log Ay,

ol =1+ lim sup — T T\
n—+c0 log< log \M)
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Theorem 5 (see [30]). Let f(s) € D, and is of zero-order and finite-lower-logarithmic order
1
X', then

x' <1+ liminf M,
n—+o00 log()\n log Tar ‘)

the equal sign in the above inequality holds, if and only if, {(n) is a non-decreasing function of n.

Theorem 6 (see [39]). Let f(s) € D, be of zero-order, logarithmic order o' (1 < p; < 400), and
logarithmic type T'; then
An

T! = lim sup
n—+00

o[~ log Ianl}pql

and for Ay ~ Ay_q,
.. A
7l > liminf n-1
n——+00

1_1 .
o! [_Fﬁf log |ﬂn|]
Further, if (n) is a non-decreasing function of n, then

.. A
7! = liminf "
n——+00

o[~ tog Ianl]pl_1

Based on the conclusions of Theorems 1-3, Kong [40], in 2009, studied the growth in
rhw Dirichlet-Hadarmard product function defined by two Dirichlet series, and provided
an estimation of the (lower) g-order and the (lower) g-type of this product function. To
provide related results, we first define the Dirichlet-Hadamard product function as follows.

Definition 3 (see [40], Definition 2). Let fi(s) = Y0 1 a.e?, fo(s) = Y, bpeb and
f1(s), fa(s) € D, then the Dirichlet-Hadamard product function of f1(s) and f,(s) are defined by

G(s) = (fiAf2)(u,v;8) = Z cpe™s, ¢, = apbh, Ay = %Tml,
n=1

where u, v are positive numbers and {a, }, {b,} C C.
In view of this definition, Kong [40] obtained

Theorem 7 (see [40], Theorems 1-4). Let fi(s) € D be of g-order p; and lower g-order x;,
j=1,2andif
~ &, (n— +o00),

and 1 (n) = %%, Pa(n) = bg‘%ﬂ'ﬂ% are two non-decreasing functions of n.

(i) Then the (lower) q-order p(x) of Dirichlet-Hadarmard product G(s) satisfy

X1X2 <y<p< 0102 )
ux1 +ux2 vp1 + upz

(i) if f;(s)(j = 1,2) are of g-regular growth, then the Dirichlet-Hadarmard product function
G(s) is of g-regular growth, and the g-order p of G(s) satisfies
P102

- s s € 0,+OO
0= ooyt upy P12 €10 Fe)
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(iii) if p1, p2 € (0,400), then the g-type of G(s) satisfies

up  vp

T/ )2, q=3,4,5,...

T< . up 2
E[PlTl]Pl 0272,  g=2.

Remark 5. We can see that the conclusions of Theorem 7 were obtained under the conditions E = 0
in (2).

From Theorem 7, we can see that the author only discussed the growth in the Dirichlet-
Hadamard product function, which is constructed by two Dirichlet series and f (s) and
f2(s) have the same growth index g, that is, f1(s), f2(s) of finite g-order. Following this,
there have been few references focusing on the properties of the Dirichlet-Hadamard
product functions. However, the following interesting questions are naturally raised:

Question 1. Could the condition “E = 0” in (2) be relaxed to “E < +oc0” in Theorem 7?

Question 2. What can be said about the growth in the Dirichlet—Hadamard product function of
p(>2) Dirichlet series with the different growth indices?

Question 3. What can be said about the growth in the Dirichlet—-Hadamard product function
of several Dirichlet series with the logarithmic growth, and the case for some of them being of
logarithmic growth and the others being of finite growth?

Motivated by Questions 1-3, we will further explore the properties of the Dirichlet—
Hadamard product function of several Dirichlet series that are convergent in the whole
plane concerning the logarithmic growth and g-th growth. The paper is organized as
follows. In Section 2, we will provide a definition of the Dirichlet-Hadamard product of p
Dirichlet series, and describe our main results regarding the growth in Dirichlet-Hadamard
product functions. After that, some examples are given in Section 3 to show that our
results are correct to some extent. The details of the proofs of Theorems 8-15 are given
in Sections 5-7. Finally, we provide our conclusions and some open questions in the
last section.

3. Our Main Results

We first introduce the following definition of the Dirichlet-Hadamard-Kong product
of a finite Dirichlet series, which is more general than the Dirichlet-Hadamard shown in
Definition 3.

Definition 4. Let f](s) =Y, an,]-e)‘”ffs €D, j=12...,p,(p > 2,p € Ny), then the
Hadamard—Kong product function of f;(s) is defined by

G(s) = (ALA - Afp)(u1,..., up; vy, .. .,vp;s) = Z b,e™s,
n=1

where
uq
n,1

llp

by =a azlzz C o Anps Ap = z71/\;1,1 + 02)\71,2 +---+ Up)\n,p/

and uy,uy, ..., Up, 01,02,...,0p are positive numbers.
Based on Definition 4, we obtain

Theorem 8. Let fi(s) = Y4 an,je)‘”/fs(e D) have the growth index q;, and be of q;-order
pj(€0,00)),j=1,2,...,p and

i ~ Auj, (n— 4o0,i #j,i,j=1,2,...,p). (3)
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If there is a positive integer m(1 < m < p) such that

Nn=q0==0n<fgn+1 = =(qp, 4)
then Hadamard—Kong product G(s) has the growth index g and the qq-order p of G(s), satisfying
-1
=) ©
where V. =101 + vy + -+ + 0.

-1
Remark 6. <P12P1 vjifm=1; p<(vl+yz)(pl+ﬂ) ifm=p=2

— U P2

Remark 7. Here and below, unless otherwise specified, we always assume q;,j = 1,2,...,p are
positive integers and q; > 2.

Theorem 9. Let f;(s) = Y374 an,je)‘”/fs( €D) have the growth index qj, and be of a lower q;-order
XirJ=1,2,...,p. If fi(s) satisfy (3), (4),

Ani1j = Anj = 10j(Aur11 —Anp), 1;>0, j#1, (6)

and
log |a, ;| —log a1l

)‘nJrl,j - )‘n,j ’

Pi(n) = =1,2,...,p, @)

are non-decreasing functions of n. Then Hadamard-Kong product G(s) has the growth index g1,
and the lower qq-order x of Hadamard—Kong product G(s) satisfy

-1
sz(””+”2+- +”’”> . (8)
X1 X2 Xm

-1
Remark 8. X>X12p10]zfm—1 and;(>(vl+vz){%+%} ifm=p=2.

— U
Theorem 10. Let fi(s) = }.;74 an,je)‘"'fs(e D) be of qj-regular growth, g;-order p; and q;-type

T,j=12...,pIf f](s) satisfy (3), (4), (6) and (7) are non-decreasing functions of n.
(i) Then, Hadamard—Kong product G(s) is of qq-regular growth, and the qi-order p of

G(s) satisfy
-1
P = V( + 2t > ;
01 02 Om

(ii) If there is a positive integer m(1 < m < p) satisfying (4) and 0 < p; < +oo,
j=1,2,...,p, then the g1-type T‘h]( ) ofG( ) is equal to zero, that is, T (G) = 0;

(iii) If m = p, that is, 1 = g2 = - - - = q = q, then the q-type T of G(s) satisfy
np o tgp /4
7o) TN T, 7=234,5,...

P upp

v 7 2 w
Y01 T1) 71 (paTo) Vo2 - (0pTp) 777, g =2.
Furthermore, if f;(s),j = 1,..., p are of perfectly q-regular growth and
logl7—2 Ap—1j ~ logl7~2 Anj, m—00, j=1,2,...,p, ©)

and
V=ut+ou+--+v,=1, (10)
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then G(s) is of perfectly g-reqular growth, and the q-type T of G(s) satisfy

P upp Lpp

P1 P2 P
T11T22---Tp”, q=3,4,5,...
u1p ugp upp

s(1T1) 71 (p2T2) P2 - (ppTp) 7, g =2

Remark 9. Obviously, our results are some improvements to Theorem 7, since the results in [40]
are the special case of Theorems 810 for p =2,q1 =gy =qand V = 1.

Remark 10. By observing Theorems 810, for simplicity, we allow
u u um\
(1+2+___+m> =0,
P P2 Pm

ifpj=0forje]C {1,2,...,m}. In fact, it should be noted that

ifpj=0forje ] C{1,2,...,m}. Thus, it follows that

Similarly, let

ifxj=0forje ] C{1,2,...,m}.

Now, we will state the results of the growth in Dirichlet-Hadamard-Kong product
function G(s) of several Dirichlet series with the logarithmic growth.

Theorem 11. Let fi(s) = Y37 an,]-e’\"'fs(e D) be of zero-order and the logarithmic order pé.,
J=12,...,p. If fi(s),j = 1,2,..., p satisfy (3), then G(s) is of zero-order and the logarithmic
order p’, such that

o' < Oin = min{pq, pd, ..., 0 }-

Theorem 12. Let fi(s) = Y37 an,je)‘"/fs (€ D) be of zero-order and a lower logarithmic order va
i=L12...,pIf f](s) satisfy (3), (4), (6) and (7) are non-decreasing functions of n. Then, the
lower logarithmic order x' of G(s) satisfies

X' 2 Xy = min{x}, x5, 20}

Remark 11. In view of Theorems 11 and 12, the logarithmic growth in Dirichlet—~Hadamard—Kong
product G(s) is determined by the Dirichlet series with the minimum logarithmic growth.

Theorem 13. Let fi(s) = Y57 an,je)‘”ffs(e D) be of logarithmic regular p} and logarithmic type
T].’,j =1,2,...,p. If fi(s) satisfy (3), (4), (6) and (7) are non-decreasing functions of n.

(i) Then Dirichlet—Hadamard—Kong product G(s) is of logarithmic reqular growth, and the
logarithmic order p' of G(s) satisfies

o = min{el,gb .., o} 1= g
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(ii) If k is a positive integer and pé-(O < p} < 400),j=1,2,...,p satisfies

pll ZPIZZ "':pllczpmin'
then the logarithmic type T' of G(s) satisfies

!

— k 1_‘0
! Uj
T < VP Z —L
=1 (T]‘l)(le) '

1—
) ui U Uj s

= VP Tk
v (The' -1 * (T’ =D~ o (T -

Furthermore, if fi(s),j = 1,..., p are of perfectly logarithmic regular growth and satisfy (10)
and Ayj ~ Ay_1j,j = 1,...,p, then G(s) is of perfectly logarithmic regular growth, and the
logarithmic type T' of G(s) satisfies
~ 1_p1
Tl — i Uj

I_1)-1
= (Tf)(p 2
- 17‘0
ui Uus U
_(Tll)(p’fl)*l () =Dt (Tlg)(p’flrl

Finally, we will pay attention to the growth in Dirichlet-Hadamard-Kong product
function G(s) of two Dirichlet series when one Dirichlet series is of logarithmic growth,
and the other is of finite growth.

Theorem 14. Let fi(s) = Y374 an,je)‘"'fs,j =1,2 € Dsatisfy A,y 1 ~ Aypasn — oo, If fi(s) is
of zero-order and the logarithmic order pl (1 < p| < o), and f»(s) is of the order p2(0 < py < o).
Then G(s) is of zero-order and the logarithmic order o', such that

o' < ph.

Furthermore, if f1(s) is of a lower logarithmic order x, and f»(s) is of lower order xa. If
f1(s), fa(s) satisfies (6), and (7) are non-decreasing functions of n. Then, the lower logarithmic
order x' of G(s) satisfies

X =

Remark 12. In view of the processing of the proof of Theorem 14, we can see that the conclusions
still hold if the condition regarding f,(s) being of order p; is replaced by the condition of f5(s)
having the growth index q(>3).

Theorem 15. Let fi(s) = Y37 an,]-e)‘”'fs,j = 1,2 € D satisfy (6), and (7) be non-decreasing
functions of n, and Ay 1 ~ Ayp asn — oo. If fi(s) is of logarithmic regular growth, logarithmic
order pl1 and logarithmic type T!, and f»(s) is of regular growth, order py and type T».

(i) Then Dirichlet—~Hadamard—Kong product G(s) is of zero-order and logarithmic regular
growth, and the logarithmic order o' of G(s) satisfies

o' = o
(i) If p}, 02 satisfy 1 < p} < 400,0 < py < +oo, then the logarithmic type T' of
G(s) satisfies
!
(01 +02)f1

T < = —T.
(ug)!
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Furthermore, if f1(s) is of perfectly logarithmic reqular growth, f,(s) is of perfectly reqular
growth and satisfies v1 + vy = land Ay, _q; ~ Ay j, j = 1,2, then G(s) is of perfectly logarithmic
reqular growth, and the logarithmic type T' of G(s) satisfies

!
r-_n__
(g )1

Remark 13. In view of the processing of the proof of Theorem 15, we can obtain that the conclusions
still hold if the condition of f>(s) being of reqular growth is replaced by the condition of f>(s) having
the growth index q(>3).

Remark 14. Similar to Theorems 8—13, one can easily obtain the corresponding results if the

Dirichlet—-Hadamard—Kong product G(s) is structured by my Dirichlet series of logarithmic growth,
and my Dirichlet series being growth indexes q, where mq, my, q are positive integers.

4. Examples

In this section, some examples are given to show that our results are correct and precise
to some extent.

Example 1. Let gy = g2 =4,q3 =5, mj,uj,vj,j=1,2,3 be positive numbers, and let
Gi(s) = (AidfaBf3) (ur, n, uz; 01,02, 03;8) = Y bue™,
i=1

where]‘j(s) =Y an,je)‘”ffs,j =1,2,3,and

7

N =

3
u u u
bn = a,4a,5a,%5, An = 2 Vilnj Ang = Anp = Apz =
j=1

and

n n

a—imlﬁa—mzﬁa—in%@
e log?n) " log?n) " log¥ln )

Thus, it follows that

(3] 11008 2
p£4] = lim sup Ana 108 7 Au1 _ limsup —2—2>—2— 8 = =y (11)
n—sco —log |ﬂn,1 n—oo Ty log log? n
and
4 i m n/2
4 _ o Tl nol2l (Al 1 1 2] —
R = tmsupla 1055 = o (ST ) =
Similarly, we have
4 U 4 4 U 5 5 Us
and

=, 1 =l 7o @
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Now, in view of the definition of Gy (s), we can deduce that

4 . AnlogBl A
P[ ](Gl) = lim SUpP, o0 W
. +02+03) 8 logP¥ (01 +02+03) 4] (15)
_ 1 (7}1 2
1M SUP,, e —uqlog|a, |- uzlog|anz\7u3log|aﬂ,3\
__ U1+0+03
= 1213,
and
e4(G)

TH(Gy) =limsup, _, |bu| log[z](gp[;]\n )

_y ¥ (g \M? oo ((vl+vz+v3)n/2) (16)
= MSUPy e log@n \ loghln 08 e(v1+oa+03)/4
=0.
In view of (11)—(16), we have
+0y + -
v +0v+0 u u
pH(G) = === = (01 + o2+ 03) | +
P1 ()

Therefore, this example shows that the conclusions (i) and (ii) of Theorem 10 are precise.

Example 2. Let
Go(s) = (fidfo) (u1,up;01,00;8) = Y cpe™
n=1

where f1, f» are stated as in Example 1. By using the same arqument as in Example 1, we have

lo BI A
(G — Tim sup 108" An
Y ( 2) naoop —log\cn|
— limsup (01 +v2) 2 1og®[(v1 +1v2) 4]
n—ro0 —Uux
N -1
U1+
714 2 (01+02)<H+[4]> ’
01 %)
and
T[4] G — i P[4]/\(G2)1 [2] )\n
(G2) = lgljo‘jp|cn| n1log (m)
o mymy ) (01 +v2)n/2
llinjogp <log[2]n> fo (3(01 +1;)/4

ugp uzp
[4]

= (mma)/2 = (1) o ()

Therefore, this example shows that the equal sign can occur in the conclusion (iii) of Theorem 10.

Example 3. Let uj,v;,j=1,2,3 be positive numbers, and let
[ee]
G3(s) = (AidfaDf3) (un, g, uz; 01,02, 03;8) = Y bue'™™,

wheref]-(s) =Y an,]-e)‘”f/s,j =1,2,3,and

u
by = an 1an22an33’ An = 01An1 + V2An2 + U343,
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and ,
Al =An2=Anz=n, ay) = e, App = e 2, ayz=e ",
Thus, in view of Theorems 1113, it follows that
log A
o1 = p1(f1) =1+ limsup 28 Znl
e log(?\ 1 log \”n1|>
logn
=1+ limsu =2,
~>oop log( n2?)
and
I _ 7l T An,l
T; = T1(f1) = limsup 5
n—-+oo ! !
pl Pl L
[} e =
= limsup " _1
noeo 2[—2%(—n2)] 4

Similarly, we have

1 1 4
! ! ! ! ! I ! ! ! !
N=2p=0=2p=x=3 0= h=n=g h=5="1.
In view of the definition of Gs(s), we have
= ol(G =1+Ilimsu %
3
P =r0(G) P 1og (2 log 2
_ log v1+v2+v3)n 17
=1+limsup,_. log( ¢ v1+v2+v3)n (1112 + 21y 2+ 1131372)) (17)
=2,
and N
T = TH(G3) =1lim SUP, 4 oo p L =
Pl 17 )% log |bn|
_ 1 (v1+02+v3)1n (18)
= limsup,,_, 2[@1“2” = (124212 +113n3/2))
_ (01+0p+03)?
—  4uq+8up
Equations (17) and (18) reveal the fact that
lfpl
! PN AN AN ! ! U Uz
p-=min{py, 03,03}, T = (v1+02+03)F [ T e ] :
(THe' =071 (Tl =)~

This shows that the conclusions of Theorems 11—13 are precise to some extent.

Example 4. Let uj,vj, j = 1,2 be positive numbers, and let
Ga(s) = (fidf2) (u1,u2;01,02;8) = Y bue™,

where f;(s) = Y- 1an]e i, =1,2, and

u u
bn = a0, An = 01An1 + V2An2,

and 2
Mg =App=mn, a1 =e """, a0 =n" 2"

’



Mathematics 2022, 10, 2220 12 of 26

By simple calculation, fi is of zero-order and (lower) logarithmic order p} = 3(x! = 3),
(lower) logarithmic type T, = 2 (X' = ), and f, is of (lower) order py = 2(x2 = 2), (lower)
type Ty = (T2 = 5 ). On the other hand, we can deduce that

. Anloghy, . (v1 + vp)nlog[(vy + v2)n]
=p(Gy) =1 —2— =1 =0,
P =p(Ga) el —log |by| e un3/2 4+ Znlogn
log Ay,

l 1 :
P =p(Gs) =1+limsup ——>———
n—00 log()\l—nlog \1717|)

, log[(v1 + vp)n]
:1—0—hmsup1 1 372 4 12,
n—eo log oot [1u1n3/2 4+ Z2nlogn|

:3,

and

(01 +v2)n
(uan3/2 + Znlogn)|?

T! = TY(G4) = limsup "
n—oo 3[2(7)14-‘02)11

(1 +0)° 4

5 .
uj 27

This implies that

1
(v1 4+ v2)A1 7!

Gy) = 0,01(Gy) = pl, THG,) = )
p(Ga) = 0,0°(Gs) = 01, T'(Ga) T

Therefore, Example 4 shows that the conclusions of Theorems 14 and 15 are the best possible to
some extent.

5. Some Lemmas

To prove Theorems 8-15, we require the following lemmas.

Lemma 1. Let fi(s) € D,j=1,2,...,p, and satisfy (3). Then G(s) € D, where G(s) is stated
as in Definition 4.

Proof. Assume that f;(s) satisfies

! .
lim sup og " =E, j=L12...,p
n—r+oco n,j

where Ej < +00,j=1,2,...,p. Thus, we have

limsu loﬂ = limsu logn
n—)oop An n—>oop UiAn1 + A + -+ Up/\n,p
. logn Ana
< limsu :
N naoop An1 01AR1 + 02A2 + -+ OpAnp
= é < o0
=5 ;
and 0w b | | 1
uq log |a + u» log |a + .- +uylogla
lim sup M = lim sup 1108 ‘ n’1| 2108 | 'rl,2| p 108 | ”,P|
n—oco An n—oo Ul/\n,l + UZAnQ + -+ Up)\n,p

1 i ujlog|a, ;|

< limsup —o0.

p . —
n—00 ijl vj j=1 )\n,]
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Thus, it follows that G(s) € D. Therefore, this completes the proof of Lemma 1. [

Lemma 2. Letfj(s) €D,j=1,2,...,p,satisfy (6), and lp]-(n),j =1,2,...,p be non-decreasing
functions of n, where ;(n) is stated as in (7). Then

log b — log b1
n) =
p(n) = A

is also a non-decreasing function of n, where by, Ay, are stated as in Definition 4.

Proof. From the definition of (1), we have

log |by| —log |by41]
n pry
P(n) W

an,]-

p “1/p
=Y 0i(Aus1, — Anj) Y ujlog
— =

=1 (Ans1,j = Anj) [Uf +Xigim ”f%]

)

An+1,j

]

where 71 = 1. By combining this with ¢;(n) being non-decreasing functions of #, and
uj, vj,nj > 0,j=1,2,...,p, we obtain the idea that ¢(n) is a non-decreasing function of 7.
Therefore, we complete the proof of Lemma 2. [

6. Proofs of Theorems about the Finite Growth Indices

In this section, we will provide the proofs of Theorems 8-10, regarding the growth
in Dirichlet-Hadamard-Kong product function when Dirichlet series have the finite
growth indexes.

Proof of Theorem 8. From Theorem 8, and by Lemma 1, we have G(s) € D. Due to
Theorem 1, we can see that

Apilogli=l A, -

i =limsup —L—=—"" i=12..,p. 19

Pi naoop - log |an,j| J P ( )

Here, we only prove the case 0 < pj <oo,j=12,...,m. Forp; =0, one can easily
prove the conclusion of Theorem 8. By virtue of (19), for any small number ¢ > 0, there
are p positive integers N; € Ny,j = 1,2,...,psuch thatn > N = max{Ny, Ny, ..., Np},
(it should be noted that the positive integer N, here and below, may not be the same
every time)

Ayilogli=ta, ;

<pi+e j=12,...,p,
—10g|fln,j Pj ) p

that is,

Anj log[”ffl] An,j '
T < —loglayl, j=12,...,p. (20)

From the definition of G(s), for n > N, we have that

14 u]'/\n/j log[q/_” )\n,j

p
—log |by| = — ) _ujlogla,i| > )
=1 ! " j=1 pj €

(21)
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Thus, it follows from (21) that

Anlogln 1A, o)y [ e logli U A,
—2 < Ayl 1=HA < : . 22
—Tlog [by| n10g n Z e (22)

j=1

Inview of (3), (4) and g; > 2,j =1,...,p, we have

1
lim logl"i Y A,

Ay logli YA,
5% A q log A,

-1,
nee A 1Og[fh] Ani

=00, j=1,2,...,m, (23)

and

A logldi—U A .
lim —4 28 M o e 1,m42,..,p. (24)
nereo An,l log[ql_ ) )\n,l

Since Ay, = 1A, 1 + 022 + - - + UpAy p, it thus follows from (22)—(24) that

-1
Anlogln=Ua, [& wjdy logl%i~ 1] An,j
oo Applog A, | ( ’

Pj +€)Ana log[qlfl] Ani
By combining with the arbitrariness of ¢, we have

-1
Fww§4w+w+m+w>,
1 P2 Om

which shows that the g;-order p of G(s) satisfies (5).
On the other hand, since fi(s) has the growth index g;; that is, p][.qf 1 (fj) = oo,
j=1,2,...,p. Thus, for any large number M > 0, there is a positive integer N’, such that

Aylogli=2 A

n,j .
>M, j=12,...,p, 25
“Tog [an] ] p (25)
and P d u]-/\nj log[qf_z] Anj
—log |by| = — ) ujlogla,i| <) — 2 (26)
=1 j=1

Thus, we can deduce from (25) and (26) that

[11=1(G) > limsu
P ( ) n n%oop /\n,l log[th—z] /\n,l

MV
UL+ Uy + -+ Uy

-1
Aploglm =2 A, (& ujhy log!9i 2! Auj
= MAyilogn =2 A,

4

which implies that pl1~1(G) = co. This means that G(s) has the growth index g;.
Therefore, we complete the proof of Theorem 8. [

Proof of Theorem 9. From Theorem 8, and by Lemma 1, this yields G(s) € D. By virtue of
Theorem 2, we can obtain that

A, ,1Og[¢1ﬁ1] Ay1i
. < liminf —Z 1o i=1,2...,p. 27
X] < lrll’Il}loIC} 710g|ﬂn,]‘| ;] = P ( )

If there exists one j € {1,2,...,m} such that xXji =0, the conclusion of Theorem 9
holds. Hence, we only prove the case 0 < Xj < oo, j=1,2,...,p. Due to (27), for any small
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number ¢ > 0 satisfying 0 < ¢ < min{)1,..., xp}, there is a positive integer N such that
n> N,
An,]' log[qjil} /\n—l,j

—log |ay |

>Xj—¢ i=L.L2,...,p,
that is,
)\n,j log[qj_l] Anfl,j
Xj—¢€
Thus, noting with the definition of G(s), for n > N, we can obtain that

> —log|an,j|, i=12,...,p. (28)

A log il Ay,

p p
—log\bn\ = —Zujlog|an,]-| < Z (29)
=1

j= j=1 Aj—¢

Similar to the argument in the proof of Theorem 8, by combining this with the assump-
tions of Theorem 9, it follows from (23), (24) and (28) that

-1
[11-1] P oy loel—U A
x = 2" > lim inf log[ 1 - [ ST [ ﬂ] ! :
00 Ay ilog U A, 11 (31 (X — &) Anilog T oA
By combining this with the arbitrariness of ¢, we have

-1
— ylm] >V<ul_|_u2+...+um>
X=A = X1 X2 Xm
which implies that the lower gi-order x of G(s) satisfies (8). By combining this with
Theorem 8, we can obtain the conclusions of Theorem 9.
Therefore, we complete the proof of Theorem 9. O

Proof of Theorem 10. (i) In view of (4) in Theorem 8 and (8) in Theorem 9, it follows that
Dirichlet-Hadamard-Kong product G(s) has the growth index q; and the g;-order p of
G(s) satisfies

V(ﬂ+ﬂ+"'+m)71 <x<p

X1 X2 Xm 1
<yl yLm ... m)_
_V(Pl T T )

(30)

Since f]-(s), (j=1,...,p) be of gj-regular growth, thatis, x; = p;,j = 1,..., p, thus we

have ) .
V<W+le+...+m”> :V<ul_|_uz_|_...+um) ,
X1 X2 Xm P P2 Pm

This implies from (30) that

-1
ui Uus Um
o=V 2.4 . 31
x=r (Pl P2 Pm) 1

Therefore, this completes the proof of Theorem 10(i).
(ii) Since f;(s) is of gj-order p;(0 < p; < +00) and of g;-type T}, j = 1,2,..., p, in view
of Theorem 1, then, for any small e > 0, there exists a positive integer N, such that
fi Ti+e

|an,j|m§ )/ j:112/~--1p/ (32)

i— /\n,’

hold for n > N. Now, we will divide into two cases below.
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Case (ii1) 41 > 3. Inview of the fact that (4) holds for the positive integer m(1 < m < p),
it thus follows that q;=>3,j=12,...,p. By combining with A, ; ~ Anjri j=1,2...,p, we

have that N N
log[%ﬂ] (IZZ) Nlog[412]<1’2]>, ij=1,2...,p, (33)

holds for any positive constant K. From Theorem 10(i), we have that G(s) is of g;-order p.
Thus, in view of (1) and the definition of b,,, we can deduce that

Tl(G) = limsup, .. \bn\%log[qﬁz](%)

uphy g umAn,m
[1-2) (A T+ " Tt o
< limsup loglnt—2(An) | | —FE__ o | e
n—reo ep 1Og[41—2](%/11) loglim ) (A
I
U1 M,m+1 upAnp | An
3 P
o —Tware )™ Tre )T -
1Og[qm+1*2](#n:11) log[qpfﬂ(%)
Puj)‘n/j ”jp}‘n,j -
; =2|A p pjA m i—2 Anp;
< lim SUP; oo 10g[q1 ](ﬁ) Hj:1(Tj + 8) i j=1 (10g[q/ ]/\n,j> ] X

”jp)‘n,j
p g2 5 )
X iz (log 7T Anyj

In view of (31) and A, ~ A, j fori, j =1,2,...,p, we have that

U TH Y P P , i
lim } 222 q, logli=2 A )i 5 00, 1 — co. 35
"%w]; Anpj jlrll( 5 n']) )

Thus, we can deduce from (32)—(35) that

ue

p euilp s -
T(G) < lim sup H(T] +¢)fi’ 11 (log[qi’Z] /\n,j) I (36)
n—+oo j=1 j=m+1

In view of the arbitrariness of ¢, it follows that T (G) < 0, by combining with the fact
that T111(G) > 0, we have Tl (G) = 0.

Case (iiy). g1 = 2. In view of (4) and (30), for any small ¢ > 0, there is a positive
integer N, such that

L ep:(T; 4+ ¢
1’[,]
and o;
+L Ti+¢ .
‘an,],|}‘n,] < ] ]:m—l—l,...,r), (38)
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hold for n > N. From Theorem 10(i), we have that G(s) is of 2-order p. Similar to the
argument in (35), we can see from (37) and (38) that

TR/(G) =limsup |bn|7\n (ﬂ)
n—00 ep
uyAy,

1
— {(’)f”) x
n,

umAn,m

. (epm(Tm +s)> pm

n—oo An,m
L
U1 A m+1 upAnp ] An
Pt op
" ( Tt + ¢ " . T, +¢
[Gms1—2] (Aums1 lgp—2] ( Anp
log ( €0m+1 ) IOg ( Pp )

f’“] p o1
<limsup — Hp] T +5)] LH <1og[ﬂij*2] An’]’) vm] .

n——+00 ]

i=m-+1

In view of the arbitrariness of ¢, it follows that T?/(G) < 0, by combining this with the
fact that T/ (G) > 0, we can obtain TIZ (G) = 0. In view of Case (ii;) and Case (iiy), we

have T (G) = 0 for g1 = 2,3,4,.. ..

Therefore, this completes the conclusion of Theorem 10(ii).
(iii) Since m = pand g1 = g2 = - - - = g = q, it follows that G(s) is of g-order p

-1
+ 2. +””) . (39)

Vv
== (P P2 Pp

If g > 3,5 € N4, similar to the argument in Case (ii1), we can deduce that

T = THI(G) = limsup [by| % loglt~2 (1)
n—oo ep
I
1 T uphnp | An
glimsuplog[qu] A [(W 2] ([i’ii;]_s) op ]
n—00 logq A 1 logﬂ /\n,p
PUTp puj -1
<limsup log 2, H (Tj+¢) ) Ve LH(log['iz] An,j) ij‘| )
n—r—+00 i—1

In view of the arbitrariness of ¢, and by combining this with the equality (39), we have

T<T,"T,*..-T,"”. (40)

If g = 2, similar to the argument in Case (iiy), we can deduce that

T =TB(G )—hmsup( )|b ka
n—o0
P

ulA upAn,p 7 Ap
<11msup(/\ ) (W> o (epp(Tp—l—e)) o
n—00 eP An,l An,p
puj

P
Hp] T +é)] Vf’f
j=1

<

b\<

In view of the arbitrariness of ¢, it follows that

u1p Ugp Upp

1%
T< 0 —(01T1) 71 (02T2) %2 - - - (ppTp) V7. (41)
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Since fi(s),j = 1,...,p are of perfectly gq; regular growth, by combining this with
Theorems 3 and 10, we have Ti=1,j=12,...,p. Thus, for any small € > 0, there is a
positive integer N, such that

i

| > — 3¢ i=12...,p
n,]' k _W/ — LrLrec Py
log (epf )

hold for n > N.

In view of the conclusion of Theorem 10(i), it follows that G(s) is of g-regular growth.
In view of (9) and (10), it follows that A, ~ A,,_1 as n — oo. Assuming that G(s) is of lower
g-type T, similar to the argument in the above, then we can deduce from Theorem 3 that

—719(G) = lim inf b, | % logl—2 ( A=
T=T (G)—hﬂg}ﬂbnh log < ep >

L
_ udyq T, —¢ upAnp | An
%)701 . 4 )
IOg 1 /\n—l,l

n—oo

> liminflogl™~2/ A, _; [( W
n—1,p

p P p Pt
> liminflogl" 2 A, 1 [ J(1; —¢) ¥ H(log[H} )\n—l,j> g
j=1

n—-+oo e

holds for g > 3,9 € N. Inview of (9) and (39), and by combining this with the arbitrariness
of ¢, we can see that
o iupp upp

T> Tlﬂl T292 .. TpPl’ (42)

holds for g > 3,4 € N. Similarly, for g = 2, in view of (9) and (39), it follows that

7 =72(G) = lim inf()\”1 ) |bn|%

n—oco ep
U, 1 uprn,p o
zliminf()\nl) <€P1(T1—5)) o (ePP(Tp_£)> o
n—00 ep )\n—l,l /\n—l,p
puj

4 £y
[ Iloj(mi—2)] 77

j=1

>

=N

Based on the arbitrariness of ¢, we can see that

uqp ipp Upp

1 up 0 upp
T> E(Pm) i (0am2) P2 - (0pTy) P, g =2 (43)

By combining this with the fact that (10), T > 7 and Ti=1,j=1,...,p,wecan easily
obtain the conclusions of Theorem 10(iii) from (40)—(43).
Therefore, we can complete the proof of Theorem 10. [J

7. Proofs of Theorems about the Logarithmic Growth

In this section, we will provide details of the proof of Theorems 11-13, which are
related to the growth in Dirichlet-Hadamard-Kong product function when Dirichlet series
are of logarithmic growth.

Proof of Theorem 11. Since fj(s) € D, j = 1,2,...,p, we have G(s) € D by Lemma 1.
Since f](s) is of zero-order and logarithmic order p}, j=1,...,p, we find that G(s) is
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of zero-order from the conclusions of Theorem 8. Moreover, in view of Theorem 4, it

follows that
log /\n,]-

p} =1+ limsup

, 1=12,...,p. (44)
n—o0 log<—ﬁjlog|an4|>

Due to (44) and p} >1,j=1,...,p, for any small number ¢ > 0, there are p positive
integers N; € N;,j=1,2,...,psuch thatn > N = max{Ny, Ny, ..., Np},

1
-+
pite

I—1ve .
log |a, ;| < —(An,j)’]l i=1,...,p (45)

Without losing generality, we can assume that there exists a positive integer m,, such
that1 <m; < pand

Pl =Py =" =Py < P11 <o <P (46)
Thus, it follows that

bite _ pite
pé.—l—l—s pll—1+e

, j=mp+1,...,p. (47)

In view of (45) and the fact that b, = H]P:l (a,,j)", it follows that

log A o log Ay,
log(— - logbul)  Iog(— oL 1)y u;log an, )
log Ay

IN

1 [
log (& Xy w4y, ) T O 18
pll+s -1 ( )
I
M) 17 o (M)
<logAu{ log pw Lj1 (A, ) P/ —10)

L) /(ol—
(P]"*'é)/(Pj 1+e)

Based on the condition A,,; ~ A, ;j as n — oo, and combining with (47), we have
log Ay ~logAyj~logAyasn — o0, i,j=1,...,pand

' (/\n,],)(P;-JFe)/(P;-*lJFS) ’
lim =0, j=m+1,...,p. (49)

n—c0 (Anll)(pllﬁ)/(p’lflﬂ)

Thus, by applying Theorem 4, we can deduce from (48) and (49) that

' = ol(G) =1+ limsu _logAn

p p( ) pn~>oo log(—ﬁloglbn\)
log Ay

—L_log Au+log ik u;

Pl]fl+s & An s j=1"1

<1+limsup, .. (50)

In view of the arbitrariness of €, we can obtain the conclusion of Theorem 11 from (50).
Therefore, we complete the proof of Theorem 11. [

Proof of Theorem 12. Similar to the argument in the proof of Theorem 9, and combining
this with the conclusion of Theorem 5, one can easily prove Theorem 12. [
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Proof of Theorem 13. (i) From the assumptions of Theorem 13, by combining with the
conclusions of Theorems 11 and 12, we find that G(s) is of zero-order and the (lower)
logarithmic order p'(x') satisfy

Xinin =: min{)d,xlz,...,)(;} <y < pl < pim-n =: min{pll,plz,...,plp}. (51)

Since f](s),] =1,...,p are of logarithmic regular growth, that is, p} = X;-/j =1,...,p,
it follows from (51) that

X =p" = prin = min{ph, p}, ... pp}-
Therefore, this completes the proof of Theorem 13(i).
(ii) Since f;(s) is of zero-order and logarithmic order p}(l < pj < +o0) and of logarith-

mic type T;, j=1,2,...,p,in view of Theorem 6, for any small ¢ > 0, there is a positive
integer N, such that

1

1
p]'71 )\n] pl.—l
. _ . 2 ]
loglayj| < 0 /\n'](P;-(T}-‘rS)

(52)

1
_1 fi

o] T

IA

hold forn > Nand j =1,2,...,p. From the conclusion of Theorem 13(i), it follows that
G(s) is of logarithmic order p'. By applying Theorem 6, we have

_ ]71)
A _ A Py e
, 7 = i Elamlosla,|
ol [_p{%lﬁlogwn\}
- ol —(p'-1)
i(ph—1) L=
< M pl p “/(P/ N
= R Rm [(pl>”§(Tz+s)}“’5"”’l( )" (53)
i’
- ;,711 —(p'-1)
1 X 9171
< A | P(An))
S| e T /
where
p u4( I 1) i,i
) = Y () A
=1 () (Tf + €)'
In view of the conclusion of Theorem 13(i), it follows that p! = pll and
! !
p.
l ] _ lpl S 0 (54)
pi—1 pp—1
hold for j = k+1, ..., p. Thus, we obtain
v k ”
lim ¥(n) = (o) 7 (o'~ 1)} ] (55)

n—oo
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Due to (53), (55) and Theorem 6, and by combining this with the arbitrariness of ¢, we
can deduce that

T'=T/(G) <limsup, . A

s | )

17‘0’

!
— VP L] Lo} - e
v {(Tll)( T T T (Tli)(p’—lrl

Since f(s),j = 1,..., p are of perfectly logarithmic regular growth, by combining this
with the conclusion of Theorem 6 and the assumptions of Theorem 13, we have T]l = T} ,
j=1,2,...,p. Thus, for any small ¢ > 0, there is a positive integer N, such that

1
_1 fi

| - T
log | > —(p! — 1) [(4)*’1(# e)] T () &7)

hold forn > N.

In view of the conclusion of Theorem 13(i), it follows that G(s) is of logarithmic regular
growth. In view of (9) and (10), it follows that A, ~ A,,_1 as n — oo. Assume that G(s) is of
lower logarithmic type 7/, similarly to the argument in the above, then we can deduce that

1
A A ! p *(P 71)
l n—1 P = nll |:_ )\n(‘gilf]) Zj:l uq log |an,]‘|i|
I 1
4 ol =1 An log |by| (58)
—(ol=1
ol 1) (v'-1)
Aua | 0 (An) 0
> Anl 2 d(n)
= 7 An(p'-1) !
where [
1) F_A
. . uj(p;i— ol—1 ol -1
limy 0 q)(n) = limy, s00 Z]r;l o - (lefl),l( n,]') J !
(o)) (] =) (59)
I
_ «k ”j(ijl)
= ijl ] (p}71)71 .

(o)1 (x}—e)]

Thus, in view of Theorem 13 and (58) and (59), and by combining with the arbitrariness
of ¢, we have

' =7(G) = liminf, e Ant —
Pl _p]piilﬁbg‘bﬂ]
lfpl
> |5 (})(p/n] 0

!

1-p
— g Uz IR T/ S
L + + + (T;f)("l ] .

T{)(p’%)*l (Té)(p’fl)*l -1)-1
And since T]l = T]l,] =12,...,pand T! > 7!, from (10), (56) and (60), we obtain that
G(s) is of perfectly logarithmic regular growth and

!

1-p
l = Tl g ul uz ... 71/{]( .
’ (T}t -1 + (Tt -1 Tt (Tli)(plfl)’1
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This completes the proof of Theorem 13. [J

8. Proofs of Theorems about the Mixed Case

In this section, we will provide details of proof of Theorems 14 and 15 regarding the
growth in Dirichlet-Hadamard-Kong product function under the mixed case that one
Dirichlet series is of logarithmic growth and the other is of a finite order.

Proof of Theorem 14. Firstly, we only prove the case o} > 1and p, > 0. For the case
p! =1 or py = 0, using the same argument, one can easily obtain the conclusions. Since

fi(s) = X0 an,jeA”ffS,j = 1,2 € D satisfy A1 ~ Ay as n — oo, it follows that G(s) € D.
Since f1(s) is of zero-order and the logarithmic order p}, and f,(s) is of order p,, for any
small € > 0, there is a positive integer N, such that forn > N,

pll +e

+
I _q )\n,Z log /\”,2
log |, 1| < —(Au1) 17, loglays| < —7” e (61)
Thus, we can deduce from (61) that
Anlog Ay o Anlog Ay
—log[bs] — —uiloglan|—uzloglan,]
! < " A log Ay (62)
I I _14e A, o logA
i ( /\n’])(pl-%—s)/(!’] T4e) | 12 n;322 if n2
and
log Ay _ log Ay
log(— 1t log [bx ) log[— 7 (11 10g |a,1|+12 10g |42 )]
< log Ay, (63)
1 (bh+6) /(o) 1) ) An21o8" Anp 1
log[ 5 (u1(Ana) +qu)]

By combining with A,,1 ~ A, asn — oo, we have logA, 1 ~ logA,» ~ logA, as
n — oo. Applying this for (62) and (63), we obtain

1 Anlog A
p(G) =limsup, 7n10g|bnn\

<limsup,_ ..

(AnlogAn)/(AplogAna)

l—l+g)*1 upAy, ologhy, o
(A )P log A, 14 20208 n2
1 ( n,1 ) /log 1t (02 +€e)Ap,1l0g Ay 1

(64)

— 0,

and
ol =p(G) =1+limsup, . ﬁ%
e (Aml)@:ﬁg’ﬁg’im) pRET: (65)
<pite
since
Tim (A1) 71497 /log Ay = oo,
and

am K= lim (e + ui e~ Arng 1+(:5/)(\7;,31+s) -
P2 (An)0rte)/ (1

In view of (64) and (65), and by combining this with the arbitrariness of ¢, we find that
p(G) = 0and p'(G) < p}.

Furthermore, if i (s) is of lower logarithmic order x}, and f»(s) is of lower order x», we
can only prove the conclusions for the case )(ll > 1and )2 > 0. By using the same argument,
one can easily prove the same conclusion. In view of the assumptions of Theorem 14 and
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the conclusions of Theorems 2 and 5, for any small £(0 < ¢ < min{x} — 1, x>}, thereis a
positive integer N, such that, forn > N,

1
I _1_
log |an,l| > _)\n,l ()‘n—l,l))Cl e, log |an,2

Anplogt Ay 12
X2 —¢€

> —

(66)

In view of (66), by using the same argument as in the above, we have

= 2(G) = 1+ liminf — 9811

= log(—-log |bu|)

1 _
> 1+ liminf 08 A ]1 T
e 10g<()‘n)71[”1/\n,1(/\n—l,l)l/(xl_l_s)+ : n’z)(ziés ,171,z]>
Z Xll —§

by combining this with the arbitrariness of ¢, we have that x> )(’1.
Therefore, this completes the proof of Theorem 14. O

Proof of Theorem 15. (i) From the conclusions of Theorem 14, we find that G(s) is of zero
order and the (lower) logarithmic order p’ ( X ) satisfies

xmEx <ol <o (67)
Thus, by combining this with the condition that f; is of logarithmic regular growth, it
follows from (67) that
X =o' =0l
which means that G(s) is also of logarithmic regular growth.
This completes the proof of Theorem 15(i).

(ii) Since p!, o2 satisfy 1 < p} < +090,0 < pp < +09, in view of Theorems 1 and 6, for
any small (0 < &€ < min{ )(ll —1,x2}), there is a positive integer N, such that, for n > N,

!

o _1
_ -1 I_ A 2 A 2
log |a,1] < —(A, )4 1AL 2 HTE+6)] A, logla, o] < =22 log — 2 (68
gl < ~Ohun) T L] 4] gl < S log e (e
Since G(s) is of logarithmic regular growth, we have
An _ An
[ _q - [ _q
! ! e
o' == 2 1og [ba P == iy (1 10g |y 1| +uz 1og |a,,2])
{ pl-12 } - { pl-12 N } (69)
< E=
o! [Yl(”)f,lpiil )\17()‘;1,1)#[1“#[171)]
where
l 1
Pl I, M2 An2 —ob/ (0} —1)
Yi(n) =u Ti+¢)] A +up—=log——"—(A TS I
l( ) 1 p11 [pl( 1 )} 2 02 gepz(T2+£)< 7!,1)

In view of pl1 >1land A, 1 ~ Ayp asn — oo, it follows

I 1 I
lim Yq(n) = u L [pl(T! + )] 7. (70)

I
n—00 1
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In view of (69) and (70), and combining this with pl = pll, A = U1An1 + D2A, 0 and
the arbitrariness of ¢, we can deduce that

o
An < (01 +02) Tl (71)

T! = limsup ;
o pl-1 = p'-1
" o=k log bl (1)
On the other hand, from the assumptions of Theorem 15, we know that f; satisfies the
conditions of Theorem 6 and f; satisfies the conditions of Theorem 3. Thus, for any small
e(0<e< min{Tll, T2 }), there is a positive integer N, such that, forn > N,

-1

log lan1| = —Ana f1 0 i ) , loglayy| > —F1210g 112
1

! bt —e (%) ep2(12 — €)

Since G(s) is of logarithmic regular growth, we have

/\n—l > )\n—l 1 (72)

pi-1 An T Lt
o[ tog o] [Yalm) o B (ha) Y]

1

Vo) = 1P o — ] AT ap (A g) D 02 g Art2
2 1 P17 2(An-1,1 oy eon (T2 —¢)°

In view of p! > T and A1 ~ Ay as n — oo, it follows

I _ 1 1
lim Y(n) = uy il [l —¢)] A (73)

n—o00 pll

Duetov; +v; =1land A, 1~ Ay, j =1,2,as n — o0, and combining with ol =pl,
An = 01A, 1 + U2A, 2 and the arbitrariness of ¢, it follows from (72) and (73) that

n—1

>
> »—TL.

' = 7(G) = liminf
n—oo

1
o[~ 7 1og I}
In view of T/ = 7!, and combining this with the fact T!(G) > 7/(G), we have
I B
T =T =

()P
Therefore, we complete the proof of Theorem 15. O

9. Conclusions

In this paper, our main aims are to supplement and improve the article by Kong [40]
on entire functions represented by the Hadamard product of Dirichlet series in three ways.
logn logn -0

Firstly, the condition that hm sup

= E < +o0 is more relaxed than lim sup =
n—oo

given by Kong [40]. Secondly, the form of the Dirichlet-Hadamard product in Def1n1t10n 41is
more general than the form in Definition 3, since the form in Definition 3 is a special case of
p=2andv; =0y = % in Definition 4. Thirdly, the results of this article are more abundant,
including the Dirichlet-Hadamard-Kong product of some Dirichlet series, which have
different growth indexes (see Theorems 8-10), logarithmic growths (see Theorems 11-13),
or the mixed case of logarithmic growth and finite growth (see Theorems 14 and 15).

In view of Theorems 8-15 and Examples 1-4, some demonstrate that the growth in the
Dirichlet-Hadamard-Kong product series may be determined by the Dirichlet series with
smaller growth (see Theorems 8, 9, 11, 12 and 14), and the others show that the growth in
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Dirichlet-Hadamard-Kong product series could be algebraic expressions of the growth
indexes of some Dirichlet series (see Theorems 10, 13 and 15).

By observing the results in this paper, we can see that these conclusions hold under
the condition that A, ; ~ A, ; and Dirichlet series fj(s) converge on the whole plane; that is,
f]- (s) e Dfori,j=1,2,...,p. Infact, many Dirichlet series convergent at the half complex
plane, such as f(s) = Y_;° 1 (logn)e™, f(s) = Y1 ne™, ... Thus, the following questions
can be raised:

Question 4. What would happen to the growth in the Hadamard—Kong product series of the
Dirichlet series when some of them converge in the whole plane and the others converge at the
half-complex plane, or all series converge at the half-complex plane?

Question 5. What can be said regatding the properties of the Hadamard—Kong product series of
the Dirichlet series if the exponents A, ; have other relationships, such as: (i) Ay = GjAyj, (ii)
logAy1 = §]- log)\n,]-,. .., where cf.j >0,j=23,...,p?
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