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ABSTRACT

In this thesis General Relativistic and Newtonian solutions
are derived for a spherically symmetric core and shell of charged
perfect fluid in balanced equilibrium. The Darmois junction con-
ditions are imposed in order to prevent the occurrence of singular
boundary surfaces in the solutions. This enables a simple, logical
definition of balance for the system. Newtonian solutions are der-
ived and these show that this system possesses more freedom than
that of two balanced particles. " No single balance condition is
found. Relativistic solutions aie derived and compared to the
Newtonian system. It is found that the properties of the Relativ-
istic case are similar to, but more restricted than, those of the

Newtonian case.
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CHAPTER ONE

INTRODUCTION

1.1 Einstein's Equations in Vacuum

General Relativity is the geometric theory of gravitation
devised (largely) by Einstein to correct and extend the Newtonian
formulation. The Newtonian concept of a particle, subject only to
the force of gravity, following a curve determined by the sum of
the attractions of the other bodies in the system is replaced in
General Relativity by the idea of a force-free particle moving along
a geodesic of a spacetime whose curvature is determined by the con-
figuraticn of the mass-energy in the system. The three-dimensional
Euclide~n space of Newtonian thenry is replaced by a four-dimensional
Riemannian manifold. The theory is formulated in the coordinate-
independent mathematics of tensor analysis.

Two conventions in common use in General Relativity will also
be used here. The first is the Einstein summation convention:

If an index occurs twice in one term of an expression,
it is always to be summed unless the contrary is
expressly stated.

(Einstein, 1952)

Thus where we might once have written

3 Iy
_Rjk = z R J\k " (1.1.1)

=0

P




we would now have

—R'A\g =R k. (1.1.2)

The second convention is the assumption of the value 1 for the
constants ¢, G, WW&, . This considerably simplifies many complex
expressions but casts all variables in units of length to the approp-
riate power. In order to familiarize the reader with these new units

we present the following examples (Misner, Thorne, and Wheeler, 1973):

C=\= 2448 x 0¥ wm se™

| sec ® 25848 « WY w

%

Ger=1= 1425 x 0 wmg",

L]

\ \kg‘—' TH2LS % \0-28 ™

3

electron c\nm—%e_ Cie= V.38l 0% wm

therefore } conl. ™ 8.&\\1 X \ON\% ™ . (1:1.3)

In Special Relativity, the interval ds is given, in an inertial

frame, by the invariant expressio:

do* = A% - Q- &{—A# . (1.1.4)




If we were to make a coordinate transformation to an accelerated
(noninertial) frame the form of (l.l1.4) would change to the more

general

cls"= 3:.& éx‘ A:c_k '\..,\4.= 0,\,2,3 (1.1.5)

where the metric tensor, though still symmetric, is no lornger likely
to be diagonal and its components 8ik must be considered functions
A 1. ; " g
of the coordinates x~. Motivated by the Equivalence Principle
...the properties of the motion in a noninertial system
are the same as those in an inertial system in the
presence of a gravitational field. 1In other words, a
noninertial reference system is equivalent to a certain
gravitational field.
(Landau and Lifshitz, 1979)
Cinstein adopted the hypothesis that, in the general case, the metric
8ik of equation (l.1.5) determines the effects of the reterence frame
and of any gravitational fields which might be present. Thus, grav-
itational effects are manifested through the geometry of spacetime.
A marticle moving under the influence of gravitational forces in the
Newtonian "picture" is now seen to be a force-free particle moving
in a curved spacetime described by the metric ik
Equation (1.1.5) describes a Riemannian manifold. As the
Lg K o . . .
product dx dx is symmetric, antisymmetric parts of the 81k make no
’ : ’ 2
contribution to the interval ds , so we may safely assume that the
metric itself is symmetric (Papapetrou, 1974). Thus the metric is

composed of ten independent functions, the determination of which

describes the spacetime in question. Since it is through the




curvature of spacetime tlLat gravity acts, we might expect to deter-

mine the 81k via some equation involving the Riemann curvature tensor
. . . f " n e
—R jkm= Y-\ )m,\&."—\’k‘m-\' rnk\—‘;m—v'\mvs& ; (1.1.6)

where commas denote partial differentiation and the Christoffel

symbols (which are not tensors)

r"\sk'-“ '\i jlmkczmsx\k'\' %KM\\ - %]\k\""\ ) (1'1°7_)

are functions of the metric and its derivatives. A guess at the

equations which govern gravity in vacuum might be

_R.\jkm: 0 . . (1.1.8)

Actually these conditions are too strong. Equation (1.1.8) describes
only one spacetime, the flat spacetime of Special Relativity. We
must use a contraction of the Riemann tensor. The only non-vanishing

contraction of the Fiemann tensor is the Ricci temsor (Papapetrou,

1974)
R3k= k4 itk | (1.1.9)

and the equations we seek are

'R§k= 0. (1.1.10)



These are the Einstein equations in vacuum.

1.2 Matter and the Electric Field

We have derived Einstein's equations in vacuum. However we

know that the presence of matter (or some other form of energy)

will influence a gravitational field and thus affect our geometry.
We must describe such energy distributions in tensor form and, using
this tensor, modify equation (1.1.10) accordingly. Such a tensor is
known and used in three-dimensional form in Newtonian theory and in
the required four-dimensional form in Special Relativity. It is the
stress—-energy tensor Tik (Spain, 1953; Landau and Lifshitz, 1979).

ik . 3 An. B g :
T " is symmetric. Its definition may be summarized as follows

(Ohanion, 1976):

TOU = energy density,
TOu.= momentum density, or energy flux demnsity,
™P =

flux density of X -momentum in P-direction.

One of the simplest tensors le is that of a perfect fluid, a

matter field under a scalar pressure. In this case le takes the form:

.Lk . .
1= \g(?‘\ wuk =P 3‘\‘ (1.2.1)
where P(X) is the mass density, ul(x) is the four-veleccity field,
and P(x) is the pressure distribution (Adler, Bazin, and Schiffer,

1975). 1In the case of static, spherical symmetry, which we will be



: ; k
considering, the nonzero components of Ti are

Tiep@ TWATIATY - - PO e

The stress—energy tensor for the electromagnetic field is

B Tl ST (8 i o N ol PR 2.9
4T "

where Fik is the Maxwell tensor

F 'S = AK\'\- B A“-rk (1.2.4)

and Al is the four -potential (Landau and L5 fshitz, 1979). In the case

of static, spherical symmetry we have

A= K—é—_(\-\\ 0,0, O\ (1.2.5)

< . k
where EE is the scalar potential, and the nonzero components of Ti are

2
ToaT =T ST oL @Y ) aze
3“%“%‘.

where the priie denotes differentiation by r. Following Cooperstock

and de la Cruz (1978) we note the Maxwell equation



‘t’“'o-’k“cé“vl= \ X (1.2.7)
o d¢ | - oo%n\nl

&

where ¢ is the proper charge density, and define the "electric

field intensity"

Ew = "1' T (1.2.8)
Cormq)?

so that Qe 3—\—8\*“ ‘—l,r—'x(_o&‘x’l é‘. = B (1.2.9)

rL ‘.1. °

where Q(r) is the charge contained within a sphere of rodius r. It

will be convenient later to define a charge density

. 0""&-0&.\\‘11 (1.2.10)
so that g=_\ A (Eft\ N
£Wucr de
L
Q) = S‘\"\W"c“ dr | (1.2.11)
(-]

: k
We may now write the nonzero components of Ti as

Ti=T=-T0- 7T B (2.1
3T



The stress—-energy tensor has another property which we have not

yet considered. It is divergenceless; that is
T e =0 (1.2.13)
where the semi-colon denotes covariant differentiation
T-\v\;m= —r‘;‘m__r\lm—r‘:\_\_r:w“\': ) (1.2.14)

The Ricci tensor does not exhibit this property and thus we cannot
simply place Tjk on the right hand side of equation (1.1.10). However,

the Einstein tensor
Gk = R~ %.%-.{R ; R=R: (1.2.15)
is divergenceless and a simple calculation shows
G;\a =0 (1.2.16)

are equivalent to the equations (1.1.10). Thus we have the Einstein

equations

G = 3T Vuk . (1.2.17)

The constant 8W is determined by requiring that equation (1.2.17)

reduce to the Newtonian case in the limit of weak gravitational



fields (Papapetrou, 1974).

In the case of static spherical symmetry with the Schwarzschild

line element

ds*= N -y idet- rde-rawead) |

the Einstein tensor has the form

(1.2.18)

(1.2.19)

Thus the Einstein-Maxwell equations in a static, spherically symmetric,

charged perfect fluid are

Wk e TR B %»\‘g*’EL 1
L v

\ -v\%w—\—\X= -3%P + EY
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Ky Y+ MY 4y =3TP+E" (1.2.20)
N M2 i Kt ed 2

the third and fourth equations being identical.

If these equations govern all of spacetime we may proceed
directly to their solution. However, if we are dealing with bounded
regions of matter or matter—-energy fields of different types we must
solve (1.2.20) or other appropriate equations in each of the bounded
regions and "match" these solutions at the boundaries. There are
three sets of such junction conditions in use in General Relativity.
Bonnor and Vickers (1981) have shown that the Darmois junction con-
ditions are "the most convenient and reliable formulation of junction
condition(s) in general relativity." It is the Darmois formulation
which we now present.

Following Sarracino (1981), we consider two regionsAof spacetime,
v andlv, with coordinétes xi and Ei, which are separated by a hyper-

surface S defined by the functions

£y =0 f(x3 =0 (1.2.21)

)

in V andiv, respectively. We define, in V and'v, two parametric

representations of S
x* = 3" (W ow,w) |2 =3" W W) (1.2.22)

where S is covered by the same domain u® (® =1, 2, 3) in both cases.
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Then we say that V and V match across S if the first and second

fundamental forms of S, calculated as functions of u®* through
i s . ’
g and g, are identical.

The first and second fundamental forms in V and V are
A,QZ - Sa.p ALL‘AUP B
ag*= 34 du® Auf (1.2.23)

and CL‘; Au“éu-ﬁ = Nk é__x_‘ év_K é\f‘ A.U? .

aur yub

g*‘;éw‘éu" =~ Tk O 03¢ dutdw’ \ (1.2.24)

where i, k = 0, 1, 2, 3, &, F =1, 2, 3, and the unit normals are

k . "‘I’L
Y\‘., = -\: 1.\ K—. (3‘ "\is‘.s\k\
- - kT - =\
W= Y k_ 'Sa A ‘.}-Q-‘k ) (1.2.25)
In our case, with the Schwarzschild line element

dot= K d- v &0 - et awe T,

the two regions V, V use the same coordinates. Thus, for the surface



12

S, we have

£ = r-a ’ F.i=(0.1.0.0) (1:2:26)
and n,= (- %“Y""Xr,; i S\’.,; ) (1.2.27)
Choosing for S the obvious parametric representation

W=x2=%t WwW=xX=B w=x-§ K=a (1.2.28)

we have the first fundamental form

49" = HLA)&-V‘&%"—r‘sQw‘e&QL (1.2.29)
and, after a short calculation, the second fundamental form

dup Quduf = V"*‘H'H* AR SLM‘B\.X : (1.2.30)

The Darmois junction conditions require that (1.2.29) and (1.2.30)
evaluated in both regions V and'v, are identical at the boundary S.

In other words, the functions Y, M, rd must be continuous at S.

From the second equation of (1.2.20) we see that, for a charged
perfect fluid, the continuity of N  depends on the continuity of

Mo v,'P , and Ez. Thus for a charged perfect fluid, the Darmois
junction conditions require the continuity of the metric, the electric

field intensity, and the pressure.
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1.3 The Reissner-Nordstrom Solution

As an example of an exact solution of Einstein's equations we
will derive the metric of a spherically symmetric electrovac. (electric
field in vacuum). This solution was first given by Reissner (1916) and
Nordstrom (1918).

We may use equations (1.2.20) if we set S)=P=O. The electric

field is given by

E=%_ ; (1.3.1)

L

¢

as we can see from (1.2.9). Thus the Einstein-Maxwell equations are

i Bl i 1.:3.2

-\_—v_')\_li".\._\_ ::%2.1 (1.3.3)
r H o= 1

FWY Y AN - 1.3
H2 MY

Equation (1.3.2) is easily integrated to give

v—_-_- \+ Q-‘- (1.3.5)
,(.

10
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where C is the constant of integration. A distant observer will measure

a mass of -C/2 for the system; thus we have C=-2m. Subtracting (1.3.3)

from (1.3.2) we have

M

= })_' T v =0 (1.3.6)
<

4 |

which is easily integrated to give

M= Ky (1.3.7)

where K is a positive constant. K is determined by the outer boundary
condition. If the electrovac region extends to infinite radius we

require the metric to be asymptotically flat. That is, as r—»o ,

Ryt o~ (1.3.8)

and K=1. (1.3.9;

Thus the solution for a charged point mass is

ds* = M - vt det- e dRT - el AT
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(1.3.10)

and ){} =) = \ - T x ,QF

T
iy ¢

1.4 Electrostatic Balance

One of the simplest and most straightforward models illustrating
the similarity between the classical gravitational and electric forces
is that of two spherically symmetric charged>masses whose electrostatic
repulsion exactly cancels their gravitational attraction. Such a system

is in equilibrium at any separation if

mm, = (\,\(}1 (1.4.1)

where my, q. and m,, 4, Are the mass and charge of the first and second
body, respectively.

The non-linearities of General Relativity considerably complicate
the interaction of gravitational and electric fields and researchers
have returned with renewed interest to simple electrostatic systems.
The condition for the equilibrium of two charged masses has been
investigated by Barker and O'Connell (1977), Kimura and Ohta (1977),
and Bonnor (1981) with mixed results, although Bonnor felt confident
enough to conjecture that (1.4.1) was, in fact, the relativistic
equilibrium condition for two spherically symmetric charged masses.
Carminati (1982) hac recently renewed doubts of this. Using the Weyl

formalism, he has discovered a set of eigensolutions for two charged

bodies in which single eigensolutions satisfy (l.4.1) but superpositions
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do not. However, these eigensolutions seem to possess gravitational
multipole structure which could influence the balance condition so the
final answer to this question is still unclear.

The fact that even such simple systems as the one above defy
exact analysis is a clear indication of the difficulties inherent in
the study of the relativistic gravitational field. Such a two-body
system is nearly impossible to simplify. Oéher approaches to the
problem involve a trade-off between simplifying and complicating
factors. One possibility is to reduce the axial symmetry of the two
separated bodies to the spherical symmetry of one body contained with-
in another. 1In such a system both bodies would share the same center
of mass and could no longer be idealized as point sources. Thus the
additional complications due to source structure go hand in hand with
the advantages of greater symmetry.

It is this type of core-and-shell system which will be inves-
tigated in the remainder of this thesis. We will study the electro-
static balance of the system in the relativistic case and compare it
to that of the Newtonian case. The system will be assumed to be in
balance when the syscem supports itself "on its own'; that is, when
the metric, the electric field and the internal pressure all combine
to give a static system without the aid df any supporting "struts" or
"skins'. We will impose the Darmois junction conditions at the bound-
aries between the core1 (Region 0), the inner electrovacuum (Region I),

the shell (Region II), and the outer electrovacuum (Region III), so as

1See figure 1.
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to avoid eny singular surfaces in our solutions. In particular, we
will require the pressure to be continuous (i.e. zero) at the bound-
aries of the core and the shell, eliminating the possibility of
pressurized ''skins" supporting the system.

To the best of the author's knowledge, the balance of this
system has never been considered, either relativistically or
classically. Thus we will deal first with the Newtonian solution, in
Chapter two, before treating the relativistic case in Chapter three.
As it is generally unnecessary in Newtonian theory, and can lead to
confusion, we will suspend the Einstein summation convention for the

duration of Chapter two.



CHAPTER TWO

THE NEWTONIAN CORE-AND-SHELL

2.1 1Integration of the System

We wish to consider, in the Newtonian formalism, a spherically
symmetric core and shell of charged perfect fluid in equilibrium
with the additional condition that the pressure be zero at all
boundaries. The system is illustrated in figure 1, which also
introduces the constants Tys Tps Too the radii of the core, and inner
and outer shell boundaries; 99> 995 95 the charges of the core and

shell, and the total charge; and m., m,, m, the masses of the core

0

1 . €
and shell, and the total mass. Subscripts on variables and constezats

2

refer to the regions of the system in which they are defined.

We will focus our attention on the shell (and hence drop the sub-
script 2 on variables), primarily because the shell does not affect
the core and thus is is in the shell that balance is manifested, but
also because Newtonian balls of various types have been extensively
studied. Since it is only the overall mass and charge of the core
which affects the shell we may use any such ball that satisfies the
pressure condition. We define:

5) = mass density,
0— = charge density (generally assumed positive),
°

= unit radial vector,

1 : T
Note that in the relativistic case the constants Tgs Ty and m must
be reinterpreted. i

18



O 2 - e rm]

1

U

m

1]

n

electric field =& ¥ (generally assumed positive),
gravitational field = 3\'“— ,

force per unit volume =3{-$,

pressure,

total mass within a sphere of radius r,

total charge within a sphere of radius r (generally

assumed positive),

In the fluid, the force per unit volume

f= FEo 9% - @.1.

Also, since we are at equilibrium, we have in any element of volume

o:?e%%\&w-\mg O \ R Y

Therefore

and from

and

we have

'Pl

r o

-K—=&_—? =P (2.1

VS = —\\-"\Tf, (2.1,

I

PR A

o—E—\'g% =1 d [T\‘ KE1~C®_\ . (2.1.

19

1)

a3)

4)

(9]
N’
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Thus g= —E - (2.1.6)

and 3‘= E™- 8T &Y‘“_?'Ar 3 | (2.1.7)

Combining these we sce

) O—E: & "?’ (2.1.8)
y \.EL__ 1'_“_ &‘-‘\'P’A‘_ 113 !

o)

where we require the root to be positive.

2.2 A Trial Solution

It seems logical at this point to derive a quick solution which
will provide some ideas about the general properties of the shell. It
is mathematically convenient here, and necessary in the relativistic
case, to specify an appropriate pressure and choose an electric field
which will allow a simple determination of the mass density. We will
use the simplest expression which results in a continuous pressure at
the boundaries; a condition which in the relativistic case is required
to eliminate singular supporting '"skins" and ensure a proper match to

bounding solutions.
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Thus, let

P= A" (r-rdr-mn)
3N

L
: TETET % 2.2.1)

where A is an arbitrary constant, which for convenience we assume to be

positive. Then

S\ \T“?'év =B 4 P\L\L" - (Can) 1 + \_«__X ' BB
L 3 5 T

where k is the constant of integration. We will choose

™

E™= 4% 2 vhy (fan) v — 'S - (2.2.3)
3 5 i

so as to isolate the r2 term in (2.2.2). The r term gives a rather
more complex f while the r—4 term results in a massless, charged
shell (under pressure).

After a simple calculation and the application of boundary

conditions we find:

A= m

k)



ST
3*— M = -wmc
X oy
= wm Mot st
TS, D)

2

- 9

E=Q = v D©
Wy 5

Y.
where D)= (._q; -2 (eo-t - Fan) e -5 | >, (2.2.4)
W E S

We must require

Cr )A (2.2.5)

where c\:w(‘[lk\—j’_ +A\v g \PS\E . (2.2.6)
3\ | s 5 e

At this pcint it is interesting to test the two-particle balance

condition.
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e, = W\OQW\-YY\D\ = ‘N\"f_\‘ k\ - (;\"\ .
w Yoy
) 4
= = — e \ 2
C‘,c(%u_ = C\,okQ{-CR_Q %(V.V;D\V\\ Y:\‘.\:DQ‘\_X . (2.2.7)

A glance at (2.2.4) and (2.2.7) is enough to see there is no reason

to expect

qte cp— wme, = 0, (2.2.8)

In fact, once r r, and m are specified, m

o™y is fully determined.

1’

However, as
q:—d q.-Lg-d1* >0,
= %0%1- —> 0 ! (2.2.9)
and as C‘}_’w " (}o"ﬁ,\
= %'q”‘ = C}bﬂy-‘-g;'—*é. —> é . (2.2.10)

Thus, with Iy Ty, W and hence mym specified, we may, by the appropriate

2
choice of q, vary q0q2 such that

0<c¥°c#,_<c‘x



24
and —wom, < c}oci_L—- YL oM, & A - oMW, (2.2.11)

without altering the equilibrium of the system.

It is apparent that core-and-shell balance allows considerably
more freedom in the choice of system parameters than does two-
particle balance. A measure of this freedom can be obtained by furthe:
investigating the properties of this solution.

A simple check of the limiting inequality (2.2.5) shows that all

three conditions
3 b r T 3 T kS ..
(14‘0« . % W\ ’(">W\’ (2.2.12)

are allcwed.
The dependence of the shell on the core can be seen by letting

o and 9 approach zero.

M.~ = wm—>0 -—%?\Q\M‘S\o—»o i

Q— q "
£ a (2.2.13)

‘-L

so che shell disappears and the core becomes a massless point charge.
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2

o‘,—>0 =S O DEy> 0 = @)\ e

W wm—=>0 ] (2.2.14)

and the whole system disappears.
However, it would be unreasnnable to expect to eliminate either
m, or qo without the continuity of j) and o— at rl since this would

leave the inner boundary of the shell without the necessary balance

of forces. The continuity of f and 0— at r, is related to the

1
continuity of P' at r, as may be seen from (2.1.5). Thus it seems

likely that even more freedom may be gained if the system has a pres-

sure which is smooth at rl.

2.3 A General Solution with P Smooth ~t the Inner Boundary

In this section we will present a series solution to (2.1.8)
in order to illustrate the general nature of the properties of the
system. The derivation of the solution is presented in Appendix A.
We assume that the pressure and charge density are given. Thus,

»

let

P= B A Zoagrt , @3

W

where we require —PQTQ =Q ) (2.3.2)



and let g = ‘.B_\'\r..\-\\ ZQ\O.J"\_*__L—X . = & \‘1 . (2.3.3)
XN

where A is an arbitrary constant.

We define

B2 Ol 20T, & Ots®y o
?L = \DL-\ - \D‘\—‘_\ 9
¥.= Wx2)ae- L) Qi

L

$= i K‘u \) oty (€,575 = Ta%)
Fo \utS
we | 145

= k‘-l.- r\\Li (}L\_j oLy \31\-; kvl) 9

A Al E0 WE LASE 7
wolad 3

(4]

1]
~N18
o
o
4

= ﬁv,;n\l\i A3 Y‘Bmkvl\ + A, \‘-L+1V\\X+ (Fo-v) AT ;
o (A3 3

n . .
where ‘)‘ () = 32_0 LL-\\\ \”YV\ r\k . (2.3.4)
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A= = lw-af)-(me=g2)

o SgLoi—k‘m’—“‘“\ + A= v}\\

i3

" Qet e (r-) 2 ,}__?w\"".’\_k.'\')f\\\-\— (=) _)\_ﬁ}
3

=0 4}

E-Q
‘—L

= -M

R

H = K\ 'L-x. W\o C\, £ (Wk"q—\ QVV\. q_:'\ z (L.\,\)d;k‘-lﬁs—v}*s Yy
8 RXNAS

Q-’:m q‘ x (mt- a}\ — (- q\ (=) K%oh o vy
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0= &gfﬁr_&r AW

\_&r—r\z b ¢ +J\:l }_ LR +J\_k\-‘*-v‘*\\
“ﬂ&&, ~r°uk3

v ) (rad F e e r} /

IS

4 ogi\\'—v\\i ™ +J\_—X

LA

-ﬁj&r&\iﬁ\: ;\-“'-\—}\:\\.\v-vh (2 PPt J\.Lr*lr) ) ¥ e A
NTE ot

v =gt - (md—qd) (- AR \“*"} /H . (2.3.5)
%‘.“8 [

The only restrictions we need apply amount to the condition that
M(r) be positive everywhere in the shell. Of course there is no
guarantee we will not have convergenée problems but, as we will be
primarily interested in polynomials, these need not concern us.

It may be seen from (2.3.5) that Q is completely independent of
m and m; and M(rl) = m, and M(rz) = m are independent of 4 and Q-
Thus it appears we may find (momz—qoqz) anywhere in the range (- o0 ,00 )

and all three cases

C% <™ . G =w\ aQa>wm (2.3.6)
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are allowed in these solutions. We will ncw investigate the dep-
endence of the shell on the core.

Suppose J\_#:O . Then

o) = 9 "

Wit

gk\'\\ = _(%_ a-,__]\_ (2.3.7)

Wlo LA\ i..

Clearly we may set q0=0 (here and in (2.3.5)) without difficulty.

However, unless q0=0, we may not let m0—4>0. If q0=m0=0, then

K—qu— Ael (- 3;\ _Z.OX; \ :‘“X
5)(&1\= RRE PR _ . (2.3.8)
‘. _qf: Noeda (va~a‘:'\ i(u \\o@m&r\q”‘
g d  \us
Now Praled = ¢ by iq i= 7 2 (e)las), (2.3.9)
J‘—' \

80 g ) .
Thus ‘Z (\* \\) %L pres ) = ’izo \L&\\\\-‘("\\\_Gs;-\ =0T, v CL-,_,\T\':X P
wS -

1=0

. £2.3.10)



>0 , oo .
Atao T Neet = L e as-rila) o) e
=0 , -

“ 3

ol B TE i
#=0

Therefore, with A#0 and n=

0"9%0

= 3 W 1-%9_
5)(\-\\ \%\\_&Ar\ + W ~=°LL._\'. \
r‘\

]

\ \q:'_/\}-\'m—q}la(‘\\ .
\ \ o
YTl &

and 5)(r1) real recuires

9 ¥ % = 19
A > - wm-qt i. G v

or

- 3,
Vv

0

o |

o
.Mgr’ﬁ
v

2
z.
2;

Note that now mE = q:' 9‘7’ _PE @)
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2.3.11)

(2.3:12)

(2.3.13)

(2.3.14)

(2.3.15)
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and we would no longer have perfec* fluid, but dust.

In the case N=0 , we have
v\ = gk\'\\= . (2.3.16)
None of (2.3.5) are unduly disturbed if we let q0=0, but the mass

density is sensitive to the absence of core mass.

For mO=O,

. K#}Obtr‘a‘.w\ (gtg\Zth*z‘X
o) =

NTE 38 (2.3.17)
\’quazz_g_pm&v\*r M- Lq‘ 3 7_ (u\\)oc \)w,,\r\\\
£ ey} Zo\AS
Now, P (r) = M R (W)l (2.3.18)

50 O{Z_}_ Pl = 12 kul\bo n \0\:\ =3Z o™ | (2.3.19)

t=e 1y

Thus, with A= ™M,= 0

qequ &, oot 4 - (ggd) 2 a V\M\‘
3)(\”\\= WWE NS

«=0

1._&"_:1 \)J}"‘-\- - \8’“ ﬂéb&;f}ﬁ‘yz
T
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R 5 T bk Y“__%_%_l‘g = f\iaa;v}*ﬂ‘ll (2.3.20)

AN

T
Note that o= \g-a) = ~A74 0 (2.3.21)

d

and SCXV\\ :ib Q;r\lﬂ:k = Sg_n\_?k.ﬂ*élfi\ " (2.3.22)

Thus if we allow negative pressure we may freely set q0=0. If not,

then maintaining (rl) real requires

oo E N
0.0 Lol 2 - - \9;-3@3 Lo ™ | (2.3.23)
. 0

Q.9 .ZQ\D;T.“‘ -2\ = - w-ar (2.3.24)
Y E—ZLFLLV‘AX 8 6

Thus o2 Wi-qh €30 |
c%x.\f-" & bl ‘x
t -; CL,YtnL
QF < o q”;‘ <0 (2.3.25)
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where % = ‘?%:\)LV} - __2_ . (2.3.26)
E?;.OQ'T';“L 8

Hence we may set q0=0 only for
mt:atl = P=0Q (2.3.27)

and we have dust (this includes the possibility § = 0 ), or

o0

L air =0 % P (v Y

o A\

n=3 (2.3.28)

'

2.4 Sample Solutions

In this section we will present two simple solutions whirh will
be useful for later comparison to the relativistic system. We will

assume a positive and negative pressure,

P=F N - (2.4.1)
N

In both cases we will use

=B . (2.4.2)
A\
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We find
P \ \ 3 o 58
$= *\i O N R AU IR KA BEAVEETA T —ré\x= .
(2.4.3)
Now 1057 =" -1x"+2Ux-2%x+x\0 | %=1, , (2.4.4)
Ty 7Y

Treating X as a variable,

LX\DS !‘\ = \Y Qlf—%xf*?‘x“l\: N kx—\? k?.‘a(}-\-’)u}"r))‘;d-l\
dx L 1,
<0 Sor > e@N) . (2.4.5)

Thus \.\DS {X is everywhere decreasing on (0,1) and since

L,

K-\DS WXKO\ = \0 and ‘\C)S TIW=0 "

L L T.:
we deduce r\ z0 SYD‘ 0 LV\L V‘l— .

Continuing, we find

]
>

€= (r-v) \3er s 20, v \‘ﬂ = A, (2.4.6)
Yi

=
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Clearly >\> 0 for 0<r.<r

1 9 Finally

It

Ql

= \YY\L“Q}\*&W\?-CL} =¥ \m‘-q_"\—&m}—q’,ﬂ ,
\ 8 ¥ t Y'k i

Q= Q‘,o‘\‘ %\L\\’-—V\\L\_3\‘l-\-l?r\‘\' \'\":\ %

- 10& v mimar

‘ Y
x (o) w:—@\% (e - S ) E - ) p nanines YP\X .
g !

= }3a.9 1)+ 3 1{(‘—\*3\3(%1\—\-\%\;&
y { Th W\%\T

+ Lok a,‘\ s = ‘) (c-v \\\},r u\-ﬁr‘{“/ . (2.4.7)
FTR |

Thus the sign of the pressure is determined by the sign of

{ (- L\) = l\\\
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We may let q0=0 with no difficulty. However, if we 1et'm0=0,'

v
(=) \m,g,f Mg e e Ty s
8 BT, !

so for real ? (rl) we must require

c%, - e QT: ! (2.4.9)
7.C\L C N
P G o

If we now set q0=0 we need m2< q2 (m2=q2 gives dust) and the pressure
nust be negative.

As one would expect the properties of these solutions reflect
those of the more general solution of section 2.3. Q is totally

independent of o and m, and M(r1)=m and M(r2)=m are independent

0
of 9 and - Thus we may expect to find (momz—qoqz) anywhere in

the region (- ,® ) and all three cases

C%<m N C¥=W\ N %>M (2.4.10)

are allowed. However if we require P> 0 then we need

kmx_c,‘t\_ (- q‘}\) = WY —c%:_‘* 1KM.NL~C‘99P} 0 X (2.4.11)
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or LT o T C{‘cc\_,_ % 3:-" WA " (2.4.12)
S

If we want (momz—qoqz) —> - we may do so only with care, although
it can be done.2

We may freely eliminate ali charge from the core, but eliminat-
ing the core mass introduces a requirement for a minimum core charge
unless we permit ng £ q2 which makes the pressure negative. Thus
we may completely eliminate the core, leaving a self-balancing shell
with pressure zero at the boundaries; but only if we are willing to

permit a negative pressure.

2.5 A Note on the Balance Condition

In closing the chapter, -~ final note on the balarce condition for
the system is in order. Recall our definition of balance: the
condition that the metric (gravitational field), the electric field,
and the internal pressure combine to give a static system free of
any supporting struts or skins.

; 2 2 : . 4

Using Q=Er~ and M=-gr  we may rewrite equation (2.1.5) in the

form

dP= QaQ- MM . (2.5.1)
BTN

2eg. Make m =2q2, and m =q0> 2q2. (2.4.12) is satisfied as 4

and hence m, and _(mOmZ_quZ)’ go to infinity.
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This, the equilibrium condition, might be suggested as a balance
condition. It is not. While it is certainly necessary for balance,
it is not sufficient. The equation itself does not contain that much
information; it is only in the boundary conditions that balance is
determined. Unless we specifically arrange it beforehand ;here is no
guarantee that the pressure will vanish at the boundaries of the bodies
or that the mass and charge densities will remain nonsiﬁgular. Thus
some sort of "skin" is likely to exist in order to support the shell
or hold it in place, and the system will not be balanced.

To illustrate this one might consider a typical integration of
(2.5.1) in the shell. This would involve choosing an M and Q, which
must satisfy their own boundary conditions, and integrating the pres-
sure to within an arbitrary constart. One may then apply to the pres-
sure a sirgle boundary condition, which will determine the cronstant,
but the other boundary will not, in general, have zero pressure (even
assuming that was our choice for the first boundary). A "skin" sup-
ports the shell and the system is not balanced. One might impose the
condition that the pressure must be zero there and attempt to solve
the resulting (polynomial) equation for a particular "balance condition"
(assuming such a solution exists). However, this single condition would,
in effect, be a result of restrictive charge and matter distributions
and, as we have seen, such a system is merely a special, nonrepresent-
ative case of the more general systems presented earlier. The important
point is that, even in this case, it is only in the bovndary conditionms,
and not the equilibrium condition, that balance is manifested. The

core-and-shell system seems to have no single balance condition.
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CHAPTER THREE

THE GENERALIZED REISSNER-NORDSTROM

3.1 The System

We will consider again the system illustrated in figure 1:
a spherically symmetric core and shell of charged perfect fluid in
static equilibrium that is '"'skinless" in that we require the pressure
to be continuous at all boundaries. Thus we satisfy the Darmois
junction conditions and eliminate any singular supporting ''skins"
from our solutions. The generalized interior Schwarzschild solution,
which is the uncharged version of this system, has been previously
investigated (without tle '"skinless" condition) by Cooperstock,
Sarracino_  and Bayin (1981) and Sarracino (198]).

Once again we will focus our attention on the shell (and drop
the subscript 2 on variables). As in the Newtonian case the shell
in no way affects the core and thus it is in the shell solutions that
balance is manifested. Also, spherically symmetric balls, both
charged and uncharged, of perfect fluid and other matter have received
considerable attention in the literature (see, for example Cooperstock
de la Cruz, 1978; Krori and Paul, 1982; Bonnor, 1982), and since only
the overall mass and charge of the core affect the shell we may use
any core solution which satisfies the junction conditions.

We will use the Schwarzschild line element

ASL b 31\;&1‘“&&" & Ht (\EL-3>" i\:"* r‘éé’"— r‘sfm‘e“y (3.1.1)
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where i and k run over 0-3, M and Y are functions of radius only,
and the Einstein summation convention is again in effect. We define:

.? = mass density,
G~ = charge density,

- “
07" = proper charge density = (v R "

u

unit radial vector,

electric field = Ef (generally assumed positive)

pressure,

total mass within a sphere of radius r,

© X o m <
1]

total charge within a sphere of radius r.

It might be appropriate to remind the reader that, despite appearances,
many of these definitions are not identical to those of the Newtonian
case. In particular, the constants m,, m,, and m of figure 1 now
"eontain" electromagnetic and pressure rontributions and may be onlv

loosely associated with their Newtonian values.

Recall equations (1.2.20), the Einstein-Maxwell equations in
perfect fluid:

= Ve E | (3.1.2)

(3.1.3)

Moy+ My + Ky + Y =W+ B (3.1.4)
M N v
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The most straightforward way to solve these equations is to integrate
}(and Y in terms of E2 and r and then to solve for y and P. However,
even this can be done only in special cases (Kramer, et. al., 1980; Krori
and Paul, 1982; Bonnor, 1982) or in terms of special generating functions
(Matese and Whitman, 1980; Whitman and Burch, 1981) and such solutions
do not generally allow a continuous pressure. Thus we must follow a

different path, integrating first in terms of the pressure.

3.2 Integration of the System

The first two Einstein-Maxwell equations may be integrated, and
the third simplified, with little real difficulty. This has been

presented in Appendix B. We find,

» = \~_7~_&“”\Y\"‘TZ~\J = J= M
Y Y

= it —_\_\ k%’“g FEY s E (3.2.1)

r C

where kl is the constant of integration, and

M Xp WYP-EN | & (3.2.2)
¢ Y

where k2 is arbitrary. The third equation becomes
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Y

uw = 2XY + ("X"‘L_Y_\LL . (3.2.3)

where Q= \%r\‘—?f" AV N (3.2.4)

b= \%’W?rlér ; (3.2.5)

g = \E‘r‘ dr, (3.2.6).
AEAT) = \3+ odf—e.'\‘—k\-\-e, ’ (3.2.7)
XV = a'-e'+ !
= WET-E et (3.2.8)
and Yy = 2e'vr ve'vi2alr - ol
= (ereY) = o (g7 P) (3.2.9)

Equation (3.2.3) cannot in general be solved. We may proceed
further only through the use of simplifying assumptions that, in effect
specify a relation between the pressure and the square of the electric
field. Regarding the similarity between the form of Y in (3.2.9) and

the Newtonian equilibrium condition (2.1.5) one is tempted to make the
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assumption 2Y=MM', but unfortunately the resulting equation is much

more difficult that (3.2.3).

result in any progress.

Assumption (a):

let

=0,

men  E'm ks o+ 1 \4TP e

r‘\

where k3 is the constant of integration, and

wu =

The integration of (3.2.12) involves two possible cases:

case (i) w

when j) =

and case (ii)
when

Assumption (b):

\r‘\

(]
1 ST

let

Only the three most basic assumptions

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

€3.2.15)

(3.2.16)



Then E"= | +3WpP |,
and WAL = =25 . ",
Y—

case (i) w=0
when S)=‘ '—:X)

and case (ii) W= “J_

when ?= ‘:‘_\_"'C\.P.

Assumption (c): 1let
2Y = X',

men Bt ke +3TP-3  \4TPBLc

c 0/ 5,(.\0!3

(3.

(3.

(3.

(3.

{4

3.

(3.

(3.

4
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™y

«18)

»19)

.20)

+21)

+22)

»23)

.24)

.25)
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and uw = 2XY = XX . (3.2.26)

After integrating (3.2.26) we find,

¢
= =IP-Pr-F - B\ r+ 1 XX (3.2.27)
J Wi \aT) 4t kg2 (wxesde)?

where k4 is another constant of integration, and

X= ¥WPe-Ev tl=l- ks + 3 %%’\\.PV’“ dr . (3.2.28)

™ 3

In the following we will refer to these solutions as solutions al, a2,
bl, b2, and c respectivcly. Aside f:-om its bizarre appearance, solution
¢ is quickly found to be intractable and will not be considered further.
It is interesting to note the appearance of the same equation of
state f!=—P in the two solutions a2 and bl. It is easy to show that,
assuming this equation of state, the integration of (3.2.3) results in
only these two solutions. Other assumed equations of state have proven
either partially or compleéely unsolvable. Thus the only equation of
state for which we have the completé solution is the unusual one, f>=—P.
All three of the equations of state of solutions al, a2, bl, and b2
are unusual in that the pressure must be negative if the mass density is
to be positive and the mass density will then be of the same order of
magnitude as the pressure. Thus the energy of interaction of this

matter contributes significantly to its mass. Most previous work on
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relativistic equations of state has dealt with maximum physically
attainable densities and superluminal sound velocities (Ruderman, 1968;
Bludman and Ruderman, 1968, 1970; Hegyi, et. al., 1975), incompressibility
(Cooperstock and Sarracino, 1976; Sarracino, 1977), and special source
interiors (quperstock and de la Cruz, 1978; Gonzalez-Diaz, 1981) but
only particular cases are examined and pressures are assumed positive.
However, based on the work of Hawking and Ellis (1973), Bonnor (1982) has
given requirements for what he considers physically reasonable matter.

These requirements are

'PEO y -—yé:_P“éz? . ?.\.Z'-P“?-O koﬂ""\,l‘%\ (3.2429)

where the P are the three principal pressures. None of our equations
of stete satisfy all three of these conditions, although that of solution
b2 can be made to do so in the central regions of the shell.
Gonzalez-Diaz (1981l) has used a simple .P =-P equation of state in
describing the interior solution of a ball bounded by the event horizon
of a Schwarzschild black hole. However the radial pressure is not con-
tinuous at this boundary and his solution does not satisfy the Darmois
junction conditions. Thus the event horizon is coexistent with a sing-
ular skin and as the pressure is negative (inward, as is the gravit-
ational '"force'") it appears to be this skin which supports his interior.
It is apparent that -P =-P and the other equations of state we are
considering are unlikely to represent any known form of matter and may
prove to be completely unrealizable. We proceed only with the hope that,

as in the Newtonian case, particular solutions of this system may



illustrate general properties.

3.3 Particular Solutions

47

In this section we will present particular examples for each of

the solutions al, a2, bl and b2. We assume the simplest pressure

which is smooth at the inner boundary

P= A (e-ele-0)
3N

P= A e B3r-an-n)
I

The derivatives are given in Appendix C.

Solution a:

= = gty gmq Ry -l
g o Tw ‘{

y
= QA Ay Fo) - Fuled
Y Ver! 4;1

(3.3.1)

(3.3.2)

(3:3:3)
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=1 , T F0 (3.3.4)
£
)= 27" S48 v Quany o (3.3.5)
1 3 Y
ﬁ= F«.tv;_\_ FA-Q‘\\ >0 3 (3.3.6)
E*v0 = @ > Bd-Fa | (3.3.7)
%‘ Fa. kv\.\ . Fw:\.\
Fein® Yo Kl\'ﬁﬁ) ) (3.3.8)
3
case (i) ?= _B.P“_E_l 3 3)*0 3 (3.3.9)
LA\
’l\ \K QM‘)\ k A" (intractable), (3.3.10)

V=N - 2w 2 Qv NPT EN

T % 7Y

I

V= 2m v 2 9; ¥ ¥XP-Ert (3.3.11)
S
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M-~ = 32_‘ - 9;_ . (3.3.12)
LY

KZWD follows from Y70 . (3.3.11) is too difficult to exactly

determine the condition for Y70 . A weaker condition is

m< oo "Lr % (3.3.13)
AL

As (3.3.11) proves intractable, no analysis of the singular behaviour of

this solution has been made.
case (ii) 53= "'_? 5 (3.3.14)

l-—-
K=V (3.3.15)

V=\1-2m + Evta g-gr QL(n)- Q)
o P o S

(3.3.16)

-

=\= 2w + Bt -kgl % _Q_(T‘L\ Q)
X

m-mw, = q-q> QLEN)~ L) (3.3.17)
Al

\i =
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D= | T Gidg 4 nar? (3.3.18)
3 5 3

(3.3.16) is too difficult to exactly determine the condition for

Y>»0. A weaker condition is

& S
m < e+ Qs (3.3.19)
ra vy '

g =
Qun = Q"qu—\— r\) . | (3.3.20)
3 »

As the expression for Y again proves intractable, no aralysis of

the singular behaviour of this solution has been made.

Solution b:

E'= Q' =1 +37P

: (3.3.21)
™ o

o-=_\ A ‘jrh\ob—ﬂ ) T SRA TG “\rl\*}\A . Gd 20y
k6 S ) :
- AT, )™

c%, = T h c¥ =T, (3.3.23)



Fih = = le-nl )

E*™No = A< A
Folo)

fy = 3na4n i (Gr-lbonlont)™®

\Q

case (i) ?= —'—P

%
F\ is undetermined,

M- VW, = C‘—-C%D .

Y>>0 = ci_wv\

a1

(3.3.24)

(3.3.25)

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)

(3.3.30)

{3.3.31)

€3.3.32)

Clearly the behaviour of YV is closely tied to the charge in the

system and, recalling (3.3.23), the configuration of the shell.
singularityv in Y is much like that of the event horizon in the

Schwarzschild geometry. b behaves properly for q? m.

The

For q< m,

g and gll switch signs and t and r switch roles; the shell is no

00
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longer static and represents a region of collapse. The singularity at

gq=m is a coordinate singularity and may- be removed via an appropriate

transformation. For example, with

—

qj‘m 5 t

1l

‘V\\*;\V\ \?::L\VL_*;\é\
c*_<‘m . =% & . =% &

Y.l =Y \CFM\Vlf ¥+ -

?_\qr

\/ %

Y, &) = Z\Q\;m\"‘-k ¥y _ ™ (3.3.33)

the metric becomes

det= AT*-JdF* ~ A - freile &Q" (3.3.34)
Sy

where r is now thought of as a function oflz,.; given implicitly by
(3.3.33). Note that although (3.3.34) is no longer singular at q=m,
the metric still depends indirectly on (q-m). While the functions *ﬂ,
Y, are quite similar, it is \ﬁ which is more "timelike". Thus, al-
though we have switched the symbols E;.;, the q<m case still involves

a "timelike" radial component and a "radiuslike'" time component.



case (ii)

53

. ??56, (3.3.35)

(3.3.36)

H*= 2(q-w) “ (3.3.37)

Y= 4= l\v:*ca) + 2 \W\*G{,\~Qm@ca{o\ WD - \Wie)

v (SN}

= 4 2lnerdd ¢ 1 o) W -GS, (3.3.38)

< Y (E%

W= =L () 0 - Qrarn) net + nd e ,  (3.3.39)
b 5 Y 3
W = \r\\Kn\ﬁ\Ak\—\\ >0 . (3.3.40)
M"YO = C%_> W . (3.3.41)

(3.3.38) is too difficult to determind the exact condition for Y7 O .

A weaker condition is

W\42(}o*% y (3.3.42)
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The singular behaviour of M is identical to that of M, VY in
solution bl; g=m is a coordinate singularity which may be transformed
away. Y is not suitable for exact analysis of its singular behaviour.
However it is easily seen from (3.3.38) that for q=m, 'y(r2)=0 matching
}{Z(rz) but 'v(rl)#=f{2(rl)=0. The behaviour of V at the inner boundary
is no longer locked into its behaviour at the outer edge of thé shell.

In all of the cases presented above we had for the mass-constant
in the inner electrovac region

b 1 Yo
Mg = %“\'“T: ety -\-_9;:_ & X‘\'\\T: oy 4 _3_'5 , (3.3.43)
i r X R i -2

Thus the "mass'" inside the shell is determined as if the shell did not
exist and the inner electrovac region extended to infinity.

The solution for the inner electrovac region (I) is

. _q_o_L : (3.3.44)

Yy

il
T
~
3
o
+
o

(3.3.45)

M= Ky, (3.3.46)

where, for solutions al: K was not determined

a2bl: K=\
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b2 K= G (3.3.47)

E,= Bawr iy | (3.3.48)
Vim My =\ = 2w g‘}_ s (3.3.49)

It should be noted that in region I the condition that V70O may
be different that in region III. Consider
T2V, = 5= Qwwr +c§‘ <0 (3.3.50)
for r € (YY\-— W\"—(‘f‘ ™ W\L-Ck" \ (3.3.51)
, -
Thus in region III, Y;>0O requires either
m* < qf‘ "

or 2 omy sz—a; ) (3.3.52)

while in region I, ))‘70 requires
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Mo < q} \

Yo 7 ™o & Jm.‘—q‘:
or Yy < mw, —4W\1'—QYZ“ . (3.3.53)

The last condition allows us access to the well-behaved region

inside the event horizons of the Reissner-Nordstrom solution.

3.4 Properties of the Solutions

We will now investigate and compare the properties of the solutions
for the shell presented in the last section. As in the Newtonian ex-

ample, our pressure is smooth at the inner boundary of the shell. How-

ever, here the mass and charge densities are not all zero atl r- We have
al: o (r)=0 s j)k‘f\\= = : \
\.\

‘-&kf\
a2: ket ats o =00
bl: 1 T S y = Oy

NTT

b2: o (e =_\ y Q= _2A . (3.4.1)

W 2%
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In the Newtonian example we could, with a negative pressure,

dispense -with the core ent_irely. We may not do so here.
al: Cko‘"‘ O = E™O0 in much. of the shell.
a2: c¥°=o =% E*<0  in much of the shell.
bl: C\,,:O = (i) = O and the core becomes a point mass,
(ii) V<0.
b2: Qtﬁo = (i) ¥v=0 and the core becomes a point mass,
(i1) WY<O0. (3.4.2)

Thus we need a charge on the core. It would appear, however, that in
a'll of solutions al, a2, bl, b2 we may freely let m0=0. But, unless
we also have qo=0, this is misleading. Both the electromagnetic
field and the matter distribution contribute to m, SO, it q07 0,
making m0=0 would require a negative (core) mass density.

In the Newtonian example we were allowed all of the possibilities

q <m, g=m, q > m. Here we may have

[

al: Qk(W\ . Cr‘W\ \ %’W\ and still have (3.3.13),

a2: C\V‘VY\ N C"=\N\.’C¥>W\ and still have (3.3.19),
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bl: C1\7YY\

b2: QT‘rm . (3.4.3)

Finally, in the Newtonian example we had no particular balance
condition and, in fact, might find (mOmZ_quZ) anywhere in the range
(- ,0© ), In the relativistic case my, M are no longer the mass of
the core and the core plus shell respectively. Each contains energy
contributions from both the pressure distribution and the electric
field and direct comparison to their Newtonian counterparts is simply
not valid. We can only loosely associate my with the "mass" of the core

and m with the "mass" of the system. It is only with this in mind that

we define

My = M~ Mg (3.4.4)

and think about (mOmZ_quZ)' Thus we find

al: - < \MOW\L— %oq‘;\) Sl L
a2: =00 < (memy-q.a) <0,
bl: - & QW\OW\L— QYOQ.L\ <O :

b2: - o0 < &W\o‘MLN‘}e%L\<O . (3.3.5)
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As a last note it is interesting to observe that ﬁ{ﬁ Y in
solution bl and f& in solution b2 are totally independent of the
functional form of the pressure. It appears that assumption b
(3.2.17) results in an electric field which is unusually attuned to

the pressure.

3.5 Newtonian Limits

Now that we have gone from the Newtonian case to the general
relativistic one, it is tempting to complete the circle, taking the
Newtonian limits of the solutions we have investigated. Unfortunately
the Newtonian limit requires (Misner, Thorne, and Wheeler, 1973)

LR ey

Vo

\oc\?s= \,’).,3\ (3.5.1)

a condition which we cannot satisfy. Our solutions are highly

relativistic, and have no Newtonian limits.
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Figure 1

The Core-and-Shell Model

Region III
m=m0+m2
q=qo+q2
Region II
LY ™
-2
Region I

L=
: Region O \

P S’o /
07 =0 9=O
Electrovac.

Electrovac.
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SUMMARY AND CONCLUSIONS

In this thesis we have derived and compared General Relativistic
and Newtonian solutions for a spherically symmetric core and shell of
charged perfect fluid in balanced equilibrium. The Darmois junction
conditions were imposed at all boundaries in the system in order to
prevent the occurrence of any singular surfaces in our solutions.

One consequence of the junction conditions was the requirement that
the pressure be continuous (zero) at all boundaries. Thus we were
able to define balance as the condition that the metric, the electric
field, and the internal pressure combine to give a static system free
of any supporting struts or skins. Attention was focused primarily
on the shell solutions. As the core is unaffected by the shell, it
is in the shell that balance “s manifested. Furthermore, charged
balls, both classical and relativistic, have been extensively con-
sidered in the literature; we may choose any such ball for our core
with the provisio that its surface pressure be zero.

In Chapter two the Newtonian core-and-shell model was derived
and investigated. Several particular solutions and a genéral series
solution were considered and it was noted that the general properties
of the series solution were commonly evident in the particular sol-
utions examined. It was discovered that core-and-shell balance allows
considerably more freedom in the choice of system parameters than does
two-particle balance. Nc¢ single balance condition was evident and,

in fact, the value of (m —qoqz) was free to range from +00 to -00,

0™2
The system could be made undercharged (q2< mz), critically charged
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(q2=m2), or overcharged (q2>'m2), as desired. The shell was not
strongly dependent on the core. The core charge could be freely
eliminated. Eor positive pressure, elimination of the core mass
reqﬁired a minimum core charge. If negative pressures were permitted,
the entire core could be freely eliminated.

In Chapter three the General Relativistic core—and-shell model
was investigated. The Einstein-Maxwell equations could not be solved
generally. Only four usable solutions were derived, all with negative
pressure. All had unusual equations of state which are likely to be
unphysical, the most reasonable one being j>=—P. No single balance
condition was evident for any of these solutions. Two of these sol-
utions permitted the reinterpreted (mom

2

the range (-, ), the other two permnitted only the more restricted

—qoqz) to take any value in

range (- o0 ,0). Two of ‘he solutions permitted the system to be
undercharged, critically charged, or overcharged; the other two re-
quired an overcharged system. All of the solutions required a core
charge, although we could freely eliminate the core mass if we allowed
the core to have a negative mass density.

The results presented here are weakened by the lack of a more
general, relativistic solution and by the unphysical nature of the
particular solutions which we do have. However, we may hope that, as
in the Newtonian case, our particular solutions exhibit quite general
properties. In any case, the nature of our results prevent quant-
itative conclusions. The relativistic solutions, though more prone to
restrictions, tend to exhibit the general properties of the Newtonian

solutions, except that they show a definite dependence on a core charge



and mass (for realistic matter). It is interesting that it is the

relativistic system which appears to have the least freedom.
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APPENDIX A

We have

Pin= A (Y .?;oa-.r" s Pra=0 . (A.1)
N

() . o . .
Therefore H_ ?l o ZQT—V\\ZOQL"‘ A K"I“‘lff\"r"\l\go\.alrb '

R’L
o0 . o0 .
= kv~r\\&?;°\'u7.\&;‘" = F\Eok;p\\ &3“\”“)]
= Leor) .Z-i&'ul\m— Al (A.2)
We define \61 = \\L*l\ e =~ 15 KL'\\\Q;*\\X ) (A.3)

oo ey .
Alternatively 3T P'= 2 (Do o™ ‘202(&\\ o L Lo e
Hl

oo , =™ . oo .
: ,;\ (0 8art-2 20N a4 Z () agn e (ana)

47°
I1f we define a4 20 "
oo
. 2 < + %
then 3N P =2 km\icu-\ ~ 00T, & cx-mfif : (A.5)

.

\
R’L
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Let o = LA ~20u0F Qe T (A.6)

Then \ \\" -P c\sr = i K'\,*\\ o(;_‘-'ws + \‘( : (A.7)

A S

where k is the constant of integration. Thus,

w5 T

cj“E %"\\ \r‘? &= E-A &i (‘u\\mr“*‘ —H_«_}. (A.8)

Applying boundary conditions,

o At TR Nl S ‘k_-\\_\d 2 vl (A.9)
A e \wS
2 I T 2 s us Wi
so = E T Me-q, — H Lt o« \‘. =Yy \ (A.].O)
- 1 )
; T T e \ S
Thus 3(&\= mt = gb % W\’J—O,Ff - 3‘0_ &L‘H\O‘&";ﬁs By
Yt o Fells
2
= —-Q'= \mx—q‘f\ — (we- o) (A.11)




~ where we have defiuned .

8 - i K_L_i\ stx kn o V\"*s\. (A.12)

ws

=0

Now, (et = \e-t ) Paaa QERCE AT\ s (A.13)
n e
where P“Kf\ = g‘; K\_-\'\\ ; il i (A.14)

Thus i (\:\\\)‘X Lriese \-\‘“S\

- i (ﬂ\ O‘L‘_K‘"-V‘\\L\am + (e-m)as) f\"*“} . (A.15)

170 \ S

Also i () =) 0™ &
& &v-f\\io&\m\qu: ~ 20 e \unamr\“"& |
= (vm\ﬂi (2o rd® —ioz k‘\*\\a;vl‘“Jf:'i: ‘%0.3\“\5“}
=(¢-r \\% 20,7, - L0 +:7; ay \’..‘“\_3*?.-2& AN +é“

= ) : (A.16)

S Fo\Us

Therefore § I\_'\_jd\ K‘—“; (-\ ) (r- V\ z K\*\\u— Pu‘s (A.17)
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and g 020 (Lﬂ oy \Vi*s~ T\"“\ = krf "'\\‘L § \\-‘\'\\ Pui} &‘—L\ (A.18)

[C3 ws| |

Thus 31= E'y wr-a + km‘-o)\-kwc—c@ iserh) %i Ku\\ ohiftey 1y
\"‘\‘ ' ' 3 e \us
Pe o g g ey 2 et
NS
P - le-g) - (wd-g2) Z ) sttt
"W
= — (- \ qﬂ \V—r\i % v . (A.19)

- ( 3
“‘—\-8 \
It is convenient here to define @—(r) and derive E(r).
w -
Let Y¥To-() = B\»K\‘ﬂ"\\ Ee \3;\"” '\’_A:X

=B\_.~ %f +JLX T, (A.20)

2l

0 (A.21)

L |

where ?;’ = \D;-\ - T\\D\ "% \O-\
and A is an arbitrury constant.

Then Q= ¢t ~TS\\°§°.° %;v.‘éf_/\l\"k:



oY G.:Bi_%_;_fzﬂ-r___JL_fz-\—CX :
3 .

oy

(A.22)

where C is the constant of integration. Applying boundary conditions

Q= q-= B\ fk\“\‘“**r__l\_:v}ﬂ\

v 3

- C=% \ }_\-“’*J,_/\_\-.X ,

o LA} 3

. & q( + R 2_ ‘}_ K\—m m\ s _/\_k(“ vz\‘k

S Lx3

Thus QKV))‘:O‘, = \B:‘ %.

where we have defined

£= z_g_kn"’w‘“ +_)\_\\' -t2)

S &

Also _i:_:(f“*‘ ) = j__\&\'—ﬂ\ Pont (7 r\km\\“ﬂ

w3 el

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)
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o N oo
~and (F-N T pr™ = A=) L b= T

Oal < ¥ = ) 'an,‘
SR AR SUAE AN
=0 : (A.28)

Therefore i __E‘-_\T;ﬂ‘\_\;“ gl \T“‘V\Z\
o k3 3

= (o=t \}_ P v A (ew LR\XT \w-r\AN(A.29)

RN 3

and i: § E e K‘-):h*3~‘.;\13\ -\'A_K‘-\}—V\BN
Ve Ty 3

=(5,~0 \2 jé_?.ﬂ&?\%_/\.kv «m\\ar CEA K ol (A.30)

2 Ly}

Thus o _‘:&_\\f-"\z bir "'—/L-X 1

L g

oLy

Q Qo+ _}__K‘_ W \‘ud» 4 ﬁ_\: \‘-3_ ‘..}\)\
4l 3

= ngl{kv- ) \1 };? w T oL KH):AX& \PV\\J\_\".R .

3 CRCEY
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S 0 X IAS

= KQ“*N& c% + (- ‘\ - a,o\)_ u\jo& AL aa® S \Y‘

\Q+ TN ck 2 Qm~q,\ Km,—a,.\ (- ?_ \u\ ?‘,3\% |
8 o\ s ’

- M ) (A.31)

o = g - = - / |

W 2 s L - Q-e? : (A.32)
9 M

Thus

gzl

+ _a¥_ \_kr v\\i b.r J"A‘\l\i e (7o) "r_j\_ (et \‘3\\

NTE °ouky

+ (W\.L q‘;_\ (W\vc{,o\ 7‘_ k\, \o‘ ‘-\u ;
s A\ ™



- oY

9-_-. {%ﬂ%\ﬁv—v\\ i—o ‘\01 "t _/\_X

+ ar
: 2

NNE S

3
+ Gvr-gr) - (ea=ad) K\’-v\\iijox; v'm‘k M
KXY
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\{(‘—V ‘\ZO\D; 4 _A_]X\r_f\\x,ti %; Pint A k\"-’tl"‘b)‘\' (-t J\_\‘."X
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APPENDIX B

The Einstein-Maxwell equations are:

rl r r\_

A~ Xz{*v_\= e +EY

Kys My« 'Y & » =3TP+E*
N N 2 MY 2r
Let S"' %r“\)—EL

Differentiating (B.2) we find

(B.1)

(B.2)

(B.3)

(B.4)

%= /
toe fuef- sl usaa, oo
M WYL Wilr » Hy Lr Eie

Substituting this into (B.3) gives

X i
L\l*‘»\‘ -z‘.\-‘—*s'\*-‘—X‘—*ﬂ*—\’ v = IR | (B.6)
YWy WLy 21 Yy

We may solve (B.1l) for )J’ and substitute this into (B.6).

After
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simplifying and rearranging we arrive at
§T L5+ RS e i-v) = e-2sn)y . (3.7)

From (B.l) we see

Y = \—L\‘\V\W‘—\:&r = \=-2Muw (B.8)
Y : Y

so g1, is "quasi-Schwarzschild". It will be convenient in the
following to explicitly consider the constant of integration in

(B.8). Thus

Y= Kk +! —\_\\\’Wﬁ‘ r‘&.r (B.9)

—

T Y

where kl is arbitrary. Hence

T

3T K?fg\‘\\m\?—?\r‘- ko \ \ SAE EL\VLAr\
b §

= | 3e zrw\wm'\\\i e \&%’\\gﬁ‘\rﬂr\ . a0
Y 13

b}

Let o= \ T Pt AJ
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b= \3mgeds |

and e = \EL\"& 1 (8.11)

Then (B.10) becomes

a'+o \Qf—e,' -k, + bie
\}

Ay

=\‘ﬁ__’ v 2e" +\a ~_lgi"l K+ l-brel . (B.12)
™ ¥ F.r Y Y

We may conceive of (B.l12) as an equation for e=e(a,b) or an equation
for b=b(a,e). As the first case ic quite intractable we mi'st attempt

to solve for b=b(a,e). Rewriting (B.12) in more appropriate form we

have
BCL'Y'-—&'Y-\Q.-\-Q\ ¥ Bl b = K‘\e% 2e" e Mol —1&”4\_\«\“‘*;&
-a’[oﬁr—e’r~\<\*€l"\‘\e'+le_"r*50.'—lol’vl\D . (B.13)

This is an Abel equation of the second kind, which simplifies under

the substitution

W = b+ ar-er kv
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XY= a'-e' + | = (RN P-81 )+ |

k]

n

N

2e/c vty 2al'r - a'r*

"

p ™

T

T'

to uw' = 2XY + (Y‘X'— 7\_\13 W, (8.15)

This equation cannot be solved in general, although assumptions on

X and Y permit specific integrations.

N .
We still have M to integrate. From (B.2)

\Y\M= \STW\ dr = Z\nY 4 \v\\’\,_ 5 (B.16)

PAVAe

where lnk2 is the constant of integration. Thus

K= ko %Y\K%W\?~E’-\r‘+\ & . (8.17)
7

pYAY

\e'v)' - Ka’\' =(FeY-oavyy | eas

17
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APPENDIX C
We know, for our pressure
BT P= A" (r-r\ (1)
WP = A (= (ar-2n-1) . (c.1)

Solution a:

From equation (3.2.11) we see

P= 12 ) N = ~E \ (C.2)
WY A¢
o - = Y . (c.3)
E
Note that for Vise T €& 20041, y & <0,
e
Letting F‘,L (r) = _\_ \%T?,f\\ A"
Rl
=37"- naan 4 Qeanin et | (C.4)
1 3 5
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we have El= X‘l . 5 ﬁ?: Fm &) . : ' (C.5)
r‘\ \r\\
Since E'(¢) = ar E'e)= Qt \ (C.6)
g, Fen g
O\ L
we find K?, b (}:‘ = AL F&(\"\\ 5 (c.n
and A= q-ql \ (C.8)
where we have defined
{\ = Fo-“—\_\" vub—\\ . (c.9)
Thues E = QF + o=ar V- FKE
b o ft
= gt, » ‘gr-ad ) -Fulsd ', (C.10)
—TR Iy
v 3 'i
It is easy to show that %5'0. We require
E*> 0 . (c.11)

Analysis of Fa(r) shows its minimum value in the shell



Fm;,\ = \:,, 'Lr,.ﬂ‘\\
3

Equation (C.11) implies

Fq\‘(\ > Fo.&(-\\ - ati

so our requirement is

0‘1 > Fo.&‘-\\ — F"\‘M

—Na

C‘ FCL (rl.\ = FWC\»\

case (i): O = "3?“ E”

From (3.2.1) we have

4

i

5 |7(
7(

™~

v

|7(
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(c.12)

{C.13)

(C.14)

(c.15)

X[r‘“- P LALLM OLEE AT N i v \"\Ar

A*

Thus V= K +\ & 3WEe - Bt

\,

*

. *+ Q- lK%ﬁ?v - - FQQV\\ ~(C.16)
AR

(Cc.17)



Applying

we find

and

Thus

and since

we have ™M= \\*T_\—:\’L&'\' gft = x\\r\f‘\-‘:vl&' ‘\'&; "
25, P 1LY

VY= -2me QY VEYE 12w QY
V\ ‘_\1 r‘). TLL

HE \"2_”‘«-\-3_$ YRt~ Epx
r v

=\ -2 42 g+ ARG - B

iy Y T

2

o0 (‘
e T e = et v gt — @2
° : il o

o] e

() ©

From (3.2.2) and (3.2.11) we have

M=

ke Qfﬁ?\v—\(\/\’ &r = \wayx -k, dr
v VY

A

which cannot be further simplified. We must require

M0 , Y0

(C.18)

(c.19)

(c.20)

(c.21)

(C.22)

(C.23)

(C.24)

(C.25)
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A glance at (C.24) shows that the first of these inequalities should
follow from the second. Unfortunately the expression for Y is too
complicated for exact analysis. However, a weaker condition is easily

obtained by requiring

Ve 2 w2-2me, v 291w - " >0

T
or m<c st -6 qu : (C.26)
v, pl g
case (i1) p= -P . (c.27)
From (3.2.1] we have
V= kvl w1\ \\‘N?—E‘\r"&; _ (C.28)
v v

A simple integratirn by parts will show

\KW'?—E"\ & = ETC 4 \%’\\ (P-PA

= B+ 0 () (C.29)

3

vhere  QL(e)= | T° = T2y, © 4 T, €

LY N (C.30)
3 S 3




Thus = K 1+ By qu—q.l D) : (c.31)

Applying (C.18) we find

K = -2m + 3%=0¢ DL, (c.32)
K
d = _qr \_ - V
an M= W & i=a | L) _D_(r\\\ ) (C.33)
2%
Thus V= |-2m + Er s ol DE)-.Ql)
Al ey e

(C.34)

k]

= |- 2m A BT g g Q. (e- D@
Y L v

NT Lo s

and since W =

0/8

\,

- \"\’Y{Tob\’LAJ x ok 4 3‘.3}&&1{3\1\’)}&\-\ (C.35)
b %—_\ 23 |

we again have (C.23). It is not difficult to show first that £)(r)

decreases from T attains its minimum and increases to Tys and then

that ﬂ(rz)—ﬂ(rl)>0. From (3.2.2) and (3.2.11) we have



o= EU?&SX"__Y dr = KIv. (c.36)

L Y

2,

Boundary conditions require Hl(r2)= \’(rz), so k2

and M=V . (c.37)
We need ok (C.38)

Unfortunately the expression for ¥ is once again too complicated for
exact analysis. As before we may obtain a simpler but weaker con-

dition by requiring

I N\ 5 o L
\vrl)ﬂﬁw 2 i = AW, + GM?V\>O

-
or m < r\l‘\' chm
F.5

, (c.39)

where Qtiin’ the minimum value of Qz, is just E2r4 evaluated at

r=(2r2+r1) /3.

Solution b:

We have E.L= 1 %'W—P . (C.40)
r\.

Thus et =_| _A_QEIY“\= \ +_\_Q‘_Wr“\ 5 (C.41)
W™ dr WEY? Y dr
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or =\ +A" \_7 o = br )+ 5 Qe ey e *‘\rlﬂ(c.z,z)

——

L\ S A .
LS e et ey |

Applying (C.6) we find

S =

4r= T

We again require E2> 0. It is not difficult to determine that the

Y (_"L: V':' . (C.43)

maximum value of

B R ST e (R AL RO TN (C.44)
is at Vi ™= 3%, + N7y (c‘ - \%r\‘-l——\" \\0‘-‘1—1\\11 . (C.45)
\0 -

Then our requirement is

A" < _\ . (C.46)
Fb Q"b\
came (633 p = —-P. (C.47)

From (3.2.1) we quickly see

= Ky

—

: (C.48)



Applying (C.18) we find

k\" 1&“{'“\: 1&0‘9 "‘Mv\ . (C.49)

Thus Y=L Qe B A Qo (€.50)
X LY

o0 i\

and since W = \‘kr\\—\‘: f"&' = \\\-T—\TTL&-\‘ (‘_" q___o 5 (C:51)
° ° 2

comparison to (C.49) shows that we again have (C.23). From (3.2.2)

and (C.40) we see

Hl'-; \(: . (C.52)

p

Applying M) = Vi) (C.53)
T+

we find H = . (C.54)

Clearly, M.V ¥> 0 require q% m. (C.55)

It should be noted that we have not used the explicit forms of either
P or E2 in deriving H" and V. Thus the metric components, for sol-
ution bl, are totally independent of the functional form of the pres-

sure.
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case (ii): f} . weck Ao ﬁ?

74 S vk

From (3.2.1) we find

y= k +4+ }_\ 3T Pride

Y X

= & - 3R W)
1 X

- W= =) & ar 5= Qs e et e
. \ PR

b 5 w 3

Applying (C.18) gives

ko= =2v, = 2w + IRTW(R) ,

and R¥=  w-we 4+ 9-9
\* " \ Ly
where W) = \l\)&‘-x_\_' \'\\U‘\\
Thus Y= Y4-12 ST ¥ kkaae- kwmg,‘,\ WED - W)

i 1 b)) W
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(C.56)

(C.57)

. (C.58)

(C.59)

(C.60)

(c.61)
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or V=4 -0 md. v L Kw\w\)-\wm%e\ W -\MWie) . (C.62)
. 'y QI

It is easy to show that W is strictly increasing in the shell and

thus w>» 0. Also

o Q
32 % \\\‘\K—Y: i —'\*\’\ﬂ': T8+ WM—Wo + %o_ . (C.63)
1] [
so we again have (C.23). From (3.2.2) and (C.40) we have

M= ke, (C.64)

-
Applying (C.53) and

M= K (C.65)

we find K, = lKC\;m\ \ (C.66)

and K = 3 -\ ) . (C.67)
%u_w\o

Thus M= 2 \a-») (C.68)

-



2
We require M, Y¥0O . An exact expression for the requirement on

Y cannot be obtained. A weaker condition is found by requiring

bﬂ'\ iy e T lkwwop > G,
or w4~ L C\,o“ 0‘. . (C.69)
Clearly HIVO for q 7 m. (C.70)

Note that once again ){L is totally independent of the functional

form of the pressure.
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