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Abstract

Let p;(t) = p(A + tE;;) denote the spectral radius of the sum of an irre-
ducible nonnegative matrix A and a matrix tE; that has a single nonzero
entry, namely t > 0 in the 4,7 position. We consider qualitative aspects of
maximizing p;(t), especially identifying maximizing indices 4, and indices ¢
and j that tie (i.e. p;(t) =.pj(t) for all t+ > 0). If the digraph of A is a
directed cycle, then all indices tie; whereas if the digraph of A is a star, then
the center vertex corresponds to the unique maximizing index. When A is
the (0,1) adjacency matrix of a graph, we give sufficient conditions in terms
of the orbits of vertices for a tie. For complete bipartite graphs and for paths,
vertices i are identified that maximize p;(t) for all ¢ > 0. However, even for

a tree, it is not in general true that some fixed index ¢ maximizes p;(t) for

all ¢ > 0.



1 Introduction

Let A = [a;;] be an n x n irreducible nonnegative matrix with all a; = 0.
Let D(A) be the digraph associated with A with vertex set V = {1,2,...,n}
and edge set F that is a subset of the set of all ordered pairs of V; for ¢ # j
(i,7) € E iff a; > 0. In the special case when A isann x n (0, 1) symmetric
matrix, G(A) is the graph associated with A with vertex set V = {1,2,...,n}
and edge set E that is a subset of the set of all unordered pairs of V; ;nhus
{i,j} € E fori # j iff a;; = a;; = 1. We write AF = [aﬁf)] for positive powers
of A, and denote by A(:) the (n — 1) x (n — 1) matrix obtained from A by

deleting row and column <.

The characteristic polynomial of A is det(MA, — A) and is denoted by
p(A; \) where I,, denotes the n x n identity matrix. Let p(A) denote the
spectral radius (Perron root) of A. For given G(A) or certain D(A), we
consider the problem of determining 11151%\; p(A+1tE;) wheret > 0 and Ej; is
the n X n matrix with the 7,1 entry equal to 1 and every other entry equal to
0. For simplicity we denote p(A+tE;;) by pi(t). For given A, this problem is

considered in [9] where it is shown to be equivalent to maximizing the spectral



radius of a trace t, diagonal perturbation of A. We begin with definitions

from [9)].

DEFINITION 1.1 If p;(t) = ps(t) for allt > 0, then indez i and indez j
tie. If there exists a t; > 0 such that p;(t) > p;(t) for all 0 <t < t; and
for all j that are not tied with i, then i is called an initial winner. Similarly
if pi(t) > pi(t) for allt > ti (for somety > 0) and for all j that are not
tied with i, then i is called a terminal winner. Finally if p;(t) > p;(t) for
all t > 0 and for all j that 'are not tied with i, we call i ¢ universal winner.
Let 0 < tg <ty <ty. If ps(t) < p;(t) for all t € (to,t1), pi(t1) = pj(t1) and
pi(t) > p;(t) for all t € (t1,t2), then the functions pi(t) and p;(t) are said to
switch at t;. When A is the matriz associated with a digraph or graph, we

refer to vertez i rather than indes 1.

When some index 7 is a universal winner, our problem for given G(A)
is equivalent to the following graph theoretic problem: determine vertex

i such that the spectral radius of the adjacency matrix of G(A)U {4,4} is

maximized.

For terminal and initial winners, our analysis uses results in [9] and [6],
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which for our purposes can be stated as follows.

THEOREM 1.2 [9,Th. 2.9] Let A = [a;] be an n x n irreducible nonneg-
ative matriz and define Sk = {s all) = igﬁzcl{agf)}} for1 <k <n-1,
where Sy = {1,2,...,n}. If k is the smallest integer such that |Sk| = 1, then
for all sufficiently large t > 0, Inax pi(t) occurs at the index s € Sg. The

elements of S,—1 are the terminal winners.

THEOREM 1.3 [6,Th. 8.1;9,Th. 3.1] Let A = [a;;] be an n x n irreducible
nonnegative symmetric matriz and u > 0 be the left Perron vector of A. If
wu; > ug, then p;i(t) > p;(t) for all sufficiently smallt > 0. Ifu has a-unique

largest component, then the corresponding indeg is the initial winner.

THEOREM 1.4 [9, Th. 4.6 Let A = [as;] be an n x n irreducible nonneg-

ative matriz and 4, j fized. Then the following are equivalent:

(i1) p;(t) = p;(t) forallt >0

(114) a,g? = a.g-lj) foralll>1.



It is an easy computation to show that p(A + tE;; A) = p(4; X) — t p(A(3); ).

As in (9], p(A -+ tBi; A) — plA +tEy; \) = 0 iff p(A(8); A) — p(A(j); ) =0,
which is equivalent to

(BL(AG) = Br(A@)A™ 2 =+ (= 1) (B (A()) — Bnt (A1) = 0, (1)

where E;(A(7)) denotes the sum of all k x k principal minors of A(z). A root
of (1) that is greater than p(A) gives a to > 0 such that p;(ty) = p;(to), i.e.
a possible switch at ¢ (see [9, Th. 4.2]). Also if p;i(t) = p;(t) for ¢ on some

open interval, then p;(t) = p;(¢) for all t > 0, i.e. 7 and j tie.

In Section 2 we prove qualitative results for digraphs. We characterize
digraphs for which all vertices tie, and give a class of digraphs that have a
unique universal winner. In Section 3 we consider (0, 1) adjacency matrices
of graphs and the orbits of vertices via automorphisms of graphs in order to
obtain sufficient conditions for a tie. In Section 4 we investigate two special
classes of graphs, K, », (the complete bipartite graph) and P, (the path on
n vertices), and determine universal winners. Finally, in Section 5 we givé

an example of a tree with no universal winner, and state some related open

questions.



2 Digraphs

Firstly, we give a necessary and sufficient condition for all vertices in a di-
graph to tie. Given any n X n nonnegative matrix A, let D4 denote the set
of all nonnegative matrices having the same digraph D(A); i.e., all matrices

in D4 have exactly the same (0,+) pattern as A.

THEOREM 2.1 Let A be an n x n irreducible nonnegative matriz. Then

all vertices in D(A) tie for all B € D, iff D(A) is a directed n-cycle.

Proof. If D(A) is the directed n-cycle, then without loss of generality

- 0 ap 0 O 0 1
0 0 ap O 0
A=
0 0 0 0 - Gpig
g 0 0 0 0 0

It is easily shown that p(A +tEy; \) = A" — A" + (=1)"E,(A) for each 1.

Thus by Theorem 1.4 and the discussion after it, all indices tie.
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For the converse, suppose that for all B € D, all indices tie. Then by The-
orem 1.4 and (1), p(B + tEy; A) = p(B + tE;;; A), thus Ey(B(7)) = Ei(B(j)),
forall 1 <i,j <nandforl=1,2,...,n— 1. Now this condition holds for
all B € D4, which is possible only if Ey(B) = Eo(B) =+ = E,—1(B) =0,
since the condition must hold independently of the magnitudes of the entries

of B. So now consider

p(B;)) = M\ — Ei(B)X"' + Ey(B)A"? — E3(B)X" 2 + -+ + (=1)"En(B)

— X"+ (=1)"Ean(B).

Since B is irreducible and nonnegative, p(B) is an eigenvalue of B and thus
p(B; \) = X\* — |E,(B)| with E,(B) = det(B) # 0, for otherwise p(B; A) has
no positive root. Therefore B has n eigenvalues \"/m ', {’/l?fn_(g)— e, ...
{/me”"‘l, where 0 =60y < 0y <8y < ---<0,_; <2m. Then (see [2,

Th. 2.20, pg 32 with h=n]) there exists a permutation matrix P such that

PBPT = A as above. Thus D(B) and hence D(A) is a directed n-cycle. O

We now give a class of matrices that has a unique universal winner. For

n >3, let



Q1 0 0

Q1n

<D

0

(2)

where ay; and a;; are positive, 2 < j < n. Then D(A) is a strongly connected

star digraph. A is diagonally symmetrizable via the matrix D = diag(1, \/a12/az21,

Thus

0 V012021 /013031
/12021 0 0
DAD™ = /013031 0 0

I £/ A1n0n1 0 0

v Q1n0ni

0

0

0

T

is symmetric and p;(t) = p(C + tEy). with p(C) = () a,lja,jl)l/z.

i#1

' THEOREM 2.2 Let n > 3 and let A be the n x n irreducible nonnegative

matric (2) and let B € D4. Then indez 1 1s the unique universal winner for

7
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all B € Dy.

Proof. Asnoted above, without loss of generality. we can consider C' in

(3). It is an easy computation to see that {3 = 3 ¢?; and D = k#1.
i#1

Then, since ¢;; > 0, c(121) > cﬁ) for all & # 1. 1]3;; Theorem 1.2, S = {1}
and therefore index 1 is the unique terminal winner. We easily see that the
rank of C is at most 2, hence E;(C(k)) =0 for all 1 < k < n and for | 2 3.
Clearly E1(C(3)) = 0 for all 1 < i < n, so (1) becomes for + = 1.and any
i # 1, (Bo(C(H)) = Ex(C(1)))A""3 = 0. Thus for n > 4 the only root of (1)
is A\ = 0, while for n = 3 this equation is a nonzero constant and has 10 root.
Hence py1(t) > p;(t) for all ¢ > 0, i.e. index 1 is the unique universal winner

for C and hence for for all B € Dy. O

Note that for this star digraph, for j =2,3,...,n, n > 3, vertex j is in
a unique directed cycle and this cycle has length 2. By Theorem 1.2 and a
generalization of Theorem 1.3 [6,Th. 3.1;9,Th. 3.1] such a vertex can never
be either a terminal or an initial winner. In Proposition 3.1, this is proved

for a graph.



The previous results are qualitative in nature. For a particular matrix

with a star digraph we note the following quantitative result on the ordering

of the functions p;(t), for all t > 0 and 7 # 1.

COROLLARY 2.3 Let A be as in (2). Then pi(t) > pj(t) for all t > 0 iff

aiaq > aijeq for 4,5 # 1.

Proof. Let i,j # 1. As before we consider C as in (3). Since C
is irreducible nonnegative and symmetric, there exists £ > 0 such that
Cz = p(C)z. Then the eigenequations are > ciezk = p(C)zy and ezt = p(C)Tk .

k#1
for k # 1. If ay;a;1 > aija4; then clearly ci; > ¢y, hence by the eigenequa-
tions above we see this implies that p(C)z; > p(C)z;. But this then implies
x; > «;, then by Theorem 1.3, p;(t) > p;(t) for t > 0 sufficiently small. Also,
for -any 1, j, equation (1) has no roots other than (possibly) the zero roét.
Hence for every pair 4,7, p;(t) and p;(¢) do not switch. For the converse
assume p;(t) > p;(t) for all £ > 0 and suppose a1;0:1 < 15051 Consider first
the case of equality. If ayia; = aijaj, then ¢; = ci; but this implies that
row and column 7 are the same as row and column j. Hence CS;? = CSZJ) for

all [ > 1, then by Theorem 1.4, p;(t) = p;(t), which is a contradiction. Now



suppose ay;a;; < 415041, then p;(t) < p;(t) but this is a contradiction. O

T . A Lo am o v o arradiiaihls anina Ivn widia ol o 3
Let A be an n x n irreducible nonnegative, tridiagonal matrix.

Then
D(A) is the path digraph. In contrast with a star digraph, a path digraph
has in general no universal winner when n > 5. This is illustrated in the

following example.

EXAMPLE 2.4

- 0 07071 0 0 0 W
07071 . 0 04564 0 0
A=| 0 04564 0 06614 O
0 0 06614 0 05
0 0 0 05 0 |

Initially p3(t) > pa(t) > pal(t) > pi(t) > ps(t), but terminally

pa(t) > pa(t) > pa(t) > p1(t) > ps(2).

3 Graphs

We now restrict consideration to (0, 1) adjacency matrices of graphs. We
begin with some additional graph theoretic definitions and notation (see [3]).
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A pendant vertez is a vertex of degree 1, where degree(i) = |{j : {1,7} € E}|.
Let G be a graph. Then ¢ is an automorphism of G if ¢: V — Vis a
bijection such that {3, j} € E iff {$(z), ¢(j)} € E. Let Aut(G) denote the set
of all automorphisms of G. For a vertex i in G the orbit of i, denoted orb() is
{¢() : ¢ € Aut(G)}. If j € orb(7), then this is equivalent to saying that there
exists a permutation matrix P su_ch that PAPT = A and p;; = 1, where A is
the adjacency matrix of G. We say that G is a vertez transitive graph if for

each pair of distinct vertices 1, j there exists ¢ € Aui(G) such that ¢(j) = .

We now present two simple propositions.

PROPOSITION 3.1 Let G be a connected graph with at least 3 vertices.
If G has a pendant verter, then this verter is never an initial or terminal

wWInner.

Proof. Let A be the n x n adjacency matrix of G. If ¢ is a pendant
vertex, then degree(i) = 1. Sincé ag) = degree(i) for (0, 1) adjacency
matrices, by Theorem 1.2 it follows that ¢ € S since n > 3. Therefore 1 is
not a terminal winner. Since A is nonnegative and irreducible, p(A) > 1,

and by the additional assumptions p(A) > 1. If j is the unique neighbor of

11



i, the eigenequation corresponding to row i gives z; = p(A)z; > z;, where
x> 0 is the Perron vector of A. Thus p;(t) > pi(t) for t > 0 sufficiently small

(by Theorem 1.3) , showing that 4 is not an initial winner.O

PROPOSITION 3.2 Let A be the n x n adjacency matriz of a connected

graph G. If i € orb(j), then ag? = a§~lj) foralll > 1.

Proof. Since i € orb(j), there exists a permutation matrix P such that
PAPT = A and p;; = 1. Thus A" = PA'PT for all I > 1 and it is a

straightforward computation to show that ag) = ag-lj). O

From this we have the following corollaries.
COROLLARY 3.3 Ifi € orb(j), then vertices i and j tie.
Proof. Use Proposition 3.2, and Theofem 1.4. 0
COROLLARY 3.4 If G is vertex tvmnsz'tive, then all vertices in G tie.

Proof. Use Corollary 3.3 for all 7,7. O



The undirected n-cycle C,, and the complete graph K, are clearly vertex

transitive, and it follows from Corollary 3.4 that all vertices tie in each graph.

We note that even for a tree the converse of Corollary 3.3 is false, as the

following example shows.

EXAMPLE 3.5 See Figure 1. The wvertices i=7 and j=14 tie as A(7),

A(14) have the same characteristic polynomial (see{ 7]). However7 & orb(14).

O

The converse of Corollary 3.4 is also false, as the following example shows.

EXAMPLE 3.6 See Figure 2. Here all vertices tie (see [10, pg 188 ), as

p(A(2)) are all equal for all i. However it can be easily checked that G 1is not

verter transitive. O

To use Corollary 3.4 we introduce some graph product definitions. Let G,
G, be two graphs with vertex sets 1, V5 and edge sets E;, E, respectively.
The cartesian product of G1, Gy is denoted by G| x G2 and has vertex set

Vi x Vy and two vertices xy, z'y’ are joined by an edge iff {z,2'} € E, and

13



{y,y'} € Ey. The cartesian sum of Gy, Gy is denoted by G10G), and has
vertex set V4 x V4 and two vertices xy, 'y’ are joined by an edge iff z = 2

and {y,y'} € Ey, or y =y and {z,2'} € By (see [ 1, pg 377)).

LEMMA 3.7 Let G1, Gy be two verter transitive graphs. Then G1 x G,

and G10G, are vertez transitive.

Proof. To show that G;0G, is vertex transitive, juét consider the compo-
sition 6f automorphisms of G; and G5 (or vice-versa). For Gy x Gy consider
the function ¢ :V; x V4, — V; x V, given by é(zy) = ¢1(x)¢a(y), where
¢, € Aut(G1) and ¢, € Aut(G,). Clearly ¢ is a bijection as ¢, and ¢, are

bijections. The following shows that edges are mapped to edges.
{8(zy), 8(z'y)} € E(G1 % Ga)

& {d1(z)da(y), r(2)d2(y)} € E(G1 X G2)

& {¢u(z), ¢1(z")} € E(G1), {d2(y), ¢2(y)} € E(G2)

& {zr,7'} € E(G1). {y.y'} € E(Gy)

& {ry.2'y'} € E(G) x Gq).

14



Now let zy; z'y’ be any two vertices in Gy x G,. We want to show that there
exists an automorphism ¢ such that ¢(zy) = z'y'. Since Gy, G2 are vertex
transitive, there exist ¢; € Aut(G;) and ¢, € Aut(G,) such that ¢, (z) = 2’
and ¢o(y) ='. Then let ¢ = ¢1¢o. Thus the cartesian product of vertex

transitive graphs is vertex transitive. O

Let ® denote the Kronecker product of matrices.

THEOREM 3.8 Let G1, G2 be two vertez transitive graphs with adjacency
matrices A1, Ay respectively. Let |V(G1) = ny and |V(G2)| = ny. Then in

A @I, + I, ® Ay and in Ay ® Ay, all indices tie.

Proof. In [ 4, pg 67], it is shown that A; ® In, + In; ® A, and A ® A
are the adjacency matrices of G10G; and Gy x G, respectively. By Lemma
3.7, G,0G, and G1 x Gy are vertex transitive and hence by Corollary 3.4 all

indices tie in A; ® I, + I, ® 4 and in 4; ® Ay. O

Using induction, Lemma 3.7 and hence Theorem 3.8 can be generalized to
G,0G,0---0G, and G| x Gy x -+ x Gy,,. For example it is well known that

Q,, (the n-hypercube) is isomorphic to KoOK,0- - OK,=K7, thus since A

15



is vertex transitive, the n-hypercube is vertex transitive. Thus all indices in

Qn tie.

However, it is not true that all graph products preserve vertex transitivity.
Consider the complete product of two graphs Gy, G, denoted G177 Gy, (see [ 4,
pg 54]). This product is obtained from the union G1 U G by adjoining every
vertex of Gy with every vertex of Go. For example if G; = C; (the cycle on
4 vertices) and Gy = K, where & denotes that two graphs are isomorphic,
then G; 7 G, is not vertex transitive as it is not regular. The vertices from
G, are the terminal winners (by Theorem 1.2). Consider another product
in which G; and G5 have the same vertex set {1,2,...,n} and edge sets
E,, E, respectively. Then G; N G is the graph with vertex set {1,2,...,n}
and {z,y} € E(G1NGy) iff {z,y} € E; and {z,y} € E; (see [ 8, pg 116 ]).
If G, = Cg and Gy & K3OK,, then Gy NGy = P3 U P3, where P3 is the
path on 3 vertices (see Section 4.2). Results from Section 4.2 show that all
nonpendant vertices in P3UP; are universal winners. Note that the adjacency

matrix of G; N G, is the Hadamard product of the two adjacency matrices

of G; and Gj.
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4 Families of Graphs

In this section we consider in detail two families of graphs. Firstly, we look
at Ky, n,, the complete bipartite graph with n; vertices in one partition and

ny in the other partition. Secondly, we consider F,, the path on n vertices.

" 4.1 The Complete Bipartite Graph K, p,

We denote the complete bipartite graph by K, ., with vertex bipartition
'V =V, UV, where |Vi| = ny and [V| = np. Without loss of generality, let

Vi={1,2,....,n1}, ¥2 ={n, +1,n+2,...,n +ny =n}. If Adenotes the

(0,1) adjacency matrix of K, », then

A _ OTL1 N 151 ']TL] N ) ’ . (4)
an,m O’ﬂz‘nz

where J,, 5, is the ny X ny matrix in which every entry is equal to one. It is well

known that the characteristic polynomial of A is p(A; A) = A™+7272()% — nyny)

(see [ 4, pg 72 ]). Hence p(A) = \/ninz.
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THEOREM 4.1.1 Let K,,.,, have vertez partition V1, Vs such that |V1| = my

and |Va| = na, and suppose without loss of generality that ny > ny. Then the

vertices in Vy are the universal winners. All vertices tie iff ny = nay.

Proof. Let A be as in (4). If i,j € Vi, then clearly there exists a
¢ € Aut(Kny, n,) such that ¢(z) = j, since we can simply permute the labels
of vertices in V;. (A similar argument can be used for 7,5 € Vz'.) Thus from
Corollary 3.3 all vertices in V; tie. (Similarly all vertices in V; tie.) Con-
sider n; > ny. Then fori € V; and j € Vi, ny = degree(i) > n, = degree(J).
Since agf’ = degree(l), by Theorem 1.2 all vertices in V; are terminal winners.
Since rank(A)= 2, E;(A(k)) = 0forall 1 <k <n and for [ > 3 and also
Ei(A(K)) = 0. Now (1) becomes fori € ¥y and j € Vi, —[Ea(A(7)) — Eo(A(5))]A"2 = 0.
However, for n; > no, there are no nonzero roots of this equation. Hence
by comments after Theorem 1.4 there does not exist a té > ( such that
pi(to) = p;(to). Thus since the vertices in V; are the terrﬁinal winners, p;(t) > p;(t)
fori € Vo and j € ¥ forallt > 0. Hénce all the vertices in 15 are univer—
sal winners. Now if n; = ng, then K, ,, is vertex transitive and hence by
_Cbrollary 3.4 all vertices tie. If all vertices t.ie, then the complete bipartite

graph must be regular but then |V] = |13]. O

18



These arguments generalize to the complete multipartite graph in the
sense that if G & Ky, n,...n,. then the vertex set is partitioned into k compo-
nents V;, Va, . .., Vi, where |V;| = n; (1 < i < k). Each component V; consists
of one orbit, thus for each z all vertices in V; tie. Vertices in different com-
ponents tie iff their respective components have equal cardinality, and all
vertices in G tie iff ny =ny =---=n; =n/k. However, it is not known
whether there can be any switches in a complete multipartite graph with

more than two components.

EXAMPLE 4.1.2 The star graph Ky ,-1 has (0,1) adjacency matriz given
by (2) with ay; = aj =1. Thus p(A) = vn—1, verter 1 is the universal
winner and vertices 2,3,....n all tie. Note that verter 1 is the center (cf.

Theorem 4.2.6). O

4.2 The Path P,

We now consider the second family of graphs. First we state a few more defi-
nitions from [3]. The path P, has vertex set {1,2,...,n} and edges {i,i+ 1},

for 1 <1< n—1. Let A, denote the n xn (0,1) adjacency matrix of P,. We
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will determine which indices are the universal winners of A,. "The distance
between any two vertices i, §, denoted d(3, 7), is the length (number of edges)
bo'f the shortest- path from i to j. A vertex 7 is called é center of a graph if
max d(i,v) is a minimum. Note that in general a cent'er of a graph is not

unique. For example, vertex (k-+1) is the center of P11, and vertices k, k-+1

are centers of Py.

It is well known that the spéctrum of A is {2 cos(;’%) 11 <k < n} (see
[ 4, pg 73]), thus p(A,) = 2cos(;57). Let £ > 0 be the Perron vector of A,.

Then for 1 <j<n, z;= sin(ni;r’%). We now find ‘an initial ordering of the

functions p;(t) for sufficiently small £ > 0.

THEOREM 4.2.1 Let £ > 0 be the Perron vector of A,, the n x n (0,1)
adjacency matriz of Pn. For sufficiently smallt > 0,

1. if n is odd (n = 2k + 1), then pry1(t) > pe(t) > -+ > pi(t),
2. ifn is even (n = 2k), then pry1(t) = pe(t) > - > pu(2).

Proof. We consider p;(t) for only 1 <17 < |Z1], since the vertices i and

n — 1+ 1 are in the same orbit, and thus these vertices tie. Suppose firstly
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n=2k+1. Then r; = sin(i%), which is a strictly increasing function of j
when 1 < j < k+1 with zg) = 1. From Theorem 1.3 for sufficiently small
t >0, pra1(t) > pe(t) > > pi(t). For n = 2k, z; :sin(gﬁ—i), which is

symmetrical about -2—’3;—1 Thus rx = Tks1, and by similar arguments and

Corollary 3.3 it follows that pei1(t) = pi(t) > -+ > p(t). O

We now prove that there are no switches between any of the functions
pi(t), 1 <t < Lﬂ—;“—lj, but first we need some lemmas and notation. Denote
An(n,n—1,...,n—k) by Ap_g-1, for k=0,1,...,n—1, define p(Ag; N) =1,

and recall that p(A; A) = A
LEMMA 4.2.2 Forn> 2, p(An; ) = Ap(An—1; A) — p(An—2; A).
Proof. See [ 4, pg 59]. O

LEMMA 4.2.3 Forn > 2 and any 1 < j <n, by symmetry
p(An—j; N) = p(An(1,2,...,7);A) = p(An(n—j+1n—J7+2,...,n);A).
| LEMMA 4.2.4 Forn>2and any 1 <g<n-1,

[P(Ag MI* — p(Ag s Mp(Agyr; A) = 1. (5)
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Proof. The proof uses induction on ¢ for fixed n. For ¢ = 1,
(A ]2 = p(Ao; Mp(Az; )= X = 1(M2 - 1) = L.

Assume (5) is true for ¢ = k. By Lemma 4.2.2.

[P(Aks1; A1 = p(Ak; N)p(Aks2; )
= p(Ars1; A)P0(Ak; A) — p(Ak—15 N)] — p(Ak; N[ Ap(Ar41; A) — p(Ag; M)
= [p(Ak; A)]* — p(Ak=1; N)p(Ak41; A)

=1, by the induction hypothesis.0

THEOREM 4.2.5 Forn > 3, and for fized (but arbitrary) integer s, where

2<s < 2

b

p(An(8); A) — p(An(s — 1); ) = p(Anyi-2s3 A). (6)

Proof. We note here that using Lemma 4.2.3, (6) can also be written as

p(An—H-Qs; >‘)

= p(As—1; Ap(An(1,2, .., 8); A) = p(Asma; Mp(An(1,2,.... 5= 1);})
= p(As—l; )\)p(An—s; )‘) - p(As-Q; )‘>p(An—s+l§ )‘)

We use induction on n.
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Consider the case n. = 3. Then s = 2and p(As(2); A) — p(Aa(1); A) = A2 — (M2 = 1) = 1,
and recall p(Ag; ) = 1. Assume now that (6) is true forn=1,2,...,k and

for 2 < s < &1 The left hand side of (6) is
P(Ars1(8); A) — p(Agqa(s — 1); 2)
- p(As——l; )‘)p(Ak-H—s; A) - p(As-—2; )‘)p(Ak—a; >‘)

Using Lemma 4.2.2, this is equivalent to

p(Aa_1; NAD(Ak-s; ) = P(Amsmr; V)] = P(Asmg; NAP(Ak—s-1i A) — P(Ap—s-2; M)
= A[p(As—1; V)P(Ak—s; A) — p(As—2; N)P(Ak—s—1; M)]
~[p(As-1; MP(Ag—s-1; A) — P(As—2; A)P(Ap—s-2; N)]
= A\p(Aks1-26; A) — D(Ag—25; A), by the induction hypothesis

= p(Agy2-2s; ), by Lemma 4.2.2.

There is just one difficulty: when k = 2m, then s < 2—"’# so that s < m ,
but when k = 2m + 1, we get s < m + 1 so there is a possibility of one case
not being covered in the above induction step. When k = 2m we need to

consider s = m + 1. In this case for k + 1,

p(Agmar (m -+ 1); X)) — p(Aamy1(m); A)

= [p(Am; )\)]2 - p(ftlm—ﬂ /\)p(AnH»l; /\)
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=1, by Lemma 4.2.4.

But 1 = p(Ag; A) = p(Aamy2-2(m+1); A), thus completing the proof. O

THEOREM 4.2.6 The vertices that are centers of P, are the universal

winners, and the functions p;(t) are ordered according to the shortest distance

of verter i to a center (and there are no switches).

Proof. By Theorem 4.2.1 for ¢ sufficiently small, the p;(t) are ordered as
stated. Thus in there is a switch, it must be between a vertex s and a neighbor
(s — 1). But from (1) and Theorem 4.2.5, such a p value at a switch must
be a zero of some p(Anipi1_2s;A) with 2 <s < [3;—” But n+1-2s<n,
thus Any1-g2s is a proper principal submatrix of A,. As A, is irreducible,
p(Any1-s) < p(An) (see [2, Cor. 1.6, pg 28]). Thus there are no roots of
p(Ant1-9s; A) that are bigger than p(A,). Thus there are no switches and

the functions p;(t) are ordered for all ¢ > 0 as stated. O
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5 Discussion

We have presented many results pertaining to universal winners for different
families of graphs. For both ‘examples of graphs that were trees, namely
K, -1 and P,, there is a universal winner(s) and this winner(s) is the center
of the respective graphs. We note that amongst all trees on n vertices, the
spectral radius of the adjacency matrices is minimized and maximized by P,
and K-lm,_l respectively (see [5, Th. 3.1]). However, it is not true in general
for trees that there is always a universal winner. Consider the following

example.

EXAMPLE 5.1 See Figure 8. Since degree(1) > degree(i), for all i # 1,
vertez 1 is the terminal winner. However numerically it can be shown that the
center verter 7 is the initial winner. Thus there must be at least one switch;

numerically it can be shown that there is ezactly one switch that occurs at

t~0.2. 0O

If there is a universal winner, then it is a vertex of maximum degree.
We also believe when G is a tree, then if the center is a vertex of maximum
degree (not necessarily the only one), then the center is a universal winner.
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It is not known whether any p;(t) can switch with a p;(t) where 7 is a center

vertex of maximum degree when G is a tree.

In Proposition 3.1, we noted that a pendant vertex of a graph is never a
terminal or initial winner. We have numerical evidence that in fact p;(t) can-
not switch with p;(t), where j is a pendant vertex and i is its unique neighbor.
We can prove this only in the case in which degree(i) = 2. The coresponding

problem for digraphs is also open, see the note following Theorem 2.2.

For graphs G(A) in general, some components of the Perron vector may
be equal for vertices not in the same orbit, so that Theorem 1.3 needs to

be generalized to identify initial winners. This involves the Moore-Penrose

inverse of p(A)I, — A, see [9].

EXAMPLE 5.2 See Figure 4. As the graph G(A) is regular of degree 3,
thus p(A) = 3 and all components of the Perron vector are equal (as A is row
sum constani). However, after numerically computing the Moore-Penrose
inverse of p(A)L, — A, we see that indices 1,5,8,9 are-the initial winners and
i fact the universal winners. Notice here that the centre of G(A) is {3,6}

and vertices 3,6 are not universal winners. O
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