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ABSTRACT.

Given a switching function, a two-level sum-of-products ex-
pression is often a useful répresentation for it. A defini-

tion for a minimal cost of realization for a circuit can be
agreed upon and techniques exist to produce a minimal or

quasi-minimal expression.

Often several switching functions of the same input vari-
ables have to be realized in a network. Most of the time
the ' simultaneous synthesis of all the outputs yields more
econcmical results than their separate designs; since the
sharing of gates can reduce costs considerably. While there
are numerous techniques to minimize single-output functions,
few are feasible for extension to multiple-output problems

of any size.

A new method for single functions was introduced by
Rhyne, Noe, McKinney and Pooch in 1976, called DSA, for Di-
recfed Search Algorithm., It has the considerable advantage
of not needing to generate all possible prime implicants of
a funcpiop before being ablé to choose the essential ones

for the coverage.
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Chapter 1

INTRODUCTION.

The application of the rules of Boolean Algebra to Switching
Circuits Design has been a most important development for
the whole field of Digital Logic Design. All the simplifi-
cation theorems were made available to the designer who,
from the starting specifications, could then implement a

circuit using less hardware and simpler logic.

Given a set of formal requirements for a system, the most
common type of algebraic expfession used to describe the
logic needed is the sum-of-products expression. This is the
exact equivalent to a disjunctive normal form in Logic Theo-
ry, where the truth of an'expression is determined by a se-
ries of conjunctive terms united by disjunction., For exam-
ple, the expression AB + CD is in disjunctive normal form
where each of A, B, C and D can have a truth value, Then
the expression is true when either the term AB is true or
when the term CD is true or when they are both true (a dis-
junction). This in turn means that AB is true when both A
and B are true; and CD is true when both C and D are true

(two conjunctions).
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The switching circuit equivalent implementation presents

a level of AND gates (the conjunction) which feed into an OR
gate {(the disjunction). It is thus called a two-level sum-

of-products expression.

It is the interest of the designer to obtain such an ex-
pression describing a circuit where the terms are in minimal
form. A definition of minimal cost is a necessary assump-
tion and following that techniques can be used to transform
a given expression into a logically equivalent one of lowest
cost. Computerized algorithms have been developed to
achieve such a result, and they usually employ a subset of
the simplification rules of Boolean Algebra applied to the

binary representation of the given expression.

A similar and more complex problem is when more than one
such expression describing circuits must be handled concur-
rently to find a minimal form. One approach is obviously to
minimize them separately using whichever technique is best
suited and implement the result, disregarding the fact that
they may have been geﬁerated by the same primitive values
and constants. However it is often the case that trying to
achieve a minimal form which looks fof possible shared terms

leads to a better final result.
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Relatively few techniques are available to achieve mini-
mal coverage for networks of functions, for any chosen defi-
nition of minimality. It seems important that this lack of
tools should be filled, pre%efably by some technique suited
for computer implementation, since the problems can become

rather overwhelming for manual minimization.

For the minimization of single functions a new method was
introduced by Rhyne, Noe, McKinney and Pooch in 1976 [RHY1l.
It was called DSA, for Directed Search Algorithm, and a sum-

mary and discussion of it can be found in Chapter III.

We introduce here an algorithm which extends DSA to mul-
tiple synthesis retaining its main characteristics, while
redefining some structures as necessary. We believe that
this extension will prove to be useful and fill the gap cur-
rently existing. The algorithm is not overly complicated,
does not necessitate new operations, and is suited for both

manual and computer implementation.

In Chapter II general statements defining terms and back-
ground are presented. Here terminology, PLA's, classical
minimization techniques for both single and multiple-outputs
can be found. In Chapter III the Directed Search Algorithm
is explained as presented originally by its author, with ap-
pended to it some modifications and enhancements which im-

prove its efficiency.
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Chapter IV treats the multiple-output extension to DSA,
and the new method is fully explained, on a theoretical lev-
el and with guidelines for a manual algorithm. The imple-
mentation point of view is introduced later. Examples fol-

low in Chapter V to illustrate the method more fully.

A computer implementation has been worked out in APL, and
full details of it can be found in Chapter VI, while the ac-
tual code is in the Appendix. The objective of this work is
to inquire into the possibility of extending DSA which so
far had given encouraging results for the single-output
case. The new algorithm has proved itself very sound in a
variety of examples and it demonstrated itself as a powerful
tool for multiple-output simplification which has direct ap-
plications in the design of all two-level circuits and
PLA's. However the implementation itself should be consid-
ered as a feasibility study and not as a production program.
It is believed that better efficiencies could be introduced
and stricter management of space, possibly including a dif-
ferent choice of lanquage, should be investigated if a pro-

duction program is required.

In Chapter VII a discussion and analysis of the new al-
gorithm can be found demonstrating its usefulness and feasi-

bility.



Chapter I1I

BASIC CONCEPTS AND DEFINITIONS.

2.1 TERMINOLOGY.

The following terms are defined to assure a common basis of

understanding of the digital logic field.

‘Definition :- A Boolean switching function, £, of input
variables, X ,X2 ,...,Xp , each from the set {0,1} is a re-
lation which maps every n-tuple (x1 ,x2 ,...,%Xy ) into an’

output zj from the set {0,1}.

If there is 6nly one output, the switching function is
called a single-output switching function, and if there is
more than one output, it is called a multiple—output switch-

ing function.

The symbols used as switching operators are the ones com-
monly found in Digital Log;c. Thus OR is written as "+" to
imply disjunction. The AND is sometimes explicitly seen as
a dot between variables, but most frequently is indicated by
concatenation, an& it means conjunction. The logical Nof is

written as "'", that is , NOT A will be A'.



Definition: A literal is a variable or its complement.
Definition: A minterm of n variables isi a product of n lit-
erals in which each variable appears exactly once in either
true or complemented form, but not both. The minterm which
corresponds to row i of the truth table is designated mj,
for i=0,1,...,2n"l. In general, minterms are designated in
decimal notation, so that the minterm corresponding to the
input combination (Xj;,X2,X3)=(011) will appear in row 3 and

be identified as mj3

When a Boolean function f is written as a sum of min-
terms, it is called a minterm expansion or a standard sum of
products. Other names are "canonical sum of products", or

"disjunctive normal form", or "canonical disjunctive form".

In some cases there may be combinations of input values
which do not actually occur in the logic of the function.
The corresponding output caﬁ remain unspecified as in the
design of the circuit it means that one "does not care" what
happens at that point since it should not occur. The func-
tion £, for which some of the minterms are left unassigned,
is called incompletely specified, and the corresponding min-
terms are referred as "don't care" terms (usually denoted as
"X" or "-"). This means that any function that agrees with

the original one for all inputs which are specified, can be
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used as a cover, where the don't care terms can be assigned

as convenient.

Definition: Given a function f of n variables, a product
term P is an implicant of f if and only if for every combi-
nation of values of the n variables for which P=1, f is also

equal to 1.

Definition: A prime implicant of a function f is an im-
plicant which is no longer an implicant if any literal is

deleted from it.

Definition: A minimal sum-of-products expression for a
function consists of a sum of some (but not necessarily all)
of the prime implicants of that function, which completely
covers the function. The qualification of minimal is rela-
tive to some pre-agreed cost criteria which will be dis-
cussed later on. That means that a sum-of-products expres-
sion containing a term which is not a prime implicant cannot

be a minimal expression.

A sum-of-products expression consists of a series of
terms which are products of literals summed together with
the OR operator. It corresponds to a circuit with AND gates
on the first level and an OR gate on the second level, and
for this reason it is called a two-level sum-of-products ex-

pression.
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Definition: If a minterm is covered by only one prime
implicant, then that prime implicant is called an essential
prime implicant and must be included in any minimal sum of

products expression.

Some switching functions do not possess essential prime
implicants that cover all the true minterms. The remaining
ones can be covered by two or more prime implicants, all of
which appear to present equivalent resulting circuits rela-
tive to some cost criteria. A cyclic situation is said to
exist as the equivalent choices have to be made according to
some rule, maybe random, external to the covering procedure

itself.

For the rest of the discussion some terms and abbrevia-
tions will be used. Each minterm of a switching function
(also called "vertex"l ) can appear in one of three forms:

1. A minterm whose value is the boolean "1" is called a

"true form" and denoted as TF. It must be covered by
the resulting minimal sum of products.

2. A minterm whose boolean value is "0" is called a

"false form" and denoted as FF. It cannot be used in

any prime implicant for the cover.

1 From the representation of a boolean function as an hyper-
cube, where each minterm is a vertex [MUR1].
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3. A minterm which is redundant is denoted as XF for a
"don't care". It need not be covered, unless that
proves useful to the minimality of the sum of prod-

ucts.

Definition: The distance between two minterms is given
by the number of bits which differ in their binary input
value representation. For example, myp and mg are at dis-

tance 2 since (0100) and (1000) differ in two bit positions.

Definition: A minterm is adjacent to another minterm if
they are at distance one from each other. In other words,
only one bit differs in their input values (xj ,...,%Xn ),
and the two minterms lie next to each other in the Karnaugh
map representation. Moreover, the difference in their deci-

mal representation is a power of two.

When dealing with multiple-outputs, flags are often need-
ed to characterize minterms or prime implicants which come
from different parts of the network. Binary vectors are us-
ually introduced as flags and used with some boolean opera-

tions.

Definition: Given two vectors V=(vi) and W=(wj) from
{0,1}, v>=W if vi>=w; for all i=l,...,n. Also, if for all

i, vi>=wj and if v4>wj for some j, then V>W. If none of
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V>W, V<W, V=W is true, then the two vectors are said to be
incomparable (V><W). '
For example, (1011)>(1001), but (1016)><(0111). In other
terms, V is said to be a subset of W {f V<=W. W is called a

superset of V., N

Definition: The intersection operator (#), used between
two vectors V and W as V#W, performs a bit-by-bit AND opera-

tion over the two binary vectors.

2.1.1 Search Trees.

Throughout the Directed Search Algorithm, [DSA], the data
structure which is fundamental, at least in the manual meth-

od, is the "search tree".[NIL1]

Figure 2.1 shows an example of a search tree. The cir-
cled numbers identify nodes, the lines between them are the
branches which link the nodes together. In DSA each branch
will have a weight, i.e. a value associated with it to pre-
cisely define the process which brought one node connected
to another. Node 1, nj, is the base of the tree, which
means it is the starting point for the search. Each node
directly below another node is called a child of that node,
and the first node its parent. Thus njp,ng,ng are the chil-

dren of nj. Nodes at the same distance from nj are said to
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_be on the same lIevel, and they are siblings as well if they

have the same parent.

-All searching is done left-to-right, depth first., By fol-
lowing the numerical order of.the nodes of Figure 2.1 we de-
scribe the actual search order. Moreover, not every node in
the search tree is necessarily reached or even constructed.
We call a failure node one that has been constructed by the
search, tested (by whatever "testing" is implied), and found
to be not successful: in this case an "F" is added to it.
A branch is pruned if it is not traversed at all, i.e. nodes
are not even generated on it. In the Figqure 2.1 it is indi-
cated by a line perpendicular to the branch. A discarded
branch instead is one that is partially traversed and then
later abandoned, for whatever reason: it is shown by an "X"
across it. The failure nodes are reached by the search but
deleted from the tree; the pruned nodes are never reached;
the discarded nodes are reached and left on the tree until
further "testing" deletes them; at that point only the "suc-
cessful™ node(s) are left on the tree as a result of the

search.

As opposed to traversing a tree, backtracking means as-
cending the tree from children nodes towards parent nodes.

Backtracking is usually done one level at a time, with fur-
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ther expansion downward, and then more backtracking for an-
other level. For example, in Figure 2.1, the tree was trav-
ersed from nj} to ng, then ng found to be a failure and de-
leted. At this point backtracking occurred from n3 to ns in
order to expand ng. Then further backtracking to nj to con-

tinue the other parallel expansions.

The idea of the search tree as a guideline for the DSA
will prove to be very powerful as an aid to the algorithm.
For the implementation itself only the logic behind DSA was
retained while the actual data structures used are at times

different.

2,2 PLA'S.

A programmable logic array is an LSI circuit which consists
of two arrays of semiconductor devices (diodes, bipolar
transistors or field-effect transistors) which are intercon-
nected. A PLA with n inputs and m outputs can realize m

functions of n variables. (See Figure 2.2).

The first array is called the AND array and it realizes
selected product terms of the input variables. The emphasis
is on "selected". Unlike a decoder which has to implement
all 2" minterms and then choose the useful ones from among
them by use of extra control lines, a PLA need only imple-

ment the ones needed for that particular set of functions.
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The array itself has switching elements at every inter-
section of a row and a column. Both 0 and 1 states for the
inputs are generated by inverters . The outputs of the
first array (the product terms) are the inputs of the second
array, called the OR array. This second set of connections
forms the logical sum (OR) of the product terms of literals,
thus resulting in a sum-of-products for each of yhe final
output lines which are in turn the functions we wan£ to re-

alize.

The number of outputs from the AND array which is equal
to the number of inputs into the OR array is exactly the
same as the number of product terms which need to be used.
Only the lines corresponding to a product of literals are
used by the PLA and fuses blown accordingly at the intersec-
tion with the proper literal (or its negation). This latter
aspect has no bearing on the actual size of the PLA, only'on
its internal "crowding" factor. By crowding we mean the ac-
tual number of fuses blown on the internal lines, which may
become of significance only in relation to testing and fault

detection.

Both mask-programmable and field-programmable PLA's are
available. The mask-programmable type is programmed by the

manufacturer, while the field-programmable one has "fusible
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links" which can be blown for a particular pattern. From
this we may notice that while the number of output lines of
the PLA is fixed by the number of functions we want to im-
plement, the number of input lines varies. Reducing the
size of a PLA implies only reducing the number of the input
lines, since the internal structure does not change. This

in turn means a reduction of the number of product terms.

A product term which corresponds to a larger implicant of
a function will have fewer literals and hence fewer connec-
tion at the row/column intersections. However this does not
reduce the geometrical layout of the PLA, which is the only
consideration when wanting to reduce the actual amount of

space taken on a chip or on a board.

In summary then, when minimization of boolean function
towards a sum-of-products expression is done with a PLA im-
plementation in mind, then the only required criterion for
‘minimal cost (see next section for further discussion of
this) is the number of product terms, disregarding their

size (the number of literals) or the presence of inverters.
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2.3 MINIMIZATION TECHNIQUES.

Minimization means reducing the size of the expression which
describes the given switching function . In order to be
able to talk about minimal expressions we must have some
criteria that define the "cost" of an expression. A number
of possible cost criteria can be introduced including:

-the number of product terms, or

-the total number of literals in the expression.

An expression is then said to be minimal when according to
the chosen cost criteria, all other representations have a

higher cost.

Considering the structure of PLA's, however, one notices
that the number of output lines is determined, and fixed, by
the number of functions that the particular PLA is called
upon to implement. The number of lines between the AND and
OR arrays, on the other hand, corresponds to the number of

product terms in the canconical disjunctive form.

Thus minimizing the number of lines of a PLA corresponds
to minimizing the number of product terms, while the number
of literals has no effect since they only indicate the num-

ber of connections inside the structure.
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2.3.1 Classical minimization.

We will first consider the handling of single-output func-
tions and their reduction to two-level minimal sum-of-prod-
ucts expressions. An overview of the most frequently used
techniques is given, together with the appropriate referenc-
es where more detailed explanation of each method can be

found.

All these algorithms are based on the same set of proce-
dures:
a) Generate all prime implicants of the given function.
b). Obtain a minimal covering using all essential prime
implicants and choosing appropriately among the non-
essential ones.
Since the number of prime implicants can be quite large as
n, the number of inputs, increases, the first part of the
process can be very time consuming, As a result the cover-

ing problem which has to be later solved is very difficult,

To give an idea of the sizes we are talking about, the
following Table 1 shows results compiled by Fridshal [FRI1],
presenting some minimum upper bounds for the number of prime
implicants as a function of the number of inputs.

It can be seen that to both generate such a large number of

PI's and then solve a covering table can be a very big job,



19

TABLE 1.
Number of variables Number of PI's

HOWO~-U&EWN
N
=
Qo

o

particularly when a minimal cover may only include a very

small percentage of the prime implicants.

In the case of incompletely specified functions, one oth-
er drawback is present. When identifying the prime impli-
cants of a function, the don't care terms are included in
the list of TF's, since they might be useful towards obtain-
ing a minimal cover. This of course can add considerably to
the generation process, and the amount of work done could at
times prove to be totally wasteful, since quite a few prime
implicants might be generated containing only don't care

terms,

At the stage when the covering table is used to choose
the final cover, only prime implicants containing at least
one TF are used, and all minterms with XF status are not
even listed for needing a cover. The following methods are

most widely used:
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Algebraic Factorization: [ROC1] This technique is al-
ways valid, but at times'quite-difficult to apply
systematically, and most of all.to determine whether
a minimal solution has been achieved or not .
Karnaugh Maps: (KARI,ROC1] An excellent topological
method, which may be used to graphically solve func-
tions of up to 6 variables
Quine-McCluskey: [MCKLI,ROC1] This well-designed det-
erministic method starts from a minterm list and gen-
erates all prime implicants through an application of
the Simplification Theorem AB+AB'=A t§ its continual-
ly updated list. A table then reduces the final set
to the minimal cover, It is well-suited for comput-
er implementation, but not for manual use. Moreover
it tends to involve an unreasonable amount of work
when the number of inputs is large, since the list of
prime implicants generated can be very long.
Consensus: [QUI1,TIS1] In this iterative algorithm,
implicants are successively "joined" together through
the application of the Consensus Theorem
(AB+BC+A'C=AB+A'C}), and used to form prime impli-
cants. It is more general than Quine-McCluskey as it

can start from any sum of product representation.
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5. Topological methdd: (prE1] 1t uses the concept of

"cubes" to represent a Boolean function, and the ap-

- plication of the "sharp" operator to the cubes gener-
ates thé prime implicants.

6. Others: [PET1,BOW1,MCC2] Other work has been done

more specifically in the covering problem area, deal-

ing with the reduction of large tables of prime im-

plicants to a set of essential ones. They are mainly

tabular methods, using direct scanning techniques as

opposed to more heuristic searches.

2.3.2 Other Minimization Methods.

Other methods have been presented and are less well-tested:
Sureshchander [SUR1] published an algorithm based on the rth
degree consensus term of a "well-chosen true form". He did
not follow it up with further research or even results on

applications, possibly'because of the complexity of the op-

erations involved.

Reusch [REUl] presented a more classical approach of gen-
erating prime implicants and then finding a cover, with op-
timizations introduced in terms of simplification trees,
Shannon decompositions, and backtracking. He did not claim

it to be programmable. The computation of irredundant sums
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as a better covering techniques is based on Petrick's method

[PET1],

The methods described so far have been based upon the
search for a minimal expression. However in practice the
realization of a switching function has to conform to other
specifications besides minimality, and often an expression
which is not the absolute minimal form is perfectly accepta-
ble. This type of expression is usually called a "quasi-
minimal™ form, More heuristics approcaches have also been
introduced in the literature, based on the assumption that a
quasi-minimal cover is sufficient in most cases. The best
example 1s MINI, based on iterative improvement, and pre-
sented in 1974 by Hong et al [HONl]. From MINI, further
minimization techniques have been developed specifically for
PLA's, using more heuristics to also deal with input and
output redundancies, especially for very large func-

tions.[KAN1]

In the following chapter the DSA algorithm as explained
by McKinney will be discussed as a basis for further work.

[MCK1]
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2.3.3 Multiple-output minimization,

The approaches discussed so far are applicable to single-
output switching functions. In the cases of multiple-output
the choice of methods becomes even more restricted. The
main addition to any of them is of a flag for every minterm
or implicant to specify for which of the functions in the
network this particular term is being considered. While at
first this appears to be just a simple extension, it actual-

ly makes the number of choices much larger.

The approach to multiple-output synthesis has to take
into consideration that some gates could be shared among
functions, thus reducing the total number. However one has
to be able to decide which gates exist, in common and not,

and which ones should be selected for sharing.

In general, the simultaneous synthesis with some common
gates will improve the result, and does no worse than the
separate minimization of the functions provided that some

reasonable rules of choosing shared gates are followed.

Generating all prime implicants for one function requires
a large amount of work: generating all prime implicants for
a set of functions, including all possible common prime im-
plicants can result in a very large covering table. More-

over the basic definition of "essential" prime implicant,
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which is fundamental in reducing the set of resulting terms
into a minimal cover needs to be further qualified at all
times during the process. A prime implicant, in fact, can
be essential for one of the functions of the network and not
even appear in any of the others. Or it might appear as
part of a larger term, which superficially might be thought
as desirable. Conversely the best covering choice for a
minimal realization might include some terms which are not
essential for all the functions, substituting for an essen-

tial one, yet achieving a smaller cover.

These concepts will become clearer in the next example,
where a multiple—-output covering table is processed in de-
tail and the determination of essentiality for one or more

functions is pragmatically solved.

To show exactly how the process works and can become com-
plex, an example will be illustrated in detail, by applying
the Quine-McCluskey extended algorithm to a multiple-output
problem.

Example 1. Consider the following multiple-output switching
function, f. 1Its truth table can be seen in Table 2, while

the Karnaugh maps are shown in Figure 2.3 for further clari-

ty.
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TABLE 2
£ X] X2 X3 X3 Z1 23
¢ 0 0 0 -> 0 @ mQ
g 0 0 1 -> 1 1 mj
0O 01 0 -—> 0 0O ms
¢ 01 1 -> 1 1 m3
0 1 0 0 -> 0 0O my
o0 1 0 1 -> 1 1 msg
0 1 1 0 —-> 0 0 mg
0 1 1 1 -> 1 X m7
1 0 0 0 -> 1 1 mg
1 0 0 1 -> X X mg
1 01 0 -> 1 1 mjQ
1 01 1 -> X X mj1
1 1 0 0 —> 0 0 G )
1 1 0 1 -> 0 0 mj3
11 1 0 -> 1 0 mi4
1 1 1 1 -—> 1 X mis

Let the inputs be x7 ,x3 ,x3 ,%¢ ,and the outputs be z; ,zj.
Then the function f can be specified as a multiple-output
switching function as a composition of two single switching

functions of the same inputs,

Z1 (x1 %2 x3 X4) m(1l,3,5,7,8,10,14,15)+ d4(9,11)

Zy (x1 x2 x3 Xg) m(1,3,5,8,10)+ d4(7,9,11,15)
These three functions could be implemented separately, but
the sharing of gates will show that we can achieve a smaller

circuit.

The first step is to classify the starting TF minterms as
to their relative distance from minterm 0, i.e. the number
of 1 bits in their inputs. Table 3 shows the initial set-

ting.
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TABLE 3.
1 Z1 Z3 0001
8 Z1 Z2 1000
3 21 Zp 0011
5 Z1 Z3 0101
9 21 Zo 1001
10 21 Zp 1010
7 21 2o 0111
11 21 23 1011
14 Z] 1110
15 Z1 Zop 1111

Each term is designated by its decimal representation
(m;), its flag, as to which function it covers, and its bi-
nary representation. As usual we combine terms by comparing
members of one group with every member of the adjacent
group. Then 1-[{Z7,Z»] and 3-[21,Z3] are combined into an
implicant, 1,3-[271,Z3].(Table 4 shows all subsequent steps.)
A check mark (*) can be placed on both 1 and 3, because tﬁey

are fully contained in 1,3-([2Z71,22].

Then one can obtain 1,5-[Z3,22] by combining 1-[Z1,22])
and 5-[Z;,2Z3], and so on for the others. Note however, that
when we come to combine 10-[Z3,272] and 14-[27], only 14 can
be checked off, since the flag for 10 is not completely cov-
ered by the new term 10,14-[Z;]. Minterm 10 can be checked
off from the 1list when it 1is coupled with 11 to form

10,11-[23,25].
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It must be noted that if the case had been that
10-{Z1,27] was combined separately with two other terms each
of. which included pnly a portion of the flag, for example
10,14-[2z7] and maybe 10,2-[23], then 10-[2Z3,Z3] should not
be checked off since the whole flag had not been used. This
would add to the final number of PI's by forcing the inclu-

sion of 10-[Z;,Z27] by itself.

After the first set of iterations, fourteen terms are
present, as listed in the second part of Table 4. This pro-
cess continues until no new term can be generated, exactly
as it is performed in the single-output case. The extra cau-
tion has to be always applied when checking off terms by in-

specting the relative flags.,

The last part of Table 4 shows that the combination pro-
cess yields five prime implicants:
1,3,;5,7-[21,27]
1,3,9,11-(21,25]
8,9,10,11-[21,23]
3,7,11,15-[21,27]
10,11,14,15-[271]

In order to determine the minimal cover from Table 5, we
notice that in the 2Z; subtable, the column for minterm 5

possesses only one check mark: thus the PI indicated from
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TABLE 4.
1 21 Zo 0001 *
8 Z1 Z3 1000 *
3 21 2> 0011 *
5 Z1 22 0101 *
S 21 2 1001 *
10 2y Zp 1010 *
7 Z1 Zp 0111 =+
11 Z1 23 1011 *
14 21 1110 *
15 Z1 Z3 1111 *
kKA E R AR A AR I KA A IR I A KKK RRRRRK
1,3 Z1 Zo 00-1 *
1,5 21 Zp 0-01 *
1,9 2] Z3 -001 *
8,9 21 2o 100- *
8,10 Zy Zy 10-0 *
3,7 21 29 0-11 *
3,11 2y Zp -011 *
5,7 Z1 Zy 01-1 *
9,11 21 Zy 10-1 *
10,11 Z1 Zp 101- *
10,14 21 1-10 *
7,15 Z1 2o ~111 *
11,15 Z1 Zy 1-11 *
14,15 Z3 111- *

kkkhkhkhhkhhkdhkbdkhkbkhkdhkdkhkhkhkhbkhbkbkhkkhkhkkihh

1,3,5,7 Z1 Zp 0--1
1,3,9,11 21 23 -0-1
8,9,10,11 Z1 Zp 10--
3,7,11,15 21 Z3 --11
10,11,14,15 A 1-1-

KRR EKEKKKK KAk RRARkRFrE R hhkkhkhkhdhhhhdk

that bit is essential, since it is the only one to cover
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that minterm. By choosing PI=(1,3,5,7) we associate to it
the largest flag possible, in this case [Z;,Z2], and by do-
ing so we have also covered part of the subtable for the

other output function,

Similarly, PI=(8,9,10,11,) is essential for minterm 8 in

Z; and it must be chosen with flag (Z3,Z3]. The only oneé
left now are mjg and myg in 23 PI=(10,11,14,15) is essential
for them, The expressions are thus reduced to the use of
only three prime implicants, as in:

Z1= X1"Xa+ X]1X21+X]1X3

Zo= x71'xgt+ x1%3'
Notice here that a total of five product terms appear, three
in 27, two in Z3; however only three of them are unigue, and
the circuit diagram in Figqure 2.4 shows the sharing of

gates,

The immediate conclusion that can be drawn from this
rather simple example is that the Quine-McCluskey method is
quite elaborate for multiple-output applications, and the
covering table part can assume horrendous proportions. This
is because each table for each function in the network can
be rather large, and all the tables have to be concatenated

together to enable a simultaneous synthesis. It is defi-
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Chapter II1I

THE DSA ALGORITHM.

The Directed Search method was presented first by McKinney
in his Ph.D. Thesis [MCK1l] and later a full manual and com-

puter algorithm was presented with Rhyne et al. [RHY1]

Almost all other techniques handle the minimization as
the sum of two separate processes. In the first part all
prime implicants of the given function are generated. Then

the set of PI's which provide the best cover is chosen.

In DSA the two phases are not distinct, and the method
operates in what its author calls "a synergistic manner".
Not all prime implicants are generated, only the ones which
will be likely to provide a possible minimal cover. More-
over any PI is constructed only once, as opposed to the
Quine-McCluskey method where the avoidance of duplicates has
to be taken into consideration. In section 3 of this chap-
ter an example will be Vorked out both with DSA and the
Quine-McCluskey method, and the actual number of PI's gener-
ated, duplicated and eventually selected will be shown ex-

plicitly.
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Essential prime imﬁlicants are determined through a
search process applied during the generating phase,. Cycles2
are detected but not directly resolved by the algorithm.
Thus instead of employing an iterative search for all possi-
ble prime implicants, DSA uses a directed tree-search over

only a portion of the possible cells covering minterms,

A few definitions have to be stated to explain the algor-
ithm. We previously defined that two minterms are adjacent
when they are at distance one, and hence they lie next to
each other in the Karnaugh map. In order to quickly deter-
mine whether two minterms are adjacent, two conditions have
to be satisfied:

a) aBS(mj-my) is a power of two

b) AND(mj,mj)=MIN(mj,mj)
where ABS(a) indicates the function returning the absolute
value, AND(a,b) indicates the bit-by-bit boolean conjunction

operation, and MIN(a,b) returns the minimum of a and b.

Every adjacency for a minterm has associated with it a
magnitude, (the power of two which is the decimal difference
between the two adjacent minterms), and a direction denoted

by a positive or negative sign. Hence an adjacency can be

2 Cycles are instances when two or more distinct sets of
PI's provide minimal cover, and the choice cannot be made
in a deterministic way.
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seen as a vector. For example, 0 is +1 adjacent with 1 and
+4 adjacent with 4; while 7 is -2 adjacent with 5. Given
that the magnitude of the adjacency is a power of two, we
must also know whether the direction of adjacency is posi-
tive or negative. For this we can AND the binary represen-
tation of the minterm with the binary representation of the
absolute value of magnitude of the adjacency under consider-
ation. If the result is equal to zero, then the direction
is positive, else it is negative. For instance: consider
minterm 1 and adjacency 4. Since AND(001,100)=000, then
1+4-->5, and minterm 5 is adjacent to 1. If we consider

minterm 7 and magnitude 2,Jhen AND(111,010)=010 and 7-2-->5.

The reason behind the use of a positive or negative sign
is that we want to be able to associate a minterm and a pos-
sible adjacency, with the resulting new related minterm both
being the correct adjacent one and remaining in the pre-

scribed range of values, {0’1’...'2n—1}_

We can now define a Required Adjacency Direction, called
RAD, as an adjacency which relates a true minterm to either
a true or a don't care minterm, For example, consider the
four-variable function with TF=(0,1,3,6,11,14,15), and
XF=(2,4,5,13), and the rest of the minterms FF. The list of

RAD's would be:
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TF RAD's Total Total

TF RAD XF RAD

0 +1,+2,+4 1 2
1 ~1,+2,+4 2 1
3 -1,-2,+8 2 1
6 -2,-4,+8 1 2
11 +4,-8 2 0
14 +1,-8 2 0
15 -1,-2,-4 2 1

The whole DSA is based on using RAD's in expanding a TF
towards a larger implicant. Since the RAD's are vectors,
the expansion process can be represented as a sort of tree
structure, where each node is either a prime implicant or an
implicant. Choosing an essential prime implicant means

pruning the tree appropriately.

As an example the TF=0 of the previous function is ex-

panded to show its RAD tree in Figure 3.1,

The above tree shows that TF=0 is covered by three prime
implicants: (0,1, 2, 3), (0,1, 4,5) and (0, 2,4, 6). The
underlining refers to don't care terms. The full tree need
not be fully expanded all the time as it is in this case, we

show it here as such to illustrate the function of RAD's.
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A RAD is a direction of adjacency that, when associated
with either a minterm or an implicant, may possibly relate
that term to a previously unidentified prime implicant. Re-
ducing the number of RAD's will reduce the amount of search
involved in the tree expansion, and hence in the covering of

a TF.

Given a TF, there are n possible directions of adjacency
in-an n-variable function. However, when the new term re-
lated from a base TF through an adjacency is either a FF, a
XF, or an already expanded TF (=XF), then that direction is
not required to be used by the tree-search, since it will

not preduce any new PI's.

A few observations can be made at this early stage, which
will help for the more precise definition of the algorithm.

1. The order of expansion does not matter. Here, in the
example, an ascending order of RAD's has been ap-
plied, left to right. However a permutation of the
RAD's would simply cause a reordering of thé branch-
es, while the respective contents of the nodes would
remain the same.

2. A term (a node) formed by RAD expansion is an impli-
cant if and only if it does not contain a false min-
term. Thus (0,1, 2, 3, 4,5, 6,7) is not an implicant

since it contains FF=7,
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3. An implicant becomes prime when it cannot be expanded
further with another RAD.
4., Given a TF, every prime implicant covering it can be
found by RAD expansion.
5. The number of RAD's defines the order of the largest

prime implicant that may possibly cover a given TF,

As was stated earlier, in order to find the covering for
a given TF, the whole tree need not be examined. A RAD tree
can be pruned by eliminating branches which reflect paths
already followed in another sequence. Then the leftmost
branch depth-search is the most expanded, while the other
branches are developed only if the leftmost one has not ex-
hausted all possible RAD's, and only for those RAD combina-

tions not yet explored.

Once a TF has been expanded into a RAD tree and a node of
the tree proves to be both a prime implicant and it has used
all possible RAD's, then that node provides an essential
cover for the original TF. That essential prime implicant
can be selected for the minimal cover, no further branches
need to be expanded in the tree, Moreover, all the minterms
listed in it are now covered as well and we need not consid-
er them any longer as TF's. Hence their status can now Dbe
changed to XF. This implies that they will never be select-

ed as a starting point for tree expansion.
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These last simple observations bring up the strength of
DSA: first of all, by proper pruning, not all prime impli-
cants are generated. Secondly by the selection made in any
tree causing a TF to become an XF for the remaining search,

trees are not expanded to duplicate covers.

3.1 GENERAL STATEMENT.

DSA begins with the knowledge of the TF's, XF's and FF's of
a given function. A TF is chosen as a starting point for
the minimization process, called TFp. XF's, while accepted

in any cover, are never selected as starting points.

The 1initial RAD expansion identifies the members of
{PI}g, that is, the set of PI's that cover TFg. Aalong with
this general description, an example is worked out to clari-
fy things. Let Z{xy,x2,%3,%X4) = m(0,1,5,8,9,13,15)
+ d(6,7,11,14), where "d" precedes the list of don't care
terms. Let TFgp be mg. Then its RAD tree is very simple,
since there are only two adjacencies (-8 adjacent to 0, +1

adjacent to 9), and {PI}g={(8,9,0,1)}.

If {PI}g contains only one member, i.e. it is a tree with
one branch using all RAD's, then that PI is essential to the
cover of F, since it is the only prime implicant covering

TFg. Then that PI is listed for the minimal cover, and all
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the TF's contained in it are changed to XF's. This ensures
that those TF's will not be chosen later as starting points,
since a cover for them has already been found in the search
process of a cover for this other TFp. Then another TF is
selected as TFg for the next expansion, from the possibly
more restricted list, since some TF's will have changed to

XF's.

In our example, PI=(8,9,0,1) is chosen as essential, and
the status of all of mg,mg,mg and mj is changed to XF. The
function is now: 2Z= m(5,13,15) + d(o0,1,6,7,8,9,11,14),

This is the simplest case.

On the other hand {PI}p may contain more than one member.
The first step is to compare the members pairwise and delete
any member containing only XF's (they do not add anything
new to the cover}. Then, if possible, select the PI con-
taining the largest number of uncovered TF's, if it is uni-
quely so determined. This will be called pseudo-essential a
PI. It is not "essential" by proper definition, but DSA
makes it so by choosing it for dominance. It is the equiva-
lent process of row-dominance in a covering table; however
some unnecessary PI's have already been pruned by the RAD
tree, and the comparisons are made only for the subset of
PI's for a particular minterm, instead of the whole func-

tion,
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Thus a pseudo-essential prime implicant is a PI which is
part of a set of PI's all providing cover for a given TFq,
but one which provides cover for a larger number of TF's

other than TFp.

After this selection,other PI's in the set may be deleted
as they will result containing only XF's from the pseudo-es-

sential choice.

In the example, let the next TFg=15. The RAD tree pro-
duces {PI}g={(15, 14,7,6,), (15,13, 11,9), (15,13, 7, 5)}.
The first member can be eliminated since it contains, be-
sides for TFp=15, only XF's. The third member, (15,13, 7,
5,), provides cover for three TF's in total, while the sec-
ond one, (15,13, 11,9) only for two. Thus we can choose
PI=(15,13, 7, 5) as pseudo-essential. Having done that, the

remaining PI=( 15,13,11,3) is now composed only of XF's and

can be deleted.

As a last case, if dominance does not reduce {PI}p to a
single member, then a new RAD-tree search is used to make a
selection, where the origin TFg is one of the uncovered
TF's present in one of the PI's listed in {PI}g. This is
the equivalent of generating subtrees expanded from within a

node of the original tree.
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The new RAb expansion will eventually make a selection.

By returning towards the original tree {(more than one sub-
tree might have been used) some PI's in {PI}g will have had
their minterms changed from. TF's to XF's and can then be‘
eliminated until {PI}p contains one or zero members. All
the PI's chosen in this recursive process are pseudo—essen-—

tial ones.

“Thus 1if essentialité' of cover cannot be directly con-
structed from the search of one minterm, the TF's that are
listed in the prime impiicants so far identified by the
search become, themselves, the basis for additional tree;
search. By using the recursive definition, any information
collected in previous (recursive) searches can be used by
any subsegquent (recursive) searches, to reduce the expansion
of the recursive trees (usually. called "subtrees"). More-
over the information gathered in all searches iteratively is
immediately inserted into the global temporary cover, 1i.e.
TF's are changed to XF's, and this makes the total number of
tree-searches considerably smaller than the breadth-first

expansion of all minterms applied by other methods.
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3.2 THE MANUAL ALGORITHM.

After the general explanation given so far, more precise

rules can be outlined for a manual procedure.
STEP 1. (Initial RAD tree construction)

Choose an uncovered TF as TFp and construct its pruned
RAD tree from its list of adjacencies. If no TF is left un-

covered, the process is finished.

STEP 2.

a) If the RAD tree consists of only one branch exhausting
all adjacencies, then the leaf node is an essential
prime implicant. It should be added to the solution
and all TF's included in it have their status changed
to XF's.

b) If the RAD tree has more than one branch, examine the
leaf nodes. Remove any of these which are dominated
and any that contain only XF's. Among those remain-
ing, choose as pseudo-essential, if possible, one PI
containing the highest number of uncovered TF's other
than TFg.

c¢) If at this point all TF's in every PI on the RAD tree
have been covered, then go to Step 1. Else, if some
PI's are left, each containing the same number of un-

covered TF's, go to Step 3.
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STEP 3.

Choose an as yet unexpanded TF from those remaining on
the RAD tree. This will become the root for another RAD
tree, which will be a recursive subtree with origin TFj.
Expand this subtree, not using any RAD's previously used on
the branch from which this TF originated. That is, do not
use any adjacency which will relate TF; back to its previ-

ously expanded Pl parent. Go to Step 2 to make choices.

If the possible choice for a TF; in this recursive pro-
cess happens to be the same as a previous TFj, then a cycle
has been encountered. This must be sol&ed by some method:
the simplest step to take is to add to the cover any of the
PI's found in the cycle so far. By backtracking and chang-

ing status of TF's, more choices are made within the cycle.

An example will clarify these steps: Let Z(x3),x2,x3,X4)
= m(0,1,3,6,11,14,15) + d(2,4,5,13). 1Its Karnaugh map
is shown in Figure 3.2, Leaving any other consideration
aside, we can choose as TFpy the first TF in the list, in
this case being 0. 1Its RAD list is (+1,+2,+4) and its ex-
panded RAD tree is shown in Figure 3.3. Notice how the
node=(0,1,2,3,4,5,6,7) is not acceptable since it contains

FF's. In this case {PI}g consists of {(0,1, 2, 3), (0,1,
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4,5), (0, 2,4, 6)}, and no member can be immediately elimi-
nated. We can however make a first choice of pseudo-essen-
tial of PI=(0,1, 2, 3) since it is the one which contains 3

uncovered TF's,

After this choice, PI=(0,1,4,5) now consists all of XF's
and can be eliminated. The only member left is (0, 2,4, 6)
and we must decide, through the use of a subtree, whether it
should be chosen or not. The subtree must start from TFj=6
and it produces the set {PI}; ={(6, &), (6,14)}. from this
set we can delete (6, 4) since it contains no new TF's, and
then we would like to choose (6,14} as pseudo-essential. In
order to validate this choice a subtree can be started from
TFy=14. Only the +1 adjacency will be used, since the +8
RAD was used in the parenf node to this subtree.
{P1}={(14,15)}, and again TF3=15 and {PI}3={(15,11)}. When
we finally use TFg=11 we obtain {PI}4={(11], 3)} which can be
discarded. At this point backtracking can occur, and since
no cholice was made in the last subtree, the first pseudo-es-
sential will be PI=(15,11). This makes PI=(14,15) in {PI};
redundant, and the next pseudo-essential is indeed

PI=(6,14). The cover is now complete

The amount of work involved may seem at this point to be

rather great. In fact in the next section more reasoning
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and rules are discussed which will considerably reduce the
number of trees involved in the search, even for this exam-

ple.
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3.3 SOME FURTHER OBSERVATIONS.

So far the algorithm has been applied based only on the con-
cept of adjacency and RAD trees, While the previous example
showed the development of the steps, it did seem to imply

quite a lot of search.

In fact, the steps detailed above form only the basic
outline, since some simple heuristic considerations make the
whole process much more attractive., The author of DSA made
some concluding remarks about the introduction of further
rules into the algorithm in order to render .it more effi-

cient[MCK1l, pp.107].

The main idea to be stressed, and which will prove to be
vital in the multiple-output extension, is that of "rank-
ing". This simply implies some rule to help determine which
TF should be chosen from the available list as a starting
TFg for the RAD tree. Obviocusly, if the minimal cover is
being sought and it is unique, there should not be any dif-
ference in the end result whether TF's are selected in any
particular order. And indeed the minimal sum-of-products
expression remains the same, while its development can be
greatly speeded up. When the cover is not unique, however,

in most cases equivalent solutions are obtained even by
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choosing the TF; in arbitrary order, but the amount of work

involved can be decreased by proper choices.

The ranking of the TF's is done on the basis of the num-
ber of RAD's they each possess. We can observe that if a TF
has no RAD's, then it is its own unique cover, and the TF
should be chosen as essential prime implicant. If a TF has
only cne RAD, then the prime implicant formed by itself and
the related minterm is the only cover for that TF and must
be chosen as essential. For example, if mj,m3,m7 are TF's,
then mj is +2 adjacent to m3 and has no other RAD's. In-
stead m3 has -2 and +4 as RAD's. If we consider developing
m), we will immediately come to form PI=(1,3) which exhausts
all adjacencies and is therefore essential. The tree 1is
very short (1 node) and the choice can be made unequivoca-
bly. Moreover by choosing PI=(1,3), we change m3 status to
XF, and it is clear that the next TFg should be m7. This in
turn brings us to select PI=(7,3) as essential, and the cov-

er is complete.

On the other hand if we had started from m3, then two
possible PI's could have been formed, namely (3,1) and (3,7)
and both the tree and the choosing process would have been
more elaborate. In fact, the use of subtrees would have

been necessary, bringing us to the same results, but with
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more work done. The two developments are shown in Figure

3.4.

By continuing the reasoning, one can observe that it is
easier to develop a tree and make choices if a minterm has
two RAD's as opposed to another minterm with three RAD's,
and so on. Thus the choice process in Step 1 is augmented
by the ranking in the number of adjacencies, and the TF's
with fewer adjacencies should be developed first, as they
are more likely to expand directly into an essential PI. Of
course any choice of essentiality or pseudo-essentiality
changes the status of even more TF's to XF's, hence shorten-
ing the search more and more since fewer terms are left un-

covered, even if not all original TF's have been expanded.

On these premises, an example of a five-variable function
will be shown with the proper ranking rule and without it,

Let the TF's be 0,1,5,7,10,15,16,26,30. The ranking is as

follows:
TF 0 1 5 7 10 15 16 26 30
RAD +1 -1 -4 -2 +16 -8 -16 +4¢ -4
+16 +4 +2 +8 -16

TF's 10,15,16 and 30 have fewer RAD's, so 10 is chosen as
starting one. Figure 3.5 shows all the following expan-

sions., TF=10 expands into PI=(10,26) which is essential.
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Similarly, 15,16 and 30 expand into three other essential
PI's: (15,7), (16,0), (30, 26). At this point the list of
uncovered TF's is 1,5. TF=1 expands into (1, 0} and (1,5},
and the latter is chosen since it contains more TF's. The
cover 1is now complete, after having constructed six prime

implicants in order to choose five essential ones, through

very short trees and without recursion.

On the other hand, if no ranking had been done, one would
have started from TF=0. Figure 3.6 shows this alternate de-
velopments. From 0, two PI's are found: (0,1), (0,16), and
a subtree from TF=1 is needed in order to make a choice of
pseudo-essentiality. Then {PI};={(1,5)}, and TF3=5 and
{P1}7={(5,7)}. Two more recursions are needed: TF3=7 with
{P1}3={(7,15)}, and TFg=15. At this point we can stop since
{PI1}4 is empty (15 has no RAD's left), and the first pseudo-
essential choice is (7,15) which in turn makes {PI}o use-
less. Then we choose (1,5) which deletes (0,1) from {PI}g.
The only PI left (0,16} can be selected as well since no

RAD's are left to be used in a subtree from 16.

The rest of the cover is straightforward with another two
simple trees, and the total number of PI's constructed here
was seven in order to choose five of them, as opposed to

having developed only six with the ranking introduced,
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Since this is a small example the difference is less dramat-
ic than one would expect: larger examples would show how
the use of ranking of RAD's turns out to be even more impor-
tant, while the amount of overhead needed to produce an or-
dering is not great. Moreover, the RAD's can be stored for
later use if possible, and the use or not of subtrees can be

introduced as an extra factor.

To coﬁclude this chapter, we will present the Quine-
McCluskey method as well as the DSA applied to an example in
order to show a more direct comparison of the amount of work
involved. Let Z(x31,x2,X3,Xq4) = m{(1,3,5,7,8,10,14,15}
+ d{(9,11). 1In Figure 3.7 one can find the DSA applied to
it, yielding the final resulting cover of PI's: (5,7,1,3)},
(8, 9, 10, 11), (14,15, 10,11). 1In order to achieve this,

three PI's were reached through three very short trees.

On the other hand Figure 3.8 shows the Quine-McCluskey
method, where the PIl's are 1identified and then selected.
Three lists of ten, fourteen and five members respectively
were used, with five prime implicants constructed, plus five
duplicate ones had to be discarded. After this the covering
table still has to be done to choose the essential cover of

three PI's.
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Chapter IV

DSAZ2 - THE EXTENSION.

4.1 GENERAL DEFINITION,

The original DSA was never explored by its author Dbeyond a
few test cases. The main new idea was to use search trees
as opposed to lists and tables for finding the minimal cover
of a function,but no other specific rules were developed on
how to expand trees or subtrees in order to reduce the
amount of overall work involved. The only indication given
was that it would be better to initiate trees with TF's hav-
ing fewer RAD's: specifically the one case which was identi-
fied was to choose immediately any TF with no adjacency at

all.

Other heuristics have been introduced to make the system
more powerful: strict ranking according to number of RAD's
and choices among prime implicants on the same tree accord-
ing to the number of new uncovered TF's that they may pro-
vide cover for. This can result in the avoidance of the ex-
pansion of some subtrees, since it introduces a further

heuristic rule for pseudo-essentiality. In applications to
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practical problem it is at times more important that the
method might work in a reasonable amount of time given some
constraints, even if this means making some heuristic choic-
es along the way that in some example may not provide exact-
ly the same answer, although usually an equivalent one, of a

more deterministic approach.

The applicatibn to multiple output functions had not been
considered at all, and at the beginning of this research
some serious doubts existed as to whether DSA could incorpo-
rate the use of search-trees spanning more than one boolean

function simultaneously.

Here the multiple output synthesis will be presented.
The obvious change is of course to introduce flags for min-
terms and implicants. However, in order to be able to apply
a search tree technique, further considerations of the
structure of the network are necessary to arrive at a mini-
mal or near minimal answer. A search tree is after all a
particular combination of data structure and algorithm such
that the total search space which has to be tackled in what-
ever application can be drastically reduced from a more sim-

ple, yet at times inevitable, sequential approach.

When more than one boolean function "has to be dealt with

simultaneously, the complexity of the problem is greatly in-
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creased by the much larger number of choices available as
gates. There are possibilities for gates considered for the
single functions, while other prime implicants are shared by
one or more functions, and the selection of one common gate
precludes the selection of another common gate. We have to
decide whether and when to select a prime implicant belong-
ing to one or more function, keeping in mind that the objec-
tive is the overall minimization. It is not readily clear
at first how search trees can incorporate both the reduction
of search space and the necessity for choices which cannot
be completely predefined. In fact so far DSA did not rely
on the search tree for providing selections among prime im-
plicants of apparently equivalent cost: in order to do that
subtrees would be developed until a particular expansion

brought us to either a point of no return or to a void tree.

The main advantage was in the restricted number of choic~
es presented through the use of trees and the fact that du-
plicate covers would not be produced. Hence a careful bal-
ancing is necessary between what 1s appropriate or essential
on a local basis as opposed to what is more suitable for a

wider subset of the network under consideration.

In order to develop an algorithm for multiple-output

synthesis a number of heuristic rules have been introduced.
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The reason is twofold: an essential need to reduce the com-
plexity of the problem, and a provision for dynamic selec-

tion according to the particular situation.

First of all, a renaming seems appropriate: from now on
the original single-output method is called DSAl, while our
multiple-output extension is called DSAZ2. Secondly, the
cost criterion for the design of circuits is based only on
the number of product terms in the two-level sum of prod-
ucts. Thus the determination of an acceptable decomposition
for a multiple-output network is based solely on the £ota1
number of unique PI's needed, and not on their size ( the
number of literals involved), or on how many PI's are in-
volved for each function. This, in particular, is the best
cost criterion to be used towards a PLA-oriented implementa-

tion.

There are some immediate problems that we must address:
-each TF exists only for some Fj, not necessarily for all
functions. How do we catalogue them?

-a ranking has to be defined. Which TF and which Fj to
choose first?
~each TF has different local RAD's. Which RAD's should be

used in the tree expansion?
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-conflicts have to be resolved and choices made among PI's
in a set where the PI's are on the same tree but belong to

different partitions of the network.

The answers to these questions come into two parts: first
of all a reevaluation of the ranking scheme to incorporate
the new aspects; then the introduction of carefully selected
heuristics in order to provide gquidelines for expansion and
choices in the dynamic part of the process when the trees
are actually developed. While heuristic rules are a neces-
sity in any algorithm dealing with a large search space, the
effort is focused on keeping their number to a minimum, in
order to insure as much as possible that wﬁenever a deter-

ministic path is evident, it is chosen, and not overriden.

The expansion in DSAl of selected TF's gives a set {PIlg
which covers the initial TFy. If the set {PI}p contains
only one member, then that PI is essential to the cover of
the given function, since it is the only one covering TFq.
After choosing the particular PI for a minimal cover, care
must be taken to change all TF's included in the selected PI
to XF's, so that they are never subsequently used for some

other expansion.

A definition similar to that of essential prime impli-

cants can be given for multiple-output networks, but the la-
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bel of "essential" for a PI must be always further quali-
fied. A PI must also designate for which function(s) it has

acquired the desired label of "essential".

Therefore one must always state that a PIg, as cover for
a TFy, is essential for [Fj...Fypl, where [Fj...Fp] is a sub-
set of all the switching functions in the network. The ex-
pression [Fj...Fyp] is called function qualifier or FQ. Sim-
ilarly to DSAl, when the set {PI}g has more than one member,
comparisons are made among the members pairwise in order to
find any dominance, and possibly lead to the choice of a
single pseudo-essential PI, which is then added to the cover

for F.

In the multiple~cutput case, the situation becomes some-
what more complex. The set {PI}g may contain more than one
member, but in making further comparisons the function qual-
ifier for each member, i.e. the qualification of the PI rel-
ative to the functions it covers, must also be compared and
intersected. Care should be taken toc compare members which

have the same FQ's.

The set {PI}lp can then be seen as partitioned into sub-
sets, {PI}gg,{PIlg1,...{PI}gr, each of which contains PI's
qualified for some subset {Fi...Fy] of switching functions.

The comparison among members can then only be made as com-
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parisons within each {PI}pj subset. No member of any subset
should be compared to members of another subset of the set

{PI}g, since the respective FQ's are not equal.

Furthermore we can actually discard from {PI}g all sub-
sets {PI}g; where the FQ is itself a subset of any other
function qualifier for any other {PI}gj. The only times
when an exception is made and the subset with a smaller FQ
is not discarded is when {PI}p contains exactly two members,
the second of which has a smaller FQ then the first one, and
it has been develcped by one further RAD expansion, or when

all subsets have smaller FQ's than the original desired one.

This is the case which we will call "vertical comparison”
between PI's, and the choice cannot be resolved immediately.
It is called "vertical comparison” since graphically in the
RAD tree the PI's are positioned one above the other, as op-
posed to being at the same level from a breadth expansion.
Instead, new {PI} sets must be developed with subtrees from
some TF in the parent node, the one with a bigger FQ follow-
ing the subtree algorithm which is later explained in more

depth.

In some cases, the parent node is the initial TFp itself
and the development of a subtree has no meaning. Then a TF

for a subtree must be chosen from within the child node, the
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one with a smaller FQ. More examples of vertical compari-

sons will be illustrated later to make the concept clearer.

Again, as for DSAl, the case may arise when a {PI}O; or a
chosen subset {PI}gj of it, cannot be reduced to a single
member in order to determine a pseudo-essential PI. Then
another TF is chosen from within the {PI}g as the origin of
a subexpansion, to generate a set {PI}1, where {PI}g and
{PI}] must have at least one common TF member with the same

FQ if at all possible.

The {PI}; is treated in the same fashion as the {PI}g,
and, if it can be reduced to a single member, it will permit
backtracking while changing TF's to XF's along the way.
This means that some members in {PI}g will be discarded as
they will contain only XF's and {PI}g will eventually reduce

to a single entry giving a pseudo-essential cover.

If, however, {PI}; cannot be reduced, the procedure con-
tinues with {PI}»,...{PI}; in the same way, until a resolu-
tion is obtained. The problem of cycles still exists when
the development of some TF with some FQ eventually creates a
PI identical to some PI produced earlier. In order for this
to be a cyclic situation the FQ's must be the same as well,
which brings us to the interesting observation that cycles

are not quite as disrupting in DSA2 as they were in DSAL,
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In fact, both the PI generated and its FQ must be repeat-

ed for the problem to arise in the first place. More-
over,even if local cycles in one function or in a subset of
functions in the network exist, the simultanecus synthesis
often makes a chosen common PI the resolution term for cy-

cles, thus needing no further intervention.

When trying to reduce a {PI}; to a single member, we men-
tioned deleting some terms whose FQ was a subset of the oth-
er FQ's. Basically, since the solution which spans the most
number of functions in the network is being searched for,
one should consider as long as possible the PI's which are
"widest" in their cover. This means looking first for the
gates which can be used by the largest number of functions,

i.e. the largest function qualifier set.

Once a TFp is selected with a large FQ, that FQ should be
adhered to in the shrinking of the {PI}; set. That is why
the FQ's which are smaller subsets should not stay there and
be considered as valid choices. In this way the PI's in
common are identified first; the {PI}gyj subsets which were
discarded will eventually be generated again if necessary,
when the DSA2 algorithm will be considering smaller parts of
the network or not be produced at all if, by other covers,
all the TF's involved have by then changed their status to

XF's.
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4.2 THE EXTENDED ALGORITHM.

In DSAl the adjacencies for a TF and their directions were
the key factors in the expansion of the RAD tree. The same
is true in DSA2 where, however, every TF has more RAD's at-
tached to it. For every TF we must have:

1. the total number of adjacencies for all functions.

2. the number of adjacencies for each function.

3. the number of functions for which that minterm is a

TF and which ones they are.

In DSAl the rule which made the method work so speedily
was based on the criterion of point (2), from which a rank-
ing was extracted. That in turn directed the choice of the

TF's to be expanded towards the ones with fewer RAD's first.

In DSA2 we must extract a similar ranking but based on
all three points. The heuristic choice in DSA2 are defined
by the following two criteria:

a) TF for highest number of functions (from point 3).

b) TF with lowest number of overall adjacencies (from

point 1).
Point (a} should be used first and point (b), if needed, ap-

plied to the resulting set of TF's from point (a).

After these rules have been properly applied, a choice

can be made of a TF, or alternatively a set of equivalent
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choices are presented, and one of the TF's can bé selected
arbitrarily. Then one further heuristic selection should be
made to aid the RAD tree expansion. Except towards the end
of the whole procedure, a chosen TF will in general have as-
sociated to it a FQ set whose cardinality is greater than
one. A decision should be made of which function from the
set FQ=[Fj,...,Fp] of that TF is to be the "directing win-

dow" for the tree.

In fact a TFy will have different RAD's for each of
F1...Fn, hopefully with some common ones which will lead to
commen factors. However it makes a definite difference
which adjacencies for which function are chosen for the tree
expansion, Obviously only one set of RAD's from a particu-

lar Fj can be used to avoid inconsistencies.

Another form of ranking is required and its rules are as
follow:
c) expand over the Fji for wﬁich the chosen TF has fewer
local adjacencies.
d) expand over the Fi in which fewer TF's are left uncov-
ered.
e) or choose in cardinal order.
These rules are nested in their logical scope: point (c)

should be applied first, and point (d) as further alterna-
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tive applied to the result from point{(c), while point (e) is
last. They help in developing shorter trees (point{c)), and
in covering completely the smaller functions first
(point{d)), which usually have a lower probability of pro-

viding common factors.

A further extension comes into being during tree expan-
sion as opposed to ranking time. While developing depth-
first in a tree following the RAD's along a Fj for a TFy
having FQqg, at a particular node n, the set of function
qualifiers [Fj...Fp], called FQr, might become a subset of
the original FQp. The depth-first development should be
halted here, even if the list of RAD's is not exhausted.

This is one of the major departures from DSAIl,

At this point, instead, a backtrack to node ny-j 1is nec-
essary and from there another branch development initiated.
If from level ny_7 to level n, another node is found with

FQ=FQqg, the search continues depth-first along that branch.

Otherwise further backtracking Qill be needed to level
ny-2 from which all nodes at level r-1 with FQ=FQq will be
expanded. It is these nodes at level r-1 which will form
the {PI}g. The previously expanded node at level r can now
be discarded. Even after the {PI}g of level r-1 has been

reduced and resolved, the TF's remaining uncovered at that
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level r node need not be considered as "left" on the tree.
They should not be expanded into subtrees since they do not
"belong" to this particular subset of function qualifier and

will be dealt with later.

The reason for this is again that one wants to keep work-
ing for as long as possible with the largest FQ and stop ex-
panding the PI's when their expansion depth first in the

tree is detrimental to the FQ's.

The breadth-first expansion to a node at level np_3 can
happen only if the tree goes farther up than node ny_3.
That is, if the tree is of depth one, and n, was Dboth the
first child and a leaf node; then no further backtracking is
possible beyond the root node which is at level ny-3. Here
the case may arise of having a set of PI's at level two with
a smaller FQ than the starting TF, and no other choices ex-

ist. Thus the only common gate seems to be the TF itself.

In order to decide whether that is the proper choice, the
PI with the smaller FQ's are retained and subtrees developed

from within them, until backtracking makes the selection.

The only other possibility arises when the backtracking
at node np_3 and/or ny_5 gives empty trees, i.e. when there

are no more RAD's left, In this case we have a "vertical
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comparison™ as mentioned earlier. The decision has to be
‘made between two PI's, with different number of TF's and
XF's, with the second one having a FQ set whose cardinality

is smaller than the cardinality of the original FQq.

For this situation subtree(s) from some TF in the second
PI must be developed to aid in the choice. The subtree(s)
are dealt with in the usual manner as they are for other
"horizontal comparisons". ' Proper backtracking should re-
solve a pseudo-essential cover both for the original FQqp and

for FQp.

4,2,.1 Other cases.

A last heuristic criterion for the ranking and the selection
of best expansion choices of TF's should also be introduced.
This can be seen as some sort of presort based on some pér—
ticular features which become apparent during the ranking of
the TF's. We deal here with some cases in which certain
TF's should be chosen for expansion first of all, disregard-
ing their position relative to the overall network. These
are simple trees that we like to expand first, since any re-
sult in DSA will bring its effect into the overall structure

and probably reduce the search.
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At the time of the first ranking, a preselection should

be made for those TF's where the number of total adjacencies
overall is less than or equal to the number of functions in
which they appear as TF's. These TF's are of special inter-
est as they will most likely define essential PI's for one
or more functions, through very easy expansions, and hence
cleaning up some other TF's, by changing them to XF's, for
which tree choices would have been, by themselves, more of a

problem.

The rationale behind this criterion is easily explained.
If a TF appears in one function and has one overall adjacen-
cy for example, then its {PI}g will contain only one member
which is essential for that function. That PI can be imme-

diately added to the cover without further consideration.

If a TF appears in two functions and has two overall ad-
jacencies, only two cases are possible: either the RAD is
the same for both functions or it is not. When they are the
same, a common PI has been found and can be selected. When
they are not the same, then two different PI's, both easily

found and both essential, can be added to the cover.

In general, when the total number of adjacencies is less
than the number of function appearances, by choosing to ex-

pand along the F;j where the number of local RAD's is less
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than in the other functions (one will have zero RAD's), es-
sential PI's are readily determined. When the two numbers
are the same, the distribution and the equality of the RAD's
will determine how easily choices are made, but in most cas-

es with the creation of simpler and shorter trees.

As soon as the number of RAD's becomes greater than the
number of function appearances, the possible routes which
could be taken in the minimization process increase consid-
erably. That is why it is important that we exploit any
chance to take advantage in the algorithm of some feature of
the inner structure of the particular network. Certainly
one of the aspects has proved to be the selection of those
particular TF's which have such a high probability to give

us efficient and straightforward results.

4.2.2 Examples.

A couple of examples to clarify matters are helpful. First
an example where the ranking heuristics according to points

(a), (b), (c), (d) are shown.
EXAMPLE 1. (See Figure 4.1)

This is an easy example where mjp is chosen first since
it is the initial one in the ranked set of TF's which appear

in three functions and have six overall adjacencies. The
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tree for TFp=12 is developed along F] since the number of
local adjacencies is the same (2) for all three functions,

but F; has fewer TF's left uncovered.

The PI formed (12,13,14,15)[1,2,3] is found to be essen-
tial (all RAD's expanded, no loss in FQ). All TF's included
are changed to XF's and the ranking reevaluated. Now the
choice is between m3 and mjyj; the tree is done for m3, over
F3 (fewer local RAD's), and an essential PI=(3,7)[2,3] is
found. The last choice of mj; after ekpansion gives the

complete cover by adding PI=(11,15)[1,2].

EXAMPLE 2. (See Figure £4.2)

Here four special cases are noted from the ranking table,
namely mj, myg, mg, mjg, which all appear in only one func-
tion with one overall RAD. Four little trees are then de-
veloped, leading immediately to four essential PI's,
(1,5)[3], (4,5)[2], (8,9)[1], (10,14)[2]. Notice how other
TF's have been quickly turned to XF's (mg, mg, mjg). The
next ranking has thus a smaller choice and mjg becomes the
TFp, because it has the highest number of function appear-
ances, three, and the lowest number of RAD's, six. From
this tree a set {PI}g is obtained containing {( 14, 15)[2],

(7,15)[1,2,3]}. Since the FQ=[1,2,3] for (7,15) is larger
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then the other FQ and corresponds to the initial one for
my5, the set {PI}g can be reduced to only (7,15){1,2,3],
which becomes pseudo-essential. The last ranking gives de-
velopment to m3 and m;; for the last two PI's needed for the

cover, (3,7)[1,2] and (11,15)[1,3].

4.3 SUMMARY OF METHOD AND RULES.

The manual method associated with DSA2 is based on the ideas
proposed in DSAl. However, the multiple-output situation
leads to a much more complex algorithm which, if it is to be
useful for practical problems, has to make extensive use of

carefully developed heuristics.

A step by step summary of the algorithm can be presented
as follows:

1. Obtain the RAD's for all TF's left. If none are left

the process is terminated. The ranking table must
include:
i) number of function appearances

ii) number of RAD's and list of RAD's for each
function
iii) overall total number of RAD's.
2. Eliminate the special cases where (i) is greater or
equal to (iii) by constructing the proper trees.

Within this category start with lowest (ii) and pro-
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ceed in ascending order. Change all TF's to XF's as
they are covered.

Select TFp for the next RAD tree expansion from the

ranking table. If none are left the process is ter-

minated. The TF chosen must be one occurring first

in the ranking table subset formed by:

i) number of function appearances is the maximum
in the ranking

ii) number of RAD's is minimum overall within the
previous selection.

Select along which of the functions from the function

qualifier for that TFp the tree should expand by

choosing:

i) the F;j for which the TFp has fewer local RAD's

ii) the F; which has fewer TF's left uncovered.

Expand TFg forming {PI}g

Reduce {PI}p to only one member and add it to the

global cover with its FQ. Go to Step 3.

1f {PI}g cannot be reduced, select a TF) from one

member of {PI}y (possibly the one which appears only

once and/or the one with fewer overall RAD's). Bx-

pand TF} along an F4 as per Step 4.

Continue as per Steps 6 and 7 until one set of {PI}j

can be reduced to one member. Then select that one
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as pseudo-essential, change the appropriate TF's into
XF's, delete all other members of {PI}j, i<j, which
now contain only XF's, while retaining as pseudo-es-
sential all members of {PI};, i<j, which contain un-
covered TF's. The process backtracks for every {PI}y
set, (j-1)>k>1. Go to Step 3.

9. If no {PI}ly has been reduced to one mémber and a
{PI}j has been obtained such that one of its members
is equal to a member of some {PI}; i<j, then a cycl-
ic chain has been discovered. The chain should now

be resolved, then Step 8 executed.

The whole procedure may seem rather complex at first read-
ing. But it should be remembered that multiple-output mini-
mization is a rather difficult problem. 1In the next chapter
a few examples will be presented, both to show concrete re-
sults of DSA2 and also to indicate that with a bit of prac-
tice the set of rules lend themselves quite nicely to a man-
ual algorithm. Certainly it is actually possible to use
DSA2 by hand without the great psychological burden that

something like Quine-McCluskey would place on an individual.
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EXAMPLES AND RESULTS,

- In this chapter a few examples are illustrated both by com-
mentary and by figures to precisely show how DSA2 works, at

least in the manual application.

The cases shown are relatively small as we believe that
any multiple-output synthesis of any size would not be at-
tempted by hand anyway. The notation used 1s quite
straightforward: round parentheses enclose PI's whose TF's
and XF's are listed by their decimal value; square parenthe-
ses enclose their respective flags. The functions repre-
sented in the flags are listed as decimals 1,2,...,n for Fj,

Fz,..-Fn.

Karnaugh maps are used both as definitions of the func-

tions involved and as a visual aid to the solution.

EXAMPLE 3. (See Figure 5.1)

In this example the use of subtrees is shown. There are

nc special cases and the choice falls on mis as first TFq.

- 82 -
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00 01 i1 10 00 0@ 11 10 Qo 01 11 10
00 | 00 | a0 |
0l | 01 | : 01 |
e | St B I I S
10 | 10 10 |
Fy=(11,12,13,14,15) F,=(3,7,11,12,13,15) Fy=(3,7,12,13,14,15)
Mi 3 7 11 12 13 14 15
#F 2 2 2 3 3 2 3
#RAD's 34 3 5 6 4 9
Tocal - - 1 2 2 2 3 Fy
RAD's Z 2 1 2 - 3 F,
12 - 2 2 2 3 Fq
(12)[1,2,3]F2
1
(12,313} [1,2,3]
(3;7)12.3]
PI's : (12,13)[1,2,3]; (15,14)[1,3]; (15,11)[1,2];
(3,7)[2,3]

Figure 5.1
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It has the fewest RAD's over the largest number of func-
tions. We expand the tree along the adjacencies of Fj since
there the number of RAD's is smaller than in the other func-
tions in the FQ. The result is an esséntial
PI=(12,13)[1,2,3]. Next mj5 is expanded along Fj which is
the function in its FQ with the fewest TF's left uncovered.
The first PI produced is (14,15)[1,3] and the FQ is a subset
of the original FQg=[1,2,3]. Hence backtracking occurs to
form another PI=(15, 13) [1,2,3] which cannot go any further
in depth. While this last PI has an acceptable FQ, notice
that my3 is now an XF (from the PI choice of the previous
tree) and therefore does not add anything to the cover.
Continuing breadth-first, PI=(15,11)[1,2] is formed and the
set {PI}g Dbecomes {(15,14)[1,3], (15, 13) [1,2,31,
(15,11)(1,2]}. A subtree should now start from either mjga
or myy; and in this case we will randomly choose mj4. The
expansion is along F; (fewer TF's uncovered) and the only
result is (14, 12} [1,3) which does not add to the cover and
in a subtree is discarded. This in turn induces the choice
of (15,14)[1,3] as pseudo-essential, and makes (15,13)
(1,2,3] completely redundant. Now {PI}g contains only
(15,11)[(1,2] which can be selected as well. Note here as an
aside, that if the choice of this last PI appears dubious,
the technique of subtrees can be reapplied starting from mjj

and indeed the previous result will be confirmed.
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The new ranking table points to m3 which gives the last

PI for the network (3,7)[2,3]. The result given for this
circuit by Roth [ROCl] differs in PI=(14,15)[1,3] which is
instead chosen as ( 12,13, 14,15){1,3]. While this discrep-
ancy might_make a difference with a classical gate model, a

PLA realization makes the two solutions equivalent.

EXAMPLE 4. (See Figure 5.2)

This example is interesting because, as noted by Roth
[ROC1], choosing the maximum number of common terms brings a
worse solution. DSA2 however is able to recognize the fact
and determine the better 'coverage. There are two special
cases, m] and mg, which provide two essential PI's (0,1)[2]
and (4,5)[1]. Then after the ranking, mjg produces
(6,14)[1,2] and again mg produces (0,2, E,G) {1] and m3s
produces (4, 6, 12, 14) [2]. Notice how when doing the last
ranking, the TF's for mg and mg are listed as such for one
function only: they have already changed their status to
XF's for the other function by previous trees, and their

ranking flag has to change dynamically.

If the solution with the maximum number of common gates
had been chosen we would have had (0,4)[1,2]1, (6,14)[1,2],
(4,5){11, (2,6)[1], (0,1)[2], (4,12)[2], which gives a total

of six terms.
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00 01 11 10 00 01 11 10
i s N0
0l | o1 |
11 11
NN H | 1]
Fi1=(0,2,4,5,6,14) F,=(0,1,4,6,12,14)

Mi 0 1 2 4 5 6 12 14

#F 2 4 1.2 1 2 2 2

#RAD's 4 1 2 6 1 65 2 3

Tocal 2 - 2 1 - 1 F
RAD's 2 T - - 2 2 F,
Special : 1 5 (1)[2] (5)[1]
-1 e
(1,0)(2] (5,4)[1]
RAD's & 3 (1) 11.23F,
(14,6)[1.2]
#F=1:0 2 4 12 (0)[1]
#RAD's 2 2 3 2 2
\'3
(0,2)[1]
(12)12] :
2 &
v (0,2,4,6)[1]
(12,14)(2]
- PI's : (0,1)[2]; (4,5)(11:(6,14)[1,21;
y (0,2,4,6){1); (12,14,4,6)[2]
(12,1%,4,6)[2]

Figure 5.2
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EXAMPLE 5., (See Figure 5.3)

Here we show both a subtree and a vertical comparison.
The first TFp is mpg which, expands into only (15,13)[1],
where the FQ is smaller than the original one [1,2]. No
other possible choices are presented from the tree and we
can only deal with either (15) alone or (15,13), which lies

directly below it (vertically) with a smaller FQ.

A subtree is then initiated from within the node with the
smaller FQ, i.e. mj3. The subtree determines pseudo-essen-
tial PI1=(13,9,5,1)[1], and by backtracking only (15)[1,2] is
left to be chosen as common gate. The selection of the last

PI=(4,6,12,14)[2] is straightforward.

EXAMPLE 6. (See Figure 5.4)

The first two trees for mg and mg proceed smoothly; the
third tree for myg gives a choice between PI=(10,14)[1,2]
and PI=(10, 2) [1,2], and the former is chosen becaﬁse it
contains more TF's. The fourth tree however produces a set
{p1}g = {(15, 14), [1,2], (15, 13) I[1,2]1, (15, 14,13,
12)[1]}. The choices here are totally equivalent between
the first two PI's in the set, or for that matter, consider-

ing the presence of XF's, with just (15)[1,2] alone. It is
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F1=(1,5,9,13,15) Fo=(4,6,12,14,15)
Mi 1 4 5 6 § 12 13 14 15

#F L 1 3 % 3 4 1 L &

#RAD's 2 2 2 2 2 2 3 3 2

local Z - 2 -2 =~ 3 - 1 F
RAD's - 2 - 2 - 2 - 3 1 Fa
(15)[1,2]Fy (4)12]
—il %L
(15,13) (1] (4,6)[2]
8
(13)[1] (4,6,12,14)[2]
=L
(13,9)[1]
-8
(13,9,5,1)[1]

PI's : (13,9,5,1)[11; (15)[1,2]; (4,6,12,14)[2]

Figure 5.3
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left unshown here, but the choice could be aided in another
way: by not throwing away the last PI in the set and using
a subtree on mj3. However, the end result produces, after a

lot of work, an equivalent cover.

The next few trees show quite a set of different choice

situations, some of which are again equivalent.

EXAMPLE 7. (See Figure 5.5)

At the beginning of this network there is one special
case for mya which obtains (14,12)[2]. The pseudo-essential
choice for the tree from m; produces (1,9)[1,2]. When we
come to m4q, however, we find a vertical comparison between
(4)[1,2] and (4,5)[2]. The subtree generated from mg only
partially solves the cover for mg., In fact PI=(5,4)[2] add-
ed to the global cover still leaves mg as a TF for Fj.
While from heuristics we may decide to discard certain PI's
from {PI} sets when their FQ's are smaller, even if they do
contain some unresolved TF, or when their FQ is valid but
they contain only XF's, we note here that mjz has XF status
only relative to Fp and a subtree can be expanded with re-
spect to F3. The next PI from the subtree is (12,13)[1] and
this covers mj) completely. This leaves myg unresolved for
F1 but the future rankings will take care of that. The rest

of the development is straightforward.
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#RAD's 5 2 5 2 3533 5 4 5 5 5
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Figure 5.4
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Figure 5.4 /continued
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EXAMPLE 8. (See Figure 5.6)

This example is the only network of some size examined
here. We deal with seven functions of five inputs, and it
turns out to be quite a straightforward application of DSA2.
However, the resulting cover returns nine PI's which is bet-
ter than the eleven PI's previously thought to be necessary
when the synthesis was done by other methods, involving as

well a considerable amount of extra work.

The major interest of the alternate and better solution
given by DSA2 lies in the redundancies introduced for each
single function realization. In a classical gate-model net-
work, more lines and OR gates would be introduced possibly
offsetting the advantage of having fewer PI's. However for

a PLA this new set of terms is optimal.

EXAMPLE 9. (See Figure 5.7)

-This example shows a direct comparison between DSA2 and
Quine~McCluskey. Both procedures are applied and the re-
sulting amount of work is graphically displayed in Figures

5.7 and 5.8.

EXAMPLE 10. (See Figure 5.9)
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F2=(1!4:5:8)9512,l4)

Mi 0 1 4 5 8 9 12 13 14
#F 122112 2 1 1
MAD's 2 4 42 24 5 2 1
Tocal 2 2 2 - -2 2 2 - K
RAD's -2 2 22 2 3 - F,
(14)[2] (1)[1,2]1F,
-2 4
(14,12)[2] (1,5)[2] (1,9)[1,2]
k,5’£4l£iii%ii* X (tJ)[lJLI
(4,5)[2] (4,§§)[1,2] (0,1)[1] (0,4)[1)
(5)[2] (12)[1] (8)[2]
-4 1
(5,1) (2] (12,13)[1] / \
" (8,9)[2] (8,12)12]
(13,9)[1] PI's : (14,12)[2]; (1,9)[1,2]:
(4,5)( 2], (12.03]1];
(0,4)[1]; (8,9)[2]

Figure 5.5
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This is the same example given earlier in Chapter 2 as an
introduction to multiple-output synthesis. The first figure
is a repetition of the Quine-McCluskey procedure, with the
three lists which generate a total of five prime implicants,
taking care to avoid the insertion of corresponding five du-
plicates. The covering table selects three of them as es-

sentials.

The DSA2 applied in Figure 5.10 shows the ranking and the

three, rather simple, trees necessary for the whole search.

In the Appendix more examples can be found as worked out by
the implemented version of DSA2, details of which can be

found in Chapter VI,



Fy=(1,3,6,7,9,11,14,15,17,19,22,23,25,27,30,31)
F,=(2,6,10,14,18,19,22,23,24,26,28,30)
Fs=(3,5.,6,7,11,13,14,15,21,22,24,27,28,29,30,31)
F,=(1,3,5,7,9,11,13,15,17,19,21,23,25,27,29,31)
Fe=(2,6,10,14,18,22,26,30)
Fe=(0,2,4,6,8,10,12,14,16,18,20,22,24,26,28,30)
F,=(1,5,9,13,17,21,25,29)

(6)[1,2,3,5,6]Fs | (28)[2,3,6]F,
v :
(6,2)[2,4,5] (&,14)[1,2,3,5,6] (24,28)[2,3,6]
16
(6,14,22,30)[1,2,3,5,6] (21)(3,4,7]F,
8
(1)[1,4,7]1F, (21,29)[3,4,7]
Tt I
(1,5)[4,7] (1,9)[1,4,7] (21,29,5,13)[3,4,7]
1%L
(159,27,25) [154,7]
(2)[29535:”:5
uJ :
(2,6)[2,5,61
B
(2,6,10,14)[2,5,6]
16
(3)[1,3,41F, (2,6,10,14,18,22,26,30)[2,5,6]
4
(3,7}11,3,4]
)
(3,7,11,15)[1,3,4]

Figure 5.6 /continued
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(19)[1,2,4]F, (27)11,3,4]1F,
_];Z \ Q\L
(19,18)[2]  (19,23)[1,2,4] (27,31)[1.3,4]
~-16
(27,31,11,15)[1,3,4]

(0)[6]

2
(0,2) (6]

Y
(0@\,[4 ,6) (6]
8

(0,2,4,6,8,10,12,14) [6]
16

(0,2,4,6,8,10,12,14,16,18,20,22,24,26,28,30) [6]

PI's : (6,14,22,30)[1,2,3,5,6]; (24,28)[2,3,6];
(5,13,21,29)13.4,7; (1,9,17,25)[1,4,71;
(2,6,10,14,18,22,26,30)[2,5,6];
(3,7,11,15)[1,3,4]; (19,23)[1,2,4];
(11415,27,31) {1,341 ;
(0,2,4,6,8,10,12,14,16,18,20,22,24,26,28,30) [6]
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F,=(11,12,13,14,15) F,=(3,7,11,12,13,14,15) F,=(3,7,12,13,14,15)}

Mi 3 7 11 12 13 14 15

#F 2272 4 3 3 3

#RAD's 3 4 3 6 6 6 10
local - -~ 1 2 2 2 3 F
RAD's 2 2 2 2 2 2 4 F,
12 - 2 2 2 3 F;
(12)[1,2,31F, (3)[2,31F, (11)[1,21F,
11 ul ni
(12,13)[1,2,3] (3,7)[2,3] (11,15)[1,2]
2
(12,13,14,15)[1,2,3]

PI's : (12,13,14,15)[1,2,31; (3,7}[2.3]; {11,15)[1,2]

Figure 5.7
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Figure 5.8
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Figure 5.9
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#RAD's 6 6 4 3 4 5 2 3
local 3 3 2 3 2 3 2 3 Fi
RAD's 3 32 -2 2 - - Fo
(7)[192]F1
(7,5) [1,2]
(7,5,3,1) [1,2] (7,5,15,13)
F
(?3513§315:135;__‘]-_3_9_) (8)[112:“:2
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(8,9)1,2]

(8,9,10,11) [1,2]

(14) [1]
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(14,15,10,11) [1]
(14,15,10,11) [1]

Figure 5.10
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Chapter VI

THE IMPLEMENTATION OF DSAZ.

6.1 BACKGROUND.

This chapter will detail the overall implementation of DSA2
as it was done in APL as a first feasibility study. Each
routine is presented, together with its links to the rest of

the program, and the global and local variables needed.

The particular choices of language and data structures
are not at all binding for DSA2, but were a matter of per-
sonal preference in ﬁrogramming. The main question was
whether it was possible to program efficiently the search
including the new heuristics, without an unreasoconable amount
of complexity. This implementation does not particularly
concentrate however, on all aspects of efficiency (storage
or- execution), as the feasibility of the algorithm itself

remained the focus.

The algorithm developed for the manual method is changed
only slightly in the implemented version; the basic logic
remains the same, but each step has to be broken down into

smaller substeps in order to make each action more explicit,

- 101 -
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The major parts can be categorized as follows:
1. Receive inputs for the network.
2. Provide global ranking for TF's to be covered.
3. Expand tree to form a set of hypotheses.
4, Reduce the set of hypotheses to one or more pseudo-
essential PI's using subtrees expansions when needed.
5. Update global ranking tables and check for ccmple-
tiomn.
There are three major routines involved in the system:
i) RAD
ii)  EXPANDTREE
iii) MAKECHOICE
A short introduction to them seems necessary and later on a

fully detailed description of every step is presented.

(A) RAD routine.
This routine covers the actions needed for parts (1) & (2),
and controls the main loop to determine when the whole net-
work has been satisfactorily covered by the chosen PI's,

part (5).

(B) EXPANDTREE routine.
Covering part (3), it takes an initial TF, builds its list
of adjacencies and expands along it to form a PI. When any

difficulty is encountered (as an empty PI or a function
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qualifier flag smaller than the original one), it stores the
current expansion, backtracks and tries to form other PI hy-
potheses along other branches of the possible tree. Some
branches may be pruned in the process. At the end, a mini-~
mal set of PI hypotheses with their flags has been produced

in an array.

(C) MAKECHOICE routine.
Given a set of PI hypotheses, one must make choices to de-
termine whether there exists an essential PI cover, or to
select the appropriate PI's as pseudo-essential. This rou-
tine may need to expand subtrees to be able to choose appro-
priately and in that case it calls both EXPANDTREE and it-

self recursively.

There are smaller functicns in the system which perform aux-
iliary tasks and a short description of them follows, in al-

phabetical order.
-CHECKEMPTY

It checks if any PI hypothesis (a row in array HYPOl) is
made up only by XF's (don't cares). If so, it deletes that

hypothesis.

-CHOSEN
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Once a PI has been chosen for the network cover, it updates

all global ranking tables and lists,

-FLAG

Given a TF, it returns its function qualifier flag.
-LISTRAD

Given a TF and a function number, it lists all adjacencies

for that TF along that function,.
-LOCADJ

Calculates the number of local adjacencies of a TF for a

given function.
-RANK1

Performs the main ranking for TF's. Given a subset of func-
tions of the network, it returns a list of TF's still uncov-
ered in it, with the number of adjacencies for each of them

and the first TF which should be expanded.
-RANK2

Given a TF it chooses along which function of its flag it

should be expanded (i.e. which adjacencies to use for it).

-SPECIALCASE
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It expands trees for all those TF's whose total adjacencies
are less or equal to the total number of functions in their
flag. They are considered special cases which should be
dealt with at the beginning since they usually provide more

direct paths to essential covers.
~-TOTADJ

Calculates the number of total adjacencies for a given TF

for the whole function qualifier.
~TOTFLAG

Given a PI as a list of TF's, it finds its function qualifi-

er flag as intersection of the flags of each TF.

6.2 PART 1 : THE RAD ROUTINE.

The two major inputs to this routine are NUMF=number of
functions in the network, and NUMV=number of wvariables in
functions. Moreover, a prompt is given to enter the de-
scription of each function as characters, where every min-
term is qgualified as either 0, 1, or X . At this point a
TABLE is constructed as a 3-dimensional array where each row
defines a function, each column a minterm and the two planes
are used for the proper representation of each entry as:
TF=11; XF=01; FF=00; in bits. This particular representa-

tion minimizes storage reguirements.



106
Next, two vectors are formed, COUNT and NONZ as:
COUNT= for each minterm it holds the total number of func-
tion appearances (=0 if FF or XF).
NONZ= each TF in row 1 has in row 2 its total number of ad-

jacencies,

The main loop can now start. The subset of the network
one considers corresponds to the maximum number of function
appearances, so that common terms can be identified first.
A list is made of those TF's for that subset and a starting

TF is chosen by calling RANK1 and RANK2.

The function EXPANDTREE is now called for that TF and on
return one expects that TF and usually others to have
changed their status to XF's. Since the CHOSEN function has
already done all necessary updating, one must now proceed to
the next TF for this network subset, or, if none left, to
the next smaller subset of the network, until no TF is left

uncovered.,

6.3 PART 2 : EXPANDTREE ROUTINE.

There are two inputs : the starting TF for the tree and
the particular function of its flag along which the adjacen-
cies should be used. The main aim is to fill up an array

called HYPOl with possible PI's as rows. A PI is a list of
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integers (the size of the list always being a power of two)
representing the minterms covered. Note that the first ele-

ment of every PI is the original TF.

First a bit of housekeeping prepares a list of possible
adjacencies and, if there are none, obviously the given TF
is chosen immediately as its own cover. If this happens to
be a recursive call, (i.e. this is a subtree development)
then care must be taken tc take away from the list of adja-
cencies the last one used in the calling tree, since it

would create a cycle if expanded again.

The main thrust at this point is to proceed depth-first
in the expansion, halting only when a problem occurs. Hence
each adjacency is in turn added to the current node (called
TREE} doubling its size. Along the node there is its cur-
rent flag which is recalculated after every expansion. As
long as this flag matches the original flag for the given
TF, the depth-first search can continue. There are three
possible cases and each is examined separately :

a) The flag is all right and no RADs are left to be ex-
panded : if no other hypothesis has been previously
formed, then this node can be selected as an "essen-
tial PI" with no further work. If however other nodes

had been expanded in this tree (they would currently
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c)
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be stored in HYPOl), then this final hypothesis must
be stored as well and the choice among them left to
the MAKECHOICE routine.

The flaq is empty, i.e. there is no PI along this RAD.
One must backtrack to the previous PI (half of this
current one) which was all right, and choose another
adjacency to expand along. The RAD just used (which
formed the empty PI) must however be stored in a back-
tracking index vector, since it will have to to be
used again at a higher level to provide an alternate
path down the tree., (see figure 6.1) If no other ad-
jacency is left, then backtracking to cone further
higher level is necessary, using now the adjacencies
pointed to by the backtracking index, and the current
node must be stored. (see figure 6.2) |

The third case arises when a PI is valid but only for
a subset of the original network considered. One does
not want to choose this hypothesis, but it must be
stored since it might have to be used for comparisons
and/or subtrees. The situation will be explained more
clearly in the MAKECHOICE routine, but the underlying
idea is basically that one does not want to make any
choices of cover while still expanding the trees (be-

sides the trivial ones). Hence almost all expanded
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RAD's list : 1 2 3

——>> backtrack

empty'
node

backtrack index = 2

Figure §.1
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nodes should be stored as hypotheses and then compared
among themselves.3 At this point backtracking to the
previous level is necessary and a new RAD picked out
of the list. If none are left, further backtracking

and use of the backtracking index is done as in case

(b}.

One part of this whole process which has been left un-
clear is the "storing"” of the nodes-hypotheses. The problem
had to be overcome (at least in APL) of how to store togeth-
er nodes of different sizes, since there is no facility for
raéged arrays. Hence some heuristics had to be developed
not’ only to overcome this problem, but help speed up the
"choice"™ process later on.

Three storage cases have been identified corresponding to
the three stopping cases above:

a) store a node with a "good" flag.

b) store a node after an empty PI.

c) store a node with a "bad" flag.

3 This may sound similar to other algorithms (Quine-McClus-
key for example) where all possible PI's are formed and
then a covering problem arises separately. However here
one does not produce all possible PI's for the network :
the essential ones are produced directly, while the pseu-
do-essential ones are selected from a limited choice of
hypotheses, and hence the covering problem, if not totally
eliminated, is greatly reduced.
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RAD's 1ist : 1 2 3

empty ‘ )
tode  ———= backtrack index = 3

stored hypothesis

Figure 6.2
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Each of the three cases has been broken down in three sub-
cases according to whether :
i) node to be stored is of the same size as previous
nodes-hypotheses.
ii) node to be stored is bigger than previous nodes-hy-
potheses.
iii) node to be stored is smaller than previous nodes-

hypotheses.
Case (a) : store a node with a "good" flag.

If this is the first hypothesis, then there is no problem.
(i) If the current node is of the same size as previously
hypothesized ncdes, just add it to the array.

(ii) If the node is bigger, then it has gone further down
into the tree and since its flag matches the original desir-
able flag for the tree, this is probably the best hypothesis
so far. Hence this node only will be kept in the array for
further comparisons. It would be nice if one could discard
all the previous nodes : as it turns out, most of them will
be subsets of this current one, but others might have their
own covering value. This principle comes directly from the
DSA2 algorithm, where, even after a pseudo-essential PI has
been selected, the other nodes left on the tree, if they

have a good flag, must be looked at and possibly chosen
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themselves as pseudo-essential if they contain some TF and
not just XF's by that time. Thus the previous hypotheses
are stored in a secondary location, called HYPO2, and will
be checked by MAKECHOICE after all other covers have been
selected.

(iii) I1f the node is smaller ,then the situation has to be
further examined. If all the nodes in HYPOl have "bad"
flags, then the current hypothesis is desirable. The previ-
ous hypotheses are themselves useless, but the preceding
nodes which formed them must have had a good flag (or one
would have stopped expanding) and they must be compared to
the current one. Hence HYPOl is halved and the new node
added to it. (see figure 6.3)

On the other hand,

if any of the nodes stored so far have a good flag, they are
valid hypotheses, possibly even more valid then the current
one which may turn out to be a subset of them. Hence all
the good nodes already there are retained, and the current

one stored in HYPO2 where it will be revisited at the end.

Case (b) : store a node after an empty PI.

This case is very simple since, as explained earlier, one
must halve the current node to reduce it to its predecessor
which must have been a proper node with a good flag, and

thus one falls back into Case (a).
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Case (c¢) : store a node with a "bad" flag.

If this is the first hypothesis, there is no problem.

(i) If the current ncde is of the same size as previously
hypothesized nodes, just add it to the array.

(ii) if the node is bigger, one must check if any of the
previous hypotheses have a good flag. If so, then the cur-
rent node must be halved (i.e, reduced to a good node) and
then stored using Case (a). If no hypotheses so far have a
goed flag, then surely the current one which goes deeper in
the tree is altogether preferable and should be substituted
for whatever is in HYPOl.

(iii) If the node is smaller, we can discard it immediately
since all the previously found hypotheses will in any case

be preferable.

After all this, one exits this routine with basically
four arrays
HYPOl - it contains all nodes—hypotheses.
FLAGl - it contains for each row the flag for the node in
the corresponding row of HYPOL.
HYPO2 & FLAG2 - either empty or containing secondary, and

last to be checked, hypotheses.
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These four arrays are passed globally when MAKECHOICE is

called.

6.4 PART 3 : MAKECHOICE ROUTINE.

Finally at this stage the algorithm comes to a conclusion

following the rules for choosing pseudo-essential PI's.

The first testing that must be done is whether there is a
case of vertical comparison. To have more details of how
and why this situation is selected by itself, one must refer
to earlier explanations of the DSA2 algorithm, however the
situation is easily illustrated. (see figure 6.4). 1In a
Verticél comparison HYPOl will contain only one element and
its flag will be different from the original starting flaqg.
The choice of PI thus 1is between this "bad" node and its
predecessor in the treé (i.e. its half list, whence the name
of "vertical" comparison). In order to make this choice cne
must use subtrees, reexpanding one or more TF's in these
lists to recursively point to the proper selection. In gen-
eral one would choose a TF to expand upon from the "above"
node with a proper flag, unless the tree is only one level
deep {as it would imply reexpanding the original TF in an

infinite loop).(see figure 6.5).
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Another easy choice comes about if only one element is in
HYPOl and its flag is equal to the starting flag : that PI
can be chosen as "pseudo-essential™, if this is not a recur-
sive subtree call. In a subtree one can select this PI also
but only if it contains at least one TF, and not just XF's.

(see fiqure 6.6)

After these preliminaries, one is in the situation of
having an array HYPOl with more than one element. First of
all some of these PI's may be comprised only of XF's and can
be eliminated. Obviously if all of them contain only XF's,
one has equivalent choices, hopefully among which at least
one PI with a good flag. If not, the only cover for the

original TF is found to be the minterm itself.

Otherwise, HYPO1l has more than one member and it is im-
portant to discern how many of these PI's have a good flag.
- If none of them has a good flag, subtrees are required.
However, the subtrees are done on the parents of these
nodes, if possible, in order to choose among hypotheses with
a good flag.

- If exactly one PI has a good flag, then choose it as pseu-
do-essential if it contains any TF's, or delete it and use

subtrees on the other PI's to make selections.
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- 1f more than one PI has a good flag, then more heuristics
are needed. The first criterion is to count the number of
TF's in each node-hypothesis. One can select as first pseu-
do-essential the node which proposes a cover for the largest
number of TF's. After that choice is made, most of the oth-
er PI's may become covered as well; if not the whole process
is repeated on them. It can happen that all nodes-hypoth-
eses can cover the same number of new TF's, in which case no
immediate choice is possible and subtrees must be used to

aid the selection.
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6.4.1 Subtrees.

The use of subtrees has been often mentioned and certainly
more explanation is needed. The idea is to choose a TF,
other than the original one for the original tree, and ex-
pand a separate tree for it. By choosing a PI cover for
this alternate TF one eliminates some of the original hy-
potheses among which direct choice was not possible. Both
EXPANDTREE and MAKECHOICE are called recursively and they
proceed as described, stopping the recursion in these two
cases :

a) the subtree generates alternative PI's with only XF's:
then the subtree is discarded and a choice can fall
upon the PI in the original tree from which the TF to
start this subtree was selected.

b) the subtree generates proper choices (essential PI's
or pseudo-essential easily selected) and returns after
having changed the global environment.

Hence, in (a), the return from recursion has left the envi-
ronment intact, but a choice can now be made. 1In (b),
choices have been made, the environment changed and all PI's
in HYPOl must be checked to see if they have become redun-

dant (i.e. containing only XF's).
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This may or may not conclude all choices, since it could

be that more subtrees are needed. Moreover it must be noted
that the subtrees themselves may often invoke the use of

subtree expansions.

6.5 CONCLUSIONS. .

While the first two parts of the algorithm, implemented by
the RAD and EXPANDTREE routines, are relatively straightfor-
ward, however complex in subcases, the last part is less
easily explainable, basically because of its recursive na-

ture,

The only other point which remains uncovered in this de-
scription of the implementation of DSA2Z is the storage re-
quirements of the system. The global TABLE has dimensions
proportional to the number of functions in the network (# of
rows) and to the number of variables in the functions (# of
columns = 2%**number of variables), with two fixed planes.

The whole thing is binary however and stored as bits.

The two other major structures which remain constant in
the system are the vectors COUNT and NONZ. COUNT will have
dimensions = 2%**number of wvariables, that is the number of
minterms, and since it contains integers it will take

4x2**(number of variables) bytes. NONZ has two rows and as
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many columns as the number of true minterms overall the
functions, so its dimensions depend entirely on the complex-
ity of the functions. Moreover the size decreases as the
search continues. Should problems arise for lack of storage
when dealing with larger systems, the latter two vectors

could be changed to a more compact representation.



Chapter VII

ANALYSIS AND DISCUSSION,

We have so far illustrated the Directed Search Algorithm for
single-output functions and its new extension for multiple-
output functions. The analysis of the method, of any method
in general, cannot be adequately done as an isolated system,
but needs to be based on its relative value both to the
problem under consideration and to other applicable means of

solving it.

A computational complexity argument is not entirely ap-
propriate for DSa, The trees used are dynamic structures
whose rate and width of expansion are directly dependent on
the local adjacencies of the starting true minterms. While
it is certainly true that the overall amount of computation
involved is exponential in the number of input variables, as
it is the case for other methods, some local factors which
actually determine the feasibility of an implementation are

not easily specified analytically.

We must remember that circuit synthesis is after all a

very pragmatic problem and what makes a particular method

= L25 =
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more acceptable than another one is not just the theoretical
expectations, but its final performance after the housekeep-
ing has been incorporated in the model. It has been accep-
table in fact to compare algorithms as to the actual time
scale involved in solviﬁg problems with specific numbers of
inputs. If a large value of n, say in the range 18 to 22,

can be used at all, then the method is considered adequate.

M. H. McKinney[MCK1l] presents exactly such a millise-
conds-based argument in advancing the claim that DSA is more
effective than other earlier methods. We prefer to try
adopting a more high-level approach: this may lose us some
precision, but we believe that an analysis should not be en-

tirely based on an implementation-dependent view.

Some advantages of DSA are common to both the single and
the multiple-output cases. First of all the use of trees.
Since tree-searches have been employed in large AI problems
(from expert systems to the internals of PROLOG), their

great value has already been highlighted.

Consider the development of a particular minterm. The
depth-first expansion along its RAD's works in a straight-
forward manner towards its largest possible PI, It 1is
clearly a goal-oriented process, where each middle node in

the path is simply a stepping stone which does not even re-
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quire extra storage or extra evaluation. Only when a con-
tradiction of any kind arises is backtracking necessary and

a second loock at a previous result might be in order.

Consider now the same development with a more classical
method like Quine-McCluskey. For the particular minterm, an
iteration is necessary through almost all other minterms,
true ones and don't care ones, which are present in the
function., Notice that when the lists are initialized and
the terms divided, the provision 1is made that every term
gets compared to only those other terms which have a single
extra one bit, i.e. in the next section below. This insures
that a minterm with, say, two bits equal to 1 (for example
0011) is not unnecessarily compared to another minterm with
four bits equal to 1 (say 1111), where obviously there can

be no direct combining of the two as yet.

However minterms are still compared to others where the
distance between them is greater than one, so that the con-
cept of adjacency is not exploited. For example it is fea-
sible to compare 0101 to 1110 from two sections, yet the
distance definition would tell us that they are not adjacent

and their comparison cannot lead to a starting implicant.

Clearly the point is made: RAD's are a restricticn of the .

list-sections and they "direct" the search in the more fea-
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sible likelf area of solution, Moreover the tree is not
just the basis for the search. When its development is fi-
nally halted, with or without backtracking, the leaf nodes
contain the answers as prime implicant(s) of the minterm
considered. In some cases the essential cover is thus imme-
diately found, while in others the search may have to con-
tinue using subtrees, However this is not a flaw of the al-
gorithm: it is a problem of the minterm involved and exists
in all methods. If that minterm does not possess an essen-—
tial cover in that function, more work is always required in

order to choose the proper prime implicant for 1it.

However, if an essential PI exists, DSA will find it in a
one-branch depth-first tree-search, while Quine-McCluskey,
after the final lists have been iteratively constructed,
does not yet know anything about a choice. Even when this
particular process becomes lengthy, as happens inevitably in
certain functions, at all times only a restricted number of
PI's and ﬁinterms are under consideration in DSA. Specifi-
cally the choices are kept as local as possible to what we
might consider as the relevant area of the corresponding
map, without having to include continuously the impact of
the distribution of minterms in the other parts of the func-
tion, which are at that moment irrelevant. Yet this is ex-

actly what a covering table approach does, since all rows
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and all columns for all terms are always presented and no

local information is highlighted in any way.

We can continue the list of advantages of DSA by noticing
how the don't care terms are handled. Don't cares can be
very helpful in the final solution, however for most circuit
problems, whether in testing or in design, they can add com-

plexity to the development of a method.

In Quine-McCluskey they are assumed to be true forms dur-
ing the lists iteration so that some possible good connec-
tions with the true minterms are found. However many impli-
cants and prime implicants using only don't cares, and thus
useless, have to be worked through, stored, and used in com-

parisons.

DSA knows about don't cares and uses a RAD relative to
such a term. But it never considers a don't care as a
starting point and neither does it try to develop a possible
cover for it. The idea is to truly have a don't care as an
unspecified term, making no assumptions as to whether we
should assign it to be a 1 or a 0 to start with, and to

avoid any extra work on its behalf.

Another very important aspect in DSA is the constant ex-

ploiting of information. While it is true that each tree
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expansion for a minterm uses the local RAD's, every choice
of prime implicants at any point affects the knowledge for
the development of the next tree-search. This is found in
Quine-McCluskey only in the covering table part, when by
chocsing, according to some criteria, a particular row (a
PI), some columns are also eliminated. The next choice is
thus relative to the new updated table. However this time
dependency does not apply any constraint or provide any in-
formation earlier in the method, when instead all minterms

are developed in parallel and quite independently.

Each tree, or subtree, in DSA usually makes a choice.
" This prime implicant selected contains, most of the time,
some true minterms in addition to the starting one, Since
these other true forms now have a cover, they change their
status to don't cares in a global knowledge table. This im-
plies that the next tree-search starts with a different set
of information from the previcus one, specifically with the
knowledge of some cover already existing in some area. Thus
the starting minterm will not be from the covered area, and
some potential trees are eliminated. Also the tree expan-
sion itself may contain more pruning and less backtracking
since some adjacencies may now be towards a newly set don't
care term and prévide a less probable pseudo-essential cov-

er.
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The only slight equivalent in Quine-McCluskey is founq in
the housekeeping required in not inserting an implicant in a
new list i1f it had already been formed in some previous it-
eration. However-the work of constructing the prime impli-
cant remains, plus a bit of duplication checking labour.
This point should be duly stressed since this global updat-
ing and usage of information becomes rather crucial in the
multiple-output case, where otherwise the number of possi-
bilities for prime implicants by developing them in parallel

can be overwhelming.

The first part of the DSA algorithm is based on a concept
called ranking. This is simply the idea of using knowledge
about the minterms to extract a priority scale for the eval-
uation of their minimal cover. The idea itself is not new,.
In a Karnaugh map approach we do not circle indiscriminately
all possibilities, but we methodically search for the essen-
tial ones first, Then the remaining ones are looked at.
Applying even such a relatively simple topological algorithm

without discrimination can lead to invalid solutions.

In DSA one must start with the minterms having a lower
number of adjacencies, since they are the ones with more
probability of leading to prime implicants whose essentiali-

ty is easily determined. Without this, the best one can
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hope for is a lot more work and maybe an equivalent solu-

tion.

While the original presentation of the DSA for single
functions mentioned this aspect, its author did not fully
grasp its importance, since it is only given as a desirable
heuristic rule and it is not even present in the implementa-
tion of the method. In fact: [MCK1l, p.104&]

The minterms are placed in the new TF list in the
order in which they are specified by the user;
thus the first minterm expanded is the first min-
term specified by the user. Example 1l shows the
result of a situation where a non-essential TF is
specified early in the specification of TF's. The
resulting cyclic chain develops a large number of
PCPI cells with a large number of non-essential
recursive TF's.,.... The preceding discussion in-
dicates that if the user knows something of the
essentiality of some of the TF's, those essential
TF's should be specified first.
This clearly shows how the original algorithm itself has
been re-evaluated and improved and its results, both as fi-
nal answers and development, have been rendered more consis-

tent over different examples.

The concept of ranking has been widely expanded for the
multiple-output synthesis where, without proper priority
choices, a minimal solution cannot usually be achieved. It
may appear at first that we have introduced quite an over-
head in the calculations for the proper ranking of minterms.

However it is necessary and it is only done m times, where m
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is the number of functions realized by the network. More-
over only true minterms have their local and total RAD's
counted, while, for example, in Quine-McCluskey even don't
care terms have to be properly distributed in the list sec-—

tions.

Hence we see the process of ranking as a positive feature
of DSA since it is capable of extracting information:of the
topological layout of functions in a network and use::the re-
sults as a basis for both deterministic and heuristic rules

towards a minimal solution.

It has been said earlier that the complexity of mimimiza-
tion algorithms is exponential in the number of input terms.
It is considered quite an achievement to be able to minimize
functions of up to 16~20 variables in less than "geological"
time. One serious problem which arises in most multiple-=
output synthesis methods is that the exponential factor is
multiplied by the number of functions being considered.
This comes from the obvious fact that, besides the lists be-
ing much longer, we must have a covering table for each
function, concatenate them in parallel, and somehow reduce

them simultaneously.

The same 1is not true in DSA. When the number of func-

tions increases, one bit is added to the function qualifier
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and the ranking process iterates one extra time. However
the tree development remains the same, and the searches
still depend on the topological layout of minterms without
having to add or duplicate information. This means that
large networks of many functions can be handled for a rela-

tively large number of inputs.

For example, one might be able to use Quine-McCluskey up
to 16-18 inputs for single functions, yet have to stop at
12-15 inputs for more than 3-4 functions in the network. 1In
DSA we can still approach functions with 16-18 inputs, de-
pending on the implementation, while the number of outputs

could be larger.

As a last discussion point we would like to mention a few
points of comparison with MINI[HCN1]. MINI is the name giv-
en to a minimization algorithm developed by S.J.Hong,
R.G.Cain and D.L.Ostapko, around 1974, and it is one of the
better known and quoted new methods beyond the classical
ones, It seems to be able to process functions with large
numbers of inputs, to be easily extended to multiple-outputs

and even to multi-valued logic.

The method used in MINI will not be described here in de-
tail, only a few useful items mentioned., The most notable

common element with DSA is that the cost function is the
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same, that is an equal weight is assigned to every implicant
and thus their shape considered unimportant. The basic idea
of MINI is to start with an initial solution as a two-level
sum-of-products expression and iteratively improve it. In
order to do this many passes through the process are neces-
sary, each of which uses three essentiai subprocesses of re-
ducing, reshaping and enlarging the implicants. Every sub-
process is based on the "sharp" operation and uses the AND,
OR operators on cubes notation. The sharp operation first
presented by Roth is a rather complex non-symmetric evalua-
tion based on the topological meaning associated with a
term. While it is indeed a powerful concept, its usage has.
not been widespread mainly due to its non-intuitive complex-
ity which makes it hard to apply it easily in problems from

various domains.

The internal representation of the cubes is decoded in
such a way as to minimize the work of these operations.
However they still stand in contrast to DSA where only addi-
ticn is used on the elements of a node in expanding the
trees, and, in the worst case, it is applied to a particular
node only for as many RAD's as there are with full back-

tracking.
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It is interesting to note that the number of iterations
of MINI is proporticnal to the final number of prime impli-
cants. In fact the authors state that: [HON1l, p.444]
the algorithm is designed for "shallow functions”,
those functions whose solution contains at most a
few hundred implicants regardless of the number of
variables.
The method in fact fails for an example exclusive-OR func-
tion of sixteen inputs where there exist 215 jirreducible
prime implicants, since each iteration tries to do a lot of
work with no success. DSA would recognize from the zero RAD

count of each term that no tree is even necessary, and the

only work involved would be to list as output each minterm.

One other point of interest raised by comparisons with
MINI is their stated philosophy of starting from any given
initial cover as opposed to a list of minterms. They claim
that this approach poses fewer limitations on the number of
variables that can be handled. While it might be correct
for MINI which only strives to improve a solution, we do not
believe that the input stream of minterm bits is a main dis-
advantage. Most functions come with high level specifica-
tions and a prepreocess interface with a user must always ex-
ist to transform those specifications into a valid input
form. This transformation can be easily seen as part of a

user's interface and the work involved in translating from
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sum-of -products expression to cube notation and to minterms
is not necessarily the fundamental part of a minimization

algorithm.

The last topic we would like to discuss briefly is the
issue of minimality. MINI is designed for a near-minimal
solution and achieves, at times, a minimal one. In the ma-
jority of cases, the determination of minimality can be
based solely on previous known results. DSA has so far
reached a minimal solution, and the only theoretical problem
we see arises in the case of cycles. The method does recog-
nize cycles, yet it has no inherent logic to solve them,
Hence a miqimal solution in these cases is left as a sepa-

rate problem from DSA itself.

APL has been used to implement both MINI and DSA. At the
moment MINI is being recoded in machine language in order to
provide an efficient production program. We believe that
DSA as well would profit from recoding into another language
with higher efficiency, even if not necessarily machine lan-
guage since the method is not computationally demanding. We
would like to point out as a last advantage to DSA, that the
algorithm is not very complex at all and the programming did
not require an unreasonable amount of work. In contrast the
algorithm description of MINI [HONl, pp.452-454) appears

quite awesome.
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7.1 SUMMARY.
We have presented here both the single and multiple-output
‘problems for a minimized two-level design of functions.. The
Directed Search Algorithm has been used as the technique to
approach these problems, as opposed to other classical meth-
ods. The main advantage is to reduce the processes of gen-
erating all prime implicants and selecting a suitable cover
to only one process of search which immediately provides an

answer.

This has been particularly important for the multiple-
output case. The algorithm uses tree searches and adjacency
relations as the main tools. Heuristics.were introduced to
permit the pruning of trees, which produce a considerable
decrease of the total search space. The advantages of the
new algorithm have been explored: most of all the total com-
putation is quite small, thus permitting its application to

large sets of functions.

The method is well-suited for computer realization and it
has been implemented and tested. This has been mainly a de-
velopment and feasibility study: the application of DSA to
other domains remains to be researched, as do its optimiza-

tion and its testing for very large functions.
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D5 4 INPUTS; 4 OUTPUTS
0011100X011110XX

D6
0100000X100010XX

Dv
1101100X000100XX

D8
1100101X001101XX

4 RAD 4
ENTER MINTERM LISTS AS FOLLOWS
FB > 0
XF > X WITH QUOTES
TF -> 1
A+L MINTERMS FOR EACH FUNCTIONS AT BACH PROMET
0:
s
0O:
D6
:

0:

D7

D8
count
231230101212
SPECTAL CASES :.1 8 9
PE T8(1) [0 11 17

321200
13

PI IS (8 12) [0 1 0 0]
Pr I8 (g 11) {1 0 0 01
Pr I (13 15) [0 0 0 11

TFLIST
i

y
Pris (4 0) [00 1 1]

ik2



TFLIST
3 10 11
& 5 8
PI IS (3 7 11 15) [1 0 1 ¢l

PIr 75 (3 7 11 15) [1 0 1 0]
TFLIST
2 46 12

2 43 4
Pr IS (2 3 40 11) [1 0 0 0]

PT IS (6 7 1u 15) [0 0 0 1]
PrIs (4 12) [1 0 0 0]

TIME USED
935

143



4 INPUTS: 2 OUTPUTS

EX10
1014101100210000

EX11
10001000121131100

2 RAD 4
ENTER MINTERM LISTS AS FOLLOWS
FF -> 0
XF -—> X WITH QUOTES
TF > 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMET
[:
EX10
O:
EX11
COUNT
2011201212112 21100
TFLIST
04 10 11
by oy oy
P IS (0 u) [1 1]

PT I5 (32 786)[10]

PI I5 (10 144) [4 1]

TFLIST

'8 9 12 43

43 3 2

PI 15 (13 12 9 8) [0 1]

TIME USED
531

144



4 INPUTS: 3 OUTPUIS

EX20
0001000121010001

EX21
00011101200200011

EX22
$100010100010001

3 RAD 4
ENTER MINTERM LISTS AS FOLLOWS
FF -> 0
XF -> X WITH QUOTES
TF -> 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMPT
d:

EX20
O:

EX21
[z

£X22
COUNT
010212034141
SPECIAL CASES : 1 8
PT IS (15)[0o01

[

PT Is (4 5) [0 1 0]

PI IS (8 9) [1 0 0]

PT IS (10 1u) [0 1 0]

TFLIST
7 .15
7 6
Pr 1s (i5 7) [1 1 1]

TFLIST
0311
3 4
PI 15 (3 7) [1 1 0]

145
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PT IS (11 15) [1 0 11

TIME USED
571



7
4 INPUTS; 3 OUTPUTS

EX30
0000000000011111

EX31
0001000100011101

EX32
0001000100001111

3 EAD u
ENTER +INTEREM LISTS AS FOLLOWS
FF -> 0
XF > X WITH QUOTES
IF -> 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMPT
0:
EX30
D: ot
EX3ai
:
EX32
COUNT
000200020002 332:3
TFLIST
12 13 15
5 6 ¢
Pr Is (12 13) [1 1 1]

PI I8 (15 a4) [1 0 1]

PI I8 (45 11) [1 1 0+

TFLIST
37
3 4L
Pr 15 (3 7) [0 1 1]

TIME USED
577
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4 INPUTS; 3 OUTPUTS

EX40
0000000000012111

EXu1
0001000200011111

EXy2
0001000100001111

3 RAD 4
ENTER MINTERM LISTS AS FOLLOWS .
FF -» 0 ’
KB - X - WITH QUOTES
TF -> 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMPT
0: - o
EXu0
(:
EXua
1
EXu2
CoUnNT
0002000200023333
TFLIST ‘
12 13 1415
8 &6 6 10
PI IS (42 13 14 15) [1 1 4]

TFLIST
3744
34 3
PI 15 (3 7) [0 1 1]

BI85 1 4587 [4:3.09]

TIME USED
320



4 INPUTS; 4 QUIPUIS

m
1111X1110000X000

D2
1111X¥0100111X000

D3
0000X1111100X111

D
0000X1000010X000

b RAD 4
ENTER MINTERM LISTS AS FOLLOWS
FF -»> 0
XF ->» X WITH QUOTES
TF -» 1
ALL MINTERMS FOR FEACE FUNCTION AT FACH PROMPT
HE

D1
{:

D2
2

b3
[:

D4
COUNT

2222033212210112
SPECIAL CASES : 10
Pr 1s (40) (0.1 0.41]

TFLIST

56

7 8

Pr78 (54)[10214a]

Pr 15 (6 4) [11410]

PIT IS (2304)([1100]

TFLIST
79
6 4

149
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Pr 1s (9 11) [0 1 0 0]

PI IS (76 54) [10 1 0]

TELIST
8 9 13 14 15
o & 3 3
PT IS (8 9 12 18) [0 0 1 0]

PI IS (14 15 12 136 7 4 5) [0 0 1 0]

TIME USED
988



4 INPUTS; 4 QUIPULS

DDl
0X1111000X1111X0

Dp?
1X0011001X0014X0

Dp3
0X1014001X0001X0

DDL
1X1010100X0101X1

4 RAD 4
ENTER MINTERM LISTS AS FOLLOWS
FE > 0
XF - X WITH QUOTES
Fr -> 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMPT
O:
pD1
f:
DD3
a:

0:

DD3

pon

COUNT
20814310202122401
TFLIST

L 13

8 10

PI IS (5 1 13 18) [1 1 1 0]

TFLIST

i

g

PrI1s (u) [1 11 1]

TFLIST
2
i
Pr IS (2) [1 01 1]
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TFLIST
08 11 12

64 5 7
PIT IS (8 9) [0 1 1 0]

PI I8 (11 ¢) [1 0 0 1]
PI I8 (15 13) [0 0 0 1]
BT I8 (0 1) [0 12 0 1]

Pr IS (42 13 4 5) [1 1 0 0]

TFLIST
36 10
33 3
PI 7§ (3 2 11 10) [1 0 0 0]

PT I8 (6 4 20) [000 1]

TIME USED
1302



BIGO
010100110101001101010011020206011

BIG1
001000100010001000110021210101040

BIG2
00010111000104110000011010011411

BIG3
01010101010101010104010104010101

BIGY
0010001000100010001000100010C010

BIGS
101010101010101010101010101010210

BIGS
01000100010001000100010001000100

7 RAD 5
ENTER MINTERM LISTS AS FOLLOWS
FF > Q

153

5 INPUTS; 7 OUTPUTS

XF > X WITH QUOTES
TF > 1
ALL MINTERMS FOR EACH FUNCTION AT EACH PROMPT
O
BIGO
O:
BIGA
HH
BIG?
O:
BIG3
a:
BIGH.
0
BIGS
-
BIG6
COUNT
1333135
3333

31333135313331352333
53
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Pr Is (6 a4 22 30) [1 11011 0]

TFLIST
12357910 11 13 15 17 18 19 21 23 24 25 26
27 28 29 21

10 10 10 10 12 10 10 11 10 13 10 21 10 9 10 7 10
11 10 9 11 12
Pr71s (24 28) [041 100 1 0]

PI IS (21295 13) [00 1100 1]

PII5(1921725) 100100 1]

PI IS5 (2 6 10 44 18 22 26 30) [0 100 1 1 0]

PT 15 (3712115)[101 100 0]

PI 158 (19 23) [1.1 0 1 ¢ 0O O]

Pr I8 (27 31 11 15) [1 0110 0 0]

TFLIST

04 8 42 16 30
Wy oy 4oy

PI IS (0 2 4 6 8 10 12 14 16 18 20.22 24 26 28 30)
(000004 0]
TIME USED

1519
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