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Abstract

A broadcast on a connected graph G with vertex set V (G) is a function f : V (G) →
{0, 1, ...,diam(G)} such that f(v) ≤ e(v), where e(v) denotes the eccentricity of v. A

vertex v is said to be broadcasting if f(v) > 0. The cost of f is σ(f) =
∑

v∈V (G) f(v), or

the sum of the strengths of the broadcasts on the set of broadcasting vertices V +
f = {v ∈

V (G) : f(v) > 0}. A vertex u hears f from v ∈ V +
f if dG(u, v) ≤ f(v). The broadcast f

is hearing independent if no broadcasting vertex hears another. If, in addition, any vertex

u that hears f from multiple broadcasting vertices satisfies f(v) ≤ dG(u, v) for all v ∈ V +
f ,

the broadcast is said to be boundary independent.

The minimum cost of a maximal boundary independent broadcast on G, called the

lower bn-independence number, is denoted ibn(G). The lower h-independence number ih(G)

is defined analogously for hearing independent broadcasts. We prove that ibn(G) ≤ ih(G)

for all graphs G, and show that ih(G)/ibn(G) is bounded, finding classes of graphs for

which the two parameters are equal. For both parameters, we show that the lower bn-

independence number (h-independence number) of an arbitrary connected graph G equals

the minimum lower bn-independence number (h-independence number) among those of

its spanning trees.

We further study the maximum cost of boundary independent broadcasts, denoted

αbn(G). We show αbn(G) can be bounded in terms of the independence number α(G),

and prove that the maximum bn-independent broadcast problem is NP-hard by a reduc-

tion from the independent set problem to an instance of the maximum bn-independent

broadcast problem.

With particular interest in caterpillars, we investigate bounds on αbn(T ) when T is a

tree in terms of its order and the number of vertices of degree at least 3, known as the

branch vertices of T . We conclude by describing a polynomial-time algorithm to determine

αbn(T ) for a given tree T .
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Chapter 1

Introduction

Consider a set of transmitters broadcasting at varying nonnegative strengths from the

vertices of a network. A vertex hears the broadcast if it lies within the range of at least

one transmitter. If this is true for all vertices, the network or graph is said to be dominated.

The sum of the strengths of the broadcasts is referred to as its cost or weight. Dominating

broadcasts generalize dominating sets, for if each vertex of a graph G broadcasts with

strength 0 or 1 and G is dominated, the set of vertices broadcasting at strength 1 forms a

dominating set on G.

Broadcasts that generalize independent sets were introduced by Erwin [8], who defined

the concept of hearing independent or h-independent broadcasts, in which broadcasts may

overlap so long as no broadcasting vertex hears another. If instead no edge is covered by

two broadcasting vertices (that is, if broadcasts overlap only on their boundary vertices),

then the broadcast is boundary or bn-independent. This alternative definition of broadcast

independence was first studied by Neilson in [21], and by Mynhardt and Neilson in [18],

who established tight upper bounds on the maximum cost of such broadcasts and defined

several other possible generalizations of independent sets to broadcast independence. Our

purpose is to further investigate boundary independent broadcasts as well as hearing

independent broadcasts on connected graphs, particularly on trees and families of trees.

1.1 Definitions for Independence

An independent set on a graph G is a set of pairwise nonadjacent vertices. The maximum

size of such a set is denoted α(G), whereas the minimum cardinality of a maximal indepen-

dent set, called the independent domination number of G, is denoted i(G). To generalize

the notion of independence, Erwin [8] defined a broadcast on a nontrivial connected graph

G as a function f : V (G) → {0, 1, ...,diam(G)} such that f(v) is at most the eccentricity
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e(v) for all vertices v. We say a vertex v is broadcasting if f(v) ≥ 1, and that f(v) is the

strength of f from v. The cost of f is σ(f) =
∑

v∈V (G) f(v).

Given a broadcast f on G and a broadcasting vertex v, a vertex u hears f from v if

dG(u, v) ≤ f(v). We define the f -neighbourhood of v, denoted by Nf (v), as the set of all

vertices which hear f from v (including v itself).

The f -private neighbourhood of v, denoted by PNf (v), consists of those vertices that

hear f only from v. The f -boundary of v is Bf (v) = {u ∈ Nf (v) | d(u, v) = f(v)}. The f -

private boundary PBf (v) is defined analogously. In particular, PBf (v) = PNf (v)∩Bf (v).

If u ∈ Nf (v)\Bf (v), v is said to overdominate u by k, where k = f(v)−dG(u, v). A vertex

which does not broadcast or hear f from any broadcasting vertex is undominated.

Throughout this paper, we partition the set of broadcasting vertices V +
f into

V 1
f = {v ∈ V (G) | f(v) = 1} and V ++

f = {v ∈ V (G) | f(v) > 1}. We denote the set of

undominated vertices by Uf . For example, in Figure 1.1, V 1
f = {v1}, V ++

f = {v2}, and

Uf = {w1, w2}. A broadcast f is dominating if Uf = ∅. The broadcast domination

number, γb(G), is the minimum weight of such a broadcast. An overview of broadcast

domination in graphs is given by Henning, MacGillivray, and Yang in [14].

A broadcast f is hearing independent if x /∈ Nf (v) for any x, v ∈ V +
f . It is boundary

independent if Nf (v)\Bf (v) ⊆ PNf (v) for all v ∈ V +
f .

v1 uv2 w1 w2

Figure 1.1: A boundary independent broadcast f on a tree. Vertices v1 and v2 broadcast

at strengths 1 and 2, respectively. The vertex v2 overdominates u by 1, whereas w1 and

w2 are undominated.

We refer to the maximum cost of a boundary independent broadcast on a given graph

G as its boundary independence number, denoted αbn(G). For a given integer k ≥ 0, the

problem of determining whether αbn(G) ≥ k is called the maximum bn-independent broad-

cast problem. The hearing independence number αh(G) and the maximum h-independent

broadcast problem are defined similarly.

We are also interested in maximal independent broadcasts, or those for which the

broadcast strength cannot be increased at any vertex without violating the independence

condition. If f and g are broadcasts on a graph G, we say that g ≤ f if g(v) ≤ f(v) for all

v ∈ V (G). If in addition g(v) < f(v) for some v, we write g < f . A boundary independent
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broadcast f is maximal boundary independent if there exists no boundary independent

broadcast g such that g > f . Equivalently, f is a maximal boundary independent broad-

cast if Bf (v)− PBf (v) 6= ∅ for all v ∈ V +
f . Mynhardt and Neilson [18] defined ibn(G) as

the minimum weight of a maximal boundary independent broadcast on G. The minimum

weight of a maximal hearing independent broadcast is denoted ih(G). To differentiate

these parameters from αbn(G) and αh(G), we call ibn(G) and ih(G) the lower boundary

independence number and the lower hearing independence number, respectively.

For terminology not defined in this thesis, see Chartrand, Lesniak, and Zhang [6].

1.2 Background and Preliminaries

1.2.1 Broadcast Domination

Erwin introduced the notions of broadcast domination and broadcast independence in

graphs in [8], and further investigated them in [9]. Erwin studied the broadcast domination

number γb(G), noting that for any connected graph G,

γb(G) ≤ min{rad(G), γ(G)},

where the domination number γ(G) denotes the minimum cardinality of a dominating

set of G. Graphs for which γb(G) = rad(G) are said to be radial. The problem of

characterizing radial trees was introduced by Dunbar, Erwin, Haynes, Hedetniemi and

Hedtniemi in [7] and solved completely by Herke and Mynhardt in [12].

For a lower bound, Erwin showed in [9] that

γb(G) ≥
⌈

diam(G)+1
3

⌉
,

determining γb(G) exactly for graphs such that γ(G) =
⌈

diam(G)+1
3

⌉
. In particular,

γb(Pn) = γ(Pn) =
⌈
n
3

⌉
for any path Pn on n ≥ 2 vertices.

A dominating broadcast f is efficient if no vertex hears f from two different vertices

(that is, if signals do not overlap). Dunbar et al. [7] proved that every graph admits an

efficient γb-broadcast.

The problem of determining γ(G) for a given graph G is known to be NP-complete [10].

In [11], however, Heggernes and Lokshtanov showed that the minimum broadcast domi-

nation problem is solvable in polynomial time for all graphs. Their surprising algorithm

simplifies the problem by representing a broadcast f on a graph G by its ball graph, a

graph with vertices representing broadcast neighbourhoods such that two vertices in the

ball graph are adjacent if their corresponding broadcast neighbourhoods in G contain a

pair of adjacent vertices. They found that the existence of an efficient γb-broadcast implies



4

the existence of a γb-broadcast for which the corresponding ball graph is either a path or

a cycle.

Theorem 1.2.1. [11] For any graph G, the broadcast domination number γb(G) can be

determined in O(n6) time.

Erwin [8] further defined a dominating broadcast f to be a minimal dominating broad-

cast if there exists no dominating broacast g such that g < f . The upper broadcast number,

denoted Γb(G), is the maximum cost of a minimal dominating broadcast on a graph G.

Like γb(G) and γ(G), the parameter Γb(G) generalizes the upper domination number Γ(G),

the maximum cardinality of a minimal dominating set on G. In particular, Γ(G) ≤ Γb(G)

for all graphs G. The upper broadcast number was studied by Ahmadi, Fricke, Schroeder,

Hedetniemi and Laskar [1], and by Dunbar et al. [7], among others.

A multipacking on a graph G is a set M ⊆ V (G) such that for every v ∈ M and

every 1 ≤ s ≤ diam(G), v is within distance s of at most s vertices in M. The definition

of a multipacking was introduced by Brewster, Mynhardt, and Teshima in [5] and by

Teshima [23], derived from the linear programming dual of broadcast domination when

considered as a linear programming problem. The multipacking number, denoted mp(G),

is the maximum cardinality of a multipacking on G. Teshima presented early results on

the multipacking number and described a linear time algorithm to construct a maximum

multipacking in a given tree T , proving that the multipacking number and broadcast

domination number are equal for trees.

Theorem 1.2.2. [23] For any tree T , γb(T ) = mp(T ).

For a survey of results on broadcast domination and multipacking, see [14].

1.2.2 Boundary and Hearing Independent Broadcasts

An independent set I in a graph is a set of vertices, no two of which are adjacent. Al-

ternatively, independent sets may be considered in terms of the edges of the graph, as

every edge is incident with at most one vertex in I. Although these formulations are

equivalent, they differ when used to generalize the notion of independent sets to indepen-

dent broadcasts. The former leads to the concept of hearing independence as defined by

Erwin in [8] whereas the latter leads to the concept of boundary independent broadcasts

as defined by Mynhardt and Neilson [18] and Neilson [21], in which each edge belongs to

the f -neighbourhood of at most one broadcasting vertex.

Hearing independence was further studied by Bessy and Rautenbach [3,4] and by Dun-

bar et al. [7]. The more recent study of boundary independent broadcasts was continued

by Mynhardt and Neilson in [17,19,20] and by Marchessalt and Mynhardt in [16].
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1.2.3 The Lower Parameters ibn and ih

Mynhardt and Neilson [18] characterized bn-independent broadcasts that are maximal

bn-independent.

Proposition 1.2.3. [18] A bn-independent broadcast f is maximal bn-independent if and

only if f is dominating, and either |V +
f | = 1 or Bf (v)− PBf (v) 6= ∅ for each v ∈ V +

f .

In particular, Proposition 1.2.3 implies γb(G) ≤ ibn(G) for all graphs G. An upper

bound for ibn(G) in terms of γb(G) was found by Neilson in [21].

Proposition 1.2.4. [21] For any graph G, ibn(G) ≤
⌈

4γb(G)
3

⌉
.

Marchessault and Mynhardt [16] considered the lower bn-independence number of trees

and determined that ibn(T ′) ≤ ibn(T ) for any subtree T ′ of a tree T .

In [12], Herke showed that γb(G) = min{γb(T ) : T is a spanning tree of G} for any

connected graph G. Marchessault and Mynhardt asked whether a similar result can be

proven for boundary independence.

Question 1.2.5. Is it true that ibn(G) = min{ibn(T )}, where the minimum is taken over

all spanning trees T of G?

The relation between ih(G) and ibn(G) was also considered in [16]. They asked whether

the difference ih(G)− ibn(G) may be arbitrary and, if so, whether the ratio ih(G)/ibn(G)

is bounded for all graphs G. It was unknown whether there existed any graph G such that

ih(G) < ibn(G).

1.2.4 The Upper Parameters αbn and αh

As any boundary independent broadcast is hearing independent, it follows from the defi-

nitions that αbn(G) ≤ αh(G) for all graphs G. In [18], Mynhardt and Neilson showed that

αh(G)/αbn(G) < 2, and that this bound is asymptotically best possible. They posed the

problem of investigating the ratio αbn(G)/α(G) in [20].

Problem 1.2.6. Is it true that αbn(G) < 2α(G) for any graph G?

It was shown in [18] that αbn(G) ≤ n−1 for all graphs G of order n, with equality if and

only if G is a path or a generalized spider, a tree with exactly one vertex of degree greater

than 2. It is easily observed that α(G) ≤ n− δ(G), where δ(G) denotes the minimum

degree among the vertices of G. In [19], Mynhardt and Neilson asked whether a similar

inequality existed for the maximum boundary independence number.

Problem 1.2.7. Show that αbn(G) ≤ n− δ(G) for any graph G of order n.
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For any tree T , the bound in Problem 1.2.7 follows immediately from the bound

αbn(T ) ≤ n− 1 and the fact that δ(T ) = 1.

Although efficient broadcast domination was shown to be solvable in polynomial time

for every graph in [11], the complexity of hearing independence was unknown even for

trees until an efficient algorithm was found by Bessy and Rautenbach in [2].

Theorem 1.2.8. [2] For any tree T of order n, αh(T ) can be determined in O(n9) time.

1.2.5 Related Parameters

Although boundary and hearing independence are the focus of this thesis, there exist other

definitions of broadcast independence that generalize independent sets. In [1], Ahmadi et

al. defined a broadcast f to be irredundant if PBf (v) 6= ∅ for all v. If f is both irredundant

and bn-independent, f is said to be a bnr-independent broadcast. A broadcast is bnd-

independent if it is both minimal dominating and bn-independent. Both these definitions

were introduced by Neilson in [21], and further investigated by Mynhardt and Neilson

in [18].

If a broadcast f satisfies the conditions of a given definition of broadcast indepen-

dence, and if there exists no broadcast g > f satisfying the same conditions, then f is

maximal with respect to that type of independence. The minimum cost of a maximal

bnr-independent or bnd-independent broadcast on a given graph G is denoted ibnr(G) or

ibnd(G), respectively. The maximum costs are denoted αbnr(G) and αbnd(G).

As shown in [18], it follows from the definitions that

α(G) ≤ αbnd(G) ≤ αbnr(G) ≤ αbn(G) ≤ αh(G)

and

ibnd(G) ≤ ibnr(G) ≤ γb(G) ≤ γ(G) ≤ i(G) ≤ α(G) ≤ αbnd(G) ≤ Γb(G)

for any graph G.

1.3 Overview

This paper is organized as follows. In Chapter 2, we compare ibn(G) and ih(G). We give

an example construction to show that the difference ih(G) − ibn(G) may be arbitrarily

large, and prove that there exists no graph G with ih(G) < ibn(G). We address Question

1.2.5, determining that for any connected graph G,

ibn(G) = min{ibn(T ) : T is a spanning tree of G},
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from which we derive an alternate proof that ibn(G) ≤ ih(G). As a corollary, by following

the proof of the analogous result for the lower boundary independence number, we find

that for any connected graph G,

ih(G) = min{ih(T ) : T is a spanning tree of G}.

We investigate the ratio between ih(G) and ibn(G) and find that ih(G)
ibn(G) ≤

5
4 for all

graphs G. Finally, we show that ih(G) = ibn(G) if G is a tree with at most one vertex of

degree at least 3, and consider other classes of graphs for which the lower parameters are

equal.

In Chapter 3, we focus on the maximum boundary independence number αbn(G). We

show that αbn(G) < 2α(G) for all G, solving Problem 1.2.6. We further prove Problem

1.2.7 (that is, we show that αbn(G) ≤ n − δ(G) for any graph G). By considering a

transformation from independent sets to boundary independent broadcasts on graphs,

we observe that determining whether αbn(G) ≥ k for a given integer k is, in general,

NP-Complete. We then turn our attention to trees and find αbn(G) exactly for certain

families of trees.

In Chapter 4, we continue our study of maximum boundary independence broadcasts in

trees. Using a method similar to the proof technique employed by Bessy and Rautenbach

in [2], we derive an O(n9) time algorithm to determine αbn(T ) for a given tree T , showing

Theorem 1.2.8 holds for αbn(T ) as well.
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Chapter 2

Minimum Boundary Independent

and Hearing Independent

Broadcasts

2.1 Known Results and Preliminaries

There are several methods by which we may generalize the concept of independent sets

to broadcast independence. As discussed in Chapter 1, if we require that no broadcasting

vertex hears another, we obtain the definition of cost independent broadcasts introduced

by Erwin in [8], which we refer to as hearing independent, abbreviated h-independent. The

definition of boundary independent (or bn-independent) broadcasts, in which no broad-

casts overlap on edges, was introduced by Neilson [21] and Mynhardt and Neilson [18] as

an alternative to hearing independence.

Recall that a broadcast f is maximal hearing independent (similarly, maximal bound-

ary independent) on G if there exists no hearing independent (boundary independent)

broadcast g such that σ(g) > σ(f) and g(v) ≥ f(v) for all v ∈ V (G). Observe that if f is

h-independent or bn-independent but not dominating, f may be extended to a dominating

broadcast g by successively broadcasting at strength 1 from an uncovered vertex until no

such vertices remain.

Observation 2.1.1. If f is a maximal boundary independent or maximal hearing inde-

pendent broadcast, then f is dominating.

The minimum cost of a maximal h-independent broadcast on a graph G, or lower

heading independence number of G, is denoted ih(G). Mynhardt and Neilson defined

ibn(G) as the lower boundary independence number of G; that is, the minimum cost of a
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maximal bn-independent broadcast on G. They extended Observation 2.1.1 to a necessary

and sufficient condition for a boundary independent broadcast to be maximal boundary

independent.

Proposition 2.1.2. [18] Let f be a boundary independent broadcast on a connected graph

G. Then f is maximal bn-independent if and only if f is dominating, and either

(i) |V +
f | = 1, or

(ii) Bf (v)− PBf (v) 6= ∅ for each v ∈ V +
f .

It is natural to consider the analogous result for maximal hearing independence.

Proposition 2.1.3. Let f be a hearing independent broadcast on a connected graph G.

Then f is maximal hearing independent if and only if f is dominating, and either

(i) |V +
f | = 1, or

(ii) for each v ∈ V +
f there exist u ∈ Bf (v) and w ∈ V +

f − {v} such that uw ∈ E(G),

i.e., each broadcasting vertex has a vertex on its boundary that is adjacent to another

vertex in V +
f .

To illustrate (ii), observe that in Figure 2.1, the dominating h-independent broadcast f

cannot be increased at v, otherwise the vertex w ∈ V +
f adjacent to u ∈ Bf (v) would hear

f from v. Similarly, f cannot be increased at either vertex broadcasting at strength 1.

1

12

v

wu

Figure 2.1: A dominating maximal h-independent broadcast f with |V +
f | = 3.

Proof. Let f be a maximal h-independent broadcast on G. By Observation 2.1.1, f is

dominating. Suppose there exists v ∈ V +
f such that uw /∈ E(G) for all u ∈ Bf (v) and

w ∈ V +
f − {v}. Then either |V +

f | = 1 (in which case f(v) = e(v), where e(v) denotes

the eccentricity of v), or we may define a new broadcast f ′ where f ′(v) = f(v) + 1 and

f ′(x) = f(x) for all x 6= v. Since f ′ is dominating and no broadcasting vertex hears

another, f ′ is h-independent on G, contradicting the maximality of f .

Conversely, let f be a dominating h-independent broadcast such that (i) or (ii) hold.

If |V +
f | = 1 and V +

f = {v}, then f(v) = e(v), otherwise f would not be dominating.
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Suppose for a contradiction that f satisfies (ii) and is not maximal h-independent. Then

there exists v ∈ V +
f such that increasing the strength of the broadcast on v by 1 results in

a new h-independent broadcast f ′. By (ii), since v ∈ V +
f , there exists u ∈ Bf (u) adjacent

to a broadcasting vertex w ∈ V +
f − {v}. But then w ∈ Bf ′(v), a contradiction. It follows

that f is maximal h-independent.

From Proposition 2.1.3, we derive conditions for a maximal h-independent broadcast

to be bn-independent.

Corollary 2.1.4. Let f be a maximal hearing independent broadcast on a connected graph

G. If f is boundary independent, either |V +
f | = 1 or there exists u ∈ Bf (v) adjacent to a

vertex in V 1
f for each v ∈ V +

f .

Proof. Suppose f is a maximal h-independent broadcast on G such that f is boundary

independent; that is, no edge of G hears more than one broadcasting vertex.

Since f is dominating, by Proposition 2.1.3 (ii), either |V +
f | = 1 or every v ∈ V +

f has

a vertex u on its f -boundary adjacent to another vertex w ∈ V +
f . In the latter case, if

f(w) ≥ 2, then w overdominates u, hence Nf (v) andNf (w) intersect on an edge. Therefore

f(w) = 1.

Two graph parameters p and q are incomparable if there exist graphs G,G′ for which

p(G) < q(G) and p(G′) > q(G′). We write this as p � q. In [18], Mynhardt and Neilson

observed that i � ibn and i � ih. However, it remained unknown whether ibn and ih are

incomparable. In the following sections, we show that the difference ih(G) − ibn(G) may

be arbitrarily large. In Section 2.3, we prove that ibn(G) ≤ ih(G) for all graphs G, thereby

solving an open problem posed in [16].

The parameters ibn(G) and ih(G) were further studied by Marchessault and Mynhardt

in [16]. They proved that if T ′ is a subtree of a tree T , then ibn(T ′) ≤ ibn(T ), and asked

if ibn(G) = min{ibn(T )}, where the minimum is taken over all spanning trees T of G. We

present a proof in Section 2.4, and derive an alternative proof that ibn(G) ≤ ih(G) for all

graphs G. In Section 2.5, we bound the ratio ih(T )/ibn(T ) and apply the spanning tree

result to show that the same bound holds for ih(G)/ibn(G).

The following results of Marchessault and Mynhardt will be useful throughout this

chapter. For a path P in a tree T , let d(v, P ) denote the minimum distance from a vertex

v ∈ V (T ) to a vertex on P .

Proposition 2.1.5. [16] Let P be a path in a tree T and let f be a broadcast on T. Let

Touch (P ) denote the set of broadcasting vertices whose f -neighbourhoods intersect P , and

let Off (P ) denote the remaining broadcasting vertices, that is, those that do not broadcast

to any vertex of P . Suppose
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σ1 =
∑

v∈Touch(P )

d(v, P ) and σ2 =
∑

v∈Off(P )

f(v).

Then

1. f covers at most 2

( ∑
v∈Touch(P )

f(v)− σ1

)
edges of P , and

2. if f covers b edges of P, then σ(f) ≥ d b2e+ σ1 + σ2.

3

1

2

P

Figure 2.2: Vertices broadcasting to a path P of a tree. Observe that each broadcasting

vertex v covers at most 2(f(v)− d(v, P )) edges of P .

In particular, if D is a diametrical path of a tree T and f covers every edge of D, then

σ(f) ≥ rad(T ).

We say an edge e = uv hears f or is covered by w ∈ V +
f if d(u,w) < d(v, w) and

v ∈ Nf (w). If no such vertex w exists, then e is uncovered. The set of uncovered edges is

denoted UEf .

Proposition 2.1.6. [16] Let f be a bn-independent broadcast on a connected graph G

such that |V +
f | ≥ 2. Then f is maximal bn-independent if and only if each component of

G− UEf contains at least two broadcasting vertices.

Note that if each component of G−UEf contains at least one broadcasting vertex, then

f is dominating, since G− UEf is a spanning subgraph of G.

It is clear that the first direction of Proposition 2.1.6 must also hold for hearing inde-

pendence, for if f is maximal h-independent and some component C of G− UEf contains

only a single broadcasting vertex v, all edges between G−C and Bf (v) are uncovered. But

then increasing the broadcast strength of v by 1 results in a new h-independent broadcast

of greater cost, a contradiction.

On the other hand, if f is a hearing independent broadcast on a connected graph G

such that |V +
f | ≥ 2 and all components of G − UEf contain at least two broadcasting

vertices, f is not necessarily maximal hearing independent as broadcasts may overlap on

edges within components. Such a broadcast is illustrated in Figure 2.3.
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2

221

e

v

Figure 2.3: A hearing independent broadcast f such that the removal of the f -uncovered

edge e leaves two components, each of which contains two broadcasting vertices. As

increasing the strength of the broadcast from v by 1 does not result in any broadcasting

vertex hearing another, f is not maximal h-independent.

2.2 The Difference ih(G)− ibn(G)

Proposition 2.2.1. For any nonnegative integer n, there exists a connected graph G such

that ih(G)− ibn(G) > n.

Proof. Let T1 be the tree shown in Figure 2.4. For each integer i ≥ 2, construct the tree

Ti by adding an edge between an endpoint of a diametrical path of Ti−1 to an endpoint of

a diametrical path of a copy of T1.

Figure 2.4: T1, a tree with ibn(T1) = ih(T1) = 4.

The graph T2 is shown in Figure 2.5. Observe that a maximal boundary independent

broadcast of weight 4i can be constructed on Ti by broadcasting at strength 2 from each

vertex of degree 3. We claim that ih(Ti) = rad(Ti) = d8i+i−1
2 e. Proposition 2.2.1 then

follows from the fact that ih(Ti)− ibn(Ti) ≥ rad(Ti)− 4i = d i−1
2 e.

Figure 2.5: The graph T2, consisting of two copies of T1 joined by an edge.

Suppose for contradiction that there exists a maximal hearing independent broadcast

f on Ti such that σ(f) < rad(Ti). Then |V +
f | ≥ 2. Let D be a diametrical path of Ti. By

Proposition 2.1.6, every component of Ti−UEf contains at least two broadcasting vertices.
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In particular, each component must contain at least three vertices, including at least one

vertex on D.

If every component C of Ti−UEf contains either (1) an edge on D covered by multiple

broadcasting vertices, or (2) a broadcasting vertex in V (Ti) − V (D), then the weight

of f restricted to C exceeds l(C ∩ D)/2 for all components C. But then, by part 2 of

Proposition 2.1.5, we have that σ(f) ≥ rad(Ti), a contradiction. It follows that there

exists a component C such that no edge of C lying along D hears multiple broadcasts,

and no vertex of V (C)\V (D) is broadcasting.

Let fC denote the restriction of f to C. Since fC is boundary independent and C

contains at least two broadcasting vertices, by Corollary 2.1.4, every broadcasting vertex

contains a vertex on its boundary adjacent to a vertex in V 1
fC

. Thus, there exist vertices

u, v ∈ V (C) such that fC(u) = fC(v) = 1 and d(u, v) = 2. By the construction of Ti,

either u or v has degree 3, or a degree 3 vertex lies on the f -boundary of u or v. But

since no vertex of V (C)\V (D) is broadcasting, some vertex of V (C)\V (D) would remain

undominated, a contradiction. Therefore ih(Ti) = rad(Ti).

It is natural to ask whether there exist graphs for which ih(G) < ibn(G). Suppose there

exists a graph G with two or more vertices of high degree such that broadcasts from each

of these vertices will cover G only if some broadcasts may overlap on edges. Assuming an

ibn-broadcast cannot be constructed by broadcasting from a single radial vertex, it seems

reasonable to imagine a case in which a maximal h-independent broadcast has lower cost

than a maximal bn-independent broadcast. In the following section, we show why this is

impossible.

2.3 A Proof That ibn(G) ≤ ih(G) For All Graphs

Since the cost of a broadcast is equal to the sum of the costs of the broadcasts on each

of its components, it suffices to consider connected graphs. We first consider the case in

which no vertices broadcast at strength greater than 1.

Proposition 2.3.1. Let f be a broadcast on G such that |V ++
f | = 0. Then f is maximal

boundary independent if and only if it is maximal hearing independent.

Proof. Suppose f is a maximal bn-independent or maximal h-independent (and hence

dominating) broadcast on G such that V +
f = V 1

f . If |V +
f | = 1, then f is both maximal

bn-independent and maximal h-independent by part (i) of Propositions 2.1.2 and 2.1.3.

Otherwise, suppose |V 1
f | ≥ 2 and let v ∈ V 1

f . Then Bf (v)− PBf (v) 6= ∅ if and only if

v has a vertex on its boundary adjacent to another vertex broadcasting at strength 1, in
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other words, Propositions 2.1.2 (ii) is equivalent to Proposition 2.1.3 (ii). Therefore f is

both maximal bn-independent and maximal h-independent.

2.3.1 Trees

Let `(P ) denote the length of the path P . The following result is a consequence of

Proposition 2.1.5, and is stated here for clarity.

Corollary 2.3.2. Suppose f is a broadcast on a tree T such that T − UEf is connected.

Then σ(f) ≥ rad(T ).

Proof. If T −UEf is connected, then every edge of T is covered by f , otherwise the removal

of an uncovered edge would disconnect the tree. Let D be a diametrical path of T . By

part 2 of Proposition 2.1.5 with D = P , σ(f) ≥
⌈
`(D)

2

⌉
≥ rad(T ).

As in Proposition 2.1.5, given a path P in a tree, let Touch(P ) denote the set of

broadcasting vertices whose f -neighbourhoods intersect P . Recall that for v ∈ Touch(P ),

we use d(v, P ) to denote the minimum distance from v to a vertex on P .

Proposition 2.3.3. Let P be a path of a tree T and let f be a broadcast on T . If f covers

b edges of P , and k edges are covered more than once, then σ(f) ≥
⌈
b+k

2

⌉
.

Proof. Consider v ∈ Touch(P ) and let u be the vertex on P for which the distance to v is

smallest (possibly, u = v). Since T is a tree, there exists a unique u− v path Puv which,

by choice of u, intersects P only on u. Thus, v covers at most 2(f(v) − d(u, v)) edges of

P . It follows that

b+ k ≤
∑

v∈Touch(P )

2(f(v)− d(v, P )) ≤
∑

v∈Touch(P )

2f(v) ≤
∑

v∈V +
f

2f(v),

hence σ(f) ≥ b+k
2 . As σ(f) is an integer, we have that σ(f) ≥ d b+k2 e.

Theorem 2.3.4. For any tree T , ibn(T ) ≤ ih(T ).

Proof. Suppose T is a tree such that ih(T ) < ibn(T ) and let f be an ih-broadcast on T . By

Corollary 2.3.2, if f covers every edge of T , then σ(f) ≥ rad(T ). Since ibn(T ) ≤ rad(T ),

the cost of f must be strictly less than rad(T ), hence some edge of T is uncovered. In

particular, T − UEf contains at least two components.

Let T1, T2, ..., Tk be the components of T −UEf and let fi denote the restriction of f to

Ti. By Proposition 2.1.6, since f is maximal h-independent, each component Ti contains

at least two broadcasting vertices. Hence, if fi is bn-independent, then Proposition 2.1.6

implies that it is maximal bn-independent. Since ih(T ) < ibn(T ), at least one restricted

broadcast fi is not bn-independent.
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Assume without loss of generality that f1 is not bn-independent on T1. Then since no

edge of T1 is uncovered, at least one edge hears more than one broadcasting vertex. If this

edge lies along a diametrical path of T1, then σ(f1) ≥
⌈

diam(T1)+1
2

⌉
by Proposition 2.3.3.

If no edge along the diametrical path is covered by multiple broadcasts, then some vertex

off the diametrical path is broadcasting. By part 2 of Proposition 2.1.5, we again have

that σ(f1) ≥
⌈

diam(T1)
2

⌉
+ 1 ≥

⌈
diam(T1)+1

2

⌉
.

Since T − UEf has at least two components, for some i 6= 1, there exists y ∈ V (Ti) and

x ∈ V (T1) such that xy ∈ E(T ). If
⌈

diam(T1)+1
2

⌉
> rad(T1), then d(c, x) ≤ rad(T1) < σ(f1)

for any central vertex c of T1. In the case where
⌈

diam(T1)+1
2

⌉
= rad(T1), such as illustrated

in Figure 2.6, diam(T1) is odd, and so we may choose a central vertex c such that d(c, x) <

rad(T1). Let g1 be the broadcast on T defined by g1 = (f − f1) ∪ {(c, σ(f1))}. Observe

that V (T1) ⊆ Ng1(c) and, by choice of c, the vertex y hears g1 from c.

T1

Ti
2 2

c yx

Figure 2.6: A component T1 with σ(f1) = rad(T1) = 4. A broadcast of strength 4 from c

covers the edge xy joining T1 to Ti.

Let G2 be the component of T − UEg1 that contains T1. As y hears g1 from a vertex in

T1, G2 must also contain the component of T − UEf containing y. It follows that T − UEg1
has fewer components than T − UEf .

Let h2 be the restriction of g1 to G2. Note that h2 covers all edges of G2, and all other

components of T − UEg1 are trees Ti. In particular, each component of T − UEg1 contains

at least two vertices of V +
g1 . Since σ(g1) = σ(f) < ibn(T ), g1 is not bn-independent,

and so there exists at least one component of T − UEg1 containing an edge that hears two

broadcasting vertices. Assume without loss of generality that G2 contains such an edge.

Repeating the process, we again have that σ(h2) ≥
⌈

diam(G2)+1
2

⌉
.

As T is finite, we may repeat the process until we eventually obtain a broadcast g` on T

such that, for some central vertex c of T , σ(g`) = g`(c) = σ(f) = rad(T ), a contradiction.



16

2.3.2 General Graphs

Let f be an ih-broadcast on a connected graph G. Suppose we wish to construct a new

dominating broadcast f ′ on G of equal cost as f , yet with fewer broadcasting vertices.

If u and w are broadcasting vertices whose f -neighbourhoods intersect, we define a

new broadcast f ′ by removing the broadcasts on u and w and broadcasting at strength

f(u) + f(w) from an appropriate vertex b lying on a u − w geodesic. For example, if we

select b as the vertex of distance f(w) from u, then b overdominates u by f(u). Since

d(u,w) = d(u, b) + d(b, w) = f(w) + d(b, w) ≤ f(w) + f(u), we have that d(b, w) ≤ f(u).

It follows that Nf (u) ⊂ Nf ′(b) and Nf (w) ⊂ Nf ′(b).

Figure 2.7 illustrates the process. Note that if Nf (u) and Nf (w) overlap on an edge,

then d(b, w) < f(u), and so b overdominates w by at least f(w) + 1 and Nf (w) ⊂ Nf ′(b).

Let C be the component of G− UEf containing u and w. If G− UEf is disconnected, then

G contains an edge xy with x ∈ V (C) and y ∈ V (G) \ V (C). In particular, if x ∈ Bf (w),

then x is overdominated (and hence xy is covered) by f ′ from b.

3 2

u b w

Nf (u)

Nf (w)

5

u b w

Nf ′(b)

Figure 2.7: Constructing f ′ from f . Observe that if f is dominating, then so is f ′. However,

f ′ need not be hearing independent, as Nf ′(b) may contain another broadcasting vertex.

Suppose the process is repeated until no two broadcasts overlap on an edge. We proceed

to show that by choice of b at each step, the resulting bn-independent broadcast will be

maximal bn-independent and dominating, thereby proving that ibn(G) ≤ σ(f) = ih(G).

Recall that a vertex of G is peripheral if its eccentricity equals the diameter of G. Two

peripheral vertices p and q are said to be antipodal if d(p, q) = diam(G).

Proposition 2.3.5. Let f be a dominating broadcast on a connected graph G. If G−UEf
is connected, then σ(f) ≥ rad(G). If, in addition, an edge of G hears a broadcast from

more than one vertex, then for any peripheral vertex p of G, there exists a dominating

broadcast gp on G such that σ(gp) = σ(f), |V +
gp | = 1 and gp overdominates p.

Proof. If f is a dominating broadcast such that |V +
f | = 1, then σ(f) ≥ rad(G), so suppose
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|V +
f | ≥ 2. Suppose H0 = G−UEf is connected and let p be an arbitrarily chosen peripheral

vertex of G. Our goal is to define a sequence of equal-cost dominating broadcasts f0 =

f, f1, f2, ..., fk = gp on G such that |V +
f1
| > |V +

f2
| > · · · > |V +

fk
| = 1.

By careful construction of broadcasts, we will ensure that if an edge of G hears f from

more than one broadcasting vertex, then some broadcast fi in the sequence overdominates

p. Furthermore, we will show that if p is overdominated in fi, then p is overdominated in

fj for all i ≤ j ≤ k, such that the resulting radial broadcast fk overdominates p.

Let u,w ∈ V +
f such that Nf (u) ∩ Nf (w) 6= ∅ and let Puw be a u − w geodesic in H0.

Then `(Puw) ≤ f(u) + f(w). If an edge hears f from both u and w, then Puw contains

such an edge, in which case `(Puw) < f(u) + f(w).

If p ∈ Nf (u) ∪ Nf (w), assume without loss of generality that p ∈ Nf (w). Otherwise,

if p /∈ Nf (u) ∪Nf (w), then |V +
f | = 3 since f is dominating. Since H0 is connected, some

vertex in x ∈ Nf (u) ∪ Nf (w) hears a vertex y ∈ V +
f \ {u,w}. Assume without loss of

generality that x ∈ Nf (w).

Let b1 be the vertex on Puw at distance f(w) from u (and hence distance at most f(u)

from w). Observe that if `(Puw) < f(u) + f(w), then b1 is at distance at most f(u) − 1

from w. Define the broadcast f1 by

f1(v) =


f(v) if v ∈ V (G) \ {u,w, b1}
0 if v ∈ {u,w}
f(u) + f(w) if v = b1.

Clearly, σ(f1) = σ(f). Since f is dominating, to prove f1 is dominating, it suffices to

show that each vertex in Nf (u) ∪Nf (w) hears f1. For any v ∈ Nf (u),

d(v, b1) ≤ d(v, u) + d(u, b1) ≤ f(u) + f(w) = f1(b1),

hence v hears f1 from b1. Similarly, any vertex in Nf (w) hears b1.

Let H1 = G−UEf1 . Note that f1 covers all edges of H1, and if v ∈ H0 is overdominated

by f , then v is overdominated by f1 in H1.

We repeat the above procedure. At each step i, we define a dominating broadcast fi

and a graph Hi = G − UEfi such that σ(fi) = σ(fi−1), |V +
fi
| < |V +

fi−1
|, and if a vertex v is

overdominated under fi−1, then v is overdominated in fi. Finally, if Hi−1 is connected, so

is Hi. Thus, if |V +
fi
| ≥ 2, we may always find broadcasting vertices u,w ∈ V +

fi
such that

fi(u) + fi(w) ≤ d(u,w).

Let k be the first i such that |V +
fk
| = 1 and consider fk−1. Let V +

fk−1
= {u,w}, and

assume without loss of generality that p ∈ Nf (w). If an edge of Hk−1 hears fk−1 from

more than one broadcasting vertex, then such an edge lies along a u − w geodesic Puw.

By definition of fk,
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d(p, bk) ≤ d(p, w) + d(w, bk) < fk−1(w) + fk−1(u) = fk(bk),

hence p is overdominated by bk.

Let gp = fk. Since fk dominates Hk, and since Hk is a connected spanning subgraph

of G, we have that

σ(f) = σ(fk) ≥ rad(Hk) ≥ rad(G),

therefore gp is a dominating broadcast on G. Furthermore, if an edge of G hears f from

more than one broadcasting vertex, then gp overdominates p.

We may now prove the main result of this section.

Theorem 2.3.6. For any graph G, ibn(G) ≤ ih(G).

Proof. Suppose there exists a connected graph G such that ih(G) < ibn(G), and let f be

an ih-broadcast on G. Then f is dominating and σ(f) < ibn(G) ≤ rad(G).

If G−UEf is connected, then σ(f) ≥ rad(G) by Proposition 2.3.5, so assume G−UEf is

disconnected. Since f is not boundary independent, some component H1 of G1 = G−UEf
contains an edge covered by more than one broadcast. Let f1 be the restriction of f to

H1. Again by Proposition 2.3.5, we have that σ(f1) ≥ rad(H1).

Since G1 has at least two components, there exists an edge x1y1 ∈ E(G) such that

x1 ∈ V (H1) and y1 ∈ V (G) \ V (H1). If x1 is a peripheral vertex of H1, let x1 = p1.

Otherwise, let p1 and q1 be antipodal vertices of H1 and assume without loss of generality

that dH1(x1, p1) ≤ dH1(x1, q1). By Proposition 2.3.5, since some edge of H1 hears f1

from more than one vertex, there exists a dominating broadcast g1 on H1 such that

σ(g1) = σ(f1), V +
g1 = {b1} for some b1 ∈ V (H1), and g1 overdominates p1. Either x1 =

p1, or x1 is not a peripheral vertex of H1, in which case b1 may be chosen such that

dH1(x1, b1) < rad(H1) ≤ g1(b1). Thus, g1 overdominates x1.

Define a new broadcast h1 on G by

h1(x) =


f(x) if x ∈ V (G) \ V (H1)

0 if x ∈ V (H1) \ {b1}
σ(g1) if x = b1.

Clearly, h1 is a dominating broadcast on G. Since σ(h1) = σ(f) = ih(G) < ibn(G), h1

is not bn-independent.

Let G2 = G − UEh1 . We again have that σ(h1) < rad(G), hence G2 is disconnected by

Proposition 2.3.5. However, since h1 dominates all vertices of H1 as well as a vertex in

some other component of G1, the graph G2 has fewer components than G1.
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Repeat the process: at each step i, choose a component Hi of Gi such that some edge of

Hi hears hi−1 from more than one broadcasting vertex. Let xi be a vertex in Hi adjacent

to a vertex yi ∈ V (Gi)\V (Hi) and apply Proposition 2.3.5 to find a broadcast hi such that

xi is overdominated by a vertex bi ∈ Hi. Continuing in this way, we obtain a sequence

of dominating broadcasts hi on G such that for each i, σ(hi) = σ(f) and the spanning

subgraph Gi+1 of G induced by the edges covered by hi has fewer components than Gi.

Let hk be the first broadcast in the sequence such that G − UEhk is connected. But then

σ(hk) ≥ rad(G) by Proposition 2.3.5, a contradiction.

2.4 Spanning Trees

We proceed to show that the lower boundary independence number of an arbitrary con-

nected graph G equals the minimum lower boundary independence number among those

of its spanning trees. This fact may be used to obtain an alternate proof of Theorem 2.3.6.

Theorem 2.4.1. For any connected graph G,

ibn(G) = min{ibn(T ) : T is a spanning tree of G}.

Proof. Suppose there exists a tree T spanning G such that ibn(T ) < ibn(G), and let f be

an ibn-broadcast on T .

If |V +
f | = 1, by the minimality of ibn(T ), f(v) = rad(T ) = σ(f) for some central vertex

v. Therefore ibn(T ) = rad(T ) ≥ rad(G) ≥ ibn(G), a contradiction. Suppose instead that

|V +
f | ≥ 2 and the set of uncovered edges UEf is nonempty. Then T−UEf is disconnected. By

Proposition 2.1.6, every component of T −UEf contains at least two broadcasting vertices.

Since f is maximal, f is a dominating broadcast on G. However, since ibn(T ) < ibn(G),

f is not bn-independent on G, and so G contains an edge that hears f from more than

one broadcasting vertex.

Arbitrarily add edges of G − T to T until the addition of some edge, say e1, results

in a spanning subgraph G1 of G such that f is not bn-independent on G1. Let H1 be

the component of G1 − UEf that contains e1, and let h1 be the restriction of f to H1. By

Proposition 2.3.5, there exists a dominating broadcast g1 on H1 such that σ(g1) = σ(h1)

and V +
g1 = {b1} for some b1 ∈ V (H1). In particular, if G1 − UEf contains more than one

component, g1 may be constructed such that b1 covers an edge joining H1 to different

component.

Define a new broadcast f1 on G by
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f1(x) =


f(x) if x ∈ V (G) \ V (H1)

0 if x ∈ V (H1)− b1
σ(g1) if x = b1.

Then σ(f1) = σ(f), and G1 − UEf1 has fewer components than G1 − UEf . If f1 is bn-

independent on G1, since σ(f1) = σ(f) < ibn(G), we may continue adding edges of G−G1

to G1 until the addition of e2 results in a spanning subgraph G2 of G such that f1 is not

bn-independent on G2.

By Proposition 2.3.5, we may repeat the process until we obtain a broadcast fk such

that σ(f) = σ(fk) and G − UEfk has only one component. Since the resulting broadcast

is dominating and the spanning subgraph of G induced by the set of covered edges is

connected, there exists a dominating broadcast f ′ on G such that σ(f ′) = rad(G) and

|V +
f ′ | = 1. But then f ′ is maximal bn-independent on G, a contradiction.

It remains to show that there exists a tree T spanning G such that ibn(T ) = ibn(G). Let

f be an ibn-broadcast on G and suppose V +
f = {v1, ..., vk}. For i = 1, ..., k, consider the

subgraph Gi of G induced by Nf (vi). If Gi is acyclic, let Ti = Gi; otherwise, successively

delete edges from cycles lying in Nf (vi) to obtain a spanning tree Ti. For each such cycle,

we may always choose an edge furthest from vi such that the remaining edges are covered

by vi. Thus, the restriction of f to Ti, denoted fi, covers all edges of Ti. Let H be the

subgraph of G induced by
⋃k
i=1E(Ti).

Suppose H contains a cycle C. By construction, the edges of C are covered by a

set of broadcasting vertices VC ⊆ V +
f such that |VC | ≥ 2. Observe that each vi ∈ VC

covers an even number of edges on C. In particular, there exist vi, vj ∈ VC such that

Bf (vi) ∩ Bf (vj) contains a vertex b ∈ V (C). Let a be the vertex on C adjacent to b in

Ti and let H1 = H − ab. Since Bf (vi) ∩ C contains at least two vertices, there exists

b′ ∈ V (Bf (vi)∩C) \ {b} lying on the boundary of another broadcasting vertex in H1. The

same holds for vj . Thus, f is maximal bn-independent on H1.
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Figure 2.8: Two cycles whose edges are covered by multiple broadcasting vertices. We

may always remove an edge ab from such a cycle without violating the maximal boundary

independence condition.

If H1 contains a cycle, repeat the process, successively removing edges from cycles until

the resulting graph Hr is acyclic. If Hr is connected, let T = Hr. Otherwise, since G is

connected, we may add edges of G−Hr to Hr joining components of Hr without creating

cycles until we obtain a tree T spanning G.

Since f is maximal bn-independent on Hr, the construction ensures that f is a maximal

bn-independent broadcast on T , as Bf (v) − PBf (v) 6= ∅ in Hr for each v ∈ V +
f . Hence

ibn(T ) ≤ σ(f) = ibn(G). But we have already shown that ibn(G) ≤ ibn(T ′) for any

spanning tree T ′ of G. Consequently, ibn(G) = ibn(T ) = min{ibn(T ′) : T ′ is a spanning

tree of G}.

2.4.1 An Alternate Proof That ibn(G) ≤ ih(G)

Theorem 2.3.4 may be extended to general graphs by an application of Theorem 2.4.1.

Suppose again that there exists a graphG such that ih(G) < ibn(G). Then ih(G) < rad(G).

Let f be a hearing independent broadcast on G such that |V +
f | ≥ 2, and such that some

edge of G hears at least two broadcasting vertices.

If u and v are vertices in V +
f such that u is adjacent to a vertex in Bf (v) (Figure 2.9),

we write u→ v and say that u provides a certificate that the broadcast cannot be increased

at v, or, in short, that u certifies v. We now define two graphs and a digraph associated

with G and f .

• The neighbourhood graph Nf (G) has as its vertex set the set V +
f , and two vertices

u, v ∈ V +
f are adjacent in Nf (G) if and only if Nf (u) ∩Nf (v) 6= ∅.

• The certification digraph Cf (G) has as its vertex set the set V +
f , and (v, u) is an arc

of Cf (G) if and only if v → u. Note that if (v, u) is an arc of Cf (G), then (u, v) may
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or may not be an arc as well. We say that (v, u) is a double arc if (u, v) is also an

arc, otherwise we say that (v, u) is a single arc. Note that if (v, u) is an arc of Cf (G),

then (v, u) is a double arc if and only if f(v) = f(u).

3

22

G Nf (G) Cf (G)

u

v

w

Figure 2.9: A maximal h-independent broadcast f on a graph G along with the corre-

sponding neighbourhood graph and certification digraph. Observe that v is certified by u

and w, and u and w certify each other.

• The underlying graph of Cf (G) (or of a subgraph H of Cf (G)) is the graph obtained

by replacing arcs of Cf (G) (or H) by edges and identifying double edges.

The underlying graph of Cf (G) in the example shown in Figure 2.9 is a triangle. Note

that the underlying graph of Cf (G) need not contain all edges of Nf (G).

Proposition 2.4.2. If f is a maximal hearing independent broadcast on G such that

|V +
f | ≥ 2, then each vertex u ∈ V +

f is adjacent, in Nf (G), to a vertex v ∈ V +
f such that

f(v) ≤ f(u).

Proof. Suppose there exists a vertex u ∈ V +
f such that dG(u, v) ≥ f(v) + 1 > f(u) + 1 for

all v ∈ V +
f − {u}. Then the broadcast obtained by increasing the strength of f at u by 1

is also hearing independent, contradicting the maximality of f .

Proposition 2.4.3. Let f be a hearing independent broadcast on G such that |V +
f | ≥ 2.

Then f is maximal hearing independent if and only if f is dominating and each vertex of

Cf (G) has positive in-degree.

Proof. If v has in-degree 0 for some v ∈ Cf (G), by definition of Cf (G), no vertex on the

f -boundary of v is adjacent to a vertex in V +
f − {v}. By part (ii) of Proposition 2.1.3, f

is not maximal.

Conversely, if f is dominating and every vertex of Cf (G) has positive in-degree, then

f is maximal by part (ii) of Proposition 2.1.3.
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Proposition 2.4.4. Let f be a maximal hearing independent broadcast on G such that

|V +
f | ≥ 2. Suppose C is a cycle in the underlying graph of Cf (G). Then the subgraph of

Cf (G) with arcs corresponding to E(C) contains a directed cycle of length at least 3 if and

only if every edge of C corresponds to a double arc.

Proof. Suppose the subgraph of Cf (G) corresponding to C contains a directed cycle. Label

the vertices of C as v1, v2, ..., vk such that vi certifies vi+1 for all 1 ≤ i ≤ k − 1 and vk

certifies v1. Then f(vi) ≤ f(vi+1) for all 1 ≤ i ≤ k − 1 and f(vk) ≤ f(v1).

Without loss of generality, suppose for a contradiction that v1 → v2 but v2 6→ v1. Since

(v1, v2) is a single arc if and only if f(v1) < f(v2), we have that

f(v2) > f(v1) ≥ f(vk) ≥ f(vk−1) ≥ · · · ≥ f(v2),

which is impossible.

The converse is obvious.

v1

v3

v2

v4

Figure 2.10: An example of the situation considered in Proposition 2.4.4. Since (v1, v2)

is a single arc, we have that f(v1) < f(v2), contradicting f(v2) = f(v3) = f(v4) = f(v1)

along the double arcs.

Corollary 2.4.5. Let f be a maximal hearing independent broadcast on G such that

|V +
f | ≥ 2, and suppose C is a cycle in the underlying graph of Cf (G). If C contains an

edge e that does not corresponds to a double arc in Cf (G), then C contains an edge e′

corresponding to a single arc such that e and e′ are oriented in opposite directions in the

subgraph of Cf (G) with arcs corresponding to the edges of C.

Proof. Suppose not. Then the vertices of C may be labelled v1, v2, ..., vk such that e

correspond to the single arc (vk, v1), and for all 1 ≤ i ≤ k − 1, vi certifies vi+1. But then

the subgraph of Cf (G) contains a directed cycle v1 → v2 → · · · → vk → v1, contradicting

Proposition 2.4.4.
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Theorem 2.4.6. For any graph G, ibn(G) ≤ ih(G).

Proof. Let f be an ih-broadcast on a connected graph G. If σ(f) = rad(G), then the

claim follows from the fact that ibn(G) ≤ rad(G). Suppose σ(f) < rad(G) (in which case

|V +
f | ≥ 2), and let G0 = G−UEf . By the maximality of f , each component of G0 contains

at least two broadcasting vertices.

Suppose ih(G) < ibn(G). By Proposition 2.1.3 (ii), for each v ∈ V +
f there exists u ∈ V +

f

such that u is adjacent to a vertex in Bf (v). Let Pu→v denote an arbitrarily chosen u− v
geodesic in G0, which must exist as every edge on the shortest path between u and v is

covered by f .

We aim to find a tree T containing at least one geodesic Pu→v for every v ∈ V +
f , such

that T spans G and the restriction of f to T , denoted fT , is a dominating broadcast on

T . Then, since σ(fT ) < rad(G) ≤ rad(T ), Proposition 2.1.3 (ii) will imply that fT is a

maximal h-independent broadcast on T such that σ(f) = σ(fT ). We may then follow the

proof of Theorem 2.3.4 and apply Theorem 2.4.1 to obtain a contradiction.

Consider the certification digraph of G0, denoted Cf (G0), and let H0 be its underlying

graph. Suppose C0 is a cycle in H0.

If C0 corresponds to a directed cycle in Cf (G0), then each of its arcs corresponds to

a double arc by Proposition 2.4.4. Let xy be an arbitrary edge of C0 and let H1 be the

subgraph of Cf (G0) obtained by deleting the arcs (x, y) and (y, x) from Cf (G0).

If C0 does not correspond to a directed cycle, then by Corollary 2.4.5, there exist two

single arcs (x, y) and (x′, y′) oriented in opposite directions along the subgraph of Cf (G0)

corresponding to C0. We may select (x, y) and (x′, y′) such that either y = y′ or all edges

between y and y′ on C0 correspond to double arcs, so that y and y′ each have in-degree

at least 2 in Cf (G0). Let H1 be the subgraph obtained by deleting (x, y). By Proposition

2.4.3, every vertex of Cf (G0) must have positive in-degree, hence x is certified by w for

some w ∈ V +
f − {x, y} (which may or may not lie on C0.)

x y x y

Figure 2.11: The two cases considered. In either case, both x and y have positive in-degree

in H1.
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Repeat the process: at each step i, if the underlying graph Hi of Hi contains a cycle Ci,

delete corresponding arcs as described for C0. Eventually, we obtain a spanning subgraph

Hk of Cf (G0) such that its underlying graph Hk is a tree or forest.

Construct T as follows. For each arc (u, v) of Hk, let Pu→v be a u − v geodesic in G,

where only one such path is chosen if (u, v) is a double arc. Since Hk is acyclic, so is the

spanning subgraph T0 obtained by removing all edges of G not lying on one of the chosen

paths.

If Hk is a forest, then T0 contains at least 2 components dominated by the restriction

of f to T0, denoted fT0 . If there exists an edge a0b0 ∈ E(G) joining these two components,

let T1 = T0 ∪ {a0b0} and let fT1 denote the restriction of f to T1. Repeat the process. At

each step i, we construct a spanning forest Ti of G such that Ti = Ti−1 ∪ {ai−1bi−1} for

some edge ai−1bi−1 joining two components dominated by fi−1.

Suppose Tk is the first spanning subgraph in the sequence consisting of a tree dominated

by fk and a set of isolated vertices S. If S = ∅, let Tk = T . Otherwise, suppose |S| =

m and let u1, u2, ..., um be an ordering of the vertices in S such that if i ≤ j, then

max{f(v)− dG(v, ui) | v ∈ V +
f } ≤ max{f(v)− dG(v, uj) | v ∈ V +

f }. Successively join each

vertex ui ∈ S to a vertex w such that dG(w, v) < f(v) for some broadcasting vertex v in

G, which must exist as f dominates ui in G. Continue joining edges along a w−v geodesic

until ui hears fk from a broadcasting vertex in Tk. Repeat the process for all remaining

vertices of S, and let T be the resulting spanning tree of G.

3

2

v

u3

u4

u1u2

v′

Figure 2.12: Isolated vertices are joined by edges in increasing order of how much they

are overdominated in G. Observe that if the edges u3v
′ and u2u3 were added to Tk before

u1u2, then fk would not dominate u1 unless both edges u2u4 and u4 were added, creating

a cycle.

Let fT be the restriction of f to T . Note that |V +
fT
| = |V +

f | and fT (v) = f(v) for each

v ∈ V (G). Since f is hearing independent and dominating, so is fT . Thus, since each
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vertex of Hk has positive in-degree, Proposition 2.4.3 implies that fT is maximal hearing

independent. Therefore ih(T ) ≤ σ(fT ) = σ(f) < rad(T ).

Consider the restriction of fT to each component of T − UEfT . By the maximality

of fT , each component contains at least two broadcasting vertices. If fT is maximal

boundary independent, then ibn(T ) ≤ σ(fT ) = ih(G) < ibn(G), contradicting Theorem

2.4.1. Therefore an edge in some component of T − UEfT hears fT from more than one

broadcasting vertex. Following the proof of Theorem 2.3.4, we may obtain a dominating

broadcast gl onG such that for some central vertex y ofG, σ(gl) = gl(y) = σ(fT ) ≥ rad(T ),

a contradiction.

Applying the same approach as in the first half of the proof of Theorem 2.4.1, we

show that ih(T ) ≥ ih(G) for any spanning tree of a connected graph G. We may then

prove the analogous result to Theorem 2.4.1 for hearing independence as a corollary of

Theorem 2.4.6.

Theorem 2.4.7. For any connected graph G,

ih(G) = min{ih(T ) : T is a spanning tree of G}.

Proof. Suppose there exists a tree T spanning G such that ih(T ) < ih(G), and let f be

an ih-broadcast on T . If f is maximal boundary independent on T , then σ(f) ≤ ih(T ) ≤
ih(G) by Theorem 2.4.1, so suppose at least one edge of T hears f from more than one

broadcasting vertex.

It follows that |V +
f | ≥ 2. Since T is a tree and ih(T ) < ih(G) ≤ rad(G), the set of

uncovered edges UEf is nonempty. Then T −UEf is disconnected. By the maximality of f ,

every component of T − UEf contains at least two broadcasting vertices.

Since f is dominating but not h-independent on G, there exist vertices u, v ∈ V +
f such

that dG(u, v) ≤ f(v). Arbitrarily add edges of G − T to T until the addition of some

edge, say e1, results in a spanning subgraph G1 of G such that f is not h-independent on

G1. Proceed as in the proof of Theorem 2.4.1 to obtain a dominating broadcast f ′ on G

such that σ(f ′) = rad(G) and |V +
f ′ | = 1. But then f ′ is maximal h-independent on G, a

contradiction.

To show there exists a tree T spanning G such that ih(T ) = ih(G), let f be an ih-

broadcast on G and construct T as in the proof of Theorem 2.4.6, such that the restriction

fT is maximal hearing independent on T . Then ih(T ) ≤ σ(fT ) = σ(f) = ih(G). But we

have already shown that ih(G) ≤ ih(T ), hence ih(T ) = ih(G).
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2.5 The Ratio ih(G)/ibn(G)

Recall that i � ibn and i � ih. The ratios i(G)
ibn(G) and i(G)

ih(G) , in general, may be arbitrarily

large: for example, i(Kn,n) = n whereas ibn(Kn,n) = ih(Kn,n) = 2 for all n ≥ 2. In [16],

Marchessault and Mynhardt found that ibn(G) ≤ d4i(G)
3 e and asked whether the ratio

ih(G)
ibn(G) may be similarly bounded.

In the previous section, we found that ih and ibn are comparable. In particular, since

ibn(G) ≤ ih(G) for all G, ibn(G)
ih(G) ≤ 1. We now prove that ih(G)

ibn(G) ≤
5
4 for all graphs G.

Proposition 2.5.1. [16] If T ′ is a subtree of a tree T , then ibn(T ′) ≤ ibn(T ).

Recall that Pn denotes the path on n vertices. Since a tree T with diameter d contains

the path Pd+1 as a subtree, we may bound ibn(T ) below by the value ibn(Pd+1), which was

determined exactly by Neilson in [21].

Proposition 2.5.2. [21] For any n 6= 3, ibn(Pn) = d2n
5 e.

The exception is P3, which admits a maximal bn-independent broadcast of cost 1.

Theorem 2.5.3. For any graph G, 1 ≤ ih(G)/ibn(G) ≤ 5/4.

Proof. Since ibn(G) is equal to the sum of the costs of ibn-broadcasts on all components

of G, it suffices to consider graph with one component, so assume G is connected. By

Theorem 2.4.1, there exists a tree T spanning G such that ibn(T ) = ibn(G).

Let d = diam(T ) and let D ∼= Pd+1 be a diametrical path of T . It follows from

Proposition 2.5.1 and Proposition 2.5.2 that ibn(T ) ≥ d2(d+1)
5 e ≥ 2(d+1)

5 . Since T spans G,

rad(G) ≤ rad(T ). Finally, since ih(G) ≤ rad(G) for any connected graph G, we have that

ih(G)

ibn(G)
=

ih(G)

ibn(T )
≤ 5 · rad(G)

2(d+ 1)
≤ 5 · rad(G)

4 · rad(T )
≤ 5 · rad(T )

4 · rad(T )
=

5

4
.

The lower bound follows from Theorem 2.3.6.

2.6 Spiders

Trees with exactly one branch vertex are known as generalized spiders. The generalized

spider S = S(n1, n2, ..., nk) consists of a branch vertex b of degree k, and k ≥ 3 paths or

‘legs’ L1, ..., Lk, each with one endpoint at b, such that `(Li) = ni for all 1 ≤ i ≤ k.

b

Figure 2.13: The spider S(2, 3, 3, 4).
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Theorem 2.6.1. Let S = S(n1, n2, ..., nk) be a generalized spider. Then ibn(S) = ih(S).

Proof. Our goal is to construct a maximal hearing independent broadcast g on S such

that σ(g) = ibn(S). The result will then follow from Theorem 2.3.6.

Suppose k ≥ 3 and let b be the branch vertex of S. Let f be an ibn-broadcast on S such

that |V 1
f | is maximized and suppose there exists v ∈ V ++

f . If v does not overdominate b,

then the graph induced by Nf (v) is a path P . Label the vertices of P by u1, u2, ..., um in

order of increasing distance from b. Observe that either um is either a leaf overdominated

by f from v, or the graph induced by Nf (v) is a path of length 2f(v), in which case m is

odd. Define a new broadcast f ′ from f by deleting f at v and broadcasting at strength

1 from each even-numbered vertex on P . Then f ′ is a maximal boundary independent

broadcast of equal cost as f such that |V 1
f ′ | > |V 1

f |, a contradiction.

It follows that v overdominates b and V ++
f = {v}. Since f is maximal bn-independent,

either f(v) = rad(S) or there exists a vertex w ∈ V 1
f such that Bf (w)∩Bf (v) 6= ∅. Suppose

that for some such w, v is the only vertex certifying w, such that f is not maximal hearing

independent.

Define the new broadcast f ′ as follows: delete the broadcasts from w and v, and

broadcast at strength f(v)+1 from the vertex v′ ∈ N(v) closest to w. Observe that Nf (v)

and Nf (w) lie within Nf ′(v
′).

If f ′ is not maximal hearing independent on S, or if there exists w′ that hears f ′ from

v′, repeat the process until a maximal boundary independent broadcast g is obtained.

Either σ(g) = rad(S), or every vertex broadcasting under g is certified by at least one

vertex in V 1
g , hence g is maximal hearing independent by Corollary 2.1.4. Therefore

ih(S) ≤ ibn(S). As we have already shown that ibn(G) ≤ ih(G) for all graphs G, we have

that ih(S) = ibn(S) for all generalized spiders.

Despite having proven equality of ih(S) and ibn(S) for all generalized spiders, a closed

formula to determine the exact values of these parameters remains unknown.

Problem 2.6.2. Determine ibn(S) for all generalized spiders S.

2.7 Summary

We considered necessary and sufficient conditions for broadcasts to be maximal hearing

independent or maximal boundary independent, and compared the parameters ih(G) and

ibn(G) on connected graphs G. We showed that although ih(G)−ibn(G) may be arbitrarily

large, the ratio ih(G)
ibn(G) is bounded above by 5

4 . However, it is unknown whether there exists

a graph G for which ih(G)
ibn(G) = 5

4 . As there exist graphs with ibn(G) = 5 and ih(G) = 6

(Figure 2.14), a sharp upper bound for ih(G)
ibn(G) must lie between 6

5 and 5
4 .
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Problem 2.7.1. Improve the bound ih(G)
ibn(G) ≤

5
4 , or show it is best possible for an infinite

family of graphs.

21 1 1

Figure 2.14: A tree with ibn(T ) = 5 and ih(T ) = rad(T ) = 6.

By successively replacing pairs of intersecting broadcasts under a dominating broadcast

f by a single broadcast covering both respective neighborhoods, we derived processes for

reducing the number of broadcasting vertices without violating the domination condition.

We determined that ibn(G) ≤ ih(G), and applied a similar technique to prove that ibn(G) =

min{ibn(T )}, where the minimum is taken over all spanning trees T of G.

To remove edges of a graph G while maintaining a maximal h-independent broadcast on

the resulting subgraph, we introduced the concept of a vertex u certifying v if u ensures

that f cannot be increased at v without violating the hearing independence condition.

Given an ih-broadcast f on a connected graph G, we constructed a spanning tree T of G

such that every broadcasting vertex in T is certified by another. We then used the fact

that ibn(G) ≤ ibn(T ) to present an alternate proof that ibn(G) ≤ ih(G) for all graphs G.

Recall that γb(G) denotes the minimum cost of a dominating broadcast on G. Neilson

showed in [21] that γb(G) ≤ ibn(G) for all graphs G. Since ibn(G) ≤ ih(G) ≤ rad(G), we

have that ibn(G) = ih(G) for all G such that γb(G) = rad(G), known as radial graphs.

Radial trees were characterized by Herke and Mynhardt in [12].

Let f be an ibn-broadcast on a graphG. If |V +
f | = 1, or if V +

f = V 1
f , then ih(G) = ibn(G)

and f is an ih-broadcast on G. In particular, ibn(G) = ih(G) for paths and cycles. Equality

also holds for graphs G such that rad(G) ≤ 5, for if f is an ibn-broadcast with σ(f) ≤ 4,

then G− UEf consists of either a single component (in which case σ(f) = rad(G)), or two

components, each with two broadcasts of strength 1.

Problem 2.7.2. Characterize graphs or determine other classes of graphs for which

ibn(G) = ih(G).
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Chapter 3

Maximum Boundary Independent

Broadcasts

3.1 Introduction

We turn our attention to the upper parameter corresponding to boundary independent

broadcasts. Recall that αbn(G) denotes the maximum weight of a boundary independent

broadcast on a graph G, called the upper boundary independence number or simply the

boundary independence number of G. The corresponding parameter for the maximum

weight of a hearing independent broadcast, denoted αh(G), is called the hearing indepen-

dence number of G. As in Chapter 2, both parameters may be thought of as extensions of

independent sets under different constraints, depending on whether or not two broadcasts

may overlap beyond their boundaries. In particular, we are interested in the relationship

between αbn(G) and αh(G) and the (upper) independence number α(G). In the follow-

ing section, we establish bounds on αbn(G) for general graphs, and determine parameters

comparable to αbn to place the parameter within a chain of inequalities.

Given a graph G and an integer k, we refer to the problem of determining whether

G admits a bn-independent broadcast of cost at least a given integer k as the maximum

bn-independent broadcast problem. In Section 3.3, we show it is NP complete for general

graphs G. In Section 3.4, we investigate the maximum boundary independence number of

trees and determine αbn(G) exactly for families of caterpillars.

3.2 Upper and Lower Bounds on αbn(G)

In [4], Bessy and Rautenbach found that αh(G) < 4α(G), adapting a proof technique by

Neilson [21] to show that αh(G) < 2αbn(G). Mynhardt and Neilson further studied the
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ratio αbn(G)
α(G) in [20] and asked whether it can be shown that αbn(G)

α(G) < 2 for all graphs G.

Theorem 3.2.1. For any graph G, αbn(G) < 2α(G).

Proof. Let f be an αbn-broadcast on G. If V +
f = V 1

f , V +
f is an independent set, so assume

there exists v such that f(v) ≥ 2. Let u ∈ Bf (v) and consider a subgraph Tu consisting of

u and unique geodesics from u to each vertex in S = {x ∈ V +
f : u ∈ Bf (x)}, the set of all

broadcasting vertices heard by u (if u ∈ PBf (v), S = {v}). Since no edge can be covered

by two different broadcasts, Tu is an induced path or spider, hence |V (Tu)| = 1+
∑
w∈S

f(w).

Consider a proper two-colouring of Tu and define a new boundary independent broad-

cast by deleting all broadcasts from the leaves of Tu and adding strength-one broadcasts

from each vertex in the color set of highest cardinality (if they have equal cardinality,

select one arbitrarily).

Since broadcasts overlap only on boundaries, the broadcasting vertices of the resulting

bn-independent broadcast form an independent set of cardinality at least |V (Tu)|/2. Re-

peating the process until no vertices broadcasting at strength greater than 1 remain yields

an independent set on G. Since |V (Tu)| <
∑
w∈S

f(w), it follows that αbn(G)/2 < α(G).

As αbn(G) ≤ αh(G) for any graph G, Bessy and Rautenbach’s bound now follows easily

from Neilson’s result and Theorem 3.2.1.

Corollary 3.2.2. For any graph G, αh(G) < 4α(G).

Let δ(G) denote the minimum degree of G. It is easy to see that α(G) ≤ n− δ(G), as

the inclusion of any vertex to an independent set excludes its neighbours. We determine the

analogous result for maximum boundary independence, thereby solving an open problem

posed in [19].

Theorem 3.2.3. For any graph G of order n, αbn(G) ≤ n− δ(G).

Proof. The result is clear if |V (G)| = 1, so assume the theorem holds for all graphs G

such that |V (G)| ≤ n − 1 and consider a graph G of order n. Let f be an αbn-broadcast

on G with |V 1
f | maximum. For any v ∈ V ++

f , PBf (v) = ∅, otherwise a new boundary

independent broadcast of equal weight could be constructed by reducing f(v) by 1, and

broadcasting at strength 1 from a vertex in the f -private boundary of v.

For some v ∈ V +
f , consider the graph G′ = G − PNf (v) of order n′, and let fG′

be f restricted to G′. By induction, σ(fG′) ≤ αbn(G′) ≤ n′ − δ(G′), hence αbn(G) =

σ(fG′) + f(v) ≤ f(v) + n′ − δ(G′).
Consider a vertex u of minimum degree in G′. First, suppose u ∈ Bf (v) and let

k = |PNf (v) ∩ NG(u)|. Let P be a u − v geodesic in G. Since P has length f(v) and u
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is adjacent to k − 1 vertices in PNf (v) − V (P ), we have that k − 1 + f(v) ≤ |PNf (v)|.
In particular, if k + f(v) = |PNf (v)| + 1, then either PNf (v) consists of a path on f(v)

vertices (and thus d(v) = 1), or f(v) = 2 and dG(v) = k. In either case, since u hears

more than one broadcasting vertex under f , δ(G) < dG(u). Thus,

αbn(G) ≤ f(v) + n′ − δ(G′) ≤ f(v) + n′ − dG(u) + k ≤ n+ 1− dG(u) ≤ n− δ(G).

Otherwise, if k + f(v) ≤ |PNf (v)|,

αbn(G) ≤ f(v) + n′ − dG(u) + k ≤ n− δ(G).

Finally, if u /∈ Bf (v), then dG(u) = dG′(u), hence δ(G) ≤ δ(G′) and αbn(G) ≤ n −
δ(G′) ≤ n− δ(G) as desired.

3.3 The Hardness of Determining αbn(G)

Given a graph G and a positive integer k, we may verify that a broadcast f on G of cost at

least k is boundary independent in polynomial time by checking that f(u)+f(v) ≤ dG(u, v)

for every pair of distinct broadcasting vertices u, v ∈ V +
f . It follows that the maximum

bn-independent broadcast problem is NP. We proceed to show that the problem is NP-

complete by a transformation from the independent set problem on G, which was shown

to be NP-hard by Karp [15], to the maximum bn-independent broadcast problem on a

corresponding graph CG.

The corona G
⊙
H of graphs G and H is constructed from G and n = |V (G)| copies

of H by joining the ith vertex in G by edges to every vertex in the ith copy of H. Let

CG = G
⊙
K1.

Figure 3.1: The construction of the corona K4
⊙
K1.

Proposition 3.3.1. Let G be a connected graph on n ≥ 2 vertices and let CG = G
⊙
K1.

Then αbn(CG) = n+ α(G).

Proof. Let l1, ..., ln be a labelling of the leaves of CG, and let v1, ..., vn be a labelling of

the remaining vertices such that li is adjacent to vi for all i. Let S ⊆ {v1, ..., vn} be a

maximum independent set on the subgraph of CG corresponding to G.

Define a broadcast f on CG by
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f(u) =


2 if u = li for some i and vi ∈ S

1 if u = li for some i and vi /∈ S

0 otherwise.

Then
∑

u f(u) = n+α(G). Since only leaves broadcast, and since dCG
(li, lj) ≤ f(li)+f(lj)

for any pair of leaves li 6= lj , f is boundary independent. Therefore αbn(CG) ≥ n+ α(G).

To show that αbn(CG) ≤ n + α(G), let f be a αbn-broadcast on CG. If a vertex vi

is broadcasting, the bn-independent broadcast f ′ on CG defined by f ′(li) = f(vi) + 1,

f ′(vi) = 0, and f ′(u) = f(u) otherwise has greater cost than f , a contradiction. It follows

that V +
f ⊆ {l1, ..., ln}.

Suppose some leaf li broadcasts at strength k ≥ 3 under f . Since f(li) ≤ e(li), there

exist at least k − 2 leaves which hear li from a distance greater than 2. Define a new

maximum bn-independent broadcast f ′ by

f ′(li) =


f(li) if f(li) ∈ {1, 2}

2 if f(li) = k > 2

1 if f(li) = 0

and consider R ⊆ {v1, ..., vn}, where vi ∈ R if and only if f ′(li) = 2. Two vertices adjacent

to leaves broadcasting at strength 2 cannot be adjacent, hence R is an independent set

on the subgraph of CG corresponding to G. Since every leaf broadcasts at strength 1 or 2

under f ′, we have that |R| = αbn(CG)− n. Therefore αbn(CG) ≤ n+ |R| ≤ n+ α(G).

Corollary 3.3.2. Let G be a graph and k a positive integer. The problem of deciding

whether αbn(G) ≥ k is NP-complete.

Proof. We have already observed that the maximum bn-independent broadcast problem is

NP. As the transformation described in Proposition 3.3.1 can be carried out in polynomial

time, the problem is NP-complete.

It follows that for any graph class C for which G ∈ C implies CG ∈ C, if the independent

set problem is known to be NP-complete for all graphs in C, then so is the maximum bn-

independent set problem.

Graph classes for which the independent set problem is known to be NP-complete are

listed in [22]. In particular, the maximum bn-independent set problem is NP-complete for

planar and toroidal graphs, graphs with maximum degree ∆ ∈ {3, 4, 5, 6}, triangle-free and

Cn-free graphs for n ∈ {4, 5, 6}, Kn-free graphs for n ∈ {4, 6, 7}, and house-free graphs.
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3.4 Trees

Let T be a tree. Its branch-leaf representation BL(T ), also known as the homeomorphic

reduction of T , is obtained by successively removing a vertex of degree 2 and adding an

edge between its two neighbours until no such vertices remain. Deleting all leaves yields

the branch representation of T , denoted B(T ).

T BL(T ) B(T )

v vv

Figure 3.2: The branch-leaf representation and branch representation of a tree T .

We partition the vertices of T into sets BT , LT , and τT , where BT denotes the set of

branch vertices of T , LT the set of leaves, and τT the set of vertices of degree 2, called the

trunks of T . We further define a subset RT of BT consisting of branch vertices adjacent to

at most one leaf in BL(T ). In other words, a branch vertex b belongs to RT if there exists

at most one leaf l ∈ LT such that for every b′ ∈ BT − b, the unique b′ − l path contains b.

In Figure 3.2 above, |BT | = 3 and RT = {v}.
Maximum boundary independent broadcasts on trees were studied by Neilson in [21],

who determined that αbn(T ) ≤ n−|BT |+ |RT | for any tree T with BT 6= ∅. Neilson asked

whether this upper bound could be improved to αbn(T ) ≤ n − |BT | + α(T [RT ]), where

T [RT ] is the subgraph of T induced by RT .

A caterpillar is a tree with a diametrical path D such that every vertex lies on D or

is adjacent to a vertex on D. We proceed to show that αbn(C) ≤ n − |BC | + α(C[RC ])

for all caterpillars C, and determine αbn(C) exactly for certain subclasses of caterpillars.

Observe that if C is a caterpillar, C[RC ] is a path or a forest of paths.

The following lemma will be useful throughout this section.

Lemma 3.4.1. [21] If f is an αbn-broadcast on a tree T , no leaf of T hears a broadcast

from any non-leaf vertex.

In particular, if f is a maximum boundary independent broadcast on a caterpillar, only

leaves and trunks broadcast.

Given a caterpillar C, its spine is an (arbitrarily chosen) diametrical path. Label the
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leaves of C as l1, ..., lm such that l1 and lm are the endpoints the spine and for all i ≤ j,

dC(l1, li) ≤ dC(l1, lj). Call l2, ..., lm−1 the inner leaves of C.

Lemma 3.4.2. Let f be an αbn-broadcast on a caterpillar C such that |V 1
f | is maximized.

Then l1, lm ∈ V +
f .

Proof. Suppose not. If l1 ∈ Nf (v) for some v ∈ V +
f , define a new broadcast f ′ by

f ′(v) = f(v− 1), f ′(l1) = 1, and f ′(w) = f(w) for all w 6= v, l1. If some vertex u does not

hear f ′, broadcasting at strength 1 from u produces a boundary independent broadcast of

greater cost than f , a contradiction. Therefore f ′ is an αbn-broadcast on C. By Lemma

3.4.1, v is a leaf, hence dC(l1, v) ≥ 2 and so v /∈ V 1
f . But then |V 1

f ′ | > |V 1
f |, a contradiction.

It follows that l1 ∈ V +
f . Similarly, lm ∈ V +

f .

Theorem 3.4.3. If C is a caterpillar, then αbn(C) ≤ n− |BC |+ α(C[RC ]).

Proof. Let f be an αbn-broadcast on C such that |V 1
f | is maximized, and let li be an inner

leaf of C adjacent to a branch vertex bi. If f(li) ≥ 3, then since l1 and lm are broadcasting,

li covers at least 2(f(li)− 1) edges on the spine.

If f(li) is odd, let f ′ be a broadcast defined by f ′(li) = 1, f ′(v) = 1 for all v at an even

distance from li, and f ′(v) = f(v) for all v /∈ Nf [li].

If f(li) is even, define f ′ by f ′(li) = 2, f ′(v) = 1 for all v at odd distance at least 3

from li, and f ′(v) = f(v) for all v /∈ Nf [li].

Figure 3.3 illustrates the construction of f ′.
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1

111 1

2

f f

f ′ f ′

Figure 3.3: The odd and even cases.

It follows that f ′ is a boundary independent broadcast on C such that σ(f ′) = σ(f) and

|V 1
f ′ | > |V 1

f |, a contradiction. Thus, f(li) ≤ 2 for each inner leaf li. Since f is boundary

independent, the set of branch vertices adjacent to leaves that broadcast at strength 2

must form an independent set.

By Lemma 3.4.1, no branch vertices broadcast under f . Let C ′ denote the subgraph

of C induced by removing all inner leaves and branch vertices, and let fC′ denote the
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restriction of f to C ′. Since fC′ is boundary independent, σ(fC′) ≤ αbn(C ′) ≤ |V (C ′)| −
δ(C ′) = |V (C ′)| − 1. Taking the sum over all broadcasting vertices, we find that

αbn(C) ≤ (|V (C ′)| − 1) + (LC − 2) + α(C[RC ]) ≤ n− |BC |+ α(C[RC ]).

Corollary 3.4.4. Let C be a caterpillar with |V (C)| ≥ 3.

i. If τC = ∅, then αbn(C) = |LC |+ α(C[RC ]).

ii. If C has no two adjacent trunks and no vertices of degree 3, then αbn(C) = |LC |+|τC |.

Proof. Suppose τC = ∅, so that every vertex of C is either a branch vertex or a leaf. By

Theorem 3.4.3, αbn(C) ≤ n−|BC |+α(C[RC ]) = |LC |+α(C[RC ]). Observe that C[RC ] is

a forest of paths, and let S be a maximum independent set of C[RC ]. Define a broadcast

f on C by

f(v) =


2 if v ∈ LT and v is adjacent to a vertex in S

1 if v ∈ LT and v is not adjacent to a vertex in S

0 if v /∈ LT .

As only leaves broadcast, two broadcasts from li and lj may overlap only if one or both

vertices broadcast at strength 2. Suppose they do. Without loss of generality, assume

f(li) = 2. Let bi be the neighbour of li in S. But then since bi has only one leaf, f(lj) = 2

and bj ∈ S, hence d(li, lj) ≥ 4. It follows that f is a boundary independent broadcast on

C. Thus, σ(f) = |LC |+ α(C[RC ]) ≤ αbn(C).

Suppose instead that C has no two adjacent trunks and no vertices of degree 3. Since

RC = ∅, αbn(C) ≤ n−|BC |+α(C[RC ]) = |LC |+τC by Theorem 3.4.3. Define a broadcast

f on C by

f(v) =

{
1 if v ∈ LC or v ∈ τC
0 otherwise.

By definition, no two broadcasting vertices are adjacent. It follows that f is a boundary

independent broadcast, hence σ(f) = |LC |+ |τC | ≤ αbn(C).

3.5 Summary

As any maximum independent set S on a graph G is a boundary independent broadcast

with V +
f = V 1

f = S, by Theorem 3.2.1 we have that α(G) ≤ αbn(G) < 2α(G). We showed

that the maximum bn-independent broadcast problem, like the independent set problem,

is NP-complete. As a maximum independent set of a tree T may be found in linear time,
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it is natural to ask whether αbn(T ) may be determined in polynomial time. We derive

such an algorithm in Chapter 4.

Neilson [21] developed an algorithm to construct maximum bn-independent broadcasts

on trees whose branch representation is isomorphic to a star. Neilson further proved that

αbn(T ) ≤ n− |BT |+ |RT | for all trees with at least one branch vertex, which we improved

to αbn(C) ≤ n− |BC |+ α(C[RC ]) for caterpillars.

Problem 3.5.1. Prove that αbn(T ) ≤ n − |BT | + α(T [RT ]) for all trees T , and, if so,

classify graphs for which equality holds.

In particular, we found that equality holds for caterpillars C with no trunks, as well as

caterpillars with no branches of degree 3 and no two adjacent trunks, when |V (C)| ≥ 3.

Problem 3.5.2. Find a closed formula to determine αbn(C) exactly for all caterpillars C.
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Chapter 4

A Polynomial-Time Algorithm for

the Boundary Independence

Number of Trees

In Chapter 4, we found that the problem of determining the cost of a bn-independent

broadcast on a general graph G is NP-complete. However, the complexity of boundary

independence in trees is unknown.

In [2], Bessy and Rautenbach proved that the hearing independence number αh(T ) can

be determined for a tree T in O(n9) time. In this chapter, we show that their algorithm

can be modified to determine the boundary independence number αbn(T ) in O(n9) time.

A rooted tree (T, r) is a tree in which a distinguished vertex r serves as a point of

reference for all vertices of T . A vertex v is said to be a descendant of u if u lies along the

unique r− v path, in which case u is an ancestor of v. The descendants adjacent to u are

known as the children of u.

4.1 Definitions and Notation

Let T be a tree of order n ≥ 3 in which an arbitrary non-leaf vertex r is chosen to be

the root. For each u ∈ V (T ), fix an arbitrary linear order on its children. If v1, ..., vk are

the children of u in this linear order, define Tu,i as the subtree of T induced by u and all

vertices w such that the unique u− w paths contains one of v1, ..., vi (see Figure 4.1). In

addition, define Tu,0 as the subtree consisting only of the vertex u. If cT (v) denotes the

number of children of u in T rooted at r, then, in total, there are at most∑
u∈V (T )

(cT (u) + 1) = deg(r) + 1 +
∑

u∈V (T )\{r}

deg(u) = 2n− 1 = O(n) (4.1)
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such subtrees Tu,i. (Note that if u is a leaf, then cT (u) = 0 and the only subtree counted

is Tu,0 = {u}).

r

v1

u

v2 v3

Tu,2

Tu,3

Figure 4.1: A tree T rooted at r and a vertex u with three children.

Bessy and Rautenbach’s algorithm, based on dynamic programming, successively con-

siders subtrees Tu,i such that the vertices u are ordered by nonincreasing distance from

the root r.

Given a boundary independent broadcast f on T , its restriction to Tu,i satisfies the

following conditions:

(C1) f(x) ≤ eT (x) for all x ∈ V (Tu,i)

(C2) dT (x, y) ≥ f(x) + f(y) for every two distinct broadcasting vertices x, y ∈ V (Tu,i).

As in [2], we find that if f(y) > 0 for some y ∈ V (T\Tu,i), then y imposes upper bounds

on f(x) for all x ∈ V (Tu,i). Specifically, by C2, if dT (x, y) ≤ f(y), then x ∈ Nf (y) and

hence f(x) = 0. If f(y) < dT (x, y), then f(x) ≤ dT (x, y)− f(y).

We may express this upper bound as a function gp,q(dT (u, x)) as follows. First, consider

a function ht : Z→ N0 such that ht(d) = max{0, d− t}.
For a vertex y ∈ V +

f , let q = f(y), p = f(y) − dT (u, y), and define gp,q : Z →
N0 by gp,q(d) = max{0, d − p}. Note that gp,q is equivalent to ht under the restriction

t = f(y) − dT (u, y), and so we have the bound f(x) ≤ gp,q(dT (u, x)). Figure 4.2 below

motivates the choice of p and q.



40

d

1

gp,q(d)

f(y) f(y) + 1

Figure 4.2: When d = dT (x, y) ≥ f(y) + 1, the upper bound on f(x) imposed by gp,q(d)

increases linearly as a function of d.

Define integers pin, qin and yin as follows. If V +
f \V (Tu,i) is empty, let pin = −n

and qin = 1. Otherwise, let pin = max{p = f(y) − dT (u, y) : y ∈ V +
f \V (Tu,i)}. Let

yin ∈ V +
f \V (Tu,i) be a vertex for which this maximum holds. If yin overdominates u,

then, by bn-independence, yin is the unique such vertex; otherwise, there may be more

than one such vertex and we choose yin arbitrarily. Let qin = f(yin). Note that

(pin, qin) =

{
(−n, 1) if V +

f ∩ V (T \ Tu,i) = ∅
(f(yin)− dT (u, yin), f(yin)) otherwise.

(4.2)

Since dT (u, yin) ≥ 0, it follows that pin ≤ qin in either case.

Among all broadcasting vertices in T\Tu,i, yin imposes the strictest upper bound on

f(x) for all x ∈ Tu,i. That is, for all x ∈ V (Tu,i) and all q = f(y), where y ∈ V +
f \V (Tu,i),

we have that f(x) ≤ gpin,qin(dT (u, x)) ≤ gp,q(dT (u, x)).

The existence of pin and qin implies that bounds on f(x) for all x ∈ V (Tu,i) can be

encoded with just these two values. Symmetrically, the upper bounds on the possible

values of f on the vertices of T\Tu,i that are imposed by broadcasting vertices in Tu,i,

again expressed as a function of the distance from u in T , can be encoded with two

integers pout and qout. That is, if V +
f ∩V (Tu,i) = ∅, let pout = −n and qout = 1; otherwise,

let pout = max{p : y ∈ V +
f ∩ V (Tu,i)}, and choose yout similar to yin. Then

(pout, qout) =

{
(−n, 1) if V +

f ∩ V (Tu,i) = ∅
(f(yout)− dT (u, yout), f(yout)) otherwise,

(4.3)

and pout ≤ qout in either case.

For all O(n4) possible choices for pin, qin, pout, qout with −n ≤ pin, pout ≤ n and 1 ≤
qin, qout ≤ n, the algorithm determines the maximum contribution

∑
x∈V (Tu,i)

f(x) satisfying:
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(C3) f(x) ≤ gpin,qin(dT (u, x)) for every vertex x of Tu,i.

(C4) If f(y) > 0 for some vertex y of Tu,i, then gpout,qout(d) ≤ gf(y)−dT (u,y),f(y)(d) for

every positive integer d.

4.2 The Algorithm

The following lemma shows we can check C4 in linear time for a given vertex y.

Lemma 4.2.1. If t, f and dist are integers such that −n ≤ t ≤ n and f, dist ∈ [n], then

ht(d) ≤ hf−dist(d) for every positive integer d if and only if dist ≥ max{f, f − t}.

Proof. Suppose t ≤ 0. Since d is positive, d ≥ t+ 1, hence ht(d) = d− t. Moreover,

hf−dist(d) =

 0 if d ≤ f − dist

d− f + dist if d ≥ f − dist + 1.

Therefore, ht(d) ≤ hf−dist(d) if and only if

(i) d ≥ f − dist + 1, and

(ii) d− t ≤ d− f + dist

for all positive integers d. With d = 1, (i) becomes dist ≥ f . Therefore, (i) and (ii)

together are equivalent to dist ≥ max{f, f − t}.
Suppose instead that t ≥ 1. When d ≥ t + 1, ht(d) is positive, in which case we

once again have that d ≥ f − dist + 1 and d − t ≤ d − f + dist. Since we require that

ht(d) ≤ hf−dist(d) for every positive integer d, we again see that dist ≥ f and dist ≥ f − t,
and the lemma follows.

We can thus check C4 using Lemma 4.2.1 with t = pout, f = f(y) and dist = dT (u, y).

Given u ∈ V (T ) and i ∈ [k]0, let pin, pout, qin, qout be integers with −n ≤ pin, pout ≤ n
and 1 ≤ qin, qout ≤ n. A function

f : V (Tui)→ N0 is ((pin, qin), (pout, qout))-compatible

if conditions C1, C2, C3, and C4 hold under f . Let αbn(Tu,i, (pin, qin), (pout, qout)) be the

maximum weight of such a function.

Lemma 4.2.2. For any non-leaf root r of T , αbn(T ) = αbn(Tr,cT (r), (−n, 1), (n, 1)).

Proof. By definition, Tr,cT (r) = T . Since g−n,1(d) = d + n for all nonnegative integers d,

g−n,1(d) ≥ n. Therefore, since f(x) ≤ eT (x) ≤ n for all x ∈ V (T ), condition C3 holds by

C1. Similarly, since gn,1(d) = 0 for all nonnegative integers d, C4 holds by C1 and Lemma

4.2.1 with t = pout.
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We now show how to determine αbn(Tu,i, (pin, qin), (pout, qout)) recursively for all O(n5)

choices for (u, i), pin, qin, pout, and qout. Recall that Tu,0 consists of only the single vertex

u.

The following lemma holds for all vertices u of T , but is particularly useful when u is

a leaf.

Lemma 4.2.3. For any vertex u of T ,

αbn(Tu,0, (pin, qin), (pout, qout)) =

0 if qout > pout

min{eT (u), gpin,qin(0), pout} if qout ≤ pout.

Proof. First suppose qout > pout. By (4.3), either V +
f ∩V (Tu,0) = ∅ and so f(u) = 0, or yout

is a vertex of Tu,0 such that dT (u, yout) > 0, which is impossible because V (Tu,0) = {u}.
Therefore f(u) = 0 and αbn(Tu,0, (pin, qin), (pout, qout)) = 0.

Now suppose that qout ≤ pout. Then (as mentioned above) qout = pout and, by (4.3),

V +
f ∩V (Tu,i) 6= ∅ and dT (u, yout) = 0; that is, u = yout and f(u) = f(yout) = qout > 0. By

C1, f(u) ≤ eT (u), and by C3, f(u) ≤ gpin,qin(0). Hence αbn(Tu,0, (pin, qin), (pout, qout)) =

min{eT (u), gpin,qin(0), pout}.

The following technical lemma describes the key recursive step of the algorithm. See

Figure 4.3.

Lemma 4.2.4. Let u ∈ V (T ) and i ∈ [k] be given and let v1, ..., vk denote the children of

u. Suppose vi has ki children. A function f : V (Tu,i) → N0 is ((pin, qin), (pout, qout))-

compatible if and only if there exist integers p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out with

−n ≤ p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out ≤ n and 1 ≤ q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out ≤ n satisfying the following

conditions:

(i) the restriction of f to V (Tu,i−1) is ((p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out))-compatible;

(ii) the restriction of f to V (Tvi,ki) is ((p
(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))-compatible;

and for every nonnegative integer d:

(iii) g
p
(0)
in ,q

(0)
in

(d) = min{gpin,qin(d), g
p
(1)
out,q

(1)
out

(d+ 1)};
(iv) g

p
(1)
in ,q

(1)
in

(d) = min{gpin,qin(d+ 1), g
p
(0)
out,q

(0)
out

(d+ 1)};
(v) gpout,qout(d) ≤ min{g

p
(0)
out,q

(0)
out

(d), g
p
(1)
out,q

(1)
out

(d+ 1)}.
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u

vi−1v1 vi

r

Tu, i−1

Tvi, ki

vk
· · · · · ·

Figure 4.3: A rooted tree and a vertex u with k children, with Tu,i−1 and Tvi,ki as shown.

Proof. Suppose first that f is ((pin, qin), (pout, qout))-compatible. Define p
(0)
in , q

(0)
in , p

(0)
out, q

(0)
out

with respect to Tu,i−1 as in (4.1) and (4.2). Define p
(1)
in , q

(1)
in , p

(1)
out, q

(1)
out with respect to Tvi,ki

similarly. Given a vertex w ∈ V (T\Tu,i), the distance from w to vi is one more than the

distance from w to u. Thus, (v) holds by C4.

Let y
(0)
in be an arbitrarily chosen vertex for which f(y

(0)
in ) = q

(0)
in and f(yin)−dT (u, yin) =

p
(0)
in . If y

(0)
in lies in V (T\Tu,i), the bounds imposed by pin on f(x) for all x ∈ V (Tu,i) match

those imposed by p
(0)
in on the vertices of Tu,i−1, hence (p

(0)
in , q

(0)
in ) = (pin, qin). Otherwise,

y
(0)
in lies in V (Tvi,ki). Since gp,q(d+1) = gp−1,q(d) when q ≥ 1, g

p
(0)
in ,q

(0)
in

(d) = g
p
(1)
in ,q

(1)
in

(d+1).

Therefore g
p
(0)
in ,q

(0)
in

(d) = min{gpin,qin(d), g
p
(1)
out,q

(1)
out

(d + 1)} for every nonnegative integer d.

Similarly, the minimum in (iv) equals g
p
(1)
in ,q

(1)
in

(d). Therefore (iii) and (iv) hold.

Since f is ((pin, qin), (pout, qout))-compatible, f(x) ≤ gpin,qin(dT (u, x)) for all x ∈ V (Tu,i−1).

Furthermore, by C2, f(x) ≤ dT (x, vi)− f(vi) ≤ gp(1)out,q
(1)
out

(dT (vi, x)) = g
p
(1)
out,q

(1)
out

(dT (u, x) + 1),

and so (i) holds for g
p
(0)
in ,q

(0)
in

(d) as in (iii). Similarly, (ii) holds for g
p
(1)
in ,q

(1)
in

(d) as in (iv).

Conversely, suppose there exist integers

p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out

with −n ≤ p(0)
in , p

(0)
out, p

(1)
in , p

(1)
out ≤ n and 1 ≤ q(0)

in , q
(0)
out, q

(1)
in , q

(1)
out ≤ n satisfying (i)− (v).

By (i) and (ii), f satisfies C1; that is, f(x) ≤ eT (x) for all x ∈ V (Tu,i−1) and x ∈
V (Tvi,ki).

Conditions (i) and (ii) further imply that C2 holds for any x, y ∈ V (Tu,i−1) and for

any x, y ∈ V (Tvi,ki). Thus, to prove f satisfies C2, it remains to show that f(x) + f(y) ≤
dT (x, y) for all x ∈ V (Tu,i−1) and y ∈ V (Tvi,ki) such that f(x), f(y) > 0.

By (i), the restriction of f to V (Tu,i−1) satisfies C3; that is, f(x) ≤ g
p
(0)
in ,q

(0)
in

(dT (u, x)).

By (iii),

f(x) ≤ g
p
(1)
out,q

(1)
out

(dT (u, x) + 1).
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Thus, by (ii) and C4,

f(x) ≤ gf(y)−dT (u,y),f(y)(dT (u, x) + 1)

= gf(y)−dT (vi,y),f(y)(dT (vi, x))

≤ min{0, dT (x, y)− f(y)}.

Since x is broadcasting, f(x) > 0 and so f(x) ≤ dT (x, y)− f(y), satisfying C2.

By (iii), g
p
(0)
in ,q

(0)
in

(d) ≤ gpin,qin(d), and by (iv), g
p
(1)
in ,q

(1)
in

(d) ≤ gpin,qin(d + 1) for every

nonnegative integer d. Thus f satisfies (C3).

Finally, consider y ∈ V (Tu,i) such that f(y) > 0. If y ∈ V (Tu,i−1), then by (v),

gpout,qout(d) ≤ g
p
(0)
out,q

(0)
out

(d)

for all positive integers d. Again by (i), we may apply C4 to the restriction of f to Tu,i−1,

obtaining

gpout,qout(d) ≤ gf(y)−dT (u,y),f(y)(d).

Similarly, if f(y) > 0 for some y ∈ V (Tvi,ki), then

gpout,qout(d) ≤ g
p
(1)
out,q

(1)
out

(d+ 1)

≤ gf(y)−dT (vi,y),f(y)(d+ 1).

= gf(y)−dT (u,y),f(y)(d)

for every positive integer d. Therefore f satisfies C1− C4.

Observe that for any i ∈ [k], V (Tu,i−1) ∪ V (Tvi,ki) = V (Tu,i). The following is a

consequence of Lemma 4.2.4.

Corollary 4.2.5. Suppose u ∈ V (T ) has k children. Let i ∈ [k] be given and let vi have

ki children. Then

αbn(Tu,i, (pin, qin), (pout, qout))

= max{αbn(Tu,i−1, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out)) + αbn(Tvi,ki , (p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))}

(4.4)

over all choices of p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out with −n ≤ p(0)

in , p
(0)
out, p

(1)
in , p

(1)
out ≤ n

and 1 ≤ q(0)
in , q

(0)
out, q

(1)
in , q

(1)
out ≤ n satisfying conditions (iii), (iv), and (v) of Lemma 4.2.4.

Proof. Let p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out be integers satisfying the conditions of

the lemma such that the maximum in (4.5) is attained. Let f be a broadcast such that

the restrictions of f to Tu,i−1 and Tvi,ki correspond to αbn(Tu,i−1, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out))

and αbn(Tvi,ki , (p
(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out)), respectively. By definition, the restrictions are
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((p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out))-compatible and ((p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))-compatible, hence condi-

tions (i) and (ii) in the statement of Lemma 4.2.4 are satisfied. Thus, by Lemma 4.2.4,

the restriction of f to Tu,i is boundary independent.

We may now prove the main theorem of this section.

Theorem 4.2.6. Given a tree T with n ≥ 3 vertices, its boundary independent broadcast

number αbn(T ) can be determined in O(n9) time.

Proof. Select a non-leaf vertex r as the root and process the vertices of T in order of

nonincreasing distance from r. Recall that by (1), there areO(n) choices for (u, i). Suppose

u and i are given. For each of the O(n4) choices for pin, qin, pout, and qout, the value

αbn(Tu,i, (pin, qin), (pout, qout)) can be determined in O
(
n4
)

time as follows. If i = 0, apply

Lemma 4.2.3 to find αbn(Tu,i, (pin, qin), (pout, qout)) in linear time. Otherwise:

• For each of the O(n4) possible choices for the four integers p
(0)
out , p

(1)
out , q

(0)
out , and q

(1)
out ,

check condition (v) from Lemma 4.2.4 in constant time.

• Given pin, qin, p
(0)
out, p

(1)
out, q

(0)
out, and q

(1)
out , apply conditions (iii) and (iv) of Lemma

4.2.4 to determine p
(0)
in , p

(1)
in , q

(0)
in , and q

(1)
in in constant time.

• Finally, add αbn(Tu,i−1, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out)) and αbn(Tvi,ki , (p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))

and apply Corollary 4.2.5.

Since there are O(n) choices for (u, i), it follows that αbn(Tr,cT (r), (−n, 1), (n, 1)) can be

determined in O(n9) time. By Lemma 4.2.2, this value equals the boundary independent

broadcast number αbn(T ).

We illustrate the algorithm with a simple example. Consider the tree T below, in

which one of the two non-leaf vertices is arbitrarily defined to be the root. The remaining

vertices are labelled u1 through u4 such that dT (ui, r) ≤ dT (uj , r) whenever i > j.

r

u1

u2 u3 u4

T

Figure 4.4: A tree T and its rooted structure.

Note that eT (ui) = 3 for i ∈ {1, 2, 3}. By Lemma 4.2.3, for each 1 ≤ i ≤ 3, we have

that
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αbn(Tui,0, (pin, qin), (pout, qout)) =

 0 if qout > pout

min{3, gpin,qin(0), pout} if qout ≤ pout

over all choices for pin, qin, pout, and qout such that −5 ≤ pin, pout ≤ 5 and 1 ≤ qin, qout ≤ 5.

Observe that since Tui,0 consists of only a single vertex, ui is broadcasting if and

only if qout = pout. Then αbn(Tui,0, (pin, qin), (pout, qout)) = 0 if pin ≥ 0, and

αbn(Tui,0, (pin, qin), (pout, qout)) ∈ {1, 2, 3} if pin < 0.

Otherwise, qout > pout, in which case αbn(Tui,0, (pin, qin), (pout, qout)) = 0 as expected.

Recall that by Lemma 3.4.1, given a tree T and an αbn-broadcast f on T , no leaf of T

hears f from a non-leaf.

In particular, no vertex adjacent to a leaf belongs to V +
f , hence the restriction of an

αbn-broadcast f to Tu4,0 = {u4} has weight 0. By Lemma 4.2.5, we have that

αbn(Tu4,1, (pin, qin), (pout, qout))

= max{αbn(Tu4,0, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out)) + αbn(Tu1,0, (p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))}

= max{αbn(Tu1,0, (p
(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))}

over all choices of p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out with −5 ≤ p

(0)
in , p

(0)
out, p

(1)
in , p

(1)
out ≤ 5

and 1 ≤ q(0)
in , q

(0)
out, q

(1)
in , q

(1)
out ≤ 5 satisfying conditions (iii), (iv), and (v) of Lemma 4.2.4.

We may calculate αbn(Tr,1, (pin, qin), (pout, qout)) as max{αbn(Tu2,0, (p
(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))}

similarly. Thus, to determine αbn(Tr,2, (pin, qin), (pout, qout), we need only consider the sub-

trees Tu2,0 and Tu3,0.

Finally, by Lemmas 4.2.2 and 4.2.5, we may calculate αbn(T ) as

αbn(Tr,3, (−n, 1), (n, 1))

= max{αbn(Tr,2, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out)) + αbn(Tu4,1, (p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out))}

(4.5)

again over all choices of p
(0)
in , p

(0)
out, p

(1)
in , p

(1)
out, q

(0)
in , q

(0)
out, q

(1)
in , q

(1)
out with−5 ≤ p(0)

in , p
(0)
out, p

(1)
in , p

(1)
out ≤

5 and 1 ≤ q(0)
in , q

(0)
out, q

(1)
in , q

(1)
out ≤ 5 satisfying Lemma 4.2.4.

r

Tr, 2

Tu4, 1

Figure 4.5: The partition of T considered in 4.5.
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Repetitive calculations show that this maximum is achieved when

αbn(Tr,2, (p
(0)
in , q

(0)
in ), (p

(0)
out, q

(0)
out)) = 2 and αbn(Tu4,1, (p

(1)
in , q

(1)
in ), (p

(1)
out, q

(1)
out)) = 2. Since

f(r) = f(u4) = 0 under an αbn-broadcast f , we find that maximum boundary

independence is achieved when f(u1) = 2 and f(u2) = f(u3) = 1. Hence αbn(T ) = 4.
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Chapter 5

Conclusion

The term ‘broadcast’ originated from the historic analogy likening broadcasting vertices to

transmission towers located across a network. Using this analogy, boundary independence

and hearing independence may be thought of as constraints allowing signals to interfere

on their boundaries or within their broadcasting neighbourhoods, so long as no signal

interferes with another broadcasting vertex. For both definitions, we considered the min-

imum weight of a maximal broadcast (the lower parameters) and the maximum weight of

a broadcast (the upper parameters) on general graphs, trees, and other graph classes.

In Chapter 2, we observed that any maximal bn-independent or h-independent broad-

cast is dominating. We found that if f is a hearing independent broadcast on a connected

graph G, then f is maximal hearing independent if and only if f is dominating, and ei-

ther |V +
f | = 1 or each broadcasting vertex has a vertex on its boundary that is adjacent

to another vertex in V +
f . This result leads to a classification of maximal h-independent

broadcasts that are also bn-independent, as for any such broadcast with at least 2 broad-

casting vertices, every broadcasting vertex must be certified by a vertex broadcasting at

strength 1.

We compared the lower parameters and presented an infinite family of graphs for which

ih(G)−ibn(G) may be arbitrarily large. We proved that ibn and ih are comparable, namely,

ibn(G) ≤ ih(G)

for all graphs G. Turning our attention to spanning trees, we found that for any connected

graph G,

ibn(G) = min{ibn(T ) : T is a spanning tree of G}.

Using the fact that ibn(T ) ≤ ih(T ), this result allowed us to derive an alternate proof

that ibn(G) ≤ ih(G) for all graphs G.
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We studied the ratio ih(G)/ibn(G), and found that ih(G)
ibn(G) ≤

5
4 for all graphs G. It is

unknown whether this equality is strict.

Question 5.1.1. Can the bound ih(G)
ibn(G) ≤

5
4 be improved?

Finally, we considered graph classes for which ibn(G) and ih(G) are equal, proving that

ibn(S) = ih(S) for any generalized spider S. It would be of interest to further classify

graphs for which these parameters are equal.

Question 5.1.2. For which graphs G is ibn(G) = ih(G)?

The hardness of determining the lower bn-independence or h-independence numbers

for various families of graphs is left as an open problem.

Problem 5.1.3. Study the complexity of determining ibn(G) and ih(G) for trees or other

graph classes.

In Chapter 3, we derived upper bounds for the boundary independence number αbn(G),

showing that αbn(G) < 2α(G) for all graphs G. Furthermore, we found that for any graph

G of order n with minimum degree δ(G),

αbn(G) ≤ n− δ(G).

We proved that the maximum bn-independent set problem is NP-complete and listed

graph classes for which polynomial-time algorithms cannot exist. We considered maximum

boundary independent broadcasts on trees, and proved that αbn(C) ≤ n−|BC |+α(C[RC ])

for any caterpillar C of order n, where BC denotes the set of branch vertices, and RC the

branch vertex adjacent to at most one leaf in BL(T ). It is unknown whether this result

can be extended to all trees.

Question 5.1.4. For any tree T of order n and at least one branch vertex, is it true that

αbn(T ) ≤ n− |BT |+ α(C[RT ])?

Problem 5.1.5. Fine a closed formula for αbn(T ) for caterpillars or other classes of trees.

Finally, in Chapter 4, we showed that the maximum bn-independence problem is solv-

able in polynomial time on all trees, which we illustrated with a simple example. For

further research, more efficient algorithms may be possible when considering the addi-

tional constraints of boundary independence compared to hearing independence.

Problem 5.1.6. Improve the running time in Theorem 4.2.6, or show it is best possible.
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