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PREFACE

. The computer programs outlined below are designed to
supplement a modern course in economic principles. The purpose
of the programs is to provide a basis for systematic independent
study outside of the classroom, and to illustrate the use of
simulation models in analysis of economic problems and economic
policy. Both goals can be served by examination of many concrere
examples, using the computer as a "scratch pad" to eliminate any

burden of numerical calculation.

In macroeconomic analysis, two broad questions of policy
are usually distinguished. On the one handris the traditional
guestion of employment or stabiliiation policy, based primarily
on analysis of effective demand and capacity utilization. On
thg other hand there is the newer issue of growth policy, based
primarily on analysis of potential output and the required level
of expenditures for expansion of productive capacity. {(Questions
of income distribution will arise in both cases, of course, but
are better studied with the aid of more detailed and less highly

aggregated models than those set out here.)

Problems of inflation policy and of balance of payments
equilibrium can be fully understood only by looking to the
interactions of these two factors - effective demand and
potential output - and thus these problems require rather
elaborate analytical tools. The simulation model is one such tool

that is becoming more widely used.



These computer programs attempt to simulate aggregate
features of an evolv1ng economy, and to illustrate how such
51mulatlon techniques may be used in evaluating econom#c policy X

in a dynamic setting.

The first set of programs (the Supply Models) develop the
idea of potential output, or the supply side, of the national
product flow. Beginning with the computation of aggregate out-
put as determined by available resources and the production
decisions of individual firms or enterprises, the models gb on
to study the evolution of productive capacity and potential

output as the economy's endowments of productive factors grow.

The second set of programs (the Demand Models) deal with
the demand side of the flow of incomes and cxpenditures. Pro-
ceeding through successively more detailed specification, they
arrive at a fully-specified (though still small) model of
effective demand, in the Keynesian tradition, and taking into

account the four major components of national income.

Bringing the two sides together in the third set of pro-
grams (the Link Models) completes the construction of a workable
policy model similar in principle to many already in use for

evaluation of proposed economic policies.

Each program presents the student with a problem in macro-
economic analysis arising from some question of economic policy,
or some interpretation of observed economic behaviour, and advances
a simple model to deal with the problem. The solution is preseﬁted
in the form of a graph or a table of the main variables, frequently

in summary tables of the type used in national accounting.
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The intent of the.programs is.two-fold: to illustrate
how macroeconomic theory may be viewed as an attempt to simplify
and sgmmarize in an analytical model the essential relationships
inherent in complex economic structures, and to illustrate how
such models may be used in evaluation of economic policy.

The programs are intended to be used bf the student at
any point in his study. The text in this present document
provides all necessary operating instructions, and outlines the
setting and significance of individual programs as the student
works through them. By collecting his own "hard copy" from the
teletype terminal as he proceeds through the programs, the
student can construct a summary outline of the topics together
‘'with an unlimited number of worked examples.

It should be clearly understood, however, that this
document is intenaed to supplement classroom discussion or a
textbook, not to replace them. Our explanations of the programs
are confined to specification of the model to be studied, and some
brief elaboration of the motives for following a particular
approach to the analysis. Detailed explanation of economic
'relationships is not attempted, nor is any critical assessment
of the models employed; the purpose of these programs is simply
to put into the hands of the student the computational power to
illustrate lectures or textbooks for himself, and to learn from

experience, through solution of numerical examples
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on hiS~6wn or in collaboration with fellow students.

The present program set has evolved over four yéars
of discussion ana trial. A first version was used in'the
Economics course developed by Sterling Institute for the U.S.
Naval Academy, and the continuing encouragement of Sterling
.iivingston has been important in the subsequent development:
of this work. Partly as a result of that Néval Academy
experience, and partly through collaboration with an‘ima§inative
undergraduate student, the basic ideas and organization of the
programs were re-examined, and the whole set re-written from
sératchf Some of the revised models were used in a summer
course at the University of British Columbia, and agéin, in af
small way, in an undergraduate course at the Uhiversity of
‘Torontof On the basis of these trials the programs were again-
extensively revised and new items added. Needless to say, the
set has not yet reached its steady state; a number of new
programs are already being prepared. But the present package does
seem to form a coherént and}effective whole, and will continue
to provide the basic analytical structure even as new
applications or extensions are added.

| For much of the elegance and efficiency of these
programs, credit must go to the undergraduate student mentioned
above, Michael Wolfson first became involved in this work as
a programmer while he was a second yéar student at the

University of Toronto, and followed it through three subsequent
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years of a collaboration I think we both found fruitful; Since
he is, at the time 6f this writing, on his way to India during
a break in hié%raduate program in economics at Cambridge Uni-
versity, it is safe for me to acknowledge here the extent of
his contribution to this joint effort. If I could hope that
these programs might encourage some equally .imaginative and
thoughtful undergraduates to become actively interested in
applied policy analysis of this sort, I would jﬁdge the effort
sunk in them to have been thoroughly worthwhile. Certainly
there is no shortage of challenging, entertaining, and (I think)
relevant work to be tackled in extending and improving such

models. We offer the present version as a starting point.

A.R. Dobell

Ottawa, August 1971: Preface revised August 1972,



THE SUPPLY MODELS

Introduction

Production of goods demands the services of productive
‘agents - inputs of managerial effort and labour services or use
- of equipment and structures being two particular‘examples..
Because there is a limit to how much labour service can be
provided by the community, and to how much use can Be extracted
from existing plant and equipment, there is a ceiling to the
level of output the community can produce at any one time.
Within that limit, however, the rate at which goods and services
are generated depends on the rate of utilization of the
_ avéilable labour supply and the available capital stock. The
output rate attained when these resources are being utilized
at the maximum feasible and sustainable rate will be called

the potential output or full employment output attainable with

the given level of resources.

Of course output will generally not be produced unless
a demand is anticipated for it. Hence the potential rate of
output need not be attained if anticipated aggregate demand
falls short of potential output, and then unemployment of labour
and capital may result. This problem is analyzed in the Demand

Models to be studied later.
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These supply modeis attempt to estimate whqtflevel'of'
Aouﬁput the ecénomy could potentially attain with various
endowments of available resources. Thé§‘thus suggest a target
level of employment at which the fiscal and monetary policies
analyzed in the demand models could be directed. 1In
 ¢onventional national income analysis, this térget level isb
frequently referred to simply as the full émployﬁent level of
output, or national income at full employment. |

Thus these supply models focus on the uses of the‘
community's resources in production, on the transformation of
inputs into outputs, and thus on the supply of goods and services.
(Models of aggregate demand, by contrast, focus on the uses of.
income and the consequent demands for goods and services.)
" There are several sides to this question of the use of resoﬁrces
in production. Decisions on these uses are made by individual
production units (firms or enterprises), so it is necessary to
consider when such enterprises may be led to employ factors,
when they may be led to adoﬁt different combinations of inputs,
and when they may be led to allocate resources to different
mixes of outputs. In addition to these decisions of individual
production units, it is necessary to consider the overall
growth of productive factors, and the general progress of

technology.
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In a sense these supply models are nearer to the -

heart of classical economics than are national income models.

- Supply models focus on the allocation of scarce resources to

production of alternative outputs, and thus deal with the

- fundamental economizing problem of any community - wise use of

its produced»and natural resources, including its human
resources, It would seem natural that these resources should
not’be left unutilized in any rational community decisions.
But because these decisions are, in effect, delegéted to

individual production units each producing to anticipated

. demand under the free play of market forces, it is possible to

observe aggregate supply below potential, and under-utilization
of available resources, including unemployment of labour
willing and able to work. Part of the explanatianfor this
phenomenon is to be found in the input decisions of firms,
studieé in Supply Model 1, and in the conditions governing'the’
supply of factors, studied in Sﬁpply Model 2. |

Supply Model 1 confines itself to study of the
individual production unit, and is thus an exercise in micro-
economics. It deals with an analysis in which both capital
and labour inputs are freely variable, and have to be
determined simultaneously according to some criterion for
selecting inputs. In particular, the program compares how
inputs and outputs might be determined if enterprises were

managed by committees of workers who hired capital goods and

/4



divided the surplus revenue from production among themselves, with the

_caserwhere decisions are made by managers hiring‘labour«and capital on
 behalf of shareholders who divide the profit among themselves.

In Supply Model 2, the concept of potential output is
introduced, and an aggregate supply curve is derived under the
assumption that capital inputs (equipment and structures) are
fixed while labour inputs are variable up to a maximum
representing full employment. Actual labour input is assumed
to be determined by each individual enterprise so as to yield
maximum profits. The aggregate supply curve so derived could
be described as a "short-run capitalist supply curve" -
"short-run" because of the assumption that capital inputs
(and the maximum labour input) are fixed, and "capitaliét"
because it corresponds to the case of owners of capital stock
hiring labour as a variable input and retaining the surplus after
payment of wages. Supply Model 2 focuses on the effects, on
this short-run aggregate supply curve, of pressures in the
labour market to impose a minimum money wage below which labour
will not work. (If the minimum wage is zero, then the short-
run aggregate supply curve is simply a vertical line at the
level of output corresponding to full employment of labour and
capital.)

Supply Model 3 changes the focus from a concern with
the input mix or the level of utilization of factors to the study

of an aggregate economy with growing endowments of productive
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factors. - In the long—run,;supplies.of both factors vary,,

" (though they are fixed at any instant) and thus aggregate output:

(at full employment) alters. The interesting questionf" ‘ ;
therefore is to know how oﬁtpﬁt will evolve over time in
response to different patterns of growth of capital and labour..
Supply Model 3 looks at two possible paths of evolution of the
capital stock, one associated with the “"capitalist" firm, in
which investment ié related to profits and'the expected rate of
profit, the other associated with "socialist" organization, in
which the overall saving and investment rate can be set by a
central economic agency. The program traces some main features

of the comparison in a simplified way.

Supply Models 4 and 5 each pick up one thread of this
analysis. Supply Model 4 studies in more detail the patterh of
growth when investment is determined by a single overall
saving rate, and explores the effects of changes in this saving
rate upon capital/labour ratios and consumption pér capita.

Supply Model 5, (based upon a larger model due to Professor Lester
Thufow), on the other hand, traces the pattern of growth arising
when investment is directly related to the profits and

. . B *
depreciation allowances of corporations, and technical progress in-

. creases the effectiveness of labour and capital inputs.

‘In the language of the literature on economic growth, then,
Supply Model 4 has a saving function but no investment
function, whereas Supply Model 5 has an investment function
but no saving function.
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‘Further issues in the analysis of the. supply side:

. could be explored with extensions of these models..
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Supply Model 1:

Micro-Analysis for Two Institutional Forms-

1. The Model

In these "Suppl?" models we are concerned with the
‘growth of endowments of productive resources and the
corresponding evolution of potential output. Bﬁt just as a
movie is an orderly sequence of snapshots, so a growth path in
economics can be viewed as an orderly sequence of momentary
patterns - snapshots of the economy at a point in time. In
the same way that one may sometimes stop a movie to examine
some manoeuvre frame-by-frame, it is sometimes helpful to
study economic activity by looking at momentary patterns before
" examining their changesover time.

As well, there are times where one wishes to study
the movements éf a single player or individual rather than
the pattern of a whole team or group simultaneously. Even
though the'geheral sweep of events has to be seen as a whole
to appreciate emerging patterns, careful study of individual
elements helps in following events as they unfold.

In the production side of economics the individual
element is the producing unit or enterprise, charged with
organizing the use of productive resources toward creation of

outputs. Supply Model 1 enables you to study a single
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preducing’unit,in order to seefhow~input»andvoutputfdeciéion§$;; 
“may béfformed,’ | | !

The basic technological factsvfacing 9vproduction uniﬁl‘
;are described in the book of blueprints or "recipes"‘detailing
how inputs can be transformed into outputs. One approach to
describing production possibilities which is widely used in
induétry is linear programming; this technique'deals with a
limited number of individual production processes with detailed
specification of the resources required and the outputs
generated by each one., The procedure is illustrated, for a
simple case, in the program LINMOD described in Appendix 1.”

A second approach is more traditional. and involves

summarizing production possibilities in a single smooth

function, the so-called production function. This function

describes how great an output flow can be generated by use of
services of specified amounts of labour and gapital. You may
recall studying representations of such functions through
~graphs of "isoquants" or contours of equal output.

For a single firm purchasing inputs, then, there will
be three primary concerns - the price to be had for the
product (described by a demand curve for output), the amount
of output obtainable from purchased services (described by
the production function), and the cost to be paid for the

purchased services (described by a cost curve), In this

The program SCHEMA described in Appendix 2 provides a con-

venient tool for study of somewhat larger linear programming
problems.



analysis;, it is assumed that the cost of raw materials is
-already subtracted from the wvalue of output, so that_thé
production function actually describes the generation'of-so-

called "value-added"” by factor services. This simplification

causes no difficulty here, though it does in more detailed work.

In Supply Model 1 you are able to select differeht
possible ‘demand, prodﬁction, and cost functions, énd thus to -
study the decision problem confronting an individual |
production unit. Of course the behaviour of the unit willl
depend not only upon these data describing the problem, but
also upon the goals of the management itself. If the firm
owns no resources at ail, but simply pﬁrchases services of
capital and labour, its goal might be to maximize the
residual remaining after all costs of inputs have been deducted
from revenue. If the firm owned all the capital goods used,
but purchased labour, its goal might be to make the residue
after the waée bill is subtracted from revenue as large as
possible. On the other hand, a workers' committee managing
an enterprise in their own interests, and hiring the services
of stafe-owned capital, would perhaps seek the maximum surplus
per worker after payment of rentals for capital services.
Since the usual institutional arrangement has management
acting on behalf of shareholders (the owners of the capital

equipment, which is fixed at any one time), they are usually
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assumed-to hire labour up to the pointlwhere profit after-
.payment of wages is a maximum. But in some countries -
Yugoslavia is the best-known example - workers' cOmmittees»or:
co-operatives do play managerial roles, and’their'prOduCtioh-
decisions would presumabl§ be directed at choosing the input
,‘and output levels that yield maximum~surplqs,pe; worker, For
each desired level of output, then, workeré‘ committees'hiring
capital would select different levels of capital and labour
services than would management acting on behalf of share-
holders. The path of capital and labour inputs employed in order to
yield different levels of outputs is referred to as the

- expansion path for the enterprise; the above discussion thus

suggests that the expansion path is different for a firm
operated in the immediate interests of its own workers
(owners of labour) than it would be for a firm operated in the
immediate interests of its own shareholders (owners of capital).
The second part of Supply Model 1 displays these computations.
Supply Model 1 thus focusses on two issues - first,
the choice (in the long-run) as to which productive resources
to use in generating output, and second, a comparison of the
production decisions associated with different methods of
organizing production. Since different institutional forms
may pursue different goals, the input mix or capital intensity

or degree of automation in production may be different for
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each, and thus the distribution of income to owners of
-produétive resources may be different as well, even with@fullv‘

utilization of all resources.

2. Detailed Model Structure

The model is based upon the three key relationships

" mentioned above - the demand, production, and cost functions.

These are represented as follows:

P =Py + P40 (linear demand function)
‘Q = CKALB (Cobb-Douglas production function)
C =W.L + Rl.K (linear cost-function based on

fixed wage and rental rates)

In addition one can compute several derived quantities, as

follows:
R =P.Q (revenue)
PI = R - W.L (short-run profit with given
capital stocks)
S = R - R4K (surplus)

Then the rate of profit can be expressed as [ /K, and the per-
capita surplus as S/L. This latter quantity is labelled PC in
the program.

The parameter values stored in the program are as

follows:
Po = 25. (the vertical intercept in the
demand function)
P; = = 25 (slope of demand function)

/12
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. : (transformation coefficient in the =
' - production function) o .

]

]
N
L]

A= .3 (exponent in the production function -

the elasticity of output with.

respect to capital input -

dimensionless)
= .7 (elasticity of output with respect to lﬁbogf'
= .60 (wage rate for labour services) u

5w

R1

[
»
-
Ut

(rental rate for capital services)
The symbols for variables computed within the program

(endogenous variables) are as follows:

K - input of capital services - varles in 7 steps from
KMIN to KMAX

L - input of labour services -~ varies in 5 steps from
LMIN to LMAX

P, Q, C, R, PC are also computed as.indicated in the
equations given above.

Restrictions on parameter values:

0.<A <1 O <W O < KMIN. < KMAX

0<B <1

0 <C 0. <Ry O < LMIN. < LMAX
Py <O & Po | 0 < gMAX

3. Running the Program

The program for Supply Model 1 runs itself as soon as
initial parameters aré set. Output consists of two tables, the
first displaying output, revenue, and cost possibilities for
different combinations of inputs, the second tabulating the
expansion path of the enterprise under either of the two

institutional arrangements described in Part 1. The program

/13
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permits computation of either or both tables for as many

differgné demand, piodudtion, or cost functions as you wish.

-Otherwiéevthe output from thefprogram is self-explanatory.
Table 1 thus mapsiout production possibilitiés~

associated with different input combinations, and shows

the profile of optimal input combinations for each target

output level. Both computations take input prices to be

fixed, but suppose input quantities to be freely variable,

4, Suggested Experiments
1. From the first table, identify (approximately)
contours of equal cost, equal revenue, equal per-
capita surplus. Account for the obserwved shapes
and slopes of these curves. (You may wish to run
three times with different parameter values so as to
have a separate table for each one of these curves.

- Note also that by setting Po = 1, Pl = O, you force
’revenue to coincide with output and you can then
easily study the isoquants or contours of the
productive function).

2, For a particular entry in the first table (that is, for
a particular selection of capital input K and labour
input L), verify the values computed for cost,

revenue, and per-capita surplus.
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3. Prom the second table, plot, on a graph of L against

- K, thé»expansion path for the capitalist firm as

cbmpared to the cooperative.

By running several times with different values for

W and/or Rl' explore the effect on the firm's

input decisions of changes in factor costs. Explain
why the firm changes its input mix in the way it does
in response to factor price change. R
From the second table find the output level yielding
maximum profit. By changing the parameters of the
demand curve, explore the effects of chaﬁging demand

upon the firm's optimal output level.

5. Theoretical Exercises

l.‘

1-a = .
= Q, A constant, what is

a) given F(K, L) = C KAL
the relation implied for required inputs of
K & L? Drawf{a sketch in K-L space of the
resulting curve ("isoquant").

b) show that this curve is downward sloping.

¢) how does the curve change as 6 increases?

Given revenue function P(Q) = Po +'PlQ, wage rate W,

a rental rate for capital R a production function

ll

F(K, L), and a target level of real output 5;

a) what is the entrepreneur's profit if he hires L
units of labour and K units of capital; what is

/15



b)

c)
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the associated input cost?

sketch a diagram in K,L space of the set éf’:k v
inéuts that yield output Q for F(K,L) =-CK3L1-A;
and the set of inputs whose cost is C - Qhére

C is the minimum cost of inputs necessary to
attain Q.

what is the optimum level of R,L to attain the
output Q found by maximizing profit in- the |
expression for part a)? How is this consistent

with the diagram for b)?

Given revenue for P(Q) = Po + PlQ, rental rate R1,

production function F(K,L), and a target level of real

output é, suppose a group of workers formed a co-

operative in which they rented capital and supplied

their own labour.

a)

b)

if the workers divide gross profits equally among
themselves, what is the expression for each
worker's share (assuming one unit of labour is
equal to one man-year)?

how many workers should rent how much capital to
attain maximum workers' shares while meeting the

target of Q units of output?
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Supply Model 2:'

" Short-Run Keynesian Supply

1. The Model

From Supply Model 1 you have seen that a profit
maximizing enterprise with fixed capital stocks would be led
to demand more labour the lower is the real wage; If one
carries this relationship over from the behaviour of a single
firm to that for the production sector as a whole, the demand
for labour is seen to be a downward-sloping functioh of the
level of wages (supposing product prices fixed). Then
instead of asking how much labour would be émployed at a given
wage, one could ask whaﬁ wage would be required before
enterprises would be led to demand all available labour. Thus
if labour were supplied at any wage - if there were no 1imi;
to how low a wage labourers would accept - then this analysis
could tell us what wage realizes full employment of all
available labour. However, unlike machines, people may attach
conditions to supplying their labour. Supply Model 2 takes us
from the microeconomic model of the production enterprises
(where the demand for labour is determined) to the macro-
economic model of employment for an aggregate economy at a
given moment, with a fixed capital stock.

As in Supply Model 1, the underlying economic ideas

are straightforward. The firm is taken to own a fixed stock
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Tof capital in the form of buildings, machings, land, and so
‘on. By employing labour to Qork with this fixed stock of
durable capital-goods, the firm is enabled to produce odtput;
The térms on which this outpu£ can be produced - that is, the
conditions of production - are described by a production
function showing how much output can be produced with given
inputs. The key assumption as to the way firms behave is
that additional labour will be hired as long as the
contribution of an additional worker to'output and hence
revenue is greater than the wage he demands. The key
assumption as to the way workers behave is that, up to full
employment, additional labour will offer itself for employment
only so long as the money wage offered is greater than some
conventional minimum. Below that minimum, no labour will bé
available. Finally, the key assumption about the way labour
markets work is that if more labour is demanded than supplied,
competition among employers will force up the money wage
offered for labour. If more labour is supplied than demanded,
combetition among labourers may force down the money wage, but
never below the conventional (or legal) minimum.

Do you see, then, that a key feature of this model
is.that individual enterprises are assumed to base their
decision about employing labour on the level of the money wage

in relation to the price of their product (on the so-called
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"real Qage“ - the ratio éf the'money'wage to thekmoney price
.0of goods) whereas the decision of the labourer to supply~
services is assumed to be based on the level of the money
wage independently of the price of goods? This difference in
behaviour can account'for'the presence of unemployment, as
':Supply Model 2 illustrates.

The questions on which Model 2 sheds light therefore
include the effect of the price of goods on employment,'or of
the minimum mcney wage on employment, or the effect of either
upon the level of output (the aggregate supply curve)
produced within the economy. The model shows that if the price
of output is sufficiently high, or the floor money wage
sufficiently low, firms will be led to employ all available
labour, there will be full utilization of all resources, and
output will be at its full employment, or capacity, level. The
model thus has the purpose of introducing the notion of
potential output, and at the same time illustrating one reason
why the community may be led to leave some labour idle and
produce less than potential output. In fact, do you see that
this condition prevails when the demand for goods, as measured
by the price producers anticipate for their product, is weak
relative to the price labourers demand for their services?

We could thus identify a situation with output below potential
as one of too weak an aggregate demand for goods. But can

this situation be considered one of involuntary unemployment?
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‘product ‘price P were a little higher, producers would wish to

- 19 -

Yes, because if demand were a little stronger, so that the

-hire additional labour, and available labour would be willing

to work at the same wage as prevailed earlier.

2. Detailed Model Structure

Supply Model 2 may be summarized in the equations:

9 =cxo? it A (1)
A 1/A
|cxo”™ (1-a) :

Lp '[: W/ :l (2)
Lg ={LF if W > W, | : (3)
0 if W <W ,

O
L = min (LS, LD) . (4)

Equation (1) represents the production function
describing the flow of output Q attainable by fully utilizing
the services of a fixed stock KO of capital equipment and a
labour input L. Equation (2) represents the demand of a profit-
maximizing enterprise for labour as an input to production
when technical conditionstare described by the function (1),
with a product price P and a money wage rate W prevailing.
Equation (3) expresses the conditions of labour supply,
indicating that the entire labour force LF is available at a

money wage not less than a prescribed minimum wage Wo, but that
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noAlabour will. offer its services at any wage lower than the
‘prescribed minimum. fhe final equation shows that actual
* labour inéut will be equal to the lesser of that demanded by
_;managers and that offered by workers. It is assumed that when
there is excess demand for labour the wage will be bid up, but
that workers will accept no cut in money wages even in times of
unemployment. The money wage, in other words,—is assumed to
be "sticky downwards".

Thus Supply Model 1 focuses on the production function
as the principal determinant of potential output, with a
"Keynesian" theory of labour market behavioﬁr in which actual
labour input depends both upon the money wage (as compared to
a floor minimum wage) and the product price. "Full employment"
prevails only when the product price is high enough that the
demand. for labour exceeds the available labour force at a wége
in excess of the floor level,

The detailed mathematical structure of the model can
be set out as follows:

(a) Equation Structure:

Q = C'KOA'L(l‘A) Cobb~-Douglas
production function
W/P =03Q/3L Marginal productivity
pricing for real wage
We = P3Q(LO)AA L Definition of full

employment wage
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L (W/P)
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Q(P)

(b) Parameters, standard values, and units:

I
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£(W/P)

minV[Ld(W/P),Lé]
100- (Lo - L(w/P)/LO

maxA[?O,Wé]

c.koP.1o(1-3)

min [%-KOAcL(W/P)(l-A): Qf}

Q(P;C, KO, A, LO, WO)

A

KO

Lo

WO

1l

Labour demand derived
from marginal product-
ivity condition

Actual labour employed

Resulting unemployment
rate

Resulting money wage

Full capacity output

Derived aggregate
supply curve

o3 Coefficient (elasticity of output with
respect to capital input) in production
function (dimensionless)

200. Fixed flow of services of given capital
stock (machine-years/year)

20, Total available flow of labour services
(man-years/year)
2, Initial money wage (thousand dollars/
man-year)
1. Product Price (%)
2. Transformation coefficient goods)
(1-3)

(machine years)k(man—years}
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(c) Restrictions:

coooo0o0

3. Running the Program

As the attached sample run shows, the program is simple
to run. Following input of your preferred parameter values, the
program computes and graphs the supply and demand functions in
the labour market and in the goods market, and determines the
equilibrium configuratipn in each. Whefe excess demand for
goods or labour prevails it permits the wage level to be bid up
to restore equilibrium. Where demand for goods or labour is
deficient, the program computes the resulting unemployment rate.

You may run the program as many times as you wish with
different prices, wages, production cénditions, or resource

endowments.

4. Suggested Experiments with Supply Model L
Supply Model d is designed to illustrate the concept
of a "full employment" level of national income and to show how
the existence of a minimum wage may lead to unempléyment and a
level of output less than potential. The Model may therefore
be used to study:
/23
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The effect on actual employment and output of a change
in the minimum wage rate W, . This effect may be
studied’simply by running Supply Model % with different
values for the pa;ameter Wo, noting how employment: |
and output vary from run to run. Thus one sees the
reasoning underlying the argument that minimum wage
legislation may ihcrease unemploymént rates, for
example.

If it is not possible to bring about reductions in
minimum wage levels, then an alternative may be to
increase product prices, for example, through

increases in the money supply. You may study this
possibility by running Supply Model 2 with different
values for the parameter P, again noting ho# income and
employment levels respond. |

The effect on the demand for labour output, or on
employment of an increase in the capital stock KO or

an increase in technological efficiency represented |
by ankincrease in the coefficient C may be observed
simply by varying these parameters in repeated runs.

In a more elaborate analysis, you might study how the
impact of any of the above changes might vary depending
upon the parameter A, which itself depends upon

production conditions.
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5. Theoretical Exercises and Questions for Discussion
l. "-Given a money price P for goods, a money wage W for
labour services, and a production function,

Q = F(K,L), suppose that production decisions (in

this case hiring decisions) are made by a "capitalist".

(or an enterprise) who owns fixed stock Ko of capital

and operates to earn maximum profit after payment

of wages. a

(a) What is the expression for the profit if L units
of labour are hired?

(b) How many units of labour should be hired to obtain
maximum profit? Do you see that this computation
should lead to a demand curve for labour inputs?
(Note that such a demand curve is computed
numerically in the program).

(c) Does this procedure lead to a situation where the
price of labour services is set by the marginal
product of labour services?

(d) What mathematical assumption as to the form of the
production function are crucial in this discussion?

(e) What economic assumptions are crucial to the
analysis?

2. If the total available supply of labour services is LF,

find an expression determining a full employment wage
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Wf such that the enterprise will be led to employ
exactly LF units of labour input. Is there any wage
rate W which would lead to unemployment?

Derive the aggregate supply function for Supply Model
2. (The aggregate supply curve is graphed, and its
equation printed, in the output from the program.)
Show that the concavity of the aggregate supply curve
depends upon the parameter A, and determine the value
of A for which the curve is concave.

a) Can you derive expressions to predict the signs of

the following derivatives (where E = 1-U)?

,BWf SWf BWf BWf
3 Ko 9 LF 9 A 0P
3 E 3 E 3 E JE
3 Ko 3LF 3 A J P
dQf 3 Of 3 Qf o Of
3Ko sLF oA P

b) Verify your results with appropriate runs with the
model.

Suppose that proposed Féderal minimum wage legislation

would increase the prevailing wage W, Find the

amount by which the'product price P must increase if

full employment is to be maintained.
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" Supply Model 3:

1. The Model

Supply lModel 1 enabled you to investigate the demand
by an individual firm for labour and capital when the rentals
for each are given. Turning this relationship around, Supply
Model Z provided the facility to study the level of employment
and output that would be attained in the aggregate by the whole
production sector under particular labour supply conditions, |
with the capital stock fixed and fully utilized at any rentals
rate, Now in Supply Model 3 it is supposed that no problemns
of unemployment éxist, but rather that both wage rates and
rental rates can be flexibly set at whatever level is
required to bring about full utilization of the stocks
available at any instant. Supply Model 3 then cdncentrates
upon the problem of how these stocks of productive resources
grow over time;

Thus, whereas both Supply Model 1 and Supply Model
2 emphasize decisions on the degree of utilization of
available stocks, Supply Model 3 assumes full utilization at
any moment, and emphasizes the decisions on how stocks are
accunmulated. The first of these decisions has to do with
growth of the labour force; this decision is usually considered
to be determined maihly by non-~economic considerations -~
population size, birth rates, traditions of participation in
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education and in the labour force. The first additicnal
equation of Supply Model 3 therefore is a labour force

growth equation, expressing the assumption that labour force
growth may be well approximated by a curve of geometric growth
at a constant rate, independent of market considerations.

The second eguation describes the accumulation of
capital equipment, in a way that permits the assumption of a
constant fraction of output saved and re-invested, or of a
constant fraction of property income saved and re-invested.

An eqguation of the first kind might be considered consistent
with the accumulation plans of a centrally-organized economy,
whereas an equation of the latter kind might be more
descriptive of the process of accumulation in a system of
corporate capitalism,

Supply Model 3 outputs only a simple table showing
inputs, outputs, factor rewards, and the division of total
product between consumption and investment along a growth path.
(Supply Model 4 develops details of a growth path based on a
fixed saving rate out of output, and Supply Model 5 illustrates
a growth path based on reinvestment of internal funds of the
corporation.) With Supply Model 3, therefore, one can follow
the general features of growth under the thrust of any one

of a variety of hypotheses about how capital is accumulated.
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2. Detailed Model Structure

(a) Egquation Structure:

RHO = (1 - SIG) / SIG
Q. = GAM (BEL-th(rRHO) + (1 - DEL)
' for S8SIG # 1
_ DEL (1-DEL)
= GAM-Ky Ly
for SIG =1
= F(Kt Lt)
W = 3F (K ,L ) 3L
t \tl £ / x
R = 3F(X, ,L K
& ( £ t) / &
_ X1 R > RR
XX =
t.{: X2 RE <RR
T
= %3 . .
I, X3,°Q, + XX R, "K,
C, = (Qt - It) / Lo
Lt+1 = (l+bG)'Lt, LO = LO
= - « K T - =
Kt+1 (1-D) K+ I K KO

‘( REO) | ~Lso

(the production
function)

(the full-

employment level

of wages)

{the fuli-
enployment level
of rentals)

(the fraction of
property income re-
invested)

(the investment
equation)

(consumption per
capita)

(labour foxce
growth equation)

(capital

accumulation
equation)

STty

NSk g lpe g =R5 000
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(b) Parameters, standard values, and units:

GAM = 2.
DEL = .3
SiG = .9
RR = .08
GG = .02
D = .10
X1 = 0.
X2 = 0.
X3 = A
KO = 200.
Lo = 20,

{(¢) Restrictions:

GAM
DEL
SIG
RR
GG
D

OO OO0

AN A AN A

3. Running the Program

Scale factor

CES

Distribution parameter production

function

Elasticity of substitution

Money market interest rate

Population growth rate

Rate of capital depreciation

Fraction
return

Fraction
return

output for investment when
on capital high

output for investment - low
on capital

Fraction investment out of total product

Initial stock of capital at time t = O

Initial labour force at time t = O

0 < X1 <1
0 < X2 < 1
0. <« X3 <1
0 < KO
0 < LO

As the attached printout reveals, running this computerxr

program also is straightforward.
the program proceeds to tabulate
along the growth path, Thus you

potential output (output at full

Once parameter values are set,
values for the relevant variables
can observe how the level of

enmployment) grows as factor
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endownments grow (or decays if endowments decrease). You can
also Sﬁﬁdy the way rewards for factor services change as the
vrelative scarcity of one factor or the other changes. As you
can see, instead of trying to use a single formula to describe
capital and output growth, the model instead views this growth
as just one result of a system of interacting processes. The
model provides a formula for each of the assumed basic processes
(production, investment, labour force growth), but it would
clearly be a complex expression indeed to desscribe capital or
output growth in a single formula. This situation is familiar
to the economist: although he cannot know the details of the
very complex relations governing growth and utilization of
resources, in a real economy, he can hope toc observe general
patterns which can be interpreted. Supply Model 3 enables you

to follow the same sort of procedure,
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SUPPLY MODEL 4:
Solow's Growth Model

1. The Model
The baéic ideas for Solow's famous growth model
have already been introduced in the previous discussion, and
you can see how straightforward they are in concept, even
though the detailed computations are messy. The advantage of
a simulation program is that you can explore the basic ideas
of a model without getting bogged down in burdensome
computation, and that is certainly the case here.
For this model it is assumed that at each instant
full utilization of all available capital and labour prevails.
‘As in Supply Models 2 and 3, the level of output is then C]ES) M;kt
completely determined (through a production function) by the (1; Q:G)G‘
available supply of resources. Of these resources, some are N -
&.\M W™
B3

used for production of consumption goods designed to be used
immediately, and the remainder are devoted to production of
capital equipment to be used itself in future production
activity. In the Solow model it is assumed that one can
describe the flow of output in the form of capital eguipment
as a constant fraction of total potential output. Thus the
accumulation of capital stocks is described by an equation
which says that at each instant a specified fraction of output

is saved and added to the existing stock to be used in later



production.

The growth of the labour force is described by the
same kind of simple equation as in Supply Model 3, that is,
continuing growth and a constant proportional rate.

Thus, from given starting values for stocks of
labour and capital, output is determined. And when output is
determined the flow of output saved and added to the stock of
capital goods is determined, so that the subsequent stock of
capital can be calculated. The additions to the labour force
are known, so that the subseguent labour force can also be
calculated. Thus the model bootstraps itself along from
veriod to period, generating its own future from the specified:
4starting position and the prescribed laws of accumulation.

(The key assumption in the whole story is that all
resources are fully employed at each instant. The'advanced
student may recognize that, for this assumption to be wvalid, it
is necessary that wages and rental rates be sufficiently flexible,
and that owners of capital equipment be prepared to purchase all
output saved and diverted from consumption. It is the possible
failure of both these conditions that gives rise to "Keynésian"
theories of aggregate economics, and leads to the Demand Models
we shall study later. For now we suppose that full employment
does prevail over the longer run described by growth models, and
then the Solow model provides one description of the process of

economic growth and development.)
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SUPPLY MODEL 5:

Thurow's Growth Model

1. The Model

Sustained economic growth makes possible rising family
incomes, improved provision for the poor, aged, and the
handicapped, and a generally rising quality of life, It therefore
ranks high in the goals of almost any government. Sustained
economic growth, however, is impossible without growth in the
size or quality of the labour force and in the quantity and
efficiency of the stock of machines and structures available for
use in production. In studying problems of econnwmic growth, and
in evaluating policies for growth, it is natural that economists
should focus attention on factors affecting the labour force and
the capital stock.

The present program carries out a simulation of the
supply side of a simplified economy - that is, it traces the
growth of the labour force, estimates the increased efficiency
due to more highly educated labour, projects the decline in
number of man-hours worked per year as the work week shortens
and holidays increase in number, and arrives at an estimate of
how much labour could be available for production. Similarly
the program traces the potential growth of capital services,
taking account of the effect of technological improvements, by

estimating desired investment expenditures of firms. This in



¥

turn depends strongly on the corporate profits tax, depreciation

allowances, and other similar issues., Hence the model attempts

to project a fairly complete statement of sources and uses of

funds in the corporate sector.

This growth model is only a portion of a more complete
policy planning model developed by Professor Lester Thurow of
MIT. His complete model includes the growth model described
here, a demand model similar to those set out in the next
section, and an income transfer mechanism distributing the
revenue from production back to the spending units which determine
the expenditure plans which in turn become the demand and
revenue flows to production of the next period.

Even though Supply Model 5 is only a portion of this
larger model, it is of interest here because it illustrates well
the kinds of extensions necessary to turn our illustrative
theorefical models into practical planning tools. The general
approach and structure of the model are identical to the two
previous models we have studied; to make the model sufficiently
realistic, however, several complications have to be taken into
account. The equations describing the accumulation of eguipment
and structures are kept separate, and are modified to take into
account the fact that technological progress makes new eguipment
more productive than existing equipment; the equations describing
the investment decision of the firm are modified to reflect the

importance of the corporation’s own funds (as compared to funds



borrowed on bond markets or raised by issuing shares); the funds
available to the corporation in turn are seen to depend upon
depreciation allowances and corporate taxes; the production
function itself includes terms reflecting general increases in
produ&tivity; and finally, the growth of labour inputs is seen to
depend upon changes in hours worked per year {and upon measures
of increasing labour productivity) as well as on participation
rates and population growth.

The detailed model structure set out in the next
session is probably too complex to be fully understood by the
average beginning student (or the average government cfficial
charged with responsibilities in economic affairs), But it is
important that you see the general approach of the model, and
- recognize that the underlying ideas are the same as in the
simpler models we have already studied extensively., So the
intuition that you have developed in analyzing the behaviour of
the earlier models will help you in comprehending this more
complex structure,

As in all our Supply Models, the basic relationship
is the representation of production possibilities by a
production function showing the output potentially attainable
with specified inputs of capital and labour services. This
calculation is set out in the equation block marked V in the
next section.

Because of technical progress, however, one wishes to

measure capital and labour inputs in efficiency units, where more



modern equipment and more skilled labour are assigned greater
weight. The equation block labelled I describes the growth of
labour in efficiency units; this growth depends upon populaticn
grow;h, man-hours, and a rising productivity index., The
equation block labelled IV describes the growth of the capital
stock measured in efficiency units; this growth is seen to .
depend upon investment expenditures, described in equation block
III. Expenditures on equipment and structures are partly
determined, in turn, by the internal funds of the corporation
described in equation block II. Blocks II, III, IV, and V must
be solved as a non-linear simultaneous system; when that is
done, the physical stocks of capital, trend terms, and
productivity indexes in block VI can be easily computed and up-
"dated for the calculations of the next period.

So you see, even though the detailed structure of
the model is complex, its general approach is already familiar
to us. By introducing some scale parameters we can convey the
effect of altering depreciation allowances, corporate tax
rates, or the participation rate (in this model, the fraction
of the total population employed in the private sector), and
we can also investigate the effect of adopting a different

target rate of unemployment.



2. Detailed Model Structure

-
Py = P, (1.013) Piggy = 194.6
EMP = (100. - UNEM)/100,.
I X

MHy = 2301.5 - 11.229-UNEM - 15.98~TMHt + 11.552*T57t

LOlt = MHy "EMP-PRAT.P -YIELD 1,./114526.

t
—
.
CPCDA,_ = 12.8977 ~ 1.5649:UNEM®.2045-Yy - DFGNP,
. CDAK_ = (-10.993 + .06636K,_1) -DEFI,-DEPR
CPTFDy = 2.1276 + .3543-CTAX-(CPCDA_ - CDAK,)
IFCt = (CPCDAt - CPTFDt)/DEFIt (IFC1963 = 72.3
p—,
~ ' —— . .
ISt = «-2,79 + .0194-Yt + 32.153~1rct_l/ktml + ,5146 IS¢.1
IIT § IE, = ~6.19 + .0451+Y_ - .0455-KE,_; + .312-IFCy
+ 116.22°TIFCy_1/(Ky_1°U.) + .3369-IE
.- (IEqgcq = 43.8)
'/’
v < KO4t = KO4t_l + (IEt + ISt)‘YIELD 1 - D‘(KEt_l'YLDDh
+ KS,_q°YLDDS) (K04 gy = 2277.1)
-
7
INDKO4, = K04, E /370.37
PROD2, = .6048 - ,000269-UNEM® + .01167-TPROD.
Vo<
+ .8304-1n(LOl /INDKO4,)
v, = (ePROP2t). 100, - THDKO4
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KE_ = KE__ ;- (1-D) + IE KE gcq = 326.2
KSp = K8, _;*(1-D) + IS KS1gg3 = 373.4
TPROD,; = TPROD; + 1. TPROD, 4., = 38.
TMH,_,, = TMH, + L. TMH| g, = 21.
T57,,1 = T57, + L. T5719ga = 10.

VI ‘
YIELDL, , = YIELDL_-(1.01) YIELDlygg, = 1.4451
YIELDI,_,; = YIELDI *(1.04) YIBLDI;gc, = 4.2681
YLDDE_,; = YLDDE,_: (1.04) YLDDEjgc, = 2.8834
YIDDS.,; = YLDDS - (1.04) YLDDS| g, = 1.3159
DFGNP,_,, = DFGNP,*(1.03) DFGNP, g, = 1.113
DEFI_ . = DEFI - (1.03) DEFT g, = 1.102
| —

3. Running the Model

The underlined parameters (UNEM, PRAT, DEPR, and CTAX)
are taken to be the only instruments available in this model. You
may set these instruments at desired values at the beginning of
a run, and thereafter the program tabulates the essential
features of the path of potential output (the output that could
be achieved if the target rate of unemployment is always
realized) .

CTAX and DEPR are initially set at unity. Changing

the first has the effect of scaling the historically observed



corporate tax rate by the new value of CTAX, while changing the
second has the effect of scaling up historically observed
depreciation allowances by the new value of DEPR, (Setting

both to a value of 2, for example, would have the effect of
doubling both the corporate tax rate and the level of depreciation
allowances) .

The effect of changing participation rates can be
explored by altering the parameter PRAT, Although the rate of labour forc
participation is not usually considered an instrument of policy,
it may be interesting to explore what would be the effect on
potential output of changing work habits - more women in the
labour force, people staying in school ionger, c¢r similar trends.

Finally, the notion of potential output entails some
notion of full utilization of the labour force. If one's
standard of what constitutes full utilization alters, one's
expectation of potentially attainable output alters as well. The
effect can be analyzed by changing the target unemployment rate

UNEM.
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Introductory Comments to the Demand Models

A basic contribution of the modern analysis of national
income determination is the observation that various economic
agents establish their spending decisions independently. As a
résult, unless there are smoothly working markets reconciling
the expenditure decisions of different agents, there is no
guarantee that the economy will be operating at a level that
makes full use of all available resources of equipment and man-
power, It thus becomes a problem to calculate the equilibrium
level of national income =~ that is, to determine the level of
national income at which all decision-makers are spending
exactly as much as thev planned to do and desire to do in light
of the income or revenue they receive.

It should be easy to see why this determination is
important. We imagine each economic decision-maker as looking
ahead a little and, in effect, setting his budget on desired
expenditure, If, as each agent attempfs to carry out his
expenditure plans, it turns out that the total of desired
spending is different from the prevailing level of output, then
the level of output will tend to change. Only when the level of
cutput exactly matches the total of desired épending by all
sectors can we say that we have found a sustainable equilibrium
level of national income and output.

A simple model which illustrates the working of the

system is worthwhile. This model imagines that production plans
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can alQays be set so as to match the spending plans of consumers
and firms. Thus, towards the end of one time period - call it a
year - consumers look ahead a little to estimate their income
in the coming year, and then decide (in the light of their
estimate of income) how much they should plan to spend on
consumption in the coming year. Similarly, firms look ahead to
forecast their needs for equipment, and then decide upon their
investment expenditures. If we look only at these two classes
of expenditure, the sum of these decisions constitutes the total
demand for goods to be produced in the coming vear. We assume
that firms can forecast this total demand quite accurately, and
can therefore set production plans so as to yield an ocutput equal
to desired total expenditure. Thus effective demand in the
coming period determines the rate of planned and realized output
in the period. |

The guestion is, is this realized output rate equal
to what households and firms estimated it would be? If not, they
will likely revise their expenditure plans, and income levels
will change again. Do you see that income will keep changing in
this way until it reaches the level expected by firms and
households, and then need not change further? We call such a

sustainable level of income an equilibrium level and we then

seek to determine that equilibrium level of income on the basis
of some theory about the way consumption and investment decisions

are made. We want to know what level of income could be maintained
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from period to period in the light of individual spending plans;
so that we can estimate whether that equilibrium level of
income is adequate to provide for full utilization of available
resources of manpower and equipment.

Do you see, then, that our motive in going through this
exercise may be an implicit goal of full utilization - a full
employment target? The reasoning is that a well-functioning
economy should not allow resources to lie idle, factories to be
shut, or men to be unable to find jobs. Given this implicit
target, we break the analysis into two steps:

1) determine what equilibrium level of incume

results from given expenditure decisions (this
is a problem in economic analysis - the
determination of national income) :

ii) determine means to influence some expenditure
decisions so as to make total demand
consistent with full utilization of resources
(this is a problem in economic policy).

The first step is thus to calculate the equilibrium
level of national income on the basis of exPenditure decisions.
Extensive discussion of this analysis may be found in many
standard texts -~ for example, Lipsey and Steiner, pp. p

Samuelson, pp. K

*
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The following models illustrate several features of
the analysis of national income based solely on expenditure
decisions. The general approach is to observe that (by
definition) aggregate demand is the sum of desired expenditure
on final goods and services by all agents in the domestic
economy (or demanding goods and services from the domestic
econony) . Classifying all demands as coming either from the
household sector ({(consumption demand), the businessksector
(investment demand), the government sector (government demand
for goods and services), oxr the rest-of-the-world sector
(external demand), one may express the definition of aggregate

demand as

d . ~d a d a _ ,d
Y = Cp o+ Ip Gt + (Xt mt)

d d d

where Cér I, G and Xi represent consumption demand, investment

demand, government demand, and external demand, respectively, and

d

Me

represents that portion of domestic demand which is directed
toward foreign suppliers rather than domestic producers. Yg thus
represents the total demand for final goods and services to be
provided by domestic producers.

Producers, of course, do not know total demand before-
hand, and actual output may be different from that desired by
buyers. However, it may be expected that producers attempt to

forecast their expected market, and to adjust their output

toward that expected level.



In order tc concentrate on the effects of expenditure

decisions, we ignore possible lages in adjusting output, assuming

instead that producers are invariably successful in forecasting

demand, so that actual output is always equal to aggregate

demand in each period.* Then we may take actual output to be the

sum of desired expenditures, and our task of explaining the

determination of actual output reduces to that of explaining the

components of aggregate demand.

The first model, as mentioned above, concentrates on

the system in which governmenrt and foreign demands are ignored,

as are imports of goods and services, and investment decisions

are taken as exogenous to the model. In the second model a more

sensible representation of investment decisions ‘is introduced.

The third model is concerned with the consequences of the

government's participation in the economy as a purchaser of goods

and services (with expenditures financed by tax levies), and as

the agency controlling interest rates which in turn affect

*

With only minor extension of our models, it is possible to
analyze the behaviour of a system in which the adjustment of
output to actual demand may be slow, so that we write

d

Yo o= Yo ¢t AE{t - Yt_l]
where 0 < X < 1. This relationship signifies that actual
output this period begins from the base level given by actual
output last period, and adjusts up or down according to
whether demand this period exceeds that base level or falls
short of it. For values of A close to unity, actual output
responds very guickly to changes in desired output, while for
values of A close to zero, the adjustment process is sluggish.
However, for simplicity in this present series of models we
assume A = 1,



investﬁent expenditures, The fourth and fifth models return

for a more detailed examination of the effects of tax policy,
recognizing that tax revenues depend upon output levels {(and
hence upon individual decisions) as well as upon government
decisions. The sixth model adds relationships describing the
foreign sector (exports and imports) to the model., Finally,

the last model takes account of the role of the money market

in determining rates of interest, and thus completes the
specification of a standard income determination model including
monetary considerations.

This set of models therefore provides exaﬁples to
illustrate a number of concepts important in elementary (and not
s0 elementary) national income analysis. By building progress-
ively from the simplest structure, it illustrates the essential
unity of the separate exercises, but at the same ﬁime provides
{through the simulation structure) the opportunity to deal
with several effects simultaneously.

The key analytical features are few:

1) a definition of aggregate demand:

d d d d

£ T * St ¢!

2) a hypothesis as to determination of actual output in

_ Ad d _
Yo = Ct + + (Xt M

light of aggregate demand:

- d _
R A[Yt Yt-—l:l



3) a behavioural hypothesis as to formation of expectations

"Yt = f(Yt_l, bt e Yt_n)

4) Dbehavicural hvpotheses as to the determination of each

Y

expenditure component (and tax revenues), each to be
reduced ultimately to a dependence only con present or
past levels of income, or interest rates.
The model thus reduces to a set of difference
equations (or ultimately one difference equation involving output
Yo and its lagged values), which can be analyzed to explain
growth and fluctuations in national income. The following models
illustrate particular featurcs which have been ofAlasting concern

in national income analysis.
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DEMAND MODEL 1:
The Investment Multiplier

1. The Model

Let us begin our analysis of national income
determination by investigating a simplified model which deals
with only two components of national income and expenditure,
namely, the decisions of households (in the aggregate) to
spend for consumption, and the decisions of firms (in total) to
spend to acguire new capital equipment. In studying this
model we ignore any questions arising from foreign trade or
from government expenditure and taxation. Let us denote the
consumptionAexpenditure of households by the letter C, and the
investment expenditure of firms by the letter I.

The main feature of ecconomic life which the economist
attempts to capture in this kind of model is that firms and
househdlds have very different motives for spending, and the
resources they have to spend are also different. It is argued
that household spending on consumption is strongly influenced
by the income of the household, and thus, in the aggregate, by
national income, while the investment of firms tends to be less
influenced by levels of income and more influenced by other
considerations (outside this present model). Undexr these
circumstances, the level of investment expenditure can be seen

to be a rather crucial determinant of the level of income.



il

The reasoning here is that the actual level of income
and output must keep changing until it reaches an equilibrium
level where the planned consumption of households and the
planned investment of firms just exactly balances the prevailing -
level of income. Since the investment decision is taken as
determined independently, while consumption expenditures and
income levels adjust until they are mutually consistent, it
makes‘sense to consider that the préscribed level of investment
determines the associated equilibrium level of income. The
present task is to analyze the association in more detail.

Clearly the exéct nature of the association depends
upon the precise way that consumption decisions depend upon
income. An equation attempting to describe the determination

of planned consumption expenditures is known as a consumption

function; with different consumption functions there will be
different relations between the level of investment and the
associated level of income.

Let us imagine, for example, that firms decide upon a
fixed level of investment they wish to maintain. Independently
of this decision, households decide upon the desired level of
consumption expenditure as a linear function of their expected
income, taking their observed aggregate income last year as their
best guess as to the income level they may expect in the current
year.

This computer program calls for you to experiment with

such a model by trying different consumption functions and
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different levels of investment expenditure, and observing the
process of adjustment of income to an equilibrium le&el where
both households and firms are realizing their planned
expenditure, and income does not change. By repeated trials,
the rélationship between parameters of the consumption function

and the effect of changes in investment will become clear,

2, Equation Structure:

Cy = CA + Bl-§t consumption function

I, = TA investment function

Yt = Cp + I, national expenditure identity
Y, = Yt-l expectations hypothesis

Parameters, standard initial values, and units:

ca = 8. autonomous consumption (billions $)
Bl = .7 marginal propensity to consume (out of
income) (fraction)
IA = 8, autonomous investment (billion $)
" Restrictions:

CA + IA > 0

{(autonomous expenditure must be positive)

Instrument: IA

" Restrictions:

|TA - IA| > 0; CA + IA > O

Where IA is the new level of investment.
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These equations express the assumptions that

1)

2)

3}

4)

. planned consumption expenditure is determined by

the level of income expected;

planned investment expenditure is constant,
independent of income (a control variable):

desired expenditure (aggregate demand} consists of
only two components, desired consumption and desired
investment, and actual income and output always
equals desired expenditure;

the expected level of income is estimated as egual to

the observed income of the last period.

We also take the time periods to be one calendar jyear in length.

3. Running the programs

In this model there are three structural parameters -

Ch, (the level of autonomous consumption expenditure), Bl (the

marginal propensity to consume) and IA (the level of investment

expenditure - of which the last is treated for the moment as an

instrument of economic policy, controlled by the central

government. The model assigns initial values to these parameters,

and the first guestion the program asks is whether you wish to

change any of these values. If not, the program computes the

initial equilibrium level of national income, and its composition

between investment and consumption expenditures, and tabulates

the result in a standard accounting form. The program asks

whether, in light of this table, the initial values appear



satisfactory; if not, the program accepts new values from the
console,

Assuming that acceptable initial values are established,
the program then observes that the level of investment expenditure
might under some circumstances be influenced by economic policy,
and might therefore be considered an instrument through which
national income 1is altered. The program invites you to study
the effects of a change in investment by altering the value
assigned to the instrument IA. As a result of the postulated
change the investment expenditure, nat’nal income is altered,
and consumers are no longer in equilibrium at the new level of
income. Their efforts o adjust consumption expenditures in
response to the change lead to a sequence of successive
adjustments, which the program follows step-by-step. If this
adjustment process approaches a new equilibrium configuration,
the program computes and tabulates that also. Comparing the
new equilibrium with the old, one thus has an impression of the
effect of the change in investment expenditures.

Economists frequently wish to summarize the results

of such calculations, and they do so by calculating a multiplier

-~ the equilibrium multiplier for national income on investment
expenditure, This nmultiplier is computed as the ratio of the
change in investment - that is, as Y (new) - ¥ (0ld) . For a

TA{new) - IA{old)
linear model (and only for a linear model) this multiplier is a

pure number independent of initial and terminal values for any of



1

the variables,

As an exercise, you could run the model several times
with different changes in the instrument IA, verifying that for
any prescribed value Bl, the multiplier can always be estimated
directly as 1/(1-Bl).

As you can see from the attached printout, running this
model is very straightforward. Having called the program
"DEMAND" as instructed by your lecturer or tutor, you will find
that the teletype prints a preliminary identification and then
asks which expenditure model you wish to use. You respond by
typing 1, and the program prints the parameter values for the
stored model structure. This procedure is for your convenience:
you need input values only for particular parameters in which
you are interested. If these parameter values lead to a
suitable initial equilibrium configuration, you may then
proceed directly to study how a change in investment expenditure
can lead to an amplified (or "multipliéd“} change in nati?nal
income and consumption, and you can thus study how government
expenditures on public investment, or government policies to
encourage private investment, may be used as a tool to stimulate
(or restrain) the economy. Indeed, as above, ybu may wish to
summarize this relationship in a so-called "equilibrium
multiplier” (for income on investment) given by the ratio of
the induced change in income to the imposed change in investment

expenditures.
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4, Suégested Exercises

Before going to the teletype to run the model, you
may wish to prepére some experiments designed to help you
estimate answers to questions such as the following:

1. Does the valug of the multiplier depend upon the size
of the change in the policy variable I? Does the -
resulting equilibrium income?

2. Does the value of the multiplier depend upon the
value of the marginal propensity to consume, B? (You
could, for example, run several trials with different
values of B, plot the resulting multipliers agéinst
the wvalue of B, and attempt to fit a simple curve to
the resulting points.) Does the resulting
equilibrium income? Can you describe how?

3. Does the value of the multiplier depend ﬁpon the value
selected for CA?

4, Does the multiplier depend upon the initial equilibrium
taken as a starting point?

The actual use of the model in attempting to answer
such questions is indicated by the comments and instructions

entered on the sample output which follows.



DEMAND MODEL 2:

1. The Model

The standard investment multiplier analysis‘set out in
Demand Model 1 points up the importance of investment decisions,
and the magnified impact of these decisions upon national
income. But as a model of economic policy it is somewhat
limited; it would apply more appropriately to economies - Eastern
Europe, the Soviet Union, India - where there is somé state
control of industrial investment decisions. But in a mixed
market econcmy such as the U.S. or Canada, investment decisions
are not centrally controlled. Instead these decisions, and hence
the overall level of investment, reflect a balancing of private
.costs and benefits by individual managers. Demand Model 2
augments the analysis of Demand Model 1 in order to take account
of this feature.

In Demand Model 2, in other words, investment
expenditure cannot be considered directly an instrument of
of economic policy, This is not to say that investment
decisions cannot be influenced by economic policy - there is
some central control of interest rates, which may be supposed to
influence business investment decisions - but only that the
strength of this central economic policy will depend on the

extent to which it can be transmitted through private decisions.



Control over interest rates is accomplished through a
variety of techniques grouped under the general heading of

monetary policy. We shall look into some aspects of these

techniques later on (see Demand Model 7), but for now we may
assume that central economic agencies have the power to establish
the level of interest rates entering the investment decisions
of firms., Since, in their investment decisions, firms
presumably take account of the interest rate as a measure of the
cost to them of acquiring funds for equipment purchases (or of
the cost to them of using their own funds for this purpose
rather than for lending), we expect that at higher rates of
interest firms may spend less on investment._ The essential
feature of Demand Model 2 therefore is that it reflects the
-impact of monetary policy operating through private investment
decisions. |

Thus, the important question to investigate is how the
power of monetary policy will depend upon properties of the
investment function describing private investment decisions, or,
in other words, how the multiplier for national income on
interest rates may vary with the parameters of the model (or with
the interest rate itself).

Notice that the only instrument of economic policy in
this model is the rate of interest. Economic authorities
cannot control household spending directly: households formulate

their own spending plans as described by the consumption function.
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Nor can investment spending by firms be contrclled directly:
private firms set their expenditure plans in the light of
expected income levels and the prevéiling rate of interest. Only
by altering the rate of interest can the central government affect
investment spending, and thus income levels. (Thus we see that
the previous model is correct enough, but not complete since it
leaves out the step linking investment expenditures to the
interest rate.)

fhis program therefore asks for a trial change in the
rate of interest. It computes the national income statement for
the new situation resulting immediately after the change in
interest rate. You should verify that neither nouseholds nor
firms would find the new situation an equilibrium state, since
their actual spending is different from what they would plan to
spend in light of the observed level of income. Both households
and firms therefore attempt to adjust spending, and national
income changes as a result. The program graphs this adjustment
process, tabulatihg a final equilibrium income statement as well.

Notice that it no longer makes sense to try to compute
an investment multiplier in this model, because investment
cannot change all by itself in this model. Investment changes
only if the interest rate or income changes. In fact, the only
thing that can change independently in this model is the
interest rate. It comes from outside, so to speak, and everything

else follows it. Thus we could calculate a multiplier which shows
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how much change in income we would get for a prescribed change
in the rate of interest. We can think of performing that
experiment a number of times with our little simulation models
to obtain an estimate of this multiplier, which we might call the
multiplier for income of the rate of interest.

If we do perform this experiment many times with the
same consumption and investment functions, and different rates
of interest, we will notice something that did not occur in
Demand Model 1l: we will notice that in this model the multiplier
is not always the same. Even though both the consumption
function and the investment function remain unchanged, the
multiplier is different depending upon what inicrost rates we
try.* Thus we cannot speak of "the" multiplier in this model,
because there are many possible values. Yet with a simulation
model we can always estimate the multipliers for the cases which
are relevant and of interest in studying economic policy. The
Appendix to this section sets out a more detailed analysis of the

properties of this model.

‘The reason for this is that the model is not completely linear;
it has the interest rate multiplying the level of income in the
investment function. You can check that Program Al, which has

unigue multipliers, is linear.



Equation Structure:

Cy =CaA + Bl-§t consumption function
I, = (GAM - DEL-E)-Yt_l investment function
Y, = Ce + I¢ national expenditure ident%ty
§t = Yt—l expectations hypothesis

" Parameters, standard initial values, and units:

ca = 8, autonomous consumption (billions $/year)
Bl = .7 marginal propensity to consume out of income
(fraction)
GAM = .5 direct marginal propensity to invest
(fraction)
DEL = .05 non-linear propensity to invest as a
’ proportion of interest rate + income
(fraction - year)
R= 7, interest rate (%/yvear)
Restrictions:
ca > 0 {(autonomous expenditure must be positive)
Instrument:
R
Restrictions:
IR - R| >0

Running Demand Model 2

The attached printout shows that running Demand Model 2

is very little different from using Demand Model 1. As before,
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the program ind}cates its stored initial values, and permits you
to change them if you wish. Having tabulated the initial
equilibrium, it then selects the available instruments or control
variables - in this case only the interest rate - and indicates
the current value for that variable. Having accepted your
desired new value for this instrument, the program tabulates the
immediate impact of a change from the old value to your new
value, the resulting adjustment process set in motion by that
change (if you wish to see it), and then the new equilibrium
value associated with the new instrument value you selected. You
may repeat this process with as many new values for the policy
variable as you wish, holding the model structure otherwise un-
changed, and then you may repeat the whole exercise with as many
new model structures {obtained by changing some or all of the
parameter values) as you wish,

By running through this computation a few times with
only the wvalues for R changing, you may learn something of how the
strength of monetary policy (as measured by the equilib;ium
multiplier) may vary with the prevailing level of interest rates,
As well, by running with different selected values for the
parameter DEL - which you can see measures the influence of
interest rate changes on investment decisions - you can learn
something of possible weaknesses of monetary policy as a tool for
stimulating national income. Indeed one interesting exercise

would be to plot, on a piece of graph paper, the values of the
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multiplier obtained at various rates of interest, holding the
parameter DEL fixed at some value, Plotting the multiplier on
the vertical axis and the interest rate on the horizontal, you
thus obtain a scatﬁer of points through which you couid fit a
smooth curve. Repeating the process on the same piece of graph
paper, but with other values for the parameter DEL, you finish
up with several curves, each one corresponding to a single value
for the parameter DEL, If you can then account for the shape

of these curves and their relation to one another, you will

have learned quite a lot about the way that monetary policy is

supposed to work, at least in simple Keynesian models,
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APPENDIX 5

DEMAND MODELS 4 AND 5: GOVERNMENT TAX AND EXPENDITURE POLICY

1. The Model in General (A5)

c, = ca+Bl (§t - %t) | [5.1]
1, = IA+ Bz-s}t | [5.2]
G, = GhA | : . O [5.3]
Tt' = TA + (B4/100) §t (N.B. B4 = 0 in a4) | [5.4]
Yt = Ct +A It + Gt . [5.5]
%t = Y., Q -  [s.6]
T | » 5.7

Model A3 was concerned with gimple types of fiscal and monetary
ﬁolicy. In model A5 we assume away monetary policy, but we give a more
reélistic content to fiscal policy by introducing taxes into the model.

The point is that government expenditure is a useful and powerful instrument
of economic policy, but these expeﬁditures must be financed in some way:
issuing bonds, printing new dollars,or collecting taxes, or any combination
of these. -

‘Since there was no tax revenue in model A3, we implicitly
assumed fhat government expenditure was finaﬁééd by issuiﬁg bonds, printing
paper-money, or both; implicit also, was the heroic assumption that thege
financing means havé no effect whatsoever on the real sector of the economy

descriked by our model. Model A4 is more realistic in allowing'gdvernment

to finance its expenditure with tax collections, although we still have to



assume that any deficit {expenditure larger than tax revenue)‘is financed

by bonds or new money, that surplus (tax revenue > expenditure) is disposed

of by buying bonds or destroying money, and that these have no effect on

our model. (You should realise, now, why the inﬁroduction of a money market

-is important in any realistic macroeconcmic policy model.) |
Notice that éince we calculate the government surplus or

deficit at anytimé't as the difference betweeﬁ its level of expenditure

(Gt) and its tax revenue (Tt), i.e. |
D, = T_- G, ' o " [5.8]

where Dt < 0 in case of a deficit and Dt > 0 for a surplus, Gt must include
all kinds of government expenditures on both capital formation and current

- purchases of goods and sexvices. It just represents, therefore, private

investment expenditure -

The consumption function (eq. [5.1]) is now slightly different

.

from the one you are used to: consumption at time t is still made up of an

~ ~

{expected income, Yt' minus expected tax payments, Tt}, and the propensity to
consume Bl must now be interpreted as the propensity to consume out of
expected.giggpsable income. You may expect Bl > B, i.e. the propensity to
consume out of disposable income greater than the propensity to consume out
of national income;. Taxes are assumed to be the burden of final consumers
only in this model, so that their level has no influence on firms' investment

expenditures,



The investment function (éq¢ [5.2]) is also different. As
in models A2 and A3, investment will usually vary directly with the level
of expected income: for a $1 increase in expected income, investment outlays ~
will increase by B2 dollars, if they change at all (Bz 2 0); investment is

- related to the rate of iﬂterésé, monetary policy'being ignored in

model A4d. And like in model Al,'invéstment has an autonomous component,
i.e. even if Qt = 0 or B2 = 0, an amount of IA dollars wi;lbe spent .in any case
on investment projects; here, however, iA cannot be used aé a policy
instrument like IA in model Al.V

While the level of government expenditure is assuméd to be
given by considerations outside this model, i.e. is exogeneously fixed at

a certain level GA (cf. eg. [5.3]), the level of taxes is made of both an

exogeneously given autonomous component TA and an endogeneous term (B4/100) Yt

where (55/100) is an exogeneously given tax rate say (8/100) = 8% (cf. eq.[5.4]).
In" the program forADemanduMoael,5,£he_level of government expenditure,@g the autonomou
component of tax revenue, ﬁi, and the tax rate B4 are the three policy
instruments of the model. -éIn;phe program for Demand Model 4, B4 = 0 and GA and
cnly TA can be used as poliéy instruments.
| Expected income is equal to réalized income Qf last period and
the tax payment expected by consumers is the same as the actual tax pay-
ment 'of the previous period; these two expectations hypothesis are given

by eg. [5.6] and [5.7]. eq. [S.Sj is the usual flow equilibrium condition.



2. Comparative Statics and Dynamics of the Model in the General Case (AS)

Substituting eg. [5.3] into [5.5], [5.6] into f5.l] and [5.2],
{5.7] and [5.4] into [5.11, we get a system of 3 equations in 3 endogeneous

variables, Ct’ It and Y :

t :

¢, = ¢r+ 3Bl [ - B4/100y ¥, . - TA] [5.9]
I, = Ir+ B2.Y, . : | [5:10]
Y == C + I +GA A {5.11]

where EZ, T and GA are exogeneously fixed policy instruments. For a $1
increment in national income of last year, consumption will increase by
"B1{L - ﬁa/lOO) dollars and investment by B2 dollars this year;Athe total
propensity to spend out of national income is therefore S = [BL(l - ﬁ&/;oO)
+ B2}, given a tax rate B4 |

The dynamics of the model can be anaiysed with the difference
equation of the system. Subsﬁituiiﬁg eg. [5.9] and [5.10] into [S5.11],
we get:

Yt - S.Yt_l = CA + IA + GA - B1.TA = AE [5.12]


http:B2"Y[5.10

©

the solution of which is

- = =t
Yo=§ o+ (Y - V) S V [5.13]

if we start from any arbitrary initial level of income Y,. If we start from

an_equilibrium situation E (¥, E, I, 5, B4, TA, GA) and see what happens if

either the tax rate is changed (éﬁ@ = Ei - éa},'or autonomous tax revenue

is increased (ATA = TA - Eg), or government expenditure is altered ,

(AGA = GA - aﬁ), or if any combination of these three policy changes is used,
definining a new (final) equilibrium E(?, 5, f, %, EE, ?K, EK), eq. [5.13]
becones

== - = = ’
Yt =Y - (Y - Y) S : [5.14]
If B4 = B4, S is of course equal to §._ Depending on the value of E} the

final equilibrium will be reached (stable) or not (unstable). Notice that,

like in models A2 and A3, economic policy may change the dynamic properties

of the system by altering the tax rate, thus changing the value of the
stability factor from S to S; now, however, it is fiscal policy instead of

monetary policy that is bound to influence the’ stability of the’system.

~

The initial equilibrium Y is found by setting Yt~l = Yt = Yt

in the system of eguations {5.9] to [5.11], and solving the new timeless

system.
C=Ca+ Bl [(1 - B4/100)Y - Ta] [5.15a]
I = TA + B2.Y , [5.15b]

Y=C+I+G [5.15c]
for Y = §, C=C and Y = ?_ given the initial values %Z, TA and GA of our

policy instruments. The solutions are:



s . CA+ IA +GA - BL-TA _ AE - [5.16]

’ 1-8 1-8

& . (cA - B1:TA) (1 -85) + B1(1 - BA) (AE) S [5.17]
1-5 '

T IA(L - §) + B2°AE ’ ‘ ‘ [5.18]
1-% ’

Only if §<I is the initial equilibrium defined (S # 1) and meaningful

L]

(s < 1). _After a change in polidy, a final equilibrium'i is defined (if

5 # 1), where

_ CA+ IA + GA - BI-TA = AE ' [5.19]

=it

1-5 1-8
and similarly for C and I. If only, say, the tax rate has been changed

(§ # 5), then GA = GA and TA = TA. Depending on the value of S and E,

"E and E will be defined or not and stable or not.

The model can be represented graphically in the usual way.

On Fig. 5.1, the investment function I [5.15b] is plotted against national

MF;ié;*‘s 5.

income ¥, with a vertical intercept

equal to IA and a slope of B2; the :

consumption function C has a vertical

intercept equal to (CA - B2:TA) and a %

i

slope B1(1 - ﬁZ/lOO); the level of

government expenditure is not dependent

on the level of national income and is
constant at GA. Adding vertically these
three schedules, you get the

(C + I + éi)line {slope equal to g)

showing aggregate demand as a function

~£is

L
of ¥. The intersection of this-curve Y



-]

with the 45° line define an equilibrium E. If GA and/or TA andﬁor—§4 is

altered, the (C + I + GA) line shifts to (cC+1+ EX), defining a final

équilibrium E; a possible {C + I + Ei) line is drawn orn Fig. 5.1 for the

sake of illustration. Since 0 < S <1 in this case, you can show that E

ig stable and will be approached asymptotically following changes in

policy instruments.

If you start from a meaningful E (S < 1) and if E is stable

(-1 < § < 1), the following equilibrium multipliers are defined: the

equilibrium multiplier of income on government expenditure.

, Y ¥y
YG AGA TA, B4 constant GA-GA TA, B4 constant
Y 1 .
= T == ’
3GA 1 -8

the multiplier of consumption on government expenditure

P I 3C_ - BL(1-¥3/100),
TA, B4 constant 3GA 1-8

6 AGA.

the multiplier of investment on government expenditure

EMIG - AI— - OE__ - B2 ) ;
AGal. TA, B4 constant 3GA 1 -8
the multiplier of income on autonomous taxes
EMYT = 1 —é—Y—— = af-— S e Bl -~ ;1
ATB| GA, B4 constant 3TA l1 -8

the multiplier of consumption on autonomous taxes

:EM _ AT xaCZWBl(l—BZ);.
cT

ATA GA, B4 constant 23TA l‘— s

“[5.20]

[5.21)

[5.22]

[5.23]

[5.24]



the multiplier of investment on autonomous taxes

8 AT 3T - B1.B2 ;
R - =D == - : [5.25]
ATA| GA, B4 constant 3TA 1-8 )
the multiplier of income on the tax rate
‘ Mypa = o s I ’ o
- AB4| GA, TA constant | B4 - B4| GA, IA constant
AE (B1/100)
(1-8) (1-8) ‘ : [5.26]
{or in infinitesimal form)
3Y  _ AE(B2/100) ' S 15.27]

554 (1 - 572
the multiplier of consumption on the tax rate (EMCB4) and the multiplier

of investment on the tax rate (EM )}, — which you should derive as an

IB4
exercise.

You notice that the multipliers on government expenditure and
on autonomous taxes are unigue, but that the multipliers on the tax rate

(eg. EM__ ) are not: 9Y/3B4 is approximately equal to AY/AB4 only for

YB4
ve%y small changes in B4. The problem is similar to the one we met with
the multipliers on the rate of interest in Demand Models 2 and 3.

In both Demand Modéls 4‘and 5, we aééume B2 > 0, i.e. the level
of investment either chanqeé directly wifh the. level of national income or
does ﬁot change at ali (It = IA}. In Demand Model a, BZ is always equal to
zero, and only autonomous taxes TA exist; Demand Model 5 is more general, and we

then allow for a tax rate égg No restriction is put on the value of B4 , although

it is obviously sensible to assume it non-negative.



(Notice that even in B4 < 0, tax collections may still be
positive, provided TA is large enough; negative tax collections Tt
could be though of as net transfer payments from government to indi-

Viduals»(e.g. welfare pavments}). Total autonomous expenditure AE

and autonomous investment IR are still assumed positive.

.3.. Demand Model 4

Program Ad corresponds to our general model (eq. [5.9] to
[5.111) with B4 = 0, i.e. with only an autonomous component TA for
tax revenue. This is aémittedly not very realistic: Parliameﬁt
cannot legislate a change in tax revenue; it can only legislate change
in tax rates without knowing what this will imply for tax collectioné
(except by making economic analyses siﬁilax to what we are now doing).

The model therefore becomes (beﬂan& Model 4):

c, = CA 4 Bl (Yt_l - TR} [5.28a]
= .29

I, A + B2 Y [5.29a]
= Gn ‘ 5.

Yo ct + It GA o I ,30§]
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The equilibrium values §,'6 and I can be found by setting
B4 = 0 in eg. [5.16], [5.17], [5.18] and [5.19]. Notice that a zero tax rate
implies s = § = S = Bl + B2, and the stability factor S cannot be changed
by economic poiicy: |

¥y = RE V [5.31]
1-s

Since we are left with only two policy instruments (ég, Eﬁ), only
equilibrium multiplierson goverﬁmentvexpeﬂditure and 05 autonomous taxes
caﬁ be computed: these are given by setting S =8 = (Bl + E2) in eg.
[5.20] to [5.25]. Although much more stfaightforward, the comparative
statics and dynamics of model A4 are basically the same as for the general

case of model AS.

4, The Balanced Budget Multiplier in Model A4

When there is no tax fate, as in ﬁodel Ad, we can easily
compute what is called a balanced budget multiplier: it indicates the
change in an endogeneous variaﬁle'(c =C, I= f, Y = Y) brought about by
a simultaneous $1 increase in both TA and GA. Three balanced-budget
multipliers are aefined in model A4: the galanced—budget multipligr on
income (BBMY), the palanced—budget multiplier on consumption (BBMC) and the
balanced~budget multiplier on investment (BBMI).

Balanced~budget multipliers can be either delayed or eguilibrium
multipliers, but we will only consider'equilibrium BBRM's here. The BBMY, for

example, is defined as

R WX ' . : [5.32]
BEM, = | == | __  __
- AGA |AGA = ATA
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You should realize that a balanced-budget multiplier does not necessarily
s . L.

refer to a balanced budget! A balanced budget usually means Gt = Tt

and D, = ('I‘t ~ G,) =0, i.e. government deficit is nil, there is no surplus

t t

or deficit. A balanced-budget multiplier doeé not imply no surplus or
deficit, but only means tﬁat the deficit or surplus is kept cénstant from
an initial equilibrium E to a final one E: (TA - GA) = (?i - SK). A
more proper name for the balanced-budget multiplier would be a “"constant-
deficit multiplier". We shallJ however, stick to the existing (and con-
fusing) ferminology by talking of "balanced-budget” multiplier. We only
consider the case of the balahced~budget equilibrium ﬁultiplier on
income (BBMY) in the following discussion.

Let's evaluate expression [5.32]. 1In general (no "ce teris

paribug” assumption),

]

AY
AGA GA - GA (1 - S)(GA - GA)

~Y¥ _ (GA ~ GA) -Bl (TA - 7TA) [5.33]

where, of course, § = Bl + B2; this result is aerived simply by sub-
tracting Y from Y (cf eq. [5.31], [5.16] and [5.19]) and dividing by

(GA - GA) Eq. [5.33] indicates the change in equilibrium income following
a $1 change’in government expenditure and any change in taxes (TA - Th) ;

in this iase, as we egpected, AY/AGA 1s not unique, but depends on the
magnitude of both (GA - GA) and (TA - iﬂ).' If we keep taxes constant i.e.
(?i —VEE) =-0, then, of course, ©d.[5.33] reduces to 1/(1~S), which is the
value of EMYG = 3Y/3GA (taxes constant). Now, if taxes are increased (or

decreased) by the same amount by which government expenditure is increased

{(or decreased), i.e. (EZ - éi) = (?X - 55), expression [5.33] becomes
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AGA| AGA = ATA 1 -8 1-B1-B2

[A‘? _ 1-B _ 1- 3Bl [5.34]

which is the value of BREM

v i.e. the change in equilibrium income brought

about by a $1 increase in both TA and‘Eﬂ.

| If ihvestﬁent is completély autonomous, i.e. B2 = 0 and
it.= IA, eg. [5.34] implies BBMY =1: a chanée of both tax revenue and
government expenditure by exactly the same amount (whatéver the amount) will
change the equilibrium 1ev¢1 of incoﬁe'by exactly the increase in
government expenditure. In other words, B2 = 0 implies AY=AGA when
ATA = AGA. This is the famous so-called balanced-budget tgeorem in macro-
economics: an increase (or decrease) of faxes and government expenéiture by
the same amount, so as to keep the government surplus or deficit constant,
-1s not neutral, but will increase {decrease) national income by the amount
of the increase (decrease)in expenditure; in case of an increase of taxes
and expenditure, a AGA = ATA may therefore be inflationary.

It is important Fo observe, howevér, that if investﬁent is

sensitive to the level of income (B2 > 0), the balanced-budget multiplier

on income will be greater than 1, because a positive B2 reduces the

denominator of (l—Bl)/(l-é) ineq. [5.34]. ZEn increase (decrease) in both
government expenditure and taxes by the same. amount will still be
inflationary (deflatiénary), but by an amount now greater than AGA = ATA.
The balanced budget multiplier is only equal to one when investment is
insensitive to the level of national income.

This non-neutral character of a balanced increase of taxes and

government expenditure is not intuitively immediately obvious: we would
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expect it to bring no change in Y. But consider the phenomenon in the follow-
ing way. Ssuppose income is at an equilibrium level Y in 1970 and you
increase GA to GA and TA to TA from 1971 on. National income will be

Y + (Ei - ég)in 1971, because consumption will not have decreased yet

~

= 5}, being a function of expected income (Y

= C1970 YD

(

Clo71 1971 = Y1970 T

the .increase of government expenditure immediately adds its full amount to
the flow of income, while the tax increase does not immediately begins to
subtract anything from national income. In 1972, the tax increase appears

in consumption: C = CA + Bl (Y - %K), but is cancelled by the fact

1972 1971

" that Y = + AGA, i.e. C TA)

1971 = ‘1970 = CA+ Bl (¥

..

1972 1970 = Ci971

Tax increases take more time to influence the flow of income than a

corresponding increase in government expenditure, and by following the

process. of adjustment in 1973, 1974,...., you will observe that BBMY 2‘1.
As any simplé equilibrium multiplier, a balanced-budget

multiplier is only defined if you specify a AGA = ATA # 0 and if the final

equilibrium Y is stable, i.e. -1 < S < 1.

5. Policy Targets in .Demand Model 4

Recall that, in general, two policy instruments enable you
to hit two targets. As it was the case for model A3, however, two targets
are inconsistent: instead of the combination (§*, é*), it is now the
double target (§*, f*) that is in general impossible to hit. This is so
because the investment function (cf; eq. [5.29b]) shows I as a function of
Y only (IA and B2 are fixed parameters), sc that no policy instrument

can adjust in order that eq. [5.29b] be consistent with a given prescribed

=%

=% N =% =% — =%
Y and I . The double targets (Y , C )} and (I, C .} could however be

set and reached by finding the appropriate values of TA and GA.
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The program, anyway, just allows you to set a target ?*,

starting from any initial equilibrium Y=Y but you are able to aim

1970’
at it with different policy instruments. Obviously, any target can be reached
only if -1 < 8 < 1, i.e. if equilibrium is stable.

- First, yoﬁ can use only government expenditure to reach §*.
Recalling from eqg. [5.20] and our discussion of section 3 thgt the eqﬁilibrium
multiplier of income on gove?nment expenditure (EMYG) is equal to lX(l«S)
where $ = Bl + B2, you can find the necesséry change iﬁ government
expenditure by solving for AGA = GA - GA the following expression:

Ei - = Y - ¥ : [5.35]
EMYG
Secondly, yvou can use only taxation to reach your target,
keeping government expenditure constant at its initial level Ei.. Recalling
that EMYT = -B2/{1-8}, you find the required change in taxes as
Y - ¥ - ' [5.36]

'EMYT

T -

. =% ’ - s
As a third way of reaching Y , you can make use of our discussion

of the balanced-budget multiplier. 1In order to find the required equal

change in both government expenditure and autonomous tax revenue, you calculate:

=% —_

W -Gh = GA-GA = ¥ -3F 5.37)
M
BERE} v
If B2 = 0, you know that BBMY = 1, so that the required change in GA

=% -

_— ' —%
and TA will be equal to the required target change AY =Y - Y. In the
—_ —_— ’ —%
general case when B2 > 0, AGA = ATA will be smaller than AY , since . -

BBMY > 1 in this case.



Finally, you can try to reach §* by changing both GA and TA,
but by different amounts. Uéing two instruments to reach a single target,
you will observe that there is an infinite number of feasible combinations
(Aég, Aai) required to attain §*. (In the balanced-budget ca$;, GA and TA
were qhanging together in such a way that AGA = ATA always; (ca - 5§)>is
thén constant and shquld be considered‘asvonly one instrument.) Thig can
be seen by multiplying both sides of eg. [5.33] by (GA - GA) and prescrib-

=% =

ing a target value of Y to ¥Y; we get:

*

-5 - IGA-GCh) - BL(TA -TA) : [5.38]
(1 - 8) ‘

<

. i : :
Expressed explicitly in terms of the required AGA, eg. [5.38] yields:

=% -

= Ll Y Y fted o
GA - GA = — + BLl(TA - Ta)
1 -5

[5.38a]

-

For any given change in the level of taxes (?K - TA), there exists a new
change in government expenditure (Ei - éi) consistent with §*; an infinite
numbérwof combinations (é@g, ATA) are therefore possible.

| By trying all thése different policies to reach a certain
income target, you will observe that although it is always technically
possible to reach any §*, fhe distributionl§§‘national income between
consumption, invest&ent and government e#penditure differs with the use
of different economic.policies; The level of consumption expenditure and
of personal disposable income will be higher at §*, for example, when only

a decrease in taxes has been used, than when only an increase of government

expenditure has been chosen. When deciding which combination of tax and
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expenditure policies should be implemented, policy makers should always

keep this in mind.

7. Policy Targets in Model A5

Three policy instruments are available in model A5, the ones
of model A4 plus the tax rate B4, You can check and should be able to

- =%
» C and I are not feasible. (Hint: check

explain why three.targets ¥
from eq. [5.10] that §* and §* will be inconsistent in general.)} There is an
infinite number of combinations (Aéﬁ, Aﬁg, AB4) possible to hit a double
£arget. 7

The program asks you to specify your target §*, and allows
you to use other expenditure policy only, manipulation of autonomous taxes
only Of manipulation of the tax rate only to reach it. The multipliers
defined by eq. [5.20], [5.23] and [5.26] enable you to find the required
policy change without having to go through a trial-and-error pro?ess.

Since EMYB is not unigue, however, finding the required B4 involves

4
solving system [5.15] or evaluating the complex expression given in App-
endix 3; experiments with ?he simulation program {using as a starting point
the approximative value of EMYB4 given by_a§{353 )} may be very useful in
this case. Notice that an altgration of the tax rate from B4 to B4 may
change the stability properties of the equilibrium.

You can also try to attain §* by any combinatidn of the three
available policies, but an infinite number of those combinations exist.

=%
You will observe once again that the composition of ¥ depends on what

policles are used.
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DEMAND MODEL 6:
1. The Model

The primary lesson of Demand Model 6 involves import
leakages and their impact on the multiplier process. The new
feature of this model as comparéd with the five previous
versions is the introduction of foreign tradé and a concern for
the balance of payments impacts of various policies. In order
to focus discussion on questions of trade flows, we drop some
of the detail in the previous investment equations; in particular,
we drop discussion of the interest rate and its effect. In its
place we introduce an equation describing expenditures by the

domestic economy on imported goods and services, and

"expenditures by the rest of the world on goods and services

produced in the domestic economy for export.

The export equation is very crude, but until price
levels, inflation, and exchange rates are introduced into the
discussion it is difficult to specify a satisfactory equation
for export sales. For the present we suppose that the demand
of foreigners for domestically produced goods can be described
as a linear function of domestic output, in the following

Xe = XA + B3-Y,
(Setting the parameter B3 to zero then expresses the assumption
that export sales are fixed at a constant level set from outside

the model.) The export demand so estimated forms a part of the



aggregate demand for domestically produced output.

-, A more satisfactory equation can be estimated to
describe the demand for imported goods. From input-output
analyses, it is possible to compute import coefficients showing
what fraction of each of the components of national expenditure
is directed £oward goods or services produced outside the
country. The model permits you to specify these import
propensities or import coefficients, one for each of the
expenditure components (consumption, investment, government
purchases, exports). The resulting demand for imported goods
of course represents a reduction in demand for domestic output.
The higher is the level of imports, the lpwer is aggregate
demand.

A key point here is that the level of demand for
imports may depend not only on the level of aggregate output,
but also upon its composition. When we introduce imports in
this way, therefore, the impact on demand of a dollar spent by
the government may be different from the impact of a dollar
spent by consumers (simply because different fractions of the
two dollars may flow orders to foreign suppliers).

Once we have introduced foreign transactions, we
raise the question of the general balance of trade, and possible
deficits or surpluses in the balance of trade. The present

model takes account of movements only in goods and services, and

ignores capital flows and other movements in financial instruments.



The program thus assumes that any deficit on the current
account‘of the balance of payments has to be financed by move-
ments of official reserves -~ gold or dollars. When imports
exceed exports, gold or dollaré must flow out of the home
country; when export earnings exceed payments for imports, gold
or dollars flow into the home country and increase holdings of
official reserves.

Apart from these additional equations and tables

describing foreign trade, Demand Model 6 is identical in

structure and operation to Demand Models 4 and 5.

2. Detailed Equation Ctructure

~

Ct = CA BleDy consumption function

Ip = IA investment function

Gy = GA " government expenditure function
X = XA B3-Yt_l : export function

My = MA + EL.Cy + E2.I, + E3.G_ + Ey-X, import function
Yy = C¢ + Itd+ G, + X, - Mg national expenditure identity
Tt'= TA + Bé-Yt ~government tax function

Dy =_Yt_l - Tt_l dlsposab;e income expectations

" Parameters, standard initial values, and units:

CA = 8, Autonomous consumption (billions $/year)

Marginal propensity to consume out of
expected income (fraction)

Bl -

[
.
~J

TR

n
(20}
.

Autonomous investment (billions $/year)
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GK = 12, Autonomous government expenditure
R (billions $/year)

XA = 2. Autonomous export expenditure demand
(billions $/year)

B3 = .07 Propensity to export out of last year's
income (fraction)

MA = 0. Autonomous import expenditure
(billions $/year)

El = .1 Marginal propénsity to import for consumption

E2 = .3 Marginal propensity to import for investment

E3 = .05 Marginal propensity to import for government
expenditure

E4 = .05 Marginal propensity to import for exports

TA = 4, Auvtonomous government expenditure
: (billions $/year)

B4 = .1 Government tax rate (fraction)

" Restrictions:

El-El)(CA~Bl-TA) + (1-E2).IA + (1-E3)-GA + (1-E4)XA - Né] > 0

Instruments:

IA, GA

Regtrictions:

Bl-El)(CA - Bl-TA) + (1-E2) IA +'(1-E3)-§§ + (1-E4)°XA~MA] > 0
|TE - TA| + |GA - GA| > 0

3. Running the Programs
This program operates in the same fashion as the earlier

Demand models. To focus on the multiplier process, and the effect



EE

of import leakages on the size of investment or government
expenditure multipliers, the program treats these two expenditure
compqnents as the iny available instruments. (You may still
explore consequences of tax policy by varying parameters TA and
B4 if yoﬁ wish, however.) 1In addition to the usﬁal table of
gross national expenditure, the program prints a summary balance
of payments statement as well. Thus you are able to observe
some consequences of domestic fiscal policy upon the foreign
balance, and you can thus see how some aspects of general
balance of payments problems arise,

The program permits you to alter either of these two
fiscal instruments, fcliows the resulting adjustment process
and graphs this if you wish, and computes certain relevant
multipliers. You may attempt as many multiplier exercises, or as
many runs with different instruments or parameter valves, as you

wish.
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DEMAND MODEL 7:

The previous models have added, step-by-step,
detailed behavioural specification on other equations for
consumption decisions, investment decisions, government
expenditure and tax revenues, export and import decisions.

The emphasis in the present model is upon a different issue -
individuals' desires as to the cash balances they wish to hold,
and the influence of these desires upon central control of
interest rates. What the new part of this model attempts to
explain is not an expenditure decision, but the determination .
of the interest rate. Whereas earlier it was simply assumed
that the government could set the rate of interest as an
instrument of economic policy, now it is recognized that
interest rates are set through the trading of financial assets
on mdney markets, and not by government decree, so that
individual preferences will affect rates of interest, and may
cushion their movements against the influence of economic

policy-makers.

The effect of this model is therefore to add a money

market model to the structure already developed in the earlier
Demand Models. This money market model consists of demand for
money equation (an equation describing the size of cash
balances desired to be held in the hands of the public), a

supply of money (assumed to be set by a central monetary
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authority}, and an assumption that the rate of interest adjustsA
to bring about balance bétween desired balances and the existing
stock, |

The working of the model is therefore identical to that
of the previous models, except that instead of the interest rate
being taken as aﬁ instrument of economic policy, fixed at some
desired level, it is determined through the interplay of demand
and supply conditions on markets where money trades, not for
tangible goods or services, but for other financial assets.

Within this market, for any given value of income, Y,
it is assumed that only a single value of the interest rate, R,
will bring about equality between money balances demand and money

supplies available. The set of all pairs (Y, R) yielding such

"equality is conventionally called the "ILM curve" set of (Y, R)

pairs yielding equilibrium on the money market.

At the same time, for any given interest rate, R, there
is a unique value of income, Y, which brings about balance
between current aggregate demand and past income and expenditure,
and so yields equilibrium on the product market. You have already
studied the set of all such pairs (Y, R) undér the name of the
IS curve.

When we bring the equations for these two markets
together, we see that there is, generally, only a single pair
(Y, R) which brings‘about balance in both markets simultaneously.

Thus, instead of being able (as in the previous models) to choose
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any arbitrary value of R and find the associated equilibrium

level of income, we now find that when monetary conditions are

taken into account, the rate of interest is determined within

the model, as a reflection of relative supplies of and demands

for money,

Equation Structure:

(L - Linear version;

~
(NL)

Money ) (L)

Markets

(NL)
(L)

Goods

<
Market

A.Y, /(R - RMIN)

.MDA + Al‘Yt - AZ‘Rt

MS/Pa
md

“
CA + Bl:(Yy - T¢)
(GAM - DEL-Rt).§t
IA + B2.Y_ - B3:Ry

GA/PA

C, + I, + G

t t t

TA/PA + B4'Yt

Yeo1

Teq

NI, - non-linear version)

real money demand

real money supply
equilibrium condition

consumption function’
investment function
real government

expenditure

national expehditure
identity

real government tax’
function
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Parameters, standard initial values, and units:

*

RMIN
MDA
Al

A2
PA
CA
Bl
GAM
DEL
IA
B2

B3

1

i

(constant)

autonomous real money demand (billions $)
coefficient of transactions demand (years)

coefficient of speculative demand
(billions $ -~ year)

autonomous aggregate price index

)

autonomous consumption (billions $/vear)

marginal propensity to consume out of
income (fraction)

direct marginal propensity to invest

(fraction)
non-linear propensity to invest as a
proportion of interest rate (fraction -
year)

autonomous investment (billions $/year)

marginal propensity to invest out of last
year's income (fraction)

propensity to export out of last year's
income (fraction) '

autonomous government expenditure
(billions $/year)

autonomous government taxes
(billions $/vear)

government tax rates (fraction)
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Restrictions:

0 < [}CA+IA+B3'MDA/A2)/PA*@K#B3-E§/A2-B1-T§]

Linear version:

1-B1(1-B4)-B2 # 0; A2 # 0; PA # 0

Non-linear version:
PA#0, MS # 0, A # 0

(PA-CA + GA - Bl.Ta) > 0


http:GCA+IA+B3.MDA/A2)/PA+GA+B3.MS/A2-Bl.TA
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" THE LINK MODELS

Introduction

The three models in LINK bring together the discussion
of potential supply (production decisions) illustrated in SUPPLY
and the discussion of effective demand (expenditure and portfolio
decisions) set out in DEMAND, Thus, we link the two halves of
our earlier analysis, in a way which reminds one of the usual
discussion of supply and demand in markets for a single
consumption good. That is, we introduce the price of output, or

the price level, explicitly into the analysis cf potential

supply and aggregate demand, and ask whether adjustments in
this price level can serve to bring effective demand into
balance with potential supply. In this way we complete our.
explanétion of how the level of output and the level of resource
utilization are determined; in the process we arrive at an
explanation of the overall price level, and hence at some
understanding of possible processes of price inflation.

To begin, we have to examine the concept of the "price
le?el" briefly. Little difficulty attaches to the notion of
the price of a particular commodity. But in macroeconomics
we are, it will be recalled, talking about output as a measure
of the flow of production of all final goods and services. The

"price" attached to this flow is a questionable concept.



Essentially, the construction of a measure of the price level,
or price to be attached to aggregate output, boils down to the
selection of some bundle of specific commodities, and the
‘creation of a weighted average price obtained by taking the
price of each individual commodity, sealing by a fraction
reflecting the importance of that commodity in the overall bundle
of goods selected, and summing. The process of selecting the
particular commodities, obtaining their prices, and establishing
the weights to be attached to each, is fundamentally arbitrary;
thus the resulting price index is also arbitrary; and its use-
fulness will depend on the purposes to which one puts it.

This is not the place to pursue such Issues in detail.
The interested student may consult references on price indexes;
here we want only to emphasize that the price level is an
arbitrary construct, and deserves little of the mystical or
religious fervor it sometimes generates. In all the following,
we shall discuss the behaviour of the price level in a simplified
context where we will speak of "output" as if it consisted of a
single commodity flow, aﬁd the "price level" were simply the
price quoted (in dollars) for that commodity.

We begin by obsérving that all our earlier models of
supply and demand depended upon the price level p as a parameter.
Indeed, the final result of our supply models was an aggregate
supply curve showing the output flow Q(P) that suppliers would

be willing to produce under the given circumstances, as a



function of the price p for the output good, while the results
of ourgdemand models could be summarized in an aggregate
demand curve Y(p) showing the total final demand Y (measured in -
units of output per year) that all spending sectors taken
together would generate at the quoted price p. It seems
plausible that bringing these two curves together in a
conventional way would show the output flow and price level at
which the decisions of producers and customers are in balance,
Then the resulting utilization rate is also determined by
comparison of actual factor inputs with available factor
supplies.

As with the earlier models, one's analysis will depend
in part upon the time-scale of interest. A convenient
simplification for expository purposes, adopted in the
following discussion of the LINK models, runs as follows, With
given demand and supply curves, ﬁhe oﬁly adjustment problem
relates to the adjustment of the price level to (or towards) its
éQuilibrium value. We could imagihe, therefore, a model based
on a short time interval - say a "day" - which took both demand
and supply curves as fixed, and simply described the process of
price change as producers attempted to alter price quotations
in fesponse to observed discrepancies between demand and supply.

Presumably the process of adjustment would involve cutting

prices if supply were seen to exceed demand, and raising them



if demand were to exceed supply; one could study'many
interesting features of various possible adjustment rules. Let
us suppose, however, that the adjustment we adopt is such that
over- the course of the "day" the price level converges to the
equilibrium value which brings aggregate demand and supply into
balance.

Altering our time scale slightly,‘let us consider
several "days" in succession. Each day the demand curve and
the supply curve are both taken as fixed at the beginning of
the day and unchanging throughout the day. Over the course of
the day the price is adjusted until at the end it has been
brought to its equilibrium level (for the given demand and
supply curves). But you will recall that the demand curve
itself depends upon the expectations of households or firms as
to income prospects, and thus depends upon past Qalues of
income. Therefore the demand curve itself shifts as income
adjusts during the course of the usual multiplier process we
studied in the DEMAND models. Over several days - say over a
"month" - these demand shifts might be significant. Thus if
we wished to study the impact of the multiplier process upon
output prices, we might find it convenient to construct a
model, based on a monthly scale, in which the price is assumed
to adjust instantly to its equilibrium value whenever the demand

and supply curves are specified. (That is, in a model with a



time scale based upon a month, it may be acceptable to ignore
the details of price fluctuations within any one day.) The
supply curve, however, can still be assumed unchanging. Then
the adjustment process of interest is that of the (short-run)
equilibrium price and output level as the various spending
and re-spending decisions of.the multiplier pfocess work
themselves out, with the demand curve shifting each period as
a result,

Finally, if one adopts a perspective based upon a
still larger time unit - say a year - a somewhat different
structure suggests itself. At the risk of too much
simplification, it might be appropriate to assume that over
twelve "months" the multiplier process has pretty well worked
itself out, so that national income has settled down to its
equilibrium level, and the demand curve has therefore stopped
shifting. Over the course of a year, however, growth of factor
endowments may be significant, so that the aggregate supply
curve may shift out. Thus a conceivable model on an annual
scale might take price to be always at its equilibrium level
(whenever the demand and supply curves are specified), and the
demand curve to be the fully adjusted curve representing the
equilibrium level of demand after the multiplier process is
complete; then the adjustment process of interest is the effect

of capacity growth upon equilibrium price and output levels.



Thus, in summary, there is a hierarchy of possible
extremé models:
1. Daily model (price adjustment process):

Supply curve: fixed‘and unchanging

Demand curve: fixed and unchanging

Price level: adjusted toward equilibrium as
producers alter quotations.

In the daily model, then, actual output may change in
response to price changes as one moves up or down the
fixed demand or supply curves, but the curves them-
selves do not shift.
2. Monthly model (muitiplier process):
Supply curve:- fixed and unchanging
Demand curve: shifts in response to changing lagged
values of income (that is, in response
to changing income expectations).
Price levél: assumed to be fully adjusted to bring

the {(changing) current demand into
balance with the (fixed) aggregate

supply.
In the ﬁonthly model, therefore, output is always at a
short-run equilibrium level because the price is assumed
to adjust to the value that brings current demand into
balance with supply, but that equilibrium level itself
changes as one moves up or down the supply curve in response

to shifts in the demand curve.



3f Annual model (growth of factor endowments) :

Supply curve: shifts each year due to growth (or
decline) of available factors.

Demand curve: assumed fully adjusted to an equilibrium
curve

Price level: - assumed fully adjusted to equilibrium
values.

In the annual model, finally, output is always at a level
which could be sustained if supply remained constant
(because both price and demand are fully adjusted to a
sustainable equilibrium), but the level of output (and hence
price) shift over time because potential output changes.

In fact, of ccurse, these models represent polar
cases simplified for ease of exposition. Presumably the actual
paths of income and price over time reflect a mix of all three
processes (and others) going on at once. And it is relatively
easy to model even such a mixed process with our simulation
programs, although it is hard to analyze the resulting rather
COmplexrprocesses explicitly.

| What we do is compromiée somewhat. We ignore the
actual process of adjustment from a disequilibrium price to an
equilibrium value that balances supply and aemand; the details
of this process are usually reserved for study at the level>of
the advanced theory of general equilibrium, and are not

crucial for the usual issues in macroeconomics.



Link Model 1 therefore represents a "monthly" model,
in terms of the labels used above. It begins with a fixed
supply, and with income and equilibrium. (Because of possible
floors on money wages, there may of course be unemployment even
in equilibrium as Supply Model 2 taught us.) In response to
any imposed changes in policy, Link Model 1 follows the process
of expenditure adjustments which result in shifting the demand
curve, ultimately arriving at a sustainable equilibrium price
and output level when expenditure adjustments have worked
themselves out. (The model is actually a bit more complicated
than this because the floor money wage may also get bid up after
full employment is reached, but we need not bother with that
issue here,)

Link Model 2 takes the foregoing structure and imposes
upon it a process of factor growth which shifts the aggregate
supply curve. It therefore represents an "annual" model which
retainsg some of the structure of expenditure adjustment.
Aggregate demand shifts as a result of .policies which alter
income, and thus set a multiplier process in motion, but
potential output also changes as factor endowments evolve. By
trying different values for the policy parémeters of this model,
one can study how fiscal or monetary policy may have to be
structured to ensure full employment of a growing labour force,

for example,



One final issue requires study. Both models 1 and 2
suppose that the "daily" process has in fact worked itself out,
so that one always has short-run balance between deﬁand and
supply. But in fact the dynamics of the situation may be much
more complicated: the process of price adjustment proceeds
along with adjustment of demand, and may not be complete eéch
reriod. This means that generally the system may be off both
curves - that the realized output and price combinétion not
only may not be at the intersection points of the previous
diagrams, but may not lie on either curve. Because this situation
is one of continuing (though changing) disequilibrium, there
are few guidelines to follow; specification of adjustment
prbcesses in disequilibrium is highly arbitrary. Nevertheless,
in Link Model 3 we develop one approach consistent with much |
contemporary discussion of problems of the "tradeoff".

Instead of requiring that demand and supply be brought into
balance each pericd, we impose a type of "Phillips~curve", or
Jtradeoff function" which relates the rate of price inflation
to the level of resource utilization - in particular, to‘the
unemployment rate. Although a simple diagramatic story is no
longer poasible, the model may turn out to be more realistic,
and we can still study its behaviour by use of our simulation
programs,

With these models, the linking of demand and supply



considerations to determine national income and the price level
is complete. If one is prepared to assume that price adjustment
is fast, Link Model 1 lays out the conventional analysis, and
Link Model 2 extends it to a sifuation of continuing growth in
resources. If one believes that price adjustment is very
imperfect, and that observed price and output paths represent
a moving disequilibrium, Link Model 3 lays out the analysis for
one case in which the requirement of demand/supply équilibrium
is replaced by a disequilibrium condition linking inflation
rates to unemployment. In either case, output and price are
determined each period, as was required in the problem we set
for ourselves.

| With this last change, we take one more step away
from specification of a model with equilibrium conditions
derived from economic theory, and toward a descriptive dynamic
model estimated from statistical observation. The structure
of the analysis requires little change - beyond a disaggre-
gation and fleshing out of the various behavioural relations in
our modei - in order to make the transition.of full-blown
econometric models such as the Brookings model, the Wharton
model, or the MIT/FRB model in the U.S., and TRACE or RDX2 in
Canada. But that is another story, which we cannot follow
up here,

The main emphasis of these Link models is on policy

problems. In earlier models we worked hard to understand the


http:transition.of

supply side, the production decisioné, and the way they may
reflect‘rigidities in labour markets as well as growth in
underlying endowments of productive resources. We also worked
‘hard in studying how expenditure decisions are inter-related
through the circular flow of income and the multiplier process.
It is impossible to keep all these pieces in the head.at one
time without some computational help, but with such help, we
are in a position to study the impact of economic policies in
situations where all these individual relationships are at
work simultaneously. So the Link Models display a rich
variety of possible policy options, some automatic or built-in
(endogenous) , some prescribed from outside (exny=nous). The
main pay-off to our long exercise in model-building lies in
this opportunity we now have to try out imaginative policies
in various mixed and compensating combinations. Try some
yourseif - experiment with a mix of tight fiscal policy and
eaSy money, or a tax cut coupled with a more active spending
response to unemployment., You will find that explaining all
the various outcomes requires a close understanding of how
various economic variables are related through each of the
markets and relationships of our models. And when you have
seen enough to become impatient at the limitations of these
models, or have become dubious about the theoretical validity
or factual accuracy of the relations employed here, you'll

be ready to tackle the various working econometric models in



use in businesses, governments, and universities around the
country. Don't forget that they're all gross over-simplifications
of a éomplex reality - but also don't forget that no one has

ever. comprehended a complex system except by such simplifications.
You are in a position now to assess for yourself the validity

and use - and the limitations - of such techniques, and to

apply them to the task of bringing about beéter performance in

economic systems.



LINK MODEL 1:
Classical Price Level Adjustment

1. The Model

As noted in the Introduction of this section, the
basic idea of this model is simply to link a model of aggregate
demand (expenditure decisions) with a model‘of aggregate supply
(production decisions) in a consistant fashion. The traditional
linkage mechanism in economics is accomplished through a price
variable. In Link Model 1 the formation of expenditure
decisions is described by the model familiar to you from Demand
Model 7; you will recall.that, for any specified value of the
aggregate price level, the model established a corresponding
value of aggregate demand. The higher the price level selected,
the lower the corresponding value for aggregate demand.
Similarly, the formation of production decisions is described by
the same model as was used in Supply Model 2; you will recall
that this model established a level of aggreéate supply
corresponding to any specified price level. The higher this
price level, the greater the aggregate supply generated by
producers, up to a maximum set by capacity or potential output.

The link between these two independent sets of
decisions is accomplished very easily in Link Model 1, simply
by determining the price level which brihgs about balance

between output demanded by spending units and output supplied



by producing units. Comparing the new price so determined
with the old price previously prevailing yields the rate of
price,inflation. If the new price is tco low to coax out a
level of production great enough to employ all available
labour, then unemployment also results.

Rates of unemployment and of price inflation are
among the important indicators of aggregate economic
performance. In order to achieve better performance in these
directions, economic policy-makers may elect to alter

~government expenditure, tax rates, or the money supply. Link
Model 1 permits you to specify any of these instruments in

your attempt to arrive at more suitable policies (in the model

world only!)

2, Detailed Model Structure

" Equation Structure:

B Mi = MDA + Al"}t - Az.Rt‘
Mi =HS / P_
ME = Mdt

Demand 7 - Cy = CA + Bl-(;t - ;t)
Linear It = ;A + B2-§t - B3.Rt
Version G, =GA / Py

Yo = Cp + I+ G

Ty = TR / Py + Bd-y,

Te = Y

Ty = Ty




=Y = £ _qr Pry P q)

of = c-xoP.ro 1"
f _ A~k
Supply 1 Wt = Pt aQt/BLO |
Lg = 'h(wt-l/P ) (see Supply 1)

Qp = min'iﬁ‘KOA'LdKl_A), Qﬁ_?

_ £
W, = max /W W : W = WO

-

U, = 100- (LO - min‘éﬁi, L0/) /LO

—>0Q; = g(P, W _;; KO, LO)

Yo = Q PIR, = 100:(P_ - Pt—l)/Pt-l .
Parameters:
(same as Demand 7 and Supply 2)
" Instruments:
GA, TA, B4, MS
Initial Restrictions:
0 < WO 0 < A2
. 0 < C 0 < RO
0 < A 1 0 < LO

B1* (1 - B4) + B2 - B3:Al/A2 = 1==> "Total propensity to

spend out of income is 1 - Please try again”

P=0or Y=0or £(P) = g(P,) does not converge = "No
plausible initial equilibrium is defined - please try

again"



(Change Instruments): -

|GE - GA| + |TE - TA| + |B4 ~ B&| + |M§ - MS| > 0
Program'Structﬁre:

[—> Initial parameter values <%———i]
Initial equilibrium . " (not defined

> Change instruments

Adjustment path (if it is defined)
Final equilibrium noomon "

Graph " L] n "

3. Running the Program

The program begins, as usual, by printihg the initial
values for the parameters of the model ~ specifying the labour
supply function, the production function, the consumption function,
investment function, government expenditure function, tax function,
money supply, money demand function, and resource eﬁdowments,
respectively., By changing any of these iniﬁial values as desired,
you may alter the specification of any one of these relationships.

When the initial values of the parameters are all sét,
the program computes and prints the static equilibrium
configuration corresponding to the model with those values. If

this initial equilibrium appears unsatisfactory, you have the



opportunity to return to alter furthef parameter values,

When you are satisfied that the initial equilibrium
is sensible, the program prints the initial values for the
instrument variables - the policy variables assumed to be
controlled by central economic policy decisions - and awaits
input of some change in policy.

The program then tabulates the dynamic response of
key variables in the model to your policy change, permitting
you to follow the adjustment process step-by-step. It also
offers to plot a graph of the shift in demand or supply curves
and the resulting adjustment path. Finally, the program
prints the equations for the aggregate demand and supply
functions, and tabulates the new equilibrium to which the
model converges as the multiplier process dies out.

In the table of the adjustment process, note that
(as the program prints out) national income and its components
are shown in current dollars not delfated by the price level.
The rate of interest, the umenployment rate, and the rate of
price inflation are all shown as percentages. On the graph of
the adjustment process, the curve labelled SS is the aggregate
supply curve (your work with Supply Model 2 will have explained
why it is kinked), the curve labelled 11 is the initial
demand curve, and that labelled 22 is the final demand curve,
{(The equations for these curves are also printed by the program

under the graph.) The initial equilibrium point is labelled A,



and successive points on the ‘adjustment path are labelled B,
Cc, D, énd so on. Where successive points are too close
together to permit printing of separate letters, the program
skips some letters and prints‘the last of the letters
pertaining to those points. Thus when adjustment is very fast,
successive letters will be far apart on the graph; when
adjustment is very slow, the letters will be close together
on the graph and many may be skipped altogether.

This process may be repeated as many times as you
wish, with further alternatives in instrument values or in

parameter values, or both.

4, Suggested Experiments

The model permits you to explore various combinations
of policies designed to achieve full employment of a growing
labour force, with reasonable price stability. The range of
experiments is large, and particular choices are up to you at

this stage. -



LINK MODEL 2:
Lohg Run Labour Force Growth and Capital Accumulation

‘1. The Model

Link Model 2 is easy to describe because it is
identical to Link Model 1 except in two respects. First,
whereas in the previous model factor endowments were taken to
be fixed, in the present model they are allowed to grow. This
means that, as in Supply Models 3-5, we must have equations
to describe how they grow. As in the supply models, the
labour force growth equation describes a simple process of
growth at a constant proportional rate (just 1like a colony
of bacteria, or a bank balance under the forced compound
interest). Unlike the supply models, the present model
already has investment decisions determined from the
expenditure equations, so the growth of capital stocks requires
no new equations.

Second, the program permits much more elaborate
specifications of economic policy moves accomplished through
government expenditure decisions, tax changes, or the money suppiy.
In the previous models, the emphasis was on understanding the
behavioural structure, and the representation of possible
policies was very simple: policy parameters or instruments
could only be changed from one constant value to another.

Now we allow a richer variety of changing policies. Any of



four distinct classes of policy can be specified} as follows:

lo

A "pulse" -~

as the diagram P + DEL Q

.o | :
indicate the - P

policy parameter is 1 2 3 4 time

kept unchanged for

the first two

periods, changed by rhe amount "DEL" for the third, and
then réverts to the original level. This policy corresponds
to a one~period change.

A "step"- this

policy generates P + DEL @20 6

a permanent change P @ O

from the original ; time
P to a new level |
P + DEL. It
corresponds to a permanent move to a new plateau.

. " .
A "ramp" - this @
policy generates a ' )
regular change @
by an amount "DEL" ’ 9?} DEL
in the third and all P ? e e

>
subsequent periods. time



4, A "growth track" -

this policy ‘ ®
@
@

change at a ®
, @....;} DEL.P
constant proportional ©

generates a regular

P
rate in the third ®o

v

and all subsequent periods. ' time

Any of these four forms may be prescribed for any of
the four instrument values assumed in these models to be
available to policy-makers. Thus quite elaborate and complex
combinations of expenditure, tax, and monetary policy can be
studied. Complete "game plans" can be séttled in advance, with
detailed schedules of future changes; rather than simply moves
tb different constant values for each instrument, this program
permité expenditure, tax, and monetary instruments to vary over
a 10 or 20-year horizon.

In addition, the operations of automatic mechanisms
such as welfare payments schemes or unemployment insurance
plans bring about some automatic, non-discretionary, policy
changes. Some people argue that economic policy generally
should be less discretionary than it is, and recommend that
this be accomplished by establishing rules for how government
expenditure, for example, should be changed to respond to the

current performance of the economy as measured by indicators



such as the unemployment rate or the rate of price inflation.
The introduction of three additional policy parameters into Link
Models 2 and 3 enables you to prescribe such automatic
(endogenous) policy rules based upon target unemployment or
inflation rates. The parameter G, specifies how real government
expenditure should alter if the rate of price inflation changes
by one percentage point, G2 specifies how expenditure should
alter if the unemployment rate changes by one percentage point,
and G3 sérves as a target rate of unemployment. By experimenting
with these parameters you may see whether you can find some
combination of automatic rules which keeps the performance of

this model economy satisfactory.

2. Detailed Model Structure

Equation Structure:

Mt = MDA + Al-Yt - AZ»Rt
Note - 'M% = MS/P
‘Mt Ms/ t
d s
No lags M =M
ag t £

except for
end = CA + Bl- - T
ndogenous{ Cy = C 1-(y, !

.government | I, = IA + B2.Y -~ B3-Rg

policy G, = GAt/Pt + Gl.PIR

Y Ct + It + Gt

TA /P, + Bd .Y,



-

" Parameters:

D
GG

Gl

G2

G3

f

TA ; TA

GA ; GA

> See Policy Desgscription
B4 ; BZ

MS ; MS

h(w P

t-1, t) (NOTE W__q - Different time period)

e A .d f
mlnAép-Kt .L t(l—A), 0 t_7

max éW?—l' wft_7; Wy = WO

[

100°L, - min /B9, Ly 7)/Ly

I

(1 + GG) Ly ; L, = LO

same as Link 1, plus -

.1
.02
0. Real government expenditure response to
1% rate of price inflation
0. Real government expenditure response to
1% deviation unemployment rate from
target

0. Target rate of unemployment (percent)



ol

Restrictions:

*

0 < WO 0 < A2
0 < C : 0 < KO
0 <A <1 0 < 1O

Bl-(1 - B4,) + B2 - B3:Al/A2 # 0
P, >0

Yt(Pt) = Qt(Pt) converges

" If not: "No plausible adjustment path is defined.
Please try different parameter values and/or

policy specifications."

Policy Specifications:

Given DEL and X® { GaA, TA, B4, MS }

et
1

Pulse: X =Xy X3=X t=4, ..., 20

l+DEL; Xt=Xl;

(No Policy: X, =K;;i t+2, ..., 20)

.‘Program‘Structure:

——> Initial parameter values
Peclicy specification
Initial equilibrium
assume Gl=G2=G3=0
First step of adjustment path
———— (are they defined?)

Remainder of adjustment path




33 Running the Program

Again this program is straightforward to run. After
printing the table of initial parameter values and accepting any
-desired changes, the program awaits your specification for
any of the four instruments. For each, you may select one
of the four possible shapes discussed earlier, or, if you do
nothing, the program will assume that the instrument remains
unchanged at the initial value printed in the table of initial
parameter values. As the attached printout shows, you
specify your desired policy by selecting the number from 1 to
4 corresponding to the desired shape, and specifying the
desired increment or rate of growth in the instrument. When
you have finished, the program tabulates'the "game plan"
that your policy specification entails over the whole time
span of the model.

‘ Thereafter the program tabulates the adjustment
process, and plots a graph of expenditure components. (In
this graph, the curve labelled G corresponds to government
expenditure, the curve labelled I corresponds to the sum
of government expenditure and investment expenditure, and the
curve labelled Y corresponds to the total of government
spending, investment, and cénsumption, which is national
income in this simple closed model.)

As usual, the program permits you to repeat the

computation as often as desired to explore alternative policies.



1

4f' Suggested Experiments
o These models are designed for experimenting with the
effects of various macroeconomic policies. There are too many
experiments of possible intere%t for one to list them all. But
the standard questions would start with issues such as the
following:
i) 1Increase the money supply MS by 10% from its initial
value. Explain the reasons for the resulting
changes in interest rates, income, and unemployment,
and for the shift in the demand curve shown by the
program,

ii) Increase governient expenditure GA by 10% from its
initial value, and again explain the resulting
adjustment. Compare the impact of this fiscal polic§
with the monetary policy in (i), and explain why the
resulting patterns of adjﬁstment might be different in
the two cases.

iii) Obsérve that reducing the tax parameter TA and increasing
the marginal tax rate parameter B4 has the effect of
making the tax system more "progressive"., (Why?)
Study the effect of such a change on the macroeconomic

variables of this model. Determine the size of off-
setting change in government expenditure required to
compensate for this tax change and restore unemployment

and inflation performance to their original values,



o ¥

LINK MODEL 3:

The Tradeoff Function

‘1. The Model

A great deal of discussion is heard about the nature
of the tradeoff between unemployment and inflation. Link
Model 3 enables you to explore some of the issues involved in
the debate.

The essential point is that the fast adjustment of
prices to equilibrium levels that occurs in Link Models 1 and 2
may not occur. Some level of prices gets determined each
period, but it need not be a level consistent with balance
between output demanded and supplied. When demand exceeds
supply, one might expect prices to move up quickly, and
unemplqyment rates to be low, in an attempt to close the gap;
but it need not be closed in a single period and, indeed, since
other variables also are changing (as we saw in Link Models 1 and
2), such a gap might persist for a long time. Similarly, when
demand is low relative to supply, unemployment will be high, and
prices may not rise, or may even fall. Thus one observes an
association between low rates of unemployment and high rates
of price inflation. This relationship is referred to as a
tradeoff function, or frequently as a "Phillips curve" in honour

of the economist Bill Phillips, who first discussed such an



association observed between unemployment rates and rates of

change of wage levels. (Since the link between rates of change

of wages and rates of change of prices is frequently very

tight, the two sorts of tradeoff functions are often discussed
interchangeably.)

Apart from the introduction of the tradeoff function,
and the resulting elimination of the equilibrium condition on
prices, Link Model 3 is identical to Link Model 2. Thus we
finish our model construction exercise with an enlarged model
which is not necessarily in equilibrium in any period, but which
is formed from the same building blocks as earlier models we
have studied. If you pursue work in macroeconomics, you will
find the same building blocks also appearing in the same way
in much larger econometric models of the United States, Canada,
the U.X., Japan, the Netherlands, and many other countries..
Many theoretical refinements and empirical extensions remain
to be added, but the basic relations we have looked at
constitute the foundation.

Equation Structure:

M% = MDA + Al-Y, - A2:R

t t
5 =
Mt MSt/ Pt
d _ us
Mt = M £



Gw

IA + BZ.Yt

Ct + It +

CA + Blf(Yt - T

Gy

)

B3-Rt

GAL/P, - GL-PIR, + G2+ (Uy_j - G3) + G4+ (Qp_7 - ¥y 4)

TA,/P, + B4-Y,

GAj
TA;
B4;

MS;

A L. (1
C Kt Lt

T3/ (PIR,

G,

TAy

._.A)

—

\ See policy specification

!

= T1) + T2

(1 - U /100)-Q,

lOOa(Pt -
(1 - D) Ky
(L + GG) L

Pt~
+

7

1)/Pt_l; Pl = PO
Ll = LO

(Additional) Parameters (since Link 2):

(Delete WO)
G4 = 0,
PO = 1,
Tl = -2,
T2 = 1,
T3 = 10,

Real government expenditure response to
$1 bill excess of ‘capacity over demand

Initial price level

Parameters for hyperbolic Phillips curve



" Restrictions:

Same as Link 2

Policy:

Same as Link 2

Program Structure:

Same as Link 2

3. Running the Program

This program is run in the same way as Link Model 2,
with the same range of policy options. The only additional
feature is the introduction of the parameter G4, which permits
government expenditure to respond in an automatic way to
disequilibrium between real effective demand and real aggregate
supply, as well as to the rate of price inflation and the rate

of unemployment.

4, Sugéested Experiments
As in the previous model, the extent of possible

experiments is limited only by your imégination. Although many
aspects of policy problems are not taken into account in these
models - notably problems of external trade and foreign exchange,
or the whole range of issues associated with income distribution
and transfer schemes - what remains should provide a challenge
to your understanding of macroeconomic relations as well as an

aid to analysis of conventional monetary and fiscal policies.
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APPENDIX I

COPTIM
3~D Optimization Model with Generalized.

. Quadratic Functions

The program solves the following NLP problem:

B.G  B.(1-¢) | B

A.. . .
> Xi X4

I W

= yi Q, xipry < 0

The program can be run in any of three ways:

Solve (*) given one value of (y, Pyr Pos p3); output

LY

on teletype.

Solve (%) for 11 different values of one of (v, pl, pE’ p3)

e.g. if 2nd parameter is specified, 11 values of »

(Q, Xq:r Xor X5) are found as varies from .5 to 1.5 times
1’ %2 X3 P '

its original value in uniform steps; output on teletype.

Sélve (*) for N uniformly distributed obsefvations of

one of (y, Py Por p3) for values between LL (Lower Limit)
and UL (Upper Limit); incluées’mnltiplicative error term,
with standard deviation S1 for each of (y, Ppr Py p3) (s1 =
and rnultiplicative error term with standard deviation S$2
for each of‘(xl, Xy Xy Q) (s2 z 0); output to disk in

user specified file (name up to five alphanumeric characters

- no . '.DAT' extension in name specified, but resulting filc



N

A
1
Lk

will have ‘.DAT;; for N lines where an observation is a

set of values for (Xl’ Xor X3 Q, ¥, Pyr Py p3) in '8F9.3"

format.

[Note that the last five program. parameters (81, S2, N, LL, UL)
are ignored in (1) and (2) above. The first fifteen program

parameters refer exactly to the coefficients of (*),]

This program may theréfore be used to iilustrate the
derivatioﬁ of demand curves or Engel curves from the maximizing
behaviour of the consumer, or the derivaﬁion of derived input
demands or expansion paths from the cost minimizing behaviour
of a producer. In additio?, the data files generated (with
errors added) from this computation may be used as input t§ a
regression program to illustrate the accuracy or sensitivity of
various estimation procedures to errors in equations or in

variables,
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L LINMOL

Linear Prograﬁming Model and
,.:theASimplex Method .

1. The Model: max py Ql + p, Q2 = I  subject to

V > -

ajp 9 *agy 0 - Cy (1)
>

821 91t 32 % T G (2)
>

asy Ql +oasg, Q2 - C3 (3)
>
>

0, % c, (5)

>
With Ql’ Q2 - 0 and Q3, oo Q7
representing slack variables for constraints

(1) -~ (5) respectively.

2. Program Structure: (see attached)

&

—————> Display initial parameter values
Parameter c¢hanges?
Yes =p type in changes
Initial tableau?
Yes =» tableau printed
- Iteration process?
Yes = sequence of tableaux
resulting from successive pivot
steps are printed
Final tableau? |

Yes = it is printed

Graph of feasible region

Yes = it is printed

Yes .
°- o Another run

No 41:_;? Stop



3(a). Tableau Format:

a | b | ro1 Q2! v | o7
‘01" 0i,
;Qiz‘ oi,
"ol 0i,
'Qi4' 0i,
‘01" 0i,
! I : c

a =~ column of names of current basis columns

N .
b - column of values of each of the Qij
¢ - row of profits associated with each Qi (opposite
(positive if positive) . of
Chiang &
I - +the negative value of the criterion Baumol )
function

3(b). Graph Format:
Q2

EA

W W P

555 - - ~- - H---5

B,

Ql

N

- Constraints represented by appropriate numbers

- Level curve of criterion represented by '¥*!'



-

i)

4. Suggested experiments

By varying the parameters of the revenue function, the
sensitivity of the optimal solution can be explored, and the:
resulting path of outputs interpreted as a supply function.

By varying the capacity constraints on fixed resource inputs,'
the sensitivity of the associated dual variable may be explored,
and the results interpreted as'similar to a demand for inputs

(or marginal productivity) function.

References:

2avmol

Dosso a
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APPENDIX 2

SCHEMA PROGRAM OPERATION

Introduction

SCHEMA 1is an interactive program for the simul-

taneous solution of both the primal and the dual of a linear

programming (LP) problem. The algorithm is based on a paper

by Balinskii/. It is currently available on the Dataline

system, Toronto {(March 1972). The basic intention of the program
is to provide a reasonably efficient method for solving small

or medium size LP problems in the framework of highly flexible

conversational program input and output.

Tableau Notation

&

The canonical form of LP problems is often represented

as follows:

Primal Dual
maximize cx minimize v’b
subject to Ax % b subject to y“ A % c
X =0 y =0

where A is a matrix with m rows and n columns; x is an n dimen-
sional column vector; ¢ is an n dimensional row vector; and y and

b are m dimensional column vectors. ( “ denotes transpose.)

A more general representation of an LP problem can

be expressed as follows:

* Balinski, (see reference on p. 13)



" maximize gil cy subject to Ay - bl = -s; Z0
minimize j
Ay - b2 = -s, = 0
and ' Y, Z 0
(P) y, =0

where y = ”yl i b= —bi‘ ;s = 'si}; A= ~A£
Yo by Sy )
Y3 by 3 A3

and s 1s a vector of slack variables.

Any LP probiam in the form (P) can be converted to
the canonical primal (or dual; form above by appropriate mani-
pulation. But SCHEMA will accept problems in the general form
(P). It computes values for vy and s from A, b and ¢ as well as

x and u, the dual variables and slacks, directly, by operating

on the following tableau:

max | J-\
min
ML |[MP A - 1-b m
.
NL
NP
c v




A, b and ¢ are as indicated in (P). In addition, it

necessary to record

l.

2.

the type of problem - max or min

the constraint types - this is done in MP

where MP, =40 for =
i <
! s
2 =
the variable types - this is done in NP
where NP, =j;l for free
J 1 non-negative
2 non-positive

is

the location of the variables and slacks during and after

pivoting -
initially NLj = 3 (= 1,...,n)
and MLi =n+ i, (1= 1,...,m)

the value of (P), i.e. the current value of the objective

function is in v = cy.

Initially, v = 0.

Note that the following labelling convention is used for the

final output:

Primal Variables - Yy k=1,...,n
Primal Slacks - Yy k = n+tl,...,n+m
Dual Variables = Xy k=1,...,m
Dual Slacks - k =m+l,...,m+n



{ START \}

.| MESSAGE |

]

SCHEMA - SUMMARY FLOWCHART
(Numbers refer to paragraphs below)

(3)

ENTRIES

TYPES

INDIVIDUAL —~—

TTY
> INPUT
\\\\\\9
e
IN

READ (8)

FROM
DISK

COLUMNS

(2)

‘ ‘(5)0__PJ/////;;E>\\\
VARIABLE < I

NITIALIZED>

?

N

ANOTHER
RUN

(14)
FINAL |

s

' (1)
READ M,N, INPUT
'"MAX' OR TABLEAU
"MIN'" BY ROWS
¥
mpur 3
LIST OF
VAR TYPES
v (6)
DISPLAY? “>——s= DISPLAY

\/

I'N

-

(13)

OUTPUT

PHASE 2

S — SIZE
ROWS r“ (M OR N)
SAVEABLE N
ON DISK
Y
(7) BE)
SAVE ON Sn INPUT
DISK PRINT
OPTION
¥
(10)
SETUP
(12) (1)
PHASE 1 [ PHASE 0




Input Structure

In addition to short answer guestions, the input

block includes the following routines for adding to or modifying

_the tableau:

1.

(Re)writing rows - A row, in the tableau format, represents
either a constraint or the objective function ("c¢"). Since
most of the information in the tableau is in rows, they are
used as the basic unit of input. There ére two types of
rows, each precisely defined:
(a) a constraint row consists of the row number i
(L 2 i 2 m), the constraint type MPié{d,l,Z}, n real
numbers for the :'Li:--Il row of matrix A, and one real
number for the :I.E-Il element of "-b", the negative of the
right hand side coefficient - thus two integers and
n + 1 real numbers
(b) the objective function row consists of the row number,

which is always m + 1, followed by the n real numbers

of the vector "c".

(Re}writing columns - A column, in the tableau format repre-
sents either A variable (Activity) or the right hand side
(RHS} constraint coefficients. The information contained in
columns is "dual™ to that of rows and they are similarly
defined:

(a) a variable column consists of the variable number j

(L = | = n), the variable type NPje{—l,l,z}, m real



ax

numbers for the jE—Il column of A, ;nd one real number
for the jEE element of "c¢", the objective function
coefficient - thus two integers and m + 1 real numberé
(b) the constraint coefficient column consists of the
column number, which is always n + 1, followed by the

m real numbers of the vector "-b",

In fact, the same subroutine is used for (re)writing both
rows and columns, although only rows can be used for the
initial teletype input. Subsequent modification or initial-

ization may be by either row or column.

Variable types - Aside from m, n, and max or min, the only
other information required after row input 1s the list éf
variable types, the Vecto; NP. These data are simply
entered as a list of n integers, each of which must be ~1, 1,

or 2. This routine is used for initial teletype input and

can be used for subsequent modification.

Changing size - Once a tableau has been input, its size can
be changed (within the limits of the program -~ see programming
appendix). If the new values of m and/or n aré greater than
the original values, the tableau is expanded by moving the

"e" row down and/or the "-b" column to the right. A message
will be printed reminding the user to initialize the newly

created rows and columns by appropriate (re)writing. If the

new values are less, the user is asked to enter a list of the
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correct number of row or column numbers for those rows or

columns to be deleted. The "c¢" row (m + 1) and the "-b"

column {(n + 1) can not be deleted.

.Individual entries - The user can make changes in any

element of A, b, ¢, MP, and NP as well as max or min. There
are four subsections:
(a) To make changes in A, b, or ¢, the "coefficients", a
three-tuple is entered for each change:
4 .. N
aij - 1,3, NEW aij
c; = ml,j, NEW cj (12i mslsj32n)
-b, =~ i,ntl, NEW -b,
i i

N

(Changes to a v are ignored since setup

m+l,n+l "

initializes v to zero.)

(b) To make changes in MP, a pair of integers is entered

for each change:

MP, - i, NEW MP, (1 2iZms NEW MP.e{0,1,2})

(c) To make changes in NP, a pair of integers is entered

for each change:

NPy - 3, NEW NP, (1 235 X n & NEW NPjé{-l,l,Z})

(d) max can be changed to min, and vice-versa.

There are four main types of input requested from the user

at the teletype by SCHEMA:

(a) 'Yes' or 'No'

(b) a single integer number
(c) a string of numbers

(d) the name of a file on disk
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Cases a. and b. generally involve a question ending in a

guestion mark (?) or a request for information ending in a

colon {(:).

Case c. follows a request for inputting a string of numbers}
and occurs in 1. through 5. above. At the‘beginning of the
request, a double colon (::) is printed at the left margin.
Numbers can then be typed sepérated by blanks or commas.

A list of numbers can also be separated by carriage returns.
If SCHEMA expects more numbers, after a carriage return, to
complete the list, a colon asterisk (:%) is printed at the
left margin. Note, lists in 4. and 5. above must go on only
one line. If an a;bitrary number of lists is expected

(L., 2. and 5. above), inputting is terminated by typing the
word 'DONE' immediately after a double colon. Multiple
adjacent blanks are treated as one blank. Two adjacent commas
are equivalent to two commas with a zero inbetween them.
Real numbers do not need decimal‘points, but integers must

not have decimal points. No plus (+) signs are allowed.

Case d. arises if a disk file is to be read or written. A
proper filename has no more than five characters, the first
of which must be alphabetic. (See - Dataline routines IFILE

and OFILE.)

There are three other main sections in the input block:



Display - The user may request either that the entire

tableau be printed or that individual rows and columns,

reéuested one at a time, be printed. The tableau format
does not, at this stage, include ML, NL and v, as does the
final and intermediate tableau output. A value of -9 in

NP or MP indicates that the corresponding row or column has
not yet been initialized. Individual rows and columns are
displayed using the same format as rows whén the entire
display is requested. Row m 4+ 1 displays both the objective
function and the wvariable types, while column n 4+ 1 will
display both the RHS constraint coefficients and the con-

straint types. Typing -1 terminates requests for row or

column displays.

Disk output - Once the tableau has been properly initialized,

and before computation begins, it is possible to save it in

a disk file. Note that the process of computing the solution

destroys the initial tableau. The format of the tableau on

disk is as follows:

1. 'MAX' or 'MIN' n m - (a3,2I)

2. Objective function row - n coefficients; ten per line
(except last line); free format - (10F).

3. Variable types - n integers; ten per line (except last
line); each either -1, 1 or 2; free format - (10I).

4. Constraints - m rows: each row consisting of one integer
followed by n + 1 coefficients; ten numbers per line
(except last line); free format - (I,9F) for first line

of row, (10F) for remaining lines of row; integer at
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beginning of row is constraint type (MP) and must be
6, 1, or 2.
8. Disk input - If a file has been created by SCHEMA or has
the format indicated above, it can be input directly. Thus;
a tableau can be initialized and saved, the soluﬁiOn computed,

and the tableau re-initialized from disk and then modified

for subsequent runs. The file must be in the user's disk area.

Note - The suffix '.DAT' is appended to the file name
entered when saving a tableau; it should be ignored when

naming the file for input.

9. There are three print options available for the computation
and final output phase:
() = final values of primal and dual variables and slacks
only
C)“C) and the final tableau and one line of information
for each pivot step |

C)=;<] and the complete tableau at each pivot step.

Computation and Final Output

10. Setup - The tableau coming from the inbﬁt block may require
changes before the algorithm can be applied.
(a) If this is a MAX problem, row m + 1 ("c") is!multipliéd
by minus one.
(b) If any constraint is of type 2 (;), that row is multi-

?lied by minus one.
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12.

13‘

14.
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(c) If any variable is non-positive (type 2), its column
is multiplied by minus one

(d) ML and NL are initialized; v is set to zero.

Phase 0 - The tableau maf have free variables and/or equality
constraints. If so, pivoting is necessary so that free
variables become non-binding constraints and equality con-
straints (zeroc slacks) become zero variables. Thus, free
variables will always be in the basis of the solution

(see Balinski, p. 43).

Phase 1 - If the RHS column (originally "-b") is not non-
positive, the tablecau is not (yet) row feasible. Either

pivoting is required or o?timization of a sub-SCHEMA.

(Thus, Phase 2 can be called before Phase 1 is completéd,)

Phase 2 - the RHS column is now non-positive. To get an
opfimum, the objective row (originally "c") must be non-

negative.

Note - Phase 1 and Phase 2 look only at those rows and columns

associated with primal variables and slacks of type 1 and 2;

free and zero variables and slacks are ignored.

Final Output - The following rules are used to assign final

values to y and x from the optimized tableau: (recall page 3)
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i - 12 -

1 24 Zm) and 2 = NLj (123 3n
(a) 12k > n - A variable is in the basis

- H
—bi IF MPiE{—l,l}
Ykz

b, IF MP, = 2

t
(=]

Xr4m T

(b) n + 1 Sk Zn+m- A slack variable in the basis

b, IF MP, =1
i i

-b, IF MP, 2
i i
= 0

(Note - MPi is never 0 since equality constraints have

non-zero shadow prices (x,__ # 0))

(c) 123 2n - A variable not in the basis
Y, E 0
XR+m = Cj ir: NPj = 1
-C ., IF NP. = 2
] J
(Note - NPi is never -1 since free variables are always
in the basis)
(&) n+ 1 - % = n + m - A slack variable not in the basis -
Y, = 0
Xpop = 4¢3 TF NPja{O,l}

-c. IF NP,=2
J J

Note that SCHEMA does not detect degeneracy.
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PROGRAMMING APPENDIX

The standard maximum size problem the SCHEMA can
accept is sixteen rows and twenty columns. These maximum size
limits can be altered by altering the main calling program;

recompiling, and loading.

To use SCHEMA without changing the maximum size, the

following instruction is used:
.RUN DSK SCHEMA[ 157,10]
You will need to know the password to run the program.

To alter the maximum size, the following procedure

*

is used:

1. Alter the main calling program, SMAIN[ 157,10]

2. Compile the altered version

3. Load the necessary relocatable files into core - using LOAD
instead of EX allows you to create your own save version of

the altered program:

.1,0OAD YOURMAIN.REL,CODE.REL[ 157,10],88UBLl.REL[ 157,10],SSUB2.REL] 157.10]
4. Create a SAVed version of the program for bossible later use:
.SAVE DSK SCHEMA

5. Begin execution by typing ST (for STart).


http:SSUB2.REL[157.l0
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A listing of the main program will reveal comment
cards explaining the method of changing the maximum size. There
are three lines that must be changed in a consistent manner -
the dimension statement for arrays A, ML, MP, NL, aﬁd NP, and
the assignment statements for the variables MMAX and NMAX.

The three statements are generally correct if they can be

represented:

DIMENSION A{(m,n) ,ML (m),MP (m),NL{n) , NP (n)
MMAX = (m-1)

NMAX (n-1)

It

with m + n = 101. (If the size is any larger, some of the I2

formats will not be sufficient for the three-digit numbers being
*

printed.)

M.C. Wolfson
April 1972



