
I 

·.,"~I I. , . 

I' ,. 

.;'rt t 
t" -/. 

(' 

SIMULATION PROGRAMS FOR ECONOMIC ANALYSIS 

by 

A.R. Dobell and M.C. Wolfson 

Preliminary Draft: All Rights Reserved 

STERLING INSTfTUTE OF WASHINGTON 

1m 






(ii) 
,. 

PREFACE 

The computer programs outlined below are designed to 

supplement a modern course in economic principles. The purpose 

of the programs is to provide a basis for systematic independent 

study outside of the classroom, and to illustrate the use of 

simulation models in analysis of economic problems and economic 

policy. Both goals can be served by examination of many concrere 

examples, using the computer as a "scratch pad" to eliminate any 

burden of numerical calculation. 

In macroeconomic analysis, two broad questions of policy 

are usually distinguished. On the one han~ is the traditional 

question of employment or s~abilization policy, based primarily 

on analysis of effective demand and capacity utilization. On 

the other hand there is the newer issue of growth policy, based 

primarily on analysis of potential output and the required level ~ 

of expenditures for expansion of productive capacity. (Questions 

of income distribution will arise in both cases, of course, but 

are better studied with the aid of more detailed and less highly 

aggregated models than those set out here.) 

Problems of inflation policy and of balance of payments 

equilibrium can be fully understood only by looking to the 

interactions of these two factors - effective demand and 

potential output - and thus these problems require rather 

elaborate analytical tools. The simulation model is one such tool 

that is becoming more widely used. 



These computer programs attempt to simulate aggregate 

features of an evolving economy, and to illustrate how such 
6 
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sim~lation techniques may be used in evaluating economic pol~cy '< 

in a dynamic setting. 

The first set of programs (the Supply Models) develop the 

idea of potential output, or the supply side, of the national 

product flow. Beginning with the computation of aggregate out­

put as determined by available resources and the production 

decisions of individual firms or enterprises, the models go on 

to study the evolution of productive capacity and potential 

output as the economy's endowments of productive factors grow. 

The second set of programs (the Demand Models) deal with 

the demand side of the flow of incomes and ~xpenditures. Pro­

ceeding through successively more detailed specification, they 

arrive at a fully-specified (though still small) model of 

effective demand, in the Keynesian tradition, and taking into 

account the four major components of national income. 

Bringing the two sides together in the third set of pro­

grams (the Link Models) completes the construction of a workable 

policy model similar in principle to many already in use for 

evaluation of proposed economic policies. 

Each program presents the student with a problem in macro­

economic analysis arising from some question of economic policy, 

or some interpretation of observed economic behaviour, and advances 

a simple model to deal with the problem. The solution is presented 

in the form of a graph or a table of the main variables, frequently 

in summary tables of the type used in national accounting. 
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The intent of the programs is two-fold: to illustrate 

how macroeconomic theory may be viewed as an attempt to simplify 

and summarize in an analytical model the essential relationships 

inherent in complex economic structures, and to illustrate how 

such models may be used in evaluation of economic policy. 

The programs are intended to be used by the student at 

any point in his study. The text in this present document 

provides all necessary operating instructions, and outlines the 

setting and significance of individual programs as the student 

works through them. By collecting his own "hard copy" from the 

teletype terminal as he proceeds through the programs, the 

student can construct a summary outline of the topics together 

·with an unlimited number of worked examples. 

It should be clearly understood, however, that this 

document is intended to supplement classroom discussion or a 

textbook, not to replace them. Our explanations of the programs 

are confined to specification of the model to be studied, and some 

brief elaboration of the motives for following a particular 

approach to the analysis. Detailed explanation of economic 

relationships is not attempted, nor is any critical assessment 

of the models employed; the purpose of these programs is simply 

to put into the hands of the student the computational power to 

illustrate lectures or textbooks for himself, and to learn from 

experience, through solution of numerical examples 
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on his own or in collaboration with fellow. students •. 

The present program set has evolved over four years 

of discussion and trial. A first version was used in- the 

Economics course developed by Sterling Institute for the U.S. 

Naval Academy, and the continuing encouragement of Sterling 

Livingston has been important in the subsequent development· 

of this work. Partly as a result of that Naval Academy 

experience, and partly through collaboration with an- imaginative 

undergraduate student, the basic ideas and organization of the 

programs were re-examined, and the whole set re-written from 

scratch. Some of the revised models were used in a summer 

~ourse at the University of British Columbia, and again, in a 

small way, in an undergraduate course at the University of 

Toronto. On the basis of these trials the programs were again 

extensively revised and new items added. Needless to say, the 

set has not yet reached its steady state; a number of new 

programs are already being prepared. But the present package does 

seem to form a coherent and effective whole, and will continue 

to provide the basic analytical structure even as new 

applications or extensions are added. 

For much of the elegance and efficiency of these 

programs, credit must go to the undergraduate student mentioned 

above. Michael Wolfson first became involved in this work as 

a programmer while he was a second year student at the 

University of Toronto, and followed it through three subsequent 
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years of a collaboration I think we both found fruitful. Since 

he is, at the time 6f this writing, on his way to India during 

a break in hi~raduate program in economics at COmbridge Uni­

versity, it is safe f~r me to acknowledge here the extent of 

his contribution to this joint effort. If I could hope that 

these programs might encourage some equally .imaginative and 

thoughtful undergraduates to become actively interested in 

applied policy analysis of this sort, I would judge the effort 

sunk in them to have been thoroughly worthwhile. Certainly 

there is no shortage of challenging, entertaining, and (I think) 

relevant work to be tackled in extending and improving such 

models. We offer the present version as a starting point. 

A.R. Dobell 

Ottawa, August 1971: Preface revised August 1972. 
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THE SUPPLY MODELS 

Introduction 

Production of goods demands the services of productive 

agents - inputs of managerial effort and labour services or use 

of equipment and structures being two particular examples. 

Because there is a limit to how much labour service can be 

provided by the community, and to how much use can be extracted 

from existing plant and equipment, there is a ceiling to the 

level of output the community can produce at anyone time. 

within that limit, however, the rate at which goods and services 

are generated depends on the rate of utilization of the 

available labour supply and the available capital stock. The 

output rate attained when these resources are being utilized 

at the maximum feasible and sustainable rate will be called 

the potential output or full employment output attainable with 

the given level of resources. 

Of course output will generally not be produced unless 

a demand is anticipated for it. Hence the potential rate of 

output need not be attained if anticipated aggregate demand 

falls short of potential output, and then unemployment of labour 

and capital may result. This problem is analyzed in the Demand 

Models to be studied later. 
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These supply models attempt to estimate wh~t level of 

-output the economy could potentially attain with various 

endowments of available resources. They thus suggest a target 

level of employment at which the fiscal and monetary policies 

analyzed in the demand models could be directed. In 

conventional national income analysis, this target level is 

frequently referred to simply as the full employment level of 

output, or national income at full employment. 

Thus these supply models focus on the uses of the 

community's resources in production, on the transformation of 

inputs into outputs, and thus on the supply of goods and services. 

(Models of aggregate demand, by contrast, focus on the uses of 

income and the consequent demands for goods and services.) 

There are several sides to this question of the use of resources 

in production. Decisions on these uses are made by individual 

production units (firms or enterprises), so it is necessary to 

consider when such enterprises may be led to employ factors, 

when they may be led to adopt different combinations of inputs, 

and when they may be led to allocate resources to different 

mixes of outputs. In addition to these decisions of individual 

production units, it is necessary to consider the overall 

growth of productive factors, and the general progress of 

technology. 

/3 
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In a sense these supply models are nearer to the 

heart at cl.assical economics than are national income models. 

Supply models focus on the allocation of scarce resources to 

production of alternative outputs, and thus deal with the 

fundamental economizing problem of any community - wise use of 

its produced and natural resources, including its human 

resources. It would seem natural that these resources should 

not be left unutilized in any rational community decisions. 

But because these decisions are, in effect, delegated to 

individual production units each producing to anticipated 

demand under the free play of market forces, it is possible to 

observe aggregate supply below potential, and under-utilization 

of available resources, including unemployment of labour 

willing and able to work. Part of the explanation for this 

phenomenon is to be found in the input decisions of firms, 

studied in Supply Modell, and in the conditions governing the 

supply of factors, studied in Supply Model 2. 

Supply Model 1 confines itself to study of the 

individual production unit, and is thus an exercise in micro­

economics. It deals with an analysis in which both capital 

and labour inputs are freely variable, and have to be 

determined simultaneously according to some criterion for 

selecting inputs. In particular, the program compares how 

inputs and outputs might be determined if enterprises were 

managed by committees of workers who hired capital goods and 
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divided the s~plus .revenue from production among themselves, with the 

case wh~re decisions are made by managers hiring labouran(lcapi:tal on 
behalf of sharebolders who divide the profit among themselves. 

In Supply Model 2, the concept of potential output is 

introduced, and an aggregate supply curve is derived under the 

assumption that capital inputs (equipment and structures) are 

fixed while labour inputs are variable up to a maximum 

representing full employment. Actual labour input is assumed 

to be determined by each individual enterprise so as to yield 

maximum profits. The aggregate supply curve so derived could 

be described as a "short-run capitalist supply curve" ­

Ifshort-run ll because of the assumption that capit:a.l inputs 

(and the maximum labour input) are fixed, and "capitalist" 

because it corresponds to the case of owners of capital stock 

hiring .labour as a variable input and retaining the surplus ·after 

payment of wages. Supply Model 2 focuses on the effects, on 

this short-run aggregate supply curve, of pressures in the 

labour market to impose a minimum money wage below which labour 

will not work. (If the minimum wage is zero, then the short-

run aggregate supply curve is simply a vertical line at the 

level of output corresponding to full employment of labour and 

capital. ) 

Supply Model 3 changes the focus from a concern with 

the input mix or the level of utilization of factors to the study 

of an aggregate economy with growing endowments of productive 

/5 
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factora. In the long-run, supplies of both factors vary, 

(thouqhtheyarefixed at any instant) and thus aggregate output­

(at ful.l employment) alters. The interesting question 

therefore is to know how output will evolve over time in 

response to different patterns of growth of capital and labour., 

Supply Model 3 looks at two possible paths of evolution of the 

capital stock, one associated with 'the II capitalist" firm, in 

which investment is related to profits and the expected rate of 

profit, the other associated with "socialist" organization, in 

which the overall saving and investment rate can be set by a 

central economic agency. The program traces some main features 

of the comparison in a simplified way. 

Supply Models 4 and 5 each pick up one thread of this 

analysis. Supply Model 4 studies in more detail the pattern of 

growth when investment is determined by a single overall 

saving rate, and explores the effects of changes in this saving 

rate upon capital/labour ratios and consumption per capita. 

Supply Model 5, (based upon a larger model due to Professor Lester 

Thurow), on the other hand, traces the pattern of growth arising 

when investment is directly related to the ~rofits and 

depreciation allowances of corporations, * and technical progress in­

creases .the effectiveness of labour and capital inputs. 
w 

'In the language of the literature on economic growth, then, 
Supply Model 4 has a saving function but no investment 
function, whereas Supply Model 5 has an investment function 
but no saving function. 

/6 
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"Further issues in theana~ysis of· the suppLy side 

could be explored withextens:ions of. these· models.• 
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SupplyModel 1: 


Micro-Analysis fOr Two Institutional Forms 


1. The Model 

In these "Supply" models we are concerned with the 

growth of endowments of productive resources and the 

corresponding evolution of potential output. But just as a 

movie is an orderly sequence of snapshots, so a growth path in 

economics can be viewed as an orderly sequence of momentary 

patterns - snapshots of the economy at a point in time. In 

the same way that one may sometimes stop a movie to examine 

some manoeuvre frame-by-frame, it is sometimes helpful to 

study economic activity by looking at momentary patterns before 

examining their changes over time. 

As well, there are times where one wishes to study 

the movements of a single player or individual rather than 

the pattern of a whole team or group simultaneously. Even 

though the general sweep of events has to be seen as a whole 

to appreciate emerging patterns, careful study of individual 

elements helps in following events as they unfold. 

In the production side of economics the individual 

element is the producing unit or enterprise, charged with 

organizing the use of productive resources toward creation of 

outputs. Supply Modell enables you to study a single 
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producinq unit. in order' to see how input andout.put deci-sions­

-may be'formed. 

The basic technological facts facing ,a production unit 

are described in the book of blueprints or "recipes"'detailing 

how inputs can be transformed into outputs. One approach to 

describing production possibilities which is widely used in 

industry is linear programming; this technique deals with a 

limited number of individual production processes with detailed 

specification of the resources required and the outputs 

generated by each one. The procedure is illustrated, for a 

simple case, in the program LINMOD described in Appendix 1.* 

A second approach is more traditional, and involves 

summarizing production possibilities in a single smooth 

function, the so-called production function. This function 

describes how great an output flow can be generated by use of 

services of specified amounts of labour and capital. You may 

recall studying representations of such functions through 

graphs of "isoquants" or contours of equal output. 

For a single firm purchasing inputs, then, there will 

be three primary concerns the price to be had for the 

product (described by a demand curve for output), the amount 

of output obtainable from purchased services (described by 

the production function), and the cost to be paid for the 

purchased services (described by a cost curve). In this 

* 	The program SCHEMA described in- Appendix 2 provides a con­
venient tool for study of somewhat larger linear programming
problems. 
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analysis, it is assumed that the cost of raw materials is 

-already subtracted from the value of output, so that the 

production function actually describes the generation of so­

called nvalue-added" by factor services. This simplification 

causes no difficulty here, though it does in more detailed work. 

In Supply Model 1 you are able to select different 

possible demand, production, and cost functions, and thus to _ 

study the decision problem confronting an individual 

production unit. Of course the behaviour of the unit will 

depend not only upon these data describing the problem, but 

also upon the goals of the management itself. If the firm 

owns no resources at ~il, but simply purchases services of 

capital and labour, its goal might be to maximize the 

residual remaining after all costs of inputs have been deducted 

from revenue. If the firm owned all the capital goods used, 

but purchased labour, its goal might be to make the residue 

after the wage bill is subtracted from revenue as large as 

possible. On the other hand, a workers' committee managing 

an enterprise in their own interests, and hiring the services 

of state-owned capital, would perhaps seek the maximum surplus 

per worker after payment of rentals for capital services. 

Since the usual institutional arrangement has management 

acting on behalf of shareholders (the owners of the capital 

equipment, which is fixed at anyone time), they are usually 
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assumed to hire labour up to the point wher~ profit after 

.payment of wages is a maximum. But in some countries ­

Yugoslavia is the best-known example - workers' committees or 

co-operatives do play managerial roles, and their production 

decisions would presumably be directed at choosing the input 

and output levels that yield maximum surpl~s per worker. For 

each desired level of output, then, workers' committees hiring 

capital would select different levels of capital and labour 

services than would management acting on behalf of share­

holders. The path of capital and labour inputs employed in order to 

yield different levels of outputs is referred to as the 

expansion path for the enterprise; the above discussion thus 

suggests that the expansion path is different for a firm 

operated in the immediate interests of its own workers 

(owners of labour) than it would be for a firm operated in the 


immediate interests of its own shareholders (owners of capital). 


The second part of Supply Modell displays these computations. 


Supply Model 1 thus focusses on two issues - first, 


the choice (in the long-run) as to which productive resources 


to use in generating output, and second, a comparison of the 


production decisions associated with different methods of 


organizing production. Since different institutional forms 


may pursue different goals, the input mix or capital intensity 


or degree of automation in production may be different for 
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each, and thus the distribution of income·to owners of 

.productive resources may be different as well, even with·, full 

utilization of all resources. 

2. Detailed Model Structure 

The model is based upon the three key relationships 


mentioned above - the demand, production, and cost functions. 


These are represented as follows: 


P = Po + P1Q (linear demand function) 


'Q = C~LB (Cobb-Douglas production function) 


C = W.L + Rl.K (linear cost-function based on 

C. :.~ /~fixed wage and rental rates) 


In addition one can compute several derived quantities, as 


follows: 


R = P.Q (revenue) 


PI = R - W.L (short-run profit with given 

capital stocks) 


S = R - R1K (surplus) 


Then the rate of profit can be expressed as ~/K, and the per­


capita surplus as S/L. This latter quantity is labelled PC in 


the program. 


The parameter values stored in the program are as 


follows: 


Po = 25. (the vertical intercept in the 

demand function) 


= - 25 (slope of demand function)
Pl 
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C :::: 2. (transformation coefficient. in the 
production function) 

A = .3 (exponent in the production function 
the elasticity of output with 
respect to capital input ­
dimensionless) 

B = .7 (elasticity of output with respect to IftB0~f 
W = .60 (wage, rate for labour services) . 1. pu 

Rl = .15 (rental rate for capital services) 

The symbols for variables computed within the program 

(endogenous variables) are as follows: 

K - input of capital services - varies in 7 steps from 
KMIN to KMAX ' 

L - input of labour services - varies in 5 steps from 
LMIN to LMAX 

P, Q, C, R, PC are also computed as indicQ.~ed in the 

equations given above. 

Restrictions on parameter values: 

O. < A < 1 o < W o < KMIN. < KMAX 
O<'B<.l 
o < C O. < Rl o < LMIN. < LMAX 

Pi ~ 0 ~ Po o < QMAX 

3. Running the Program 

The program for Supply Model 1 runs itself as soon as 

initial parameters are set. Output consists of two tables, the 

first displaying output, revenue, and cost possibilities for 

different combinations of inputs, the second tabulating the 

expansion path of the enterprise under either of the two 

institutional arrangements described in Part 1. The program 
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permits computation of either or both tables for as many 

different demand, production, or cost functions as you wish. 

Otherwise the output from the program is self-explanatory. 

Table 1 thus maps out production possibilities 

associated with different input combinations, and shows 

the profile of optimal input combinations for each target 

output level. Both computations take input prices to be 

fixed, but suppose input quantities to be freely variable. 

4. 	 Suggested EXperiments 

1. 	 From the first table, identify (approximately) 

contours of equal cost, equal revenue, equal per­

capita surplus. Account for the obse.L'''t7(:!d shapes 

and slopes of these curves. (You may wish to run 

three times with different parameter values so as to 

have a separate table for each one of these curves • 

. Note also that by setting Po = 1, Pl = 0, you force 

revenue to coincide with output and you can then 

easily study the isoquants or contours of the 

productive function). 

2. 	 For a particular entry in the first table (that is, for 

a particular selection of capital input K and labour 

input L), verify the values computed for cost, 

revenue, and per-capita surplus. 
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3. 	From the second table, plot, on a graph of L against 


K,the expansion path for the capitalist firm as 


compared to the cooperative. 


·4. 	 By running several times with different values for 


Wand/or Rl , explore the effect on the firm's 


input decisions of changes in factor costs. Explain. 


why the firm changes its input mix in the way it does 


in response to factor price change. 


5. 	 From the second table find the output level yielding 

maximum profit. By changing the parameters of the 

demand curve, explore the effects of changing demand 

upon the firm's optimal output level. 

5. 	 Theoretical Exercises 
l A

1. 	 a) . given F(K, L) = C KAL - = Q, A constant, what.is 

the relation implied for required inputs of 

K &L? Drawi a sketch in K-L space of the 

resulting curve ("isoquant lt 
). 

b) show that this curve is downward sloping. 

c) how does the curve change as Q increases? 

2. 	 Given revenue function P(Q) = Po + PlQ, wage rate W, 

a rental rate for capital Rl , a production function 

F(K, L), and a target level of real output Q; 

a) what is the entrepreneur's profit if he hires L 

units of labour and K units of capital; what is 
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the associated input cost? 

b) sketch a diagram in K,L space of the set of 

- JLl-Ainputs that yield output Q for F(K,L) =·CK-~ ; 

and the set of inputs whose cost is C - where 

C is the minimum cost of input~ necessary to 

attain O. 
c) 	 what is the optimum level of K,L to attain the 

output Q found by maximizing profit in- the 

expression for part a)? How is this consistent 

with the diagram for b)? 

3. 	 Given revenue for P(Q) = Po + P1Q, rental rate Rl, 

production function F(K,L), and a target level of real 

output Q, suppose a group of workers formed a co­

operative in which they rented capital and supplied 

their own labour. 

a) if the workers divide gross profits equally among 

themselves, what is the expression for each 

worker's share (assuming one unit of labour is 

equal to one man-year)? 

b) 	 how many workers should rent how much capital to 

attain maximum workers' shares while meeting the 
-target of Q units of output? 

/16 
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Supply Mode1- 2: 


- Short-Run Keynesian' Supply 


1. The Model 

From Supply Model 1 you have seen that a profit 

maximizing enterprise with fixed capital stocks would be led 

to demand more labour the lower is the real wage. If one 

carries this relationship over from the behaviour of a single 

firm to that for the production sector as a whole, the demand 

for labour is seen to be a downward-sloping function of the 

level of wages (supposing product prices fixed). Then 

instead of asking how much labour would be employed at a given 

wage, one could ask what wage would be required before 

enterprises would be led to demand all available labour. Thus 

if labour were supplied at any wage - if there were no limit , 
to how'low a wage labourers would accept - then this analysis 

could tell us what wage realizes full employment of all 

available labour. However, unlike machines, people may attach 

conditions to supplying their labour. Supply Model 2 takes us 

from the microeconomic model of the production enterprises 

(where the demand for labour is determined) to the macro­

economic model of employment for an aggregate economy at a 

given moment, with a fixed capital stock. 

As in Supply Modell, the underlying economic ideas 

are straightforward. The firm is taken to own a fixed stock 
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of capital in the form of buildings, machines, land, and so 

on. By employing labour to work with this fixed stock of 

durable capital goods, the firm is enabled to produce output. 

The terms on which this output can be produced - that is, the 

conditions of production - are described by a production 

function showing how much output can be produced with given 

inputs. The key assumption as to the way firms behave is 

that additional labour will be hired as long as the 

contribution of an additional worker to output and hence 

revenue is greater than the wage he demands. The key 

assumption as to "the way workers behave is that, up to full 

employment, additional ·labour will offer itself for employment 

only so long as the money wage offered is greater than some 

conventional minimum. Below that minimum, no labour will be 

available. Finally, the key assumption about the way labour 

markets work is that if more labour is demanded than supplied, 

competition among employers will force up the money wage 

offered for labour. If more labour is supplied than demanded, 

competition among labourers may force down the money wage, but 

never below the conventional (or legal) min~mum. 

Do you see, then, that a key featUre of this model 

is that individual enterprises are assumed to base their 

decision about employing labour on the level of the money wage 

in relation to the price of their product (on the so-called 

/18 
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"real wage" - the ratio of the money wage to the money price 

.of goods) whereas the decision of the labourer to supply 

services is assumed to be based on the level of the money 

wage, independently of the price of goods? This difference in 

behaviour can account for the presence of unemployment, as 

Supply Model 2 illustrates. 

The questions on which Model 2 sheds light therefore 

include the effect of the price of goods on employment, or of 

the minimum mcney wage on employment, or the effect of either 

upon the level of output (the aggregate supply curve) 

produced within the economy. The model shows that if the price 

of output is sufficiently high, or the floor money wage 

sufficiently low, firms will be led to employ all available 

labour, there will be full utilization of all resources, and 

output will be at its full employment, or capacity, level. The 

model thus has the purpose of introducing the notion of 

potential output, and at the same time illustrating one reason 

why the community may be led to leave some labour idle and 

produce less than potential output. In fact, do you see that 

this condition prevails when the demand for goods, as measured 

by the price producers anticipate for their product, is weak 

relative to the price labourers demand for their services? 

We could thus identify a situation with output below potential 

as one of too weak an aggregate demand for goods. But can 

this situation be considered one of involuntary unemployment? 

/19 



. - 19 ­

Yes, because if demand were a little stronger, so that the 

.product" ·price P were a little higher, producers would wish to 

hire additional labour, and available labour would be willing 

to work at the same wage as prevailed earlier. 

2. 	 Detailed Model Structure 

Supply Model 2 may be summarized in the equations: 

l-A 
Q = C(KO)A L 	 (1) 

LD 
=~(KO)A(l~A~ l/A 	 (2)w/p 

LS =~F if W > Wo 	 (3) 
o if W <W 

0 

L = min 	 (LS ' L ) (4)
D

Equation (1) represents the production function 

describing the flow of output Q attainable by fully utilizing 

the services of a fixed stock KO of capital equipment and a 

labour input L. Equation (2) represents the demand of a profit-

maximizing enterprise for labour as an input to production 

when technical conditions are described by the function (1), 

with a product price P and a money wage rate W prevailing. 

Equation (3) expresses the conditions of labour supply, 

indicating that the entire labour force LF is available at a 

money wage not less than a prescribed minimum wage Wo ' but that 
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\i 

no labour will. offer its services at any wage lower than the 

prescribed minimum. The final equation shows that actual 

labour input will be equal to the lesser of that demanded by 

managers and that offered by workers. It is assumed that when 

there is excess demand for labour the wage will be bid up, but 

that workers will accept no cut in money wages even in times of 

unemployment. The money wage, in other words, is assumed to 

be "sticky downwards ll • 

Thus Supply Model 1 focuses on the production function 

as the principal determinant of potential output, with a 

"Keynesian" theory of labour market behaviour in which actual 

labour input depends both upon the money-wage (~S compared to 

a floor minimum wage) and the product price. "Full employment" 

prevails only when the product price is high enough that the 

demand. for labour exceeds the available labour force at a wage 

in excess of the floor level. 

The detailed mathematical structure of the model can 

be set out as follows: 

(a) Equation structure: 

Cobb-Douglas 
production function 

W/P = aQ/a L 	 Marginal productivity 
pricing for real wage 

= p·a Q (LO) /d L 	 Definition of fullWf employment wage 
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- 21 ­

Ld(W/P) = f(W/P) 	 Labour demand deriv.ed 
from marginal product­
ivity condition 

L (W/P) = min [i,d (W/P) ,~ 	 Actual labour employed 

u = 100- (LO - L(W/P)/LO 	 Resulting unemployment 
rate 

W = max ~o,wiJ 	 Resulting money wage 

Qf = C.KOA.LO (l-A) Full 	capacity output 

Q(P) = min [C.KaA.L(W/P) (!-A) , Derived aggregateOf] 
supply curve 

= Q(P,C, KO, AI' LO, WO) 

(b) 	 Parameters, standard values, and units: 

A = .3 Coefficient (elasticity of output with 
respect to capital input) in production 
function (dimensionless) 

KO = 200. Fixed flow of services of given capital 
stock (machine-years/year) 

LO = 20. Total available flow of labour services 
(man-years/year) 

WO = 2. Initial money wage (thousand dollars/ 
man-year) 

P = 1. Product Price ($) 

C = 2. TranSformation coefficient gOOdS) 

( A 	 (l-A)(machine years) (man-years) 
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(c) Restrictions: 

o. < A. < 1 
o. < KO 
o < LF 
o < w 
o < P 
o < c 

3. Running the Program 

As the attached sample run shows, the program is simple 

to run. Following input of your preferred parameter values, the 

program computes and graphs the supply and demand functions in 

the labour market and. in the goods market, and determines the 

equilibrium configura t.i.t,!l in each. Where excess demand for 

goods or labour prevails it permits the wage level to be bid up 

to restore equilibrium. Where demand for goods or labour is 

def·icient, the program computes the resulting unemployment rate. 

You may run the program as many times as you wish with 

different prices, wages, production conditions, or resource 

endowments. 

4. Suggested Experiments with Supply Model L 

Supply Model ~ is designed to illustrate the concept 

of a "full employment" level of national income and to show how 

the existence of a minimum wage may lead to unemployment and a 

level of output less than potential. The Model may therefore 

be used to study: 
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1. 	 The effect on actual employment and output o·f a change 

in the minimum wage rate W. This effect may be . 0 

studied simply by running Supply Model ~ with different 

values for the parameter W , noting how employmento . 
and output vary from run to run. Thus one sees the 

reasoning underlying the argument that ~inimum wage 

legislation may increase unemployment rates., for 

example. 

2. 	 If it is not possible to bring about reductions in 

minimum wage levels, then an alternative may be to 

increase product prices, for example, through 

increases in the money supply. You may study this 

possibility by running Supply Model 1 with different 

values for the parameter P, again noting how income and 

employment levels respond. 

3. 	 The effect on the demand for labour output, or on 

employment of an increase in the capital stock KO or 

an increase in technological efficiency represented 

by an increase in the coefficient C may be observed 

simply by varying these parameters in repeated runs. 

4. 	 In a more elaborate analysis, you might study how the 

impact of any of the above changes might vary depending 

upon the parameter A, which itself depends upon 

production conditions. 
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5. Theoretica~ Exercises and Questions for Discussion 

1 .	 . ·Given a money price P for goods, a money wage W for 

labour services, and a production function, 

Q = F(K,L), suppose that production decisions (in 

this case hiring decisions) are made by a "capitalist" 

(or an enterprise) who owns fixed stock Ko of capital 

and operates to earn maximum profit after payment 

of wages. 

(a) 	 What'is the expression for the profit if L units 

of labour are hired? 

(b) 	 How ~any units of labour should be hired to obtain 

maximum profit? Do you see. thati.:.!lis computation 

should lead to a demand curve for labour inputs? 

(Note that such a demand curve is computed 

numerically in the program). 

(c) 	 Does this procedure lead to a situation'where the 

price of labour services is set by the marginal 

product of labour services? 

(d) 	 What mathematical assumption as to the form of the 

production function are crucial in this discussion? 

(e) 	 What economic assumptions are crucial to the 

analysis? 

2. 	 If the total available supply of labour services is LF, 

find an expression determining a full employment wage 
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such that the enterprise will be led to employWf 

exactly LF units of labour input. Is there any wage 

rate W which would lead to unemployment? 

3. 	 Derive the aggregate supply function for Supply Model 

2. (The aggregate supply curve is graphed, and its 

equation printed, in the output from the program.) 

4. 	 Show that the concavity of the aggregate supply curve 

depends upon the parameter A, and determine the value 

of A for which the curve is concave. 

5. 	 a) Can you derive expressions to predict the signs of 

the following derivatives (where E = l-U)? 

aWf a W a Wf a Wff 
a Ko a LF a~ aP 

aE aE a E aE 
aKo aLF a~ aP 

a Qf a Qf a Qf a Qf 
apaKo aLF alr 

b) 	 Verify your results with appropriate runs with the 

model. 

6. 	 Suppose that proposed Federal minimum wage legislation 

would increase the prevailing wage Woe Find the 

amount by which the product price P must increase if 

full employment is to be maintained. 
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~·1.odel 3: 

1. The Model 

Supply Model 1 led you to investigate the demand 

by an individual firm for labour and capital when the rentals 

for each are given. Turning this relationship around, Supply 

Model 2 provided the facility to study the level employment 

and output that would be attained in the aggregate by ""hole 

production sector under particular labour supply conditions, 

with the tal stock fixed and fully utilized at rentals 

rate. Now in Supp Hodel 3 it is supposed that no problems 

of unemployment exist, but rather that both rates and 

rental rates can be flexibly set at whatever level is 

required to bring about full lization of the stocks 

availab at any instant. Supply Model 3 then concentrates 

upon the problem of how se stocks of productive resources 

grow over time. 

Thus, whereas both Supply Hodel 1 and Supply Hodel 

2 emphasize isions on degree of utilization of 

available stocks, Supply Model 3 assumes full utilization at 

any moment, and emphasizes t.he decisions on how stocks are 

accumulated. The first of these dec ions has to do with 

growth of the labour force; s decision is usually considered 

to be determined mainly by non-economic considerations ­

population size, birth rates, traditions of participation in 

/27 



- 27 ­

education and in the labour force. The rst additional 

equation of Supply Model 3 therefore a labour force 

growth equation, expressing the assumption that labour force 

growth may be well approximated by a curve of geometric growth 

at a constant rate, independent of market considerations. 

The second equation describes accumulation of 

capital equipment, in a ".\fay that permits the assumption of a 

constant fraction of output saved and re-invested, or of a 

constant fraction of property income saved and re- sted. 

An equation the st kind might be considered consistent 

with the accumulation plans of a centrally-organized economy, 

whereas an equation of latter kind might be more 

descriptive of the process of accumulation in a system of 

corporate capitalism. 

Supply Model 3 outputs only a simple tab showing 

inputs, outputs, factor rewards, and division of total 

product between consumption and investment along a growth path. 

(Supply Model 4 develops details of a grow'th path ed on a 

fixed saving rate out output, and Supply Model 5 illustrates 

a growth path based on re stmen~c of internal funds of the 

corporation. ) th Supply I\10del 3, therefore, one can £0110\" 

the general atures growth under the thrust of anyone 

a variety of hypotheses about hm<1 capital is accumulated. 
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2. Detailed Model Structure 

(a) Equation Structure: 

RHO = (1 - SIG) / SIG 

GAt'! DEL) oLQt = ~ELOKt (-RHO) + (1 - t 4(-Rl!O~ -1~1l0 
for SIG I- 1 

DEL (I-DEL)
GAMoK oL

t t 

for SIG = 1 
= F(K.I- L ) (the production 

t.. t function) 

vl = aF (K L) / a L (the full­
J_t t' t t.. employment level 

of wages) 

R a F (K ,L ) / oK (the full­t t t t employment level 
of rentals) 

R > RR (the fraction ofXX {= Xl 
t X2 R,t ,< RR property income re­

1: invested) 

x3 oQ + Xx·R oK (the investmentIt t t t t equation) 

C = (Qt - It) / L (consump-tion per
t t capi tal 

L -- (1 +GG) 0 L '- i L = LO (labour force
t+l 1: 0 growth equation) 

K = (I-D) . K + = I<:O (capital
t+l t 

I t; KO 
accumulation 
equation) 
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(b) Parameters, standard values, and units: 

::::GAM 2. Scale factor 
CES 

DEL = . 3 Distribution parameter production 
function 

SIG .9 Elasticity of substitution 

::::RR .08 Money market interest rate 

:::GG .02 Population growth rate 

D = .10 Rate of capital depreciation 

Xl a . Fraction output for investment when 
return on capital high 

::X2 O. Fraction output for investment - low 
return on capital 

X3 .1 Fraction investment out of total product 

KO = 200. Initial stock of capital at time t = 0 

LO = 20. Initial labour force at time t = 0 

(c) Restrictions! 

a < GAM a < Xl < 1 
a < DEL < 1 0 < X2 < 1 
a < SIG a < X3 < 1 
a < RR a < KO 
a < GG a < LO 
a < D 

3. Running the Program 

As the attached printout reveals, running this computer 

program also is straightforward. Once parameter values are set, 

the program proceeds to tabulate values for the relevant variables 

along the growth pa-th. 'l'hus you can observe hmv the level of 

potential output (output at full employment) grows as factor 
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endowments graw (or decays if endowments decrease). You can 

also study the way rewards for factor services change as the 

relative scarcity of one factor or the other changes. As you 

can see, instead of trying to use a single formula to describe 

capi tal and output growth, the model instead views this grovlth 

as just one result of a system interacting processes. The 

model provides a formula for each of the assumed basic processes 

(production, investmen-t, labour rce growth), but it would 

clearly be a complex expression indeed to describe capital or 

output growth in a single formula. This situation is familiar 

to the economist: although he cannot know the details of the 

very complex relations governing growth and uti:ization of 

resources, in a real economy, he can hope to observe general 

patterns vvhich can be interpreted. Supply Jl10del 3 enables you 

to follow the same sort of procedure. 
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SUPPLY MODEL 4: 

Solow's Growth Model 

1. The 

basic ideas for Solow's famous growth model 

have already introduced in the previous discussion, 

you can see hmv straightforward they are in concept, even 

though the d computations are messy. The advantage 

a simulation program is that you can explore the basic as 

of a model without getting bogged down in burdensome 

computation, that is certainly the case here. 

For this model it is assumed that at each instant 

full utilization of all available capital and labour Is. 

As in Supply Models 2 and 3, the level of output is t~()£S) ~tt 
completely (through a production function) by the Q..:. t<:iYG' 
availab supply of resources. Of these resources, some are 

used for production of consumption goods designed to used ~~ 
{)l

inunediately, and the remainder are devo-ted to production of 

capital equipment to be used itself in future production 

activity. In the Solow model it is assumed that one can 

describe flow of output in the form of capital equipment 

as a constant fraction of total potential output. Thus 

accumulation of capiJcal stocks is described by an equa-tion 

which s at each instant a specified fraction of output 

is saved added to the existing stock to be used in 1 
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production. 

The growth of the labour force described by the 

same kind of simple ,equation as in Supply Model 3 , that 

continuing growth and a constant proportional rate. 

Thus, from given starting values for stocks of 

labour and capital, output is determined. And when output is 

determined the flow of output saved and added to the stock of 

capital goods is determined, so that the subsequent stock of 

capital can be calculated. The additions to the labour force 

are known, so that the subsequent labour force can also be 

calculated. Thus the model bootstraps itself along from 

period to period, generating own future from the specified 

starting position and the prescribed laws of accumulation. 

(The key assumption in the whole story is that I 

resources are fully employed at each instant. The advanced 

student may recognize that, for this assumption to be valid, it 

is necessary that wages and rental rates be sufficiently flexible, 

and that owners of capital equipment be prepared to purchase all 

output saved and diverted from consumption. It is the possible 

failure of both these conditions at gives rise to "Keynes " 

theories of aggregate economics, and leads to the Demand Models 

we shall study later. For now we suppose that full employment 

does prevail over the longer run described by grolflth models, and 

then the Solow' model provides one description of the process of 

economic growth and development.) 
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SUPPLY MODEL 5: 

Thurow's Growth Model 

1. The Model 

Sustained economic growth makes possible rising family 

incomes, improved provision for the poor, aged, and the 

handicapped, and a generally rising quality of life. It therefore 

ranks high in the goals of almost any government. Sustained 

economic growth, hmvever, is impossible without growth in the 

size or quality of labour force and in the quantity and 

efficiency of the stock of machines and structures available for 

use in production. In studying problems of eco~0hlic growth, and 

in evaluating policies for growth, it is natural that economists 

should focus attention on factors affecting the labour force and 

the capital stock. 

The present program carries out a simulation of the 

supply side of a simplified economy - that is, it traces the 

growth of the labour force, estimates the increased efficiency 

due to more highly educated labour, projects the decline in 

number of man-hours worked per year as the work vleek shortens 

and holidays increase in number, and arrives at an estimate of 

hmv much labour could be available for production. Similarly 

the program ·craces the poten-tial growth of capital services F 

taking account of the effect of technological improvements, by 

estimating desired investment expenditures of rms. 'l"his in 
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turn depends strongly on profits tax, depreciation 

allowan~es, and other similar issues. Hence the model attempts 

to project a fairly complete statement of sources and uses of 

funds in the corporate sector. 

This growth model only a portion of a more complete 

policy planning model developed by Professor Lester Thurow of 

MIT. His complete model the growth model described 

, a demand model similar to those set out in the next 

section, and an income trans mechanism distributing 

revenue from production back to spending units which determine 

the expenditure plans which ~n turn become the demand and 

revenue flows to production of the next period. 

Even though Supply Model 5 is only a portion of th 

model, it is of interest because it illustrates well 

kinds of extensions necessary to turn our illustrative 

tical models into practi planning tools. 

approach and structure of the 1 are identical to the two 

previous models we have studied; to make the model su ciently 

s c, however, several complica"tions have to be taken in-to 

account. The equations describ g the accumulation of equipment 

and structures are kept separate, and are modified to into 

account fact that technologi progress makes new equipment 

more productive than existing equipmenti the equations cribing 

the investment decision of the firm are modified to the 

importance of the corporation IS Qi.vn funds (as compared to funds 
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borrowed on bond markets or raised by issuing shares); the funds 

available to the corporation in turn are seen to depend upon 

depreciation allowances and corporate taxesi the production 

function itself includes terms reflecting general increases in 

productivity; and finally, the growth of labour inputs is seen to 

depend upon changes in hours worked per year (and upon measures 

increasing labour productivity) as well as on participation 

rates and population growth. 

The detailed model structure set out in the next 

session is probably too complex to be fully understood by the 

average beginning student (or the average government official 

charged with responsibilities in economic affairs). But it is 

important that you see the general approach of the model, and 

recognize that the underlying ideas are same as in the 

simpler models we have already studied extensively. So the 

intuition that you have developed in analyzing the behaviour of 

the earlier models wi help you in comprehending this more 

complex structure. 

As in all our Supply Models, the basic relationship 

is the representation of production possibili s by a 

production function showing the output potentially attainable 

with specified inputs of capital and labour services. This 

calculation is set out in the equation block marked V in the 

next section. 

Because of technical progress, however, one wishes to 

measure capi-tal and labour inputs in efficiency units I where more 
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modern equipment and more sk labour are assigned greater 

weight. The equation block labe I describes growth of 

labour in ef ciency units; this growth depends upon population 

grO\v~h, man-hours, and a rising productivity index. The 

equation block labelled IV describes the growth of the capital 

stock measured efficiency i this growth seen to 

depend upon stment expenditures, described equation block 

III. Expenditures on equipment and structures are partly 

determined, turn, by the internal funds of the corporation 

described in equation block II. Blocks II, III, IV, and V must 

be solved as a non-linear simultaneous systemi that is 

done, the phys al stocks of capital, trend terms, and 

productivity indexes in block VI can be easily computed and up­

dated for the culations of the next period. 

So you see, even though the detailed structure of 

the model is complex, its general approach is ady familiar 

to us, By introducing some s parameters we can convey the 

effect of altering depreciation allowances, corporate tax 

rates, or the cipation rate (in this model, the fraction 

of the total population employed in the private sector), and 

we can also tigate the t of adopting a different 

target rate of unemployment. 
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2. Detailed Model Structure 

= P (1.013) ::: 194.6Pt t - l P1963 


ENP ::: (100. -UNEM)/100. 
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IFC (CPCDAt - CPTFDt)/DEFl (IFC = 72.3t 
::: 

t 1963 

-2.79 + .0194'Y + 32.153'IFC _ l /K _ + .5146·IS
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 r KE = KE • (l--D) + IE 326.2t t-l KE1963 '" 

= KS • (l-D) + IS = 373.4KS t t-l KS 1963 

K KE t + KS 699.6t t K1963 

TPRODt +l = TPRODt + 1. TPROD = 38.
1964 

TMHt+l = T.t-11f t + 1. TMH 21.1964 

T57 :;::; T57 + 1. :;::; 10.t +l t T57 1964 

YIELDlt + l 

YIELDI't + l 

YLDDE t +l 

YLDDSt +l 

DFGNP t+l 

DEFI
t+l 

YIELDl ' (1.01)t 
:;::; YIELDI t · (1. 04) 

:;::; YLDDE t' (1. 04) 


YLDDS ' (1. 04)
t 

= DFGNP t' (1. 03) 

DEFl ' (1.03)t 

YIELDl 1964 = 1.4451 

YIELDI 4.26811964 

YLDDE1964 = 2.8834 

:;::;YLDDS 1.31591964 

DFGNP 1.113
1964 

1.102DEFI 1964 

3. Running the Model 

The underlined parameters (UNEH, PRAT, DEPR, and CTAX) 

are taken to be the only instruments lable in this model. You 

may set these instruments at des values at beginning of 

a run, and there the program tabulates the essential 

features of path of potential output (the output that could 

be achieved if the rate of unemploymen·t is always 

zed) . 

CTAX and DEPR are initially set at unity. Changing 

the first has the ef of scaling the historically observed 



- 39 ­

corporate tax ~ate by new value of CTAX, while changing the 

second has the effect of scaling up historically observed 

depreciation allowances by the new value of DEPR. (Setting 

both to a value of 2, for example, would have the effect of 

doubling both the corporate tax rate and the level of depreciation 

allowances) . 

The effect of changing participation rates can be 

explored by altering the parameter PRAT. Although the rate of labour 

participation is not usually considered an instrument of policy, 

it be interesting to explore what would the effect on 

potential output of changing work habits - more women in the 

labour force, people staying in school longer, c: similar trends. 

Finally, the notion of potential output entails some 

notion of full utilization of the labour force. If one's 

standard of what constitutes full utilization ters, one's 

on of potential attainable output ters as well. The 

ef can be analyzed by changing the target unemployment rate 

UNEM. 
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Comments to the Demand l\10de 

A basic contribution the modern analysis of national 

income determination is the observation that various economic 

agents establish their spending dec ions independently. As a 

result, unless there are smoothly working markets reconciling 

the expenditure decisions of different agents, there is no 

guarantee that the economy vlill be operating at a level that 

makes full use of available resources of equipment and man­

power. It thus becomes a problem to calculate the equilibrium 

level of national income - that is, to determine the level of 

national income at which all de sion-makers are spending 

exactly as much as thsy i")lanned to do and desire to do in light 

of the income or revenue they receive. 

It should be easy to see why this determination is 

important. vJe imagine each economic decision-maker as looking 

ahead a little and, in effect, setting his budget on desired 

expenditure. If, as each agent attempts to carry out his 

expenditure plans, it turns out that the total of desired 

spending is different from the prevailing level of output, then 

the of output will tend to change. Only when the level of 

output exactly matches the total of desired spending by all 

sectors can we say that we have found a sustainable equilibrium 

level of national income and output. 

A simp model which illustrates the working of the 

system worthwhile. s model imagines that production plans 
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can always be set so as to match the spending plans of consumers 

and firms. Thus, towards the end of one time period - call it a 

year - consumers look ahead a little to estimate their income 

in th,e coming year, and then decide (in the light of their 

estimate of income) how much they should plan to spend on 

consumption in the coming year. Similarly, firms look ahead to 

forecast their needs for equipment, and then decide upon their 

investment expenditures. If we look only at these two classes 

of expenditure, the sum of these decisions cons tutes the total 

demand for goods to be produced in the coming year. We assume 

that firms can forecast this total demand quite accurately, and 

can therefore set production plans so as to yield an output equal 

to desired total expenditure. Thus effective demand in the 

coming period determines the rate of planned and realized output 

in the period. 

The question is, is this realized output rate equal 

to what households and firms estimated it would be? If not, they 

will likely revise their expenditure plans, and income levels 

will change again. Do you see that income will changing in 

this way until it reaches the level expected by firms and 

households, and then need not change further? We call such a 

sustainable level of income an equilibrium level and 'we then 

s to termine that equilibrium level of income on the basis 

of some theory about the way consumption and investment decisions 

are made. We wan.t to know what level of income could be maintained 
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from period to period in the light of individual spending plans, 

so that we can estimate whether that equilibriwn level of 

income is adequate to provide for full utilization of available 

resources of manpower and equipment. 

Do you see, then, that our motive in going through this 

exercise may be an implicit goal of full utilization - a full 

employment target? The reasoning is that a well-functioning 

economy should not allow resources to lie idle, factories to be 

shut, or men to be unable to find jobs. Given this implicit 

target, we break the analysis into two steps: 

i) 	 determine what equilibrium level of incGme 

results from given expenditure decisions (this 

is a problem in economic analysis - the 

determination of national income); 

ii) 	 determine means to influence some expenditure 

decisions so as to make total demand 

consistent with full utilization of resources 

(this is a problem in economic policy) . 

The first step is thus to calculate the equilibrium 

level of national income on the basis of expenditure decisions. 

Extensive discussion of this analysis may be found in many 

standard texts - for example, Lipsey and Steiner, pp. 

Samuelson, pp. * 

* 
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The following models illustrate several features of 

the analysis of national i.ncome based so lyon expenditure 

deci.sions. The general approach is to observe that (by 

definItion) aggregate demand is the sum of desired expenditure 

on final goods and services by all agents in the domestic 

economy (or demanding goods and services from the domestic 

economy). Classifying all demands as coming either from the 

household sector (consumption demand), the business sector 

(investment demand), the government sector (government demand 

for goods and services), or rest-o the-world sector 

(external demand), one may express the finition of aggregate 

demand as 

d d d dwhere Ct , It, Gt , and X represent consumption demand, investmentt 

demand, government demand, and external demand, respectively, and 

M~ represents that portion of domestic demand which is directed 

toward foreign suppliers rather than domestic producers. Y~ thus 

represents the total demand for final goods and services to be 

provided by domestic producers. 

Producers, of course, do not know total demand before­

hand, and actual output may be different from that sired by 

buyers. However, it may be expected that producers attempt to 

forecast their expected market, and to adjust the output 

toward that expected level. 
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In order to concentrate on the effects of expenditure 

decisions, we ignore possible lages in adjusting output, assuming 

instead that producers are invariably successful in forecasting 

demand, so that actual output is always equal to aggregate 

demand in each period.* Then we may take actual output to be the 

sum of desired expenditures, and our task of explaining the 

determination of actual output reduces to that of explaining the 

components of aggregate demand. 

The first model, as mentioned above, concentrates on 

the system in which governme~t and foreign demands are ignored, 

as are imports of goods and services, and inves~ment decisions 

are taken as exogenous to the model. In the second model a more 

sensible representation of investment decisions is introduced. 

The third model is concerned with the consequences of the 

government's participation in the economy as a purchaser of goods 

and services (with expenditures financed by tax levies), and as 

the agency controlling interest rates which in tUrn affect 

* with only minor extension of our models, it is possible to 
analyze the behaviour of a system in which the adjustment of 
output to actual demand may be slow, so that we write 

Y t = Y t -1 + A~~ - Y t - J 
where 0 < A ~ 1. This relationship signifies that actual 
output this period begins from the base level given by actual 
output last period, and adjusts up or down according to 
whether demand this period exceeds that base level or falls 
short of it. For values of A close to unity, actual output 
responds very quickly to changes in desired output, while for 
values of A close to zero, the adjustment process is sluggish. 
However, for simplicity in this present series of models we 
assume A = 1. 
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investment expenditures. The fourth and fifth models return 

for a more detailed examination of the effects of tax policy, 

recognizing that tax revenues depend upon output levels (and 

hence upon individual decisions) as well as upon government 

decisions. The sixth model adds relationships describing the 

foreign sector (exports and imports) to the model. Finally, 

the last model takes account of the role of the money market 

in determining rates of interest, and thus completes the 

specification of a standard income determination model including 

monetary considerations. 

This set of models there provides examples to 

illustrate a number of concepts important in elementary (and not 

so elementary) national income analysis. By building progress­

ively from the simplest structure, it illustrates the essential 

uni of the separate exercises, but at the same time provides 

(through the simulation s·tructure) the opportunity to deal 

with several effects simultaneously. 

The key analytical features are few: 

I} a definition of aggregate demand: 

yd 
t = Cd 

t 
+ rd 

t 
+ Gd 

t 
+ (Xd 

t - Md) 
t 

2) a thesis as to determination of actual output in 

light of aggregate demand: 

y = + Afyd
tIL t - y ]

t-l 
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3) a behavioural sis as to formation of expectations 
~ 

,Yt ::: f (Yt - l , 2 ' ••• , Y )t-n 

4) behavioural ses as to the determination of each 

expenditure component (and tax revenues), each to be 

reduced ultimately to a dependence only on present or 

past levels of income, or interest rates. 

The model thus reduces to a set of difference 

equations (or ultimately one difference equation involving output 

and its lagged ) I which can be analy to explain 

growth and fluctuations in national income. following models 

illustrate particular s which have been of lasting concern 

national income is. 
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DEMAND MODEL 1: 

The Investment Multiplier 

i. The Model 

Let us begin our analysis of national income 

determination by investigating a simplified model which 

with only two components of national income and expenditure, 

namely, the decisions of households (in the aggregate) to 

spend for consumption, and the decisions of firms (in total) to 

spend to acquire new capital equipment. In studying this 

model we ignore any questions arising from foreign trade or 

from government expenditure and taxation. Let ~s denote 

consumption expenditure of households by the letter C, and the 

investment expenditure of firms by the tter I. 

The main feature of economic li which the economist 

attempts to capture in this kind of model that firms and 

households have different motives for spending, and the 

resources they have to spend are also fferent. It is argued 

that household spending on consumption is strongly influenced 

by the income of household, and thus, in the aggregate, by 

national income, whi the investment of firms tends to less 

influenced by levels of income and more influenced by o"ther 

considerations (outside this present model). Under these 

circuTIlstances, the level of investment expenditure can seen 

to be a rather cruci determinant of the level of income. 
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The reasoning is that the actual level of income 

and output must changing until it reaches an equilibrium 

level where the planned consumption of households and the 

planned investment of firms just exactly balances the prevailing 

l-evel of income. investment decision is taken as 

determined independently, while consumption expenditures and 

income levels adjust until they are mutually consistent, it 

makes sense to consider that the prescribed level of investment 

determines the associated equilibrium level of income. The 

present task is to analyze the association in more detail. 

Clearly exact nature of the association depends 

upon the precise way that consumption decisions depend upon 

income. An equation attempting to describe the determination 

of planned consumption expenditures is known as a consumption 

function; ""ith di consumption functions there will be 

different reI tween the level of investment and the 

associated of income. 

Let us , for example, that firms decide upon a 

fixed level of investment they wish to maintain. Independently 

of this decision, households decide upon the desired 

consumption expenditure as a linear function of their 

income, taking their observed aggregate income last as their 

best guess as to the income level they may expect in the current 

year. 

computer program calls for you to with 

such a model by trying different consumption functions and 
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different levels of investment expenditure, and observing the 

process of adjustment of income to an equilibrium level where 

both households and firms are realizing the planned 

expenditure, and income does not change. By repeated trials, 

the relationship between parameters of the consumption function 

and the effect changes in investment will become clear. 

2. Equation Structure: 

=: CA + Bl.Y consumption functionCt t 

= investment functionIt 

Y Ct + national expenditure identity:;::: Itt 
:;::: expectations hypothesisYt Yt - l 

Parameters, standard initial values, and units: 

CA = 8. autonomous consumption (billions $) 

Bl = .7 marginal propensity to consume (out of 
income) (fraction) 

= 8. autonomous investment (billion $) 

Restrictions: 

CA + IA > 0 

(autonomous expenditure must be positive) 

Instrument: IA 

Res-trictions: 


IIA - I > 0; CA + IA > 0 


v-lhere IA is new level of investment. 
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These equations express the assumptions that 

1)-_ planned consumption expenditure is determined by 

the level of income expected; 

2) planned investment expenditure constant, 

independent of income (a control variable); 

3) desired expenditure {aggregate demand} consists of 

only two components! desired consumption and desired 

investment, and actual income and output always 

equals desired expenditure; 

4) the expected level of income is estimated as equal to 

the observed income of the last period. 

We also take the time periods to be one calenda.::::' .i'ear in length. 

3. Running -the programs 

In this model there are three structural parameters ­

CA2 (the level of autonomous consumption expenditure), Bl (the 

marginal propensity to consmue) and IA {the level investment 

expenditure - of which the last is treated for the moment as an 

instrument of economic policy, controlled by the central 

government. The model assigns initial values to these parameters, 

and the first question program s is whether you wish to 

change any of these values. If not, the program computes the 

initial equilibrium level national income, and its composition 

between investment and consumption expenditures, and tabulates 

the result in a standard accounting form. The program asks 

whether, in light of this table, the initial values appear 
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satisfactory; if not, the program accepts new values from the 

console. 

Assuming that acceptable initial values are established, 

the program then observes that the level of investment expenditure 

might under some circumstances be influenced by economic policy, 

and might therefore be considered an instrument through which 

national income is altered. program invites you to study 

the effects of a change in investment by altering the value 

assigned to the instrument IA. As a result of the postulated 

change the investment expenditure, nat~'nal income is altered, 

and consumers are no longer in equilibrium at the new level of 

income. The efforts ~o adjust consumption expenditures in 

response to the change lead to a sequence of successive 

adjustments, which the program follows step-by-s If this 

adjustment process approaches a new equilibrium configuration, 

the program computes and tabulates that also. Comparing the 

new equilibrium with the old, one thus has an impression of the 

effect of the change in investment expenditures. 

Economists frequently wish to summar~ze results 

of such calculations, and they do so by calculating a multiplier 

- the equilibrium multiplier for national income on investment 

expenditure. This multiplier is computed as the ratio of the 

change in investment - that is, as Y (new) - (old) For a 
IA(new) - IA(old) 

linear model (and only for a I model) this multiplier is a 

pure number independent of initial and terminal values for any of 



the variables. 

As an exercise, you could run the model several times 

with different changes in the instrument lA, verifying that for 

any prescribed value Bl, the multiplier can always be estimated 

directly as l/(l-Bl). 

As you can see from the attached printout, running this 

model is very straightforward. Having called the program 

"DEMAND" as instructed by your cturer or tutor, you will find 

that the teletype prints a preliminary identification and then 

asks which expenditure model you wish to use. You respond by 

typi~g 1, and the program prints the parameter values for the 

stored model structure. This procedure is for your convenience: 

you need input values only for particular parameters in which 

you are interested. If these parameter values lead to a 

suitable initial equilibrium configuration, you may then 

proceed directly to study how a change in investment expenditure 

can lead to an amplified (or "multiplied") change in national 

income and consumption, and you can thus study how government 

expenditures on public investment, or government policies to 

encourage private investment, may be used as a tool to stimulate 

(or restrain) the economy_ Indeed, as above, you may wish to 

surronarize this relationship in a so-called "equilibrium 

multiplier" (for income on investment) given by the ratio of 

the induced change in income to the imposed change in investment 

expenditures. 
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4. Suggested Exercises 

Before going to the teletype to run the model, you 

may wish to prepare some experiments designed to help you 

estimate answers to questions such as the following: 

1. Does the value of the multiplier depend upon the size 

of the change in the policy variable I? Does the 

resulting equilibrium income? 

2. Does the value of the multiplier depend upon the 

value of the marginal propensity to consume, B? (You 

could, for example, run several trials with different 

values of B, plot the resulting multipliers against 

the value of B, and attempt to fit a simple curve to 

the resulting points.) Does the resulting 

equilibrium income? Can you describe how? 

3. Does the value of the multiplier depend upon the value 

selected for CA? 

4. Does the mUltiplier depend upon the initial equilibrium 

taken as a starting point? 

The actual use of the model in attempting to answer 

such questions is indicated by the comments and instructions 

entered on the sample output which follows. 
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DEMAND MODEL 2: 


1. The Model 

The standard investment multiplier analysis set out in 

Demand Hodel 1 points up the importance of stment decisions, 

and the magnified impact of these decisions upon national 

income. But as a model of economic policy it is somewhat 

limited; it would apply more appropriately to economies - Eastern 

Europe, the Soviet Union, India - where there is some state 

control of industrial investment decisions. But in a mixed 

economy such as U.S. or Canada, investment decisions 

are not centrally controlled. Instead these sions, and hence 

overall level of investment, reflect a balancing of private 

costs and benefits by individual managers. Demand Model 2 

augments the analysis of Demand Model 1 in order to take account 

of this feature. 

In Demand Model 2, in other words, investment 

expenditure cannot be considered directly an instrument of 

of economic policy. This not to say that investment 

decisions cannot be influenced by economic policy - there is 

some central control of interest rates, which may be supposed to 

influence business investment decisions - but only that the 

strength of this central economic policy will depend on the 

extent to vlhich it can transmitted through ivate decisions. 
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Control over interest rates is accomplished through a 

variety of techniques grouped under the general heading of 

monetary policy. We shall look into some aspects of these 

techniques later on (see Demand Model 7), but for now we may 

assume that central economic agencies have the power to establish 

the level of interest rates entering the investment decisions 

of firms. Since, in their investment decisions, firms 

presumably take account of the interest rate as a measure of the 

cost to them of acquiring funds for equipment purchases (or of 

the cost to them of using their own funds for this purpose 

rather than for lending), we expect that at higher rates of 

interest firms may spend less on investment. The essential 

feature of Demand Model 2 therefore is that it reflects the 

impact of monetary policy operating through private investment 

decisions. 

Thus, the important question to investigate is how the 

power of monetary policy will depend upon properties of the 

investment function describing private investment decisions, or, 

in other words, how the multiplier for national income on 

interest rates may vary with the para.meters of the model (or with 

the interest rate itself). 

Notice that the only instrument of economic policy in 

this model is the rate of interest. Economic authorities 

cannot control household spending directly: households formulate 

-their own spending plans as described by the consump-tion function. 
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Nor can investment spending by firms be controlled directly: 

private "firms set their expenditure plans in the light of 

expected income levels and the prevailing rate of interest. Only 

by altering the rate of in·terest can the central government affect 

investment spending, and thus income levels. (Thus we see that 

the previous model is correct enough, but not complete since it 

leaves out the step linking investment expenditures to the 

interest rate.) 

This program therefore asks for a trial change in the 

rate of interest. It computes the national income statement for 

the new situation resulting immediately after the change in 

interest rate. You should verify that neither r~~useholds nor 

firms would find the new situation an equilibrium state, since 

their actual spending different from what they would plan to 

spend in light of the observed level of income. Both households 

and firms therefore attempt to adjust spending, and national 

income changes as a result. The program graphs this adjustment 

process, tabulating a final equilibrium income statement as well. 

Notice that it no longer makes sense to try to compute 

an investment multipl in this model, because investment 

cannot change all by itself in this model. Investment changes 

only if the interest rate or income changes. In fact, the only 

thing that can change independently in this model is the 

interest rate. It comes from outside, so to speak, and everything 

else follows it. Thus we could calculate a multiplier which shows 
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how much change, in income we would get for a prescribed change 

in the rate of interest. We can think of performing that 

experiment a number of times with our little simulation models 

to obtain an estimate of this multiplier, which we might call the 

multiplier for income of the rate of interest. 

If we do perform this experiment many times with the 

same consumption and investment functions, and different rates 

of interest, we will notice something that did not occur in 

Demand Modell: we will notice that in this model the multiplier 

not always the same. Even though both the consumption 

function and the investment function remain unchanged, the 

multiplier is different depending upon what in~2x2st rates we 

try.* Thus we cannot speak of IIthe ll multiplier in this model, 

because there are many possible values. Yet with a simulation 

model we can always estimate the multipliers for the cases which 

are relevant and of interest in studying economic policy. The 

Appendix to this section sets out a more detailed analysis of the 

properties of this model. 

* 	The reason for this is that the model is not completely linear; 
it has the interest rate multiplying the level of income in the 
investment function. You can check that Program AI, which has 
unique multipliers, is linear. 
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Equation Structure: 

Ct = CA + Bl'Yt consumption function 

It = (GAM - DEL- R) •Y investment functiont - l 

Y = C + national expenditure identityItt t ... 
Y expectations hypothesist = Yt - l 

parameters, standard initial values, and units: 

CA = 8. autonomous consumption (billions $/year) 

Bl .7 marginal propensity to consume out of income 
(fraction) 

GAM = .5 direct marginal propensity to invest 
(fraction) 

DEL = .05 non-linear propensity to i ,I1'lest as a 
proportion of interest rate • income 

(fraction - year) 

R = 7. interest rate (%/year) 

Restrictions: 

CA > 0 (autonomous expenditure must be positive) 

Instrument: 

Restrictions: 


IR - RI > 0 


Running Demand Model 2 

The attached printout shows that running Demand Model 2 

is very little different from using Demand Modell. As before, 
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the program indicates its stored initial values, and permits you 

to change them if you wish. Having tabulated the initial 

equilibrium, it then selects the available instruments or control 

variables - in this case only the interest rate - and indicates 

the current value for that variable. Having accepted your 

desired new value for this instrument, the program tabulates the 

immediate impact of a change from the old value to your new 

value, the resulting adjustment process set in motion by that 

change (if you wish to see it), and then the new equilibrium 

value associated with the new instrument value you selected. You 

may repeat this process with as many new values for the policy 

variable as you wish, holding the model struct~:c otherwise un­

changed, and then you may repeat the whole exercise with as many 

new model structures (obtained by changing some or all of the 

parameter values) as you wish. 

By running through this computation a few times with 

only the values for R changing, you may learn something of how the 

strength of monetary policy (as measured by the equilibrium 

multiplier) may vary with the prevailing level of interest rates. 

As well, by running with different selected values for the 

parameter DEL - which you can see measures the influence of 

interest rate changes on investment decisions - you can learn 

something of possible weaknesses of monetary policy as a tool for 

stimulating national income. Indeed one interesting exercise 

would be to plot, on a piece of graph paper, the values of the 
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multiplier obtained at various rates of interest, holding the 

parameter DEL fixed at some value. Plotting the multiplier on 

the vertical axis and the interest rate on the horizontal, you 

thus obtain a scatter of points through which you could fit a 

smooth curve. Repeating the process on the same piece of graph 

paper, but with other values for the parameter DEL, you finish 

up with several curves, each one corresponding to a single value 

for the parameter DEL. If you can then account for the shape 

of these curves and their relation to one another, you will 

have learned quite a lot about the way that monetary policy is 

supPJsed to work, at least in simple Keynesian models. 
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APPENDIX 5 


DEMAND MODELS 4 AND 5: GOVERNMENT TAX AND 

l. 	 The Model in General 

C = CA + Bl (y - T ) [5.1]
t t t 

IA B2'Y [5.2]It = + . t 

G = GA 	 [5.3]
t 

T = TA + (B4/l00) Y (N.B. B4 :: 0 in A4) [5.4]
t t 

Y = C + It + Gt 
[5.5]

t t 

Y = [5.6]
t Yt - l 

T :: T _ [5.7]
t t 1 

Model A3 was concerned with simple types of fiscal and monetary 

policy. In model AS we assume away monetary policy, but we a more 

reatistic content to fiscal policy by introducing taxes into the model. 

The point is that government expenditure is a useful and powerful instrument 

of,economic policy, but these expenditures must be financed in some way: 

issuing bonds, pri~ting new dollars,or collecting taxes, or any combination 

of these. 

since there was no tax revenue in model A3, we implicitly 

assumed that government expenditure was financed by issuing bonds, printing 

paper-money, or both; also, was the heroic assumption that these 

financing means have no effect whatsoever on the real sector of the economy 

described by our model. Model A4 is more realistic in allowing government 

to finance its with tax collections, although we still have to 
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assume that any deficit (expenditure. larger than tax revenue) is financed 

by bonds or new money, that surplus (tax revenue> expenditure) is disposed 

of by buying bonds or destroying money, and that these have no effect on 

our model. (You should realise, now, why the introduction of a money market 

. is important in any realistic macroeconomic policy model.) 

Notice that since we calculate the government surplus or 

deficit at anytime t as the difference between its level of expenditure 

(G ) and its tax revenue (T ), i.e.
t t
 

D = T - G [5.8]

t t t 

where D < a in case of a deficit and D > a for a surplus, G must includet t t 

all kinds of government expenditures on both capital formation and current 

purchases of goods and services. It just represents, therefore, private 

'investment expenditure. 

The consumption function (eq. [5.1]) is now slight1~ different 

from the one you are used to~ consumption at time t is still made up of an 

autonomous term CA, but is now a function of expected dispos~b~e income 

(expected income, y t' minu~ expected tax payments, 'J\ j, and the propensity to 

consume B1 must nO\'1be interpreted as the propensity to consume out of 

expected disposable income. You may expect 131 > B, i. e. the propensity to 

consume out of disposable income greater than the propensity to consume out 

of national income. Taxes are assumed to ,be the burden of final consumers 

only in this model, so that their level has no influence on firmst investment 

expenditures. 
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The investment function (eq~ [5.2) is also different. As 

in models A2 and A3, investment will usual,ly vary directly with the level 

of expected income: for a $1 increase in expected income, investment outlays 

will increase by B2 dollars, if they change at all (B2 ~ O)i investment is 

, related to the rate of interest, monetary policy being ignored in 

model A4. And like in model AI, investment has an autonomous component, 

i.e. even if Y = a or B2 = a, an amount of IA dollars will be spent .. in any case 
t 

on investment projects; here, however; IA cannot be used as a policy 

instrument like IA in model AI. 

While the level of government expenditure is assumed to be 

given by considerations outside this model"i.e. is exogeneously fixed at 

a certain level GA (cf. eg. [5.3]), the level of taxes is made of both an 

exogeneously given autonomous component TA and an endogeneous term (B4/l00) Y
t 

where (B4/l00) is an exogeneously given tax rate s?lY (8/100) = 8% (cL eg. [5.4)1. 

In' the program for .Demand .. Model 5,the. level of government expenditure,GAthe autonomot; 

component of tax revenue, TA, and the tax rate B4 are the three policy 

instruments of the model. (In :the for Demand Model 4, B4 = 0 and GA and 

only TA can be used as policy instruments. 

Expected income is equal to realized income of last period and 

the tax pa}~ent expected by consumers is the same as the actual tax pay­

ment of the previous period; these two s hypothesis are given 

by eq. [ 5 . 6) and [ 5 . 7] . eg. [5.5] is the usual flow equilibrium condition. 
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2. Comparative Statics and Dynamics of the Model in the General Case (AS) 

Substituting ego [5.3] into [5.5], [5.6] into [5.1] and [5.2], 

[5.7J and [5.4J into [5.1], we get a system of 3 equations in 3 endogeneous 

variables, C , It and Y :t t
 

C = CA + Bl [(1 - B4/100} TA] [5.9]
Yt - l · ­t 

IA + B2"Y [5.10]It t _l 

Y -- C + It + GA [ 5.11]
t t 

-where B4, T and GA are exogeneously fixed policy instruments. For a $1 

increment in national income of last year, consumption will increase by 

Bl(l - B4/l00) dollars and investment by B2 dollars this year; the total 

propensity t? spend out of national income is therefore S = [Bl(l - B4/100) 

+ B2], given a tax rate B4 

The dynamics of the model can be analysed with the difference 

equation of the system. Substituting eq. [5.9] and [5.10J into [5.11], 

we get: 

-
Y - S'Y

t
_ = CA + IA + GA - Bl.TA AE [5.12]

t l 

http:B2"Y[5.10


- - -

- -

-S­

the solution of which is 

+ (Y _ y) st [S.13] 
o 

if we start from any arbitrary initial level of income Yo' If we start from 

an_equilibrium situation E (Y, C, I, T, , TA, GA) and see what happens if 

either the tax rate is changed (bB4 = B4 - B4), or autonomous tax revenue 

is increased (bTA ~ - TA), or government expenditure is altered 
J 

- GA), or if any combination of these three policy changes is used, 

definiriing a new (final) equilibrium E(Y, C , I, T, , TA, , eq. [5.13] 

becomes 

[S.14] 

If B4, 5 is of course equal to s. Depending on the value of 8, the 

final equilibrium will be reached (stable) or not (unstable). Notice that, 

like in models A2 and A3, economic policy may change the dynamic properties 

of the systffin by altering the tax rate, thus changing the value of the 

stability factor from S to 5; now, however, it is fiscal policy instead of 

monetary policy that is bound to influence the' stability of the system. 

The initial equilibrium Yis fiound by setting Y - == Y = Y
t l t t 

in the system of equations [5.9] to [S.ll], and solving the new timeless 

system. 

C CA + Bl [(1 - B4/l00}Y - TA] [S .1Sa] 

I TA + B2.Y [S.lSb] 

Y C + I + GA [S.lSc] 

for Y = Y, C == C and Y = Y. given the initial values B4, TAand GA of our 

policy instruments. The solutions are: 
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- CA + IA + GA Bl·.TA AE [5.16]
Y :::: = -1 - 8 1-8 

- . 
C :::: 

-
1 8 

1-= + B2'AE [5.18] 
-

1 - 8 

Only if 5<1" is the initial equilibrium defined (8 ¥ 1) and meaningful 

(8 < 1). After a change in policy, a final equilibrium~E is defined (if 

:::: 
8 ::) 1), ....7here 

:= CA + IA + Bl' 'fA :::: AE [5.19]
Y .-­

1 
:= 
8 1-8 


and similarly for C and 
:= 
I. If only, say, the tax rate has been changed 

-(8 ¥ S), then GA ~ GA and := 'l'A. Depending on the value of 8 and S, 
...... :::;::

E and E will be defined or not and stable or not. 

The model can be represented graphically in the usual way. 

On Fig. 5.1, the investment function I [S.lSb] is plotted against national 

income Y, with a vertical intercept 

equal to IA and a slope of B2; the 

consumption function C has a vertical 

intercept equal to (CA - TA) and a 

slope Bl(l - B4/100)i the level of 

government expenditure is not dependent 

on the level of national income and is 

constant at GA. Adding vertically these 

three schedules, you the 

(C + I + GA)line (slope to S) 

showing aggregate demand as a function 

-= 4:.1------­

i. I------.~ 

I 

I -
-~----=+-I--- "t 

.----------~~-~-~~~-of Y. The intersection of this-curve V Y 
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-with the 45° line define an equilibrium E. If GA and/or TA and/or B4 is 

altered, the (C + I + GA) line shifts to (C + I + GA), defining a final 

equilibrium Ei a possible (C + I + GA) line is drawn on Fig. 5...1 for the 

sake illustration. Since 0 < S < 1 in this case, you can sho.,,; that E 

is stable and will be approached asymptotically following changes in 

policy instruments. 

-If you start from a meaningful E (S < 1) and if E is stable 

(-1 < S < 1), the following equilibrium multipliers are defined: the 

equilibrium_multiplier of i~come on government expenditure, 

y-y= ­ J=~G constant = [GA-GA 'rA, B4 constant 

1 
= -ClGA 1 S 

the multiplier of consumption on government expenditure 

[~~J TA, B4 constant~ 
-~ 

ClC 

ClGA 

Bl (1-134/100) i 

1 - S [5.21] 

the multiplier of investment on government expenditure 

EM1G == t~iJ TA, B4 
:= 

constant 

31 

ClGA 

B2 
=-­

1 - S 

[5.22] 

the multiplier of income on autonomous taxes 

EMYT tj ay
=: =:--= 

[l,TA Gl'., B4 constant ClTA 

the multiplier of consumption on autonomous taxes 

[~~J 
ClC = 

EMCT GA, B4 constant ClTA 

Bl 
-

1 - S 

Bl 
-1 - S 

[5.23] 

[5.24] 
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the multiplier of investment on autonomous taxes 

Bl.B2 
==EMIT [5.25][~~~J GA, B4 constant = :;A 1 _. S 

the multiplier of income on the tax rate 

[. J
~;4] GA, 

= Y - -Y 

"A constant= B4 B4 GA, IA constant 

.AE (Bl/lOO)= 
(1-B) (1-8) [5.261 

.(or in infinitesimal form) 

dY = AE(B2/l00) [5.27] 

dB4 (1 - 8)2 

the multiplier of consumption on the tax rate (EM ) and the multiplier
CB4 

of investment on the tax rate (EM ), - which you should derive as anIB4

.exercise. 

You notice that the multipliers on government expenditure and 

on autonomous taxes are unique, but that the multipliers on the tax rate 

(eg. are not: dy/aB4 is approximately equal to llY/llB4 only forEHyB4 ) 

very small changes in B4. The problem is similar to the one vie met with 

the multipliers on rate of interest in Demand Models 2 and 3. 

In both Demand Models 4 and 5, we assume B2 ~ 0, i.e. the level 

of inves.tment either changes directly with the. level of national income or 

does not change at all (It = IA). In Demand Model 4, B4 is always equal to 

zero, and only autonomous taxes TA exist; Demand Model 5 is more general, and we 

then allow for a tax rate B4~ No restriction is put on the value of , although 

it is obviously sensible to ass~me it non-negative. 
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(Notice that even in B4 < 0, tax collections may still be 

positive, provided TA is large enoughi negative tax collections T 
t 

could be though of as net transfer payments from government to indi­

viduals (e.g. welfare payments)). Total autonomous expenditure AE 

and autonomous investment IA are still assumed positive • 

.3., Demand Model 4 

Program A4 corresponds to our general model Ceq. [5.9J to 

[5.11]) with B4 = 0, Le. with only an autonomous component 'l'A for 

tax revenue. This is admittedly not very realistic: Parliament 

cannot legislate a change in tax revenue; it can only legislate change 

in tax rates without knowing what this will imply for tax collections 

(except by making economic analyses similar to what we are now doing). 

The model therefore becomes (Demand Model 4): 

Ct 
CA + Bl l 

- TA) [5.28a]"" (Yt ­

= IA + B2 Y [5.29a]

t-l 

Y C + I + GA 1.5.30a]
t t t 
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-The equilibrium values y,' C and I can be found by setting 

B4 0 in eq. [5.16], [5.17], [5.18] and [5.19]. Notice that a zero tax rate 

implies S = s = s = Bl + B2, and the stability factor S cannot be changed 

by eqonomic policy: 

-y AE [5.31] 

1 - S 

since we are left with only two policy instruments (GA, TA), only 

equilibrium multiplierson government expenditure and on autonomous taxes 

can be computed: these are by setting S = S (Bl + B2) in eq. 

[5.20] to [5.25]. Although much more straightfonvard, the comparative 

statics and dynamics of model A4 are basically the same as for the general 

case model AS. 

4. The Balanced Bud~~t Multiplier in Model A4 

When there is no tax rate, as in model A4, we can easily 

compute what is called a ~alanced budget multiplier: it indicates the 

-change in an endogeneous variable (C ~ C, I = I, Y y) brought about by 

a simultaneous $1 increase in both TA and GA. Three balanced-budget 

multipliers are defined in model A4: the balanced-budget multiplier on 

income (BBMy )' the ~alanced-budget multiplier on consumption (BBMC) and the 

balanced-budget multiplier on investment (BBM ).
I 

Balanced-budget multipliers can be either delayed or equilibrium 

multipliers, but we will only consider equilibrium BBMts here. The BBM y ' for 

example, is defined as 

[5.32] 




-11­

You should. real,ize that a balanced-budget multiplier does not necessarily 
I 

refer to a balanced budget! A balanced budget usually means G = Tt t 

and D = (T - G ) = 0, i.e. government deficit is nil, there is no surplust t t 

or deficit. A balanced-budget multiplier does not imply no surplus or 

deficit, but only ~eans that the deficit or surplus is kept constant from 

an initial equilibrium Eto a final one E: (TA - GA) = (TA - GA). A 

more proper name for the balanced-budget multiplier would be a "constant­

deficit multiplier". We shall" however, stick to the existing (and con­

fusing) terminology by talking of "balanced-budget" multiplier. We only 

consider the case of the balanced-budget equilibrium multiplier on 

income (BBMy) in the following discussion. 

Let's evaluate expression [5.32). In general (no "ce-mris 

paribus" assumption), 

-6Y y - y (GA - GA) -B1 (TA - TA) [5.33 )= -- "" 
6GA - GA (1 - S) (GA - GA) 

where, of course, S = B1 + B2; this result is derived simply by sub­

. ­
tracting Y from Y (cf eq. [5.31], [5.16] and [5.19) and dividing by 

- GA) Eq. [5.33] indicates the change in equilibrium income following 

a $1 change in government expenditure and any change in taxes (TA - TA); 

in this case, as we expected, 6Y/6GA is not unique, but depends on the 

magnitude of both (GA - GA) and - TA). If we taxes constant i.e. 

(TA - TA) := 0, then, of course, eq. [5.33] reduces to l/(1-S), which is the 

value of EM 3Y/3GA (taxes constant). Now, if taxes are increas~d (orYG 

decreased) by the same amount by which government expenditure is increased 

(or decreased), i.e. (GA - GA) = (TA - TA), expression [5.33) becomes 
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1 - Bl 1 - 131 [5.34 ]
== == 

nGA !J.TA 1 - S I-BI-132 

which is the value of BBMyl i.e.' the change in equilibrium income brought 

about by a $1 increase in both TA and GA. 

If investment is completely autonomous, i.e. B2 = 0 and 

It ,= IAI eq. [5.34] implies BBMy == 1: a change of both tax revenue and 

government expenditure by exactly the same amount (whatever the amount) will 

change the equilibrium level of income'by exactly the increase in 

government expenditure. In other words, B2 :::: 0 implies !J.Y=nGA when 

ATA= AGA. This is the famous so-called balanced-budget theorem in macro­

economics: an increase (or decrease) of taxes and government expenditure by 

the same amount, so as to keep the government surplus or deficit constant, 

,is not neutral, but vlill increase (decrease) national income by the amount 

of the increase (decrease) in expenditure; in case of an increase of taxes 

and expenditure, a !J.GA !J.TA may therefore be inflationary. 

It is important to observe, however, that if investment is 

sensitive to the level of income (B2 > 0), the balanced-budget multiplier 

on income will be greater than I, because a positive B2 reduces the 

denominator of (l-Bl)/(l-S) in eq. [5.34]. An increase (decrease) in both 

government expenditure and taxes by the same. amount will still be 

inflationary (deflationary), but by an amount now greater than AGA !J.TA. 

The balanced budget multiplier is only equal to one \'lhen investment is 

insensitive to the level of national income. 

This non-neutral character of a balanced increase of taxes and 

government expenditure is not intuitively immediately obvious: we would 
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expect it to bring no change in Y. But consider the phenomenon in the follow­

ing way. Suppose income is at an equilibrium level Y in 1970 and you 

increase Gil.. to (;A and TA to TA from 1971 on. National income will be 

Y+ (GA - GA) in 1971, because consumption will not have decreased yet 

(C = C = C), being a fUnction of expected income (Y Y = Y);197l 1970 197l ; 1970 

the -increase of government expenditure immediately adds its full amount to 

the flow of income, while the tax increase does not irrmediately begins to 

subtract anything from national income. In 1972, the tax increase appears 

in consumption: C CA + Bl (Y - TA), but is cancelled by the fact1972 	 1971 

that Y	 = Y + , i.e. C 1972 = CA + Bl - TA} ~ 197l 1970 {Y1970 C197l 

Tax increases take more time to influence the flow of income than a 

corresponding increase in government expenditure, and by following the 

~rocess of adjustment in 1973, 1974, ...• , you will observe that BBMy ~ 1. 

As any simple equilibrium multiplier, a balanced-budget 

mUltiplier is only defined if you specify a 6GA 6TA t 0 and if the final 

equilibrium Y is stable, i.e. -1 < S < 1. 

5. 	 Policy Targets in ,Demand Model 4 

Recall that, in general, two policy instruments enable you 

to 	hit two targets. As it was the case for model A3, however, two targets 

=* =* are incons1stent: instead of the combination {y , C }, it is now the 

:=*double target (y , that is in general impossible to hit. This is so 

because the investment function {eL eg. (5. ,i9b)} shows I as a function of 

Yonly (IA and B2 are· fixed parameters), so that no policy instrument 

can adjust in order that eq. (5.29b] be consistent "lith a given prescribed 

=* =* 	 =* =* -==* Y and I. The double targets (y , C. ) and , C.) could however be 

set and reac;hed by finding the appropriate values of TA and GA. 
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The program, anyway, just. allows you to set a target Y*, 

starting from any initial equilibrium Y := Y but you are able to aim1970 , 

at it with different policy instruments. Obviously, any target can be reached 

only if -1 < S < 1, i.e. if equilibrium is stable. 

=* First, you can use only goverrunent expenditure to reach Y • 

Recalling from eq. [5.20] and our discussion of section 3 that the equilibrium 

multiplier of income on government expenditure (EMyG ) is equal to l/{l-S) 

where S = B1 + B2, you can find the necessary change in government 

expenditure by solving for := - GA the following expression: 

. =* ­
Y Y [5.35 ]GA - GA 

Secondly, you can use only taxation to reach your target, 

keeping government expenditure constant at its initial level GA. Recalling 

that EMyT = -B2/(l-S), you find the required change in taxes as 

=* 
Y Y [5.36]TA .. TA := 

=* As a third way of reaching Y , you can make use of our discussion 

of the balanced-budget multiplier. In order to find the required equal 

change in both government expenditure and autonomous tax revenue, you calculate: 

=* - GA - GA Y - Y [5.37] 

If B2 =: 0, you knovl that BBMy 1, so that the required change in GA 

-* ­and TA will be equal to the required target change ~y = - Y. In the 

-* general case when B2 > 0, ~GA ~TA will be smaller than ~y , since 

BBMy > 1 in this case. 
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=* Finally, you can try to reach Y by changing both GA and TA, 

b~t by different amounts. Using two instruments to reach a single target, 

you will observe that there is an infinite number of feasible combinations 

-* 
(l1GA, l1TA) required to attain 'I . (In the balanced-budget case, GA and TA 

were changing together in such a way that l1GA = l1TA always; (CA - TA) is 

then constant and should be considered as only one instrument.) This can 

be seen by multiplying both sides of eq. [5.33] by - GA) and prescrib­

=* ing a target value of Y to 'Ii we get: 

=* - (GA - GA) - Bl (TA -TA) [5.·38]Y - Y == 

(1 - s) 


Expressed explicitly 	 in terms of the required [:,GA, eq. [5.38] yields: 

=* ­
=::: Y - Y 	 [5.38al
GA - GA == + Bl - TA) 

1 - S 

For any given change in the level of taxes (TA - TA), there exists a new 

-- =* change in government expenditure (GA - GA) consistent with Y ; an infinite 

number of combinations (l1GA, [:,TA) are therefore possible. 

By trying all these different policies to reach a certain 

income target, you will observe that although it is always technically 

=* possible to reach any Y , the distribution of national income between 

consumpt,ion, investment and government expendi,ture differs with the use 

of different economic policies. The level of consumption expenditure and 

of personal disposable income will be higher at , for example, when only 

a decrease in taxes has been used, than when only an increase of government 

expenditure has been chosen. When deciding which combination of tax and 
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expenditure policies should be implemented, policy makers should always 

keep this in mind. 

7. 	 Policy Targets in Model AS 

Three policy instruments are available in model AS, the ones 

of 	model A4 plus the tax rate B4. You .can check and should be able to 

=* =* =* explain why three targets Y , C and I are not feasible. (Hint: check 

=* =* from eq. [5.10] that Y and I will be inconsistent in general.) There is an 

infinite number of combinations (8GA, 8TA, 8B4) possible to hit a double 

target. 

==* The program asks you to specify your target Y , and allows 

you to use other expenditure policy only, manipulation of autonomous taxes 

only or manipulation of the tax rate only to reach it. The mUltipliers 

defined by eq. [5.20], [5.23] and [5.26] enable you to find the required 

policy change without having to go through a trial-and-error process. 

since EM 4 is not unique, however, finding the required involves 
. YB 

solving system [5.l5J or evaluating the complex expression given in App­

endix 3; experiments with the simulation program (using as a starting point 

the approximative value of EM 4 given by dY!dB4 ) may be very useful inYB .. 

this case. Notice that an alteration of the tax rate from B4 to B4 may 

change the stability properties of thE: equilibrium. 

=* You can also try to attain Y by any combination of the three 

available policies, but an infinite number of those cowbinations exist. 

=* You will observe once again that the composition of Y depends on what 

policies are used. 

LJlJ.~~ 

Ttr\uYtlo 
~V~Je;t.1D 
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DEMAND MODEL 6: 


1. The Model 

The primary lesson of Demand Model 6 involves import 

leakages and their impact on the multiplier process. The new 

feature of this model as compared with the five previous 

versions is the introduction of foreign trade and a concern for 

the balance of payments impacts of various policies. In order 

to focus discussion on questions of trade flows, we drop some 

of the detail in the previous investment equations: in particular, 

we drop discussion of the interest rate and its effect. In its 

place we introduce an equation describing expenditures by the 

domestic economy on imported goods and services, and 

'expenditures by the rest of the world on goods and services 

produced in the domestic economy for export. 

The export equation is very crude, but until price 


levels, inflation, and exchange rates are introduced into the 


discussion it is difficult to specify a satisfactory equation 


for export sales. For the present we suppose that the demand 


of foreigners for domestically produced goods can be described 


as a linear function of domestic output, in the following 


= XA + B3·YtXt 

(Setting the parameter B3 to zero then expresses the assumption 

that export sales are fixed at a constant level set from outside 

the model.) The export demand so estimated forms a part of the 



aggregate demand for domestically produced output. 

A more satisfactory equation can be estimated to 

describe the demand for imported goods. From input-output 

analyses, it is possible to compute import coefficients showing 

what fraction of each of the components of national expenditure 

is directed toward goods or services produced outside the 

country. The model permits you to specify these import 

propensities or import coefficients, one for each of the 

expenditure components (consumption, investment, government 

purchases, exports). The resulting demand for imported goods 

of course represents a reduction in demand for domestic output. 

The higher is the level of imports, the lower is ~ggregate 

demand. 

A key point here is that the level of demand for 

imports may depend not only on the level of aggregate output; 

but also upon its composition. When we introduce imports in 

this way, therefore, the impact on demand of a dollar spent by 

the government may be different from the impact of a dollar 

spent by consumers (simply because different fractions of the 

two dollars may flow orders to foreign suppliers). 

Once we have introduced foreign transactions, we 

raise the question of the general balance of trade, and possible 

deficits or surpluses in the balance of trade. The present 

model takes account of movements only in goods and services, and 

ignores capital flows and other movements in financial instruments. 



The program thus assumes that any deficit on the current 

account of the balance of payments has to be financed by move­

ments of official reserves - gold or dollars. When imports 

exceed exports, gold or dollars must flow out of the home 

country; when export earnings exceed payments for imports, gold 

or dollars flow into the home country and increase holdings of 

official reserves. 

Apart from these additional equations and tables 

describing foreign trade, Demand Model 6 is identical in 

structure and operation to Demand Models 4 and 5. 

2. Detailed Equation ~tructure 
.... 

Ct = CA Bl·D consumption function
Y 

= IA investment functionIt 

= GA government expenditure functionGt 

= XA export functionXt 

import function 

= Ct + It + .;. - national expenditure identityYt Gt Xt Mt 

= TA + B4·Y government tax functionTt t 

= disposable income expectationsDt Yt - l - Tt - l 

Parame"ters", standard initial values, and units: 

CA = 8. Autonomous consumption (billions $/year) 

Bl = .7 Marginal propensity to consume out of 
expected income (fraction) 


IA = 8. Autonomous investment (billions $/year) 




GA = 12. Autonomous government expenditure 
(billions $/year) 

XA = 2. Autonomous export expenditure demand 
(billions $/year) 

B3 = .07 Propensity to export out of last year's 
income (fraction) 

MA = O. Autonomous import expenditure 
(billions $/year) 

El = .1 Marginal propensity to import for consumption 

E2 = .3 Marginal propensity to import for investment 

E3 = .05 Marginal propensity to import for government 
expenditure 

E4 = .05 Marginal propensity to import for exports 

TA = 4. Autonomous government expenditure 
(billions $/year) 

B4 = .1 Government tax rate (fraction) 

Restrictions: 


El-El) (CA-Bl·TA) + (1-E2). + (1-E3)· + (1-E4) XA - MAJ > 0 


Instruments: 

Restrictions: 

[(I-El) (CA - Bl·TA) + (1-E2) +·(1-E3)· + (1-E4) oXA-MA] > 0 

IIA - + IGA - GAl > 0 

3. Running the Programs 

This program operates in the same fashion as the earlier 

Demand models. To focus on the multiplier process, and the effect 



of import leakages on the size of investment or government 

expenditure multipliers, the program treats these two expenditure 

components as the only available instruments. (You may still 

explore consequences of tax policy by varying parameters TA and 

B4 if you wish, however.) In addition to the usual table of 

gross national expenditure, the program prints a summary balance 

of payments statement as well. Thus you are able to observe 

some consequences of domestic fiscal policy upon the foreign 

balance, and you can thus see how some aspects of general 

balance of payments problems arise. 

The program permits you to alter either of these two 

fiscal instruments, fcl10ws the resulting adjustment process 

and graphs this if you wish, and computes certain relevant 

multipliers. You may attempt as many multiplier exercises, or as 

many runs with different instruments or parameter valves, as you 

wish. 
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DE~~ND MODEL 7: 

The previous models have added, step-by-step, 

detailed behavioural specification on other equations for 

consumption decisions, investment decisions, government 

expenditure and tax revenues, export and import decisions. 

The emphasis in the present model is upon a different issue ­

individuals' desires as to the cash balances they wish to hold, 

and the influence of these desires upon central control of 

interest rates. What the new part of this model attempts to 

explain is not an expenditure decision, but the determination 

of the interest rate. Whereas earlier it. was sim~ly assumed 

that the government could set the rate of interest as an 

instrument of economic policy, now it is recognized that 

interes~ rates are set through the trading of financial assets 

on money markets, and not by government decree, so that 

individual preferences will affect rates of interest, and may 

cushion their movements against the influence of economic 

policy-makers. 

The effect of this model is therefore to add a money 

market model to the structure already developed in the earlier 

Demand Models. This money market model consists of demand for 

money equation (an equation describing the size of cash 

balances desired to be held in the hands of the public), a 

supply of money (assumed to be set by a central monetary 



·." 


authority), and an assumption that the rate of interest adjusts 

to bring about balance between desired balances and the existing 

stock. 

The working of the model is therefore identical to that 

of the previous models, except that instead of the interest rate 

being taken as an instrument of economic policy, fixed at some 
. 

desired level, it is determined through the interplay of demand 

and supply conditions on markets where money trades, not for 

tangible goods or services, but for other financial assets. 

Within this market, for any given value of income, Y, 

it is assumed that only a single value of the interest rate, R, 

will bring about equality between money balances demand and money 

supplies available. The set of all pairs (Y, R) yielding such 

equality is conventionally called the "LM curve" set of (Y, R) 

pairs yielding equilibrium on the money market. 

At the same time, for any given interest rate, R, there 

is a unique value of income, Y, which brings about balance 

between current aggregate demand and past income and expenditure, 

and so yields equilibrium on the product market. You have already 

studied the set of all such pairs (Y, R) under the name of the 

IS curve. 

When we bring the equations for these two markets 

together, we see that there is, generally, only a single pair 

(Y, R) which brings about balance in both markets simultaneously. 

Thus, instead of being able (as in the previous models) to choose 



any arbitrary value of R and find the associated equilibrium . 

level of income, we now find that when monetary conditions are 

taken into account, the rate of interest is determined within 

the model, as a reflection of relative supplies of and demands 

for money, 

Equation Structure: 

(L - Linear version; NL - non~linear version) 

.... 
(NL) = A.Yt/(Rt - RMIN) 

real money demand "" (L) MDA + Al·Y - A2.RMoney t t 

Markets M~ = MS/PA real money supply 

MS = M? equilibrium condition 
t 1: 

"" .... 
= CA + Bl· (Yt - Tt) consumption functionCt 

.... 
(NL) It = (GAM - DEL.Rt)·Yt investment function

"" (L) It = IA + B2'Yt - B3'Rt 

G = GA/PA real government 
Goods t expenditure 

national expenditure 
identity 

Market 

real government tax' 
fUnction 



Parameters, standard initial Values, and units: 

A 1.5 } 
(constant) 

RMIN = 3. 

MDA = 34. autonomous real money demand (billions $) 

Al = .2 coefficient of transactions demand (years) 

A2 = 2.5 coefficient of speculative demand 
(billions $ - year) 


PA = 1. autonomous aggregate price index 

money $)


( real $ 

CA = 8. autonomous consumption (billions $/year) 

Bl = .7 marginal propensity to consume out of 
income (fraction) 


GAM = .5 direct marginal propensity to invest 

(fraction) 


DEL = .05 non-linear propensity to invest as a 

proportion of interest rate (fraction ­
year) 

IA = 8. autonomous investment (billions $/year) 

B2 = .1 marginal propensity to invest out of last 
year's income (fraction) 

B3 = .5 propensity to export out of last year's 
income (fraction) 

GA = 12. autonomous government expenditure 
(billions $!year) 

TA = 4. autonomous government taxes 
(billions $/year) 


B"if = .1 government tax rates (fraction) 


MS = 30. 




Restrictions: 

o < 	 GCA+IA+B3.MDA/A2)/PA+GA+B3.MS/A2-Bl.TA] 

Linear version: 


l-Bl{l-B4)-B2 I 0; A2 I 0; PA i 0 


Non-linear 	version: 


PA I 0, MS i 0, A I 0 


(PA·CA + GA - Bl.TA) > 0 


http:GCA+IA+B3.MDA/A2)/PA+GA+B3.MS/A2-Bl.TA
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THE LINK MODELS 


Introduction 

The three models in LINK bring together the discussion 

of potential supply (production decisions) illustrated in SUPPLY 

and the discussion of effective demand (expenditure and portfolio 

decisions) set out in DEMAND. Thus, we link the two halves of 

our earlier analysis, in a way which reminds one of the usual 

discussion of supply and demand in markets for a single 

consumption good. That is, we introduce the price of output, or 

the explicitly into the analysis cf potential 

supply and aggregate demand, and ask whether adjustments in 

this price level can serve to bring effective demand into 

balance with potential supply. In this way we complete our. 

explanation of how the level of output ~nd the level of resource 

.­
utilization are determined; in the process we arrive at an 

explanation of the overall price level, and hence at some 

understanding of possible processes of price inflation. 

To begin, we have to examine concept of the IIprice 

level ll briefly. Little difficulty attaches to the notion of 

the price of a particular commodity. But in macroeconomics 

we are, it will be recalled, talking about output as a measure 

of the flow of production of all final goods and services. The 

"price ll attached to this flow is a questionable concept. 



Essentially, the construction of a measure of the price level, 

or price to be attached to aggregate output, boils down to the 

selection of some bundle of specific commodities, and the 

creation of a weighted average price obtained by taking the 

price of each individual commodity, sealing by a fraction 

reflecting the importance of that commodity in the overall bundle 

of goods selected, and summing. The process of selecting the 

particular commodities, obtaining their prices, and establishing 

the weights to be attached to each, is fundamentally arbitrary; 

thus the resulting price index is also arbitrary; and its use­

fulness will depend on the purposes to which one puts it. 

This is not the place to pursue such issues in detail. 

The interested student may consult references on price indexes; 

here we want only to emphasize that the price level is an 

arbitrary construct, and deserves little of the mystical or 

religious fervor sometimes generates. In all the following, 

we shall discuss the behaviour of the price level in a simplified 

-
context where we will speak of "output" as if it consisted of a 

single commodity flow, and the "price level ll were simply the 

price quoted dollars) for that commodity. 

We begin by observing that all our earlier models of 

supply and demand depended upon the price level p as a parameter. 

Indeed, the final result of our supply models was an aggregate 

supply curve showing the output flow Q(P) that suppliers would 

be willing to produce under the given circumstances, as a 



function of the price p for the output good, while the results 

of our demand models could be summarized in an aggregate 

demand curve Y(p) showing the total final demand Y (measured in 

units of output per year) that all spending sectors taken 

together would generate at the quoted price p. It seems 

plausible that bringing these two curves together in a 

conventional way would show the output flow and price level at 

which the decisions of producers and customers are in balance. 

Then the resulting utilization rate is also determined by 

comparison of actual factor inputs with available factor 

supplies. 

As with the b3rlier models, one's analysis will depend 

in part upon the time-scale of interest. A convenient 

simplification for expository purposes, adopted in the 

following discussion of the LINK models, runs as follows. with 

given demand and supply curves, the only adjustment problem 

relates to the adjustment of the price level to (or towards) its 
, 

equilibrium value. We could imagine, therefore, a model based 

on a short time interval - say a "daytl- which took both demand 

and supply curves as fixed, and simply desc:r;ibed the process of 

price change as producers attempted to alter price quotations 

in response to observed discrepancies between demand and supply. 

Presumably the process of adjustment would involve cutting 

prices if supply were seen to exceed demand, and raising them 



if demand were to exceed supply; one could study many 

interesting features of various possible adjustment rules. Let 

us suppose, however, that the adjustment we adopt is such that 

over· the course of the "day" the price level converges to the 

equilibrium value which brings aggregate demand and supply into 

balance. 

Altering our time scale slightly, let us consider 

several "days" in succession. Each day the demand curve and 

the supply curve are both taken as fixed at the beginning of 

the day and unchanging throughout the day. Over the course of 

the day the price is adjusted until at the end it has been 

brought to its equilibrium level (for the given demand and 

supply curves). But you will recall that the demand curve 

itself depends upon the expectations of households or firms as 

to income prospects, and thus depends upon past values of 

income. Therefore the demand curve itself shifts as income 

adjusts during the course of the usual multiplier process we 
~ 

studied in the DEMAND models. Over several days - say over a 

"month" - these demand shifts might be significant. Thus if 

we wished to study the impact of the multiplier process upon 

output prices, we might find it convenient to construct a 

model, based on a monthly scale, in which the price is assumed 

to adjust instantly to its equilibrium value whenever the demand 

and supply curves are specified. (That is, in a model with a 



time scale bas~d upon a month, it may be acceptable to ignore 

the details of price fluctuations within anyone day.) The 

supply curve, however, can still be assumed unchanging. Then 

the adjustment process of interest is that of the (short-run) 

equilibrium price and output level as the various spending 

and re-spending decisions of the multiplier process work 

themselves out, with the demand curve shifting each period as 

a result. 

Finally, if one adopts a perspective based upon a 

still larger time unit - say a year - a somewhat different 

structure suggests itself. At the risk of too much 

simplification, it might be appropriate to assum8 that over 

twelve "months" the mUltiplier process has pretty well worked 

itself out, so that national income has settled down to its 

equilib~ium level, and the demand curve has therefore stopped 

shifting. Over the course of a year, however, growth of factor 

endowments may be significant, so that the aggregate supply 

curve may shift out. Thus a conceivable model on an annual 

scale might take price to be always at its equilibrium level 

(whenever the demand and supply curves are specified), and the 

demand curve to be the fully adjusted curve representing the 

equilibrium level of demand after the multiplier process is 

complete; then the adjustment process of interest is the effect 

of capacity growth upon equilibrium price and output levels. 



.. ~ 

Thus, in summary, there is a hierarchy of possible 

extreme models: 

1. 	 Daily model (price adjustment process): 

Supply curve: fixed and unchanging 

Demand curve: fixed and unchanging 

Price level: adjusted toward equilibrium as 
producers alter quotations. 

In the daily model, then, actual output may change in 

response to price changes as one moves up or down the 

fixed demand or supply curves, but the curves them­

selves do not shi 

2. Monthly model (multi..plier process): 

Supply curve: 	 fixed and unchanging 

Demand curve: 	 shifts in response to changing lagged 
values of income (that is, in response 
to changing income expectations). 

Price level: 	 assumed to be fully adjusted to bring 
the (changing) current demand into 
balance with the (fixed) aggregate 
supply. 

In the monthly model, therefore, output is always at a 

short-run equilibrium level because the price is assumed 

to adjust to the value that brings curr~ntdemand into 

balance with supply, but that equilibrium level itself 

changes as one 	moves up or down the supply curve in response 

to shifts in the demand curve. 



3. Annual model (growth of factor endowments) :. 
Supply curve: shifts each year due to growth (or 

decline) of available factors. 

Demand curve: assumed fully adjusted to an equilibrium 
curve 

Price level: assumed fUlly adjusted to equilibrium 
values. 

In the annual model, finally, output is always at a level 

which could be sustained if supply remained constant 

(because both price and demand are fully adjusted to a 

sustainable equilibrium), but the level of output (and hence 

price) shift over time because potential output changes. 

In fact, of c~urse, these models represent polar 

cases simplified for ease of exposition. Presumably the actual 

paths of income and price over time reflect a mix of all three 

processes (and others) going on at once. And it is relatively 

easy to model even such a mixed process with our simulation 

programs, although it is hard to analyze the resulting rather 

complex processes explicitly. 

What we do is compromise somewhat. We ignore the 

actual process of adjustment from a disequilibrium price to an 

equilibrium value that balances supply and demand; the details 

of this process are usually reserved for study at the level of 

the advanced theory of general equilibrium, and are not 

crucial for the usual issues in macroeconomics. 



,
.. 
Link Modell therefore represents a IImonthly" model, . 

in terms of the labels used above. It begins with a fixed 

supply, and with income and equilibrium. (Because of possible 

floors on money wages, there may of course be unemployment even 

in equilibrium as Supply Model 2 taught us.) In response to 

any imposed changes in policy, Link Modell follows the process 

of expenditure adjustments which result in shifting the demand 

curve, ultimately arriving at a sustainable equilibrium price 

and output level when expenditure adjustments have worked 

themselves out. (The model is actually a bit more complicated 

than this because the floor money wage may also get bid up after 

full employment is rea.~tled, but we need not bother with that 

issue here.) 

Link Model 2 takes the foregoing structure and imposes 

upon it a process of factor growth which shifts the aggregate 

supply curve. It therefore represents an "annual" model which 

retains some of the structure of expenditure adjustment • 
. 
Aggregate demand shifts as a result of.policies which alter 

income, and thus set a multiplier process in motion, but 

potential output also changes as factor endowments evolve. By 

trying different values for the policy parameters of this model, 

one can study how fiscal or monetary policy may have to be 

structured to ensure full employment of a growing labour force, 

for example. 
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One final issue requires study. Both models 1 and 2 

suppose that the "daily" process has in fact worked itself out, 

so that one always has short-run balance between demand and 

supp·ly. But in fact the dynamics of the situation may be much 

more complicated: the process of price adjustment proceeds 

along with adjustment of demand, and may not be complete each 

period. This means that generally the system may be off both 

curves - that the realized output and price combination not 

only may not be at the intersection points of the previous 

diagrams, but may not lie on either curve. Because this situation 

is one of continuing (though changing) disequilibrium, there 

are few guidelines to follow; specification of adjustment 

processes in disequilibrium is highly arbitrary. Nevertheless, 

in Link Model 3 we develop one approach consistent with much 

contemporary discussion of problems of the "tradeoff". 

Instead of requiring that demand and supply be brought into 

balance each period, we impose a type of "Phillips-curve", or 

"tradeoff function" which relates the rate of price inflation 

to the level of resource utilization - in particular, to the 

unemployment rate. Although a simple diagramatic story is no 

longer possible, the model may turn out to be more realistic, 

and we can still study its behaviour by use of our simulation 

programs. 

With these models, the linking of demand and supply 
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considerations to determine national income and the price level 

is complete. If one is prepared to assume that price adjustment 

is fast, Link Modell lays out the conventional analysis, and 

Link'Model 2 extends it to a situation of continuing growth in 

resources. If one believes that price adjustment is very 

imperfect, and that observed price and outp~t paths represent 

a moving disequilibrium, Link Model 3 lays out the analysis for 

one case in which the requirement of demand/supply equilibrium 

is replaced by a disequilibrium condition linking inflation 

rates to unemployment. In either case, output and price are 

determined each period, as was required in the problem we set 

for ourselves. 

with this last change, we take one more step away 

from specification of a model with equilibrium conditions 

derived from economic theory, and toward a descriptive dynamic 

model estimated from statistical observation. The structure 

of the analysis requires little change - beyond a disaggre­

gation and fleshing out of the various behavioural relations in 

our model - in order to make the transition.of full-blown 

econometric models such as the Brookings model, the Wharton 

model, or the MIT/FRB model in the U.S., and TRACE or RDX2 in 

Canada. But that is another story, which we cannot follow 

up here. 

The main emphasis of these Link models is on policy 

problems. In earlier models we worked hard to understand the 

http:transition.of
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supply side, the production decisions, and the way they may 

reflect,rigidities in labour markets as well as growth in 

underlying endowments of productive resources. We also worked 

'hard in studying how expenditure decisions are inter-related 

through the circular flow of income and the multiplier process. 

It is impossible to keep all these pieces in the head at one 

time without some computational help, but with such help, we 

are in a position to study the impact of economic policies in 

situations where all these individual relationships are at 

work simultaneously. So the Link Models display a rich 

variety of possible policy options, some automatic or built-in 

(endogenous), some prescribed from outside (ex0~~nous). The 

main pay-off to our long exercise in model-building lies in 

this opportunity we now have to tryout imaginative policies 

in various mixed and compensating combinations. Try some 

yourself - experiment with a mix of tight fiscal policy and 

easy money, or a tax cut coupled with a more active spending 

Eesponse to unemployment. You will find that explaining all 

the various outcomes requires a close understanding of how 

various economic variables are related through each of the 

markets and relationships of our models. And when you have 

seen enough to become impatient at the limitations of these 

models, or have become dubious about the theoretical validity 

or factual accuracy of the relations employed here, you'll 

be ready to tackle the various working econometric models in 



use in businesses, governments, and universities around the 

country_ Don't forget that they're all gross over-simplifications 

of a complex reality - but also don't forget that no one has 

ever· comprehended a complex system except by such simplifications. 

You are in a position now to assess for yourself the validity 

and use - and the limitations - of such techniques, and to 

apply them to the task of bringing about better performance in 

economic systems. 



LINK MODEL 1: 


Classical Price Level Adjustment 

1. The Model 

As noted in the Introduction of this section, the 

basic idea of this model is simply to link a model of aggregate 

demand (expenditure decisions) with a model of aggregate supply 

(production decisions) in a consistant fashion. The traditional 

linkage mechanism in economics is accomplished through a price 

variable. In Link Model 1 the formation of expenditure 

decisions is described by the model familiar to you from Demand 

Model 7; you will recall that, for any specified value of the 

aggregate price level, the model established a corresponding 

value of aggregate demand. The higher the price level selected, 

the lower the corresponding value for aggregate demand. 

Similarly, the formation of production decisions is described by 

the same model as was used in Supply Model 2; you will recall 

that this model established a level of aggregate supply 

corresponding to any specified price level. The higher this 

price level, the greater the aggregate supply generated by 

producers, up to a maximum set by capacity or potential output. 

The link between these two independent sets of 

decisions is accomplished very easily in Link Modell, simply 

by determining the price level which brings about balance 

between output demanded by spending units and output supplied 



.. by producing units. Comparing the new price so determined 

with the old price previously prevailing yields the rate of 

price inflation. If the new price is too low to coax out a 

level of production great enough to employ all available 

labour, then unemployment also results. 

Rates of unemployment and of price inflation are 

among the important indicators of aggregate economic 

performance. In order to achieve better performance in these 

directions, economic policy-makers may elect to alter 

government expenditure, tax rates, or the money supply. Link 

Model I permits you to specify any of these instruments in 

your attempt to arrive at more suitable policies (in the model 

world only!) 

2. 	 Detailed Model Structure 

Equation Structure: 

Demand 7 ­

Linear 

Version 

Md 
t 

= MDA + AI'Y 
t 

- A2'R 
t 

s
M 

t 
MS= / P 

t 

MS 

t = Md 
t 

= CA 	 + BI' (Yt - )Ct Tt 

It = IA + B2·Yt - B3 eRt 

Gt = / Pt 

Yt = Ct + It + Gt 

= TA / ·p + B4'YtTt t ... 
Yt = Yt - l 

T = T _t 	 t l 



= f(Y l , P , Pt - l )~Yt t _ t 

Qf CoKOAoLO(l-A)= t 


Wf 
 = P aQf/aLOSupply 1 
t t 

0 

t 
Ld = oh(Wt_l/P ) (see Supply 1)

t 

Qt = min /coKOA'Ld(l-A) , Qf /
t ­

- f 7= max /W , w ~ W = wo 
- t-l t - 0 

U = 100 0 (LO - min /~, LO/)/LOt - t ­

Parameters: 

(same as Demand 7 and Supply 2) 

Instruments: 

GA, TA, B4, MS 

Initial Restrictions: 

o < Wo o < A2 

o < C o < KO 

o < A 1 o < LO 

oBl (1 B4) + B2 - B3'Al/A2 = 1 5> "Total propensity to 

spend out of income is 1 - Please try againtl 

P = 0 or Y = 0 or f(P ) = g(P ) does not converge "Not t 

plausible initial equilibrium is defined - please try 

again" 



(Change Instruments): 

IGA - GAl + ITA I + IMS - I > 0 

.}?rogram Structure: 

:> Initial parameter values 

Initial equilibrium 

;> 	Change instruments 

Adjustment path (if it is defined) 

Final equilibrium " " II " 

Graph 	 " II " " 

3. Running the Program 

The program begins, as usual, by printing the initial 

values for the parameters of the model - specifying the labour 

supply function, the production function, the consumption function, 

lnvestment function, government expenditure function, tax function, 

money supply, money demand function, and resource endowments, 

respectively. By changing any of these initial values as· desired, 

you may alter the specification of anyone of these relationships. 

When the initial values of the parameters are all set, 

the program computes and prints the static equilibrium 

configuration corresponding to the model with those values. If 

this initial equilibrium appears unsatisfactory, you have the 



opportunity to.return to alter further parameter values. 

". When you are satisfied that the initial equilibrium 

is sensible, the program prints the initial values for the 

instrument variables - the policy variables assumed to be 

controlled by central economic policy decisions - and awaits 

input of some change in policy. 

The program then tabulates the dynamic response of 

key variables in the model to your policy change, permitting 

you to follow the adjustment process step-by-step. It also 

offers to plot a graph of the shift in demand or supply curves 

and the resulting adjustment path. Finally, the program 

prints the equations for the aggregate demand ~~2 supply 

functions, and tabulates the new equilibrium to which the 

model converges as the multiplier process dies out. 

In the table of the adjustment process, note that 

(as the program prints out) national income and its components 

are shown in current dollars not delfated by the price level. 

The rate of interest, the umenployment rate, and the rate of 

price inflation are all shown as percentages. On the graph of 

the adjustment process, the curve labelled SS is the aggregate 

supply curve (your work with Supply Model 2 will have explained 

why it is kinked), the curve labelled 11 is the initial 

demand curve, and that labelled 22 is the final demand curve. 

(The equations for these curves are also printed by the program 

under the graph.) The initial equilibrium point is labelled A, 



and successive points on the adjustment path are labelled B, . 

C, D, and so on. Where successive points are too close 

together to permit printing of separate letters, the program 

skips some letters and prints the last of the letters 

pertaining to those points. Thus when adjustment is very fast, 

successive letters will be far apart on the graph; when 

adjustment is very slow, the letters will be close together 

on the graph and many may be skipped altogether. 

This process may be repeated as many times as you 

wish, with further alternatives in instrument values or in 

parameter values, or both. 

4. Suggested Experiments 

The model permits you to explore various combinations 

of policies designed to achieve full employment of a growing 

labour force, with reasonable price stability. The range of 

experiments is large, and particular choices are up to you at 

this stage. 



LINK MODEL 2: 

Long Run Labour Force Growth and Capital Accumulation 

1. The Model 
. 

Link Model 2 is easy to describe because it is 

identical to Link Model 1 except in two respects. First, 

whereas in the previous model factor endowments were taken to 

be fixed, in the present model they are allowed to grow. This 

means that, as in Supply Models 3-5, we must have equations 

to describe how they grow. As in the supply models, the 

labour force growth equation describes a simple process of 

growth at a constant proportional rate (just li~~ a colony 

of bacteria, or a bank balance under the forced compound 

interest). Unlike the supply models, the present model 

already has investment decisions determined from the 

expenditure equations, so the growth of capital stocks requires 

no new equations. 

Second, the program permits much more elaborate 

specifications of economic policy moves accomplished through 

government expenditure decisions, tax changes, or the money supply. 

In the previous models, the emphasis was on understanding the 

behavioural structure, and the representation of possible 

policies was very simple: policy parameters or instruments 

could only be changed from one constant value to another. 

Now we allow a richer variety of changing policies. Any of 
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four distinct classes of policy can be specified, as follows: 

1. 	 A "pulse" ­

as the diagram P + DEL •-indicates, the P 

policy parameter is 1 2 3 4 time 

kept unchanged for 

the first two 

periods, changed by rhe amount "DEL" for the th'ird, and 

then reverts to the original level. This policy corresponds 

to a one-period change. 

2. A "step"- this 

policy generates P + DEL 

a permanent change P 

from the original time 

P to a new level 

P + DEL. It 

corresponds to a permanent move to a new plateau. 

3. 	 A II ramp " - this 

policy generates a • 
regular change " by 	an amount "DEL" •..~ DEL 

in 	the third and all P 

subsequent periods. 	 time 



4 • A"growth .track" ­

this policy 

generates a regular 

change at a 

constant proportional 

••
• 

e.-'} DEL.P 

rate in the third 
~----------------------~ 

and all subsequent periods. time 

Any of these four forms may be prescribed for any of 

the four instrument values assumed in these models to be 

available to policy-makers. Thus quite elaborate and complex 

combinations of expenditure, tax, and monetary policy can be 

studied. Complete "game plans" can be settled in advance, with 

detailed schedules of future changes~ rather than simply moves 

to different constant values for each instrument, this program 

permits expenditure, tax, and monetary instruments to vary over 

a 10 or 20-year horizon. 

In addition, the operations of automatic mechanisms 

such as welfare payments schemes or unemployment insurance 

plans bring about some automatic, non-discretionary, policy 

changes. Some people argue that economic policy generally 

should be less discretionary than it is, and recommend that 

this be accomplished by establishing rules for how government 

expenditure, for example, should be changed to respond to the 

current performance of the economy as measured by indicators 



such 	as the unemployment rate or the rate of price inflation • 
• 

The introduction of three additional policy parameters into Link 

Models 2 and 3 enables you to prescribe such automatic 

(endogenous) policy rules based upon target unemployment or 

inflation rates. The parameter Gl specifies how real government 

expenditure should alter if the rate of price inflation changes 

by one percentage point, G2 specifies how expenditure should 

alter if the unemployment rate changes by one percentage point, 

and G3 serves as a target rate of unemployment. By experimenting 

with these parameters you may see whether you can find some 

combination of automatic rules which keeps the performance of 

this model economy satisfactory. 

2. 	 Detailed Model Structure 

Equation Structure: 

Md = 	MDA + Al'Yt - A2.Rtt 


MS
Note 	­ = MS/Pt t 


Md S
No lags = M
t t 

except for 

endogenous = CA + Bl' (y - T ) Ct 	 t t 
government It = IA + B2·Y - B3·Rt 

policy G = 	GAt/P t + Gl.PIR + G2· (U - G3)t t _1 t - 1 

+Yt Ct It + Gt 

T TAt/Pt + B4 tt 	 'Yt 



., 


GAl = GA GAt 

TAl = TA TAt 
See Policy Description 

B4l = B4 B4t 


MS = MS MS
I t 

Qf 
t 

= C 0 Kt 
A

. L ( I-A) 

t 


t
W = Pt· aQ~/aLtt 

Ld = h(Wt _ l 
, P ) (NOTE Wt - l - Different time period)

t t
 

- A d

Qt = min /CoKt·L tel-A), Qf 7 

t-

fW
t 

= max Lf';\_l' W tJ; Wo = WO 

Ut = 100·Lt - min /td , LtJ)/Ltt
 

Yt Qt
= 

PIRt = 100' CPt - Pt-l)/Pt - l 

= (1 + GG)oLt i Ll = LOLt +l 

= (I - D) .Kt + It ., Kl = KOKt +l 

. Parameters: same as Link 1, plus ­
D = .1 

GG .02== 

Gl = o. Real government expenditure response to 
1% rate of price inflation 

G2 = O. Real government expenditure response to 
1% deviation unemployment rate from 
target 

G3 o. Target rate of unemployment (percent) 



o < WO 	 o < A2 

o < c 	 o < KO 

o < A < 1 	 o < LO 

Bl' (1 - B4 t ) + B2 - B3.Al/A2 t 0 

Yt > 0 
t = 0, 1, 2 

P t > 0 

Yt(Pt ) = Qt(Pt ) converges 

If not: 	 "No plausible adjustment path is defined. 

Please try different parameter values and/or 

policy specifications." 

Policy Specifications: 

Given DEL and XE: { GA, TA, B4, MS } 

1 - Pulse: X2=Xl~ X3=X +DEL; Xt=Xli t=4, ... , 20
l 

2 - Shift: X2=Xl ; Xt=Xl+DELi 3, ..., 20 

3 - Ramp: X2=Xli Xt=Xt_l+DELi T 3, .. . , 20 

4 - Growth: X2=Xl i Xt=X • (l+DEL); t 3, 20••• It _ l 

. Program Structure: 

r---"'" Initial parameter values 

Policy specification 

Initial equilibrium 
assume Gl=G2=G3=0 

First step of adjustment path 

~----(are they defined?} 

. Remainder of adjustment pathAI 



3. 	 Running the Program 

Again this program is straightforward to run. After 

printing the table of initial parameter values and accepting any 

-desired changes, the program awaits your specification for 

any of the four instruments. For each, you may select one 

of the four possible shapes discussed earlier, or, if you do 

nothing, the program will assume that the instrument remains 

unchanged at the initial value printed in the table of initial 

parameter values. As the attached printout shows, you 

specify your desired policy by selecting the number from 1 to 

4 corresponding to the desired shape, and specifying the 

desired increment or rate of growth in the ins~yument. When 

you have finished, the program tabulates the "game plan" 

that your policy specification entails over the whole time 

span of the model. 

Thereafter the program tabulates the adjustment 

process, and plots a graph of expenditure components. (In 

this graph, the curve labelled G corresponds to government 

expenditure, the curve labelled I corresponds to the sum 

of government expenditure and investment expenditure, and the 

curve labelled Y corresponds to the total of government 

spending, investment, and consumption, which is national 

income in this simple closed model.) 

As usual, the program permits you to repeat the 

computation as often as desired to explore alternative policies. 



4. 	 Suggested Experiments 

These models are designed for experimenting with the 

effects of various macroeconomic policies. There are too many 

experiments of possible interest for one to list them all. But 

the standard questions would start with issues such as the 

following: 

i) 	 Increase the money supply MS by 10% from its initial 

value. Explain the reasons for the resulting 

changes in interest rates, income, and unemployment, 

and for the shift in the demand curve shown by the 

program. 

ii) 	 Increase governi~ent expenditure GA by 10% from its 

initial value, and again explain the resulting 

adjustment. Compare the impact of this fiscal policy 

with the monetary policy in (i), and explain why the 

resulting patterns of adjustment might be different in 

the two cases. 

iii) 	 Observe that reducing the tax parameter TA and increasing 

the marginal tax rate parameter B4 has the effect of 

making the tax system more "progress.ive". (Why?) 

Study the effect of such a change on the macroeconomic 

variables of this model. Determine the size of off­

setting change in government expenditure required to 

compens for this tax change and restore unemployment 

and inflation performance to their original values. 



LINK MODEL 3 : 


The Tradeoff Function 


'1. The Model 

A great deal of discussion is heard about the nature 

of the tradeoff between unemployment and inflation. Link 

Model 3 enables you to explore some of the issues involved in 

the debate. 

The essential point is that the fast adjustment of 

prices to equilibrium levels that occurs in Link Models 1 and 2 

may not occur. Some level of prices gets determined each 

period, but it need not be a level consistent ~ith balance 

between output demanded and supplied. When demand exceeds 

supply, one might expect prices to move up quickly, and 

unemployment rates to be low, in an attempt to close the gap; 

but it need not be closed in a single period and, indeed, since 

other variables also are changing (as we saw in Link Models 1 and 

2), such a gap might persist for a long time. Similarly, when 

demand is low relative to supply, unemployment will be high, and 

prices may not rise, or may even fall. Thus one observes an 

association between low rates of unemployment and high rates 

of price inflation. This relationship is referred to as a 

tradeoff function, or frequently as a "Phillips curve" in honour 

of the economist Bill Phillips, who first discussed such an 



association observed between unemployment rates and rates of 

change 6f wage levels. (Since the link between rates of change 

of wages and rates of change of prices is frequently very 

tight, the two sorts of tradeoff functions are often discussed 

interchangeably.) 

Apart from the introduction of the tradeoff function, 

and the resulting elimination of the equilibrium condition on 

prices, Link Model 3 is identical to Link Model 2. Thus we 

finish our model construction exercise with an enlarged model 

which is not necessarily in equilibrium in any period, but which 

is formed from the same building blocks as earlier models we 

have studied. If you pursue work in macroeconoTIlics, you will 

find the same building blocks also appearing in the same way 

in much larger econometric models of the United States, Canada, 

the U.K., Japan, the Netherlands, and many other countries. 

Many theoretical refinements and empirical extensions remain 

to be added, but the basic relations we have looked at 

constitute the foundation. 

Equation Structure: 


= MDA + Al·Y - A2·R
~ t t 


MS 
 P= MStlt t 

Md = MS 


tt 



::::C CA + B1' (Y - T )t t t 


It = IA + B2 'Y - B3.R
t t 

Gt = GAt/Pt - G1.PIRt + G2· (Ut - 1 - G3) + G4. (Qt-1 - Yt~l) 

Y = + It +t Ct Gt 


T = TAt/Pt + B4'Y
t t 

::::GAl GA; GAt 

. TAl :::: TA; 
See policy specification 

=::. I341 B4; B4t 

1 
:::: 

t 
MS MSi MS 

·t (l-A)
:::: C.KA 

Qt t t 
:::: T3/ (PIR - T1) + T2Ut t 


Yt = (1 - Ut /100) ·Qt 


PIR :::: 100· (P - Pt - 1 )/Pt - 1 ; P1 :::: POt t 


(1 D) K + 
 ::::Kt+1 = t It; K1 KO 

= (L + GG) :::: LOLt+1 L1 

(Additional) Parameters (since Link 2): 

(Delete WO) 

G4 O. Real government expenditure response to:::: 

$1 bill excess.ofcapacity over demand 

PO = 1. Initial price level 

T1 = 

T2 :::: Parameters for hyperbolic Phillips curve 

T3 = 



Restrictions:. 

Same as Link 2 

Policy: 


Same as Link 2 


Program Structure: 


Same as Link 2 


3. Running the Program 

This program is run in the same way as Link Model 2, 

with the same range of policy options. The only additional 

feature is the introdu~tion of the parameter G4' which permits 

government expenditure to respond in an automatic way to 

disequilibrium between real effective demand and real aggregate 

supply, as well as to the rate of price inflation and the rate 

of unemployment. 

4. Suggested Experiments 

As in the previous model, the extent of possible 

experiments is limited only by your imagination. Although many 

aspects of policy problems are not taken into account in these 

models - notably problems of external trade and foreign exchange, 

or the whole range of issues associated with income distribution 

and transfer schemes - what remains should provide a challenge 

to your understanding of macroeconomic relations as well as an 

aid to analysis of conventional monetary and fiscal policies. 



APPENDIX I 

OPTIM 

3-D Optimization Model with Generalized, 

Quadratic Functions 

rfhe program solves the following NLP problem: 

3 B.G B. (I-G)]
max Q (XII X2 1 X3) == E A .. X' x'1J 1 J[i~l 	

liB 

j==l 
* 

3 
<subject to E p, X' Yi QI XI p, Y 

> 0-1 1i=l 

The prpgram can be run in any of three ways: 

1. 	 Solve (*) given one value of (y, PI' P2 , P3 ); output 

on teletype. 

2. 	 Solve (*) for 11 different values of one of (y, PI' P2' P3) 

e.g. if 2nd parameter is specified, 11 values of 

(Q, Xl' X2 , X3) are found as PI varies from .S to 1.S times 

its original value in uniform steps; output on teletype. 

3. 	 Solve (*) for N uniformly distributed observations of 

one of (y, PI' P2' P3) for values bet:ween LL (Lower Limit) 

and UL (Upper Limit)i includes ~ultiplicative error term, 

with standard deviation Sl for each of (y, PI' P2' P3) (81 > 

and multiplicative error term vIi th sJcandard deviation S2 

f or each 0_f (Xl' X2 , X3 , Q) (S2 -> 0 ) ; output to d"1sk 1D 

user specified file (name up to five alphanumeric characters 

- no .' • • DA.T I extension in name specified r but resulting file 



- .t. ­

'.~, 

will have I.DAT'j-i for N lines where an observation is a 

set of values for (Xl' X2' X3' Q, y, PI' P2' P3) in 'SP9.3' 

format. 

[Note that the last five program parameters (Sl, 82, N, LL, UL) 

are ignored in (I) and (2) above. The first fifteen program 

parameters refer exactly to the coefficients of (*)~] 

This program may therefore be used to illustrate the 

derivation of demand curves or Engel curves from the maximizing 

behaviour of the consumer, or the derivation of derived input 

demands or expansion paths from the cost minimizing behaviour 

of a producer. In addition, the data files generated (with 

errors added) from this computation may be used as input to a 

regression program to illustrate the accuracy'or sensitivity of 

various estimation procedures to errors in equations or in 

variables. 
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0.41.0 0.299 1 • I) (I 0 1 .4:;:::::: 1 • I) I) I) 1 .00 (I 
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Qt!. Linear Programming Model and 

.the Simplex 1-1ethod 
.. 

l. The Model: max PI Ql + P2 = TI subject toQ2 

> 
all Ql + -	 (1)a 12 Q2 Cl 

> 
a Q + a Q - C	 (2)21 l 22 2 2 

> 
a Q + a Q - C	 (3)31 l 32 2 3 

Q
l -

> 
C4 

(4 ) 

.> 
-	 (5)Q2 C5 

> 
With Ql' Q2 - 0 and Q3' ---, Q

7 

representing slack variables for constraints 

(l) - (5 ) 	 respectively. 

2. Program Structure: (see attached) 
.. 

r------? Display initial parameter values 

Parameter changes? 

Yes => type in changes 

Initial tableau? 
.' 

Yes => tableau printed 

Iteration 	process? 

Yes 9 sequence of tableaux 

resulting from successive pivot 

steps are printed 

Final tableau? 


Yes => it is printed 


Graph of feasible region 


Yes ~ it is printed 


Yes Another run 

No ~~ Stop 
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'" 
3 (a). Tableau Format: 

, , 'Q7 I I'Ql' 'Q2'.a b .. 
'Qil I Qil 

'Qi 2 ' Qi2 
i 

'Qi3' Qi3 

'Qi 4 
I Qi4 

'Qi S ' QiS 

, Z I n 	 c 

a 	 column af names of current basis columns 
~ 	 , 

b column of values of each of the Qi.
J 

c row of profits associated vli th each Qi 

(positive if positive) }n 	 the negative value of the criterion 

function 
... 

3 (b). Graph Format: 
A 	 4 

Q2 4 
_4_ - - .- 55 5 5 	 - I 

I 

L. 	 4 ;> Ql 

Constraints represented by appropriate numbers 

Level curve of criterion represented by , * I 

(opposite 

of 
Chiang & 
Bamflol ) 
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4. Suggestedexperiments 

By varying the parameters of the revenue function, the 

sensitivity of the optimal solution can be explored, and the' 

resulting path of outputs interpreted as a supply function. 

By varying the capacity constraints on fixed resource inputs, 

the sensitivity of the associated dual variable may be explored, 

and the results interpreted as similar to a demand for inputs 

(or marginal productivity) function. 

References: 
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APPENDIX 2 
"fJ 

SCHEMA PROGRAM OPERATION" 

Introduction 

SCHEMA is an interactive program for the simul­

taneous solution of both the primal and the dual of a linear 

programming (LP) problem. The algorithm is based on a paper 

by Balinski~. It is currently available on the Dataline 

system, Toronto (March 1972). The basic intention of the program 

is to provide a reasonably efficient method for solving small 

or medium size LP problems in the framework of highly flexible 

conversational program input and output. 

Tableau Notation 

The canonical form of LP problems is often represented 

as follows: 

Primal Dual 

maximize cx minimize y"b 

subject to Ax ~ b subject to y"A &c 
x = > 0 y => 0 

where A is a matrix with m rows and n columns; x is an n dimen­

sional column vector; c is an n dimensional row vector; and y and 

bare m dimensional column vectors. ( .. denotes transpose.) 

A more general representation of an LP problem can 

be expressed as follows: 

* Balinski, (see reference on p. 13) 
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t\ >{m~x~~ze or} cy subject to Aly - b l = -sl = 0 
mlnlmlze 

A2y - ::::: -s2 = 0b 2 
<

A3y - = -s3 ::::: 0b 3 

>and Yl = 0 
< . (P) = 0Y2 

unrestricted (free)Y3 

A :::::where y = IYll b ::::: Ibll s -- I-s 1 Al 

A2Y21 Ib 2\ s2 

s3 A3Y3J lb 3J 
and s is a vector of slack variables. 

Any LP probl~m in the form (P) can be converted to 

the canonical primal (or dual) form above by appropriate mani­

pulation. But SCHEMA will accept problems in the general form 

(P). It computes values for Y and s from A, band c as well as 

x and u, the dual variables and slacks, directly, by operating 

on the following tableau: 

{m~x}mln T 

1 

mMPML A -b 

NL 

NP 

c v 

\... n .1 
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A, band c are as indicated in (P). In addition, it is 

necessary to record 

1. 	 the .type of problem - max or min 

2. 	 the constraint types - this is done in MP 

where MP. 	 = for =10]. 	 1 ;, 
2 ~ 

3. 	 the variable types this is done in NP 

rwhere ;n for freeNP j non-negative 
non-positive 

4. 	 the location of the variables and slacks during and after 

pivoting ­

initially NL. = j (j=l, •.. ,n)
J 

and 	 ML. 
]. 

= n + i (i = l, ... ,m) 

5. 	 the value of (P), i.e. the current value of the objective 

function is in v = cy. 

Initially, v = 0. 

Note that the following labelling convention is used for the 

final output: 

Primal Variables - k=l, ••. ,nYk 


Primal Slacks - k = n+l, •.. ,n+m
Yk 


Dual Variables - k = l, ..• ,m
xk 


Dual Slacks - k = m+l, ..• ,m+n
xk 
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( START )~ INPUT 
 'MAX' OR 
_ ' "~/ 'HIN' ' 

N 

READ (8) 
FROH 
DISK 

'iil>'/'HESSAGE 	 ,,~DISPLAY? '-'­
~//~// 

IN 
SCHEMA - SUHMARY FLOWCHART 

(Numbers refer to paragraphs below) 
1--­

i DT1 i (2)1 	 ffil 
I'I 	 , 

I INDIVIDUAL ~i COLUHNS (-":--1 ROWS r 
\ ENTRIES I i I ! 

Y 


READ M,N, INPUTTTY Y TABLEAU
t BY ROWS 

Y 
-':.-' 

:,..(' 

~ 
f51: /' ALL "" SAVE~N

VARIABLE ~~ YIINNITIALIZED" 
ON DISK ~---------~lTYPES I 	 ? 


N 


NANOTHER STOP
RUN 

? SETUP 

(11 )(12)(13 )(14) 
FINAL PHASE 0PHASE 1PHASE 2

OUTPUT 

(7 )i 

SAVE ON 
DISK 

INPUT 
PRINT 
OPTION 

(3 )INPUT 
LIST OF 
VAR TYPES 

(6 )1 
DISPLAY 

" 
NCHANGES? 

SIZE 

(H OR N) 


(10) 
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Input structure 

In addition to short answer questions, the input 

block includes the following routines for adding to or modifying 

the tableau: 

1. 	 (Re)writing rows - A row, in the tableau format, represents 

either a constraint or the objective function (flC"). Since 

most of the information in the tableau is in rows, they are 

used as the basic unit of input. There are two types of 

rows, each precisely defined: 

(a) 	 a constraint row consists of the row number i 

(1 ~ i ~ m), the constraint type MP.E{O,1,2}, n real 
1 

numbers for the ith row of matrix Ai and one real 

number for the ith e~ement of If_b", thE:: negative of the 

right hand side coefficient - thus two integers and 

n + 1 real numbers 

(b) 	 the objective function row consists of the row number, 

which is always m + 1, followed by the n real numbers 

of the vector "c". 

2. 	 (Re)writing columns - A column, in the tableau format repre­

sents either A variable (Activity) or the right hand side 

(RHS) constraint coefficients. The information contained ln 

columns is "dual" to that of rows and they are similarly 

defined: 

(a) 	 a variable column consists of the variable number j 

(1 ~ j ~ n), the variable type NP.s{-1,1,2}, m real 
J 
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c. numbers for the jth column of A, and one real number 

for 	:the jth element of "c", the objective function 

coef cient - thus two integers and m + 1 real numbers 
: 

(b) 	 the constraint coefficient column consists of .the 

column number, which is always n + 1, followed by the 

m real numbers of the vector If_b". 

In fact, the same subroutine is used for (re)writing both 

rows 	 and columns, although only rows can be used for the 

initial teletype input. Subsequent modification or initia1­

ization may be by either row or column. 

3. 	 Variable types - Aside from m, n, and max or min, the only 

other information required after row input 1S the list of 

variable types, the vector NP. These data are simply 

entered as a list of n integers, each of which must be -1, 1, 

or 2. This routine is used for initial teletype input and 

can be used for subsequent modification. 

4. 	 Changing size - Once a tableau has been input, its size can 

be changed (within the limits of the program - see programming 

appendix). If the new values of m and/or n are greater than 

the original values, the tableau is expanded by moving the 

"c" row down and/or the "-bl! column to the right. A message 

will be printed reminding the user to initialize the newly 

created rows and columns by appropriate (re)writing. If the 

new values are less, the user is asked to enter a list of the 
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correct number of row or column numbers for those rows or 

columns to be deleted. The "c" row (m + 1) and the "-btl 

column (n + 1) can not be deleted. 

5. 	 Individual entries - The user can make changes in any 

element of A, b, c, l1P, and NP as well as max or min. There 

are four subsections: 

(a) 	 To make changes in A, b, or c, the "coefficients", a 

three-tuple is entered for each change: 

( 	 '] 

a .. i, j, NEW a .. 
J.J 	 J.J 

< . 	 < 1 < . < )c. m+l,j, NEW c. (1 -	 J. - m & - J - n 
J J 

-b. i,n+l, NEW -b.
J. 	 J. 

(Changes to am+l,n+l = v are ignored since setup. 
initializes v to zero.) 

(b) 	 To make changes in MP, a pair of integers is entered 

for each change: 

< 	 < ..
MP. 	 - i, NEW MP. ( 1 - i - m & NEW MP. E { 0 ,1 , 2 } ) 

J. J. 	 J. 

(c) 	 To make changes in NP, a pair of integers is entered 

for each change: 

NP. - j, NEW NP. (1 ~ j ~ n & NEW NP.£{-1,1,2})
J J 	 J 

(d) 	 max can be changed to min, and vice-versa. 

There are four main types of input requested from the user 

at the teletype by SCHEMA: 

(a) 	 'Yes' or 'No' 
(b) 	 a single integer number 
(c) 	 a string of numbers 
(d) 	 the name of a file on disk 
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Cases a. and b. generally involve a question ending in a 


question mark (?) or a request for information ending in a 


colon (:). 


Case c. follows a request for inputting a string of numbers, 


and occurs in 1. through 5. above. At the beginning of the 


request, a double colon (::) is printed at the left margin. 


Numbers can then be typed separated by blanks or commas. 


A list of numbers can also be separated by carriage returns. 


If SCHEMA expects more numbers, after a carriage return, to 


complete the list, a colon asterisk (:*) is printed at the 


left margin. Note, lists in 4. and 5. above must go on only 


one line. If an ~l::'Jitrary number lists is expected 


(1., 2. and 5. above), inputting is terminated by typing the 


word 'DONE' immediately after a double colon. Multiple 


adjacent blanks are treated as one blank. Two adjacent commas 


are equivalent to two commas with a zero inbetween them. 


Real numbers do not need decimal points, but integers must 


not have decimal points. No plus (+) signs are allowed. 


Case d. arises if a disk file is to be read or written. A 


proper !llename has no more than five characters, the first 


of which must be alphabetic. (See - Dataline routines IFILE 


and OFILE.) 


There are three other main sections in the input block: 
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6. 	 Display - The user may request either that the entire 

tableau be printed or that individual rows and columns, 

requested one at a time, be printed. The tableau format 

does not, at this stage, include ML, NL and v, as does the 

final and intermediate tableau output. A value of -9 in 

NP or MP indicates that the corresponding row or column has 

not yet been initialized. Individual rows and columns are 

displayed using the same format as rows when the entire 

display is requested. Row m + 1 displays both the objective 

function and the variable types, while column n + 1 will 

display both the RHS constraint coefficientg and the con­

straint types. Typing -1 terminates requests for row or 

column displays. 
": 

7. 	 Disk output - Once the tableau has been properly initialized, 

and before computation begins, it is possible to save it in 

a disk file. Note that the process of computing the solution 

destroys the initial tableau. The format of the tableau on 

disk is as follows: 

1. 	 'MAX' or 'MIN' n m (A3,2I) 

2. 	 Objective function row - n coefficients; ten per line 

(except last line)i free format - (lOF). 

3. 	 Variable types - n integers; ten per line (except last 

line); each either -1,1 or 2; free format - (lOI). 

4. 	 Constraints - m rows: each row consisting of one integer 

followed by n + 1 coefficients; ten numbers per line 

(except last line); free format - (I,9P) for first line 

of row, (lOP) for remaining lines of row; integer at 
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'. beginning of row is constraint type (j1P) and must be 

0, 1, or 2. 

8. 	 Dis,k input - If a file has been created by SCHEMA or has 

the format indicated above, it can be input directly. Thus, 

a tableau can be initialized and saved, the solution computed, 

and the tableau re-initialized from disk and then modified 

for subsequent runs. The file must be in the user's disk area. 

Note - The suffix '.DATI is appended to the file name 

entered when saving a tableau; it should be ignored when 

naming the file for input. 

9. 	 There are three p~l~t options available for the computation 

and final output phase: 

Q) = final values of primal and dual variables and slacks 

only 

0:= CD and the final tableau and one line of information 

for each pivot step 

® =- @ and the complete tableau at each pivot step. 

computation and Final Output 

10. 	 Setup - The tableau coming from the input block may require 

changes before the algorithm can be applied. 

(a) 	 If this is a MAX problem, row m + 1 ("C") is, multiplied 

by minus one. 

(b) 	 If any constraint is of type 2 (~), that row is multi ­

plied by minus one. 
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(c) 	 If any variable is non-positive (type 2), its column 

is multiplied by minus one 

(d) 	 ML and NL are initialized; v is set to zero. 

11. 	 Phase 0 - The tableau may have free variables and/or equality 

constraints. If so, pivoting is necessary so that free 

variables become non-binding constraints and equality con­

straints (zero slacks) become zero variables. Thus, free 

variables will always be in the basis of the solution 

(see 	Balinski, p. 43). 

12. 	 Phase 1 - If theRHS column (originally "-b") is not non-

positive, the tabl~au is not (yet) row feasible. Either 
$ 

pivoting is required or optimization of a sub-SCHEMA. 

(Thus, Phase 2 can be called before Phase 1 is completed.) 

13. 	 Phase 2 - the RHS column is now non-positive. To get an 

optimum, the objective row (originally IIC
Il 

) must be non­

negative. 

Note - Phase 1 and Phase 2 look only at those rows and columns 

associated with primal variables and slacks of type 1 and 2; 

free and zero variables and slacks are ignored. 

14. 	 Final Output - The following rules are used to assign final 

values to y and x from the optimized tableau: (recall page 3) 
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i 

f· 	 Let k = ML~ :: i :: m) and t = NL. (1 :: j :: n)
J 

(a) 	 1 S k :: n - A variable is in the basis 


IF MP. d-l,l} 
ri J.
Y = 

k b. IF MP = 2 
J. k 

0xk+m :: 

V 
(b) n + 1 S k S n + m - A slack variable in the basis 

IF MP. = 1 
Y = J. 

J. 

k -b. IF MP. = 2
J. J. 

x - 0k-n = 

(Note - MP. is never 0 since equality constraints have 
J. 

non-zero shadow prices (xk ~ 0» -n 

(c) 1 S t :: n - A varianle not in the basis 

Yt:: 0 

IF NP. = 1X,Q,+m j J=1C 
-c. IF NP. = 2 

J J 

(Note - NP i is never -1 since free variables are always 

in the basis) 

(d) n + 1 :: ,Q, :: n + m - A slack variable not in the basis 

y,Q, - 0 

x,Q, . IF NP.€{O,l}-n j J= C1
-c. IF NP. = 2 

J J 

Note that SCHEMA does not detect degeneracy. 
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PROGRAMMING APPENDIX 

The standard maximum size problem the SCHEMA can 

accept is sixteen rows and twenty columns. These maximum size 

limits can be altered by altering the main calling program, 

recompiling, and loading. 

To use SCHE~1A without changing the maximum size, the 

following instruction is used: 

.RUN 	 DSK SCHEMA[157,lO] 

You 	will need to know the password to run the program. 

To alter the maximum size, the following procedure 

is used: .. 

1. 	 Alter the main calling program, SMAIN[157,lO] 

2. 	 Compile the altered version 

3. 	 Load the necessary relocatable files into core - using LOAD 

instead of EX allows you to create your own save version of 

the altered program: 

.LOAD YOURMAIN.REL,CODE.REL[157,lO] ,SSUBl.REL[157,lO] ,SSUB2.REL[157.l0] 

4. 	 Create a SAVed version of the program for possible later use: 

.SAVE DSK SCHEMA 

5. 	 Begin execution by typing ST (for STart). 

http:SSUB2.REL[157.l0
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A listing of the main program will reveal comment 

cards explaining the method of changing the maximum size. There 

are three lines that must be changed in a consistent manner ­

the dimension statement for arrays A, ML, ~W, NL, and NP, and 

the assignment statements for the variables MMAX and NMAX. 

The three statements are generally correct if they can be 

represented: 

DIMENSION A(m,n) ,ML(m),MP(m),NL(n) ,NP(n) 

MMAX = (m-l) 

NMAX = (n-l) 

with m + n ~ 101. the size is any larger, some of the I2 

formats will not be sufficient for the three-digit numbers being 
.. 

printed. ) 

M.e. Wolfson 
April 1972 


