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Abstract 

Due to the expansion and retreat of the large ice sheets that covered most of Canada and parts 

of the northern United States during the Last Glacial Maximum (LGM), the surface of North America 

presently exhibits vertical and horizontal crustal motion due to glacial isostatic adjustment (GIA). The 

purpose of this study was to explore the effects that Earth rheology parameters have on this crustal 

motion and to find a model that best fits the observations. The Earth is assumed to be spherically 

symmetric, and this thesis explores the effects of varying the Earth-model parameters and the general 

limitations of the laterally homogeneous approximation.  

The GIA models used in this study are randomly generated from a wide range of Earth 

rheological parameters for a 3-layered mantle viscosity model with the spherically symmetric 

Preliminary Reference Earth Model (PREM) for continuous density and elastic parameters. The surface 

loading model is ICE6G_C. A new Earth response calculation method dubbed the hybrid method is 

presented to calculate as much of the normal mode response as possible while still being accurate and 

robust. The crustal motion predictions of the randomly generated GIA models were compared to the 

observed MIDAS velocity fields for selected Global Navigation Satellite System (GNSS) sites across North 

America. The goodness-of-fit was assessed through a Root-Mean-Square (RMS) calculation of the 

residual velocities. 

Three types of best models were produced: one for minimizing the vertical crustal response 

residuals, one for the horizontal crustal response, and one for the combined vertical and horizontal 

response. The horizontal and combined response exhibited two optimal viscosity profile ranges that 

produced small residuals, with the global optimum transitioning between these two optimal ranges 

between 100 and 120 km thick lithospheres, while the vertical response’s optimal viscosity profile range 

was relatively consistent across all tested lithosphere thicknesses. The optimal viscosity profile for the 
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vertical response was close to other previously published viscosity profiles like VM5a and VM7, and it 

was most similar to VM1. The horizontal and combined response viscosity profile before the 100 – 120 

km transition was also similar to VM1, but after the transition the viscosity profile shifted substantially, 

with the parts of the viscosity profile changing by more than an order of magnitude.  

The best vertical response was for a lithospheric thickness of 100 km. The horizontal and 

combined responses did not show a well-defined minimum until the viscosity profiles across the 100 – 

120 km transition were extrapolated before and after the transition. With this extrapolation, both the 

horizontal and combined showed a minimum RMS residual at 100 km akin to the vertical response. 

Using 100 km thickness as the best model for all responses, the RMS of the residuals were 1.012 and 

0.684 mm/yr for the vertical and horizontal response respectively and 1.303 (vertical) and 0.791 

(horizontal) mm/yr for the combined response. For the null hypothesis (no GIA model), the RMS values 

of the observations were 3.244 and 1.321 mm/yr for the vertical and horizontal responses, respectively.  

The vertical and horizontal crustal motions of the best combined response model are more 

similar to the crustal motions of the best horizontal response model than to the crustal motions of the 

best vertical response model, suggesting that the combined model favours the horizontal constraints 

over the vertical constraints. Despite the extensive search through Earth rheology, the residuals of the 

best models are still relatively large. This indicates the potential limitation of the spherically symmetric 

approximation and the need to incorporate lateral heterogeneity to produce an improved fit to the 

observations.  It may also indicate that other processes, such as surface hydrological change, contribute 

significantly to the GNSS-observed crustal motion signal and would need to be considered in a future 

joint analysis.   
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Chapter 1: Introduction 

1.1 Overview 

Glacial Isostatic Adjustment (GIA) is the response of the Earth to the surface loading and 

unloading caused by fluctuations in the size of ice masses like ice sheets, ice caps, ice fields, and alpine 

glaciers (Dietrich et al., 2010; Elliott et al., 2010; Richter et al., 2016 DeGrandpre and Freymueller, 2019).  

The growth of the ice mass induces a large weight on the Earth’s surface which causes isostatic 

depression due to the dispersion of the more viscous mantle. When the ice melts, the weight causing 

that depression is removed which allows the Earth to rebound back to its original position. Movement 

from GIA takes a considerable amount of time, so much so that many parts of the Earth’s surface that 

were covered with ice during the Last Glacial Maximum (LGM) are currently experiencing crustal motion 

(Peltier, 1986; James and Ivins, 1998; Simon et al., 2016). This crustal motion and internal mantle flow 

affects a number of different geological and geophysical phenomena like gravitational changes 

(Lombard et al., 2007; Cazenave et al., 2009), sea-level changes (Coulson et al., 2021), induced 

earthquake activity (Steffen et al 2014; Ojo et al., 2021), and other local phenomena like the tilting of 

the Great Lakes (Koohzare et al., 2008; Lewis et al., 2021). These phenomena have significant impacts 

across a wide range of geophysical disciplines, making understanding and modeling GIA induced crustal 

motions extremely important. Isostatic displacement and rebound are functions of both the weight of 

the surface load and the rheology of the Earth. In order to predict GIA, one needs to model the changing 

surface load and the Earth’s response to that change.  
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1.2 Earth Response 

1.2.1 Incompressible Half Space 

Starting with the Earth response model, if we first assume that the Earth rheology can be 

expressed as a semi-infinite Newtonian viscous fluid half-space within 1D, following Turcotte and 

Schubert (2002), an equation for determining the Earth mantle response to the removal of an ice load 

can be expressed as equation 1.1 

𝑤 = 𝑤𝑚𝑒−𝑡 𝜏𝑟⁄ , (1.1) 

where 𝑤 is the surface displacement, 𝑤𝑚 is the initial displacement at 𝑡 = 0, 𝑡 is time, and 𝜏𝑟 is the 

characteristic time for the exponential relaxation. 𝜏𝑟 is given by equation 1.2 

𝜏𝑟 =
4𝜋µ

𝜌𝑔𝜆
, (1.2) 

where 𝜆 is the wavelength of the load, 𝜌 is the density of the mantle, 𝑔 is the gravitational acceleration, 

and µ is the mantle viscosity. 𝜏𝑟 is a function that represents the time it takes for the surface 

displacement to relax back into the initial displacement. The mantle viscosity and the relaxation time 

have a linear relation, and as such the mantle viscosity has an inverse effect on the decay rate of the 

surface displacement. An increase/decrease in mantle viscosity will cause the decay rate to 

increase/decrease, taking more/less time for the surface displacement to relax into its original position. 

In contrast, the wavelength has a linear relation to the decay rate and as such has the exact opposite 

effect that the mantle viscosity does on the decay rate. This set of equations, though an approximation, 

shows that calculating displacement is dependent on information about the Earth rheology. 

To show an example of these equations in practice, one can use relative sea level (RSL) data. RSL 

is a measurement of sea level relative to a land-based reference frame, in contrast to eustatic sea level 
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change that represents the global change in sea level by volume of water in the ocean. Today RSL is 

measured by tide gauges situated on the coasts. Vertical land motion is measured by Global Navigation 

Satellite Systems (GNSS) sites. The relative sea-level measured by tide gauges is a combination of the 

local sea surface height change and vertical crustal motion. Radiocarbon-dated organic material 

collected over a range of elevations from sites having a defined relationship with past sea levels provide 

a relative sea-level history over hundreds or thousands of years (Peltier, 2004).  

 

Figure 1.1: a) Relative sea-level (RSL) data from southeastern Hudson Bay and the predicted sea-level 
change for ICE-4G with the VM1 and VM2 viscosity profiles (Peltier, 2004). b) Three RSL curves at a set of 
locations near the Cascadia subduction zone (James et al., 2009); locations are shown in Figure 1.2. 
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Figure 1.2: Location map for the RSL curves shown in Figure 1.1 b). Figure 1 of James et al., 2009. 

 

The RSL curves from figure 1.1 can be used to estimate the underlying mantle viscosity. Peltier 

(2004) gives the decay time at 𝜏𝑟 = 3426 years and a typical Laurentide Ice Sheet wavelength of 𝜆 =

5000 km (Turcotte and Schubert, 2002). 𝜌 can be assumed to be an upper mantle density (𝜌 = 3300 

kg/m2). Equation 1.2 then leads to an approximate viscosity of µ = 1.39 × 1021 Pa·s for the area around 

southeastern Hudson Bay.  

Likewise, from the Cascadia subduction zone RSL curves, one can estimate that the decay time is 

approximately 𝜏 = 880 years. The Cordilleran Ice Sheet was at its largest of around 900 km wide 

between 18 and 14 ka (Stumpf et al., 2000) and from figure 1.1, most of the change happened in the 

first 2000 years, and a rough estimate of the wavelength would be half of the width or 𝜆 = 450 km. 

With this, the approximation for the viscosity around the Cascadia subduction zone is µ =  3.22 × 1019 

Pa·s (James et al., 2000). There is a 2 order of magnitude difference between the two locations. 
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1.2.2 Maxwell Viscoelastic Model 

Equations 1.1 and 1.2 offer a useful approximation, but do not represent realistic Earth 

structure. The Newtonian approach uses a purely viscous model which means that it is unable to 

incorporate any elastic response into the system. Instead, the Earth behaves more like a Maxwell 

viscoelastic material, with both viscous and elastic properties. A Maxwell solid has linear rheology 

characterised by three properties: rigidity, compressibility, and viscosity. With this, the Maxwell body is 

able to respond to the addition or removal of a load both elastically in the short term and viscously in 

the long term (James, 1991).  

Maxwell viscoelastic motion can be simplified into a spring dashpot model, shown in figure 1.3, 

with the separate but connected elastic and viscous components (Bland, 1960).  
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Figure 1.3: A Maxwell spring and dashpot model. This model is composed of a spring with constant, κ, 
connected to a dashpot with 1-D viscosity, η, with an applied force, F. 

The total displacement of the system when an external force is applied is the sum of the 

displacement of the spring (the elastic component) and the dashpot (the viscous component) as 

expressed in equation 1.3. 

𝑑 =  𝑑𝑒𝑙𝑐 + 𝑑𝑣𝑖𝑠 (1.3) 

The displacement from the applied force (F) is dependent on the system. For the elastic component, the 

equation is simply 
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𝐹 = 𝑘𝑑𝑒𝑙𝑐 , (1.4) 

while the viscous component is expressed as 

𝐹 =  𝜂
𝑑𝑑𝑣𝑖𝑠

𝑑𝑡
, (1.5) 

where 𝑘 is the spring constant and η is the 1-D viscosity. If the time derivative of equation 1.3 is taken, 

the resulting equation can be rewritten as 

𝑑𝑑

𝑑𝑡
=  

𝑑𝐹
𝑑𝑡⁄

𝑘
+ 

𝐹

𝜂
, (1.6) 

and if the force is described as the delta function, then it can be expressed as 

𝑑𝑑

𝑑𝑡
=  

𝛿′(𝑡)

𝑘
+ 

𝛿(𝑡)

𝜂
. (1.7) 

If this equation is integrated with the condition that if 𝑡 =  0− then 𝑑(𝑡) = 0, it can be rewritten as 

𝑑 =   
𝛿(𝑡)

𝑘
+ 

𝐻(𝑡)

𝜂
 (1.8) 

with 𝐻(𝑡) being the Heaviside function. The response to a force that imposed at t=0 and maintained 

thereafter 𝑑ℎ𝑒𝑎𝑣𝑦 is obtained from convolving 1.8 with a Heaviside function to result in 

𝑑ℎ𝑒𝑎𝑣𝑦 = 
𝐻(𝑡)

𝑘
+ 

𝑡 𝐻(𝑡)

𝜂
. (1.9) 

Equation 1.9 shows that the spring dashpot system has two components that react differently to 

an applied Heaviside force (James, 1991). The first component reacts instantaneously and is dependent 

on the spring constant. The second component linearly increases as a function of time, dependent on 

the viscosity, with no bound due to the lack of a restoring force. When an external force is applied, the 

elastic component immediately responds to the force, while the viscous component responds over time. 
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Likewise, when the force is removed, the elastic component will rebound back to its resting position 

instantly, while the viscous component will displace linearly.  

This model gives a general explanation of how crustal motion from the ice mass removal is being 

observed. To express a method of solution for this, one can quantify a strain system which incorporates 

Maxwell viscoelasticity akin to the spring dashpot system shown in equation 1.10, 

𝜀𝑀𝑎𝑥𝑤𝑒𝑙𝑙 = 𝜀𝐸𝑙𝑎𝑠𝑡𝑖𝑐 + 𝜀𝑉𝑖𝑠𝑐𝑜𝑢𝑠, (1.10) 

where 𝜀 is the strain for the Maxwell, elastic, and viscous system. From this, a stress tensor can be 

derived that incorporates the viscoelastic nature of the Maxwell spring dashpot system and 

incorporated into the conservations equation. The conservation equations are  

𝜌1̅̅ ̅ =  − 𝛻̅(𝜌0𝑠̅), (1.11) 

for the conservation of mass,  

𝛻̅2𝜙1
̅̅̅̅ = 4𝜋𝐺𝜌1̅̅ ̅, (1.12) 

for the incremental gravitational potential, and 

0 =  −
𝜌0𝛻̅𝜙0

𝑠̅
− 𝜌̅1𝛻̅𝜙0 − 𝜌0𝛻̅𝜙̅1 + 𝛻̅ · 𝑇̅, (1.13) 

for the momentum equation, where 𝜙 is the gravitational potential, 𝜌 is the density, 𝐺 is the 

gravitational constant, 𝑠 is the displacement, and 𝑇̅ is the Laplace-transformed total stress. Linearizing 

these equations results in the momentum equation: 

0 =  −𝜌̅1𝛻̅𝜙0 − 𝜌0𝛻̅𝜙̅1 − 𝛻̅(𝑢̅ 𝜌0𝑔0) + 𝛻̅ · 𝑇̅𝑀𝑎𝑥𝑤𝑒𝑙𝑙 , (1.14) 

where 𝑔0 is the gravitational acceleration, 𝑢̅ is a displacement vector, and 𝑇̅𝑀𝑎𝑥𝑤𝑒𝑙𝑙 is the incremental 

Maxwell viscoelastic stress tensor (Backus, 1967; Peltier, 1974; Wu and Peltier, 1982; James, 1991). The 
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solutions to these equations can be obtained through a number of different numerical methods, 

including methods that assume the Earth’s rheology to be laterally homogeneous and numerical 

methods that provide the response for Earth models with lateral heterogeneity. Chapter 2 will discuss 

further how one solves these equations with a laterally homogeneous Earth rheology. 

An example of the difference between the Maxwell body response and the Newtonian model 

response is shown in figure 1.4.  
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Figure 1.4: Decay times for a uniform Maxwell sphere (dot-dashed line), a uniform viscous sphere 
(dashed line) and a viscous half space (solid line). Parameters used to create this figure are described in 
figure 5 of James, 1991. 

 In the low Legendre degrees, there is a notable difference between the Newtonian viscous half 

space and the Maxwell sphere, while at higher degrees, the two models predict the same decay times. 

This is due to the addition of the elastic component of Maxwell model observing a stronger initial decay 

in the short term while the viscous half space has a consistent decay time throughout the degrees. 
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1.3 Surface Loading 

The force applied in the case of GIA comes from the surface load. The surface load comprises all 

the redistributed weight on the Earth’s surface, mainly from expanded ice sheets, with concomitant 

reduction in ocean water mass. During the Last Glacial Maximum, three major ice sheets covered the 

vast majority of Canada and parts of the northern United States: the Cordilleran Ice Sheet, the Innuitian 

Ice Sheet, and the Laurentide Ice Sheet. To discern how these ice sheets affected the surface loading, 

one needs to know their extent and thickness. Many studies seek to answer this question, and for this 

analysis, the ICE6G_C model will be used as the model for ice extent and thickness (Peltier et al., 2015). 

The extent of the North American portion of the ICE6G_C model, and thicknesses at specified times, are 

shown in figures 1.5 and 1.6, respectively. 



12 
 

 

Figure 1.5: The extent of the ICE6G_C ice loading model for North America and Greenland. The colours 
refer to the extent at different times denoted on the legend, KBP referring to kyr before present. Figure 
3 of Peltier et al., 2015. 
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Figure 1.6: Maps of ice thickness for North America and Greenland at 21 ky (a), 14 ky (b), and 8 ky (c). 
Colour scale is consistent for all maps. Data and program used to generate figures from 
https://www.atmosp.physics.utoronto.ca/~peltier/data.php 

https://www/
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The changing ice mass is the major contributor to surface loading, but it is not the only source. 

Another component of the surface load for coastal regions is the ocean itself. The variation in the ice 

mass and the respective Earth response is relatively straightforward regarding the ice mass changing the 

Earth’s displacement. If the ice mass increases, depression occurs; if the ice mass reduces, rebound 

occurs. 

Sea-level variations are non-uniform and depend on several different processes. The variations 

significant to GIA are the displacement caused by ice load changes and the gravitational effect of the ice 

mass (Woodward, 1888; Mitrovica and Peltier, 1991a; Mitrovica and Milne, 2003). Due to the 

gravitational attraction of the ice load, the sea level near the ice mass will increase. This higher sea-level 

comes with more weight from excess water. This weight adds to the surface load induced, thus causing 

a stronger depression. When deglaciation occurs, the ice mass decreases, the gravitational attraction is 

reduced, and the nearby sea level falls, thus removing some of the weight of the ocean and leading to 

further reduced surface loading. This phenomenon is called ocean loading and is the theory for how the 

ocean is redistributed during glaciation to maintain gravitational equipotential. To include the ocean 

loading effect into the surface load, one requires knowing the sea level as a function of time. 

The sea level equation, regarding GIA, can be expressed as 

𝑆𝐿(𝜃, 𝜓, 𝑡) =  −𝑈(𝜃, 𝜓, 𝑡) + 𝑁(𝜃, 𝜓, 𝑡) + 𝑐(𝑡), (1.15) 

where 𝑆𝐿 is the sea level, 𝑈 is the vertical crustal displacement, and 𝑁 is the vertical geoid position, all 

defined at time 𝑡 and at a set of spatial coordinates 𝜃 and 𝜓. 𝑐 is a term that constrains the conservation 

of mass. For a more complete solution for the evolution of the sea level, this can be expanded following 

Farrell and Clark (1976) to 

𝛥𝑆𝐿(𝜃, 𝜓, 𝑡) =  
𝜌𝑖

𝑔𝑜
𝐺𝜙(𝜃, 𝑡) ∗ 𝐼(𝜃, 𝜓, 𝑡) + 

𝜌𝑤

𝑔𝑜
𝐺𝜙(𝜃, 𝑡) ∗ 𝛥𝑆𝐿(𝜃, 𝜓, 𝑡)𝑂(𝜃, 𝜓, 𝑡) + 𝑐(𝑡). (1.16) 
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𝛥𝑆𝐿 is the change in sea level, 𝐺𝜙 is the Green’s function for the gravitational potential (as described in 

Peltier, 1974), 𝐼 is the ice loading function, ∗ denotes convolution in time and space for the respective 

terms, 𝜌𝑖 and 𝜌𝑤 are the densities of ice and water, 𝑔𝑜 is the gravitational acceleration, and 𝑂 is the 

ocean function  

𝑂(𝜃, 𝜓, 𝑡) =  {
1, 𝑂𝑐𝑒𝑎𝑛 𝑒𝑥𝑖𝑠𝑡𝑠
0,   𝑁𝑜 𝑜𝑐𝑒𝑎𝑛 𝑒𝑥𝑖𝑠𝑡𝑠

. (1.17) 

𝑐 represents the geographically uniform shift in the geoid that is constrained by invoking the 

conservation of mass which is shown in equation 1.15: 

𝑐(𝑡) =  −
𝑀𝐼(𝑡)

𝐴𝑂𝜌𝑤
− 

1

𝐴𝑂

〈
𝜌𝑖

𝑔𝑜
𝐺𝜙(𝜃, 𝑡) ∗ 𝐼(𝜃, 𝜓, 𝑡) + 

𝜌𝑤

𝑔𝑜
𝐺𝜙(𝜃, 𝑡) ∗ 𝛥𝑆𝐿(𝜃, 𝜓, 𝑡)𝑂(𝜃, 𝜓, 𝑡)〉𝑂 . (1.18) 

𝑀𝐼 is the change in the ice mass, 𝐴𝑂 is the area of the ocean, and 〈 〉𝑜 represents the integration limit to 

the location of the ocean (Peltier, 1974; Farrell and Clark, 1976; Mitrovica and Milne, 2003; Simon, 

2014). Equation 1.16 shows two essential observations. First, the sea-level change depends on itself 

since it appears on both sides of the equation. Second, there is a convolution between the gravitational 

potential and the ice loading function, meaning that there is a blending of the two functions, 

representing how the ice load induces local gravitational attraction. Equation 1.16 and a model 

representing the change in ice mass over time provide a method of predicting and calculating relative 

sea level and the ocean loading effect which then can be included into the surface loading model.  

1.4 Horizontal Crustal Motion 

 Though the theory behind Earth response models and surface loading models was well 

understood, there were a number of limitations in the past that hampered GIA modeling. The traditional 

GIA observational tools recorded vertical land motions from measuring relative sea level from coastal 

and lake side sites. Not only did these calculations require a number of physical sites and multiple 
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corrections, but this type of data collection would also only give information on the vertical crustal 

motion (James and Morgan, 1990; Carrera et al., 1991; Sella et al., 2007). Once space geodetic 

techniques were introduced in the early 1990s, a means of measuring both vertical and horizontal 

motions was available which allowed for the modeling and analysis of horizontal crustal motions. 

Global Navigation Satellite Systems (GNSS) sites monitor crustal motion in 3 dimensions while 

being accurate to less then a millimetre per year (Sella et al., 2007; Kreemer et al., 2018). Satellite 

geodetic methods not only recorded horizontal crustal motions, but also expanded the vertical datasets, 

allowing for vertical motions to be recorded inland. With this new GNSS data, GIA horizontal motion was 

successfully observed and modeled for Fennoscandia (Milne et al., 2001). The same types of studies 

were also done in North America, but an accurate GIA model was not found for North America due to 

not finding an adequate Earth and ice loading model (James and Lambert, 1993; Mitrovica et al., 1993, 

Sella et al., 2007). There are more sites across Canada now, an example being the IGS14 crustal motion 

observation data set from the MIDAS database shown in figure 1.7 (Blewitt et al., 2018; Robin et al., 

2020); however, there is still a struggle to find a GIA motion model that accurately matches the 

observed horizontal and vertical crustal motions akin to the one available for Fennoscandia. 
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Figure 1.7: Crustal motion maps from the IGS14 MIDAS dataset for North America. (a) A grid of vertical 
crustal motions. (b) Horizontal crustal motions for a number of GNSS sites across North America. The 
horizontal data are set to the NA reference frame (Kreemer et al., 2014). 

1.5 Thesis Scope and Organization 

GIA modeling is usually focused on finding a number of model constraints, such as the viscosity of 

the mantle layers, the effective thickness of the elastic lithosphere, and the extent and thickness of the 

ice mass as it expanded and retreated. This is encapsulated in an Earth response model and a surface 

loading model. This thesis aims to explore the effects of changing key parameters in the Earth response 

model on the fit to observed vertical and horizontal motions across North America.  

The geographical scope is limited to eastern and central North America, and it avoids the 

tectonically active western margin. The Earth models were generated by randomly creating viscosity 

profiles for a number of defined lithospheric thicknesses. This random approach permits a statistically 

uniform coverage of parameter space and avoids potential biases to other well-documented viscosity 

profiles like VM1, VM5a, and VM7 (Peltier et al., 1976; Argus et al., 2014; Roy et al., 2017).  
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The Earth models are kept spherically symmetric. This symmetry is required for the use of numerical 

methods of generating Earth response models that are not computationally demanding. This approach 

allows more models to be generated and, thus, a more complete examination of parameter space can 

be made. The ice loading model is kept consistent, utilizing the ICE6G_C ice loading model (Argus et al., 

2014; Peltier et al., 2015) and programs for including the ocean loading effect (Simon, 2014). With the 

GIA models, one can find what parameters produce the best model through an observational data set 

provided by a number of GNSS sites across Canada and the United States shown in figure 1.7. 

The following two chapters dive deeper into the process of creating the Earth response models and 

the results of comparing the GIA models to the observational data set. Chapter 2 introduces an 

improved method developed for calculating Earth response, dubbed the hybrid normal mode-

collocation method. This chapter extensively compares this new method and other well-documented 

methods that use the spherically symmetric approximation to show that the hybrid method can produce 

accurate Earth models while reducing the effects of the documented issues present in the other 

methods. Chapter 3 compares GIA model predictions to GNSS observations of crustal motion for 

selected Earth models and assesses the best fit through a range of lithospheric thicknesses. Finally, the 

summary chapter discusses the optimal fit of models to data, the remaining data-model residuals, and 

makes suggestions for next steps. 
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Chapter 2: A Hybrid Normal Mode-Collocation Method 
for Finding the Response of Laterally Homogeneous 
Compressible Maxwell Viscoelastic Earth Models 
 

2.1 Introduction 

Glacial Isostatic Adjustment (GIA) is the response of the solid Earth to the surface loading and 

unloading caused by fluctuations in the size of ice masses. Earth models utilized in GIA modelling 

generally possess a constrained elastic and density structure (Peltier, 1974; Wu and Peltier, 1982; 

Mitrovica and Peltier, 1992; Tamisiea et al., 2002; Klemann et al., 2003; Tanaka et al., 2006; Tanaka et 

al., 2009; Roy et al., 2018). A number of methods have been described and utilized to derive the surface-

loading response of both laterally homogeneous (i.e., spherically-symmetric) and laterally 

heterogeneous viscoelastic spherical Earth models for a variety of linear and non-linear rheologies 

(Steffen et al., 2006; Peltier et al., 2015; Li et al., 2018). When lateral heterogeneity or a non-linear 

rheology is considered, usually computationally-intensive finite element (Martinec, 2000; Zhong et al., 

2003; Wu et al., 2006; Tanaka et al., 2011; Hampel et al., 2019) or finite volume methods (Tromp et al., 

1999; Latychev et al., 2005b) determine the surface-loading response. These methods are capable of 

incorporating laterally varying features of Earth structure, such as ocean-continent variations in 

lithospheric thickness and spatial variations in mantle viscosity, which vary by orders of magnitude 

between sub-cratonic and active plate boundary regions. 

Laterally homogeneous Earth models are still, however, broadly utilized in GIA modelling. They 

offer established and benchmarked (Spada et al., 2011; Martinec et al., 2018) techniques for rapidly 

scanning wide ranges of values of Earth model parameters, such as lithospheric thickness or the viscosity 

of a layered mantle. For regional studies, they derive Earth structure parameter values that can be 
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compared and contrasted globally to other regions, thus providing foundational information for more 

complex three-dimensional Earth models.   

The focus of this chapter is on a class of laterally-homogeneous linear viscoelastic spherical 

Earth models having a compressible Maxwell viscoelastic rheology and introduce a new robust method 

for finding the surface loading response. The chapter is structured by first discussing the theory of the 

response of linear Maxwell Earth models to surface loading. The responses obtained from several 

previously described methods (Mitrovica and Peltier, 1992) are described and their advantages and 

shortcomings highlighted. Finally, then introducing and discussing a new method that is numerically 

stable, provides a physically robust response, and that can be readily automated to generate surface-

loading responses for a suite of Earth models. 

2.2 Theory 

 An Earth model, in the context of GIA, is a model of the variation in density, elastic parameters, 

and flow properties (often expressed as a linear viscosity) of the Earth. The model determines how the 

Earth responds to surface or gravitational loading. To find the surface loading response, the equations of 

motion (conservation of mass and momentum and Poisson’s equation for gravitational potential) are 

linearized in the Laplace transform domain in terms of the vertical displacement 𝑈𝑛, horizontal 

displacement 𝑉𝑛, and gravitational potential 𝜙1,𝑛. The response is found for each spherical harmonic 

degree 𝑛 through a separation of variables, which leads to six coupled first-order ordinary differential 

equations that are numerically integrated from the core to the surface of the Earth. To incorporate 

Maxwell viscoelasticity, it is convenient to carry out calculations in the Laplace transform domain with 

Laplace transform parameter s. Frequently, the response is written in terms of non-dimensional 

quantities called Love numbers (Wu and Peltier, 1982).  
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[

𝑈𝑛(𝑟, 𝑠)

𝑉𝑛(𝑟, 𝑠)

𝜙3,𝑛(𝑟, 𝑠)
] = 𝜙2,𝑛 (𝑟)

[
 
 
 
 
 

ℎ𝑛(𝑟, 𝑠)

𝑔0

𝑙𝑛(𝑟, 𝑠)

𝑔0

−𝑘𝑛(𝑟, 𝑠)]
 
 
 
 
 

 (2.1) 

𝜙1,𝑛 = −𝜙2,𝑛 +  𝜙3,𝑛 = −𝜙2,𝑛 (1 + 𝑘𝑛) (2.2) 

In these equations 𝑔𝑜 is the gravitational acceleration at the Earth’s surface, 𝑠 is the Laplace 

transform parameter, having units of inverse time, 𝜙2,𝑛  is the gravitational potential of the imposed 

surface load,  𝜙3,𝑛 is the gravitational potential of the deformed Earth, 𝜙1,𝑛  is the total perturbation to 

the gravitational potential, 𝑟 is radius, and ℎ𝑛, 𝑙𝑛, and 𝑘𝑛 are the corresponding Love numbers for 

vertical and horizontal displacement and gravitational potential. The Love numbers can be expressed as 

a function of 𝑠, the inverse decay time, for each spherical harmonic degree. The vertical Love number 

ℎ𝑛(𝑠) can be expressed 

ℎ𝑛(𝑠) =  
𝑄𝑛(𝑠)

det𝑀𝑛(𝑠)
+ ℎ𝑒𝑙𝑐  (2.3) 

where ℎ(𝑠) is the s-dependent Love number, ℎ𝑒𝑙𝑐 is the elastic limit of the Love number (as 𝑠 →  ∞), 

𝑄(𝑠) is a weighted sum of the first element of the three propagated vectors based on boundary 

conditions, and 𝑀(𝑠) is a matrix that contains 6 linearly independent solutions to the equations of 

motion (see Peltier, 1974, for a complete discussion). By utilizing the Cauchy residue theorem and the 

assumption that the singularity poles are simple poles, equation 2.3 can be expressed as   

ℎ𝑛(𝑠) =  ∑
𝑟𝑗

𝑛

𝑠 + 𝑠𝑗
𝑛

𝑁

𝑗=1

+ ℎ𝑒𝑙𝑐 . (2.4) 

Where 𝑁 is number of modes and the response amplitudes 𝑟𝑗
𝑛 are 
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𝑟𝑗
𝑛 = 

𝑄𝑛(−𝑠𝑗
𝑛)

𝑑
𝑑𝑠

(det𝑀(𝑠))|𝑠=−𝑠𝑗
𝑛

(2.5) 

The decay times (poles) 𝑠𝑗
𝑛 occur along the negative s-axis where det𝑀(𝑠) = 0. From (2.4), the infinite-

time (lim
𝑠→0 

𝑠) viscoelastic response is 

ℎ𝑛(𝑡 =  ∞) − ℎ𝑒𝑙𝑐 = ∑
𝑟𝑗

𝑛

𝑠𝑗
𝑛⁄

𝑁

𝑗=1

  (2.6) 

assuming that 𝑠𝑗
𝑛 > 0 and that ℎ𝑛(𝑡 =  ∞) represent the isostatic limit, ℎ𝑖𝑠𝑜. 

In the time domain, the inverse Laplace transform of equation 2.4 gives 

ℎ𝑛(𝑡) =  ∑𝑟𝑗
𝑛𝑒−𝑠𝑗

𝑛𝑡

𝑁

𝑗=1

+ ℎ𝑒𝑙𝑐𝛿(𝑡). (2.7) 

The response of the Earth model is thus a set of inverse decay times and corresponding 

amplitudes that describe the response in either the Laplace-transform 𝑠 domain (2.4) or the time 𝑡 

domain (2.7). The elastic response ℎ𝑒𝑙𝑐 and isostatic limit ℎ𝑖𝑠𝑜 can be directly calculated (e.g., Wu and 

Peltier, 1982) and equation 2.6 provides a way to determine the completeness of the modal solution. It 

is convenient to define the infinite-time modal amplitude (MA) 𝑟𝑗 𝑠𝑗⁄  as a percentage of the difference 

between the isostatic and elastic response  

𝑀𝐴 (%) =  (∑
𝑟𝑗

𝑠𝑗

𝑁

𝑗=1

(⁄ ℎ𝑖𝑠𝑜 − ℎ𝑒𝑙𝑐))  100%. (2.8) 

A given mode can be identified as carrying a substantial or minor fraction of the Earth model 

response. The 6 first-order coupled differential equations incorporate 4 𝑠-dependent viscoelastic 

parameters 𝛽(𝑠), 𝛾(𝑠), 𝜇(𝑠), and 𝜆(𝑠) that arise in the separated equations of motion (James, 1991). 
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𝛽(𝑠) =  
(𝜆 + 2𝜇)(𝑠 + 

𝜇𝐾
𝜂(𝜆 + 2𝜇)

)

𝑠 + 𝜇 𝜂⁄
 (2.9) 

𝛾(𝑠) =  
3𝐾𝜇𝑠

(𝜆 + 𝜇)(𝑠 + 
𝜇𝐾

𝜂(𝜆 + 𝜇)
)
 (2.10)

 

𝜇(𝑠) =  
𝜇𝑠

𝑠 + 𝜇 𝜂⁄
(2.11) 

𝜆(𝑠) =  
𝑠𝜆 + 𝜇𝐾 𝜂⁄

𝑠 + 𝜇 𝜂⁄
 (2.12) 

𝐾 =   𝜆 + 2𝜇 3⁄ (2.13) 

where 𝜂 is viscosity and three linearly dependent elastic parameters are rigidity 𝜇, compressibility 𝐾, 

and 𝜆. In searching for modes along the negative 𝑠-axis, when the inverse decay time is equal to −𝜇 𝜂⁄ , 

−𝜇𝐾 𝜂(𝜆 + 2𝜇)⁄ , or −𝜇𝐾 𝜂(𝜆 + 𝜇)⁄  at some radius 𝑟, the viscoelastic parameter is singular. In practice, 

the numerical integration of the separated equations of motion utilized by the full normal mode analysis 

(FNMA) generally delivers a solution, but derived modes may be erroneous, or modes may not be found 

(Peltier, 1974; Wu and Peltier, 1982). To address these issues, two alternative methods, pure and mixed 

collocation, have been proposed to find the response in the Laplace transform domain. 

While the FNMA directly determines the response amplitude, the collocation methods 

determine the amplitudes through numerical techniques. Since the Love numbers may be evaluated for 

arbitrary values of 𝑠, one can determine the response amplitude for a given inverse decay time from the 

response ℎ𝑛(𝑠) (2.4) along the positive axis of 𝑠 (Mitrovica and Peltier, 1992). A least-squares solution 

solves the response amplitudes for a given set of inverse decay times.  

The pure collocation method uses arbitrary inverse decay times. The inverse decay times are 

picked equally spaced in log(𝑠) space, but the range of inverse decay times and the density of points can 
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be chosen for the given model (Peltier, 1974). This results in a revision of equation 2.4 where the normal 

modes are replaced with a set of evenly spaced inverse decay times, 𝑆𝑗
𝑛, and the normal mode response 

amplitudes would be replaced with the response amplitudes , 𝑅𝑗
𝑛 for 𝑆𝑗

𝑛 which are placeholders for the 

synthetically chosen “modes” and their corresponding response amplitude. 

ℎ𝑛(𝑠) =  ∑
𝑅𝑗

𝑛

𝑠+ 𝑆𝑗
𝑛

𝑁
𝑗=1 + ℎ𝑒𝑙𝑐 .  (2.14)

The pure collocation method is a curve fitting method. The least-squares solution finds the best values 

for 𝑅𝑗
𝑛 given 𝑆𝑗

𝑛 that will match ℎ𝑛(𝑠).  

For the mixed collocation method, the inverse decay times are chosen to be the FNMA decay 

times. The amplitudes of the normal mode inverse decay times are determined through a least-squares 

solution, similar to the pure collocation method. The mixed collocation method depends on the normal 

modes that can be found, and if major modes are missing the method may not fit the directly calculated 

Love number very well.  

2.3 Comparison of Existing Methods 

To compare and illustrate the differences between the three methods for a specific Earth model 

and spherical harmonic degree (n=8 chosen), the PREM density and elastic parameter Earth model 

(Dziewonski and Anderson, 1981) approximated with 163 layers, and the VM5a viscosity structure 

(Peltier et al., 2015) (Figure 2.1) were utilized.  
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Figure 2.1: For spherical harmonic degree 8, the (a) directly-computed 𝑠-dependent vertical response 
Love number ℎ𝑛(𝑠) and the corresponding responses for the FNMA method, pure collocation, and 
mixed collocation methods are given. (b) Residuals of the FNMA, pure collocation, and mixed collocation 
methods relative to the directly calculated vertical Love number ℎ𝑛(𝑠). The scale is chosen to focus on 
the pure and mixed collocation results, as the FNMA has significantly larger residuals. (c) Vertical 
response amplitudes, expressed as a percentage of the viscoelastic component of the infinite-time 
(fluid) response (equation 2.8). The FNMA and the mixed collocation methods share the same inverse 
decay times, and the amplitudes are joined by vertical dotted lines to illustrate the large differences. The 
VM5a viscosity profile (Peltier et al., 2015) is assumed and the PREM density and elastic parameter 
structure is utilized (Dziewonski and Anderson, 1981). 

The three methods agree well with the directly calculated Love number (Figure 2.1a), although 

the FNMA curve visibly departs from the directly computed Love number ℎ𝑛(𝑠) at small s. At the elastic 
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limit, the directly calculated Love numbers are accurate to 5 significant figures (Dahlen, 1976). 

Numerical issues arose when approaching the fluid limit, which was avoided by retreating 5 points away 

from the first point showing numerical instability. The residuals (Figure 2.1b) and the amplitudes of 

specific inverse decay times differ (Figure 2.1c), sometimes significantly. The pure collocation method 

generates the smallest residuals (Figure 2.1b), indicating that it reproduces the directly calculated Love 

number most accurately, while the mixed collocation method performs nearly as well. In contrast, the 

FNMA method has residuals that are significantly larger than the two collocation methods. This suggests 

that the collocation methods are superior, but Figure 2.1c shows that both collocation methods produce 

modal amplitudes that may be physically unrealistic.  

Both collocation methods produce responses with negative amplitudes, which is thought to be 

physically unrealistic, as it would lead to generating uplift, rather than subsidence, in response to 

imposition of a surface load. The mixed collocation method was implemented only using inverse decay 

times that generated a modal amplitude larger then 0.01% to avoid having a large number of closely 

spaced decay times that could lead to numerical instabilities in the least squares inversion.  

Nevertheless, the mixed collocation method also produces some responses with amplitudes larger than 

100%. This would suggest that the inverse decay time carries more than the total viscoelastic response 

of the degree. This large positive amplitude of one is counterbalanced by a nearby response that carries 

a similar magnitude negative amplitude. The behaviour is likely caused by the close spacing (in inverse 

decay time 𝑠) of the FNMA normal modes, thus making the least-squares process poorly conditioned. 

Despite this behaviour, which appears to be physically unrealistic, the collocation methods do reproduce 

the directly-computed Love number well, with the residuals being about 3 orders of magnitude smaller 

than the computed Love number.  

To determine the impact of these effects on a geodetically-measurable quantity, present-day 

crustal uplift rates were computed for the three methods (Figure 2.2), using the ICE6G_C global loading 
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model (Peltier et al., 2015), PREM density and elastic parameter Earth model (Dziewonski and Anderson, 

1981), and the VM5a viscosity profile (Peltier et al., 2015) (Figure 2.2). Summation was carried out from 

degrees 1 to 256. 

 

 

 

Figure 2.2: (a) Predicted crustal uplift (in millimetres per year) for North America using the ICE6G_C ice 
load and VM5a viscosity structure (Peltier et al., 2015) for the pure collocation method, and the 
difference between the pure collocation method and (b) FNMA and (c) mixed collocation methods, 
respectively. The numerical value on each map represents the Root Mean Square (RMS) of the (a) uplift 
or (b and c) uplift difference within the displayed region. Summation was carried out from degree 1 to 
256. 

Using the responses derived from the Pure Collocation method as the reference (Figure 2.2a) 

(root-mean-square (RMS) uplift rate of 4.4 mm/yr), the differences with the FNMA (Figure 2.2b, RMS 

difference of 0.21 mm/yr) and mixed collocation methods (Figure 2.2c, RMS difference of 0.37 mm/yr) 

were determined. These differences are substantial and expressed as percentages amount to about 5% 

(FNMA) and 8% (mixed collocation). The absolute value of the largest differences with the pure 

collocation method exceed 0.8 mm/yr (FNMA) and 1.2 mm/yr (mixed collocation). The differences 



28 
 

highlight how the methods, despite having good agreement to the directly-computed vertical Love 

numbers for the two collocation methods (results for all degrees were inspected) and relatively small 

residues, can result in uplift rate predictions that vary substantially, with a 1 mm/yr difference being 

larger than the error of the GNSS sites (Sella et al., 2007; Kreemer et al., 2018). Given the variation in the 

computed uplift rates and the issues the methods have with finding physically-realistic modal 

amplitudes while generating good agreement with the directly-computed vertical Love numbers, it 

would be desirable to develop a method that removes or reduces these issues. Here the hybrid normal 

mode-collocation method (HNMC, here termed the hybrid method) is introduced and compared to the 

methods described above. 

2.4 Hybrid Normal Mode-Collocation Method 

 The hybrid method finds the FNMA modes and amplitudes, and then applies the pure 

collocation method on the residual ℎ𝑛(𝑠)-series. It is carried out in the following steps: 

1: Find the normal modes via the FNMA. 

2: Cull the modes that carry less then a specified percentage of the total response (this chapter using 

0.01%) 

3: Calculate the residuals of the FNMA method 𝑅𝑒𝑠𝐹𝑁𝑀𝐴 by subtracting the summed modes (equation 

2.4) from the directly calculated Love number (ℎ𝑛(𝑠)).   

4: Apply the pure collocation method with the 𝑅𝑒𝑠𝐹𝑁𝑀𝐴 and ~ 16 evenly spaced inverse decay times (in 

log(𝑠) space) through equation 2.15 to find a set of response values that fits the FNMA residuals. 

𝑅𝑒𝑠𝐹𝑁𝑀𝐴(𝑠) =  ∑
𝑟𝑗

𝑠 + 𝑠𝑗

𝑁

𝑗=1

 (2.15) 
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5: Add the modes and amplitudes of the FNMA (step 2) to the inverse decay times and corresponding 

response of the pure collocation method determined from step 4. 

By combining the two methods, FNMA finds as many of the large physically based modes as 

possible, while the pure collocation method fits the residual series. If the FNMA is able to find the 

majority of the major modes, then the FNMA residuals will be smaller and the pure collocation method 

will have less influence on the final results. If the FNMA misses large modes owing to singularities or 

because the search domain along the negative 𝑠-axis was truncated and is therefore missing a 

substantial component of the response, then the pure collocation method will supply the missing 

response. The hybrid method is therefore as robust as the pure collocation method while retaining as 

many of the physically-based normal modes and amplitudes as possible.  

2.5 Results 

 A comparison of the proposed hybrid method to the three previously described methods for 

two viscosity profiles, VM5a (Peltier et al., 2015) and S1, is shown in figure 2.3. Viscosity profile S1 was 

chosen from 500 randomly generated viscosity profiles to have significant modal response for values of 

𝑠 that cause one or more viscoelastic parameters to be singular at some radius 𝑟, thus generating 

numerical issues for the FNMA method and providing a good test of the hybrid method. S1 is similar to 

VM5a but has a lower viscosity between 100-670 km and higher viscosity between 670 km and the core-

mantle boundary. 
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Figure 2.3: Viscosity-depth profiles in a log scale for VM5a (Peltier et al., 2015) and S1. 

 

Figure 2.4: Inverse decay time plots for (a) VM5a and (b) S1.The solid red bars, termed singularity zones 
here, indicate values of s for which one or more of the viscoelastic parameters has a singularity at some 
radius r. The vertical green lines indicate the spherical harmonic degrees where more then 5% of the 
response was missing from the FNMA. The modes are labeled based on comparisons to other models 
(Peltier, 1976; James, 1991). 
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For VM5a, the major modes do not encroach on the singularity zone, which is the range of s for 

which one or more of the viscoelastic parameters become singular at some radius 𝑟 (Figure 2.4a). In 

contrast, for S1, the L0 and L1 modes are located in one of the singularity zones for a significant range of 

spherical harmonic degrees (Figure 2.4b). For degrees in which a mode is located in a singularity zone, it 

is more likely that the mode will not be found using the FNMA method and the modal response will be 

lacking. For both viscosity profiles, most modes do not intercept the singularity zones, including the M0 

mode which carries a significant percentage of the modal response at higher degrees (Wu and Peltier, 

1982; James, 1991). Consequently, most of the modal response can be found via FNMA, but for S1, 

there are degrees where a substantial amount of the modal response is lacking.  
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Figure 2.5: Comparison of the hybrid method to FNMA, pure collocation, and mixed collocation methods 
for spherical harmonic degree 8. Results are given for viscosity structures VM5a (Left column – a, c, and 
e) and S1 (Right column – b ,d, and f). (a) and (b) Comparison of the directly calculated Love number 
ℎ𝑛(𝑠) with the calculated vertical response of both the FNMA and hybrid method. The pure and mixed 
collocation methods (not shown) agree well with the directly calculated Love numbers for both VM5a 
and S1, similar to figure 2.1a, and are not displayed for clarity of the figure. (c) and (d) Residuals of the 
hybrid method, pure collocation, and mixed collocation methods. The FNMA residuals are not shown as 
the values are too large for the scale. (e) and (f) The modal amplitudes, expressed as a percentage of the 
infinite-time viscoelastic response, are provided for each method. The vertical black lines show when 
either the mixed collocation and the hybrid method or the pure collocation and the hybrid method 
share the same inverse decay time. The FNMA (Hybrid(modes)) and collocation (Hybrid(residuals)) 
components of the hybrid method are indicated in panels e and f. 
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 Table 2.1: Preferred Method1 for the VM5a and S1 Viscosity Structures 

Method 

VM5a S1 

Vertical 

(/256) 

Horizontal 

(/256) 

Gravitational2 

(/255) 

Vertical 

(/256) 

Horizontal 

(/256) 

Gravitational2 

(/255) 

FNMA 0 0 0 0 0 0 

Hybrid Method 252 254 251 253 247 249 

Pure Collocation 2 1 2 2 5 2 

Mixed Collocation 2 1 2 1 4 4 

 
1number of spherical harmonic degrees with the smallest RMS residual, where the residual is the 

difference between the directly calculated Love number ℎ𝑛(𝑠), 𝑙𝑛(𝑠), or 𝑘𝑛(𝑠) and the Love number 

constructed from the responses determined by the method. Comparisons were carried out for spherical 

harmonic degrees 1 to 256. 

2The degree-1 gravitational response is nil in a centre-of-mass system and counting ranged from degrees 

2 to 256 

A comparison of the hybrid method to the other methods is provided in figure 2.5 for the 

viscosity profiles VM5a and S1. At spherical harmonic degree 8, the Hybrid method is able to match the 

directly calculated Love numbers extremely well, similar to the collocation methods, for both VM5a and 

S1 (Figure 2.5a and 2.5b). The Hybrid method also has the smallest residuals (Figure 2.5c and 2.5d). It 

has a number of responses with negative amplitudes, which is thought to be unrealistic, but their 

amplitudes are smaller than what was found by both the pure and mixed collocation methods (Figure 

2.5e and 2.5f). The Hybrid method is favoured for most spherical harmonic degrees regarding the fit to 

the directly calculated Love numbers (Table 2.1).  

2.6 Discussion 

 With the S1 viscosity profile, the FNMA method has significant deviation from the directly 

calculated Love numbers (Figure 2.5b) for this spherical harmonic degree (degree 8), signifying a 

significant missing modal response. Nevertheless, the hybrid method agrees best with the directly 

calculated Love numbers, indicated by it having the smallest residuals (Figure 2.5d), even though there is 

a significant missing modal response. Comparing the hybrid results between VM5a and S1, the residuals 
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are much smaller for VM5a (Figure 2.5c). The FNMA method delivers a larger proportion of the Earth 

model response for VM5a than for S1, leaving the collocation component of the hybrid method with a 

smaller residual to explain, and this probably explains the relative difference in the size of the residuals. 

For both VM5a and S1, the hybrid method has an inverse decay time structure that includes 

physically based modes and is thus more realistic than either of the collocation methods. The hybrid 

method has less prominent negative vertical responses then the pure collocation method while also not 

having the extreme values (exceeding ±100%) that the mixed collocation method has. The hybrid 

method does produce larger negative amplitudes for S1 than for VM5a, probably because the 

collocation component of the hybrid method is explaining a larger fraction of the total response.  

The mixed collocation method can fail in an extreme way that the hybrid method can avoid 

(Figure 2.5f). For two inverse decay times, the response amplitudes given by the mixed collocation 

component exceed ±ten times the total viscoelastic response. The mixed method uses the inverse decay 

times found from the FNMA, and if the normal modes are too close to one another, then the mixed 

collocation method can experience an ill-conditioned least-squares solution. 

The hybrid method was applied to models A and B of Mitrovica and Peltier (1992) to further 

compare the methods (Figure 2.6). Model A has a lower-mantle viscosity of 2x1021 Pa s and upper-

mantle viscosity of 1021 Pa s, while Model B has a larger lower-mantle viscosity (5x1021) and smaller 

upper-mantle viscosity (5x1020). The hybrid method is able to improve the fit compared to the pure and 

collocation methods. The hybrid method, like all of the other methods, matches the directly calculated 

Love numbers extremely well (Figure 2.6a and 2.6b), but through the residuals (Figure 2.6c and 2.6d), 

one can see that the hybrid method results in the smallest residuals. The hybrid method also produces 

the most realistic modal amplitudes. Unlike VM5a and S1 (Figure 2.5), Models A and B are examples 

where the mixed collocation method does not have numerical issues. The mixed collocation method 
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does well at calculating the response amplitudes that generally compare well to FNMA amplitudes, but 

for both Model A and B there are two points where the mixed collocation amplitudes overshoots and 

undershoots the FNMA amplitudes. 
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Figure 2.6: Similar to figure 2.5, but for Earth models A and B (see text).  (a) and (b) Comparison of the 
directly calculated Love number ℎ𝑛(𝑠). (c) and (d) Residuals of the hybrid method, pure collocation, and 
mixed collocation methods. (e) and (f) The modal amplitudes, expressed as a percentage of the infinite-
time viscoelastic response, are provided for each method. The vertical black lines show when two of the 
methods share the same inverse decay time. 
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One point of interest regarding the comparison between the pure collocation method and the 

hybrid method is the number of points that each method fits. The hybrid method as described will 

always have more points than the pure collocation method, assuming the same number of points are 

used for the pure collocation method for both FNMA residuals in the hybrid method and the directly 

calculated values for the pure collocation method, which one could argue is the reason why the hybrid 

method performs better. Figure 2.7 shows a comparison of the hybrid method and the pure collocation 

method where the two methods are forced to have the same number of inverse decay times.  
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Figure 2.7: Comparison of the hybrid method and the pure collocation method for spherical harmonic 
degree 8 while forcing the methods to share the same number of inverse decay times. The ‘hybrid’ 
method and the ‘pure collocation’ method are the original methods while the ‘reduced hybrid’ refers to 
limiting the number of inverse decay times added to match the original pure collocation method and the 
‘increased pure’ method refers to increasing the number of inverse decay times used to match the 
original hybrid method. Results are given for viscosity structures VM5a (Left column – a and c) and S1 
(Right column – b and d). (a) and (b) are the residuals while (c) and (d) are the modal amplitudes 
expressed as a percentage of the infinite-time viscoelastic response. 

With VM5a, the hybrid method does better then the pure collocation method in both instances 

regarding the residuals. However, with S1 the reduced hybrid does a worse job at matching the directly 

calculated Love numbers then just the pure collocation method. This is because the FNMA method does 
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not collect all of the major normal modes. With a smaller number of inverse decay times to work with 

and a more significant portion of the modal response to fit, the pure collocation part of the hybrid 

method is not able to match the directly calculated Love numbers as well. When the number of inverse 

decay times are the same between the methods, the residuals are much more comparable in amplitude. 

In both VM5a and S1 the hybrid method is producing smaller negative vertical response amplitudes than 

the pure collocation method regardless of the number of inverse decay times used. The pure collocation 

method still generates large negative amplitudes, while the hybrid method provides a more realistic 

modal structure, even though the residuals are of similar magnitude. 
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Figure 2.8: Predicted uplift rates in North America using the ICE6G_C ice load (Peltier et al., 2015). 
Results are given for viscosity structures VM5a (Left column – a, c, e, and g) and S1 (Right column – b, d, 
f, and h). (a) and (b) are predicted uplift rates generated using the hybrid method. The differences in 
predicted uplift are given between the hybrid method and (c and d) FNMA, (e and f) pure collocation, 
and (g and h) mixed collocation. The values on the bottom right of each map represents the RMS of (a 
and b) uplift rates and (c through h) differences in uplift rates within the displayed region. 
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Table 2.2: Largest Differences in Computed Vertical Uplift Rate for Different Methods Compared to the 
Hybrid Method 

Method 

compared 

to Hybrid 

VM5a S1 

Difference1 Ratio2 Difference1 Ratio2 

Value 

(mm/yr) 
Lat Long 

Value 

(%) 
Lat Long 

Value 

(mm/yr) 
Lat Long 

Value 

(%) 
Lat Long 

FNMA 0.425 57 280 13.6 73 238 1.112 61 276 19.5 73 288 

Pure 

Collocation 
0.869 63 266 35.4 61 236 1.647 63 264 46.7 71 334 

Mixed 

Collocation 
0.634 61 256 26.5 51 258 0.467 55 244 29.3 65 322 

1The difference between the hybrid method vertical response and the vertical response of the other 

methods. The largest values are shown with the respective coordinates. 

2The percent difference of the vertical response between the hybrid method and the other methods 

relative to the hybrid method. The percentage difference is taken in regard to each value at all 

coordinate points. 

The comparison of the predicted uplift rates for the VM5a and S1 Earth models (Figure 2.8) 

reveals significant differences between the methods. Despite the relatively small differences in the 

residuals in figure 2.5c and 2.5d, the predicted uplift rates vary significantly. The first comparison to 

highlight is the difference between the FNMA and the hybrid method for VM5a and S1 in figures 2.8c 

and 2.8d. For VM5a, the differences are relatively small (RMS difference of 0.11 mm/yr, peak difference 

0.43 mm/yr in the centre of Hudson Bay (Table 2.2)) while S1 has a larger difference (RMS difference of 

0.27 mm/yr, peak difference of 1.11 mm/yr in the centre of Hudson Bay). This is not unexpected as the 

FNMA does not find important modes for many spherical harmonic degrees for S1 (Figure 2.4b).   

For the comparison with the pure collocation method (Figure 2.8e and 2.8f), the differences are 

more localized to specific regions. This would suggest that the difference in the methods is more 

prominent at higher spherical harmonic degrees. This is contrasted by the difference plots for the mixed 

collocation method in figure 2.8g and 2.8h. The difference here is much broader and covers the majority 

of the displayed region. This would indicate that the difference between the two methods is more 

prominent for smaller spherical harmonic degrees.  
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At high spherical harmonic degree, the modal response is dominated by a single mode. The pure 

collocation method, with a number of uniformly spaced inverse decay times, distributes the response 

amongst the inverse decay times closest to the modal decay time, and may give rise to differences at 

high spherical harmonic degree, which corresponds to shorter spatial wavelength. Conversely, the mixed 

collocation method, fitting the response to the modal decay times, fits the single mode relatively well at 

high spherical harmonic degree, but distributes the response among the number of physical modes at 

low spherical harmonic degree, leading to differences that are longer-wavelength. 

Table 2.2 shows that the differences in the uplift rates are as large as 1.647 mm/yr, and 

expressed as a ratio in the uplift rates, can be as high as 47%, for the pure collocation method compared 

to the hybrid method. These differences are significant, both absolutely and relatively. For FNMA, the 

difference ratio is not as high, peaking around 13% to 19%, while the pure collocation method has a 

much higher difference ratio, peaking around 35% to 47%. Given that all the methods have residuals 

that are small relative to the directly calculated values, the significant difference in the uplifts between 

the methods is likely caused by the differences in the structure of the inverse decay times and the 

corresponding response amplitudes. The pure collocation method generates consistent inverse decay 

times with negative amplitudes while the mixed collocation method can potentially generate responses 

with extreme values for the amplitudes. In contrast, the hybrid method retains a generally realistic 

modal structure (like the FNMA) while also generating the smallest residuals.  
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Figure 2.9: Predicted horizontal crustal motion of North America using the ICE6G_C ice load (Peltier et 
al., 2015) and the hybrid method. This viscosity profile is VM5a for (a) and is S1 for (b). The value on the 
bottom right of both maps represents the RMS of the motions shown on the map. 

Table 2.3: RMS Values of the Difference in Horizontal Motions Compared to the Hybrid Method for 
Different Methods. 

Method 

compared to 

Hybrid 

VM5a S1 

RMS (mm/yr) RMS (mm/yr) 

- 0.73 1.23 

FNMA 0.02 0.31 

Pure Collocation 0.09 0.10 

Mixed Collocation 0.14 0.30 
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Table 2.4: Largest Differences in Computed Horizontal Motions for Different Methods Compared to the 
Hybrid Method. 

Method 

compared 

to Hybrid 

VM5a S1 

Difference1 Ratio2 Difference1 Ratio2 

Value 

(mm/yr) 
Lat Long 

Value 

(%) 
Lat Long 

Value 

(mm/yr) 
Lat Long 

Value 

(%) 
Lat Long 

FNMA 0.077 66 285 4.6 57 300 0.680 63 306 61.7 60 300 

Pure 

Collocation 
0.268 63 258 14.7 72 285 0.292 60 255 19.6 54 297 

Mixed 

Collocation 
0.307 45 249 21.3 57 300 0.676 36 282 51.0 48 231 

 

1The difference between the hybrid method vertical response and the horizontal response of the other 

methods. The largest values are shown with the respective coordinates. 

2The percent difference of the horizontal response between the hybrid method and the other methods 

relative to the hybrid method. The percentage difference is determined with respect to the value at 

each location. 

The horizontal crustal motion is shown in figure 2.9 for the Hybrid method and a comparison 

with the other methods is given in tables 2.3 (RMS comparison) and 2.4 (peak differences). The 

horizontal velocities display features similar to the vertical velocities. The differences between the 

different methods are smaller for VM5a than for S1 (Table 2.3), largely because the FNMA method is 

able to find more of the modal response for VM5a. The peak differences range from 0.08 to 0.31 mm/yr 

(VM5a) and 0.29 to 0.68 mm/yr (S1), a significant fraction of the RMS horizontal velocity. The ratios in 

the horizontal motions reach as high as 62% for S1 between the hybrid method and the FNMA, likely 

caused by significant missing modes. These differences are significant and further support the finding 

that a realistic modal structure, including modal amplitudes, is important for crustal motion predictions 

as Global Navigation Satellite Systems (GNSS) sites monitor both vertical and horizontal crustal motion 

to less than a millimetre per year (Sella et al., 2007; Kreemer et al., 2018). 



45 
 

2.7 Conclusion 

 A hybrid method to compute the surface loading response of spherically symmetric Maxwell 

viscoelastic Earth models is introduced and shown to circumvent some problems that previously 

described approaches exhibit. Differences in the computed vertical and horizontal crustal velocity 

between the hybrid method and others considered in this study (free normal mode analysis (FNMA), 

pure collocation, mixed collocation) were computed and found to be significant. The hybrid method 

combines the normal modes found via the FNMA with the robustness of the pure collocation method, 

which is applied to the residuals of the FNMA method. Thus, the hybrid method delivers an Earth model 

response that includes the true normal modes, albeit with some important modes possibly missing for 

some spherical harmonic degrees, and an additional set of inverse decay times with amplitudes 

calculated to provide good agreement with the directly calculated viscoelastic Love number. The hybrid 

method is robust and flexible and permits exploration of mantle viscosity parameter space without 

manual intervention. The uplift rates and horizontal motions predicted by the hybrid method have 

significant differences with previous methods, reaching over 1 mm/yr in vertical and 0.5 mm/yr in 

horizontal for the VM5a and S1 viscosity model examined here. Thus, the hybrid method may be the 

preferred solution method for a classical Laplace-transform approach to solving the surface loading 

problem for compressible Maxwell viscoelastic Earth models. 

The hybrid method, which assumes a laterally homogeneous Earth model, complements other 

numerical approaches that allow the incorporation of lateral heterogeneity and non-linear rheology 

(Tromp et al., 1999; Martinec, 2000; Latychev et al., 2005b; Wu et al., 2006; Hampel et al., 2019). Thus, 

it may serve as a reconnaissance tool for discerning regional, or globally averaged, Earth model viscosity 

parameters, in preparation for the application of other modelling tools that incorporate more realistic 

elements of Earth structure, such as lateral heterogeneity or non-linear rheology. 



46 
 

Chapter 3: Exploration of Earth Model Parameter Space: 
Effect of Lithosphere Thickness and Radial Mantle 
Viscosity Profile for Vertical and Horizontal Crustal 
Motions in North America 
 

3.1 Introduction 

 Glacial Isostatic Adjustment (GIA) is a process where the Earth’s surface undergoes 

displacement from glacial expansion and retreat. Changes to the surface loading from ice sheet 

fluctuations induce not only elastic response but also viscous flow in the Earth’s mantle and 

corresponding crustal displacements at the surface that can be measured and observed. GIA-induced 

crustal motions from the Last Glacial Maximum (LGM) generate present-day crustal motions across the 

globe, with large rates observed in North America, Greenland, Fennoscandia, and Antarctica (Peltier, 

1986; James and Ivins, 1998; Simon et al., 2016). GIA affects other geophysical phenomena including 

relative sea-level changes (Coulson et al., 2021), gravitational changes (Lombard et al, 2007; Cazenave et 

al., 2009), and earthquake activity (Steffen et al 2014; Ojo et al., 2021). The broad influence of GIA 

across a range of geophysical observables motivates development of models to predict these responses.   

 GIA models are composed of two components, a surface loading model and an Earth response 

model. The surface loading model represents the growth and decay of the ice masses and the ocean 

loading effect (Woodward, 1888; Mitrovica and Peltier, 1991a; Mitrovica and Milne, 2003). The Earth 

model specifies how the Earth responds to the changing surface load. The Earth models used in this 

study are spherically symmetric and possess seismically constrained density and elastic-parameter 

structure with a linear Maxwell rheology (Peltier, 1974; Wu and Peltier, 1982; Mitrovica and Peltier, 
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1992). Viscosity of the Earth’s mantle varies radially and is typically specified for a small number of 

layers.   

This chapter focuses on varying Earth model parameters – effective lithospheric thickness and 

radial mantle viscosity profile – to determine the effect on predicted horizontal and vertical crustal 

motion in North America. A 3-layer approximation for the mantle viscosity profile is assumed, and 

responses are computed using the hybrid normal mode-collocation method described in Chapter 2. This 

allows Earth model responses to be generated quickly and thus a more complete examination of the 

parameter space can be undertaken. The predictions are compared to Global Navigation Satellite 

System (GNSS) observations of vertical and horizontal crustal motion to find best-fitting Earth models. 

 This chapter is structured by first introducing the observational data set. This is followed by an 

explanation of how the Earth model parameters were chosen and responses (vertical and horizontal 

crustal motion) computed. A goodness-of-fit statistic is used to measure how well the predictions of a 

particular Earth model agree with the observations. The results are compiled and presented with a 

discussion on the overall effects of the changing parameters. The best fitting models are determined 

and compared to previous inferences for North America. 

3.2 Observational Dataset 

 The observational dataset was downloaded from the Nevada Geodetic Laboratory repository of 

MIDAS GNSS velocity fields (Blewitt et al., 2018, http://geodesy.unr.edu/) (Figure 3.1). The dataset was 

provided in the IGS14 reference frame (Kreemer et al., 2014) and was downloaded on August 9th, 2022. 

A no-net-rotation reference frame was found by defining and removing an Euler pole of rotation 

(Kreemer et al., 2014) for the horizontal motions using around 30 sites in central and eastern United 

States. The horizontal crustal motions show a consistent westward motion in the IGS14 reference frame 

(Figure 3.1a). In the no-net-rotation reference frame defined by the 30 sites, the horizontal motions for 

http://geodesy.unr.edu/
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most of Canada and the northern United States point southward while sites around the central United 

States point in a more or less random directions (Figure 3.1b). The maps show uplift across most of 

Canada with the largest uplift rates being centralized near Hudson Bay with subsidence across most of 

the United States and most of the Canada-United States border (Figure 3.1c). 

 

Figure 3.1: Maps of the IGS14 horizontal and vertical observational GNSS data. (a)  Horizontal motions 
downloaded from the Nevada Geodetic Laboratory (Blewitt et al., 2018, http://geodesy.unr.edu/),  b) 
the same horizontal motions after defining a no-net-rotation reference frame. c) The vertical motions. 
The red dots indicate the sites that were used to define the no-net-rotation reference frame. 

http://geodesy.unr.edu/
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 The GNSS sites used for the horizontal and vertical crustal motions have been collecting crustal 

motion data for at least 4 years to ensure sufficiently long GNSS time series. GNSS sites were chosen to 

be located in eastern and central North America, avoiding sites in tectonically active western North 

America. There are many geophysical phenomena aside from GIA that produce a notable effect on 

crustal motion in North America which would be captured by these GNSS sites. Some examples are the 

effects of ground water from changing water volume of the great lakes (Argus et al., 2020; Wang et al., 

2022) and the recent loading changes caused by the melting of glaciers, ice caps, and ice sheets in the 

Canadian arctic archipelago and Greenland (Riva et al., 2017; Coulson et al., 2021). These processes, 

among others are not considered in this study. 

3.3 Method 

 In order to explore Earth rheology parameters and determine best-fitting values for the Earth 

models, 8 lithosphere thicknesses were tested in conjunction with randomly generated viscosity profiles. 

The ranges for the parameters are shown in table 3.1. 

Table 3.1: Viscoelastic Earth Response Model Parameter Ranges. 

Lithospheric 
Thicknesses (km) 

Asthenosphere/Upper 
Mantle Viscosity Range 

(Pa·s) 

Transition Zone Viscosity 
Range (Pa·s) 

Lower Mantle Viscosity 
Range (Pa·s) 

40, 60, 80, 100, 
120, 180, 240, 

300 

 
1.00x1020 – 1.58x1021 

 
3.16x1020 – 2.00x1022 

 
7.94x1020 – 6.31x1022 

 

The boundaries of the viscous layers are at depths of 420 km, 670 km, and the core-mantle boundary at 

2885.5 km. With these parameter ranges, 500 random viscosity profiles were generated. The only logic 

implemented in the random viscosity profile generation ensured that the lower mantle viscosity was 

greater than or equal to the transition zone viscosity, and the transition zone viscosity was greater than 

or equal to the asthenosphere/upper mantle  viscosity. This was implemented to ensure that viscosity 
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increases with depth. The same 500 random viscosity profiles were used for each lithosphere thickness, 

which ranged from 40 to 300 km (Table 3.1). 

 Using these profiles, Earth model responses were generated with the hybrid normal mode-

collocation method, as discussed in Chapter 2, up to degree 256. This method combines the full normal 

mode analysis and the pure collocation method (Mitrovica and Peltier, 1992) and assumes a laterally 

homogeneous Earth. The hybrid method was chosen as it is a robust method for finding the inverse 

decay times and amplitudes while maintaining as much of the physically-based modal solution as 

possible. GIA model predictions of vertical and horizontal crustal motion were generated with the 

ICE6G_C ice loading history (Argus et al., 2014) and the randomly generated Earth model responses. The 

ocean loading component is included in the calculations (Kendall et al., 2005; Simon, 2014; Simon et al., 

2015, 2016).  

 Each set of model predictions is then compared to the IGS14 observational data set with both 

the data set and the predictions in the center of mass reference frame (Kreemer et al., 2014; Blewitt et 

al., 2018). The comparison was made by finding the root mean square (RMS) difference between the 

observations and the predictions, with a smaller RMS value indicating a better fit. For vertical crustal 

motions, this is simply a direct comparison. For horizontal crustal motions, the observational data set 

and the GIA model predictions are placed in the same reference frame. An Euler pole of rotation was 

found using a number of GNSS sites in the central United States for each model prediction, and 

compared to the observations, which are also placed in a no-net-rotation frame using the same sites as 

described in section 3.2 above (Kreemer et al., 2014; Blewitt et al., 2018). 

Best fits (minimum RMS values) to the observations were found for the vertical, horizontal, and 

combined vertical and horizontal crustal motion observations. For the combination, the following 

relation was employed 
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𝑅𝑀𝑆𝐶 = √
𝑅𝑀𝑆𝐻

2 + (𝑐 ∗ 𝑅𝑀𝑆𝑉  )2

2
 (1) 

where 𝑅𝑀𝑆𝐶, 𝑅𝑀𝑆𝐻, and 𝑅𝑀𝑆𝑉, are the RMS difference value for the combined, horizontal, and vertical 

respectively. The value 𝑐 refers to the ratio 

𝑐 =  
𝑅𝑀𝑆𝐻𝑀𝑎𝑥  −  𝑅𝑀𝑆𝐻𝑀𝑖𝑛

𝑅𝑀𝑆𝑉𝑀𝑎𝑥  −  𝑅𝑀𝑆𝑉𝑀𝑖𝑛
 (2) 

where the max and min refer to the largest and smallest RMS difference value of both the horizontal, 𝐻, 

and vertical, 𝑉, for the given lithosphere thickness. This ratio is incorporated into the combined RMS 

calculation to ensure that the magnitude of the vertical and horizontal RMS values are similar. This 

weighting prevents a bias toward minimizing one component over the other due to the magnitude of 

the respective RMS values. 

3.4 Results 

 For a baseline example, consider the results for the VM1 viscosity profile (Peltier et al., 1976) (1 

x 1021 Pa·s asthenosphere/upper mantle, 1 x 1021 Pa·s transition zone, 2 x 1021 Pa·s lower mantle) for 

horizontal (Figure 3.2) and vertical velocities (Figure 3.3) (Peltier et al., 1976).   
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Figure 3.2: Horizontal motions for the VM1 viscosity profile (Peltier et al., 1976) using the ICE6G_C 
surface loading model (Argus Et al., 2014). a) predicted motion in the no-net-rotation reference frame, 
b) residual velocities generated from the IGS14 observational dataset. 

 

Figure 3.3: Vertical motions for the VM1 viscosity profile (Peltier et al., 1976) using the ICE6G_C surface 
loading model (Argus et al., 2014). Map a) shows the predicted motion while map b) shows the residuals 
generated from the IGS14 observational dataset. 

With the horizontal motions, VM1 has some trouble matching the observed values. A number of sites 

near the United States-Canada border have residuals that all point southward at varying magnitudes 
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while most of the sites centred in the United States have residuals directed away from the centre. This 

consistent residual pattern indicates that a large portion of the horizontal response is not being 

explained with VM1, though an interpretation is difficult due to the change to the no-net rotation 

reference frame for both the observational dataset and the VM1 model. VM1 does give a relatively 

accurate response for the vertical crustal motions. There are non-zero residuals across all sites, with the 

largest residuals being around the Great Lakes, likely due to a large hydrological signal (e.g., Argus et al., 

2020; Wang et al., 2022), but the overall residuals are small compared to the predicted crustal motions.  

For a quantitative comparison, one can compare the results of VM1 to a null model. A null 

model in this context refers to a GIA model with no GIA deformation. The RMS taken from the null 

model (Table 3.2) will just be the RMS of the observational data set, thus comparing VM1 (Table 3.3) to 

the null model will show by how much the model improves the comparison. 

Table 3.2: RMS difference values for the null model. 

Horizontal RMS 
(mm/yr) 

Vertical RMS 
(mm/yr) 

Combined1 RMS 
(mm/yr) 

1.321 3.244 1.423 
1The weighting function was determined by using the range of vertical and horizontal RMS values 

generated from the 500 random viscosity profiles for the 120 km thick lithosphere (equations 3.1 and 

3.2). 

Table 3.3: RMS difference values for VM1. 

Horizontal RMS 
(mm/yr) 

Vertical RMS 
(mm/yr) 

Combined1 RMS 
(mm/yr) 

0.834 1.297 0.670 
1The weighting function was determined by using the range of vertical and horizontal RMS values 

generated from the 500 random viscosity profiles for the 120 km thick lithosphere (equations 3.1 and 

3.2). 

A significant amount of the crustal response is explained with VM1 when compared to a null 

model. VM1 does a fairly decent job at modeling the vertical crustal motions, improving the fit by 60% 

over the null model, while the horizontal crustal motions are improved, but only by around 30%. As 

stated before, the residuals for the vertical motions are relatively small across most of Canada and parts 
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of the United States with the largest around the Great Lakes, while the horizontal residuals are not as 

well explained as a large number of sites across southern Canada show large residuals all pointing 

southward. This comparison indicates that VM1 does a decent job explaining the majority of the vertical 

crustal response observed, but the model struggles to explain much of the horizontal crustal response.  

With a baseline example presented, the 500 random viscosity profiles were generated for each 

lithosphere thickness. Earth model response files were generated, and horizontal and vertical crustal 

motions were computed and compared to the observations through the RMS calculation described 

above. These results are represented by 3D scatter plots, shown in figure 3.4, for the 100 km thick 

lithosphere case. 
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Figure 3.4: 3D scatter plots showing the RMS values for the 500 different viscosity profiles, assuming a 
100 km thick lithosphere. Warmer colours refer to smaller RMS while the colder colours refer To larger 
RMS. a) horizontal RMS, b) vertical RMS, c) combined RMS. The black triangle in each panel is the 
smallest RMS for this lithospheric thickness. AS is the asthenosphere/upper mantle, TR is the transition 
zone, and LM is the lower mantle. Labels are logarithms (base 10) of layer viscosity. 
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For the horizontal scatter plot (Figure 3.4a), the scatter plot shows two regions of warmer colours. This 

indicates that there are two local optimal viscosity profiles for this particular lithosphere thickness. This 

feature is present in the combined scatter plot but is less prominent in the vertical scatter plot. The 

vertical scatter plot, however, shows another trend, namely the banding of colours on the 

asthenosphere-transition zone plane. Since the colours are layered in this plane, this indicates that when 

minimizing the vertical RMS difference, the lower mantle viscosity is the most important factor. 
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Figure 3.5: Minimum RMS vs lithosphere thickness for a) horizontal motions, b) vertical motions, and c) 
combined vertical and horizontal motions. Each RMS corresponds to the smallest RMS out of the 500 
viscosity profiles tested at the given lithosphere thickness. 
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Figure 3.6:  Viscosity profile vs lithosphere thickness for a) horizontal motions,  b) vertical motions, and 
c) combined vertical and horizontal motions. Note that the y-axis scale in b) is significantly smaller than 
a) and c). Each plotted viscosity profile represents the profile that produced the smallest RMS value. 
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 To represent the best models, the smallest RMS for each lithosphere thickness from Figure 3.4 is 

plotted in Figure 3.5 and the corresponding viscosity profile is plotted in Figure 3.6 as a function of 

lithosphere thickness. For the horizontal minimization, there is no local or global minimum for the RMS 

difference as the value continues to decrease as the lithosphere thickness increases (Figure 3.5a). This 

contrasts to the vertical minimization, which shows a clear global minimum at 100 km (Figure 3.5b). Any 

lithosphere thickness outside of the 80 – 120 km range comes with a significant increase in the vertical 

RMS difference. The weighted combination mixes the vertical and horizontal results (Figure 3.5c). There 

is a range of lithospheric thicknesses for the smallest RMSs, but it is larger than the vertical minimization 

and ranges from 120 to 240 km.  

The optimal viscosity profile is quite different depending on the minimization (Figure 3.6). For 

horizontal (Figure 3.6a) and combined weighting (Figure 3.6c), there is an abrupt change in the optimal 

viscosity profile from 100 km to 120 km. The optimal viscosity profiles for lithosphere thickness between 

80 and 100 km are similar to that of VM1, but for thicknesses of 120 km and greater, the lower mantle 

and transition zone viscosity increase by about an order of magnitude, while the asthenosphere viscosity 

decreases. The vertical minimization (Figure 3.6b) is in contrast to this trend with a relatively consistent 

viscosity profile across all lithosphere thicknesses. Given that the combined viscosity profile plot shows 

trends closer to the horizontal viscosity profile, this indicates that the horizontal crustal motions are fit 

more poorly at optimal vertical viscosity profiles than vertical crustal motions are poorly fit at the 

optimal horizontal viscosity profiles.  

3.5 Discussion 

 To explore the abrupt change in optimal viscosity profiles, the local optimal viscosity profile 

before and after the shift were recorded for the thin lithosphere branch and the thick lithosphere 

branch. The thin lithosphere branch was extended from 100 km to 120 km, and the thick lithosphere 
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branch was extended from 120 km to 100 km. The local optimal profile was selected by finding the 

profile that produced the smallest RMS with a lower mantle viscosity greater than 1 x 1022 Pa·s for 100 

km and a smallest RMS profile with a lower mantle viscosity of less than 1 x 1022 Pa·s for 120 km. These 

local optimal viscosity profiles and the corresponding RMS value plots are shown in figures 3.7 and 3.8 

for the horizontal and combined RMS minimizations. 
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Figure 3.7: Horizontal minimization plots for a) viscosity profile and b) horizontal RMS, plotted against 
lithosphere thickness. The 100 and 120 km lithosphere local optimal RMS and viscosity profile are also 
shown for both plots. The thin lithosphere optimal refers to lithospheric thicknesses of 100 km and less 
and the thick lithosphere optimal refers to thicknesses of 120 km or greater. 
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Figure 3.8: Combined minimization plots for a) viscosity profile and b) horizontal RMS, plotted against 
lithosphere thickness. The 100 and 120 km lithosphere local optimal RMS and viscosity profile are also 
shown for both plots. The thin lithosphere optima refers to lithospheric thicknesses of 100 km and less 
and the thick lithosphere optima refers to thicknesses of 120 km or greater. 
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 The optimal viscosity profiles for the horizontal and combined minimizations at their respective 

local optima are very similar, with only minor changes to the transition zone viscosity in the thin 

lithosphere optima for the combined minimization. From the RMS plots, both the horizontal 

minimization and the combined minimization have a minimum RMS at 100 km, like the vertical, for the 

thin lithosphere branch, but the change in optimal profile obscured this. This thick lithosphere optimal 

profile does not appear to have a minimum for the horizontal and shares the same wide range of 

lithosphere thickness that produces the minimum RMS for the combined minimization.  

With this exploration into the local optimal viscosity profiles, the thin lithosphere branch has a 

minimum RMS at 100 km thick lithosphere, as shown in the vertical (Figure 3.5b), horizontal (Figure 

3.7b) and combined minimization (Figure 3.8b). In contrast, the thick lithosphere branch has a minimum 

RMS value across a broad range of lithospheric thicknesses (120 – 240 km) that is evident in the 

combined minimization (Figure 3.8b). The thick lithosphere minimization features viscosity profiles with 

much larger values for the lower mantle viscosity, around 5 x 1022 Pa·s, compared to 1-3 x 1021 Pa·s for 

the lower-mantle viscosity of the thin lithosphere branch. 

The thin lithosphere profile and the relatively consistent vertical minimization viscosity profile 

are similar to well-documented viscosity profiles like VM1, VM5a, and VM7 (Peltier et al., 1976; Argus et 

al., 2014; Roy et al., 2017) which are used to accurately model relative sea-level data across North 

America. The thick lithosphere branch being only present in the horizontal and combined minimization 

might indicate that the horizontal crustal motions are more sensitive to lateral heterogeneity (Latychev 

et al., 2005a; Latychev et al., 2005b). Thus, for a laterally homogeneous study, the vertical crustal 

motions may be a better metric for determining the best-fitting model.  
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For comparison, crustal motion predictions are provided for the horizontal minimization 

(horizontal crustal motion, Figure 3.9), the vertical minimization (vertical crustal motion, Figure 3.10), 

and both horizontal and vertical crustal motion for the combined minimization (Figure 3.11).   

 

Figure 3.9: Horizontal motions for the smallest horizontal RMS for the 100 km lithosphere. a) predicted 
motions, b) residual velocities. 
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Figure 3.10: Vertical motions for the smallest vertical RMS for the 100 km lithosphere. a)  predicted 
motions, b) residual velocities. 
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Figure 3.11: Vertical and horizontal motions for the smallest combined RMS for the 100 km lithosphere.  
a) and c)  predicted horizontal and vertical motions. b) and d) are the corresponding residuals. 

Table 3.4: RMS difference values for best models at 100 km. 

 Horizontal RMS 
(mm/yr) 

Vertical RMS  
(mm/yr) 

Combined RMS 
(mm/yr) 

Horizontal Minimization 0.684 N/A N/A 

Vertical Minimization N/A 1.012 N/A 

Combined Minimization 0.791 1.303 0.674 
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Figures 3.9 and 3.11 show that the horizontal crustal motion residuals share a very similar trend to what 

was shown in figure 3.2. The larger residuals are primarily in southern Canada and the residuals in the 

United States are oriented away from the central United States. The 100 km model shows a nearly 50% 

decrease in the RMS of the horizontal crustal motions (Table 3.4) when compared to the null model 

(Table 3.2), while VM1 has about a 30% decrease (Table 3.3). 

Figures 3.10 and 3.11 show that the vertical crustal motion residuals between the vertical 

minimization and the combined minimization best models are visually quite different. The residuals 

around the Great Lakes for the vertical minimization are significantly improved while areas like Hudson 

Bay have very little change while the combined minimization has residuals that look very similar to the 

vertical residuals of VM1 (Figure 3.3b). For the vertical minimization model, there is around a 70% 

reduction in the RMS compared to the null model. This is an improvement to the 60% reduction from 

VM1, though not as much as the horizontal motions.  

In contrast to the horizontal and vertical minimization, the combined minimization has very little 

visual difference to VM1 regarding the residual maps (comparing Figures 3.11b and d to Figure 3.2b and 

Figure 3.3b). Comparing the combined RMS values does not accurately quantify the difference as 

different weighting functions were used. For an accurate comparison, the horizontal and vertical RMS 

from the combined minimization should be compared to the horizontal and vertical RMS values of VM1 

(Table 3.3). 

Comparing the values from table 3.3 and table 3.4, the combined minimization model has a 10% 

improvement over VM1 for the horizontal motions, but the RMS for the vertical motions is very similar. 

The improvement in the vertical RMS is much less pronounced than the improvement in the horizontal 

RMS, but overall, the combined minimization model represents an improvement over VM1. This model 
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shows that, for the combined models, the best fitting model leaned towards improving the horizontal 

crustal motions at the potential expense of the vertical crustal motions.  

Regardless of the minimization used, all models have substantial residuals. As a test, an 

additional GIA model set was created using a 4-layer model. A 4-layer model uses the same laterally 

homogeneous approximation as the 3-layer model but includes a high viscosity layer below the 

lithosphere, typically 30-40 km thick with a viscosity of 1022 Pa s (Argus et al., 2014; Argus et al., 2015; 

Peltier et al., 2015; Roy et al., 2015; Roy et al., 2017). This leads to a more complex Earth model. This 

added complexity has led to improved Earth models for North America, especially for the horizontal 

crustal motions (Argus et al., 2014). The generation of the 4-layer model follows the same parameter 

range and layer spacing described in table 3.1, but it uses the lithosphere thickness and high viscosity 

layer present in the VM7 profile (Roy et al., 2017). A comparison of the minimum RMS for both the 

vertical and horizontal is shown in figure 3.12. 
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Figure 3.12: Minimum RMS vs lithosphere thickness for a) horizontal motions and b) vertical motions. 
The red star is the minimum RMS for the 4-layer model for the respective plot.  
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 The 4-layer model produced a smaller RMS value relative to the 3-layer 80 km thick lithosphere 

models for both the vertical and horizontal crustal motions. The improvement for the horizontal 

motions is marked likely due to the horizontal motion’s sensitivity to changes in shallow depth 

viscosities, while the improvement in the vertical motions is smaller. The 4-layer horizontal minimum is 

smaller than all 3-layer versions, while the vertical RMS is similar to the smallest 3-layer minimum. Even 

with the improvements that the 4-layer model brought, there is still a sizeable observed difference 

between the best models and the observed crustal motions. The RMS could likely be improved more by 

increasing the number of internal layers; however, these results suggest that laterally homogeneous 

Earth models will still lead to significant residual velocities. This points to the need for laterally 

heterogenous methods to capture more of the crustal motion response in North America (Zhong et al., 

2003; Latychev et al., 2005a; Latychev et al., 2005b). 

3.6 Conclusion 

 This chapter extensively explores the Earth model parameters (specifically, models of 3-layer 

mantle viscosity) to find the effects on predicted horizontal and vertical crustal motions for North 

America. Earth model parameters (3-layer mantle viscosity values and lithospheric thickness) were 

randomly generated for an extensive range of values, assuming a spherically symmetric Earth model. 

While the vertical crustal motions showed a very stable trend in optimal viscosity profile values across 

the tested lithosphere thicknesses, minimization of horizontal crustal motion residuals led to two 

different optimal viscosity profiles. The transition happens between 100 and 120 km, with the change in 

viscosities being close to an order of magnitude increase. The horizontal crustal motion residual showed 

no apparent minimum in RMS values, while the vertical crustal motions had a clear best model at 100 

km thick lithosphere. Only when the local optimal viscosity profiles were determined and visualized did 

a best-fit model appear at the 100 km lithospheric thickness value, akin to the vertical.  
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 The best-fitting model at 100 km thick lithosphere matches the observational data reasonably 

well, but there are still fairly large remaining residuals. A drawback of this analysis is that mantle 

viscosity profiles were limited to 3 layers. An examination of a 4-layer model (Argus et al., 2014; Roy et 

al., 2017) showed improvements to the vertical and especially the horizontal fit. Even with the 

improvement with the introduction of a 4-layer model, there was still a substantial horizontal motion 

residual. These residuals show the limitations associated with using the laterally homogeneous 

approximation.  

The next step for improvement would be to use a laterally heterogenous finite element method of 

finding GIA models. This would allow lateral variations in Earth parameters such as lithosphere 

thickness. However, the approach to the study utilized in this chapter would have to be redesigned. 

Finite element models are computationally expensive and random generation of Earth models, and their 

responses, is not feasible. Instead, the results of this study could give a small selection of optimal 

viscosity profiles that can inform the selection of a limited number of 3-D earth models for comparison 

to the observations. 
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Chapter 4: Summary and Conclusion 
 

4.1 Summary 

This study explores the effects of Earth rheology on glacial isostatic adjustment (GIA) model 

predictions in North America. First, a new method (hybrid method), which addresses the issue of 

numerical singularities, is developed for finding the response of laterally homogeneous compressible 

Maxwell Earth models. With this method, the responses of thousands of Earth models were generated 

from randomly-generated viscosity profiles to explore the effects of Earth rheology on predicted vertical 

and horizontal motions. The study area includes most of North America east of the tectonically active 

western margin. In the study region, GIA model predictions are generally not in good agreement with 

observed horizontal crustal motions. The goal of this study was to examine the effects that the 

viscoelastic parameters (specifically, lithospheric thickness and 3-layer mantle viscosity profiles) have on 

crustal motion predictions and to explore the limitations of the laterally homogeneous Earth model 

assumption.  

These best models were all found for a 100 km thick lithosphere. The vertical response 

specifically showed that the minimum root-mean-square (RMS) value was clearly at 100 km, but the 

horizontal and combined minima were not as clearly defined. As the lithosphere thickness increases 

from 100 to 120 km, the smallest residual models transitioned from one local optimal viscosity profile to 

another. Although the residuals continue to decrease for the horizontal and combined as the 

lithosphere thickness increases, the viscosity profiles of the best-fit models after the transition were 

significantly different compared to the profiles for the vertical response and the profiles before the 

transition. The horizontal and combined response have a defined minimum at 100 km akin to the 

vertical response on the thin-lithosphere branch. On the thick lithosphere branch, the RMS fits decrease 

with increasing lithospheric thickness.  
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 Through the hybrid method, GIA models were found that could minimize the vertical and 

horizontal response residuals for a 100 km thick lithosphere to RMS values of 1.012 and 0.684 mm/yr, 

respectively, in comparison with the RMS values of observation residuals of 3.244 and 1.321 mm/yr for 

the same two components. The  model that simultaneously minimized residuals for the vertical and 

horizontal responses, yields RMS 1.303 and 0.791 mm/yr, respectively, for these two components. 

4.2 Comparison to Documented Profiles 

The 100 km thick lithosphere of the best-fit models is intriguing as it lies in the middle of the 

optimal lithosphere thickness ranges from previous studies. Starting with VM1, introduced in 1976, the 

lithosphere thickness was set to 120 km (Peltier et al., 1976). VM1 was used for a number of years until 

the introduction of VM2 and VM3, which both had a lithosphere thickness of 90 km (Peltier, 1996; 

Peltier, 2002). In this transition from VM1 to VM2/VM3, several studies experimented with lithosphere 

thicknesses beyond 200 km (Peltier, 1984; Peltier, 1986; James et al., 1990). With the introduction of 

space geodesy data, the first viscosity profile that included a high viscosity layer was introduced, 

denoted as VM5a (Argus et al., 2015; Peltier et al., 2015). VM5a was unique as it used a 60 km thick 

lithosphere, which was far thinner than the previous studies, but also included a high viscosity sub-

lithospheric layer. This sub-lithospheric layer’s viscosity is 40 km thick and was set at 1022 Pa·s, 1 order of 

magnitude greater than the subjacent layer’s viscosity. Shortly after VM5a was introduced, an updated 

viscosity profile VM6 was presented, with a lithosphere thickness at 90 km akin to VM2 and VM3 while 

including the sub-lithospheric layer, this time only 30 km thick (Roy et al., 2015). Finally, the most recent 

version of the VMx profiles is VM7 which has a lithosphere thickness of 75 km and has the same sub-

lithospheric layer as VM5a of 40 km thickness and viscosity 1022 Pa s (Roy et al., 2017). 

The lithosphere thickness (100 km) of our best-fitting model falls within the range of lithospheric 

thicknesses of numerous published papers (Peltier et al., 1976; Peltier, 1996; Peltier, 2002; Roy et al., 
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2015) and indicates general consistency with previous studies. A 100 km thick lithosphere is between 

VM1 (120 km) and VM7 (95 km) and is almost the same as VM2, VM3, and VM6. Smaller and larger 

lithospheric thicknesses were explored, and it was found that our results worsened overall if the 

thickness went below 80 km thickness. Above 120 km thickness the vertical response degrades, but the 

horizontal response improves. As explored in the discussion section of Chapter 3, this improvement to 

the horizontal motions at 120+ km lithosphere thickness comes with an extreme shift away from the 

viscosity profile present in the 100 km model. This shifted viscosity profile significantly differs from 

previously published inferences into mantle viscosity; coupled with a visible minimum in the horizontal 

response when only considering the 100 km optimal viscosity range, this leads to the argument that the 

best models for the horizontal motions are also at 100 km.  

The best models were relatively consistent in their viscosity profiles when the lithosphere 

thickness was between 60 km and 100 km, so VM5a’s thinner lithosphere did not produce significantly 

different viscosity profiles. Both this study and Peltier’s 2015 paper used GNSS data to refine the optimal 

models, probably contributing to the consistency between our results. Models with lithosphere 

thicknesses larger than 120 km produce viscosity profiles that were quite different when considering the 

horizontal motions. This change in the optimal viscosity profile points towards how sensitive the 

horizontal displacements are to the lithosphere thickness and viscosity profile, more so than the vertical 

(James et al., 1990; Latychev et al., 2005a; Latychev et al., 2005b). 

This study’s best models all have a 100 km thick lithosphere, which is relatively close to most of 

the documented VMx profiles, but the viscosity profiles corresponding to our best models differ from 

the VMx profiles. To illustrate this difference, figure 4.1 shows the viscosity profiles of the best model 

for 100 km plotted with the VMx viscosity profiles. 
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Figure 4.1: Viscosity profiles for a) best fitting model for vertical crustal motions at 100 km (red line) 
compared to VM1, VM2, and VM3 (Adapted from figure 1 of Peltier, 2002), and b) best fitting model for 
vertical crustal motions at 100 km (purple line) compared to VM5a, VM6, and VM7. (Peltier et al., 1976; 
Peltier, 1996; Peltier, 2002; Argus et al., 2015; Roy et al., 2015; Roy et al., 2017) 
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The best fitting viscosity profile is similar to all VMx viscosity profiles except VM1 at shallow 

depths (420 km depth and shallower), but at greater depths our best fitting viscosity is more similar to 

VM1 than other VMx profiles. This difference likely arises from how this study stratified the lower 

mantle, as there was only one mantle viscosity layer for the lower mantle, similar to VM1. All other 

viscosity profiles in figure 4.1 have additional layers between 670 km depth and the outer core-mantle 

boundary. VM5a, VM6, and VM7 also have a 40 km thick high viscosity layer below the lithosphere 

which, for VM5a, improved residuals of both the vertical and horizontal crustal motions, as discussed in 

Chapter 3.  

As discussed in Chapter 3, there is a sharp transition between viscosity profiles that produced 

the smallest horizontal RMS between 100 km and 120 km. Figure 4.2 highlights the magnitude of the 

difference between the thick lithosphere viscosity profiles, the 100 km thick best-fitting model, and the 

more recent VMx viscosity profiles.  
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Figure 4.2: Viscosity profiles for a) best fitting model for horizontal crustal motions at 100 km (red line) 
and 120 km (orange line) compared to VM1, VM2, and VM3 (Adapted from figure 1 of Peltier, 2002), 
and b) best fitting model for vertical crustal motions at 100 km (purple line) and 120 km (brown line) 
compared to VM5a, VM6, and VM7. (Peltier et al., 1976; Peltier, 1996; Peltier, 2002; Argus et al., 2015; 
Roy et al., 2015; Roy et al., 2017) 
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 Unlike in figure 4.1a, the best 100 km thick viscosity profile for minimizing the horizontal crustal 

motions does not agree with most of the VMx profiles. Only VM1 is similar to this profile for depths 

above 420 km and below 670 km. The best 120 km thick viscosity profile however is very different to all 

versions of the VMx profiles regardless of the depth. The viscosity above 420 km is similar to VM2 and 

VM3, but at depths greater than 420 km the viscosity increases far beyond the range of all the VMx 

profiles. 

4.3 Potential Sources of Uncertainty and Next Steps 

Despite the extensive search through Earth parameter space, our best models still have 

significant residuals. A number of factors could contribute to the residuals. The first potential source is 

the generation of the Earth model responses. The hybrid method, shown to be the superior method in 

Chapter 2, may still have remaining errors arising from the application of the collocation method to the 

residuals produced from the normal mode method. However, the hybrid method does retain as much 

modal structure as possible and fits the computed s-dependent Love numbers well, so the remaining 

error of the predicted motions is minimized and this is not thought to be a significant contributor to the 

residuals.  

Another potentially important contributor to the large residuals is that some processes that may 

contribute significantly to crustal motion have not been considered. Ongoing ice mass loss, hydrological 

effects, and plate tectonics may contribute to crustal motion. Culling more sights in the north and the 

west would reduce the influence of these phenomena and potentially reduce the overall residuals. 

Hydrological effects from the Great Lakes and elsewhere would likely need to be removed from the 

observational dataset as it would be unrealistic to cull that many sites for GIA modeling.  Alternatively, a 

joint analysis of hydrological effects and GIA would reveal the dependencies and sensitivities of the two 

processes. 
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Another reason that observed velocities are not fully fit may stem from the number of viscosity 

layers used. This study focused on an extensive exploration of a 3-layer viscosity profile. The number of 

layers chosen for this study was deliberate, as it was enough to stratify the Earth’s rheology while not 

requiring an excessive number of models to properly explore the viscosity space. This approach 

contrasts with other studies of North American crustal motion models that present viscosity profiles 

with more than 3 layers. For the purposes of finding the smallest possible residuals, a 3-layer exploration 

with a 40 km thick sub-lithospheric high viscosity layer would produce smaller residuals, as shown in 

Chapter 3. A larger number of layers might reduce the residuals further. 

As discussed in chapter 3, the likely reason for the large residuals is due to the laterally 

homogeneous assumption inherent in the numerical method. The numerical methods used in this report 

require that the viscosity profile only varies with depth. Seismic velocity profiles generated using seismic 

tomographic techniques reveal lateral variations in seismic velocity (Ritsema et al., 2011; Audet and 

Burgmann, 2011; Schaeffer et al., 2013; Auer et al., 2014; French et al., 2014; Clouzet et al., 2018). An 

example of these lateral variations in the mantle velocity is shown in figure 4.3. 
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Figure 4.3: 3D isotropic shear wave velocity structure as relative perturbations from a regional mean at 
different depths across North America. The black dashed line refers to the Rocky Mountain front, the 
grey line refers to the western and eastern breakup lines, and the red dashed line refers to the Grenville 
front. Adapted from figure 8 of Clouzet et al., 2018. 

At all depths shown, there is some lateral variation in the velocity structure, indicating lateral 

variation in the mantle viscosity profile. The laterally homogeneous models used in this study are unable 

to capture this lateral variation. 

Though this study describes an extensive exploration of mantle viscosity and lithosphere 

thickness for North American GIA model predictions, the lack of a consistent minimum for the horizontal 

and combined residuals, as well as the relatively large residuals for best-fitting models, suggests the 
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need for further analysis. Two approaches could be taken to expand on this study. The first is to repeat 

this experiment with a greater number of mantle viscosity layers. Though this study argues that there 

would only be a minor improvement to the residuals, there is still value in exploring the degree to which 

a more stratified viscosity profile would improve the fit to the observed velocities. 

Most recently published viscosity profiles have more than 3 layers, including the most recent 

VM7, which has 7 layers. It is possible that an improved model with smaller residuals could be found 

doing this similar search through viscosity space with additional layers, but the layering would need to 

carefully considered due to the depth sensitivity of GIA model predictions (Mitrovica and Peltier, 1991b; 

Lau et al., 2016) while also being  prohibitively expensive, as the number of models required to search 

through a 7 layered viscosity space would be orders of magnitude greater than what was used in this 

study. The approach taken in this report would need to be reworked into an inverse procedure in order 

to extend this exploration to 7 or more viscosity layers.  

The other step that could be taken would be to explicitly incorporate lateral heterogeneity into 

the Earth models. A laterally heterogenous model would result in a more accurate representation of 

lithospheric and upper mantle structure in North America and might lead to more robust inferences of 

Earth rheology. However, the methodology used in this study would have to be radically changed. A 

random search through viscosity space akin to what was done in this study would not be feasible for 

laterally heterogenous models. There are several reasons for this, but the biggest one would be the 

computational requirements. Finite element modeling is far more computationally expensive than the 

laterally homogeneous methods used in this study. Couple that with an increased amount of required 

models to effectively explore laterally heterogenous viscosity space through random search, and the 

amount of time to recreate this experiment with finite element modeling would be prohibitive. A study 

like this would not be able to do an extensive search through viscosity space by randomly choosing 

values; instead, earth models would need to be developed by synthesizing data from many geophysical 
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sources and experimenting with the parameters within those constraints. The laterally homogeneous 

results presented here would provide important input for assigning background mantle viscosity and 

lithospheric thickness values. 
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