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                    A digital filter is an essential part of many present day electronics devices and a 

common type of digital filter used is Finite Impulse Response (FIR) filters. FIR filters have 

several advantages over Infinite Impulse Response (IIR) filters, such as easy design of linear 

phase FIR filters, inherently stability and low round off noise sensitivity. On the other hand, 

FIR filters have the disadvantage that when the design specifications require a narrow transition 

band, the order of FIR designs increases rapidly. One of the common techniques to design 

narrow transition band FIR filter is the Frequency Masking (FRM) technique which is based 
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on up-sampling and the use of masking filters. This leads to filters with lower order and 

decreased arithmetic complexity of the filter implementation. 

                    In this project the design of linear phase FIR filters using the FRM technique is 

compared with some of the common ways to design linear phase FIR filters using windows. 

Design of linear phase low pass FIR filters using conventional window method technique is 

highlighted with different design examples implemented using MATLAB. The window 

technique has limitation as it lacks flexibility because, in design both the peak passband (δp) 

and stopband (δs) ripples are considered approximately equals, so that the designer can’t make 

a passband ripple very small or a stopband attenuation very large. Further, the order of FIR 

filters designed using the window technique tends to increase fast when a narrow transition 

band is required.  These design limitations can be overcome by using the frequency masking 

techniques which provides high selectivity with reduced arithmetic complexity. Linear phase 

low pass narrow bandwidth FRM FIR filter design are implemented in MATLAB and 

compared with the window method design in terms of filter order. Two masking filter 

techniques are being considered. In the first one, a masking filter technique is being used in 

cascade with the up-sampled model filter to design the linear phase low pass narrow transition 

bandwidth FIR filter. In the second, two masking filters are being used in a two channel 

configuration to achieve more general passbands. The comparison of these FIR filter designs 

indicates that the FRM technique leads to lower order FIR filters compared with the FIR filter 

designs using window methods at the cost of a slightly more complex design process. This 

reduction of filter order implies that the FRM techniques can be used to reduce arithmetic 

complexity for FIR filter implementations in applications requiring linear phase narrow 

transition bandwidth FIR filters.        
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Glossary 
 

CCP – Convex-Concave Procedure  

DSP - Digital Signal Processing  

FB – Filter Banks 

FIR - Finite Impulse Response 

FRM - Frequency Response Masking 

IFIR – Interpolated Finite Impulse Response  

IRT – Impulse Response Truncation  

LPF – Low Pass Filter 

SSF – Single Stage Filter 
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Chapter 1 
 

Introduction 

                    This chapter introduces digital filters and merits and demerits of FIR filters. It also 

provides the overview of frequency masking technique, objective and motivation for selecting 

this topic. Literature review provides the background in regards to frequency masking 

technique in filter design. At the end it gives a summary of how this project report has been 

organised in different chapters.  

 1.1 Digital filters 

                    Electronic filters are generally assumed to be defined as continuous - time, discrete 

- time, or digital devices. Signals in these domains appear in one, two, or multiple dimensions. 

Some signals are completely parameterized by their time and/or frequency domain attributes; 

others are defined in some statistical sense. The function of an electronic filter is to alter or 

manipulate a signal’s shape, energy, distributions, and other attributes in some predetermined 

manner. In communication applications, filters are used to detect and select signals of interest 

that reside within a prespecified frequency band, to suppress noise, and to correct for 

imperfections in a communication channel. Digital technology has ushered into existence a 

plethora of digital hardware, firmware, and software defined filter solutions and products [25]. 

In many cases, digital filters are used as an analog replacement technology. In other cases, 

digital technology has enabled new filters and filter applications that previously never existed 

[25]. Digital filters have now matured to point where they exhibit a long list of attributes 

including 

• high precision and accuracy, 

• adaptability and programmability, 

• precise phase and latency control, 

• robust performance over a wide range of frequencies, 

• low power dissipation and low cost, and 

• high reliability and repeatability [25]. 
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 1.1.1 FIR filters  

                    These digital filters have impulse response whose duration is finite, because it 

settles down to zero in finite time (i.e., decays with time).  The impulse response of a FIR 

filter with filter length N  defined by the N-sample time series hN[ k ] = { h[0], h [1], h[2] , 

h[3]…., h [ N − 1]).    

 

Figure 1 FIR filter consisting of shift registers, Accumulator and Multipliers with filter length 

N. Source [25]. 

                    Figure 1 shows direct FIR architecture, consisting a collection of shift registers 

configured as a first-in first-out (FIFO) array, N multipliers and an accumulator [25]. 

1.1.2 Advantages and disadvantages of FIR filters 

FIR filter has following advantages: 

• These filters can achieve linear phase response and pass a signal without phase 

distortion. This is to say, linear phase filters do delay the input signal but they don’t 

distort the phase of the input signal [7].  

• FIR filters are realized non recursively, hence they are inherently stable and free of 

limit cycle oscillation when implemented on a finite word length digital system [7]. 

• They are easier to implement. In effect, for most DSP microprocessors, the calculations 

for an FIR filter output can be done by looping a single instruction [7].  
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                    Disadvantage of FIR filters is that as the transition bandwidth becomes narrower, 

the filter order, and correspondingly the arithmetic complexity, increases inversely 

proportionally to this bandwidth [1]. As a consequence, an FIR filter of great length is required 

in order to approximate a frequency response with very narrow transition band. 

1.2 Objective and motivation of project  

                    In this project our focus is on reducing the computational complexity of FIR low 

pass filters that results when designing filters for narrow transition bandwidth. The filter order, 

as well as the number of nontrivial coefficients of a direct form FIR filter, is inversely 

proportional to the transition bandwidth. In this project we design low pass FIR filters with the 

traditional window method. FIR filters with small transition bandwidth suffer from high 

arithmetic complexity due to the high filter orders. The relation between filter length and 

normalised transition width has been represented in the graph below, which shows that for 

narrow transition width the required filter length is high, resulting in large number of 

computation (addition and multiplications).  

 

Figure 2 Filter length versus normalized transition bandwidth for an FIR low pass filter with 

0.2 dB peak to peak passband ripple and -40 dB stopband ripple. Source [1] 

                    Realization of FIR filters based on frequency response masking (FRM) has proven 

efficient, especially for very sharp FIR filters. An FIR is said to have sharp frequency response 

if its transition band(s) are extremely narrow. Designing of an FIR filter with narrow transition 

bands usually implies a long filter length, however the effective filter length can be 

considerably reduced when an FRM is employed. Lim [1] provides a plot (figure 2) of the filter 

length versus transition bandwidth for a minimax optimum low-pass filter with 0.2 dB peak-



4 

 

to-peak passband ripple and –40dB stopband ripple. We see that the complexity becomes 

prohibitively high for sharp FIR filters: a normalized transition band of 0.01𝜋, for example, 

requires a filter length that exceeds three hundred. To avoid this increase, the FRM approach 

has been proposed [1] [2]. These results have been very interesting which have been a 

motivating factor in order to choose this project. 

1.3 Frequency response masking technique   

                    The order and complexity of the FIR filters are very high when the transition 

bandwidth is narrow. According to [10], for linear phase single stage filters (SSF), the filter 

length is roughly proportional to the inverse of the width of the transition band. A 

computationally efficient FIR filter design technique thus has attracted the attention of many 

authors in recent years [5], [11], [12],[13]. The basic idea is to compose the overall filter using 

several sub filters, namely, the band-edge shaping filter, its complementary, and two masking 

filters [15]. Filters designed using FRM technique make use of periodic sub filters as basic 

building block. A periodic filter has a frequency response that is periodic with a period of 2π/M 

rad, where M is some positive integer, as opposed to conventional digital filters for which the 

period is 2π rad. The band-edge shaping filter, Ha(zM), is derived by replacing each delay 

element of a prototype filter Ha(z) by M delay elements. A drawback of linear phase FRM FIR 

filter is, however, that the delay is somewhat larger compared to its direct form linear-phase 

FIR filter counterpart. 

 

1.4 Literature review  

                    FRM FIR filters [4] that were proposed during 1980s with an aim to reduce the 

extreme computational complexity that accompanies conventional linear phase FIR filters with 

narrow transition band. Neuvo, Cheng-Yu and Mitra [26] proposed a particular case of filters, 

called interpolated FIR (IFIR) filters that can achieve very narrow transition bandwidth. 

However, IFIR can only be used to design FIR filters with narrow bandwidth. Lim [15] 

proposed a more general type of frequency response masking (FRM) structures for the design 

of FIR filters with small transition bandwidth and with low computational complexity. In early 

years, the sub filters of the FRM filters were separately designed [1], [4-5], [16-17]. As a result, 

the design was only sub optimal. In [18], the author proposed a two step technique for reducing 

the overall arithmetic complexity by simultaneously optimizing all the sub filters. First, it 

optimizes the masking filters by using a simple iterative design scheme. Second, the design is 

improved by using an efficient unconstrained nonlinear optimization algorithm [19].  
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                    The original concept of frequency response masking (FRM) was introduced by 

Neuvo, Cheng-Yu and Mitra [26] in 1984. It has been demonstrated that the complexity of a 

linear phase FIR filter can be considerably reduced by using FRM techniques. The FRM filter 

proposed by Neuvo, Cheng-Yu and Mitra[26] is composed of an interpolated FIR (IFIR) filter 

and a properly designed FIR filter. The transfer function of an IFIR filter can be obtained by 

replacing each unit delay 𝑧−1 with a delay block 𝑧−𝑀, where 𝑀 is an integer. In this way, the 

frequency response of the IFIR filter becomes periodic over the base band with M-times 

narrower transition band in each frequency period. The FIR filter in the cascade is then used to 

mask the images from the frequency response of the IFIR filter. While this turned out to be a 

successful design methodology, its use is limited to the design of filters whose passband is not 

too wide. In 1986, Lim [1] proposed an improved approach which allows the application of 

FRM technique to designing a much wider range of linear phase FIR filters. It was shown that 

the approach given in [4] results in a linear phase FIR filter with a small fraction of nonzero 

coefficients, and thus is suitable for implementing sharp filters with arbitrary bandwidths. 

Compared to the classical single filter design, this technique offers the advantages of lower 

coefficient sensitivity, higher computation speed and lower power consumption. 

             

1.5 Existing methods of FIR filter design 

                    The commonly used methods used to design FIR filters are: 

  
1) Impulse response truncation (windowing method) 

2) Frequency sampling 

3) Optimization method 

                       Frequency sampling and optimal methods give better results for the given filter 

specifications, IRT (otherwise termed as windowing method) is considered as the simplest 

approach to design FIR filters [9]. Implementation and design of filter have been illustrated 

using different window functions. Design of filters have been also done using frequency 

marking technique which involves less computational complexity and faster processing 

capability. 
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1.6 Content and organization of report  

                    This report has been organised in six chapters. Following paragraphs provides the 

glimpse of each chapter’s content.  

In Chapter 1 gives an overview of digital filters, objectives and motivation for this project. 

Discussion of FIR filters has been done along with its advantages and disadvantages. This 

chapter gives background of frequency masking technique and related literature. 

Chapter 2 summarizes the main properties and types of FIR filters along with its design 

specifications needed for FIR filter design. The concept of Gibbs phenomenon has also been 

introduced to show the impact of truncating the impulse response in Fourier transfer domain.  

Chapter 3 illustrates FIR filter design using conventional methods by the window technique. 

Design examples have been used to illustrated FIR filter design with given specifications. 

Different window functions have been used for FIR filter design illustration. This chapter 

discusses designing constraints and procedure used for FIR filter design using the window 

method. Advantages and disadvantages of window method have been discussed with respect 

to frequency masking technique for FIR filter design at the end of this chapter. 

Chapter 4 introduces frequency masking techniques for narrow band FIR low pass filter design 

with one masking filter (F(z)) and its structure used for implementation. Illustration of this 

method has been done with a design example. Limitations of this method of design have been 

discussed. 

Chapter 5 discusses the designing of arbitrary bandwidth FRM FIR filters. Structure and 

frequency response of this design involving two masking filter (F0(z) and F1(z)) has been 

discussed. Overview of masking filters and complementary pairs has been provided. Design 

example has been illustrated with given specifications. At the end, the FIR filter obtained using 

window method and the FRM method are compared. 

Chapter 6 provides future work and prospects which exist in this arena along with conclusion.  
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Chapter 2 
 

 

Basics of FIR filter design 

                    In this chapter, specifications and design aspects of low pass FIR filters are being 

discussed. It also provides the overview of different types of FIR filters. It introduces the 

concept of Gibbs phenomenon along with group delay and linear phase for low pass filters. 

 2.1 Filter specifications 

                                            
                    Ideal Filters specifications have a zero-transition bandwidth, a constant passband, 

and a stopband with an infinite attenuation. In actual practical design it is very difficult to 

achieve these specifications and hence, some amount of tolerance is allowed. The permissible 

tolerances should be specified before designing the filter. For an LPF, we often have the 

following frequency response specifications:  

δp: Peak passband deviation  

δs: Stopband deviation  

ωp: Passband cut-off frequency  

ωs: Stopband cut-off frequency  

N: Filter length (N=P+1)  

P: Order of the FIR  

Δω: Transition bandwidth 

T: Sampling period  

Ω = ω.
1

𝑓𝑐
 = 2π(

𝑓

𝑓𝑐
) , {where 

𝑓

𝑓𝑐
 is normalised frequency} 

All these specifications are depicted in figure 4. In general, δp and δs on a linear scale are very 

small and it is often convenient to express them in dB. Therefore, attenuation factors expressed 

in terms of Ap and As (defined in equation 2.1 and 2.6) respectively [9]                         
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        Passband attenuation Ap:                    

                         Ap = 20 log10 (
1+𝛿𝑝

1−𝛿𝑝
)                                                                       (2.1) 

   And Stopband attenuation As is explained below: 

 

         

Figure 3 Transfer function. Source [28] 

 

From figure 3, transfer function H(z) is given by [28] 

                               H(z) = 
𝑌(𝑧)

𝑈(𝑧)
 = (

𝑁(𝑧)

𝐷(𝑧)
)                                                                  (2.2) 

Attenuation, A(ω) is given by  

                     A(𝜔) = 20 log10 (
1

H(ejω)
)   = −20 log10 (H(e

jω))                            (2.3) 

Minimum Stopband Attenuation: 

                      As   =                                   

                             

                      As   =   

                            

                    As    =                                                                           

              

(2.6) 

H(z) U(z) Y(z) 

Min (A(ω)) for ω ∈ stopband 

ω 

Min (-20 log (H(ejω)) 

ω 

Max (20 log (H(ejω)) , ω ∈ stopband 

ω 

(2.4) 

(2.5) 
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Figure 4 Filter specifications. Source [27] 

  

2.2 Types of FIR filter    

                    Depending on the value of the filter length N and the nature of the impulse 

response whether symmetric or asymmetric, four types of linear phase FIR digital filters can 

be defined [7].  

Type I FIR filter: If the filter order P is even (or the filter length N = P+1 is odd) and the 

impulse response is symmetric, then the FIR filter is termed type I linear phase FIR filter. In 

this case, we can express the impulse response sequence as 

ℎ[𝑛] = ℎ[𝑃 − 𝑛], 0 ≤ 𝑛 ≤ 𝑃,                                                                                    (2.7) 

and its frequency response is found to be 

𝐻(𝑒𝑗Ω) = ∑ ℎ[𝑛]𝑒−𝑗𝑛Ω = ∑ ℎ[𝑛]{𝑒−𝑗𝑛Ω + 𝑒−𝑗(𝑃−𝑛)Ω} + ℎ [
𝑃

2
] 𝑒−𝑗

𝑃

2
Ω

𝑃

2
−1

𝑛=0
𝑃
𝑛=0          (2.8) 

After simplification of (2.8), frequency response of type I FIR filter is obtained as 

   𝐻(𝑒𝑗Ω) = 𝑒−𝑗
𝑃

2
Ω {ℎ [

𝑃

2
] + 2∑ ℎ [

𝑃

2
− 𝑛] cos(𝑛Ω)

𝑃

2
𝑛=1 } = 𝑒−𝑗

𝑃

2
Ω𝐻̂(𝑒𝑗Ω),               (2.9) 

where 𝐻̂(𝑒𝑗Ω) is a real function of Ω. From equation (2.9), it can be observed that the phase 

response of type I FIR filter is linear with a delay of P/2 samples [7].  
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Type II FIR filter: An FIR filter is said to be type II if its degree or order P is odd and its 

impulse response sequence is symmetric, as defined in (2.7). Using equation (2.7) in (2.8), 

frequency response of type II FIR filter after simplification can be expressed as  

𝐻(𝑒𝑗Ω) = 𝑒−𝑗
𝑃

2
Ω {2∑ ℎ [

𝑃+1

2
− 𝑛] cos ((𝑛 −

1

2
)Ω)

𝑃+1

2
𝑛=1 }                                               (2.10) 

                       It can be seen that quantity within the braces is real and the phase response is 

linear with delay of  
𝑃

2
 samples [7].  

Type III FIR filter: In this case the filter order or degree is even and the impulse response is 

asymmetric as defined by 

ℎ[𝑛] = −ℎ[𝑃 − 𝑛], 0 ≤ 𝑛 ≤ 𝑃                                                                                         (2.11) 

The frequency response of type III FIR filter can be shown to be 

𝐻(𝑒𝑗Ω) = 𝑗𝑒−𝑗
𝑃

2
Ω {2∑ ℎ [

𝑃

2
− 𝑛] sin(𝑛Ω)

𝑃

2
𝑛=1 }                                                                   (2.12) 

     The quantity within the braces in (2.12) is real and the phase response is linear with a delay 

of 
𝑃

2
 samples [7]. 

Type IV FIR filter: The type IV FIR filter has an odd degree and its impulse response is 

asymmetric as defined in (2.11). Using these facts, we can express its frequency response as 

 𝐻(𝑒𝑗Ω) = 𝑗𝑒−𝑗
𝑃

2
Ω {2∑ ℎ [

𝑃+1

2
− 𝑛] sin ((𝑛 −

1

2
)Ω)

𝑃+1

2
𝑛=1 }                                                  (2.13) 

It can be seen from (2.13), the quantity within the braces is real and so the phase response is 

linear with a delay of 
𝑃

2
 samples [7].  
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Figure 5 Typical impulse response for the four types of linear phase FIR filters. Source [15].                                          

2.3 Linear phase low pass filter                   

                    Frequency response of an ideal LPF with linear phase can be defined as [22] 

Hlp(𝑒
𝑗𝜔) =  {

e−jωα   ,   |ω|  ≤  ωc
0, ωc < |ω|  ≤  π.

                                                                            (2.14) 

While magnitude response of ideal low pass filter is [22]   

       |Hlp(𝑒
𝑗𝜔)| =  {

1  ,   |ω|  ≤  ωc
      0, ωc < |ω|  ≤  π.

                                                                  (2.15) 

And the phase response is  

                Arg Hlp (ejω) = -αω.                                                                                         (2.16) 

                    Group delay (dg(ω)) (defined in 2.17) is one of the parameters used to measure the 

linearity of the phase. In some literature group delay is defined as the time delay of the 

amplitude envelops of the various sinusoidal components of a signal through the device under 

test, and is a function of frequency for each component. The delay variation means that signals 

consisting of multiple frequency components will suffer distortion because these components 

are not delayed by the same amount of time at the output of the device. This changes the shape 

of the signal in addition to any constant delay or scale change. A sufficiently large delay 

variation can cause problems such as poor fidelity in audio or inter symbol interference 

(ISI).[24]  
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Group delay is defined as  

                                       dg(ω) = - 
d

d(ω)
  (Arg H(ejω))                                    

 

  Figure 6 Ideal LPF with linear phase: a) Magnitude response and b) Phase response.  

                    The magnitude response and the phase response of the ideal LPF, with linear 

phase, are shown in figure 6. Group delay for linear phase filters is nothing but the point of 

symmetry of impulse response.  Although there is no phase (or delay) distortion in either zero 

delay or constant group delay for ideal filters, these filters are non-realizable due to their infinite 

extent. The number of coefficients that should be considered to design a causal filter depends 

on the specifications. Once the filter length is calculated, we can find the value of α (group 

delay) using the relation 

                        α = 
𝑁−1

2
                                                                                                      (2.18)        

The coefficients of the FIR filter are therefore given by                

                 h[n] = hd[n] f[n]                                                                                                (2.19)                  

                    where f [n] represents the samples of the discrete-time data window that extends 

from 0 to N − 1 and hd[n] represents the ideal infinite time impulse response obtained as the 

inverse Fourier transform of the H(ejω ) desired impulse response and h[n] is the FIR impulse 

response.                                                                     

        (2.17) 
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2.4 Gibbs phenomenon    

                    In order to obtain the frequency response of the FIR filter, the desired frequency 

response Hd(ejω) is convolved with the frequency response of the window F(ejω) (shown in 

figure 7). The resulting response H(ejω) is depicted in figure 7(c). For illustration purpose a 

rectangular window has been considered. 

 

Figure 7 Truncation of impulse response using the rectangular window.  

 

a) Desired frequency response. (b) Frequency response of a rectangular window. (c) 

Frequency response of FIR impulse response. 

     

                    It can be observed that F(ejω) figure 7(b) has the main lobes and side lobes. The 

side lobes present in the Fourier transform of the window are responsible for the ripples in the 

stopband and passband of H(ejω), whereas the main-lobe width of the Fourier transform of the 

window is responsible for the nonzero transition width of H(ejω), figure 7(c). To obtain a narrow 

transition band, increase in the value of N (i.e., number of coefficients in the filter response) is 

required. However, higher values of N require more computations. Therefore, trade-off 

between smearing of the desired response and the computational complexity exits. This 
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minimum attenuation is termed as Gibbs number [9]. Gibbs number for the rectangular window 

is 0.0895[9]. This is illustrated in figure 8 where transition bandwidth of the filter designed 

with N= 101 has a steeper transition band than the one designed with N= 21. Although a 

rectangular window gives the smallest transition width for a given value of N, its side lobes are 

much larger. By tapering the window at both ends, we can reduce the side lobe levels, but at 

the expense of increased main lobe widths, thereby increasing the transition bandwidth [9].    

 

 

 

 

Figure 8 FIR filter designed with direct truncation with filter lengths N= 21 and N = 101. 

Source [9] 

 

2.5 Summary    

                                   Different types of FIR filters were discussed in detail and low pass filter 

design specifications were introduced. The concept of Gibbs phenomenon was introduced, 

illustrating the impact of truncating the impulse response in Fourier transfer domain.  
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Chapter 3 

 

FIR Filter design using windows 

                    This chapter discusses designing of FIR filters using one of the most commonly 

used techniques known as window method. Low pass FIR filter design methods and constraints 

are been discussed in detail. Design of low pass FIR filters is illustrated using different 

windows for given specification examples. 

3.1 Designing constraints  

                      
                    Based on the design specifications a possible FIR filter design technique is the 

impulse response truncation (IRT). FIR filter design using windows is easier and simpler to 

design with less complications.                     

Filters designed by the windowing method exhibit the following properties:  

• The frequency response near a discontinuity of the ideal filter is approximately 

antisymmetric about a point of discontinuity in the neighbourhood of that discontinuity. 

• The width of the transition band is inversely proportional to the length of the window. 

                    Thus, to achieve a prescribed stopband attenuation and passband ripple, the 

designer must choose a suitable window and the length of the window to achieve the required 

transition band. Advantage of window method over frequency masking technique is that it is 

easier and simpler to design with less complications. 

 

3.2 Design procedure for filters using window technique   

 
                    Given the specification parameters, passband frequency(ωp), stopband frequency 

(ωs), passband ripple (δp) and stopband ripple (δs)              

1. First, we design an ideal filter with the given specifications, by assuming the cut-off 

frequency (ωc) to be the mean of passband and stopband cut-off frequencies, that is,  

                                                    ωc = 
𝜔𝑝+𝜔𝑠

2
 . 
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2. Impulse response hd[n] of the ideal filter is determined using inverse Fourier 

transform, in our analysis we used low pass filter design as explained in section 2.3.  

3. Transition bandwidth of filter is dependent on main lobe width of window. Selection 

of window is done so that it has the required main lobe width which can satisfy the 

transition bandwidth requirement. Various windows with their characteristic have 

been tabulated in table 1.   

4. Find the number of filter coefficients (N) using the relation between transition 

bandwidth and N given in table 1. 

5. Truncate the impulse response using the selected window to obtain the symmetric 

filter coefficients.                  

6. Value N computed in step 4 is only an approximate value. Therefore, if the desired 

filter specifications are not met, then repeat the procedure with a different value of N 

[9]. 

 

Table 1 Characteristics of different windows. Source [9] 

3.3 FIR filter design example using window technique  

 

Design example 3.1:  Design low pass filter with cut off frequency = 0.4π and N=20 using 

window technique. 

In this example we will illustrate the properties of the various windows using the low pass filter 

explained in section 2.3.   



17 

 

3.3.1 Rectangular window                    

Rectangular window (also known as Boxcar window) is defined 

𝑤[𝑛] = {
1 , 0 ≤ n ≤ N
0, otherwise

                                                                                          (3.1) 

 Figure 9 shows the plot of rectangular window for design example 3.1. Discrete time Fourier 

transform of rectangular window is given by [22] 

                              W(ejωT) = 
sin (

[N+1]ωT

2
)

sin (
ωT

2
)
e−

jNωT

2                                                     (3.2) 

W(ejωT) is shown in figure 10 ,convolved with the ideal frequency response Hi (ejωT), and the 

resulting frequency response H(ejωT) exhibits Gibbs oscillations at a discontinuity in the ideal 

frequency response seen in figure 11.   

 

 

Figure 9 Rectangular window function sequence for filter design with N=20. 

 

Figure 10   Magnitude responses of a rectangular window. 
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Figure 11 Magnitude responses of a linear phase FIR designed using rectangular window for 

design example 3.1 

 

Figure 12 Impulse response of low pass filter designed using rectangular window 

   

 

Figure 13 Pole-zero configuration for the linear phase FIR filter designed with a rectangular 

window and N = 20 
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Figure 14 Stopband attenuation factor AS 

                    Figure 13 shows the pole-zero configuration for the linear phase FIR filter. It can 

be observed from the figure that the majority of the zeros lie on the unit circle where they 

generate the stopband attenuation and zeros in the passband region are mirrored in the unit 

circle. All poles lie at the origin. Figure 14 shows minimum stopband attenuation factor (As).  

 

3.3.2 Von Hann (Hanning) window 

               

                    The von Hann window, which is also known as the Hanning window, was 

proposed by the Austrian metrologist Julius Von Hann (1839–1921), is defined by [22]              

   w[n] = {
1

2
(1 + cos (

2nπ

N+1
)) , 0 ≤ n ≤ N

0, otherwise
                                                             (3.3) 

                    Changing the window function may reduce the size of the Gibbs’ oscillations and 

produce a frequency response with smaller errors in the passbands and stopbands, at the 

expense of widening of the transition band at the discontinuity [22].  
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Figure 15 Von Hann window function sequence for filter design with N=20. 

 

Figure 16 Magnitude responses of Von Hann window 

 

 

Figure 17 Impulse response of low pass filter designed using Von Hann window 
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Figure 18 Magnitude responses of a linear phase FIR designed using Von Hann window for 

design example 3.1 

 

Figure 19 Pole-zero configuration for the linear phase FIR filter designed with a Von Hann 

and N = 20 

 

                    It can be remarked that the filter magnitude becomes smaller for higher 

frequencies. Figure 19 shows the pole-zero configuration. 

3.3.3 Hamming window 

 

                                 The Hamming window is defined as [22]   

𝑤[𝑛] = {
0.54 + 0.46 𝑐𝑜𝑠 (

2(𝑛−1)𝜋

𝑁
) , 0 ≤ 𝑛 ≤ 𝑁

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                                                         (3.4) 

Figure 20 shows the function sequence for design example 3.1. Magnitude response of 

window is shown in figure 21. 
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Figure 20 Hamming window function sequence for filter design with N=20. 

 

 

Figure 21 Magnitude responses of Hamming window 

 

 

Figure 22 Impulse response of low pass filter designed using Hamming window 
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Figure 23 Magnitude responses of a linear phase FIR designed using Hamming window for 

design example 3.1 

 

Figure 24 Pole-zero configuration for the linear phase FIR filter designed with Hamming 

window and N = 20 

 

3.3.4 Bartlett window 

                                                The Bartlett window is defined as [22] 

w[n] =

{
 

 (
2(n+0.5)

N+1
) , 0 ≤ n ≤ N/2 

(2 −
2(n+1.5)

N+1
,
N+1

2
≤ n ≤ N

0, otherwise

                                                                      (3.5) 

As can be seen from (3.5), Bartlett’s window tapers off linearly. Magnitude responses for the 

window and a linear-phase lowpass FIR filter designed using this window function is shown 

in figure 26 and figure 28 respectively. 
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Figure 25 Bartlett window function sequence for filter design with N=20. 

 

 

Figure 26 Magnitude responses of a Bartlett window 

 

 

Figure 27 Impulse response of low pass filter designed using Bartlett window 
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Figure 28 Magnitude responses of a linear phase FIR designed using Bartlett window for 

design example 3.1 

 

 

Figure 29 Pole-zero configuration for the linear phase FIR filter designed with a Bartlett 

window and N = 20. 

                    Since the cosine function varies more smoothly than a linear function, Haan 

window tapers off more smoothly than the Bartlett window [9].  

 

3.3.5 Blackman window 

 

                                       The Blackman window is defined as [22] 

w[n] = {
0.42 − 0.5 cos (

2(n+0.5)π

N+1
) + 0.08 cos (

4(n+0.5)π

N+1
) , 0 ≤ n ≤ N

0, otherwise
                   (3.6) 

Blackman window function is zero at the extreme ends of the sequence and is smoother than 

the Hamming window function. Figure 30 shows Blackman window function sequence for 

N=20 for design of example 3.1. 
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Figure 30 Blackman window function sequence for filter design with N=20. 

 

Figure 31 Magnitude responses of a Blackman window 

 

 

Figure 32 Impulse response of low pass filter designed using Blackman window 
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Figure 33 Magnitude responses of a linear phase FIR designed using Blackman window for 

design example 3.1 

 

Figure 34 Pole-zero configuration for the linear-phase FIR filter designed with Blackman 

window and N = 20. 

                    Filter design using this window has better stopband attenuation, but the passband 

response is poor. Pole-zero configuration is shown in figure 34.  

3.3.6 Kaiser window 

                             

                    Window design can be seen as the problem of determining a time-limited function 

for a Fourier transform that is best the approximate of a band limited function, i.e., a time-

limited function that has minimum energy outside the passband. For continuous-time function, 

this problem has been solved in closed form using a class of functions called prolate spheroidal 

wave functions [22]. Kaiser has proposed a simple approximation for the discrete-time case, 

the Kaiser window. The Kaiser window is an adjustable window that contains a parameter a, 

which can be used to trade-off between the transition width and stopband attenuation [22]. 

Kaiser window is defined by [22] 
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 w[n] =

{
 
 

 
 Io[α√1−

4n2

(N−1)2
  ] 

Ioα
, −

N−1

2
≤   n ≤

N−1

2
   odd

Io[α√1−
4(n+0.5)2

(N−1)2
  ] 

Ioα
, −

N

2
≤   n ≤

N

2
− 1  even

                                              3.7           

                           

 

Figure 35 Kaiser window function sequence for filter design with N=20 and α = 3.4. 

                          where, Io(.) is the zero order, modified Bessel function of the first kind. In the 

limiting case, when α=0 the Kaiser window reduces to a rectangular window. Figure 35 shows 

the Kaiser window sequence for N=20 and α = 3.4. 

 

Figure 36 Magnitude responses of a Kaiser window, α = 3.4. 

 

Figure 37 Impulse response of low pass filter designed using Kaiser window 
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Figure 38 Magnitude responses of a linear phase FIR designed using Kaiser window for 

design example 3.1 

 

Figure 39 Pole-zero configuration for the linear-phase FIR filter designed with Kaiser 

window and N = 20. 

 

                    Figure 38 shows the magnitude response of a linear-phase lowpass FIR filter 

designed with Kaiser window with N = 20 and Amin = 40 db. It can be noted that passband and 

stopband are somewhat better compared to the previously discussed windows and the transition 

band is slightly smaller than for the Hamming window. 
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Performance of all the different windows for same specification design example 3.1 has been 

tabulated in the table 2 below. Range of 0.35π to 0.45π has been selected as reference for 

evaluating stop band attenuation. 

 

Table 2 Stopband attenuation for different windows with common design specification of 

example 3.1.                      

3.3.7 Discussions of results 

                      The design of FIR filter using windows has been discussed and the performance 

of various commonly used windows has been illustrated using design example 3.1. From the 

design example, it is observed that the rectangular window has the highest value of minimum 

stopband attenuation (in dB) while the Blackman window has least value among different 

window functions. Pole-zero configuration for all the window functions were plotted. 

Locations of all the poles at origin indicate absolute stability of FIR filters. Hence, FIR filters 

are inherently stable i.e., any bounded input results in bounded output. 

Design Example 3.2:  Design low pass filter with  

ωcT(passband edge)=0.4π rad, 

ωST(stopband edge)=0.402π rad  different using window technique. 

As the order of the filter has not been specified for this design, N has been evaluated using the 

design procedure as illustrated in section 3.2 for different window functions. Here transition 

width is Δω (ωST – ωCT) =0.002π.  
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Using Δω = 0.002π and equations from table 1, we obtain the values for filter length(N) for all 

the windows given in table 3. 

 

Table 3 Filter length for design example 3.2. Source section 3.2.  

Rectangular window  

 

Figure 40 Magnitude response of rectangular window for design example 3.2.  

 

Figure 41 Pole-zero configuration of rectangular window for design example 3.2.  
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Von Hann window 

 

  Figure 42 Magnitude response of Von Hann window for design example 3.2. 

 

 

Figure 43 Pole-zero configuration of Von Hann window for design example 3.2.  

Hamming window 

 

Figure 44 Magnitude response of Hamming window for design example 3.2. 
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Figure 45 Pole-zero configuration of Hamming window for design example 3.2.  

Bartlett window  

 

Figure 46 Magnitude response of Bartlett window for design example 3.2. 

 

Figure 47 Pole-zero configuration of Bartlett window for design example 3.2.  
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Blackman window  

 

 

Figure 48 Magnitude response of Blackman window for design example 3.2 

 

Figure 49 Pole-zero configuration of Blackman window for design example 3.2 

Kaiser window  

 

Figure 50  Magnitude response of Kaiser window for design example 3.2 

with α = 3.4. 
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Figure 51 Pole-zero configuration of Kaiser window for design example 3.2 

       

Stop band attenuation for example 3.2: 

 

Table 4 Stop band attenuation for design example 3.2. 

 

3.3.8 Discussions of results for narrow transition bandwidth filter  

                      The design of FIR Filter using windows has been discussed and the performance 

of various commonly used windows has been illustrated using design example 3.2 for given 

specification. This example shows that for design of narrow bandwidth filter, magnitude of 

filter length (N) is very high when window technique is applied for designing FIR filter. 

Traditional methods of FIR filter design are not suitable for filters which requires have very 

small transition bandwidth.  

 

3.4 Summary 

                    Two design examples were illustrated using the window technique highlighting its 

features and properties. The window method is easier and simpler to design with less 

complications but when FIR filter with narrow transition width is required, this method is not 
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optimal and effective as it results in higher order leading to increased arithmetic complexity 

and takes large computation time as compare to frequency masking method. Thus, frequency 

masking technique is used in such cases. Design of FIR filters based on frequency-response 

masking techniques, make use of periodic sub filters as basic building blocks as explained in 

the next subsequent sections. 
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Chapter 4 

 

Design of FIR filter using frequency 

masking technique with one masking filter 

                    This chapter introduces the frequency masking technique and its application for 

designing narrow band low pass FIR filters. The basic building blocks and structure of 

frequency response masking filters are discussed along with design examples.  

4.1 Narrow transition band lowpass FRM FIR filter     

                     A narrowband FIR filter (narrowband means here that ωcT < π/2 rad) can be 

realized by using two cascaded filters according to (figure 52) below. The principle is very 

simple: the narrow band filter is obtained as a cascade of a periodic model filter and a masking 

filter. The representation of up sampling has been done over one normalised time period (T). 

 

Figure 52 Up sampled. Source [22]. 
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The overall transfer function is [22] 

                                 H(z) = G(zM). F(z)  

where; 

G(z) : model filter 

G(zM) : periodic model filter 

F(z) : masking filter 

assuming all of them to be linear phase FIR filters. The periodic model filter G(zM)  is obtained 

from the model filter G(z) via the transformation z → zM. The impulse response of G(zM) is 

obtained from the impulse response of G(z) by inserting M – 1 zeros between values, as shown 

in figure 52. Linear phase direct form realization of a fourth-order FIR filter is shown in figure 

53. The realization of G(zM) is obtained by replacing each delay element in the realization of 

G(z) by M delay elements in cascade, as illustrated in figure 54. 

 

Figure 53 Realizations of G(z). Source [22]. 

                    The frequency response masking technique is more easily illustratable in the 

frequency domain. The response of magnitude for model, masking and overall filter have been 

shown below in figure 54 for M=3. 
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Figure 54 Realizations of G(zM ) with M = 3, for a linear phase FIR filter of order four. 

Source [22].  

 

 

Figure 55 Magnitude response of (a) Model filter, (b) Periodic filter, (c) Masking filter and 

(d) Overall filter for a narrow transition band lowpass frequency masking filter. Source [22]. 

 

                    For narrow band low pass filter design, the model filter (G(z)) is up sampled by a 

factor M resulting a periodic model filter (G(zM)). This interpolation by a factor M in time 
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domain leads to compression of magnitude response in frequency domain for the model filter. 

The masking filter (F(z)) is periodic in nature [22]. The periodic model filter and the masking 

filter are shown in figure 55(b) and figure 55(c) respectively. The periodic model filter is 

cascaded with the masking filter and the magnitude response of both the periodic model filter 

and the masking filter are multiplied resulting in a magnitude response of narrow transition 

band low pass filter. The magnitude response of the overall filter is shown in figure 55(d). 

4.2 Design constraints and steps  

                      The aim is to design a lowpass filter H(z) with passband and stopband edges at 

ωcT and ωsT, respectively. This design in based on [26]. Given the specification parameters 

passband frequency (ωcT), stopband frequency (ωsT), passband ripple(δc) and stopband ripple( 

δs) 

Steps 1: First step is to design the model filter G(z) to have band edges at MωcT and MωsT <π 

rad, as shown in figure 55(a) [26]. 

 

Step 2 : G(zM) is obtained from G(z) through the transformation z → zM. The magnitude 

response of G(zM) is obtained from G(z), and is periodic with a period of 2π/M instead of 2π. 

In other words, G(ejMωT) merely is M times compressed versions of G(ejωT). Hence, G(zM) 

contains the desired passband at lower frequencies but also some unwanted images of this 

passband as shown in figure 55(a) [26].  

 

Step 3 : Masking Filter F(z) is cascaded with G(zM) to extract the desired passband and suppress 

the unwanted images, as shown in figure 55. The overall lowpass filter H(z) is shown in figure 

55 (d) [26]. It is periodic in nature [26]. 

                      The passband ripple of the overall filter H(z) is in the worst case the sum of the 

passband ripples of F(z) and G(zM) with this reasoning the passband ripple of these filters has 

been allowed to be half that of the overall filter. Further, if F(z) and G(zM) have a specific 

stopband ripple, then H(z) is ensured to have the same, or smaller, stopband ripple [26].  

 

                    With the above mentioned arguments, following design constraints are obtained 

for overall, model and masking filter [22]:  

 

 

 



41 

 

Desired response: 

                                 1 − δc ≤ |H(e
jωT)| ≤ 1 + δc , ωT ϵ [0, ωcT]                                     

                                 |H(ejωT)| ≤ δs , ωT ϵ [ωsT, π]                                                     (4.1- a) 

Model filter: 

                                 1 − δc
(G)

≤ |G(ejωT)| ≤ 1 + δc
(G)
 , ωT ϵ [0,MωcT] 

                                 |G(ejωT)| ≤ δs
(G)
 , ωT ϵ [𝑀ωsT, π]                                              (4.1- b) 

Masking filter:  

                                1 − δc
(F)
≤ |F(ejωT)| ≤ 1 + δc

(F)
 , ωT ϵ [0, ωcT] 

                                 |F(ejωT)| ≤ δs
(F)
 , ωT ϵ [ Ωs]                                                         (4.1- c) 

where the stopband region Ωs of the masking filter is [22] 

                       

                                     Ωs = ⋃ [𝑘
2𝜋

𝑀
−

⌊
𝑀

2
⌋

𝑘=1 ωST, min (k
2𝜋

𝑀
 + ωST, π)]                                  (4.2) 

Ωs indicates the stopband region for masking filter. In this region the magnitude of masking 

filter (F(z)) is less than the permissible stopband ripple. It is possible to reduce the 

complexity considerably by simultaneously optimizing G(z) and F(z) [22]. 

 

Design example 4.1: Narrow transition band low pass filter designed with following 

specifications:  

 

ωcT=0.045π rad 

ωST=0.05π rad 

δC= 0.01 

δs= 0.001 

                   Parks,MaClellan and Rabinar [32] algorithm have been used in desinging of model 

filter G(z) and masking filter F(z). To find the optimum value of M that minimizes the overall 

complexity, plotting of the estimated filter length(N) for the model(G(z)), masking(F(z)) and 

overall filter(H(z)) using MATLAB with design constraints i.e., equation 4.1 and 4.2. Plot has 

been shown in figure 56. This plot shows the filter length (N) for the two filters as well as the 

overall filter length (H(z)). Filter length of G(z) and F(z) are obtained as [22]  
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                                                     NG  ≈  
−4𝜋 log10(13𝛿𝑐

(𝐺)
𝛿𝑠
(𝐺)

3 𝑀(𝜔𝑠𝑇−𝜔𝑐𝑇)
 

                

NF  ≈  
−4π log10(13δc

(G)
δs
(G)

3 ( 
2π
M
− (ωsT + ωcT))

 

 

                            Considering passband ripple of G(z) and F(z) being equal i.e., 0. 005.After 

finding the optimized M from plotting result, implying that minimum occurs at M= 10(from 

figure 56), Then G(z) and F(z) are designed with the design constraints expressed in equation 

4.1 to 4.2. 

 

Figure 56 Filter length for the model (dashed lines), masking filter (dotted line), and overall 

filter (solid lines). 

                                 Plot of filter length (N) against different values of the up-sampling factor 

(M) has been shown in the figure 56. The filter length has been evaluated for masking 

filter(F(z)) and model filter(G(z)) using equation 4.3. For up-sampling factor of M=10, filter 

length of the model filter is 62 while filter length of masking filter is 57. The filter length of 

overall filter is 677.  

Magnitude responses of the model and periodic filters are shown in figure 57 and figure 58 

respectively, below 

 

 

Figure 57  Magnitude response of model filter 

(4.3) 
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Figure 58 Magnitude response of periodic model filter 

The magnitude response of the masking and the overall filter are shown in figure 59 and figure 

60 respectively, below 

 

 

 

Figure 59 Magnitude response of masking filter 

 

 

Figure 60 Magnitude response of overall filter 

                    For the same specifications of design example 4.1, the approximate filter length 

(N), the stop band attenuation (AS) is evaluated in table 5, for a filter designed using the window 

method with transition width (Δω) 0.005π.  
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Table 5 Filter length and stop band attenuation of example 4.1 designed with using window 

technique. Source section 3.2 

                      For the same specification design for example 4.1, window method requires 

much higher order than the masking technique which requires only 677. Thus, reducing the 

arithmetic complexity and computation. As a simple measure of arithmetic complexity is the 

number of multiplications per sample [22]. As discussed in earlier sections the order of an FIR 

filter is roughly inversely proportional to the transition bandwidth. The order and arithmetic 

complexity of the model filter G(z) is, therefore, lower than that for a conventional filter since 

its transition bandwidth is M times wider. The complexity of the masking filter F(z), on the 

other hand, increases with M, but if this number is chosen correctly, then the transition band of 

F(z) becomes wider, which results in a low complexity for this filter as well. Hence the overall 

complexity is significantly reduced.  

                             The optimum value of M that minimizes the overall complexity can be found 

by plotting the total complexity of different choices of M, as shown in design example 4.1. The 

price to pay for the reduced arithmetic complexity is that the number of delay elements and 

overall delay is increased somewhat, mainly due to the masking filter.  

 

4.3 Summary   

                                         Low pass FIR filter design using the frequency masking technique 

was presented and it was shown that there is a reduction in order with respect to the window 

method resulting in less arithmetic complexity and computations. This method can only be 

used for the filters with limits on the bandwidth depending on M (up-sampling factor). This 

limitation has been resolved in next chapter, where two masking filters are used instead of one 

masking filter.  
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Chapter 5 
 

Design of FIR filter using frequency 

masking technique with two masking filters 

                    In this chapter the design of lowpass FIR filters by applying the frequency masking 

technique with two masking filters (sub filters) is discussed. The filter design constraints and 

the steps which are involved in this design method are discussed. At the end a comparison of 

the frequency masking technique with the window method is done. 

5.1 Introduction  

                    An up-sampled FIR filter uses multiple sample delays between the taps, compared 

to the unity delays in a conventional FIR filter. The resulting frequency response has steeper 

edges, but contains periodic images along the frequency axis (figure 61).  

 

Figure 61  Conventional and up-sampled FIR. Source [23] 

                    A complementary filter is constructed from the up sampled filter by subtracting 

its output from a unity impulse response with the same group delay (conveniently derived 
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from the same tapped delay line at no extra cost).  Then the up-sampled filter has a passband, 

where the complementary filter shows a stopband, and vice versa. 

 

Figure 62  Up-sampled and complementary FIR. Source [23] 

                    Subsequently a FIR masking filter 1 and a masking filter 2 are added to the 

outputs, and the results are summed (figure 63). This is the basic topology of the frequency-

masking FIR filter:  

 

Figure 63 Frequency masking FIR filter. Source [23] 

5.2 Structure and frequency response of FRM filter  

                    A basic FRM filter [1] consists of four modules that are connected in parallel as 

shown in figure 64. It involves a linear phase prototype filter Ha(z) that up-samples the input 

signal by M, a pair of linear phase masking filters {F0(𝑧) and F1(𝑧)}, and a delay line. All three 

sub-filters involved, namely, H𝑎(z), F0(z), and F1(z) are linear phase FIR filters of length Na, 

N, and Nc, respectively. 



47 

 

 

Figure 64 Structure of a filter synthesized using frequency masking filter. Source [22] 

The transfer function of the FRM filter is obtained as [1] 

                            H(z) = Ha(zM). F0(z)+Hc(zM). F1(𝑧)                                             (5.1) 

where,  
 
                

                          K = 
(𝑁𝑎−1)∗𝑀

2
 is group delay of Ha(zM)  

  
                                       Hc(zM)=z-K - Ha(zM)                                                              (5.2) 
hence, 

                  H(z) = Ha(zM). F0(z)+[ z-K - Ha(zM)]. F1(𝑧)                                            (5.3) 

where,  

Ha(zM) =∑  Na
k=0  ℎ𝑘 𝑧−𝑘𝑀                                                                                           (5.4)              

F0(z) = ∑  𝑁
𝑘=0  ℎ𝑘

(𝑎)
 𝑧−𝑘                                                                                (5.5) 

            F1(𝑧) = ∑ ℎ𝑘
(𝑐)𝑁𝑐

𝑘=0   𝑧−𝑘                                                                                 (5.6) 

Based on (5.1), the zero phase frequency response of the FRM filter is given by [22] 

 

H(ejω)= H1(ejω) + H2(ejω) 

where 

                             H1(ejω) =Ha(ejMω).F0(ejω)                                                               (5.7) 

and                      H2(ejω) =[1-Ha(ejMω+K).F1(e-jKω)                                                                             

 

From (5.1) to (5.7), it is evident that filters 𝐻𝑎(𝑧) and 𝐻𝑐(𝑧) form a complementary pair because 

|Ha(ejω) + Hc(ejω)| =1. 
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5.3 The role of complementary pair {Ha(z) , Hc(z)}  

                   Two linear phase filter Ha(z) and Hc(z) are said to be a complementary pair if  

|Ha(ejω) + Hc(ejω)| =1,where Ha(ejω) and Hc(ejω) are frequency response respectively. 

For the prototype filter H(z), the frequency response can be expressed as  

                                                 Ha(ejω) = 𝑒−𝑗(
𝑁−1

2
)𝜔

A(ω) 

Here A(ω) is a trigonometric function of ω. [20], [21] N-1 is even here. Consider a typical case 

where Ha(z) is a lowpass filter whose magnitude response is illustrated in figure 65(a) where 𝜃 

and 𝜙 are passband and stopband edges, respectively. The magnitude response of Hc(z), which 

is known to be complementary to Ha(z), is depicted in figure 65(b). When a filter is up-sampled 

by M and the complementary pair is used, namely{Ha(ejω), Hc(ejω)}, the frequency responses 

are{Ha(ejMω), Hc(ejMω)}.Typically, integer M here is considerably greater than unity, and so 

over the normalized frequency [- π, π], the frequency responses Ha(ejMω) and Hc(ejMω)=1-

Ha(𝑒𝑗𝑀𝜔) becomes a total of M “squeezed (that is M times narrower)” copies of Ha(ejω)and 1- 

Ha(ejω), respectively. 

 

Figure 65 Zero-phase frequency response of (a) Ha(𝑧) and (b) Hc (𝑧). Source [1] 

                    As a result, each individual copy of these squeezed copy possesses shorter 

passband/stopband and sharper transition band, and still remains complementary. See the first 

two subplots in figure 66 and figure 67 for illustration in this regard [10]. 
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5.4 Role of masking filters F0(z) and F1(z)   

                    Figure 66 and figure 67 illustrate the cases of broad-passband and narrow-

passband lowpass FRM filters, respectively. In the case of designing a broad passband lowpass 

FRM filter (see figure 67), the passband and stopband edges of overall transfer function (H(z)) 

are given by [18] [29] 

        𝜔𝑃 =
 2πm+θ

𝑀
                                           (5.8 a) 

 

and  

    

                                                  𝜔S =
 2πm+ϕ

𝑀
                                                 (5.8 b) 

             

                      Where m is an integer less than M and θ, ϕ  is shown in figure 66 (d). From (5.8), 

it follows that the transition band of the FRM filter is equal to (ϕ - θ)/M and for M>1 it is 

narrower than that of the prototype lowpass filter Ha(z). By using the lowpass masking filters 

F0(z) and F1(z) with appropriate passbands (that are shown in plots (a) and (b) of figure 66 as 

dashed lines), it can be observed that only the first section of the complementary pair Ha(ejω) 

and (1- Ha(ejω)) survives and, as shown in plots (c) and (d) of figure 66, when the two channels 

are added up, a lowpass filter with flat and broad passband and sharp transition band is 

produced. It can be noted that the group delay of masking filters F0(z) and that of F1(z), should 

be equal in order for them to perform frequency-response masking effectively. This means that 

the length of F0(z) and F1(z) either be both odd or both even and, if necessary leading delays 

must be added to either F0 or F1, to equalize their group delays. Also note that in order to avoid 

half sample delay (𝑁 − 1) must be even.  
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Figure 66 Low pass FRM filter with broad passband. Source [1] 

                     As Figure 67 shows, FRM structure can also be utilized to construct a lowpass 

filter with relatively narrow passband and a sharp transition band. This is achieved by using a 

lowpass prototype filter with narrow passband and, at the same time, employing lowpass 

masking filters with appropriate passbands. In the case of narrow band, passband and stopband 

edges, denoted again by ωp and ωs {shown in figure 67(d)}, for overall transfer function (H(z)) 

are given by [18] [29] 

 

        𝜔p =
 2πm−ϕ

𝑀
                                            (5.9 a) 

 

 and  

    

                                                  𝜔S =
 2πm−ϴ

𝑀
                                                 (5.9 b) 
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Figure 67 Low pass FRM filter with narrow passband. Source [1]                         

                      In order to design a narrow band low pass filter using a model filter Ha(z) and 

masking filters (F0(𝑧) and F1(𝑧)), complementary pair of Ha(zM) is designed using up sampling 

by the factor K(in equation 5.2).The magnitude responses of masking filters F0(𝑧) and F1(𝑧) 

are shown with dashed lines in figure 66 and figure 67. The magnitude response product of the 

up sampled model filter Ha(zM) concatenated with masking filter F0(𝑧) gives the magnitude 

response of H1(z). Similarly, magnitude response product of complementary model filter 

HC(zM) (HC(zM) = 1- Ha(zM) ) with masking filter F1(𝑧) gives H2(z). Summation of magnitude 

response of H1(z) and H2(z) gives overall response of filter H(z) shown in figure 66(d) and 

figure 67 (d). 

5.5 Arbitrary bandwidth FRM FIR filter      

                      Using two masking filters {F0(z) and F1(z)}, it is possible to better control the 

bandwidth. The above discussion shows that was not possible using the technique explained in 

the previous chapter 4. In this chapter, the overall filter makes use of a periodic model filter, 

its delay-complementary filter, and two masking filters. By using this approach, it is possible 

to obtain filters with low complexity for arbitrary bandwidths. 
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Figure 68 Arbitary bandwidth FIR FRM filter.Source[1] 

Overall transfer function is : 

                      H(z)= Ha(zM).F0(z) + HC(zM)F1(z)                                                             (5.10)  

All filters are here linear phase FIR filters. 

Ha(zM) : - periodic model filter 

HC(zM) :- Delayed complementary periodic model filter 

F0(z)  

F1(z) 

The delay-complementary filter HC(zM) is given by  

             HC(zM) = z-K – Ha(zM)                                                                                  ( 5.11) 

K is group delay of Ha(zM) ,filter is realised using the scheme shown in figure 68. 

                    The delay-complementary filter of Ha(zM) is found by subtracting pure delay, z–K, 

where K = (Na-1).M/2, from Ha(zM) where Na is the filter length of Ha(z). Hence, to get an 

integer delay, Na is chosen to be even length. The masking filters extract one or several 

passbands of the periodic model filters, respectively. For a lowpass filter design, typical 

magnitude responses of the model, masking, and overall filters are shown in figure 69 and 

figure 70. The transition band of the overall filter equals the transition band of either Ha(zM) or 

Hc(z
M),equation 5.11. 

                     The masking filters F0(z) and F1(z) are linear-phase FIR filters with the same 

group delay. Hence, if one filter is shorter than the other, then the shorter filter should be padded 

with zeros to make them have equal group delays. The two filters may be either of even or odd 

orders. For the lowpass case the model filter and the masking filters are designed to be low 

pass filters. 

Masking filters 
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Case 1) When overall transition is determined by Ha(zM): Considering ωcT and ωsT to be 

passband and stopband edges of the overall filter H(z) respectively, from figure 69 (d), then 

passband and stopband edges of the model filter Ha(z) for the case dominated by Ha(zM) is 

shown with upper subscript on the parameter [22]: 

 

                𝜔𝑐
𝐻𝑎T = M𝜔𝐶T -2kπ                                                                    ( 5.12) 

And  

                𝜔𝑆
𝐻𝑎T = M𝜔𝑆T-2kπ                                                                       (5.13 ) 

For lowpass filter designing 0 < 𝜔𝐶T<𝜔𝑆T< π rad and k = ⌊
𝑀𝜔𝑐𝑇

2𝜋
⌋ . 

The Mopt that minimizes the arithmetic complexity in terms of the number of multiplications is 

[22] 

                    

 

where β= 1 if the sub filters are optimized separately, and β = 0.6 if the sub filters are optimized 

jointly. 

 (0 < 𝜔𝐶T<𝜔𝑆T< π rad)         (5.14) 
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Figure 69 Magnitude response for arbitary bandwidth frequency masking filter when overall 

bandwidth is determined by Ha(zM) (a)Model and complementary model filters ,(b) Their 

periodic counter parts ,(c) Masking filters and (d) Overall filter. Source [22]. 

Case 2) When overall transition is determined by HC(zM): Considering ωCT and ωST are 

passband and stopband edges of the overall filter H(z) respectively. Then from figure 70(d), 

passband and stopband edges of the model filter Ha(z) for the case dominated by Hc(z
M)  (shown 

with upper subscript on the parameter) is given by : 

 

                𝜔𝑐
𝐻𝑐T = 2kπ - M𝜔𝐶T                                                                         (5.15) 

and  

                𝜔𝑆
𝐻𝑐T = 2kπ - M𝜔𝑆T                                                                         (5.16)  
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                     For lowpass filter designing 0<𝜔𝐶T<𝜔𝑆T<π rad and k = ⌈
𝑀𝜔𝑠𝑇

2𝜋
⌉ . The transition 

band of ωs
HT- ωc

HT =M(ωsT-ωcT) and the sum of the transition band of F0(z) and F1(z) is 

2π/M. Hence, the complexity of H(z) decreases with increasing M, while the complexity of 

F0(z) and F1(z) increases with increasing M. The Mopt that minimizes the arithmetic complexity 

in terms of the number of multiplications is given in equation 5.14.  

 

 

Figure 70 Magnitude response for arbitary bandwidth frequency masking filter when overall 

bandwidth is determined by HC(zM) a) Model and complementary model filters, b) Their 

periodic counter parts ,c) Masking filters and d) Overall filter. Source [22]. 

 

Design constraints:  
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Design procedure without joint optimization is: 

1) Determine the optimum M which minimizes the complexity according to equation 5.14.  

2) Finding the passband and stopband edge of the model filter Ha(z) according to equation 

5.12 and 5.13 for case 1 or for case 2 using equation 5.15 and 5.16.  

3) For case 1, when the overall bandwidth is determined by Ha(zM) , passband and 

stopband edge of the masking filter F0(z) are designed using (2kπ + ωc
HT)/M and 

([2(k+1)π – ωs
HT]/M) respectively. The passband and stopband edge of the masking 

filter F1(z) is (2kπ - ωc
H T)/M and (2kπ + ωs

HT)/M respectively. M is determined form 

step 1 and k = ⌊
𝑀𝜔𝑐𝑇

2𝜋
⌋ 

4) For case 2, when the overall bandwidth is determined by Hc(zM), passband and stopband 

edge of the masking filter F0(z) are designed using (2kπ - ωc
H T)/M and ([2(k -1)π + 

ωs
HT])/M respectively. The passband and stopband edge of the masking filter F1(z) is 

(2kπ + ωc
H T )/M and (2kπ - ωs

HT)/ M respectively. M is determined form step 1 and k 

= ⌈
𝑀𝜔𝑠𝑇

2𝜋
⌉ . 

5)  Designing the model filter and masking filter with 50% ripple margin approximately.  

6) Verifying the frequency response of the resulting FRM filter. If specification is not met 

then increase the ripple margin slightly and go to step 3 and step 4 [22].  

 

Design example 5.1: Designing FIR low pass filter with following specification    

ωcT(passband edge)=0.4π rad, 

ωST(stopband edge)=0.402π rad ,  

δC(passband ripple)= 0.01 and  

δs(stopband ripple) = 0.001 

                                In this design we get from equation 5.14 with subfilter being optimized 

separetely [22] 

                       M= 
1

√
2∗1

𝜋
(0.002𝜋)

  = 15.811 

Choosing M= 16 , 

Filter length (N) estimation :  
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                                                    In regards to estimation of filter length for a linear-phase 

lowpass filter following equation has been applied [22]: 

                                    𝑁 ≈ 
𝐷∞(𝛿𝑐,𝛿𝑠)−𝐹(𝛿𝑐,𝛿𝑠)(

∆𝜔𝑇

2𝜋
)
2

(
∆𝜔𝑇

2𝜋
)

                                                               (5.17) 

where 

𝐷∞(𝛿𝑐 , 𝛿𝑠) = [𝑎1(log(𝛿𝑐))
2 + 𝑎2(log(𝛿𝑐) + 𝑎3](log(𝛿𝑠) + 𝑎4(log(𝛿𝑐))

2 + 𝑎5(log(𝛿𝑐) + 𝑎6   

𝐹(𝛿𝑐 , 𝛿𝑠) = 𝑏1 + 𝑏2(log(𝛿𝑐) − log(𝛿𝑠)) 

and          ∆𝜔𝑇 =  𝜔𝑠𝑇 − 𝜔𝑐𝑇    

The constants are a1=0.0005309, a2=0.07114, a3=-0.4761, a4=-0.00266, a5=-0.5941,                    

a6=-0.4278, b1=11.01217, b2=0.51255                                     

                      Above equation for filter length estimation has been derived by 

Herrmann[30][31]. Parks, MaClellan and Rabinar [32] algorithm have been used in desinging 

of model filter H(z) and masking filters {F0(z) and F1(z)}.Using the equation 5.17, for design 

specification mentioned in example 5.1, filter length of the model filter H(z) is 164 while filter 

length of masking filters F0(z) and F1(z) is 82 and 88 respectively.The filter length of overall 

filter H(z) is 1730.  

Magnitude response of filters:-  

Magnitude response of periodic model filter and masking filters(shown together in dB). 

 

Figure 71 Magnitude response of masking and periodic model filters. [Periodic model filter 

shown with blue color. Red and yellow color indicates masking filter F0(z) and F1(z) 

respectively.] 

Magnitude response of two branches for FRM :  
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Figure 72 Magnitude response of upper branch (|Ha(z).F0(z)|).   

 

Figure 73 Magnitude response of lower branch (|Hc (z).F1(z)|) . 

Magnitude response of the overall filter :   

 

Figure 74 Magnitude response of overall filter. 
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Table 6 Approximate filter length (N) and stopband attenuation (As) comparison with 

window method for design example 5.1.  

Results   

                              Order of overall filter for design example explained in this chapter is 1730 

which is much less than the order required for same design specifications of FIR filter using 

window technique. Table 6 shows the filter length and stop band attenuation for same 

specification when designed with window technique. The FRM technique has better stop band 

attenuation and lower filter length as compare to the window method. This reduction in the 

filter length (N) leads to lower number of multiplication and additions required along with less 

computation time.  

5.6 Summary      

                                   In this chapter the design of narrow band FIR filters using two up 

sampling and two masking filters has been discussed. It is shown that this approach allows for 

better control of the final filter’s bandwidth than the method of chapter 4. The role of the 

complementary pair and masking filters is presented along with a design example of FIR filter. 

Even though the window method is quite easier to apply and design compared to frequency 

masking technique, it suffers from large filter length resulting in a greater number of additions 

and multiplications. Larger number of addition and multiplication leads to more computations. 

The frequency masking technique provides better selectivity over the window method for 

designing narrowband low pass filters.  
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Chapter 6 
 

6.1 Conclusion  

                

                      The designing of FIR filters illustrated in this project provides an overview of 

efficiency of frequency masking technique over the conventional window FIR filter design 

method. Performance comparison of both techniques were shown using design examples. In 

the introduction of this report the motivation for choosing this project and different methods of 

designing FIR filters have been discussed. The concept of frequency masking technique was 

introduced.  

 

                      In chapter 2 and 3, filter specifications needed to design FIR filter were discussed 

in detail, along with different types of FIR filters. The Gibbs’s phenomena and their impact on 

filter design was discussed. Using different window functions, FIR filters were designed and 

the stopband attenuation was evaluated. The order of narrow band low pass filter was evaluated 

for performance comparison with frequency masking technique.  

 

                    In Chapter 4, narrow band lowpass FIR filters were designed using one FRM filter 

but they lacked the flexibility to control the bandwidth. A design example using FRM involving 

one masking filter illustrated that the order required for narrow band low pass FIR filters is less 

compared to window technique with the same specifications.  

 

                    In Chapter 5, the challenge of control on bandwidth was resolved using a technique 

when FRM uses two making filters instead of one. The role of complementary pair and masking 

filters was discussed. A design example showed that the order required is less in case of FRM 

technique over the window method.  

6.2 Future work       

                     Frequency-response masking techniques has successfully been extended to many 

other filter categories, such as approximately power complementary filter pairs [33], half band 

filters [34], Hilbert transformers [35], interpolation and decimation filters [36], two channel 

filter banks (FBs) [37], modulated trans multiplexers [2], and two dimensional filters [26].  
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                    Recent advancements in optimization techniques, has been subject of interest. 

Convex-concave procedure (CCP) and other optimization technique have led to design 

techniques for further reduction in complexity. Application of CCP in multistage FRM filter 

design is very promising, and seems worthwhile for consideration as topic for future research. 
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