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We derive several new expansion formulas involving an extended multiparameter Hurwitz-Lerch zeta function introduced and
studied recently by Srivastava et al. (2011). These expansions are obtained by using some fractional calculus methods such as the
generalized Leibniz rules, the Taylor-like expansions in terms of different functions, and the generalized chain rule. Several (known

or new) special cases are also given.

1. Introduction

The Hurwitz-Lerch zeta function ®(z, s, a) which is one of the
fundamentally important higher transcendental functions is
defined by (see, e.g., [1, page 121 et seq.]; see also [2] and [3,
page 194 et seq.])

o0 Zl’l
O (z,s,a) = )
r;) (n+a)’

1
(a€eC\Zy;s € C when |z] < 1;

R (s) > 1 when |z] =1).

The Hurwitz-Lerch zeta function contains, as its special cases,
the Riemann zeta function {(s), the Hurwitz zeta function
((s,a), and the Lerch zeta function £,(£) defined by

(o]

C(s)::Z%:CD(I,s,l):C(s,I) R@es)>1D, (2
n=1
S 1
{(s,a) = ;O(Ma)s = ®(1,5,a) o

(R(s)>LaecC\z),

oo 2nmi&

€ 7Tl
2,(§) = Zi(”+ - <D(62 E,s,l) (R(s)> L;EeR),
(4)
respectively.

The Hurwitz-Lerch zeta function is connected with other
special functions of analytic number theory such as the
polylogarithmic function (or de Jonquiére’s function) Li (z):

oo _n

Li, (z) := Zz— =zD(z,s,1)

S

n:ln (5)
(s € C when |z] < 1;R (s) > 1 when |z]| =1)

and the Lipschitz-Lerch zeta function ¢(§, a, s) (see [1, page
122, Equation 2.5 (11)])

oo 2nmi&

$pEas) =)

n=0

(n+ay @ (<" 5a)

6
(aeC\Zy;R(s) >0 when & e R\ Z; (6)

R (s)>1when &€ Z).

The Hurwitz-Lerch zeta function ®(z, s, a) defined in (7) can
be continued meromorphically to the whole complex s-plane,



except for a simple pole at s = 1 with its residue 1. It is well
known that
1 (o) ts—l —at
J  _
F( ) 1-—ze™

(R(a)>0;R(s) >0 when |z]|£1(z+1);

O (z,s,a) =
(7)

R(s)>1whenz=1).

Motivated by the works of Goyal and Laddha [4], Lin and
Srivastava [5], Garg et al. [6], and other authors, Srivastava
et al. [7] (see also [8]) investigated various properties of a
natural multiparameter extension and generalization of the
Hurwitz-Lerch zeta function ®(z, s, a) defined by (7) (see also
[9]). In particular, they considered the following functions:

")
(P1>+5PpsT15050g) . < H]:I / "Pj z"
Dty (S8 1= 2 (n+a)
n=0M: H] 1(.”]),,0

<p,qe NpsA; € C(j=1,....p);
a, y; €eC\Z,(j=1...,9);

Ppox €R"(j=1....,psk=1,....9);
A > -1 when s,z € C;

A=-1,5 ¢ C when |z]| < V";

A=-1,R(E) > % when |z| = V*)
(8)

T T'(u;
sttt s - T)
J= J

—1,p+l

provided that both sides of (11) exist.

Definition 1. 'The H(z) involved in the right-hand side of (11)
is the generalized Fox’s H-function introduced by Inayat-
Hussain [11, page 4126]

o) p
ﬁ(z) :H(z);’:]" lz| (aj’Af’::J)] ( ]’A])] —pt1 ]
(bj’BJ')j:1 ( B /3])] —mt1
= IJ x (s)z°ds

<z¢0;i= V-1,

2] (1-Ap,p51),...
p+lg+2 (0, 1) , (1
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with

9 P
A=) 0= pp )

Here, and for the remainder of this paper, (1), denotes
the Pochhammer symbol defined, in terms of the gamma
function, by

I'(A+x)
A), =
_JAA+D) (A +n=-1) (k=neN;1eC)
e (k= 0;1 € C\{0]);
(10)
it is being understood conventionally that (0), := 1 and

assumed tacitly that the I'-quotient exists (see, for details, [10,
page 21 et seq.]).

In their work, Srivastava et al. [7, page 504, Theo-
rem 8] also proved the following relation for the function
q)(Pl ----- Pp’al -----

Ak s (z s, a):

(11)
() 09
—upo31),... ( ~ U T3 ),(—a,l;s)

(12)
Here the parameters

Ai>0 (j=1....p), B;>0 (j=1...,p), (13)
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and the exponents

a (j=1....p), B (j=1...9) (4

can take noninteger values and £ = &;,.  is a Mellin-Barnes
type contour starting at the point 7 — ico and terminating
at the point 7 + ico (7 € R) with the usual indentations to

separate one set of poles from the other set of poles.

Buschman and Srivastava [12, page 4708] established that
the sufficient conditions for the absolute convergence of the
contour integral in (12) are given by

q

m n p
A=YBi+ ) |og[A; = Y |B]B- D A;>0 (15
=i :

j=1 j=m+l j=n+1

and the region of absolute convergence is
1
|arg (z)| < ET[A. (16)

Note that when
ﬁm+1:...=ﬁq:1’ 17)

the H-function reduces to the well-known Fox’s H-function
(see [13]).

This paper is devoted to extending several interesting
results obtained recently by Srivastava et al. [14] (see also
(15, 16]) to the extended multiparameter Hurwitz-Lerch zeta

(Pl""’Pp’gl’""Uq) . .
intr n i
RSty (z,s,a) introduced and studied by

Srivastava et al. [7]. In Section 2, we give the representation
of the fractional derivatives based on the Pochhammer’s
contour of integration. Section 3 aims at recalling some
major fractional calculus theorems, that is, two generalized
Leibniz rules and three Taylor-like expansions as well as a
fundamental relation linked to the generalized chain rule for
the fractional derivatives. In the two remaining sections, we,
respectively, present and prove the main results of this paper
and we give some special cases.

function ®

2. Pochhammer Contour Integral
Representation for Fractional Derivative

The most familiar representation for the fractional derivative
of order « of z? f(z) is the Riemann-Liouville integral [17]
(see also [18-20]); that is,

af p L r P(E _ o]
P @) = g |, rove-a

(R(0) <R (p) > 1),
where the integration is carried out along a straight line from

0 to z in the complex &-plane. By integrating by part m times,
we obtain

;{2 f (2)} = ;7 (P2 f (2)}}. 19)

Im(&)
Branch line for
exp[—(a + DIn(g(§) - g(2))] z

&
G
Branch line for
exp[p(In(g(§)]
G
Cy
5*1 (0) Re(§)

FIGURE 1: Pochhammer’s contour.

This allows us to modify the restriction R(«x) < 0 to R(a) <
m (see [20]).

Another representation for the fractional derivative is
based on the Cauchy integral formula. This representation,
too, has been widely used in many interesting papers (see, for
example, the works of Osler [21-24]).

The relatively less restrictive representation of the frac-
tional derivative according to parameters appears to be the
one based on the Pochhammer’s contour integral introduced
by Lavoie et al. [25] and Tremblay [26].

Definition 2. Let f(z) be analytic in a simply connected
region % of the complex z-plane. Let g(z) be regular and
univalent on % and let g_l (0) be an interior point of %. Then,
if « is not a negative integer, p is not an integer, and z is in
2\ { g_l (0)}, we define the fractional derivative of order o of
9(2)? f(z) with respect to g(z) by

D) {[9 @1 f (Z)}

e T (1 + «)
47t sin (7p)

FOLOLI®
[9©) -9 @]

X
JC(Z+,g'1 (0)+,2-,97 (0)=F(a),F(a))
(20)

For nonintegers & and p, the functions g(¢)” and [g(§) -
9(2)]7*" in the integrand have two branch lines which begin,
respectively, at £ = z and £ = g~'(0), and both branches pass
through the point & = a without crossing the Pochhammer
contour P(a) = {C, UC, U C; U C,} at any other point as
shown in Figure 1. Here F(a) denotes the principal value of
the integrand in (20) at the beginning and the ending point
of the Pochhammer contour P(a) which is closed on the
Riemann surface of the multiple-valued function F(&) (see
Figure 2).

Remark 3. In Definition 2, the function f(z) must be analytic
at & = g'(0). However, it is interesting to note here that if



Branch line for

E-2)0)* !

Im(§)
Branch line for

(€ - 2)"0) !

Re(§)

FIGURE 2: Multiloops contour.

DZ {ZA 1 iyt ( wz )} _ ZA—V—IE(Z)m,rHl

International Journal of Analysis

we could also allow f(z) to have an essential singularity at
& = g '(0), then (20) would still be valid.

Remark 4. In case the Pochhammer contour never crosses
the singularities at & = g_l(O) and ¢ = zin (20),
then we know that the integral is analytic for all p and
for all « and for z in & \ {g_ (0)}. Indeed, in this case,
the only possible singularities of D% 9(2) {g(z)p f(z)} are ¢ =
-1,-2,...and p = 0,%1,+2,..., which can directly be
1dent1ﬁed from the coefficient of the integral (20). However,
by integrating by parts N times the integral in (20) by two
different ways, we can show that « = —1,-2,...and p =
0,1,2,... are removable singularities (see, for details, [25]).

In their work, Srivastava et al. [7] made use of the
following fractional calculus result obtained by Srivastava
et al. [27, page 97, Equation (2.4)]:

p+lg+l
p
1-Ax1),(a; A o JA) (21)
x | wz" | (o Asio) o (a4 RN > 0> 0),
(b, B; ) (a],A],ﬁ])]_ ICEPERRCRY
in order to derive the following important fractional deriva-
tive formula for this work:
— (P155Pps01 5eeo
DZ T {ZV Nl M[:Ml (Z S, Cl)}
q
_ = r (‘ul) Zr—l
p
() o)
N [_zx | (1-2App55 1)( Aps Pp3 ) 1-7%x1),(1-a,ls) ]
pr2.q+3 (0,1),(1—;41,01;1),...,( ~ Uy 0y ),(I—T,K;l),(—a,l;s)
F(V) T—1 3. (P1esP o075 -0q ®) [ x
= —F(T)z CD)LI ..... /\Pvm ot (z5,s,a) (R(»)>0;>0).
This fractional calculus formula was obtained by using the y [_le (1-Ap1),(1-pa31),(1-nx51),(1-a 1;5)]
Riemann-Liouville representation for the fractional deriva- 0,1),1-%x1),(1-7,%1),(-a, 1;5)

tive. Adopting the Pochhammer based representation for the
fractional derivative, these last restrictions become x + v —
1 ,not a negative integer, and x > 0.

The parameters involved in the fractional derivative
formula (22) can be specialized to deduce other results. For
example, setting p — 1 = g = 1 in (22) and making the
following substitutions p; — p, p, = 0,0, = K A, —
A A, = p,and yy — v lead to

v-1 [ _v-14,(p0:%) (_x
D] {z D) (z,s,a)}

_ r (V) ZT—1_1’4
T (u) i

_ I S
T T () 33

e (1-4p1),(1-p,031),(1-a,1;s)
o | (0>1)x(1_7;7€;1),(—a,1;$)

_ F(V) -1 1. (p,0,%)

e e (Z5,0)

(v not a negative integer; x > 0).
(23)
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Furthermore, if we put p = 0 = ¥ = 1 in (23), then we obtain

D {2

~1 (1,11
(DSL#;V) (2, a)}

r (1/) -1
=—z O, (z5a
T (1) A (2:5:4)

_ I'(v) .
T(MT (u) -

T71_1’3 (24)

[z 1-A151),1-uw1),(1-al;s)
0, 0-111),(-aLs)
(v not a negative integer; x > 0).

Finally, letting A = v in (24), this yields after elementary cal-
culations

(D; (z,s,a)
I =13
S Tr) (25)

1-%11),01-u1;1),(1-a1;s)
X _Zl (0,1),(1—‘[,1;1),(—(1,1;5)

Another fractional derivative formula that will be very
useful in this work is given by the following formula:

D bl (g o)

A A i bl
_ I (1 + ﬁ) zﬁﬂx
I(1+p-a) (26)

'(D(pl,...,pp,x,al,...,aq,x)

K
Ao po L Bty 1Bt (2" s, a)

(B not a negative integer,x > 0).

This last result can be established with the help of the
following well known formula [28, page 83, Equation (2.4)]:
r(1+p) ,_

D} {zf} = —————=2z"" (R -1). 27
) e (). @)

Adopting the Pochhammer based representation for the
fractional derivative modifies the restriction to the case
when p is not a negative integer.

3. Some Fundamental Theorems Involving
Fractional Calculus

In this section, we recall six fundamental theorems related to
fractional calculus that will play central roles in our work.
Each of these theorems is the generalized Leibniz rules for
fractional derivatives, the Taylor-like expansions in terms
of different types of functions, and a fundamental formula
related to the generalized chain rule for fractional derivatives.

First of all, we give two generalized Leibniz rules for
fractional derivatives. Theorem 5 is a slightly modified the-
orem obtained in 1970 by Osler [22]. Theorem 6 was given,

some years ago, by Tremblay et al. [29] with the help of
the properties of Pochhammer’s contour representation for
fractional derivatives.

Theorem 5. (i) Let X be a simply connected region containing
the origin. (ii) Let u(z) and v(z) satisfy the conditions of
Definition 2 for the existence of the fractional derivative. Then,
for R(p+q) >—-1and y € C, the following Leibniz rule holds
true:

D@y = Y (y : n) DE"
x {zfu (2)} DY {z7v (2)} .
(28)

Theorem 6. (i) Let R be a simply connected region containing
the origin. (ii) Let u(z) and v(z) satisfy the conditions of
Definition 2 for the existence of the fractional derivative. (iii)
Let % c R be the region of analyticity of the function u(z) and
let 77 ¢ R be the region of analyticity of the function v(z).
Then, for

z#0,

ZEUNY, R(1-B)>0, (29)

the following product rule holds true:

D {z‘”ﬁ_lu (2)v (z)}

_ 2L (1 +a)sin (Brr) sin (umr) sin [(a + - p) 7]
sin[(a + B) 7] sin [(B — u —v) 7] sin [(u + v) ]
0 Dz+v+1—n {Zoc+ﬂ—[4—1—nu (Z)} D;l—v+n {Z”_an (Z)}

9

n=—00

IrQ+a+v—n)T(-v+n)
(30)
Next, in 1971, Osler [30] established the following gen-
eralized Taylor-like series expansion involving fractional
derivatives.
Theorem 7. Let f(z) be an analytic function in a simply con-

nected region R. Let o and y be arbitrary complex numbers
and

0(z) = (z-2y)q(2) (31)

with q(z) aregular and univalent function without any zero in
R. Let a be a positive real number and

K= {0,1,...,[c]

(32)
([c] the largest integer not greater than c)} .
Let b and z, be two points in R such that b# z, and let
w=exp<@>. (33)
a



Then the following relationship holds true:

2l f (67 (0=)6"))

keK

[ee] e(z)]cn+}/
- Z « T(cn+y+1)

DY {f(z)e @ (% o )y}

(|z - z0| = |zo|)-

(34)

z=z,

In particular, if 0 < ¢ £ 1and 0(z) = (z — z;), thenk =0
and the formula (34) reduces to the following form:

f@= Df @Y, 9

This last formula (35) is usually referred to as the Taylor-
Riemann formula and has been studied in several papers
(23, 31-34].

We next recall that Tremblay et al. [35] obtained the power
series of an analytic function f(z) in terms of the rational
expression ((z—z,)/(z—z,)), where z, and z, are two arbitrary
points inside the region & of analyticity of f(z). In particular,
they obtained the following result.

Theorem 8. (i) Let ¢ be real and positive and let

w=exp(@>. (36)

a

(ii) Let f(z) be analytic in the simply connected region X%
with z, and z, being interior points of R. (iii) Let the set of
curves

fCHy:Ct) cRA,0<t<r} (37)
be defined by

C)=C (UG, (D)

= {z A (21520 2)| =

(38)
b

zZ, +2z
/\t<21,22>1 2)
2

where
zZ, + 2,

z, -z
A (z,2552) = [z— 5 +t< 12 2)]

() (7))

which are the Bernoulli type lemniscates with center located at
(2, +2,)/2 and with double-loops in which one loop C,(t) leads
around the focus point

39)

+ —
z,+2, N (z1 z, ) ; (40)
2 2

and the other loop C,(t) encircles the focus point

Z1+zZ zZ1—Z
1 2_< 1 Z)t’ (41)
2 2
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for each t such that 0 <t <r. (iv) Let
[(z-2)(z-2)]" =exp(A I (8((z - 2)) (z - 2,))))
(42)

denote the principal branch of that function which is continu-

ous and inside C(r), cut by the respective two branch lines L
defined by

{z:z: Atz it(zl_zz>} o=sts1),
2 2

{z:z: ZI;LZZ 1—it<Z1;Z2>} (t <0)
(43)

such that In((z — z,)(z — z,)) is real when (z — z)(z -
z,) > 0. (v) Let f(z) satisfy the conditions of Definition 2 for
the existence of the fractional derivative of (z — z,)? f(z) of
order o forz € R\{L ,UL_}, denoted by Dg_zz{(z—zz)Pf(z)},

where o and p are real or complex numbers. (vi) Let

K= {k :k eN,arg (At (zl,zz, ! ;zz»

<arg (At (zl,zz, 4 42-z2 )) + ? (44)

< arg </\t <z1,z2, 4 erzz )) + 271} .

Then, for arbitrary complex numbers y, v, y and for z on C,(1)
defined by

E=¥+ﬂ\/1+ei9 (-m<0<m),
-1 —yk
TSt

' (‘15 (2) (vk) - Zz]ﬂ

sin[(p+cn+y)n|
Zosin[(u-c+y)n]T(1-v+cn+y)

1™,
(45)

x[¢7 (¢ @ a*) -2 ]'[¢

00 einc(n+1)

. D—v+cn+y {(Z _ 22)[4+cn+y—1f (Z)”

z-2,

where
z-z

¢ (2) =

z-z, (46)

Thecase 0 < ¢ £ 1 of Theorem 8 reduces to the following
form:

Cilf(z) (z- Z1)v(z - Zz)“

21 =2

(o) einc(n+1) si

_ Z n[(p+cn+y)n|

wosin[(p—c+y)a]T(1—v+cn+y)

(Z _ Zl >C?l+)/
z-2z, '

(47)

;wzrzcnw {(Z z )y+cn+y lf( )}
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Tremblay and Fugere [36] developed the power series
of an analytic function f(z) in terms of the function (z —
z,)(z — z,), where z, and z, are two arbitrary points inside
the analyticity region & of f(z). Explicitly, they showed the
following theorem.

Theorem 9. Under the assumptions of Theorem 8, the follow-
ing expansion formula holds true:

Zcflwfyk
keK
X [(zz —z1t \/A_k>“(z1 —Zt \/A_k>ﬁ
2 2

‘f(zl+z2+\/A_k>

 ine-psin[(a+c-y)n]
¢ sin[(B+c—y)n]
() ()

2 2

Xf<z1+z22— m)]

B Z sin (ﬁ—Cﬂ y) ] —inc(n+1) 9(2)]cn+y
s1n —c—y)n] F(l—oc+cn+y)

2

. patenty {(Z _ Zz)ﬁ—cn—y—l

z—2z,

x€@f@}

>

z=z,

(48)
where
Ap=(z-2,) +4V (wke (z)),
v =Y o la@I M, 5 (49)
r=1 °
0(2) = (z-21)(z2-2)q((z-2) (z - 2)).
As special case, if weset 0 < ¢ £ 1,4g(z) = 1 (0(z) =

(z—2z;)(z - z,)), and z, = 0 in (48), we obtain
f)=czP(z-2)"

X ¢in [(ﬁ—Cl’l—)/) 7_[] eirtc(n+1)[z (z_zl)]cnﬂ/
- -Zoo sin[(B+c—y)r] T(l-a+cn+y)

) D;(x+cn+y {Zﬁ‘c”‘y_l (z+w-2z)f (Z)H

z=2,,(w=z)"

(50)

Finally, Osler [21, page 290, Theorem 2] discovered a
fundamental relation from which he deduced the generalized
chain rule for the fractional derivatives. This result is recalled
here as Theorem 10.

Theorem 10. Let f(gil(z)) and f(hil(z)) be defined and
analytic in the simply connected region R of the complex z-
plane and let the origin be an interior or boundary point
of R. Suppose also that g~'(z) and h™'(z) are regular
univalent functions on R and that o) = gil(()).
Let(f)f(gil(z))dz vanish over simple closed contour in
R U {0} through the origin. Then the following relation holds
true:

o « [ @4 @) ([ hw)-hz) \*"
Dg(z) {f (Z)} - Dh(z) { h’(z) <g(w) _ g(Z)) }

w=z

(51)

The relation (51) allows us to obtain very easily known
and new summation formulas involving special functions of
mathematical physics.

By applying relation (51), Gaboury and Tremblay [37]
proved the following corollary which will be useful in the next
section.

Corollary 11. Under the hypotheses of Theorem 10, let p be a
positive integer. Then the following relation holds true:

zPOg {f (Z)}

= p(zp_l)ia

p-l . B-a-1
« —1\% Z _omis/
-ZOﬁ{f(z)(zP ) <1—Ee P) ]»

s=1

>

(52)
where

r(p)

9(2) g{}:m[g( )]1 ﬁDlX ﬁ{[ (z)]al }

(53)

4. Relations Involving the Extended
Multiparameters Hurwitz Lerch Zeta

(pl ..... Pps015eees (Z s (Z)

Function dD 3
o ;[41’ ){4

In this section, we present the new expansion formulas
involving the extended multiparameters Hurwitz-Lerch zeta

(P1 Pp’al’~~-»aq) (2,5, a).

function @) i
oA p3Hiselly



Theorem 12. Under the hypotheses of Theorem 5, the following
expansion Pformula holds true:

(ProweesPps01 50000 5K)
@, ettt (25, s,a)

(@) T +v-1)sin(ym)

T
(P 5eersP o Kr T 50es0 5 K)
o (-1)" ®Ap11 ..... fj,f;yf,...,/x:,f—y—n (5, s,a)
Ly T(1+v—1—-y-n)T(t+y+n)

(54)

provided that both members of (54) exist.
Proof. Setting u(z) = 2" and v(2) = (Df\pl’ /{)":1‘ -3 (2",
a) in Theorem 5 with p=¢g =0 and a=v-1T,we obtam

y—1 [ _v-1 1 (Pr>- =Pps015e
b {z q)/h ,/\p,m» ’!"q (Z Sa)}

z
5y

n=—00

y+n (py -,Ppﬁl,«.ﬁq) K
- D! {q)M ))))) S CAEYDI

(55)

which, with the help of (22), (26), and (27), yields

=1 [_v=1 1 (ProsPpsO150g) 1k
D] {z R (2", s.a)

_I' L1 @lP
I'(7)

Dv—r—y—n {zv—l} _

z

pp,x,al,...,crq,ic)
AeesA gy Vs seeesflg T

I'()
I[(t+y+n)

(25, s,a),

T+y+n—1

’ (56)

(P1ssPpsO 15
Dr {@ Ly s,a }
z /\1, ;Apyf‘»p ;ﬂq (Z )

z "
S T(1-y-n)

Combining (56) with (55) and making some elementary
simplifications, the asserted result (54) follows. O

(Pr3esPpssT 530 5K)

(<", s.a)
Aol gy Ly seenflg 1=y =11 z554a).

Theorem 13. Under the hypotheses of Theorem 6, the following
expansion formula holds true:

(P1oweesPprtsT T K)

Apred g Vit e
3 F(T)F(1+v—r)
IrMI(r-y-60-1)
- (sinBrsin [(v -7+ - 0) ] sin )
x(C(1+y+60)sin[(v-1+p)n]

(25 s,a)

x sin[(B—0-7y)n]sin[(0+y) n])_l (57)
' ﬁ ((r(V—Q—n)F(6+n)

(PrsesPpss050s0 g 5K)

K
X A Bt 14640 (z ’S’a))

><(F(2+v—r+y—n)1"(—y+n))_l),

provided that both members of (57) exist.
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Proof. Upon first substitutingy +— 6Oandv +— yin
Theorem 6 and then setting
a=v-1, uz)=z""*

(58)

Pl »Pp 015504 ) [ x
v(z) =, """ S (z ,s,a),
in which both u(z) and v(z)
Theorem 6, we have

D'V*T {Z'V*

z

satisfy the conditions of

1 4 (P13eesPps015eens0,
¢) P1 Pp. 1 q
Ao o35l

) (zK,s,a)}

2l (1 +v—-7)sinBrsinOnsin(v-1+f-0)n
~ sin(v—1+ B)wsin(B-6—y)msin(6+y)n

) Dv—r+y+1—n{ v—@—l—n} (59)
Yy : il
T2+ v—1+y-n)T(-y+n)
_1— 9-1 (P13e-3PpsT1 5000205)
- D] y+n {z +n(DA11 ..... A;M:MH: (5, s, a)} .
Now, by using (22), (26), and (27), we find that
— —1 5 (PLreeerPprO 5eeer
D" {zv (D/\ll’ ,A;’)ml) - (z s, a)}
T (1/) —1 g (PLosPpsts01 5O g )
=T (T)ZT /\11 _____ A;vml (z s,a),
var+y+lfn {vaﬂflfn} — L(v- 0 - 1’1) T-y—0-2
: (r-y-6-1) (60)
D—l—y+n {ZG—IJrn(D(Pl)-»-»Pp)Ul)---,Uq) (Z s 61)]’
z Ao g3 el >
_ r (9 + Yl) 0+y
F(1+6+y)

(P15+-sPpsKs01 50000 5K) K
X Q) A By 14641 (2% s.a).

Thus, finally, the result (57) follows by combining (60) and
(59). O

We now shift our focus to the different Taylor-like
expansions in terms of different types of functions involving

the extended multiparameters Hurwitz-Lerch zeta functions
q)(pl ,,,, PpsT s

A pibheeosbly (Z 5,a).

Theorem 14. Under the assumptions of Theorem 7, the follow-
ing expansion formula holds true:

(PL3sPpsO15e-20g)

Alsess /\P;yl,...,yq (ZK’ S5 a)

(z—z5)"

v (Zo)
Z «L(en+1)I'(1-cn)

(61)

PO 5eeesT oK)

(P
x @ Mlm(zg,s,a)

Ao /lply‘
(|2 = o] = 2|31 > 0),

provided that both members of (61) exist.
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Proof. Setting f(z) = f{i - f ﬁ: .

withb=y=0,0<c £1,and 0(z) = z - z;, we have

(z s,a) in Theorem 7

(PrsesPpsO15ee0g) /1 1
0) ’ (2% s,a
Alsees /lle)-"’Mq ( > )
P O1re0g) [ i Ea
Dcn {CD P Z* s.a } z—-z
00 Al ,/\P,‘Ml, »Hq ( > ) z:zo( 0)

=C Z 5
Nn=-00

I'(1+cn)
(62)
for z, #0 and for z such that |z — z,| = |z,|.

Now, by making use of (26) with f = 0 and & = cn, we
find that

(P1>sPpsT 15
D" {CD P s,a }
z /11> ,Ap,[ll, ’Mq (Z )

—cn

V4 ( S50 g K)
0 Prs-sPpok5071 K
= T = em) At y-en (2026

z=z,

(63)

By combining (62) and (63), we get result (61) asserted by
Theorem 14. 0

Theorem 15. Under the hypotheses of Theorem 8, the following
expansion formula holds true:

(P1>-sPpsT 1
10) P’
A Apl,ll ..... p.q (Z S a)
- B _a+
=z z-2) "
00 inc(n+1)

e sin[(a+cn+y)m|T(a+cn+y)

L eosin[(a—c+y)a]T(1-B+en+y)T (a+p)

q)(pl,...,pp,x,n:r1 20 gK)
Al Ap,a+cn+yy1

z — z, \ty
ya+ﬁ(zl’s a)( 1)

(64)
for A > 0 and for z on C,(1) defined by
z:%+%\/1+e"9 (~-r<0<m), (65)
provided that both sides of (64) exist.
Proof. By taking f(z) = @E\pl""f" T%) (26 S a) in
oo p3fh1 el
Theorem 8 with z, = 0, y =, v = f,and 0 < ¢ £ 1, we
find that
(P1oeosPpsT10g) (s
o SO, (25, s,a)
= c(z-z) Pz,
X ™D sin [(o + cn + y) 7]
osin[(a—c+y)m|T(1-B+cn+y) (66)

z -2z cn+y
X
z

. D—ﬁ+cn+y {sz+cn+y—1q)(Pb--»Pp)Ul:-qu)
z Ao g3yl

(z",s,a)}

z=2,

Now, with the help of relation (26) with &« — - + cn +
yand B — a+cn+7y -1, wehave

—B+enty | _atenty-1 (ProeeesPpsT150004) ¢ i
D, z o, Aot (25, s,a)

z=z;

_ er+/§—1 r (06 ot Y) (67)
! [(a+p)

XCDPI P prK0 e T g K)

K
Ao p Qo CHAP3 sy 0 (Zl S, a) .

Thus, by combining (66) and (67), we are led to assertion (64)
of Theorem 15. 0
Theorem16. Under the hypotheses of Theorem 9, the following
expansion formula holds true:

(P]»u;Ppyap-u)Uq) K
zZ,S8a
/\1’--';/1‘9;}41»--’}'% ( > )

- —a+ +a—2y-1
=z P(z-2) yzf oy

@ sin[(B-en—y)a] [z (z-2) /2]
o sin[(B+e-y)a]T(1—a+cn+y)

T(B-cn-y)
I'(B+a—2cn-2y)

(z-2)

(PrsesPpssT5es0 g 5K) K
x q) Aseeish s B=CR=Y3hy ey fra—2cn=2y (ZI,S, a)

(B-cn-v)z
(a+ B —2cn—2y)

(P15 Pp 50 500050 5
P q

X (DA1,...,/\P,1+/3—cn—y;;41,...,Mq,1+[3+oc—2cn—2y (le(’ S 61)
(68)
for A > 0 and for z on C,(1) defined by
Z_Z21+% 1+e? (-m<6<n), (69)

provided that both sides of (68) exist.

Proof. Setting f(z) = f\pl’ ’f”:’ Z )(z s,a) in Theorem 9
»
with z, =0,0<c £1, g(z) =1 ,and 0(z) = (z—2,)(z—2,),
we find that
(P1>sPps015
Apeerd oty 7 (sa)

=cz (2 —zl) “

X sin —cn—-vm elnc(n+1) 2(z-z cnty
'y [(B y) 7] [z(z-2)]

e osin[(Bre-y)r]T(1-a+cn+y)
.Doren+y

X {zﬁ_”‘_y_l (z+w-1z)

(P13sPpsO15e20g) }
x O z,s,a
Ay )LP S5 ( )

z=2,,W=2

(70)
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With the help of the relation in (26), we have

D—oc+cn+y
z

x {zﬁ_m_”_l (z+w-2z)

(P1osPp:O15e0g) 1
X (z ,s,a)}

z=2,,w=2

— (Z _ ZI)D;OL+C}‘1+]/

B-cn—-y-1 (ProeessPpsO150g) [
X {z GDAWAP%W% (25, s,a)

z=2z,

- — =y o (PLowesPpsO15e0g) 1 1
+D_ Ty {Z‘B L) ’ (25, s,a }
z Ao p3tyseenfly ( > )

z=2z,

_ _PBtra-2cn-2y
=z

x[((e=2)T(B-en-y)

q)(pl,u.,pp,x,al,...,aq,x)

K
X o itz 2y (21:5:))

x(z, T(B+a—-2cn- 2)/))71

+(F(1+,8—cn—y)

(D(pl,...,pP,K,al,...,aq,K)

K
x /\1,...,AP,1+ﬁ—cn—y;y1,..‘,yq,1+ﬁ+a—2cn—2y (Zl > S ll))

x (I (1 +[>’+oc—2cn—2y))_1] .
(71)

Thus, by combining (70) and (71), we obtain desired result
(68). O

Finally, from Corollaryll given in the preceding
section, we obtain the following new relation involving

the extended multiparameters Hurwitz-Lerch zeta

(P1>+-3Pps01 10,

. )
function ® ! .
unctio Aok sty (z,s,0a)

Theorem 17. Under the hypotheses of Corollary 11, let k be a
positive integer. Then the following relation holds true:

(P1seensPps1 /K01 5005051 /K)
P1 pp 1 q (Z, S, a)

kT (B)T (ka)
T(@T(B+(k-1)a)

M), g, o
S (), (B+E-Da), (n+ay

i

FE [katml+ta-p.. lva-p;
[;+ (k— o+ e—Zm'/k e—2(k—1)m’/k]

(72)
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where A > 0 and Fg') denotes the Lauricella function of n
variables defined by [38, page 60]

Fg) [a’b1>-~,bn;6;x1,...,xn]

& (a)m1+..-+mn (bl )m1 e (bn)mn

I —

(73)

(max {|x;],....|x,|} < 1),
provided that both sides of (72) exist.

Proof. Putting p = k and letting f(z) = d)ipl
a) in Corollary 11, we get

1,...,pp,01,..4,0q)(z s
..... Apithisaly -7

o [ 1 (PLoesPpsT150,)
D Pr Ty |
2 Oﬁ { Ak it bl (z,s,a)

(I)(Pl""’PP’Ul’""’Gq) (Z, S, a) (Zk71 )a (74)

(24
ZOﬁ Ao pithr ety

k-1 p-a-1

x (1 _ ie—zms/k)
w

w=z

With the help of the definition of ZOZ given by (53), we find
for the left-hand side of (74) that

o [ o (ProesPpsT15000)
DPPr Ty |
Zoﬁ { A pithsenbly (z,5,a)

(75)
Z(D(Pl ..... Pps1 /K01 50051/ K)

Al,...,)tp,oc;yl,...,yq,ﬁ (Z’ S a) .

We now expand each factor in the product in (74) in power
series and replace extended multiparameters Hurwitz-Lerch
zeta function by its series representation. We thus find for the
right-hand side of (74) that

k o

(zk—l)"‘ z-pB
0o H‘;’:l(/\j)npj (kDo
q N
n=0”!Hj:1(t“j)mj (n+a)

Z (1+“_ﬁ)m1'“(1+“_ﬁ)mm

m!
((Z/ w) e‘z(k-hm‘/k)m_1

my. 1!

w=z
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p
k e Hf:1 (Aj)npj
(1) & n!H?:l (Mj)mj (n+a)

oo (1+oc—,8)ml~--(1+oc—,8)mk_1
>

ZMy ety

My sty =0

( e—zni/k)”‘l ( e—Z(k—l)m‘/k)mkfl

m! m !
x Og {Zm1+~~~+mk,1+n+(k—1)a}
z
_ kOO Hf:l(kj)npj Zn
n:O”!H?:l(‘”j)

(n+a)’
nt

(9]

Z (1+“_:8)m1'”(1+“_:8)mk,1

M5ty =0

( e—zni/k)ml

m,! my_,!

(e72(k71)m'/k)mk-l

T(B)T(my +-+my_; +n+ka)
T(@)T(B+my+-+my_y +n+ka)

(1-2,p551),...

—1,p+2
p+2,g+3 -z |

CILT(Y) ke

(o) H?:I(Aj)npj (ka)n zn

1

_ kT(B)T (ka)
T T(@T(B+(k-1)a)
& _17?:1 (Aj)npj (k(X)n Zn

* ,;)n!H?_l(yj)mj(/J’ +(k-1Da), (n+a)

o0

Z ( ((n + koc),,,lJr_,_erk_1

Myt =0

x(1+a=B), -~ (1+a=p), )
X((ﬁ + (k - 1) “)m1+~--+mk,1)_1)

( e—Zm'/k)ml

| |
my. My_1:

(e—z(k—1)m/k>'"k—1

(76)

Finally, by combining (75) and (76), we obtain the result (72)
asserted by Theorem 17. O

Remark 18. Each of the previous theorems can be written in
terms of H-function given in Definition 1. For instance, if we
make use of (11), then Theorem 17 becomes

1
,(I—Ap,pp;l),<1—(x,%,1>,(1—a,1;s)
1
(0> 1))(1_H1>01;1))‘-~>(1_[/‘p>ap;1))<l_ﬁ$ E’1>7(_aa 1;5)

(77)

T (u) DB+ (k= D) Snl]]

.Fl()k’l) [koc+n,1+oc—[5,...,1+oc—ﬁ;/5’+(k—1)(x+n;e’2""/k,...,

5. Corollaries and Consequences

We conclude this paper by presenting some special cases of
the main results. These special cases and consequences are
given in the form of the following corollaries.

Setting k = 3 in Theorem 17, we obtain the following
corollary.

Corollary 19. Under the hypotheses of Theorem 17, the follow-
ing expansion formula holds true:

(py ,,..,p},,l/?a,al ,...,U'q,l/?))

Apseensd st seensthgs B (z,s,a)
_ 3T(B)T Ba)
T T@T(B+a)
< H‘;'):l(’\j)npj (3a),, 2"

ST (), (B+ ), (1 a)

() (B+(k-Da), (n+a)

e—z(k—l)m‘/k] _

“FBa+ml+a—-B1l+a-BB+2a+m-1,1],
(78)

where F, denotes the first Appell function defined by [38, page
22]

Fy [a,by, by 6y, x, |

O (@, 4m, (171)ml(l72)m2 X)Xy

- Z mm,! (79)

my,my=0 (C)ml+m2 mI! m2'

(max {|x,], |x,|} < 1),
provided that both sides of (78) exist.

Setting p — 1 = g = 1, ¥ = 1, and making the following
substitutions p; — p, p, = 0,0, > 1, A = A A, = ou,
and y; +— v in Theorem 14 lead to the following expansion
formula given recently by Srivastava et al. [14].
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Corollary 20. Under the hypotheses of Theorem 14, the follow-
ing expansion formula holds true:

Q@am

i (z,s,a)

80
< (ZO) Z ZO) (p,0,1,1,1) ( )
E (zg,5,a)
< T(cn+1)T (1 —cn) Awlnl-on 702

for z such that |z —zy| =
of (80) exist.

|zo| and provided that both members

Remark 21. The function CDP ”)(z s,a), which occurs in

Corollary 20 above, as well as 1ts multiparameter generaliza-
tions, was introduced and investigated in a series of papers
by Srivastava et al. (see [7, page 491, Equation (1.20)]; see also
[8,9, 39]) and is defined as follows:

W% (2,5, = i(kif(nj)#)an . i”a)s
=0 V)in
(L ueCsa,veC\Zyp,0,k € R
k—p—0>-1whens,zeC;
k—p-0=-1,5s€C when |z| <8 := p o 7«5

k—p-0=-1,R(s+v—A-u)>1when |z|=5").
(81)

Putting p—1=¢g =1, x = 1,and setting p, = p, = 0, =
1, Ay = y,and A, = y, in Theorem 15 reduce to the following
expansion formula given recently by Gaboury [15, Equation

(4.4)].

Corollary 22. Under the hypotheses of Theorem 15, the follow-
ing expansion formula holds true:

CDH (z,s,a)

=z Yz-2) "

© ™ Dgin [(a+cn+y) ] T(a+cn+y)

“ osin[(a-c+y)a]T(1-B+cn+y)T(a+p)

_ cn+y
1LL1) |
q>;4,oc+cn+y;oc+ﬁ (Zl’ S a) < z

(82)
for z on C (1) defined by
Z=%+'ZZ—1\/1+e"9 (-m<0<m)), (83)

provided that both sides of (82) exist.
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Remark 23. The function d);(z, s,a), which occurs in

Corollary 22 above, was introduced and studied by Goyal
and Laddha [4, page 100, Equation (1.5)] and is defined as
follows:

oo( n
‘ Wa 2
D, (z,8,a) =
#(zsa) r;)n! (n+a)’
. (84)
(4 €Csa,veC\Zy;s € C when |z] < 1;
R(s—u)>1when |z]=1).
Setting s =0,k =1, p— p+1,and g+ g+ 1 with
Plz"':szl’ /‘p+1:pp+1:1>
(85)
012"'=0q=1’ I’qurl:ﬁ’ 0q+1=06

in Theorem 16, we deduce the following expansion formula.

Corollary 24. Under the hypotheses of Theorem 16, the follow-
ing formula holds true:

IR - (Al,l),...,()tp,l),(l,l);Z
L) [ (1), (g 1) (Br0)

_ Bty —a+y ft+a-2y-1
=cz " V(z—-2z)) " 2,

® sin (( - cn —y)m) ™D [Z (z-2) /Zﬂm
sin((B+c-y)m)T(1-a+cn+y)

n=-—00

T(B-cn-y)
T (B+a-2cn-2y)

(1 LLLL.,La,1)
’ [(Z - Zl) (D WAL, 1+ﬁ CH=Y3lhy el B 1+ Ba—2cn—~2y
zi(B-—cn-—
x (ZI,O, a) + 1 (:8 Y)
(a+ B—2cn—2y)
(1 SLLLL.Lal)
q) <k oo L B=Cn=Y3hynfigs s fra—2cn=2y (Zl’ 0, a)]
(86)
for z on C,(1) defined by
z=%+%\/l+eie (-m<O<m), (87)
provided that both sides of (86) exist.
The function ¥, involved in the left-hand

side of (86) is the Fox-Wright function (I,m €
N,) with I numerator parameters a,,...,q; and m denomi-
nator parameters by, ..., b, such that

a;eC (j=1....1),

(j=1,...,m),

(88)
b eC\Z,
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defined by (see, for details, [17, 40])

v [(al’Al)’ (ap Ay

(bl’Bl)""’( .B,,);
l)Aln " l)A,n z"
D e

(89)
A;>0,(j=1,....,0);B,>0,(j=1 )s
m 1
1+ ) B~ YA >
j=1 j=1

where the equality in the convergence condition holds true
for suitably bounded values of |z| given by

1 m
2l < { 147 | TTBY ). (90)
j=1 j=1

In our series of forthcoming papers, we propose to
consider and investigate analogous expansion formulas and
other results involving the A-extensions of the generalized
Hurwitz-Lerch zeta functions. These functions have been
investigated recently by Srivastava et al. [41] (see also [42]).
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