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Abstract

This thesis involves the study of a repulsive-attractive N -body problem, which

is a subclass of a quasihomogeneous N -body problem [5]. The quasihomogeneous

N -body problem is the study of N point masses moving in R
3N , where the negative

of the potential energy is of the form,

∑

1≤i<j≤N

bmimjr
−β
ij +

∑

1≤i<j≤N

amimjr
−α
ij .

In the above equation, rij is the distance between the point mass mi and the point

mass mj, and a, b, α > β > 0 are constants. The repulsive-attractive N -body

problem is the case where a < 0 and b > 0.

We start the ground work for the study of the repulsive-attractive N -body

problem by defining the first integrals, collisions and pseudo-collisions and the col-

lision set. By examining the potentials where a < 0 and b > 0, we see that the

dominant force is repulsive. This means that the closer two point masses get the

greater the force acting to separate them becomes. This property leads to the main

result of the first chapter: there can be no collisions or pseudo-collisions for any

repulsive-attractive system.

In the next chapter we study central configurations of the system. Quasiho-

mogeneous potentials will have different central configurations than homogeneous

potentials [6], thus requiring the classification of two new subsets of central config-

urations. Loosely speaking, the set of central configurations that are not central

configurations for any homogeneous potential are called extraneous. The set of

configurations that are central configurations for both homogeneous potentials that

make up the quasihomogeneous potential, are called simultaneous configurations.
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We also notice that every simultaneous central configuration will be non-extraneous,

therefore the two subsets are disjoint.

Next we show the existence of oscillating homothetic periodic orbits associated

with non-extraneous configurations. Finally in this chapter, we investigate the poly-

gon solutions for repulsive-attractive N -body problems [11]. In particular we show

that the masses need no longer to be equal, for repulsive-attractive potentials. It

will be shown that there exists a square configuration with m1 = m2 6= m3 = m4,

that leads to a relative equilibrium. Therefore, for N = 4 the set of extraneous

configurations is non-empty.

The last chapter deals with the complete analysis of the generalized Lennard-

Jones 2-body problem. The generalized Lennard-Jones problem is the subcase of

the repulsive-attractive N -body problem, where a = −1, b = 2, and α = 2β. We

proceed as in [13] by using diffeomorphic transforms to get an associated system

thereby generating a picture of the global flow of the system. This gives us the

complete flow for the generalized Lennard-Jones 2-body problem.

Examiners:

Dr. F. N. Diacu, Department of Mathematics & Statistics, University of Victoria

Dr. R. Edwards, Department of Mathematics & Statistics, University of Victoria

Dr. M. Agueh, Department of Mathematics & Statistics, University of Victoria

Dr. J. Navarro, Department of Physics and Astronomy, University of Victoria



v

Contents

Signature Page ii

Abstract iii

Contents v

List of Figures vii

Chapter 1 Introduction 1

Chapter 2 The Repulsive-Attractive N-Body Problem 6

2.1 Equations of Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 First Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Equilibria For Repulsive-Attractive Systems . . . . . . . . . . . . . . . . . . . . . 16

Chapter 3 Central Configurations for the Generalized

Lennard-Jones Problem 17

3.1 Central Configurations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.2 Regular N -gon Configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Regular Polygon Solutions of a Repulsive-Attractive System . . . . . 27
3.4 The Square Configuration Solution with Non-Equal Masses . . . . . . 33

Chapter 4 The 2-Body Generalized Lennard-Jones Problem 35

4.1 Equations of Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 The Global Flow Negative Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.3 Flow for Zero Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.4 Flow for Positive Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.5 The Flow Near Infinity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.6 The Global Flow Positive Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.7 The Global Flow for Zero Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.8 The Global Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67



vi

Chapter 5 Conclusions and Discussions 79

5.1 Conclusions and Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

Appendix A The Regular N-Gon Configuration 82

Appendix B Properties of Circulant Matrices 87

Bibliography 92



vii

List of Figures

Figure 4.1 Flow on Mh for −1 < h < 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
Figure 4.2 Flow on M0 for 0 < β ≤ 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
Figure 4.3 Flow on M0 for β > 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
Figure 4.4 Flow on Mh for h > 0 and 0 < β ≤ 2 or,

for β > 2 and h > (β−2)2

4(β−1) > 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Figure 4.5 Flow on Mh for h > 0, β > 2 and h = (β−2)2

4(β−1) > 0. . . . . . . . . 51

Figure 4.6 Flow on Mh for β > 2 and 0 < h < (β−2)2

4(β−1) . . . . . . . . . . . . . . . . 52
Figure 4.7 Flow on the Infinity manifold, Ih for h > 0. . . . . . . . . . . . . . . 55
Figure 4.8 Flow on the Near Infinity Manifold Nh,

for h > 0 and 0 < β ≤ 2 or, β > 2 and h > (β−2)2

4(β−1) > 0. . . 60
Figure 4.9 Flow on the Near Infinity Manifold Nh,

for β > 2 and 0 < h = (β−2)2

4(β−1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
Figure 4.10 Flow on the Near Infinity Manifold Nh,

for β > 2 and 0 < h < (β−2)2

4(β−1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
Figure 4.11 Flow on N0 and 0 < β ≤ 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
Figure 4.12 Flow on N0 and β > 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
Figure 4.13 Global Flow for −1 < h < 0 and 0 < β ≤ 2. . . . . . . . . . . . . . . 75
Figure 4.14 Global Flow for h = 0 and 0 < β ≤ 2. . . . . . . . . . . . . . . . . . . . . 75
Figure 4.15 Global Flow for h > 0 and 0 < β ≤ 2. . . . . . . . . . . . . . . . . . . . . 76
Figure 4.16 Global Flow for −1 < h < 0 and β > 2. . . . . . . . . . . . . . . . . . . 76
Figure 4.17 Global Flow for β > 2 and h = 0. . . . . . . . . . . . . . . . . . . . . . . . . 77

Figure 4.18 Global Flow for β > 2 and 0 < h < (β−2)2

4(β−1) . . . . . . . . . . . . . . . . 77

Figure 4.19 Global Flow for β > 2 and 0 < h = (β−2)2

4(β−1) . . . . . . . . . . . . . . . . 78

Figure 4.20 Global Flow for β > 2 and 0 < (β−2)2

4(β−1) < h. . . . . . . . . . . . . . . . 78



Chapter 1

Introduction

1.1 Introduction

Over the last two decades the study of the N -body problem with quasihomoge-

neous potential functions has been of increasing interest [4] [5] [13]. Quasihomo-

geneous potential functions are the negative of the potential energy of the system,

and are of the form U(q) = V (q) + W (q), where V (q) =
∑

1≤i<j≤N bmimjr
−β
ij and

W (q) =
∑

1≤i<j≤N amimjr
−α
ij . In this equation the rij is the distance that the point

mass, mi, is from the point mass, mj, and 0 < β < α, and a and b are constants.

For the most part the study of these potentials has been restricted to the case

where a > 0 and b > 0, [6] [13]. However, in physics and chemistry there are cases

that have a negative term: Coulomb b = 0, a < 0, and α = 1, Birkhoff b = 1, β = 1,

a < 0, and α = 2, and Lennard-Jones b = 2, β = 6, a = −1, and α = 12.

Note that the nature of these potentials changes depending on which of the β

or α is dominant. If a < 0 and b > 0, then the repulsive force will dominate, and

if a > 0 and b < 0, then the attractive force will dominate. If a < 0 and b < 0

there is only a repulsion between the particles, and if a > 0 and b > 0 there is only

an attraction. The complete study of the quasihomogeneous N -body problem can

now be reduced to the study of four cases: repulsive-attractive, attractive-repulsive,
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repulsive-repulsive, and attractive-attractive, respectively. This thesis is primarily

interested in the potentials that are being used to determine the stability of crystal

structures in chemistry, particularly the Lennard-Jones potential, as it more closely

represents the interaction of atoms.

In chemistry, Newtonian mechanics never gave a good approximation of the

interaction of small particles. In the middle of the last century the famous physical

chemist Lennard-Jones, started working with a model that more closely represented

the interaction of small particles. Instead of a potential function that is strictly at-

tractive, he used a potential function that is both attractive and repulsive. The po-

tential energy that Lennard-Jones used was of the form, U(r) =
∑

1≤i<j≤N
1

r12
ij

− 2
r6
ij

,

where rij is the relative distance that particle mi is from particle mj. So this the-

sis generalizes this topic to the study of systems where the dominant term is the

repulsive force.

Chapter 2 starts by defining all generalized N -body problems. These are the sys-

tems where each point mass is accelerated by a force function that is dependent only

on the relative mutual distances of the point masses and the masses themselves. We

show that the only difference between all the generalized N -body problems is choice

of the potential energy of the system. We then introduce the equations of motion for

the repulsive-attractive N -body problem, together with their associated integrals of

motion. This thesis we will restrict to the subclass of quasihomogeneous potential

functions that are repulsive-attractive in nature. We start to lay the groundwork

for the study of this subclass of quasihomogeneous potentials. Using the concepts of

collisions, pseudo-collisions, and the collision set ∆, we see that for an orbit to tend

to ∆ would require the total energy of the system to become unbounded. This leads

to the fact that there can be no collisions or pseudo-collisions for repulsive-attractive

potentials, which shows that the configuration space is R
3N/

−→
0 . Furthermore, an-

other difference of this subclass is the emergence of equilibrium points, namely the
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rectilinear 2-body equilibrium, the equilateral 3-body equilibrium, and the tetrahe-

dral non-planar 4-body configuration. This is the concept of crystal structures in

chemistry.

In chapter 3, we study the central configurations of the system. These are con-

figurations in which the acceleration of each particle is directly proportional to its

position, with the additional restriction that each constant of variation is the same.

For homogeneous potential functions we see that all scalar multiples of a central

configuration are also central configurations [3], [15]. However, it has been shown [6]

that this is not true for quasihomogeneous potentials. This leads to new sub-classes

of central configurations, namely extraneous central configurations, and simultane-

ous central configurations, respectively. An extraneous central configuration is any

central configuration which fails to be a central configuration for some constant

of variation. A simultaneous central configuration is a configuration which is also a

central configuration for each of the homogeneous potentials that make up the quasi-

homogeneous potential function [6]. Using properties of the gradient function, we see

that all simultaneous configurations are CC for the associated repulsive-attractive

potential. The next result that is shown is that every simultaneous configuration

must be a non-extraneous configuration.

The main purpose of chapter 3 is to find periodic orbits of the system. We start

by showing that: if q0 is a non-extraneous central configuration then the initial

value problem of a repulsive-attractive N -body problem, with initial condition that

(q0,
−→
0 ), will be a homothetic periodic orbit for negative total energy, and will expand

without bound, in the future and the past, for non-negative total energy.

Next we show that the regular N -gon, with equal masses is a simultaneous

central configuration, thereby finding a class of homothetic periodic orbits of the

system. Furthermore, using a diffeomorphic transform, we take the theorem due to

Perko, [11], and show that the regular N -gon with equal masses generates a rela-
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tive equilibrium solution for any repulsive-attractive potential. However, unlike the

homogeneous potentials, there is a lower bound on the radius of the configuration.

This is due to the repulsive nature of a repulsive-attractive potential function. The

last thing in this chapter is that unlike homogeneous potentials, the requirement

that the masses be equal is not necessary for the existence of a relative equilibrium

solution. In particular there is a square configuration, that leads to a relative equi-

librium with m1 = m2 6= m3 = m4. This is done by noting that, if the mutual

distance between two point masses is a particular size, there is no attraction or re-

pulsion between those two particles. This shows that the set of extraneous central

configurations is non-empty, for N = 4.

The last chapter deals with the idea of the 2-body generalized Lennard-Jones

problem, which is a particular repulsive-attractive system. We represent the 2-

body system as an equivalent system, namely, the motion of one unit mass particle

in a central force field [7]. The potential function for this system has the form

U(x) =| x |−2β −2 | x |−β , β > 0. It will be shown that, unlike the classical and

attractive-attractive quasihomogeneous problems, there is a non-collision equilibria,

namely at | x |= 1. Using the diffeomorphism developed by Stoica [13], we transform

this system into an associated system that has the same flow. We then use this new

system to find bounds on the configuration space as well as a lower bound on the

total energy of the system. In particular, we see that the total energy of the system

must be greater than or equal to −1. Using the energy manifolds, we see that

the flow is restricted to 2-dimensional sub-manifolds. For negative energy, these

manifolds are compact, since all motion is bounded. This leads to the global flow

on each negative energy manifold. Note that there are only two equilibria on each

of these energy manifolds, where each is contained in an invariant sub-manifold, we

determine that there are only periodic orbits for negative total energy. This gives

the global flow for negative energy.
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As for non-negative total energy, we see that the orbits can become unbounded.

In order to see how these orbit become unbounded we use the inverse transform,

ρ = r−β. Using this transform we get the near infinity system, which shows the

existence of the infinity manifold. Note that for non-negative total energy, each of

the near infinity manifolds are compact, invariant manifolds, so using qualitative

analysis we can determine the global flow of this system. In particular, we see that

for non-negative energy, β = 2 is a bifurcation value for the system, so the global flow

for the Birkhoff potential is quite different than that for the Lennard-Jones potential.

Finally, we summarize the global flow, and draw correlations to the overall flow of

the generalized Lennard-Jones N -body problem.
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Chapter 2

The Repulsive-Attractive

N-Body Problem

2.1 The Equations of Motion

The general N -body problem is that of N point masses moving in Euclidean 3-space,

where the masses, m1, ...,mN , are under the influence of a mutually acting force

function 1. Each point mass mi has ith position vector qi ∈ R
3, and ithmomentum

vector pi = miq̇i ∈ R
3, for i ∈ 1N =

{

1, 2, 3, . . . , N
}

. qi is a function of time, and q̇i

is the derivative with respect to time. Therefore, there are two vectors

q ∈ A ⊆ R
3N

p ∈ R
3N ,

which are the configuration and momentum vectors, respectively. Furthermore, A

is the subset of R
3, where all the possible configuration vectors are contained. The

subspace, A, is called the configuration space.

1 by a mutually acting force function, it is meant that each of the point masses is acted upon
by a force that is dependent only on the mutual, relative distances of each of the masses, and
the masses themselves. There are some papers where this restriction has been removed, [5]
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Since p is the momentum vector, then the kinetic energy of the system is,

T (p) =
1

2

N
∑

i=1

m−1
i | pi |2. (2.1)

To find the equations that define the motion of the point masses we need to develop

the potential energy of the system. Clearly the potential energy is relative to the

individual masses and their position vectors. It is here that we are given some lati-

tude in the make up of the system. Since the point masses are viewed as constants,

then all that is necessary is that we have a function that is well defined on some

subset of R
3N . Hence, we can loosely define the potential function of the system as

any function of the form,

U : A ⊆ R
3N −→ R, (2.2)

which is sometimes referred to as the force function mentioned above. Here we have

used the negative of the potential energy of the system as U(q).

Using the potential function (2.2), we get the equation that defines the motion

of the point masses, namely, Mq̈ = ∇qU(q), where ∇q = [∂q1 , . . . , ∂qN
]T . The

subscript q in ∇q, will normally be dropped as long as there is no confusion. This

leads to the equations of motion for the generalized N -body problem,

q̇ = M−1p (2.3)

ṗ = ∇U(q),

where the M = dia[m1,m1,m1, . . . ,mN,mN,mN]. Notice that for each i ∈ 1N , mi

appears three times in the diagonal, making M a 3N×3N diagonal matrix. Creating

the matrix M in this fashion insures that the inverse matrix mentioned in (2.3) exists.

Furthermore, we can see that there is a 6N dimensional phase space in which the

solutions to (2.3) are contained.
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The potential energy function, (2.2), is where all of the N -body problems differ.

The classical case, where U(q) = G
∑

1≤i<j≤N mimjr
−1
ij , where rij =| qi − qj |,

and G is the gravitational constant, uses Newton’s equations for the gravitational

interaction of point masses. This case was the central concern for centuries [15][3].

When dealing with complicated dynamical systems like the N -body problem it

is usually necessary to restrict to invariant sets. These are sets, in phase space, that

are invariant under the flow.

Definition 2.1 (Invariant Set). A set I, in the phase space is said to be invariant

with respect to the flow, if ϕt(I) ⊆ I.

Invariant sets contain complete solution curves to the system (2.3), thus making

it more likely to be able to study the nature of the system in general. One such class

of invariant sets is that of the first integrals, classically referred to as the conservation

integrals.

2.2 First Integrals

First integrals are a collection of invariant manifolds of the system (2.3), that are

defined by a certain class of functions. To define this class of functions we need the

definition of an orbital derivative.

Definition 2.2 (Orbital Derivative). Let F : R
3N −→ R be a differentiable function

and x : R −→ R
3N be a time dependent vector function, then the orbital derivative

of F along x, parameterized by t, is

LtF =
∂F

∂x
ẋ =

n
∑

k=1

∂F

∂xk
ẋk.

Definition 2.3 (First Integral). A function F(x) is said to be a first integral of the

equation, ẋ = f(x), if LtF = 0.
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Clearly, any level curve F (x) = constant will be invariant with respect to the

flow of the system ẋ = f(x). For the system (2.3), we see that the following seven

functions are first integrals:

F1(q,p) =

N
∑

i=1

pi ∈ R
3, (2.4)

F2(q,p) = q× p ∈ R
3, (2.5)

F3(q,p) = T (p) − U(q) ∈ R. (2.6)

Therefore, the level curves of these functions are invariant manifolds of the system

(2.3). Next we need to find the center of mass of the system and show that it defines

another invariant manifold. The center of mass of the system is given by

F0(q,p) =
N
∑

i=1

miqi ∈ R
3. (2.7)

If we set F1 ≡ a, where a ∈ R
3 is a constant, then

LtF0 =
N
∑

i=1

miq̇i =
N
∑

i=1

pi = F1 = a,

and F0(q) ≡ at + b. Since the equations (2.3) defines an autonomous system, we

have that F0 ≡ c is another integral of motion.

Setting, F0 ≡ 0, F1 ≡ 0, F2 ≡ c, and F3 ≡ h, gives the center of mass of

the system, conservation of momentum, the angular momentum integral, and the

conservation of energy of the system. From now on we will assume that all solu-

tion curves are contained on both center of mass integral, and the zero momentum

integral. These ten integrals are referred to as the classical integrals.

The 9 integrals (2.4, 2.5, 2.7) are seen to be independent of U(q), where the

equation (2.6) is the only classical integral that is dependent on the potential func-

tion. Now that we have the general framework of a N -body system, we can now
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turn our attention to the systems in question, namely those that may represent the

motion of small particles under the laws of chemistry.

For atoms and electrons the dynamics of a system that describes the motion of

the point masses will be quite different than that of classical mechanics. For Newto-

nian mechanics it is assumed that the only force acting to change the momentum of

a point mass is that of a strictly attracting force function. This remains the case for

both homogeneous and previously studied quasihomogeneous systems [3],[5], [13].

With atoms, however, there is both an attraction and a repulsion between the

particles. The repulsive force increases as two or more particles draw nearer to one

another, so we need to define a system that attracts at the same time it also repels.

The chemist Lennard-Jones came up with the potential function given by

U(q) =
∑

1≤i<j≤N mimj

(

2
(

|qi−qj |
)6 − 1

(

|qi−qj |
)12

)

, where the term with the expo-

nent 6 is the attraction, and the exponent 12, is the repulsive force. Intuitively, one

can expect that the closer two particles get, the more the repulsive force counteracts

the attractive force. Using this potential function as a guide, we will create a gen-

eral class of potential functions that have the same properties. This leads to a new

sub-class of a quasihomogeneous N -body system, namely one that is both repulsive

and attractive.

Definition 2.4. Any system of the form (2.3) that has a potential function (2.2)

given by

U(q) = V (q) + W (q),

where

V (q) =
∑

1≤i<j≤N

bmimj

|qij|β
W (q) =

∑

1≤i<j≤N

amimj

|qij|α
, (2.8)

and qij = qi − qj, a < 0, 0 < b, and 0 < β < α, is called a repulsive-attractive

N -body problem.
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Note that the term |qi − qj|−β is the attractive force and the term |qi − qj|−α is

the repulsive force. The fact that 0 < β < α, makes it intuitive that as the particles

become close together, the repulsive force becomes the dominating term. We will

show that this term makes it impossible for two particles to collide. Therefore, if

a < 0, b > 0 and 0 < β < α, then the repulsive force overpowers the attractive force,

and this class of problem will be referred to as a repulsive-attractive N -body problem

as opposed to attractive-repulsive. The complete study of quasihomogeneous N -

body problems can be seen as the study of repulsive-attractive, attractive-repulsive,

attractive-attractive, and finally repulsive-repulsive systems. Each of these systems

will have dramatically different phase spaces. From now on, repulsive-attractive

potential, will mean a < 0, b > 0 and α > β > 0.

The Lennard-Jones equation is a repulsive-attractive N -body problem (R-A),

where a = −1, b = 2, α = 12 and β = 6. Now, we define the systems that are

to be dealt with in this thesis. When we say a generalized Lennard-Jones N -body

problem (GLJ), it is meant that a = −1, b = 2, and α = 2β.

As mentioned above, it appears that for any R-A, it is unlikely that any par-

ticles will collide. In order to prove this we must first turn our attention to the

singularities of the function U(q).

2.3 Singularities

To have solutions to (2.3), we need to determine the domain of U(q). Note that if

any two particles collide, then U(q) becomes undefined, so for each i 6= j, the set of

configurations in which the mass particle mi collides with mj is,

∆ij =
{

q ∈ R|qi = qj

}

. (2.9)
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The set of all collisions will be contained in the union of all these sets. This leads

to the formation of what is called the collision set,

∆ =
⋃

1≤i<j≤N

∆ij, (2.10)

so ∆ is the set of all collisions for the system. Clearly the domain of U(q) is

D = R
3N\∆, since U(q) is not analytic on ∆, but is everywhere else. If (q,p) ∈ D

⊗

R
3N ,

then by existence and uniqueness theorems, there exists a maximal interval of ex-

istence, (t−, t+) ⊆ R. For our purposes we will assume the interval is [0, t∗). Pro-

ceeding as in [3], we need to define and classify all the possible singularities for the

system (2.3).

Definition 2.5. If t∗ < +∞, then t∗ is called a finite singularity of (2.3).

Definition 2.6.

ρ
(

q(t)
)

= min
1≤i<j≤N

|qij(t)|,

where ρ : A ⊆ R
3N
⊗

R −→ [0,∞).

Proposition 2.7. If (q,p) is an analytic solution of (2.3), defined for all t in [0, t∗),

then t∗ is a singularity of (2.3) if and only if

lim
t→t∗

(

inf ρ(q(t))
)

= 0.

PROOF:

(⇒) Let t∗ be a singularity of (2.3), and assume ∃ c > 0 such that,

lim
t→t∗

(

inf ρ(q(t))
)

≥ c.

This implies that ∃ t0 ∈ [0, t∗) and γ0 ∈ (0, c) such that |qij(t)| ≥ γ0 for all t ∈ [t0, t
∗),

when i 6= j. We have that

miq̈i =
∑

1≤i6=j≤N

mimjqij

(

aα|qij |−α−2 − bβ|qij|−β−2
)

,



13

and by repeated triangle inequalities, and the fact that 0 < β < α we get,

|q̈i| ≤
(

N
∑

j=1,j 6=i

mj

)(

γ−β−1
0

(

bβ + aαγβ−α
0

)

)

..

Since we have taken γ0 to be fixed, then q̈ is bounded. From this point we can

proceed as in [15]and [3].

The Taylor expansion of q at t0 is

q(t) = q(t0) + (t − t0)q̇(t0) +

∫ t0

t

(t − τ)q̈(t0)dτ.

Since q̈ is bounded, then

lim
t→t∗

(

q(t),p(t)
)

= (q∗,p∗).

The solutions depend only on c and not on t0, so (q(t),p(t)) is still analytic at

(q∗,p∗), a contradiction. Therefore, lim inf
(

ρ(q(t))
)

= 0.

(⇐) Suppose that lim inf
(

ρ(q(t))
)

= 0, but q̈ → ∞ as t → t∗, so t∗ is a

singularity. Suppose that q̈ is bounded on [0, t∗), then the chain implies that

∂tU(q(t)) =
[

∇U(q)(t)
]T

q̇(t).

This implies that ∂tU(q(t)) is bounded, which in turn implies that U(q(t)) is

bounded.

However, lim inf
(

ρ(q(t))
)

= 0 ⇒ lim sup
(

U(q(t))
)

= ∞, a contradiction. 2

A complete proof of the next proposition can be found in [3], so we will just

give a brief outline.

Proposition 2.8. If (q,p) is an analytic solution of (2.3) on the interval of exis-

tence [0, t∗), then t∗ is a singularity if and only if

lim
t→t∗

ρ(q(t)) = 0.
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PROOF:(OUTLINE)

(⇐) If lim(ρ(q(t))) = 0 then lim inf(ρ(q(t))) = 0, so by proposition 2.7, t∗ must be

a singularity.

(⇒) Suppose that lim sup(ρ(q(t))) ≥ c, then there exists a sequence in R,
{

tn
}

n
with

tn → t∗ such that ∀ n ∈ Z
+ we have |qij(tn)| ≥ c ∀ i 6= j. This implies that ∃ B > 0

such that U(q(tn)) ≤ B, ∀ n ∈ Z
+, which in turn implies that T (p(tn)) ≤ B + h.

Therefore, ∃ γ > 0 such that |p(tm)| ≤ γ for tm sufficiently close to t∗, where

(q(tm),p(tm)) being analytic implies that (q,p) is analytic at t = t∗, a contradiction.

2

Proposition 2.8 means that if t∗ is a singularity of (2.3), then q(t) → ∆ as

t → t∗. We need to classify the two types of finite singularities, namely the orbits

that tend to ∆ with asymptotic phase, and the orbits that just tend to the set ∆,

yet not to a specific configuration in ∆.

Definition 2.9. If t∗ is a singularity of (2.3) and ∃ q̃ ∈ ∆ where lim
(

q(t)
)

= q̃,

then t∗ is called a collision singularity.

Definition 2.10. If t∗ is a singularity of (2.3) and not a collision singularity, then

t∗ is called a pseudo-collision singularity.

Proposition 2.8 implies that if t∗ is a pseudo-collision singularity then lim
(

q(t)
)

→ ∆,

yet does not tend to a specific configuration in ∆. If t∗ is a singularity, then q(t) → ∆

and the repulsive term will eventually become the dominating force. It seems in-

tuitive that the closer the particles become the greater the repulsive force acts to

separate them. This will lead to the fact that no solution curve of a R-A can tend

to ∆. We are now prepared to state and prove the main result of this chapter.

Theorem 2.11. There can be no collision or pseudo-collision singularities for any

repulsive-attractive system (2.4).
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PROOF:

By proposition 2.7, if t∗ is a collision or pseudo-collision singularity, then ρ(q(t)) → 0

as t → t∗, where

U(q) =
∑

1≤i<j≤N

mimj

(

b|qij |−β + a|qij |−α
)

,

and a < 0 and b > 0 are real numbers and 0 < β < α.

If ρ(q(t)) → 0 as t → t∗ then min1≤i<j≤N |qij(t)| → 0. This implies that U(q(t)) →
−∞ which implies that ∀ M ∈ R ∃ t0 ∈ [0, t∗) such that ∀ t ∈ [t0, t

∗), −U(q(t)) > M .

If
(

q,p
)

is a solution to (2.3), then there exists a fixed h such that
(

q(t),p(t)
)

∈
{

(q,p)|T (p) − U(q) = h
}

, ∀ t ∈ [t0, t
∗), since this manifold is invari-

ant for the interval of existence. Note that T (p) = 1
2

∑

m−1
i |pi|2 ≥ 0, so we can pick

an arbitrary solution to (2.3) and set M = h + 1, where

h = T (p(t)) − U(q(t)) ≥ 0 + M > h + 1 for all t ∈ [t0, t
∗),

a contradiction. Since the solution curve was arbitrary, then no solution curve can

have q(t) → ∆ 2

Theorem 2.11 gives that for each energy level, the mutual distances of the parti-

cles is bounded below by a positive number. Caution should be taken when reading

this statement. For every solution curve φ(t) =
(

q(t),p(t)
)

, U(q(t)) is bounded,

because it is bounded on the invariant manifold associated with (2.6). Every energy

level h has a conservation of energy manifold defined by

Ih =
{

(q,p)|T (p) − U(q) = h
}

. (2.11)

By equation (2.6), Ih is invariant and contains complete solution curves to the system

(2.3). Therefore, for every h, U(q) is bounded on Ih, yet if the reader incorrectly

assumes that U(q) is bounded in general, they are assuming that U(q) is bounded

on
⋃

h∈R
Ih. This can be seen to be a false assumption. We can examine a simple
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similar assumption: ∀n ∈ Z
+, the function 1

x
is bounded on the set

(

1
n
,∞
)

, yet 1
x

is not bounded on
⋃∞

n=1(
1
n
,∞). Therefore we only have that the potential function

is bounded on each energy level, so we may have that the boundaries of the energy

levels may approach ∆ as h → ∞, see chapter 4. It can not be assumed that the

potential function is bounded in general.

The nice outcome of theorem 2.11 is that the interval of existence given in (2.3)

is actually R. If we fix the energy level h and restrict to the invariant manifolds, Ih,

then we have that U(q) is analytic on R.

2.4 Equilibria For Repulsive-Attractive Systems

In studying the N -body problem for homogeneous and attractive-attractive poten-

tial functions, it is clear that there are no equilibria for the system (2.3). As for

a potential with the difference of two homogeneous functions, the possibility of

equilibria emerge. In particular, for a R-A, one notices that ∇U(q) =
−→
0 when

|qij | = α−β

√

−aα
bβ

for all i 6= j. Therefore there are equilibria for N = 2, 3, and 4.

Namely the rectilinear, equilateral, and the tetrahedral configurations. It is clear

that these are the only trivial equilibria, however there may be more.

For the 2-body problem we can see that there can only be one class of configu-

rations that will be at equilibrium. This class is a collection of degenerate centers,

as will be shown on chapter 4. The process of finding and classifying these equilib-

ria for N ≥ 3 is quite difficult and is outside the scope of this thesis. In the next

chapter it will be shown that for any collection of N similar masses, there will be a

planar equilibrium point. These equilibrium points are associated with the regular

polygon configuration. Therefore, unlike the homogeneous and previously studied

quasihomogeneous cases, for every integer N a repulsive-attractive system will have

equilibrium points.
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Chapter 3

Central Configurations for the

Repulsive-Attractive N-Body

Problem

3.1 Central Configurations

In this chapter we will examine particular types of solutions to the repulsive-attractive

N -body problem (R-A). The type of solutions in question are the ones in which the

configuration of the masses remains similar to itself for all time in the interval of

existence. The goal is the existence of equilibrium and periodic solutions. We will

begin by defining and classifying all solutions that remain self-similar on the interval

of existence.

Definition 3.1. (Homographic,Homothetic,Relative Equilibrium) A solution (q(t),p(t))

of the system (2.3) is called homographic provided that the configuration vectors re-

main self-similar for all time in the interval of existence. Alternatively, provided

there exist functions r : A ⊆ R −→ R, and Ω : A ⊆ R −→ R
9 where Ω(t) is a 3 × 3

orthogonal matrix, r(t) > 0 ∀t ∈ A, and A is the interval of existence, such that

qi(t) = r(t)Ω(t)qi(t0) ∀i ∈ 1N and ∀t ∈ A ⊂ R, (3.1)
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where A is the interval of existence. A homographic solution is called homothetic

if Ω(t) = I the 3 × 3 identity matrix. A homographic solution is called a relative

equilibrium if r(t) ≡ 1.

The solutions that are homothetic or a relative equilibrium are two special

classes of homographic solutions. Special note should be made that for a R-A,

theorem 2.11 gives that the interval of existence, I, is in fact R. There are certain

configurations, called central configurations, that can lead to homographic solutions.

A central configuration is one for which the change in momentum of any particle

is a scalar multiple of the position vector of that particle. That is, for all i ∈ 1N ,

q̈i = λqi, where λ is independent of i. This can be seen to be equivalent to the

following definition.

Definition 3.2. q ∈ R
3N is called a central configuration if there exists some con-

stant λ, such that:

∇U(q) = λMq. (3.2)

Central configurations (CC) are independent of the coordinate system, and

are rotationally invariant, hence they are SO(3). This means that we can use the

center of mass as the origin, and determine the classes of central configurations.

If the potential function (2.2) is homogeneous, then the CC are scale independent

(i.e. if q is CC, then for all positive scalars, γ, then γq is also CC). However, for

quasihomogeneous potentials, the latter no longer holds [6]. This leads to a new

class of central configurations.

Definition 3.3. Let q be a central configuration, then if there exists a positive scalar

γ such that γq fails to be a central configuration, then q is called an extraneous

central configuration.

The subset of the set of CC that are extraneous will be denoted by CCe. Clearly
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for homogeneous systems CCe = ∅, see [3]. For a R-A, with N = 4, CCe 6= ∅, see

section 3.4.

For the homogeneous cases, finding these configurations was sufficient in order to

find homothetic and relative equilibrium solutions, [15], [3]. However, for a R-A, this

is no longer the case , see section 3.4. What is needed now is a connection between

the central configurations for homogeneous potentials and the central configurations

for repulsive-attractive potentials.

Lemma 3.4. If there exist constants λα and λβ such that for the functions, W and

V given in (2.8) we have:

∇W(q) = λαMq, ∇V(q) = λβMq, (3.3)

then q is CC, for any R-A system as given in definition 2.4.

PROOF:

Assuming there exists constants λα and λβ such that

∇W(q) = λαMq, ∇V(q) = λβMq,

where λα and λβ may be dependent on α and β. Then the gradient of U(q) is given

by:

∇U(q) = ∇
(

V (q) + W (q)
)

= ∇V(q) + ∇W(q)

= λβMq + λαMq

=
(

λβ + λα

)

Mq.

Setting λ = λβ + λα, we get that q is of the form (3.2). 2
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Therefore, if a configuration q satisfies the hypothesis of lemma 3.4, then it

must be CC for any R-A. Moreover, one can clearly see in the proof of lemma 3.4

that the result is true for any quasihomogeneous potential function. The converse

of lemma 3.4 is false, in particular there exists a square central configuration for any

R-A, which is not a CC for any homogeneous system, as will be shown in section

3.4. Therefore this configuration can not conform to the hypothesis of lemma 3.4.

The central configurations that satisfy lemma 3.4 are called simultaneous central

configurations [6]. The subset of the set of CC that consists of the simultaneous

central configurations will be denoted by CCs.

We have that if the potential function is a homogeneous function, and q is a

CC, so for all γ > 0, γq is also a CC. Lemma 3.4 implies that if q ∈CCs, then

q ∈CC\CCe, where CC\CCeis the set of non-extraneous CC, so we have the

following lemma.

Lemma 3.5. CCs⊆CC\CCe.

The class of extraneous central configurations is a particularly interesting col-

lection of configurations. These configurations can lead to rotational periodic orbits

of the system, where the stability of these solutions may be quite complicated. How-

ever, they may not lead to homothetic solutions as for the homogeneous case. Now

for homogeneous potentials, we have the following powerful theorem [3].

Theorem 3.6. For the homogeneous N -body problem, (q(t),p(t)) is a homographic

solution if and only if q(t) forms the same central configuration for all t ∈ I ⊂ R.

A detailed proof for the classical N -body problem can be found in [15]. For a

R-A we can only state that if q(t) forms the same central configuration for all time

t, then φt = (q(t), p(t)) is a homographic solution. This is trivially due to the fact

that it is by definition self-similar. We now state this as a lemma.
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Lemma 3.7. If q(t) forms the same central configuration for all time t, then

φt =
(

q(t), p(t)
)

is a homographic solution.

For the classical case, if q is CC, then placing the masses at rest on this config-

uration would result in the masses homothetically tending to the origin, thus leading

to a simultaneous collision [15]. However, for a R-A, we get a dramatically different

result. We will see in section 3.4, that it is insufficient for the initial configuration

to be CC. What is needed is that the configuration remains self-similar for all time.

Therefore, we have the correlated theorem for a R-A.

Theorem 3.8. If q0 ∈CC\CCeand φt is the solution to the initial value problem of

placing the masses at rest on the configuration, q0, then for non-negative energy the

configuration φt becomes unbounded in the past and the future. For negative energy,

the solution is either a fixed point or a periodic solution.

PROOF:

If q0 ∈CC\CCe, and φt =
(

q(t),p(t)
)

is the solution to the initial value problem

(IVP), where p(0) =
−→
0 , and q(0) = q0, then clearly q(t) remains self-similar.

Therefore φt is a homographic solution to (2.3), moreover, φt will be a homothetic

solution. Proceeding as in [15], if φt is a homothetic solution then there exists a

function r(t) ∈ C2 such that, for all time t, q(t) = r(t)q0.

Let U(q) = V (q) + W (q), where V (q) =
∑

1≤i<j≤N bmimj |qi − qj|−β and

W (q) =
∑

1≤i<j≤N amimj|qi − qj|−α, then V and W are homogeneous functions of

degree −β and −α, respectively. Furthermore, define U0 = V0 + W0 = V
(

q0

)

+ W
(

q0

)

to be the initial value of the potential function. If φt is a homographic solution, then

the following hold,

V
(

q(t)
)

= V0r
−β and W

(

q(t)
)

= W0r
−α, (3.4)

∂iV (q) = ∂iV0r
−β and ∂iW (q) = ∂iW0r

−α, (3.5)
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qT∇U = −βV0r
−β − αW0r

−α. (3.6)

Since p(0) =
−→
0 , then for fixed energy, h, the equation (2.6) becomes V0 +W0 =

h. Finding the times when p(t̃) =
−→
0 is equivalent to finding the solutions to the

equation

V0 + W0 = V0r
−β + W0r

−α. (3.7)

This is in turn equivalent to finding the roots to the function,

s(r) = V0r
−β + W0r

−α − V0 − W0. (3.8)

This function has a positive horizontal asymptote at y = −V0 − W0, and one

positive critical number given by rc = α−β

√

−αW0
βV0

. By simple calculus we see that

there is either one trivial, positive real solution, r = 1, or two positive solutions,

where the properties change depending on the sign of h.

The Case of Non-negative Energy

If h ≥ 0, then by equations (3.4) and (2.6) we have that V0 +W0 ≥ 0. This together

with the fact that 0 < β < α, gives rc > 1. There is only one positive real solution to

(3.7), namely r = 1. This means that p(t̃) =
−→
0 ⇐⇒ q(t̃) = q0 ⇐⇒ r(t̃) = 1. More-

over, rc > 1 implies that βV0 + αW0 < 0, which implies that r̈(0) > 0. Therefore

there exists a maximal interval, (0, t∗), where q(t) is expanding. This is equiva-

lent to saying that ṙ(t) > 0 for all t ∈ (0, t∗). If t∗ is finite, then ṙ ∈ C1 im-

plies that p(t∗) =
−→
0 , but by the invariance of the energy manifold we need that

U
(

q(t∗)
)

= −h = U
(

q0

)

, where q(t∗) = r(t∗)q0. This implies that r(t∗) is a solution

to (3.7), which implies that r(t∗) = 1. This in turn implies that q(t∗) = q0, and

thus q(t) can not be expanding on (0, t∗), a contradiction. Therefore, t∗ = ∞, and

q(t) expands without bound in the future. The same argument shows that q(t) also

expands without bound in the past.
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The Case of Negative Energy

If h < 0, then V0 + W0 < 0, where 0 < rc < 1, implies that ∂iU0 < 0, so there is

a maximal interval, (0, t∗) in which ṙ(t) < 0. Now theorem 2.11, implies that q(t)

must be bounded below. Clearly we have that r(t∗) is the second solution to (3.7)

in the interval (0, 1). This fact further implies that t∗ < ∞, hence there exists a

maximal interval, (t∗, t∗∗), on which ṙ(t) > 0. Similarly, we get that r(t∗∗) = 1, and

by equation (2.6) and the invariance of the energy manifold p(t∗∗) =
−→
0 . therefore,

by existence and uniqueness φt must be a periodic orbit.

For the case where rc > 1, we see that the second solution to (3.7) is in the

interval (1,∞), and ṙ(0) > 0. Therefore, as before, q(t) will expand out until

q(t∗) = r(t∗)q0, and r(t∗) must be a second solution to (3.7). Then q(t) must

contract back to q(t∗∗) = q0, and therefore is a periodic orbit, of period t∗∗.

If rc = 1 then −αW0 = βV0 and we have that r̈(0) = ṙ(0) = 0, where q̈(0) =

r̈q(0) = 0. Therefore φt is an equilibrium point. 2

In the proof of this theorem, we needed the fact that φt was a homographic

solution. This was accomplished by having the initial configuration to be a non-

extraneous central configuration. The reason that the corresponding theorem for

homogeneous N -body problem does not require this is because placing the masses

in the initial position of a CC leads to a solution that is CC for all time in the

interval of existence, so by theorem 3.6 the solution must be homographic.

As for a R-A, we will see that this is no longer the case. Yet not all is lost. We

can examine each central configuration, and determine restrictions that will guar-

antee a homographic solution. An example of this procedure will be done in section

3.3, where we get the rotational periodic solutions which are relative equilibrium

solutions.

In the proof of theorem 3.8, the fact that r(t) ∈ C2 shows the existence of
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a time t̃ such that r̈(t̃) = 0. Therefore, the initial condition
(

r(t̃)q0,
−→
0
)

gives an

equilibrium solution to the system. Hence, if q ∈CC\CCe, then there is a positive

real number r such that (rq,0) is an equilibrium point of the system (2.3). Theorem

3.8 has the following corollary.

Corollary 3.9. If q ∈CC\CCe, then there exists a positive real number r, such

that (rq,0) is an equilibrium point to (2.3).

3.2 The Regular N-gon Configuration

It has been known for some time that the configuration of placing N equal mass

at the vertices of a regular N -gon is a central configuration of the homogeneous N -

Body problem [3]. By lemma 3.4, and the fact that the regular N -gon configuration

is independent of the α and β in (2.8), we get that the regular N -gon configuration

is also a CC for any quasihomogeneous N -body problem,with potential functions of

the form

U(q) =
∑

1≤i<j≤N−1

mimj

(

b
∣

∣qi − qj

∣

∣

β
+

a
∣

∣qi − qj

∣

∣

α

)

, (3.9)

where a, b are real numbers and 0 < β < α. Lemma 3.5 states that the regular

polygon configuration is a non-extraneous central configuration, therefore we get

the following theorem for regular polygon configurations.

Theorem 3.10. The configuration of placing N point masses at the vertices of a

regular N -gon, is a non-extraneous central configuration for the system (2.3), where

the potential function is of the form (3.9).

In particular it can be shown explicitly that the λ given in definition 3.2 is,

λ = −2−αr−α−2

⌊

N
2

⌋

∑

k=1

(

bβ(2r)α−β cscβ
(kπ

N

)

+ aα cscα
(kπ

N

))

. (3.10)
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The next corollary can be easily shown to be true, since the generalized Lennard-

Jones problem can be seen as a subcase of the theorem above. So it is stated without

proof.

Corollary 3.11. Placing N equal masses at the vertices of a regular N -gon is a

non-extraneous central configuration for the GLJ.

Property (A.2) in appendix A states that for GLJ, there is a better formula for

λ:

λ = 2−2β+1βr−2β−2

⌊

N
2

⌋

∑

k=1

cscβ kπ

N

(

cscβ kπ

N
− (2r)β

)

,

where r is the radius of the configuration. Proof of these facts can be seen in

appendix A. This configuration leads to another collection of non-extraneous central

configurations. If N equal masses are placed at the vertices of a regular N -gon and

an arbitrary (N + 1)th mass is placed at the center of this configuration, then it is

a CC. This fact is stated in the next corollary.

Corollary 3.12. If q̃ is the central configuration of the N equal masses placed at

the vertices of a regular N -gon, and q is the configuration of q̃ with an (N + 1)th

arbitrary mass placed at the origin, then q is a non-extraneous central configuration

of (2.3) with a potential function of the form (2.8).

PROOF:

Set m0 = m1 = · · · = mN−1 = 1, where the origin is the center of mass of the system

(2.3), then
N
∑

k=0

qk = 0.

Hence, the following facts are true:

qN =
−→
0 ,
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N−1
∑

k=0

mkqk = 0, (3.11)

qNk = −qk = −q̃k ∀k ∈ 0N − 1.

Therefore, we get
∣

∣qkN

∣

∣ =
∣

∣qk

∣

∣ =
∣

∣q0

∣

∣ = r, ∀k ∈ 0N − 1, where r is the radius of

the configuration. Furthermore, we have

∂jU(q) = −mj

N
∑

i=0,i6=j

mi

(

bβ
∣

∣qji

∣

∣

−β−2
+ aα

∣

∣qji

∣

∣

−α−2
)

qji. (3.12)

Properties (3.11) gives that for j 6= N , the equations (3.12) become,

∂jU(q) = ∂jŨ (q̃) − mN

(

bβ|qjN |−β−2 + aα|qjN |−α−2
)

qjN

= λq̃j−mN

(

bβ
∣

∣q0

∣

∣

−β−2
+aα

∣

∣q0

∣

∣

−α−2)
qj =

(

λ−mN

(

bβ|q0|−β−2+aα|q0|−α−2
)

)

qj .

∂jU(q) =
(

λ − mN

(

bβr−β−2 + aαr−α−2
)

)

qj .

The case where j = N we see that,

∂NU(q) = −mN

N−1
∑

k=0

(

bβ|qjN |−β−2 + aα|qkN |−α−2
)

qkN

= −mN

N−1
∑

k=0

(

bβ|q0|−β−2 + aα|q0|−α−2
)

qk.

The first term in the sum is a constant, therefore we have that

∂N Ũ(q) = −mN

(

bβr−β−2 + aαr−α−2
)

N−1
∑

k=0

qk = ~0 = qN .

Set

λ0 = λ − mN

(

bβr−β−2 + aαr−α−2
)

, (3.13)

where r is the radius of the configuration, then we have

∇U(q) = λ0Mq,
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and the corollary is proven. 2

To end this section we will show that we have a new type of periodic orbit

that emerges for the regular N -gon configuration. Theorem 3.8, showed that if

q ∈CC\CCe, then we have a homothetic solution to the IVP. Therefore we get, as

a direct result, the following lemma.

Lemma 3.13. Let φt be the solution to the IVP of placing N equal masses at rest on

the vertices of a regular N -gon, then for any R-A, if h ≥ 0, then φt expands without

bound in the past and the future, and if h < 0, then either φt is an equilibrium point

or φt is a periodic orbit.

Moreover, by corollary 3.12, the same result holds for the regular N -gon con-

figuration plus a (N + 1)th arbitrary mass at the origin.

The main purpose of this section was to show that for all positive radii, the

regular N -gon configuration is CC. Looking at the formulas for λ given by (A.2)

and (3.13), it is apparent that the λ’s are not necessarily negative as with the

homogeneous and quasihomogeneous cases, with a > 0 and b > 0. In the next

section it will be shown that for the regular N -gon configuration, if λ is positive

then no rotational periodic solutions exist.

3.3 Regular Polygon Solutions of a Repulsive-Attractive

System

In this section we will determine which of the N -gon configurations given above

will have rotational periodic solutions to (2.3). To achieve this we will require that

the square of the angular velocity is positive. That is the same as saying that

there needs to be a pull towards the center of mass of the system. In the previous

section we determined that all regular N -gon configurations are CC, yet for the

R-A, this is insufficient to guarantee a rotational periodic orbit. This is due to the
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fact that the λ given by (3.10) is not necessarily negative. In order to see when a

relative equilibrium orbit is possible, we restrict our attention to planar solutions

and proceed as in [11].

For the planar N -body problem we can take the equations of motion (2.3) and

express them as:

q̈k = −
N
∑

j=1,j 6=k

mj

(

bβ

|qk − qj|β+2
+

aα

|qk − qj|α+2

)

(

qk − qj

)

. (3.14)

Let ρk to be the N th roots of unity, µ =
∑N

j=1 mj , and use the transforms

dτ = r
α
2 dt, zk = r−1qk, (3.15)

then the equations of motion (3.14) then become,

z̈k = −
N
∑

j=1,j 6=k

mj

(

bβrβ−α

|zk − zj |β+2
+

aα

|zk − zj|α+2

)

(

zk − zj

)

. (3.16)

Liberty was taken by using z̈k to now refer to the rate of change of the velocity, with

respect to the new time variable τ . Under these transforms, every configuration is

viewed as being on the unit circle, and the rβ−α term is the correction factor for the

force function. This term is what determines if any rotational periodic orbits exist.

The center of mass of the system is given by,

z0 = µ−1
N
∑

j=1

mjρj . (3.17)

The functions that describe the simple periodic orbits that rotate about z0 with

angular momentum ω are given by,

zk(τ) = (ρk − z0)e
ωτi. (3.18)

In (3.18) the term ω ∈ C is the system’s angular velocity, and is in the complex

plane. The main theorem can now be stated.
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Theorem 3.14. For N ≥ 3 and m1 = m2 = · · · = mN > 0, then the functions

zk(τ) = (ρk)e
ωτi given by (3.18), are solutions to (3.16), provided that

ω2 = m1σ ≥ 0. Where ω2 is uniquely determined by:

σ = 2−α−1
N−1
∑

j=1

cscβ
(jπ

N

)(

bβrβ−α + aα cscα
(jπ

N

))

. (3.19)

We must examine the term σ (3.19), to determine which equations produce a

rotational periodic orbit. For every integer N there exists an r that makes σ = 0,

which gives a system with zero angular velocity. Hence, for every positive integer

N , if all masses are equal, there exists a planar equilibrium. A counter example to

the necessity of the masses being equal will be shown in the next section. As for

now, the existence of periodic orbits will be shown. The proof of theorem 3.14 will

proceed as in [11], and will use results of circulant matrices (see appendix B).

PROOF:

First define 3 circulant matrices:

Definition 3.15. Let N ≥ 2 and let A, B, and Cκ be N × N complex matrices,

such that:

A = [akj], B = [bkj], Cκ = A + κB,

where,

akj =

{ (

bβrβ−α

|1−ρj−k |β+2 + aα
|1−ρj−k|α+2

)

(1 − ρj−k) , if j 6= k

0 , if j = k,

[bkj] = ρj−k,

Cκ = A + κB.

Now by the properties of circulant matrices we have eigenvalues and eigenvectors

of Cκ are given by:

λk =
N
∑

j=1

c1jρ
j−1
k−1, (3.20)
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~vk = [ρk−1, ρ
2
k−1, . . . , ρ

N
k−1]

T . (3.21)

Next is the lemma that connects the solutions of (3.14) the circulant matrices

given in definition (3.15), where the proof is quite similar to the one found in [11].

Lemma 3.16. For ~m = [m1,m2, . . . ,mN ]T ∈ R
N and angular velocity ω ∈ C, the

functions (3.18) are solutions to (3.16) if and only if:

(

A + ω2µ−1B
)

~m = ω2~1. (3.22)

PROOF:

Direct substitution into (3.16) shows that (3.18) are solutions, if and only if

(

ρk − z0

)

ω2eωti =
∑

j 6=k

mj

(

bβrβ−α

|ρk − ρj |β+2
+

aα

|ρk − ρj |α+2

)

(

ρk − ρj

)

eωti.

Equivalently, if and only if

ω2ρk =
∑

j 6=k

mj

(

bβrβ−α

|ρk − ρj|β+2
+

aα

|ρk − ρj|α+2

)

(

ρk − ρj

)

+ ω2µ−1
N
∑

j=1

mjρj .

Given the fact that ρk − ρj = ρk

(

1 − ρj−k

)

, we get

ω2~1 =
∑

j 6=k

mj

(

bβrβ−α

|1 − ρj−k|β+2
+

aα

|1 − ρj−k|α+2

)

(

1 − ρj−k

)

+ ω2µ−1
N
∑

j=1

mjρj−k.

This equation is equivalent to (3.22), and thus the lemma is proven. 2

Lemma 3.17. For any κ ∈ C, the eigenvalue of λ1 of Cκ is independent of κ and

satisfies

λ1 =
N−1
∑

j=1

(

bβrβ−α

|1 − ρj |β+2
+

aα

|1 − ρj |α+2

)

(1 − ρj).

PROOF:

By (3.20) and definition (3.15), we have that

λ1 =
N
∑

j=2

(

bβrβ−α

|1 − ρj−1|β+2
+

aα

|1 − ρj−1|α+2

)

(1 − ρj−1)ρ
j−1
0 + κ

N
∑

j=1

ρj−1ρ
j−1
0 .
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Using the property of the N th roots of unity,
∑N−1

k=0 ρk = 0, and that ρ0 = 1, we get

λ1 =

N−1
∑

j=1

(

bβrβ−α

|1 − ρj |β+2
+

aα

|1 − ρj |α+2

)

(1 − ρj),

so the proof of lemma 3.17 is complete. 2

Note that the (N − j)th term in the above sum is the complex conjugate of the

jth term, therefore we have:

λ1 =

N−1
∑

j=1

(

bβrβ−α

|1 − ρj |β+2
+

aα

|1 − ρj |α+2

)

Real(1 − ρj)

=
N−1
∑

j=1

(

bβrβ−α

∣

∣

∣2 − 2 cos
(

2jπ
N

)∣

∣

∣

β+2
2

+
aα

∣

∣

∣2 − 2 cos
(

2jπ
N

)∣

∣

∣

α+2
2

)

(1 − cos
(2jπ

N

)

)

λ1 = 2−β−1
N−1
∑

j=1

cscβ
(jπ

N

)(

bβrβ−α + aα2β−α cscα−β
(jπ

N

))

. (3.23)

Equation (3.23) is the same as the right side of (3.19), hence λ1 = σ. Lemma

3.17 and (3.21) imply that,

λ1
~1 =

(

A + κB
)

~1. (3.24)

Multiplying both sides by ~m ∈ R
N and setting ω2 = λ1, we get (3.24) is in the form

(3.22). Therefore, the proof of lemma 3.14 is complete. 2

Note that fixing a ,b, α, and β, gives that the righthand side of (3.23) is a well

defined function of r,

h(r) = 2−β−1bβ

(

N−1
∑

j=1

cscβ
(jπ

N

)

)

rβ−α + 2−α−1aα

(

N−1
∑

j=1

cscα
(jπ

N

)

)

. (3.25)

The function h(r) given in (3.25) has one positive root, namely,

r0 = 2 α−β

√

√

√

√

√

−bβ
∑N−1

j=1 cscβ
(

jπ
N

)

aα
∑N−1

j=1 cscα
(

jπ
N

) . (3.26)
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Clearly (3.25) is positive for all r ∈ (0, r0), and negative for all r ∈ (r0,∞). This

makes the ω given in theorem 3.14 to be imaginary when r is to the right of this

root, and real to the left. This result is stated in the next lemma.

Lemma 3.18. For ω given in theorem 3.14 we have the following:

1. For all 0 < r < r0, ω is real.

2. For r = r0, ω = 0.

3. For all r < r0, ω is imaginary.

Theorem 3.18 is for the configuration with respect to (wrt) z = r−1q, so when

dealing with the configuration space, wrt q, you need to take the reciprocal of

r0. This together with theorem 3.14 gives that a R-A will have a periodic orbit if

r ≥ r−1
0 , where at equality there is an equilibria point for the system. Now we have

the second theorem of this section.

Theorem 3.19. For the system (3.14), the configuration of placing N equal masses

at the vertices of a regular N -gon will generate a rotational periodic solution, pro-

vided that r > r1, and if r = r1 then the configuration is an equilibrium. r1 is given

by

r1 =
1

2
α−β

√

√

√

√

√

−aα
∑N−1

j=1 cscα
(

jπ
N

)

bβ
∑N−1

j=1 cscβ
(

jπ
N

) . (3.27)

Moreover, if 0 < r < r1, then this configuration can not produce a rotational periodic

solution.

Note that (3.27) will always generate a positive real number, so theorem 3.19

guarantees an equilibrium point for the system. Therefore, theorem 3.19 has a direct

corollary.
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Corollary 3.20. For any N , if m1 = · · · = mN , then there exists a planar equilib-

rium point for any repulsive-attractive system given by definition 2.4.

In the proof of the non-existence of periodic solutions for certain central config-

urations, we see that the determining factor is the sign of λ. In particular, if λ > 0

then q does not lead to a rotational periodic orbit, and if λ < 0 it does lead to

a rotational periodic orbit. The most interesting fact is the emergence of the case

where λ = 0. In this case there will be an equilibrium point at (q,0), which is the

same equilibrium point guarantied by lemma 3.13

Next we turn to the existence of extraneous central configurations for the 4-body

problem.

3.4 The Square Configuration Solution with Non-Equal

Masses

A counter example to the necessity of the masses being equal, for N = 4, in theorem

3.14 is the placement of two pairs of equal masses at the vertices of a square. Let q

be the square configuration, where

q1 = −q3 =
( 1√

2
α−β

√−aα

bβ
, 0
)

,

q2 = −q4 =
(

0,
1√
2

α−β

√−aα

bβ

)

,

m1 = m2 = 1, and m3 = m4 = m.

This construction gives the following properties:

|q12| = |q14| = |q32| = |q34| = α−β

√−aα

bβ
,

qij = 2qi, when j = (i + 2)mod(4), i 6= j,

|q13| = |q24| =
√

2 α−β

√−aα

bβ
.
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Therefore,

∂1U(q) = −
4
∑

k=2

mk

(

bβ|q1k|−β−2 + aα|q1k|−α−2
)

= −
4
∑

k=2

mk|q1k|−α−2
(

bβ|q1k|α−β + aα
)

= aαm2
−α−2

2

(−aα

bβ

)
−α−2
α−β

(

1 − 2
α−β

2

)

q1.

Similarly, we get that for all i ∈ 14,

∂iU(q) = aαm2
−α−2

2

(−aα

bβ

)
−α−2
α−β

(

1 − 2
α−β

2

)

qi.

Hence the configuration is CC, moreover, since we have taken 0 < β < α, and

a < 0, then the constant term will always be negative. Therefore we get the next

lemma directly from this result.

Lemma 3.21. There is a square configuration with m1 = m2 6= m3 = m4 that

produces a relative equilibrium solution to (2.3).

To end this chapter we will state a trivial result that actually is a dramatic

difference between the classical case and the repulsive-attractive case. In examining

the square configuration created above, one notices that this configuration fails to be

CC if it is dilated by any amount, hence q(0) ∈CCe. Therefore, placing the masses

at rest on this configuration can not be a homothetic solution. This configuration

that can not generate a homothetic solution, yet it will produce a relative equilibrium

solution. Note that for this particular configuration, if q0 is dilated by any amount,

it fails to be CC, which leads to the question: if q ∈CCethen will γq fail to be CC

for any γ > 0, γ 6= 1? If this is so, then every non-extraneous CC, can not generate

a homothetic solution. This question remains open.
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Chapter 4

The 2-Body Generalized

Lennard-Jones Problem

4.1 The Equations of Motion.

In this chapter we will study the global flow for the 2-body generalized Lennard-

Jones problem. As in [13] and [7], we will take our configuration space to be R
2,

and our system to be that of a single particle of unit mass in a central force field.

For the generalized Lennard-Jones problem (GLJ) we will take α = 2β and b = 2

and a = −1. Using these constructions the potential function becomes,

U(x) = 2|x|−β − |x|−2β ,

where |x| is the distance between the two particles. Therefore the differential equa-

tion that defines the motion of the particle is,

ẍ = 2β
(

|x|−2β−2 − |x|−β−2
)

x.

The equations of motion (2.3) become,

ẋ =
δH

δy
(4.1)

ẏ = −δH

δx
,
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where x = (x1, x2) ∈ R
2 − {(0, 0)} and y ∈ R

2 and the energy integral is:

H(x,y) =
1

2
|y|2 − 2|x|−β + |x|−2β .

Using the ideas developed in [13], with the coordinate transform,

x = r
1
β eθi, (4.2)

y = r−1(v + iu)eθi,

and with the time transform,

dτ = r−
1
β
−1dt, (4.3)

we will get the new equations of motion,

ṙ = βrv

θ̇ = u (4.4)

v̇ = βv2 + u2 + 2β(1 − r)

u̇ = (β − 1)uv.

In the above equations we are taking the derivative with respect to the new time

variable τ . The energy integral and the integral of angular momentum will now have

the forms,

u2 + v2 = −2 + 4r + 2r2h, (4.5)

r
1
β
−1

u = C. (4.6)

Note that unlike the classical and quasihomogeneous N -body problem with

a > 0 and b > 0, [15], [3] it is clear that there are no collision equilibria (see theorem

2.11). Moreover, there is a class of non-collision equilibria,

(1, θ0, 0, 0). (4.7)
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(4.7) represents a collection of degenerate equilibria, where θ0 ∈ S1. Note that if

|x| = 1, then δH
δx

= 0, so this class of equilibria of the system (4.5) is also a class of

equilibria of (4.1).

The flow for the system (4.5) will be bounded for certain values of h, where the

most notable difference is that the total energy must be greater that or equal to −1.

This is unlike the perviously studied systems [7], [13]. Next we will find the bounds

on all motions of the system.

Lemma 4.1. The total energy of the system must be greater than or equal to −1.

If the total energy of (4.5) is negative, then all motion is bounded above and below.

In particular, if h = −1 then r(t) = 1, and if −1 < h < 0 then −1+
√

1+h
h

≤ r(t) ≤
−1−

√
1+h

h
, for any time t. For non-negative energy, all motion is bounded below. In

particular, if h = 0 then r(t) ≥ 1
2 , and if h > 0 then r(t) ≥ −1+

√
1+h

h
, for all time t.

PROOF:

For h 6= 0, we define the function f(r) to be the righthand side of the equation (4.5),

f(r) = −2 + 4r + 2hr2. (4.8)

Note that v2 + u2 ≥ 0, so we must have that f(r) ≥ 0. The roots of (4.8) are

given by,

r± =
−1 ±

√
1 + h

h
. (4.9)

If h < −1 then f(r) is a quadratic that opens down and has complex roots, therefore

f(r) < 0 for all r, a contradiction. Hence, the system will have no solutions when

h < −1.

For −1 ≤ h < 0, then f(r) is still a quadratic that opens down, so f(r) ≥ 0 on
[

−1+
√

1+h
h

, −1−
√

1+h
h

]

, where −1+
√

1+h
h

> 0. Therefore, all solutions are bounded by

these values. For non-negative energy, it is a similar argument, where f(r) opens

upwards. 2
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Lemma 4.1 shows that, for every energy level h, all motion restricted to the

energy manifolds is bounded below, and for negative energy all solution curves are

bounded above as well as below. Since each of these energy manifolds are invariant,

we will study the flow restricted to these manifolds separately.

4.2 The Global Flow for Negative Energy.

Note that the flow is invariant under rotations, so the θ term can be factored out to

get the new equations of motion,

ṙ = βrv

v̇ = βv2 + u2 + 2β(1 − r) (4.10)

u̇ = (β − 1)uv.

Therefore, any fixed points of (4.10) are either periodic orbits or fixed points of the

system (4.5). Lemma 4.1 shows that we can restrict our attention to h ≥ −1, where

we will divide this case into two subcases, namely h = −1 and −1 < h < 0.

4.2.1 The Case when h = −1.

To understand the global flow of the system (4.10) we will need to find any separatrix

of the system (See [10]). First we partition the phase space into some invariant

manifolds by using the energy integral (4.5). We then have the collection of invariant

manifolds,

Mh =
{

(r, v, u)|u2 + v2 = f(r), r > 0
}

. (4.11)

These manifolds can be seen as 2-dimensional surfaces in 3 space, that have different

structure depending on the energy level h. The collection
⋃

h∈A
Mh, where A = {h ∈

R|h ≥ −1}, foliates the phase space. Using the fact that u̇ = 0 when u = 0, then we
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get the invariant sub-manifolds

Uh =
{

(r, v, u) ∈ Mh|u = 0
}

, (4.12)

for each energy level h. Moreover, Uh partitions Mh into two invariant sub-manifolds.

To understand the global flow on Mh it is sufficient to get the flow on each of these

invariant sub-manifolds.

Furthermore, for any β > 0 and any time t, we have that if (r(−t), v(−t), u(−t))

is a solution curve of (4.10), then so is (r(t),−v(t), u(t)), and (r(t),−v(t),−u(t)).

Therefore, the flow is symmetric about both the u and v axes. This means that to

see the flow on Mh you need only determine the flow on the quadrant where u ≥ 0.

We will now define the invariant sub-manifold of Mh where u ≥ 0 as,

M
+
h =

{

(r, v, u) ∈ Mh|u ≥ 0
}

. (4.13)

Now it is sufficient to determine the flow on this sub-manifold.

If h = −1, then f(r) = −2(r − 1)2, however f(r) = u2 + v2 ≥ 0, hence r = 1

and u = v = 0. This implies that there is only one class of solution curves on M−1,

namely φt = (1, θ0, 0, 0), where θ0 ∈ S1, for all time t. In other words, M−1 consists

of a point at (1, 0, 0). Therefore a diagram for the flow on Mh is omitted, since it

would be trivial.

4.2.2 The Case when −1 < h < 0.

For the structure of Mh we notice that f(r) is a quadratic that opens down and has

roots r± given by (4.9). The structure of Mh is the top half of a parabola, rotated

about the r-axis, where Mh is homotopic to a 2-sphere. In order to find if there are

any equilibria on Mh we first must use the energy integral (4.5) and substitute it
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into (4.10) to get the restricted equations of motion,

ṙ = βrv

v̇ = (β − 1)v2 + f(r) + 2β(1 − r) (4.14)

u̇ = (β − 1)uv,

where f(r) is given by (4.8).

Looking at the equations of motion (4.14), we note that any equilibria must be

solutions to the equation,

f(r) = 2β(r − 1). (4.15)

Equation (4.15) has solutions given by,

r± =
β − 1 ±

√

(β − 2)2 − 4h(β − 1)

2h
, (4.16)

so equilibria on Mh will have the form,

(r±, 0,±
√

f(r±)). (4.17)

We are now prepared to state and prove the lemma that determines the flow on Mh.

Lemma 4.2. For negative energy, there are two equilibria on Mh, namely R±
− =

(r−, 0,±
√

f(r−)). Furthermore, both R±
− are degenerate centers, and all other orbits

are periodic.

PROOF:

For 0 < β < 1, we have that limβ→1−
(β−2)2

4(β−1) = −∞, where d
dβ

[ (β−2)2

4(β−1)

]

< 0 for

0 < β < 1. Therefore (β−2)2

4(β−1) < −1, and lemma 4.1 gives that h ≥ −1, so we have

that (β − 2)2 − 4h(β − 1) > 0. Hence, there are two real solutions to (4.15), where

using simple inequalities shows that only one conforms to the restriction given in
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lemma 4.1, namely r− =
β−2−

√
(β−2)2−4h(β−1)

2h
. Therefore, Mh has two equilibria,

namely R±
− =

(

r−, 0,±
√

f(r−)
)

.

For β = 1, then r± = −1±1
2h

= 0 or − 1
h
, so the only root that conforms to the

restrictions given by lemma 4.1, is r− = − 1
h
. Again, Mh will have two equilibria,

R±
−. For β > 1, again the only root that conforms to the restrictions is r−, so for

negative energy, Mh, will have two equilibria, namely R±
−.

Linearizing about the equilibria given by (4.17), gives eigenvalues of λ1 = 0 and

two other (possibly non-zero) eigenvalues,

λ2 = 2β
(

(

β − 2
)

r± − 2(β − 1)
)

. (4.18)

Note that for 0 < β < 1 and −1 < h < 0, we have that r− > 2(β−1)
β−2 . Therefore,

R±
− = (r−, 0,±

√

f(r−)) has zero real part eigenvalues. Similarly, for the other

values of β. Therefore we can not use Hartman−Grobman Theorem to determine

the characteristics of these equilibria and we need to use qualitative methods to

determine the nature of these equilibria.

First define a function of r,

g(r) =
1

2

(

f(r) + 2β(1 − r)
)

= hr2 − (β − 2)r + (β − 1). (4.19)

Clearly, the roots of g(r) are the solutions to (4.15). Moreover, this function deter-

mines how the flow crosses the v = 0 plane, which, in turn actually determines the

characteristics of each of the equilibria on Mh. To determine how this is accom-

plished, we need to use the concept of the index of an equilibrium [10]. Next we

need to state the lemma for which the flow locally about each equilibrium can be

determined.

Lemma 4.3. Suppose that M
+
h has an equilibrium R0, then if there exists an ǫ > 0

where g(r) < 0 on (r0 − ǫ, r0) and g(r) > 0 on (r0, r0 + ǫ) then R0 is a degenerate
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saddle. If g(r) > 0 on (r0−ǫ, r0) and g(r) < 0 on (r0, r0 +ǫ) then R0 is a degenerate

center, and if g(r) does not change sign, then R0 is a cusp.

PROOF:

Suppose that R0 is an equilibrium on M
+
h , clearly this equilibrium is either a de-

generate topological saddle or a degenerate center. The following theorem can be

found in [10], so it is stated without proof.

Theorem 4.4. Let R0 be an isolated equilibrium contained the interior of a 2-

dimensional invariant manifold, then if the index of R0, denoted by I
(

R0

)

, is equal

to −1 then R0 is a topological saddle, and if I
(

R0

)

= 1 then it can not be a

topological saddle.

Assume that there exist an ǫ > 0 such that g(r) > 0 on (r0 − ǫ, r0) and g(r) < 0

on (r0, r0 + ǫ), and sign(ṙ) = sign(v), so I
(

R0

)

> 0. Now if I
(

R0

)

> 1. This

indicates the existence of another equilibrium in Bǫ

(

R0

)

⋂

M
+
h . Since R0 is iso-

lated we can choose a smaller ǫ to avoid this second equilibrium point. Therefore,

I
(

R0

)

= 1 and by theorem 4.4, R0 can not be a topological saddle. This leaves the

only other possibility being that R0 is a degenerate center. Similar arguments hold

for the other cases. 2

To complete the proof of lemma 4.2, we only need to find the characteristics

of the roots of g(r). For negative energy, g(r) is a quadratic that opens down, and

r− is the larger root. Therefore, R±
− conforms to the hypothesis of theorem 4.4,

and must be a degenerate center. By the symmetry of solutions both equilibria are

degenerate centers. To complete the proof we need to show that all non-equilibrium

orbits on M
+
h must be periodic.

Lemma 4.5. For −1 < h < 0, then all non-equilibrium solution curves are periodic.
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Figure 4.1: Flow on Mh for −1 < h < 0.

PROOF:

Let φt = (r(t), v(t), u(t)) 6= R+
− be an orbit on M

+
h . Now φt is on a compact,

invariant sub-manifold of Mh, so by Poincarés Theorem, ω
(

φt

)

and α
(

φt

)

must

be either a fixed point, periodic orbit, or a graphic. M
+
h only has one equilibrium

point, namely R+
−, a degenerate center. Therefore, ω

(

φt

)

and α
(

φt

)

must be periodic

orbits. Brouwers F ixed Point Theorem implies that R+
− must be on the interior of

these limit sets, so they must cross the v = 0 plane. By the symmetry of solutions,

and the continuity of the flow, φt = ω
(

φt

)

= α
(

φt

)

, and therefore must be a periodic

orbit. 2

By the symmetry of solutions, we have that R±
− are both degenerate centers,

and all other orbits are periodic. Hence the proof of lemma 4.2 is now complete. 2

We now have the complete picture of the flow on the compact manifold Mh for

negative energy. There are two equilibria, R±
− both degenerate centers and Mh is

densely filled with periodic orbits, see figure 4.1.
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4.3 The Flow for Zero Energy.

If h = 0, then (4.8) becomes f(r) = 4r − 2, so the structure of Mh is that of one

side of a hyperboloid. In order to find the equilibria, we note that (4.16) leads to

r = β−1
β−2 , and lemma 4.1 gives that r ≥ 1

2 . These facts lead to the next lemma.

Lemma 4.6. If h = 0, and 0 < β ≤ 2, then there are no equilibria, and if β > 2, then

there are two equilibria on Mh, R± =
(

β−1
β−2 , 0,±

√

β−1
β−2

)

, both degenerate centers.

PROOF:

By lemma 4.1 and the fact that for h = 0, so (4.16) gives r0 = β−1
β−2 . The necessary

and sufficient condition for the existence of equilibria is that β−1
β−2 ≥ 1

2 . This has a

solution set of (−∞, 0]
⋃

(2,∞), where β > 0 leads to the necessary and sufficient

condition being, β > 2.

If β > 2 then the equation (4.18) gives that λ2 = −2β(β − 1) < 0. If h = 0,

then (4.19) becomes g(r) = (β − 1) − (β − 2)r. If β > 2 then g(r) is a line with

negative slope and r-intercept, r0. Therefore, by lemma 4.3, we have that r±0 are

both degenerate centers. 2

Therefore, β = 2 is a bifurcation value of the system (4.5), so we will study each

case individually.

4.3.1 The Case when 0 < β ≤ 2.

To determine the flow on Mh, we define the different types of orbits that may exist

on Mh.

Definition 4.7 (Escape Orbits, Capture Orbits). Let φt = (r(t), v(t), u(t)) be any

orbit on Mh, then:

φt is called a Capture Orbit if, r(t) → +∞ as t → −∞,

φt is called an Escape Orbit if, r(t) → +∞ as t → +∞.
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Figure 4.2: Flow on M0 for 0 < β ≤ 2.

Using these definitions, we can get the general flow for non-negative energy

when there are no equilibrium points on Mh.

Lemma 4.8. For non-negative energy, if Mh has no equilibria, then all orbits must

be escape-capture orbits.

PROOF:

It is sufficient to show that for any orbit φt = (r(t), v(t), u(t)) ∈ M
+
h , then r(t) → ∞

as t → ±∞. Assume that at time t0, v(t0) > 0, then by lemma 4.1, there exists

a sequence,
{

r(ti)
}∞

i=0
, that is bounded below, when ti > ti+1. Therefore it must

have an accumulation point, say r(t∗). Since Mh has no equilibrium points, then

the point (r(t∗), v(t∗), u(t∗)) must be on the orbit of φt. Furthermore, v(t∗) = 0

and there exist a maximal interval, say (t∗∗, t∗) such that φt remains in the set
{

(r, v.u) ∈ Mh|v < 0
}

. If t∗∗ > −∞, then v(t∗∗) = 0, and by the symmetry of
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solutions φt would be a periodic orbit. By Brouwers F ixed Point Theorem, there

would need to be a fixed point on Mh, a contradiction.

Therefore, t∗∗ = −∞ and φt is a capture orbit. The same argument can be

applied to show that φt must be an escape orbit. Furthermore, if we had assumed

that φt0 is in the set
{

(r, v, u) ∈ Mh|v > 0
}

the sequence used would have the

property that tj < tj+1 and the same result would be reached. Hence, every orbit

is of the capture-escape type, and the lemma is proved. 2

By lemma 4.6, we see that for h = 0, and 0 < β ≤ 2, there are no equilibria.

Lemma 4.8 shows that all orbits on M0 are capture-escape orbits. These facts are

stated in the next lemma.

Lemma 4.9. For zero energy and 0 < β ≤ 2, there are no equilibrium points and

M0 is densely filled with capture-escape orbits.

The general flow on M0 for 0 < β ≤ 2 can be seen in figure 4.2

4.3.2 The Case when β > 2.

For h = 0 and β > 2, lemma 4.6 we have that M
+
0 has a degenerate center. There-

fore there must be a set of periodic orbits about R±
− that has positive measure.

Furthermore, the set
{

(r, v, 0) ∈ Mh

}

is an invariant set. This set is a curve on Mh,

that contains no equilibria and therefore must be a solution curve. Clearly, it is a

capture-escape orbit. Actually, it is the only capture-escape orbit on M0, for β > 2.

In order to show this we need the structure of the invariant manifold near infinity,

which will be done in a later section. As for now these results can be stated in the

following lemma. For the uniqueness of the capture-escape orbit we will state and

show this in the section on the global flow for the system.

Lemma 4.10. For h = 0 and β > 2, there two degenerate centers and a set of

periodic orbits with positive measure, and there exist a capture-escape orbit.
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Figure 4.3: Flow on M0 for β > 2.

This lemma gives the general flow on M0 when β > 2, and the flow can be seen

in figure 4.3.

4.4 The Flow for Positive Energy.

4.4.1 The Case when 0 < β ≤ 2.

For β = 1, the solutions to (4.16) are r = 0 and r = − 1
h
, so there are no positive

real solutions, and hence there are no equilibria. For β = 2, then the only solutions

are r = ±
√

− 1
h
, therefore not real, and again there are no equilibria.

For 1 < β < 2, then clearly r− < 0, if in fact real to begin with. As for r+ we

see that β − 2 +
√

(β − 2)2 − 4h(β − 1) < 0, and again r+ < 0. Therefore, when

1 ≤ β ≤ 2, there are no equilibria on Mh.

For 0 < β < 1, then the only possible positive real root is r+. Fixing the energy

level h > 0, we see that limβ→0+ r+ = −1+
√

1+h
h

, and that r+ is a strictly decreasing
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Figure 4.4: Flow on Mh for h > 0 and 0 < β ≤ 2 or for β > 2 and h > (β−2)2

4(β−1) > 0.

function, wrt β. Therefore, r+ can not conform the restrictions given in lemma 4.1,

so for positive energy and 0 < β ≤ 2, there are no equilibria on Mh.

If 0 < β ≤ 2, then lemma 4.8 shows that all finite orbits on Mh are capture-

escape orbits. This is stated in lemma 4.11, and the flow can be seen in figure

4.4.

4.4.2 The Case when β > 2 and h >
(β−2)2

4(β−1)
> 0.

Clearly there are no real solutions to (4.16), thus there can be no equilibria on Mh.

Lemma 4.8 shows that all orbits are capture-escape orbits. Therefore the flow is

the same as in the pervious case, and can be seen in figure 4.4. Thus we have the

following lemma.

Lemma 4.11. For positive energy, and 0 < β ≤ 2 or, β > 2 and h > (β−2)2

4(β−1) > 0,

there are no equilibria, and all orbits are capture-escape orbits.
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4.4.3 The Case when β > 2 and h =
(β−2)2

4(β−1)
> 0.

If h = (β−2)2

4(β−1) , then there is a multiple root of (4.16), so there are only two equilibria

on Mh, namely R±
0 =

(

2(β−1)
β−2 , 0,±

√

f
(

2(β−1)
β−2

))

. For the flow on the invariant

manifold we state and proof the following lemma.

Lemma 4.12. For β > 2 and h = (β−2)2

4(β−1) , there are two equilibria on Mh, R±,

which are both cusps. Furthermore, W u
(

R±
)

is an escape orbit, and W s
(

R±
)

is a

capture orbit, and all other orbits are capture-escape orbits.

PROOF:

It is sufficient to show for the flow on M
+
h . f(r) defined in (4.15) has a multiple real

root that conforms to the restriction given in lemma 4.1, so we have two equilibria

on M
+
h . Moreover, g(r) ≥ 0 and v̇ = (β − 1)v2 + 2g(r) ≥ 0, where equality only

holds at the equilibrium point. Therefore, the flow on the sub-manifold, M
+
h , is in

the positive v direction. Furthermore, lemma 4.3 gives that R+ must be a cusp.

Let φt = (r(t), v(t), u(t)) be any orbit on this invariant sub-manifold, where if

v(t0) > 0 then r(t) is bounded below. If r(t) is bounded below, then there exist a

monotonic decreasing sequence,
{

r(ti)
}∞

i=0
, tj > tj+1, that is also bounded below.

Hence it must have an accumulation point, say r(t∗). If v(t0) < 0, then just use

tj < tj+1 and you will still have a sequence that is bounded below.

Case I: If (r(t∗), v(t∗), u(t∗)) is not on the orbit of φt, then it must be the

equilibrium point R+, and φt ⊆ W u
(

R+
)

. Furthermore, for any t∗∗ we have that

for all time t ∈ (t∗∗,∞), φt must remain in the set
{

(r, v, u) ∈ M
+
h |r > r(t∗∗), v >

v(t∗∗)
}

. Therefore r(t) → ∞ as t → ∞, and φt must be an escape orbit. If you used

that v(t0) < 0 then φt ⊂ W s
(

R+
)

and r(t) → ∞ as t → −∞. In this case, φt would

have to be a capture orbit.

If φt was any orbit on W u
(

R+
)

, then clearly it is completely contained in the

upper half of M
+
h . Assume that φt is not an escape orbit, then there needs to be a
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sequence such that r(ti) → r(t∗∗) < ∞ as ti → ∞. This requires that v(t∗∗) = 0,

but v̇ ≥ 0, a contradiction. Hence, any orbit on W u
(

R+
)

must be an escape orbit.

Similarly, if φt ⊂ W s
(

R+
)

, then it must be a capture orbit. Therefore, W u
(

R+
)

is a capture orbit and W s
(

R+
)

is an escape orbit.

Case II: If (r(t∗), v(t∗), u(t∗)) is on the orbit of φt, then for any monotonic

decreasing sequence
{

ti

}∞

i=0
, such that ti → −∞, the sequences

{

r(ti)
}∞

i=0
and

{

v(ti)
}∞

i=0
are both monotonic decreasing sequences. If the former sequence is

bounded above, then there would need to be a second equilibrium point, say

(r(t∗∗), v(t∗∗), u(t∗∗)), with v(t∗∗) < 0, a contradiction. Hence, r(ti) → ∞, and φt

must be an capture orbit. Similarly for v(t0) < 0 we would have that φt is an escape

orbit. The same process would show that φt is a capture-escape orbit. Therefore, if

φt is any orbit on M
+
h that is not in W u,s

(

R+
)

, then it must be a capture-escape

orbit and the lemma is proved. 2

We now have the general flow on Mh for positive energy, β > 2 and h = (β−2)2

4(β−1) ,

see figure 4.5.

4.4.4 The Case when β > 2 and 0 < h <
(β−2)2

4(β−1)
.

For β > 2 and 0 < h < (β−2)2

4(β−1) , there are two positive real roots to (4.16). Fix-

ing β > 2 and viewing the level curves we can see that both of the roots con-

form to the restrictions given in lemma 4.1. r− < r+ implies that g(r) > 0 on
[

−1+
√

1+h
h

, r−
)

⋃

(

r+,∞
)

, and g(r) < 0 on (r−, r+). By lemma 4.3, we have that

R±
− are degenerate centers, and R±

+ are degenerate saddles. This leads to the next

lemma that determines the flow on the manifold.

Lemma 4.13. For positive energy, and β > 2 and h < (β−2)2

4(β−1 , then there are four

equilibria on Mh, R±
− which are degenerate centers, and R±

+ which are degenerate

saddles. There is a set of positive measure of periodic orbits about R±
−. There is
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Figure 4.5: Flow on Mh for h > 0, β > 2 and h = (β−2)2

4(β−1) > 0.

also a set of positive measure of capture-escape orbits, and W u,s
(

R±
+

)

consists of a

homoclinic orbit, and one escape orbit, associated with W u
(

R±
+

)

and one capture

orbit associated with W s
(

R±
+

)

.

PROOF:

It is sufficient to prove for the flow on M
+
h . We have already shown that there is a

degenerate center and a saddle on this manifold, R+
− and R+

+ respectively. Clearly

there needs to be a set of positive measure of periodic orbits about R+
−. We need to

show that these orbits are bounded by a homoclinic orbit contained in W u,s
(

R+
+

)

.

By the continuity of the flow, and g(r) < 0 on (r−, r+) together with the fact

that sign(ṙ) = sign(v), W s
(

R+
+

)

must have an orbit, say Γ that approaches from

the top left side. As before, this orbit must cross the v = 0 plane. Moreover, it

can not cross at R+
−, since it is a center, so by symmetry of solutions Γ must be a
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Figure 4.6: Flow on Mh for β > 2 and 0 < h < (β−2)2

4(β−1) .

homoclinic orbit. Suppose that R+
− is not in the interior Γ then Γ crosses the v = 0

plane within the set
{

(r, 0, u) ∈ Mh|r ∈ (r−, r+)
}

, but this implies that g(r) > 0 on

some subset of (r−, r+), a contradiction. Therefore, R+
− must be on the interior of

this homoclinic orbit.

The same arguments can be applied to see that W s
(

R+
+

)

also contains a capture

orbit, and W u
(

R+
+

)

contains an escape orbit. Clearly, all other orbits on the exterior

of Γ must be capture-escape orbits. Therefore, there is a set of capture-escape orbits

with positive measure. 2We now have the general flow on the manifold Mh, see

figure 4.6.
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4.5 The Flow Near Infinity.

For negative energy, all orbits are bounded, see lemma 4.1. For negative energy, the

global flow of the system can be seen on Mh as in section 4.2. However, for positive

energy there is a set of initial conditions that has positive measure, where the orbits

become unbounded. For zero energy we have seen the existence of a capture-escape

orbit. Therefore, to determine the global flow we need to understand how the flow

approaches infinity. We will proceed as in [13], where we use the transform ρ = r−β.

Transforming the equations of motion (4.5) by using polar coordinates, we get the

equations of motion for the near infinity system,

ρ̇ = −βρv

θ̇ = u (4.20)

v̇ = u2 + 2βρ(1 − ρ)

u̇ = −uv.

The energy integral and angular momentum integral now become,

v2 + u2 = 2ρ2 − 4ρ + 2h, (4.21)

u = 2ρ−β−1
h. (4.22)

To determine the flow near infinity we must first see how the motion would act

at infinity, or equivalently , when ρ = 0.

4.5.1 The Flow At Infinity.

Since the flow must be continuous, it must approach infinity smoothly. Looking at

equations (4.20), we see that ρ = 0 implies that ρ̇ = 0. This makes the following set
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invariant with respect to the flow,

Ih =
{

(ρ, θ, v, u)|ρ = 0, v2 + u2 = 2h, θ ∈ S1
}

. (4.23)

The set (4.23) can be seen as a torus pasted onto the phase space of (4.20), which

can be viewed as a cylinder in 3 space, with the boundary of the top identified with

the bottom. We will show the flow on the 2 dimensional representation of the torus,

namely Z[0,2π]

⊗

Z[−b,b].

The equations of motion (4.20) restricted to Ih are,

θ̇ = u

v̇ = 2h − v2 (4.24)

u̇ = −uv.

The equations (4.24) are seen to have equilibria at (θ0,±
√

2h, 0). These equilibrium

points have eigenvalues given by:

λ1 = 0,

λ2 = ∓β
√

2h, (4.25)

λ3 = ∓
√

2h.

If h 6= 0, then (θ0,
√

2h, 0) is a collection of degenerate sinks and (θ0,−
√

2h, 0)

is a collection of degenerate sources. Let l± =
{

(θ,±
√

2h, 0) ∈ Ih|θ ∈ S1
}

be the

two lines containing all these degenerate equilibria, then it can be seen that in the

representation of the torus, Z[0,2π]

⊗

Z[±
√

2h], the line l+ is shown twice, at the top

and the bottom of the square, and l− is along the θ axis, see figure 4.7.
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Figure 4.7: Flow on the Infinity Manifold, Ih for h > 0.

Since |v| ≤
√

2h, then v̇ ≥ 0 on Ih, where equality holds if and only if v = ±
√

2h.

The set
{

(θ0,±
√

2h, 0)|θ0 ∈ S1
}

forms two separatries for the flow restricted to Ih,

where θ̇ = u gives that θ is increasing when u > 0, decreasing when u < 0 and

invariant when u = 0. Therefore, the lines defined by v = ±
√

2h are a collection of

degenerate equilibria, and the flow for h > 0 can be seen as in figure 4.7.

If h = 0, then all the eigenvalues are zero, and the equations of motion become,

θ̇ = u

v̇ = −v2 (4.26)

u̇ = −uv.
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The equilibrium points of (4.26) are (θ0, 0, 0), where θ0 ∈ S1. In particular,

since u2 + v2 = 0, then θ̇ = v̇ = u̇ = 0 for all time t. This means that I0 consists

of the points (θ0, 0, 0) where θ0 ∈ S1. The flow is just a circle of degenerate fixed

points, and the diagram of the flow is omitted since it would be trivial.

4.6 The Global Flow Positive Energy.

To determine the overall flow near the fictitious infinity manifold Ih. we need to

define the collection of invariant manifold near infinity. We can proceed as in the

previous sections and factor out the θ term. In doing so, we need to remember that

all solution curves are actually rotated by θ ∈ S1, and are invariant surfaces which

contain the actual solution curves to the system (4.20). By defining the near infinity

manifold as,

Nh =
{

(ρ, v, u)|v2 + u2 = 2ρ2 − 4ρ + 2h, ρ ≥ 0, θ ∈ S1
}

, (4.27)

we can determine the flow on this manifold by using the equations of motion,

ρ̇ = −βρv

v̇ = u2 + 2βρ(ρ − 1) (4.28)

u̇ = −uv.

The equations of motion near infinity (4.28) can be seen to have the equilibria

at

E± =
(

ρ0, 0 ±
√

2βρ0(ρ0 − 1)
)

. (4.29)

Since the rotations have been factored out, the fictitious infinity manifold, Ih

(4.23), becomes the circle on the ρ = 0 plane, of radius
√

2h. Furthermore, the
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collection of degenerate equilibria given by l± are now the points (0,±
√

2h, 0). Using

the energy integral, we define a function of ρ as the right hand side of (4.21),

f̃(ρ) = −2ρ2 + 4ρ + 2h. (4.30)

Following the same reasoning as in lemma 4.1 we have the next lemma that

show that all motion is bounded.

Lemma 4.14. Let φt = (ρ(t), v(t), u(t)) be a solution to (4.28), then

0 ≤ ρ(t) ≤ 1 +
√

1 + h.

The proof of this lemma is omitted, and the reader is directed to the proof of

lemma 4.1. One can clearly see that the restriction is the reciprocal of the restriction

given in that lemma. In seeing this connection, we can draw a stronger correlation:

the flow on Nh has k non-infinity equilibria, if and only if the flow on Mh has k equi-

libria. The proof of this uses the same ideas as above. Moreover,
(

r0, 0,±
√

f(r0)
)

is an equilibrium of the flow of (4.10), if and only if
(

r−1
0 , 0,±

√

f̃(r−1
0 )
)

is a non-

infinity equilibrium of (4.28). This fact has strong implications: to determine the

global flow for non-negative energy, it is sufficient to study the flow on the compact,

invariant manifold Nh, for each energy level h ≥ 0.

The equilibria of (4.28) has eigenvalues, λ1 = 0 and two possible non-zero

eigenvalues given by,

λ2 = 2βρ0

(

(β − 2) − 2(β − 1)ρ0

)

. (4.31)

Clearly all infinity equilibria have three zero eigenvalues, so no information can be

obtained. Yet some information can be found by examining the value of v̇ locally

near Ih. Looking at the equations of motion (4.28) we see that locally near l+, ρ̇ < 0.

Therefore l+ must be a sink, and similarly we see that l− is a source.
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The Case when 0 < β ≤ 2 or, β > 2 and h > (β−2)2

4(β−1) ≥ 0.

In sections 4.4.1 and 4.4.2, it was shown that Mh has no equilibria. Therefore, Nh

can not have any non-infinity equilibria. Under the transforms used in section 4.5,

the flow is still symmetric about the v = 0 and u = 0 planes. Note that the orbit,

φ0 =
(

ρ(t), v(t), 0
)

, (4.32)

is a solution curve to the system (4.28) and forms a separatrix for the flow re-

stricted to Nh. Therefore, Nh is a 2 dimensional manifold, and by the Jordan

Curve Theorem, we have the φ0 partitions Nh into the invariant sub-manifolds,

N+
h =

{

(ρ, v, u) ∈ Nh|u ≥ 0, 0 ≤ ρ ≤ 1 +
√

1 + h
}

, (4.33)

N−
h =

{

(ρ, v, u) ∈ Nh|u ≤ 0, 0 ≤ ρ ≤ 1 +
√

1 + h
}

.

Section 4.5.1 gave that l+ is a sink and l− is a source. Furthermore, l± ∈ ∂N+
h , so

we can use this to determine the overall flow on N+
h .

Lemma 4.15. Let A be a compact, connected, invariant sub-manifold of Nh, where

∂A has two isolated equilibria, l− a source, and l+ a sink, and no equilibria on

int
(

A
)

. For any orbit Γ on A, we have that ω
(

Γ
)

=
{

l+
}

and α
(

Γ
)

=
{

l−
}

.

Moreover, A is densely filled with heteroclinic orbits that start at l− and tend to l+.

PROOF:

Let Γ be any trajectory on A, where A is a compact, connected, invariant, 2 dimen-

sional manifold. By Poincaré−Bendixson Theorem, ω
(

Γ
)

is either an equilibrium,

a periodic orbit, or a graphic.

If ω
(

Γ
)

is a periodic orbit, there would need to be an equilibrium on it interior,

but this contradicts the assumption that A has no such equilibrium.
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If ω
(

Γ
)

is a graphic, it must be a finite collection of heteroclinic orbits, otherwise

there would need to be a saddle on A, contradicting our assumptions. Therefore,

ω
(

Γ
)

=
⋃n

i=1 Γi, where Γi are all heteroclinic orbits, so for every i ∈ 1n we would

have ω
(

Γi

)

=
{

l+
}

. This implies that ω
(

Γ
)

=
{

l+
}

, a contradiction to ω
(

Γ
)

being

a graphic.

This leaves the only choice being that ω
(

Γ
)

being an equilibrium point, thus

implying that ω
(

Γ
)

=
{

l+
}

. A similar argument show that α
(

Γ
)

=
{

l−
}

.

Since the choice of Γ was arbitrary, we have also shown that all trajectories on

A are heteroclinic orbits between the two equilibria on ∂A. 2

By lemma 4.15, we have that N+
h is densely filled with heteroclinic orbits. By

symmetry of solutions Nhis densely filled with heteroclinic orbits, see figure 4.8.

These facts are stated in the next lemma.

Lemma 4.16. For h > (β−2)2

4(β−1) > 0, and 0 < β ≤ 2, ∂Nh has two equilibria, l+ which

is a sink, l− which is a source. Moreover, Nh is densely filled with heteroclinic orbits,

between l+ and l−.

The Case when β > 2 and 0 < h = (β−2)2

4(β−1) .

For β > 2 and 0 < h = (β−2)2

4(β−1) , if r0 = 2(β−1)
β−2 , then Mh has two equilibrium points.

So N+
h has only one equilibrium point when ρ0 = β−2

2(β−1) . Equation (4.31) gives

that this equilibrium point has three degenerate eigenvalues, so no information can

be obtained in this way. To determine the nature of these equilibrium points we

proceed by defining a function of ρ,

g̃(ρ) = (β − 1)ρ2 − (β − 2)ρ + h. (4.34)

The roots of g̃(ρ) are also the critical values of (4.28). Moreover, if v = 0 then

v̇ = 2g̃(ρ), and 0 < h = (β−2)2

4(β−1) implies that β > 1. Therefore, g̃(ρ) is a quadratic
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Figure 4.8: Flow on the Near Infinity Manifold, Nh for h > 0 and 0 < β ≤ 2 or,

β > 2 and h > (β−2)2

4(β−1) > 0.

that opens up, with one multiple real root that conforms to the restriction given

in lemma 4.14. The manifold N+
h is a compact, connected, invariant 2-dimensional

sub-manifold of Nh, where ρ̇ < 0 when v > 0 and ρ̇ > 0 when v < 0. Hence, lemma

4.3 has its correlated lemma for the flow on Nh.

Lemma 4.17. Suppose that Nh has an equilibrium R0, and if there exists an ǫ > 0

where g̃(ρ) < 0 on (ρ0 − ǫ, ρ0) and g̃(ρ) > 0 on (ρ0, ρ0 + ǫ), then R0 is a degenerate

center. If g̃(ρ) > 0 on (ρ0−ǫ, ρ0) and g̃(ρ) < 0 on (ρ0, ρ0+ǫ), then R0 is a degenerate

saddle, and if g̃(ρ) does not change sign, then R0 is a cusp.

The proof of this lemma is identical to the proof of lemma 4.3 and therefore is

omitted. Since g̃(ρ) has a multiple root, then by lemma 4.17 R0 must be a cusp.

This leads to the next lemma which completely determines the flow on Nh.
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Lemma 4.18. If 0 < h = (β−2)2

4(β−1) , then Nh has two equilibria, R±
0 , both cusps. Both

W u,s
(

R±
0

)

are heteroclinic orbits, where ω
(

W u
(

R±
0

))

=
{

l+
}

and α
(

W s
(

R±
0

))

=
{

l−
}

. All other orbits are of a heteroclinic between the two equilibria on Ih.

PROOF:

If v = 0, then v̇ = g̃(ρ) ≥ 0, so the sets
{

(ρ, v, u) ∈ N+
h |v ≤ 0

}

and
{

(ρ, v, u) ∈
Nh|v ≥ 0

}

are negatively and positively invariant, respectively. This implies that

W s
(

R+
0

)

⊆
{

(ρ, v, u) ∈ N+
h |v ≤ 0

}

and W u
(

R+
0

)

⊆
{

(ρ, v, u) ∈ N+
h |v ≥ 0

}

. Both

of these sets are compact, therefore both the stable and unstable manifolds must

tend to a graphic, periodic orbit, or an equilibrium point. The first two choices

have been shown to be impossible., so both manifolds must tend to an equilibrium

point. By continuity of solutions we must have that α
(

W s
(

R+
0

))

=
{

l−
}

and

ω
(

W u
(

R+
0

))

=
{

l+
}

.

Let φt be any trajectory on Nh that is not on W s,u
(

R0

)

., then ω
(

φt

)

must

be an equilibrium point. Clearly it has to be the point l+. Similarly we get that

α
(

φt

)

=
{

l−
}

, so all orbits are heteroclinic and the lemma is proved. 2

We have that W s
(

R0

)

, and W s
(

R0

)

are heteroclinic orbits that emanates from

l−, and tends to l+, respectively. All other orbits are heteroclinic orbits between the

two equilibria on Ih. Figure 4.9 shows the flow restricted to Nh, when h = (β−2)2

4(β−1) .

The Case when β > 2 and 0 < h < (β−2)2

4(β−1) .

Section 4.4.4 showed that there are four equilibria on Mh, therefore there are four

equilibria on int
(

N+
h

⋃

N−
h

)

. g̃(ρ) is a quadratic that opens up, so by lemma 4.17

we have that R±
− are degenerate saddles and R±

+ are degenerate centers. Next we

will state and prove the lemma that completely determines the flow on Nh.

Lemma 4.19. For β > 2 and 0 < h < (β−2)2

4(β−1) , then Nh has two degenerate sad-

dles, R±
− and two degenerate centers, R±

+, and Ih ⊂ ∂Nh has two equilibria, one
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Figure 4.9: Flow on the Near Infinity Manifold, Nh for β > 2 and 0 < h = (β−2)2

4(β−1) .

source, l− and one sink, l+. W s
(

R±
−
)

consists of heteroclinic orbits between R±
−

and l− and homoclinic orbits with R±
+ in its interior. Similarly, W u

(

R±
−

)

consists

of heteroclinic orbit between R±
− and l+ and the homoclinic orbits also contained in

W s
(

R±
−
)

. Furthermore there are sets of initial conditions with positive measure, of

periodic orbits, and heteroclinic orbits between the two equilibria on Ih.

PROOF:

We have already shown the existence and nature of the equilibria on Nh, so it is

sufficient to show the nature of all other orbits on N+
h . The roots of g̃(ρ) are given

by,

ρ± =
β − 2 ±

√

(β − 2)2 − 4h(β − 1)

2(β − 1)
. (4.35)

Equation (4.35) gives the eigenvalues of (4.31) as,

λ2 = ∓
√

(β − 2)2 − 4h(β − 1). (4.36)
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ρ+ has two pure imaginary eigenvalues, and ρ− has two non-zero, real eigenval-

ues. By Hartman−Grobmann Theorem, W s,u
(

R+
−
)

both have degree 1 and must

be tangential to the associated linear manifolds. Therefore, we have that both the

stable and unstable manifolds of R+
− must have parts in the positive and negative v

quadrants.

The part of W u
(

R+
−
)

, say Γ, that is below the v = 0 plane, is an orbit that

is bounded above (wrt ρ). Clearly we have that there exists a time, t∗, at which

Γ touches the v = 0 plane. The symmetry of solutions shows that Γ needs to

be a homoclinic orbit. Let Γ′ be the other section of W u
(

R+
−
)

, then it must be

completely contain in the set
{

(ρ, v, u) ∈ N+
h |v ≥ 0, ρ ≤ ρ−

}

, since this set is positive

invariant.This set must be a compact subset of N+
h , therefore ω

(

Γ′
)

has to be an

equilibrium point. This only leaves the point l+, which is a sink, so W u
(

R+
−

)

consist

of a homoclinic orbit and a heteroclinic orbit between R+
− and l+. By symmetry of

solution we have that W s
(

R+
−
)

is a homoclinic orbit about R+
−, and a heteroclinic

orbit between R+
− and l−.

In order to see that R+
+ is in the interior of the homoclinic orbit, we note that if

v = 0 then v̇ = 2g̃(ρ) where on (ρ−, ρ+) then g̃(ρ) < 0. The rest follows trivially. 2

The flow on Nh for β > 2 and 0 < h < (β−2)2

4(β−1) can be seen in figure 4.10.

4.7 The Global Flow for Zero Energy.

4.7.1 The Case when 0 < β ≤ 2.

If h = 0 then section 4.5.1 showed that I0 consisted of one point, l0 = (0, 0, 0).

Moreover, in section 4.3.1 we saw that Mh has no equilibria, therefore l0 is the only

equilibria of N+
0 .Therefore, N+

0 is a compact, connected, invariant sub-manifold of a

2 dimensional manifold with only one equilibrium on the boundary, ∂N0. To provide

the overall flow on N0 we need the next lemma.
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Figure 4.10: Flow on the Near Infinity Manifold, Nh for β > 2 and 0 < h < (β−2)2

4(β−1) .

Lemma 4.20. Let A be a compact, connected, 2 dimensional manifold, where ∂A

has one equilibria, R0, and no other equilibria on int
(

A
)

. Then, for any orbit on

A, say Γ, we have that ω
(

Γ
)

= α
(

Γ
)

=
{

R0

}

. Moreover, A is densely filled with

homoclinic orbits emanating from R0.

PROOF:

Let Γ be any trajectory on A, where A is a compact, connected, 2 dimensional,

invariant manifold, then Poincaré−Bendixson Theorem, states that ω
(

Γ
)

is either

an equilibrium, a periodic orbit, or a graphic.

If ω
(

Γ
)

is a periodic orbit, then int
(

A
)

would need to contain a fixed point,

but this contradicts the assumption that A has no such equilibrium.

If ω
(

Γ
)

is a graphic, then it must be a finite collection of homoclinic orbits,

otherwise there would need to be a second equilibrium point on A, which contradicts
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Figure 4.11: Flow on N0 and 0 < β ≤ 2.

our assumptions. Therefore, ω
(

Γ
)

=
⋃n

i=1 Γi, where Γi are homoclinic orbits, thus

for every i ∈ 1n, we have ω
(

Γi

)

=
{

R0

}

. There are only two possible out comes of

this, ω
(

Γ
)

=
{

R0

}

, or Γ cycles around inside a homoclinic orbit. The latter implies

the existence of a second equilibrium point, and the former indicates that ω
(

Γ
)

is

not a graphic. Both of these facts contradict our assumption.

Therefore we have that ω
(

Γ
)

=
{

R0

}

, and A must be densely filled with

homoclinic orbits emanating from R0. 2

The manifold, N+
0 , conforms to the hypothesis of lemma 4.20, and therefore is

densely filled with heteroclinic orbits, see figure 4.11.

Looking at the construction of the manifolds Mh for −1 ≤ h < 0, and Nh for

0 < h, and using the continuity of solutions, we can study the structure of N0.

Taking h → 0−, on Mh and h → 0+ on Nh, we can see where the equilibrium points

and the boundary values go.
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For −1 < h < 0, we see that Mh is homotopic to a 2 sphere, with r boundary

points
[

−1+
√

1+h
h

, −1−
√

1+h
h

]

. Note that

lim
h→0−

−1 −
√

1 + h

h
= ∞,

lim
h→0−

−1 +
√

1 + h

h
=

1

2
,

so the r boundary of Mh smoothly approaches, from the left, the boundary of N0.

Moreover, we have that,

lim
h→0

r− = ∞, (4.37)

so the only equilibria of M
+
h approaches the only equilibrium of ∂N0. The equilib-

rium points of Mh go from being centers into being saddles that emanates homoclinic

orbits.

The manifold, Nh for h > 0, has two equilibria on Ih, where Nh is densely filled

with heteroclinic orbits between these two equilibria. Ih → (∞, 0, 0) as h → 0+ and

lim
h→0

−1 +
√

1 + h

h
=

1

2
, (4.38)

so the two equilibria on ∂Nh merge into I0. Moreover, the r boundary ap-

proaches
[

1
2 ,∞

)

. Therefore, the phase spaces of Mh, h < 0, and of Nh, h > 0, both

tend smoothly to the phase space of N0. The global flow on Mh is now completely

known and can be stated in the next lemma.

Lemma 4.21. For 0 < β ≤ 2, then all orbits on N0 are heteroclinic and emanate

from the infinity equilibrium point, I0.

4.7.2 The Case when β > 2.

If h = 0 and β > 2, then M
+
h has only one equilibrium point, so N+

0 has one non-

infinity equilibrium point associated with ρ0 = β−2
β−1 . The eigenvalues given by (4.36)
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become, λ2 = 2β(β−2)2

1−β
< 0, so by lemma 4.17, we get R+

0 is a degenerate center.

Note that for β > 2, so we have

lim
h→0−

ρ− =
β − 2

β − 1
,

where (4.37) and (4.38), show that the boundaries of Mh tend to the boundaries of

N0. Furthermore, the two equilibrium points on Mh, −1 < h < 0, tend to the one

equilibrium point on ∂N0. The flow on Mh also tends smoothly to the flow on N0.

The flow on Nh, for h > 0, can be seen to tend to N0 in the same manner,

where the two equilibria on Ih, together with R±
−, merge into the equilibrium point

I0. The two degenerate centers on Nh both remain on the interior of N0. Since

Mh is filled with periodic orbits and the interior of the heteroclinic orbits on Nh

are densely filled with periodic orbits, all which all remain on N0, then there is a

unique capture-escape orbit, φt = (r(t), v(t), 0) on N0. This orbit is a homoclinic

orbit emanating from I0, so we have the complete flow on N0, and is stated in the

next lemma. The flow can be seen in figure 4.12.

Lemma 4.22. If β > 2, then N0 is densely filled with periodic orbits. Moreover,

there exists a unique escape-capture orbit, φt = (r(t), v(t), 0) which is a heteroclinic

orbit emanating for the infinity equilibrium point I0.

4.8 The Global Flow.

The global flow for the GLJ can be seen in the diagrams where the manifolds are

compact. This means that for negative energy the manifolds Mh can be used to

represent the global flow for the system and for non-negative energy, we can use the

near infinity manifolds, Nh.

For non-negative energy we will represent the flow by using the infinite energy

manifold, Ih, to be the right hand limit, so all the phase flow in these cases will
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Figure 4.12: Flow on N0 and β > 2.

be determined off the diagrams of Nh. The flow will be the mirror image of Nh,

where ρ = 0 will correspond with r = ∞. One must be cautious when looking at

these diagrams, in particular, do not enter into the belief that the u and v values

are bounded, quite the contrary. For non-negative energy, the v and u values can

grow without bound. Explicitly, the orbit φt = (r(t), v(t), 0) has that v(t) → ±∞
as t → ±∞. We have seen that β = 2 is a bifurcation value of the system (4.5), so

we will deal with these cases separately.

4.8.1 The Global Flow for 0 < β ≤ 2.

The Global Flow for Negative Energy and 0 < β.

For negative energy, there is no bifurcation for the flow, and we will give the general

theorem for the flow with negative energy for all β > 0. Lemma 4.2 gives the

following theorem.
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Theorem 4.23. (The Global Flow for Negative Energy for β > 0)

For −1 ≤ h < 0, there are two possible cases for the motion for the generalized

Lennard-Jones 2-body problem:

1. If h = −1, then there is no motion, and there is a collection of degenerate

equilibria at (1, θ0, 0, 0), where θ0 ∈ S1.

2. If −1 < h < 0, then there are two degenerate centers, R±
0 , and all other motion

is periodic. The flow can be seen as in figures 4.13 and 4.16.

Recall that the flow restricted to Mh had θ ∈ S1 factored out, so the equilibrium

points on Mh, −1 < h < 0, are in fact periodic orbits of the system (4.5). Moreover,

the periodic orbits are invariant torii of the overall system. In particular, the torus

associated with the periodic orbit, φt = (r(t), v(t), 0), is densely filled with periodic

orbits, since θ̇ = u = 0 in equations (4.5). The reader should keep these constructions

in mind when viewing the restricted phase portraits. The global flow, wrt (4.5),

consists of two collections of nested torii, in R
4. Both collections of torii are bounded

above by the torus φt

⊗

S1, where φt = (r(t), v(t), 0)) ∈ Mh.

Finally, M−1
⊗

S1 is a collection of degenerate equilibria of the overall flow of

(4.5). By the continuity of the flow one can see that these equilibria are Lyapunov

stable (see page 66 [14]).

The Global Flow for Zero Energy and 0 < β ≤ 2.

For zero energy, we have that I0 consists of a point at r = ∞, where this equilibrium

point was seen to be a degenerate topological saddle. Lemma 4.21, gives the following

theorem about the global flow for zero energy when 0 < β ≤ 2.

Theorem 4.24. (The Global Flow for Zero Energy and 0 < β ≤ 2)

For h = 0 and 0 < β ≤ 2, then I0 consists of the fictitious point at (∞, 0, 0), which
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is a degenerate topological saddle. All finite orbits are capture-escape, heteroclinic

orbits, that start at I0 attain a rmin > 0 value and then tend back to I0. See figure

4.14.

Since θ ∈ S1, then each heteroclinic orbit generates an invariant torus that

meets in the center, at I0
⊗

S1, so the associated flow for h = 0 is two collections

of imbedded torii in R
4. The circle I0

⊗

S1 is the inner circle of all the torii, and

consists of a collection of degenerate equilibria. The flow on each of the torii spin

out from I0
⊗

S1, (counter-clockwise for u > 0, and clockwise for u < 0, no spin for

u = 0) then spin back towards I0
⊗

S1.

The Global Flow for Positive Energy and 0 < β ≤ 2.

For positive energy and 0 < β ≤ 2, we have that all non-infinity orbits are capture-

escape orbits. Moreover, Ih consists of the circle v2 + u2 =
√

2h centered at the

fictitious point r = ∞. Figure 4.8 shows the global flow for positive energy where

0 < β ≤ 2, and we have the following theorem.

Theorem 4.25. (The Global Flow for Positive Energy and 0 < β ≤ 2)

For h > 0 and 0 < β ≤ 2 , then Ih is the circle v2 + u2 = 2h centered at r = ∞,

consisting of two heteroclinic orbits between l+ and l−. The energy manifolds are

densely filled with heteroclinic orbits between these two equilibria, and all non-infinity

orbits attain an rmin value. See figure 4.15.

For each h > 0, Ih

⊗

S1 is a torus in the phase space of (4.5), where every non-

infinity orbit on Mh, generates a surface that intersects this torus. This surface can

be constructed by starting with a torus and removing the inner circle and replacing

it with the torus Ih

⊗

S1. Furthermore, as above, the orbits on these torii spin out

from the collection of degenerate equilibria, l−
⊗

S1, attain a rmin value, then spin

back towards l+
⊗

S1.
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4.8.2 The Global Flow for β > 2.

The Global Flow for Negative Energy and β > 2.

For −1 ≤ h < 0, and β > 2 the global flow is the same as when 0 < β ≤ 2.

Therefore the manifold Mh is densely filled with periodic orbits and r− tends to the

equilibrium of N0 as h → 0−. The upper boundary point of Mh tends to ∞, so we

can use theorem 4.23. The flow can be seen as in figure 4.16.

The Global Flow for Zero Energy and β > 2.

For zero energy, and β > 2,lemma 4.22 gives us the following theorem for the global

flow on N0.

Theorem 4.26. (The Global Flow for Zero Energy and β > 2)

For zero energy, and β > 2, then N0 has three equilibrium points, R±
0 both degenerate

centers and I0 a degenerate saddle. N0 is densely filled with periodic orbits, and there

is one capture-escape orbit, φt = (r(t), v(t), 0). See figure 4.17.

The general flow with respect to (4.5) can be seen to be two collections of nested

torii in R
4, where the torii are bounded above by the torus associated with u = 0.

This torus has an inner circle consisting of a collection of degenerate equilibria on

I0
⊗

S1. The flow on these torii spiral out from I0
⊗

S1 and then spiral back towards

I0
⊗

S1. Therefore, each of these torii is densely filled with heteroclinic orbits.

The Global Flow for Positive Energy and β > 2.

For positive energy we have Ih ≡ S1, with equilibria l±, so the infinity manifold

becomes the torus Ih

⊗

S1, and is pasted on the left side of the phase space. The

flow on Nh was divided into three cases, so we get the following theorem.

Theorem 4.27. (The Global Flow for Positive Energy and β > 2)

If h > 0 then Ih consist of two heteroclinic orbits between the two fictitious points
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(∞,±
√

2h, 0), where β > 2 divides into three cases as h moves in the positive direc-

tion.

1. If 0 < h < (β−2)2

4(β−1) , then there are two degenerate centers, R±
0 and two degener-

ate saddles, R±
1 . W u

(

R±
1

)

consists of two heteroclinic obits between R±
1 and

l+ and two homoclinic orbits, where R±
0 are in the interiors of each of these

orbits, respectively. All other orbits are capture-escape, heteroclinic orbits be-

tween the equilibria on Ih. See figure 4.18.

2. If 0 < h = (β−2)2

4(β−1) , then there are two equilibria, R±
0 , both cusps, and the

energy manifold is densely filled with capture-escape, heteroclinic orbits. More-

over, W u
(

R±
0

)

are heteroclinic orbits between R±
0 and l+, and W s

(

R±
0

)

are

heteroclinic orbits between R±
0 and l−. See figure 4.19.

3. If 0 < (β−2)2

4(β−1) < h, then are no non-infinity equilibria, where the energy mani-

folds are densely filled with capture-escape, heteroclinic orbits between the two

equilibria on Ih. See figure 4.20.

4.8.3 The Global Flow for β > 2 and 0 < h <
(β−2)2

4(β−1)
.

In the above section we saw how the periodic orbits, fixed point and escape-capture

orbits are associated with the overall flow of (4.5). In the case where 0 < h, Ih be-

comes a torus in R
4, where the top circle corresponds to the collection of degenerate

equilibria l+
⊗

S1 and the bottom circle corresponds to the collection of degenerate

equilibria l−
⊗

S1.

Each escape-capture orbit on Nh corresponds to a 2 dimensional invariant sub-

manifold that is homotopic to an annulus. The outer circle and inner circle are

identified with the collections of degenerate equilibria, l+
⊗

S1 and l−
⊗

S1, re-

spectively. The flow on this annulus spirals out from l−
⊗

S1, attains an rmin > 0

value, then spirals back towards l+
⊗

S1 (u = 0, there is no spin, see section 4.8.1).
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The manifolds W u,s
(

R+
1

)

\W s,u
(

R+
1

)

generates two surfaces that are homotopic

to annuli. On W s
(

R±
1

)

\W u
(

R±
1

)

, the inner and outer circles correspond with

l−
⊗

S1 and R+
1

⊗

S1, respectively. The flow spirals out from l−
⊗

S1 towards

R+
1

⊗

S1, where we have similar constructions for the sub-manifold W u
(

R±
1

)

\W s
(

R±
1

)

.

The sub-manifold W u,s
(

R±
1

)
⋂

W s,u
(

R±
1

)

generates two surfaces that are ho-

motopic to a torii, where the inner circles of the torii are identified with R±
1

⊗

S1.

The flow on
(

W u,s
(

R±
1

)
⋂

W u,s
(

R±
1

)

)

⊗

S1 spirals out from R±
1

⊗

S1, attains an

rmin value then spirals back towards R±
1

⊗

S1.
(

W u,s
(

R±
1

)
⋂

W u,s
(

R±
1

)

)

⊗

S1 is homotopic to a torus, where the flow spirals

out from R±
1 , attains an rmin value (0 < rmin < r1), then spirals back towards R±

1 .

The interior of
(

W u,s
(

R±
1

)
⋂

W u,s
(

R±
1

)

)

⊗

S1, consists of nested, invariant torii

that are associated with the set of positive measure of periodic orbits about R±
0 .

The center of these torii is the periodic orbits R±
0

⊗

S1.

4.8.4 The Global Flow for β > 2 and 0 < h =
(β−2)2

4(β−1)
.

The above constructions show that the global flow of (4.5) can be seen as two

collections of nested torii, where the inner circle is removed and the infinity manifold,

Ih

⊗

S1 is pasted in it place. The manifolds that correspond to the stable and

unstable manifolds of R±
0 , namely W s,u

(

R±
0

)
⊗

S1, are homotopic to annuli. Where

the flow spirals out from l−
⊗

S1 towards R±
0

⊗

S1 on W s
(

R±
0

)
⊗

S1. Similarly for

the flow on W u
(

R±
0

)
⊗

S1, however the flow spirals from R±
0

⊗

S1 towards l+
⊗

S1.

Each capture-escape orbit also correspond to a surface that is homotopic to

an annulus. The orbits on the annulus spiral out from l−
⊗

S1, then spiral back

towards l+
⊗

S1 (for u = 0 there is no spin).
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4.8.5 The Global Flow for β > 2 and 0 <
(β−2)2

4(β−1)
< h.

W s
(

R±
+

)

\W u
(

R±
+

)

consists of a heteroclinic orbit between R±
+ and l−. This orbit

corresponds to a surface that is equivalent to an annulus, where the outer boundary,

is associated with the periodic orbit R±
+

⊗

S1, and the inner boundary is associated

with l−
⊗

S1. Furthermore, all orbits spiral (clockwise for R−
+, counterclockwise for

R+
+) from l−

⊗

S1, out towards R±
+

⊗

S1. Similar constructions can be made for

the flow associated with W u
(

R±
+

)

\W s
(

R±
+

)

.

Each capture-escape orbit also correspond to a surface that is homotopic to

an annulus. The orbits on the annulus spiral out from l−
⊗

S1, then spiral back

towards l+
⊗

S1 (for u = 0 there is no spin).
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ρ

u

v

R+

0

Figure 4.13: Global Flow for −1 < h < 0 and 0 < β ≤ 2.

u

v

I0

Figure 4.14: Global Flow for h = 0 and 0 < β ≤ 2.
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r

u

v

Ih

l+

l−

Figure 4.15: Global Flow for h > 0 and 0 < β ≤ 2.

r

u

v

R+

0

Figure 4.16: Global Flow for −1 < h < 0 and β > 2.
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u

v

I0

R+

0

Figure 4.17: Global Flow for β > 2 and h = 0.

u

v

Ih

l+

l−

R+
+

R+
−

Figure 4.18: Global Flow for β > 2 and 0 < h < (β−2)2

4(β−1) .
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u

v

Ih

l+

l−

R+

Figure 4.19: Global Flow for β > 2 and 0 < h = (β−2)2

4(β−1) .

u

v

Ih

l+

l−

Figure 4.20: Global Flow for β > 2 and 0 < (β−2)2

4(β−1) < h.
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Chapter 5

Conclusions and Discussions

5.1 Conclusions and Discussions

This thesis started by generalizing the study of a quasihomogeneous N -body prob-

lem, where we saw that the properties for solutions is dramatically different that for

homogeneous potentials. In particular, when restricted to the repulsive-attractive

case, we saw that there can be no collisions or pseudo-collisions, theorem 2.11. This

means that the potential function is analytic on each of the invariant energy mani-

folds Ih =
{

(q,p)|T (p) − U(q) = h
}

. It can be easily seen in the proof of theorem

2.11 that this property will remain for a repulsive-repulsive system. However, there

will be collisions for a attractive-repulsive and attractive-attractive systems. This

is due to the fact that the requirement that the total energy becomes unbounded is

removed. Therefore, the study of all quasihomogeneous potentials will have to take

into account the bifurcation values of a = 0 and b = 0.

In the next chapter we studied the central configurations of a repulsive-attractive

N -body problem. The purpose of this was to find fixed points and periodic orbits.

The main result in this chapter was theorem 3.8, where we found a special class

of homothetic periodic orbits associated with the non-extraneous CC. The implica-

tions in chemistry is that these periodic orbits correspond to molecules that vibrate
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with a frequency that is dependent on the periodicity, and the fixed configurations

correspond to crystal structures. This theorem seems to have an easy extension

to a complete theorem for any quasihomogeneous potential function, which will be

done in a subsequent article. The next result is the existence of rotational peri-

odic orbits given by the regular polygon configuration, where the possibility of a

generalization for any quasihomogeneous potential is evident. The cases with the

attraction being the dominate force may not have a lower bound on the radius and

the repulsive-repulsive case may have no rotational periodic orbits. The final, and

greatest possibility exposed in this thesis is the connection between simultaneous

and extraneous configurations. We saw in lemma 3.5 that CCs⊆CC\CCe, so if we

could show that CC\CCe⊆CCs, and that CCeis nowhere dense, then the set of all

central configurations of a quasihomogeneous N -body problem would be nowhere

dense. However, it seems that for now the reverse inclusion is not such a trivial

question, yet I hope to achieve both of these results in the near future.

Finally we obtained the complete flow for a generalized Lennard-Jones 2-body

problem. One notable connection to the previous chapters is that the rectilinear

homothetic solutions guaranteed by theorem 3.8 are associated with the invariant

manifolds Uh =
{

(r, v, u) ∈ Mh

∣

∣u = 0
}

. Moreover, for non-negative energy, these

invariant manifolds are the unbounded rectilinear homothetic solutions also given by

theorem 3.8. A final comment on chapter 4 is that the methods used in obtaining

the global flow for the generalized 2-body problem could also work in obtaining

the global flow for any quasihomogeneous 2-body problem. This will be done in

a subsequent article, where the cases with the attraction being the dominate term

will have to deal with collisions by block regularization [7], [13]. Stoica has already

achieved the global flow for the attractive-attractive case [13], so we can use the same

methods for the attractive-repulsive case. One can see that the complete analysis of

the global flow for a quasihomogeneous 2-body problem will be quite lengthy, since
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it will have to deal with the bifurcation values of a = 0 and b = 0, yet the analysis

should be straight forward.
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Appendix A

The Regular N-gon

Configuration

It has been known for some time that the configuration of placing N equal mass
at the vertices of a regular N -gon is a central configuration of the classical N -body
problem [11]. Now it will be shown that this configuration is a CC for any potential
functions of the form

W (q) =
∑

1≤i<j≤N−1

mimj

(

a
∣

∣qi − qj

∣

∣

α +
b

∣

∣qi − qj

∣

∣

β

)

, (A.1)

where a, b are real numbers and 0 < β < α. The case for the generalized Lennard-
Jones problem will be a corollary of this theorem. The theorem is stated as follows.

Theorem A.1. The configuration of placing N -point masses at the vertices of a
regular N -gon, is a central configuration for the system (2.3), where the potential
function is of the form (A.1).

PROOF:

The equations of motion from Chapter 2 give the relation

ṗj = mj

N−1
∑

k=0 k 6=j

mk

(

α′∣
∣qjk

∣

∣

−α−2
+ β′∣

∣qjk

∣

∣

−β−2
)

,

where α′ = −aα and β′ = −bβ.

wlog the system can be configured by ordering the N vertices in a clockwise
manner, starting with k = 0 and ending with k = N − 1. Furthermore, rotate the
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coordinate system so that q0 is on the x-axis. So the individual coordinates can be
seen tho have the form;

qk = re
2kπ
N

i ∀k ∈ 0N − 1

where r =
∣

∣q0

∣

∣

We will use some interesting properties which emerge from the symmetries of
the regular N -gon, namely:

(i)
∣

∣qj

∣

∣ =
∣

∣qk

∣

∣ ∀ j k ∈ 0N − 1,

(ii) q(j+k)mod(N) + q(j−k)mod(N) = 2cos
(

2kπ
N

)

qj

where 2 cos
(

2kπ
N

)

is independent of j,

(iii)
∣

∣

∣q0k

∣

∣

∣ =
∣

∣

∣q
j
(

(j+k)mod(N)
)

∣

∣

∣ =
∣

∣

∣q
j
(

(j−k)mod(N)
)

∣

∣

∣ ∀j, k ∈ 0N − 1.

(i) is clearly true, since the center of our system has been taken to be the center
of the regular N -gon. (ii) can be seen from the simple identity that

eiθj±k = ei
2(j±k)π

N = ei
2jπ

N ei±2kπ
N ,

and that
eγi + e−γi = 2cos γ.

Taking all the masses to be equal , then we may assume that mj = 1 ∀j ∈ 0N − 1.
So by (A.1) we have,

∂jW (q) =

N−1
∑

k=0,k 6=j

qjk

(

α′∣
∣qjk

∣

∣

−α−2
+ β′∣

∣qjk

∣

∣

−β−2
)

.

Furthermore, defining

⌊

n
2

⌋

=

{

n
2 if n is even
n−1

2 if n is odd

⌈

n
2

⌉

=

{

n
2 if n is even
n+1

2 if n is odd
and;

f(n) =

{

1 if n is even
0 if n is odd,
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the problem divides into two cases:

Case I If i ≤ ⌊n−1
2 ⌋ ⇒ i + 1 ≤ ⌊n−1

2 ⌋ + i ≤ n − 1 for n ≥ 3

We have,

∂iW (q) =

i−1
∑

k=0

qik

(

α′∣
∣qik

∣

∣

−α−2
+ β′∣

∣qik

∣

∣

−β−2)

+

⌊

n−1
2

⌋

+i
∑

k=i+1

qik

(

α′∣
∣qik

∣

∣

−α−2
+ β′∣

∣qik

∣

∣

−β−2)

+
n−1
∑

k=
⌈

n+1
2

⌉

+i

qik

(

α′∣
∣qik

∣

∣

−α−2
+ β′∣

∣qik

∣

∣

−β−2)

+f(n)q
i
(⌊

n
2

⌋

+i
)

(

α′∣
∣q

i
(⌊

n
2

⌋

+i
)

∣

∣

−α−2
+ β′∣

∣q
i
(⌊

n
2

⌋

+i
)

∣

∣

−β−2)
.

Setting k′ = (i + k)mod(N) in the above sums gets

∂iW (q) =

n−1
∑

k=n−i

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)
+

+

⌊

n−1
2

⌋

∑

k=1

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)
+

+
n−i−1
∑

k=
⌈

n+1
2

⌉

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)

+f(n)q
i
(⌊

n
2

⌋

+i
)

mod(N)

(

α′∣
∣q

i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−α−2
+ β′∣

∣q
i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−β−2)

=

⌊

n−1
2

⌋

∑

k=1

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)
+

+

n−1
∑

k=
⌈

n+1
2

⌉

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)
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+f(n)q
i
(⌊

n
2

⌋

+i
)

mod(N)

(

α′∣
∣q

i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−α−2
+ β′∣

∣q
i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−β−2)

Now setting k = k′mod(N) in the second sum to get;

∂iW (q) =

⌊

n−1
2

⌋

∑

k=1

qi(i+k)mod(N)

(

α′∣
∣qi(i+k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i+k)mod(N)

∣

∣

−β−2)
+

⌊

n+1
2

⌋

∑

k=1

qi(i−k)mod(N)

(

α′∣
∣qi(i−k)mod(N)

∣

∣

−α−2
+ β′∣

∣qi(i−k)mod(N)

∣

∣

−β−2)

f(n)q
i
(⌊

n
2

⌋

+i
)

mod(N)

(

α′∣
∣q

i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−α−2
+ β′∣

∣q
i
(⌊

n
2

⌋

+i
)

mod(N)

∣

∣

−β−2)

Using the property (iii) above the sums become,

∂iW (q) =

⌊

n−1
2

⌋

∑

k=1

(

qi(i+k)mod(N) + qi(i−k)mod(N)

)(

α′∣
∣q0k

∣

∣

−α−2
+ β′∣

∣q0k

∣

∣

−β−2
)

+f(N)q
i
(⌊

N
2

⌋

+i
)

mod(N)

(

α′∣
∣q

0
⌊

N
2

⌋

∣

∣

−α−2
+ β′∣

∣q
0
⌊

N
2

⌋

∣

∣

−β−2
)

Using property (ii) form above we have that:

∂iW (q) = 2

⌊

n−1
2

⌋

∑

k=1

(

1 − cos
kπ

N

)(

α′∣
∣q0k

∣

∣

−α−2
+ β′∣

∣q0k

∣

∣

−β−2
)

qi

+f(N)q
i
(⌊

N
2

⌋

+i
)

mod(N)

(

α′∣
∣q

0
⌊

N
2

⌋

∣

∣

−α−2
+ β′∣

∣q
0
⌊

N
2

⌋

∣

∣

−β−2
)

= 4

⌊

n−1
2

⌋

∑

k=1

sin2
(kπ

N

)(

α′∣
∣q0k

∣

∣

−α−2
+ β′∣

∣q0k

∣

∣

−β−2
)

qi

+f(N)q
i
(⌊

N
2

⌋

+i
)

mod(N)

(

α′∣
∣q

0
⌊

N
2

⌋

∣

∣

−α−2
+ β′∣

∣q
0
⌊

N
2

⌋

∣

∣

−β−2
)

Noticing the fact that if N is even we have

q
i(
⌊

N
2

⌋

+i)mod(N)
= 2qi and cos

⌊

N
2

⌋

π

N
= 0
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and if N is odd, then
⌊

N−1
2

⌋

=
⌊

N
2

⌋

, so the right side of the equation above
becomes the sum,

∂iW (q) = 4

(

⌊

N
2

⌋

∑

k=1

sin2
(kπ

N

)(

α′∣
∣q0k

∣

∣

−α−2
+ β′∣

∣q0k

∣

∣

−β−2
)

)

qi

Case II: The proof for
⌊

N−1
2

⌋

< i ≤ N − 1 proceeds in the same way as above.

Setting

λ = 4

⌊

N
2

⌋

∑

k=1

sin2
(kπ

N

)(

α′∣
∣q0k

∣

∣

−α−2
+ β′∣

∣q0k

∣

∣

−β−2
)

,

we get that ∂iW (q) = λqi , ∀i ∈ 0N − 1, where λ is independent of i. Hence
equations in (A.1) become

∇W(q) = λIq,

where I=dia[1, . . . , 1] is the identity matrix. Therefore the regular N -gon is a
CC

2

Moreover we have the condition that
∣

∣q0k

∣

∣ = 2
∣

∣q0 sin kπ
N

∣

∣, where the orientation

of the system we have taken q0 to be on the positive x-axis and 0 ≤ i ≤
⌊

N
2

⌋

.
Therefore, setting q0 = r, the radius of the configuration, we get

λ = −2−αr−α−2

⌊

N
2

⌋

∑

k=1

(

aα cscα
(kπ

N

)

+ bβ(2r)α−β cscβ
(kπ

N

))

(A.2)

Set α = 2β and a = −1, b = 2, then for the generalized Lennard-Jones problem
we have,

λ = 2−2β+1βr−2β−2

⌊

N
2

⌋

∑

k=1

(

csc2β γk − (2r)β cscβ γk

)

, (A.3)

where γk = kπ
N

and r is the radius of the configuration.
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Appendix B

Properties of Circulant Matrices

B.1 Circulant Matrices

Definition B.1. Let P be an N × N matrix, defined as follows

P =



























0 1 0 0 . . . 0 0 0 0 0
0 0 1 0 . . . 0 0 0 0 0
0 0 0 1 . . . 0 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 0 . . . 0 0 1 0 0
0 0 0 0 . . . 0 0 0 1 0
0 0 0 0 . . . 0 0 0 0 1
1 0 0 0 . . . 0 0 0 0 0



























,

then P is called the Primitive N Circulant Matrix.

Clearly we have that

P 2 =























0 0 1 0 . . . 0 0 0 0 0
0 0 0 1 . . . 0 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 0 . . . 0 0 0 1 0
0 0 0 0 . . . 0 0 0 0 1
1 0 0 0 . . . 0 0 0 0 0
0 1 0 0 . . . 0 0 0 0 0























.

Looking at the structure of the matrices, one notices that multiplying Pm by
P shifts all the columns one place to the right (taking the N th column and placing
it in the 1st column). Therefore,
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PN−1 = P−1 =



























0 0 0 0 . . . 0 0 0 0 1
1 0 0 0 . . . 0 0 0 0 0
0 1 0 0 . . . 0 0 0 0 0
0 0 1 0 . . . 0 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 0 . . . 0 1 0 0 0
0 0 0 0 . . . 0 0 1 0 0
0 0 0 0 . . . 0 0 0 1 0



























,

which leads to the result

PN = P 0 = I =



























1 0 0 0 . . . 0 0 0 0 0
0 1 0 0 . . . 0 0 0 0 0
0 0 1 0 . . . 0 0 0 0 0
0 0 0 1 . . . 0 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 0 . . . 0 0 1 0 0
0 0 0 0 . . . 0 0 0 1 0
0 0 0 0 . . . 0 0 0 0 1



























.

These properties give us a new class of matrices known as circulant matrices.

Definition B.2. Given any ~a = [a0, a1, . . . , aN−1, aN−1] ∈ R
N we can define an

N × N matrix by

A = a0P
0 + a1P + a2P

2 + · · · + aN−1P
N−1 =

N−1
∑

j=0

ajP
j ,

where A is called the circulant matrix with base vector ~a.

The circulant matrix, with base vector [a0, a1, . . . , aN−1] has the form

A =























a0 a1 a2 a3 . . . aN−3 aN−2 aN−1

aN−1 a0 a1 a2 . . . aN−4 aN−3 aN−2

aN−2 aN−1 a0 a1 . . . aN−5 aN−4 aN−3
...

...
...

. . .
...

...
a3 a4 a5 a6 . . . a0 a1 a2

a2 a3 a4 a5 . . . aN−1 a0 a1

a1 a2 a3 a4 . . . aN−2 aN−1 a0























.
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Lemma B.3. For the primitive N circulant matrix P, then the eigenvalues of P

are the N , N th roots of unity, which are the solutions to the equation xN − 1 = 0.

PROOF:

Note that if B is an upper triangular matrix, then det
(

B
)

= dia
(

B
)

. Therefore,
det
(

P − λI
)

= −λdet
(

B
)

− det
(

C
)

, where B is a N − 1 × N − 1, upper triangular
matrix, with dia

(

B
)

= [−λ,−λ, . . . ,−λ]. Furthermore, we have

C =























0 1 0 0 . . . 0 0 0 0 0
0 −λ 1 0 . . . 0 0 0 0 0
0 0 −λ 1 . . . 0 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 0 . . . 0 0 −λ 1 0
0 0 0 0 . . . 0 0 0 −λ 1
1 0 0 0 . . . 0 0 0 0 −λ























,

so clearly we can see that det
(

C
)

= −(−1)N−1, and −λdet
(

B
)

= (−λ)N . Therefore,
we have that λ is an eigenvalue, if and only if it solves the equation (−λ)N − (−1)N = 0.
This property is equivalent to solving the equation λN − 1 = 0. Hence, the eigenval-

ues of the primitive N circulant matrix, P, are the N th roots of unity, λj = e
2jπ

N
i,

j ∈ 1N . 2

We can use this result to show that in fact the eigenvalues of any circulant
matrix are the N , N th roots of unity.

Lemma B.4. If λj is an eigenvalue of P, the primitive N circulant matrix, then λm
j

is an eigenvalue of Pm, for m = 1, . . . , N − 1. Furthermore, if ~vj is an eigenvector
of P then it is also an eigenvector of Pm for m = 1, . . . , N − 1

PROOF:

Let ~vj is the eigenvector associated with λj and proceed by induction on m. Clearly
the induction step for m = 1 is true directly from lemma B.3, so assume true for
m− 1. Therefore, we assume that λm−1

j and ~vj are an eigenvalue and an associated

eigenvector of Pm−1. This leads to the equations,

Pm~vj = Pm−1P~vj

Pm−1λj~vj = λjP
m−1~vj

By our induction hypothesis, we have that Pm−1~vj = λm−1~vj , hence,

Pm~vj = λjP
m−1~vj

= λm~vj

Thus proving the lemma. 2
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Lemma B.5. Let A be the circulant matrix generated by ~a = [a0, a1, . . . , aN−1] ∈
R

N , then the N eigenvalues of A are given by:

λ̃j =

N−1
∑

k=0

akλ
k
j =

N−1
∑

k=0

ake
2jkπ

N
i

PROOF:

The proof is quite easy. We start by noticing that A =
∑N−1

k=0 akP
k, which gives,

A~vj =
(

a0P
0 + a1P

1 + · · · + aN−1P
N−1

)

~vj

= a0P
0~vj + a1P

1~vj + · · · + aN−1P
N−1~vj

Define the N th roots of unity by,

ρj = e
2jπ

N
i. (B.1)

Lemma B.4 shows that ~vj is an eigenvector of Pm associated with λm
j for m =

1, . . . , N − 1. Therefore, we have

A~vj = a0λ
0
j~vj + a1λ

1~vj + · · · + aN−1λ
N−1~vj =

(

N−1
∑

k=0

akλ
k
j

)

~vj ,

and λ̃j =
∑N−1

k=0 akλ
k
j =

∑N−1
k=0 akρ

k
j is the eigenvalue of A, associated with the

eigenvector ~vj. Thus completing the proof. 2

Lemma B.6. The eigenvector of A associated with the eigenvalue λ̃j is ~vj =
[ρj , ρ

2
j , . . . , ρ

N−1
j , 1], for all j ∈ 0N − 1, where ρj is given by (B.1)

PROOF:

By lemma B.4, it is sufficient to show that the lemma is true for the primitive
circulant matrix P. Let −→v T

j = [v0, v1, . . . , vN−1] be the eigenvector associated with
the eigenvalue λj , then we have

P−→v j = λj
−→v j

P−→v j = e
2jπ

N
i−→v j

This is equivalent to solving the equation,

vk = e
2jπ

N
ivk−1 k ∈ 0N − 1. (B.2)

Define the vector −→v j , by setting each of its coordinates vk given above as,
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vk = ρk+1
j k ∈ 0n − 1. (B.3)

Using these constructions, we get

e
2jπ

N
ivk−1 = e

2jπ

N
i
(

e
2jπ

N
i
)k

,

e
2jπ

N
ivk−1 =

(

e
2jπ

N
i
)k+1

,

e
2jπ

N
ivk−1 = vk.

Therefore, (B.3) is a solution to (B.2), and therefore must be an eigenvector associ-
ated with the eigenvalue λj . 2
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