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ABSTRACT
This thesis presents the modeling of general medium constitutive relationships in 

the Transmission Line Matrix (TLM) method. The technique is shown for two- and three- 
dimensional cases. The procedure consists of decoupling the impulse scattering at the 
nodes from equations describing the medium. This is achieved by using nodal sources 
connected to the TLM node. The nodal sources are implemented with the state-variable 
description of the constitutive relationships. The technique requires only few modifica­
tions to the TLM algorithm. The procedure is validated for frequency-dependent, nonlin­
ear, anisotropic and gyromagnetic media.

This thesis also presents a dispersion analysis of TLM with frequency-dependent 
dielectrics. This study is performed in two- and three-dimensions by solving the disper­
sion relationship of TLM with nodal sources. The sources are used to model the fre­
quency dependent dielectric. The study shows that the nodal source and stub-loaded 
models are equivalent for frequency independent dielectrics. The accuracy bounds of the 
TLM frequency-dependent dielectric model are presented.

This thesis also investigates the physical origin of the coarseness and dispersion 
errors influencing two-dimensional TLM solutions of Maxwell’s equations. The study is 
performed by solving the difference equations of the numerical method analytically. The 
results confirm a reduction of the accuracy of the discrete solution near field singulari­
ties. The solution of a partially filled waveguide is also investigated. The results show that 
TLM can have positive or negative frequency shifts, depending on the dielectric filling, 
excited mode and geometry. These results are also valid for the finite difference time 
domain method (FDTD).
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Chapter 1

Introduction

1.1 Field modeling tools
Accurate numerical field modeling tools are crucial for the development and under­

standing of new technologies. Today, numerical simulation of electromagnetic problems 
is an important step in the design of new components and validation of novel concepts, 
[l]-[3]. Simulation tools allow shorter design cycles. They also improve the competitive­
ness by shortening the development of new products.

As the use of software packages for field modeling increases, the need to enhance 
the modeling capabilities of these programs also grows. The inclusion of complex 
medium behavior with frequency dependency, anisotropy and non-linearity is important 
since Microwave Monolithic Integrated Circuits (MMIC’s) are built with materials hav­
ing these properties. Complex modeling capability is also important in the field of biolog­
ical effects of RF ([4]-[5]), non-reciprocal devices ([6]-[8]), plasma modeling ([9]) and 
full wave analysis of semiconductor devices ([10]-[11]).

Moreover, the capability to expand the model of the medium is desirable. The mod­
eling capability of a simulator should grow as the understanding of the physics of the 
medium increases. This allows the use of simple models in early stages of the design and 
more complex ones in the final stages.

The most important element in the modeling process is the field solver tool. The 
numerical solution of Maxwell equations must be performed using a particular numerical 
method [l]-[3]. In the development of new technologies the field solver tool must be gen­
eral. Therefore the method should be able to:

• Analyze arbitrary geometries
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In system design or in high field applications, it is also necessary to impose a sec­
ond condition for the field solver tool:

• Include non-linear effects

These two restrictions rule out several methods. These methods are either geometry 
specific (therefore computationally more efficient), or use the principle of superposition 
(therefore linear) in their formulation.

The second restriction affects most of the frequency domain methods. The reason is 
the generation of harmonics and sub-harmonics in nonlinear problems [12]. This effect 
demands the use of harmonic balance techniques, which involve the iterative solution of 
the same problem at the same frequency several times.

This restriction is avoided if the numerical method solves the problem in the time 
domain. This leads to three choices [l]-[3]:

• Methods based on the integral (or variational) formulation of the field equations, in 
the time domain,

• Methods based on the differential formulation of the equations, in the time domain.

The first approach is global in the solution, with boundary and initial conditions 
included in the formulation. The Method of Moments (MoM) and the Finite Element 
Method (FEM) are the leading technique used in this case.

The second approach is local and includes the boundary and initial conditions as 
the algorithm marches in time. The Finite Difference Time Domain (FDTD) and the 
Transmission Line Matrix (TLM) methods are the leading techniques in this case.

Both approaches lead to systems of algebraic equations that must be solved at each 
timestep. Each one has particular advantages over the other, depending on the problem 
[l]-[3]. The integral formulation can solve open problems (antennas, scattering) and treat 
complex geometries easily. The differential formulation can solve closed problems with 
different media more easily.

1.2 Time domain differential methods and TLM
The major time domain differential techniques are the FDTD and TLM.

The most frequently used technique is the Finite Difference Time Domain (FDTD)
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method. It is based on the direct discretization of Maxwell’s equations using the leapfrog 
scheme [13]. The FDTD method leads to a set of equations that are solved recursively at 
each timestep.

The Transmission Line Matrix (TLM) method is a time domain method based on 
the physical approximation of the field components by circuit quantities [14]-[16]. These 
quantities (voltages and currents) obey the same equations as the fields. The equations 
are governed by the transmission line circuit topology.

It is important to mention that a new technique has recently emerged; it is called 
Multi-Resolution in Time Domain (MRTD) [17]-[18]. It uses wavelets as basis functions 
in its derivation from Maxwell equations. This technique leads to improved dispersion 
characteristics with large savings in computer memory. The only apparent drawback of 
the method seems to be the difficulty to enforce the boundary conditions.

The advantages of the FDTD method over TLM are:

• It uses less variables than TLM [13], [14]. In two-dimensional TLM, four variables 
are used, while in FDTD only three are needed. In three-dimensional TLM, twelve 
variables are used in TLM, compared to six in FDTD.

• It is simpler and more efficient to implement the Perfect Matched Layer (PML) 
absorbing boundary condition in FDTD than in TLM [19], [20].

• In certain cases, it can have less dispersion error than TLM [21]-[27].

• No spurious solutions

The advantages of the TLM method over FDTD are:

• All the field components are obtained at the same point in space and time [14],[28]. 
There is no difficulty in the modeling of electric, magnetic and dielectric boundaries 
at the same point in space, providing twice the spatial resolution of the other leading 
method.

• The equivalent circuit of linear passive structures can be directly obtained from a 
TLM solution and interfaced to other TLM problems [29]-[30].

• In certain cases, it can have less dispersion than FDTD [22]-[27].

A comparison between TLM and FDTD shows that the methods can be considered 
complementary rather than competing. Both methods are simple to implement in a
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sequential or parallel form and can be interfaced with other methods of analysis.

1.3 Outline of this thesis
The fact that the TLM network can be easily combined with arbitrary lumped-ele- 

ment circuits [29]-[30] is a decisive advantage for the modeling of general constitutive 
relationships. In this thesis, the Transmission Line Matrix (TLM) method is therefore 
used for this purpose.

Chapter 2 discusses the TLM method. The discrete Huygens’ principle is used to 
explain the basic TLM formulation.

Chapter 3 discusses the modeling of general constitutive relationships in TLM. The 
medium equation can be expressed as a circuit equation, since the voltages and currents 
in equivalent circuits follow the same relations as the polarization and magnetization vec­
tors and the electric and magnetic fields. This allows the modeling of very general circuit 
relationships since numerical techniques for the solution of the circuits can be used to 
include very general circuit topologies in the TLM mesh.

Chapter 4 validates the proposed approach. The TLM model for several kinds of 
medium relationships is discussed. The approach is validated with examples of fre­
quency dependent, nonlinear and anisotropic relationships. The validation is performed 
for both the two and three-dimensional TLM methods.

Chapter 5 deals with the accuracy of the TLM method. The dispersion analysis of 
frequency dependent dielectrics is performed for the two and three-dimensional TLM. 
The analysis shows that the accuracy of frequency dependent materials in TLM is a func­
tion of the timestep, relaxation time and the resonant frequency of the medium. The dis­
persion analysis of the numerical method provides the maximum ranges of isotropy, 
accuracy and bandwidth of the technique. It shows the approximations involved in the 
numerical method and defines the range of applicability of the technique. The dispersion 
of TLM is obtained by solving the matrix equations of TLM in the steady-state, assum­
ing an infinite mesh.

Chapter 5 also presents a new method of error analysis for TLM. The technique is 
based on the solution of the difference equations of the numerical method. These equa­
tions are solved by including the boundary conditions of the problems. Since the solution 
can only be obtained in certain cases, only three special cases are treated. However, these
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examples show that TLM and FDTD can be less than second order accurate in the pres­
ence of logarithmic discontinuities (thin edges).

The last chapter concludes the thesis by summarizing its new contributions to the 
field of electromagnetic modeling: modeling of general media in TLM, dispersion analy­
sis of TLM with firequency dependent dielectrics and the solution of difference equa­
tions. This chapter also points out some of the possible applications and future work. 
One application of medium modeling in TLM is the solution of coupled problems. The 
difference equation approach can be used to quantify the errors in staircase and conformai 
mapping modeling of certain structures.



Chapter 2

The Transmission Line Matrix Method

2.1 Introduction
This chapter is a review of the Transmission Line Matrix (TLM) method.

The TLM method is a powerful numerical technique for solving electromagnetic 
problems. The method uses transmission line networks to represent the behavior of elec­
tromagnetic fields [14]-[16]. In this model, voltages and currents follow equations identi­
cal to those governing electric and magnetic fields in space and time.

Therefore, concepts of transmission line analysis can be used to describe the elec­
tromagnetic phenomena. The TLM method uses scattering and propagation matrices to 
simulate the propagation of electromagnetic fields. The space is divided into a mesh of 
transmission lines intercormected at discrete points in space. At each of these points, the 
incident and reflected pulses are scattered and transmitted to other points of the mesh.

A simple two-dimensional version of the TLM method can be obtained by applying 
Huygens’ principle and the conservation of energy [16]. This formulation shows the 
basic concepts involved in the method.

There are two distinct nodes used to model electric or magnetic fields. The nodes 
represent the two different polarizations for a wave propagating on a plane [3l]-[33]. 
These are the cases where electric (TE) or magnetic (TM) field is perpendicular to the 
plane of propagation.

The transmission line analogy characterizes the first case as the shunt node case 
and the second as series node case. This follows from the topology of the network of 
transmission lines.
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A three-dimensional version of the method is obtained by assembling a 3D array of 
two-dimensional nodes. For each direction one series and one shunt node is used to repre­
sent the magnetic and electric field component in that direction [34]. The complete node 
will describe the behavior of six field components.

Permittivity and permeability are modelled by stubs connected to the node [15]- 
[16]. In the shunt node case, an open-circuited stub models the relative permittivity of 
the region. In the series node case, a short-circuited stub models the relative permeabil­
ity. In this representation the relative permittivity and permeability of the medium are fre­
quency independent and isotropic.

The TLM method can be solved either in the time or in the frequency domain. In 
the time domain, the evolution of the propagation of pulses through the transmission 
lines determines the state of the system. The resulting scheme can be used to analyze 
transient behavior of electromagnetic structures [14]-[16]. The firequency domain version 
of TLM transforms the domain into an eigenvalue problem solved at each frequency 
point [35]. The time-domain TLM yields a wide-band response of the electromagnetic 
problem.

2.2 The discrete Huygens’ principle
The TLM method can be viewed as the discrete equivalent of Huygens’ principle 

[16],[36]. In this view a wavefront W2 at a particular time is obtained from the wave- 
front W 1 at a previous time instant. The wavefront W2 is obtained by considering each 
point of the wavefront W 1 at the previous time as a secondary radiator. The radiated sec­
ondary waves from all the points in W2 are interpolated. The result is the wavefront W l. 
This process is shown in Figure 2.1.

Wavefront W l (t=t’)

Wavefront W2 (t=t’+dt)

Secondary waves 
(radius di^c dt)

Figure 2.1 Huygens ’ principle: The wavefront W2 is composed by secondary 
wavefronts obtained from the primary wavefront Wl.
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In the continuous Huygens’ principle, the secondary wavefronts would form a circle 
of radius;

dr = cdt (2.1)

where dt is the differential timestep, dr is the differential radius and c is the velocity of
propagation of light in the medium.

In the discrete equivalent, the radius of the wavefronts would be:

Ar = vAt (2.2)

where At is the discretized timestep, Ar is the discretized spatial step and v is velocity of
propagation of light in the medium.

In the discrete equivalent, the propagation takes place along the Cartesian axes of 
space. The process is simplified to the propagation of pulses along the axial directions [2]. 
The pulses are scattered at the nodes and form secondary radiators. The primary wave- 
front is composed by all these radiators.

There are two different kinds of pulses in the mesh: pulses incident at the nodes 
and pulses transmitted to other nodes. The pulses scattered at a node become incident at 
the adjacent ones after a time delay. The delay is due to the distance between nodes and 
the finite speed of light.

A1

#
3 Î,

2

1

e
B A

# e #
t=t’ t=t’+At

Figure 2.2 Scattering and propagation o f pulses in a discrete model o f Huygens’
principle.
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In Figure 2.2, the pulse incident on node B from the direction 2, a |  (kAt) . is 

related to the pulse scattered at node A in the direction 4, (kA t) , by:

af (kAt) = b^ (kA t-A t) (2.3)

Applying the same idea to all nodes yields the global relationship between incident 
and scattered pulses:

kA t ( k - I ) A t (2.4)

where a is the vector of incident pulses, b is the vector of reflected pulses and C is a con­
nection matrix, describing the connection between nodes.

The connection matrix C depends on the boundary conditions, since nodes near the 
boundary are also included in (2.4).

The characterization of the boundary conditions depends on the polarization of the 
wave. Figure 2.3. In the two-dimensional propagation there are two possible polariza­
tions [31]-[33]. The first polarization is the TM to the plane (electric field perpendicular 
to the plane). The second is the TE polarization (magnetic field perpendicular to the 
plane).

Ey

i

%

> .

■t..

"I-

Figure 2.3 TM (Transverse Magnetic) and TE (Transverse Electric) polarizations o f the 
field. These cases correspond to shunt and series TLM nodes respectively.

The relationship between the total field and the incident and scattered pulses is 
defined using the condition of field continuity between nodes. In the TM case:
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In the TE case:

a3 = j (E y  + Z„H^) a ,=  i ( E , - Z o H ,)

b. = j (E y  + Z „H J = i  (E ,-ZoH ,)

bj = j  (Ey-Z„H,) b ,=  i ( E y +  Z„H,)

(2.5)

3i -  2 (Hy -  YqE^)

I
2 '  y 

b , = | ( H ,  + Y„E.) 

I

a2 = ^(Hy + YoE,)

^3 -  2 (H y+Y gE ^)  a^ -  2 ( H y - Y qE^)

^2 = 2  (Hy-YoE,)
(2.6)

b3 = 2 (Hy-YoEJ b ,=  ^(Hy + YoEJ

where Zq is the free-space impedance and Yq is the free-space admittance.

The last process in the propagation description is the scattering. The scattering is 
described as a linear combination between all incident impulses at the node:

j = i
(2.7)

where i indicates which branch is being considered (i= 1,2,3,4).

The representation of the scattering process for all branches result in the matrix 
equation:

[b] = [S] [a] (2.8)

Applying the condition of isotropy and energy conservation to the matrix results in:

[SI = 5
- 1 1 1 1
1 - 1 1 1
1 1 - 1 1
1 1 1 - 1

(2.9)

The result is equivalent to the shunt node scattering matrix obtained with the trans-
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mission line concept [14]. The series node can also be obtained in this form by modify­
ing the mapping of field components for the TE case. The same results can be obtained 
using transmission line concepts with greater simplicity.

2.3 Transmission-line analogy
The use of models to represent electromagnetic phenomena is not new. Since the 

beginning of electrical engineering, mechanical models of circuits have been used to 
explain the qualitative behavior of systems [37]. Even the transmission of currents in 
wires was once represented by the flux of water in a hollow pipe. The transmission line 
model is a simple representation of the electromagnetic field. Instead of using curl equa­
tions, it represents the field behavior by transmission and reflection of pulses on transmis­
sion lines.

The representation of the discrete Huygens’ principle by a transmission line formu­
lation is straightforward. The transmission lines are connected at the nodes. At each 
node, a scattering matrix is used to obtain the reflected pulses firom the incident ones. 
The reflected pulses are transmitted to adjacent nodes, transforming into incident pulses. 
The process is repeated at each timestep.

The equivalent transmission line circuit for the TM case is a shunt circuit. Figure
2.4. Two transmission lines are connected in parallel.

Figure 2.4 TLM shunt node. Two transmission lines are connected in parallel.
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The total voltage across the shunt node is, [2];

Vy = 5 (v',+v^ + v  ̂+ vi)

12

(2. 10)

The equivalent transmission line circuit for the TE case is a series circuit. Figure
2.5. The transmission lines are connected in series

VX

V.

A1

Figure 2.5 TLM series node. Two transmission lines are connected in series.

The total current across the series node is [2]:

1
'y 2Zr

( - V * .+ v ' + v ' - v ' ) (2 . 11)

The scattering and transmission matrices remain the same. The boundary condi­
tions are enforced using transmission line concepts [16].

In the shunt node a metallic wall placed between nodes will reflect an incident 
pulse with a reflection coefficient of -1. A wall of symmetry has a reflection coefficient 
of one. In the series case the situation is reversed.

The representation of an absorbing boundary condition (ABC) is more complex 
[2]. This kind of boundary is necessary for the truncation of the computational domain. 
In the simulation of an infinite waveguide, the domain is truncated using a matched load 
condition.

The problem is the representation of this condition (ABC) in a time domain simula­
tion. These boundaries are dispersive. The frequency domain value of the load is depen­
dent on the wavenumber. The solution is usually an approximation of the exact absorbing 
boundary condition [38].
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The frequency behavior of TLM is quantified by a dispersion analysis [22]-[27]. 
However, the qualitative behavior of the transmission line model can be explained using a 
simplified dispersion analysis.

In the shunt node case, the capacitance of the node will be twice the value of single 
transmission line, since the lines are connected in parallel. The consequence is that the 
propagation velocity of signals in the mesh is reduced by [2]:

c
(2 . 12)

This is the low frequency speed of the transmission lines. Since the model is a discrete 
approximation of a continuous process, the accuracy is dependent on the frequency of 
the signal.

In free-space, the velocity error of TLM limits the accuracy of the method [2]. The 
TLM method is valid in the low frequency range. This range is determined by the discret­
ization of the domain. As a rule of thumb, the TLM method has a 1% accuracy when the 
mesh size is 1/lOth of the wavelength.

2.4 Three-dimensional TLM
The method can be expanded to three dimensions by combining the two-dimen­

sional nodes [34]. A shunt node represents the electric field in the direction normal to the 
plane of propagation. A series node represents the magnetic field perpendicular to the 
plane of propagation. Using a suitable arrangement of three series and three shunt nodes, 
the TLM method can represent the behavior of all six field components.

Figure 2.6 Symmetrical Condensed node. The node is composed of three shunt and 
three series two-dimensional nodes in a special configuration.
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The most frequently used three-dimensional TLM node is the symmetrical con­
densed node [28], Figure 2.6. In this node, all six field components are represented in the 
same point in space. The scattering matrix is obtained from the total voltages at the shunt 
node and currents at the series nodes in all three spatial directions (x,y and z) [34].

V, = (t) -  Zoi  ̂(t) -  v*i2 (t) -Zgi^ (t) -

V2 = (t) + Zgiy (t) -  v^ = Vy (t) + Zgi  ̂(t) -

V3 = Vy (t) 4- Z o i, (t) -  v*i, v^ =  v^ (t) -Z g iy  (t) -  v^

V4 = Vy (t) -Zoi, (t) -  V̂  V'io = V̂  (t) 4- Zgiy (t) -  v^

V^ = (t) 4- Zgi  ̂(t) -  vl̂  v  ̂I = Vy (t) -Zgi^ (t) -  v^

^6  =  ( t )  -  Zo»y ( t )  -  v ‘io  ( 0  +  Zq^z

2.5 Modeling dielectric and magnetic media
The TLM method can model heterogeneous media [15]-[16]. Dielectric and mag­

netic media are modelled by changing the impedance of the node. This can be done by 
adding a capacitance or inductance to the node. The change of inductance models mag­
netic materials and the change of capacitance models dielectric media.

Extra capacitances and inductances are added to the node in the form of stubs. In 
the low frequency approximation an open-circuited stub behaves as a capacitance and a 
short-circuited stub as an inductance [2].

In the two-dimensional case, these stubs are connected either to the shunt or series 
nodes. The open-circuited stub is connected to the shunt node, representing a medium 
with permittivity larger than vacuum. The short-circuited stub is connected to the series 
node, representing a medium with permeability larger than air.

The use of stubs in the node does not require special boundary or interface treat­
ment. Since the transmission lines coimecting the nodes (link lines) do not change, no 
boundary reflection and transmission coefficients are introduced. Therefore, the connec­
tion matrix of TLM is not changed by the introduction of stubs.

The scattering part of TLM, however, is changed by the use of stubs [2]. The scat­
tering matrix will have an extra term describing the reflection of a pulse in the stub.

The scattering matrix equation of the shunt node with an open-circuited stub is [2]:
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^  _,i

- ( 2  + y) 2 2 2 2y
^2 1 2 - ( 2  + y) 2 2 2y ^ 2

^3 y+ 4 2 2 - ( 2  + y) 2 2y V]
V4 2 2 2 - ( 2  + y) 2y V4

h i 2 2 2 2 y - 2
k 75

y = 4 (£ j.-  1)

In the series case, the matrix equation is [2]:

(2.14)

p - r — —
Z4-2 2 2 - 2  - 2

^2 1
z + 4

2 z-f-2 - 2  2 2 ^2
V3

V4

2 - 2  z + 2 2 2 
- 2  2 2 z + 2 - 2

V3

V4

75
—2z 2z 2z —2z 4 - z

k 75

(2.15)

z = 4(^1^- I)

This media representation is valid only for non-dispersive isotropic dielectrics. The 
representation of general media in TLM is introduced in Chapter 3.

2.6 Data extraction in TLM
The TLM method generates large amounts of data at each simulation [2]. The pro­

cessing of these data provides valuable insight into the behavior of the simulated struc­
ture. However, it is important to understand how to excite the TLM mesh and how to 
extract signals from it.

TLM is an excellent model for complex electromagnetic wave propagation. The 
accuracy of its results depends not only on the model itself, but also on the modeling of 
sources and on the way the field information is extracted. If the source region is not prop­
erly modeled, the results can be erroneous.

In time-domain TLM, the system is excited with a time domain source function at 
certain points of the mesh. These are called source points. In the simulation of a two-port 
device, the input port is connected to the source region.

In the source region, the dominant mode of propagation of the structure should be
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adequately represented. This can be done by using templates. If the dominant mode is 
not properly represented, the number of timesteps needed to obtain the response may 
increase. The reason is the excitation of higher order modes. These modes can introduce 
resonances prolonging the time domain output sequence. They can also contribute to the 
excitation of an unwanted field distribution, for instance an even mode field distribution 
in a coplanar to microstrip transition. In the case of complex guided wave structures, the 
accuracy of the result depends on the proper source excitation.

The source function also has a time dependence. It consists of a sequence of pulses 
injected into the mesh as time progresses. The most frequently used distributions are the 
Dirac delta and the Gaussian functions. The advantage of using Gaussian functions is its 
bandwidth. Since these functions are band-limited (unlike the Dirac delta), higher fre­
quency modes are not excited. In frequency domain TLM, this time component of the 
source is considered harmonic.

Source Output 
Region Region 1

Source time distribution: s(k)

Output 
Region 2

I

Output region 1 time distribution: f(k)

Output region 2 time distribution: g(k) ‘ ‘ i

► k

k

Figure 2.7 Data extraction from the TLM simulation o f a two-port device. The S- 
parameters o f the structure can be extracted using the output sequences and the response

from a reference structure.
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The response of TLM is the time-domain behavior of the field at ail points of the 
mesh. The response of a two-port device is usually a sequence of pulses in time [2], 
taken at the output ports of the device.

The frequency response is obtained from the time-domain response with the Dis­
crete Fourier Transform (DPT). The frequency-domain transformation of the time- 
domain sequences result in the wide-band representations of the fields in the output 
regions. These results are used to characterize the simulated structure.

In S-parameter calculation of devices, the data extraction procedure is similar to 
using a network analyzer. The time domain sequence is sampled at one output point in a 
reference structure. The device under test (DUT) is also simulated and the results at two 
output points are obtained. The S-parameters of the DUT are calculated with the data 
obtained from these simulations.

The output regions can also include several mesh points. In this case, the spatial dis­
tribution of the fields can be visualized. This can be done either in time or frequency 
domains. In the time-domain visualization, a dynamic representation of the evolution of 
the fields through the structure can be displayed. In frequency-domain, the fields can be 
displayed at any particular frequency. The result ia an accurate representation of the field 
interaction at the chosen frequency.

2.7 Conclusions
This chapter presented a review of the Transmission Line Matrix (TLM) method.

The TLM method uses transmission line models to describe the behavior of electro­
magnetic fields. In these models, the equations govering the propagation of voltages and 
currents are of the same firom as Maxwell’s equations that describe the behavior of elec­
tric and magnetic fields in continuous space. The mathematical representation of the 
array of transmission lines thus models the fields described by Maxwell’s equations.

The TLM method uses scattering and propagation matrices to simulate the propaga­
tion of electromagnetic fields. The space is divided into a mesh of transmission lines 
interconnected at discrete points in space. At each of these points, the voltages and cur­
rents and scattered and transmitted to other points of the mesh.

A three-dimensional version of the method is obtained by assembling an array of 
two-dimensional nodes. A series and a shunt node are used to represent each magnetic
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and electric field component respectively. The complete node will describe the behavior 
of six field components.

The modeling of the medium is performed by stubs connected to the node. In the 
the series node case, a short circuited stub models the relative permeability.
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Modeling General Constitutive 
Relationships in TLM

3.1 Introduction
In the basic TLM formulation, the medium is modeled by stubs connected to the 

TLM node [2]. An open-circuited stub represents the dielectric material, and a short-cir­
cuited stub represents the magnetic material. This method is very robust and efficient 
when the medium parameters are constant. However, the representation of complex mate­
rials is not possible with this approach.

In the representation by stubs the relative permittivity and permeability of the 
medium are frequency independent and isotropic. However, this is only an approxima­
tion of the behavior of real media [39]-[40] valid only under certain conditions (low 
intensity, narrow band fields). The interaction between the medium and electromagnetic 
waves can be very complex in some cases.

In some cases, the nonlinear, anisotropic or frequency dependent behavior can be 
neglected. Under low field conditions the response of a medium can be considered linear 
[39], [42]-[49]. The anisotropy of a crystal lattice cannot be neglected at shorter wave­
lengths [50]-[52]. The frequency dependent permittivity and permeability are only impor­
tant in wideband operating conditions [39].

In other cases, these effects cannot be neglected. Semiconductor materials under 
high field conditions present nonlinear medium behavior [10]. Certain non-reciprocal 
devices are constructed using anisotropic materials [6]-[8]. High-moisture content materi­
als display frequency dependent behavior [53]-[57].
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This chapter reviews some of the complex interactions of electromagnetic waves 
with media. Among these effects are resonance, relaxation of materials, and anisotropy.

The chapter also presents the modeling of these complex phenomena in TLM. The 
representation relies on the modification of the node scattering matrix to include the 
medium behavior in the TLM procedure.

The modification of the matrix is shown for two implementation procedures. The 
first one is the modified matrix approach. In this case the node scattering matrix is 
changed to represent the medium being modeled. The consequence is that different 
medium relationships yield different TLM node scattering matrices.

The second approach is called the nodal source technique. In this approach, sources 
connected to the TLM nodes represent the constitutive equation of the medium. In this 
technique the TLM scattering matrix is independent of the medium. Only the sources 
change according to the constitutive equations of the medium.

A comparison between the techniques shows that it is advantageous to use the 
nodal source approach. While the modified matrix is more efficient, the nodal source is 
more general. In the former, the elements and the order of the matrix are dependent on the 
modeled medium. This reason alone is sufficient to choose the source technique.

The source approach has a physical interpretation. The sources represent the polar­
ization and magnetization densities of the medium [39]. The medium independent scatter­
ing matrix represents the free-space constitutive equations. Without dielectric and 
magnetic media, the sources vanish.

In the case of a passive medium, the sources will absorb and/or store energy. A pas­
sive network coimected to the node represents this absorption and/or storage. The circuit 
is solved at each TLM timestep using a circuit equivalent of the node.

In the two-dimensional case, the source is connected either to a shunt or to a series 
node. When connected to the shunt node, the source represents the dielectric behavior. In 
the series case, the source models the permeability of the medium. The shunt node is rep­
resented by its Norton equivalent, and the series node by its Thevenin equivalent. The 
solution procedure is the same for both nodes.

In the three-dimensional case, the sources modify the electric and magnetic fields. 
The sources are attached to a combination of shunt and series nodes. Since the three- 
dimensional TLM nodes can be assembled from three shunt and three series nodes, the
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generalization of the nodal source approach to three dimensions is straightforward. Each 
of the shunt and series nodes has a scattering matrix independent of the medium, and a 
nodal source is connected to it. The combination of these nodes forms the three-dimen­
sional TLM node

3.2 Review of constitutive relationships of materials
The constitutive relations describe the interaction of an externally applied field 

with charges inside the medium. The macroscopic behavior is an average of the interac­
tion of the field with several molecules or atoms [39]. This effect is described by the 
polarization and magnetization of the medium.

In the linear case the medium is described by its permittivity and permeability con­
stants. Their definition is based on the proportionality between the polarization and mag­
netization densities and the macroscopic fields.

In the general case, the medium behavior is best described by using the polarization 
and magnetization densities. The relationships between these and the applied field are the 
constitutive equations of the medium.

t
P( t )  = J g ( E ( T ) , H ( T ) ) d T

“7 (3.1)
M(t )  = J  f ( E ( x ) , H ( x ) ) d x

where P is the polarization density, M is the magnetization density, E is the electric field, 
and H is the magnetic field.

The polarization density describes the macroscopic average interaction between the 
electric field and the electric charges in the medium. The magnetization density describes 
the macroscopic average interaction between the magnetic field and the moving charges 
(currents) in the medium.

P == % P  (^local» H|oca|)

^  -  X ™  (®'local» ®local) 

where p is the microscopic dipole moment, m the microscopic magnetic moment, Eio^ai 

the microscopic electric field, and Hjocai the microscopic magnetic field. The macro­
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scopic densities are obtained by the sum of the contributions from all atoms and mole­
cules.

These densities can describe the flow of current as well as the storage of electric and 
magnetic energy in the medium. Therefore, the use of polarization and magnetization 
densities provide a complete description of its interaction with electromagnetic fields.

Although, the analysis presented in this chapter was developed with classical phys­
ics, the modeling of quantum phenomena (using the density matrix approach [39]) is also 
possible with this formulation. The main effects discussed here are the classical effects of 
relaxation, resonance, anisotropy, gyromagnetism and non-linearity.

In the general case, all these effects are combined. However, in most cases, one or 
two effects dominate the behavior of the material under most operating conditions.

3.2.1 Relaxation phenomena
Relaxation is caused by the time delay in the alignment of permanent dipole mole­

cules with the field [39], [58]. This is common in polar materials such as water. These 
materials have a molecular configuration that causes a permanent dipole moment. The 
molecules are arranged randomly; therefore, no external dipole moment exists, in the 
absence of external fields.

The qualitative behavior of these materials under the influence of external fields is 
simple. In the low frequency range, the time delay is much smaller than the period of the 
wave. Therefore, the medium behaves as a low loss dielectric. In a certain frequency 
range, the time delay is comparable to the period of the wave. In this range, the medium 
appears to be lossy. In the higher frequency range, the period is much smaller than the 
time delay and no appreciable delay can be observed. The medium behaves as the vac­
uum.

In water the permanent dipole causes a rotation of the molecule in a time-harmonic 
field [58]. Its moment of inertia causes a delay in the orientation. The mathematical 
description of this process was formulated by Peter Debye in 1930. This kind of material 
is thus called a first-order Debye material.

The polarization density equation of this kind of medium is:

P  +  (3 -3 )
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where Tq is the relaxation time constant of the medium, is the permittivity at infinite

frequency and is the static permittivity.

This process is also observed in the transport of ions in some materials [39]. In this 
case, the relaxation is caused by collisions with other ions. Although the two processes 
are different (Figure 3.1), the phenomenological expression is the same.

(a) (b)

^  V permanent

 r -----------  --------- Ë — :—“ applied “ applied

Figure 3.1 The two major microscopic processes that cause the relaxation phenomena, 
(a) - The transport and collisions o f  free ions, (b) - The alignment o f the permanent dipole

moment o f a polar molecule.

The generalized relative permittivity of this medium can be expressed by consider­
ing a time-harmonic excitation of fields [31]-[33]:

In the ionic transport process, the relaxation time constant is usually larger than 0.1
ns.

3.2.2 Resonance phenomena
Resonance phenomena are caused by the oscillation of electrons and nuclei subject 

to an applied field [39]. Both oscillate in space around their equilibrium position. The 
kinetic energy dissipated in this process is detectable in the form of heat. The energy is 
totally supplied by the electric field.

This process is also simple to describe qualitatively. In the resonance region, the 
medium behaves as a very high permittivity dielectric. In the high frequency region, the 
medium behaves like the vacuum.
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This phenomenon is common in all materials. In a single atom, the process is 
caused by the oscillation of the nucleus and the electrons around their equilibrium posi­
tion, Figure 3.2. The motion of the nuclei is much smaller compared to the motion of the 
electrons.

Lorentz was the first to study such phenomena when developing the theory of the 
electron [58]. This kind of resonant material is called a second-order Lorentz material. 
The polarization density equation of such a medium is:

^  ©oCfij.- l )E-h ( e ^ -  1)5q̂ +  ( e „ -  1 ) ^  (3.5)

where is the resonant frequency, 5q is the loss factor of the medium, is the permit­

tivity at infinite frequency, and is the static permittivity.

The polarization can be understood as a displacement of the electron and nucleus 
around their equilibrium positions. If the applied field is not DC, the nucleus and the elec­
tron will tend to oscillate around their equilibrium positions. At higher frequencies, the 
motion is limited by inertia.

Oscillation o f nucleus

Oscillation o f electron

Figure 3.2 Microscopic process that causes resonance. The time varying applied 
electric field causes an oscillation o f the position o f nucleus and electron. At the resonant 

frequency the medium absorbs all applied energy.

The generalized relative permittivity of a second-order Lorentz medium is [31]-
[33]:

©J-t-jœÔQ-©^
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3.2.3 Anisotropic materials
In an isotropic medium, the polarization density is in parallel to the electric field, 

and so is the magnetization density to the magnetic field [39]. This kind of medium has a 
random spatial distribution of molecules. In this case there are no symmetry axes, and 
the propagation vector is the same for all directions.

Due to the anisotropy of the crystal structure ([50]-[52], [59]), the relationship 
between the field vector E and the polarization density P is no longer independent of the 
direction but becomes a tensor equation of the form:

Px = g (% , Ey, E,)
?v = h (E_, E_, E_)

Pz = r(E^, E , E J
X’ “ y>

y’

(3.7)

In the limit of the linear approximation, this relationship can be simplified by 
expressing the general functions g, h, and r by a Taylor series and neglecting the higher- 
order terms:

dP^ dP, dP_
P = E „ ^  + E..-tŴ  + ExdE; MEy ME^ 

dP^ dP, dP,
"  ^*dÊZ ^ydËZ ^^dËI

CIS)

All the partial derivatives can be grouped into the susceptibility tensor, and the rela­
tion becomes simply:

[P] = [%][E] (3.9)

Figure 3.3 Crystalline atomic structure. The polarizability is the same along the x, y 
and z axis. However, it is dijferent along the diagonal directions.
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The relationship between the susceptibility and permittivity tensor is:

[X] = [e] -  [U] = e , „ - I  e „  (3.10)

where [U] is the unitary matrix.

3.2.4 Magnetic interactions
The interaction of a medium with magnetic fields is different from the electric field 

case. Magnetic materials can be classified as diamagnetic, paramagnetic or ferromagnetic 
depending on the interaction with the field. A diamagnetic substance is repelled by mag­
netic fields. A paramagnetic substance has the opposite behavior. Most materials are 
either diamagnetic or paramagnetic. These are weak interactions. Ferromagnetism 
behaves in the same way as paramagnetism. The difference between the two cases is the 
strength of the interaction. Ferromagnetic materials are strongly attracted to magnetic 
fields.

In diamagnetic substances there are no permanent magnetic moments. The applied 
magnetic field induces extra currents in the atoms. These currents are in such direction as 
to oppose the increasing field. Therefore, the induced magnetic moments are directed 
opposite to the magnetic field. In the case of a gas with n atoms, the magnetization vector 
can be expressed as:

M = n<n) = g < L ) - î 4 ^ > B  (3.11)

where n is the number of atoms in the gas, e is the electric charge, < R ^  is the mean clas­
sical radius of the hydrogen atom, <L> is the mean orbital angular moment of the atoms, 
B is the applied magnetic field, <|X> is the mean magnetic moment of the sample and m 
is the mass of the electron.

In a medium with no permanent magnetic moments, <L> is zero (all orientations 
are equally probable). Therefore, the magnetic susceptibility is given by the factor multi­
plying B in (3.11). This is the cause of the diamagnetic effect.

However, in substances with permanent magnetic moment, there is also, besides of 
the diamagnetic effect, the lining up of the individual magnetic moments. The induced
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magnetic moments tend to enhance the magnetic field. In these paramagnetic materials 
the interaction is caused by the total angular momentum of the atom. The momentum is 
composed by and orbital and a spin paramagnetic components.

J = < L  + S> (3.12)

where J  is the total angular moment and <L+S> is the mean value of the contributions of 
the orbital (L) and spin (S) paramagnetic components. The magnetic moment is 
expressed as:

p. = y j  = - g ^ J  (3.13)

where y is the gyromagnetic ratio, e is the charge of the electron, m is the mass of the 
electron and g is the Lande g-factor which depends of the state of the atom (1 for pure 
orbital moment and 2 for pure spin moment and some number is between for complex 
atomic systems).

Since the magnetic moment is proportional to the angular moment, an atomic sys­
tem placed in a magnetic field will precess. The system experiences a torque x which 

tries to align ji with the applied magnetic field. However, since the system is essentially 
a gyroscope, the torque will not cause the moment to align with the field. Instead the sys­
tem will precess about an axis parallel to the applied field. The precession angular fre­
quency is:

®p = (3.14)

is called the Larmor frequency.

Ferromagnetism is much stronger than paramagnetism. This interaction is related 
to the tendency of nearby spins of an atom to line up in one direction. This has to do with 
quantum mechanics and the Pauli exclusion principle. However, some of the ferromag­
netic effects (as ferromagnetic resonance) can be studied as paramagnetic interactions as 
long as a demagnetization factor is included. This factor is related to the shape of the 
medium sample. Ferromagnetism is the reason for gyromagnetic phenomena.

This relationship is described in the next section.
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3.2.5 Gyromagnetic phenomena
A gyromagnetic material presents different propagation characteristics for waves 

with polarization directions. In a gyromagnetic material, clockwise and counter-clock­
wise polarized waves behave differently. Figure 3.4. The explanation for this behavior is 
the ferromagnetic resonance of the sample.

Pol^zation Polarization

Ferrite Ferrite

Direction of propagation Direction of propagation

Figure 3.4 Propagation o f circularly polarized waves in a ferrite medium. The 
clockwise and counter-clockwise waves will have dijferent propagation constants.

The effect can be described as classical magnetic resonance. Applying a magnetic 
field to an atomic system shown in Figure 3.5 causes a torque in the system:

T = ^  = Y(JxB) (3.15)

The magnetic resonance described by the torque equation (3.15) is the cause of the 
gyromagnetic effect [39], [7].

z

y

X

Figure 3.5 Classical magnetic resonance. The angular moment L tends to align with the 
applied magnetic field. The nutational frequency is determined by the applied field.
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In the case of Figure 3 .5 , B  is composed of a static component B q  and a sinusoidally 

varying component B̂  The time-varying component Bj is a constant rotating vector in the 

xy plane and B g  lies along the z axis. The magnetic dipole axis precesses around B g  in 

synchronism with B  ̂ The angle of precession depends on whether the rotation is clock­

wise or counter-clockwise.

The precession angle in the counter-clockwise rotation case is:

YB,
O = asin

J(Y B g + m ) ^ + (Y B , ) \

In the clockwise case, the angle is:

YBt

(3 .1 6 )

O = asin
2

(3.17)

Since the precession angle is different for the two cases, the effective permeability 
for the clockwise and counter-clockwise waves is also different. This constitutes the gyro­
magnetic effect. As explained in the previous section, the mechanism of ferromagnetism 
is different from that of paramagnetism. However, ferromagnetic resonances can be ade­
quately expressed using paramagnetic classic theory and appropriate demagnetization 
factors.

^  = yM x ( B - p g N - M )  (3.18)

where N is the demagnetization factor. In practice, the static field is directed along a par­
ticular direction and is large enough to saturate the sample. Therefore, the magnetization 
density of a gyromagnetic material can be expressed by [39], [60]:

^  = YMx B (3.19)

Under a strong applied field in the z direction, (3.19) is usually linearized 

dm_ dm_

Bz = Bo + b^*Bo M2 = M5 + m̂  = M5

where B g  is proportional to the saturation magnetic field. Mg is the saturation magnetiza­
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tion.

3.2.6 Nonlinear phenomena
The nonlinear effect is present in all processes described above. These processes 

are linear in the low field approximation [39], [40], [11]. The nonlinear effect is not negli­
gible under high fields. However, in certain conduction processes, the nonlinear effect can 
be dominant. In semiconductors under high fields, the drift and diffusion of carriers is 
nonlinear. A plasma under high fields exhibits nonlinear behavior. In the optical fre­
quency range, certain nonlinear effects can be used to compensate for dispersive propaga­
tion.

The expression of the nonlinear effect is strongly dependent on the material and 
effect under study. Therefore, only a simple example of non-linear polarization is pre­
sented.

In most cases, the nonlinear behavior is expressed by nonlinear correction terms to 
the medium polarization equation [39]. Since in most media, the inversion (change of 
sign) of the electric field causes also an inversion of the polarization, the lowest-order 
nonlinear phenomenon results in a cubic correction term.

The expression for the nonlinear polarization density of a second-order Lorentz 
dielectric is [39]:

d t'

where a  is the nonlinear coupling factor. In most materials this factor is negligible. The 
nonlinear effect becomes only noticeable at high fields.

3.3 Modeling of general media in two-dimensional TLM
In the basic TLM formulation, the medium is modeled by stubs connected to the 

node [2]. This method is robust and efficient when these parameters are constants. How­
ever, when the material constitutive relationships are frequency dispersive and nonlinear, 
the model is inaccurate.

The representation of general constitutive relationships requires a modification of 
the medium modeling technique. The stubs can be used to model simple nonlinear rela­
tions [16], but are not suitable for representing frequency dispersive media.
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In this section, two different approaches to this problem are proposed. Both tech­
niques introduce modifications to the scattering matrix of TLM and the inclusion of a 
source term into the procedure. This term depends on previous values of node voltage 
and/or current.

The first technique is the modified scattering matrix approach. In this method, stubs 
are used, but the storage of previous values of the incident and reflected voltages is 
required in order to account for the dispersive nature of the medium. The storage is repre­
sented by a source term. The method can also be used to model nonlinear media. In this 
method the scattering matrix is transformed according to the medium being simulated.

The second is the nodal source approach. Here the stubs are replaced by an equiva­
lent source connected to the node. The source is described in terms of the polarization or 
magnetization densities of the medium. In this method the scattering matrix is indepen­
dent of the medium and the source term represents the interaction of electromagnetic 
fields with the medium.

3.3.1 Modified scattering matrix approach
This approach maintains the stub-loaded description of the medium. It is based on 

representing recursively the interaction of the frequency dependent (therefore also time 
dependent) stub admittance with the incident voltages at the stub as the simulation 
progresses. In a frequency dependent material, the initial stub admittance value is propor­
tional to the medium constant at infinite-frequency. As the simulation time tends to infin­
ity, the stub approaches the DC value of the medium parameter (Figure 3.6) [39].

Tim e evolution of permittivity90
80
70
60
50

30
20
10

0.2 0.6 0.8

Figure 3.6 Impulse response o f the relative permittivity in a first order Debye medium.
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The complete description of this evolution requires the storage of previous values of 
the incident and reflected voltages at the stub. The number of stored voltages depends on 
the medium equation. In the case of a trapezoidal discretization scheme, a first-order 
Debye medium requires only one past value (incident and reflected), while a second-order 
Lorentz material requires two.

The evolution of the stub value is also dependent on the way the constitutive equa­
tion is represented in the procedure. The equations can be incorporated into the proce­
dure using direct discretization or convolution [53]-[57]. In this thesis the convolution 
approach is described. The voltages incident and reflected on the stub are convolved with 
the impulse response of the medium. This is done recursively to minimize the storage of 
voltages.

The general form of the modified matrix approach is:

[ v ( k ) ] '  = [S] [ v ( k ) ] ‘+ X  [H(n ) ]  [ v ( n - k ) ] stubs (3.22)
n = 0

where [H(n)[ is the convolution term and [S] is the modified scattering matrix. Without 
loss of generality (3.22) can be expressed as:

J v ] ^ =  [ S ] J v ] ‘+ [ J J (3.23)

The technique can be illustrated by an example of a shunt node mesh modeling a 
first-order Debye dielectric. The resulting modified scattering matrix equation, obtained 
using recursive convolution is:

r-

Vl - ( 2  +  y) 2 2 2 2y Vl A t J
^2 1 2 - ( 2  +  y) 2 2 2y ^2 J

y + 4 2 2 - ( 2  +  y) 2 2y V] 4-------—
y + 4 J

V4 2 2 2 - ( 2  +  y) 2y V4 J

75 2 2 2 2 y - 4
k V5 k-1 J (3.24)

A t

= E ; + ( e , - e J e

y = 4(6^ - 1)

fcJ = (Ej-e^)  (vs-v^)j^ + e

A t

k-1
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where At is the timestep. The incident and reflected voltages are shown in Figure 3.7.

33

r

Open
Circuit

L=Al/2

Figure 3.7 Representation o f dielectric material in the shunt node. The two-dimensional 
shunt node is stub-loaded. In the modified matrix approach, the value o f the stub 

admittance is frequency dependent. The length o f the stub is Al/2.

The modified scattering matrix technique has several advantages. The approach is 
efficient because of the short convolution. The storage is dependent on the order of the 
medium [53]. A second-order material needs two past values of the incident and reflected 
voltage at the stub.

The nonlinear effect can be incorporated with a Volterra series [11], [44]. This 
series is composed of the linear part and higher order correction terms. This is a very 
attractive feature in the modeling of certain optical nonlinearities, since they are 
described in this form [44].

The main disadvantage of the modified scattering matrix approach is the lack of 
generality. Although the source term is responsible for the storage of previous incident 
and reflected voltages at the stub, the scattering matrix needs to be modified according to 
the medium being modeled. Each dispersive or nonlinear behavior needs a different scat­
tering matrix and correction terms.

This problem could be partially solved by using a library of node scattering matri­
ces in a simulator. However, this is not practical. The TLM method is a general electro­
magnetic simulation technique, and this approach restricts its use. This disadvantage led 
to the development of the nodal source technique.
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3.3.2 The nodal source approach
This approach does not use the stub model of dielectric and magnetic behavior. The 

medium is represented by a source connected to the node (Figure 3.8). The scattering 
matrix of the node is independent of the medium. The source is defined by the constitu­
tive relationships of the material. The source can be represented by a lumped circuit con­
nected to the node [61].

V /
^  v„

V,' Source

Figure 3.8 Representation o f dielectric material in the shunt node. The node is 
connected to a nodal source representing the dielectric. The length L o f the link line 

connecting the source to the node is infinitesimal. This line has a normalized admittance
Yj. o f four.

The source is cormected to the node by a transmission line. In the shunt node case, 
this link line has a normalized characteristic admittance of four. The normalization is 

performed with respect to the admittance of the mesh link lines. In the series case, the 
link line has a normalized impedance of four (also with respect to the mesh link lines). 

This value is chosen to decouple the scattering matrix from the source [61].

The nodal source representation of a dispersive dielectric also requires the storage 
of past values of incident and reflected voltages on the link line. However, the source 
approach simplifies the solution of the constitutive equations. These equations are solved 
with circuit techniques at each timestep [12].

The circuit is defined by the constitutive relationships and the Thevenin or Norton 
equivalent of the node. In the shunt node case, the Norton equivalent of the node is used.
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The solution of the circuit yields the total voltage at the node. In the series case, the Thev­
enin equivalent is used. The solution in this case is the total current at the node.

The general formulation of the nodal source approach is:

[ v ] ' =  [S] [ v ] ' + [ J J  (3.25)

where [S] is the medium independent scattering matrix, and [Jj] is the source vector. All 

rows of the source vector are linear combinations of the source function G, which is 
obtained from the constitutive equations.

The use of the equivalent circuit of the node simplifies the implementation of a 
Debye medium (3.4). In the shunt node case:

. (3.26)
V = G(v)  -Hv  ̂+ Vg + vĵ )

where G(V|+V2 + V3-i-v^) is the source function, n=1...4. The source function G is 

defined by the constitutive equations of the medium. It can usually be represented by a 
circuit network. In fact for most passive media, the nodal source is modeled by a passive 
network. The relationship described in (3.26) is solved with circuit techniques.

The network is driven by the current i and voltage v of the node. The current and 
voltage are defined as:

V =  v^  +  V*
(3.27)

i = Y r « - < )

where v̂ g and v'g are the reflected and incident voltages from the node seen from the

nodal source (Figure 3.8). Since the incident voltage Vg is unknown, both current and 

voltage are also unknown. Therefore an equivalent circuit is used to represent the node. 
The transformation of the node into the equivalent circuit for the shunt node is show in 
Figure 3.9.
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i

(a)

Figure 3.9 TLM node seen from the nodal source, (a) Current i and voltage v seen from 
the nodal source, (b) Equivalent Norton transformation with the same current and 

voltage. The equivalent circuit is composed by current source i  ̂and an admittance

The equivalent circuit transformation of the node is used to solve the circuit net­
work that represents the medium relationship. The network is driven by a current source 
is with a equivalent admittance of Yp This network is solved at each timestep

The main advantage of the nodal source approach is the generality. Once the consti­
tutive relationship is described as a circuit network, the solution procedure is straightfor­
ward. The solution procedure is not dependent on the topology of the circuit.

There is a physical interpretation to the nodal source. The source is analogous to 
the polarization/magnetization of the medium [39]. The electric/magnetic flux density is 
composed of the sum of a free space electric and a polarization/magnetization field. In 
this approach, the medium independent node represents the free-space part and the 
source represents the polarization/magnetization densities field.

Since the nodal source approach is more general than the modified scattering 
matrix technique, it has been chosen as the main approach to representing general consti­
tutive relationships.

3.3.3 Nodal source in the shunt node case
In this case, the nodal source current is proportional to the derivative of the polar­

ization of the medium. The topology of the source network is obtained from the constitu­
tive equations [39]. The final network is obtained by connecting the source circuit with 
the Norton equivalent circuit for the node. In Figure 3.10, the topology of the circuit net­
work of a generic active medium is shown. The network is connected to a TLM shunt 
node represented by the Norton equivalent for the node (the source 1$ and shunt admit-
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tance YJ

R i
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R i

k

Figure 3.10 Topology o f a generic nodal source and the equivalent node circuit. The 
resulting network is solved using circuit techniques. The admittance Y (normalized with 
respect to the admittance Yq) is four. The elements Rp R2 , Cj,C2 , Cj and are arbitrary. 

The polarization current is:

(3.28)

where p is the polarization density of the medium, Yq is the admittance of the mesh link 

lines. This current is responsible for the change of the total current flowing through a 
shunt node when a dielectric material is present (Appendix A).

The incident and reflected voltages at the line connecting node to source are decou­
pled [61]. The voltage reflected from the node towards the source is calculated with:

^ (v ;+v^  + v  ̂+ vĵ ) (3.29)

The equivalent circuit of the shunt node seen from the nodal source yields:

i; -  Y,v = 2 Y X  -  Y,v = i (3.30)

The normalized admittance of the link line Y  ̂is equal to four. The Kirchoff law of 

current (KCL) specifies that the total current is [12]:

1 =  1pol (3.31)

The resulting network is defined by the polarization equation and the connection 
equation:

p = g(v)  (3.32)
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YqAI (Jp
+ Y,v (3.33)

The voltages reflected from the node are obtained from the total voltage V by:

v^ = V -  vĵ
" " (3.34)
n — 1... 4

The topology of the final network is obtained from the polarization equation (3.32). 
For instance a first-order Debye dielectric results in the source network shown in Figure 
3.11.

I T
Node = Nodal source

Figure 3.11 Topology o f the nodal source network for the first order Debye dielectric. 
Since this medium is not active, only passive elements compose the network. In this

particular case:
C, = 2 A t ( E ^ - l )  C 2 =  2 A t ( e ^ - e J  R =  X Q / 2 A t ( e ^ - e J

The resulting topology can be solved using circuit simulation techniques.

3.3.4 Nodal Source in the series node case
The analysis of the nodal source in the series case is the dual of the shunt case. The 

current and voltage at the node are represented by a Thevenin equivalent circuit. The 
voltage source is proportional to the derivative of the magnetization of the medium. The 
topology of the source circuit is obtained from the magnetization equation. The node 
equivalent is a Thevenin circuit. The final network topology is obtained by connecting the 
Thevenin equivalent of the node to the source circuit.

The magnetization voltage is equal to:

Vmag = ( 2 ^ ) ^  (3 35)
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where m is the magnetization density of the medium. This relationship (3.35) is obtained 
applying the same methodology described in Appendix A to the series node.

The voltage reflected from the node towards the source is calculated with:

v'’ = ( - v \+V2 + V3- V 4) (3.36)

The equivalent circuit of the series node seen from the nodal source yields:

2 Z y - Z ^ i  = V (3.37)

The normalized impedance of the link line Zj- is equal to four. This value is chosen 

to decouple the incident and reflected voltage pulses at the network input port. The 
impedance is normalized with respect to the impedances of the lines connecting the 
nodes. The Kirchoff law of voltage (KCV) specifies that the total voltage in a closed loop 
is zero [12]:

' '  = ''m.8 (3-38)

The resulting network is defined by the magnetization equation and the connection 
equation:

m = h(i )  (3.39)

Zf) A1 Hm
2 z y  = (2- ^ ) ^  +  Z^i (3.40)

where h(i) is the relationship between the magnetization and the current flowing through 
the network. This relationship is obtained from the constitutive equations.

The voltages reflected at the nodes are obtained from the current using:

= + <  (3.41)
n = I ...4

The topology of the final network is obtained from the magnetization equation 
(3.39).

The three-dimensional TLM node equipped with nodal sources is assembled from 
the decoupled series and shunt nodes.
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3.4 Nodal sources in the three-dimensional case
The representation of general constitutive relationships in three dimensions is more 

complex than the two-dimensional case. In the most difficult case, the medium couples 
both magnetic and electric fields and present nonlinear and dispersive effects.

In this section the modeling of the interaction of the medium with the electromag­
netic field in three-dimensional TLM is presented.

The expansion from the two-dimensional model of general constitutive equations 
to three dimensions is performed using the decoupled series and shunt nodes. The three- 
dimensional node is a combination of the nodes presented in the previous sections.

The analysis presented here is performed for the symmetrical condensed node. 
However, different kinds of nodes can be obtained by combining the two-dimensional 
nodes.

The interaction between field and medium is modeled by nodal sources. The 
sources are defined by the constitutive equation. The resulting scattering matrix is inde­
pendent of the medium even in the case of anisotropic media. The sources act upon all 
field components simultaneously.

3.4.1 Assembling the three-dimensional node
The symmetrical condensed node (SCN) is composed by combining of series and 

shunt nodes, as presented in Figure 3.12.
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Figure 3.12 Assembling the three-dimensional node from two-dimensional shunt and 
series nodes. Each u-directed node (u=x,y,z) represents a field component in the u- 

direction (normal to the plane o f the node).

The main equations that define the SCN in terms of the voltages in the shunt nodes 
and currents in the series nodes are [34]:



( 3 .4 2 )
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Vl = (t) (t) -  v\2 y j  = (t) - Z qI  ̂(t) -

^2 = Vx (t) + Zoiy (t) -  V*, v^ = Vy (t) + Zgi, (t) -

V3 =  Vy ( t)  +  Z q i, ( t)  -  v | 1 v^ =  v ,  ( t)  -Z o iy  (t) -

V4  =  Vy ( t)  - Z o \  ( t)  -  V' v^o =  V, ( t)  +  Zoiy (t)  -  v '

V5 = Vz (t) + Zo‘x (t) -  V? (t) v% = Vy (t) -Z o i, (t) -  V*

V6 = Vz(t) -Z o iy (t)  - v ‘o v 2̂ = Vx(t) + Z o i,(t) - v '

where the voltages and currents are shown in Figure 3.12 and Zq is the impedance of the 

lines connecting the nodes (377.76 A).

These voltages and currents are calculated with nodal sources and equivalent node 
circuits. The Norton equivalent is used in the shunt case and the Thevenin equivalent in 
the series case. The source equations are:

Vex = z (v i+ v ^  + v  ̂+ v‘2)

V e y = ^ ( V 3  +  v i  +  V  ̂+  v | ; )  (3 .4 3 )

Vez=^(V5 + V̂  + vi, + v'o)

v | n x =  (V 4 -V ^  +  V ^ -V ^ )

V m y =  ( v l - V ^  +  v^ -V ^ o) (3 .4 4 )

Vmz= (v |-V ^-v |2 + V%)

where v^  ̂(u=x,y,z) is the voltage reflected from the u-directed shunt node (incident on

the u-directed shunt nodal source), and vjjĵ  (u=x,y,z) is the voltage reflected from the u-

directed series node (incident on the u-directed series nodal source).

where the constitutive relationships are dependent on all currents and voltages at the 
node:
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(3.45)

Px ~  Px (^x» '̂ y> ^x’

Py — Px (Vx« Vy, v^, i^, iy, ig)

Pz “  Px (^x* Vy, Vg, i ,̂ iy, ij,)

^X = nix (Vx. Vy, v^, ix, iy, ix) 
my = my (Vx, Vy, v ,̂ ix, iy, i^)

mz = ®z(Vx> Vy, Vx, ix, iy, g

The relationship between the reflected voltages ((3.43)-(3.44)) and the constitutive 
equations (3.45)is:

ŝx (t) =  2Y,v:x t) =  8 < x (t)
I M a

-  C +4 V x ( t )

*sy (t) =  2 Y r< y t) =  8 < y (t)
2Alrf

-  c d ( P y ( t ) + 4 V y ( t )

isz (t) =  Z Y X z t) =  8 < z (t)
2 M a

-  c d(Pz(^)  +4V x( t )

Vsx (t) =  2 Z , v L t) = (t)
2 A 1 h

"  c d t“ ^ x ( t ) + 4 i x ( t )

'^sy (t) =  2Z,V|,y t) =  8vL,y (t)
2 A l d

~  c l % ( ^ ) + 4 i y ( t )

Vsz (t) =  2Z,v| ,x t) =  8 C (t)
2 A 1 j

-  c d t " ^ z ( 0  + 4 i x ( t )

(3.46)

The interpretation of the nodal source approach in the three-dimensional case is the 
same as in the two-dimensional case. The nodal sources represent the polarization and 
magnetization of the medium. As in the two-dimensional case the total current and volt­
ages at the node can be obtained using circuit techniques.

Other kinds of TLM nodes can be assembled using this representation. One node of 
particular interest is the hybrid node [62]. The node can be used in mesh grading tech­
niques. In this work, only the symmetrical condensed node was studied, since only the 
uniform mesh was used in the validation of the technique.

3.5 Conclusions
In this chapter the modeling of general constitutive relationships was presented for 

both two- and three-dimensional cases.
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This chapter also contains a brief review of the most important interactions 
between the electromagnetic field and the medium. These interactions are described by 
the constitutive relationship of the medium. The main phenomena described here were 
relaxation, resonance, anisotropy, gyromagnetism and nonlinear behavior.

Each of these interactions are caused by different processes. The relaxation is asso­
ciated with the orientation of the permanent dipole moment molecules with the field, and 
with ionic transport. The resonance is caused by the oscillation of the atoms around their 
equilibrium positions. Anisotropy is caused by asymmetry in the arrangement of atoms 
or molecules. Nonlinear phenomena are present in all cases, but becomes critical only at 
high fields.

In the two-dimensional case, the general medium representation was performed by 
modifying the scattering matrix o f the node. Two basic modeling procedures were pre­
sented.

Both approaches use sources connected to the nodes to represent the medium. The 
first technique, based in modifications to the scattering matrix according to the medium, 
is not general; so the nodal source approach was chosen to represent general medium 
relationships.

The second approach presented a medium independent scattering matrix and has a 
physical interpretation. The sources connected to the node act as polarization and magne­
tization densities of the medium.

Together with the nodal source approach, circuit equivalents of the node were used. 
This allowed the solution of the resulting equations using circuit techniques. In the shunt 
node case an equivalent Norton circuit of the node was used. In the series case, a Theve­
nin equivalent was used instead.

The three-dimensional case was obtained using the combination of series and shunt 
nodes. This approach can be used to obtain different TLM nodes. The resulting node is 
connected to nodal sources representing the influence of the medium. The scattering 
matrix of the node is also independent of the medium.

The nodal source approach was used in all examples used to validate the procedure.
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Validation of the TLM Model of General 
Constitutive Relationships

4.1 Introduction
This chapter describes the efficient modeling of general constitutive relationships in 
TLM.

As seen in the previous chapter, the constitutive relationships are represented by 
sources connected to the TLM node. These relations describe the macroscopic effect of 
the interaction of fields with the medium at the microscopic level [39] in the form of dif­
ferential equations describing the interaction of fields with matter.

These equations define the topology of the source network connected to the node. 
Since TLM is a discrete procedure, the differential equations must be discretized [63] in 
an efficient and general manner. The efficient solution of these equations can speed up 
the simulation process considerably. However, generality is the major criterion in the 
choice of the solution procedure.

In some cases, the components and topology of the source network can be obtained 
from the constitutive equations by inspection [12]. Once this is available, conventional 
circuit simulation techniques can be used to solve the network at each timestep, at every 
node.

In the general case, the constitutive equations are coupled nonlinear differential 
equations. In these cases, it is very difficult to obtain the topology of the network by 
inspection. It is easier to discretize the equations directly.

The solution of the constitutive equations using state-variable techniques can be
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used in either case [64]-[65]. The state equations may be obtained from circuit equiva­
lents or from direct inversion of the constitutive equations. The discretization of the state- 
variable equations is simple: several discretization schemes can be used successfully. 
The state-variable technique can be used in two or three-dimensional TLM without modi­
fications to the solution procedure.

In this chapter, this technique is used to validate the modeling of general constitu­
tive relationships in TLM. The procedure is applied in two-dimensional shunt node and to 
the three-dimensional symmetrical condensed node in several media. The results are 
compared to analytical values.

4.2 Solution of the constitutive equations
This section describes several solution procedures for the constitutive equations.

The source network can contain active and passive elements. For most media, the 
active elements are important only in the case of high-frequency (usually in the optical or 
upper microwave range) and large-amplitude (several Watts) excitation. Therefore for 
most media, the network will be composed by dissipative and reactive elements with no 
sources present (since these are usually negligible). These elements are obtained from 
inspection or by circuit synthesis techniques from the differential equations of the 
medium [12].

TLM is a discrete equivalent of a continuous process. Therefore, the source network 
also must be discretized. The discretization procedure affects the performance of the 
method. A discretization that is efficient for a particular constitutive equation may not be 
the best for another equation. Since there are several kinds of constitutive relationships, 
the best approach is to use a general discretization procedure that can represent all the 
possible cases.

A constitutive equation is in the form:

P = G(E ,H , t )
M = F ( E ,H , t )   ̂ ’

where G and F are general functions of the E (electric) and H (magnetic) fields, 
and time; P is the polarization density, M is the magnetization density.

The linear medium relationships can be obtained by truncating the Taylor series of
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the constitutive equations. In the linear, isotropic, time-invariant case:

BE..

a ?
Pu -  I (4.2)

an.. a^„
» r r  >•••1 (4.3)

where u indicates the direction of the field (u=x,y,z). This formulation of P and M is anal­
ogous to the description of nonlinear elements in a circuit network. In this case, the solu­
tion is obtained by the discretization of the constitutive equations. Once the discrete 
equations are rearranged, the solution is obtained recursively.

The constitutive equations can be discretized with any suitable discretization 
scheme. In this work, the following two schemes were used:

• Backwards Euler [63], [66]

• Trapezoidal [63], [66]

The direct discretization of the differential form is very efficient but cumbersome.
The discretization procedure is simple, but it must be substituted into TLM. The resulting
expressions are short but difficult to obtain.

The network approach can solve virtually any nonlinear circuit. The problem is to 
obtain the circuit components from the constitutive relationship.

The most flexible approach is the state-variable representation. It combines the 
advantages of the network an direct discretization approaches with very few disadvan­
tages. The state-variables can be obtained directly from the differential equation or equiv­
alent circuit [64]. Once, the continuous formulation is complete, the discrete formulation 
is simple to obtain. The disadvantage of the approach is that it is less efficient than both 
approaches.

4.2.1 Direct discretization
This section describes the direct discretization technique used in the solution of constitu­
tive equations.

The procedure involves the discretization of the differential equation of the 
medium and substitution of incident and reflected voltages at the node. Once the substitu­
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tion is performed, the equation is solved recursively.

Consider the first-order Debye medium. The differential equation of the medium is:

P + = ( £ , - l ) E  + T „ ( e . - l ) ¥  (4.4)

where Tq is the relaxation time constant, is the static permittivity and is the permit­

tivity at infinite frequency. With the polarization relationship of the TLM node (both 2-D 
and 3-D cases):

'  “  (4.5)
v = E

The resulting medium differential equation is:

2
i + = 2 ' i ' ( £ , - I ) ^  + 2 A t t „ ( e „ - l ) ^  (4.6)

The incident and reflected voltages at the node are defined as:

V = v*̂ + v‘

i = Y / v ' - v * )
(4.7)

where v is the total voltage at the node, i is the current flowing through the link-line con­
necting the node and the source. Once the differential equation is discretized, the current 
and voltage are substituted by incident and reflected voltages. The resulting recursive 
equation is obtained with the trapezoidal discretization scheme:

k + i''L = + b ( X )  + = +<*<k-i<) + £ ( k - , < )  W»)

where the coefficients are:
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-(£j- 1+2—(e„-2))
a = b = 4

c = -4- d =
C r ' - 2a c J

U . - I  + 2^ S J

(4.9)

e =
U s - l - 2^  ( e ^ - 2))

( e s - l + 2 ^ e j

This procedure results in a very efficient formulation (compared to the other possi­
ble formulations). It is efficient because the coefficients are calculated before the simula­
tion, as part of the input file. The disadvantage is the lack of flexibility of the approach. 
The order of the recursive equation increases rapidly with the order of the differential 
equation.

4.2.2 Equivalent circuit network
An equivalent circuit network can describe the behavior of the medium. This 

approach has also been used in the characterization of constitutive relationships. The dif­
ficulty is to obtain the topology of the circuit network. In the case of simple medium, this 
is easily accomplished. The components of the network are obtained from the differential 
equation of the medium.

In the case of a first order Debye medium (4.4), the network can be obtained by 
inspection. Figure 4.1.

CL

Ffcoj

R

0 " or
Figure 4.1 Equivalent network o f a first-order Debye medium as seen from the node.
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where C, = 2 A t ( e ^ - l )  C2 = 2At (e^ - e^) R = 2 A t ( e , - e J

The network can be solved using either Tableau or modified nodal formulation 
[12]. In any case, the reactive components are substituted by controlled sources.

The advantage of this approach resides in the ability to use techniques of conven­
tional circuit simulators (SPICE, etc.). Therefore, most nonlinear behavior can be incor­
porated into the simulation using circuit sub-networks [12]. The sub-networks are 
assembled to represent the nonlinear function.

However, in the general case, the equivalent network approach works only for sim­
ple differential equations. The network synthesis procedure works well for linear one or 
two-port networks [12]. In the case of anisotropic materials, there can be as many as 
three ports in the network.

4.2.3 State-variable approach
This section describes the state-variable approach to modeling constitutive relationships.

It is a compromise between the direct discretization of the differential equation and 
the circuit equivalent representation. It can be obtained from equivalent circuits or 
directly from the differential equation [12],[65].

In the case where only the differential equation is available, the state-equations can 
be obtained by direct inversion of the differential equation. As an example consider the 
fourth-order linear differential equation

a ^  + b ^ - t - c ^  + d ^ + e f  = g (4.10)
dt'  ̂ dt^ dt^ dt

The direct inversion of the differential equation using Laplace transform results in
the state variables [64]:

%i(s) = f ( s )  = 1 (-L (g -  ef) -  I d f -  - I c f -  Ibf)
*  S S S S

%2(s) = ; ( j c f - l d f + - L ( g - e f ) )  x , ( s )  = 1 (1 (g -  ef) - -^df) (4.11)
^  ̂ S S ^ S S

*4 (5) = ^ ( ^ ( g - e f ) )
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The resulting system can be assembled in the form:
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d
dt

Xj (t) 
X2 (t) 
Xj (t)
X4 (t)

-b  1 0 0 
- c  0 1 0 
- d O O  1 
- e  0 0 0

Xi(t) 
XjCt) 
X3 (t)

Xx(t)

0 0 0  0 
000  0 
000  0
0 0 0  -  

a

0
0
0

g(t)

(4.12)

The state-variable equations can be obtained directly from the equivalent circuit 
network using Kirchhoff’s laws [12]. The state-variables are the current in inductors and 
voltage in capacitors.

The general form of ± e  state-variable description is:

^ [ x ]  = [A] [X ] + [B] [u]
(4.13)

[y] = [C] [X ] -H [D] [u]

where [x] is the state-vector, [u] is the source vector, y is the output vector. The matrices 
[A], [B], [C] and [D] may be a function of the state-vector.

The disadvantage of the direct inversion approach is that it may hide the physical 
meaning of the differential equation. This is one of the strengths of the circuit equivalent 
approach.

4.2.4 Discretization schemes
The discretization of the state-equations is simple. The state-equations can be dis­

cretized directly or after the solution is obtained. In the case of linear circuits, the state- 
equations can be solved analytically. The discretization of the analytical solution of the 
equations results in a discrete convolution procedure. This restricts the formulation to lin­
ear materials or to Volterra series representation. If the differential equations are dis­
cretized directly several discretization schemes can be employed.

In this thesis the backwards Euler and trapezoidal approaches [63], [66] are used 
together with the state-variable approach in the solution of several medium relationships.

The backwards Euler approach is unconditionally stable for physical systems mod­
eled by TLM. It also introduces numerical losses to the system. The scheme is only first- 
order accurate [63], but it is very simple to implement. It is implemented as follows:
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[ X ( t  + At)] = [P] [ X ( t ) ]  + [Q] [ u ( t  + At)]
[y( t  + At)J = [C] [x( t  + At) l  + [D] [u ( t  + At)] ' ^

where:

[P] = ( [ U ] - A t [ A ] ) - ‘ [Q] = ( [ Ü ] - A t [ A ] ) - ‘At[B] (4.15)

where [U] is the unit matrix.

The trapezoidal approach does not introduce numerical losses or gain to the sys­
tem. In this scheme, all physically stable relationships remain numerically stable. The 
only problem occurs in marginally stable systems, where the modeling does not include 
losses. While the real system is stable, the discrete model may not be. The scheme is sec­
ond-order accurate [63]. The trapezoidal approach is implemented as follows:

(4.16)
[x ( t  + At)] = [P] [x( t ) ]  + [Q] [u( t -kAt ) ]  + [R] [u( t ) l  

[ y( t  + At)j  = [C] [x(t  + At)]  + [D] [ u ( t  + At)J

where:

[P] = ( [ U ] - A t [ A ] ) ~ ‘ ([U]  + A t [ A ] )

[Q] = ( [ U ] - A t [ A ] ) - ‘y  [B] [R] = ( [ U ] - A t [ A ] ) - > y  [B]

4.3 Validation of the two-dimensional model
This section contains two examples that validate the modeling approach of general con­
stitutive relationships in two-dimensional TLM.

Since either the shunt or series node may be used for this purpose, two shunt node 
examples were selected which validate the modeling procedure for frequency dependent 
and nonlinear dielectrics.

In the linear, frequency independent dielectric case, the accuracy of the state-vari­
able model is the same as that of the stub-loaded approach. In fact, both approaches have 
the same dispersion relationship. This is shown in Chapter 5.

4.3.1 Linear frequency dependent dielectric
This section demonstrates the modeling of linear frequency dependent dielectrics in the 
two-dimensional case.
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The frequency dependent behavior of dielectrics can be represent by suitable com­
binations of first-order Debye and second-order Lorentz behaviors. The second-order 
phenomena take into account molecular and atomic resonances, and the Debye model 
describe the transport of carriers or polar behavior [39].

Therefore, the modelling of frequency dependent dielectrics will be studied for 
both cases. These models can be represented as circuit equivalents, as shown in Figure 
4.2

R

— I ---------- 1

Y  Cx______________ y  ^2

(b)

Figure 4.2 Equivalent circuit o f (a) first-order Debye and (b) second-order Lorentz
media.

For a dispersive dielectric medium modeled by a first-order Debye approximation, 
the frequency domain permittivity function is;

where Xq is the relaxation time constant, is the static permittivity and is the permit­

tivity at infinite frequency.

The permittivity function (4.18) in this material can be modeled by the RC circuit 
shown in Figure 4.2.a, with the analogies:

C, = 2 A t ( e „ - l )  Cj = 2At ( e ^ - E j  R = 2 A t ( e ^ - e J  

The state-equations describing the circuit will be:



Chapter 4: Validation of the TLM Model o f General Constitutive Relationships 54

^[Vy] = [A] [V,] + [B] [v ;,] 

[ v j  = [Cl [Vyl + [D] [v',1
(4.19)

with:

1 ^ ’ .  ‘ ' 1 1 '  y '
[A] = Ici RC , , RC, [B] = ' q1 1

1 RCz RC2 _ 0 _ (4.20)

[C] = [D] = [_i] [Vy] = V y ( t )

_'^yaux
[ < y ]  =  [ < y  ( t )  ]

where Vŷ ^̂  (t) is an auxiliary variable used in the state-equation description of the sys­

tem, Yj. is equal to 4, and v^y, v^y are the reflected and incident voltages at the input 

port of the network.

The discretization of the continuous state-variable equations was performed with 
trapezoidal and backwards Euler schemes. The procedure was validated by the simula­
tion of a TEM parallel plate waveguide, partially filled by the frequency dependent 
dielectric, as shown in Figure 4.3.

M.W.

I A.B.C. 10 cells

M.W

200 cells

Figure 4.3 Parallel-plate waveguide used in the calculation o f two-dimensional results 
o f dispersive dielectric modeling. Legend: M.W. - Magnetic wall, A.B.C. - Absorbing 

boundary condition (in this case, it is a fixed reflection coefficient). The electric field Ey
is normal to the plane o f the device.
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The frequency dependent medium was a simple model of water. The parallel plate 
waveguide was modeled by a mesh of 200 x 10 nodes (14.65 x 0.7325 mm) with the 
dielectric constant of = I as shown in Figure 4.3. The first-order Debye medium had

the parameters: = 1.8, = 81.0 and Xg = 9.4x10 seconds.

The reflection coefficient at the input port of the guide was then computed and com­
pared to the analytical solution.

R eflec tion  C oefficien t a t  A ir/W ater In terface
0.82

0.8

0.78

£ .0.76

0.72

0 .7,
2010 30

freq u en cy  (GHz)
40 50 60

R eflec tion  coeffic ien t of A ir/W ater in te rface
180
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i
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20O 10 5030
fre q u e n c y  (GHz)
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Figure 4.4 Analytically and numerically calculated magnitude and phase o f the 
reflection coefficient o f an air/water interface. The solid line is the exact result. The 

dashed line is the result obtained with 2048 timesteps. The dash-dotted line is the result 
calculated with 8192 timesteps (only with magnitude).
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The validation of the model for second-order Lorentz dielectrics is similar to the 
first-order case. The frequency domain permittivity function is:

(4.21)

where (Og is the resonant frequency, ôg is the relative loss factor, is the static permit­

tivity, and is the permittivity at infinite frequency.

The permittivity function (4.21) in this dispersive material has been modeled by the 
RLC circuit shown in Figure 4.2.b, with the analogies:

C l = 2 ( e _ - l )  C2 = 2 ( e , - e J

R = L =
2At©2( e ^ _ e j  2 (Ato)g)2 ( e ^ - e J

The equivalent circuit corresponding to (4.21) obeys the state equation:

v(t)
Vn(t)
i . ( t )

0

J.
L

T
0
0

L
R
L

v(t)
Vn(0 + Cl

s  (t). 0
0

k y
(4.22)

[v (0  v„(t) i„(t)] + [-l][v^y(t)]

where the reflected voltage from the node v^y (t) is obtained from (3.29). The voltage v„ 

and current i„ are auxiliary variables.

The benchmark example used in the first-order case was used here as well, the 

dielectric was modeled as a second order Lorentz medium with £„ = 1.0 , = 3.056,

fg = 20GHz and ôg = 0, which is typical for cold plasma (collisonless plasma).

The result shown in Figure 4.5 is compared to the analytical reflection coefficient.

The simulations ran for 2048 timesteps. If the problems are simulated for a longer 
time, a new problem arises. As shown in Figure 4.5 reflections from the absorbing bound­
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ary tend to corrupt the results.

The problem can be avoided by placing the absorbing boundaries at a sufficient dis­
tance from the measuring point, so that reflections do not reach the output point before 
the end of the simulation.

These effects reduced the reflections from the boundary. In these examples fixed 
reflection coefficients were used as absorbing conditions. If higher order absorbing 
boundary conditions are used, the problem becomes less critical (because of the wide­
band behavior of higher-order abosrbing boundaries).

Reflection Coefficient a t A ir/Piasm a Interface
1.2

0.8

0.6
Off

0.4

0.2

2010 30
frequency (GHz)

40 SO 60

Figure 4.5 Exact and calculated results for a second-order medium interface. The 
dashed line result was obtained with 2048 timesteps. As the number o f timesteps 

increase, the results can be worse due to imperfect absorbing boundary conditions. The 
phase behavior o f second-order materials in discussed in Chapter 5.
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Reflection Coefficient a t A ir/Piasm a Interface
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Figure 4.6 Exact and calculated results for a second-order medium interface. The 
dashed line result was obtained with 4096 timesteps.

The dispersion analysis of dispersive dielectrics in TLM using state-variable
approach (discussed in Chapter 5) shows that the timestep should be at least 
At < Tq/KX) to obtain accurate results. If a small frequency shift is acceptable, the limit

can be decreased to At < Tq/ 20. This restriction applies to backwards Euler and trapezoi­

dal discretization. In the case of second order materials, the restriction is the same for the 
approximate trapezoidal case and it is worse for the backwards Euler case (Chapter 5). 
This rule of thumb for the discretization is valid as long as ê , < 20.

4.3.2 Nonlinear isotropic frequency dependent dielectric
This section describes the modeling and validation of nonlinear isotropic frequency 
dependent dielectrics.

The linear medium is generally an approximation of the material under low field 
assumptions [39]. The nonlinear behavior of the polarization density are usually included 
in the constitutive relationships by a Taylor series approximation since most macroscopic 
constitutive equations are phenomenological relationships (polynomial approximations).
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The nonlinear behavior is included in the constitutive equations by adding odd pow­
ers of the electric field and polarization density. This is needed because of the inversion 
symmetry of most microscopic particles.

A first-order nonlinear approximation of the frequency dependent polarization equa­
tion can be used to describe the weak nonlinear effects. The approximation is obtained 
by extending the Taylor approximation of an undamped oscillator differential equation to 
the third order nonlinear term:

- ^ f ( t ) + a f ( t ) + b ( f ( t ) ) ^  + c ( f ( t ) ) ^ + . . .  = g ( t )  (4.23)
dt^

where g(t) is a forcing function and a, b and c are undertermined constants. These approx­
imations usually include only odd powers of f(t).

One weak nonlinear field interaction with the medium is the inversion of the ammo­
nia molecule [39] under a high power microwave field. The molecule has two equilibrium 
states. The first is a low field stable configuration. The constitutive equation that includes 
the second state is:

d ¥
+ = m^Ey (4.24)

where a  is the nonlinear coupling factor.

This medium is modeled in TLM by using the relationship between the polarization 
current and the polarization vector, as well as the TLM field-circuit analogy,:

dv
2 ^ ° '  + (Ooipoi + aqpoiipoi = 2 t û jA t3  (4.25)

Once the differential or integral equation relating the polarization vector and the 
electric field is obtained, it is not difficult to derive the equivalent circuit (as shown in 
Figure 4.7) and the differential or integral equation relating the total voltage at the node 
and the nonlinear current.

Since the current and the voltage in (4.25) can be expressed in terms of the incident 
and reflected TLM impulse voltages at the network, a finite difference approximation is 
used to solve the nonlinear equation in terms of these incident and reflected voltages.
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nl

V ,

v ,̂nl

Figure 4.7 Network representation o f the nonlinear differential equation.

The propagation of a soliton wave in a nonlinear dispersive medium was simulated 
using this model. There are several kinds of solitons [41]-[49]. The type of soliton that 
will propagate depends on the medium constitutive equation.

The constitutive equation described by the nonlinear oscillator (4.24) allows the 
propagation of self-induced-transparency (SIT) solitons [47]. In this kind of soliton prop­
agation, once the field has a critical value the nonlinear dispersive medium behaves as 
transparent (no dispersion, abosrption or reflection).

The polarization in the nonlinear medium was expressed by (4.24) with the parame- 
ers of ammonia [39]:

ojp = 2tcx 28.7GHz

©Q = 2ti; x 20.0GHz

a  = 6.94 X lOr?

Eg = 9.33 X 10* V/m in the nonlinear case (soliton propagation)

Eg = 1.0 V/m in the linear case (mainly linear propagation)

The nonlinear coupling constant a  was chosen arbitrarily. Its value was chosen to 
be low to show the dispersive effect in the propagation (under low field conditions 
E o«100  V/m).

Equation (4.25) may be further simplified by considering that the nonlinear element
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is a capacitor (Figure 4.7):

61

a
2

dv
ipoi = (4.26)

Resulting in the difference equation:

k+I^5 “  ^(k+l^s) (k^s) ^ ^ k - ' ‘’ ^^k-l'^S^ (4.27)

where:

a =

b =

(o)^At^-4) 

(0)^At^ + 4)

(tûpAt^ + 4)

- 4 PL28)

c = —b d = 1.0 e = —a 

The computational domain was a rectangular box 31.25 mm long in the z-direction 
and 0.375 mm wide in the x direction, with a mesh parameter AI of 31.25 p.m. All the 
nodes inside the domain were shunt nodes, and the medium was homogeneous. The simu­
lation was performed twice, once with a Gaussian pulse of small amplitude (1 V/m), and

then with a Gaussian pulse of large amplitude( 10  ̂V/m).

The nonlinear response is shown in Figures 4.8 to Figure 4.8.
R ro p a 0 « tio n  In OI#pmr#lv# M ed iu m  - Lln#mr mnd N o n iln « « r Ca##m

0.8

0.8

0.2

Figure 4.8 Time domain response o f the nonlinear medium at the input point. Solid line: 
nonlinear response. Dashed line: linear response.
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Figure 4.9 Time domain response o f the nonlinear medium halfway through the line. 
Solid line: nonlinear response. Dashed line: linear response.
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Figure 4.10 Time domain response o f the nonlinear medium at the output point. Solid 
line: nonlinear response. Dashed line: linear response.

4.4 Validation of three-dimensional model
This section describes the validation of the three-dimensional TLM model general media.

While in two-dimensional TLM one can usually model either electric or magnetic 
field complex constitutive relationships, the three-dimensional model includes both. The 
symmetrical condensed node (SCN) was used in the three-dimensional case.

As in the two-dimensional case, spurious reflections from the absorbing boundary 
can occur. Since single reflection coefficient to model the absorbing boundary was used in 
this work, spurious reflections were avoided by making the TLM mesh very large and
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truncating the time response. It may be noted here that the modeling of linear isotropic 
frequency independent media leads to the same results as the stub-loaded approach (if 
the trapezoidal discretization scheme is used).

4.4.1 Linear isotropic frequency independent medium
This section describes the SCN TLM model of linear isotropic frequency independent 
media and its validation.

In the case of linear isotropic frequency independent media, each field component 
must be associated with its own nodal source. All six source equations are generated by 
two equations describing the polarization current and magnetization voltage:

„ i , ( t )  = 2 Y X „ ( t )  = Y o ( e ^ - l ) 2 ^ i v „ ( t ) + V „ { t )

where u=x, y and z.

The state-variable form is:

(4.29)

ft YrC 2Y.C
dt^" ~ “  Y o ( e ^ - l ) 2A l''“ Y o ( e ^ - l ) 2A r= “

d . . 2Z|.C
dt^“ “  Zo( l i r -  1)2A1*“ Zo(Hr-  1)2A1'"'"“

(4.30)

Resulting in:

_d
dt

where:

[v( t )J - a [ U ]  [0] [v( t ) ] 2 a  [U] [0]
. [ i ( t)]_ . [0] - 3 [U] .[ i ( t )]_ .  to] 23 [U]

K ( t ) ]

[v|n(t)]
(4.31)

[U] is the 3x3 unit matrix, [v(t)] and [i(t)] are the vectors containing the voltages and cur­

rents in x,y and z directions, [v^ (t) ] and [vj  ̂(t) ] are the reflected voltages and:

a  =
YrC

3  =
ZrC

(4.32)Yo( e^ - l )2Al  ^ Zq(h^-1)2A1

The approach was validated by computing the cutoff frequency results of a dielec-
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trie-filled isotropic waveguide and compared with the result obtained with the stub-loaded 
TLM model.

The example was a WR-28 waveguide (7.112 mm by 3.556 mm, terminated by 
magnetic walls) using a regular mesh with a discretization of 24 x 12 x 4 cubic cells, and 
filled with a dielectric with of 2.22.

The first resonance of this cavity has the same frequency of the first dominant 
mode in a WR-28 guide filled with the same dielectric. The results are shown in Figure 
4.11

Com parison o f  R esults — W R 28 w aveguide
30

25

20

10

12 14 16
frequency (G H z)

2018

Figure 4.11 Dominant mode cutoff frequency o f a WR-28 waveguide. The solid line 
results are obtained with stub-loaded TLM. The dashed-line results are obtained with a 

backwards-Euler discretization scheme. The dash-dotted lines are obtained with the
trapezoidal scheme.

4.4.2 Linear isotropic frequency dependent medium
This section describes the SCN TLM model of linear isotropic frequency dependent 
media and its validation.

The nodal source equations are same as in the two-dimensional case, but the equa­
tions must be applied to the all electric or magnetic field components. Therefore, the nec­
essary storage is three times as large.

The approach was validated by calculating the scattering parameters of a parallel 
plate waveguide partially filled with a air/dispersive material. The parallel plate 
waveguide was modeled by a mesh of 200 x 10 x 5 nodes (14.65 x 0.7325 x 0.36625 mm)
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with the dielectric constant of = 1 as shown in Figure 4.12.

10 cells 
 ►

65

200 cells
5 cells

Figure 4.12 Geometry o f the parallel plate waveguide.

In the first case (Figure 4.13), the dispersive dielectric was modeled as a first-order 

Debye medium with parameters: = 1.8, = 10.0 and Tq = 9.4x10'*^ seconds.

In the second case (Figure 4.13), the dielectric was modelled as a second-order 
Lorentz medium with = 20.0, 6  ̂ = 60.0, fg = 5GHz and 5 = 0.3. Both results

were calculated using state-space equations discretized using the backwards Euler 
scheme.
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Figure 4.13 Exact and calculated magnitude o f the reflection coefficients o f an air- 
dielectric interface with a first -order dielectric.
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Figure 4.14 Elxact and calculated reflection coefficients o f an air interface with second-
order dielectric.
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4.4.3 Linear anisotropic frequency independent medium
This section describes the TLM SCN model of linear anisotropic frequency independent 
media and its validation.

In the anisotropic case, the medium model can be applied to both electric and mag­
netic fields simultaneously. The constitutive relationship involving both electric and mag­
netic fields can included by considering their tensor form. Losses can also be easily 
included in the relationship.

In an anisotropic material with non-diagonal tensor we have:

P =  [ F ] E =  ([£] -  [ U ] ) E  
M =  [ G ] H =  ([^i] -  [ U ] ) H

where:

^xx ^xy ^xz ^̂ xx ^̂ xy ^xz 1 0 d
[e] = ^yx ^yy ^yz [N  = ^yx ^̂ yy ^yz [U] = 0 1 0

_̂ zx ^zy ^zz j^zx ^zy ^zz 0 0 1

The constitutive state-equation is:

(4.33)

(4.34)

2 At
dt

Vx Vx

=  - 4 [ F ] - ‘ [0] — 8 [ F ] - '  [0]

ix .  [0 ] [ G ] - ‘ ‘x [0 ] [G]-[

iz iz

ex
r
ey
r
ez
r
mx
r
my
r
mz

(4.35)

This relationship is obtained directly from (4.33) and (4.34) without the need for an 
equivalent circuit.

The approach was validated by the calculating the cutoff frequencies of a sapphire 
filled WR-28 waveguide with the same discretization used in the first example. The per­
mittivity tensor is:
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[e] =

1(eyCos^(p + e^sin^(p) ^  0

^  sin2(p (e^cos^(p + e^sin^(p) 0

0 0 8.

(4.36)

for sapphire: = 9.34 and = 11.49, [6].

The optical axis lies on the xy plane and forms an angle (p with respect to the x

axis. The problem was calculated for tp of 0°, 45° and 90° using backwards Euler discret­
ization. The comparison between the exact and calculated results is shown in Table 4.1..

Analytical Cutoff Frequency 

6.2221 GHz 

6.5354 GHz 

6.9012 GHz

Axis Angle 

0“
45°

90°

SCN-TLM 
6.21 GHz 

6.57 GHz 

6.90 GHz

Error (%)

0.19

0.53

0.02

Table 4.1. Comparison between analytical and computed cutoff frequencies of a sapphire- 
filled WR-28 waveguide for three angles between the optical axis and the x-axis.

4.4.4 Linear anisotropic frequency dependent medium
This section describes the SCN TLM model of linear anisotropic frequency dependent 
medium and its .validation.

In a first-order approximation, magnetized ferrite is a linear anisotropic frequency 
dependent medium. Considering a gyromagnetic material subject to a magnetization field 
Ho in the z-direction with saturation magnetization Mq in the same direction, the linear­
ized constitutive equations for the permeability are [7]:

dm^
dt = ® 0® y - V y

dm
dt

(4.37)

where tOo and 0)^ are obtained from the bias magnetic field and the saturation magnetiza­
tion:

(Oq = THq

T = 2jc X 2.8 X 10° (H z/O e)
(4.38)
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The constitutive equations (4.37) can be expressed in the state variable form:

d
dt

2<BoZr
[A]

m.

[A] =
2At(û^ - Z /  

Zr 2At©^

[A]

r- _r
nx

(4.39)

The technique presented in this thesis has been used to simulate an E-plane reso­
nance isolator in a WR90 waveguide [60]. The device was designed to have a 30 dB 
reverse attenuation at 10 GHz. The ferrite slab was 0.5 mm wide, 24 mm long, and placed 
at 2.54 mm from one of the inner waveguide walls, with a saturation magnetization of 
1700 Gauss and a bias magnetic field of 2840 Oersteds, (Figure 4.15). The scheme used 
to solve (4.39) was the backwards Euler scheme.

The results, presented in Figure 4.16, are the transmission coefficients for the for­
ward and backward propagation (S21 and S12).

Figure 4.15 Geometry o f the resonance ferrite isolator.

The results in Figure 4.16 show less reverse attenuation than expected. This was 
caused by the sensitivity of the results to the placement of boundaries, and the difficulty 
to simultaneously position the slab accurately and to discretize its thickness.
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Figure 4.16 Frequency domain response o f the resonance isolator. Solid line: reverse 
attenuation. Dashed line: forward attenuation.

4.5 Conclusions
The validation of TLM models for general constitutive relationships was presented. 

The modeling technique consists of decoupling the impulse scattering at the nodes from 
equations describing the medium by using equivalent nodal sources.

The sources are governed by differential equations. These equations are obtained 
from the medium constitutive relationships. The differential equations can be represented 
in several forms.

In this work, the equations were represented in the state-variable form. This formu­
lation leads to simple discretization procedures. The discretization schemes used in this 
thesis were the backwards Euler and trapezoidal approximations. The schemes are neces­
sary in the discretization of the differential formulation.

The procedure was validated for several kinds of medium relationships. In the mod­
eling of frequency dependent relationships, it was observed that spurious reflections form
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the absorbing boundary can affect the results unless some remedial measures are taken, 
such as the truncation of the time response and the use of large computational domains. 
The major sources of error in the simulation of frequency dependent media are discussed 
in Chapter 5.

In the solution of nonlinear problems, the size of the computational domain is also 
important when solitons are to be modeled.

The procedure was also validated for anisotropic materials. One advantage of the 
formulation resides ns the possibility to model materials with constitutive relationships 
that involve the electric and magnetic fields simultaneously.



Chapter 5  ̂

Error Analysis of the IVansmission Line 
Matrix Method

5.1 Introduction
This chapter presents an error analysis of the TLM model for dispersive dielectrics and a 
new technique for quantifying errors in a simulation.

The Transmission Line Matrix (TLM) method solves a discrete approximation of a 
continuous problem [14]-[16]. The error analysis of TLM is the study of the differences 
between the numerical and exact solutions of the problem. By understanding these differ­
ences one can define and improve the accuracy of the method.

The sources of error in a TLM simulation studied in this chapter are the coarseness, 
velocity (or dispersion) and discretization errors [2]. The coarseness error is associated 
with the failure to represent rapidly varying fields or field singularities due to finite mesh 
size. The magnitude of this error depends on the structure being analyzed. The velocity 
error is related to the anisotropy of the mesh and wavelength of problem. The TLM mesh 
represents larger wavelengths better than shorter ones. The magnitude of the error is pro­
portional to the square of the ratio between the wavelength and spatial step. The discreti­
zation error is related to approximation of certain shapes, like circles and spheres, by a 
stepwise rectangular contour.

The principal method to quantify errors in TLM is dispersion analysis [22]-[27]. In 
this analysis, the mesh is uniform and infinite. In this case, the field can be obtained ana­
lytically (the solution is an infinite number of propagating and evanescent modes present 
in the mesh). These modes are represented by complex exponentials (the exponent is the 
propagation constant). The substitution of these exponentials into the TLM scheme
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results in an eigenvalue problem. The solution of the eigenvalue problem is the dispersion 
relation of the method. This relation shows the accuracy of the method. The dispersion 
analysis shows that TLM is a second-order accurate method. A numerical method is sec­
ond-order accurate if the numerical solution approaches the continuous one with the 
square of the discretization step [67]-[69].

The error analysis of dispersive dielectrics in TLM is done using the same proce­
dure. In the case of dispersive dielectrics, the accuracy of the method depends on the 
ratio between the timestep chosen and the relaxation time of the medium. The accuracy 
also depends on the values of the loss, and the permittivities.

This thesis also presents a new technique for error analysis. The method is based in 
the analytical solution of TLM difference equations. The solution procedure can be 
applied in inhomogeneous bounded meshes with or without absorbing boundary condi­
tions (ABC). The error bounds of the field solutions are obtained analytically by compar­
ing the continuous and discrete solution of the problem.

The dispersion analysis shows the geometry independent, general characteristics of 
the method (quantifies the velocity error). It provides the relationship between the wave- 
numbers (eigenvalues) of the modes propagating in the mesh and spatial step. It charac­
terizes the velocity error in TLM using a homogeneous, unbounded mesh for the 
analysis. The dispersion analysis presents the minimum error in a simulation.

Since the dispersion analysis is performed in infinite homogeneous space it does 
not include coarseness and discretization errors. The dispersion relation shows the effect 
of representing the space as a mesh of nodes. However, it can adapted to characterize the 
coarseness error of certain field singularities in an infinite mesh.

The solution of the TLM difference equations includes specific features of the 
geometry in the characterization of the numerical solution. It also provides the ampli­
tudes of the modes (eigenvectors) or features such as the impedance of discontinuities or 
number of modes propagating. Therefore, the new technique characterizes also the 
coarseness and discretization errors of the problem. In certain cases, it can provide the 
maximum error in a simulation.

This solution procedure for TLM difference equations was developed in this thesis. 
Two important results were obtained using the analytical solution of difference equations 
in selected problems; positive and negative frequency shifts in the presence of dielectrics
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and first order convergence.

The first result was obtained by calculating the TLM solution of a partially filled 
waveguide. Using the dispersion analysis, one can prove that TLM and FDTD introduce a 
positive shift in the calculation of the cutoff wavenumbers of homogeneous cavities. 
However, the results for the difference equations show that both methods can have posi­
tive or negative frequency shifts in inhomogeneous cavities (with several dielectrics). The 
reason is due to an interface effect which introduces another source of error.

The second result was obtained with the analytical solution of TLM for a capacitive 
diaphragm in a TEM waveguide. Usually, TLM solutions of irises and diaphragms (and 
filters composed by these elements) present a frequency shift in the calculated response. It 
was observed that in these cases the numerical solution converged linearly to the actual 
result. The analytical solution of the discrete problem showed the reason. In the numeri­
cal solution, a first-order error term in the form of a stray reactance is in shunt with the 
exact reactance. This stray reactance causes the linear convergence to the exact result.

5.2 Sources of error in TLM
The TLM method solves a discrete approximation of a continuous problem. Therefore, 
the solution of the discrete problem may have some features that are not present in the 
continuous one [22], [69].

The differences between the solutions are caused by the discretization of space and 
time. As mentioned before, there are three main sources of spatial error: dispersion, 
coarseness, and discretization errors [2]. The next sections will discuss each of them.

There are also other sources of error in TLM. These usually occur in the processing 
of the data before or after a simulation. This thesis will only present the analysis of the 
error caused by spatial discretization.

5.2.1 Dispersion or velocity error
The velocity error is a result of the discretization of the problem. This error can be 
reduced by refining the mesh, but it will always be present. The dispersion analysis of the 
TLM method quantifies the minimum error present in a simulation.

The dispersion analysis is performed in free-space with an infinite mesh [22]. How­
ever, this mesh is composed of discrete points. Wavelengths of the order of two spatial
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discretization step (or smaller) cannot be represented in ± e  mesh.

In the free space case, if the minimum wavelength is much larger than the spatial 
discretization, the error is substantially reduced. Since the dispersion erroris the mini­
mum error present in any simulation, the total error in any given problem will always be 
equal or greater than the velocity erro

5.2.2 Coarseness error
The coarseness is also a result of the discretization of the problem. The coarseness error is 
present when edges are simulated. Figure 5.1.

REPRESENTATION 
OF EDGES

COARSENESS
ERROR

Figure 5.1 Coarseness error in a two-dimensional TLM mesh. In both cases presented 
here, only a very fine discretization will be able to represent the features o f the problem. 

The field at the edge is not properly represented in the mesh and the position of the object 
is changed because its boundary must lie between adjacent transmission lines

In the solution of problems with fine features such as infinitesimally thin wedges or 
wires the coarseness error is the dominant source of error.

In these cases, the coarseness error is caused by the finite number of modes present 
in the mesh. The main effect is a reduction of the convergence rate of TLM from second- 
order to first-order. Therefore if the discretization of the mesh is doubled, the error is 
reduced by a factor of two instead of four, as in the second-order case.

The coarseness error can be reduced by using special nodes to represent fine fea­
tures.
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5.2.3 Discretization error
The discretization problem is caused by errors in the placement of boundaries in 

TLM. This error arises when solving problems containing circles, ellipses, spheres and 
ellipsoids. The problem is caused by the rectangular nature of the mesh.

llllMl

REPRESENTATION 
OF SMOOTH 
SURFACES

DISCRETIZATION
ERROR

Figure 5.2 Discretization error in a two-dimensional mesh. The circle is represented by
a combination o f rectangular areas.

The dispersion analysis can be used to quantify the effect of discretization and 
coarseness errors in the propagation constant. When this analysis is performed in homo­
geneous unbounded space, it cannot provide information regarding the error in the place­
ment of boundaries. However, by connecting the nodes at an open or short-circuited 
boundary, it is possible to quantify the coarseness and discretization error of the problem.
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Figure 5.3 The dispersion o f an array o f nodes enclosing the discontinuity can be used 
to quantify the coarseness and discretization errors.

The main problem is that this approach leads to large matrices.

The discretization error can be eliminated by using special schemes in the place­
ment of the boundaries.
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5.3 Error analysis in TLM
The objective of error analysis in TLM is to identify and quantify the sources of error in 
TLM. In the previous section, three major sources of error in TLM were presented. 
These were the coarseness, dispersion and discretization errors. The velocity error can be 
quantified with dispersion analysis. The actual error caused by the discretization and 
coarseness is problem dependent. It is difficult (if not impossible) to obtain error bounds 
for a general case.

The main technique to quantify the velocity error in TLM is the dispersion analysis
[22]. It is the solution of a TLM mesh in the frequency domain assuming Floquet modes 
in the mesh. These modes are complex exponentials with unknown propagation con­
stants. The propagation constants are obtained by transforming the TLM algorithm into 
an eigenvalue problem. The solution of the eigenvalue equations yields the dispersion 
relation of the method. This analysis is performed in the homogeneous free-space case.

A second analysis technique was developed in this thesis. The procedure relies on 
the solution of the difference equation of TLM. Its solution can be obtained not only for 
the free-space case, but also for various boundary value problems. This technique can 
quantify the discretization, dispersion and coarseness errors in each of these cases.

The technique employs the separation of variables in a rectangular coordinate sys­
tem. Once the wave equation is separated, the solution is obtained for each coordinate 
direction. As in the continuous case, the total solution is the product of the solutions in 
each direction [31]-[33].

5.3.1 Dispersion analysis
The generalized dispersion analysis of two- and three-dimensional TLM networks was 
presented in 1993 by Nielsen and Hoefer [22]. The authors derived closed-form disper­
sion relations for the two-dimensional shunt and series nodes and the three-dimensional 
expanded node.

The solution procedure considers steady-state solutions of the form:

f (x, y, z, t) = Aexp (j (k^x + k^y + kyZ + œt) ) (5.1)

The substitution of these modes into the TLM scheme will result in an eigenvalue 
equation:
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[P] [S] = [T] (5.2)

The solution of the eigenvalue equation:

d e t( [ I ]  -  [T] [P] [S ]) = 0  (5.3)

is the dispersion relationship. The matrices [T], [P] and [S] depend on the type of the
node [22].

The number of solutions of dispersion relation will be equal to the order of the 
matrix. In the vacuum, the two-dimensional node will have four solutions: two are static 
and two are propagating. The propagating solutions are characterized by the equation 
[23]:

2cos (kgAl) = cos (k^Al)-h cos (k^Al) (5.4)

In free space a three-dimensional node will have 12 solutions, four are static and 
eight are propagating. In the case of the symmetrical condensed node, two of these solu­
tions will be spurious. The propagating and spurious solutions are given by the equation
[23], [25]:

cos (kgAl) = ^(X Y -t-X Z + Y Z - 1)

X = cos (k^Al)

Y = cos (kyAl)

Z = cos (k^Al)

These equations result from the discretization of the continuous problem. The rela­
tions are periodic in space as well as in time. This causes the presence of passbands and 
stopbands in the solution spectra.

The relations are also anisotropic. The dispersion in the axial directions is different 
from that in the diagonal directions. Finally, the relations are frequency dependent. The 
phase and group velocities of the waves propagating through a TLM mesh change with 
frequency.

Since the phase and group velocities are frequency dependent, a simulation of a 
cavity will result in a frequency shift effect [2]. This is characteristic of the discretization 
of space. The discrete solution is a mapping of the continuous frequency spectrum into 
periodic frequency bands. This effect could be corrected if the scheme was not anisotro­
pic. This means that the frequency mapping is also direction dependent [22].
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The TLM provides accurate results only in the range where the wavelength is at 
least 10 times larger than the spatial step.

Continuous case TLM case

Anisotropy

Frequency shift
Continuous case (b) TLM case

Magnitude Magnitude

fCi fC-1 fCq fc fci fc2 fC3 fc

Figure 5.4 The effect o f anisotropy and frequency shift in TLM (These effects were 
exaggerated fo r the sake o f clarity), (a) The relationship between the wavenumbers kx 

and ky in the continuous case describe a circle with radius k. In TLM, the circle is 
transformed into a distorted circle, (b) The shorter the wavelength (high frequencies), 

the greater the frequency shift (caused by the frequency mapping).

Since the node is anisotropic, the dispersion is not equal in all directions. The direc­
tion of maximum dispersion is a characteristic of a particular node. In the two-dimen­
sional case, this is the axial direction. In the three-dimensional symmetric condensed 
node, it is the main diagonal direction.

5.3.2 Solution of difference equations
This procedure consists of solving the difference equation of the scheme with the bound­
ary conditions of the discrete problem. The result can be used to quantify the effects of 
the discretization and coarseness errors in specific problems.
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This technique is problem dependent. While dispersion analysis provides a general 
picture of the behavior of TLM, the solution of difference equations is problem specific. 
However, the solution of some specific problems allows to draw some conclusions 
regarding the behavior in a general case.

Using this procedure, it was verified that TLM and FDTD are second-order accu­
rate only if logarithmic singularities are not present. In the case of wedges, both methods 
are only first-order accurate.

The application of this technique to inhomogeneous problems revealed a dielectric 
interface effect in TLM. An error in the positioning of the interface between two dielec­
trics in TLM can have substantial impact on the accuracy of a simulation. The higher the 
difference between dielectric constants, the greater this effect can be.

The first-order convergence and dielectric interface effect cannot be verified by dis­
persion analysis. In these cases, the solution of difference equations can be used to quan­
tify coarseness and discretization errors of a general simulation. The general procedure is 
based in the solution of the difference wave equation (which is the difference equation 
for the electric field in two-dimensional shunt TLM):

The partial difference equation is transformed into a set of one-dimensional differ­
ence equations. This is done using separation of variables:

X(x-l-Al) = ( 2 -  (k^Al)^)X(x) - X ( x - A l )

Z ( z  + Al) = ( 2 -  (k^Al)^)Z(z) - Z ( z - A l )
Ey(x,z)  = X ( x ) Z ( z )  (5-7)

where X(x) and Z(z) are only functions of x and z, respectively, and k^ and k  ̂are 

the separation constants.

The solution of each of these equations is performed using the z-transform [66] or 
assuming a finite series solution. Usually, the finite series formulation is used in space, 
since the mesh size is not infinite.
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In theory, any series that satisfies the boundary conditions can be used. However, 
there is an advantage to using finite Fourier series. Each term of the series can be consid­
ered as a natural solution mode of problem. The solution of the discrete problem can be 
also expressed as a sum of natural modes. These discrete modes have the same mathemat­
ical representation as continuous modes.

The difference equations can also be used to solve inhomogeneous problems. In 
these cases, the problem is divided into several homogeneous problems. These problems 
are connected using boundary conditions.

The boundary conditions and mesh size of the simulated problem are the same as 
those imposed upon the difference equations. The result is a natural inclusion of the 
coarseness and discretization errors in the solution of the difference equations.

5.4 Dispersion analysis of dispersive dielectrics
This section describes the dispersion analysis of frequency dependent dielectrics. The 
analysis is performed by reducing the order of the TLM matrix to the free-space case. 
This is possible by assuming harmonic excitation of the mesh. In this case, the nodal 
source of a passive medium can be included in the scattering matrix of the node, which 
reduces the order of the TLM matrix. In the stub-loaded node case, the procedure is 
equivalent to the elimination of the stub by changing the impedance of the remaining 
transmission lines.

The dispersion characteristic of TLM is obtained by solving (5.3). This equation 
can be used in the two and three-dimensional cases [22]. In the case of the two-dimen­
sional node with stub, the order of these matrices is four for the free-space case. In the 
stub-loaded case the matrices are of order five. In the three-dimensional SCN case the 
free space node is of order twelve and the stub-loaded node is of order eighteen.

The order of the scattering matrix is reduced to the free-space case by using fre­
quency domain transformations. This reduces the analytical effort involved in the solution 
of the dispersion equation. It also establishes the equivalence between the stub-loaded 
and nodal source models of constitutive relationships.

The reduction of the order of the matrix is performed by obtaining the relationship 
between the incident and reflected voltages at the stub (or at the source) and the total volt­
age and current at the node.
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The analysis will be presented for the two-dimensional shunt node. The procedure 
is similar for other kinds of nodes. The relationship between incident and reflected volt­
ages at the stub-port and the total voltage at the node are:

4 ub(t + kAt) = V^,^y(t) + 4 u b ( t )  = Vnode (() (5.8)

where At is the timestep and v^o^g is the voltage across the node. Using the Fourier Trans­

form of (5.8) and combining the two equations results in:

V'tub(“ ) =
node (to)

(5.9)I 4- exp (jcoAt)

The substitution of this relationship into the scattering matrix of the two-dimen­
sional shunt node reduces the order of the matrices to four.

The same procedure can be applied to the nodal source where the relationship is:

8v^y(t) = 4 V y ( t ) - 2 A t ( e ^ - l ) ^ V y ( t )  (5.10)

5.4.1 The two-dimensional case
The matrix is reduced by substituting the voltage incident from the stub (or the source) in 
the expression of the total voltage across the node:

In the stub-loaded shunt node case:

Vy (0  = ^  (v\ (t) + v^ (t) + v' (t) -b vj. (t) ) + ^ v ‘ (t)

In the nodal source case the total voltage is:

Vy (t) = 1 (v, (t) + v^ (t) + v^ (t) + v^ (t) ) 4- v̂  (t)

These equations can be used to assemble the scattering matrix of the node:

(5.11)

(5.12)

ts]
1 - n  

1 
1 
1

I
1 - n  

1 
1 1 1 - n

(5.13)

where in the stub-loaded case:
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■u = 2 ( 1  -  j (Ej. -  1) tan (© A t /2 ) )

©At = kflAl
(5.14)

and in the nodal source case:

\) = 2 ( 1 - j © A t ( e ^ - l ) )  (5.15)

The derivative in time needs to be represented with some discretization scheme. 
The main discretization schemes used in this case are:

Backwards Euler:

Trapezoidal

= (5.16)

2 ©At
j© = j - t a n (  — ) (5.17)

In the case of the trapezoidal approximation of the derivative, the stub-loaded and 
nodal source approaches are equal.

The substitution of the scattering matrix into the dispersion relation results in the 
closed form dispersion equation:

2cos (kgAl )+j  ( 2 - \ ) )  sin (kflAl) = cos (k^Al) + cos (k^Al) (5.18)

The stub-loaded model is a particular case of the nodal source approach. Therefore 
only the nodal source approach will be studied in this section.

A useful way to visualize the dispersion relationship is to use an equivalent dielec­
tric constant. In the characterization of dispersive dielectrics, this is perhaps the best 
form to quantify the dispersion error.

The equivalent dielectric constant is defined with respect to a particular propaga­
tion direction. The definition in the u (u= x,z) direction is:

kg
6 / 0 )  = - I  (5.19)

This result is compared to the dielectric relationship of the dielectric.

The dispersion relationship for the two-dimensional case for the linear non-disper-
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sive dielectric was calculated considering two discretization schemes: backwards Euler 
and trapezoidal. The solution for various values of the dielectric constant is shown in Fig­
ure 5.5.

The backwards Euler approach introduces numerical losses to the solution. In the 
low frequency range, the loss is independent of the dielectric being modeled. In this dis­
cretization scheme the concept of cutoff frequencies is not well defined.
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Figure 5.5 Dispersion o f the two-dimensional TLM node. The solid line was obtained 
with trapezoidal discretization. The dashed line was obtained with backwards Euler

discretization.
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In the case of a first-order Debye representation of dielectric behavior:

8 6

E /m )  = e„ + j (5.20)
+JOJX0

The dielectric behavior was studied only in the direction of maximum dispersion. 
In this case it is the axial direction (x or z). Using the trapezoidal discretization scheme 
results in the propagation vector

kjgAl = acos

©At . mAt

1 —4sm ( —: ^ )  —
©At. 2Xr ©At.

cos(— ) + j - ^ s i n ( - y - )
(5.21)

Another way to represent the dispersive behavior is to compare the equivalent 
dielectric constant, with the dielectric relationship. In the case corresponding to (5.20), 
the equivalent dielectric constant is:

asm

£ /© ) =

Æ sin ( ^ )

1 l + j ^ t a n ( ^ )

(©At)
(5.22)

Comparing (5.20) with (5.22) shows a shift in the material relaxation frequency. 
The maximum relaxation frequency shift introduced by TLM in the dielectric behavior is 
given by:

A© 2Xo At
_  _  i _ _ a t a n ( j j - )

The shift is of the order of:

A© , ^"^0  ̂ At  ̂ At—  = I - 2 ^ a t a n ( 5^ )  = ( j ^ )  

where At/xg is the relative time constant of the medium.

(5.23)

(5.24)

The dispersion relation was plotted with respect to the variation of the relative time 
constant. The best results are obtained with relatively large time constants (as expected 
from (5.23)). The analysis shows no problems with the representation in the low fre-
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quency range. The results are shown in Figure 5.6.

Equivalent dielectric constant

87

10

0)T33

0*02

0.02 0 .0 4  0 .0 6  0 .0 8 0 .1 0.12 0 .1 4

- 1 0

’S ) - 2 0

<

- 3 0

- 4 0

- 5 0
0 . 0 2  0 . 0 4  0 . 0 6  0 . 0 8

M A
0.1 0 . 1 2  0 . 1 4

Figure 5.6 Dispersion o f the two-dimensional TLM node. Solid line - exact relative 
permittivity, o - TLM equivalent relative permittivity. The medium is a first-order Debye 
dielectric represented with the trapezoidal discretization scheme. The graph shows the 

magnitiule and phase angle o f the equivalent dielectric constant o f the medium.
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The second-order Lorentz representation of dielectrics is:

Using the equivalent dielectric representation for the axial direction results in:

)

2
( asin r  ̂  sin ( ̂  ) J F T Ç

E/m)  = ------- ^ ^ -----------—
(mAt)^

2 (5.26)
(Gg -  E^) (AtCOg)

Q  -----------------------------------------------------------------
2 mAt „ o)At ^

(Atmg) + j ( 2 t a n ( - ^ ) ) 0Q A t - ( 2 t a n ( - y - ) )

There is also a resonant frequency shift present in this representation. The error is:

 4 - ^ — j

where tOgAt is the relative resonant frequency and SgAt is the relative loss of the medium.

The dispersion relation was plotted with respect to the change in the relative reso­
nant frequency. The equivalent dielectric constant results are in good agreement with the 
analytical ones. The expression (5.27) is valid for relative resonant frequencies lower than 
0.25. The frequency shift increases with the relative resonant frequency.
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Figure 5.7 Dispersion of the two-dimensional TLM node. Solid line - exact relative 
permittivity, o - TLM equivalent relative permittivity. The medium is a second-order 
Lorentz dielectric represented with the trapezoidal discretization scheme. The graph 

shows the equivalent dielectric constant for two resonant frequency values.
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5.4.2 The three-dimensional case
The study of the three-dimensional case will be restricted to the symmetrical con­

densed node [16]. The results are obtained using the same procedure as in the two-dimen­
sional case. The major problems associated with the calculations are the size of the mesh 
and the complexity involved. The scattering matrix is of order twelve. In this analysis the 
relative permeability was considered to be unity.

The final expression is a fifth-order polynomial. There is no closed-form solution 
possible in this case [26], [27]. The solution can be obtained only for particular direc­
tions of propagation: axial, secondary and main diagonals. In the SCN the main diagonal 
is the direction of maximum dispersion.

(0,1,0)

1.1.0

(1,0,0)
1.0.0

(0,0,1)

Figure 5.8 Main directions o f propagation in three-dimensions. The axial (1,0,0), 
secondary diagonal (1,1,0) and main diagonal (1,1,1) are represented in the figure.

The expressions for the normalized propagation constant of propagating modes for 
the linear isotropic non-dispersive dielectric case are for:

Axial propagation:

1C|qqA1 — acos
Je^sin (üûAt)

Je^-i- cos (©At) -  E^cos (©At) 

Secondary diagonal propagation:

(5.28)
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r  o 00 At 1
k ^ o A l  =  a c o s j ^ l - 4 e ^ s i n ^ ( - y - )  J

Main diagonal propagation:

k „ i A I =  acos (8 (e^-  1) s i n ^ ( ^ )  j

2 O 00 At o
R = 16 (£j. + £|. + I ) cos ( - y - )  coscoAt+ I - 8£ ^ - 8£^cosooAt
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(5.29)

(5.30)

There is also a second mode in the main diagonal direction. This is the spurious 
mode of propagation with the normalized propagation constant:

kjAl = rt -  acos s i n Z ( ^ )  + 7r)] (5.31)

In the low frequency range the dielectric constant of the spurious mode is very 
high. Therefore, this mode propagates much slowly than the physical modes. This is a 
feature of the spurious mode which is independent of the value of the dielectric.
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Figure 5.9 Dispersion o f  the symmetrical condensed node along the 100 direction of 
propagation. The propagation along the axial planes is less dispersive than that in the

FDTD method [23].
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Figure 5.10 Dispersion o f the symmetrical condensed node along the 110 direction o f
propagation.
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Figure 5.11 Dispersion o f the symmetrical condensed node along the 111 direction o f  
propagation. The worst dispersion occurs along this direction {main diagonal). It is also 

along this direction that spurious modes are supported.
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The main problem In the study of linear dispersive media in the SCN is anisotropy. 
The equivalent dielectric constant is different depending on the direction of propagation. 
However, in the low frequency range the node can be considered approximately isotro­
pic. Therefore, all the calculations can be performed considering only one particular 
direction.

A comparison between the equivalent dielectric constants in all directions was per­
formed. The conclusion is that in the low frequency range, the results obtained with the 
two-dimensional analysis can be used in the symmetrical condensed node scheme.

The results for the first-order and second order dielectrics are presented for the 
main diagonal direction (worst dispersion error).

Equivalent dielectric constant
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Figure 5.12 Dispersion o f the symmetrical condensed node fo r  a first-order Debye 
dielectric along the (111) direction fo r two values ofàt/ïQ (âd/XQ=0.01 and A// 

XQ=0.02)The equivalent dielectric constant is compared to the analytical value of the 
constant. Solid line - exact relative permittivity, o - TLM equivalent relative permittivity.
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Figure 5.13 Dispersion o f the symmetrical condensed node with a second-order Lorentz 
dielectric along the main directions o f propagation fo r two relative resonant frequencies 
AttûQ (At(ùQ =0.01 and àt(ùQ =0.02). The equivalent dielectric constant is compared to 

the analytical value o f the constant. Solid line - exact relative permittivity, o - TLM
equivalent relative permittivity.

5.5 Difference equations
This section describes the solution of TLM difference equations. The solution of differ­
ence equations of a numerical method is different from a dispersion analysis. The disper­
sion analysis solves the numerical scheme in an infinite homogeneous mesh [22]. The 
difference equation of the method can be solved in a finite inhomogeneous case.

The dispersion analysis provides general, geometry independent features of the 
method. The solution of difference equations is geometry dependent and accounts for 
specific features of the problem.

The solution of TLM difference equations requires some transformations to the 
scheme. Once the scattering and propagation parts of the method are combined, the elec­
tric and magnetic field difference equations can be obtained.



Chapter 5: Error analysis o f the Transmission Une Matrix method 95

In the three-dimensional case, the equations will be coupled. The uncoupled equa­
tions are obtained with the formulation of discrete electric and magnetic potentials.

However, in the two-dimensional shunt node case, the electric field difference equa­
tion is not coupled to the other components. Therefore, in the shunt node case, the electric 
field equation can be used to characterize the scheme.

The solution procedure for the wave difference equation is similar to the continu­
ous counterpart [31]-[33]. The partial difference equation is transformed into a set of one- 
dimensional difference equations using the separation of variables.

Each of these equations is solved, and the combination of all solutions is subject to 
the boundary conditions. Since the mesh is finite, all spatial solutions are usually 
expressed as a finite Fourier series. As in the continuous case, the solution is also a com­
bination of modes.

In some cases, the quasi-static approximation of the solution is sufficient to verify 
some of TLM properties. The quasi-static solution of TLM can also be obtained by using 
the discrete Laplace equation.

In the characterization of TLM convergence this is a useful result. In the general 
characterization of discontinuities, the sum of higher-order modes is in general converg­
ing fast. The convergence of the method in these cases is determined by the convergence 
of the static solution.

5.5.1 The wave difference equation
In the case of TLM, the scattering and propagation of voltages represent the difference 
equations that describe the electric and magnetic fields. The procedure relies on the trans­
mission line analogy, describing the propagation and scattering of voltage pulses through 
an array of transmission lines. During a simulation, the field components can be obtained 
from the stream of voltage pulses. In the two-dimensional shunt node case, the voltages 
scattered at each node are obtained from the incident voltages by:

- 1 1 1 1
1 - 1 1 1
1 1 - 1 1
1 1 1 - 1

k +  1

(5.32)
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These reflected pulses are transferred to the neighboring nodes by:

v'j (m, n) = Vg (m + 1, n) n) =V2( n + I )

Vg (m, n) = Vg ( m -  1, n) v^Cm, n) = v ^ ( n - l )

The field components are obtained using the voltage-to-field mapping:

96

(5.33)

_  - I

Ey "l 1 1 r
ZoH^ 1

2 J2 0 -J2 0

ZoH, 0 -J2 0 4

1

^2

/4

(5.34)

However, there is no unique field-to-voltage mapping [70]. Considering the fourth 
eigenvector solution of the dispersion relationship as an additional field component W 
results in a unique mapping. The component obtained from the null space of (5.34) has 
the dimensions of an electric field [65]. The unique field-to-voltage mapping is:

(5.35)

The additional field component completes the bijective mapping. Using this map­
ping, the TLM algorithm is transformed into a set of difference equations. The electric 
field is not coupled to any other components.

The electric field difference equation is:

ŷ(m,n) " 2 l,n) "̂ ŷ(rn.n+l) "̂ ŷ(rn.n-1)] "^y(m.n) (5-36)

The remaining equations for other field components are:

I
1 ^ 0 1 r Ey

^2 1 1 0 - 7 2 -1 ZoH,
2 1 0 —1 ZqH,

V4 1 0 72 1 -  W

I t 1c +  I _  Trk x(m, n) “ x(m+l,n) Hx ( m -  I, n) (m+ 1, n) - W ( m -  l,n) ]

^  M m . » - ! )  "2Zo
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(5.38)
® ~  ^ 0  ( ^ z ( m ,  n +  1) ~  ^ z ( m ,  n -  I) ~  ^ x ( m +  l ,n)  ^ x ( m -  1, n) )

The independence of the electric field from other components allows the solution 
of most problems by solving only one partial difference equation. The equation is solved 
with boundary and initial conditions for the electric field.

This is also the case in FDTD. In a two-dimensional problem, the results obtained 
with TLM and FDTD must be equal provided that both have the same field initial condi­
tions (only Ey(t=0) is non-zero), discretization, and timestep.

The next sections describe the procedure for solving two-dimensional difference 
equations. The first example is the solution of a static problem. The result will show that 
there is only a finite number of modes in a bounded discrete problem.

The second example is the solution of a partially dielectric loaded waveguide. The 
results show a dielectric interface effect when two or more dielectrics are present in a 
simulation. This effect is not predicted by the dispersion analysis.

The last example shows the first order convergence of logarithmic discontinuities 
in TLM. The convergence rate is reduced because of the finite number of modes.

5.5.2 The two-dimensional Laplace equation
The Laplace equation can be used to obtain static solutions of the wave equation. In the 
case of TEM wave propagation, the Laplace equation can be used to calculate the imped­
ance of the line or to characterize a discontinuity.

The main result presented in this section is the finite number of modes in character­
ization of any discrete bounded problem. In the continuous bounded problem, the solu­
tion is expressed as an infinite sum of modes. In the discrete bounded problem, this sum 
is finite.

The problem under study is the solution of the discrete Laplace equation of the 
potential box problem. Figure 5.14.
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Discrete
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m

V  ( p  =  0

Figure 5.14 The potential box problem. The solutions are obtained by solving the 
continuous and discrete Laplace equations

The continuous Laplace equation is:

V (j) = 0
Subject to the boundary conditions:

9 (0, y) = 0
9  (a, y) = 0
9 (x, 0) = 0

9 (x,b) =̂ Vq

The solution of the problem is [31]:

(5.39)

( 5 . 4 0 )

, , 4Vo “ isin(nîx)sinh(nîy)
<!>(*• y) = —  Z  ; ------ — r —

n=i,3 smh(nîc-)
(5.41)

The discrete Laplace equation is:
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(p(m, 1) =  ^ ( ( p ( m + l , l )  + ( p ( m - l , l )  +(p(m, 1 + 1 )  +(p(m, 1 - 1 ) )

Subject to the boundary conditions:

cp(0,l) = 0  
(p (M, 1) = 0 
(p (m, 0) = 0 

<p (m, L) = Vq

The solution of the discrete problem is (Appendix C):

(5.42)

(5.43)

M - l

9 (m. 0  = X
n = 1,3

2Vo sin ( n ^ m )  sinh (21asinh (sin ( ^ ^ )  ) )

sinh (2Lasinh (sin ) )
(5.44)

The comparison between (5.41) and (5.44) shows a perfect correspondence 
between the mathematical expressions, but not between the number of modes.

While the continuous problem involves an infinite number of modes, the discrete 
one involves a finite set. In the numerical scheme, there are only as many modes as there 
are free points on the mesh. This can be visualized in Figure 5.15.
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Figure 5.15 Number o f modes in a discrete structure. The number o f allowed modes is 
equal to the number o f free nodes. The natural consequence is that any infinite sum of 

modes is truncated to the number o f free nodes is the discrete problem.

The importance of the finite number of modes resides in the truncation of the infi­
nite series. The convergence of the method is dependent not only on the dispersion rela­
tionship, but also on the series of modes. If the series has only first order convergence so 
does the solution [71].

A comparison between results obtained with (5.41), (5.44) and (5.42) for a voltage 
of lOOV and M=L=5 is shown in Table I. The difference between the numerical solution 
and the numerical and analytical solutions of the difference equation is caused by round-
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off error [67]-[69].

1 0 !

X.Y point ^analytical <t> numerical ^discrete

(a/4,b/4)

(a/4,b/2)

(a/4^b/4)

6.7972

18.2028

43.2028

7.14286

18.75000
42.85714

7.14285713

18.74999999
42.85714281

Table 5.1. Results for the potential box

5.5.3 TLM solution of partially filled waveguide
The partially filled waveguide was solved for the electric field discrete wave equation. 
The eigenvalues of the problem for the dominant mode were obtained and compared to 
simulations and analytical values.

The calculated eigenvalues for the dominant mode were obtained by subdividing 
the waveguide into two homogeneous regions, and by enforcing the continuity o f the field 
at the dielectric interface. The resulting transcendental equation was used to obtain the 
analytical eigenvalues of the discrete problem.

The eigenvalue equation for the discrete problem is;

A + B = 0

A = sin |^2asin 

B = e^sin ^2asin

I tan |^2N-asin 

t,
(5.45)

I tan ^2N (1 -  - )  asin

The eigenvalue equation for the continuous problem is [31]: 

P a ^ t a n C P a ^ ^ ) + E ^ p a t a n ( P a ( l - ^ ) )  = 0 (5.46)

The comparison between results for a 10 point discretization is shown in Figure 
5.16. This results shows that the main source of discrepancy between the continuous and 
discrete results is not dispersion. The cause is a surface effect in the interface between air 
and dielectric. The error tends to decrease with small dielectric fillings and increase with
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large ones.
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Figure 5.16 Relative error o f the partially filled waveguide for a 10 point discretization. 
The graph shows the error o f the TLM simulated results and the exact result (+) and the 

error o f the analytical TLM results and the exact result (o).

This result is confirmed by TLM simulations of a dielectric filled cavity. The reduc­
tion of error cannot be explained by dispersion analysis. Additional analytical results 
show that the resonant frequencies may have positive shift with certain dielectric fillings 
or for higher order mode resonances.

Therefore, TLM does not have only negative frequency shifts in inhomogeneous 
problems. This is only the case for homogeneous media. If two or more dielectrics are 
present in the simulation the frequency shift may be positive or negative.

5.5.4 TLM solution of a capacitive diaphragm
This section presents the solution of the electric field discrete wave equation for the 
capacitive diaphragm in a TEM waveguide [31]. The result is the susceptance of the dia­
phragm in the discrete case.

The result shows that the frequency shifts observed in several TLM simulations are 
not caused by spurious modes. The reason for the shift is the finite number of modes in
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the solution of the difference equation. However, due to the complexity involved in the 
solution of the difference equations for this problem, a closed form result for all frequen­
cies is very difficult to obtain. In spite of this, the static solution can be obtained with the 
convergence bounds.

The summation of an infinite number of modes yields the analytical low frequency 
solution in the continuous case. The numerical solution is obtained with a finite sum of 
modes. The result is bounded by:

B
4kg Ax

exact ^  ~  ^discrete ~  ®exact
4kg Ax

■a (5.47)^  u i b c r c i c  cAiftci

where a  is a constant dependent on the number of cells in the discretized domain.

These results show that the discrete solution has a different convergence behavior 
(from quadratic to linear) in the presence of certain discontinuities. The reason, which is 
valid for other logarithmic discontinuities, is the slow convergence of the mode series. 
Figure 5.17 shows the convergence error of the method versus the number of cells.

i
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•I
I vr

Error in the presence of the
discontinuity
Error in free space

-2

NumSer of cells

Figure 5.17 Error in the susceptance o f the capacitive diaphragm as a function o f the 
number of cells along the waveguide height.
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The rate of convergence of the susceptance is dependent on the number of modes 
of the mesh. The number of cells determines the number of modes allowed by the TLM 
difference equation. Therefore, the frequency shift observed in TLM simulations of this 
kind of discontinuity is a natural result of the difference equation.

The result can be improved by local modifications in the TLM mesh that include the 
static field behavior near the edge [72]-[73]. The total effect is the improvement of the 
convergence of the series.

5.6 Conclusions
This chapter presented a dispersion analysis of frequency dependent dielectric and a new 
procedure to quantify errors in a simulation.

The dispersion relations for the two- and three-dimensional TLM nodes were pre­
sented. An analysis for frequency dependent dielectrics was performed. The results were 
obtained for the Debye and Lorentz models of medium behavior. In the non-dispersive 
case, the source model leads to the same results as the stub-loaded representation, if the 
trapezoidal discretization scheme for the derivative is used.

In the two-dimensional case, it was verified that the relative time constant of the 
medium is the main factor in the accuracy of the simulation. The frequency shift created 
by the resonant frequencies of the medium is inversely proportional to the square of the 
relative time constant.

The SCN analysis was performed only in particular directions of propagation. The 
reason is the complexity of the equations involved in the solution for all directions. The 
existence of spurious modes was verified for the propagation in the main diagonal direc­
tion. These modes are independent of the dielectric being modeled.

The solution of the difference equation of TLM was presented. The new procedure 
was used to quantify some of the sources of error in a TLM simulation. The use of the 
technique explained the frequency shifts in TLM simulation of structures with infinitesi- 
mally thin wedges. The reason is the reduction of the convergence rate of the method. 
The finite number of modes supported by the mesh causes this effect.

The first-order term of the susceptance of this kind of wedge discontinuities 
appears as a stray capacitance in the problems. Therefore, the calculated results shift 
down or up in frequency. The direction of the shift depends on whether the boundary con­



Chapter 5: Error analysis o f the Transmission Line Matrix method 105

dition is situated between nodes or at a node. This shift is a natural feature of the discrete 
scheme and is also present in FDTD.

The solution of the discrete wave equation also revealed an interface effect in the 
representation of heterogeneous structures (more than one dielectric). The effect can be 
the main source of error in these cases. In the presented example, the effect caused a 
reduction of the error for small dielectric fillings. Additional analysis suggests that posi­
tive frequency shifts may be present in inhomogeneous structures.
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Conclusions and Future Work

6.1 Modeling and the real world
Theory is an approximation of reality.

The same can be said regarding the accuracy of numerical modeling techniques. 
While the use of numerical packages expands the knowledge of the world around, it pre­
sents the same problems that affect every approximation. The numerical solution can be 
close to the reality, but it is not reality.

The continuous development of more accurate, more efficient and powerful numeri­
cal methods is necessary. The purpose of engineering is to understand the world and use 
its laws to the benefit of humankind. At least, that is the belief of the author.

This benefit may be achieved by developing new products and technologies at a 
very fast rate. In this world, numerical packages are a necessity. The development of 
faster processors, new wireless technology, new data processing methods could not hap­
pen without numerical techniques.

These technical breakthroughs have one common denominator: computers. It was 
with the development of computers that the design process became more efficient. The 
manufacturing became more accurate. Now most of the design is performed with com­
puter models. The rate of change reached the point where no engineer could solve 
today’s design problems without numerical techniques.

The new engineer faces now an interesting challenge. The electromagnetic systems 
designer sometimes must also be able to deal with biological interactions, electromag­
netic interference, quantum effects and coupled problems in general.
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The solution of new problems is no longer a problem of a particular field expert. 
The new simulation packages must also be able to include new features to model these 
problems. At least this is true for general purpose numerical methods.

The Transmission Line Matrix (TLM) method is in this class of numerical meth­
ods. The purpose of this thesis was to extend the TLM to a wider range of applications. 
The major part of this work shows the successful extension of the method to more com­
plex interactions between media and fields.

6.2 Modeling general constitutive relationships
This thesis presented a novel approach to the modeling of general electromagnetic 

medium behavior with the Transmission Line Matrix (TLM) method. The proposed tech­
nique is based on the definition of equivalent sources connected to the nodes. The equiva­
lent sources are defined by the constitutive relationships of the medium.

However, several topics remain to be studied. The most important is the modeling 
of coupled transport and electromagnetic phenomena [10]. The extension to this kind of 
problems lies in the definition of the equivalent sources that are modeling the medium 
behavior. These sources could depend on other factors than the electric field, such as tem­
perature, moisture concentration or charge carrier concentration.

The process coupled to the electromagnetic problem to be solved together with 
TLM could also be solved using a TLM mesh, or by finite differences in the time 
domain. The TLM mesh that models the electromagnetic field would be represented by a 
source term in the other problem. The solution of the coupled problem can rely on the 
equivalent source to represent the dielectric behavior. This idea is clarified in Fig.6.1.

E,H T,n,p,V,I

TLM solver
Electromagnetii
Field

Other field 
solver, coupled 
problem

(dependent on positionfdependent on position)

Figure 6.1 Solution o f the coupled problem. The TLM solver provides a source term for  
the other field solver, and the results o f the other field solver provides a TLM source term.
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The flexibility of the equivalent source approach allows the coupling of TLM elec­
tromagnetic field solution to study temperature effects in semiconductors, full wave anal­
ysis of semiconductor devices, heating, and diffusion effects in the wave propagation 
through semiconductor substrates.

6.3 Error analysis in TLM
Numerical results are approximations of analytical results.

The solution of general constitutive relationships in TLM is the major topic of this 
thesis. However, during the development of the modeling procedure, several questions 
regarding the accuracy of TLM arose.

These questions ranged from the presence of spurious modes to the explanation of 
frequency shifts in numerical results. Because of those questions and many more, the 
author decided to examine closely the TLM method. In this investigation the numerical 
solution of dispersion analysis of frequency dependent dielectrics in TLM was per­
formed.

However, dispersion analysis seldom provides all the information needed to charac­
terize the accuracy of a TLM result. The dispersion analysis yields the minimum error 
present in a simulation. The use of the analysis in the Symmetrical Condensed Node 
(SCN) TLM shows the existence of spurious modes. These modes have high spatial vari­
ation and propagate at low frequencies [22].

However, the analysis cannot quantify these modes or predict any coupling 
between real and spurious modes. The limitations of dispersion analysis were overcome 
by the analytical solution of difference equations. This procedure was based on one­
dimensional cases.

The use of this new tool provided a different picture of the accuracy of numerical 
methods. Although both TLM and FDTD are considered second-order accurate methods, 
this does not hold in the presence of certain discontinuities. It was also verified that the 
frequency shift of results in both methods could be positive or negative if inhomoge­
neous dielectrics are present.

This is not caused by spurious modes. This is caused by the discretization of a con­
tinuous problem. In the past these effects were assumed to be caused by spurious modes 
or discretization errors. However, these problems are natural to discrete solutions of par­
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tial differential equations. One way of eliminating these effects is to implement local cor­
rections to the mesh.

A more difficult challenge is the study of spurious modes in the SCN case. The 
high-spatial wavelength, low frequency solutions suggest also a consistency problem of 
these equations. During the development of this thesis, the difference equation technique 
was applied to the solution of the three-dimensional case. However, the solution of this 
problem proved to be very complex and limited to specific directions of propagation.

6.4 Overall conclusions
With the help of the theory developed in this work, the modeling of general medium 

interactions in the TLM method has become a reality. The use of equivalent nodal sources 
avoids the need to change the scattering matrix if a new medium is simulated. The 
method can be used to analyze frequency dependent, nonlinear, anisotropic materials. The 
solution of the medium equations can be performed using any general circuit analysis 
technique.

The study of the accuracy of the TLM method led to the development of a new tool 
in the characterization of numerical methods. Although, this technique was used in TLM 
and FDTD, it can be extended to other methods as well.
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Appendix A

Modification of the Scattering Matrix

The main objective of this appendix is to demonstrate the equivalence between the 
stub loaded and the equivalent source models. Consider these two representations of the 
node. Figure A.I.

(A)

(B)

r
2

Open
Circuit

L-Al/2

f  J  Source

Figure A. 1 Representation of a Dispersive Dielectric in the TLM
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The purpose of this appendix is to demonstrate the equivalence between the 
stub-loaded (Figure A.I.a) and nodal source (Figure A.l.b) representations of the 
node.

In this development a frequency dependent dielectric is considered. In the stub- 
loaded case, the dielectric is modeled by a frequency dependent stub. The representa­
tion of this node is easily achieved in the frequency domain. To this end, consider 
that all quantities shown in Figure A. 1 are transformed to the frequency domain.

The frequency dispersive linear dielectric is characterized by the complex per­
mittivity:

E / m )  = E_4-%(to) (A.1)

Then the constitutive relationship in the frequency domain is:

D((o)  = e o £ ( ( o ) + £ o ( ( e ^ - 1 ) + x ( œ ) ) ê ( c û )  = EqEIm) 4-P(m) (A.2)

Therefore, the frequency dependent effect could be represented, in a two-dimen­
sional TLM shunt network, by the inclusion of a source P(m) in parallel with the 
shunt node, as shown in Figure A.l.b

In order to obtain the TLM formulation of this new shunt node, it is necessary to 
perform a change of variables from the incident and reflected voltages at the open-cir­

cuited stub of Figure A.I.a (vj (©) and Vj (œ) ) to the incident and reflected volt­

ages at the source of Figure A.l.b (v' (co) and v^(©) ) from the TLM node.

This change of variables can be accomplished by expressing the incident and 
reflected voltages at the source as a linear combination of the incident and reflected 
voltages at the stub. However, since the dielectric behavior is totally modeled by the 
source, the stub-loaded node must undergo a change of relative dielectric constant.

Since the incident and reflected nodal source voltages (v' (©) and v^((o) ) are

linear combinations of the incident and reflected stub voltages (v^ (©) and Vg (o) ), 

the change of dielectric constant does not change the energy at the node. The energy 
"lost" by changing the dielectric constant of node must be supplied by a source con­
nected to the node.

The change of relative dielectric constant of the node is accomplished by add­
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ing and subtracting a certain dielectric constant to the relative permittivity of the 
node. The value of this constant 6j will be determined later. The frequency domain 

permittivity may be expressed as:

e / 0 )  = ( e j - £ j+ e ^ ( o ) ) )  (A.3)

In order to reduce the size of the expressions, we introduce the auxiliary vari­
able:

5 (to) + 14 (£û) + V*3 (to) + 14 (©) ) (A.4)

The total node voltage across the stub-loaded node. Figure A.l, is:

yy(0) = ^ ( V Î C t û ) +\4 (co)+ l4(0 ) )+V4( (D)+2yV '5 (0) )  (A.5)

where:

y = 4 ( e / m )  -  1) (A.6)

The total voltage at the node (A.5) can be expressed as:

E /m )  14(00) = V ^ ^ ( m ) + 2e / m )  V*5(m)-2V‘5(m) (A.7)

substituting (A.3) in the node voltage (A.7):

( e , - e , +  e / m ) )  Vy(m) = 7^ ^ ( m ) + 2 ( e , - E j +  E / m ) )  ^ ^ ( m ) - 2 V ‘5(m)(A.8)

At this point, we change the relative permittivity of the node. We can define:

>'i = 4 ( E i - 1 )  (A.9)

then, (A.3) will now be represented as:

4  2  (e (m) —E.)
(AlO)

which is in fact the expression of the nodal source:

using the identity:
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Vy(m) = y^(m) +1/^(0)) (A. 12)

then (A. 10) may be rewritten as:

4 2 ( e ( o ) ) - e . )
V 4 ' (V ;(a)) - 1̂ ( 0» )  (A.13)

The difference between the incident and reflected voltages indicate that the 
source is current source, since the voltage and current at the node input port are given 
by:

(A. 14)

We will consider the node in Figure A.l.b. The source is connected to the node 
by a link-line of admittance y^. The total voltage at this node is:

( vi (m) + (m) + (m) + (m) + y , ( m ) ) (A. 15)

The link-line transmits the incident and reflected voltages from to node to the
source. Since the two nodes must have the same total voltage (both are modeling the
same dielectric):

V 'jm ) +\^(co)  = Vy((o) = V*5 (©) + (to) (A. 16)

Comparing (A.13) with (A. 15) results in the equivalence equation:

y, y, 2 ( £ ( © ) - £ , )
+ ' ( ^ ( 0»  - v;(co)) (a.17)

Using the voltage conservation law (A. 16), a similar equation is obtained for 
the reflected voltage. Rewriting (A.17):

(e (m) - e . )
^ ( 0 ) )  = n  (CO) -  - f (- — "l y  ■ (^5 (0» -  ^5 (0)) ) (A. 18)

the use of (A. 16) in (A. 18), results in;

(e^(a)  - e , )
v ;((0) = ( 0)) + (1 ^ (0 )  -  V*5 (G)) ) (A. 19)
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subtracting (A. 18) from (A. 19), the relationship is derived:

(e (m) - e . )
n(CO) = V*5 (CD) -  2 ^ ^ -i j  ( ^ ( to )  -  n (œ)) 

(e^(co) - e . )
v;(m) = v; (CO) + ( v;(to) -  V-, (10) )

(A.20)

The source function can be completely specified using the condition of total 
reflection at the stub. The frequency domain relationship between the incident and 
reflected voltages at the stub is:

v's (0  = V5  (r -  Af) <-> V'g (CD) = VI (CO) / toA/ (A.21)

The substitution of (A.21) into (A.20) yields the first equation of the source: 

,-yo)A( (Er((0) - e , )
vt(co) = K(co)g' (e^(co) + (e, - 2 )  ) (K(co) -K (c o )g -^ '" n  (A.22)

The second equation of the source is obtained by substituting (A. 16) into 
(A. 15):

v;(co) = - ^ ( V ‘ (Q) )+ l4 ( co )+ l4 ( co )+v i ( co )  + (y , -2 )V; (co) )  (A.23)

However, these equations (A.22) and (A.23), have a problem: the coupling 
between the incident and reflected voltages. The coupling can be avoided in the same 
way shown in [4], by specifying ej. The choice of a suitable value results in a link

line admittance of 4 (therefore e% of 2). This value will decouple the incident and 

reflected voltages (v^(cu) and v^(co) ) in the scattering matrix:

— - r
^1

^2 1
V3 4
V4

y q -

i ] ^1

[ ^ 2
1 V 3
1
)\ V 4

(A.24)

and the relationship expressed in (A.22) will change to:
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v;((û) = v ; (m) ^ (K (to) -  v;(cù)e (A.25)

Since the behavior of the source is best characterized by its current and voltage, 
it is necessary to develop (A.25) further. The current and the voltage at input port of 
the source:

Vy((û) = V;(to) +V^(cû)
(A.26)

and the relationship between the current and the voltage is:

= y (to) V/CO) (A.27)

where the is the current at the input terminals of the source.

The further development of (A.25) will results in:

I   —/(oAf
y;(co) - l / ( t o )  = (E / (0) - l )  (v ;((0) + v ; ( ( 0) ) i - - - - .^-  ̂ (A.28)

combining (A.28) with (A.26) results in:

/po/(to) = (4 ;(E /to ) -  1) tan (cOy))  1^(0) (A.29)

For a small timestep, or for infinitesimal link line length, (A.29) may be approx­
imated by:

7^„/(co) = yto2Af(£^(co) -  1) Vy((û) (A.30)

Since the analogy between fields and circuit quantities states that:

Eyi(û) = Vy{(ù) = V^(co) +V^(co) (A.31)

and the polarization vector P may be expressed as:

Pyi(û) = Eg (E/m)  -  l ) £ / c o )  (A.32)

Therefore, combining (A.32) with (A.30) the current flowing through the admit­
tance is:

2At
- y û ) “̂ £ y ( û î )  (A.33)
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Transforming (A.33) back to the time domain:

(A.34)
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Appendix B 

Discrete State-Variable Formulation of 
RC and RLC Circuits

This appendix describes the discretized state equations obtained by using the equiv­
alent circuits for the Debye and Lorentz media.

The discrete state-variable equations are represented in Chapter 4, Section 4.2.4 on 
page 51

The backward Euler formulation of the state-variable description of a first order 
Debye medium will result in the following matrices;

[A'] = a

a  =

C K I  + C2R) Cl
Cl C2( l  + Cl/?-t-RF^)

1
C14-C2 4- CXCIR + Y^+ CIRY^

(B.l)

[B'] = lY^a. ( 1 + C2R) 
1

(B.2)

with C, = 2 (e^ -  1 ) R =
2 A f ( e ^ - e J

C, = 2 ( e  - e j

The approximate trapezoidal formulation will lead to:
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[A'] = P
C 1 - C 2 ( 1 - C 1 / Î ) - y ^ ( l  + C2/î) 2C2

2C2 - C 1  + C2(1 + C1/?) -  J'^(l-C2/Î)

(B.3)

P = C l +  C2 +Cl  C2R +Y^+ C2R

[B'] = 2r^p 

The following equivalence is valid 

C, = 4 ( e „ - l )  R =

{1+2C2R)
1

(B.4)

2 A f ( e - e J C, = 4 (e  - e J

The backward Euler formulation of the state-variable description of a Lorentz 
medium will result in the following matrices;

[A'] = a
C 1 ( I + C2L + C2R) C2 -C 2L

Cl C2 ( i  + c i L + c i / ? + y ^ + / ? r ^ )  l {c i  + y )̂
C1C2 -C 2 (C l  + ŷ ) C2L(Cl + ŷ )

1a  =
C1 + C2 + Cl C2L + C1C2R +Y^+ C2L Y^ + C2R Ŷ

(B.5)

[5 '] = 2y^a
(1 + C2L + /ÎC2) 

1
C2

Cl = 2 ( e „ - l )  C2 = 2 ( e ^ - e j

with: R = L =
2Armg(e^-eJ 2(ArcÛQ)2(e^-eJ
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Appendix C 

Solution of the Discrete Laplace 
Equation for the Potential Box

Consider the two-dimensional solution of the Laplace equation in a potential box
[31] in Chapter 5.

Vo

Continuous
Problem

X

Discrete
Problem

V (p = 0

The Laplace equation describes the continuous problem:

V̂ (j) = 0 

subject to the boundary conditions:

(p (0, y) = 0 (p {a, y) = 0 (p (x, 0) = 0 (p (x, b) 

The solution is:

(C. l )

= Vo (C.2)



1 2 0

n n
. . .  ~ , sin ( n - x )  sinh (n-y )

t — ^
n = i,3  sinh(nTC-)

Consider now the discrete equivalent of the potential box characterized by the 
five-point finite-difference scheme:

(pint. I) = ^  ((p(m-l-1 , / ) + c p ( m - 1 , / ) + c p (m , / + 1 )+ (p ( m , / - I))  (C.4)

The discrete problem is subject to the same boundary conditions as the continu­
ous case. The box is discretized into a rectangular mesh of M by L points. The dis­
cretization step is such that:

(C.5)
a = MAs  
b = LAs

The five point difference scheme (C.4) can be rewritten as:

5m9 + 0,cp = 0 

(p (m+1 , / ) - 2 (p (m , / ) + ( p ( m - 1,/)
= ---------------------- ÂÏ----------------------  (C.6)

- 2 ( p { m , l ) + ( p i m , l - { )
5,<p------------------------- 33----------------------

This set of equations represents the sampling of a continuous field over a 
domain, at discrete points. Since the field is defined at each sampling point, the sepa­
ration of variables is possible at these points:

(p(m,/) = X(m)T(Z) (C.7)

Substituting the solution (C.7) into (C.6) results in:

X i m + l ) - 2 X ( m ) + X ( m - l ) ^  _ , T ( / + 1) -  2T(/)  + y ( / - 1) ^
( X W  ) + ( Ÿ y )  > -  "

which can be expressed as two one-dimensional equations:

X ( m + l )  = ( 2 - k l ) X ( m )  - X ( m - l )  

Y ( l + l )  = ( 2 - k l ) Y ( l )  - Y ( l - l )
(C.9)

with the dispersion relationship:
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' X  - ' y

The solutions of (C.9) are in the form:

X(m) = A,e 

T(/)  +

cun

(C.II)

The solution in the m-direction is readily obtained by applying the boundary 
conditions of the discrete problem together with the dispersion relationship:

(p(0,0  = 0 (j)(Af, 0  = 0  a = MA5 (C.12)

Resulting in the function:

X( m)  = Asin(— m) (C. 13)

The solution in the 1-direction is obtained by applying the boundary condition 
in the 1 direction:

(p(m, 0) = 0  b = LAs  (C.14)

The solution in the 1-direction is:

Ic
y(Z) = gsin(PZ) P = 2asin(-^) ( C l  5)

Using the dispersion relationship:

k  ̂ = 2 j s i n { ^ )  (C16)

results in the solution:

X(m)  = A sin

nK
Y (I) = 5sinh (2Zasinh (sin (;t77) ) )

ZM

(C.17)

Using the remaining boundary condition:

<p(m, L/) = Vq (C. 18)

The solution in the m-direction involves the use of a finite Fourier series in the
form:
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M - 1

a „ s i n ( ^ m )  s i n h ( 2 £ a s i n h ( s i n ( ^ ) ) )  = Vq
n = 0

(C.19)

The Fourier sum (instead of integral) is used to obtain the coefficients of the
series:

it = 0 it = 0
rM-i

%  a„sin (— m) sinh (2Lasinh (sin (— ) ) )
- r t  =  0

K k
=  [ V q ]  s in(— m )

• Xs m ( — m) (C.20)

The series coefficients are:

«7C.
V q ( c o s  ( n j t )  -  I )  s i n  ( — )

M (cos ( ^ )  -  1) sinh (2Lasinh(sin
M  2M

(C.2I)

which result in the solution:

M-  I
(p (m, 0  = X

/I = 1,3

IVo

M s m ( ^ )

sin ( n ^ m )  sinh (2/asinh (sin ) ) 
Aî 2M

riK
sinh (2£asinh (sin ( ^ )  ) )

(C.22)
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