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Abstract

This thesis presents the results of applying two geoacoustic inversion meth-
ods, an hybrid optimization algorithm and a Bayesian sampling algorithm,
to data from environments with range independent and range dependent
geophysical and geometric properties. The hybrid algorithm combines
the local method of downhill simplex with the global method of simulated
annealing, in an adaptive algorithm. The Bayesian inversion algorithm
uses a Gibbs sampler to estimate properties of the posterior probabil-
ity density (PPD), such as mean and maximum a posteriori parameter
estimates, marginal probability distributions, highest posterior density in-
tervals, and the model covariance matrix can be calculated. The methods
were applied to noise-free and noisy benchmark data for several shallow
ocean environments. An appropriate model parameterization is unknown
for many of the environments, which increases the difficulty of the prob-
lems. An under-parameterized approach was applied to determine the
optimal parameterization. The model solutions were estimated well given
the varying sensitivities of the parameters. The Bayesian inversion method
provided complete solutions including quantitative uncertainty estimates
to the inversion problems, while the hybrid inversion method provided

parameter estimates in a fraction of the computation time.
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Chapter 1

Introduction

In recent years, a great amount of effort has been applied to developing accurate and
efficient methods of estimating geoacoustic properties using measured ocean acoustic
fields. Acoustic energy propagates as a pressure disturbance, p, that evolves as it
travels through an environment. The propagation characteristics are governed by the
acoustic wave equation. The acoustic field at any given point has been influenced by
the medium it has traveled through. Geoacoustic inversion uses the measured acoustic
fields to determine unknown geoacoustic properties that influenced the fields.

To consider an inversion problem, the corresponding forward problem must first be
formulated. Given a model m representing a physical system, the forward problem in-
volves determining the data d that will be measured when a physical process interacts
with the system. If d cannot be determined, then there can be no inverse problem.
The inverse problem is to determine m, given d. Geoacoustic inversion belongs to
the class of nonlinear geophysical inverse problems that have no direct solution. The
inverse problem can be formulated by postulating a model m = {m;,i = 1, M},
to represent the unknown geoacoustic parameters. Each parameter, m;, is assigned

lower and upper bounds, m; < m; < m;", which define the parameter space for the

problem. Matched-field inversion (MFI) is a technique that can be used to determine
a likely m. In MFI, m‘easured (true) acoustic fields are compared with (replica) fields
generated for a proposed m using a numerical propagation model. The difference or
mismatch is quantified by defining an objective function (or error function), E(m).
When the difference between the true data and replica data is minimal, the proposed

model is taken to represent the sensed environment.

The primary goal of many inversion algorithms is to minimize E(m). This is
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accomplished by searching the parameter space of the problem, which can be a non-
trivial exercise. For example, the strong non-linearity of geoacoustic inverse problems
results in objective functions with many local minima; therefore, isolating the global
minimum becomes more difficult. Also, if the objective function has narrow oblique
valleys due to correlated parameters, then the search difficulty is increased. In addi-
tion, the size of the search space increases geometrically with the number of model
parameters. Therefore, the greater the number of parameters, the more challenging
the search will be. Widely varying parameter sensitivities also increase the difficulty.
Parameters that vary laterally (i.e., a range dependent environment) will increase the
computational difficulty of an inverse problem. To add to the challenge of geoacoustic
inversion, an appropriate model parameterization is commonly unknown.

A variety of inversion techniques are used in geoacoustic inversion to locate the
global minimum of F(m). The grid search method computes the mismatch at all
points in a discretized search space. It can accommodate local minima, correlated
parameters, and widely varying sensitivities in the objective function. However, for
more than a small number of parameters or a fine grid spacing, the technique be-
comes prohibitively time consuming. Several modified grid search techniques have
been used recently (e.g., Tolstoy 1998; Ainslie et al. 2000; Dizaji et al. 2002). Local
inversion methods use local gradient information from the objective function to itera-
tively improve upon a starting model. While this technique moves efficiently downhill,
the algorithm typically converges in a local minimum near the starting model. Lo-
cal methods include the Gauss-Newton method, conjugate gradient method and the
downhill simplex (DHS) method. Local methods have been successfully applied to
geoacoustic inversion problems by Rajan et al. (1987) and Zala and Ozard (1998).
Global inversion methods widely search the parameter space by repeatedly perturb-
ing the models using a random process. This method includes the ability to move

uphill in the objective function and therefore allows the algorithm to escape local
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minima. The model perturbations are generated without using gradient informa-
tion; therefore, the algorithm is inefficient at navigating downhill and into the narrow
oblique valleys generated by correlated parameters. Two popular global methods in
geoacoustic inversion are Genetic Algorithm (GA) (e.g., Gerstoft 1994; Ratilal et al.
1998; Heard et al. 1998; Siderius et al. 2000; Taroudakis and Markaki 2000) and
Simulated Annealing (SA) (e.g., Collins et al. 1992; Fallat and Dosso 1998).

When an inversion problem has more than a few parameters, or parameters with
varying sensitivities, one attempt to improve the efficiency of standard inversion meth-
ods is to simplify the inversion problem by dividing the parameter space into sub-
spaces, i.e., to group parameters together and invert for each group in a preferential
way during the algorithm. The subspaces have a lower dimensionality than the orig-
inal model space, which will reduce the difficulty of the problem. However, a prior:
knowledge of parameter correlations is needed so that the model groupings are ap-
propriate (e.g. Ratilal et al. 1998; Ainslie et al. 2000; Taroudakis and Markaki
2000).

Another way to improve upon standard inversion methods is found in hybrid in-
version methods. Hybrid inversion methods combine local and global methods so
as to retain the good points of both methods and overcome their respective weak-
nesses. The local component enables the algorithm to effectively move downhill while
the global component enables the algorithm to escape local minima. The method,
therefore, is appropriate for inverse problems with complicated or unknown objec-
tive function topographies. Some hybrid algorithms applied to geoacoustic problems
include GA combined with Gauss-Newton (Gerstoft 1995), GA combined with DHS
(Musil et al. 1999) and Fast Simulated Annealing (FSA) combined with DHS (Fallat
and Dosso 1999). Adaptive Simplex Simulated Annealing (ASSA), a hybrid algorithm
which combines an adaptive FSA with DHS (Dosso, Wilmut and Lapinski 2001) is

described in Chapter 2 of this work with results presented in Chapters 3 through 5.
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While great effort has been applied to finding optimal solutions to inverse prob-
lems, comparatively little effort has been applied to rigorously determining the uncer-
tainties or correlations of the parameters. For linear inverse problems with Gaussian-
distributed random errors on the data, a complete, straightforward, error analysis can
be conducted. Gaussian data uncertainties imply Gaussian parameter uncertainties in
linear inversion. For nonlinear inverse problems, such as geoacoustic inversion, Gaus-
sian data uncertainties do not imply Gaussian parameter uncertainties. A frequentist
approach can be used to put approximate error bounds on the parameter estimates.
If multiple data sets are available for a given environment, for example the measured
pressure fields for a continuous source in time are divided into snapshots (Siderius et
al. 2000), then inversions for each data set will produce parameter estimates. The set
of parameter estimates can be used to determine a mean solution and the standard
deviation of the parameter estimates can be used to estimate the uncertainty of the
mean solution. However, it is unclear how meaningful these estimates are.

Bayesian inf.erence theory offers a method to estimate parameters and their uncer-
tainties for nonlinear inverse problems. Bayesian inference theory treats parameters
as random variables, which allows probabilities to be assigned to parameter values
(Olson 1987). Bayesian methods are based on sampling the posterior probability den-
sity (PPD) which combines prior information abou‘t the model with information from
a measured data set. The PPD embodies the solution to the inverse problem. The
Bayesian formalism has previously been applied through GA by Gerstoft (Gerstoft
1994; Gerstoft and Mecklenbrauker 1998). An often used early method (Gerstoft
1994; Ratilal et al. 1998; Taroudakis and Markaki 2000) is based on an empirically
normalized data likelihood function resulting in an inaccurate PPD (Gerstoft and
Mecklenbrauker 1998). In a later work, Gerstoft and Mecklenbrauker (1998) devel-
oped PPD estimation for geoacoustic inversion using a likelihood-based approach. In
their work, fast estimation of the PPD was considered more important than accuracy;

therefore, the final generations of GA inversions were used to generate the PPD. This
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introduced unknown bias into the estimates due to the unknown sampling distribution
of GA. Dosso (2002) applied the likelihood-based formulation of Gerstoft and Meck-
lenbrauker (1998) in a Gibbs sampling technique. Unlike GA, a Gibbs sampler (GS)
has a known sampling distribution. Gibbs sampling in its basic form can be compu-
tationally slow; therefore, modifications were applied to form a Fast Gibbs Sampler
(FGS). The FGS has been compared with GS and Monte Carlo methods for standard
benchmark geoacoustic test cases, and found to produce identical results in orders of
magnitude less computation time (Dosso 2002). It has also been successfully applied
to measured data (Dosso and Nielsen 2002; Reidel et al. 2002). Bayesian theory and
the application of the FGS are presented in Chapter 2 and Chapters 4 and 5 of this
work, respectively.

In addition to applying an appropriate inversion algorithm, a proper formulation
of an inversion problem is very important. For example, choosing an appropriate pa-
rameterization is necessary. If the parameterization does not adequately represent the
true environment, then the best model found will be meaningless. If the model param-
eterization is unknown, using either an under-parameterized or an over-parameterized
approach can be used to determine the model structure. An under-parameterized ap-
proach, as discussed later in this work, finds the model with the least amount of
structure that resolves the acoustic data. An over-parameterized approach can also
be used, in which a penalty for structure is included in the objective function being
minimized.

Choosing proper parameter bounds is also necessary. The bounds should include
the true solution, however, the true solution is typically not known. Therefore, in-
formation is needed about the environment so that realistic parameter bounds can
be applied. In addition, the parameter space should not be allowed to become pro-
hibitively large by choosing unnecessarily wide parameter bounds.

In MFI, the forward problem may be solved tens of thousands of times, therefore it

is important to ensure that the calculation of the replica fields as efficient as possible.
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To calculate the replica fields, an appropriate propagation model must be chosen
with respect to the environment and the inversion algorithm. For some propagation
models, such as those used in this work, the computational effort required to calculate
the replica fields increases with the source frequency. Care must be taken when
choosing what frequencies to use. However, to determine geometric and geoacoustic
properties in both the water column and the ocean bottom, a range of frequencies
could be needed. Attenuation increases with frequency; therefore, high frequencies are
more sensitive to upper sediment properties, and lower frequencies are more sensitive
to deeper structure (Collins et al. 1992; Ratilal et al. 1998; Taroudakis and Markaki
2000). High frequencies are also more sensitive to source position and water depth
(Ratilal et al. 1998; Taroudakis and Markaki 2000) as well as to small-scale structure.
Subspace inversion methods sometimes use this feature to carry out inversions (Ratilal
et al. 1998; Ainslie et al. 2000; Taroudakis and Markaki 2000). Finally, a matched
field processor (error function) appropriate to the data available must be chosen
(Dosso and Wilmut 2002).

There were two primary goals with respect to the work presented in this thesis.
One objective was to establish if appropriate parameterization could be determined
for both range independent (i.e., properties vary vertically but not laterally) and
range dependent problems using ASSA and the under-parameterized approach. The
other objective of the work was to assess the ability of ASSA and the FGS to generate
solutions for range dependent inversion problems. Inversions for range independent
environments require less computational effort than similar range dependent prob-
lems. However, applying the inversion methods to range dependent environments
is important because only a subset of ocean environments can be approximated as
range independent environments. A successful application of the FGS includes gen-
erating parameter and uncertainty estimates and other statistical information about

the problem by sampling the PPD. A successful application of ASSA includes the
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algorithm converging to a good model estimate that approximates the true environ-
ment. Uncertainty estimates from FGS and, in a limited way, a relative sensitivity
analysis from ASSA can be used to judge how well model parameters are determined
for each inversion method.

An international workshop was held in Vancouver, BC, Canada, in 1997 to provide
a forum to compare current geoacoustic inversion methods (Tolstoy et al. 1998).
A suite of benchmark ocean acoustic data representing range independent, shallow
water environments was made available. The benchmark data allowed for comparisons
between inversion methods. Data for six test cases, each with three subcases, were
provided (the subcases had the same model parameterization, but different parameter
values). Calibration data with known parameters were also made available so that
computation errors could be removed from the inversion codes. In 2001 a similar
international workshop was held in Gulfport, MS, USA (Chapman et al. 2001). A
focus of this workshop was to compare inversion techniques applied to data from
range dependent shallow water environments. Four synthetic data test cases were
supplied, one being a calibration test case. Except for the calibration case, the model
parameterization was unknown for each test case, prior to the workshop. In this
work, the applications of ASSA and the FGS to test case data from both workshops
are analyzed, with particular attention focused on determining appropriate model
parameterizations.

This thesis is divided as follows: Chapter 2 presents the theory for this work. In
Sec. 2.1 the hybrid optimization algorithm ASSA is described. In Sec. 2.2, the theory
and development of the FGS is presented. In the subsequent sections of Chapter 2,
error functions, acoustic propagation models and the under-parameterized approach
to determining model structure are discussed with respect to the work presented in
the remaining chapters. Chapters 3, 4 and 5 present the results of applying Bayesian

and/or optimization inversion methods to data generated for range independent and
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range dependent environments. In Chapter 3, ASSA is applied to noise-free bench-
mark data for a range independent environment with unknown model parameteriza-
tion. In Chapter 4, ASSA and FGS are applied to noise-free benchmark data for three
range dependent environments, two of which have unknown model parameterization.
In Chapter 5, ASSA and FGS are applied to noisy data. The data used were gener-
ated by adding noise to two of the data sets used in Chapter 4. Chapter 6 presents

general conclusions from the work.



Chapter 2

Theory

This chapter outlines the theory behind the work presented in this thesis. ASSA
and the FGS are first developed and described, followed by discussions about error

functions, unknown model parameterization and acoustic propagation models.

2.1 Adaptive Simplex Simulated Annealing (ASSA)

In this section, the minimization technique for a highly non-linear objective func-
tion E(m) is described, where E(m) is the mismatch between the observed (mea-
sured) acoustic field data, d°®, and the modeled acoustic field data, d(m). ASSA
is a hybrid inversion algorithm which combines DHS with an adaptive FSA. The re-
sults of applying ASSA to data from both range independent and range dependent
environments are presented in Chapters 3 through 5 of this work. In the following

sections DHS, SA, FSA, and ASSA are described.

2.1.1 Downbhill Simplex

DHS (Nedler and Mead 1965; Press et al. 1992) uses a geometric scheme to
determine local downhill steps in an objective function F(m). For an M-parameter
model, m, a simplex of M + 1 models is used. The goal is to improve the model
with the highest mismatch through a series of geometric steps including reflections,
expansions and contractions. For example, Fig. 2.1(a) represents a simplex with
M = 3 parameters. The model with the highest mismatch is first reflected through
the face of the simplex (Fig. 2.1(b)). If the new, reflected, model is a better model



Chapter 2 10

(a) high Initial Simplex

(b) T

Reflection

(c)

Reflection and
Expansion

(d)

Contraction

(e) e s & 4 Multiple
% Contraction

Figure 2.1 Geometric steps of the Downhill Simplex method for a three dimensional model,

after Press et al. 1992.
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(has a lower mismatch) than the original model, then it replaces the original model in
the simplex; otherwise it is discarded. If the reflected model has the lowest mismatch
in the simplex, then an expansion by a factor of two is attempted in the same direction
as the reflection (Fig. 2.1(c)). After the reflection, if the model in the simplex with the
second highest mismatch has remained the model with the second highest mismatch,
then the model with the highest mismatch is contracted by a factor of two towards the
simplex face (Fig. 2.1(d)). If none of these attempts reduce the mismatch below the
second highest mismatch, then a multiple contraction is performed, about the model
with the lowest mismatch (Fig. 2.1(e)). The algorithm continues until the highest
and lowest mismatches satisfy

Biigh — Fiow
(Ehigh + Eiow)/2

< € (21)

where ¢€; is a user specified tolerance level, and Eyig, and Ej,, are the highest and
lowest mismatches, respectively, in the simplex. The criterion is tested prior to each
reflection. Each step in the algorithm is straightforward to calculate. However, the
method may not be as efficient in finding the local minimum as more precise local
methods that require the calculation of partial derivatives and the solution of systems
of equations to compute downhill steps. However, for ASSA only a general descent

rather than a precise descent is required when DHS is combined with FSA.

2.1.2 Simulated Annealing

SA (Kirkpatrick et al. 1983; Press et al. 1992) is based on an analogy with crystal
growth through thermodynamic annealing. SA and GS, discussed in Sec. 2.2.3, have
the same statistical origins. In statistical thermodynamics, the Boltzmann or Gibbs’

distribution

P ) e exp[—E(m)/T]

= S expl—E(m)/T] (22)
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gives the probability that a system of many particles is in a state m with an energy
E(m) at absolute temperature 7. The sum in the denominator that provides the
normalization is over all possible states. To simulate the behavior of a system in
equilibrium, an algorithm was proposed (Metropolis et al. 1953) in which the system

is repeatedly perturbed and the perturbations are accepted if the criterion
£ < exp|—AE/T] (2.3)

is satisfied, where £ is a uniform random number on [0, 1] and AE is the difference be-
tween the energies of the proposed and current state. This is the so called Metropolis
Algorithm (MA). After a large number of perturbations are accepted at a constant
T, Markov-chain analysis confirms that the MA equilibrium distribution is given by
the Gibbs’ distribution (2.2) (Sen and Stoffa 1995).

In SA, the state m is the model and the energy E(m) is the error function. The
MA is applied and any perturbed model that moves downhill in the objective function
is accepted while a model that moves uphill may still be accepted. The temperature
T, a control parameter, is decreased slightly after each iteration. As T decreases, the
rate of accepting uphill steps decreases, which forces the algorithm to search more
thoroughly for the minimum of the region it is in.

The method of perturbation is an important aspect of SA. For example, in FSA
(Szu and Hartley 1987) the random perturbations are chosen from a Cauchy dis-
tribution about the current parameter values while the width of the distribution is
reduced linearly with the temperature. A Cauchy distribution has a narrow cen-
tral peak and heavy tails. This ensures a focus on local sampling with occasional
large perturbations. To increase efficiency further, the rate at which the distribution
width decreases can be manipulated. For example, successful results were obtained
by reducing the distribution width using a square-root dependence with respect to
temperature (Fallat and Dosso 1998). ASSA uses an adaptive method to individu-

ally reduce the distribution width of each parameter, as described in the following
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sub-section.

2.1.3 ASSA Algorithm

ASSA combines DHS and SA methods to form an adaptive hybrid algorithm
(Dosso, Wilmut and Lapinski 2001). Previously, other non-adaptive DHS-SA hybrid
algorithms have been suggested (e.g., Press et al. 1992; Pan and Wu 1998; Fallat and
Dosso 1999). In ASSA, SA features are applied at each DHS geometric step. ASSA
has previously been shown to be an effective optimization algorithm. The following
briefly describes the ASSA algorithm.

For an M-parameter model, the ASSA algorithm begins by randomly generating
a simplex of M +1 models. The DHS algorithm then proceeds, but with the following
variations. For every new model, m’, generated from a DHS geometric step, random

perturbations m,;C are added to each parameter m;:
m; = m; + om;C (2.4)

where C' is a Cauchy-distributed random variable and dm; effectively scales the
Cauchy-distribution width for parameter m;. If m! does not fall within its parameter
bounds, then m] is perturbed again. The Metropolis criterion (2.3) is used to either
accept or reject m”. If accepted, m” replaces m in the simplex. The algorithm then
proceeds to the next DHS geometric step. One note about the algorithm is that the
DHS multiple contraction is typically applied only in the final phase of the algorithm
due to the computationally expensive nature of the step.

In ASSA, the random variable, C', is drawn from a distribution such that
C = tan(nym/2) (2.5)

where 7, and 7, are uniform random variables on [—1, 1]. Lane 1992, states that this

is a Cauchy distribution. For the first S perturbations, the Cauchy distribution is

+

scaled to the width of the parameter bounds, dm; = m} — m; where m;" and m;
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are the maximum and minimum allowed parameter values. For the remainder of the

+

algorithm, the Cauchy distribution is scaled to the smaller of either m;” —m; or sm;,
where s is a control parameter, s > 1, and m; is the mean perturbation size. The mean
perturbation size is the running average of the last S accepted random perturbations
for that parameter. Therefore, the allowed perturbation size adapts as the algorithm
runs and is unique to each parameter. By increasing s and S, the parameter search
becomes slower and more thorough. It is found that the algorithm may still have
difficulty accepting a new model, at times. Incorporated into the algorithm is the
criterion that if a large number of consecutive models are rejected, then a further
reduction in the Cauchy distribution is applied.

The rate of the temperature decrease is controlled according to
T, = ﬁnTov (26)

where T, is the temperature at the nth temperature step, 3 is a control parameter that
controls the rate of temperature decrease (8 < 1), and T, is the initial temperature.
The number of new models to be accepted at each temperature step, the maximum
number of temperature steps, and 3 and T, are all values that are problem specific
and must be adjusted with respect to each problem. To ensure that the temperature
decreases slowly enough to allow the parameter space to be sufficiently searched,
must be sufficiently close to 1. Also, if T}, is too high, then computation time will be
wasted by accepting a large number of unrealistic models and if 7}, is too low then the
parameter space will not be properly searched. An appropriate T, allows ~ 90% of
the models to be accepted initially. Typically, the control parameters do not require
a comprehensive analysis to be adequately determined.

A modification to the ASSA algorithm described by Dosso, Wilmut and Lapinski
(2001) is the addition of a convergence test prior to the final quenching phase of the
ASSA algorithm. The convergence of the simplex is judged by evaluating (2.1), with

€1 = 0.005. If the convergence criterion is satisfied, then the algorithm begins its
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final phase, as described below. Otherwise, the final phase does not begin until the
maximum number of temperature steps has been achieved.

The final phase of the algorithm is a DHS quenching to move directly to the
bottom of the minimum that the ASSA algorithm has located. The best model in
the current simplex is saved, and the remainder of the simplex is reinitialized with
randomly generated models. The DHS method is then applied to the simplex until
either the convergence criterion (2.1) is met with ¢; = 0.0001 or the maximum number
of DHS steps is realized. The quenching allows one final search of the parameter space
for the lowest mismatch.

The efficiency of the ASSA algorithm, compared to SA (or FSA), has been im-
proved on several fronts. The DHS steps help the algorithm maneuver down the
objective function, adapting to parameter correlations. The adaptive nature of the
algorithm also helps parameters converge to an optimal value at a rate related to
their effect on the mismatch. This, therefore, also helps increase the efficiency of the
algorithm. Another attribute of the algorithm is that the simplex always maintains
the M + 1 best models encountered providing an effective memory of good solutions.
SA and FSA have no memory and a good model could be replaced and never en-
countered again. The improved efficiency can be seen through the comparison of
ASSA and FSA results with respect to the 1997 workshop test cases. ASSA provided
significantly better parameter estimates in less computation time than FSA for all

benchmark test cases (Fallat and Dosso 1998; Dosso, Wilmut and Lapinski 2001).

2.2 Fast Gibbs Sampler (FGS)

In the following sections, inverse theory from a Bayesian perspective, importance
sampling and the GS are introduced, based on Dosso (2002), Sen and Stoffa (1995),
and Sen and Stoffa (1996). The FGS algorithm, as presented by Dosso (2002), is also
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outlined.

2.2.1 Bayesian Formulation of Inverse Theory

For data d and model m that represent random variables, Bayes’ rule can be

written
P(m|d) «x P(d/m)P(m), (2.7)

where P(m|d) is the conditional probability density function (PDF) of m given d,
P(d|m) is the conditional PDF of d given m, and P(m) is the PDF of m (the
a priori information). The PDF of observed data, d°, is referred to as the likelihood
function, L(d°*|m). It contains the a posteriori information from the data. When

d°™ replaces d in Eq. (2.7), the relation is rewritten as
P(m|d°™®) oc L(d°®®|m)P(m), (2.8)

where P(m|d°") is the posterior probability density (PPD). The prior PDF con-
tains the available a prior: information about the model while the PPD denotes the
information content given both the data and the prior information.

The statistical distribution of errors on the data, from both measurement and
theory, governs the expression of L(d°*|m). For example, under the assumption that
the measured data contain complex, zero-mean, Gaussian-distributed random errors,

the likelihood function is,

L(d™|m) = exp [~[d — d(m)]'Cp~'[d —d(m)]]  (29)

™ |Cp|
(e.g., Hammersley and Handscomb 1964; Gerstoft and Mecklenbriauker 1998) where
Cp is the data covariance matrix and f refers to the conjugate-transpose. The like-

lihood function can also be represented as,

L(d°*|m) o exp[—E(m)], (2.10)
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where,
E(m) = [d*®* — d(m)]' Cp~" [d°> — d(m)] . (2.11)

Thus, the PPD can be written

obsy __ exp[—E(m)] P(m)
P(m|d™) = [ exp[-E(m’)] P(m') dm'’

(2.12)

where the integration bounds of the normalization span the model space.

The PPD P(m|d°>) embodies the general Bayesian solution to the inverse prob-
lem. The calculation of integral moments of the multi-dimensional PPD, such as the
posterior mean model, model covariance matrix and the marginal probability dis-
tribution for parameter m;, are needed to interpret the PPD solution. These PPD

properties are defined, respectively, as
(m) = / m' P(m’|d®) dm’,
(m’ —

cu - ]

P(m;|d°®) = /6(m; —m;) P(m'|d°®) dm’,

(m'))(m’ — (m'))” P(m'|d°*) dm’, (2.13)

where 0 represents the Dirac delta function and T represents the transpose. These

moments can be written in the general form
1= /f(m’) P(m'|d°) dm'. (2.14)

In addition, the model that maximizes the PPD is known as the maximum a posteriori
(MAP) solution. For PPDs that are multi-modal or considerably asymmetric, the
MAP solution can provide more meaningful parameter estimates than the posterior
mean (m) (2.13). If the MAP solution is the only estimate required, then optimization
methods such as ASSA can sometimes be employed and are typically more efficient

than Bayesian methods.
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2.2.2 Importance Sampling

Efficiently evaluating integrals of the form (2.14) is of primary concern in Bayesian
inversion. Grid searches and Monte Carlo methods can be used, but are computa-
tionally intensive for more than a small number of parameters. A more efficient
approach is the technique of importance sampling. In importance sampling, models
{m;, j =1,Q}, are drawn from regions of the model space that contribute the most
to the integral (i.e., important regions). This reduces the variance of the integral
estimator for a given sample size. If the () models are drawn from a normalized,

non-uniform, sampling distribution, g(m), then Eq. (2.14) can be written

fm' Pm/dobs I , 1 Q 4

(2.15)

P(m;|d°™)
g(m’) ( '

g(my;)
Importance sampling provides an unbiased estimate of the integral. However, if an
unknown sampling distribution is used so that the estimate cannot be corrected for
g(m) (denominator of Eq. (2.15)), then the estimate will be biased. The formulation

of g(m) that minimizes the variance of the integral estimator is given by

m m obs
o) — L7 m)|P(mld*™)

= 1/ (m)| P(m'[d°>) dm’ (2.16)

(e.g., Sen and Stoffa 1995). However, since P(m|d°™) « exp[—FE(m)] as in (2.12),
then to evaluate the integral in Eq. (2.16) E(m) must be evaluated at all points in
the sample space. If this is done, then there is no need to use importance sampling.
Therefore, in importance sampling, a more practical function g(m) is used. The
GS, as described in the following section, is a sampling method that provides a useful
sampling function, without requiring the enumeration of the sample space. It satisfies
the normalization requirement and has a known sampling distribution which therefore
ensures that the estimates of (2.15) are unbiased. This is in contrast to Gerstoft and
Mecklenbrauker (1998), who used GA to estimate the PPD. GA has an unknown

sampling distribution, which will in turn bias the evaluations of Eq. (2.15).
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2.2.3 Gibbs Sampler (GS)

As mentioned previously, the GS and SA have their origins in the MA (2.3). In the
MA, Markov-chain analysis confirms that at a constant 7" the equilibrium distribution
is given by the Gibbs’ PDF P;(m) (2.2). Therefore, the MA at equilibrium is a GS. If
T =1 and the prior PDF, P(m), is uniform between the upper and lower parameter
bounds (as is typical for matched-field inversion), then the Gibbs’ PDF Pg(m) and
the PPD P(m|d°®) (2.12) are equivalent, except for the sum and integral calculated
in their denominators. In this case, at equilibrium, the MA samples directly from the
PPD P(m|d°®). Since P;(m) is a normalized non-uniform sampling distribution, it
is an appropriate choice for g(m). For a GS, Eq. (2.14) can therefore be approximated

as
1 Q
I~ 3 > f(my). (2.17)
§=1

Thus, the integrals of Eq. (2.13) can be estimated directly from the set of ) accepted

models without solution bias.

2.2.4 FGS Algorithm

The GS, though more efficient than other methods such as grid search and Monte
Carlo, can still be computationally slow. Modifications can be made to the GS that
improve its efficiency without biasing the estimates. The following describes the
modifications made to the GS to produce the FGS algorithm (Dosso 2002).

The first stage of the FGS algorithm is a cooling stage that allows the algorithm
to find a region of models that are reasonably probable. The cooling stage involves
quickly reducing T' from a high temperature to 7' = 1. Throughout the cooling, the
maximum perturbation size for each parameter shrinks adaptively. Once T' = 1 has
been achieved, the maximum perturbation size most recently used is retained, and

all but the last model are discarded. Following that, after each perturbation the
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maximum perturbation size for each parameter is adjusted to be the larger of either
the current maximum perturbation size or k times the last accepted perturbation,
while not exceeding the width of the parameter bounds. Typically, £ = 2, however
after a large number of accepted perturbations, it can be reduced to k = 1.2. Thus
the maximum perturbation is allowed to grow so as to only sample the important
regions.

In an attempt to improve computation time, a modification to the algorithm
described by Dosso (2002) was added. During periods when the algorithm has a
low rate of accepting a perturbation, the maximum perturbation size is temporarily
reduced to help hasten the acceptance of a model. Following the acceptance of a
perturbation, the maximum allowed perturbation width returns to its prior width.
After observing the behavior of this modification (not shown) it was concluded that
it did not adversely influence the algorithm. This modification is only implemented
prior to the rotation of the parameter space axes described next.

After a predefined number of accepted perturbations, the parameter space axes
are rotated by applying an orthogonal transformation that diagonalizes the model
covariance matrix, Cp (2.13). The rotation helps improve the sampling efficiency by
orienting the parameter space axes along the oblique valleys that result from param-

eter correlations (e.g., Jaschke and Chapman (1999)). An eigenvector decomposition

of CM
Cm=AAAT (2.18)

is required to determine the rotation matrix AT (T symbolizes the transpose), where
A is a diagonal matrix of eigenvalues, and the eigenvectors form the columns of the
orthonormal matrix A. Each rotated model, m, is determined through the orthogonal

transformation

i = A pa. (2.19)
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Following the initial rotation, parameter perturbations are solely applied in the ro-
tated space. The parameter bounds and the maximum perturbation sizes of each
rotated parameter must be determined. The bounds are determined by generating
a large number (e.g., 10°) of random models from the unrotated sample space. The
orthogonal transformation is then applied to these models and the maximum and min-
imum values found for m; are assigned as the bounds of the parameter. Similarly, the
maximum parameter perturbations in the rotated space can be approximated. The

perturbed models are continually rotated back to the original (physical) parameters
m = Am (2.20)

so that the forward problem can be solved and the Metropolis criterion (2.3) can be
tested.

The FGS algorithm also includes an automated convergence criterion. In the
algorithm, the FGS is applied in parallel and two independent samples of accepted
models are generated. The two samples are compared periodically and the algorithm
is terminated when the difference between the two samples is satisfactorily small. In
particular, when the differences between estimated cumulative marginal distributions
for each parameter are each below a threshold, €3, the algorithm is terminated. An
acceptable threshold is ¢, = 0.1. It is expected that when the two independent
samples are combined the difference between the estimated marginal distributions
and the true marginal distributions will be smaller than the difference between the

two samples.

2.3 Error Function

The error function, E(m), is an important element of MFI. The following briefly
describes the derivation of the error function for data generated using multi-frequency

sources and multiple independent samples such as that acquired at multiple ranges



Chapter 2 22

from the sources. The error function is a measure of model fitness used in both
the optimization techniques described earlier and in sampling. The following follows
the approach presented by Dosso and Nielsen (2002) for single-range data but uses
somewhat different notation. This approach was originated by Gerstoft and Meck-
lenbrauker (1998) in geoacoustic inversion.

Let it be assumed that the IV data for each range and frequency contain complex,
Gaussian-distributed random errors that are spatially and temporally uncorrelated,
and uncorrelated over frequency with an identical spectrum at each sensor. If the
phase and amplitude of the source are unknown, then the likelihood function can be
maximized with respect to the unknown source information and can be written

£(@m) = [ [] ——x o [-Bralm) 457 fura],  (221)

f=1a=1 (™ v1a)

for F' frequencies and N, ranges. In Eq. (2.21), vy, is the data variance and By,(m)
is the normalized Bartlett mismatch (e.g., Mecklenbrauker and Gerstoft 2000; Dosso
and Wilmut 2002), defined

dT m) deobs|2
| a( ) fa (2.22)

|dya(m)[? A3

Bfa(m) =1~

where d,(m) is the replica field for the proposed model, computed using a numerical
propagation model. The range of Bf,(m) is between zero and one. A perfect match
(parallel observed and replica data vectors) is represented by zero and a perfect mis-
match (orthogonal vectors) by one. The error function is defined as the negative of
the exponent of the likelihood function, Eq. (2.21) (and (2.10)), given by

F N,

E(m)=> "> Bj,(m) [d% /vsa. (2.23)

f=1 a=1
Minimizing this function, as in the optimization techniques, will result in the max-
imum likelihood model for incoherent data (i.e., data where information about the

source phase and amplitude are unknown). If the data variance is known, then Eq.
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(2.23) can be easily calculated. However, in many cases, an independent estimate of
the data variance is not available. Therefore, allowing a variance to be calculated
for N sensors at each range, the variance estimate that results from maximizing the

likelihood function (2.21) with respect to vy, can be written
Dfo = Byo(th) [d5°|? /N (2.24)

where m is the maximum likelihood solution for data that has unknown variances.
By substituting 7y, = Bya(m) |[d3°[* /N into Eq. (2.21), m can be determined by
minimizing

F N,

@(m) = [ [] Bra(m), (2.25)

f=1a=1
using an optimization method. If the assumption that the errors are independent at
each sensor is not true because the errors are actually correlated between sensors as
defined by the propagating normal modes, then N in Eq. (2.24) can be replaced by

the effective number of independent sensors, N,,
Dfa = Bpa(th) [d3F|? /N. (2.26)

The number of propagating modes corresponds to N, and the number can be esti-
mated from a principal component analysis of the data covariance matrix (Neilson
et al. 1997). By replacing vy, with 0g, in Eq. (2.23), the error function used in the
FGS becomes

F N;

E(m) =) By(m) [d%°]* /9sa. (2.27)

=1 4=l

2.4 Unknown Model Parameterization

As previously mentioned, not knowing the suitable model parameterization is a

common problem in geoacoustic inversion. It is a problem encountered in many of
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the inversion problems analyzed in this work. The basis of the under-parameterized
approach is to start with a simplistic model of the environment and then repeatedly
solve the inversion problem while increasing the complexity of the model parame-
terization for each inversion run. For example, in the problems considered here, the
appropriate number of sediment layers needed to represent the ocean bottom may
not be known. The under-parameterized approach described by Dosso, Wilmut and
Lapinski (2001) is applied. The inversion algorithm is run a number of times and the
number of sediment layers, L, is increased with each successive run. If the number
of sediment layers is too small, then not all the information available in the acoustic
data is used and the model will have too little structure. If the number of layers
is too large, then excess structure that cannot be resolved by the acoustic data is
incorporated into the solution. The optimal number of layers can be determined by
analyzing the mismatch and the structure of the model solution for each run of the
algorithm.

To quantify the amount of structure in the model, the /; norm of variation for
the model parameters is used. For a model m, the parameters m; that represent the
same property in different layers are grouped together. For geoacoustic inversion,
those properties can include compressional speed, density and attenuation in the
sediment. For a property ¢, the [; norm of variation is defined:

L'-1

Ve = Z g1 — il (2.28)
=1

where L' represents the number of model parameters representing a property. The
parameters are ordered with respect to depth. The variation is also referred to as
the flatness of the model, because it approximates the depth derivative of the model

parameters.
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2.5 Sound Propagation Models

MFI methods, such as ASSA and FGS, require the calculation of replica acoustic
fields d(m) for a given model m. Several types of propagation models have been
developed to describe sound propagation in the sea: e.g., spectral or “fast field pro-
gram”, normal mode, ray, and parabolic equation models, and direct finite-difference
or finite-element solutions to the full wave equation (Jensen et al. 1994). In this the-
sis, normal mode and parabolic equation models are used, therefore they are briefly
introduced in the following. For further information about the methods presented

here, as well as other methods, please see Jensen et al. (1994).

2.5.1 Normal Modes

The acoustic wave equation that governs sound propagation can be stated

1 18

where ¢ is sound speed, and p is density. Given a range independent environment
and allowing pressure, sound speed, and density to be represented by p(r,z), c(z)
and p(z), respectively, the two dimensional (2-D) time independent wave equation
in cylindrical coordinates that describes the acoustic energy propagating through the

ocean from a point source at depth z; and range r = 0 can be written as

112 ( @) Lo (1‘9_1") P il (2.30)

ror \' or oz ;az EAa 27r
which is the Helmholtz Equation (HE). The separation of variables technique is ap-
plied to the homogeneous form of the equation (i.e., the right hand side is set to zero,

implying the absence of the source). In this technique, pressure is redefined as
p(r,2) = 3 R(r)Zm(2), (2.31)

where the solution is a linear combination of all unique solutions. By substituting

(2.31) into the homogeneous HE, the equation can be divided into radial and depth
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dependent equations. The depth dependent equation reduces to an eigenvalue prob-

2
Tm)?

lem, where the mth largest eigenvalue is the radial (horizontal) wave number, &k

th h mode function or the normal mode. The

and the m'™® eigenfunction Z,,(z) is the m!
mode functions are normal (orthogonal) to each other. By re-substituting (2.31) into
(2.30), R,,(r) can be solved with respect to the source. Having solved Z,,(z) and
R,,(r), the solution to Eq. (2.30) can now be constructed using (2.31) which is a
superposition of all possible modal solutions.

Using normal modes, the wave equation can be solved accurately for range inde-
pendent environments. There are several methods in use to solve for Z,,(z), such as
finite-difference, layer methods and shooting methods (Jensen et al. 1994). However,
each method requires a routine to determine the eigenvalues of the problem. The
roots of the characteristic equation must be found. This is a challenging and im-
portant facet of normal-mode computation. Jensen et al. (1994) suggests bisection,
deflation, brute-force searches, and analytic estimates as optional eigenvalue finding
methods. For the wave propagation model ORCA (Westwood et al. 1996) used here,
the eigenvalue problem is expressed in terms of reflection coefficients and the reflection
coefficients at a reference depth are utilized to determine the eigenvalues.

The normal mode methods developed thus far have been for range independent
environments. Normal mode methods can also be used to approximately solve for a
range dependent environment. In the coupled modes method the range of the prob-
lem is divided into range independent segments. The field is then calculated within
each segment, and boundary conditions at the interface of each segment connect the
solutions together. This is a computationally intensive method, and therefore is typ-
ically only used as a reference solution for other approximate methods (Jensen et al.
1994). One approximate method is the method of adiabatic normal modes which is
only appropriate in the farfield (i.e., k,,,r > 1). For adiabatic normal modes, the
coupling between different modes at the interface of the segments is ignored. It is

assumed that there is no transfer of energy to higher or lower modes (i.e., an adiabatic
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approximation).

2.5.2 Parabolic Equations

The parabolic equation (PE) method to solving the Helmholtz equation is based
on the assumption that the out-going energy dominates over the backscattered en-
ergy. This method is often used to determine fields in range dependent environments.
It is less computationally intensive than coupled-modes but is not as accurate as nor-
mal modes for range independent environments, due to the main assumption and the
farfield approximation it uses. However, PEs do not make the adiabatic approxima-
tion. To derive the 2-D parabolic equation for a point source, Eq. (2.30) is restated

in homogeneous form:

10 ( Op 0 (1dp B
L2 Ll 2.32
rar(ar)“a <pa> trligirg=" (%)

where k, = w/c, is a reference wavenumber, ¢, is a reference sound speed, and
n(r,z) = ¢,/c(r,2) is the index of refraction. The solution to the wave equation

is assumed to take the form
Bir, 2] = B(r, z)Hél)(ko'r) (2.33)

where Hél) (kor) is the zeroth order Hankel function and ® is assumed to be slowly

varying in range. For the farfield assumption, (k,r > 1), the asymptotic solution to

H((,l)(kor) is

Hél)(kor) o

exp [ (k r— %)] (2.34)

Therefore, for the farfield assumption Eq. (2.33) can be re-written:

TKeT

) = P [ikor]
p(r, 2) e

where the difference between ® and W is merely a constant factor. Substituting Eq.

U(r, z) (2.35)

(2.35) into Eq. (2.32) gives the elliptic wave equation:

92 ov 9 [(10T\
—o. 2.3
82+2ka 82< a)+k( 1) =0 (2.36)



Chapter 2 27

approximation).

2.5.2 Parabolic Equations

The parabolic equation (PE) method to solving the Helmholtz equation is based
on the assumption that the out-going energy dominates over the backscattered en-
ergy. This method is often used to determine fields in range dependent environments.
It is less computationally intensive than coupled-modes but is not as accurate as nor-
mal modes for range independent environments, due to the main assumption and the
farfield approximation it uses. However, PEs do not make the adiabatic approxima-

tion. To derive the 2-D parabolic equation for a point source, Eq. (2.30) is restated

L0 (0, 0 (100) o
rOr (T8r>+ az( 8) kon'p =0 (2:35)

where k, = w/c, is a reference wavenumber, ¢, is a reference sound speed, and

in homogeneous form:

n(r,z) = c,/c(r,z) is the index of refraction. The solution to the wave equation

is assumed to take the form
p(r, 2) = ®(r, 2) H" (kor) (2.33)

where H(gl) (kor) is the zeroth order Hankel function and @ is assumed to be slowly

varying in range. For the farfield assumption, (k,r > 1), the asymptotic solution to

Hél)(kor) is

Hél)(kor) ~ 7”3 — exp [ (k r— %)] (2.34)

Therefore, for the farfield assumption Eq. (2.33) can be re-written:
exp [tk,r]

p(r,z) = v

where the difference between ® and W is merely a constant factor. Substituting Eq.

U(r, z) (2.35)

(2.35) into Eq. (2.32) gives the elliptic wave equation:

0*v ov 0 (10V
— + 2tk,— ( %

2 =
- 5 s ) + k2 (n—1)¥ = 0. (2.36)
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By factoring this equation into outgoing and incoming waves and assuming that the
range dependence of n(r, 2) is relatively weak, the outgoing (one-way) wave equation

(i.e., the parabolic wave equation), can be stated:

v p 8 (10
E = Zko(—l-i-\/ +ﬁ&<—p‘$>>q’

= tko(—1+/1+¢g)¥ (2.57)

where

g=n2—1+ ﬁﬁ (13) . (2.38)

There are many different PE methods used in ocean acoustics. The differences be-
tween the methods lie in the approximations made so that Eq. (2.37) can be solved.
The difficulty of the problem lies in evaluating the square-root operator y/1 + ¢q. For
example, Tappert, Claerbout and Green PEs (Jensen et al. 1994) approximate /1 + ¢

using the general form

i bl (2.39)

bo + b1q
where the coefficients a,, a1, b, and b, can be chosen to minimize the error for a given
angular aperture with respect to the point source. A Padé series expansion of \/1 + ¢
is another technique, where

,N.
Vitg=1+ Z : +’b ”NP + O(¢g*Nr ) (2.40)

and Np is the number of terms kept in the expansion.

The angular aperture of the source which produces the most important outgoing
waves with respect to the problem defines which PE should be used. For example,
both the Tappert and Claerbout have increasing phase error with increasing angles
relative to the primary source direction. Beyond +15° and 440° relative to the main
propagation direction, respectively, those PEs are typically not appropriate if reason-

able accuracy is needed. For Np > 1, the Padé expansion method is computationally
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more demanding than the other PEs. However, the limiting angle increases as Np
increases. Almost the full £90° can be accounted for if enough terms are used. If
computation time is a consideration, then determining the aperture of importance for
the problem at hand so as to choose an appropriate PE is necessary.

Another PE technique is to approximate the wave propagator rather than the
square-root operator; i.e., apply the approximation directly to the acoustic field rather
than to the PE. PEs are solved by marching the solution out in range. To determine
a field at range R, the environment is divided into range independent regions. The
solution to Eq. (2.37) is then solved for each region by using the solution from
one region to calculate the solution for the next region (solution methods will be
mentioned shortly). If ¥ is expanded through a Taylor series about r + Ar, where

Ar is a range independent region, then
U(r + Ar, z) = exp[Ard,|¥(r, 2). (2.41)
Together, Eqs. (2.37) and (2.41) lead to the relation

U(r + Ar, z) = exp [ikoAr (—1 + \/1_+—q)] U(r, 2). (2.42)
In the split-step Padé technique, the wave propagator exp [ikOAr (—1 + M)] is
approximated for each region, rather than the the square-root operator. Therefore,
the field is directly approximated rather than indirectly approximated. The propa-
gator is approximated through a Padé expansion similar to Eq. (2.40), where the
square-root operator on the left-hand-side of Eq. (2.40) is replaced by the propaga-
tor. The split-step Padé method is a wide-angle PE, like the regular Padé expansion
of the square-root operator. Because the split-step Padé technique is based on an
approximation of the propagator itself, much larger range steps (Ar) can be used
compared to the regular Padé expansion of the square-root operator, which will re-
duce computation time (Brooke et al. 2001).
When choosing a PE algorithm to use, the type of PE which is appropriate to

the problem must first be determined: e.g., a narrow angle or a wide angle PE. Next
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the solution method must be considered. Two methods are commonly used: the
split-step Fourier transform method and the finite-difference/finite-element method.
Unlike the split-step Fourier algorithm, the finite-difference (FD) and finite-element
(FE) methods can be applied to all PEs. The relative efficiency of the solution
methods depend on the problem.

PEs also require an approximation of the starting field to begin range marching
the solution. Several examples are given by Jensen et al. (1994), which can be
classified as either numerical or analytic starters. The choice of a starter depends
on the PE used, the aperture needed, the computational nature of the task at hand
and the environment of the problem. For example, numerical starters can be more
computationally intensive than analytic starters, although some analytic starters are
not appropriate for wide-angle PEs.

Finally, the methods used to solve the PE require dividing the environment with
respect to range and depth. Finding an appropriate grid size is important. Finer
grids provide a more accurate solution but more computation is required; therefore,
a balance between the grid size and accuracy is required. Also, in the case of the
Padé expansions, a similar balance with respect to the number of expansion terms is
required.

To get a more accurate or efficient solution, there are techniques that can be
applied within a PE algorithm. For example, due to the use of the one-way wave
equation, energy is not properly conserved at the vertical boundaries of the grid.
Two boundary conditions need to be satisfied at the vertical interfaces, but the one-
way wave equation only allows for one to be satisfied. This becomes a problem for
sloping interfaces in the ocean environment. A PE algorithm applied to a range de-
pendent problem should compensate for the energy conservation problem. In PECan,
the PE code used in this work, the true energy-conserving condition is approximated
by replacing ¥ with a scaled field ¥* = ¥ /vy where v = \/p(2) ¢,/N(z) and N (z) is

the range independent complex index of refraction that handles attenuation (Brooke
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et al. 2001). Also, the ocean bottom must be terminated at some depth. Typically,
an absorbing layer is applied which attenuates the field and prevents any unwanted
reflections at the termination of the grid. Another option is to use a non-local bound-
ary condition (Brooke and Thomson 2000; Brooke et al. 2001). This method mimics
a semi-infinite PE problem using a bounded domain. As a result, the total depth of
the grid can be less than for an absorbing layer which will decrease the size of the com-
putational domain and therefore decrease computation time. Non-local boundaries
can also be used to mimic a rough ocean surface.

As mentioned earlier, PECan is the PE algorithm used in this work (Brooke et al.
2001). PECan is an N x 2-D/3-D PE underwater sound propagation model which
can march the acoustic field solution in range, depth and azimuth. The user has
the option of using either a split-step Padé or regular Padé algorithm. A variety
of starting fields can be used. The techniques of energy conservation and non-local

boundary conditions can also be applied.
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Chapter 3

Range Independent Inversion

In this chapter, ASSA is applied to data from a range independent environment
that has unknown parameterization. The goal of the investigation was to determine
if ASSA and the under-parameterized approach could be applied to determine an
appropriate parameterization and a good model estimate. Synthetic data generated
for the 1997 Geoacoustic Inversion Workshop (Workshop ’97) are used. Benchmark
acoustic field data were provided at the Workshop for test cases representing shallow
ocean environments with range independent properties. The benchmark data were
generated using the wavenumber integration model SAFARI (Schmidt 1988). Many
inversion techniques have been applied to the data, such as GA (Ratilal et al. 1998;
Heard et al. 1998; Taroudakis and Markaki 2000), FSA (Fallat and Dosso 1998), DHS
(Fallat and Dosso 1999), modified grid searches (Tolstoy 1998; Ainslie et al. 2000)
and hybrid algorithms (Fallat and Dosso 1999). In more recent work, ASSA has been
shown to efficiently obtain better results for almost all the test cases compared to the
previously published results for the other optimization methods (Dosso, Wilmut and
Lapinski 2001). In this section, the results of applying ASSA to the so called NL test
case will be presented. These results were originally presented by Dosso, Wilmut and
Lapinski (2001).

The NL test case is the only Workshop ’97 test case that has unknown model
parameterization. The number of sediment layers in the NL subcases (NLa, NLb and
NLc), up to a maximum of 50 layers, is unknown, however the parameter bounds
were given as part of the benchmark problem. The subcases have the same un-
known geophysical and geometric properties, but the data are generated for differ-

ent environments. Fig. 3.1 shows a schematic representation of the NL environ-
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Figure 3.1 Schematic representation of the NL test case environment and model parame-

terization.

ment and the preliminary model parameterization that was adopted. All but one
sediment layer has unknown compressional speed, density, and layer thickness (i.e.,
{ce, pe, he; € = 1,L — 1}, respectively); the exception being that the semi-infinite
basement only has unknown ¢, and p,. For L sediment layers, the model has 3L — 1
parameters. The remaining geophysical and geometric parameters needed to repre-
sent the environments are indicated in Fig. 3.1. The under-parameterized approach
described in Sec. 2.4 was applied to the subcase problems to determine the appropri-
ate number of sediment layers needed to describe each ocean bottom environment.
In the following, the results of the parameterization analysis for subcase NLa are pre-
sented and then the results of similar analyses for subcases NLb and NLc are briefly
presented.

A large amount of data are available for the NL test case. In the following results,
benchmark data were used representing 100 Hz source frequency data received by 21
receivers at a range of 1 km on a vertical line array (VLA). The receivers were evenly

spaced from 5 to 100 m water depth. The source position is at 20 m below the sea
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surface.

The error function is an important part of MFI. A variation of the error function
(2.23) for one frequency and range was used in the ASSA algorithm. Only the rela-
tive value of the error function is of importance in optimization algorithms. The error
function can be multiplied or divided by constant factors without affecting the algo-
rithm. Only one frequency and range was used, therefore the factor |d°*|?/v could
be removed from (2.23). The new error function becomes the Bartlett mismatch as
defined in Eq. (2.22) which is the error function used in the ASSA algorithm for the
NL subcases. The normal-mode wave propagation model ORCA (Westwood et al.
1996) was used to calculate the replica fields.

The ASSA control parameters were somewhat altered between applications. For
subcase NLa, the number of temperature steps in the algorithm varied: 1000 for
L < 2,2000 for 2 < L < 8 and 2500 for L = 9. The convergence criterion (2.1) was
not included in the ASSA algorithm prior to quenching for the NL subcases. Typically,
the algorithm required seven perturbations to be accepted at each temperature step,
but this was increased to eleven for L = 9. The ASSA control parameters also
included T, = 0.3 and § =~ 0.99. For all applications of ASSA presented in this work
perturbation scale factors of s = 3 and S = 30 were applied. From L =1 to L = 8§,
the computation time increased from ~2 to ~9 hours on a 200 MHz computer while
L =9 required ~8 hours on a 400 MHz PC.

Fig. 3.2 shows the results of the under-parameterized approach to determining
the appropriate number of sediment layers. Figs. 3.2a and b respectively show the
mismatch, E, and variation, V' (2.28), for increasing number of layers L. In Fig. 3.2a,
the mismatch decreases significantly between L = 1 and L = 4. Beyond L = 4,
the mismatches generally plateau indicating that it is difficult to fit the data any
better due to limited precision of the data, the numerical model, and/or an imperfect
search. In Fig. 3.2b, the compressional speed and density variations (V. and V), which

®
are measures of structure, generally increase with L. However, V. plateaus between
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L =4 and L = 6. Based on the V, plateau, and the behavior of the mismatches in
Fig. 3.2a, it was determined that L = 4 through L = 6 allows for models that resolve
the geoacoustic structure as well as the acoustic data will permit. The number of
sediment layers that best represent the ocean bottom was chosen to be L = 5.

The convergence of the algorithm is reflected in the plots of mismatch and model
parameters of the simplex with respect to temperature step. Fig. 3.3 shows the
convergence of the ASSA algorithm for subcase NLa using L = 5. The convergence of
the mismatch F is shown in Fig. 3.3a. The mismatches decrease with the progression
of the algorithm and converge to an exceedingly low value of £ = 1.8 x 107°. The
final mismatch is lower than the mismatch between the benchmark data and the
replica data generated using the true model, E = 9.5 x 10~ (the dotted line in
Fig. 3.3a). Figs. 3.3b—o show the convergence of the model parameter values. The
convergence rate for each parameter qualitatively indicates the relative sensitivity of
that parameter. The model parameter values of h and ¢ typically converge earlier
than p, with p, converging the slowest of all the parameters. Throughout Fig. 3.3,
the abrupt change for all but one model in the simplex at temperature step 2000 is
due to the quenching process described in Sec. 2.1.3.

To consider the adaptive properties of the ASSA, Fig. 3.4 illustrates the behavior of
the Cauchy-distribution scaling factors, dm; (Sec. 2.1.3), with respect to temperature
step. The scaling factors control the width of the Cauchy-distribution from which the
random perturbations are drawn. This figure illustrates the adaptive behavior of the
algorithm for each parameter over the course of the inversion. The size of the factors
fluctuate widely for the first ~700 temperature steps. For h and ¢ the factors then
rapidly decrease to relatively small values. However, for p the decrease in the average
factor size after ~700 is more gradual.

The results of the ASSA inversion are given in Fig. 3.5 which shows depth profiles
of the compressional speed and density for the L = 5 solution. For comparison, the

true model profiles are also included. The proposed profile for the compressional
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Figure 3.5 Profiles of compressional speed ¢ and density p for the NLa subcase. The thin
line represents the true model and the thicker line represents the ASSA solution

for L = 5 sediment layers.

speed approximates the true profile well over the entire sub-bottom depth; however,
the small-scale structure on the true model cannot be resolved by the acoustic data.
The proposed density profile approximates the true profile reasonably well until a
depth of about 40 m.

Determining parameter uncertainties is an important part of using inverse tech-
niques to predict model parameter values. If a true model is not available, as is
usually the case, then the uncertainties are a measure of how well the model parame-
ter estimates have been determined. However, determining the uncertainties can also
be a time consuming exercise. A relatively quick method to get a general impres-
sion of relative parameter uncertainties is to qualitatively determine the sensitivity
of the parameters. If a parameter is sensitive, small changes in the parameter value
cause large changes in the mismatch; therefore, it can be expected that the parameter

will have a small range of uncertainty. If a parameter is insensitive, small changes
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1-D cross-sections of the objective function. Small dots represent the mismatch
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in the parameter value will not cause a significant change in the mismatch and the
parameter will likely have a larger range of uncertainty.

Cross-sections of the objective function can be used to predict how well parameters
should be expected to be determined through an inversion. To do this, all parameters
except the ones under consideration are held constant at their estimated values and
the mismatch is calculated with respect to the given fields. Fig. 3.6 shows the one

dimensional (1-D) cross-sections for subcase NLa calculated using the L = 5 solution
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as the estimated model. 1-D cross-sections can be misleading because they only
consider one slice through the M-dimensional parameter space. The slice may not
reflect the true nature of the objective function. In particular, the effect of multi-
parameter correlations is not accounted for.

Another approximate method to qualitatively determine parameter sensitivities is
to utilize the models accepted while applying the ASSA algorithm. Plotting the mis-
match as a function of parameter value for all accepted models (as shown in Fig. 3.6)
gives an additional view of the parameter sensitivities. The ASSA algorithm samples
the M-dimensional parameter space (i.e., is not confined to a 1-D slice); therefore,
the analysis can sometimes provide alternative sensitivity information. Effects of
multi-parameter correlations will be incorporated, to some degree, into the sensitiv-
ity plots. However, due to the nature of the algorithm, ASSA does not necessarily
sample the entire parameter space. This can be seen in Fig. 3.6 where a 1-D cross-
section achieves lower mismatches than the ASSA multi-dimensional plot. For a more
complete (though still approximate) sensitivity analysis, it is prudent to combine the
multi-dimensional parameter plots with the 1-D cross-sections. However, care should
still be exercised because generalizing the objective function into 1-D views cannot
properly depict the M-dimensional parameter space.

Using figures like Fig. 3.6, parameter sensitivities can only be determined in a
relative sense. A parameter is considered more sensitive if its distribution width at
low energies is narrow compared to the other parameters. Greater sensitivity implies
that a parameter should be better determined, with respect to the other parameters.
The sensitivity is also dependent on the parameter bounds used. If for additional
applications of the algorithm the bounds are changed, then the relative sensitivities
may change. Therefore, given an ASSA inversion result, it can be said that certain
parameters are more sensitive than other parameters, and that certain parameters
are likely to be determined better than other parameters, but qualitative uncertainty

bounds for each parameter cannot be determined from the method. The Bayesian
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approach introduced in Sec. 2.2 enables parameter uncertainties to be determined.
However, knowing the relative sensitivities of the parameters can still give insight
into the problem at hand. In Fig. 3.6, h and ¢ are more sensitive than p and the
sensitivity of p generally decreases with depth. The relative sensitivities reflect how
well the solution profiles in Fig 3.5 approximate the true profiles.

While Fig. 3.5 shows the solution for the optimal parameterization, Fig. 3.7 shows
sub-optimal solutions for other model parameterizations. Fig. 3.7a shows the param-
eter profiles for the L = 3 solution, which has a higher mismatch than the L = 4
solution. The proposed compressional speed profile is a reasonably good approxi-
mation, but it is apparent from Fig. 3.5 that the acoustic data can provide a more
precise fit. Not all the available information in the acoustic data is used in Fig. 3.7a.
Fig. 3.7b shows the L = 8 solution. Fluctuations in the structure are evident in
both the compressional speed and density profiles, representing features that are not
resolved or constrained by the data.

Figs. 3.2-3.7 show a complete analysis of the ASSA inversion of subcase NLa.
Similar analyses were carried out for subcases NLb and NLc. For both NLb and NLc,
L = 4 was determined to be the optimal number of layers to represent the ocean
bottom. Fig. 3.8 shows the parameter profiles for the L = 4 ASSA solutions. Again,
the compressional speed profiles approximate the true profiles well, and the density
profiles less well. The mismatches of the models are 5.6 x 10~® and 8.3 x 107 for

NLb and NLec, respectively.
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Chapter 4

Range Dependent Inversion

4.1 Introduction

In this chapter, ASSA and the FGS are applied to evaluate their ability to generate
solutions for range dependent inversion problems. Range dependence is a common
attribute of real ocean environments. Allowing for range dependence makes the inver-
sion problem more general. However, the calculation of the forward problem increases
the computational intensity. Due to the number of forward problem calculations that
must be performed in an inversion, a coupled mode propagation model would not be
appropriate. PE models are less computationally intensive, but still more intensive
than, for example, a normal mode propagation model for range independent environ-
ments, as used in the previous chapter. Adiabatic normal mode models could also be
applied, if coupling between the modes can be ignored. For the range dependent in-
versions examined here the PE wave propagation model PECan (Brooke et al. 2001)
was used to solve the forward problems. In addition, when range dependence is in-
troduced, it can become more difficult to determine the model parameters because
of a more complicated environment and imprecise field calculations. In this chapter,
results from applying ASSA and the FGS to range dependent benchmark data are
presented. The benchmark data, the error function used in ASSA and the calibration
of PECan are first discussed. In Secs. 4.2.1 and 4.2.2 the results of applying ASSA are
presented, and in Secs. 4.3.1 and 4.3.2 the results of applying the FGS are presented.
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Figure 4.1 Schematic representation of the TCO environment and model parameterization.

True parameter values are given.

4.1.1 Workshop Data

The 2001 Inversion Techniques Workshop (Chapman et al. 2001) provided an
opportunity to test geoacoustic inversion techniques using benchmark acoustic data
for shallow ocean environments with range dependent properties. The data were
generated using COUPLE (Evans 1983) and RAM (Collins 1993). COUPLE is a
coupled mode propagation model, while RAM is a range dependent PE propagation
model that uses a split-step Padé method to obtain a solution. The data for each
environment are grouped into cases. ASSA and the FGS were applied to data from
Test Case 1 (TC1), Test Case 2 (TC2), and the Calibration Case (TC0) on a 400 MHz
P

Figs. 4.1, 4.2, and 4.3 depict the TC0, TC1 and TC2 environments, respectively.
The TCO and TC1 environments consist of an ocean bottom with a monotonic downs-

lope while the TC2 environment depicts an up-slope shelf break environment. The
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slopes of the ocean bottoms were assumed to be known for the test cases and the sed-
iment layers were assumed to parallel the features of the ocean bottoms. The sound
speed profile of each water column is defined by ¢, (z) = 1495 — 0.04z, where z is the
depth in meters below the sea surface. The source position is at 20 m below the sea
surface. Parameter bounds were not provided for the test cases, with the exception
of the water depth.

The number of sediment layers that is appropriate to represent the ocean bottom
is unknown for TC1 and TC2. An under-parameterized approach, as described in
Sec. 2.4, was applied to find the optimal number of layers for each environment.
The sediment properties included as model parameters were compressional speed c,
density p, attenuation «, and layer thickness h. The water depth at the source H,
was also a model parameter. For an L layer ocean bottom, the model included 7L —3
parameters, where the general model parameterization is as illustrated in Figs. 4.2
and 4.3.

For TCO, TC1 and TC2, a large amount of data are available. Data representing
measurements at ten VLAs for TC1 and TC2, and six VLAs for TCO are available.
The VLAs are spaced 0.5 km apart starting at 0.5 km from the source. It was felt
that using the first three VLAs would provide adequate information for the inversions
while not increasing the computation time of the algorithm prohibitively. For both
ASSA and the FGS inversions, 50 and 200 Hz source frequency data were used, unless

stated otherwise. The data represented measurements from 21 evenly spaced receivers

at 20-80 m depth.

4.1.2 ASSA Error Function

The error function is an essential part of each MFI method. The error function
used in the ASSA algorithm is a modified version of Eq. (2.23). For noise-free

synthetic data, it can be assumed that there are numerical errors on the data due to
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the approximate solutions for both the data and replica fields. For the ASSA under-
parameterized analysis, it was assumed that d°"/ Vs, was constant. Therefore, Eq.
(2.23) can be rewritten,

F N,

B(m) = 37" Byy(m). (41)

=1 a=1
Removing or including a constant factor from the error function does not affect the
results of an optimization algorithm. Eq. (4.1) was multiplied by v and divided by

F and N, to obtain the error function used in the ASSA algorithm,

B(m) = 75 > Bralm). (4.2)

This mismatch function ranges between zero and one.

4.1.3 Range Dependent Propagation Modeling

The range dependent PE propagation model PECan (Brooke et al. 2001) was used
to calculate the replica field, d(m), for the Workshop ’01 inversions. PECan provides
many options regarding the PE solution method. The analytic Green’s starting field,
the energy-conservation, the basement non-local boundary condition and the split-
step Padé solution method were all utilized in the inversions presented here. The
reference sound speed, c,, was taken as the average sound speed in the water column
at the source position.

A set of PECan parameters was desired that gave an acceptable mismatch using
the least amount of computation time. Using the TCO data, a thorough study of
the appropriate PECan parameters was undertaken. For the study, a selection of
values for the vertical and lateral grid spacing, Az and Ar, the basement non-local
boundary depth, and the number of Padé terms, Np, were chosen. Keeping the given
geoacoustic parameters constant at their true values (Fig. 4.1), all combinations of the

PECan parameters were tried and the resulting acoustic fields were compared to the
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benchmark data using the error function (4.2). Data representing the six VLAs and 21
evenly spaced receivers were used. The mismatches calculated for each combination
of the PECan parameters are shown in Figs. 4.4a—c for 50, 200 and 400 Hz source
frequency data.

Using 25 and 100 Hz data, it was first concluded that 350 m sediment depth was
an adequate non-local boundary position (not shown). Fig. 4.4a shows that for 50 Hz
data an appropriate grid spacing is Ar = 10 m and Az = 1 m and an appropriate
number of Padé terms is Np = 3, giving a mismatch of E ~6 x 107%. The best
mismatch achieved in the 50 Hz study is of the same order. Fig. 4.4b shows that for
200 Hz data the parameters Ar = 10 m, Az = 0.2 m, and Np = 3 are acceptable,
giving a mismatch of £ ~2 x 1073. The lowest mismatch in the 200 Hz PECan
parameter study is £ ~5 x 107, For the 400 Hz data, Ar = 10 m, Az = 0.1
m, and Np = 5 are acceptable, with a mismatch E ~5 x 1072 (Fig. 4.4c). Using
50 and 200 Hz data from the first three ranges and the above mentioned PECan
parameters, the numerical mismatch between the acoustic data fields and the replica
PECan-generated fields calculated using the TCO true model is 1.8 x 1073, The true
model mismatch is not zero because the true and replica fields were calculated using
different propagation models. The effect is that the noise-free fields appear to be
slightly noisy when compared to PECan generated fields using the same model. This
mismatch set the standard of how well an inversion could be expected to perform.

One minor source of error in the replica field calculations using PECan is caused
by the attenuation. PECan requires the attenuation to be in dB/), where ) is a
wavelength. However, for the calibration case, the true model attenuation was given
in dB/m/kHz. The conversion from dB/m/kHz to dB/\ involves the sound speed of
the sediment. For a given attenuation A (expressed in dB/m/kHz) and compressional
speed C' (m/s), the attenuation in dB/\ is A - C/1000. To illustrate the problem,
imagine that for inversion purposes the compressional speed in a sediment layer is

allowed to vary linearly but attenuation is constrained to be constant with units of
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Figure 4.4 PECan parameter study. Mismatch FE is plotted as a function of PECan pa-

rameters for a constant geoacoustic model. The study was carried out using
(a) 50, (b) 200 and (c) 400 Hz data to determine an acceptable set of PECan
parameters for the inversions. The dotted lines indicate the parameter set that

was chosen and its mismatch.
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dB/m/kHz. If the attenuation profile for that layer is subsequently converted to units
of dB/A, then the attenuation would no longer be constant. Therefore, allowing a
layer to have a compressional speed and attenuation that vary linearly will result in
profiles that do not have identical slopes when converted from one set of units to
the other. However, rather than invert for attenuation in dB/m/kHz and have to
recalculate the attenuation in dB/\ at every grid point for each forward model, the
unknown attenuation parameters for all inversion results presented here have units
dB/A. It was found, and will be illustrated shortly, that changes in attenuation do
not affect the mismatch as much as changes in other parameters; therefore, modeling

errors in the attenuation have less importance than errors in the other parameters.

4.2 ASSA Results
4.2.1 Test Case 1

The inversion results of the TC1 parameterization analysis using ASSA are pre-
sented in this section. The control parameters were T, = 1 and # = 0.99 for the
inversion algorithm, and four accepted models at each temperature step were re-
quired. The number of temperature steps varied with each run of the algorithm due
to the convergence criterion (2.1) included prior to quenching. For L > 3 the num-
ber of temperature steps ranged between 1100 and 1300. For L < 3, the number of
temperature steps was considerably reduced. The algorithm run time ranged from
~2 hours for L =1 to ~12 hours for L > 3. An additional constraint included in the
ASSA algorithm required that the density at the top of each layer be less than the
density at the bottom of the layer.

Fig. 4.5 shows the results of the under-parameterized approach to determining the

optimal number of layers. Fig. 4.5a shows the best mismatches obtained with respect
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Figure 4.5 Under-parameterized approach to determining the appropriate number of sedi-
ment layers, L, for TC1: (a) the mismatch E and (b) the /; norm variations of

the compressional speed V., density V, and attenuation V.

to L. Mismatch E decreases as L increases to 3, then generally plateaus. Figs. 4.5b—
d show the variation (2.28) of the sediment compressional speed V., density V,, and
attenuation V,, with respect to L. The variation of the parameters generally increases
as L increases. The dramatic increase in V, between L = 3 and L = 4 (Fig. 4.5¢)
suggests that the density is well constrained until L > 3. The plateauing of the
mismatch beyond L = 3 and the subsequent behavior of the parameter variations
suggests that L = 3 is the optimal number of layers to represent the ocean bottom.
The convergence of the ASSA algorithm for L = 3 sediment layers is shown in
Fig. 4.6. Fig. 4.6a shows that the mismatch of the accepted models decreases as the
algorithm progresses and converges to a value of E = 1.4 x 1073, which is lower than
the true model mismatch for TC1 of F = 2.3 x 1073. Figs. 4.6b-s show how the
model parameters converge. The parameters that converge the quickest are h, H and

¢, not including ¢,. The density parameters do not converge as quickly as ¢, but they
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(a) Mismatch for every point in the simplex. The dotted line represents the

mismatch between the given data and the replica data generated using PECan

and the true model. (b)-(s) Parameter values of each model in the simplex. The

parameter bounds used in the inversion are represented by the y-axis limits for

each plot.
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Figure 4.7 Profiles of compressional speed ¢, density p, and attenuation a for TC1. The
thin line represents the true model and the thicker line represents the ASSA

solution for L = 3.

converge more quickly than a. The parameter «a; converges the slowest.

The profiles of the compressional speed, density and attenuation for the L = 3
ASSA solution are shown in Fig. 4.7 along with the profiles for the true model.
The compressional speed profile, including h; and h,, are well determined. The
density profile is well approximated for the top two layers, but not as well as in the
compressional speed profile. The attenuation profile is the least well determined,
though it still approximates the true profile adequately.

The 1-D sensitivity plots for the L = 3 model are shown in Fig. 4.8. The way
the solution profiles approximate the true profiles in Fig. 4.7, relative to each other,
is reflected in the relative sensitivity of the parameters determined from Fig. 4.8.

The most sensitive parameters are hy, hy, H and ¢; though ¢, is less so. The ASSA
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objective function. Small dots represent the mismatch E for every accepted

model.
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algorithm required that pp > pe for £ = 1, L — 1, which may account for the con-
centration of large values for p;3 and pgy in the ASSA results. Sensitivity decreases
from ¢ to p to . The least sensitive parameter is «y; therefore, the accuracy of the
basement attenuation in Fig. 4.7 may be coincidental.

Figs. 4.9a and b show profiles of the sub-optimal results generated using L = 2
and L = 4 sediment layers during the parameterization analysis. The L = 2 solution
is too simplistic a model that does not utilize all the information available in the
acoustic data. The L = 4 model has excess structure that the acoustic data cannot
resolve and does not approximate the profiles for the upper 25 m as well as the L = 3
model.

One measure of the general applicability of a geoacoustic model is how well it
fits data that were not included in the inversion. The ASSA inversions used data
for three ranges out to 1.5 km. Using the L = 3 solution, Fig. 4.10 shows the
mismatches calculated for 50 and 200 Hz and ten ranges out to 5 km. The mismatches
at both frequencies are typically at or below the best mismatch found through the
ASSA inversion. At long ranges, the 200 Hz replica data have mismatches that are
repeatedly an order of magnitude lower than the best mismatch value. In general,
the L = 3 solution predicts the data well, relative to previous results.

One way to improve a geoacoustic model is to invert more data, particularly data
extending over a greater frequency bandwidth. A model estimation can be improved
because with an increase in the number of frequencies, the information content in-
creases, and therefore the optimization solution is better constrained. However, com-
putation time can increase prohibitively when higher frequencies are added. Fig. 4.11
shows the profiles for a three-frequency ASSA inversion. Data from the first three
ranges with source frequencies of 50, 200, and 400 Hz were used. For 400 Hz data,
the values of Ar, Az and Np were as stated earlier. The inversion took ~40 hours
and achieved a mismatch £ = 1.3 x 1073, The agreement of the top layer improved

considerably compared to the two-frequency model (Fig. 4.7). The compressional
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Figure 4.10 Bartlett mismatches calculated for 50 (e) and 200 (x) Hz data for the 10
ranges, using the TC1 L = 3 solution. The horizontal dashed-dotted line
represents the mismatch found for the model in the ASSA inversion. The
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Figure 4.12 Under-parameterized approach to determining the appropriate number of sed-
iment layers, L, for TC2: (a) the mismatch E and (b) the /; norm variations

of the compressional speed, V., density V, and attenuation V.

attenuation profiles also approximate the true profiles well.

The 1-D sensitivity plots are shown in Fig. 4.14. The most sensitive parameters
are hy, c¢;; and c¢;o and therefore these should be determined the best of all the
parameters. Those parameters are determined well in Fig. 4.13, however ¢, is also
very well determined. Sensitivity decreases from ¢ to p to a. Again, p;» was required
to be less than p;;, which influenced the ASSA parameter distribution for p;5. The
difference in sensitivity between p and « is not observable in Fig. 4.13.

To determine how well the L = 2 solution can fit data not used in the inversions,
Fig. 4.15 shows the mismatches calculated for 50 and 200 Hz source frequency data
at ten ranges. The 200 and 50 Hz mismatches are typically above and below the mis-
match of the L = 2 solution, respectively. Relative to the ASSA solution mismatch,
the model predicts the 50 Hz data well, however the 200 Hz data is not predicted as

well.
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Figure 4.15 Bartlett mismatches calculated for 50 (e) and 200 (x) Hz data for the ten

ranges, using the TC2 L = 2 solution.

The horizontal dashed-dotted line

represents the mismatch found for the model in the ASSA inversion. The

vertical dashed-dotted line is at the limiting data range used in the inversion.
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Figure 4.16 Profiles of compressional speed ¢, density p, and attenuation « for the TCO

solution given L = 2 sediment layers. The thin line represents the true model

and the thicker line represents the ASSA solution.
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ASSA was also applied to the TCO data. The parameterization of the TCO ocean
bottom environment was known prior to the workshop and included two sediment
layers, so a model parameterization analysis was not performed. The ASSA control
parameters included 7, = 0.3 and § = 0.99. Four perturbations were required to be
accepted at each of the 800 temperature steps. It took ~10 hours of computing time
to complete the algorithm. Fig 4.16 shows the parameter profiles for the solution
found through ASSA. To a depth of about 30 m, the profiles predict the true profiles
very well. The entire compressional speed profile is virtually identical to the true
profile. The model shown has a mismatch of E = 9.2 x 10~* which is lower than the

true model mismatch of £ = 1.8 x 1073.

4.3 FGS Results

In this section, the results of applying the FGS to the same data used in Sec. 4.2 are
presented. The FGS (Sec. 2.2.4) is a powerful but computationally intensive inversion
technique that provides a wealth of statistical information. The FGS does not lend
itself to being applied to determine the optimal number of layers for the test cases.
Therefore, the FGS inversion technique was applied to the workshop data using the
optimal parameterizations found in Sec. 4.2. In addition, since a good inversion result
was available from the ASSA inversion, the FGS cooling stage (Sec. 2.2.4) was omitted
and the algorithm was initiated at 7' = 1 with the ASSA solution. This ensures that
the algorithm starts in a region of likely models and it reduces the computation time.
In essence, ASSA is applied as the cooling stage. The initial maximum perturbation
size was set to 0.002 times the width of the parameter bounds. As mentioned in
Sec. 2.2.4, the maximum perturbation is allowed to grow by continually replacing the
maximum perturbation size with £ times the most recently accepted perturbation, if

the latter is larger than the former.
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The incoherent processor used as the error function in the FGS is different than
the one used in ASSA. To get a proper PPD estimate from the FGS analysis it could
no longer be assumed that the data variances are approximately equal. Also, based
on early results (not shown), the assumption that there are independent errors at
each VLA sensor is not appropriate here. Therefore, Eq. (2.26) was used to calculate
the variance estimates 7y, and Eq. (2.27) was used as the FGS error function. To
evaluate Eq. (2.26), m should be the solution found by minimizing the objective
function given in Eq. (2.25) for unknown data variances. However, for efficiency, the
ASSA solutions found earlier were used instead, which should have negligible effect.
Finally, it should be noted that the Workshop test cases are somewhat artificial in that
no noise was added. Hence, the data errors that limit the accuracy of inversion are
essentially the numerical errors of the propagation models. The actual distribution

of these errors is unknown, and may affect the accuracy of the Bayesian approach.

4.3.1 Test Case 1

To evaluate Eq. (2.26) for the TC1 data, the effective mode number, N,, had to be
determined with respect to each frequency through a principal component analysis.
The analysis was performed on a data covariance matrix computed using the acoustic
data from all ten ranges. The data covariance matrix is composed of the covariances
between data sets with respect to range. The maximum number of principal compo-
nents is ten (V. = 10) because ten data sets were used per frequency. The principal
components of the matrix and their affiliated energies are eigenvectors and eigenval-
ues, respectively. The number of significant eigenvalues indicates N, because the set
of principal components and the set of propagating modes are both orthogonal bases
for the acoustic data (Neilson et al. 1997). The eigenvalues of the data covariance
matrix are obtained through an eigenvector decomposition of the matrix.

The number of important modes can be determined by analyzing the eigenvalues.
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Figure 4.17 Cumulative fractional energy np (4.3) for the eigenvector decomposition of the
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The dashed-dotted line represents np for the 50 Hz data and the solid line

represents np for the 200 Hz data.

For the Pth principal component, the cumulative fractional energy, np, is defined

P
=1 Mk
= Lkt i (43)

where p is the pth largest eigenvalue and 7np is the fraction of acoustic energy con-

np

tained in the first P principal components. Fig. 4.17 shows np plotted for the TC1
environment. Based on this figure, N, = 3 and N, = 7 were chosen for the 50 and
200 Hz data, respectively, because these account for a high percentage of the acoustic
energy. Appropriate choices also include N, = 2 and N, = 6, respectively.

The FGS was applied to the TC1 data, assuming an L = 3 model. The FGS
algorithm generated two independent samples. During the run, the parameter space
axes were rotated twice: after 2-18-195 ~ 7 x 10° (i.e., (the number of independent
samples) x (the number of model parameters) x (the number of cycles through the

parameters)) and after 2-18-670 &~ 2x 10* models had been accepted. It took ~12 days
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of computation to accept ~ 5 x 10* models and for the threshold of € = 0.1 to be
achieved. It was found that the run time of the algorithm could vary substantially due
to the random nature of the independent samples collected. For the difficult problem
of TC1, rotating the model space more than once did seem to improve efficiency.

The PPD represents the general Bayesian solution to the inverse problem, however
for an inversion problem with more than two parameters, the PPD cannot be visually
interpreted. One method that can be used to interpret the estimated PPD is to gener-
ate the marginal probability distributions for each parameter (Eq. 2.13). Analysis of
the PPD can result in quantitative predictions of parameter uncertainties which are
evident in the marginal distributions. Fig. 4.18 shows the estimated marginal proba-
bility distributions for TC1. To avoid dependence on the starting model, all models
collected prior to the first rotation were removed from the sample. The structure
of the marginal distribution for the h; distribution implies that two values of h; are
preferred. In addition, the lower layer compressional speeds have smaller distribution
widths than ¢;; and ¢4, likely because the acoustic data used lacks information about
the thin top layer. Including data at a higher frequency, such as 400 Hz, would help
better resolve the top layer parameters, but is too computationally intensive.

The distribution widths quantify the uncertainty of the parameters. The small-
est interval of each marginal distribution which contains 95% of the samples defines
the 95% highest posterior density (HPD) interval (e.g., Gamerman 1997). Fig. 4.19
shows the parameter profiles of the MAP solution and the schematic representations
of the 95% HPD intervals. Because the layer thickness and water depth at the source
are parameters, the plot of the 95% HPD intervals can only be approximated. The
compressional speed and layer thicknesses are well determined parameters. For the
compressional speed, the HPD interval bounds below the first layer are quite nar-
row. The top layer has HPD interval bounds that are slightly wider because these
parameters are not as well determined. The compressional speed profile is also a

good representation of the true profile. The HPD interval bounds for the density
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Figure 4.19 FGS MAP profiles of compressional speed ¢, density p, and attenuation « for
TC1. The thin line represents the true model and the thicker line represents

the MAP. The dashed lines represent 95% HPD interval bounds.

and attenuation indicate that the parameters cannot be as well determined as for the
compressional speed, especially for the basement attenuation.

For ASSA, the sensitivity plots provide substantially less information than the
marginal distributions. However, to assess the ASSA relative sensitivity analyses car-
ried out earlier, a relative sensitivity analysis can be performed using the marginal dis-
tributions. For TC1, it is found that the relative sensitivities predicted from Fig. 4.8
only reflect some of the features of the relative sensitivities that can be estimated
using Fig. 4.18. One notable difference is that Fig. 4.8 does not indicate that the
compressional speed parameters for the top layer are less resolvable than the com-
pressional speed parameters of the lower layers.

The ASSA solution and the FGS MAP estimate are generally comparable and
represent the true model well. The FGS MAP determines the top layer thickness
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better than the two-frequency ASSA solution shown in Fig. 4.7. The layer thickness
is determined as well as in the three-frequency ASSA solution (Fig. 4.11), for which
400 Hz data was added. The density profile is quite different than the ASSA profile
in Fig. 4.7. There was no stipulation in the FGS algorithm, unlike in the ASSA
algorithm, that the density at the top of a layer had to be lower than the density
at the bottom of a layer. To quantitatively compare the FGS MAP with the ASSA
solution and the true model, the mismatch of the FGS MAP was calculated using
the ASSA error function (Eq. 4.2). Using the ASSA error function to calculate the
mismatch means that the assumption of constant variance with range and frequency
is being made. Since the FGS did not assume a constant variance, calculating the
ASSA mismatch for the FGS MAP is only an approximate way to compare the two
models. The mismatch for the FGS MAP was calculated to be E = 8.7 x 10™*, which
is better than the two-frequency ASSA solution (E = 1.3 x 1073).

Marginal probability distributions and confidence intervals provide uncertainty
estimates for particular parameters with the effects of all other parameters integrated
out. To investigate inter-parameter relationships, the covariance or correlation matrix
can be examined. The correlation between parameters m; and m; is defined as R;;

where

Cij

and Cj; is element (7,j) in the model covariance matrix Cyp. A correlation of 1

R = (4.4)

implies perfect correlation, as found between a parameter and itself. A correlation
of —1 implies perfect anti-correlation and a correlation of 0 implies no correlation.
Fig. 4.20 shows the rows of the model correlation matrix, Rys. The parameter h,
is strongly correlated with ¢, ¢o; and pio, and strongly anti-correlated with hy, H,
c11, and py;. The parameter hy is strongly correlated with coy and strongly anti-
correlated with ¢15 and cy;. The parameter H is strongly correlated with ¢;; and

p11- In addition, H and c¢y5, ¢1; and c¢yo, ¢12 and py1, cop and coo, p11 and pra, oy
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Figure 4.20 Rows of the TC1 model correlation matrix with respect to the parameters.

The solid line represents the correlation matrix at the conclusion of the algo-

rithm and the dotted line represents the correlation matrix used to rotate the

parameter space axes for the first time.
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and a9, oo and g, and g, and g, are all strongly anti-correlated, and pys and
py are strongly correlated. Some of these correlations can be understood with simple
physical explanations. For instance, the compressional speed at the top and bottom of
each layer are anti-correlated with each other because the acoustic travel time through
the layer must remain constant. To conserve the amount of attenuation in each layer,
the attenuation at the top of each layer is anti-correlated with the attenuation at the
bottom of each layer. In addition, the first layer thickness is strongly anti-correlated
with second layer thickness and the water depth, suggesting that the depth at which
the basement begins is being conserved. Even though the parameter correlations are
weighted averages according to Eq. (2.13), Fig. 4.20 still implies that the objective
function for TC1 is a complicated function with many parameter correlations. The
model covariance matrix used for the first rotation, the dotted line in Fig. 4.20,
looks similar to the matrix at the conclusion of the algorithm, with some significant
differences, particularly for parameter p;5. Hence, it was wise to re-rotate the model

space.

4.3.2 Test Case 2 and Calibration Case

The results of applying the FGS to TC2 data and then to TCO data will now be
presented. Before applying the FGS to TC2 data, IV, had to be estimated. Fig. 4.21
shows the cumulative fractional energies resulting from the TC2 principal component
analysis. Based on this figure, N, = 2 for 50 Hz data and N, = 6 for 200 Hz data were
picked. The FGS was applied to the TC2 data twice assuming an L = 2 model. Each
application reached the threshold of ¢, = 0.1. The first application took ~5 days of
computing time with 2 - 11 - 300 ~ 7 x 10® models accepted prior to the rotation of
the model space and ~ 2 x 10* models accepted at the completion of the algorithm.
The second application took ~10 days of computing time, with 2-11-200 ~ 4 x 103

models accepted prior to rotating the model space and ~ 4 x 10* models accepted in
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Figure 4.21 Cumulative fractional energy np (4.3) for the eigenvector decomposition of the
TC2 data covariance matrix as a function of principal component number, P.
The dashed-dotted line represents np for the 50 Hz data and the solid line

represents np for the 200 Hz data.

total. The factor of 2 difference between the accepted models of the first and second
run could be due to rotating the model space too early in the second run or it could
be coincidental.

The estimated marginal probability distributions of the two independent applica-
tions are very similar (not shown), but for the best estimate of the distributions the
samples collected from both applications were combined. Fig. 4.22 shows the marginal
probability distributions generated from the accepted models of both runs. The layer
thickness and compressional speed parameters have very narrow distributions and are
very well determined parameters. The density parameters are also well determined,
though not as well as compressional speed and layer thickness. The uncertainty in
density also increases with depth. The water depth distribution is approximately half
the width of its TC1 counterpart. It has two distinct peaks: one at the value the

FGS samples were initiated with (i.e., the ASSA solution value) and one at the true
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Figure 4.22 Estimated marginal probability distributions for TC2 and L = 2. The z-axis

limits represent the bounds used in the inversion.
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Figure 4.23 FGS MAP profiles of compressional speed ¢, density p, and attenuation « for
TC2. The thin line represents the true model and the thicker line represents

the MAP. The dashed lines represent the 95% HPD interval bounds.

value (i.e., H = 140 m). To assess the ASSA relative sensitivity analysis (Fig. 4.14),
a similar analysis can be done using Fig. 4.22. The relative sensitivity trends seen in
Fig. 4.22 are comparable to the trends seen in Fig. 4.14, with the exception of a.

To quantify the parameter uncertainties, Fig. 4.23 shows the schematic represen-
tation of the 95% HPD intervals that are determined from the marginal distribu-
tions. The 95% HPD intervals for the layer thickness and the compressional speed
parameters are much narrower for TC2 than for TC1 (Fig. 4.19), implying that those
properties can be determined better for TC2. The density and attenuation param-
eters generally have 95% HPD intervals comparable to the narrower intervals found
for those properties in TC1. However, attenuation is better constrained for TC2 than
for TC1.

The parameter profiles of the FGS MAP estimate are also shown in Fig. 4.23. The
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Figure 4.24 Rows of the TC2 model correlation matrix.

FGS MAP solution is a very good estimate of the true solution. The compressional
speed profile is virtually identical to the true profile. The MAP estimate is also
similar to the ASSA solution (Fig. 4.13). The MAP estimate has a mismatch of
E = 3.5 x 1073, with respect to the ASSA error function.

The correlations for TC2 are less complicated than for TC1, partly due to the
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Figure 4.25 FGS MAP profiles of compressional speed ¢, density p, and attenuation « for
TCO. The thin line represents the true model and the thicker line represents

the MAP. The dashed lines represent the 95% HPD interval bounds.

reduced number of parameters. Fig. 4.24 shows the rows of the model correlation
matrix. The combinations of correlations and anti-correlations between compressional
speeds, layer thicknesses, water depth and attenuations that were explained earlier
for TC1 are also evident in Fig. 4.24. In addition, ¢, is strongly anti-correlated with
p12 and p,, and py, is very strongly correlated with py.

FGS was also applied to TCO. For the 50 and 200 Hz source frequency data,
N, =2 and N, = 6 were chosen respectively (figure not shown). The application of
the FGS took ~11 days of computation time, during which 2-11-4035 ~ 9x 10* models
were accepted. Rotation of the model space occurred after ~ 4 x 10° models had been
accepted. Fig. 4.25 shows the parameter profiles for the FGS MAP and the schematic
representation of the 95% HPD intervals. Based on the HPD intervals, the model is

well determined, with the possible exception of the basement density and basement
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attenuation. The MAP estimate is a very good approximation of the true model. The
compressional speed profile is almost identical to the true profile. However, the true
basement compressional speed falls slightly outside the HPD interval bounds for c;,
possibly because the data variance was not estimated properly. The mismatch for the

FGS MAP estimate with respect to the ASSA objective function, is E = 7.8 x 107%.
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Chapter 5

Range Dependent Inversion for Noisy Synthetic Data

The noise that exists on synthetic data provided for Workshop '01 is due to the
numerical errors of the propagation models used to generate the data and the replica
fields. The signal-to-noise ratio (SNR) is therefore much higher than it would be for
real measured data and the distribution of errors is unknown. To investigate how
well ASSA and the FGS work when applying the techniques to more realistic range
dependent data, spatially-white complex Gaussian noise with zero mean was added to
the synthetic data of TC1 and TC2 to achieve an SNR of 10 dB at each frequency. In
this chapter, the results of applying the two inversion techniques to the noisy data are
presented. The data variance was known; therefore, the FGS used the error function

given in Eq. (2.23).

5.1 Test Case 1

The optimal model parameterization for noise-free data is not necessarily the
same as for noisy data. Hence, another parameterization analysis was carried out for
TC1. The ASSA control parameters previously used in TC1 were applied, with the
exception that # = 0.975. The computing time increased with the number of layers
from ~1 hour for L = 1 to ~14.5 hours for L = 5. The number of temperature
steps also increased with the number of layers from ~200 for L = 1 to 800 for L = 5.
Fig. 5.1 shows the results of the under-parameterized approach for finding the optimal
number of layers. Based on the figure, it was decided that the optimal number of

layers needed to represent the ocean bottom is L = 2 (L = 3 was used for noise-free
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Figure 5.1 Under-parameterized approach to determining the appropriate number of sed-
iment layers, L, for noisy TC1 data: (a) the mismatch E and (b) the /; norm

variations of the compressional speed, V., density V, and attenuation V.

data in Chapter 4).

The parameter profiles for the ASSA solution are shown in Fig. 5.2. The model
solution has a mismatch of E = 0.083, which is only slightly larger than the true
model mismatch for the noisy data, £ = 0.080. The profiles have little structure,
although it is clear from the model structure analysis that the data does not have
enough information to adequately resolve more features. The compressional speed
profile is a good simplified representation of the true profile until ~ 30 m depth.
The density profile is a good approximation of the entire profile. Attenuation is
adequately approximated for the first 10-15 m depth. Shallow structure, therefore, is
better determined than the deeper structure for the model estimate. Fig. 5.3 shows
the 1-D sensitivity plots for the noisy data. According to the figure, the most sensitive
parameters are h, H and ¢ while p and « are the least sensitive.

The FGS was also applied to the noisy TC1 data, using the same L = 2 model
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Figure 5.2 Profiles of compressional speed ¢, density p, and attenuation « for noisy TC1

data. The thin line represents the true model and the thicker line represents

the ASSA solution for L = 2 sediment layers.
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Figure 5.3 Sensitivity analysis for noisy TC1 data. Solid line represents 1-D cross-sections
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cepted model. The z-axis limits represent the parameter bounds used in the

inversion.
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parameterization. The parameter space axes were rotated twice, once after 2-11-200 ~
4 x 10® models had been accepted, and again after ~ 10* models had been accepted.
The threshold of €, = 0.1 was reached after ~4 days of computing time and after
~ 4 x 10* models had been accepted.

Fig. 5.4 shows the estimated marginal probability distributions of the parameters
and Fig. 5.5 shows the schematic representation of the 95% HPD intervals. The un-
certainty of the layer thickness has increased considerably compared to the noise-free
cases examined earlier. Of the compressional speed parameters, c¢;; is determined
well, while the remainder of the parameters are not. The density parameters of the
top layer have distributions comparable to the noise-free case (Fig. 4.18). The base-
ment density and the attenuation are not well determined. In addition, the relative
sensitivities determined from Fig. 5.3 generally agree with the relative sensitivities
that could be determined using Fig. 5.4.

Fig. 5.5 also shows the FGS MAP estimate profiles. The compressional speed
profile is an acceptable two-layer approximation of the true profile. The 95% HPD
interval bounds for ¢, do not encompass the true solution because the data are not
sensitive to deep structure. The MAP estimate and 95% HPD interval bounds for ¢,
appear to be influenced most by the first 30-40 m depth of the environment. The
density profile approximates the true profile well, despite the large uncertainty of the
basement density. The attenuation profile does not reflect the true profile below 15 m
depth. The mismatch of the FGS MAP, with respect to the ASSA objective function,
is £ = 0.083, which is equivalent to the ASSA solution mismatch.

5.2 Test Case 2

ASSA was applied to the noisy TC2 data using the same L = 2 model param-

eterization that was found to be optimal for the noise-free data (Sec. 4.2.2). Using
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Figure 5.4 Estimated marginal probability distributions for noisy TC1 data and L = 2.

The z-axis limits represent the parameter bounds used in the inversion.
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Figure 5.5 FGS MAP profiles of compressional speed ¢, density p, and attenuation a for
noisy TC1 data. The thin line represents the true model and the thicker line
represents the MAP. The dashed lines represent the 95% HPD interval bounds.
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Figure 5.6 Profiles of compressional speed ¢, density p, and attenuation « for noisy TC2
data. The thin line represents the true model and the thicker line represents

the ASSA solution for L = 2 sediment layers.

the same ASSA control parameters as for the noise-free application, the algorithm
required ~250 temperature steps and ~3.5 hours of computing time to complete. The
parameter profiles of the ASSA solution are shown in Fig. 5.6. The compressional
speed profile and layer thickness are well determined; as is the density profile, though
to a lesser degree. The attenuation profile is also reasonably predicted. The best
model has a mismatch of F = 0.076, which is lower than the true model mismatch
for the noisy data, F = 0.082. Fig. 5.7 shows the 1-D sensitivity plots. The relative
sensitivities are unchanged compared to the noise-free analysis (Fig. 4.14): sensitivity
decreases from ¢ to p to a and hy, ¢;; and ¢, are the most sensitive parameters. The
relative sensitivities are generally reflected by the ASSA solution in Fig. 5.6.

The FGS was also applied to the noisy TC2 data using the L = 2 model parame-

terization. The threshold of e, = 0.1 was achieved after ~6 days of computing time
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Figure 5.8 Estimated marginal probability distributions for noisy TC2 data and L = 2.

The z-axis limits represent the parameter bounds used in the inversion.
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Figure 5.9 FGS MAP profiles of compressional speed ¢, density p, and attenuation « for
noisy TC2 data. The thin line represents the true model and the thicker line
represents the MAP. The dashed lines represent the 95% HPD interval bounds.

with 2 - 11 - 2340 ~ 5 x 10* models accepted. Rotation was applied after ~ 6 x 103
models had been accepted. Fig. 5.8 shows the FGS estimated marginal probability
distributions and Fig. 5.9 shows the schematic representation of the 95% HPD in-
tervals. The uncertainties of all the parameters have increased compared to their
noise-free counterparts (Figs. 4.22 and 4.23). The layer thickness HPD interval is ap-
proximately double that found in the noise-free TC2 results; however the uncertainty
is still small. The compressional speed uncertainties are also still resonable. The
density, with the exception of p;;, and attenuation parameters have HPD intervals
that nearly encompass their bounds. The relative sensitivities determined in Fig. 5.3
are the same as those determined from the FGS results.

Fig. 5.9 also shows the profiles for the estimated FGS MAP. The FGS MAP has

a mismatch of F = 0.076, with respect the ASSA error function, which is equivalent
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to the ASSA solution mismatch. The model approximates the true model well and is

virtually identical to the ASSA solution.
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Chapter 6

Conclusions

This thesis considered applications of optimization (ASSA) and Bayesian (FGS) in-
version methods for several types of geoacoustic inverse problems. There were two
primary objectives: to assess an under-parameterized approach to determining ap-
propriate model parameterizations for both range independent and range dependent
problems and to assess the ability of ASSA and the FGS to generate solutions for
range dependent inversion problems. To facilitate this investigation, noise-free syn-
thetic benchmark data from two recent workshops were used. The investigation also
included noisy synthetic data, which provided a more realistic test.

The model parameterization is often unknown in geoacoustic inversion; therefore,
determining parameterization can be an important aspect of an inversion. The under-
parameterized approach in conjunction with ASSA successfully predicted appropriate
model structures for range independent and range dependent problems which included
both noise-free and noisy data. The results of the least structure analysis did not
require any prior knowledge about the true model structure. Through this procedure,
ASSA was also shown to be able to invert for a large number of parameters (up to
39 for TC1).

Once parameterization is established, the solution to the inversion problem can
also be established. For example, the PPD represents the Bayesian solution to an
inverse problem. Assessing the ability of the FGS to estimate the PPDs for range
dependent problems was also an aim of this work. For each range dependent problem,
the FGS successfully estimated the 1-D marginal probability distributions, the MAP
and the correlation matrix by sampling the PPD. The uncertainties were quantified

by calculating the 95% HPD intervals using the marginal probability distributions.
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Table 6.1 The mismatches (Eq. (4.2)) for test case NL, TCO, TC1, TC2, noisy TC1, and
noisy TC2 parameter estimates are presented with respect to ASSA and the

FGS. The mismatches calculated using the true models are also included.

Test case | True Model ASSA FGS
NLa 9.5x107° | 1.8 x 107° e
NLb 9.8 x 1075 | 5.6 x 107° —
NLc 32x10°% | 8.3 x 10°° —
TCO 1.8x107% | 9.2x107* | 7.8 x 1074
T 2.3x107% | 1.4x 1073 |8.7x 107*
TC2 6.5x10% |34 x 107 | 35% 1073

TC1 (noise) | 8.0 x 1072 | 8.3 x 1072 | 8.3 x 1072
TC2 (noise) | 8.2x 1072 | 7.6 x 1072 | 7.6 x 1072

This quantified how well the parameters could be determined as well as allowed
comparisons with respect to test cases and noise on the data. The MAP estimates
approximated the true models to varying degrees, but there was always a subset of
parameters that were well determined. This subset typically included layer thickness
and compressional speed parameters. The MAP estimate mismatches, as shown in
Table 6.1, are typically lower than their true model mismatches. The FGS was able
to invert for a large number of parameters (18 for TC1).

The FGS is a very computationally intensive inversion method. When parameter
estimates are of primary importance, optimization methods, such as ASSA, can be
more appropriate. Another objective of this work was to assess the ability of ASSA
to converge to an appropriate model solution for range dependent problems. Like the
MAP estimates, the ASSA solutions approximated the true models to varying degrees.

Table 6.1 contains the mismatches for all the model solutions. The mismatches were
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usually lower than the true model mismatches. Determining relative sensitivities
using 1-D cross-sections and the models available from the ASSA inversion provided
an approximate idea of how well the parameters are determined. The ASSA relative
sensitivity analysis was generally reliable when compared to the same analysis applied
to the FGS marginal probability distributions.

One inefficiency of the procedure used in this thesis was that to apply the FGS
an additional optimization had to be performed in order to estimate the data er-
rors. A method to bypass that inefficiency could be to perform the FGS inversion
while including the data variance as an unknown parameter. In this work, it was
not resolved whether the error estimates for the noise-free data were appropriate.
Gaussian-distributed random errors were assumed for the data. This may not have
been appropriate.

In conclusion, the FGS and ASSA algorithms were successfully applied to the
problems examined here. The ASSA is an efficient method for determining appropri-
ate model estimates and relative sensitivities. For unknown model parameterization,
it can also be effectively used with the under-parameterized approach to determine
the optimal parameterization. In addition, the FGS is a useful approach for generat-
ing the PPD for a given model parameterization. Future work might involve applying
ASSA and the FGS to inversion problems that have range dependence in the param-
eters not just the bathymetry. Applying the methods to measured range dependent
data would also be appropriate. It would also be interesting to apply ASSA to the
Workshop 01 test cases using an adiabatic normal mode propagation model to test
if equivalent results can be obtained despite the adiabatic approximation. Adiabatic
normal mode models are not as computationally intensive as PE models. Developing

the FGS with unknown variances as parameters would also be a worthwhile advance.
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