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ABSTRACT

As seen in many examples, higher order correction added to the Newtonian potential

often provides more realistic and accurate model in astrophysics. Such examples

include the Schwarzschild potential ( Uschwarzschila (7)) = —é — %, where r is the mutual
distance and A, B are constants) and the Manev potential (Untanev(r) = —2 — 2.

In the thesis, we study the two-body problem and Hill’s lunar problem under
quasi-homogeneous potentials.

The quasi-homogeneous two-body problem aims to study the interaction between
two point particles under a prescribed potential in the form of W (r) = U(r)+V(r) =
—T% — 7% It is well known that the number two serves as a threshold value for homo-
geneous (U(r) ~ —-) N-body problems: one is able to observe significant difference
regarding to the solution dynamics as the power of homogeneous potential exceeds two
from below. This phenomenon remains observable for quasi-homogeneous potentials.

In the second chapter, we provide a complete characterization of the whole phase
space of the quasi-homogeneous two-body problem in terms of global existence and
singularity for all the possible b > a > 0. In particular, one is able to generalize
the result of Manev two-body problem (a = 1,b = 2) to all the quasi-homogeneous
potentials with b = 2 > a. That is, one is able to show that the initial conditions that
lead to finite-time collision has positive measure for all b = 2 > a. Two techniques
are presented: One is the variational method based on energy and the other is direct
computation of collision time based on the integrability of two-body systems.

Hill’'s lunar equation under the Newtonian or homogeneous potentials has been
derived from the Hamiltonian of the three-body problem in a uniform rotating co-
ordinate system with angular speed w, by using symplectic scaling and heuristic
arguments on various physical quantities.

Quasi-homogeneous Hill’s lunar problem is the other focus of this thesis. In the
third chapter, we first derive Hill’s lunar equation for quasi-homogeneous potentials.
We then fully characterize the phase space under some energy threshold using an
indicator function. This energy threshold is characterized variationally. In particular,
our results demonstrate the existence of “black hole effect” for b > 2 > a and w
sufficiently large: invariant sets (in the phase space) with non-zero Lebesgue measure
that either contains global solutions and solutions with singularity are constructed,
under and at some energy threshold. Next, we apply McGehee-type transform to

study near-collision dynamics of the homogeneous Hill’s lunar problem. We shall
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derive the asymptotic profile near collision for all the strong-force (a > 2) potentials.
Finally, in the last chapter, we conclude the advantages and disadvantages of the

methods we have used through this thesis, as well as summarizing our future works.
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Chapter 1
Introduction

The N-body problem aims to describe the motion of N-point particles
(z1, T, ..., zx) € (RN

with masses mq, mo, ..., m,, interacting with one another in R® under the action of a
prescribed potential W (xy, z, ...,y ), which only depends on each mutual distance
formed by each pair of particles. For each particle’s location z;, its equation of motion
can be easily obtained by using Newton’s second law.

Characterizing initial conditions that correspond to singularities has always been
an important concept in the study of differential equations.

For the N-body problem, the collision set is defined to be a subset of (R*)" where

at least two particles have the same coordinates in R?®. Symbolically, we have

A= U {x = (z1,79,...,7x5) € (RN 12y = xj} : (1.0.1)

1<i<j<N

The motion of the Sun-Earth-Moon system is a classical problem in the study of
celestial mechanics. Historically, researchers regarded the Sun-Earth-Moon system as
two Kepler problems (Earth-Moon and Sun-Earth), the attraction force between the
Sun and the Moon was always ignored since it is significantly less noticeable than the
force between the Moon and the Earth. Furthermore, unlike three-body problems
(with Newtonian potential), where the dynamics is chaotic, the general analytical
solution for the two-body system was well-known. However, this two-Kepler-problem
formulation has drawbacks: Delaunay used this formulation but his calculation was

unable to match the observed lunar motion. (See [15],[10].)



One of the ideas to improve the accuracy of the lunar motion, obtained by solving
the two-body problem, is to replace the Newtonian potential U(r) ~ —% (r is the
mutual distance) by homogeneous potentials.

When equipped with homogeneous potentials in the form of W ~ —T%, a>0(r
stands for mutual distance), the equation of motion is locally Lipchitz continuous on
(R3)M\ A, and thus for any given initial condition, there exists a unique solution up to
a certain time. It is natural to ask whether this time can be extended to infinity and
what kind of initial conditions lead to a collision. Painlevé proved that for Newtonian
N-body problem, the distance between the solution and the collision set A approaches
zero as the solution approaches a singularity. We note that Painlevé’s theorem can
be easily extended to all homogeneous and quasi-homogeneous potentials by using
Cauchy-Lipchitz theorem. (See [17] Theorem 2.2.)

For homogeneous-potential N-body problem, it is well known that the power plays
a crucial role in determining the dynamics of each solution. For instance, the improb-
ability theorem [18] states that for the Newtonian N-body problem, the set of initial
conditions leading to collisions has Lebesgue measure zero in the phase space. A
few years ago, Fleischer and Knauf [9] extended the improbability result to the ho-
mogeneous N-body problem with weak force (i.e. a < 2) by geometric arguments.
Another difficulty of studying weak-force homogeneous potential is that the weak-
force N-body problem is chaotic when N > 3. In particular, the Newtonian N-body
problem is known to be chaotic when N > 3.

On the other hand, for homogeneous Hill’s lunar problem (a restricted version of
the three-body problem), numerical investigations in 21}, |5] showed that as the power
a increases, the dynamics becomes more organized in terms of global existence and
singularity and the chaotic behavior becomes less prominent. In particular, when
a passes the threshold two, the system is no longer chaotic and a clear boundary
that distinguishes global and singular solutions emerges ([4]). In addition, for strong-
force (a > 2) homogeneous N-body problem, the Lagrange-Jacobi identity implies
that every solution with negative energy corresponds to a collision and thus the
set containing initial conditions that correspond to collision has positive Lebesgue
measure ([3]).

Unfortunately, homogeneous potentials sometimes do not provide accurate ap-
proximations in some physical situations. For example, even Newton himself realized
his Newtonian potential was not perfect, since his classical potential could not explain
the apsidal motion of the moon ([7]). Thus he added another term and studied the



dynamics of
i) = — 2~ 5 4 B0
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This kind of potential is known as the Manev potential. Clearly, the Newtonian
potential plays an indispensable role in the study of non relativistic mechanics. On the
other hand, Manev proved that his gravitational model provides a good approximation
offered by general relativity. (See [6, 11].) One often interprets the Manev potential
as a combination of the Newtonian component with power one and a perturbational
component with power two. Another important example of potentials in the form of
“Newtonian+Perturbation” would be the Schwarzschild potential

A B

USchwarzschild (T) - - - 3
T T

This potential is not only able to model astrophysical and stellar dynamics systems
in a classical context, but also describes the “black hole” effect: solutions with non-
zero angular momentum are possible to reach a collision and the collision set also has
positive Lebesgue measure, which makes it distinguishable from its Newtonian coun-
terpart [2]. In fact, Both Manev and Schwarzschild potential are quasi-homogeneous
potentials, which, in general, has the form of
U(T):_F_ﬁ’ b>a>0, A BecR".
Another example of the quasi-homogeneous potential would be the Lennard-Jones

potential

A B

ULennard—Jones<T) - _ﬁ + m, A, B > 0,

which models interactions between atoms and molecules. We notice that this potential
is a combination of attracting force and repelling force, which is out of this thesis’
scope. More examples of quasi-homogeneous potentials can be found in [19].

The most popular and useful tool for studying near-collision dynamics is the
McGehee transformation [13], a change of coordinate method invented in the 70s that
blows up the singularities and turns them into equilibria in a new system. Indeed,
by applying this method, Xia [20] was able to construct a non-collision singularity
for the Newtonian five-body problem and solved the well-known Painlevé conjecture
that remained open for about one century. Around the same time, Pérez-Chavela

and Vela-Arévalo [16] discovered that McGehee transformation can yet be applied to



the collinear quasi-homogeneous three-body problem. In particular, if b > 2, then
the Lebesgue measure of the triple collision orbits is infinite. For the Manev two-
body problem, Diacu et al. [7] showed that the set of initial conditions leading to
collisions has positive Lebesgue measure. Moreover, by introducing McGehee-type
transformations, Diacu et al. were also able to discover the black hole effect for the
Manev problem: If the two particles are close enough and has sufficiently low angular
momentum, then they will head for a collision and thus the collision set has non-zero
Lebesgue measure.

Meanwhile, for the strong-force (a > 2) homogeneous N-body problem, Deng and
Ibrahim [3] discovered that it is possible to classify initial conditions that either lead
to global or singular solutions below some energy threshold. For the two-body strong-
force homogeneous problem, Deng and Ibrahim’s method is effective and they were
able to construct invariant sets, while for three or more bodies, they were only able to
obtain some partial results. The technique used in their paper is to define an indicator
function, obtained by scaling method, and then to construct invariant sets based on
its sign below some energy threshold called “ground state energy”. Is it possible
to slightly modify their method and apply it to study quasi-homogeneous two-body
problems? The second chapter of this thesis is dedicated to solve this problem.

In addition to the idea of replacing the Newtonian potential, to improve the ac-
curacy of the solution obtained by solving Kepler’s two-body problem, it suffices to
“unignore” the attraction between the Moon and the Sun. This effectively summarizes
the idea of “Hill’s lunar problem”. The Moon is considered to be an infinitesimal body
that is attached to the Earth fixed at the origin. The Moon’s motion is described in a
rotating coordinate system such that the positive z—axis always points to an infinite
body (the Sun) that is infinitely far away, while the Sun-(Earth and Moon) system
is still governed by the standard Kepler’s equation (with Newtonian potential). (See
[4],]15].) In fact, Hill’s lunar problem can be considered as a restricted version of the
three-body problem.

Several decades ago, Meyer |15] became the first researcher to establish the close
link between Hill’s lunar problem and the three-body problem: he provided a precise
derivation of the Hill’s lunar equation from the Hamiltonian of the Newtonian three-
body system by using symplectic scaling method and heuristic arguments on different
physical quantities. Recently, Deng and Ibrahim [4] extended Meyer’s result to all
the homogeneous potentials.

As mentioned earlier, quasi-homogeneous potentials are among the most impor-



tant and applicable potentials in the study of natural science. By combining Hill’s
formulation with quasi-homogeneous potentials, we shall arrive at a more accurate
and meaningful model to study the lunar motion. Unfortunately, the derivation of
the Hill’s lunar equation under quasi-homogeneous potentials needs to be clarified.
The derivations presented in [4, |15] have provided us all the basic frameworks we
need for the derivation of Hill’s lunar equation under quasi-homogeneous potentials.
Indeed, we are able to obtain Hill’s lunar equation under quasi-homogeneous poten-
tials and this derivation is included in the first section of Chapter three. As usual,
we begin our derivation from the Hamilonian of the Sun-Earth-Moon (three-body)
system that is in a uniform rotating frame with arbitrary angular speed (frequency)
w, but with an arbitrary prescribed quasi-homogeneous potential. Following the foot-
steps of Meyer [15] and Deng—Ibrahim [4], our derivation also adopts all the heuristic
arguments and physical assumptions they made, as well as the symplectic scaling
method. However, unlike these preceding works, where the frequency is considered
to be normalized, we keep the frequency in the equation of motion. Subsequently, we
turn our focus to the quasi-homogeneous which consists of one strong and one weak
homogeneous potentials, as this type of potentials correspond to the most applica-
tions. That is, we study the global existence and singularity of the solutions of Hill’s

lunar problem when equipped with quasi-homogeneous potentials in the form of

U(r):—§—§7 0<a<2<hb, A BeR".
We remark that this type of potential contains the Schwarzschild potential.

For homogeneous potentials, the frequency can always be normalized ([4]), this
however is not the case of quasi-homogeneous potentials. Nevertheless, we have good
reason to keep the angular speed since we wish to study the limiting behavior of
solution dynamics when the angular speed w — oo. Akahori et al. [1] studied
semi-linear elliptic equation with combined power nonlinearities involving the Sobolev
critical exponent and showed that the main behavior of the solutions is given by the
Sobolev critical part for high frequency.

This kind of phenomenon is very likely to occur in the case of Hill’s lunar prob-
lem with weak-strong quasi-homogeneous potential: the behavior of any solution is
governed by the strong-force homogeneous potential when frequency is sufficiently
large and one may thus be able to classify solutions under and at some energy thresh-

old. Indeed, when the angular speed is large enough, the strong-force homogeneous



potential dominates the behavior of solution dynamics and we therefore are able to
construct invariant sets with positive measure that lead to finite-time collision, despite
the presence of weak-force homogeneous potential.

This thesis is structured as follows.

In the second chapter, we completely characterize the dynamics of any two-body
system when equipped with different quasi-homogeneous potentials. For two-body
systems, it is well known that besides the energy, the angular momentum is also
conserved along any solution. For homogeneous strong-force two-body problems,
Deng and Ibrahim [3] were able to construct invariant sets and their main result
followed immediately. For the Manev two-body, Llibre et al. [12] gave a complete
description of the phase portrait with potentials in the form of é + 7%, A, B € R.

We attempt to extend Deng-Ibrahim [3] and Diacu’s 7] results to all the quasi-
homogeneous two-body problems whenever their method is applicable. Inevitably, we
are forced to divide into cases depending on the power combinations of the prescribed
potential. In each case, we construct invariant sets that either correspond to global
solutions or solutions with singularity, based on the energy, angular momentum and
the indicator function. The key ingredient is again the idea of energy method proposed
in Deng and Ibrahim’s paper [3].

Our analysis is divided into five cases and each case correspond to a section. For
b>a>2and a < b < 2, everything behaves exactly like the homogeneous case,
which is unsurprising. For b > 2 > a, the behavior becomes more complicated and
it depends on the magnitude of angular momentum c. Nevertheless, we are able to
explicitly solve the threshold ¢*(a,b). For the limiting cases a < b=2and 2 =a < b,
the energy method [3] only yields partial results and we seek for analytical method
to directly tackle the problem.

For all the possible b > a > 0 and the magnitude of angular momentum, we
provide a complete description of the phase space in terms of global existence and
singularity (See Table 2.1]) As an important consequence, we find that whenever
b > 2, we observe the “black hole effect” and thus we have the following result which

concludes this chapter.

Theorem 1.0.1. For the quasi-homogeneous two-body problem, if b > 2, then the
set of initial conditions that correspond to finite-time collision has positive Lebesque

measure in the phase space (z, ).

In the first section of Chapter three, we derive the equation of motion and the



effective potential under the quasi-homogeneous potential for Hill’s lunar problem by
using symplectic scaling and heuristic arguments as proposed in [4}, [15]. This section
also includes some specific choices and corrections we are forced to make in order to
facilitate our study on the qualitative behavior (w — 00) of solution dynamics under
strong-weak potentials. Under our settings, and if one assumes the Moon’s location

is (x,y), then the Hill’s lunar equation with quasi-homogeneous potential is derived

as
A
i - 2wj = — 2 (2, y)
O 1.0.2
v, (1.0.2)
Y+ 2wt = —a—y(%y)-
Here, the effective potential
' a+2 1 b, , 2at2) |
Vo(z,y) = _(:1:2 + y2)af? —Ce (22 + y2)b/2 — (1 + é)w —Cw e 2%, (1.0.3)

where w is rotational speed of the uniform rotating coordinate system for the three-
body system and both C, > 1 and C' are constant. Physically, € represents the mass
ratio between the Sun and the Earth-Moon system and it is considered to be an
arbitrarily small constant in this section. In particular, when b = a and w = 1, this
effective potential coincides with the homogeneous potential in [4] up to a constant
before the first two terms in (|1.0.3)).

The energy for Hill’s lunar problem is given by

i+ y?
2

Eu(x,y,&,9) = + Va2, y). (1.0.4)

For each w > (5 20 )% = w *(a,b), this energy attains minimum at the critical points
of effective energy with zero speed I'y : (£xy,0,0,0), where z,, is the unique solution
of

(24 bt — 20w - b alatd) (1.0.5)

ZL’IH—Q xa+2

We define I'g = (z,,,0,0,0) and Ty = (—x,,0,0 0)
The right hand side of the equation of motion is locally Lipchitz continuous

whenever (z,y) # (0,0), hence there exists a unique solution up until some time T}ay.-

If Thax < 00, then the solution is said to experience a singularity at T},..; otherwise,

we say the solution exists globally.



The ultimate goal for the first three sections of Chapter three is to construct
invariant sets and demonstrate the presence of “black hole” for w — co and b > 2 > a.

The main tool we shall deploy is again the energy method, proposed in , where
Deng and Ibrahim studied the ground state energy problem and used it, as an upper
threshold, to construct invariant sets for strong-force homogeneous N-body problem.
The ground state energy is defined to be the smallest energy such that its corre-
sponding indicator function vanishes. Roughly speaking, the indicator function for

the ground state energy is obtained by scaling the effective potential.

N 5VL.,(X, y)=Cand W,(x,y) witha=1,b=3,w=1 and C varying 1 o‘é“(X, y)=Cand W,(x,y) witha=1,b=3,w=100 with C varying
T
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Figure 1.1: Contour plot of V,, under Schwarzschild potential
(Green line indicates W, = 0)

Formally, for quasi-homogeneous Hill’s lunar problem, for each w > 0, the indica-
tor function W,,, which is related to the ground state energy, is defined by scaling on
the effective potential:

oV, oV, 2(a+2)

W,(z,y) = T ya—y = (24 b)w? — 2Cw o2 } r? — (

ala +2) C’eb)
a + b ’
r r
(1.0.6)

The ground state energy for quasi-homogeneous Hill’s lunar problem is defined to be
E*(w) = inf{E,(z,y,%,79) : Wy(z,y) =0}, (1.0.7)

and we can check that it is finite and attained by the critical points of V,: T’y for

b > a and w > w*(a,b). The study of ground state energy, as well as all the variational



properties that are essential to the main theorems are included in the second section

of this chapter. The Lagrange-Jacobi identity for our quasi-homogeneous Hill’s lunar

problem can be calculated by differentiating the moment of inertia I = ””2’2“’2 with

respect to time twice:

2(a+2)

I =%+ 9%+ 2w(yr — dy) + | (2 + b)w® — 20w 5+ ]xQ—[

ala +2) C’Eb}
a + b
r r

=: K,(z,y,,7).

(1.0.8)

It is well known that the sign of K, plays a crucial rule in determining the fate of a
solution.

From here, we define the following sets below this ground state energy.

Wi(w) ={T e W(w) : K,(T") > 0,W,(I") > 0}
Wi (w) ={T e W(w) : K,(T') < 0,W,(T') > 0} (1.09)
WH(w) = {T € W(w) : K,(T') > 0, W,(T) <0} -
W= (w) ={T € W) : K,(T') < 0,W,(I') <0},
where the invariant set
W(w) ={T = (z,y,%,9) € R*: E,(I') < E*(w)} (1.0.10)
and
w) =W (w (w
Wi (w) = Wi (w) | JWs () 1.0.11)
W_(w) = WH(w) W= ().

Theorem 1.0.2 (Dichotomy for large angular speed below ground state energy). Let
b>2>a and w be sufficiently large. Then, both W, (w) and W-_(w) are invariant.

Furthermore,
1. WH(w) is empty.
2. Wy (w) contains global solution.

3. WZ(w) contains solution with singularity.
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At the ground state energy, similar results can be drawn. Let
W(w) ={l = (z,y,4,9) € R*: E,(I') = E*(w)} (1.0.12)

and Wf(w) be defined analogously as in ((1.0.9) (1.0.10f), and ((1.0.11)).

Theorem 1.0.3 (Dichotomy for large angular speed at ground state energy). Let
b > 2 > a and sufficiently large w. Then, both VNV+(w) and VN\L(w) are invariant.

Furthermore,
1. WHw) = {T%}.
2. 17\7+ contains global solutions.

3. solutions in the invariant set W= either have a finite-time collision or approach
{F(ﬂf} as t — oo.

Therefore, the “black hole effect” is observable in the strong-weak Hill’s lunar
problem as long as the angular speed is sufficiently large and b > 2 > a. We remark
that our classifications are sharp. That is, at and below the ground state energy,
based on the invariant sets we construct, we are able to categorize the fate of all the
initial conditions that either lead to finite-time collision or exist globally.

In the last section of Chapter three, we apply McGehee transform [14], to study
near-collision dynamics of the homogeneous Hill’s lunar problem. By introducing a
new time we blow up the singularity that corresponds to collision-singularity in the
equation of motion. According to [4], for the homogeneous Hill’s lunar problem, the
equation of motion, which is independent of angular speed w, is

. . oV
T—2y= —%(%y)

. (9V( | (1.0.13)
T=——(x
y ay 7y )
where the effective potential has the form of
2 2
V(z,y) = _ar r? — L, a> 0. (1.0.14)

2 (22 +y2)%

We shall show that for strong-force homogeneous Hill’s lunar problem, it is possible
to derive the asymptotic profile of a collision-bound solution near collision. This is

summarized as follows.
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Theorem 1.0.4. Fiz > 2, and let x(t) = (x,y)(t) be a solution of the homogeneous

Hill’s lunar problem that has a collision-singularity at t* < oo. Then, ast — t*
1. The angular momentum C(t) := zy — y& — C*, for some C*.
2. The following asymptotic relation holds.

a—2

" zuiz(g“)z;iz(t*—t)aizexpz(e*—f;(gﬂ)iﬁ(t*—t)w)] O 40
x(t) >~

2552 (2 + 1)%® (t* — t)a2 exp [z (6" + (& —t))} Cr=0

Finally, in the last chapter, we conclude this thesis by comparing the pros and cons
of the two main method we have used throughout this thesis: the energy method and
the McGehee-type transform method. This section also includes some brief discussion

of untackled cases and possible future works.
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Chapter 2

Quasi-homogeneous two-body

problem

2.1 Settings

The quasi-homogeneous potential W, is defined to be a sum of two homogeneous
potentials U and V. That is,

Wy, xg,..xn) = Uy, 2o, ...7p) + V (21, 22, ..7),

where x; € R?, for i = 1,2, ...n, is the location of each particle, and U and V are

defined respectively as

mym;
U(xy,xg,..xN) = — Z Z—j|a

1<i<j<N ‘xl L
m;m;
J where 0 < a < b.

V(xl,ilfg,...l‘]v) = — b

1<i<j<N ‘x, — Ty

For each particle’s location z;, its equation of motion can be obtained by Newton’s

second law,

mids = =2 (21, 22, ... Tn)
K3
u —am;m; bm;m; (2.1.1)
_Z a+2 oz | (T — )
il ETR |25 — ]
J#



13

The Quasi-homogeneous N-body problem is an autonomous Hamiltonian system,
meaning that the energy is conserved along any solution. It is not difficult to see that

the energy can be written as
L N
E(x,%) = 5 ;mimﬁ +U(x) 4 V(x), (2.1.2)

where x = (1,9, ...,7x5) € (R?)Y.
The Lagrange-Jocabi identity for the quasi-homogeneous N-body problem can be
calculated as

L) = F(x(1)) = 4 [BGe(t) %(0) + (0/2 ~ DU(H) + (/2 ~ V()]
(2.1.3)

where E(x(t),%(t)) = Fx is the energy of a solution, independent of time, and [ is

the moment of inertia, which is defined as

N
I(x) =Y mila*.
=1

The Lagrange-Jocabi identity is related to the collision singularity in the following
sense. Suppose that there exist some time ¢, and some positive number § such that
I(x(t)) < =6 for all t > to, then I(x(t)) is bounded above by a concave down
parabola which eventually becomes negative. Since the moment of inertia is always
non-negative, x(t) must have a singularity. In fact, this technique has been repeatedly
used in the construction of invariant sets of initial conditions that correspond to finite-
time collision ([3]).

For two body-systems, it is well known that any solution is planar, thus the

equation of motion and can be reduced to

a b

.I':( TH_|W>M:B7

= (2.1.4)

where M = mj 4+ ms is the sum of masses and z = x; — 2o € R? is the difference

of locations. Without loss of generality, we assume M = 1. Using polar coordinates
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(r,0), the previous equation is further reduced to

. o a b
F—rf _(_ra+2 _M)T (2.1.5)
. o1d .. -
0+2r0 =——(r?0) =0
rf + 27 o (r°) =0,
and the two homogeneous potentials are identified to be U(r) = —=% and V(r) = — 5.
The angular momentum
L(z) = rf
is constant along any solution and we denote its magnitude ¢ := ‘L(:U)} The total
energy E(x(t),x(t)) is also preserved along any solution x(t) and
. oy L
E(z,i) = E(r,7,0) = =|2|" + U(z) + V()
2 . (2.1.6)
= 5(7”2 +720*) + U(r) + V().
Thus, for fixed ¢ and F,
1 2
Tep: E==i*+—+U@)+V(r) (2.1.7)

2 2r2

determines an orbit in the phase space (r,7). From here, we recognize the effective

potential can be written as

2

Uegt(c,r) = 20_72 +U(r)+ V(r).

The indicator function 3] is defined by the scaling argument on Udg(c, 7). That is,

2

d c
K(e,r) = —aUeff()\T, c)r=1 = =t aU(r) + bV (r). (2.1.8)

Notice that K(c,r) = —r&Ueg(c, 7).

Remark 2.1.1. In contrast to [3], where the indicator function is defined with re-
spect to angular speed w, we find it more convenient to define the effective potential
and indicator function here with magnitude of angular momentum as a parameter.
However, once we know the angular momentum of a relative equilibrium, we know the
frequency of it and the converse also holds. Let the angular momentum, radius and

frequency of a relative equilibrium be co, 1o, wo then for normalized two-body problem
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we have:
2 __ .2

_ 1 1 _
K(cog,m0) = 7 O br8 =0

(2.1.9)

This is a system of equation with four variables, knowing one of cy,ro,wo will effec-
tively solve the other two. Notice that in the case of b > 2 > a, if we know cy, the
value of vy is not uniquely determined by the above equation since we have two relative
equilibria that satisfy it. However, since one of them is a local minimum of Ueg(co, -),

we can use second derivative test to determine the unique value of rq.

2.2 Case by case analysis

2.2.1 Strong-strong potential

This subsection corresponds to the case when b > a > 2, and we will see it
resembles the homogeneous case with strong potential.

Deng and Ibrahim [3] proved that for strong homogeneous potentials, it is possible
to construct invariant sets for each fixed angular momentum ¢, based on the sign of
indicator function K(c,r) below the so-called “ground state energy”, which is the
global maximum of effective potential. In this case, their method is still applicable
and the effective potential has the same shape. (See Figure (2.1))(a).) Before digging
into invariant sets, let us first derive some properties about the relative equilibrium

points.
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Orbits (r,7): [, with a=2.5,b=3,c =2 and E varying

Uglc, r) witha=25,b=3

I

2 3 4 5
r

(a) effective potential Ueg(c, ) for fixed (b) phase space (r,7)
c>0

Figure 2.1: Case b > a > 2

Setting %Ueﬁ‘(c, r) = 0 gives us the unique critical point of Ueg(c,-) : 7. > 0 and
it satisfies

ar; "2 4 bt = 2,

for each ¢ > 0 and b > a > 2. We also denote the “ground state energy”
E*(c) :=Udgl(c,re).

for each other ¢ > 0 whenever b > a > 2.

Remark 2.2.1. For each fized ¢ > 0 and b > a > 2, it is straightforward to see that
the following properties hold.

1. K(e,r) <0 <= r<r..
2. K(e,r) >0 <= r>r..
3. K(e,r) =0 <= r=r..

4. Ueglc, ) is ascending with respect to c. That is, for each 0 < ¢; < ¢g and r > 0,
Ueglcr, ) < Uepg(ca,r).

Lemma 2.2.1. Fix b > a > 2 and ¢ > 0, define

2
+

Py

()
I

{(z,i) e R* x R*: E(z,%) < E*(c), ¢z, %)
K= (¢c)={(z,&) e R* x R* : E(z,4) < E*(c), c(x, 1)

v
o

v
o
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where c(x, &) is the angular momentum and E(x, ) is the energy of initial condition

(z,2) and r =|z|. For each ¢ >0, K*(c) are invariant.

Proof. We show that K~ (c) is invariant. Let (z(t),2(t)) be a solution to the two-
body problem with (z(0),#(0)) € K~ (c¢). Since both energy and angular momentum
are invariant, K (c)|J K~ (¢) is invariant and we thus have ¢(z,%) > ¢ and E, =
E(z,%) < E*(c). Let r(t) =|x| (t) and suppose that there is t; such that K(c,r(t1)) =

0 then r(¢;) = r.. Since U is ascending with respect to ¢, we have
E, =Usg(c(z,@),r(t1)) > Ueg(c,r(t1)) = E*(c).

On the other hand,
E, < E*(c),

by assumption, and thus we arrive at a contradiction. O

Proposition 2.2.1. Fiz b > a > 2 and ¢ > 0, any initial condition in K*(c) corre-

sponds to global solution.

Proof. Let (z(t),%(t)) be a solution to the two-body problem with (z(0),%(0)) €
K*(c). The result follows since K (c) is invariant and K (c,|z| (t)) > 0 < |z| (t) >
Te. ]

Proposition 2.2.2. Fiz b > a > 2 and ¢ > 0, any initial condition in K~ (c) corre-

sponds to finite-time collision.

Proof. Let (x(t),x(t)) be a solution in K ~(c) and thus there exists § > 0 such that
E,=E(z,t) < E*(c) — 0 = Ueg(c,r.) — 0.

Using Lagrange-Jacobi identity, we have

I(z(t)) =4 [Ex +(1—2)

<4 |:Ueﬁ‘<c7 re) + (1 — g)

where r =|z|. Let
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By expanding Ueg(c,r.), one can check that

Flr) = 3K (e r) =0,

and f is increasing on r > 0 for b > a > 2. Combining with K(c,r(t)) < 0 <=
r(t) < re, we conclude that f(r(t)) < f(r.) =0 Vt & R and thus

I(z(t)) < =46 VYteR.

I(x(t)) is now bounded above by a concave down parabola which eventually becomes
negative for sufficiently large ¢. On the other hand I(z) is a non-negative function,

by definition. Therefore, we conclude the solution z must have a singularity. O]

2.2.2 Strong-weak potential

For b > 2 > a, a combination of strong and weak potentials, we will see the
existence of relative equilibrium depends on the magnitude of angular momentum.

Let us first focus on the function Ueg(c, 7).

-1.50

1 2 3 4 5 6

(a) Effective potentials are ascending

Uglc, r)witha=1,b=3,c=c (1,3} Ugle,h witha=1,b=3,c>c"(1,3)

0 1 2 3 4 5
r r

(b) ¢ < ¢*(a,b) (¢c) ¢ < c*(a,b)

Figure 2.2: Effective potentials with different angular momenta
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For low angular momentum ¢, we see that U.g(c,-) has no critical point, and
Ue(c, ) is increasing on (0,00) from —oo to 0. As ¢ increases, two critical points
emerge. One corresponds to its global maximum and we denote its coordinate as
(r.,V=(c)). The other one corresponds to its local minimum and we denote its

coordinate as (rf, V' (c)).

Orbits (r,#) : T.p with a = 1.2,b = 3.2 = 1.6 and E varying Orbits (r,#) : T.g with a = 12,0 = 3.2, = 2 and E varying
1.00

<UMI T

(a) ¢ < c*(a,b) (b) ¢ > ¢*(a,b)

Figure 2.3: Phase space (r,7) when b > 2 > a with different angular momenta

This phenomenon is clearly illustrated in the phase space (r,7) (Figure (2.3))):
For fixed low ¢, there is no equilibrium. As ¢ exceeds some threshold, two equilibria
emerge. One corresponds to a saddle and the other corresponds to a center. We

denote this critical angular momentum ¢* = ¢*(a, b).

Remark 2.2.2. We can check the following properties are valid for fited b > 2 > a

and ¢ > c*.

1. Ueglc,-) is increasing on (0,7,) from —oo to V.=, decreasing on (1, ,rF) from

V= (c) to V*(c) and increasing on (rf,o00) from V*(c) to 0.
2. r; <rf.

3. V() <0 and V—(c) > V*(c).
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2.2.2.1 The angular momentum threshold c¢*(a, b)

Expanding L Ueg(c,r) = 0 gives us
ar™ 2 or7t 2 = 0.
If we define ®(r) = ar=%"2 4+ br="*2 then the previous equation is reduced to
d(r) = 2. (2.2.2)

To find the critical angular momentum ¢*, we simply count the number of solutions
of the previous equation. Geometrically, in the (r,y) plane, the horizontal line y = ¢
originally has no intersection with ®(r) for low ¢, as we increase the value of ¢ > 0,
the number of intersections becomes one then two. We need to find the ¢ such that

®(r) = ¢* has only one intersection, which is equivalent to find mi(I)l ®(r). We denote
r>

the coordinate of this global minimum as (r*, 0*2) and its energy

E* = E*(a,b) = Ueg(c", r").

®(r) witha=1,b=3

Solving
O(r*) = c? (2.23)
Lo(rv) =0,



21

we see that

(2.2.4)

Remark 2.2.3. One can easily verify the following properties for any fized b > 2 > a.

1. Equation (2.2.3) is equivalent to

LUp(c*,r*) =0
a? Ueg(c*,r*) = 0.

n?

2. Forc>c* r; <r*<rt.
3. For c <c*, Uegglc,-) is increasing on (0,00) from —oo to 0.

4. For ¢ > ¢*, we have Ugg(c,r) < VT (c) = r <r,.

2.2.2.2 Invariant sets when ¢ > c¢*(a,b)

For each ¢ > ¢*(a, b), the effective potential Udg(c, -) has two critical points. Thus,
according to [3], we have two constructions of invariant sets, based on either the
energy V~(c) or V*(c).

However, the sign of K will not be included in the construction since it provides
insufficient information. For example, when ¢ > ¢*(a,b), K(c,r) < 0 implies r < r

orr>rt.

Proposition 2.2.3. Fiz b > 2 > a and ¢y > ¢*(a,b). Define
K }(co) = {($)$) e R?x R*: E(z,2) < V*(co), c(x, @) > Co}-

K7 (co) is invariant and each initial condition corresponds to finite-time collision.

Proof. Let (x(t),x(t)) be a solution in K;(c) and thus there exists 6 > 0 such that

E,=FE(x,2) <V*(cg) =6 <V (cg) =0 = Uesr(co,7gy) — 6
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Using Lagrange-Jacobi identity, we have

f@@):4&k+u_g%@y

_ 4 |:Ueﬁ‘<Co,7”CO) +(1-z)

where r =|z|. Let

£(7) = Usnlen, ) + (1= 2) s+ (1= 9)

By expanding Ueg(co, ), one can check that

flrz) = 3 K(co.15) = 0,

and f has a unique critical point at r = r*. More specifically, f is increasing on (0, r*)
and decreasing on (r,,00). In particular, f is increasing on (0,7 ). Moreover, since

U.g is ascending with respect to ¢ and K is invariant, we have
Uegr(co, (1)) < Ueg(c(, @),7(t)) < E, < V*(cy) VtE€ER,

which implies

r(t) <r, VteR.

€o

Therefore, f(r(t)) < f(rg) = 0 and thus
I(z(t)) < —46 VYteR.

I(z(t)) is now bounded above by a concave down parabola which eventually becomes
negative for sufficiently large ¢. On the other hand I(z) is a non-negative function,

by definition. Therefore, we conclude the solution z must have a singularity. O

Lemma 2.2.2. Fiz b > 2 > a and ¢y > c*(a,b). Define

Keolco) = {(,#) € R x R : B(, ) < V™ (co), el #) > co,7 <
Kgop(co) = {(z,2) € R* x R*: E(z, &) <V~ (o), c(z,4) > co,r > 1, } .

Both Kp(co) and Kgop(co) are invariant.
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Proof. We show that Kgon(co) is invariant. Let (x(t),%(f)) be a solution to the
two-body problem with (2(0),2(0)) € Kgob(co). Since both energy and angular
momentum are invariant, Ke1(co) |J Kgiob(Co) is invariant and we thus have c(z, ) >
co and E, = E(z,2) < V~(cg). Let r(t) =|z| (¢) and suppose that there is ¢; such

that r(t;) = r_,. Since Ueg is ascending with respect to ¢, we have
B, = Ue(c(x, 2),7(t1)) > Uen(co, 7o) =V (o).

On the other hand,
E, <V~ (CQ),

by assumption, and thus we arrive at a contradiction. O

Proposition 2.2.4. Fizb > 2 > a and ¢y > c*(a,b). K. (co) corresponds to singular

solutions and K g,(co) corresponds to global solutions.

Proof. The proof is similar to the previous proposition. O

2.2.2.3 The degenerate case ¢ = ¢*(a,b), E = E*(a,b).

Recall that the function Ugg(c*, -) is increasing, the unique critical point r* satisfies
LUe(c*,r*) = %UQH(C*,T*) =0 and E* := Ueg(c*,7*). Let (x(t),2(t)) be a solution
of the two-body problem that satisfies F(z,%) = E* and c(x(t),%(t)) = ¢*. From

energy relationship, the radius of the solution r = r(t) satisfies
* * ]' -2
E* =Usg(c",r) + 57 (2.2.5)

which implies
Ueff<C*7 T*) Z Ueff(C*a T)a

and thus r <r*and r =r* <— 7 =0.
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Orbits (r,r): T¢,e witha=1,b=3,c=c"(1,3) and E varying

0.6

0.44

0.2

Uele™, Iwitha=1,b=3

~ 0.0

=01

i

Ule”,

| |
o =)
o >
\
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\
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I\
|\
|\
|
|
|
|
|
|
|
| | | |
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«n > w N

H

T T T T = . = =
0 1 ro2 3 4 5 0 2 4 6 8
r r

=
o

(a) Effective potential Ugg(c*,r) (b) Phase space (r,7) where green(blue) line
indicates F = E*(E = 0)

Figure 2.5: What happens when ¢ = ¢*(a, b)?

Moreover, when r < r*, we see that there are two radial speed with exactly

opposite signs corresponding to each r that satisfies Equation (2.2.5). This implies

AT ={(z,2) e R* x R? : ¢(w,4) = ¢*, Bz, &) = E*,7 > 0}
A" ={(z,2) e R* x R*: ¢(x,2) = ¢*, E(z, &) = E*,7 < 0}

are backward and forward invariant respectively. We show that r = r* is an attractor
for solutions with strictly positive initial radial speed by calculating the time it spends
to reach r* from ry < r*. Indeed, the time 7' can be represented by using the energy

relation as
1

T:/ :
CIRVLTINAE W =

We notice that the only singularity of this integrand is s = r* and it can be shown
that

ds.

1 1

=0
rr—s 2 2
\/2E*+s_a+s_b_s_2

as s — r° |
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by using the fact L Ueg(c*, ") = %Ueﬂ(c*, r*) = 0 and L'Hopital’s rule. Indeed,

2

. 2B+ Z4+ 35 2FF — 2U.4(s, )
lim = lim
e (r — s)2 Poed (re— s)?
— lim ~ 23 Uen(s, )
s—r¥T _Q(T* - 3)
d? «
L Ues(s, ¢
BN =L (LD
s—r* —1

Since

*

" 1
/ ds = o0
ro r* — 8

and thus T = oco. By symmetry, for solutions with strictly negative initial radial

speed, r = r* is a repellor.

For any solution starts in A™, does it take finite time to reach a collision? First
of all, we see that there does not exist a lower bound for r since if it does, then the
lower bound must be r*. Likewise, if the initial distance between two particles is

r =1y < r* the collision time T, can be represented as

ds

70 1
72:01:/0 5 N e
\/2E*+s—a+s—b =

and we see that the integrand is continuous at s = 0, which implies 7., < oo.
Proposition 2.2.5. Fiz b > 2 > a. The following statements are valid.

1. The set AT = {(z,&) € R* x R?*: ¢(w,d) = ¢*, E(x, &) = E*,7 > 0} is invari-
ant and contains global solution. For initial condition (x(0),%(0)) € A" its

corresponding solution x(t) satisfies r(t) — r*(a,b)” as t — oo.

2. The set A~ = {(z,4) € R2 x R?: ¢(, &) = ¢*, E(z,4) = E*,7 < 0} is invari-
ant and contains solution with finite-time collision. For initial condition (x(0),%(0)) €

A~ its corresponding solution x(t) satisfies r(t) — r*(a,b)” ast — —o0.

3. The set A = {(z,2) € R?* x R? :|z| = r*(a,b),7 = 0} is also invariant.

2.2.2.4 Subcase ¢ < ¢*(a,b) or ¢ = c¢*(a,b), E # E*(a,b)

When ¢ < ¢*(a,b), Ues(c, -) does not have a critical point and it is strictly increas-

ing on (0, 00) ranging from (—oo,0). This case resembles the case when ¢ < v/2 and
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a < b =2 and can be argued similarly based on the energy £ > 0 and £ < 0. For
¢ = c*(a,b) and E # E*, the threshold energy is again zero.

Proposition 2.2.6. Fiz b > 2 > a. The following statements are valid.

1. Both
{(z,2) e R® x R?: E(x,4) < 0,0 < ¢(z,&) < c*(a,b)}

and
{(2,#) € R x R? 1 E(r,4) > 0,0 < (2, %) < ¢*(a,b), 7 < 0}

are invariant and contains solution with finite-time collision.

2. {(z,4) e R x R?: E(z,%) > 0,0 < c(z, &) < ¢*(a,b),7 > 0} is invariant and

corresponds to global solutions.

3. {(z,4) e R xR?: 0> E(x,&) # E*(a,b), c(x, i) = c¢*(a,b)} is invariant and

contains solution with finite-time singularity.

4. {(z,%) € R* x R?* : E(x,4) > 0,c(x,4) = c¢*(a,b),7 > 0} is invariant and cor-

responds to global solutions.

5 {(z,2) e R2x R?: E(z,&) > 0,c(x, &) = ¢*(a,b),7 < 0} is invariant and con-

tains solution with finite-time collision.

Proof. This proof is similar to the case of a <2 =5 and ¢ < V2. (Cf[2.2.5.3]) O

2.2.3 Weak-weak potential

The case when a < b < 2 is actually quite simple and we will see it resembles the
weak homogeneous potential case, where the set of collision initial conditions have

zero Lebesgue measure in the phase space (z,7) € R? x R2.
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Orbits (r,7): [, witha=1,b=1.5,c=2 and E varying

Uslc,r) witha=1,b=15

084

067

044

029

Usic, r)

004

—0.21

T T T T
0 1 e 2 3 4 5

(a) effective potential Ueg(c, ) for fixed (b) phase space (r,7)
c>0

Figure 2.6: Case 2 >b>a

From energy relation

L, 1 1 .

we have

Letting r — 0T, we see

which is only possible when ¢ = 0.

Proposition 2.2.7. Fiz a < b < 2 and let (z(t),2(t)) be a solution of the two-body

problem that has non-zero angular momentum. Then x is a global solution.

2.2.4 Critical angular momentum for the two limiting cases

We begin by plotting some orbits in the (r,7) plane with different angular mo-

menta.
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Orbits (r, /) : I'c,e witha=1,b=2,c=.5 and E varying Orbits (r,F): [e,e with a=1,b=2,c =2 and E varying

-025 -025

-050

-0.50

-0.75 -6 -0.75

-1.00

-1.00

(a) I'c g with low angular (b) T'c, g with high low angular

momentum momentum

Figure 2.7: Phase space (r,7) when 2 =0 > a

Orbits (r,7): [c,e with a=2,b=3,c=.5 and E varying Orbits (r,7): Ic,e with a=2,b=3,c =2 and E varying

-0.25

-0.50

-0.75

-1.00

(a) I'c, p with low angular (b) T, g with high low angular

momentum momentum

Figure 2.8: Phase space (r,7) when 2 =a < b

There are several observations that can be made from these graphs above. (Rigor-
ous justifications follow in the subsequent subsections.) First, regardless of the power
combinations, as long as one power is 2, when the angular momentum is relatively
low, there is no relative equilibrium in the (r,7) plane. As ¢ becomes larger, a critical
point emerges in both cases.

However, the potential that does not have power 2 determines the stability of this
equilibrium. If the stronger potential has power 2, then the critical point is a center,

otherwise, it is a saddle point.
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Unlike the case when a < 2 < b, where, as ¢ exceeds the threshold ¢*(a,b), we
always see one stable and one unstable critical points, we only have one equilibrium
here when the angular momentum is sufficiently large.

The critical angular momentum is calculated in a similar fashion as in the case of

b>2>a. When a < b= 2, we have

1
E = 57'"2 + Uet(c, ),

where the effective potential is

Ueg(c,r) = —— — — + —. (2.2.6)

Effective potential
-

(a) Effective potentials as ¢ varies when (b) Effective potentials as ¢ varies when
a<b=2 b>a=2

Figure 2.9: Effective potentials of limiting cases

Since this is a Hamiltonian system, critical points have the form (r,7) = (r*,0),

where

d
%Ueﬁ‘(c, r)=2-A)r far T =0,

In other words, we want to know that under for which values of ¢, the equation
A =art? 42 (2.2.7)

has a solution. It is easy to see that the answer is if and only if ¢* > 2. Furthermore,

if the equation has a solution, then it must be unique. Let us denote the critical
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*

», and its

point of the effective potential associated with an angular momentum by r

corresponding effective potential as

1
-2\ a a >
rC ( a ) ? (C) ( 2) (CQ _ 2>

whenever they exist. Similarly, when b > a = 2, the effective potential is

-2 1
212 rb’

Uet(c, 1) =

We can also check that Usg(c,7) has a critical point <= ¢ > /2 and in this case,

the unique critical point and its corresponding effective potential satisfy

_b_
b\ b -2\
i=(amg) FO=G >< b )

In the following two sections, we shall show that whenever a solution has angular

momentum ¢ > /2, the power that is not two dominates the solution dynamics.
When ¢ < v/2, the black hole effect is observable: we shall construct positive-measure
invariant sets containing initial conditions that lead to finite-time collision.

We discuss the case when a < b = 2 first, since the other case can be argued
similarly and this case corresponds to numerous physical applications, such as Manev

potential.

2.2.5 Manev potential

Potentials that satisfy b = 2 > a should be considered as a generalization of
the Manev potential. Indeed, when b = 2 > a and ¢ > /2, we find that the weak
homogeneous potential dominates the behavior of the solution dynamics: all solutions
with non-zero angular momentum are global. While for ¢ < v/2 and b = 2 > a, the
“black hole” effect [7] is present: We are able to find invariant sets with positive
measure that contains initial conditions leading to collision in the phase space.

We present two constructions of invariant sets when ¢ < v/2 and b = 2 > a. One
is based on the energy method [3] and the other one is based on the energy relation
and the integrability of the two-body system. We will see that the latter leads to a

complete characterization of the phase space (r, 7).
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2.2.5.1 Subcase ¢ > /2

It is straightforward to observe the following properties for U.g whenever b = 2 >

1. for ¢ > 2 and c fixed, Ueg(c,-) achieves minimum at 7% and the minimum is
* a a 2-a
B(e)=—-(1-%) (25) 7"

2. for ¢ > 2 and c fixed, Ugg(c, -) is decreasing on (0,77) from co to E*(c) < 0,

and it is increasing (7%, 00) from E*(c) to 0.

3. for ¢* > 2, r* and E*(c) < 0 increase as ¢ increases. In other words, Ueg is

ascending with respect to c.

Effective potential with different angular momentums when a =1,b =2
06+ ‘
04

02F | L

Effective energy
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> IS o o
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\
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25 3
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o
@
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o

(a) Uegt(c, -) for fixed ¢ > /2 (b) Uest(c, -) with different ¢ > /2

Figure 2.10: Effective potentials when 2 =56 > a

From the energy relationship, we have

1, -2 1

E=—r N
2" * 272 ra’
and it implies
-2
Er? > —r¥e,
Letting » — 0T, we see
2
¢t —2 <0
2 f— Y

which is only possible when ¢ < V2. Thus, we conclude
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Proposition 2.2.8. Fiz a < b =2 and let (z(t),%(t)) be a solution of the two-body
problem, that satisfies c(x, &) > /2. Then x is a global solution.

2.2.5.2 Subcase 0 < ¢ < v/2 an indirect approach

When ¢ < 2 and b = 2 > a, The function Ugg(c, -) is strictly increasing and it is
bounded above by zero. The family of functions Udg(c, -) is ascending with respect to

the angular momentum c.

Effective potentials with different angular momentums when a = 1,b=2,¢ < /2

02

0

02| ,/,,//

04

o
o
T

Effective energy
s .
®

Figure 2.11: Ugg(c,r)’s with different 0 < ¢ < /2

The energy method in [3] requires the effective potential has at least one critical
point, thus it is not directly applicable in this case. However, in the same paper,
Deng and Ibrahim suggested a different way to construct invariant sets based on a
different indicator function.

The Lagrange-Jacobi identity for a solution (z(t), #(¢)) with angular momentum
c(x,d:)2—2 1.
2r2 re’

c(xz, &) can be rewritten by plugging in the energy E(z,d) = 572 +

a

f@a»=4(m@¢H4§—DU@0

:4<Lﬁ_2—daiy_ap>'

2 272 re
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The new indicator function W (c, z, @)

1 2 — 2 2
W(C,I’,{t) = W(C, T, ’I“) = 57"2 — 2,,«26 _ &r/a ,

and a generalized energy

. 1. 2 —2 1
E(C, r T) = 572 + 252 ra

are defined for r > 0 and 0 < ¢ < /2.

Remark 2.2.4. We abuse the notation E here. Given (z,%) € R? x R?, its energy
E(z,%) and its angular momentum c(x, ) are functions of (x,%) and they are con-
served. On the other hand, E(c,r,7) is a function of (c,r,7) € (0,4/2] x (0,00) x R
and ¢ and (r,7) are independent variables. Note that E(c(x,z),r,7) = E(x,) =

E, = const, where r =|x| and i = 7(x, &).

In [3], the ground state energy is defined to be

E**(c) :==inf {E(c,r,7) : W(c,r,7) =0} = inf

r>0 r>0 Ta

{—1_% :W(c,r,f“):O},

for each v/2 > ¢ > 0. By using the sequence (7,,7,) = (1/n,1/(2 — 2)n2 + an?),
we can easily check that E**(¢) = —oo, and thus the ground state energy does not

provide us any information. However, for each v/2 > ¢ > 0 the problem

r>0 r>0 T

H(c) = sup {E(c,r,f“) cWi(e,r, i) = O} = sup{—1 _a% cWi(e,r, i) = 0}

. . . —c2
is evaluated to be zero, since we can use the sequence (7, 7,) = (n, /25 + %). We

modify and mimic the construction process of invariant sets proposed in [3], but this

time the initial conditions must have energy greater than H(c) = 0.

Lemma 2.2.3. Let 0 < ¢ < /2 and a < 2 be fized. For each 6 > 0, the set
Us(c) = {(z,2) : E(z,&) > 0,c(z, &) < ¢, W(e,r,7) < =0}

18 1nvariant.

Proof. Let ¢(t) be a solution such that E, > 0 and ¢, < ¢ < V2. Suppose there
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exists tg such that

2 —c? a/2

(6 r(to)* 0.

W (e, r(to),7(to)) = =7(to)?

This implies

1 2—c a2
“i(t)? < =6 4 .
3 h0)” S =04 S + oy
Thus,
1 2 —¢? 1
E(cg, r(to), 7(to)) = =7(to)? 2
(¢4, 7(to), 7(t0)) = 57 (t0) (1) r(to)°
1 2—c;  a/2
i (ta)? ¢ _
<5 = 5 T Tt
2 — 2 2 2 — 2 2
<5+ g+a/ - g_a/ — 5.
QT(tO) T’(to)a QT(to) T(to)a
But E(cg,(to), 7(to)) = Ey > 0, Contradiction. O

Proposition 2.2.9. Let 0 < ¢ < /2 and a < 2 = b be fized and Us(c) be the same
set as in Lemma 2.2.3| Any initial condition in Us(c) corresponds to a solution with

singularity.

Proof. Let ¢(t) be a solution such that Es > 0 and ¢4 < ¢ < v/2. We know
I(z(t)) = 4W (g, 7, 7) < AW (¢, 7,7) < —40.
So the non-negative function I is bounded above a concave down parabola. O]

2.2.5.3 Subcase 0 < ¢ < /2 a direct approach

The idea of building invariant sets using energy, some fixed angular momentum,
and an indicator function is not effective when the effective potential does not have a
critical point. Indeed, we are not satisfied with what we have obtained in the previous
section, the construction of invariant sets seems a bit unnatural.

As mentioned in the introduction, Diacu et al. |7] demonstrated the presence of
black hole effect in the Manev potential (a = 1,b = 2) two-body problem. That is,
for sufficiently small angular momentum, as long as both particles are close enough,

they shall collide in finite time.
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This section aims to generalize Diacu et al.’s result to all the quasi-homogeneous
potentials with a < b = 2 as well as to give a complete description of the phase space
(r,7) in terms of global existence and singularity when angular momentum is small.
The method is simple and only relies on the integrability of the two-body system.

Recall that for b = 2 > a, each

1 2—-c2 1

T.p: FE=—r? S — 2.2.8
B 2T 212 re ( )

determines an orbit in the phase space (r,7). When 0 < ¢ < V2, observe that
1. Each orbit I'; g is symmetric about the r-axis.

2. If E < 0, then I'. g has a unique intersection with 7 = 0. (We denote this
intersection by (r,7) = (r.g,0).) Moreover, for (r,7) € I'.p, v < r.p and

r=rep < 17 =0.
3. It £ >0, I'. g has no intersection with the axis 7 = 0.

Whenever a < b = 2, we define the following sets in the phase space (z, ).

N+={($,:t)€R2XR2 E(x,:z:)<0,r>0,0<c($,x)§\/§}
]\f’:{(m,:ic)GIR2><IR2 E(a:,x)<0,r<0,0<c(a:,x)§\/§}
P+:{(x,x')€]R2><R2 E(x,x)ZO,r>0,0<c(x,x)§\/§}
P~ ={(z,3) € R* x B?: B(x,i) > 0,7 < 0,0 < o(z,3) < V2}
Agioh, = {(az,x) € R? x R?: ¢(x, &) > 2}

We also set N := NT|JN~ and P := PT|JN*. We have already proved that Agopb
corresponds to global solutions and it follows immediately from the third observation
above that both P* are invariant sets and thus PT corresponds to global solutions.
Furthermore, N~ is forward invariant by the second observation. What remains
unclear is whether the same holds for N*. In other words, for solution starts at N7,

we need to check how long it takes to arrive at (r,7) = (7. g, 0).
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-6

(a) T p for fixed 0 < ¢ < /2 and E >0 (b) ' for fixed 0 < ¢ < V2 and E < 0

Figure 2.12: Phase space (r,7) for b=2 > a

Let (z(t),(t)) be a solution that starts at N* with (0) = rg, # > 0, E < 0 and

angular momentum 0 < ¢ < v/2. Then, we use the energy relationship to get

2 — 2 2
\/2E+ ¢ + —.
72 ra

If we set the final position to be r.p — € (0 < € < 1) then the time T it takes to

reach r. p — € satisfies
dr

/TCE €
70 \/2E+202_|__

Consider the improper integral

Te,B—€

lim

=0t Jp \/2E+202 / \/2E+202+2’

and we claim that

1 o 1 .
= py——— as r T .
\/2E +EE+ 2 vier =T "
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Indeed, by L’Hopital’s rule, we see

3

2
Tep — T Te, T — T
0 < lim = lim
TR 2F + 2 62 + % =T g 2Fr2 +2 — 2 + 2r2-a

2re gr — 3r2
= hm

2
_Tc E

4ETCE—|—2(2—CL) CE

Notice that the denominator is nonzero, since, from the definition of r. g, we have

2 —¢?

Te,E

0>-2

=4FEr. g+ 47”;3“
> 4Er.p +2(2 —a)ry 4.

Hence,

L VZENCQ __C/ m

T‘CERd
—C’/ —r<oo

for some constant C'. Thus, it only takes finite time to reach r. g from any position
ro < re,p. Combining with symmetry or reversibility, it is not difficult to see a solution
that starts at N will reach (r,7) = (r.g,0) in finite time and enters N~. Therefore,
solutions start in N = NT|J N~ share the same fate in terms of global existence
and singularity. Next, we check whether there is a uniform lower bound for solutions

starting in P~ or N.

Lemma 2.2.4. Let z(t) be a solution starts in invariant set P~ or N then r(t) — 0

as t = toae—, Where tp,, is the mazimal time of existence of x(t).

Proof. We prove this lemma by contradiction. Suppose that the solution r(t) is

bounded below for all time. Then it is a global solution and

107 = Bt =

for some ¢ > 0. From here, we conclude that 7(t) — 0 as ¢ — oo. Therefore, from
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energy relation,

L—c/2 + ! — 0 t—
as 0.
r(t)? r(t)e

1

If the solution starts in P~, however, the right hand of the previous equation ap-
proaches some strictly positive number. Therefore, there does not exist a strictly
positive uniform bound lower for solutions that start in P~.

Otherwise, we know that for sufficiently large ¢, (x(t),4(t)) € N~ and it suffices

to prove this lemma holds for N=. On N~, we have

2 —c? 2
0 :—\/2E+—C+

r()? ()

Hence,
2—¢c% 2

2B+ 4+,

€

which implies € = 7. g. But 7(0) = r.p — 0 for some 6 > 0 and 7(¢) < 0 for all £ > 0
by the second observation above. Therefore, there does not exist a strictly positive
uniform bound lower for solutions that start in V.

Hence, for solutions that start in N or P~, r(¢) must approach zero as t —

]

tmax :

Proposition 2.2.10. Let z(t) be a solution that starts at invariant sets P~ or N

then x(t) has a finite-time collision.

Proof. Since solutions start at N* will reach N~ in finite time, it suffices to only
consider solutions start in N~ or P~. Let x(t) be a solution in either N~ or P~.

Then, from energy relationship we have

d -2 2
T——\/2E+ ‘iz

dt 72 ra

Let T, be the time it takes to reach 0 < r = ¢ < 1 from some fixed r = rq. (If
solution starts at N~, we need to further impose ry < r.g.) By the previous lemma,

we know that 7. exists and it can be written as

TGZ/TO ds |
‘ \/2E+2;—§2+5%
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We see that the integrand is continuous at s = 0 since

S

—0 as s — 0T,
V2Es2 +2 — 2 4 252-a

Thus,
lim 7T, < oo,
e—0t
which means it takes finite time to reach for a collision. O

Proposition 2.2.11 (Complete characterization for a < b = 2). Fiz a < b = 2, the

following statements are valid.

1. Solutions in {(m,x) € R x R?: ¢(z,2) > \/§} are global solutions.

2. Solutions in {(:L",(L’) ER*x R?: E(x,2) > 0,7 > 0,0 < ¢(z,2) < \/5} is tnvari-

ant and it contains global solutions.

3. The set {(:p,x) €ER?* X R?: E(x,1) > 0,7 < 0,0 < ¢(z,7) < \/5} is invariant

and it contains solution with finite-time singularity .

4. Solutions in {(:L“,(L’) ER*x R?: E(x,7) < 0,0 < ¢(z,2) < \/5} is invariant and

it contains solution with finite-time singularity.

2.2.6 Strong perturbation of Manev potential

The other limiting case we need to consider is when b > a = 2. When the
angular momentum is relatively large, it can be shown that the strong homogeneous
potential dominates the solution dynamics by an almost identical proof as in the case
of b > a > 2. On the other hand, when 0 < ¢ < /2, the dynamics behaves similarly
to the case a < b =2,¢ < V2.

2.2.6.1 Subcase ¢ > /2

The case ¢ > /2 and b > a = 2 resembles the homogeneous potential case and
the energy method [3] applies. The indicator function in this case becomes
-2 b
K(e,r) = < - —.

r2 rb
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Lemma 2.2.5. Fiz b > a =2 and ¢ > v/2. The following sets are invariant.

K*(c) = {(z,&): E(z,&) < E*(c), c(x, &) >

T (c,r) > 0}
K~ (¢)={(z,&): E(z,&) < E*(c), c(z, %)

c, K
e, K(e,r) <0

v

Furthermore, each solution in K (c) is global solution and each solution in K~ (c) is

singular.

Proof. The proof is similar to the case of two strong homogeneous potentials. (Cf.

Lemma and Proposition [2.2.1) O

2.2.6.2 Subcase 0 < ¢ < /2

The case 0 < ¢ < /2 and b > a = 2 resembles the Manev-potential case when
angular momentum is relatively small. We see that each solution with energy E and

angular momentum c satisfies

1 -2 1
Pop: E =~ =
B 2r + 22 rb

(2.2.9)

in the (r,7) plane . Furthermore, we observe that (Figure [2.13])

1. For IV < 0, we see that I'. g plane always has one intersection with 7 = 0 in the
(r,7) plane and we denote this unique intersection as r. g. For (r,7) € I'. g, r <

regand r=r.p <= 1 =0.
2. For £ > 0, I'. g has no intersection with the axis 7 = 0.
3. Bach I'; g is symmetric about the r axis.

Both situations can be handled analogously as we did in the case where b =2 > a

and 0 < ¢ < v/2. For non-negative energy, we see that both
P = {(I,ﬂ'ﬁ)  B(x,%) > 0,7 < 0,0 < c(x, @) < \/5}

and

P, = {(x,gs) L B(x,i) > 0,7 > 0,0 < (x, &) < \/5}

are invariant, since for £ > 0, I'. g does not have an intersection with 7 = 0 plane.



-1 05 0 05 1 15 2 2.5

(a) I'c g for fixed 0 < c<+v2and E <0

3

(b)Ter for fixed 0 < ¢ < /2 and E >0

Figure 2.13: Phase space (r,7) for b > a = 2

41
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For strictly negative energy, we define
N_ = {(x,:fc) CE(2, &) < 0,7 < 0,0 < e(x,3) < ﬁ}
N, = {(:1:,32:) CE(2,%) < 0,7 > 0,0 < c(x,7) < \/5}

Similarly to the case where b = 2 > a, we see N_ is forward invariant since one can

apply the same argument as we did in ?77.

Lemma 2.2.6. Let x(t) be a solution that starts in invariant set P_ or N_ then

r(t) = 0 ast —t,,,,, where tpy., is the mazimal time of existence of x(t).

max’

Proof. This proof is similar to the case where b=2 > a and 0 < ¢ < /2. O]

For solution that starts in P_ or N_, we have 7(¢) < 0 for t > 0, and thus, from

the energy relation (2.2.9)), we see

d

0 teol
/ - i = / dr,
r(0) \/ 2QE+ £+ % Jo

where . is the time it takes to reach collision: » = 0. Now, for 7(0) # 0, the integrand
is continuous on [0,7(0)] and therefore t.,) < co. Another immediate observation is
that P, contains global solutions.

Let us focus on the set N.. We need to check whether it is forward invariant. In
other words, let (x(t),#(t)) be a solution that starts in N, we need to compute the

time it takes to reach r. g. The energy relation implies that we can write

Te,E d t
/ - [«
r(0) \/2E +EE 42 Jo

where t is the time (x(t), ©(t)) takes from 7(0) to r.g. We claim that ﬁ =
5t

E]




43

O(———)ass— 7. p- Indeed, L'Hopital’s rule implies that

A /TC,E_S

b+1

TeE — S TC’ESb—S

0< i = 1l
- r_if?E 2F + 2;—;2 +2 T—igE 2Esb + (2 — ?)sb=2 + 2
. brops®™ — (b+1)s°
= lim -1 2 b—3
ror 208" 4+ (2 — ¢?) (b — 2)sb-
CBEr +(2— ) (b—2)rh

Notice that the denominator is nonzero, since, from the definition of r. r we have

2b

Te,E

0> —

= QbETZ_El + (2 - cQ)brlc’;E3
> QbETZ_El + (2= (b - 2)7“2’553.
Thus, t < co. By symmetry or reversibility, solutions with initial conditions in N,

will reach N_ and lead to a collision singularity in finite time. Finally, we conclude

this case by stating the following proposition.

Proposition 2.2.12. Fiz b > a = 2. Both
{(x,j:) ERZx R2: E(z, i) < 0,0 < ¢ < \/5}
and
{(x,x) ER?x R2: E(z,4) > 0,0 < ¢ < V2,7 < 0}

are tnvariant and they contain solutions with singularity. Meanwhile, the invariant
set

{(g;,g‘c) ERZXR?: E(r,4) > 0,0 < ¢ < \/§,f>0}

contains global solutions.

2.3 Summary
Let ¢g > 0 be a constant and (x,42) € R? x R? be an initial condition. The
following notations and conventions are adopted for Table [2.1]

1. K(c,r) = j—; — a= — b= is the indicator function and Ueg(c,) is the effective

potential.
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2. F is the energy function, ¢ is the magnitude of angular momentum function

and 7 is the radial speed.

3. E*(cp) = max Uet(co, ) and it exists and is defined whenever 2 < a < b.

4. Aslong as b > 2 > a,

and E*(a,b) = Ueg(c*(a,b),7*(a,b)) < 0 are well defined.

o
|
[V}

Q
—~
[N}
|
IS
S~—
o
|
Q

N

5. For ¢y > c*(a,b) and b > 2 > a, r, < r} are exactly the two roots of the
equation K (co,r) =0, and V*(co) = Uegr(co, 7).

6. As long as ¢y is present, that row should be interpreted as “for each ¢y such

that”. For example, the first row is interpreted as: For b > a > 2, for each ¢
such that c(x, &) > o, if E(x,%) < E*(cy) and K(cg,|z|) > 0, then (z,z) leads

to a global solution.

7. “N/A” stands for not applicable: One simply needs to ignore this entry.

Condition on a,b | Condition on angular momentum | Condition on energy | Sign of K or condition on radius | Sign of 7 Global or Singular
K(co,|z|) >0 Global solution
b>a>2 c(z,d) > ¢ E(z,4) < E*(co) ( wle]) 2 N/A — —
K(co.|z]) <0 Finite-time collision
a<b<?2 c(z, &) >0 N/A Global solution
K(co,|z]) >0 Global solution
cla, @) > ¢y > V2 E(z, 1) < E*(c - N/A
@.8) > (@.2) (co) K(co.|z]) <0 / Finite-time collision
b>a=2 R >0 Global solution
R E(z,4) >0 N/A -
0 < c(x, i) < V2 7 <0 L .
- Finite-time collision
E(z,) <0 N/A
o(x,4) > V2 N/A Global solution
. >0 Global solution
a<b=2 . E(z,&) >0 -
0<c(z,z) < V2 N/A r<0
E(z,4) <0 . o .
- - Finite-time collision
E(z,i) < V*(co) N/A
c(x, &) > co > c*(a, b . x| <r,
(2,8) > @ > ¢*(a,b) ) <) ol <1y _
[z] > 7o Global solution
|z| =r*(a,b) =0 Global solution (circular orbit)
E(x,i) = E*(a,b) #>0 | Global solution (r(t) =5 r*(a, b))
. <0 Finite-time collision
b>2>a c(z, &) = c*(a,b) - -
. >0 Global solution
E(z,2) >0 —
<
- N/A Finite-time collision
E*(a,b) # E(z,%) <0 N/A
. >0 Global solution
. E(z,2) >0 -
0 < c(z, i) < c*(a,b) r<0 L .
- Finite-time collision
E(z,4) <0 N/A

Table 2.1: A summary of this chapter
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Chapter 3

Quasi-homogeneous Hill’s lunar

problem

3.1 Derivation of Hill’s lunar equation under quasi-

homogeneous potentials

As mentioned in the introduction, this part is heavily based on the derivations
of |15, 4]. We strongly encourage the readers to consult the Appendix in [4], as it
contains all the physical motivations and details.

As usual, we start from the Hamiltonian of the quasi-homogeneous three-body

problem

B3 = %Zmi|@|2+U(%) V@), (3.1.1)

where & = (Zo, T1,72), T = (U0, 01, 02) € (R2)? are the configuration and its velocity

respectively and

U@ =Y M y(3) = 3 My

P ~ |a ~ ~ |b
0§i<j§2|xz %] o<icy<2 |Ti — T

are the weak and strong homogeneous potential (0 < a < b), respectively. Here,

mg, M1, ms represent the mass of the Moon, the Earth and the Sun. For each ¢ =
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0,1, 2, we first introduce uniform rotating coordinate system:

z; = exp (Jwt)x;

v, = 33'1
where

0 -1 coswt —sinwt
J = , exp (Jwt) = | .
1 0 sinwt coswt

Thus the Hamiltonian (3.1.1)) becomes

2 2 9
1 1
H = 5 ;w2mi|xi]2 _ ;miwxiTJvi + 3 ;mi‘viP L U(2) + V() (3.12)

where

LCED Vs S R Ml

0<i<j<2 |2 — a5 0<i<j<2 ’xz —

Let y; = m;v; and suppose that the moment of inertia is fixed to be zero, then (3.1.2)

2yl
H = ; 2m,;

becomes

2

— wa;-rin +U(z) + V(). (3.1.3)
ti=0
To reduce coordinate, we introduce Jacobi coordinates:

MoTo + M1T1 + Maks
Ug =

mo + my + Mo
Uy =1 — 2o
moTo + My

Ug = T —
mo + My

Vo = Yo + Y1 + Y2
moYy1 — Mi1Yo
mo + my
(mo + m1)y2 — ma(yo + y1)

Vg = .
mgo + My + Mo

V1 =
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Thus, Equation (3.1.3) is reduced to

2 2
[vi T Moy myms Moo
H = Z — —u; Juw | — — _

—\2M ' g fug — vhu|® |ug 4+ vy |* (3.1.4)
Mo m1Ma MoMms
lug|” Jug — vhua|” Jug + vjug |

where
0 = Mo +my +my M{:M M), = (Mo + ma)my
Mo + My mo + my + Mo
/ mo , my
Vg = —"7T v = ——.
Mo + My mo + my

Without loss of generality, we fix the center of mass (i.e. ug = vy = 0). Thus, the
summation in Equation (3.1.4) now starts at 1. Since the Earth and Moon have
approximately the same mass and are relatively small compared to the mass of the
Sun. We set

2 2
mo = € g my =€ i mo = Wo,

where 0 < € < 1, and v > 0 is chosen later. Since mg, m; = O(€?7), if the velocities

are of order 1, then the momentum will have the same order. We hence introduce
v = 2wy vy = €V wy.

Under this new change of variable, we calculate

2 2y 2y 2
w € € v mom mom
|w| . ulTlew . ,uoc,fh _ /Lolfh 2 — ’ 1|/ . ulTJvlw L a1 07 ’
2M, || || 2M; || |y |
and
|w2|2 mog+mi+ms Gy J) Gy Lotz 2y
— Uy Jwaw — a a T — o | €

2M, Mo |ug — kous | [ug + Kyu |ug — kouy | |ug + k|

—_——
+m1
142y £OTHL
+ H2

(v o T myms moms mims moms
_ _ S — _ _ _
2M; ? lug —vhur|* Jug +viwd|” Juy — v |” Jug + Vjug]” )
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where
M, = Holh , My = po + 1
Ho + Ha
ko= —0 k=
Mo + H1 Mo + H1

With multiplier €27, we obtain the new Hamiltonian from ([3.1.4)):

H' :=e¢>H=H, + Hy+ O(¢”)

- wi|* o T — o o
2M; ! el

, = |w2|2 — T Jwgw — Hip2 _ Hol2 _ Hif2 _ Hofb2
2M, 2 [ug — kour|* fug + kyua|* lug — koul\b lug + k1u1|b

(3.1.5)

The next assumption we shall adopt is that the distance between the earth and the
moon |u, | is relatively small compared to the distance between the Sun and the center

of mass of the Earth-Moon system |us|. We further introduce the change of variable:
Uy = 6267717

where the positive number § will be chosen later. Now, apply the assumption |us| >
|u1| and use Legendre polynomials, we obtain the following series representations in
(3.1.5)):

|uQ——k:0u1| - Z WP]@(COS(@))
= (3.1.6)
1 - i klkml'kp (— cos(6)) B
|U2 + k1U1| — ’u2|k;+1 k )

where P, is the " Legendre polynomial and 6 is the angle between the vectors us

and u;. We also have the binomial expansion

—1
(l—i—x)azl%—ax—i—%ﬁ—i—... (3.1.7)

for |x] < 1 and a € C. Combining (3.1.7) and (3.1.6]), we have the following approxi-
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mations in (3.1.5)):

pipe  _ opipp
|lua—kou1|® Jus|

1+ akg (}Z—;D Pi(cosf) + <akgP2<COS 0) + %kgpf(cos 9)) (I%DQ +0 <<Z;I>3>] .

Using the oddness and evenness for Legendre polynomials,

2 3
‘7u2i2ffil‘a = “;(;‘rﬁ ll —ak; (IZ—;I) Pi(cos) + <ak%P2(COS 0) + 7a<a;1)k%P12(cos 9)) (I%D + 0 <(IZ;) >] .

Using the definition of ko, k1, po, i1, ft2, We see

) popr  _ pa(potmn) | p2(pokf+p kg u | a(a=1) p2
|ug—kou1|® + [ua+kiul]® = Juz® + lug|*+? aPQ(COS 0) + Tpl (COS 9) +h.o.t.

3
where “h.o.t.” stands for O(|U|Z‘1a‘+3). The approximations for the b—potential are

obtained analogously. To summarize, we have

|’lU2|2 T }LQ(MQ + ,LLl) ILLQ(NOk% + u1k3)|u1|2 (L((L — 1) 2
Hy, = — J — + P. X P, 50
) 5 , Ug J W | 2,@ |u2|a D) a Q(COb ) + B) 1 (COb )

2 2 2 _
- talfio _.; ) . dalpoks +zi12k0)|m| |:bP2(COS 0) + b 1)Pf(cos 9)} +h.o.t.
s |uz| 2
(3.1.8)
We pull out the lower order terms in (3.1.8)) by setting
I pa(po + ) pralpio + )
H; = — Uy Jwow — = - , 3.1.9

and we let

The critical points of Hs: z, are computed by setting V,,, Hs = V,,Hs = 0. We see

Cy
Zw = )
—MQJCW

a b w?
R ik (3.1.10)

z, has the form of

where ¢, satisfies

] ]
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Next, we Taylor expand Hj at z,:
1
H3(2) = Hs(z,) + 5(2 — 20)7S(2 — 20) + Oz — z0|*),

where S is the Hessian evaluated at z;. Now we introduce the following change of

variables, as in [4]:

uy = €2y (3.1.11)

2 — 29 = €Px.

Combining (3.1.8) and (3.1.11)), (3.1.5)) becomes

_8)1a 12
1899y | Tpopy € piofiy

_ _20~T 2(8-8) 14, _
H,y oM, € up € J0w €2l |*  c20|q, P
k? k2 -1
o, [uz(uru 1‘;;@1 2) (ap2 (cos8) + % P2(cos 9))] P et
2

b(b—1)
2

B [m(uok% + (k)
b+2

(bPz(cos ) + P} (cos 9))] |i4]* €2 + O(e%).

|us|
(3.1.12)

Unlike [4], here we can either restrict the kinetic energy to be of the same order of

the strong or weak potential in Hy, which gives us the choice between
4(8 —6) = 2(y — db) (“strong restriction”) (3.1.13)

and

4B —6) = 2(y — da) (“weak restriction”). (3.1.14)

Regardless of which choice we make, next, we restrict the second and third term of

H, in (3.1.12)) to be of the same order with the Coriolis term in Hy, which gives
46 = 20.
To simplify computation, we thus choose

d=1 g=2 v = b+ 2 (strong restriction) or v = a + 2 (weak restriction).
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With the choice above, for strong restriction, the Hamiltonian (3.1.12) is reduced to:

H/ — Hg(Zw)

H/l —
el

_ |01

2M,

i k2 k2 —1

MZ(M|0 1|:r2ﬂl o) (aPQ(cos 0) + %Pf(cos 9))] |7l1|2
Uz

2b—2q HOM1 — HoH1 n leSm

~T 74
—arJ _
uy Jojw — € e |1)1|b 5

(3.1.15)

B 2 2 -1
B Mz(urk1|;2u1ko) (ng(cos 9) + b(b2 >P12(COS 9))] |@1|2 + O(€?).
U2

For weak restriction, similarly, we have

Hl — Hg(Zw)
Hl/ — "

1
— i Joyw — EORL e lOEL L 2o Tg
| | 2

_ &

(3.1.16)

[ k?2 kQ —1
_ M2(H|0u1|;2“1 ) (aPz(COS 0) + %PE(COS ‘9))] [au]”
2

- 9 9 _
M2(M0k31 + Mlko) (bPQ(COS 9) + b(b2 1)P12(COS 8))] |’111‘2 + 0(62).

‘u2’b+2

As in [4, 15], we make the third assumption that us, the center of mass of the Earth-

Moon system moves on a nearly circular orbit about the Sun. (i.e. |uz| =|c,| for each

w > 0). Therefore, the last two terms of (3.1.15)) and (3.1.16) can be simplified into

2 2 —1
pi2(pokt + pukg) (aPQ(cos 0) + MPIQ(COS 9))] ity |

Jus|"* 2
R+ kg bb—1 A
[N2(NTU1|H2M1 o) (bPZ(COS 0) + ( 2 )P12(COS 9))] |ty )?
2
2 P2 6 P2 6
=[in]? pa(ua k8 + pok?) | = <P2<cose> - M) L Bileost), |
2 2 9
where for each w > 0,
a? b2
w otz T e (3.1.17)

‘Cw‘ [
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We shall choose weak restriction for the following reasons.

1. If we choose to adopt strong restriction, then the term eQb*Q“% in (3.1.15])
vanishes as ¢ — 07 and therefore this reduces to the case of homogeneous

potential, which has already been studied in [4].

2. Both Manev potential (U(r) = —<t — £ where C,C, are constant and r
is the mutual distance) and Schwarzschild potential (U(r) = —<t — ) are

considered to be perturbation of the Newtonian potential U(r) ~ —% and thus

the Newtonian (weak) component dominates the solution dynamics.

Combining the definition of|c,|:

a b w?

a+2 =

b+2

|l ] pz

and the definition of d,, (3.1.17)), we can rewrite

_ bw?  ab—a®

a+2

—_—— (3.1.18)
H2 [

and we see that the accuracy of the approximation of d, thus depends solely on the

a+2)

accuracy of the approximation of u, = \cwr( . It is clear that wu, is the unique

solution of )
b+2 w

ar + brerz = —.
2

Let v, := (%)% be the unique solution of

b+2 w2
byatz = —.
2

It is also obvious that both v, u, — 0o as w — oo. Thus, Taking w — oo in the

identity
1-bt2 Uy | b2
auy b =b(—)er (3.1.19)
U,
gives us
lim —2 =1
wW—00 Uy,
Also, if we let
b 2
k, = ki (ab — a®)v,,
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then N y ; )
w w:_(a _a)(uw_UW>_>O
Vw Vw

as w — 00, which implies
2a+4

ky, = dy, + o(w 2 ).

Thus, we arrive at an approximation for d,,:

bw? w? a+2 2a+4

d, = — — (ab—a®>) (=2 4+ o(w+2 ). 3.1.20
o ( )(buz) ( ) ( )

As in [4], we make the use of symplectic algebra to simplify the constants in the
Hamiltonian. Set
i, = K¢

r=Kv/MY

where K = (%)#2 This change of variable is symplectic (symplectic transforma-

tion with multiplier since the Jacobian

M11K2 )
A = diag(K, M, K, M{"*K, M{"*K)

and it satisfies .

T _
T ATSA= S,

where S, is the standard symplectic matrix (n = 2). Also, we choose ¢, = (¢l ,0),

which makes us be almost fixed on the x—axis and thus

3!

cosf = =, (3.1.22)
€l

where & = ¢ - (1,0).
By combining (3.1.20)), (3.1.21)) and (3.1.22)), we arrive at a more familiar and
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compact form of Hamiltonian from (3.1.16)):

2
+ 2
H/// — ‘77’ —fTJUW— a .
2 €]

—a? @ b—a 9
s ((1 + g)wz _ab . a b_(bii)ﬂ2b+zwz<b:22>> N %w2|§|2 (3.1.23)

— 1
— (Ho + )2 (a + Q)mg_nga—zb

1 a
+ éYTSY +O(2) + 0(w2b++24),

as € = 07 and w — +o00. Thus, we shall consider an approximation of this Hamilto-

nian
1 ’77'2 a2 a—h iz 1 45,
H: 7_£Tjnw_ |£|a - (/JLO+M1>H‘+2(G+2)G+2|?€2 2b
b ab — a2 (a+2) b=2¢ 2(a42) 1 (3124)
- 5% <<1 + 5)&)2 - 9 b b2 M217+2w b2 ) + §W2|§|2 .

To avoid repetition, we define

ab — a?® . (@+2) boa
b2y

2 )

Co = (o + m)e (a4 2)aze? O =

and from now on, we assume C, is a large but fixed constant. Using the definition of

Hamiltonian, we see

E OH
= = —_— = _ JT w
y] 7R
B ~ 2(a+2)
P : oH ala+2) bCy (2+b)w? —2Cw 2 |z )
e v L R peres al S £+ —w,
py] 85 ~— ’€| +2 ’£|b+2 0
- (Py,*Pz)Tw
(3.1.25)
where £ = (z,y) and 7 = (p,, p,). We also see
PrtwWy=2
(3.1.26)

Dy — wWT =Y.
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We can now rewrite H as

~ 2(a+2)
H =5 [(pe +yw)” + (py — 2w)?] — (x2-7-;_22)a/2 —C (x2+31;2)b/2 - {(1 +3)w? — Cw iz ] a?.
(3.1.27)

The effective potential is identified to be

' a+2 1 b, 2a+2) |
Vio(z,y) = e C. R {(1 + §)w — Cw b+2 } x®. (3.1.28)
Remark 3.1.1. When a = b and w = 1, V(z,y) = —2% — (14 %)2? and

this coincides with its homogeneous counterpart in [4], up to a constant before the

potential component.

By using (3.1.25)), we have

2 Chb a
£ — o = o =g — —2t 2 T — Lt @4 bw? — 200 | o
@2+ (22412
iy . : ala+ 2) Cib
TW =Dy = — TW — - _
S @) F T @
We calculate partial derivatives of V,, as
oV, = a(a+2) x + C’J)—1 T — (24 b)w?® — 20@92(17?22) x
O (a2 4 y?)"% (22 +92)"%
oV, ala + 2) 1
o~ wrp e E”

which implies the equation of motion of the quasi-homogeneous Hill’s lunar problem:

. . oV,
T — 2wy = —%(fﬂ,y)
b (3.1.20)

G o — .
§+ 2w o (z,y)
The critical points of the effective potential (3.1.28|) have the form of

(,y) = (F2,,0), (3.1.30)
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where z,, satisfies

22t2)  Cb  ala+2)
(2 +bw? —2Cw 42 = 2 T et (3.1.31)

and it exists and is unique if and only if

We shall call this type of critical points with zero velocity in the phase space as
[T = (+1,,0,0,0) € R

In the following section, we shall refer to this type of solutions I'y. That is, 'y =T’ (jf.

3.2 Ground state and its properties

The energy E,, is defined to be

:t2_|_y2
2

E,(x,y,%,y) == + V,(z,y). (3.2.1)

3.2.1 Definition of the ground state energy
Consider the “ground state energy” problem, as introduced in [4, 3]:
E*(w) = inf{E,(z,y,%,9) : W,(x,y) =0}, (3.2.2)
where the indicator function W, is defined to be

Ww(ZL’,y) = —(l’,y) ’ va(l’,y)

= |2+ b)w* — QCwQ(bQEQ)] r? — {

ra Tb

ala +2) N Cﬁb] | (3:2.3)

with r = /22 + 2.

Remark 3.2.1. By direct computation, we see forw > w*(a,b), E,(I'y) = V,(I'g) <0
and W, (T'y) = 0.
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Lemma 3.2.1 (Ground state energy). For each w > w*(a,b) and b > a, E*(w) is
finite and it is attained exactly by the critical points of V,,(x,y).
Proof. First notice that when w > w*, (2 + b)w? — 20w 2. Since E, = # +
Vio(z,y), if the minimum exists, then it must be £ = y = 0. Now the problem
becomes:
E*(w) = inf{V,,(z,y), W,(x,y) = 0}, (3.2.4)
where 5 . ;
V(e y) = =202 Ces — [(1 + o)W — Cw”;’:?} a2, (3.2.5)
re r 2
and N
W (z,y) = ((2 +b)w? — 20w2<ﬁ5)) 2 — {M +— } . (3.2.6)
re r
Suppose E*(w) = —o0, then either r — 0% or  — oo (mutually exclusive). We see

that in either of these two mutually exclusive case, W, = +00. Hence E*(w) > —oc.
We can then find a bounded sequence in {W,, = 0} that approaches its infimum. (If
this sequence (x,,y,) satisfies r, — oo, then from W, = 0, we see it must satisfy
|z,| — 0 and hence inf {V,, W,, = 0} = 0. However, this contradicts Remark [3.2.1])
Next, we can, by using the closedness of {I¥,, = 0}, obtain a subsequence to see
that is attained. Thus, using Lagrange multiplier, there exists A such that the

minimizer (z,y) of (3.2.4]) satisfies

VVi(z,y) = AVW,(z,y)

(3.2.7)
Wy(z,y) =0,
which implies
alat?) Lo ! — @+ b — 20w | Ve
(22 2)“*2 ¢ (22 2)” 2
e+ y“) 2 T4+ ys) 2
=\ (2(2 + b)w? — 4C’w2(bafz = + a*(a + 2a>+2 Ceb? b+2> T
(@*+y?) 2 (2+y?) 2 (3.2.8)
a(a + 2) Ceb a*(a+ 2) C.b?
2 2“—*2+ 2 2\ b2 y=A 2 2‘”2+ 2 nez | Y
(@ +y?) T (a2 +y?)> (@ +y?) T (a2 +y?)>
((2 +b)w? - zcw”ﬁf)) 2% — (M + Czb> = 0.
r@ T
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Claim: If A =0, then only = = +z,,y = 0 satisfy (3.2.8)).
If A =0, the first equation becomes

(a—”fwwb% {(Hb)w — 20w ﬁ?} r=0,
(24 y?) 2 (22 +9y2) 2

and if x = 0, then the third equation returns no solution since a, b, C. > 0. So,

2 1 2(a+2
(a—+2+2 + Ceb—H {(2 + b)w? — 2Cw % )} =0. (3.2.9)
(22 +y?) > (2 +y?) 2

From the second equation of (3.2.8), if A =0,

ala +2) Ceb
2 2“—+2+ 2 b2 y=0.
(@ +y2) 2 (22 +y?) 2

We know that a(“+22+ + Cebbﬂ > 0, so y = 0. Combining with (3.2.9), we see

(22+y2) F (z24y?) 2
the solution x satisfies

20429 Cb ala+2)
(24 b)w? —2Cw sz = — e

]

which implies z = £z,

Claim: if X\ # 0, then does not have solution.
From the first equation of , if x = 0, then the third equation does not have
solution. So x # 0. If y = 0, then the third equation can be written as:

202 ala+2) Cb
2+bw* —2Cw 2 = )
( ) ‘x’a+2 |I|b+2

Combing this and y = 0, the first equation becomes:

o 2 2 b2
0=A{2(2+ b)w — 40&)2(”:2) + ala —:—2) . 5z | Ts
(z?)2" (%)
which is impossible when x, A # 0,w > w*.

Thus, in this case, z # 0 # y and we can safely cancel z and y from the first and



29

second equation of (3.2.8)) to see

a(a+2) Ceb 2 2(‘”2)}
)+ < — (24 b)w* —2Cw o+2 a(a+2) Ceb
{<x2+y2>¥2 e ® [T New® T ®

(a+2) N ‘
<2(2 4 b)w? — ACw v 4 Dy 0662m> (( i), ¢ Gl )
2

at at b12
@) @24y P+ T (@) T

Using the third equation of (3.2.8) we can simplify the numerators as

2?2 —1 B 22
22 + b)w? — ACw T2 + —L@tD .y Cb o) o )
@+2)F  @2y) T (@24y2)F (@2hy)

(3.2.10)

Now, if 22 —1 < 0, then LHS < 0 and RHS > 0. If 22 — 1 = 0, then using the

right hand side gives # = 0, which is impossible. If 22 — 1 > 0, then both hands

are positive. However, the LHS has smaller numerator but larger denominator (since
w > w*), thus the equality is not possible.

m

3.2.2 Variational characterizations of the ground state en-

ergy

The moment of inertia is defined as

(3.2.11)

The second derivative of I (often called Lagrange-Jacobi identity) can be simplified

by using the equation of motion:

. a 2 b
P i+ 2ulin — i) + (24 0 — 20 | o2 - [0 O
ra r
=i + 9% + 2w(yz — dy) + Wa(z,y)
oV, oV,
= i% + 9 + 2w(yr — dy) — (x_é?x + y—ay )
:: Kw(‘Q:? y? jj? y)
(3.2.12)
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The main purpose of this section is that we want to derive the following variational
property that is crucial to the final construction of invariant sets below and at the

ground state energy level.

Proposition 3.2.1. For b > 2 > a, there exists wy > w*(a,b) such that for w > wy,

we have
inf{E, : K, >0,W, <0} = E,(I). (3.2.13)

Furthermore, this infimum is attained exactly by the critical points of V,,: Tx.

In other words, the ground state energy can be characterized variationally using

the two indicator functions K, and W,,.

3.2.2.1 Lagrange equation with one constraint

In this subsection, we study the Lagrange equation

VE, =)VK,
Kw = 07

(3.2.14)

or equivalently,

Ve _ Ve 0%V 0%V
ox /\(20)@/ Y L 5z2 yaway)

Ve N0 i 02V _ 02V, _ . 82V,
oy /\< 2w xaxay Oy? Y Oy? )

T = \N2% — 2wy)
U= A2y + 2wx)

(3.2.15)

oV, v,
.9 2 49 C N wo “ _ 0.
T+ 97+ 2w(zy — Ty) T y—ay 0

~-
+Wo

(.

\

We shall prove the following proposition that will be useful in the later part of this
section (Lemma [3.2.8)).

Proposition 3.2.2. Leta < 2 < b and w be sufficiently large. Among all the solutions
of Equation (3.2.15)), I'g has the least energy.

Notice that if A = 0 then the solutions of the Lagrange equation are exactly the
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critical points of V,,(z,y). Let us assume A # 0, we calculate

2 2(a+2
Ve _ ala + 2“ T+ C’eb—b+2 [(2 + b)w? — 2Cw (bIQ)} x
Or (22 +y?)" (a2 +y) 2
w 2 1
oV, _ ala + 2+ y+CEb—+y
Oy (22 442" (% +9?) 2
0*V, ala+2) ala+2)?, Cb Cbb+2)z* 2(a+2)
92 . garz  gerd Ut am T T [(2 +bJw” — 20w b }
*V, ala+2) ala+2)?, Cb Cbb+2) ,
82 etz perd Y T bR T T b
OV,  ala+2)%vy  Cb(b+2)xy
oxdy rati rbtid

If A # %, then the previous equation becomes:

2 2 w2(a+2) ala AA— —
[@*b P 20w T | sesterc) | G, 1>] r=0 (3216n)
H@f mﬁﬁxn+a%§ﬂy:o (3.2.16D)
—2)\w
i = e (3.2.16¢)
j = Dz (3.2.16d)
(a+2)
(’\1(12;3) 4w?r? + ((2 + b)w? — 20w iz ) x? — (a(ij% + C;bb) =0. (3.2.16e)
\

We prove this proposition by divide it into three cases:

1. xy # 0,
2. 2=0,y#0,
3. and z # 0, y =0.

Lemma 3.2.2. Forb>a >0 and b > 2, there exists wy > w*(a,b) such that for any
w > wy, Ey(To) < Ey(Ty), where Ty = (21,1, 41, 51) € R* is any solution of (3.2.15))
that satisfies x1y, # 0.

Proof. When xy # 0, using (3.2.16a)) and (3.2.16b)), we see the solution

]_ O 2a—2b
A=A =4,/ — .
w \/4 22+
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Plug this A back into (3.2.16b]), we see the solution radius r; = 7y (w) satisfies

W — 205 L ale+2(@A—1)  ChbA-1)

1-2) rgt? rbt?

— 0, (3.2.17)

2 _ 2C w? ;wa%@‘l
W % . We first note that ﬁT — 400,

where we have used 4\ w? = w
adi—1—+2—Tand bAZ—1 — £2—1asw — co. Let us call this type of solutions
I'y = (x1,y1,%1,91) (which depends on w) and its radius to be 7. Similarly, recall
that the critical point of V,, is written as 'y = (+£70,0,0,0), with radius ry being the
unique solution of

22t2)  Cb  ala+2)

(2 +b)w? —2Cw 4z = e + prrER (3.2.18)

as long as w > w*. It is not difficult to observe that

ala+2)(1—an)(—23) (2) 7 s cp - -2 (2) 7 = 2 (Gt ala 2
(3.2.19)

for A = \E. Letting w — oo, we see

24b)ir  if A=A
AR AR (3.2.20)
ro o A=A

which also implies 7, — 0 as w — oo for A = A\, since rp — 0. If X\ = AL, w

immediately see that ( m ) does not have a solution for sufficiently large w and
b > 2, since the last term of (3.2.17)) is positive and dominates as , — 07. Using
(3.2.16¢)),(3.2.16d)), we see

x% + y% B AN2W2r?

Rk e (3.2.21)
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for A = AX. Thus, the energy The energy of I'; can be re-expressed as

x1+y1

E,Tv) = + V(z,y)

AN a2
201 — 202 o
Ezied AN wr? a+2 [ 0,2 2 )\) a—1—2) Ch|  Ce

= ¥ ~+

2a+4

l(l—f— w —C’wb+2]x

201 — 202 1§ 1 —2)) o k| T
(3.2.22)
where A = A%, Similarly, the energy of Ty is
1 2)? Ce(b+2
E,(To) = —— (a+2) r@‘“+% : (3.2.23)
7o

where we have used (3.1.31). For A = A\ and b = 2, using ([3.2.18]), we can simply

E22) s

E(T)) = 1 Co a(l—a)\)(a+2) (a+2)°
e 2 21— 2))) 2rf

The first term is positive and

a(1—ar})(a+2)

DTrI(1-2)5) a(l+a)}) oo as o oo
(@2 AS(L - 20))(a +2)? ’
"1

which, in particular, implies E,(T';) > 0 for w sufficiently large and b = 2, A = \}.
Similarly, using (3.2.18]), for A = A_, we have

1+ AN, (1=X, L)l
w2-2005%3 Ta(a+2)(1— ah]) L Cb(1—bX)) (a+2)° C2+b)

w

2(1—2X3) e rb o2 2

Ew<F1) =
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Consider the function

_ B, (F )
( e ) [afa+2)(1 —ax;) () + G — b (2
Fw b+2
_(a—;2)2 rg_a . C’E(I;—I—Z)
. (a+22)2 (%)arb*a o Ce(l;r?) (%)b
+ _ (a+2)? bea _ Ce(b42)
2 0 2
(3.2.24)
Letting w — oo and combining (3.2.20) and ry — 0 as w — o0, we see
: 1 —bt2
lim f(w) = §(b+ 2)r <1 as long as b > 0. (3.2.25)
w—r00
O

Remark 3.2.2. This limit of ratio resembles the homogeneous case and w = 1.

Lemma 3.2.3. For 0 < a < 2 < b, the Lagrange equation does not have a
solution when b =2, x =0 and y # 0. When b > 2, there exists wy > w*(a,b) such
that when w > wy, E,(Ty) > 0, where Ty is any solution of that satisfies
x =0 and y # 0.

Proof. When z = 0,y # 0, |y| = r and thus (3.2.16b)) and (3.2.16€) become:

40X ala+2)(ax—1)  ChbA—1)
1 — 92\ rat2 + rb+2 -
A1 — )\)422 (a+2)_C€b_0

(1—2N)2 ra o

(3.2.26)

We can simplify them into:

(—4w2 _4a(a+2) 4C’€b> 24 <4w2+ da(a + 2) N 4C€b) 5\ (a(a+2) N C€b> 0

at2 b2 a2 o2 ja+2 b2
2a%(a+2) 20°C ala+2)  Cb(b+2) al@+2)  Cub
2 € 2 € € o
(4“’ T a2 b2 A"+ a2 + b2 A= a+2 + oz | T 0,

(3.2.27)
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which gives us:

da(a+2) 4Ch da(a+2) 4Ch
2 2
[(_4“’ T a2 rb+2) A+ <4w T T e A
a+2) 2 (a+2? , Ch(b+2) o
2a°(a+ 2 20=C ala + 2 Ceb(b+ 2
_ 2 € €
- <4w T etz b2 ) A+ ( P S B N ) A
Solving this gives A = 0 or % or
Lo? + a(2—a)2+a) 2b(b—2)Cc 0 (3.2.20)

ra+2 Tb+2

The first case and the second are both impossible under z = 0,y # 0, so let us focus
on the third case. Assume a < 2. When b = 2, equation does not have a
solution. However, when b > 2, each w corresponds to at least one solution and r, — 0
as w — oo where we assume the solutions of Lagrange equation I'y = (0, ys, @2, 0) and
this type of solutions satisfy 7o =|ys|. First, we notice ro — 0 as w — oco. Plugging

this radius relation into either of these two equations, we see

a(a+2) Ceb
2 T3+2 + rg+2
AT At bO.(b+2) | a(at2)? 0. (3.2.30)

b+2 + a+2
T2 T2

When w — oo, the two solutions of this equation converge respectively to AZ where
14 /%2
b+2

o= — = (3.2.31)

We have to compute the energy of E,(I's). Since

( (20?2 ) 2.2

- wr 2 (.
EW(FQ): (1 2,\)22 2_a4; &
Ty T3
c \2 ( "t (3.2.32)
g a+2 [al2—-a
=— | ——0b—-2)—1] — 1
rS(O—ZMQ( ) ) v ( > a—2n2 " )’
where A\ — A\E. The only thing we care about is the sign of
)\2
b(b—2)—1 (3.2.33)

(1—2)\)7?
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as w — oo (or rather A — A%), since r3” dominates as r3 approaches zero and what

is inside each bracket has a limit that is greater than zero. It is not difficult to see

AL

M 912225, Yy 0 ST D) (51 D) = fa(b). (3.2.34)
(1— 20, )2 4

We can easily check the function 2(2b +2/(b — 2)(b+ 2)) > 0 as long as b > 2.

Figure 3.1: f4(b), where the blue (red) line corresponds to f()(b)

Thus E,(I'y) = 400 as w — oo. O

Lemma 3.2.4. Fora <2 <b, y=0,x # 0, there exists wy, such that when w > wy,
the Lagrange equation (3.2.15) has no solution other than the critical points of V,,.

Proof. When y = 0,x # 0, i.e. || = r. As usual, we assume a < 2. From (3.2.16al)
and (3.2.16€) we get:

2(a+2)
(2+b)w2—4)\2w12£12—&)—\b)—20w7b+2 n a(a+53£¢éx—1) + Celvr(ij—l) -0 (3.2.35a)
_ (a42) a(a
(AU de? + (24 b)u? — 20w o7 ) — 2] — G — 0. (3.2.35D)

It is clear that A = 0 is a solution and it corresponds to I'y. Performing (3.2.35al)-
(3.2.35b|) gives us

8(14+b))A\? — (8 +8b)\ +2b A4C° 2014 a*(a+2) C?
2 b2_|_ —

(1—=2A)? R Y Ny " rat2 o2 0, (3.2.36)
and performing 2x (3.2.35b))F(3.2.36)) respectively gives us
brw? — 40w (1 — ) = dletil | Cae) (3.2.37a)

(44 4b)w? — 40w T (1 4 php) + C200et2) 4 GO o (3.2.37D)
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(a) g(r) witha <2 <b (b) g(r) witha<2=10

Figure 3.2: The function of g(r)

We define
(2a —a*)(a+2)  C.(b* — 2b)

g(r) = —ar2 R (3.2.38)
and (3.2.37b]) becomes
a 1
(4 + 4b)w® — dwv32 (1 + 1 2/\) =g(r). (3.2.39)

If it has a solution when w — 00, then the term

1 2b—2a

1+ =0(f(w)), f(w) = Q(w++2") for some f(w) > 0.

where © stands for the same order and €2 stands for ”at least the same order”. It is
easy to see since otherwise the LHS of goes to plus infinity as w — oo.

We see the LHS of has order O(f?(w)w?) and thus r — 0 as w — oc.
We can easily verify “(faﬁ)g + C{jﬁj’?) ~ Cefﬁ';b) asr — 0 in . Thus, 717% —
O(f*(w)w?).

In (3:2.39), ifw? = O(f(w)w %2 ), then the LHS of has order O(f (w)w 2 ).
If (]”((,u)w%iri+24 = O(w?), then the LHS of has order O(w?). Similarly, we can

. . —a2 2_ 2_
casily verify g(r) = & Taalg‘”?) _ ngnbbﬁ%) ~ —Ce(fbﬁ%) as r — 0, 50 55 = O(w?) or

o(f (w)w%) In either case, this leads to a contradiction.
[
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3.2.2.2 Lagrange equation with two equality constraints

In this section, we study the Lagrange equation with two constraints. Namely,

VE, = \VK,, + uVW,

K.=0 (3.2.40)
W, =0.
Or equivalently,
4
. , , 2 2
P = N2wy — Bl — 2T —ySbe) — (G + 25k +yV Tke)
. 2 2 2 ) )
W = A=t — o3 — Dt — y B} — (% + 22 4y Be)
&= M2i — 2wy)
J = \29 + 2wr) o)
aV, oV,
] (g —dy) —w—5= —y 3
W,
Ww - ((2 + b)w2 — 20(,{_}2(1;14:;2)) x2 _ (a(ii-2) + Crib> -0
\

We shall prove the following proposition, which is useful in the proof of the final
variational property ((Lemma |3.2.8))).

Proposition 3.2.3. When b > a and w > w*(a,b), the only solutions of (3.2.40)) are
exactly the critical points of V,,. Moreover, inf{E, : W, = K, = 0} = E,(T'g) as long

as w > w*(a,b).

Proof. 1t is clear that if A = p = 0, the solution of equation (3.2.41)) coincides with
the critical point of effective potential V,,. If A # %, then

—2 \wy
x =

1 -2\
2w (3.2.42)
Y1 o

Plug this into the second last equation of ([3.2.41)) and combine with the last equation

of (3.2.41), we have
A1 =)

2.2 _
mélw r = O7 (3243)
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which implies A = 0, 1. Meanwhile, the first and the second equation can be rewritten

as:

(24 D)w? — AN02(1 4+ b) — 200765 ala+2)(@h—1)  Cb(br — 1)
1—2X + rat2 rb+2

) 2at2)  a*(a+2) Cb?
22+ b)w” —4Cw 42 + s e

:/“’Lx

1—2)\ 7«a-~-2 rb+2 ra+2 Tb+2

- [4&% Lala+2)(aA—1) | Cb(bA - 1)] o <a2(a +2) C’Jﬂ) |

(3.2.44)

If A = 1 and assume xy # 0, then from these two equations above, we get u =
—% — — 3¢ Plugging this  and A back into (3.2.44) and rearranging gives

(2+b)w bF2 —2C

,  sala+2)?  Ch(zb+1) 4C a*(a+2)  Cub
4w” + " + b2 = - 2b—2a ) b+2
re r (24 buwr —2C \ T r
(3.2.45)

If w > w*(a,b), then the previous equation does not have a solution since both sides
have the opposite sign. If A = 1 and x = 0,y # 0, then from the last equation of
, we see it is not possible. If A =1 and = # 0,y = 0, then either does
not have a solution or the solution coincides with the critical points of V..

Similarly, if A = 0 and assume zy # 0, we get u = —%. Plugging A and p back
into the second equation of and cancelling y gives

a*(a+2) CU?
a2 2

2

(a(a—l—Q) N CJ)) 1 , (3.2.46)

rat2 e )

which does not have a solution. The remaining two cases (A = 0,z = 0,y # 0 and
A =0,z # 0,y =0) yield the same result as their counterparts when A = 1.

For the second part, notice that when w > w*(a, b),
inf{E, : K, =0,W,=0}>inf{E,: W, =0} = () > —o0. (3.2.47)

and thus we can repeat the argument as we did in the proof of Lemma to show

this infimum is attained by some I' € (R?*) and hence it must satisfies the Lagrange
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equation ([3.2.40)). [

3.2.2.3 Bounded below lemma

Lemma 2 in [4] can also be extended to quasi-homogeneous case when we have
b > 2. With this lemma, we will be able to prove the existence of minimizer for the

final variational property.

Lemma 3.2.5 (Bounded below lemma). When b > 2 and b > a, for each w there
exists ¢ > 0 such that r > ¢ whenever E,(T') <1 and|K,(T')| < c.

Proof. Suppose not, then there exists a sequence (I',) = (2, Yn, T, Jn) € R, such
that E(I',) <1, |K ()| < £ but r(T,) =7, < 2. Since

K, (Ty) = (&, — wyn)? + (g + wa:n)Q + [(2 + b)w2 — 20w2<f++22>} :10,21

(3.2.48)
5 9 ala+2) Ceb
— — | — — 0
v ( T
as r, — 0, then we have
2 Ceb
@2+ g2 — (M+ . ) —0
re Ty
Now, the energy can be rewritten as
24y a+2 C. b, , 2at2) |
EM(Fn) = 5 — T‘TlL — % — |:(1 + 5)&) — Cw ¥z :| X,
1 C.b 2 b_1De. (a+2)(ta—-1
= (@2 442 _a(a+ ) 4 (3 ) ( )(5 )
2 b re rb re
b, , 2a+2) | o
- (1+§)w — Cw o2 | 27 — 400
(3.2.49)
as r, — 0, which contradicts the energy assumption. O]

Remark 3.2.3. E,(I") < 1 can be replaced by boundedness from above.
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3.2.2.4 Lagrange equation with inequality constraints

In this section, we study
inf{E, : K, > 0,W, <0}, (3.2.50)

where w > 0 is considered to be fixed. We shall show that for sufficiently large w, this
infimum is finite and attained exactly by the critical points of V,,. (Proposition |3.2.1))
We divide the proof into three lemmas. We begin by noticing that

Lemma 3.2.6. When b > 2 and b > a, for each w there exists ¢ > 0 such that for
each T' € R* we have r > ¢ whenever E(T') < 1 and K(T') > 0.

Proof. This proof is similar to the bounded below lemma above Lemma [3.2.5] O

Using this lemma, we are able to prove
Lemma 3.2.7. When b > 2 and b > a, for each w > w*, (3.2.50) is finite and a
mainimizer for (3.2.50|) exists.
Proof. Let E/, ={E, : K, > 0,W, <0} and A4, = {I‘ ER*: K,>0,W, < 0}. It

suffices to prove E!, > —oo for each fixed w > w*. Suppose not, then since

E, = —C. 1+§)w2—0w b+2

P2+ a+2 1 b 2a42) | 4
2 e o ( v

we have two cases: there exists a sequence (Zp,Yn,Zn,Un) € A, such that either

r, — 0 or 2 — co. Since

(3.2.51)

Walz,y) = ((2+b)w2 . 2@2%:?) o (a<a+2> N Geb) |

re rb

the first case is forbidden by the lemma we just proved. The second case is not

possible, because that would imply W, (z,y) — oc. ]

Since the minimum exists, it makes sense to study the Lagrange equation with
inequality constraints. We can transform the system of algebraic equations by intro-

ducing new variables:

Kw(x7y7'jj7yup7 q) = Kw(x7y7j77y) _p2

Ww(xayai'ayapa Q) = Ww(l',y) +q2 (3252)

E (z,y,2,9,p,q) = Eo(z,y,2,9),
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where p,q € R and are varying. The new Lagrange equation becomes:

VE, = A\VK + uVW
K,=0 (3.2.53)

W, = 0.
Lemma 3.2.8. For b > 2 > a, there exists wy > w*(a,b) such that among all the
solutions of (13.2.53)), the critical points of V, have the least energy.

Proof. Expanding each term of (3.2.53]), we get:

(

G = Moy — G2 — o5 —y 55 — u(Ge + 0% + WV ER)
2
B = M—2wi — :CS;S“; G =) — n( el + %)
= \(2% — 2wy)
U = M2y + 2wx)
4 (3.2.54)
0=2\p
0 =2uq
a‘cz—f—yQ—l—Zw(xy—x'y)—x%—yag;“ —p*=0
(a+2)
((2+b)w —ZCwag)xQ—(@%— &)+ 2 =0.

\
We now restrict our focus to b > 2 > a.

1. First, we notice if A = u = p = ¢ = 0, then this equation has solution I'y as

long as w > w*.

2. If pg # 0, then A = p = 0 and thus 8‘/“ = %L; = 0. From the second last

equation, we have p = 0.

3. If p =0 = q, then we have the Lagrange equation with two equality constraints
(VE, = uVK, + \VW,, K, = W, = 0), and we know the only solutions are
[y for w > w* (Proposition [3.2.3)).

4. It p=0,q # 0, we have = 0. Plug in these values, we recognize the first four
equations and the second last equations are exactly the Lagrange equation with
one constraint (VE,, = A\VK,,, K, = 0). We know that when w is sufficiently
large, among all the solutions, I'y has the least energy (Proposition |3.2.2]).



5. If p#£0,9g =0, then A = 0. The equation becomes

;

G = —u(Ge Tk +yV %)

G = —u(5e + a5 +y%)

=0

j=0

2 + y? +2w(xy—xy)—xww y%L;_p 0
(24 - 20065 ) o2 - (22 4 Gy o

\

We recognize it contains the equation we studied before.

AVW,, W, = 0. Thus, the only possible solution for w > w*

(Lemma [3.2.1)).
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(3.2.55)

Namely, VE, =

in this case is Iy

3.3 Invariant sets, global existence, and singular-

ity
3.3.1 Below the ground state energy

For each fixed w > w*(a, b), recall that E*(w) =

below this ground state energy.

Wi (w) = {T € W(w) : K,(T") > 0,W,,(T") > 0}

Wi (w)={T e W(w) : K,(T') <0,W,(T) >0}

WHw) ={T € W(w) : K,(T') >0,W,(T) <0}

W (w)={T € W(w) : K,(T') < 0,W,(T) <0}.
Here, the invariant set

W(w) :={T = (z,y,4,9) € R*: B (') < E*(w)}

E(Ty). Define the following sets

(3.3.1)

(3.3.2)
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and

Wi w) = Wi (@) Wi (@)

(3.3.3)
W_(w) == WHw) W= (w).

Proposition 3.3.1. Let b > a. For each w > w*(a,b), both W, (w) and W_(w) are

mvariant.

Proof. We prove W, (w) is invariant. Let ¢(f) be a solution of quasi-homogeneous
Hill’s lunar problem. So, the energy F, < E*(w). Notice Wi (w) = {I' € W(w) :
W, (') > 0}. Suppose that there exists t; such that W, (¢(t1)) = 0. Then, the energy
E, > inf{E, : W, =0} = E*(w). Contradiction. O

Corollary 3.3.1. For b > a and w > w*(a,b) any solution in W, (w) exists globally.

Proof. From W, (') > 0 we have:

2 b a
a(arj ) + Crb < ((2 + b)w® — ZCwQ(b:;)) z? < (2 + b)wr?. (3.3.4)

This implies %2 < (2 + b)w?r? and thus
Cb \
> .
TQHWJ

Proposition 3.3.2. Let b > 2 > a. For sufficiently large w, W*(w) = 0.
Proof. Apply Lemma [3.2.8] O

Lemma 3.3.1. Let b > 2 > a and w be sufficiently large. Given § > 0, there ezists
k(8) > 0 such that for every I' € R*

(E,(T) < E*(w) — 6, W (') <0) = |K,(D)| > k(3).

Proof. Suppose there exists dy and (T',)) = (Zn, Yn, Tn, ¥n) € R? such that E,(T,) <
E*(w) — b < 0, Wy(I'y) < 0 but |[K,(I',)| < 2, for w sufficiently large. Since
W,(I',) <0, we have

((2 +b)w? — 2Cw2(5++22)) 2 <ot G

a b’
Tn Tn




and therefore

P2+92 a+2 C.

E,(T,) = — = — |1+ é)wQ - Cw

2

b
2 ra T

2492 (E+D@+2) (E+1)C

Z _ _

b
2 ra r)

If r,, is unbounded, then we see

liminf E,(T,) > 0.

n—oo

2(a+2)
b+2

T,

2

5

Therefore, r, is bounded above for every n > 1. Using Lemma [3.2.5] there exists
M > 0 such that when n > M, r(T,)) = r, > +-. We conclude that there exists

M
C" > C" > 0 such that
c"<r,<C" ¥n>M.

Since E,(I'y) < E*(w) — do,

2+ g2 . a+2 C. b, o
TgE(w)—50+ - +E+ (1—|—§)w - Cw
2 C. b
ﬁE*(w)—50+a_|; —b+(1+§)w2r§

= h(ry).

2(a+2)
b+2

T,

Since h is continuous on compact set [C”, C'], thus ,,, ¢, are both bounded for n > M.

Let v, = I'aryn_1, then () C (T',) is uniformly bounded for n > 1. Thus there exits

a subsequence (7,,) and 7, € R* such that

li e = VYoo
o Ty, =7,

Now we have K, (V) =0, Wy (720) < 0 and E,(7s) < E*(w). But we already know
for sufficiently large w, the minimum of E,, under K, > 0, W,, < 0 is exactly F*(w)

(Lemma [3.2.8)), which leads to a contradiction.

]

Proposition 3.3.3. Let b > 2 > a. For sufficiently large w, initial conditions in VW~

lead to a finite-time collision.

Proof. Let T'(t) be a solution in W~ and § = E*(w) — Er > 0. Apply the previous

lemma, we see
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Thus,
k()2
1) < - 4 i) + 10(0)),
which implies I(T'(¢)) is bounded above by a concave down parabola that becomes
=
this implies I'(¢) only exists for some finite time. O

negative for some finite time. On the other hand [ = 2 g always nonnegative,

3.3.2 At the ground state energy

For each fixed w > w*(a,b), again E*(w) = E(I'y). Define the following sets at

this ground state energy.

Wt(w) = {T' e W(w) : K,(T') > 0,W,,(T") > 0}
Wi (w) = {I € W(w) : K,(T') < 0, W,(I') > 0} 335
WH(w) = {T € W(w) : K,,(T') > 0, W,,(T') < 0} -
W= (w) = {T € W) : K,(T') < 0, W,,(T') < 0}
Here, the invariant set
W(w) :={T = (z,y,4,9) € R*: E,(T) = E*(w)}, (3.3.6)
and let
W, (w) = WH (w Wi (w
VNV+( ) VNV+( )UVN\L( ) (33.7)
W_(w) = WH(w) [ W= ().

Using Lemma , we see that for sufficiently large w and b > 2 > a, W+ (w) = {T5}.
Lemma 3.3.2. Let b > a and w > w*(a,b), both Wy are invariant.

Proof. We prove W+ is invariant. Let I'(¢) be a solution that starts in VV;. Thus,
E,(T(t)) = E*(w). Suppose there exists ¢; such that W, (I'(t1)) = 0, then by Lemmal[3.2.1]
E,(I'(t;)) > E*(w). Contradiction. O

Remark 3.3.1. This lemma also implies that for sufficiently large w and b > 2 > a,

—~

WZ is invariant.

Corollary 3.3.2. Let b > a and w > w*(a,b) be fized, then WJF contains global

solutions.
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Proof. Notice that W, > 0 implies

a(a + 2) N C.b

rb’

(2 4 b)w?’r? >

,r.a
from which we conclude that » must be uniformly bounded below. m

Proposition 3.3.4. Forb > 2 > a and sufficiently large w, solutions in the invariant

set W™ either have a finite-time collision or approach {F?f} as t — 00.

Proof. Let T(t) be a solution in W~. If K,,(I'(t)) is uniformly bounded above below
zero, then from the proof of Proposition [3.3.3] we see I'() must collide in finite time.
Otherwise, there exists a sequence (t,) such that K,(I'(¢,)) — 0~ as t,, — o, where
o is the maximal time of existence for I'. Recall that K, (I'(t)) = I(I'(t)) and thus
I(T(t)) is decreasing. Let lim,_,,- I(T'(t)) = a. If —oo < a < 0, then we must have
o < o0, since if ¢ = oo, that would imply I(I'(¢)) is bounded above by a linear
function with negative slope, which eventually becomes negative in finite time. If
a >0, then I(I'(t)) > 0 for all time and thus o = co. Since r(I')(t) is always bounded
in W=, a = 0 and hence K,(I'(t)) > 0ast— oc. O

3.4 Near-collision dynamics on strong homogeneous

potentials

In this section, we apply McGehee-type [14] transform to study the near-collision
dynamics of the homogeneous Hill’s lunar problem.
Let x = (x,y) and u = (&, y), then according to [4], the equation of motion of the

homogeneous Hill’s lunar problem can be written as

X=u
. 0 2 Va (3.4.1)
u= u-— ,

2 0 v,

where the effective potential has the form of

2 2
S B ) (3.4.2)

2 (2% +y%)%

V([L’,y) ==
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The conservation of energy holds for the homogeneous Hill’s lunar problem. That is,

i + g
2

+ V(x,y) = h.
We introduce McGehee-type change of variable [14]

x = et
u=r""(v+iw)e?,

where
1

VZm,

and the equation of motion reads

«
5_57

W= —2v— (84 1)rsin(20) + wu(8 — 1)+
| 0= 2w+ 1 (Bv® + w? —4B(B + 1)) + 208 + 1)1 ey

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)

To regularize the singularity at the origin, we further introduce a new time 7 such

that
dt = rdr.

Thus, the previous equation of motion becomes

( = (84 1)vr
0 =w
w' = —2vr — (B + 1)r*sin(20) + wo(8 — 1)
| V' =2wr + (Bv? +w? —4B(8 + 1)) + 2(B + 1)r? cos*(0),

(3.4.7)

(3.4.8)

where differentiation is with respect to the new time 7. The energy relation (3.4.3)

becomes ) )
V74w

= (B+ 1)1 cos?(6) — 28+ 1) = b T

(3.4.9)
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We define the collision manifold N as
N={(r,0,w,v):r=00"+w>=4(8+1)}, (3.4.10)
and thus the flow on collision manifold N is

0 =w
w' =wv(f —1) (3.4.11)
v = v +w? —48(8 + 1)).

We see that VV (z,y) in the new coordinate system becomes

46(B + 1)r 51 [C_OS(G;] — (28 + 2)rFe1 [COSO(Q)] (3.4.12)

Thus, we immediately observe that
Corollary 3.4.1. For § >0, asr — 0%, VV(x) || x.

It is not difficult to see that one can obtain a Hill’s lunar version of Lemma 4.1
and 4.2 in [14]. In particular, with very little modification, the proofs are still valid
for the case of homogeneous Hill’s lunar problem. Here, we restate one of them for

readers’ reference, and the other one is slightly and accordingly modified for our case.

Lemma 3.4.1 (|14]). Suppose that (r,0,w,v)(t) satisfies (3.4.6) and that r — 0 as
t — t*+, where t* is the collision time. Then 7(t) — Foo.

Define a subset of N
Si:{(h&w,v):r:0,w=0,v:iz 5+1}. (3.4.13)

Lemma 3.4.2 (|14]). Assume B # 1. Let p(1) = (r,0,w,v)(T) be a solution of
(3.4.8), and write pg = p(0). Then

I.mr—=0asT— 00 < w(pg) €S, and
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2.r—=0asT— —00 < a(py) CST.

Combining both lemmas, we see that for any collision-bound solution (r, 8, w, v)(t),
v(t) = =2/ +1, w(t) > 0ast —t* , as long as § # 1.

Corollary 3.4.2. For  # 1, let (r,0,w,v)(t) be a solution that achieves a collision
at t = t*, then its moment of inertia

I(t) ~ 2551 (B+ 1) (£ — )77 ast — t* . (3.4.14)

2
Proof. The moment of inertia I in the (r,0,w,v) coordinate system is [ = %Tm.

Using the equation of motion (j3.4.6)), we see

2-28
I? = y?,

Thus, the following identity holds

12
R B (3.4.15)

Since v — —2+/f + 1 and sign(l;) = sign(r) = sign(v) = —1 as t — t* , we square
root both sides of (3.4.15)) to see that
a1 1-

175 dl =277 u(t)dt. (3.4.16)

Integrating from ¢ to t* we see

0 t*
/ JTd) = 225/ v(s)ds. (3.4.17)
I(t) t

Using mean value theorem for integrals, there exists ¢y € (¢,¢*) such that

2 o 22/t o(s)ds = 2T v(te) (¢ — 1),

Or equivalently,
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Taking t — t* , we get

\m

3

(B + 1)F (¢ — )P (3.4.18)

+

I(t) ~ 27

]
Remark 3.4.1. Effectively, for B # 1, any collision-bound solution (r,0,w,v)(t)

satisfies
r(t) = (2% ~ 2% (B + 1)t — 1) (3.4.19)

ast —t* .

Corollary 3.4.3. For > 1, let (r,0,w,v)(t) be a solution that achieves a collision

att =t*, if 0 — 0* for some 0*, then the angular momentum

C(t) = w(t)r(t)” 71 — O, (3.4.20)
for some C*. Furthermore, ast — t* |
. —(t* —1) C*=0
0" —0(t) ~ o 5es 51 (3.4.21)
m(ﬁ—f‘l)ﬁ 1(t*—t)ﬁ+1 C* #0.

2 —1
e g L2 +%3 (3.4.22)
' - f(r) '

Since 7 = (B + 1)v and v — —2y/f+1 as t — t* , there exists t; < t* and r; =
r(t1) > 0 such that r(t) is strictly decreasing from 7 to 0. Therefore, the inverse

function t(r) exists and it is continuous on [0,7;]. We then regard

Sy ) = (),

on [0,71]. We also know that f(r) — 0 as r — 0%. Moreover, since @ — %,
f(r)=0(r) asr — 0T,

Hence, there exists K > 0 and r, > 0 such that |f(r)| < Kr, whenever r < .
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Moreover, ([3.4.22)) is equivalent to
2 (w(ryr ) = B (—— - f(r)) (3.4.23)

Fix r3 = min {7y, 72} and let R < r3 we integrate (3.4.23)) from r3 to R,

_8-1 L ry 2 3
w(rs)ry 7 — w(R)Rf% = —/R ﬁﬂg—l()df

55“ (3.4.24)
T3 T3
R §5+1 R £B+1
The first integral exists as R — 0, since 0 < m < 1. To see the existence of the

second one, we observe

f(€
¢

/TB
0

d§</ Kemde,

Define
—1

h(R) :=w(R)R™ i

and let R — 0" on ({3.4.24]), we see h(0) = limpg_,o+ h(R) exists. Let r < r3 and we
integrate ((3.4.23)) from 0 to r,

2
81 R Ao i f(€)
= R(0)r 5T — part d
wr) = no)r o5 pa
o2
= h(O)r% _ A / P e + f(fl) dg) (3.4.25)
0 £AFt 0 §B+1

where we have used the function - is integrable on [0,7] (Since 0 < 2= < 1.)
E/FT
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Rearranging the previous equation, we see

w(r) +r— h(O)r% = rngi/ fgi) d¢
0 gﬁ
< rBr / / EQ de
0 gﬁ
<ri | Kerhde
0
_ Kﬁ + 17’2
3+
If A(0) =0 then
w(r) ~ —r as r — 01,
and thus
=" 1 asr — 0T (or t — ¢ ).
r
we use L’hopital’s rule to see
im =00 o, 20O (3.4.26)
tspr U — tstm —1
which implies
0" —0(t) ~ —(t" —t). (3.4.27)
If h(0) # 0, then
w(r) =~ h(O)r% asr — 07,
and thus
="~ h(0)rFT =~ h(0)271(B + 1)5%1 (¢* — t)Fh asrT — 0T (or t — )
r
we use L’hopital’s rule to see
* _ 1 _
lim 6—9@1 = lim b(t) — = b+ R(0)271(B + 1)T+31, (3.4.28)
ot (pF — ) FFL ot _%(t* e B-1
which implies
h _ _
0" —0(t) ~ &(5 + 1)%(75* — t)%. (3.4.29)
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]

Lemma 3.4.3. Let > 1 and (r,0,w,v)(t) be a solution such thatr — 0 ast — t* .
Then as t — t*

w(t) — 0, v(t) > —2/B+1, and 0(t) — 0%, (3.4.30)

for some constant 6*.

Proof. By Lemma [3.4.1] and Lemma [3.4.2] it suffices to show these limits hold for all
the points in the fixed energy set

2 2 .
v (B4 1)r*cos*(0) —2(B+ 1) — Wi — 0

M(h) = {(r,@,w,v) cE(r,0,w,v) =

(3.4.31)
on the stable manifold of S7, as 7 — oo. Let s € S7, then the tangent space of the
manifold of M (h) at s is

ToF = {(r,0,w,v) : VF(s) -s = 0} . (3.4.32)

. 28
While for § > 1 <= a1 > L

Vs = (=(8 + 1)2r cost(8) — h—o—r 717 25in(0) cos(0) (8 + 1)1, w, )]s

B+1
=(0,0,0,—2+/5+1).
(3.4.33)
Thus, we get
ToF = {(r,0,w,v) : v =0}. (3.4.34)

The Jacobian matrix associated to the global flow (3.4.8)) evaluated at s has the form
of ) i}

—2(8+1)2 0 0 0

0 0 1 0
J = , (3.4.35)

4W/BF1 0 —2VBF1(B-1) 0
0 0 0 —48\/B+1
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and its restriction on T3 F' is

—2(8+1)% 0 0 0
0 0 1 0
J = . 3.4.36
B AVBFT 0 —2B+1(B-1) 0 (3.4.36)
0 0 0 0
Since Ty F' is spanned by the basis
{& =(1,0,0,0),& = (0,1,0,0),& = (0,0,1,0) },
A representative of J|r p in this basis is
—2(8+1)2 0 0
0 0 1 (3.4.37)
44/+1 0 =2¢/p+1(5—-1)

and it has eigenvalues —2(5 + 1)%, 0,—2v/B+ 1(f—1). For 8 # 1, S~ has hyperbolic
normal structure and hence the stable manifold of S~ is the union of the stable
manifolds of each points on S~ ([14],[8]). O

Finally, we conclude this section by stating everything in the original (z, y)—coordinate

system and parameters.

Proposition 3.4.1. Fiz o > 2, and let x(t) = (x,y)(t) be a solution of the homo-
geneous Hill’s lunar problem that has a collision-singularity at t* < oo. Then, as

t—t*,
1. The angular momentum C(t) := xy — yi — C*, for some C*.

2. The following asymptotic relation holds.

gaiz(g+1)miz(t*—t)f+zexpz'(e*—f_;(g+1>3+é‘(t*—t)3+§)] C* 40

x(t) ~
2557 (& + 1) 352 (t* — ) 777 exp [z (9*+(t*—t))} C*=0
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Chapter 4
Conclusions

The main purpose of this thesis is to extend some of the results that hold for
homogeneous potentials to quasi-homogeneous potentials.

Throughout this thesis, we implemented the energy method |3, 4] to construct
invariant sets that either contain initial conditions that correspond to global solution
or solutions with singularity, whenever the energy method is applicable. However,
the energy method is not perfect.

As mentioned in the introduction, the McGehee transform method [13] is a stan-
dard and the most popular way to study near-collision dynamics and classification of
initial conditions. Indeed, for the strong-force homogeneous Hill’s lunar problem, we
were able to obtain the asymptotic profile near collision by introducing one type of
McGehee coordinate system and a new time.

As an alternative to the McGehee transform, the energy method have both ad-
vantages and disadvantages.

The advantage of the energy method [3], 4] is its simplicity and explicitness. We
have seen that for both quasi-homogeneous two-body and Hill’s lunar problems, the
invariant sets constructed based on the indicator function were expressed in the orig-
inal coordinate system, which is not the case of McGehee transform. Furthermore,
the energy method usually does not involve a lot of computations.

The disadvantage of the energy method is its limitation. In the study of quasi-
homogeneous two-body problem, it only yielded partial results or did not apply when
we have either strong-weak quasi-homogeneous potentials or Manev-type potentials.
Luckily, based on the integrability of the two-body system, we were still able to

complete all the cases even when it was not applicable. It is, however, fully functional
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when we have strong-strong quasi-homogeneous potentials. In contrast, many sources
have indicated McGehee transform is versatile. For example, for Newtonian potential,
Xia’s |20] construction of non-collision singularity was based on McGehee transform.

Recall that in the study of quasi-homogeneous Hill’s lunar problem, we chose
to restrict the power combination to a < 2 < b, since one of the lemmas fails for
the limiting case (b = 2). This excludes the case of Manev potential, which itself
corresponds to numerous applications in physics. A rational, yet feasible, option
would be to implement McGehee transform.

For quasi-homogeneous Hill’s lunar problem, we did not apply McGehee transform
since we had the impression that it would involve too much computation, given that
the equation of motion for quasi-homogeneous potentials is already a little compli-
cated. On the other hand, the equation of motion of the homogeneous Hill’s lunar
problem is simple and compact and we thus anticipated that it would lead to nice
results. It is indeed true for strong-force homogeneous Hill’s lunar problem, but we
were not able to draw any similar conclusion for all the weaker potentials (a < 2).

By combining McGehee transform, would it be possible to overcome the shortcom-
ings of the energy method? Our next goal would be to improve the energy method so

that it can be, hopefully, applied to finish all the aforementioned incomplete cases.
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