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ABSTRACT

The rapid ascent of representation learning has transformed how we model com-
plex systems, replacing discrete identifiers with continuous, high-dimensional vectors.
In modern pipelines, relationships between entities, whether users in a recommender
system or text chunks in a retrieval corpus, are defined not by explicit links but by
geometric proximity in a dense vector space. Because every pair of embeddings yields
a non-zero similarity, the induced graph is fully connected by construction, containing
O(N?) weighted edges that no standard adjacency representation can store at scale.
Traditional graph mining algorithms, designed for sparse networks, remain tied to the
“Explicit Paradigm” of materializing this adjacency matrix before performing com-
putation. For the dense semantic graphs produced by modern embedding pipelines,
this imposes a quadratic O(N?) memory bottleneck that renders standard methods
such as Label Propagation and Louvain intractable beyond a few thousand nodes.
Common workarounds, such as k-nearest-neighbour pruning, discard precisely the
long-range structure that semantic embeddings are meant to capture.

This dissertation introduces Implicit Graph Theory, a unified framework that
redefines the graph not as a static container of edges, but as a linear algebraic opera-
tor defined by the inner product of node embeddings (A = VV ). By exploiting the
low-rank structure of semantic data, we derive exact matrix-vector formulations for
fundamental graph primitives that operate in linear memory in N, without approxi-
mation error relative to the inner-product adjacency model.

We validate this framework through three contributions. First, we introduce
Vector-Based Label Propagation (VLP), which addresses the memory wall for
semi-supervised learning on dense graphs. We prove that VLP is mathematically
equivalent to explicit label propagation and show that it scales to 1.5 million nodes
on a single GPU, in a setting where standard dense-graph libraries exhaust memory
beyond roughly 15,000 nodes. Second, we present VLouvain, a structure-discovery
algorithm that detects hierarchical communities directly from embedding vectors,
without ever generating an edge list. The key result, the Vector Supernode The-
orem, shows that modularity-driven graph coarsening reduces to vector addition,
reproducing the modularity scores of standard Louvain exactly. VLouvain clusters
1.57 million product embeddings in minutes on a single GPU, a scale at which cu-
Graph and NetworKit exhaust memory entirely. Finally, we apply these principles

to retrieval-augmented generation with GraphRAG-V, which uses VLouvain to or-



v

ganize text-chunk embeddings into semantic communities, replacing the expensive
LLM-based entity extraction pipeline used by prior graph-RAG systems. On a multi-
hop reasoning benchmark, GraphRAG-V reduces indexing time from 3.0 hours to
5.3 minutes (34x) while outperforming both a vector-store baseline and Microsoft’s
GraphRAG in answer recall.

Together, these results argue for a different way of scaling graph mining to the era
of dense representations: rather than storing the graph, we compute it on demand

from the embeddings that already exist.
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Chapter 1

Introduction

1.1 The Graph Paradox

Graph theory has always been built on the concept of the edge: a stored connection
between two nodes. For the sparse networks of the 20th century (road maps, power
grids, citation networks), this was natural. The number of edges was small, adjacency
lists were compact, and algorithms could traverse the structure in linear time.

Modern representation learning has upended this picture. Neural networks now
routinely map entities (users, products, paragraphs of text) to dense numerical vectors
called embeddings, and the similarity between any two entities reduces to an inner
product of their vectors. The resulting graph is no longer sparse: every node is
connected to every other node with some non-zero weight, and the number of edges
grows as N2. This creates a paradox at the heart of modern data science: the richer
our representations become, the harder it is to apply the graph algorithms
that should benefit from them.

Consider the scale of the problem. For a corpus of N = 1 million embedding
vectors, the fully materialized similarity matrix contains on the order of 10'? entries.
Even with 32-bit weights, storing it requires several terabytes of RAM, far exceeding
the capacity of any single GPU. In practice the failure arrives much earlier: as we
demonstrate in Chapters 3 and 4, standard industrial libraries (cuGraph, iGraph,
NetworKit) exhaust memory on dense semantic graphs as small as 15,000 nodes on
a 40 GB GPU, because they attempt to materialize hundreds of millions of non-zero
edges. Figure 1.1 illustrates the contrast: the explicit adjacency requires terabytes,

while the embedding matrix that encodes the same information fits in gigabytes.



The Memory Wall: N=1 Million Nodes

e 4,000 GB (4 TB)

1TB

100 GB

10 GB

Memory Footprint (Log Scale)

3 GB

1GB

< Explicit Graph (Edge List) Implicit Graph (Vector Embedding)
Figure 1.1: The Memory Wall. Explicitly storing edges for dense semantic graphs
requires terabytes of RAM, whereas the embedding matrix fits comfortably in GPU

memory.

Faced with this memory wall, practitioners are forced into a compromise: graph
sparsification. Techniques such as k-nearest-neighbour pruning or thresholding dis-
card all but the strongest connections to fit the data into memory [49]. But this cure
is worse than the disease. Pruning severs the weak ties that carry global information
flow and multi-hop reasoning paths, sacrificing precisely the long-range structure that
dense embeddings were designed to capture.

This dissertation argues that the compromise is unnecessary. The bottleneck lies
not in the data but in how we choose to represent it. The same N = 1 million
entities that require terabytes as an explicit similarity matrix occupy roughly 3 GB
when stored as d = 768-dimensional embeddings, comfortably fitting on a single
commodity GPU. The key insight is that the edges are already encoded in these
embeddings: the similarity between any two nodes can be computed on demand from

their vectors, without ever materializing the full N? matrix.

1.2 The Key Insight: Low-Rank Dense Graphs

The observation above can be made precise. Let V € R¥*? collect the embedding
vectors as rows. The induced similarity matrix is A = VVT € RV*N 'with A;; = v; -

v;. Although A has N? entries, it factors through a d-dimensional space: rank(A) =



rank(V) < d, and for generic neural-network embeddings this bound is tight. The
entire similarity structure is therefore fully determined by the Nd numbers in V; its
degrees of freedom scale linearly in N, not quadratically.

We call such graphs low-rank dense graphs: dense, because almost every pair of
nodes has a non-zero similarity, and low-rank, because the similarity structure lies in
a d-dimensional column space with d < N. For this class of graphs, materializing
the adjacency matrix is an unnecessary artifact: any graph algorithm that operates
on A through linear algebra can be reformulated to operate directly on V, reducing
memory from O(N?) to O(Nd) without approximation error.

We term this approach Implicit Graph Theory. By keeping the graph in its
factored form V rather than expanding it into A, we can perform exact, global graph
operations (diffusion, community detection, retrieval) on datasets of millions of nodes

where explicit methods fail entirely.

1.3 Contributions

This dissertation demonstrates the implicit approach through three contributions:

1. Vector-Based Label Propagation (VLP), Chapter 3.
T. Yu, V. Srinivasan, A. Thomo. Efficient Vector-Based Label Propagation for Mas-
siwe Low-Rank Graphs. WSDM 2026, pp. 1278-1282 [75].

We reformulate label propagation to operate directly on the embedding matrix
through associative matrix-vector products, proving mathematical equivalence
to the explicit algorithm. VLP scales to 1.5 million nodes on a single GPU in a
setting where standard dense-graph implementations exhaust memory beyond
roughly 15,000 nodes. We also prove convergence of label propagation in the
continuous low-rank setting, addressing a gap in the stability analysis of these
methods.

2. VLouvain, Chapter 4.
T. Yu, V. Srinivasan, A. Thomo. Efficient Vector-Based Louvain Algorithm for Mas-
siwwe Low-Rank Graphs. EDBT 2026, pp. 537-543 [76].

We present a community detection algorithm that optimizes modularity directly
in the embedding space. By deriving a Vector Supernode formulation, we show

that hierarchical community aggregation reduces to vector addition, eliminating



the need to materialize edges. VLouvain produces the same partition sequence
as standard Louvain (under identical tie-breaking), and we prove this formally
through three lemmas covering degree, modularity-gain, and aggregation equiv-
alence. It scales to million-node dense graphs in minutes on a single GPU, a

regime where cuGraph and NetworKit crash due to memory exhaustion.

3. GraphRAG-V, Chapter 5.
T. Yu, V. Srinivasan, A. Thomo. GraphRAG-V: Fast Multi-Hop Retrieval via Text-
Chunk Communities. ASONAM 2025, pp. 3-14 [77].

We apply implicit graph theory to Retrieval-Augmented Generation. GraphRAG-
V uses VLouvain to organize text-chunk embeddings into semantic communities,
replacing the expensive LLM-based entity extraction pipeline of prior graph-
RAG systems [16]. On the MultiHopRAG benchmark [69], it reduces indexing
time from 3.0 hours to 5.3 minutes (34x) while outperforming both a vector-

store baseline and Microsoft’s GraphRAG in answer recall.

All three algorithms are released as open-source Python libraries compatible with

the PyTorch ecosystem:
e VLP: https://github.com/yutengkai/vector-based-label-propagation
e VLouvain: https://github.com/yutengkai/VLouvain

o GraphRAG-V: https://github.com/yutengkai/GraphRAG-V

1.4 Outline

Chapter 2 establishes the fundamental concepts required to understand implicit
graph theory. It reviews classical graph mining, community detection, label propa-
gation, and the evolution of vector embeddings, and defines the mathematical equiv-
alence between explicit edge lists and implicit vector operations, setting the notation
used throughout the thesis.

Chapter 3 introduces Vector-Based Label Propagation (VLP). We demonstrate
how label propagation can be reformulated as a sequence of dense matrix operations,
allowing for exact global diffusion on massive graphs without creating edges. We
also provide a theoretical convergence proof for label propagation in the continuous

low-rank setting.



Chapter 4 addresses the challenge of structure discovery. It presents VLouvain,
an algorithm that detects hierarchical communities directly in the embedding space.
We derive the Vector Supernode formulation, proving that modularity maximization
can be performed on vector aggregates with O(/Nd) memory.

Chapter 5 applies implicit graph theory to Retrieval-Augmented Generation
(RAG). We introduce GraphRAG-V| a system that uses VLouvain to organize text-
chunk embeddings into semantic communities, replacing the LLM-based entity ex-
traction pipeline of prior graph-RAG systems.

Chapter 6 outlines future directions, including extensions to directed graphs,
cross-modal embeddings, differentiable community detection, and sparse attention
mechanisms.

Chapter 7 concludes the dissertation by summarizing our contributions, dis-
cussing limitations, and reflecting on the shift from memory-bound explicit structures

to compute-bound implicit vector arithmetic.



Chapter 2

Background and Related Work

To establish a rigorous foundation for the implicit algorithms proposed in this dis-
sertation, we first define the standard primitives of explicit graph theory. We adhere
to standard notation: integer counts are written in uppercase italic (e.g., N for the
number of nodes), other scalars in lowercase italic (e.g., v, m), vectors in bold lower-
case (e.g., v), and matrices in bold uppercase (e.g., A). We use V' (italic) to denote
the vertex set of a graph and V (bold) to denote the embedding matrix introduced

later in the chapter; context will make clear which is meant.

2.1 Graph Theory Primitives

A graph is formally defined as a tuple G = (V, E, W), where V = {vy,v9,..., 05} i8
a set of N vertices (or nodes), and F C V x V is a set of edges connecting them.
In the general case of weighted graphs, which are the primary focus of this work, W
represents a weight function w : F — R* assigning a non-negative strength to each
connection. While signed graphs with negative weights exist in specialized literature,
this dissertation works exclusively under the assumption of non-negativity. Non-
negative weights are required both for the modularity formulation used by VLouvain
in Chapter 4 and for the convergence proof of label propagation in Chapter 3.

The structural information of G is encoded in the Adjacency Matrix A € RV*V,
For an unweighted graph, the entries A;; are binary, indicating the presence or absence
of an edge. For weighted graphs, A;; = w;; represents the strength of the relationship
between node ¢ and node j. We assume the graph is undirected, implying A is

symmetric (4;; = Aj;), and typically contains no self-loops (A; = 0). The Gram-



matrix construction introduced in Section 2.6 naturally produces non-zero diagonal
entries; our implicit algorithms enforce A;; = 0 by subtracting the diagonal explicitly
when needed.

A fundamental derived quantity is the Degree Matrix D, a diagonal matrix

where each entry D;; = k; represents the weighted degree of node 7:

k; = ZAU (2.1)

The degree k; captures the total connectivity of a node within the system. Figure 2.1

shows a small example of these primitives.

Graph Theory Primitives

Figure 2.1: Basic Graph Primitives. Nodes represent entities, and weighted edges
represent the strength of relationships.

2.1.1 The Graph Laplacian

Beyond storing topology, the adjacency matrix gives rise to the Graph Laplacian,
which governs how quantities such as labels or signals flow across edges. The unnor-
malized Laplacian is L = D — A. In practice, high-degree nodes naturally accumulate
more edge weight, so it is useful to divide each entry of A by the degrees of its end-

points. This gives the symmetric normalized Laplacian,

L=1-D'2AD /2 (2.2)



which has eigenvalues 0 = A\ < Ay < -+ < Ay and orthogonal eigenvectors that
encode the graph’s global connectivity [5]. The Laplacian is the foundation of spectral
clustering, where Cheeger’s inequality links the second eigenvalue Ay to the sparsest
cut of the graph [9].

A closely related object is the row-normalized transition matrix D' A, which
drives continuous label propagation (Section 2.3.2). Each entry (D™'A);; = A;;/k;
is the probability that a random walker at node i steps to node j; multiplying this
matrix by a label vector averages each node’s label over its neighbours, which is
exactly the diffusion step. The two matrices are mathematically linked. Let pu;
denote the eigenvalues of D*A. Then D~/2AD~/2 has the same eigenvalues f;
(the two matrices are similar via the transform D'/?), and the Laplacian eigenvalues
are simply A\; = 1 — p;.

In other words, spectral clustering and label propagation are two sides of the same
coin: they look at the same graph structure through different lenses (eigenvectors vs.
iterative diffusion). This dissertation uses the diffusion lens, not the spectral one, but

they are mathematical cousins, not strangers.

2.2 Community Detection

With the graph primitives in hand, we now review the two problems this dissertation
addresses, starting with community detection. Community detection is the process
of identifying dense subgraphs where nodes are more connected to each other than
to the rest of the network, and it is a cornerstone of graph mining [22]. Among the
many approaches, ranging from random walks [60] to statistical inference, modularity
maximization remains the most widely adopted framework due to its interpretability
and effectiveness on real-world networks. Figure 2.2 illustrates the idea: communities
are groups of nodes with dense internal connections and sparse connections to the

rest of the graph.

2.2.1 Modularity Maximization

The concept of modularity, introduced by Newman and Girvan [53], quantifies the
quality of a partition by comparing the density of edges within communities to a

random null model. Formally, for a weighted graph with adjacency matrix A and
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Figure 2.2: Community Detection. The goal is to identify densely connected sub-
graphs (clusters) that have sparse connections to the rest of the network.

total edge weight m = 3 Z A;j, the modularity () is defined as:

ik

%)

Here, k; is the degree of node i, ¢; is the community assignment of node 7, and d(¢;, ¢;)
is the Kronecker delta function which is 1 if 7 and j are in the same community and 0
otherwise. The term ’y T Kiky represents the expected weight of the edge between ¢ and j
in a random graph with the same degree distribution (the configuration model), scaled
by the resolution parameter v. Maximizing () is NP-hard; thus, heuristic methods

are required for large-scale graphs [8].

2.2.2 The Resolution Limit

Despite its popularity, modularity is not without flaws. Fortunato and Barthélemy
demonstrated that modularity suffers from a Resolution Limit [23]. In very large
graphs, the null model expectation of edges between two groups becomes very small.
Consequently, the modularity objective may merge small, well-defined communities
into larger, heterogeneous ones simply because any connection between them exceeds
the near-zero expectation.

To counteract this, the resolution parameter v was introduced (as shown in the
equation above). Tuning v > 1 biases the algorithm towards discovering smaller

communities, while v < 1 favors larger macro-structures. In Chapter 4, our implicit
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formulation must seamlessly incorporate this v parameter without requiring explicit

degree lookups.

2.2.3 The Louvain Algorithm

To contextualize the contributions of this work, it is necessary to formally define the
existing paradigms for modularity optimization. The Louvain method [3] is the de
facto standard heuristic for this task. It operates via a two-phase iterative process of
local moving and community aggregation.

Phase 1: Local Modularity Optimization. Initially, each node is assigned
to its own community. The algorithm iterates through every node ¢ and considers
moving it into the community of each neighbour j. The move is executed if it yields
a positive gain in modularity (AQ > 0). The modularity gain AQ for moving node i

from its current community C' to a neighbouring community D is calculated as:

szD Aij ki ZjeD kj] B [Zjec Aij ki ZjeC kj

AQ = om ! (2m)? om (2m)? (24)
This formula compares the benefit of placing node 7 in community D against keeping it
in community C', accounting for both observed edges and the null model expectation.
We give the formula in its general form, which applies whether the source community
(' is a singleton or already contains multiple nodes. In Chapter 4, VLouvain computes
an equivalent quantity using community-level vector aggregates rather than explicit
edge sums; the algebraic equivalence is the subject of the exactness proof in that
chapter. This greedy process repeats until no further local moves can improve Q).
Phase 2: Community Aggregation. Once local maxima are reached, the algo-
rithm constructs a new, coarser graph. Each community found in Phase 1 becomes a
single “supernode” in the new graph. The weights of the edges between these supern-
odes are calculated as the sum of the weights of the edges between their constituent

nodes in the original graph:

Wewo, = Y. Ay (2.5)

1€CY,j€Cy

Self-loops on supernodes (W¢, ¢, ) represent the internal density of the community.
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Algorithm 1 The Louvain Method (Explicit Adjacency)

Require: Graph G = (V, E, W)

Ensure: Hierarchical community partition
1: Initialize each node in its own community: ¢; < i,Vi € V'
2: repeat

// Phase 1: Local Modularity Optimization

@

4 repeat

5 improvement < false

6: for each node i € V do

7 AQmax < 0, Chest < €

8 for each neighbour j of 7 do

9: Calculate AQ of moving ¢ to ¢,
10: if AQ > AQax then

11: AQmax — AQ, Chest < ¢;
12: end if

13: end for

14: if AQuax > 0 then

15: C; < Chest

16: improvement <— true

17: end if

18: end for

19: until not improvement

20: // Phase 2: Community Aggregation

21: Construct new graph G’ where nodes are communities from Phase 1
22: Wewco < Dice, jec, Aii > Bottleneck: Requires O(|F|) traversal
23: G+ G

24: until no further aggregation is possible

The algorithm repeats Phase 1 and Phase 2 on this coarsened graph, as shown in
Figure 2.3, until no further changes occur. However, the aggregation step explicitly
sums edge weights, requiring iteration over an explicit edge list . While effective for
sparse networks, in the dense semantic graphs targeted by this dissertation, where
|E| is on the order of N2, this foundational step becomes the primary obstacle to
scalability.

While Louvain is powerful, it can produce disconnected communities: a commu-
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The Louvain Hierarchy: A 3-Stage Aggregation Process

Stage 1:
Raw Graph
(Initial State)

Stage 2:
Local Partitioning
(Communities Found)

Stage 3:
Coarsened Graph
(Supernodes Formed)

Supernode A Supernode B Supernode C

@ Aggregation (Coarsening)

Figure 2.3: The Hierarchical Louvain Method. Nodes are recursively aggregated into
supernodes to optimize modularity.

nity may contain nodes that have no path to each other through other members of
the same community. Traag et al. introduced the Leiden algorithm [71] to address
this. Leiden adds a refinement step: after the local moves converge, each community
is checked for internal connectivity, and disconnected components within a commu-
nity are split into separate sub-communities before aggregation. This guarantees
well-connected partitions but does not change the fundamental edge-access pattern:
Leiden, like Louvain, requires an explicit edge list, making it equally susceptible to
the memory wall on dense graphs. This dissertation focuses on Louvain as the base
algorithm; extending the implicit formulation to include Leiden’s refinement step is

straightforward, since the refinement operates within already-formed communities.

2.3 Label Propagation

The term “Label Propagation” is used in the literature to describe two fundamentally
different algorithms: a discrete voting heuristic for community detection, and a con-
tinuous diffusion process for semi-supervised learning. Since this dissertation builds

on the latter, we disambiguate the two here.
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2.3.1 Discrete “Voting” Label Propagation

Introduced primarily for community detection by Raghavan et al. [57], discrete LP is
a heuristic where each node iteratively updates its label to match the most frequent
label (the mode) among its immediate neighbours. Ties are broken randomly.
While highly efficient (O(|E|) per iteration), this voting mechanism (Algorithm 2)
is notoriously unstable. It lacks a formal objective function and is prone to infinite
oscillations, particularly in bipartite or highly symmetric graph structures, where a

set of nodes may continuously swap labels back and forth without ever converging.

Algorithm 2 Discrete “Voting” Label Propagation
Require: Graph G = (V, F), Initial labels y; for i € V

Ensure: Final discrete labels for all nodes

1: repeat

2: changed < false

3 for each node ¢ € V in a random order do

4 L <+ multiset of labels from neighbours of ¢

5 Unew <— most frequent label in L (break ties randomly)
6: if y; # Ynew then

7 Yi < Ynew

8 changed < true

9 end if

10: end for

11: until not changed or maximum iterations reached

2.3.2 Continuous “Linear” Label Propagation

In contrast, the continuous formulation of LP, introduced by Zhu and Ghahramani
[82] for semi-supervised learning, treats labels as probability distributions that diffuse
across the graph’s edges, analogous to heat diffusion on a manifold. This continu-
ous approach is mathematically rigorous and serves as the direct foundation for the
Vector-Based Label Propagation (VLP) algorithm developed in Chapter 3.

Let Y € RV*¢ be a label matrix where Y;; represents the probability that node i
belongs to class j. The initial matrix Y(© contains ground-truth labels (typically as
one-hot vectors) for the labelled subset and zeros (or uniform distributions) for the

unlabelled nodes. The core intuition is the smoothness assumption: nodes connected
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by strong edges should possess similar label distributions.
This is operationalized by an iterative linear diffusion process. At each iteration,
the diffusion step
YD DAY ® (2.6)

is applied, where D' A is the row-normalized transition matrix of a random walk on

the graph. The process iterates until convergence.

Algorithm 3 Continuous “Linear” Label Propagation [82]

Require: Adjacency A, Degree matrix D, Initial label matrix Y (©

Ensure: Converged label probability matrix Y (>
1: t <0
2: P+ DA > Row-normalized transition matrix
3: repeat
4: YD - PY® > Diffusion step. Bottleneck: requires O(]|E]) traversal
5 tt+1
6: until [[Y® — Y| < ¢

2.3.3 The Density Penalty

Unlike the discrete voting method, continuous LP is a linear iteration governed by
the row-normalized transition matrix D' A, which makes its convergence behaviour
amenable to formal analysis. We give a precise convergence statement for the low-
rank setting in Chapter 3. However, standard implementations of continuous LP
suffer from a critical limitation known as the Density Penalty.

As shown in line 5 of Algorithm 3, the matrix-vector multiplication requires
traversing every non-zero entry in A. For a dense similarity graph where |E| is on
the order of N2, a single iteration costs O(N?), which is prohibitively expensive for
large-scale datasets. The standard practical workaround is to sparsify the graph via
k-nearest-neighbour pruning, retaining only the strongest connections per node; this
reduces cost but discards the long-range similarities that the dense graph encodes.
In Chapter 3, we show how the explicit traversal can be completely bypassed using
vector operations, preserving the full graph and the rigorous convergence properties
of continuous LP. The density penalty affects community detection equally: the Lou-
vain aggregation step (Algorithm 1, line 15) also requires O(|E|) traversal. We now

quantify what “dense” means precisely.



15

2.4 Graph Sparsity vs. Density

The computational cost of every algorithm described so far depends on how many
edges the graph has. We measure this by the graph’s density, p, defined as the ratio
of existing edges to possible edges. For an undirected graph with no self-loops, the

maximum number of edges is (];[) = N(N —1)/2, so:

E

"T N -1 0

Sparse Graphs (p < 1): Historically, most graphs studied in network science,
such as the World Wide Web, citation networks, or road maps, are sparse. In these
structures, the number of edges scales linearly with the number of nodes (|E| ~
k- N, where k is the average degree). For sparse graphs, the adjacency matrix A
is predominantly filled with zeros. Storing A using Compressed Sparse Row (CSR)
formats requires only O(|E|) memory, making explicit edge traversal highly efficient.

Dense Semantic Graphs (p ~ 1): In contrast, graphs derived from vector
similarity (the focus of this dissertation) are inherently dense. If a graph is constructed
by computing the similarity between every pair of node embeddings, then |E| = (g] ),
on the order of N?/2. In this setting, the adjacency matrix is fully populated with
non-zero values. As noted in the Introduction, explicitly instantiating A for a dense
graph incurs a quadratic memory cost O(N?), rendering standard matrix operations
intractable for large N. The contrast is visible in Figure 2.4: the sparse adjacency
matrix is mostly empty, while the dense one is fully populated.

But where do these dense graphs come from? The answer is vector embeddings.

2.5 Vector Embeddings

The algorithms in this dissertation operate on vector embeddings rather than explicit
edge lists. This section reviews how they are produced and how they are currently

used for retrieval.

2.5.1 From Sparse to Dense Representations

Early vectorization methods such as TF-IDF [66] produced sparse, high-dimensional

representations: most dimensions were zero, documents matched only on shared key-
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Figure 2.1: Adjacency Matrix Density: Sparse vs. Semantic

Figure 2.4: Adjacency Matrix Density. Sparse graphs (left) are efficient to store
explicitly. Dense semantic graphs (right) are fully populated, causing memory explo-
sion.

words, and the resulting similarity graph was naturally sparse. The shift toward
dense, low-rank embeddings changed this picture fundamentally. Beginning with
Word2Vec [52] and FastText [51] (the latter used in our VLouvain experiments in
Chapter 4), and continuing with Transformer-based encoders such as Sentence-BERT
[59] and BGE-M3 [7] (used in our GraphRAG-V experiments in Chapter 5), modern
models map semantic meaning into dense vectors where every dimension is non-zero.
The consequence is the full connectivity that breaks explicit graph algorithms: every
pair of embeddings has a non-trivial similarity, and the resulting graph has O(N?)

edges.

2.5.2 Retrieval-Augmented Generation (RAG) and Vector

Search

Dense embeddings are not only the source of the scalability problem described above;
they are also the foundation of modern information retrieval, which is the application
domain of Chapter 5. Retrieval-Augmented Generation (RAG) [44] is the dominant
paradigm. In RAG, a corpus is chunked and embedded. When a user queries a Large
Language Model (LLM), the query is embedded, and a Vector Database retrieves the
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top-k most similar chunks using Cosine Similarity:

u-v
i = 2.8
S (V) = v (28)

To achieve millisecond latency over millions of vectors, these databases rely on Ap-
proximate Nearest Neighbor (ANN) indices, most notably HNSW (Hierarchical Nav-
igable Small Worlds) [49]. While efficient, HNSW explicitly prunes connections, re-
turning only the strongest local matches and discarding the global topology of the

dataset.

2.6 Implicit Graph Theory

We conclude this chapter by formally defining the central paradigm of this disser-
tation. FExplicitly storing the adjacency matrix A for a dense semantic graph is
intractable. However, the semantic relationships are derived from low-rank embed-

dings. This duality allows us to redefine the graph as a linear algebraic operator.

2.6.1 The Bridge: Connecting Algebra to Geometry

Let V € RV*? be a matrix of node embeddings (d < N). We define the Implicit
Graph associated with V as the weighted graph whose adjacency matrix is the Gram

matrix:

A=VV', (2.9)

Strictly speaking, VV T has non-zero diagonal entries ||v;]|?, whereas the standard
convention adopted in Section 2.1 sets A;; = 0. The algorithms in subsequent chap-
ters reconcile this by explicitly subtracting the diagonal whenever the convention is
required, at a cost of O(Nd) rather than O(N?).

This formulation connects directly to the kernel methods literature in machine
learning [63]. The Gram matrix A corresponds to a linear kernel k(v;,v;) = v, v;
evaluated over all pairs of node embeddings. In kernel theory, the kernel trick al-
lows algorithms to operate implicitly in high-dimensional feature spaces without ever
constructing those spaces explicitly. Our implicit graph approach applies a related
principle: rather than lifting data into higher dimensions, we exploit the existing low-
rank factorization A = VVT to avoid materializing the dense N x N kernel matrix.

This connection to kernel methods provides additional grounding for the algebraic



18

manipulations employed throughout this dissertation.
The core insight of Implicit Graph Theory is that any graph algorithm which can
be expressed as a sequence of matrix-vector products x’ <~ Ax can be reformulated

using the associative property of matrix multiplication:
Ax=(VVx=V(V'x) (2.10)

By computing the right-hand side, we decompose the O(N?) graph operation into

two O(Nd) vector operations, as illustrated in Figure 2.5.

(VVT)X = V(VTX)
Explicit Path (Slow, O(N?))

A x
ODERISIE X (Nx1 —» Ax
Matrix) Vector)

|

VvV r
(N x d) X »

Implicit Path (Fast, O(Nd))

\% sl X —- =
Ry axm || X e x 1 veeton|| >  EGEEEE Vz
(Small d x 1 Vector)

Figure 2.5: The Associativity Advantage. By reordering the matrix multiplication
parenthesis, we bypass the construction of the adjacency matrix entirely.

2.6.2 The Gap: Exactness at Scale

The algorithms proposed in this dissertation, VLP (Chapter 3) and VLouvain (Chap-
ter 4), achieve exact implicit mining: they yield results mathematically identical
to running the algorithm on the full unpruned graph, while operating within the
linear memory constraints of the vector space. This exactness distinguishes them
from approximate methods such as graph pruning or neighbourhood sampling, which

sacrifice completeness for computational tractability.

With these tools in hand, the next three chapters put implicit graph theory to

work: Chapter 3 reformulates label propagation, Chapter 4 reformulates community



detection, and Chapter 5 applies the result to retrieval-augmented generation.
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Chapter 3

Vector-Based Label Propagation

3.1 Introduction

Chapter 2 introduced continuous Label Propagation (LP) as a foundational method
for semi-supervised learning on graphs, governed by the iterative diffusion rule Y1 «
D 'AY®. There we observed that the per-iteration cost is dominated by the matrix-
vector product against A, which becomes the central obstacle when the underlying
graph is dense. Sparse-network approaches such as k-nearest-neighbour pruning [21]
reduce cost but discard precisely the long-range similarities that semantic embeddings
are meant to capture.

This chapter takes the perspective developed in Chapter 2 (Section 2.6) and ap-
plies it to label propagation. The graphs we care about are not arbitrary: their
adjacency is the Gram matrix A = VV' of an underlying N x d embedding V, with
d < N. This low-rank form arises in similarity graphs from text or image embed-
dings, latent-factor recommender systems, kernelized machine-learning graphs, and
dense affinity graphs in biology and vision [47, 24, 13, 80]. The natural question, then,
is: can we exploit this low-rank structure to make label propagation scalable without
sacrificing accuracy or global connectivity?

We answer in the affirmative by introducing VLP (Vector-Based Label Propa-
gation). Instead of enumerating edges, VLP performs each update directly in the
embedding space using two dense matrix multiplications. This reduces the memory
footprint from O(N?) to O(Nd) and lowers the per-iteration cost from O(N?c) to
O(Ndc), where ¢ is the number of label classes. Crucially, VLP is mathematically

equivalent to classical LP: it produces the same propagation outcomes, exactly, with
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no approximation and no loss of connectivity. We further establish a formal conver-
gence guarantee that is unavailable in the general setting.

Two prior methods also exploit low-rank structure for label propagation, but in
different ways. BigLP [55] scales via gradient-based approximations using Nystrom
methods, and LowrankTLP [45] addresses multi-relational graphs using tensor-
product and low-rank constructions. Both rely on approximations. In contrast, VLP
works directly with dense graphs of the form VV' and performs ezact propagation

without constructing the quadratic adjacency.

Contributions of this chapter.

e We identify the low-rank setting as a practically important class of graphs and
introduce VLP, a vector-based reformulation of classical LP that exploits this

structure.

e VLP avoids the ©(N?) adjacency, reducing memory from O(N?) to O(Nd) and
per-iteration cost from O(N?c) to O(Ndc). Each update consists of two dense

matrix multiplications and is well suited to GPU execution.

e We prove that VLP is mathematically exact (Theorem 3.1) and establish a
formal convergence guarantee under natural assumptions on the embeddings
(Theorem 3.7).

e Experiments on large-scale graphs show that VLP scales to millions of nodes
while exactly matching classical LP, reaching regimes that existing dense-graph

implementations cannot.

3.2 Vector-Based Label Propagation (VLP)

3.2.1 Recap of the Classical Update

We recall the continuous LP update from Chapter 2 (Section 2.3.2, Algorithm 3).
Given a weighted adjacency A € RV*Y and a label matrix Y € RV*¢ holding one

row per node, classical LP iterates the degree-normalized linear diffusion

YD = DIAY®, (3.1)
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where D is the diagonal degree matrix with D;; = Zj A;j. The bottleneck is the
matrix-vector product AY® which costs O(N?%c) per iteration and requires storing

every entry of A.

3.2.2 From Explicit Adjacency to Vector Factorization

In our setting, the adjacency is not arbitrary but is the Gram matrix A = VV T of the
embeddings. Such factorizations cover a wide range of similarity measures express-
ible as inner products in a feature space, including normalized cosine similarity of
embeddings and polynomial kernels with explicit feature maps. To be suitable for la-
bel propagation, these inner products must be non-negative (for example, polynomial

kernels of even degree).

Cosine similarity as a special case. In our experiments, we adopt cosine-based
similarity, a common choice in representation learning. Given unit-norm embeddings

v;, the weight between nodes ¢ and j is

LETH
A1 (1 N &) 7 (3.2)
T [villllv5]]

which linearly rescales cosine similarity from [—1, 1] to [0, 1], ensuring non-negativity
while retaining the full similarity signal. This can be written compactly by augment-

ing each vector as
r_ [Vi; 1]

v, = , 3.3
=/ (3:3)
so that A;; = v;'v/. Indeed, for unit-norm v; and v;,
ViV =1 ([vi; 1]T[vy; 1))
— (i)
_ 1+co2s(9ij)’ (34)

where 6;; is the angle between v; and v;. The mapping sends perfectly aligned vectors
(cosf = 1) to weight 1, orthogonal vectors (cosf = 0) to weight 0.5, and perfectly
opposed vectors (cosf = —1) to weight 0. Collecting the augmented rows gives
V = [vi;...;vly] € R+ and hence A = VV T with the diagonal entries set to
zero. For ease of notation, in the remainder we drop the prime and simply write v;

for the augmented vectors.
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Why factorization matters. Working directly with V avoids the explicit con-
struction of the N x N adjacency, reducing space from O(N?) to O(Nd), which is
crucial since in practice d < N. This observation underpins our vector-based refor-

mulation of LP, summarized visually in Figure 3.1.

Path A: The Explicit Way (Slow & Memory Hungry)

: . . Y (N xc)
Input: [Giant Adjacency Matrix [Output:
. e T .
V (N x d) e A ) B s PR
Transpose Memory: O(N?)
&) (Explodes for large N)

VT (dx N)

BAD PATH

= Mathematically Equivalent via Associativity: (VVT)Y = V(V'Y)

Path B: The Implicit Way (Fast & Efficient)

Input: V (N x d)
V (N xd) [Compressed Latent State [Output:
(dxc)] P X Ay (¥ x o)l
Y (N xc) Memory: O(Nd) (Efficient)

GOOD PATH

Figure 3.1: The associativity reformulation. By decomposing the adjacency matrix
and reordering operations, we bypass the O(NN?) bottleneck entirely.

3.2.3 Vector-Based Update Rule

With A in low-rank form, label propagation can be carried out without ever con-

structing the N x N adjacency:
Y® Y = inv_ deg © (V(VTY(t)) — self_loop ® Y(t)>, (3.5)

where self loop, = v,'v; and ® is the Hadamard (elementwise) product, with broad-
casting applied along the column dimension when needed. Intuitively, each iteration
first gathers label information into a compact embedding summary via VTY® | then
spreads it back across all nodes through V, removes self-contributions, and normalizes

by degree.

Efficient self-loop and degree computation. Both self-loops and degrees can

be obtained once in vectorized form. The self-loop weights are the diagonal entries of
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VVT, which can be written as
s=(VoV)l, (3.6)

where each s; = v/ v;. The degree of node i is the sum of all similarities VZ-T v; to
other nodes, which equals VZT Vium With Vg, = >° i Vi, minus its own self-loop s;. In
vector form, this gives

k=V(V'ly) —s. (3.7)

Thus k collects the row sums of VV' with the diagonal removed. Finally, the nor-

malization factors are inv_deg = k™!, applied elementwise.

Algorithm 4 Vector-Based Label Propagation (VLP)
Require: Node embedding matrix V. € RN¥*¢ (after augmentation), initial label

matrix Y(© € R¥*¢ number of iterations T

Ensure: Final label distributions Y )

1: Vg < VTy (size d)
2.8+ (VoV)l, (self-loops, size N)
3: k+VVy,—s (degrees, size N)
4: inv_deg + k! (elementwise reciprocal)
5: fort =0to T —1do

6: Z<+ V'YW (d x c GEMM)
. W VZ (N x ¢ GEMM)
88 W+ W-—(s1])oY® (rowwise broadcast)
9: YD « (inv.degl!) oW (rowwise normalize)
10: end for

. return YD)

—_
—_

Algorithm 4 summarizes the procedure. Each iteration involves two dense matrix-
matrix multiplications (VTY® and VZ), followed by vectorized subtraction of self-
contributions and normalization. In this way, labels flow efficiently through the graph
without constructing the full adjacency. The per-iteration complexity is O(Ndc)
rather than O(N?c) as in classical LP, a crucial saving when N > d. Because the
heavy operations reduce to dense matrix multiplications (GEMMs), VLP is well suited

to modern GPU architectures.
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3.2.4 Exactness

A common misconception in scalable graph mining is that efficiency requires approx-
imation. We emphasize that VLP is neither an approximation nor a heuristic: it is

mathematically equivalent to classical LP. The following theorem makes this precise.

Theorem 3.1 (Exactness). Let YSZ denote the label matriz produced by the classical
LP update Y < DAY, with A = VVT —diag(VV"), and let YS; denote the label
matriz produced by Algorithm 4. If YO =vO then Y = YS}; forallt >0, up to

cls vlp’ cls
floating-point rounding.

Proof. We show that one iteration of Algorithm 4 performs the same linear-algebra
operation as one iteration of classical LP.

The classical update is
YD =DTAYYD =D H(VVT — diag(VVT)) Y,

where the diagonal is removed to eliminate self-loops.

In Algorithm 4, the inner-loop computation is

W=VVYY) - (s1))oY®Y,
Y = (inv.deg1]) o W.

By the associativity of matrix multiplication, V(VTY®) = (VVT)Y®. The term
(s1]) © Y® subtracts s; YZ@ from row i of VVTY® which is exactly the action
of diag(VVT)Y® since s; = v, v; is the i-th diagonal entry of VV . Finally, the
elementwise multiplication (inv_deg1!) ® W scales row i by 1/k;, which is exactly
left-multiplication by D™ = diag(inv_deg). Combining, Yg::l) equals D71 (VV'T —
diag(VVT) Y = Y.

By induction on ¢, the two sequences agree for all iterations. Numerical differences

arise only from the different order in which floating-point operations are accumulated.
O O

3.2.5 Complexity Analysis

We compare the computational complexity of VLP against classical (dense) LP and
against the common kNN-pruned alternative. Let N be the number of nodes, d the

embedding dimension, ¢ the number of classes, and T' the number of iterations.
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e Classical LP (dense adjacency). Storing A requires O(N?) memory and
each iteration costs O(N2c), since the matrix-vector product AY® touches

every entry of A.

e kKNN-pruned LP. Restricting each node to its k nearest neighbours reduces
memory to O(Nk) and per-iteration cost to O(Nkc), but introduces an indexing
cost of O(Ndlog N) and, more importantly, discards the long-range similarities

that the original graph encodes.

e VLP (this chapter). Storing V requires O(Nd) memory. Each iteration
consists of two matrix products (VTY® at O(Ndc) and VZ at O(Ndc)), plus
O(Ne¢) work for the self-loop subtraction and normalization. The per-iteration
cost is therefore O(Ndc).

Since d < N in semantic graphs (e.g., d = 768 versus N = 10°), VLP is orders
of magnitude cheaper than dense classical LP, while remaining ezact unlike kNN

pruning.

3.3 Convergence Analysis

Label propagation methods have long faced convergence issues. Majority-vote schemes
can oscillate or fail to stabilize in dense graphs [43, 25]. Heuristic refinements such
as LabelRank [74] and semi-synchronous updates [10] attempt to enforce convergence
through tie-breaking or scheduling, while theoretical studies [41] provide guarantees
only in restricted settings. In summary, most existing formulations lack general con-
vergence results and are limited to the case of discrete labels. Here we show that
classical LP admits a formal convergence guarantee in the low-rank setting, even for
continuous labels.

Recall that, in vector-based label propagation, the update is carried out via Equa-

tion (3.5). This yields an effective propagation matrix
P =inv.deg ® (VV' —diag(VV")). (3.8)

This is precisely the row-normalized transition matrix D7 A introduced in Chapter 2
(Section 2.3.2), written here in implicit factored form. Normalizing by degree ensures

each row sums to one, making P row-stochastic.
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Lemma 3.2 (Row-Stochasticity and Non-negativity). The matriz P is non-negative

and row-stochastic; that is, for every row t,

ZPU =1, and P;; >0 for all i, j.
J

Proof. By construction, the entries of VV are the augmented cosine similarities
(1+cos6;;)/2 derived in Section 3.2.2, which lie in [0, 1]. After removing the diagonal
(zeros on the diagonal) and dividing each row by its row sum k;, every entry of P
is non-negative and each row sums to >, P = (1/k;) 3_; (VVT — diag(VVT)),; =

Given a row-stochastic N x N matrix P, construct a directed graph G(P) with

N nodes and an edge from node ¢ to j whenever P;; > 0.
Definition 3.3. A matriz P is said to be irreducible if G(P) is strongly connected.

In our analysis, we assume that the embedding vectors are drawn from a con-
tinuous distribution (with a density) on the sphere. This is natural in practice:
modern embedding methods (e.g., neural encoders, PCA, random projections) pro-
duce continuous-valued vectors, and even in discrete settings the probability of exact
antipodality is negligible in high dimensions. Since the event of two vectors being
exactly opposite has measure zero under a continuous distribution, with probability
one all off-diagonal augmented similarities are strictly positive, making the digraph

complete and strongly connected.

Lemma 3.4 (Irreducibility). Under the continuous-distribution assumption, the ma-

triz P 1s irreducible.

Proof. With probability one, no pair of distinct embedding vectors is exactly antipo-
dal, so cosf;; > —1 and the augmented similarity (1 + cos§;;)/2 > 0 for all i # j.
Therefore P;; > 0 for all i # j, so G(P) is a complete directed graph and is trivially

strongly connected. Hence P is irreducible. O O

Definition 3.5. For each node i in G(P), consider all possible cycle lengths (closed
walks from i back to itself). Define the period of i, p(i), as the greatest common
divisor of those cycle lengths. If p(i) = 1 for all i, then P is called aperiodic.

Lemma 3.6 (Aperiodicity). The matriz P is aperiodic.
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Proof. Since G(P) is a complete directed graph on N nodes (Lemma 3.4), it contains
cycles of every length > 2. In particular, for any node 7 there exist a 2-cyclet — j — 4
and a 3-cycle i — j — k — ¢. Since ged(2,3) = 1, the period p(i) = 1 for every i,
and P is aperiodic. O O

As P is finite, irreducible, and aperiodic, the Fundamental Theorem of Markov
chains (Perron—Frobenius) guarantees that P has a unique stationary distribution
7, and that P — 17" where 1 is the N-vector of ones. Hence, for any initial
label column y, Py — 1(7'y): all nodes reach consensus. Thus, the low-rank
setting admits a formal convergence guarantee for LP, unlike the general setting

where convergence can fail.

Theorem 3.7 (Global Convergence). Under the continuous-distribution assumption
on the embeddings, the VLP iteration Y1) =P Y® converges to 1n'Y® as t —

00, where T is the unique stationary distribution of P.

Proof. By Lemmas 3.2, 3.4, and 3.6, P is non-negative, row-stochastic, irreducible,
and aperiodic. The Perron—Frobenius theorem then yields a unique stationary distri-

bution 7 with 7P = 77 and P* — 17" entrywise. Applying this to any column of
Y@ gives P'Y©®) — 177Y©), O O

3.3.1 Practical Implications: Consensus is Trivial

While Theorem 3.7 provides a formal convergence guarantee, the limiting distribution
is, in fact, trivial for downstream classification: it assigns the same label distribution
7Y to every node, irrespective of local connectivity. Run to convergence, VLP
would homogenize the entire graph.

This is not a flaw of the algorithm but an inherent property of iterative diffu-
sion on a fully connected graph. The practical value of label propagation lies not
in the asymptotic limit but in the intermediate states. After a moderate number of
iterations, label distributions reflect meaningful local structure: nodes in densely con-
nected neighbourhoods share similar labels, while distinctions between well-separated
clusters are preserved. Stopping early preserves this structure before global homoge-

nization erases it.

Early stopping criteria. In practice, we use one of two strategies to determine

when to halt propagation:
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e Fixed iteration count. Run a predetermined number of iterations (e.g., T' =
50 or T' = 100) tuned for the dataset. This is simple and reproducible, and is

the strategy used in the experiments of Section 3.4.

e Convergence threshold. Monitor ||[Y®*) —Y®|| and halt once it falls below
a small € (e.g., 107%). This adapts the iteration count to the data while still

stopping well before the trivial consensus state.

Both strategies balance the need for sufficient diffusion (to propagate labels across
the graph) against the need to preserve local distinctiveness. We use a fixed iteration
count in our experiments to ensure a fair comparison with baselines that also run for

a fixed number of iterations.

3.4 Experiments

We evaluate VLP on four real-world datasets: Amazon Products, Yelp, Taobao, and
Flickr, each accessed through PyTorch Geometric [20]. A brief overview of their node
counts and feature dimensionalities is given in Table 3.1. For Amazon Products,
Flickr, and Yelp, node feature vectors come from the GraphSAINT repository [78];
Taobao is processed according to user—category usage data [31].

All experiments were conducted on Google Colab Pro with A100 GPU instances
(83.5GB of system RAM, 40 GB of GPU memory, 235.7 GB of disk). Source code is
available at the URL listed in Chapter 1.

Table 3.1: Summary of the four datasets. The “/N x N entries” column indicates the
number of cells that an explicit dense adjacency matrix would have to materialize.

Dataset Nodes (N) N x N entries Feature dim. (d)
Flickr 89,249 7.9 x 10° 500
Yelp 716,777 5.1 x 10! 300
Taobao 936,946 8.7 x 10! 66
Amazon Products 1,569,960 2.5 x 10'2 200

Choice of metrics. VLP is mathematically equivalent to adjacency-based LP
(Theorem 3.1). Our experiments therefore focus on scalability: demonstrating that

VLP scales to millions of nodes, whereas existing implementations cannot.
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Choice of baselines. In our runtime evaluation, we compare VLP against three
widely used implementations of the classical label propagation algorithm of Zhu and
Ghahramani [82, 83]: scikit-learn [54], scikit-network 4], and PyTorch Geometric [20].
Each provides a linear propagation scheme in which labels are iteratively diffused
across edges based on weighted adjacency. We focus on these popular implementations
because other known approaches, such as kNN-pruned LP [24] or stabilized variants
like LabelRank [74], achieve scalability by modifying the propagation process (e.g.,
through neighbourhood-voting heuristics, pruning edges, or altering the update rule),

which differs fundamentally from the linear propagation setting considered here.

Experimental setup. Throughout our experiments, we assign each node a label
from [0,50) at random, yielding a total of 50 label categories. We set the number
of label propagation iterations (the inner loop) to 1000 for each library, and for ev-
ery run we repeat the entire procedure five times and average the runtime. Both
scikit-learn and scikit-network require an explicit adjacency matrix, which we pre-
compute from node features via cosine similarity; this construction cost is included in
their total runtime. Likewise, PyTorch Geometric requires constructing the edge list
(on GPU or CPU) before running its label propagation operator. We include these
precomputation times to ensure a fair end-to-end comparison.

We measure performance across datasets by sampling subgraphs at various thresh-
olds. For each threshold, we keep a fraction of the node feature matrix to control the
resulting subgraph size. We then run label propagation with all four implementations
(VLP plus the three libraries) and record their average total runtime. This proce-
dure is repeated for subgraphs of increasing size to illustrate each method’s scaling
behaviour. When a library fails (due to memory or time constraints), we mark its
entry with ‘X’. Finally, we consider 50% and 100% of the nodes to show full-scale

performance.

Clamping in baseline implementations. The baselines differ in how they handle
initially labelled nodes: scikit-learn applies hard clamping (labels fixed), PyTorch
Geometric uses soft clamping controlled by a parameter «, and scikit-network does
not explicitly document its policy. Our VLP, like the unclamped adjacency-based LP,
lets all nodes update freely. These differences do not affect runtime, since the cost is

dominated by the matrix multiplication and clamping is only an O(Nc¢) step.
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3.4.1 Runtime Results

Tables 4.3, 3.3, and 4.4 report runtime in seconds for the Amazon, Yelp, and Taobao

datasets, respectively, with similar results for Flickr omitted for space.

Table 3.2: Runtime (in seconds) for Amazon over 1000 iterations. Bold denotes our
VLP, always the fastest. ‘X’ indicates library failure.

Thr. (%) Nodes VLP scikit-learn scikit-net PyG

0.2 3,139  0.18 0.75 7.10 4.81
0.4 6,279 0.19 2.58 22.36 21.10
0.6 9,419 0.22 6.03 50.63 112.61
0.8 12,559 0.23 11.32 92.57 X
1.0 15,699 0.25 18.38 134.11 X
50.0 784,980 6.85 X X X
100.0 1,569,960 13.37 X X X

As shown in Table 4.3, on Amazon we begin by sampling 0.2%, 0.4%, ..., 1.0% of
the nodes, corresponding to roughly 3,000 to 16,000 nodes. Across these subgraphs,
VLP consistently yields the fastest runtimes, while scikit-learn, scikit-network, and
PyTorch Geometric incur higher costs and eventually run out of memory once node
counts exceed about 15,000. At 50% (784,980 nodes) and the full dataset (1,569,960
nodes), only VLP succeeds, with respective runtimes of 6.85s and 13.37s. At the
highest threshold that any of the other methods can reach (1.0%), VLP is already
two orders of magnitude faster than the best of them. This pattern holds across all

datasets.

Table 3.3: Runtime (in seconds) for Yelp over 1000 iterations. VLP is always the
fastest, in bold. ‘X’ indicates library failure.

Thr. (%) Nodes VLP scikit-learn scikit-net PyG

0.4 2,867 0.59 0.80 6.45 4.63

0.8 5,734 0.17 2.88 18.70 17.99

1.2 8,602 0.19 5.44 38.60 70.31
1.6 11,469 0.20 9.49 67.38 X
2.0 14,336 0.25 14.44 114.25 X
50.0 358,423 3.96 X X X
100.0 716,777 7.72 X X X

Table 3.3 presents the Yelp results. Up to around 8,000-11,000 nodes, scikit-learn

and scikit-network both succeed but cost more time than VLP for each row, while
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PyTorch Geometric fails once node counts surpass roughly 11,000. At 50% (358,423
nodes) and 100% (716,777 nodes), only VLP can perform label propagation, taking

3.96s and 7.72s, respectively, whereas all others run out of memory.

Table 3.4: Runtime (in seconds) for Taobao over 1000 iterations. VLP times are in
bold; ‘X’ denotes failure.

Thr. (%) Nodes VLP scikit-learn scikit-net PyG

0.5 4,684 0.17 1.69 12.99 12.53

1.0 9,369 0.19 2.79 46.60 108.84
1.5 14,054 0.21 12.62 99.20 X
20 18,738 0.23 22.51 174.90 X
25 23423 0.22 X X X
3.0 28,108 0.24 X X X
50.0 468,473 3.06 X X X
100.0 936,946 5.94 X X X

Finally, Table 4.4 reports Taobao, which similarly features near-complete edge
density once users are mapped to categories via TF-IDF. Even at small thresholds (e.g.
9,369 nodes), scikit-learn and scikit-network remain slower, while PyTorch Geometric
fails above 14,000 nodes. VLP alone scales to 50% (468,473 nodes) and 100% (936,946
nodes) of the dataset, requiring only 3.06s and 5.94 s respectively to propagate 50
random labels for all nodes.

In every dataset, VLP outperforms adjacency-based label propagation, irrespec-
tive of graph size. Once node counts surpass around 11,000 for PyTorch Geometric or
15,000-20,000 for scikit-learn and scikit-network, these methods exceed their mem-
ory budgets or exhibit runtime failures. At half or all of each dataset, only VLP
completes successfully. This consistent advantage shows that VLP is the only vi-
able option among these implementations for large, low-rank graphs where adjacency

construction becomes infeasible.

3.4.2 Empirical Verification of Exactness

Theorem 3.1 guarantees that VLP and the adjacency-based formulation produce iden-
tical outputs up to floating-point rounding. To verify this empirically, we compared
the final label distributions of VLP against the scikit-learn baseline on small sub-
graphs (where scikit-learn could still run). The mean squared error between the two

outputs was within floating-point tolerance (< 1077), confirming that VLP recovers
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the exact diffusion dynamics of the fully connected graph. Table 3.5 reports a rep-
resentative comparison on a 10,000-node subsample, where downstream classification

metrics agree to four decimal places.

Table 3.5: Empirical exactness verification on a 10,000-node subsample of Amazon.
Downstream metrics for VLP and the explicit baseline agree to within numerical
precision.

Metric Explicit (scikit-learn) Implicit (VLP) Difference
Micro-F1 0.4215 0.4215 0.0
Macro-F1 0.3892 0.3892 0.0
MSE on output logits — — <1077

3.4.3 Sensitivity to the Embedding Dimension

The complexity bound O(Ndc) predicts that VLP runtime should scale linearly in the
embedding dimension d. We verified this on Flickr by running VLP with embedding
dimensions ranging from 64 to 768. Runtime increased from approximately 0.12s to
1.1s, consistent with the linear prediction. This highlights a practical trade-off: VLP
is extremely efficient for compact embeddings (e.g., low-dimensional SVD or quantized
vectors) and remains memory-linear for very wide vectors (such as 4096-dimensional

LLM embeddings), although the constant factor grows with d.

3.5 Chapter Summary

In this chapter, we introduced Vector-Based Label Propagation (VLP), a reformu-
lation of classical label propagation for the practically important class of low-rank
dense graphs. By writing the adjacency in factored form A = VVT and reordering
matrix multiplications, VLP avoids ever materializing the N x N adjacency, reduc-
ing memory from O(N?) to O(Nd) and per-iteration cost from O(N?c) to O(Ndc),
while remaining mathematically exact (Theorem 3.1). We further established a for-
mal convergence guarantee for the low-rank setting (Theorem 3.7), discussed why
the limiting consensus state is trivial in practice, and validated the approach exper-
imentally on graphs with up to 1.5 million nodes, where standard implementations

exhaust memory at around 15,000 nodes.
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VLP demonstrates the power of the implicit-graph paradigm for information dif-
fusion on a fixed topology. Many graph mining tasks, however, require more than
passive signal propagation: they demand active restructuring of the graph itself.
Chapter 4 extends the implicit approach to hierarchical community detection, where
the algorithm must repeatedly aggregate nodes into supernodes. We will see that
even topology-changing operations admit a graph-free reformulation while preserving

exact equivalence to the classical method.



35

Chapter 4

VLouvain: Structure Discovery

4.1 Introduction

Community detection is a fundamental task in graph analysis: given a graph, the
goal is to partition it into subgroups (communities) such that nodes are densely
connected within the same group and more sparsely connected across groups [29,
53, 22]. Among the most widely used methods are the Louvain [3] and Leiden [71]
algorithms, both of which uncover such communities while also producing multi-level
partitions. This hierarchical nature is valuable across a broad range of applications,
from social network analysis to recommender systems [26, 27, 37, 65] and graph-based
retrieval-augmented generation [16], since it reveals structure at multiple scales.

In this chapter we focus on the Louvain algorithm, which iteratively merges nodes
into communities based on modularity gains and then aggregates each community
into a supernode, building a coarser graph at every level. While powerful and widely
adopted, Louvain faces significant scalability issues when applied to large graphs. A
decade of work has aimed at improving Louvain’s efficiency [56, 28, 61], yet the need
for explicit graph construction remains a major bottleneck for the low-rank graphs
introduced in Chapter 2. When edges are derived from node feature vectors, the
number of edges grows quadratically with the node count, and the resulting graph
has O(N?) edges. Storing and processing such a graph in memory is infeasible at scale,
particularly in domains such as recommender systems, where user or item embeddings
produce very dense networks.

In practice, node feature similarities such as cosine similarities can generate a near-

complete graph. Traditional approaches construct or store the entire graph before
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running Louvain. For large low-rank graphs, building and managing that structure is
expensive in both time and memory. Libraries such as iGraph [12] and NetworKit [68]
can handle sizable networks but still struggle with dense graphs, and even efficient

variants like GVE-Louvain [61] face constraints once the graph becomes too dense.

A practical motivation. The theoretical framework developed in this chapter was
motivated by hands-on work at the Vancouver Island Health Authority (VIHA), where
the task was to cluster millions of patient profiles based on high-dimensional clinical
features (such as frequencies of diagnostic codes). Because these count vectors are
non-negative, every pair of patients has some non-zero cosine similarity, so the induced
patient-similarity graph is dense by construction. Storing the pairwise similarities for
millions of patients would produce on the order of 10'? edges and require terabytes of
memory, far beyond what any standalone workstation can hold. At the same time, the
research group had dedicated NVIDIA A100 GPUs available but these were largely
idle, because traditional graph-mining libraries rely on pointer-chasing and random
memory access rather than the dense matrix operations that modern accelerators
are built for. VLouvain emerged directly from this gap: an algorithm that keeps
the graph implicit in the embedding matrix and casts Louvain’s inner loop as dense

matrix arithmetic, so that the A100’s tensor cores can actually do the work.

Our approach. We propose VLouvain (Vector-Based Louvain), which avoids con-
structing large adjacency matrices or iterating over individual edges by using direct
vector computations to aggregate node similarities, capturing only the essential in-
formation needed for Louvain’s modularity-based updates. Unlike traditional graph-
centric approaches that enumerate or recompute edge weights, VLouvain bypasses
this bottleneck by directly computing the aggregate terms required for modularity
evaluation, eliminating the need to explicitly generate, store, or traverse every edge.
Since each edge’s influence is ultimately reflected in a community-level score, our
method maintains the mathematical integrity of the Louvain algorithm while achiev-

ing a substantial reduction in memory usage.

Contributions of this chapter. The main contributions are:

e Memory Efficiency. Our method dispenses with storing the large adjacency
matrix, keeping only node features and minimal aggregated statistics. This

substantially lowers memory requirements in the low-rank setting.
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e Matrix-Based Implementation. Our approach replaces traditional nested
node-edge loops with matrix or vector-based aggregation. This enables a vector-
ized supernode representation for faster multi-level comparisons of communities
and efficient GPU acceleration. In particular, we maintain community state in
replicated N x d matrices and update them via boolean masking, a design that
trades redundant storage for the elimination of pointer-chasing and dictionary

lookups.

e Mathematical Equivalence. Although our implementation avoids explicit
edge storage, it follows the Louvain framework [3] and is guaranteed to produce
the same partitioning results as the original algorithm. We formalize this as
Theorem 4.2 and prove it via three lemmas covering degree, modularity gain,

and aggregation equivalence.

e Scalability. On dense low-rank graphs derived from real datasets, VLouvain
scales to millions of nodes on a single GPU, in regimes where state-of-the-art
community-detection libraries (cuGraph, GVE, iGraph, NetworKit) exhaust

memory.

Chapter 2 introduced modularity, the standard Louvain algorithm (Algorithm 1),
and the implicit-graph framework A = VV'. Chapter 3 showed how the im-
plicit framework applies to information diffusion via Vector-Based Label Propagation.
Whereas VLP operates on a fixed topology, Louvain actively restructures the graph
by repeatedly merging nodes into supernodes at each level. The question we address
in this chapter is: how can we carry out these topology-modifying operations without

ever materializing the adjacency matrix?

4.2 Vector-Based Louvain: Key Operations and

Data Structures

In this section, we outline the vector-based formulation underlying VLouvain. Our
goal is community detection directly from node embeddings, without explicitly con-
structing the full graph. As developed in Chapters 2 and 3, many practical graphs

can be represented in low-rank form,

A=VV' VRV (4.1)
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where each row v; € R? is a feature vector (or embedding) for node i. This view natu-
rally captures graphs in which edges encode similarity between nodes, since numerous
affinity measures, such as normalized cosine similarity or even-degree polynomial ker-
nels, can be expressed as inner products in an appropriate feature space. To ensure
compatibility with modularity optimization, the resulting inner products must be

non-negative.

Cosine similarity as a special case. In our experiments we adopt the non-
negative augmented cosine similarity derived in Chapter 3 (Section 3.2.2): each unit-
norm embedding is augmented as v, = [v;;1]/v/2, so that viTvi = (14 cosb;;)/2 €
[0,1], and the full adjacency is A = VVT with the diagonal set to zero, where
V € RV*(@+1) collects the augmented rows. As in Chapter 3, we drop the prime in

what follows and simply write v; for the augmented vectors.

4.2.1 Degree Calculation

The degree vector k is computed implicitly using exactly the formula derived in
Chapter 3, Section 3.2.3: k = V(V'1y) — s, where s; = v; - v; is the self-loop
weight of node i. The derivation is the same bilinearity argument used there: a sum
of pairwise inner products equals the inner product with a sum of vectors, so we
can compute all degrees in O(Nd) without ever forming VV'. Precomputing k is
essential for modularity optimization, since it captures global graph information with

minimal overhead.

4.2.2 Sum of Edge Weights

The total edge weight m is half the sum of all degrees, so each edge is counted once:
m=1Y k=31"k (4.2)

4.2.3 Affinity and Resolution Terms

Recall from Chapter 2 that the modularity

Q- Z(Aij -7 Zfi) o(ci, ¢;) (4.3)

i?j
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can be decomposed into two components for nodes in the same community: the
observed edge weights and the expected edge weight scaled by v. We call these the
affinity term

Qaff = ZAij d(ci, ¢) (4.4)
,J
and the resolution term Lk
Qres = 7; Qlw; 5(01" Cj)' (45)

The affinity term measures the actual edges observed within communities, while the
resolution term estimates what we would expect from degree-based random connec-

tions.

4.2.4 Modularity Gain Calculation

When a node i moves from its current community ¢; to a candidate community ¢,
the net modularity gain AQ is the difference of an insertion gain AQ;, and a removal
loss AQout:

AQ = A6211’1 - AC20ut- (46)

Insertion Gain. When adding node i to a community ¢, # ¢;, the affinity

. . . / . . . . . / .
contribution is Y .., A;; = v;- V%, and the resolution contribution is 2]‘3—7% K¢. Since

e,
i ¢ ¢, neither chjn(;r K¢ contains i’s own contribution, so no self-loop correction is
needed.

Removal Loss. The removal loss is the modularity contribution of ¢ while it
is in ¢;, and requires a self-loop correction: because V% already includes v; and
K¢ already includes k;, we must subtract v; - v; from the affinity and vk?/(2m)
from the resolution term before interpreting the result as a “removal” contribution.
Equivalently, the removal loss is computed as v; - (V¢ — v;) and 7 2 (K% — k;). This
asymmetry between insertion and removal (whether the aggregate contains i or not)
is the only bookkeeping subtlety in the vector formulation, and it is handled by the
single correction term shown in Equation (4.12) of the next section.

The crucial observation is that both the insertion gain and the removal loss are
computed directly from two community-level aggregates: a community vector V¢ =

ZjEC v; and a community degree sum K¢ = ZjEC k;. The inner product v; - V¢
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simultaneously represents all |c| pairwise affinities in the sense that, by bilinearity,

ZAU = Z(VZ v;) = v Ve (4.7)

Jj€c j€c

We do not need to enumerate individual edges; the collective affinity between ¢ and

a community is perfectly encapsulated by a single dot product.

4.2.5 Community Movement and Hardware-Aware State

In the Louvain procedure, each node looks for a community that maximizes its AQ.
Initially, every node i starts in its own community ¢; = {i}, with V¢ <« v; and
K¢ < k;. When node ¢ moves from community ¢ to community ¢’, the aggregates

are updated:
Ve—=v;, K‘—=k, V' 4=v; K +=k. (4.8)

Because AQ depends only on these aggregates, there is no need to enumerate edges

individually. Storing V¢ and K¢ for each community keeps the memory overhead at

O(Nd) instead of O(N?).

A hardware-aware data layout. A naive implementation would maintain a dy-
namic dictionary mapping community IDs to V¢ K¢ values, resizing and rehashing
as nodes move. On modern GPUs this is exactly the wrong data structure: every
community lookup becomes a pointer chase, every update triggers a cache miss, and
the memory access pattern cannot be vectorized. To eliminate this bottleneck, VLou-
vain instead maintains two N X d community-tracking matrices VC and KC with
one row per node (not one row per community). Initially, VC = V and KC = K,
because each node is its own community. When node ¢ moves from community c¢;
to community c¢;, we locate all nodes currently in ¢; via boolean indexing (using the
assignment vector C), subtract v; and k; from those rows, and then add v; and k; to

the rows of nodes in ¢;:

VC[C == Cj] +=v;, KC[C == Cj] += kz (410)
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Replicating each community’s aggregates across all of its member rows is redundant
in the information-theoretic sense, but it pays for itself by eliminating the pointer-
chasing entirely. The matrices VC and KC remain fixed-size N xd and N throughout
the optimization, all updates are dense vector operations on contiguous memory, and

the loop over candidate communities reduces to a single matrix-vector product v;-VC.

4.3 The VLouvain Algorithm

We now present the VLouvain algorithm, following the structure of the published

version [3] (adapted to the vector setting). VLouvain consists of three components:

1. the Optimized One-Level Function (OOLF), which performs modularity opti-

mization at a single level;

2. the Optimized New Graph Generation (ONGG), which collapses the current

assignments into supernodes; and

3. the Optimized Louvain Partition Algorithm, which alternates OOLF and ONGG

until no further modularity gain is achieved.

4.3.1 Optimized One-Level Function

Our optimized one-level function leverages node-vector representations and degree
arrays to perform modularity optimization without constructing or storing explicit
edge weights (Algorithm 5). At the start, the node-vector matrix V and the degree
array K are copied into the community-tracking matrices VC < V and KC + K,
since each node begins in its own community, captured by the assignment vector C.

For each node 4, the algorithm first computes a vector of candidate contributions

against every community in parallel,

Qin %(vi - VC — 21 KC), (4.11)
whose entry j is the modularity contribution of placing node 7 in the community that
currently holds node j. The minus sign matches the standard Louvain modularity gain
formula from Chapter 2, in which affinity is offset by the resolution-based null-model
penalty. This single matrix-vector expression evaluates all candidate communities in

one GPU-friendly operation.
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There is one subtlety. The entry qj,[i] corresponds to “placing i in its own current
community”, but the aggregate VCJi] = V% already contains v; itself, and similarly
KCJi] already includes k;. To obtain the correct “contribution while remaining in ¢;”
(which the move decision must compare against), we apply a self-loop correction to

this single entry:
1

| 2
Jout < qin[Z] — %(Vz SV, — (Qm)) . (412)

The subtracted term (v; - v; —vk?/(2m))/(2m) is exactly the amount by which q;,[i]
overstates the contribution of ¢ when its own vector and degree have not been removed
from the aggregate. After this correction, ¢u, represents the modularity contribution
of node 7 to community ¢; with self-loop terms excluded, matching the explicit Louvain
convention.

Subtracting gou from each entry of qy, yields q, the net modularity gain of moving
i to each candidate community. The algorithm then selects j = argmax; q[j] subject
to q[j] > 0, and if ¢; # ¢;, reassigns ¢ to community ¢; and updates VC and KC
using the boolean-indexing scheme from Section 4.2.5.

Within each level, node updates are repeated and the loop stops when the sweep-
level modularity gain falls below a small tolerance (¢ = 1077 in our experiments).
After the first pass most nodes stabilize, and later passes are extremely fast because

only a few nodes still change communities.
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Algorithm 5 Optimized One-Level Function (OOLF)
Require: Matrix V, degree array K, initial communities C, resolution +, total edge

weight m, tolerance £ > 0
Ensure: Updated C, matrices VC, KC, modularity gain AQ)
1: VC+ V. KC+ K, AQ <0
2: while true do
3: AQsweep 0

4: for each node i do
v;- VC — v 2’“— KC
5: qin < m
2m ,
L Vit Vi— 7y Qk .
6: Jout < Qin[?] — 2—m > self-loop correction
m
T q < Qin — Gout
8: j < argmax; q[j] s.t. q[j] >0
9: if Cj 7é C; then
10: VC[C == Ci] —=Vy, KC[C == Ci] —= l{?z
11: VC[C == Cj] += vy, KC[C == Cj] += k‘l
12: VCJi] + VCJj|], KCJi] + KCJj]
13: Ci £ Cj, AQ += q[]L AC?svveep += q[]]
14: end if
15: end for
16: if AQgsweep < € then
17: break
18: end if

19: end while
20: return C, VC, KC, AQ

Because the community updates depend only on the aggregated vectors rather
than explicit edge weights, memory demand is greatly reduced: storing VC and KC
requires O(Nd) space, which is far more efficient than the O(N?) cost of explicitly

managing all edges.

4.3.2 Optimized New Graph Generation

After the first phase, the algorithm uses the community assignment vector C to col-
lapse nodes of the same community into a single supernode (Algorithm 6). This step

preserves the total edge weight between original communities. The key observation
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is that, with A;; = v; - v,

>y = (X Vi) (Vi) (4.13)

1€Ch,j€C2 1€Ch j€Co

so a simple summation of the member vectors within a community already yields the
vector representation of the corresponding supernode, and the inner product of two
supernode vectors is exactly the total edge weight between them. This is the Vector
Supernode property: graph coarsening reduces to vector addition. It is formalized
below as Theorem 4.1.

Operationally, once we identify the unique communities in C, we collect the indices
I. of all nodes that share a community label ¢ and aggregate the rows of VC and
KC for those indices. Because VC and KC already store replicated per-community
aggregates (Section 4.2.5), we can simply choose any representative index in I. and
copy its row. The result is stored in V**V and K"V, where each row now corresponds

to a supernode.

Algorithm 6 Optimized New Graph Generation (ONGG)
Require: Community assignments C, matrices VC, KC

Ensure: Supernode matrix V"V, supernode degrees K™V
1: Cwiae « ynique(C)

2: for each unique community ¢ € C*™9" do
3 Identify node indices I, + {i : C[i] = ¢}
4 Choose a representative index i, € I,

5: veevie] «- VCli.|

6 K"%[c] + KCJi,]

7: end for

8

: return VeV K"V

4.3.3 Optimized Louvain Partition Algorithm

The Optimized Louvain Partition Algorithm (Algorithm 7) refines community assign-
ments by iterating between OOLF and ONGG. After computing the degree vector k
and the total edge weight m, it initializes community assignments, sets a resolution
parameter v and a convergence threshold e, and optionally maintains a partition list
to record the hierarchy. Each iteration runs OOLF to update C, VC, KC and accu-
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mulate a total modularity gain AQ. If AQ > ¢, ONGG is invoked to produce a new

coarsened graph, which replaces V and k; otherwise, the algorithm terminates.

Algorithm 7 Optimized Louvain Partition Algorithm
Require: Matrix V, resolution parameter v, threshold e

Ensure: Hierarchical partition list
1: Compute degrees k (Section 4.2.1) and total edge weight m
2: Initialize PartitionList < ()
3: repeat
4: Initialize C so that each node is its own community
C,VC,KC,AQ + OOLF(V,k,C,~,m)
if AQ > € then
veew KW+ ONGG(C, VC,KC)
V Vv k« KV
Append C to PartitionList
10: end if
11: until AQ < e

12: return PartitionList

4.3.4 Time and Memory Cost

The VLouvain algorithm’s time and memory requirements chiefly depend on the
optimized one-level function. During the first call, each node ¢ performs an inner
product v; - VC of cost O(Nd), plus a scalar multiplication for the resolution term
v 2 KC of cost O(N). Combining these yields O(Nd) work per node and O(N?d)
overall. Although the worst-case time complexity is O(N?d) due to inner-product
evaluations, in practice d < N (for example d ~ 200), so the cost is effectively
comparable to O(N?). Crucially, the computation is tileable and bandwidth-bound on
GPUs; we reuse tiles across local-move evaluations and cache community aggregates to
reduce redundant work. On an A100, the dense matrix-vector products map directly
onto tensor cores, which is what makes the algorithm tractable on datasets of a million
nodes, where explicit methods exhaust memory entirely.

The memory cost includes V of size N x d, k of size N, the community copies
VC,KC, and the assignment vector C, totaling approximately 2(N x d) + 3N or
O(Nd). This is well below the O(N?) storage required by explicit adjacency formats,
making VLouvain effective for large low-rank graphs when d < N.
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Relation to industrial representation learning. The decision to work in inner-
product space is not merely a mathematical convenience. Modern industrial repre-
sentation learning, particularly in recommender systems based on two-tower archi-
tectures, already produces embeddings optimized for maximum inner product search
(MIPS) rather than Euclidean distance. VLouvain’s modularity gain formula AQ is
a series of dot products v, V¢, which aligns natively with the way such embeddings
are trained and indexed. VLouvain can therefore be applied as a drop-in topological
clustering layer on top of existing two-tower embeddings without any metric-space

conversion.

4.4 Theoretical Analysis: Exactness

A common misconception about scalable graph mining is that efficiency necessarily
requires approximation. We emphasize that VLouvain is neither an approximation
nor a heuristic: it produces the same partition sequence as the standard Louvain
algorithm run on the explicit graph. We formalize this as the following theorem, whose
proof rests on three lemmas covering degree equivalence, modularity-gain equivalence,

and aggregation equivalence.

Theorem 4.1 (Vector Supernode). Let C, and Cy, be two disjoint sets of nodes with
embeddings {V;}icc, and {v;}jec,, and let V* =37, o v; and V? = >jec, Vi- Under
the implicit adjacency A;; = v; - v;, the total edge weight between C, and Cy equals

the inner product of the supernode vectors:
SN Ay =ve vt (4.14)
1€Cq jECy
Proof. By bilinearity of the inner product,
vt = (Sv) (Dw) = SN0 = X ¥ o
1€Cq jeCh i€Cq jeCy 1€Cq jECy

[]

Theorem 4.2 (Exactness of VLouvain). Let Pey, be the partition sequence produced
by the standard Lowvain algorithm (Algorithm 1) on the explicit graph G = (V, E) with
adjacency A. Let Py, be the partition sequence produced by the Optimized Louvain
Partition Algorithm (Algorithm 7) on the embedding matriz V with A = VVT —
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diag(VVT). Under identical node-visitation order and identical tie-breaking rules,

7Dexp = Pvlv-

Proof. Both algorithms follow the same greedy schedule: at each level they iterate
over nodes, compute a modularity gain AQ) for each candidate community, move to the
best positive-gain community, and terminate the level when no further improvement
is possible. They then aggregate the communities into supernodes and repeat. It
therefore suffices to show that every intermediate quantity computed by VLouvain

equals the corresponding quantity in the explicit algorithm:

1. Degree Equivalence (Lemma 4.3): the degree vector k computed implicitly

equals the explicit degrees.

2. Modularity Gain Equivalence (Lemma 4.4): for any node i and any candidate
community ¢, the net gain AQ) computed from (v;, V¢, k;, K¢) equals the explicit

gain computed from edge weights.

3. Aggregation Equivalence (Lemma 4.5): after a level completes, the supernode
matrix produced by ONGG corresponds to an implicit adjacency that is iden-

tical to the explicit aggregated graph.

Given these three lemmas, one level of VLouvain performs exactly the same state
transition as one level of explicit Louvain. By induction on the hierarchy level, the

two partition sequences coincide. O] ]

Lemma 4.3 (Degree Equivalence). Let v; denote the augmented embedding of node i
and let Ve = Zjvzl v;. Then the degree k;mp = v; - Vaum — Vi - v; computed implicitly
equals the explicit degree ki =37, Ayj.
Proof. Under the implicit adjacency convention A;; = v, - v; (for i # j), bilinearity
gives

N

A\ Vsum = Z(VZ : Vj) = ZAU + V; -V,

j=1 i
Subtracting v; - v; leaves k"™ = 3 izi Aig = k", which is precisely the explicit-graph
degree. O O
Lemma 4.4 (Modularity Gain Equivalence). For any node i, any current community
¢, and any candidate target community c; with c¢; # c;, the net modularity gain AQ) =
QinlJ] — qous computed by Algorithm 5 from the aggregates (v;, Ve Vi k; K% K%)

equals the standard Louvain modularity gain computed on the explicit edge list.
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Proof. Let V% and K¢ denote the community aggregates including node i’s own
contribution (as they are stored in VC and KC), and let V% and K% denote the

aggregates for the target community, which does not contain i.

Insertion side. The insertion entry is

. 1 o ki .
Gl = —(vi-vJ—fy KJ).

2m 2m

By Theorem 4.1 applied to C, = {i} and C}, = ¢;, we have v;- V% = Zk@j A, which
is exactly the explicit affinity of 7 to ¢;. The resolution term -y 2’“—;@ K¢ matches the
explicit null-model expectation, since K% = Zk@j ky by Lemma 4.3. Hence qj,lj]

equals the standard insertion contribution.

Removal side. For the removal side, the algorithm cannot read q,[i] directly as

the removal loss, because V¢ and K¢ include 7 itself. Expanding,

e CRARSE
= (v v o] [ kg 1))

The self-loop correction of Equation (4.12) removes the two extra terms:

1 k? 1 k;

out = Ali] — s—=(Vi-Vi—ys=] = =—(vi- (V9 =vi) =7 -— (K% — k) | .
Gous = Cini] Qm(v v VZm) Zm(v (V& =vi) =y 5 - ))
Applying Theorem 4.1 to C, = {i} and C, = ¢ \ {i}, we have v; - (V% —v;) =
Zke%k# A, and by Lemma 4.3 we have K — k; = Zk@i,k# k1. Hence ¢ou equals

the standard removal contribution of ¢ from ¢; in the explicit graph.

Net gain. Subtracting the two sides, AQ = qin[j] —out €quals the standard Louvain

modularity gain for moving ¢ from ¢; to c;. O] O]

Lemma 4.5 (Aggregation Equivalence). Let C, and C, be two disjoint communi-
ties produced by a level of VLouvain, with supernode vectors V¢ = ZieCa v; and
Vb = Zjer v; output by ONGG. Then the inner product V-V equals the to-
tal inter-community edge weight W,, = Zieca,jecb A;; of the explicit aggregated

graph. Moreover, the degree of a supernode c in the next level, computed as k2 =
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ye.yrtal _ye.ve (the same implicit-degree formula used at every level, with the

diagonal removed), equals the explicit degree of supernode c in the aggregated graph.

Proof. For the inter-community weight, the claim is immediate from Theorem 4.1
applied to C, and Cy. For the supernode degree, observe that the implicit degree
formula kv = V. Vtetal e, Ve treats the new level exactly as it treats the original
graph: it sums all pairwise inner products of supernode vectors and then subtracts

the diagonal. Expanding,

Vtotal ZVC Vd Z Z

i€c,jed

and the diagonal subtraction removes the self-loop term V- V¢ so that the resulting
degree includes only edges to distinct supernodes. This is exactly how the explicit
Louvain algorithm computes degrees on the aggregated graph. The self-loop weight
of each supernode is implicitly present in V-V and is therefore accessible if needed,
but it does not affect the modularity-gain computations at the next level, since those

depend only on AQ differences in which the self-loop term cancels. n n

Remark on numerical precision. Numerical differences between the two se-
quences can arise from the different order in which floating-point operations are ac-
cumulated. All exactness claims in this chapter should be understood up to floating-
point rounding. Empirical verification on datasets where both algorithms can run is

reported in Section 4.5.1.

4.5 Experiments

We evaluate VLouvain on four real-world datasets with varying feature modalities
and dimensions: Amazon Products, Flickr, Yelp, and Taobao, each accessed through
PyTorch Geometric [20]. The Amazon Products, Flickr, and Yelp datasets come from
the GraphSAINT repository [78] with precomputed features: 200-dimensional SVD
vectors from product 4-grams (Amazon), 500-dimensional bag-of-words vectors from
image tags (Flickr), and 300-dimensional normalized Word2Vec embeddings from
review texts (Yelp). For Taobao, we started from a heterogeneous graph of users,
items, and categories and constructed direct user-category links via TF-IDF over

category usage, retaining 66 categories with at least 62,682 user interactions; each



50

user is then represented as a 66-dimensional TF-IDF vector. Dataset statistics are
summarized in Table 4.1.

For all datasets, we use the normalized cosine similarity introduced in Section 4.2
as edge weights, so that weights are non-negative and compatible with modularity
optimization. All experiments were conducted on Google Colab Pro with A100 GPU
instances (83.5 GB of system RAM, 40 GB of GPU memory, 235.7 GB of disk). Source
code is available at the URL listed in Chapter 1.

Table 4.1: Summary of datasets used in the VLouvain experiments.

Dataset Nodes (N) Feature dim. (d)
Flickr 89,249 500
Yelp 716,777 300
Taobao 936,946 66
Amazon Products 1,569,960 200

Choice of baselines. We compare VLouvain against four widely used community
detection implementations: cuGraph [19] and G VE-Louvain [61], which leverage GPU
acceleration for large-scale graphs, and iGraph [12] and NetworKit [68], which use op-
timized CPU-based algorithms. For all methods we include both graph construction
and community detection in the reported runtime, to provide an end-to-end compari-
son. For GVE-Louvain, which processes the graph through an intermediate MTX file,
we discard the writing time but include the reading time (graph construction) and
community-detection time, aligning runtime measurements across methods. For all
methods we use v = 1 and € = 1077, the default parameter values in several Louvain

implementations.

Experimental protocol. We measure performance by sampling subgraphs at vary-
ing thresholds. For each threshold we keep a fraction of the node-feature matrix to
control the resulting subgraph size, then run community detection with all methods
and record the average total runtime over five repetitions. The sampling thresholds
for the first several entries in the tables are chosen to create subgraphs with loosely
comparable numbers of nodes across datasets, since fixed sampling percentages would
yield very different absolute sizes. The last two entries are fixed at 50% and 100% of

the dataset to evaluate performance at full scale. Because most graph-based methods
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store explicit edges, they encounter memory limits around 15,000 nodes for GPU li-
braries such as cuGraph; beyond that point we continue only with VLouvain. Failures

are marked with ‘X’ in the tables.

4.5.1 Modularity Check on Subsampled Graphs

We first verify empirically that VLouvain produces the same modularity score as stan-
dard Louvain, as predicted by Theorem 4.2. Since explicit Louvain implementations
cannot run on the full datasets, we compare on 10,000-node subsamples where both
methods execute. Table 4.2 reports the final modularity score () on three datasets; the
scores are identical, consistent with the exactness claim. This table is a thesis-original

sanity check that extends the published experiments.

Table 4.2: Modularity score (Q)) comparison on 10,000-node subsamples where stan-
dard Louvain is still runnable. The identical scores confirm that VLouvain is an exact
reformulation.

Dataset (subsample) Standard Louvain (¢)) VLouvain (Q)

Flickr (10k) 0.4125 0.4125
Yelp (10k) 0.3891 0.3891
Amazon (10k) 0.5210 0.5210

4.5.2 Runtime Results

Tables 4.3 and 4.4 report end-to-end runtime in seconds on Amazon Products and

Taobao; similar trends hold for Flickr and Yelp and are summarized in the prose.

Table 4.3: Performance comparison on the Amazon Products dataset. ‘X’ indicates

failure (out of memory or timeout). Bold entries mark the fastest method at each
threshold.
Threshold  Nodes VLouvain (s) cuGraph (s) GVE (s) NetworKit (s) iGraph (s)

0.2% 3,139 9.40 2.49 2.60 2.95 18.26
0.4% 6,279 19.64 9.54 8.87 12.37 121.15
0.6% 9,419 28.62 17.98 19.84 32.63 389.51
0.8% 12,559 39.18 23.66 53.39 68.67 859.97
1.0% 15,699 48.43 X 54.10 127.55 1,598.96
50% 784,980 3,725.28 X X X X

100% 1,569,960 11,297.10 X X X X
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Table 4.4: Performance comparison on the Taobao dataset. ‘X’ indicates failure.
Threshold Nodes VLouvain (s) cuGraph (s) GVE (s) NetworKit (s) iGraph (s)

0.5% 4,684 13.96 5.16 4.91 4.36 22.44
1.0% 9,369 28.26 13.97 18.54 20.20 85.72
1.5% 14,054 42.13 23.40 44.38 57.04 269.23
2.0% 18,738 56.48 X 78.69 137.29 X
2.5% 23,423 73.13 X 129.72 223.45 X
3.0% 28,108 84.21 X 213.33 X X
50% 468,473 1,585.58 X X X X
100% 936,946 3,764.42 X X X X

For smaller graphs, VLouvain is competitive with existing methods but not al-
ways the fastest: at very small scales, cuGraph, GVE, and NetworKit benefit from
lower setup overhead. As the graph size grows, however, VLouvain becomes the only
method that completes. On Amazon, once the graph exceeds 784,980 nodes (50%
threshold), VLouvain alone handles the workload, finishing in about 3,725 seconds,
and it completes the full 1,569,960-node graph in roughly 11,297 seconds. The same
pattern holds for Taobao: at the 50% threshold (468,473 nodes), VLouvain finishes
in about 1,586 seconds, and at the full 936,946-node scale in roughly 3,764 seconds.
A similar pattern appears in the Yelp dataset (VLouvain processes the 358,388-node
subset in about 1,700 seconds and the full 716,777-node graph in about 4,800 sec-
onds, while all others fail), and in Flickr (VLouvain alone succeeds above 44,624

nodes, processing the full 89,249-node graph in about 320 seconds).

Memory usage. We also measured peak GPU memory. On Amazon, VLouvain
used at most 38 GB, while all other GPU methods exceeded the 40 GB limit and failed.
On Taobao, VLouvain stayed below 30 GB, with others again exceeding available
memory. This confirms the memory analysis in Section 4.3.4: the O(Nd) footprint
lets VLouvain operate comfortably on hardware where O(N?) adjacency storage is

infeasible.

4.5.3 The Fidelity Gap: VLouvain vs. Top-K Sparsification

A natural alternative to running Louvain on the full O(N?) graph is to first sparsify
the graph by retaining only the top-K most similar neighbours per node, and then
run a standard Louvain implementation on the sparse result. We evaluate whether

this sparsification preserves community structure by comparing VLouvain’s full-graph
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partition against Louvain partitions obtained from top-K graphs.

Following the protocol in our published EDBT study, we take a half-graph slice of
Amazon (784,980 nodes) and construct top-K graphs for K € {32,64, 128,256} using
FAISS. Ezact Top-K uses IndexFlatIP (exact inner-product search); Approrimate
Top-K uses IndexIVFFlat (inverted lists for approximate search). Because Louvain
implementations (iGraph, cuGraph, VLouvain, etc.) produce nearly identical par-
titions on a fixed graph (same community count; modularity within 10~%), we use
cuGraph as a representative baseline on the top-K graphs. Partition similarity is
measured via Normalized Mutual Information [14] against the VLouvain full-graph

partition. Results are shown in Table 4.5.

Table 4.5: Exact and approximate Top-K performance on Amazon. Construction
time, Louvain time, edge counts, community counts, and NMI relative to the VLou-
vain full-graph partition.

Construction (s) Louvain (s) Edges (M) Communities NMI vs. VLouvain

K Exact Approx Exact Approx Exact Approx Exact Approx Exact Approx
32 2,423 252 6.35 7.41 40.3 41.8 38 35 0.032 0.044
64 2,395 248 21.85 3249 79.0 82.8 33 37 0.035 0.033
128 2,471 256 26.33 46.95 154.5 164.3 20 25 0.034 0.029
256 2,470 264 90.21 90.48 301.9 326.9 18 19 0.046 0.039

Two observations stand out. First, top-K graph construction dominates the to-
tal runtime: even the approximate version needs several minutes per K, while the
Louvain step itself is relatively cheap. Second, and more importantly, every top-K
partition has NMI below 0.05 against the VLouvain full-graph partition, for every K
and for both exact and approximate top-K. The partitions are essentially unrelated.
Sparsification discards so much of the original structure that the resulting commu-
nities no longer reflect the true topology of the embedding space. This is a strong
empirical warning: when the graph is genuinely low-rank and dense, top-K pruning is
not a cheap approximation of the full-graph Louvain result; it is a different algorithm

answering a different question.

4.6 Qualitative Case Study: Semantic Discovery
in FastText Embeddings

The quantitative experiments above demonstrate that VLouvain scales where explicit

baselines fail. To complement this, we present a qualitative case study that applies
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VLouvain to dense word embeddings, showing that the resulting communities are
semantically meaningful and not merely artifacts of modularity maximization. This

case study is thesis-original material and is not part of the published EDBT paper.

Setup. We use the pre-trained English FastText word representations [51], consist-
ing of 300-dimensional continuous vectors trained on Wikipedia and Common Crawl.
We extract the top N = 100,000 most frequent tokens, apply the non-negative aug-
mentation from Section 4.2, and run VLouvain on the resulting 100,000 x 301 matrix
on a single A100 GPU. The algorithm partitions the tokens in 164.5 seconds. By
contrast, constructing an explicit similarity graph for this corpus would require com-
puting roughly 10'° pairwise similarities, putting it well out of reach for standard
Louvain implementations. VLouvain converges to a final modularity of 0.0022 and

discovers 1,347 unique communities.

Interpreting the low modularity score. The value Q = 0.0022 is extremely
low compared to typical values of 0.3-0.5 reported on sparse networks. This does
not indicate poor clustering quality; it reflects the mathematical nature of dense
embedding spaces. In sparse networks, most node pairs have zero weight, so the null-
model penalty term 7 k;k;/(2m) is small. In dense semantic spaces where every word
has some similarity to nearly every other word, the edge density approaches 1 and
the null model becomes a much stronger penalty, so that even well-defined semantic
clusters yield low absolute modularity scores. The meaningful validation is not the
raw modularity value but the qualitative coherence of the discovered communities,

which we examine next.

Semantic coherence. Table 4.6 lists a sample of the communities discovered by
VLouvain, together with a human-interpretable label and representative tokens. The
algorithm cleanly separates syntactic function words from semantic entities, and fur-
ther distinguishes fine-grained categories such as common first names, common sur-
names, time and numeral words, qualitative adjectives, Hispanic place and entity
names, and plural demographic nouns, without any supervised labels or predefined
cluster counts.

Community C-994 is particularly telling: because the FastText model was trained
partly on Wikipedia dumps, it embedded structural metadata tokens alongside nat-

ural language. VLouvain’s topological grouping identifies that these non-natural-
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Table 4.6: Sample of semantic communities automatically detected by VLouvain from
100,000 unlabelled FastText embeddings. Community IDs correspond to algorithmic
supernode assignments.

Community Inferred label Top discovered tokens

1D

C-1335 Common first names  John, Mr., David, James, Paul, Michael,
George, Robert, Bill

C-1137 Common surnames Smith, Brown, Cameron, Johnson, Williams,

Jones, Lee, Scott

C-582 Time & numerals time, after, two, 1, 2, year, 10, since, years,
20, 11, day, three

C-622 Qualitative adjectives good, better, best, great, important, high,
long, recent, small

C-454 Hispanic enti- Francisco, Colombia, Diego, Villa, Cruz, Or-

ties/places lando, Castro

C-1034 Plural demographics  people, students, women, men, members,
countries, companies

C-994 Wikipedia metadata  page, edit, deletion, editing, reverted, Talk,

User, sandbox

language artifacts form their own dense semantic manifold, distinct from standard
conversational vocabulary. This confirms that the implicit inner-product interactions
exploited by VLouvain faithfully preserve and extract the latent semantic structures
learned by deep neural networks, supporting its use as a scalable zero-shot catego-

rization tool in representation learning.

4.7 Chapter Summary

In this chapter, we introduced VLouvain, a reformulation of the Louvain community-
detection algorithm for low-rank dense graphs. By maintaining community state in
replicated matrices VC and KC of size N x d and N, and by exploiting the bilinear-

ity of the inner product to reduce the affinity term ) . . A;; to a single dot product

j€Ec
v; - V¢ VLouvain carries out the full Louvain procedure without ever materializ-
ing the adjacency matrix. We presented the algorithm in three components (OOLF,

ONGG, Optimized Louvain Partition), analyzed its O(Nd) memory cost and O(N?2d)
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time cost, and established exactness through a Vector Supernode theorem and three
supporting lemmas on degree, modularity gain, and aggregation equivalence. Ex-
perimentally, VLouvain completes on dense semantic graphs with up to 1.57 million
nodes on a single A100, a regime in which cuGraph, GVE, iGraph, and NetworKit all
exceed their memory budgets; and we demonstrated through a FastText case study

that the communities it discovers are semantically coherent.

VLouvain shows that active topology-modifying operations, not just passive dif-
fusion, can be performed entirely in the implicit embedding space. In Chapter 5, we
put VLouvain to work in a practical application: replacing explicit knowledge graphs
with implicit vector communities in a retrieval-augmented generation system, where
a text corpus is clustered into semantic communities and queried through both local

vector search and a community-level global search.
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Chapter 5

GraphRAG-V: Fast Multi-Hop
Retrieval via Text-Chunk

Communities

5.1 Introduction

Large language models (LLMs) such as GPT-4 [6, 1], Qwen 2.5 [70], and the Llama
3.1 family [30] achieve impressive few-shot performance, yet they remain limited to
knowledge seen during pretraining. Retrieval-Augmented Generation (RAG) bridges
this gap by fetching relevant documents at inference time and adding them to the
prompt [44]. The standard wvector-store approach embeds overlapping text chunks,
indexes them with approximate nearest-neighbour (ANN) search, and prepends the
k most similar chunks to the LLM input [38]. While fast and effective for single-
hop questions, this method falters when questions require aggregating evidence from
multiple documents: ANN often retrieves redundant passages, misses complementary
facts, and exhausts the prompt budget without providing sufficient global context [46].

Microsoft’s GraphRAG extends the retrieval scope by prompting an LLM to ex-
tract entity-relation triples from each chunk, constructing a knowledge graph, apply-
ing community detection [71], and retrieving both local neighbours and community
summaries at inference time [16]. Though effective, this pipeline is resource-intensive:
it issues expensive entity-extraction prompts for each chunk, generates gigabytes of
intermediate JSON, and requires hours to build relationship edges even for mid-size

corpora.
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Several recent systems aim to lighten this load by simplifying the graph construc-
tion or pruning the resulting graph, but all of them still depend on explicit entity
extraction and typically discard cross-cluster links via k-nearest-neighbour heuristics.
We discuss these alternatives in Section 5.2.

We propose GraphRAG-V, a graph-free alternative that retains the benefits of
community-based reasoning without relying on explicit entity graphs. Every chunk is
embedded once and treated as a node vector; we then apply the VLouvain algorithm
developed in Chapter 4, which operates directly on the embedding matrix to opti-
mize modularity over the full cosine-similarity graph, without explicitly constructing
or storing that graph. The key insight is that GraphRAG’s gains stem not from
explicit knowledge-graph triples but from exposing the LLM to community structure
among text chunks. VLouvain captures all pairwise similarities without kNN pruning,
preserving the cross-chunk links that are vital for multi-hop reasoning. At inference
time, we mirror GraphRAG’s two-level logic: we return both neighbourhood passages
and community summaries using a single ANN lookup, but eliminate all entity ex-
traction, edge materialization, and intermediate storage. Preprocessing time drops

from hours to minutes, with no loss in accuracy.

Contributions of this chapter.

e We introduce GraphRAG-V, a graph-free retrieval method that supplies both
local and global evidence without constructing a knowledge graph or issuing

per-chunk extraction prompts.

e We detect communities directly in chunk embedding space, capturing all pair-

wise similarities and avoiding the information loss caused by ANN pruning.

e Community detection and summarization are implemented as batched matrix

operations, completing in seconds on a single A100 GPU.

e Memory usage is minimal: we store only the original chunk vector index and
compact community summaries, with no need for edge lists, JSON triples, or

intermediate graph structures.
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5.2 Related Work

Before presenting GraphRAG-V, we position it within the broader landscape of
retrieval-augmented generation systems, graph-based retrieval methods, and com-

munity detection algorithms.

5.2.1 Vector-Store RAG

Dense-retrieval pipelines such as DPR and the original RAG framework embed over-
lapping chunks, store them in an approximate-nearest-neighbour (ANN) index, and
prepend the k closest chunks to the query [44, 38]. In-context re-rankers [58], black-
box adapters [64], self-reflective loops [2], and the latency-oriented Light RAG variants
[32] refine this recipe, typically using Sentence-BERT, MPNet, and the BGE family
of encoders [59, 67, 73].

Despite these improvements, vector retrieval excels mainly at single-hop “nee-
dle” facts. Once an answer requires evidence scattered across documents, nearest-
neighbour pruning can discard useful but weaker links, producing redundant passages

and leaving multi-hop links unresolved.

5.2.2 Graph-Based RAG Systems

GraphRAG extracts entity-relation triples with an LLM, stores them as JSON, par-
titions the resulting knowledge graph, and retrieves both local neighbours and com-

munity summaries [16]. The full pipeline can be described in five stages:
1. Chunking: split documents into text chunks ¢,...,ty.

2. Entity extraction: pass every chunk ¢; to an LLM with a prompt asking it to

extract entities and relations from the text.

3. Graph construction: materialize a graph G = (V, E) whose nodes are entities
and whose edges are extracted relations, with edge weights derived from the
LLM output.

4. Clustering: apply a community detection algorithm (typically Leiden) to G.

5. Summarization: ask an LLM to summarize each detected community.
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The dominant cost is step 2: it requires O(/N) LLM calls, one per chunk. For a corpus
of 100,000 chunks at roughly 500 input and 500 output tokens per call, the entity-
extraction stage alone consumes on the order of 10% tokens, which is prohibitively
expensive for dynamic data and accounts for the multi-hour indexing times reported
by Microsoft’s open implementation. The relations extracted in step 2 are also prob-
abilistic LLM outputs, so the resulting edges inherit any hallucinations as hard graph
structure.

Follow-up work tries to gain efficiency in different ways: HippoRAG adds person-
alised PageRank [33]; Think-on-Graph alternates knowledge-graph traversal and text
search [48]; GNN-RAG embeds the chunk graph with a graph neural network [50];
ArchRAG attaches text attributes to a two-level community hierarchy [72]; and the
recent KET-RAG framework keeps only a small “skeleton” knowledge graph and a
keyword—chunk bipartite layer to cut extraction cost [36].

Most of these pipelines still rely on k-nearest-neighbour (KNN) pruning to limit
graph size; pruned edges save memory but risk removing exactly the cross-cluster

links needed for multi-hop reasoning.

5.2.3 Community Detection Without Explicit Graphs

Louvain [3] and its Leiden successor maximise intra-community connectivity and are
therefore attractive for grouping semantically related chunks. Their drawback is the
need for an explicit edge list.

As demonstrated in Chapter 4, VLouvain shows that when edge weights are inner-
product similarities, Louvain’s modularity can be optimised directly in embedding
space, eliminating the edge list while preserving the objective. Our work builds
on VLouvain, treating every chunk as a node and discovering wvector communities
without constructing a knowledge graph, thus avoiding both KNN pruning and triple

extraction.

5.2.4 Embedding and Indexing Foundations

High-quality semantic vectors originate with Sentence-BERT [59] and MPNet [67];
ColBERT-v2 adds late interaction for fine-grained matching [62]. We adopt the mul-
tilingual BGE encoder family [73] and store embeddings in an HNSW index [49] for

sub-second retrieval.
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5.2.5 Evaluation Practice

Recent surveys emphasise factual faithfulness and concise evidence selection in RAG
evaluation [81, 35]. We follow this guidance, reporting answer-level accuracy and

recall from the MultiHopRAG scorer [69] alongside runtime statistics.

5.3 System Architecture: GraphRAG-V

GraphRAG-V leverages the implicit-graph framework developed in earlier chapters.
Instead of extracting entity-relation triples, it treats the text chunks themselves as
nodes of an implicit similarity graph defined by the inner product of their embeddings,
and runs VLouvain on that implicit graph to discover semantic communities. The
system has two distinct phases: a GPU-accelerated indexing pipeline, and a dual-path

retrieval engine.

Why community detection rather than flat clustering? A natural question
is why we use VLouvain at all, given that the corpus only contains a few thousand
chunks. A simpler alternative would be to run flat clustering, such as k-means, di-
rectly on the chunk embeddings. We use VLouvain for two reasons that flat clustering
cannot satisfy. First, the right grouping of news chunks is not spherical: some events
have a few related chunks while others have hundreds, and the chunk-to-chunk simi-
larity structure is uneven. Modularity maximization adapts to this density variation,
whereas k-means imposes a uniform spherical assumption that misgroups boundary
chunks and forces the user to choose the number of clusters in advance. Second,
VLouvain produces a multi-level hierarchy of communities for free: small fine-grained
groups at the bottom, broad thematic clusters at the top. The dual-path retrieval
described in Section 5.4 exploits both ends of this hierarchy, using the fine level for lo-
cal passage retrieval and the root level for global summary retrieval. A flat clustering

would lose this multi-resolution structure entirely.

5.3.1 Indexing Pipeline

The indexing process transforms a raw text corpus into a navigable semantic hierarchy
in three steps. This pipeline is fully vectorized and runs on a single GPU. The logic

is formalized in Algorithm 8.
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Algorithm 8 GraphRAG-V Indexing Pipeline
Require: Text corpus D, embedding model ®, resolution ~

Ensure: Vector index Z, community summaries S
1: C < Segment(D) > chunk the corpus
2: V<« P(C) > embed all chunks (N x d)
3: Z < BuildFAISSIndex(V) > build the vector store
: P <= VLoUVAIN(V, ) > assign chunks to communities

S

. for each community ¢ € P do
C. < {chunks in ¢}
Summary, <— LLM(Prompt
S.add(Summary,)

end for

10: return (Z,S)

Concatenate(C.))

summ?

Crucially, GraphRAG-V calls the LLM only |C| times during indexing, where
|C| < N is the number of communities (typically a few hundred), compared to the
N extraction calls (one per chunk) that explicit GraphRAG requires.

5.3.2 Community Summarization

For each non-trivial community at every level of the hierarchy, an asynchronous map-
reduce prompt asks the LLM to emit a short, two-sentence summary of the chunks
belonging to that community. These summaries then serve as the high-level index
against which queries are matched in the global search path described in the next
section. Because there are far fewer communities than chunks (a few hundred at
the finest level, descending to a handful at the root), the cost of summarization is
dominated by a small number of LLM calls and is one-off per corpus. This is in sharp
contrast to Microsoft GraphRAG, which issues an LLM call for every chunk during

the entity-extraction step.

5.3.3 System Behaviour on MultiHopRAG

To make the indexing pipeline concrete, we describe what VLouvain produces when
run on the MultiHopRAG corpus used in our experiments. The corpus consists of 609
news articles, segmented into roughly 3,500 chunks of 600 tokens each with 100-token
overlap. Each chunk is embedded by BGE-M3 into a 1024-dimensional unit vector
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and augmented with a constant coordinate (Section 4.2), giving a 1025-dimensional
input to VLouvain. We use VLouvain’s default resolution parameter (close to 1) and
a small convergence tolerance e = 1077,

In a representative run on this corpus the resulting hierarchy has multiple levels:
VLouvain first produces on the order of one to two hundred small communities at the
finest level, then aggregates them into a few dozen mid-level groups, before converging
to a small number (roughly ten) of root-level communities at the top. The root
communities are markedly heterogeneous in size, ranging from clusters of about a
dozen chunks (small thematic groups) to several over 1,000 chunks (broad recurring
topics across the news corpus). The final modularity score on this dense semantic
graph is small in absolute terms, which is normal for fully connected embedding graphs
(the same effect was discussed in Section 4.6): in dense regimes the null-model penalty
term is large, so even well-defined semantic clusters yield small absolute modularity
values, and the qualitative coherence of the partition is the meaningful validation

rather than the raw () value.

5.4 Dual-Path Retrieval

At query time, GraphRAG-V employs a dual-path strategy: a local path that re-
trieves individual passages most relevant to the query, and a global path that re-
trieves community-level summaries spanning broader regions of the corpus. The two
are combined and passed to the LLM to produce the final answer. Figure 5.1 gives

an overview of this architecture.

5.4.1 Local and Global Search

1. Local search works at the bottom of the VLouvain hierarchy. The query
embedding is matched against the fine-grained community summaries; the most
relevant communities are selected, and their member passages are retrieved by
standard vector similarity. This recovers the needle-in-a-haystack strength of
classical RAG.

2. Global search works at the top of the hierarchy. The query is matched against
the root-level community summaries; for each of the top root communities, the
LLM produces a partial answer from the community’s child summaries, and a

final fusion call merges the partials into a single global answer.



64

The Dual-Path Architecture: GraphRAG-V Pyramid

Global Context Path
(High-Level Themes) Extract & Rank
Community

Summaries

(Summaries)

Sub-C iti LLM Final Holistic

ub-Communities Answer

User Query (Aggregated Chunks) G(T:::'i'::;r » Gl(cbor;ngilr_]ing ‘
obal & Loca

Fine-Grained Communities Retrieve Top-K
Local Context Path (Chunk Clusters) Rav b
(Low-Level Precision)

BENENENENE NSNS NN

Raw Text Chunks

Figure 5.1: The Dual-Path Architecture. By combining local precision with global
structure, GraphRAG-V answers multi-hop questions without explicit knowledge
graphs.

Both paths run for every query, as detailed in Algorithm 9. The local context and
the global answer are then combined with the question and passed to the LLM for

the final generation step.
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Algorithm 9 Dual-Path Retrieval and Generation
Require: Query ¢, vector index Z, fine communities C¢, root communities C,, LLM

Ensure: Answer A

: q < EMBED(q) > Embed query once

: Local search (fine-level passages)

. Identify k. most similar fine communities to q
: CtXjocal < top-k passages by cos(q, v;)

1

2

3

4

5: Gather passages from those communities

6

7

8: Global search (root-level summaries with map-reduce)
9

. Select top 3 root communities by q' - summary_vector

10: for each selected root community ¢ do

11: Compose prompt from child summaries

12: partial, < LLM(q | child summaries) > map
13: end for

14: CtXglobal < LLM_fuse({partial,}) > reduce
15:

16: Final synthesis

17: Prompt <— Combine(q, CtXglobal, CtXiocal)
18: A < LLM(Prompt)

19: return A

Generation prompt. At generation time the LLM is given the question together
with the retrieved local passages and the global context, using a short and deliberately

simple instruction prompt of the following form:

Below is a question followed by some context from different sources. Please
answer the question based on the context. If the information is insufficient,

reply “Insufficient Information”. Answer directly without explanation.

We use the same template for the vector-store baseline as well, so that any difference
in answer quality is attributable to the retrieved context rather than to prompt engi-
neering. The explicit “Insufficient Information” fallback also discourages hallucinated

answers when the retrieved evidence does not actually contain the answer.
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Design choices. A few hyperparameter choices in the dual-path retrieval are worth
flagging. We retrieve from the top three root communities in the global path rather
than from a single root, because comparison-type questions in MultiHopRAG often
span more than one thematic area (for example, comparing two companies’ policies
requires retrieving the community for each company). For the local path we retrieve
from a small number of fine communities and keep a small number (k = 4) of top
passages by cosine similarity to the query; we use these defaults throughout, and
broader sweeps over the community and passage counts are left to future work (Sec-
tion 5.7.3). Both paths are run for every query rather than routing the query to
one or the other based on its type; the lightweight nature of the global path makes
this feasible, and avoids the failure mode in which a router misclassifies a multi-hop

question as single-hop.

5.4.2 Complexity Analysis

For N chunks and embedding dimension d, the GraphRAG-V pipeline’s computa-

tional and memory complexity is summarized in Table 5.1.

Table 5.1: Asymptotic Complexity of GraphRAG-V Pipeline Components

Component Time Extra Memory
Embedding O(nd) O(nd)
VLouvain (L sweeps) O(ndL) GPU O(nd)
Community summaries  O(|C|) LLM calls o(|C))
ANN lookup (per query) O(logn) —

In short, GraphRAG-V removes entity extraction, JSON-triple storage, k-nearest
pruning, and the quadratic edge list. Its working set stays at O(nd), all pairwise sim-
ilarities remain available, and indexing reduces to one GPU pass over the embedding

matrix. The empirical consequences of these properties are quantified in Section 5.6.

5.5 Experimental Setup

5.5.1 Dataset and Benchmark

The evaluation is conducted on the MultiHopRAG benchmark [69], which supplies

2,556 questions derived from 609 news articles spanning four categories: compari-
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son (33.5%), inference (31.9%), temporal (22.8%), and null (11.8%). We adopt this
benchmark precisely because each question demands reasoning over evidence scat-
tered across multiple documents, especially the comparison queries, which require
synthesizing facts drawn from several distinct sources. This makes it an ideal test
bed for a system designed to aggregate information from many resources.

The corpus totals approximately 6.79 MB of text, chunked into overlapping seg-
ments of 600 tokens with 100-token overlap. Each chunk is embedded using the
BGE-M3 encoder [73], producing 1024-dimensional dense vectors. The resulting vec-
tor index contains thousands of semantically rich embeddings suitable for both local

(ANN) retrieval and global (community-level) clustering.

5.5.2 Systems and Baselines

Two backbone language models are used: Qwen 2.5-7B [70] and Llama 3.1-8B

[30]. On the full question set we measure:

1. Zero-shot generation: Direct prompting with no retrieval context
2. Vector-store RAG: Standard ANN retrieval (FAISS) with top-k = 4 chunks

3. GraphRAG-V: Our dual-path system with both local and global retrieval

For comparison with Microsoft’s GraphRAG, we use a stratified 125-question
subset that preserves the original class ratios, as the open-source GraphRAG imple-
mentation exceeded our single-GPU resources and terminated due to disk exhaustion
during the full corpus indexing. Comparisons against more recent graph-RAG sys-
tems such as HippoRAG, LightRAG, and ArchRAG are discussed in the limitations
(Section 5.7.3).

5.5.3 Evaluation Metrics

We assess system performance across two dimensions:

e Efficiency: Indexing time (preprocessing corpus) and total QA wall-clock time

(answering all 2,556 questions)

e Accuracy and Recall: Exact-match accuracy and recall scores from the Mul-
tiHopRAG benchmark scorer
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GraphRAG-V retrieves both local and global contexts for every query and supplies
them jointly to the LLM, in contrast to systems that require separate local and global

retrieval modes.

5.5.4 Hardware Configuration

All experiments run on a single Google Colab instance with the following specification:
e GPU: NVIDIA A100 (40 GB HBM)
e RAM: 83.5 GB
e Storage: 235.7 GB SSD

This configuration represents a realistic research environment accessible to aca-
demic labs without requiring industrial-scale compute clusters. The single-GPU con-

straint ensures that our results are reproducible on standard cloud platforms.

5.6 Experimental Evaluation

We empirically evaluate GraphRAG-V on the MultiHopRAG benchmark [69], fo-

cusing on efficiency, cost, and answer quality.

5.6.1 Efficiency and Cost Analysis

We compared the resource consumption of GraphRAG-V against Microsoft’s imple-
mentation on the MultiHopRAG corpus containing 609 news articles (2,556 ques-
tions). Table 5.2 breaks down the indexing pipeline wall-clock time.

Table 5.2 shows that GraphRAG-V completes indexing in 5.3 minutes, almost two
orders of magnitude faster than the 3 hours required by Microsoft’s graph pipeline.
The additional overhead beyond the shared vector index is dominated by a one-off
summary pass over the discovered communities.

Table 5.3 shows the total wall-clock time to answer all 2,556 questions in the
benchmark.

As shown in Table 5.3, GraphRAG-V answers the entire question set in 42 minutes;
the added cost over vector-store RAG stems from running both local and global

retrieval for every query. In contrast, the GraphRAG implementation would require
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Table 5.2: Indexing/setup time on the MultiHopRAG corpus. GraphRAG-V achieves
34x faster indexing than Microsoft GraphRAG.

Method Wall-clock time
Vector-store index (shared) 74 seconds
+ VLouvain community discovery 5.1 seconds
+ community summarization 4 minutes
GraphRAG-V total 5.3 minutes
Microsoft GraphRAG: initiation 40 seconds
+ full graph construction ~3 hours
Microsoft GraphRAG total 3.0 hours

Table 5.3: Wall-clock time to answer all 2,556 questions. < = extrapolated from
partial run. GraphRAG-V achieves over 140 hours of savings compared to Microsoft
GraphRAG.

System Total run time
Zero-shot Qwen 2.5 6 minutes
Vector-store RAG (Qwen 2.5) 12 minutes
GraphRAG-V (local+global, Qwen 2.5) 42 minutes
Microsoft GraphRAG local < ~28 hours
Microsoft GraphRAG local+global <& ~144 hours

an estimated 28 hours for local retrieval alone and 144 hours when local and global
modes are combined. Because GraphRAG-V is lightweight, both local and global
contexts are retrieved for every query and supplied jointly to the LLM.

The efficiency difference is driven by the algorithmic design: Microsoft GraphRAG
issues entity-extraction LLM calls for every chunk during indexing, whereas GraphRAG-
V requires zero extraction prompts. The only LLM calls in GraphRAG-V occur dur-
ing the community-summarization phase, which processes aggregated clusters rather

than individual chunks.

5.6.2 Quality Results by Question Type

We evaluated retrieval quality across different question categories in the MultiHo-
PRAG benchmark using multiple backbone LLMs. Table 5.4 presents the complete
accuracy and recall breakdown.

Table 5.4 reveals several key insights. First, GraphRAG-V achieves 49.4% overall
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Table 5.4: Accuracy / Recall (%) for the full 2,556-question corpus across question
types. GraphRAG-V consistently outperforms baselines, with largest gains on Com-
parison (4+12.0 pp) and Temporal (+24.5 pp) queries.

Inference  Comparison Null Temporal Overall
Method A R A R A R A R A R
Llama-Zero shot 429 333 335 08 333 00 337 1.7 36.1 11.3
Llama-Vector RAG 64.8 72.8 344 46 337 1.7 346 57 404 26.3
Qwen-Zero shot 58.5 64.5 34.0 3.0 343 43 359 106 399 245
Qwen-Vector RAG 81.4 88.6 355 9.0 394 233 376 17.0 446 379

GraphRAG-V (Qwen) 86.3 92.0 38.8 21.0 39.9 24.6 46.1 41.5 49.4 48.8

accuracy and 48.8% recall, representing a 10.9-point improvement over the Qwen-
Vector RAG baseline. Second, performance gains are not uniform across question
types. Single-hop inference questions see modest improvements (+4.9 pp accuracy,
+3.4 pp recall), as these can often be answered from a single relevant passage retrieved
by standard vector search. However, complex multi-hop queries show dramatic gains:
Temporal reasoning improves by +24.5 pp and Comparison questions surge by +12.0
pp in recall.

We also evaluated retrieval quality breakdown by question category. Table 5.5

summarizes the gains over the Vector Baseline across the four question types in Mul-
tiHopRAG.

Table 5.5: Recall (%) by Question Type (subset of data from Table 5.4 for emphasis).
GraphRAG-V significantly outperforms the baseline on complex Comparison and
Temporal queries.

Category  Vector Baseline GraphRAG-V Gain

Inference 88.6 92.0 +3.4
Comparison 9.0 21.0 +12.0
Null 23.3 24.6 +1.3
Temporal 17.0 41.5 +24.5
Overall 37.9 48.8 +10.9

The pattern of gains is consistent with the dual-path design. Temporal and com-
parison questions are exactly the cases that require evidence drawn from multiple,
semantically distant parts of the corpus—comparing two companies’ policies, or or-
dering events that span several documents—and these are the queries on which the

global path contributes most. Inference and null questions, which can usually be
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answered from a single relevant passage, see smaller improvements because the local

path alone is sufficient for them.

5.6.3 Comparison with Microsoft GraphRAG

To enable a fair comparison with Microsoft’s GraphRAG implementation, we pro-
vide two complementary evaluations: (1) a stratified 125-question subset where MS
GraphRAG could complete, and (2) the full 2,556-question corpus where MS GraphRAG

was excluded due to prohibitive runtime.

125-Question Subset (Fair Comparison)

Microsoft’s GraphRAG implementation exceeded our single-GPU resources and could
not complete the full corpus indexing within a reasonable timeframe (estimated ~144
hours for the combined local+global evaluation). To enable direct comparison, we
constructed a stratified 125-question subset that preserves the original category ratios.
Table 5.6 presents the head-to-head results.

Table 5.6: Performance on 125-question stratified subset. This enables direct compar-
ison with MS GraphRAG, which could not complete the full corpus due to prohibitive
runtime (/2144 hours estimated).

Method Accuracy (%) Recall (%)
Vector RAG (Qwen) 47.9 45.6
MS GraphRAG-Local 43.9 36.0
MS GraphRAG-Global 42.1 31.2
GraphRAG-V 49.0 48.0

On this subset, GraphRAG-V outperforms MS GraphRAG-Local by +5.1 pp ac-
curacy and +12.0 pp recall, and MS GraphRAG-Global by +6.9 pp accuracy and
+16.8 pp recall. The speed gap is equally dramatic: GraphRAG-V completes the 125-
question batch in approximately 2 minutes, compared to 55 minutes for GraphRAG-
Local and over 6 hours for the combined GraphRAG-Global pass.

Full Corpus Results (Scalability Demonstration)

While MS GraphRAG could not complete the full corpus evaluation, GraphRAG-V
scales effortlessly to the complete 2,556-question benchmark. Table 5.7 presents the
results excluding MS GraphRAG.
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Table 5.7: Performance on full 2,556-question MultiHopRAG corpus. MS GraphRAG
excluded as it could not complete within reasonable time.

Method Accuracy (%) Recall (%)
Vector RAG (Qwen) 44.6 37.9
GraphRAG-V 49.4 48.8

GraphRAG-V achieves 49.4% accuracy and 48.8% recall on the full corpus, rep-
resenting a +4.8 pp accuracy and +10.9 pp recall improvement over the Vector RAG
baseline. This demonstrates that GraphRAG-V delivers both superior answer quality

and the scalability necessary for real-world deployment.

Analysis

These results reveal two key insights. First, GraphRAG-V consistently outperforms
all baselines across both evaluation settings, confirming the effectiveness of the dual-
path architecture. Second, the comparison highlights the scalability advantage of
implicit graphs: while MS GraphRAG requires explicit entity extraction and graph
construction that becomes prohibitive on larger corpora, GraphRAG-V’s implicit ap-

proach scales linearly with corpus size.

5.6.4 Qualitative Case Study

To illustrate the system’s capability, consider a hypothetical query similar to those
in the benchmark: “How did the reaction to the 2008 financial crisis differ between
the US and the EU?”

Note: The following example is illustrative and does not represent actual system out-
put from the MultiHopRAG benchmark.

e Vector Baseline: Retrieved 5 chunks. 4 were about the US crisis (Lehman
Brothers), 1 was a generic statement about global markets. Result: Failed to

mention EU specific policies.
e GraphRAG-V:

— Global Path: Retrieved Community #42 Summary (“US Banking Reg-
ulation”) and Community #15 Summary (“Eurozone Sovereign Debt Cri-

sis”).
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— Local Path: Retrieved specific chunks about “TARP” and “Austerity

measures.”

— Result: The LLM successfully contrasted the US stimulus approach with

the EU austerity approach, citing specific mechanisms.

5.7 Discussion

Our results show consistent gains over both zero-shot baselines and classic vector-
store RAG, but the magnitude of the improvement varies by question type. The
largest jump appears in the comparison and temporal categories, where answers must
synthesise observations that lie in different parts of the corpus or order events along
a timeline. GraphRAG-V excels in these settings because the global branch starts its
search at the very top of the hierarchy, ensuring that evidence drawn from distant
regions of the corpus is considered before passage-level ranking shrinks the context
window. By contrast, classic vector retrieval ranks passages independently; near-
duplicate snippets crowd out complementary facts, and long-range relationships are
missed. Our local branch recovers the needle-in-a-haystack strength of standard RAG,
so the joint pipeline maintains parity on single-hop inference questions while deliver-

ing a pronounced lift when broader context is required.

5.7.1 Community Structure Without Compromise

Section 5.2 already explained the two structural problems with graph-based RAG
systems: their LLM-generated edge weights are noisy and prompt-dependent, and the
k-nearest-neighbour pruning they use to keep memory manageable removes precisely
the long-range links that multi-hop reasoning relies on. GraphRAG-V sidesteps both
issues. Similarities are implicit dot products between unit embeddings—numerically
stable, model-agnostic, and reproducible. VLouvain maintains all pairwise affinities
without materialising an edge list, so no pruning is needed and no information is lost.
Empirically, this design closes the accuracy gap on inference queries while more than
doubling precision and recall on comparison and temporal questions, which is exactly

the regime where pruning would have hurt the most.
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5.7.2 Efficiency in Practice

Because indexing requires only one GPU pass over the embedding matrix, our end-
to-end setup time is minutes rather than hours, and query latency adds one partial-
answer map-reduce on top of a standard RAG call, which is negligible next to LLM
generation time. Memory footprints stay at O(nd), making the method tractable on
a single A100 even for million-passage corpora.

Taken together, these properties show that chunk-similarity community structure,
not the construction of knowledge graphs, is key to broad context reasoning, and that
it can be leveraged with significantly less cost and engineering effort than previously
thought.

5.7.3 Limitations and Future Work

The evaluation in this chapter establishes that GraphRAG-V is a competitive and
substantially more efficient alternative to explicit graph-based RAG, but it leaves

several questions open.

Single benchmark. All quantitative results in this chapter are reported on the
MultiHopRAG benchmark [69]. MultiHopRAG was chosen because it directly stresses
the multi-hop reasoning capability that motivates GraphRAG-V, and because its
four question categories (inference, comparison, temporal, null) make the source of
the gains interpretable. Nevertheless, a single benchmark is not sufficient to claim
general superiority. Evaluating GraphRAG-V on additional multi-hop benchmarks
such as 2WikiMultiHopQA and HotpotQA, and on domain-specific corpora such as
biomedical or legal collections, would strengthen the empirical case and reveal whether

the improvements observed on news articles transfer to other text styles.

Comparisons against more recent graph-RAG systems. Our head-to-head
comparison is against Microsoft’s GraphRAG, which is the canonical and most widely
cited graph-based RAG system. Several follow-up systems were proposed concur-
rently with this work, including HippoRAG [33], LightRAG [32], ArchRAG [72],
KET-RAG [36], Think-on-Graph 2.0 [48], and GNN-RAG [50]. These systems each
propose different efficiency improvements (personalized PageRank, dual-level keyword
nodes, skeleton graphs, and so on), but to our knowledge none of them eliminates

explicit entity extraction or £-NN pruning altogether, which is the structural advan-
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tage of GraphRAG-V. A direct quantitative comparison against these systems on a
common benchmark suite is an important next step, but their open-source implemen-
tations vary significantly in maturity and resource requirements, and a fair comparison

would require careful infrastructure work that we leave to future evaluation.

Fixed embeddings. GraphRAG-V uses pre-computed BGE-M3 embeddings through-
out. The community structure is therefore as good as the upstream embedding model:
no matter how well VLouvain optimizes modularity, semantically related chunks that
are pushed apart in the embedding space cannot be grouped. Joint training of the en-
coder and the community-detection objective, or fine-tuning the encoder on retrieval-
quality signals from MultiHopRAG-style scorers, is a natural extension that we have

not explored.

Static corpora. The current pipeline assumes a static corpus: VLouvain runs once
over the full embedding matrix, and adding new chunks requires re-running the par-
tition. For dynamic corpora with frequent updates, an incremental version of VLou-
vain that can absorb new nodes without rebuilding the hierarchy would be valuable.
Recent work on incremental graph-RAG, notably EraRAG [79], addresses this com-
plementary problem from a different angle: it uses hyperplane-based locality-sensitive
hashing to partition the corpus into hierarchical graph structures, so that the impact
of new documents is localized and the existing topology does not need to be rebuilt,
achieving up to an order-of-magnitude reduction in update time and token consump-
tion. Combining EraRAG’s incremental update strategy with VLouvain’s graph-free

community detection is a natural direction for future work.

Automated evaluation. Both accuracy and recall in our experiments come from
the automated MultiHopRAG scorer, which performs string- and substring-level match-
ing against gold answers. Like all automated scorers, it can both miss correct
paraphrases and reward fluent but irrelevant outputs. A complementary human or
LLM-judge evaluation, particularly on the comparison and temporal categories where
GraphRAG-V’s improvements are largest, would give a more nuanced picture of the

answer quality gains.
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5.8 Chapter Summary

In this chapter, we showed that the implicit-graph framework developed in Chap-
ters 3 and 4 can be applied to Retrieval-Augmented Generation without any loss of
capability. By replacing explicit knowledge-graph construction with VLouvain-based
vector communities, GraphRAG-V delivers substantial improvements over zero-shot
and vector-store baselines on multi-hop reasoning, particularly on comparison and
temporal questions, while reducing indexing time from hours to minutes and cutting

end-to-end latency by more than an order of magnitude.

GraphRAG-V is the first practical application of VLouvain to a production-style
Al system, and it shows that the implicit-graph approach generalizes naturally be-
yond community detection itself. Chapter 6 discusses several promising directions for
extending the framework further, including long-context attention, dynamic embed-

dings, and other graph-structured Al tasks.
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Chapter 6

Future Directions

6.1 Introduction

The preceding chapters demonstrated that VLouvain effectively addresses the O(N?)
memory bottleneck for static, undirected graphs. By treating the graph as an implicit
linear operator rather than an explicit edge list, we successfully scaled community
detection to millions of nodes on consumer hardware.

However, the reality of modern artificial intelligence rarely involves static, undi-
rected, unimodal networks. Industrial applications operate on streaming ingestion,
asymmetric relationships, multi-modal data, and end-to-end differentiable pipelines.
This chapter outlines how the mathematics of VLouvain might be extended to serve
as a generalized topological operator for these complex, real-world machine learning
architectures.

A note on scope: the directions sketched in this chapter are speculative. None of
the algorithms presented below (Algorithms 10-13) have been implemented or empir-
1cally evaluated; they are included to make the proposed extensions concrete and to

wwite future work, not as validated contributions.

6.2 Scalable Industrial Implementations

6.2.1 Recommender Systems and Two-Tower Architectures

Modern massive-scale recommender systems, such as those employed by YouTube
and Amazon, do not construct explicit user-item interaction graphs. Instead, they

utilize Two-Tower neural networks to project users and items into a shared latent
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Euclidean space [11]. Recommendations are generated via Maximum Inner Product
Search (MIPS).
The similarity between a user v and an item ¢ is defined strictly by their inner
product:
s(u, 1) = vy - vy (6.1)

Because VLouvain operates natively on this exact inner-product formulation, it could
serve as a topological clustering layer for existing Two-Tower models. Without mate-
rializing an explicit bipartite graph, VLouvain could cluster items into semantically
similar modules or group users into behavioral cohorts directly within the embedding

space, enabling cohort-level recommendations in O(Nd) time.

6.2.2 Real-Time Fraud and Anomaly Detection

Financial institutions increasingly rely on Graph Neural Networks (GNNs) for fraud
detection. A critical limitation of this approach is streaming ingestion: when a new
transaction occurs, rebuilding the explicit graph to recalculate communities is com-
putationally prohibitive.

We propose extending VLouvain for streaming classification, with cost per inser-
tion proportional to the depth of the precomputed VLouvain hierarchy (logarithmic
when the hierarchy is approximately balanced). We define a new node’s features as
a hybrid vector combining raw tabular data (e.g., transaction counts, amounts) and

aggregated relational embeddings:

Xnew = [Vtabular || Vgraph] (62)

Instead of recalculating the graph, X, is routed down the pre-calculated VLou-

vain hierarchical tree via Top-Down Hierarchical Routing (Algorithm 10).



79

Algorithm 10 Top-Down Hierarchical Routing for Streaming Nodes
Require: Pre-calculated VLouvain Tree T with levels Lg... L., incoming node

vector X,ew
Ensure: Community assignment ¢,,q,,
1: current_level < L4z > Start at the coarsest supernodes
2: Cpew < RoOt
3: while current_level > 0 do
4 S < Children(cyey)
5: Crew — ArgMaxges(Xnew * Vg)
6 current_level < current_level — 1
7: end while
8

: return ¢, > Final fine-grained community assignment

6.3 Extending VLouvain: Directed and Multi-Modal
Graphs

6.3.1 Directed VLouvain

Many real-world networks exhibit asymmetric relationships, such as follower dynamics
on social media or citation networks. To adapt VLouvain for directed graphs, we
assign two vectors to each node i: a Source vector u; and a Target vector v;. To
satisfy VLouvain’s non-negativity constraint, these dual-vectors can be generated
using Asymmetric Non-Negative Matrix Factorization (NMF) [42].

When evaluating whether node ¢ should join community C', the algorithm must
consider both the out-bound pull towards the community’s targets (Vgarget)) and the
in-bound pull from the community’s sources (U(C‘wwce)). The directed modularity gain

is proportional to:
AQdirect@d X (ui . ng“get) +vi- U(gource)) (63)

Algorithm 11 sketches this procedure.
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Algorithm 11 Directed VLouvain with Dual-Vector Aggregation
Require: Source matrix U € RY ¢ Target matrix V € RY*¢

Ensure: Directed community assignments c

1: Initialize ¢; < ¢ for all nodes

2: repeat

3: for each node i do

4 Chest < arg maxg (ui . ngg et) +v; U(Csomce)>
5: Move 7 to Chegt

6 end for

7: until modularity converges

6.3.2 Cross-Modal Community Discovery

Vision-Language Models generate separate embedding spaces for different modalities
(e.g., text and images). Building explicit multiplex graphs to cluster this data is
geometrically complex. We propose an Asymmetric Query-Target formulation for
cross-modal VLouvain.

In this setup, Text vectors (v(*¥)) are used exclusively for routing, while Image
vectors (v(™Ma99) are used exclusively for aggregation.

7

Routing Decision = arg max (V(text) : ngag€)> (6.4)

This forces the algorithm to build purely visual supernodes guided entirely by textual
semantics, a setup we conjecture would be useful for concept discovery without per-

image labels. Algorithm 12 outlines the proposed procedure.
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Algorithm 12 Asymmetric Query-Target Cross-Modal Modularity

Require: Text embeddings V#*") Image embeddings V (#maege)
)

Ensure: Semantic-Visual supernodes ngag ¢

1: Initialize communities with individual image vectors

2: repeat

3: for each multimodal item ¢ do

4 Evaluate semantic fit: score = v . v{imeoe)
5 Move item ¢ to maximize score

6: Recompute V™99 — 52 e vj(.image)

7 end for

8: until convergence

6.4 Differentiable VLouvain and Deep Represen-

tation Learning

6.4.1 Overcoming the Softmax Bottleneck via Prototype Ini-

tialization

To integrate VLouvain into neural networks as a trainable layer, it must support
backpropagation. Standard VLouvain uses a hard arg max assignment, returning an
integer:

¢; =argmax(...) € Z (6.5)

J
This non-differentiable operation must be replaced with a continuous softmax. How-
ever, initializing every node as its own community requires an N x N matrix, which
exceeds GPU memory limits.
We propose resolving this via Prototype-Based Initialization. We could utilize
unsupervised clustering (e.g., K-Means) to generate a fixed number of anchor nodes
K (where K < N). The assignment would become a dense, fully differentiable N x K

probability distribution matrix:

p; = softmax(v; - V¢) € R (6.6)
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6.4.2 Topologically-Guided Fine-Tuning and GNN Pooling

With a differentiable layer, we can apply ground-truth labels to calculate Cross-
Entropy Loss (£ = — Y y;log(p;)). During backpropagation, the gradients (9=)
update the underlying node embeddings, encouraging them to form tighter topological
communities. We note a tension worth investigating: prototype initialization via K-
Means imposes a fixed coarse partition that VLouvain’s adaptive multi-level structure
was designed to avoid, and reconciling the two is itself an open question.

A differentiable variant could also serve as a pooling layer for Graph Neural Net-
works (GNNs), coarsening the graph dynamically to help mitigate over-smoothing in

deep architectures.

6.5 Future AI Architectures: LLM Sparse Atten-
tion

The context window of Transformer-based Large Language Models is constrained
by the O(N?) complexity of the self-attention mechanism. By applying streaming
VLouvain to the Key-Value (KV) cache, tokens can be aggregated into semantic
supernodes. When a new Query token arrives, it is routed to the most relevant
community via normalized cosine similarity, allowing the model to compute attention
only on that subset. Several open questions would need to be addressed before this
is practical, including how to amortize the cost of (re)clustering an evolving KV-
cache, how to preserve positional structure across community boundaries, and how
this approach relates to existing sparse and approximate attention methods such as
FlashAttention [15] and Reformer [40].

Algorithm 13 Community-Routed Sparse Attention
Require: KV-cache representations, Query token q

Ensure: Sparse attention output
: Run VLouvain on KV-cache to generate K Supernodes V¢,
. Calculate query relevance: scores = softmax(q - V¢, )

. Select top-k communities

N

: Compute exact multi-head attention only over tokens within selected communities
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Chapter 7

Conclusion

7.1 Summary of Contributions

The central thesis of this dissertation is that the “Adjacency Matrix Bottleneck” —the
O(N?) memory requirement for storing explicit edges—is an unnecessarily restrictive
constraint for dense semantic graphs. We have demonstrated that for the massive,
dense graphs inherent to modern semantic applications, the graph should not be
treated as a static data structure, but as a linear algebraic operator.

By redefining the graph adjacency as the inner product of node embeddings
(A = VVT), we have developed a unified framework for Implicit Graph The-
ory. This framework allows us to perform fundamental graph operations directly in
the continuous embedding space, reducing memory complexity from quadratic O(N?)
to linear O(Nd) while maintaining exact mathematical fidelity.

The specific contributions of this work are threefold:

7.1.1 Exact Diffusion on Implicit Graphs (VLP)

In Chapter 3, we addressed the scalability limits of semi-supervised learning. Tra-
ditional Label Propagation (LP) algorithms fail on dense graphs because they re-
quire materializing a prohibitively large adjacency matrix or rely on destructive k-NN
sparsification to fit in memory. We introduced Vector-Based Label Propagation
(VLP), a reformulation that computes the diffusion of labels using associative matrix
multiplication. We proved mathematically and empirically that VLP is exact, allow-
ing us to perform global label diffusion on graphs with millions of nodes in seconds

on a single commodity GPU.
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7.1.2 Hierarchical Structure Discovery (VLouvain)

In Chapter 4, we extended these principles from simple diffusion to active topolog-
ical modification. We introduced VLouvain, an algorithm capable of performing
hierarchical community detection without ever building the explicit similarity graph.
By proving the Vector Supernode Theorem, we demonstrated that modularity gain
can be calculated entirely via vector aggregation. This bypassed the O(N?) graph
construction bottleneck, enabling multi-level semantic clustering on massive dense

corpora where traditional Louvain and explicit graph methods become intractable.

7.1.3 Topological Retrieval-Augmented Generation
(GraphRAG-V)

In Chapter 5, we applied implicit graph theory to the frontier of Large Language
Models (LLMs). We proposed GraphRAG-V, which utilizes VLouvain to group
text chunks into dense, semantic communities instead of relying on expensive, LLM-
generated triple extractions. By treating the document corpus as an implicit contin-
uous graph, GraphRAG-V drastically cut indexing time from hours to minutes while
successfully answering complex, multi-hop queries, proving that vector topology is a

highly efficient substitute for explicit knowledge graphs.

7.2 The Unified Theory: The Graph as an Opera-

tor

The transition from “Explicit” to “Implicit” is not merely a computational optimiza-
tion; it reframes how dense semantic graphs can be reasoned about. For decades,
Graph Theory has been constrained by the mental model of the “Link”—a discrete,
stored connection between two atomic entities.

This dissertation argues that in the age of deep representation learning, for dense
semantic graphs, the explicit link abstraction is becoming unnecessary. When neural
networks map the world into dense, continuous vectors, the relationship between two
entities is no longer a boolean flag stored in a database; it is a geometric potential
waiting to be calculated. By treating the graph as a linear operator rather than a
static container, we align classical topological algorithms with the highly optimized

tensor hardware that powers modern Al.
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7.3 Limitations

While VLouvain and the broader implicit graph framework offer clear scalability
advantages, they are not without limitations.

First, the framework relies on the Fixed Embedding Assumption. In the
algorithms presented in Chapters 3 through 5, we consume representations generated
by upstream models (e.g., FastText, CLIP, or standard Two-Tower outputs); we do
not train them. The quality of the topological discovery is therefore bound by the
geometric quality of the pre-trained latent space.

Second, there is a Density Trade-off. The implicit matrix operations defined in
this work are most effective for dense, low-rank graphs (such as semantic similarity or
attention matrices). However, for extremely sparse, physical networks (such as road
infrastructure or highly sparse explicit web links), traditional explicit CSR (Com-
pressed Sparse Row) formats and standard graph traversals remain more memory-
efficient.

Third, while we have reduced the memory complexity from O(N?) to O(Nd),
the algorithms are still bound by Single-Node Memory Constraints. Storing
the dense feature matrix V for tens of millions of high-dimensional nodes requires
significant VRAM, necessitating multi-GPU sharding for web-scale corpora.

Finally, there is a Scope Limitation. The implicit framework as developed
here addresses modularity-based community detection and linear diffusion, but other
notions of cohesive structure, such as k-core, k-truss, and nucleus decomposition, have
been scaled to very large explicit graphs [39, 17, 18, 34] but remain tied to explicit
edge storage. Reformulating these primitives in the implicit setting is a promising

open problem.

7.4 Final Remarks

By treating the graph as a linear operator, we have lowered the hardware barrier to
massive-scale graph mining. A single researcher with a commodity GPU can now
perform computations (diffusion on millions of nodes, clustering of massive textual
corpora, and global reasoning over extensive knowledge bases) that previously would
have been computationally prohibitive.

As discussed in Chapter 6, future directions include streaming algorithms, directed

graphs, cross-modal fusion, and integration with attention mechanisms.
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It is our hope that this work serves as a foundational bridge between classical
Network Science and modern Deep Learning, paving the way for a new generation of
graph algorithms that are as fluid, scalable, and high-dimensional as the data they

seek to understand.
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Appendix A

Detailed Proofs for VLouvain

Exactness

This appendix expands the three lemmas underpinning the Exactness Theorem of
Chapter 4 (Theorem 4.2) into fully written-out derivations. The chapter version
states each result and gives a compact proof; here we walk through every algebraic
step using exactly the same notation, conventions, and OOLF formulas that appear
in Chapter 4, so that a reader who wants to check every line can do so without

translating between conventions.

A.1 Notation and Conventions

We follow the conventions established in Chapter 4:

e Each node i is represented by an augmented embedding v; € R¥*! obtained
by appending a constant component to the original feature vector (the cosine
augmentation introduced in Chapter 3). The construction guarantees v;-v; > 0

for all 1, 5.

e The implicit adjacency is A;; = v, - v; for i # j, with A;; = 0 (no self-loops).
Equivalently, A = VVT — diag(VV"), where V € RV*(@*+1) gstacks the aug-

mented embeddings as rows.

e For a community ¢ C {1,..., N}, the supernode vector and degree aggregate

Ve = j{:'Vj, K¢ = :E::kb,

j€c j€c

are
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where k; is the degree of node j. The total mass is Vg, = Z?f:l v, and
N
2m = Zj:l kj
e v > 0 is the resolution parameter.

We will repeatedly use the Vector Supernode Theorem (Theorem 4.1): for any

two disjoint sets C, and Cj,

Ve .y — Z Z(Vi'Vj) — Z ZA”' (A1)

i€Cq jeCy 1€Cq jECy

Equation (A.1) is just bilinearity of the inner product applied to two finite sums, but

it is the workhorse identity behind every result in this appendix.

A.2 Degree Equivalence (Lemma 4.3)

Lemma (Degree Equivalence; restatement of Lemma 4.3). The implicit de-
gree k:;mp =V, - Vaum — Vi - V; equals the explicit degree k'™ =" i Aig-

Proof. Step 1. Expand Vg, = Zjvzl \ZF

Vi  Veum = Vi- (Zvj>.

Jj=1

Step 2. Apply linearity of the inner product:

N
Vi Vaum = Z(Vi ’ Vj)'
j=1
Step 3. Split the sum into the diagonal term and the off-diagonal terms:

A2 Vsurn = (Vi : Vi) + Z(V’L ’ Vj)'
J#i

Step 4. Substitute the implicit-adjacency convention A;; = v, - v; for j # i

V- Vsum = (Vi 'Vi) + ZA”
J#i
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Step 5. Subtract v; - v; from both sides:

imp . - exp
ki = V;- Vsum — V;-V; = E Aij = kz . ]
J#i

Remark. The subtraction of v; - v; is the implicit-graph counterpart of removing

the diagonal of A, and it is essential: the cosine-augmented vectors satisty v; - v; > 0,

so omitting this correction would inflate every degree by exactly the self-loop weight.

A.3 Modularity Gain Equivalence (Lemma 4.4)

We now derive the modularity gain produced by Algorithm 5 step by step and show
that it matches the standard Louvain modularity gain. Throughout this section, V¢
and K¢ denote the community aggregates as stored in the OOLF state (VC, KC),
which by definition include node ¢’s own contribution. The target community c¢; # ¢;

does not contain 7, so V% and K% are unaffected.

A.3.1 Insertion Side

Lemma A.1 (Insertion Equivalence). The OOLF insertion entry

dnlJ] = —(VrV] -7 K])

2m 2m

equals the standard explicit-graph contribution gained by inserting ¢ into community

Cj,

ex . ]- kz
AQRP(i = ¢j) = o ZAik T Z ki
kECj kGCj

Proof. We match the two terms of qi,[j] to the two terms of AQL." in turn.

Affinity term. Apply Equation (A.1) with C, = {i} and C}, = ¢;. Since i ¢ ¢;,

the diagonal term v; - v; does not appear in the double sum, so

v, VI = v;- (ka> = Z(Vi-vk) = ZA“f‘

k‘EC]' kGCj kGCj

Resolution term. By Lemma 4.3, every aggregate degree in OOLF agrees with
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the explicit-graph degree, so

K¢ — Zk;cmp _ Zkzxp'

kECj kECj

exp

Multiplying by v k;/(2m) and substituting both terms into q;, [j] yields exactly AQ);

m

Cj). O

A.3.2 Removal Side

The removal side requires more care because V¢ and K¢ as stored by OOLF in-
clude node i. The corresponding entry qj,[i] therefore double-counts i relative to the
standard Louvain removal contribution, and the explicit self-loop correction in Algo-
rithm 5 (line referenced as Equation 4.12 in Chapter 4) is what restores the correct

value.

Lemma A.2 (Removal Equivalence). The OOLF removal value

o 2
dout = qin[l] — — ViV, — 7%

2m 2m

equals the standard explicit-graph contribution lost by removing i from c;,

1 k;
eXp . . _ - . _ (A
AQUP(i +¢;) = 5 ,}e .Azk ¥ o ;;E ’k’k

k#i k#i

Proof. We expand q;, 7], isolate i’s self-contribution, then verify that subtracting the

exp
out -

Step 1. Write the affinity term of qj,[i] by separating i from the rest of ¢;:

v, - Vi =v;- (Z Vk)

OOLF self-loop correction leaves exactly AQ)

kEc;
=V;-Vy + V- (E Vk>
ke€c;
k#i

= (vi-vi) + (vi- Ve,

(1 —



91

Step 2. Likewise split the resolution term:

kec;
kA

Step 3. Substitute Steps 1-2 into qi,[i]:

1 k;
wll] = o (Vi Ve =y K
anli = 5 (Vi v = 7 g k)
= (v vt v — oy R et
2m 2m
1 ’ k; ’ 1 k?
= (v, - veMd — topeiid — (v, -v;, — i)
2m<v 7 om i om\ Y 7 om
—- X givt self—loc:i) term

Step 4. Subtract the self-loop term, as Algorithm 5 does:

[] 1 kZQ A vlv
ut — in|¢] — 7| Vi Vi — = out*
Gout q om Y 2m. t

Step 5. Identify AQYY with the explicit-graph removal contribution. Apply

Equation (A.1) to C, = {i} and C, = ¢; \ {i} for the affinity term, and apply

Lemma 4.3 to K%\ for the resolution term:

v, - yeMiy — ZAiIm KMy — Zkk

ke€c; keEc;

kiti kti
Substituting into AQYY, yields AQor (i + ¢;). O

Why the self-loop correction is necessary. Because OOLF stores aggregates
that include ¢, computing the removal value naively as qi,[i] would charge i’s self-
affinity (v; - v;) and 4’s self-resolution (vk?/(2m)) against itself. The correction term
5= (vi - v; — vk?/(2m)) is exactly what is needed to subtract these two artefacts,
leaving the contribution from edges and resolution between i and the other members
of ¢;. This is the implicit-graph analogue of treating the diagonal of A separately in

the standard formulation.
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A.3.3 Net Gain

Combining the two sides:
AQVN(Z' SC— Cj) = qm[]] — {out-

By Lemma A.1, qu[j] = AQLY(i — ¢;). By Lemma A.2, gour = AQow (i < ¢i).
Hence

AQVIV(i LG — Cj) = AQ?Xp(i — Cj) — AQEXp(i < Ci),

in out

which is the standard Louvain modularity gain from moving ¢ between ¢; and ¢;. 0O

Note on prefactor conventions. The (1/2m) prefactor used by OOLF differs
from the (1/m) that appears in some textbook derivations of A (e.g. Blondel
et al. [3]) by a factor of two. The discrepancy stems from whether the underly-
ing modularity sum is taken over ordered or unordered pairs, and is absorbed into
the definition of 2m. It does not affect any greedy decision: positive-gain moves re-
main positive-gain under either convention, and the partition sequence is identical.
The Exactness Theorem compares VLouvain to standard Louvain run with the same

convention, so this scaling never enters the proof.

A.4 Aggregation Equivalence (Lemma 4.5)

After a level of VLouvain converges, ONGG produces, for each community ¢, a su-
pernode vector V¢ =", v;. The next level of VLouvain runs on the matrix of these
supernode vectors, with implicit adjacency A, = V¢ - V< for ¢ # d and the diagonal
Ve Ve removed (exactly as at level zero). We must show that this implicit aggregated
graph coincides with what explicit Louvain would build by summing edges between

communities.

Lemma (Aggregation Equivalence; restatement of Lemma 4.5). Let C, and
Cy be two disjoint communities at the end of a level. Then (i) V- V' = WP =

a

ZiGCa,jer A;j, and (it) the new-level degree of supernode c computed implicitly as
fpewsimp — /e VIew /¢ V¢ equals the explicit new-level degree k2P = Dz Wed -

sum

Proof. Part (i): Inter-community edge weight. Applying Equation (A.1) di-
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rectly with C, and C}, disjoint,

vt = (Tv) (X)) = X v = 34y = Wiy

i€Cyq JjeCy 1€Cq jECy 1€Cq jeCy

Disjointness ensures no diagonal term v; - v; appears in the double sum, so the A;;
values are all genuine off-diagonal entries, and the sum matches the explicit aggregated
edge weight.

Part (ii): New-level degree. Let VI = % V? where the index d runs over

all communities at the current level. Expand:

ve Ve = ve- (3o
d
= Z(Vc VY

= (Ve Vo) + ) (Ve v,
d#c

Subtracting the diagonal term V¢ - V¢,

kzlew,imp _ Z(chd> (;) ZWzZp — kélew,exp’
d#c d#c

where (%) uses Part (i) for each pair (¢, d) with ¢ # d. O

Where do the original self-loops go? The within-community sum V¢ - V¢ con-
tains both the diagonal terms v; - v; for i € ¢ and the genuine intra-community edges
> izicc(Vi+v;). In the explicit-graph formulation, intra-community edges become a
self-loop on the supernode in the aggregated graph. VLouvain (and the version of
Louvain it is compared against) uses the convention that supernode self-loops do not
contribute to a supernode’s degree at the next level, since degree counts only edges
to other supernodes. Subtracting V¢- V¢ in the new-level degree formula has exactly
this effect, which is why the same implicit-degree formula can be reused at every level.
Some presentations of Louvain (e.g. Blondel et al. [3]) instead fold the supernode self-
loop into the degree; the two conventions yield identical partition sequences because

the self-loop term cancels in every AQ) difference.
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A.5 From the Three Lemmas to the Exactness The-

orem

With the three lemmas above in hand, the Exactness Theorem of Chapter 4 (Theo-

rem 4.2) follows by induction on the hierarchy level.

e Level 0. Both algorithms start from the same node set and the same edge
weights (by Lemma 4.3, the degree vector k is identical). Under the same
node-visit order and tie-breaking, they evaluate every candidate move with the
same modularity gain (by Lemma 4.4), and therefore make the same sequence

of moves and converge to the same partition.

e Aggregation step. ONGG produces supernode vectors whose implicit ad-
jacency coincides with the explicit aggregated graph (by Lemma 4.5, Part (i))
and whose degrees coincide with the explicit aggregated degrees (Part (ii)). The

next level therefore starts from the same state in both algorithms.

e Inductive step. Apply the Level-0 argument to the new level.

Hence the partition sequences Pey, and Py, coincide, modulo the floating-point

caveat noted at the end of Section 4.4.

A.6 Summary

The three lemmas of Chapter 4 reduce, after expansion, to one identity (the Vector
Supernode bilinearity, Equation (A.1)) plus careful bookkeeping of the diagonal v;-v;.

The diagonal appears in three places:

1. In the implicit degree formula, where it is subtracted to remove self-loops (Sec-
tion A.2).

2. In the OOLF removal value, where it is subtracted as part of the self-loop

correction so that ¢ is not charged against itself (Section A.3.2).

3. In the new-level degree formula on aggregated supernodes, where V¢ . V¢ is
subtracted so that intra-community edges become a supernode self-loop and do

not contribute to the supernode’s degree (Section A.4).
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Each of these is the implicit-graph counterpart of a routine bookkeeping step in
standard Louvain. Once they are made explicit, the equivalence between VLouvain

and Louvain becomes a chain of substitutions rather than an approximation argument.
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Appendix B

VLouvain Determinism Check

The experiments reported in Chapter 4 were run on the four real-world datasets at
A100 scale. As a smaller, locally reproducible sanity check, we also ran the cor-
rected vectorized VLouvain implementation five times on a synthetic 10,000-node,
128-dimensional dense graph using the PyTorch MPS backend on an M4 Mac (seeds
42-46, v = 1). The purpose is narrow: to confirm that the implementation is deter-
ministic and that runtime is stable on hardware that does not require cloud access.
It is not a re-run of the chapter’s experiments and is not an empirical validation of
the Exactness Theorem; for the latter, see the modularity-comparison experiment in

Section 4.5.1 and the formal proofs in Appendix A.

Table B.1: Per-run results for the determinism check (5 runs, 10,000 nodes, M4 Mac
MPS, v =1).

Run Seed Runtime (s) Q #Comm. F#Levels
1 42 74.12 0.039856 7 3
2 43 68.92 0.039856 7 3
3 44 71.76 0.039856 7 3
4 45 68.97 0.039856 7 3
D 46 69.03 0.039856 7 3
Mean — 70.56 0.039856 7 3
Sample std — 2.33 0.000000 0 0

The five runs produce an identical partition (modularity, community count, and
hierarchy depth all match exactly), and runtime varies by 2.33 s (sample standard
deviation) around a mean of 70.56 s (coefficient of variation 3.3%). This is the

expected behaviour for an implementation with deterministic node-visit order and
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tie-breaking, and it is the most this experiment is meant to show. The runtime
numbers are not directly comparable to the chapter’s A100 results: the M4 MPS
backend has roughly an order of magnitude less throughput and memory bandwidth
than the A100, and is included here only because it is the hardware on which the

check can be re-executed without cloud access.
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