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A new convolution theorem is proved for the Stieltjes
transform and is then applied in solving a certain class of
singular integral equations which are related rather
closely to the Riemann—Hilbert boundary value problem.
Some further extensions and consequences of the
convolution theorem are also considered.

1. INTRODUCTION

The convolution theorems for the Fourier, Laplace, and Mellin transforms are
well—known (see, e.g., [1] and [7]). Each of these results has a great potential
for applications in solving convolution integral equations (c¢f. [6] and [7]), in
the investigation of convolution transforms (cf. [4], [8], and [9]), and in the
evaluation of definite integrals (cf. [5]). The object of the present paper is to
prove a new convolution theorem for the Stieltjes transform:
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which arises naturally from the iteration of the classical Laplace transform, J
being an arbitrary compact region of the complex s—plane cut along the nonpositive
real axis. We also show how our convolution theorem can be applied in solving a
certain class of singular integral equations which are usually investigated by
reducing the problem to an equivalent Riemann—Hilbert boundary value problem.

2. THE CONVOLUTION THEOREM

Let the functions f(¢) and g¢(¢), defined on the interval (0,n), satisfy
the Lipschitz condition on that interval. Define a function A(t¢) by
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Then it is known that each of the Cauchy principal integrals in (2) exists and
satisfies the Lipschitz condition (cf., e.g., [2]). Hence the function A(t¢) also
satisfies the Lipschitz condition on the interval (0,w).

Qur main result is contained in the following

Tueorem. Let f(t) and g(t), defined on the interval (0,w), satisfy the
Lipschitz condition throughout that interval.

Then the Stieltjes transform of the convolution (feg)(t), defined by (2),
eztsts and 15 given by

(3) s{(fog) (1):s} = #{f(1):s} #{g(1):s}

Proof. Since h(t), defined by (2), does satisfy the Lipschitz condition on
the interval (0,0), under the hypothesis of the theorem, the first assertion of
the theorem follows readily.

Next, by making use of the definitions (1) and (2), we have
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Ve now invert the order of integration in the second integral on the

right—hand side of (4), which is permissible under the hypothesis of the theoren,
and we thus obtain

® f(t)f o g(u) )
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or, equivalently,
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Simplifying this last double integral, we finally have
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= A{f(1) 5} #Lg(1) 15},
which evidently completes the proof of the theorenm.

ReEMARES. The convolution theorem (3), which was proven above for functions
satisfying the Lipschitz condition, can easily be extended to hold true for a much
wider class of functions. Suppose, for example, that

(8) fe Lp(ﬂh) and g€ Lq([lh)

(1<p,q<w; r_lzp"1+q_1<1).

Then we shall prove that the function A, defined by (2), is.in the space I (IR+)
tion

1< 7<w) and {more important that the convolution theorem (3) holds true.
\ } \ p
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Indeed it follow readily from (8) that
(9) 1<r<wo and f-gEI,r([R+).

Furthermore, since the singular integral operator
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boundedly maps the space Lp(lR,,) (1<p<w) into itself (see [2]), the convolution
operator in (2) would similarly map

(i) the space Lp(l}h) (1<p<ow) into Lr([R*) (1<r<w) foragiven
geLq(Bh) (1<g<w); and
ii) the space L (R)) (1< g¢<w) into L _(R,) (1< r<w) foragiven
g r &
fELp(ﬂh) (1<p<a).

Observe also that the Stieltjes transform (1) is a bounded operator which maps the
space Lp([}h) (1<p<w) into itself, and that the set of Lipschitz functions is
dense in the spaces of the type Lp([R,) (1<p<w). Hence the convolution theorem
(3) holds true, under the hypothesis (8), as stated above.

An interesting consequence of the convolution theorem (3), which can indeed
be proven fairly easily by appealing also to the analyticity of the Stieltjes
transforms involved, is a Titchmarsh type theorem: If the functions f and g
satisfy the conditions in (8), and if f® g=0, theneither f=0 or g=0.

3. AN APPLICATION OF THE CONVOLUTION THEOREM

We consider the following interesting class of singular integral equations:

(1) f e f ) s G40,

where g¢(t) isprescribed and f(¢) is an unknown function to be determined. The
solution of the integral equation (11) was investigated earlier by reducing the
problem to an equivalent Riemann—Hilbert boundary value problem (see [2] for
details). In this section we shall show how the convolution theorem (3) can be
applied to solve the integral equation (11).

We begin by assuming 2y tobea (unique) root of the transcendental
equation:



(12) tan ra=-1A  (0<Re(e) <1; 1#0).

Then, in view of the well—known.integral (cf-, e.g., [3,p. 289, Entry 3.222.2];
see also [1, Vol. II, p. 249, Entry 15.2(28); p. 216, Entry 14.2(5)]):

o a1 -wg‘a—l cot 7 (Re(¢) > 0; 0 <Re(a) < 1),

(13) f —R—du_
r(-0)%1 esc ma (Re(¢) < 0; 0 <Re(a) <1),

the integral equation (11) can be written in the form:

1 p° (u) 1
(14) f(t) f du + g0 A/(‘) - du= -1t g(4) cot T
or, equivalently,
(15) F(2)y e t% 1o p 4207 gy cot ey,

where ve have made use of the definition (2).
Applying the convolution theorem (3), this last relationship (15) yields

(16) s{f(t):s} fm = -7 @”{tao_1 g(t):s} cot ray,

which, in view of the integral (13) again, becomes
(17 S{f(t):s} = gl o}”{ta‘)_l a(t):s} cos Ta .

Finally, by appealing to the classical inversion theorem for the Stieltjes
transform (see, e.g., [9, p. 126, Theorem 14.1]), ve obtain
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which provides the solution of the singular integral equation (11), a, being a
(unique) root of the transcendental equation (12).
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