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Abstract

While there has been a colossal effort in the ongoing decades, the ability to simulate ocean
ice has fallen behind various parts of the climate system and most Earth System Models
are unable to capture the observed adversities of Arctic sea ice, which is, as it were, at-
tributed to our frailty to determine sea ice dynamics. Viscous Plastic rheology is the most
by and large recognized model for sea ice dynamics and it is expressed as a set of partial
differential equations that are hard to tackle numerically. Using the 1D sea ice momentum
equation as a prototype, we use the method of lines based on Euler’s backward method.
This results in a nonlinear PDE in space only. At that point, we apply the Damped New-
ton’s method which has been introduced in Looper and Rapetti et al. [5] and used and
generalized to 2D in Saumier et al. [2] to solve the Monge-Ampere equation. However,
in our case, we need to solve 2nd order linear equation with discontinuous coefficients
during Newton iteration. To overcome this difficulty, we use the Finite element method
to solve the linear PDE at each Newton iteration. In this paper, we show that with the
adequate smoothing and re-scaling of the linear equation, convergence can be guaranteed
and the numerical solution indeed converges efficiently to the continuum solution unlike
other numerical approaches that typically solve an alternate set of equations and avoid the
difficulty of the Newton method for a large nonlinear algebraic system. The finite element
solver failed to converge when the original setting of the smoothed SIME with a smoothing
constant K = 2.8 x 10® was used. A much smaller constant of K=100 was necessary. The

large smoothing constant K leads to an ill conditioned mass matrix.
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Chapter 1

Introduction:

While there has been a colossal effort in the ongoing decades, the ability to simulate ocean
ice has fallen behind various parts of the climate system and most Earth System Models are
unable to capture the observed adversities of Arctic sea ice, which is, as it were, attributed
to our frailty to determine sea ice dynamics. The most challenging part while solving sea
ice momentum comes from the rheology term which shows the connection between stress
and strain. Although there are so many approaches have been considered to deal with
these terms, Viscous Plastic rheology is the most recognized model for sea ice dynamics so
far. Due to the possibility of rapid changes in viscosity, this momentum equation is a stiff
equation under this approach. Hence using an implicit approach will be an ideal choice
to deal with the problem. Hibler III [9] solved the equation using that method. He used
Picard iteration with Successive Over- Relaxation (SOR). But it takes many iteration steps
to converge. Then, Lemieux et al.[10] coined a new version of Newton’s method(Jacobian
Free Newton’s method) which can solve the nonlinear problem with better accuracy. Fol-
lowing that Seinen and Khouider [1] improved the method by using a different technique.
They have used a second-order Crank-Nicolson scheme in stead of using the backward Eu-
ler scheme and also an improved Jacobian approximation. Mehlmann and Richter [[12]
used finite element multigrid-framework to solve the sea ice momentum equation. For our
research, we choose the 1D sea ice momentum equation as a prototype, using the method
of lines based on Euler’s backward scheme. This results in a nonlinear PDE in space only.

At that point, we apply the Damped Newton’s method which has been introduced in Looper



and Rapetti et al. [5] and used and generalized to 2D in Saumier et al. [2] to solve the
Monge-Ampere equation. However, in our case, we need to solve 2nd-order linear equa-
tion with discontinuous coefficients during Newton iteration. To overcome this difficulty,
we use the Finite element method [[11] to solve the linear PDE at each Newton iteration.
In this paper, we will show that with the adequate smoothing and re-scaling of the linear
equation, convergence can be guaranteed and the numerical solution indeed converges ef-
ficiently to the continuum solution, unlike other numerical approaches that typically solve
an alternate set of equations and avoid the difficulty of the Newton method for a large

nonlinear algebraic system.

1.1 Outline:

This thesis is structured as follows. In Chapter 2, we introduce the Viscous-Plastic sea ice
momentum equation. In Chapter 3, we present our numerical design to tackle the problem.
In Chapter 4, we discuss how to deal with linear differential equations with discontinuous
co-efficient and how to solve them using the Finite element method. In Chapter 5, we show
an analysis of our solver in detail. In chapter 6, we establish that the solver is 2nd order
convergence in space and 1st order in temporary resolution using toy problems. Finally,
in Chapter 6, we perform extensive numerical tests on SIME using a synthetic solution,
validating the solver and confirming fully second-order convergence. We conclude with

closing remarks and highlight the key takeaways from this study in Chapter 7.



Chapter 2

Viscous Plastic Sea Ice Momentum

Equation

The momentum equation is considered in general as a two-dimensional problem (neglect-

ing motions and forces out of the sea surface plane)and it can be written as

where,

D
phﬁltl — phfk XU+ Ty — Ty + V-0 — phgV H,, 2.1)

u = horizontal velocity vector of sea ice = ui + vj,

h = the sea-ice thickness(ice volume per unit area),
f = Coriolis parameter,

k = unit vector perpendicular to the horizontal plane
7, = Wind stress applied on the ice surface
T., = Water stress applied on the ice underside

o = Internal ice-stress tensor

g = Acceleration due to gravity

p = Sea Ice Density

H,; = Sea surface height



In (2.1), f; = §+ugs+vg, is the material derivative with respect to the ice motion. Because
the pack ice velocities are relatively small, the contribution of the non-linear advection
typically neglected.

The sea surface tilt is expressed in terms of the geostrophic ocean current u, i.e.
—fk xu? = gVH,. (2.2)

The air and water drag terms are expressed with constant turning angles,

To = PaCastl|(ud cos b, + (k x u?)sinb,), (2.3)
Tw = Cyp((u—1ud) cosb, + (k x (u—u?))sinb,), (2.4)

where
Cw = puCaplu —u)|. (2.5

Here, p, and p,, is the wind and water densities respectively and C,, and C,, are air and
water drag coefficients. And «, stands for geostrophic ocean velocities. We observe that
sea velocity is neglected in the formulation of wind stress.

Now to model the ice interaction term(or the rheology term), we can relate internal stress
and strain rates by,

2

oij = 2néi; + [C — n]émdij — , i, j=1,2. (2.6)

where o;; is the 2D internal stress tensor, ¢ and 7 are the nonlinear bulk and shear viscosities
1, ifi=j,

0, ifij.

respectively and ¢ is the strain rates and 9;; =

The strain rates are defined as,

ou ou . . 1(8u ou

= :—’ :—, = = — ——|——’. :. + . 2.7
€11 oz €92 ay €12 €921 o\ oz ay) €k €11 €22 ( )

The hydrostatic ice pressure or P is given by,
P = P*h-exp[—C(1 — A)], (2.8)

where P* = 27.5x 103Nm 2 is the ice strength parameter and C' = 20, the ice concentration

parameter which characterizes the dependence of compression strength by ice on the area
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fraction, A. Lastly, the nonlinear bulk and shear viscosity n and ( are functions of ice strain
rate invariant and ice strength.

In this study, we consider the 1D version of (2.1]) which is,

ou do
pha =T, — Tw+ I (2.9)
We redefine 0 = 01;. Also, we get the following changes as well,
Ta = paCda|ua|uaa (210)
Tw = PuwCaw|tt — Uy |(u — uy), (2.11)
60'11 B 8 8u 1 8P
h = 2.1
where ( A (2.13)
and n = (e ?, e is the eccentricity of the sea ice yield curve=2. (2.14)
Lastly, A can be written as,
A=|(1+e?) Ou 2é=(1+e2)%3—“ (2.15)
ox or|’ '

In order to make sure that A never becomes 0, we follow [1]] and redefine bulk viscosity

as,

_ _ 1 102 _
( = Gnaz tanh ( ) = kP tanh <2kA)’k =10%, Gnaz = kP. (2.16)

2<ma$A

And lastly continuity equations for 1D case are(in the absence of thermodynamic source

term),
oh 0
& + %(hu) = U, (217)
0A 0
or T oA =0 219

which describes the thickness of the sea ice (k) and the area fraction of the thick ice (A)

are advected by u.



Chapter 3

Numerical Design

To solve (2.1)), We imply a Backward Euler difference on temporal resolution and then
instead of discretizing the equation, we linearize it term by term. We observe that viscosi-
ties have absolute terms and we deal with this by considering every possible case for the
term. Lastly, we apply the Damped Newton’s method which already has been introduced

in Looper and Rapetti [5] and also in Saumier [2].

3.1 Numerical Approach

Reriting (2.9), we get,

— | — == =0, where, n = (e 2. (3.1)
ox

ou 10P
2 Oz

ou 19) 5
—pha—i-Ta—Tw—i-a—x[(l—i-e )¢

Using a backward Euler difference on temporal resolution ¢¢, we solve (3.1) at times

ot,20t,---  kdt,--- T, identifying variables at time level £k via superscripts, the equation

(3.1), becomes,

k k—1

e S PR AVL-L W ¥ L
ph——+ 7, rw+aw[(1+e )Cax} 2[(% = 0. (3.2)

Expanding the water drag and rearranging the terms,(3.2)) can be written as

uk

0 oul”
U k_ ki k_ o ky . 9 oy OU|
ph 5 PuCaw|t”™ — ur |(u® — uy) + pe {(1 +e )C(%] . (3.3)



where r¥ = [22]" L 7k _ ppl and 22 — P . exp[-C(1 — A)](2 — ChZ2).

5y

Dropping superscript k,(4.3) becomes,

—rh, _ ol — —2 0€ Ou oy Otu _
el PuClaw|tt — | (u —uy) + (1 + € >8:B pe +(1+e )CG@"Q =T, (3.4)
We can rewrite (3.4) as
M(u) = f(z). (3.5)

where, M (u) = 75—’;hu — puwCaw|tt — | (v —1uy) + (14 6_2)%% +(1+ e_Q)C% and f(x) = r,.
To solve (3.4)), we will apply Damped Newton’s method following [2].

3.1.1 Damped Newton’s method

(
With the initial value of v i.e u°, where u° = «*~! and initial guess v, in (3.2)),

Solve for v,,, L(uy,) - v, = L(f* — fn), where f* =¥ f, = M(u,).

Update the solution using, u, 1 = u, + v,.
\

where £(u,) is linear differential equation of order n in direction of v, and (7 > 1) is a
step-size parameter.

Now to use this method, we need to linearize (3.4])).

3.2 Linearizing the SIME equation:
Using Backward Euler on temporal resolution, we get,

uP + N | puCawltF — wy|(u® — uy) — B2, — E*CFuf | = uP

assuming, N = %; E=(1+4e2):.



3.2.1 Setting up the equation:

We consider,

a(u) = v+ NpwCaw U — | (U — uy),
N,

b(u) = NE*Cug,
e(u) = NE*Cug,.
We will linearize @, b and ¢é. Let, ¢; = sign(u — u,,) and ¢ > 0 is small.
We have,
a(u+ ev) = (u+ ev) + Nyer (u — uy, + v)?,

=u+ev+ Ny [(u — Uy )? 4 2€0(u — Uy) + 62’02:| ,

= U+ Ny|u — uy|(u — uy) —|—{2Nw|u — Uy | + 1} ev + o(e),

a(u)

a(u) + [2./\/1”|u — Uy | + 1] ev + o(e),

(. J/
~~

al

= a(u) + arev + o(e).
Now, when u, # 0,
b(u + ev) = NE*C(up + evy).

We defined ( as,

1
¢ = KPtanh (—>
qlug|

where, ¢ = 2K(1 4+ e 2)2,e = 2, P = P*hexp[-C(1 — A)],C = 20, P* = 27.5 x 10% and

finally, we get the derivative of the (,

1 P 1
(x = KP,tanh ( ) - 5 sech? ( )2(1 + eiQ)uxum,
qlug| 41+ e72)2|u,l? qlug|
1 PKsign(u,)
q|uy| 2EKu?

ech? (

qlug|



where,
P, =P {hx exp [-C(1 — A)] + ChA, exp[-C(1 — A)]} = P exp[-C(1 - A)] {hx + ChAa::| .

Linearizing (,,

Co(u+ ev) = KP, tanh ( ! ) Psign(uz))2 sech? (;) (Uzz + €Ugy) + O(€),

qluy + €ev,| B 2F (uy + €v, qlu, + €ev,|
1 sign(u, 1
= KPx[tanh < ) _ S8 (;L ) sech? ( )evm}—
q|us| qu? q|ue|

Psign(u,) [ 1 2ev, 1 2sign(u, 1 1
—M (—2 — EZ ) (sech2 ( > + ﬂgu)tanh < ) sech? (—)6%)
2F u? us qlu,| quy qlug| q|t |

X (U + €Vz) + 0(€),

P, sign(uy,,) 5 1 2Pu,,sign(u,)ev, 5 1
- h i h?——
C. 2B ec o €Uy + 2B sec o
Pu,ev 1 Psign(uy)
" tanh h? - 2 sech” vz + O
SEP K an PN sec o ST sec q|u$|w + o(e),
P, sign(u,) 9 Pu, ev, , 1
=(, — h I R _
“Tema N Gl ™ 2B Y ]
Puxmgvx 1 9 1 PSlgIl(Ux) 2
tanh h — h vz + O(€).
YK an P sec o ST sec q‘um|ev + o(e)
Then, we can linearize b(u) as,
P, sign(uy,) Pugev 1
b = NE*|(, — 2" sech® ——ev, % sech? —
e e0) = N2 G~ P s sl
Pu, ev, 1 , 1 Psign(u,) 5 1
E Rl anh o sech Jol T 2B ech o] €Uz | (U + €v,) + O(€),
) 1 Psign(u, 1
= b(u) + NE*| K P, tanh _ Psign(u,) sech? €U+
qluz)| 2Eu; qltz|
——% gsech? ——ev, + i sech? —
2F |uy| qlug 2F U, |ty qlug
Pug,ev 1 Psign(u,)
= tanh h? — = sech? ——€v,, | + 0
SFE R an o sec o o sec N €Vze | + 0O(€),
. 1 1 1
= b(u) + NE*KP, [tanh ( ) — sech? (—) um] €V,
) ut) 2B G

N E?u,, P 1 1 NE?P 1
A Yen o [ ——— Jsech? [ —— Jev, — oo sech? [ —— ) evps .
SR an <q|ux\) sec <q|u1|)ev 2w sec (qluw|>6v + o(e)

Now we linearize c(u),

PN Eug,, . 1 1
%mgn(ux) sech? <—> v, + N E*K P tanh (—> €Vge + O(€)
um

clu + ev) = ¢(u) —
(utev) = clu) ] ]

9



Assuming,

To linearize M (u), we can do the following,
M(u+ ev) = M(a) + eLlu]v + o(e)

where, M (4) = a(@) — b(d) — ¢(@) contains all the non-linear terms and L[u|v contains the

linearized terms. We have,

a(u + ev) — b(u + ev) — é(u + ev) = au) + {ZNw]u — | + 1} ev — b(u) — é(u)

1 1 1
—NE?KP, | tanh — h? [ —— »
N [ <q|ux|) 2EK[ug] (mm)]“’

+/\/ E2u,, P I e (L . NE2P 22
——— tanh | —— | sec — |ev, + —— sec — | €Uy
2E?Ku? qlug| qlug| 2F|u,| qlug|

PN Eug, . 1 1
+N—2u81gn(ur) sech? <—) ev, — N'E?K P tanh (—) €V + O(€)
2u qlu| qluz|

T

= a(u) — b(u) — é(u) + {2Nw|u — | + 1} vt

1 1 1
—~NE?KP, | tanh — h? ([ —
N [ (q|ux|) 2EK ;] (g\ua)]*

2
N E uya P tanh ( ) sech? ( ! ) + PNE;UM sign(u, ) sech? ( ! )
qlu,| 2us q s

2E2Ku?
1 1
sech? ( ) — NE?K P tanh ( ) Uy
q|us| q|ue|

—~NE?KP, {tanh (L)
q| |

€Vt
q| |

= a(u) — b(u) — é(u) + {wwm — Uy | + 1} v +

-~

1 1 NE?u.,. P 1 1
o sech?( — N2 Mart panh [ —— ) sech? ([ ——
2EK ] <q|um|)}+ 2EKuE (q|ux|)sec <q|ugc|)+

PNE 1 ' NE?P 1 1
MsechQ ( ) N ch? ( ) — NE?K P tanh ( ) Vpa
2|uy| q|us| q| |

2B[u, " \alus)
= M(4) + €| afu]v + Blu|v, + v[u]vm} + o(e),

€V +

~
o

10



where,

5[u}:—NE2KPx{tanh( ! )— ! sech2( ! )]+
qlusl)  dlua qluq]

Nug, P ( 1 ) 9 < 1 ) PN Eug, 5 ( 1 )
tanh | —— ] sech + sech” [ —— ).
2K q| e | q| | 2|, | q| e |

Now when, u, = 0,

1
CZ KPtanh (M),q— 2K(1+€_2),

and

) U

1 Psi
(» = KP, tanh ( ) — sign(u,) sech? (

g 2Bu3 qus|

Then, u, — ev,,

¢=KP(1+o0(e)) = KP +o(e),
(. = KP.(1+0(¢)) = KP, +o(e).
Then we have,
M(u+ ev) = M(u) + (1 + Ny|u — uy|)v — NE?*K Pyev, — NE*K Pevg, + ofe),
where,
M(u) = u 4+ N| puCan|t — tp| (U — 1y) — B*Ctiy — E*Cigy |-

Thus, in general we have,

Llulv = av + Pog + YUgy,

where,
At

o= 2—hpr’dw\u — Uy | + 1, (SIME-1)
p

(

9 1 1 2 1

= Uzx Uzx — —2\2
f =1 /‘Q/KU%P tanh (q%zl) sech? (qﬁz) + nglle sech? (q%ﬂ),when u, # 0, E = (1+e72)2,

—%K(l + e %)P,,when u, = 0.

\

(

~NE*KP {tanh (q%ﬂ) - @ sech? (ﬁ)} ,  When u, # 0,

—%KEQP, when u, = 0.

\

11
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Now, we need to establish that «, 5 and ~ are smooth function, despite its unusual behavior

near the origin and to do so, we can use the following lemma.
Lemma 1. We can show the following is true.

* The n-th derivative of tanh (1) takes the form, for n > 1

d" 1 1 1 o ‘ 1 /1
aon tanh (;) = sech? (;) L; Cjn2m tanhPin (;) sech®m <;)

where C,,, ¢; , are integers (both negative and positive), m,, are positive integers, l; ,,, P;n»

(A)

and g, ,, are non-negative integers with l;,, < 2n, 1 < j <n.

* The function
tanh(%) i 0,
G = ) FE7 ®)
1 if z=0.

is infinitely differentiable.

Proof. To prove the first part of the lemma, we will use mathematical induction. For n = 1,

d 1 1 5 (1
Etanh (;) = ek sech (;) )

This is of the form given in equation (A) with m; =0, ¢;; =0,1;; =0, p;; =0, and ¢g;; = 0.

we have,

Now suppose the formula holds for some n =k > 1 i.e.,

d* 1 1 1 | 1 1
@tanh (;) =% sech? (;) [Z ¢; 12" * tanhPi* (;) sech®- (;)] ) @

j=1
We will show that the formula also holds for n = k& + 1. To do this, we differentiate both
sides of the equation (C) with respect to z:

dk+1 1 d 1 ) 1 mg . | 1 | 1
W tanh (;) = E (ﬁ SeCh (;) [Z Cj,kz j.k tanhpj,k (;) SeCth,k (;) .

7=1
We first use the product rule and the chain rule. Let,

1
f(Z):ﬁ,

o e (2.

- 1 1
h(z) = ch,kzlj”“ tanh?7* (;) sech®* (;) :

J=1

12



Then we have

d
7 U (2)9()h(z)) = ['(2)g(2)h(z) + f(2)g' (2)(z) + f(2)g(2)R'(2)
For the first term,
F'(2)g(2)h(z) = _222’“111 sech” (%) JZ ¢; 12" * tanhPik (%) sech®* (%)] ;
= 22]52 sech? (%) ;cj,kzlj”“ﬂtanhpjv’“ (%) sech®-* (%)] )

and for 2nd term,

L2 ! 1\ ¥ 1 1
f(2)d (2)h(z) = s sech? (;) tanh (2) ;ijkzlj,k tanh?k (2) soch @ (;) |
2 5 (1 My L et 1 ’ 1
T ke sech (2) Z cj k27" tanh?7* Z sech®* =k

Jj=1

and for 3rd term f(2)g(z)h’(z), we need to calculate h'(z):

from,

s 1 1
h(z) = ch,kzlj”“ tanh?7* (;) sech®* (;) .

j=1
Let’s start by examining the general term within the summation:

1 1
fir(2) = ¢jp2'* tanh?s» (_) sech @ik (_) '
z z

We want to compute d/dz of f;;(z).

Step 1: Differentiating zs#, & (zlk) = [; ) 2hix—1,

Step 2: Differentiating tanh®* (1),

d 1 1 1 !
— | tanh??* [ — = ——tanh®* 1 [ = ) sech® [ = ] - Pjk-
dZ P 22 z z ’

Step 3: Differentiating sech®* (1) :

d 1 1 L L
— | sech%* | = = —tanh [ — ) sech%* [ — | - qjk-
dZ > Z2 z z ’

Now, let’s combine the terms we derived:

1 1 1 1 1 1
¢; il 127 tanhPik (—) sech®-* (—) —cj7kzlj=’€—2tanhpj”fl (—> sech? (—) ‘pj i sech* (
2 2 2 z 2

1\ 1 1 1
+ ¢j 12" tanhPi <—) — tanh (—) sech®x (—) " Qe
z) z 2 2

13
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Further simplification leads to,

1 1 1 1
iuljx " tanh?t (;) sech®* (;) — PjuCi k2% tanhPir ! (;) sech%#+2 (;) n

1 1
Qj,kcj,kzlj’kiz tanhpj,k+1 (_) sech%:k (_> '
z A
Finally we have,

1 1\ & 1 1
h(z) = h? L Skl tanhPik | 2 h@ik [ =
F2)a(IH(2) = g sec ()Z an () ()

J=1

- w11 , 1 . . 1 (1
—p; uCip2 2 tanhPiE T [ 2 ) sech®@ 42 [ =) 4 ¢, pes 2% 2 tanhPi [ ) sech%k =
DR=7, o 5 3,kC, > >

1 2 1 S li n—2 . 1 ) 1
T k2 sech <;)chzklj,k2]’k tanh7* Z sech®* -

Jj=1

1 1 1 1
—pjrCj 2" tanhPiE ! (—) sech®+12 (—) + gjkCjp2F tanhPor ! <—) sech®* <—) .
z z z 2

Now we can substitute the results to,

drt 1 2k 5 (1) | _— /1 /1
T ——tanh (Z) =~ sech (Z) ZCMZ PR tanhPik (;) sech®-* (;)

=1

2 2 1 ok L N 1 ] 1
k42 sech (;) ch,kz“k tanh?7* ~ sech®* 2 +

1 1 1
_) E ¢ kly, )2 h 2 tanhPik (—> sech%* (_)
z > 2

=) + @jnCjpz"* tanhPirt! <_) sech®%-* (_) ‘
2 > p;

. (1
—pj,kcj,kzlﬂ’k tanhPis 1 (— sech®+ 12

which can be written as,

_ ‘ ) - 1 . 1
dzk+1 tanh (z) = k2 sech (;) Z Cj k12 7FF tanh?7 <z) sech®-++1 (z) ;

Jj=1

where, ¢; ;41 is derived as a combination of all the ¢, terms and same idea goes for p; ;11
which has the terms of p;;, g;x+1 has the terms of ¢;; and [, has the terms of ;.
Therefore, the formula holds for all n > 1 by mathematical induction.

Here we show that the real valued function
tanh(|z|7!), if2#0

G(z) = (A1)
1, otherwise,

14



is infinitely differentiable. It suffices to show that this is true at z = 0. Note that G(z) is an

even function, so we only need to consider the limit as = — 0. We have

1
lim G(z) = lim tanh <—) = lim tanh(w) = 1.

z—0t z—0*t Z wW—00

where we make the substitution w = 1 and we have used the fact that tanh(w) — 1 as

w — oo. Therefore, lim, ,o G(z) = 1, thus G(z) is continuous.

We have to find lim,_, w and to do so, we do the following:
_ d —
lim tanh(|z|™1) — 1 — lim E(tanh(LA H—1)
z—0 z z—0 Ez
2 —1\(__|~]—-2) _
o sech(fa (=) 0
z2—0 1

= — lim sech?(|z|™!)|z| 2
z—0
=0

Therefore, lim,_, w = 0. To show that G(™(0) exists and is finite for all n > 0,

d" C 1\ = 1 1
lim — G(z) = lim —~ sech? | — §: 2l tanhPin (= hon (= )] =0
im (2) = lim —— sec ( ) [ Cjn? 7™ tan (z) sec (z)] :

z—0 dz™ Z2—0 z2n 2 —
]:

since sech” (1) approaches 0 faster than z?" as z — 0, and the sum inside the brackets is

bounded as » — 0 by a constant multiple of z*», which has degree less than 2n. Therefore,

. od”
i 7 G =0
Using the previous results, we have
GV —GN0) 1 Gy , (1) | &= 5 1 1
ilgl[l) . = llir(l]; ey sech (;) ; Cjn—127""" tanh?7 1 (Z) sech® =1 (;)
. C’I’L—l 2 ]. Rl i — 1 n— ]_
= ll_)l% o sech <;) [Zl Cjn—127""* tanh? 1 2 sech%n-1 Z
=
=0

Therefore, we have shown that all derivatives of G(z) exist and are continuous at z = 0,
i.e., G(z) is infinitely differentiable at z = 0. O

Remark: By the above lemma, clearly the co-efficients 5 and v are C™ as tanh

|2l

and sech®? L are O, when extended to z = 0 by continuity. Thus, only a[u] is not

||

differentiable at v = u,,, but it is continuous.
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3.3 Second Order Linear Differential Equation with Dis-

continuous Coefficient:

Here we concentrate on the linear 2nd order ordinary differential equation with discontin-

uous coefficient of the form[6],

d*v dv
L T ) (36)

B

In our case, p = E

q:%andr:—(r*—fn).

3.3.1 Strong Solution:

In (3.6)), We assume that r(x) is integrable function, ¢(z) and p(x) are absolutely integrable

functions throughout the interval (a,b) where a,b € R.

Definition 1. We say a function F'(x) is absolutely integrable in the interval (a, b) if fab |F(z)|dx <
+o0 [6].

Definition 2. A function F(z) is integrable throughout a < x < b if it is continuous except
at a finite number of points and if [ F'(x)dx converges when extended over any portion of the

interval [6].

Definition 3. By a solution of is understood a function of x which at every point of (a, b)
is continuous and has a continuous first derivative and at every point of (a,b) where p, q,r are

continuous has a second derivative and satisfies (3.6]) [6].

Theorem 1 (Existence of Solution[6]). If ¢ is any point of the interval (a,b) and I',T"; any

constants, there exists a solution of which satisfies the conditions,
v(e) =T,v'(c) =T1.

Proof. Following the steps from [6], we opt to establish the theorem. So, we use the case

where p and ¢ vanish at every point of (a,b). Then we have at = € (a, b),



and from that, we get the general solution of (3.6)),
@y

y = /C (/C r(z)dz)dy + A(z — ¢) + B.

Letting A = I';, B = I" and integration by parts gives,
y = x/xr(y)dy — /I yr(y)dy +Ty(z —c) +T.

Changing notation, we get the following expression,

Yy = /Qx—é)r(&)dé—i—ﬂ(x—c)%—ﬂ (3.7)
Differentiating, we get,

[ @+ (38)

and y, 1y’ are absolutely integrable.
Using the method of successive approximations, starting from y, = 0, we compute the

approximations y, y», - - - by means of the following equation,

Yn = —DYp1 = Wna +1, n=1,2,- (3.9)

yn(c) =T,y (c) =T}.

Now our aim is to show that y, approaches a limit as n — oo, from that we will get the

solution of whose existence we aim to establish. If we write
Un(Z) = Yn41 () = Yn(T),
where,
Yn(x) = vo() + v1(x) + -+ + v (2). (3.10)

Now we show that this series converges and represents a solution of (3.6)) which satisfies

the prescribed conditions. For convenience, we differentiate (3.10),

Y () = vo(x) + V) (x) + - - - 4 vy, (). (3.11)

17



Since we commenced our approximation from y, = 0, hence, from the relation above, for

n = 0, we have, vy(z) = y1(x) — yo(x) = y1(z). So, vy, v}, are given direclty by (3.7),(3.8).

Now we need to find a relation for rest of the terms. We observe that, y, 1, we have,
Yni1t = —PYp — Qn +7, n=1,2,--- (3.12)
Yns1(c) =T,y (c) =T,

and subtracting (3.9) from (3.12]), we get the following,

" / _
Un - _pvnfl - qvn—17 n = 1727 e

on(c) = 0,1, (c) = 0.
Applying (3.7),(3.8),
i) = = [ (= O + v (©)dg (3.13)
and

() = - / () () + a(€) 0 (6)) . (3.14)

From (3.10) and (3.11), we can conclude that y, and y/, are continuous functions of x
throughout the interval (a, b).

Let us introduce a positive constant [ > 1 such that,

[>b—a.
We then infer from (3.13),(3.14)) that,
|on(2)] < l/j (P& +1a(O1]) ([vn-1()] + [va-1(E)]) €| (3.15)
and
o ()] < l/j (I +1a(€)1) (v -1(E)] + lvar(E)] ) |dE] - (3.16)

Since vy(z) and v{(x) are continuous throughout (a, b), there exists a positive constant C'

such that

vo(z)] < C, vh(z)| < C, (3.17)
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We are now in a position to prove the fundamental inequalities

s g (o ol ) el | -
and
;U;<x>|5;<>l2ljj (e +nlq<>) o] .

Since (3.18) and (3.19) reduces to (3.17) when n = 0, it is sufficient to prove that if it is

true when n = k, it is true when n = k + 1.
Letting n = k + 1 in (3.14),(3.15) and replacing |v;(¢)| and |v}(£)| in the (3.16) by values
obtained by letting n = k in (3.18)),(3.19), we get,

k+1  pa 3 k
‘Uk+1<$)|§0(22! /(\p<£>\+lq<£)l)[/ ()] +la(©)l) 1de| | 1dg]  (3.20)

and

k+1 gz 3 k
(@] < & | @1+ a©D[ [ (@)1 + ) 1del] lagl. @2

Using the following formula, we can find a special case for (3.18]) and (3.19)),

/j (b(f)(/jcﬁ(f)df)kdf _ k%l(/jmadg) 1

Letting M = f (Ip(&)] + g(&)] ) d€, we obtain that special case that we mentioned earlier,
|on(2)] < 0(2%)” (3.22)
and
(o)) < 20 (3.23)

(3.22)),(3.23) show that at every point of (a, b) the terms of the series (3.10) and (3.11)) do

not exceed in absolute value the terms of the series,

AM (2IM)?
c+01,+0(m)+~n
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and since this is a convergent series of positive constant terms, it follows by Weierstrass’s
fundamental test that the series (3.22),(3.23) are uniformly convergent throughout (a, b)
and therefore since their terms are continuous, represent continuous functions throughout
this interval.

Denoting by y(z) the function represented by (3.10), it is clear that y satisfies the given
auxiliary conditions. In order to prove that it is the solution of at every point of (a, b)
where,p, ¢, r are continuous.

Let x¢ be any such point, and surround it by an interval say (b, ¢) lying within (a, b) through-

out which p, ¢, r are continuous. If we multiply (3.11]) by —p(x), (3.10) by —¢(z) and add

the two resulting series together, we get, as we see by referring to the differential equation

for u,,
—p(a)y () — q(@)y(z) = vi(z) + uy(x) + -, (3.24)
From the way in which this series was obtained it is clear that it is uniformly convergent
throughout (b, ¢) and that its terms are continuous there. Accordingly, since it may also be
obtained by differentiating (3.11]) term by term (the first term being omitted) its value is,
y'(x) —ug(x) = y"(x) — r(z).
Substituting this value in (3.24]), we see that y satisfies (a, b) throughout (b, c). O

The solution whose existence we have established is unique is stated by the following

theorem which we now proceed to prove.

Theorem 2 (Uniqueness of the solution[6]). If two solutions of satisfy the conditions

v(c) =T',v'(c) =Ty, they are identically equal throughout (a, b).
The difference of two such solutions is a solution of the homogeneous equation,
y' (@) + p(@)y'(z) + q(z)y(z) =0 (3.25)
with y(c) = y'(¢) =0

Hence our theorem will be established if we can prove the following more special result:
A solution y; of (8.25), which satisfies the auxiliary conditions y(c) = y'(¢) = 0 vanishes at
every point of (a,b).
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Proof. Using Sturm method we prove this. Let x, be any point of (a,b) and consider a

solution g, of satisfying the auxiliary conditions
ya2(z0) = 0,95(z0) = 1,
where y;(x) and y,(x) are the solutions of and their Wronskian is
W) = y1(2)ys(x) — y2(2)yi (),
and it’s derivative,
Wi (z) = yi(z)ys () — yi (2)ya(2).
Since y; and y, are solutions of (3.25]), we have
vi (z) = =p(x)y () — q(z)y (@),
Yo (z) = —p()ys(x) — q(x)y (2).

Using these W’(x) becomes,

which is called Abel’s theorem.

Solving that we get the Abel’s formula,
W (x) = ke” /7% [ is a constant.

Since W(c) = 0, we see that k = 0. Accordingly, W (x¢) = 0. But W(zy) = y1(z0). Thus we

see that y; vanishes at x, which was any point of (a, b). O

The Fredholm Alternative is a fundamental result in the theory of linear differential
equations. It provides a necessary and sufficient condition for the existence and unique-
ness of solutions to a second-order linear differential equation with specified boundary

conditions.

Lemma 2. Fredhom Alternative: Let p,q, f € L', either,
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0,
Y 4 plx)y +qlx)y = f(z),a <z <b

ay(a) + axy'(a) =m
Bay(b) + Bay'(b) = 7o

has a unique solution for all o, 3;,v,7 = 1, 2.

(ID) Or,
y' + @)y +qx)y=0,a <z <b

ary(a) + ary'(a) = Bry(b) + B2y (b) = 0

has a non-trivial solution (more than one solution).

Proof. Consider the three IVPs:

1.
Yl + p(x)y) +q(x)yy =0
yi(a) = oo, y1(a) = —ou,
2.
Yy + p(x)yy + q(x)y2 =0
?/1(5) = 52,%(1)) = —517
3.

ys + p(2)ys + q(x)ys = f(x)

By Theorem 1 and Theorem 2 above, the three IVPs above all have a respectively a unique

solution, which we denote by v, 12, y3. We consider a solution for the IVP has the form,

y(x) = cryi(x) + caya(x) + csys(x),
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where ¢1, ¢; and ¢3 are arbitrary constants.

From,
ary(a) + agy'(a) = ar(aryi(a) + caya(a) + csys(a)) + as(cry)(a) + caysla) + cay5(a))
5 5
= (102 + cay2(a)) + aa(—crag + cays(a))
= c(=vi(a)y2(a) + yi(a)ys(a)) = c2Wyr, yo)(a) = m,
where, Wy, y2] is the Wronskian of the functions y; and y,. Finally we get,

71
Wiy, y2)(a)

If 1 = 0, then ¢, = 0 otherwise y;, y» are linearly independent. Now again from,

Cy =

Bry(D) + Boy'(b) = Br(c1ya(b) + caya(D) + csys (b)) + Balcryi (D) + caya(b) 4 csys(b))
= c1(Bryr + Bayy) + ca(Brya(D) + Bays (b)) + cs(Brys(b) + Bays (b))

= c1(—yay1 + Y1y2) + c2(—yay2 + yau2) + c3(—vhys + Yhys),

which is equivalently,

Yo = c1tWlya, y1](b) + csW ya, y3](D),

which can be written as,

N csW ya, y3|(b)
' W[y2, yl](b>

Now, from the homogeneous problem,

if 1o, 11 are linear independent otherwise ¢; = 0.

Yy +p@)y +qlx)y=0,a <x <D,

ay(a) + Bry'(a) = agy(d) + B2y (b) = 0,

which has the solution of the form,
y(z) = i () + c2ya(z).
Now again,

ary(a) + agy'(a) = ar(ciyi(a) + caya(a) + az(cry)(a) + cayy(a))

= W ly1, vl (a).
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from that we get,

CQIO.

and also,

Bry(b) + Bay'(b) = Bi(cryn(b) + c2y2(b)) + cz(cryr (b) + c2y5(D))

= CZW[y27y1](b),

from that we get,

cC1 = 0.
This completes the proof of the Fredholm alternative for both cases.

Lemma 3. If ¢(z) < 0, the following BVP
y' + @)y +a(@)y = f(x),a <z <b

ary(a) + Fry'(a) = azy(b) + B2y (b) = 0

has as its unique solution y = 0.

Proof. (Energy Method:)
p(o) = expl [ plo)ds).

Multiplying the given second-order ODE by ¢(z) yields:

(90(35)?/)/ + q(z)p(z)y = 0.

Integrating by parts over the interval (a,b) and using the BVP, we get,

[ (Gt +awston) )i = [ oot

Using integration by parts on the left-hand side of the equation, we have:

- [ e+ el + [ a@e@yields = [ @)

Since ayy(a)+ A1y (a) = azy(b)+ B2y (b) = 0, the boundary term [p(z)y/]” evaluates to zero.

We can then rewrite the equation as:

- [y [ e = [ v
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Since ¢(z) is positive and ¢(x) < 0 by assumption, the second integral on the left-hand side
is non-positive. Furthermore, the first integral on the left-hand side is also non-positive.
Therefore, the sum of these integrals is non-positive.

On the right-hand side, the integral is non-negative since ¢(z) and f(z) are both non-
negative.

Thus, the equation reduces to:

-/ " o / (@)l (@) = 0.

For the integral to be zero, both terms must individually be zero. This implies that (y/)* = 0
and q(z)p(z)y = 0. Since ¢(x) is positive, we have y' = 0 and ¢(z)y = 0.
If ¢(z) < 0, then y = 0 is the only solution that satisfies ¢(x)y = 0. Therefore, the unique

solution to the given boundary value problem is y = 0. O]

3.4 Weak solutions and finite element method for the lin-

ear SIME:

First we will discuss finite element method and then we show the existence of uniqueness

of the weak solution.

3.4.1 Finite Element Method

We try to solve the problem with Dirichlet boundary conditions,

"+ p(x)v" + q(z)v =r(x),a <z <D, (3.26)

v(a) = ¢,v(b) = d.

3.4.1.1 Symmetrization

We have,

V" + plx)v + g(z)v = r(z).
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We need to find ¢, ¢ such that the above equation is equivalent to,
(V") + v =g. (3.27)
We get from (3.27)),
O+ v + v =g.

Thus, we require,

¢ = op(x),
¥ = pq(z).
From that, we have,
o = kel Pz
¥ = pq().

where, k is a constant and we choose k = 1. So, finally we have, ¢ = e/ @) ) = pq(z).

So, we have,
(el @Y L g()el PRy — ()l P@YE
which implies,
() + v =g.

where, ¢ = e/ P@) 4y — pg(x) and g = r(z)e/ P*)%, Observe that we have non-homogeneous
boundary conditions for u, this does need to be same for v. By the clever choice of initial
guess, we can take boundary conditions for v to be homogeneous. Now we set up the initial
guess for our Damped Newton’s method.

We claim:-

ug(r) = ut (@) —ui (@) + ui(x)

and v;(a) = v;(b) = 0.
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At boundaries,
wi(a) = ula, t*),
ui(b) = u(b, t*).

Then we construct linear profile:

ub(@) = [u(b) - v*(a) | ) + u*(a).

Using this, we can make sure that, we have a homogeneous boundary conditions for the

linear solver at each time step. Finally we have the following problem to solve,
() + v =g, (3.28)
with v(a) = v(b) = 0.
using the FEM linear solver we find v;_; to update:
U = Uj—1 + Vj—q.-

Now coming back to the linear system, we observe that we have to deal with the [ p(z)dz
first. And to do so, We use the mid-point integration. Then,we discritize the domain
length (L) by dividing into n subintervals. Obtain weak form, by integrating by parts the
product of the above equation multiplied by a test function, w € H'(a, b) with an additional

condition that w(a) = w(b) = 0 to solve for v € H}(a,b),
b b
/ ((gp(x)v/)' + zb(:z:,u)v) wdr = / (2, Uy Uy U, ' )wdx.
Then integrating by parts, we have,

b b
Z—/ () wdx—i—/ U(x uvwdm-/ (T, Uy Uy, Uy, u* )Wl

/

v'p(z)w

Then,we have,

b b b
—/ go(x)v’w'dm—I—/ ¢(m,u)vwdz=/ (T, U, Uy, Uy, u ) wd.

where the first term has vanished because w(a) = w(b) = 0.

Introduce a basis solution and make an anzats

N
v A Z a;w; (). (3.29)
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where, w; : (a,0) - R,i =1,--- | N is basis,has the form,

p

—:L,_mi_l 1 . .
e ifo, 1 <z<u,.
w;(r) = ﬁ, ifr, <z <z
0, Otherwise.
\

Inserting (4.6) and letting w = w,,j = 1,--- , N,we obtain,

b N b N
/ p(z)w)(x) ( Z aiw;(x)) dx — / Y(x, u)w;i(x) ( Z aiwi(x)) dr =
a i=1 a i=1
b
_/ w;i(z)g(x, u, Uy, Uy, u*)dx.
which can be written as
M; ;V; = b;,

where

b b
M, = / () () () — / (e, wywy (2)wi(2)de

b
bj = _/ wj(«f)gj(xvuaumyuxwau*)dx

and V; = YV g, is to be found.

Calculating M and b for FEM:

We introduce, f;’ o(z)w’

"(v)wi(z)dr and f:@/z(x, w)w,;(x)w;(x)dx as S, T respectively. Now

we use mid-point quadrature to approximate S, 7. And we let Pi 1 and o, 1 be the mid-

point value at [z;_1, ;] and [x;, x;,1] respectively.

wit1 Picl iyl
Sau= [ e ui@) o m S T =1 N
’ Ti—1 h’L hi+1
Siit1 = / o(z)w;(z)w, ,(z)dr = — ; 24=1,---,N
ZT; 41

Siic1 = / o(x)w(z)w,_,(z)dx ~ — - 24=1,---,N

28



Ti+1 1
T = ' Y(z, u)wi(w)de ~ 3 [%%hi + wi+%hi+1}
;i+1 1
Tiip1 = U(x, uw)w;(x)wiq (x)de ~ 6¢i+%hi+l

T

1
Tiia = 61/12‘_%}%
Combining all these matrices lead us to the actual matrix,
M:Si,j_{_ﬂ,jv Z:17 7N7.j:1a"' 7N

which is a tridiagonal matrix and the entries of the matrix are,

901'—% (pi+% 1 -
Mia = h hita - g{wiéhi_'—w”%h”l}’z_ L, N,
 Pird 1\
Mi,iJrl—_hH—l _wi+éhi+1(6)7z_1"“ 7N’

Pi—1 1
Mi,i—l = — h.2 —wz_;hz(é),Z = 17 7N

Now it’s time for load vector formulation.For b we let g, 11 and gj-1 be the mid-point value

at [z;,xj41) and [z;_1,2],7 =1,--- ,N.

x]‘+1 xj
* ES
b = —/ (@, U, Uy, Uy, u)wjidr = —/ (@, U, Uy, Uy, w)wjda

Tj—1 Tj—1

Tj+1
*
—/ (2, u, Uy, Uy, U™ )W dx
z;

hy 41
2

~ =g, 9j+1 5

N[

where, j=1,---, .

3.4.2 Existence and Uniqueness of Weak solutions:

We call Lax-Milgram Theorem for bounded bi-linear functionals which will guarantee the
existence of such a unique solution v. It is first informative to review Riesz Representation

Theorem which is an essential outcome for bounded linear functionals.

Theorem 3 (Riesz-Representation[7]). Let g : H — R be a bounded linear functional on

H.Then there exists a unique element v € H such that g(¢) = (v, ) for all ¢ € H. Moreover,

gl = oIl -
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Theorem 4 (Lax-Milgram[7]). A bilinear form, say ((-,-)) on H is a mapping such that

((-,-)) : Hx H — R for which there exists constant m,n > 0 such that Yv,w € H,
{{v,w)) <n o] flwl]
and
(v, 0)) = m |||

Finally, let g : H — R be a bounded linear functional on H.Then there exists a unique element

v € H such that
{{v,w0)) = (g, w)
forallw € H.
Proof. We will show that our problem verify the assumptions of Lax-milgram Theorem that
would guarantee existence of a unique solution for this problem.

To verify the coercive property,we will use the Poincaré’s inequality which states that there

exists a constant C' > 0 such that

9] 20 < O |12

where C depends on Q = (a,b) for all g € H}(Q).

We have,
{{v,v)) :/gpv’de—/wv2dx,
Q Q
and
/wUde < C’max(q)/@v’Qd:L’.
Q Q
Thus,

{{(v,v)) > (1 — C’max(q)) /ngv&dx > min cp(l — C’max(q)) ||UH§101(Q) .

where, min ¢ > 0 since p(z) is absolutely integrable. We get from the above inequality,
((v,0)) =2 m ”UHfT{%(Q) :
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where, m = min ¢ (1 — C'max(¢))and ¢ needs to be bounded above, ¢ < .

Using Cauchy- Schwartz in L?*(12),

(g, w) = (g, w)r2@) < ||9||L2(Q) Hw“L?(Q) < H9HL2(Q) [wlly,

i.e. (g, w) is continuous.

Using Cauchy- Schwartz in L*(12),

/gpv'w’dw—/wvwdx
Q 0

< max(p, q) (V[ ' = vl wl]|)

{{v,w)) =

< vl g oy lwll g o)
is continuous, where n = max(p, q). O

Lemma 4. If p(z) and ¢(x) are bounded, and r(x) is square integrable and also q(x) <

aayz- Then has a unique solution in H¢(a,b).

Proof. For w € H}(a,b), we have the weak of formulation of (3.28)),

- [ st [ o= [ s

which can be written formally as,

1. {{v,w)) = (g, w) where, ({-,-)) is the corresponding bi-linear form and (-, -) is the L?
inner product which defines a linear form on H}(a, b).

Then we have,
[((v, )] < Cr o]l 2 [w'll 2 + Col[oll 2 wll 2 < Cfloll g [l g -

Here,
(b—a)max]|p(z)|
[a.0]

0126

@I?%MMQ

2. Also,

(g, W) < llgll 2 [lwll 2 < Nlgll g2 lwll -
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Thus both the bi-linear and linear forms are continuous on H,.

Now, let,

(o0 == [ e @ @ds+ [ vl
> —o [[V'[172 + o [[v]|7e -

Moreover, we have, v € H{[a,b],

oie) = [ )z = Pl < [ WE = @) < V= alv),

— |[o]|?, < (b—a)?||v||3. (Poincare)
3. Thus,

((v,0)) = @ol'l172 = o 0] 72)
> (|72 = q0(b = a)* /][ 2)
= po(1 = (b —a)’q0) ||/ 2

> ag [[vlly o0 = o(1 = (b—a)*q)
if 1 — (b—a)’q >0, 1ie q < 3.

(b—a)?

From (1), (2), and (3), we deduce that (3.28)) has a unique solution in H;, thanks to Lax-

Milgram’s Lemma. O
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3.4.3 Application to the SIME equation:

Previously, we derived the «a, 5 and v which are the co-efficents of linear equation and they

were defined as,

At
o= 2—hpr’dw|u — Uy | + 1, (SIME-1)
p

)
—~NE2KP, [tanh ( e |) — q\wl sech? (@)} +
B = q MuwP tanh( uzl) sech? ( L ) + P/;/'E“” sech? ( s ) when u, # 0, F = (1 + ¢2)z,

2Kuj qluq| |

—%K(l + e7?)P,,when u, = 0.
(SIME-2)

~NE*KP {tanh (q%ﬂ) — @ sech? <@)] , when u, # 0,
’7/ =

—%KE2P, when u, = 0.

(SIME-3)

From equation (SIME-3), ~[u| satisfies the following lemma.
Lemma 5. ~[u] < —0, where § > 0,when |u,| < K.

Proof. It suffices to see that

K 1
9(z) = Wsech2 m — Ktanh i ,where, z = q|u,|,
z Z

satisfies, g(z) < 0; g¢(z) is increasing on [0, +00) and that g(0) = —1 and lim g(z) = 0. For

Z—r+00

z €0, Kol; g(2) < 6;6 > 0, we get, g(z) = g(Kp). O

Theorem 5. Assume that u(z) is sufficiently smooth, then the linearized SIME equation (3.6,

Vzz + ()02 + q(x)v = 1(2), 2 € (a,b)
with v(a) = v(b) = 0.
)

ot — M(u(z)

flw) and r(r) = —0

where, p(z) = T q(z) = ——

a(z)
()

has a unique solution in Hj. Here, o(z), (z),v(z) are functionals of u(x),u,(z) and . (z).

Proof. By lemma {4} it suffices to show that,
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(D p(x) and ¢(x) are bounded.
To show that p(z) and ¢(x) are bounded, we need to show that 5(u(z)) and «o(u(x))
are bounded for all z € (a,b). Since u(x) is sufficiently smooth, we can assume that
a(u(x)), B(u(x)),v(u(z)) are all bounded for all = € (a,b). This follows from the fact
that «, 3,v are functionals of ), @,(z) and ,,(x), which are all assumed to be

sufficiently smooth. Therefore, p(x) and ¢(x) are also bounded for all x € (a,b)

(D) r(z) is in L*([a,b]).
since y(x) < 0, we have |y(z)| = —v(x) for all x € [a, b]. Thus,

/ (@) = / b

Since r* is a constant and M (u(z)) is bounded on [a, b], we have

/]r )Pdx < /\M ))|Pdr < oo.
mln.te[ab

where the last inequality follows from the fact that M (u(x)) is bounded on [a, b].
Therefore, r(z) is in L?([a, b]).

dm) q(x) < ﬁ which follows from the fact that for At > 0, a(x) > 0 and y(z) < 7y < 0.

O]

Lemma 6. If 7 P(’“" > o > 0 & |u,| < ¢ in [a,b], then the function,

At 1 1 1
v() =—""F(1+¢€" Kp{tanh( )— sech2< )}
(=) ph( ) qlus| ) qlugl qlu.|

satisfies v(z) < vy < 0 for some ~y, that depends on c;.

Proof. Let z = ﬁ, where ¢ is a positive constant. We can rewrite y(z) as

W):_%me ) K P3(2)

where 7(z) = tanh(z) — zsech?(2).
To establish that v(x) satisfies v(z) < 7y < 0, we examine the behavior of 7(z).

First, note that 7(z) is a decreasing function on the interval [0, +00). Additionally, we have

5(0) = 0.
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This implies that for z € [z, +00), where 2, > 0, we have 5(z) < (zp) < 0.

Now, let’s consider the condition |u,| < ¢;. In this case, we can choose z; = q%l Therefore,
for |u,| < ¢1, we have z € [z, +00), and consequently, 7(z) < J(z) < 0.

Finally, we can conclude that v(z) < v, < 0, where 7, = —%(1 + e %) ceY(20).

In summary, under the assumption % > ¢y > 0 and |uy| < ¢ in [a,b], the function
~(z) satisfies v(z) < v < 0, where 7, depends on ¢; and is determined by the expression

mentioned above. ]

For when, u, = 0, we have,

. At 2
Jim Slu] = —p—hKE P, =8
. And
) At )
Jim ] = ~(ERE P =
because,

1 1
lim tanh — = 1;lim sech® — = 0, z = qlu,|
2—0 ’z‘ 2—0 ‘z|

3.5 Handling the derivatives in the co-efficients:

We observe that the co-efficient of the d such as «, 5 and ~ is formed with the derivative of
u. To compute these derivatives, we use Cubic Spline. In this section, we will discuss Cubic
Spline.

Consider an interval [a, b] such that,
Aa=Tg< T <Xy < ---<x,=b

with n + 1 nodal points and n sub-intervals. For the function, y = f(x) defined on the same
domain gives the data points {(zo, f(x0)), (1, f(z1)), -, (zn, f(x,))}. Then the spline in-
terpolation S(z) for f(z) is a piece-wise polynomial function on a sub-interval [z}, ;1]
denoted by S;(z), which satisfy the following conditions:

1) A cubic polynomial S(x) defined by,
Si(z) = a; + bj(x — ;) + ¢j(x — x;)* + dj(x — 2;)*,j =0,1,--- ,n—1.
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2) Sj(x;) = f(z;) and S;(zj41) = f(2j+1),7=0,1,--- ,n—1.
3) Si(zj41) = Sjr(xj41), 5 =0,1,2,- -+ ,n—2.
4) Si(zj41) = Sji(z541),7 =0,1,2,--+ ;n—2.
5) Si(rj11) = S} (7j11), 5 =0,1,2,-- ;n — 2.

6) a) Free (or natural boundary conditions),

Sl (we) = 0, 8", (2,) = 0.

» Mn—1

b) Clamped boundary conditions,

So(wo) = f'(x0), Sp1(n) = f(wn)-

3.6 Conclusion:

In this chapter, we showed how to linearize SIME equation. Also establish the existence

and uniqueness of the solution for the SIME both locally and globally. Lastly we introduced

splines by means of which we will calculate the derivative of the solution in the coefficients

of the linear equation.
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Chapter 4

Verification of the linear solver:

4.1 Algorithm for coding:

Algorithm 1 Using Backward Euler’s method on temporal resolution

1: Discritize time 0 = g, t1, -+ ,t, =T.
2: At =L on|0,7].
3: While ¢ < T, Call algorithm (2.

Algorithm 2 Using Damped Newton’s method

1: With given u,,, tol=10"%.

2: Process: solve for v, from L(u,) - v, = %( f — fn)(Call: Finite element algorithm).
3t Upy1 = Uy + Up.

4: if |u, — u,41| < tol then goto 6.

5: Otherwise, set u,,,; = u, and goto Process.

6: Output solution u,, .
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Algorithm 3 Finite element method

1:

2:

3:

Symmetrialize the equation.
Define Basis solution as piecewise linear equation.
initialize domain size, element number, mesh points.

Compute (n — 1) x (n — 1) matrix (M) and the (n — 1) x 1 matrix (b) with entries,

M = ({(wj, wy)) and by = (g, wy,).

: Solve the linear system of equations,

MX =b.

Get v,,.
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S

discritize time,set A¢

With Initial w,,, choose tol=10"* /

1

Compute u,,, 1, solve for v,

from £(uy,)-v, = 1(f - f,) (FEM
for v, & CBCSPLN for L(u,))

I

Up+1 = Up + Uy

compute: error=1u,_ i — U,

¥

{Finite Element Method(FEM)}

Discretize domain

Choose basis function

Derive stiffness and load

matrices (Using Galerkin)

Assemble the matrices and solve for v

If |error|<tol

Set: u, = Upiq

yesy

/ Print w,, 1 /
{ Stop }

{Cubic Spline Method}

Discretize Space

Form Tridigonal matrix and solve it

Generate Co-efficient

Form the spline

Figure 4.1: Organigram for problem
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4.1.1 Validation of the linear solver:

We have the following problem,
d*v

T )2+ gfa)o = r(o). € (0.1

Since we do not have any exact solution to our problem, to validate our code, we set,

_ d*w dw

= —i—p(a:)a + q(z)w.

G(w)
We consider two different cases to verify our linear solver (where, the derivative of the

solution in the coefficient of the linear equation is computed analytically).

4.1.1.1 Constant co-efficients:

We choose, p = ¢ = 1. where, w = sin(z).
Then, we have on the RHS,

d? d
d_;g + ﬁ +w = —sin(z) + cos(z) + sin(z) = cos(z).

We introduce the integrating factor e” then the above equation becomes,

' — + e"— + e"v = €” cos(x).
dz? dx
which can be written as,
(exv’)/ + v = €” cos(x), (Al11)

with the boundary conditions,

First we discritize the domain (7) by dividing into subintervals i.e.

T, T T 3w, 37w

m
(O, Z)v (17 5)7 (5’ Z): (Z?W)'
Obtain weak form, by integrating by parts the product of the above equation multiplied by

a test function, w € C2°(0, w) with an additional condition that w(0) = w(w) =0,

/ ((emv’)' - e%) wdx = / we” cos(x)dz.
0 0
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Then integrating by parts, we have,

™ ™ s
g—/ exv’w’dwjt/ e‘rvwdx:/ we” cos(z)dr.
0 0 0

™ ™ s
—/ exv/w/dx—i—/ e"pvwdm—/ we” cos(z)dz,
0 0 0

where the first term has vanished because w(0) = w(7) = 0.

v'e*w

Then, we have,

Introduce a basis solution and make an anzats

3
v R Z ajw;i(x), (4.1)
j=1
where, w; : (a,b) - R,j =1,---,3is basis,has the form,
4
T—Ti_1 .
m, lfl'j,1 <z <Zj.
. e Tj+1—Z 7 . i
’LUJ(SL') m, if T; < < Tjy
0, Otherwise

\

Inserting (4.6) and letting w = wy, k = 1,--- , 3,we obtain,

—/ e wi (z (Zaj )dx+/ e“wy(x (Zajwj ) /Owwk(ac)ezcos(m)dx.

(4.2)

which can be written as

MV =b,

where,

M= — /O7T e"wy(v)w)(x)de + /O7T e“wg(x)w;(z)dz,
b= /07r wg(z)e” cos(z)dz,

and V = 23._ a; is to be found.
We call M and b as stiffness matrix and load vector respectively. We name (w’, wy,), (w;, wg)
ie. fx”l e"wj,(z)w)(z)dr, and fwj“ e®wy(z)w;(x)dx as S, T respectively. Now we use mid-

point quadrature to approximate S, 7.
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Table 4.1: The convergence rates with respect to the spatial discretization for (A11).

N | Error | Order
5 | 0.6267
10 | 0.1820 | 1.98
20 1 0.0592 | 2.01
40 | 0.0201 | 2.05

1.2

0.8

= 0.6

0.4

0.2

Figure 4.2: Exact solution vs computed solution.

4.1.1.2 Variable co-efficients:

Now we consider the following problem which has variable co-efficients.

d? d
— +p(@)— +qla) = r(a). (4.3)
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We chose, p = sin(x),q = cos(z) and r = 57%’ + p(z) 2 + g(z)w, where, w = sin(z).

Then, we have on the RHS,

2
C;—U; —i—p(x)fl—w +q(z)w = —sin(z) + sin(z) cos(x) + cos(x) sin(x) = — sin(x) + 2 cos(x) sin(z).
T x
(4.3]) becomes,
v . dv . .
] + sm(:c)% + cos(x)v = —sin(z) + 2 cos(x) sin(z). (4.4)

We introduce the integrating factor e/ ™(*) then (4.4) becomes,

o) @ ; d i .
el sm(m)d—z + ¢f sin@) sin(:v)d—v + el 5@ cos(z)v = e bm(l’)( — sin(z) + 2 cos(z) sin(z)),
x x

which can be written as,
(pla)) + (v =g, (4.5)

where, ¢ = e/ 5@ ¢ = cos(z)p and g = e/ M@ ( —sin(z) + 2 cos(z) sin(x)).

Finally we get,

v(0) = v(m) = 0. (A12)

First we discritize the domain () by dividing into subintervals i.e.

T, m mw, m 3T, 37
(071)’(175)7<§7Z)7(I77).

Obtain weak form, by integrating by parts the product of the above equation multiplied by

a test function, w € C2°(0, 7) with an additional condition that w(0) = w(w) =0,

/ ((ef Sin@)y/) 4 cos(z)el Sin(@v) wdr = / efsm(x)( — sin(z) + 2 cos(z) sin(z)) dz.
0 0
Then integrating by parts, we have,

U/Cf sin(x)w

g—/ efSin(x)v'w'd:B+/ cos(z)el @ pde = / wefSin(x)(—sin(:v)—I—Q cos(z) sin(z))dz.
0 0 0
Then, we have,
—/ el 5@y da: + / cos(z)el @ pwdy = / wefsm(m)( — sin(z) + 2 cos(z) sin(z) ) dz.
0 0 0
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where, the first term has vanished because w(0) = w(7) = 0.
Introduce a basis solution and make an anzats
3
RS Z ajw;(z)
j=1
where, w; : (a,b) = R, j =1,---,3 is basis,has the form,
2
e ifr <z <ay
wj(z) = i < <ain
0. Otherwise

Inserting (4.6]) and letting w = wy, k=1, - -

)dx—i—/ cos(z)el @y
0

_/'TI‘ efsin(m <Za]
0

which can be written as

where

, 3,we obtain,

<o G-

/Owwk( )efsm(“”( sin(x) + 2 cos(x) sin(x ))dx,

MV =b.

M = —/ efsjn($)w§€(x)w;(x)dx+/ cos(z)e @y (z)w;(x)dz,
0 0

b= /07r wk(m)efsm(z)( — sin(z) + 2 cos(z) sin(z)) dz,

and V = 22:1 a; is to be found.

(4.6)

Table 4.2: The convergence rates with respect to the spatial discretization for (A12).

N
5
10
20
40

Error
0.0367
0.0093
0.0022

5.2067e-04

Order

1.9754
2.0844
2.0801
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exact

N=5
¢ o
0.9 # R —+—N=10

g \ N=20
08 f \\5& + - N=40
A4
A% 1

0.7
0.6
Z05
0.4 # Y
/

0.3 il

0.2 / %

# %
0.1 E

Figure 4.3: Exact solution vs computed solution.

4.2 Validation of the Spline approach to compute deriva-

tive:

In this section, we approximate any arbitrary function using Cubic Splines. For the approx-

imation of the function y = sin(z) using Natural Cubic Spline, we get the following:

N error type Order

S5 4.6146e-04
10 7.4593e-06 S  5.0867
20 1.7611e-07 5.0134

For the 1st derivative approximation of the function:

N error type Order

S 0.0021
10 7.8640e-05 S 4.0507
20 4.1092e-06 3.9502

For the 2nd derivative approximation of the function:
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N error type
S 0.0370
10 0.0035 S”
20 3.5195e-04
. Natural Cubic Spline approximation at N=20
1= " F Aoty
S P ¥t
| * 3 * s
0.8 % + :
e & f
0.6 £ e fS»
-/ K 5 g"
0.4 / \ 3
k"
0.2 j X x
of N
02} X % ,+
*\. N &
04 %, -k‘:;
06 % % _._*‘*
i by
08 *\ *(,— %
r . i M* R,
0 0.5 1 15 2 25 3 3.5

Order

2.9080
3.0741

For the approximation of the function y = sin(x) using Clamped Cubic spline:

N error type
5 1.6404e-04

10 2.546le-06 S
20 5.9101e-08

For the 1st derivative approximation of the function:

N error type
5 0.0022

10 1.0107e-04 5’

20 5.2255e-06

For the 2nd derivative approximation of the function:

N error type
5 0.0341

10 0.0033 S”

20 3.5195e-04
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5.1368
5.0361

Order

3.7986
3.9644

Order

2.8799
2.9954



Clamped Spline approximation at N=20
1 *“'** *g@*‘* Ty * f
*, \v'h s
SN ¥, f
j\ &* s'
PN E . F
\

08

06 [

0.4 /

§"
0.2“. j 1 x

-0.2 #*
04 \ * T
06 *® ¥

-08 *,

0 0.5 1 1.5 2 2.5 3 3.5

4.3 Conclusion:

In this chapter, we introduced our organigram for solving the SIME equation. Also, we
verified our linear solver using two different case studies. Lastly, we illustrated the results
when we approximate a function and it’s derivatives using cubic spline to verify our cubic

spline code.
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Chapter 5

Testing on a simpler non-linear PDE and

Error Analysis:

The aim of this chapter is to solve a partial differential equation with continuous coeffi-
cient. We will discretize the temporal resolution and we end with an non-linear ordinary
differential equation. To solve this equation, we will use Newton’s method and to do so, we
linearize the non-linear terms and solve the linear system at each time step using Finite El-
ement methods and we keep updating the solution using Newton’s iteration until solution
is converged. The derivatives of the of the solution in the coefficients of the linear equation

are computed by cubic splines.

Simple Test Case:

To test our algorithm on a simpler problem, we consider the following problem,

Up — Ugy + sin(7)u, + 5 cos(z)|ul* = 0, (5.1
u(0,t) = sin(t), u(m, t) = sin(mw + t),

u(z,0) = sin(z).
Since we do not have any exact solution to our problem, to validate our code, we set,

G(w) = w; — Wy + sin(x)w, + 5 cos(z)|w|?.
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We choose, w(z,t) = sin(z + t).
Then, we have on the RHS,

cos(x +t) + sin(x + t) + sin(x) cos(z + t) + 5 cos(x) | sin*(x + t)].
Finally wet our initial boundary problem as below:
Uy — Ugy + sin(2)u, + 5|ul? cos(z) = cos(x + t) + sin(x + t)+ (5.2)
sin(x) cos(z + t) + 5| sin*(x 4 t)| cos(x),
u(0,t) = sin(t), u(m, t) = sin(w + t),
u(z,0) = sin(z).
Handling the time:

Using backward euler method on temporal resolution at times £ =1,2,--- | K,
(5.2) becomes,
uf + At| — w4 sin(z)u® 4 5(|u?])” cos(:c)] =u"t + At {cos(:c + kAt) + sin(z + kAL)+
sin(z) cos(x + kAt) + 5| sin®(z + kAt)| cos(x)] :

uk—l

where, Ar is given solution at a previous time step.

For k =1,

U+ At | — Uyy + sin(z)u, + 5(|u?|) COS(:E):| =u"+ At |:COS((L’ + At) +sin(x + At)+
sin(z) cos(z + At) 4 5| sin®(z + At)| COS(:E)] :

where, u* is given solution at a previous time step.
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which can be written as,
M (u, Uy, Ugy) = G(z,u"), (5.3)
where, M (u, Uy, Uz, ) = u + /At { — Uy + sin(z)u, + 5(|u?|) cos(z)|,
and, G(z,u") = u" + At {cos(m + At) + sin(x + At) + sin(z) cos(x + At)+

5|sin’(z + At)] cos(x)] :

Taking care of Non-linear terms:

Consider,

€1 = |uy| = sign(uy).

From the LHS of (5.3)), we get,

M(u+ v, uy + €y, Upy + €ULy) =

(u + ev) + At { — (Ugy + €Vzp) + sin(x) (uy + €v,) + Her (u + €v)? cos(x)} :
Simplifying the above equation, we get,
u+ At [ — Ugy + sin(z)u, + Heyu? cos(x)] +e {v + At [ — Ve + sin(x)v, + 10uve; cos(x)” :
and further simplification leads to,
M (u, Uy, Upy) + [Oz(:p)vm + B(x)v, + y(z, u)v} + O(e),
where,
alz) = =At, f(x) = Atsin(x), y(x,u) = 1 + 10egulit cos(x).
Neglecting higher order terms from above and then the differential equation becomes,
M (u, s, Uas) + | (2)V20 + B(2)0z + (@, u)v| = G(z,u"),
which has the form of,

G(x,u*) — M(u, Uy, Ugyy
Ve —|- p(aj)yx + %U — ( ) ( )’
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where, p(z) = g

We introduce the integrating factor e/ ?(*)% then the above equation becomes,

(efp(x)dmvl)/ + efp(m)da: ’Y(I) v = efp(x)dm G(x’ u*) — M(U, U, U’Cm) .
a(z) Ta(x)

The above equation can be written as,
(p(2)0') + ¢l upw = g(x), (5.4)

G(z,u*) — M(u, u,, um)}

T

where,g(a) = a(e)el %1, (o) = e (), g(a) = e/ 10|

with boundary conditions, v(0) = v(7) = 0.

Solving the linear problem:

Observe that we have non-homogeneous boundary conditions for u, this does need to be
same for v. By the clever choice of initial guess, we can take boundary conditions for v to
be homogeneous. Now we set up the initial guess for our Damped Newton’s method.

We claim:-

ug(r) = u' (@) —ui ™ (@) + ui(x)

and UZ(O> = 'UZ'<’/T) =0.
At boundaries,

u;(0) = w(0,t*) = w"(0),

wi(7) = w(m, t*) = wk (7).

Then we construct linear profile:

T

uh(z) = [wh(m) = wt(0)] (5) + wh(0).

o T

Using this, we can make sure that, we have a homogeneous boundary conditions for the

linear solver at each time step. using the FEM linear solver we find v;_; to update:

Uj = Uj—1 + Vi—1.
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5.1 Numerical Experiments:

In our algorithm, we have used the following numerical methods.

a) Backward Euler to handle temporal resolution: we need to check the order of accuracy
for this.

b) Newton’s method to handle non-linearity: we need to vary the tolerance and damping
factor to notice any change in the solution.

c) Finite element method (as a part of Newton’s method to solve linear problem): we need
to check the order of accuracy.

d) To calculate the coefficients of the FEM, we have used Finite difference method.

5.1.1 Error Estimation:

Consider the following nonlinear differential equation,

u +u” + pla)u’ + q(x)u = r(x),,z € (a,b),t € [0,T] (5.5)
u(z,0) = g(x),u(0,t) = u(b,t) =0

has a unique solution,u(z, t).

The solution comes with an error which is composed with,
e=e;te+e3t+es+es

where, e; comes from the discretization of time and e, comes from Newton iteration, e;
comes from integrating factor and e, comes from Finite element method to solve linear
problem in space and e; tolerance of the finite element solver.

We know that in general,

€1 = O(At)

and

ey = O(Ax?)

but ey, e5 << e, as tolerance ~ ¢(Ax?) and e3 << e4, SO we can neglect them. Now to

verify, let p, ¢ and 7 be finite difference approximation of p, ¢ and r respectively on a grid
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with mesh size h > 0. Let @ be solution of
U+ "+ pla)d’ + ¢(x)u = 7(x) (5.6)

We need to estimate ||t — ul|, .

Subtracting (5.6)) from (5.5)),
(ug — ) + (u”" —@") + p(x)u — p(x)i’ + q(z)u — g(x)a = r(z) — 7(x) (5.7)
Adding some terms to do some adjustments (/5.7) can be rewritten as,

(1 =) + (" = ") pl) (o = @)+ (p() = @) + q(w)(w — 0) + (o) = 4(2)) = r(a) = 7(a)

Introducing w = u — @, (5.8) is reformed as,
wy +w” + plx)w + q(x)w = f

where, f = r(z) — 7(z) — (p(r) — p(2))@’ = (¢(z) - §(z))a.

Using Backward Euler on temporal resolution,
wit1 + At[w) oy + p(@)wyyy + q(@)wip] —wi = ftea) Dt =0

The numerical solution of the schema, introduces two error and they are,
a) Global error
b) Local error
Global error is defined as,
en(At) = Wk - w(tr)

Numerical Solution at tx  Exact Solution at ¢

where, tx = KAt = T is fixed as /At — 0. To find the order of ey, we need to find out local
error(residual error).

Let w(t) be an exact solution of the above equation. Then the local error is,

ex(At) = w(tprr) + At[w” (trr) +p(@)w (te) + g(@)w(te) ] — w(te) = ft(te) At =0
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Using Taylor expansion of w(tx.1) = w(t, + At) around ty,

At[w”(ten) +p@)w'(tre) + a(@)w(tie) | — wlts) — f(ter) At
= O(At?)
We use the following theorem to connect local error with global error.

Theorem 6. If e, (At) = (AtPT), then e (At) = (AtP). That is, the global error is one order

lower than the local error.

So, in our case,

e; = O(At)

i.e Backward euler is a first order method.

Error analysis for finite element methods usually includes two parts:

1) error estimates for V) space but not for the solution space V. Having said that, we can
prove that Vy is the best approximation to the exact solution v.

2) convergence analysis

Theorem 7. We have,

1) vy is the projection of v onto Vi through the inner product (v, v) ie.
v—uny LVy or v—ovy Lvj,5=1--- N

Then,

(v—ovN,Un) =0V oy €Vy or (V—uy,0;) =0,j=1,--- N

where, {0;}’s are the basis functions.

2) vy is the best approximation in the energy norm, i.e.,

lo = vn[l < lv—on]
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Now,

) b

o= oxl = [ (= @)’ = o)+ wla)(w - v ) o
R b
< gpmm/ (v — vly)?dx + ¢maw/ (v — vy )*dx
b
< max{Ymaz, 1/1m(w}/ ((v' — V)2 (v — UN)2) dz
= C'[lv —oll}
where,C' = max{ .4z, Umaz - Thus, we get,
lo —on|| < flv = on| < Cllv— x|

since we are using piece-wise linear space in H}(a,b) spanned by mesh {z,},j =1, -

we get the following error estimation,

lv = vwlloe < CR* 0"l

5.1.2 Derivatives computed by Finite Difference and Integrating fac-

tor computed analytically:

The convergency of the method is analyzed for different values of N (length of spatial
resolution) and K (length of temporal resolution), selecting maximum number of Newton’s
iteration is 100 and tolerance is taken to be 1078 for stopping the iterations. . The results
are given in table As seen from the table while value of N and K increases, the
error decreases. But for N = 80, K = 8000 ( <) and 16000, the method starts to decrease
convergence rates. However, for K = 64000, a better result is observed.

Since we are interested in demonstrating the spacial convergence, we used a fixed K in
every cases to keep the temporal error on a negligible level for all considered spacial step

sizes.
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Table 5.1: The convergence rates with respect to the spatial discretization (varying) and

temporal discretization (steady) for lb

N K error Order K error Order K error Order
10 | 8000 | 8.1989e-04 16000 | 8.1448e-04 64000 | 8.1767e-04

20 | 8000 | 2.2115e-04 | 1.89 | 16000 | 2.1511e-04 | 1.92 | 64000 | 2.1058e-04 | 1.9572
40 | 8000 | 6.5688e-05 | 1.7513 | 16000 | 5.9523e-05 | 1.8536 | 64000 | 5.5034e-05 | 1.9360
80 | 8000 | 2.5965e-05 | 1.3391 | 16000 | 1.9739e-05 | 1.59 | 64000 | 1.5062e-05 | 1.8694

Through out the all cases, we have observed an oscillatory behavior in the error. Since
the right hand side of the equation is highly oscillatory, this sort of behavior is expected.
Now, we focus on the temporal resolution. As before,we observe from the table while

value of K increases, the error decreases and order of accuracy is steadily close to 1.

Table 5.2: The convergence rates with respect to the spatial discretization (Steady) and

temporal discretization (Varying) for Il .

N K error Order
160 | 1000 | 1.0370e-04
160 | 2000 | 5.3564e-05 | 0.95
160 | 4000 | 2.8484e-05 | 0.91
160 | 8000 | 1.5940e-05 | 0.8375

5.1.3 Derivatives computed by Finite Difference and Integrating Fac-

tor computed numerically:

Now we compute the integrating factor using midpoint method. Taking K = 64000 and

varying N, we can see that the desired order of accuracy is reached.
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Table 5.3: The convergence rates with respect to the spatial discretization (varying) and

temporal discretization (steady) for lb .

N
10
20
40
80

64000
64000
64000
64000

error
8.1421e-04
2.1055e-04
5.5037e-05
1.5064e-05

Order

1.9512
1.9357
1.8693

Taking N = 80 and varying K, we can see that the desired order of accuracy is reached.

Table 5.4: The convergence rates with respect to the spatial discretization (Steady) and

temporal discretization (Varying) for Il

N
160
160
160
160

1000
2000
4000
8000

error
1.0420e-04
5.4264e-05
2.8684e-05
1.4540e-05

Order

0.96
0.92
0.8875

Table 5.5: Order of convergence rates with respect to the tolerance of Newton’s method

where spatial discretization is steady and temporal discretization is varying for ||

Order of Convergence (N=160)
Tolerance | Average Newton Iteration | K =1000-2000 | K= 2000-4000 | K= 4000-8000
1076 3 0.9956 0.8861 0.8254
1078 3 0.9531 0.9113 0.8375
10710 4 0.9529 0.9323 0.8475
1071 12 0.9529 0.9323 0.8475
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Table 5.6: Keeping N= 80, K=4000, tolerance as 10~%, we changed 7 to observe the New-

ton iteration numbers for Il

7 | Number of Newton Iteration Run time( Checked on an
Intel I5 processor with 32GB RAM)
1 3 878.247828 seconds
2 14 877.680062 seconds
3 22 966.117524 seconds
4 30 929.129491 seconds
5 37 898.309183 seconds
10 70 1001.257520 seconds

5.1.4 Derivatives computed by Natural Cubic Spline and Integrating

Factor computed numerically:

Table 5.7: ( Natural Cubic Spline)The convergence rates with respect to the spatial dis-

cretization (changing) and temporal discretization (Steady) .

N K error Order
10 | 64000 0.0017
20 | 64000 | 4.4394e-04 | 1.9371
40 | 64000 | 1.1491e-04 | 1.9499
80 | 64000 | 3.0230e-05 | 1.9265
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Table 5.8: ( Natural Cubic Spline)The convergence rates with respect to the spatial dis-

cretization (Steady) and temporal discretization (Varying) .

N K error Order
160 | 1000 | 1.0420e-04
160 | 2000 | 5.7377e-05 | 0.90
160 | 4000 | 3.2295e-05 | 0.82
160 | 8000 | 1.9753e-05 | 0.70

5.1.4.1 Conclusion:

The study explores the performance a nonlinear solver by mean of Newton’s method and
Finite Element Method and do error estimation for the method numerically. The order of
accuracy for the solver is 2nd order in space and 1st order in time. We also observed that
the smaller the number of tolerance is Newton’s method takes more iteration and damping

factor of the newton method need to choose properly as well.
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Chapter 6

Performance of the sea ice momentum

equation (SIME) solver:

In this chapter, we will discuss the behavior of the proposed numerical approach on the

SIME equation. The table showed below has been used to run the simulation.

Table 6.1: Constants and parameters used in the dynamics equations.

C 20

Cy,  air drag coefficient 5 x10~*

Caw  ocean drag coefficient 0.0055

e yield curve axis ratio 2

p sea ice density 918 kgm=3

Pa constant reference densities for air 1.3 kgm=3

Pw constant reference densities for water 1000 kgm™3

p* ice strength parameter 27.5x10% Nm™!

h m

A m

u ice velocity ms~!

T.,Tw atmospheric,ocean stresses Nm™2

n sea surface elevation kg/s

k 102

dz Spatial Resolution 200 km

dt Temporal Resolution 1.8 seconds

L X-extent 2000 km
Final Time 7 days
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In our study, we chose a length of the domain of L = 200 kilometers towards horizontal



direction. We chose the ocean and air stress adopting from [1]],

_ —0.1(2x — L)

uw L ?

and

Uy = 5+sin(% —3)sin ()

where, © = 4. days.

6.1 Synthetic Solution:

Since SIME does not have any analytic solution, we have to create our solution by choosing

a fixed function following [1]], we chose our solution as,

1 4 2
w—l—osin{<fx—2) —i—Ct},
where, C' = 5 x 10~°. Using that, we can write our SIME equation as,
phty + puClauwltt — | (U — uy) — (14 €72) Guy — (1 + €72) Cuge = Wz, 1),
—— ——
B2 E2

where,

Wz, t) = phw; + puCaw|w — wy|(w — uy) — EQCxwm — EQCwm,

where,

10 L
8(2x — L 4
r = ( §L2 )COS {(%—Q)Q—i-ct],
16 4 128 4
Wyp = g CO8 [(fx - 2)2 + ct] — m@x — L)?sin {(fx — 2)2 + ct],
1
( = KPtanh ( ),
q|ws|
1 Psign(w, 1
(> = KP,tanh — sign(u,) ch? ( )wm
q|wq| 2Ew; q|wq|
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6.1.1 Initial Conditions:

Initially we chose our ice velocity as,

L ()
U = 0 sin 7 ,
and for ice thickness and area we chose a smoothly varying function defined as,

h=1+ sin(ﬂ—Lx),

and,

x
a= sinz(W—

L )
As previously noted, pressure term is defined as,

P = P*he” @A)

where, P* = 27.5 x 10? and C' = 20. We can see the range of values of the functions defined

above in the following figure.

ice thickness

2 T T R T S T T
1.5} . -
1 e 1 il 1 1 1 1 1 1 1 -
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x10°
i ice area
0.5 = 1
0 — "_r'rff | | | | i | | B
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
«108
x10% pressure
5 r T T T T 7, T T T T 7]
£
.o
'l \
4 S
-y Mzs
0 | | | ) | o —— | |
0 0.2 0.4 06 0.8 1 1.2 14 1.6 1.8 2
<108

Figure 6.1: Ice thickness, area and pressure plotted against the domain.
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6.1.2 Avoiding discontinuity:

Remember,

1
( = KPtanh ( ),
q|we|
PSlgn(wm) 2 (

1
» = KP, tanh -
¢ an (qrw) 2Eu?

If we plot them, we can see that,there is discontinuity in the derivative of ( and same

—q’wx’)wm-

problem arises when we take derivatives of the other terms such as u, and u,,.

x10"2 ¢lw)
T T T T .'.'| T T T T
10 A |
i
I'II I"'.
Lt
[\
5F / \ .
| Y
/ \
! A
/ \
D i | | [ i h i | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
«108
x105 Colw)
5 - T T T fﬂ T T T T T -
If’
//
0 f ;
:fj
'f"r
i
5 1 1 1 1 1 lf; 1 1 1 =
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
« 108

Figure 6.2: The problem of discontinuities.

To overcome this, we added a very small constant namely T = 107! and then we
redefine the above terms and similar other derivatives as,

1
— KPtanh [ ——— ),
¢ o (q!wx+T\)

1 Psign(w,) 9 1
» = K P, tanh — h® (—————— )W,
s an (q|wx|) 2Fw? bec (q|wx + T])w
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as a result, we can see from the plot below that the discontinuity problem has been re-

solved.

x1012 ¢(w)
T T T T .3 T T T T
10 ..l'l I'\.I T
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5 / \ .
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0 | | | ! L 5 L | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x 108
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g o
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\\1 :,f
5 1 1 1 1 1 \\’f{; 1 1 1 o
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x 108

Figure 6.3: Result of adding T to the derivatives.

6.1.3 Res-calling the linear problem:

Using Backward Euler on temporal resolution, we get,

P+ N | po Ot — wy|(u” — uy) — E2CEul — B2CFub | = oF 1 + NW (2, kAL,

where,
At
N = oh
For k = 1, linearizing the above equation,
av + fu, + Yz = f(x) (6.1
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where,
f(x) =u" + NW(x, At) — M(u)
M(u) =u+ N[prdw|u — U | (U — ) — By — E2€U$x:|

At
@ =2—puCawlu — uy| + 1
ph

(
2 1 1 2 1
~NE*KP, {tanh (qul) — msech (M)} +
f = NusP anp (L) sech? ( L ) + PN Bugr g0}y (L) ,whenwu, #0,E = (1+ 6*2)%

2Ku3 qlua| qlua| 2|ug| qlua|

— S K(1 4 e?)P,, when u, =0

\

—NEQKP[tanh (L) Lsech2( 1 )}, when u, # 0

dlual ) dlual dlual
’}/ =
—%KE?P, when u, = 0
assuming, N = %; E=(1+4e2):.
Let z = £ <= 1z = Lz be the change of variables that re-scales x € [0, L] to z € [0, 1]. This
is also known as a non-dimensionalization procedure.
Let
0(2) = v(2),4(2) = 7(2), B(2) = B(x), &(2) = alz), f(2) = f(@).
dz __ 1 der __
We have 2 = ; and ¢7 = L. Then,

_ dv(z) do(z)dz 1.

Ve de  dz dv sz
and
1.
Vg = ﬁvzz
Therefore (6.1) is equivalent to
1)y BB L ey = fle), 0< 2 <1, 6(0) = o(1) = 0. (6.2)

L? L

Dividing over by the coefficient of the second derivative yields

U, +p(2)0, +q(2)0=7r(2), 0< 2 <1, v(0)=v(l)=0, (6.3)
where R R
_LBG) P 1)



Equation [6.3]can be solved using finite elements on the interval (0, 1) (after symmetrization
etc.) leading to the approximation of (z) solution of (6.2) which can then mapped back
to obtain the solution v(z) = 9(z) of (6.1).

Introducing the integrating factor, we get,

(p0") + 90 =g,
where, ¢ = e/ P4 4 = pg(2) and g = r(z)e/P(®)9%, So finally with the proper choice of

Newton’s guess,we have the following problem to solve,

(") + 90 =g,
with 4(z, 0) = w(z), (0, 1) = (1, ) = 0.

6.1.4 Stopping criteria:

While calculating the coefficients i.e «, 3 and ~, it was observed that v grows exponentially

and to fix that we chose that function as,
v = max(y, —10"),

which returns the largest value between each of its compared to —10*. Also when comput-
ing the integrating factor using mid-point integration method,we subtracted the maximum
value from it. As in,
y = el p(&?)dﬂc7

and then,

y1 =y —max(y).
When we form our matrix to solve the linear problem, we find out that the matrix is
ill-conditioned as the condition number of the matrix was infinity at ever iteration so tra-
ditional matrix solver such as Gauss-seidel method failed to get productive results. So we
chose, GMRES (Generalized Minimal Residual) method, the benefit of this method is that
it can be restarted, which allows the method to be applied multiple times with different
initial guesses for the solution.
We chose separate tolerances for the GMRES method which was 10~¢ and for the newton

iteration was 1078.
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6.1.5 GMRES method:

In MATLAB, GMRES (Generalized Minimal Residual) is a widely used iterative method for
solving large, sparse linear systems of equations. It is particularly effective when dealing
with ill-conditioned matrices, as it helps overcome the limitations of direct solvers.

The GMRES method is an iterative technique that approximates the solution to a linear
system by constructing a sequence of vectors. It aims to minimize the residual, which
represents the difference between the left-hand side and the right-hand side of the linear
system. The method progressively improves the solution at each iteration until a desired
level of accuracy is achieved.

In MATLAB, the gmres function is used to apply the GMRES method to solve linear systems.

The basic syntax of the gmres function is as follows:

[x, flag, relres] = gmres(A, b,[],t0l,N)

where, A is the coefficient matrix of the linear system, b is the right-hand side vector of the
linear system, x is the computed solution vector, flag is a convergence flag that indicates
the success or failure of the iterative process, a value of 0 indicates successful convergence,
relres is the relative residual norm, representing the accuracy of the solution. iter is the
number of iterations performed, N is the maximum number of iterations, tol is the tolerance

level, and [], the initial guess for the solution.

6.1.6 Convergence test:

After doing a convergence test on the solver by varying N and K, we can confirm the 2nd

order accuracy for the spatial resolution and 1st order accuracy for the temporal resolution.

Table 6.2: Confirming order of convergence for temporal resolution

N K Error Order
400 | 24000 | 1.5957e-08
400 | 48000 | 7.7846e-09 | 1.0355
400 | 96000 | 3.8699e-09 | 1.0083
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Table 6.3: Confirming order of convergence for Spatial resolution

N K Error Order
50 | 48000 | 2.2906e-07
100 | 48000 | 4.3949e-08 | 2.3818
200 | 48000 | 7.6884e-09 | 2.5150

Numerical Solution vs Exact Solution. time=26733.6sec.
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Figure 6.4: Exact solution vs computed solution when k = 2.5 x 10°.
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Numerical Solution vs Exact Solution. time=23292sec.
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Figure 6.5: Exact solution vs computed solution when k = 10°.

Numerical Solution vs Exact Solution. time=432000sec.
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Figure 6.6: Exact solution vs computed solution when k = 10?.

Clearly, k = 10? is the ideal smoothing constant for the SIME solver.
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6.2 Performance of the Nonlinear Solver:

We investigate the performance of the nonlinear solver. Considering different tolerances
for the Newton Method, we compute the average number of the iteration and we can find
out which tolerance constant is better for our case. To solve the matrix of finite element

method, we use GMRES method of the MATLAB.

6.2.1 Convergence of the Newton Solver:

Newton solver refines the initial guess for the solution by updating it based on the residuals
of the equation being solved. And the convergence of the solver is evaluated by observing

the residual norm, which represents the magnitude of the equation’s deviation from zero.

Logarithm of Residual Evolution for Timestep 1200

Log of Residuals for Tol = 0.0001
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Figure 6.7: Number of Newton Iteration per time step based on tolerances and L2 norm of

residue.
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Logarithm of Residual Evolution for Timestep 24000
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Figure 6.8: Number of Newton Iteration per time step based on tolerances and L2 norm of

residue.

6.2.2 Tolerance based:

For this case study, we considered N = 100 and K = 1000. and we chose GMRES tolerance

as 1074,
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Tolerance | Average Number of Newton Iteration | Number of times Newton Solver

failed to converge

1071 44 93
1078 10 35
10-° 1 20
10~ 1 3

Number of Newton Iterations per Time Step

100

Tol=1e-4
Tol = 1e-6
Tol=1e-8
Tol = 1e-10

90

80

70

60

50

40

Number of Iterations

30 |

20

0 1 2 3 4 5 6 7 8 9
Time Step «10%

Figure 6.9: Number of Newton Iteration per time step based on Tolerances.
Based on the table above, we can say that 10~® and 10~'° is not an ideal tolerance for our

case.

6.2.3 Damped Constant 7 based:

For this case study, we considered N = 100 and K = 1000. and we chose GMRES tolerance

as 1074,
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Tau

10

Average Number of Newton Iteration

1

2

7
22

Failed to converge

W N = =

Run time

4673.005371 seconds
3911.647747 seconds
723.709521 seconds
3363.083477 seconds

100
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80

Number of Iterations

70 r

Number of Newton Iterations per Time Step

Time

Tau=1
Tau=2
Tau=5
Tau=10

Step x10*

Figure 6.10: Number of Newton Iterations based on damping factors.
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Chapter 7

Conclusion

Sea Ice Momentum Equation describes the motion of sea ice under the influence of vari-
ous forces. It accounts for the advection of momentum by the ice velocity, viscous plastic
rheology accounting for internal ice processes, including the pressure gradient driving the
ice motion, and external forces acting on the ice namely wind and ocean stress [9]. In our
study, we focused on the one-dimensional case, which allowed us to examine how momen-
tum changes along a single direction and also we discussed the possibility of improving the
way that the sea ice momentum equation is solved using Newton’s method, using a PDE
approach of Loeper & Rapetti et al [5]].

To apply this method, we linearized the SIME equation and used the Finite Element Method
to solve the resulting linear equation at each step. While we tried a damped Newton
method, we found that using a unit damping constant worked best for our purposes. The
resulting linear equations are difficult to solve because of their ill-conditioned nature. To
address this, we used the GMRES method, a numerical technique that helps handle such
challenges. As done in Lemieux et al. [10] and Seinen and Khouider [1]], we used hyper-
bolic tangent to smooth the singularity of the viscous plastic sea-ice momentum equation.
Because of the ill-conditioning of the mass matrix, however the GMRES worked only when
the smoothing constant is set to X = 100, while Lemieux et al. [10] and Seinen and
Khouider [1]] have used K = 2.5 x 10%. However, we did not fully explore the stability
of our approach, which is an important area for future investigation. Also, other possible

steps we took to handle these systems such as matrix preconditioning (we rescaled the
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whole system), regularization (adding small perturbations to the matrix) and also pivoting
(permuting rows or columns of the matrix to ensure that the largest or most significant
entries are used during computations).

Additionally, it would be beneficial to extend our analysis to the two-dimensional case. This
would provide a more comprehensive understanding of how numerical methods perform
and allow us to explore sea ice behavior in a wider range of situations.

In summary, our study highlighted the significance of the sea ice momentum equation in
understanding sea ice movement in a one-dimensional setting. Our efforts to improve the
numerical solution lay the groundwork for further research. By investigating stability and
expanding to the two-dimensional case, we can deepen our knowledge of sea ice dynamics

and contribute to the field of sea ice modeling and research.
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Appendix A: Codes

clear all

%% Parameters

lmax=100; % Maximum number of Newton Iterations
Tol=1e-6; % Tolerance Value

K=100;

tau=1; Jdamping factor

% initialize variables
v=[]1;V=[1;w=[];phi=[];psi=[];r=0[];x=[1;

n=100; % number of elements

a=0;

b= 2000000; %[a,bl computational domain. 2000 km
L = (b-a);

h=(b-a)/n;% mesh size 200km

x=a:h:b; %nodal points.

u0=(1/10)*sin ((((4*x)/L)-2).72); % initial condition
Tend=24*60%60; 7 1 day

KT=48000;

Dt = Tend/KT;%time step seconds

hei = 1+ sin(pi*x/L); % height

Ar = (sin(x*pi/L))."2; 7 Area
Cli1 =5 % 10~(-6);
hh

%linear profile at t = tk
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26

27

28

29

30

31

33

34

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

52

53

54

55

56

tk=0;

w_al (1/10) *sin ((((4*a)/L)-2) .72 + Clx*tk);

w_bl (1/10)*sin ((((4*xb) /L) -2) ."2 + Clxtk);
LkO=(w_bl-w_al)*(x/L)+ w_al;

%figure (1) ,plot(x,Lk0) ,hold on,title(’first solution at t=0’)

rho = 918;
N_ = Dt./(rhox*hei);
uxl=[];

%% Newton Solver each time step

for k=1:KT

tk=k*Dt ;

Gl=gfct(x,tk,L,K);% W(x,t)

G = u0 + N_.*xG1;

%figure (2) ,title(’W(x,t)’),hold on,plot(x,G);

%linear profile at t = tk

w_al (1/10)*sin ((((4*a) /L) -2) .72 + Clxtk);

w_b1l

(1/10) *sin ((((4*b) /L) -2) .72 + Clx*tk);
Lk=(w_bl-w_al)*(x/L)+ w_al;

%form the initial guess

ulO0=Lk-Lk0+u0;

%figure (3) ,plot(x,ul0) ,hold on
%title(’Initial Guess for newton iteration’)
for 1=1:1max

% calculate 1st and 2nd derivatives of u
[ux,uxx] = NatSpL(x,ul0); 7% cubic spline

Ms = Meqn(ulO,x,Dt,ux,uxx,L,K); JM(u)
%figure (5) ,plot(x,Ms) ,hold on
%title(’Nonlinear u or M(u)?)

bts = bet(x,ux,uxx,Dt,L,K); Y%beta

%figure (6) ,plot(x,bts) ,hold on

%title(’Beta function’)

gma = gum(x,ux,Dt,L,K); Ygamma
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66

67

68

69

70
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79

80

81

82

83

84

85

86

87

88

hfigure (7) ,plot(x,gma) ,hold on

%title(’Gamma function?’)

als = alph(x,ul0,Dt,L); %alpha

hfigure (8), plot(x,als), hold on, title(’Alpha function?’)
Li=L;

fx = (L1-2%(G-Ms))./(tauxgma);
%tau=max (1,max (abs(fx)/100));

%fx = fx/tau;

%figure (9) ,plot(x,fx) ,hold on, title(’fx’),

%%% integrating factor

paa = (Ll*bts)./gma;

gaa = (L1~2xals)./gma;

%figure (10), plot(x,paa),hold on, title(’p(x)?)
%figure (11), plot(x,qaa),hold on, title(’q(x)?)
% Rectangle Method

hi=h/L1;

y1(1)= paa(1l)*h1/2;

for ks = 2:length(x)
y1(ks) = yl(ks-1) + hlx*paa(ks);
end

yl=y1l-max ((y1));

hfigure (221)

%plot(x,y1l)

hpause

rx= exp(yl) .xfx; Jr

%plot(x,rx,’0-7), title(’r(x)?)

phix= exp(yl);

%figure (111) ,plot(x,phix,’0-’), hold on, title(’\phi(x)’)
psix= exp(yl) .*qaa;

%figure (112) ,plot(x,psix,’0-?), title(’\psi(x)?)
%assemble mass matrix and right hand side

[M,B] = matrix_assemb (phix,psix,rx,hl);
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8o | hcodM=condest (M)

o0 | [V,FLAG,RELRES] = gmres(M,B,[],1.e-4,50);

o1 | if (FLAG>0)

o2 |display ([’FLAG=’, num2str (FLAG),’GMRES RELRES=’,num2str (RELRES)])
93 | end

o4 |hfigure (21) ,plot (V) , title(’V?)

os |hget solusion at nodal points.

96 |v(1)=0;v(n+1)=0;

o7 |v(2:n)=V;

o8 | hupdate ul

90 |ul0=ulO+v;

00 |hconvergence test

101 |errNwtn = mean(abs(v)) ;

102 | 1f (errNwtn<Tol)

103 | break

104 | end

105 | end

06 |uxl=luxl;ux(1)];

107 |u0=ul0;

108 | LkO=Lk;

o | figure (33)

10 | subplot(2,1,1)

1 [plot(x,u0,’rx-’),hold on

12 | plot (x,(1/10) *sin ((((4*x)/L)-2) .72 + Clxtk),’b-’), hold off

113 | legend (’Numerical’,’Exact’);

14 [title ([ ’Numerical Solution vs Exact Solution. time=’,num2str(tk),
‘sec.’])

115 | subtitle (’Day 17)

116 | subplot (2,1,2)

17 | plot (x,u0-(1/10) *sin ((((4*x)/L)-2) .72 + Cl*tk),’go-’),%hold on

s |title (?Error ?)

119 | end
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120

)

10

errorgq=sqrt(mean ((1/10) *sin ((((4*x)/L)-2) .72 + Clx*tk)-u0)

.72)

function [M,b] = matrix_assemb(phi,psi,r,h)

n=length (r)-1;
phi_hlf=(phi(l:n)+phi(2:n+1))/2;
psi_hlf=(psi(l:n)+psi(2:n+1))/2;
r_hlf=(r(l:n)+r(2:n+1))/2;

M=sparse(n-1,n-1);b=zeros(n-1,1);

for I=1:n-2

M(I,I) = (phi_hlf(I)+phi_hlf(I+1))/h -
h*(psi_hlf (I)+psi_hlf (I+1))/3;

M(I+1,I)

M(I,I+1) M(I+1,I);
b(I)= -(r_hlf(I)+r_hlf(I+1))*h/2;

end

M(n-1,n-1) = (phi_hlf(n-1)+phi_hlf(n))/h -
h*(psi_hlf(n-1)+psi_hlf(n))/3;
b(n-1)= -(r_hlf(n-1)+r_hlf(n))*h/2;

-phi_hlf(I+1)/h - h*psi_hlf(I+1)/6;

function [yy,yyyl = NatSpL(x,y)

n = length(x);
for i=1:n

a(i) = y(i);

end

for i=1:n-1
h(i)=x(i+1)-x(i);

end
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for i=2:n-1

>lalfa(i)=3/h(i)*(a(i+1)-a(i))-3/h(i-1)*x(a(i)-a(i-1));

; | end

S11(1) =1;
s |mu (1) =0;

z(1)=0;

o|for i=2:n-1

1(i)=2*%(x(i+1) -x(i-1))-h(i-1)*mu(i-1);
mu(i)=h(i)/1(1);

2 |z(i)=(alfa(i)-h(i-1)*z(i-1))/1(i);

end

25 1(n)=1;

z(n)=0;
c(n)=0;

for i=n-1:-1:1

c(i)=z(i)-mu(i)*c(i+1);
b(i)=(a(i+1)-a(i))/h(i)-h(i)*(c(i+1)+2%c(i))/3;
d(i)=(c(i+1)-c (1)) /(3*h(1i));

33 | end

s | for i=1:n-1

yy(1)=b(i);

yyy (1) =2*xc(i);

end
yy(n)=b(n-1)+2*c(n-1)*h(n-1) +3*xd(n-1) *h(n-1) ~2;
yyy(n)=2*c(n-1)+6*d(n-1)*h(n-1);

function Ms = Meqn(u,x,Dt,ux,uxx,L,K)
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21
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23
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25

26

27

28

32

33

rho 918; 7 dice density

hei 1+ sin(pi*x/L); 7 height
N1 = Dt./(rhox*hei);

h

rho_w = 1026; kg m~-3
C_dw = 0.005b5;

(-0.1%(2%x-L))./L;

I‘:
=
I

e = 2;
erp = 1+ e~ (-2);
E = erp~(1/2);

yA
%K = 2.5%x10°8;
hpr = 1;

pr = 27.5%10°3; 7 pressure const

=
H
1]

(sin(x*pi/L))."~2; I Area

=
H
1
o.

Cc = 20;
hei_d = (pi/L)*cos(x*pi/L);

ypr = pr.xhei.xexp(-Cx(1-Ar)); ’ Pressure

ypr_d = pr.*exp(-Cx(1-Ar)).*(hei_d+ C.xhei.*xAr_d);
h

hfigure (34) ,clf

= 2% (pi/L) .*sin(x*pi/L) .*xcos(x*pi/L); 7 Area der

% pressure der

%subplot (4,1,1),
%hsubplot (4,1,2),
%subplot (4,1,3),
%subplot (4,1,4),

hpause

h
ni=length(x);

plot (x,hei_d)
plot (x,Ar_d)
plot (x,ypr)
plot (x,ypr_d)
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46

47

48

50

51

52

53

ga = 2%KxE;

for I=1:n1

thta = 1./(qa*abs(ux(I))+1le-10);
if (qa*abs(ux(I))>10e-10)

zet (I) = (K.*xypr(I).*xtanh(thta));

zet_d (I) =

(K¥ypr_d(I).*tanh(thta)-sign(ux(I)) .*(ypr(I)./(2*E.*xux(I)."2)).|..

.*¥(sech(thta)) . ~2.xuxx(I));7%
else

zet(I) = K.*xypr(I);

zet_d (I) = K*xypr_d(I);

end

end

hfigure (35),clf

%subplot (3,1,1), plot(x,thta)
hsubplot(3,1,2), plot(x,zet)
%subplot (3,1,3), plot(x,zet_d4)

hpause

Ms= u+
N1.*x(rho_w*C_dw.*abs(u-u_w) .*(u-u_w)-erp.*zet_d.*ux-erp.*zet.*u

end

xx) ;

function gma = gum(x,ux,Dt,L,K)

rho = 918;

(1+e~-2);

[0}
H
el
1]

E = erp~(1/2);

pr = 27.5%10°3; Y pressure const
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23

24

25

26

27

28

33

34

hpr = 1;

hei = 1+ sin{(pix*x/L); 7 height

Ar = (sin(x*pi/L))."~2; % Area

C = 20;

ypr = pr.*hei.*exp(-C*(1-Ar)); ) Pressure
/A

ga = 2%KxE;

thta = 1./(qga*abs(ux)+1le-10);

Ng = Dt./(rho.*xhei);

ni=length(x);

for I=1:n1

if ((gqa*abs(ux(I))>1e-10))

gma(I) = (-Nq(I)*erp*K.*xypr(I).*x(tanh(thta(I))-
(1./(qa*abs(ux(I))+1e-10)) .*(sech(thta(I))."~2)));

else

gma(I) = (-Nq(I)*K*erp.*ypr(I));

end

end

gma = max(gma,-le4);

hfigure (111) ,hold on
%plot (x, gma)
hpause

end

function G=gfct(x,t,L,K)

% this is the nonlinear PDE of the form of known solution
Cl = 5 % 10"(-6);

hdisplay ([’C1l=’,num2str(C1)])

hdisplay([’time in gfct, tk = ’,num2str(t/60)1)
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23

24

25

26

% known solution w and its derivatives

w = (1/10)*sin ((((4*x)/L)-2) .72 + Clxt);

Wt (C1/10)*cos ((((4*x)/L)-2) .72 + Clxt);

(8/(5xL~2))*x(2*%x-L) .*cos ((((4*xx)/L)-2) .72 + Cilxt);

WX

wxx = (16/(5*L~2)) .xcos ((((4*x)/L)-2).72 +

Clxt) -(8%16/(6*xL~2)) .*(2*%x/L-1) ."2.*%sin((((4*xx)/L)-2)."

Cilxt);

918; 7 dice density

H

=

o
1]

1+ sin(pi*x/L); 7 height

=

®

'_l.
1}

rho_w = 1026; %kg m~-3
C_dw = 0.0055;
(-0.1%x(2xx-L)) ./L;

]
=
1}

1+ e~ (-2);

[0}
H
el
1]

E = erp~(1/2);

pr = 27.5%10°3; Y pressure const

hpr = 1;

Ar = (sin(x*pi/L))."~2; % Area

Ar_d = 2*(pi/L) .*sin(x*pi/L) .*cos((x*pi/L)); % Area der
C = 20;

hei_d = (pi/L)*cos(x*pi/L);

ypr = pr.*hei.*exp(-C*(1-Ar)); ) Pressure

ypr_d = pr.*exp(-Cx(1-Ar)) .*(hei_d+ C.xhei.*Ar_d); 7 pressure der

/A
gqa = 2%xKx*xE;
nl=length(x);

UX=WX ;
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41

42
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45

46

47

48

50

52

UXX=WXX ;
for I=1:n1

thta = 1./(ga*abs(ux(I))+1e-10);

if (qa*abs (ux(I))>10e-10)

zetw(I) = (K.*ypr(I).*tanh(thta));

zetw_d (I) = (Kxypr_d(I).*tanh(thta)-sign(ux(I)).x(ypr(I)./...
(2*E.*ux(I)."2)) .x(sech(thta)) . 2.xuxx(I));%

else

zetw(I) = K.*xypr(I);

zetw_d (I) = Kxypr_d(I);

end

end
G= rho.*xhei.*wt+
rho_w*xC_dw.*xabs(w-u_w) .*(w-u_w) -erp.*zetw_d.*wx-erp.*zetw.*wxx;

hfigure (12), plot(x,G),title([’Time=’,num2str(t)])

end

function r=GaussSeidel_sp(T,rhs)

% Use Gauss-Seidel iterative method to solve x for Mx=b;
[n,rl=size(T);

if n”=r | n<o0

error (’A must be a square matrix?’);

end

Toler = le-4; 7 Set precision

MaxIter = 10000; % Set maximum iterations
Iter = 1;

r0 = zeros(n,1); % Initial value

r = zeros(n,1); % output x

while Iter < MaxIter

for j=1:n
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)

r(j) =(-T(j,1:3-D*r(1:j-1)-T(j,j+1:n)*r0(j+1:n)+rhs(j))/T(j,]);

end

if norm(r-r0)<Toler
break;

end

rO=r;

Iter = Iter+1;

end

%disp ([’ Number of Iterations:’ num2str(Iter)]);

if Iter >= MaxIter
disp(

end

)

function bts = bet(x,ux,uxx,Dt,L,K)
rho = 918;

hei = 1+ sin(pix*x/L); 7 height

hei_d = (pi/L)*cos(x*pi/L);

Ar

(sin(x*pi/L)).~2; % Area
Ar_d = 2%(pi/L) .*sin(x*pi/L) .*cos ((x*pi/L));
N1

Dt./(rho*xhei);

erp = 1+ e~ (-2);
E = erp~(1/2);
b

pr = 27.5%10°3; J pressure const
hpr = 1;
C = 20;

ypr = pr.*xhei.*exp(-C*(1-Ar)); ) Pressure

% Area der

ypr_d = pr.*exp(-Cx(1-Ar)) .*x(hei_d+ C.xhei.xAr_d); 7’ pressure der
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h
ga = 2%xKx*xE;
thta = 1./(qa*abs(ux)+1le-10);

nil=length(x);

for I=1:n1

if (qa*abs (ux)>1e-10)

bts(I) = (-N1(I)*erp*K.*ypr_d(I).*(tanh(thta(I))-...
(1./(gaxabs(ux(I))+1e-10) .*(sech(thta(I))."2)))+...
(N1(I).*uxx(I).*ypr(I))./(2*K.*ux(I)."3).*tanh(thta(I))..
.*(sech(thta(I))."~2) + (ypr(I).*N1(I).*E.*xuxx(I))/...
2.%(ga*abs(ux(I))+1e-10) .*(sech(thta(I))."2));

else

bts(I) = (-N1(I).*Kxerp.*ypr_d(I));%.*(ga*abs (ux)<=1e-10);
end

end

function als = alph(x,u,dt,L)

rho_w = 1026;

C_dw = 0.0055;

rho = 918;

%K=2.5e8;

hei = 1+ sin(pi*x/L); 7 height

u_w = -0.1%x(2*x-L)/L;

N_w = (dt./(rho.*hei))*rho_w*C_dw;
als = 2*%N_w.*abs(u-u_w)+1;

%als = (2+N_w.*xabs(u-u_w)+1)/K;

end
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