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ABSTRACT

The purpose of hybrid numerical analysis is to combine the advantages of different
methods, and at the same time, avoid their disadvantages. In this thesis, two hybrid
combinations of numerical methods that yield better numerical performance than any of
the methods alone have been developed. The thesis comprises two distinct parts.

Part one describes the hybrid combination of the MRTD (wavelet based multiresolution
time domain method) and the TLM method. A small section of part one is devoted to the
technique of ATLM, which is useful in eliminating spurious solutions by eliminating
computational redundancy.

Part two describes a new approach for modeling the thermal behavior of waveguide
components under high-power operating conditions. Three mechanisms of heat transfer
have been investigated, namely conduction, convection and radiation. This hybrid
electromagnetic/thermal algorithm is very useful for microwave engineers in shortening

the time for designing high-power waveguide components
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Chapter 1 Introduction

1.1 Background

The numerical analysis of systems of differential and integral equations has become a
major issue in science and engineering. Each numerical method has its unique
advantages, however, the limitations are also unavoidable. The purpose of hybrid
numerical analysis is to combine the advantages of different methods, and at the same

time, avoid their disadvantages.
1.1.1 Classification of Numerical Methods

It is possible to analytically solve the electromagnetic fields inside waveguide
components when the structure is not too complicated. But, because most structures used
today are not amenable to closed-form analytical expressions, numerical methods are

essential for these types of applications.

One criterion for classification is the nature of the operators in the equations. It may be a

differential or an integral operator. Another possible criterion is the domain in which the
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operator, the field, and the source functions are defined. If these are defined in time, then
the method is described as a time-domain method (TD). Alternatively, the frequency

domain may be chosen, leading to frequency-domain methods (FD).

Clearly, the TD formulation is suitable for studying transients and nonlinear phenomena,
while the FD formulation is appropriate for studying the steady-state response to a
sinusoidal excitation. Any information available in the TD can be converted into the FD,
and vice-versa. However, although the two descriptions are formally equivalent, issues of
efficiency normally dictate which approach is the most convenient for a particular

problem.

1.1.2 Time Domain Numerical Methods

Time domain analysis was, at least in the first half of the twentieth century, mostly
performed in high voltage engineering in order to deal with transients due to switching,
loading changes, breakdown and lightning. Later, the development of digital techniques
for communications, measurement and high-speed logic has stimulated greater interest in

time domain analysis, both at the circuit and the field levels.

In order to reduce the computational complexity of a field problem it is both reasonable
and desirable to reduce the number of independent variables by using Fourier
transformation techniques. In this way, assuming sinusoidal time dependence can
eliminate the time dimension. Furthermore, if a structure is uniform in one or even two
space dimensions, the problem can be broken down into simpler steady-state periodic

solutions.
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Discrete time domain models of electromagnetic fields can be obtained by discretizing

time domain differential or integral formulations.

1.1.3 Advantages of Time Domain analysis

The principal advantages of modeling electromagnetic fields in the time domain are the

following:

I1.

I11.

IV.

VL

Non-sinusoidal waveforms and transient phenomena can be studied directly.
Nonlinear and frequency dispersive behavior can be modeled more physically in
the time domain than in the frequency domain where the representation of these
properties is mostly phenomenological.

Properties over a wide frequency band can be obtained with a single impulsive
analysis.

The geometry and electromagnetic material properties of a structure can be varied
during a simulation through modeling of moving boundaries and time varying
constitutive parameters.

Direct numerical synthesis is possible through reversal of electromagnetic
processes in time.

The results obtained are easier to interpret because the time domain formulation
applies directly in space and time, the natural dimensions in which dynamic

physical events are experienced.



1.1.4 The TLM Method to solve the Electromagnetic Problem

Transmission line modeling (TLM) provides a conceptual model, which produces a time
domain numerical technique for solving networks and fields. Electromagnetic fields are
modeled by filling the field space with a network of transmission lines, which renders the
problem discrete in space and time since pulses launched on the network scatter from
point to point in space in a fixed time step. Electric and magnetic fields are made
equivalent to voltages and currents on the network. The numerical calculation usually
starts by exciting the network at specific points by voltage or current impulses and tracks
the propagation of these impulses over the network as they are scattered by the nodes and

branches at boundaries.

The main advantange of the TLM method is:

L The ease with which even the most complicated structures can be analyzed.

I1. As far as computational expenditure is concerned, TLM method compares
favorably with finite-element and finite-difference methods.

IlI.  The passive nature of the TLM network model and the use of scattering rather
than finite differencing guaranties stability and numerical robustness.

IV.  Another advantage resides in the large amount of information generated in one
single computation. Not only is the impulse response of a structure obtained,
yielding in turn, its response to any excitation, but also the characteristics of the
dominant and higher order modes are accessible in the frequency domain through

the Fourier transform
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V. Since TLM operates in the time domain, it can directly account for time-
dependant properties of structures, i.e., variations in material properties during the

simulation.

1.2 Motivation

Any numerical method has its unique advantages as well as some unavoidable
limitations. For example, although wavelet based time-domain techniques can reduce the
computational effort and by virtue of thresholding techniques, may also save memory, it
is very difficult to realize complicated boundary conditions when using wavelets.
However, the TLM method is very powerful when applied to model with complicated
boundary conditions. Speaking of the thermal application such as predicting the
temperature rise and distribution in waveguide components or optimizing the power
handling capability of high power waveguide components, the TLM method is not as
straightforward to apply as FDTD. FDTD can approximate the equation governing
thermal conduction without the need for an equivalent electrical network and is thus very
popular in thermal applications.

The work in this thesis is originally motivated by the need to solve problems such as
discussed above. A hybrid solution is sought that will be able to simultaneously take
advantage of the strengths of several numerical methods while minimizing the effects of
their shortcomings or even try to compensate. Several hybrid approaches have been
derived, implemented and tested in this thesis, and the conclusions will be very useful for

further research.



1.3 Original Contribution

The main contribution of this thesis is the development of two novel hybrid combinations
of numerical methods that yield better numerical performance than any of the methods
alone. The thesis thus comprises two distinct parts. Part one describes the hybrid
combination of the MRTD (wavelet based multiresolution time domain method) and the
TLM method. A small section of part one is devoted to the technique of ATLM, which is
useful in eliminating spurious solutions by eliminating computational redundancy.
Although the complex implementation of ATLM leads to a late-time instability of the
hybrid scheme, this first attempt will serve as a useful starting point for further research
on this topic.

Part two of the thesis describes a new approach for modeling the thermal behavior of
waveguide components under high-power operating conditions. In addition to microwave
heating, conventional heating can be modeled and simulated with the thermal part of the
algorithm as well. Three mechanisms of heat transfer have been investigated.

First, the important material properties and concepts used in the thermal application are
discussed in detail. The diffusion of heat through conduction is computed not only in
homogeneous but also inhomogeneous bodies that have different zones with different
thermal properties. Temperature dependence of thermal conductivity is also taken into
account.

Thermal convection is modeled under the assumption that no cooling system is present so
that only natural convection is simulated. Calculation of the Nusselt number to obtain the

heat transfer coefficient is also discussed.
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As to the process of thermal radiation, both free radiation and thermal heat exchange by
radiation are modeled. Free radiation is rather straightforward to simulate, however, the
analysis of thermal heat exchange between mutually visible surfaces can require
tremendous effort. The hardest part is to determine the shape factors between the surfaces
of arbitrary shape, at arbitrary location. Some empirical formulae are presented, but we
will also point out some simplifying assumptions in the numerical calculation of the
shape factors, such as the assumption that the cell surface is of infinitely small area so
that it can be considered as a point object. However, this requires a small time step and
may lead to a huge computation effort. Thus, one may want to opt for a tradeoff between
these possibilities.

The simulation results show a temperature evolution curve that is physically meaningful,
and the temperature distribution also corresponds to that of the source power distribution.
However, due to the complexity of the thermal situation, it is hard to find reliable
experimental data for validation. Thus, some approximate evaluation of the hybrid
algorithm has been performed.

The hybrid electromagnetic/thermal algorithm is potentially very useful for microwave
engineers in shortening the time for designing high-power waveguide components. It
allows to predict the temperature rise, to identify potential hot spots, to predict the critical

time constants and to optimize the power handling capability.

1.4 Structure of the Thesis

This thesis is organized into nine chapters. After the introduction, Chapter 2 and Chapter

3 form Part I of the thesis. Two hybrid combinations of numerical methods, namely
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TLM-MRTD and ATLM-MRTD, form the subject of Part 1. Their derivation,

implementation and testing are described

The subject of Part Il is the hybrid combination of an electromagnetic TLM scheme with
a thermal model including conduction, convection, and radiation of heat. . Chapter 4 first
introduces the energy conservation equation according to Poynting’s theory. Then the
evaluation of power dissipated in good conductors and lossy dielectric materials is
described. Power handling capability is defined and discussed in the last part of Chapter
4.

Chapters 5-7 are dedicated to three types of thermal processes: thermal conduction,
thermal convection and thermal radiation. At the beginning of each of the three chapters,
definitions pertaining to each specific heat transfer mode are presented. Then the
governing equations are derived and modeled. Thermal conduction is formulated using an
explicit FDTD scheme. Natural convection is taken relatively easily into account if
certain assumptions and simplifications are made. Free thermal radiation is treated by
means of empirical equations. The most difficult part is the calculation of shape factors,
which is the subject of Chapter 7.

Chapter 8 first summarizes all the important formulas used in thermal part of the hybrid
algorithm. Then simulation results are presented, followed by a discussion of the cause of
errors.

Chapter 9 presents conclusion of the thesis work and discusses future research directions.



PART 1

Coupled TLM-MRTD Analysis



Chapter 2 Hybrid Combination of TLM with MRTD

2.1 Introduction

Nowadays, wavelet based Multiresolution Time Domain Methods (MRTD) have become
very popular in electromagnetic field modeling. One of the difficulties encountered when
applying MRTD to realistic problems is the modeling of complex boundary conditions
that can be more effectively handled with the traditional numerical time domain methods
such as the TLM (Transmission Line Matrix) method. Hence, we have investigated a
hybrid combination of MRTD and TLM such that the former is used to model
subdomains of simple shape, while the latter models the complicated boundary geometry.
Such a combination requires a technique for connecting MRTD and TLM along a

common interface.

The objective of this chapter is to derive, implement and validate a MRTD/TLM
connection algorithm. Although MRTD offers a potential reduction in computation time
and memory due to a larger time step for equal space resolution compared with TLM, the

advantage of the hybrid combination has not been fully demonstrated in this thesis by
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applying it to a very large mesh. Rather, emphasis has been placed on the interface
algorithm itself. We have used an MRTD scheme based on Haar wavelets, and the TLM
2D shunt node in this analysis. Both TLM and ATLM implementations have been

derived and used in the combination algorithm.

2.2 Combination of TLM and MRTD Algorithms

2.2.1 Models for Haar Wavelet MRTD and 2D TLM Shunt Node

The hybrid algorithm is a combination of the 2D Haar wavelet MRTD and the 2D TLM

shunt node.

The 2D basis functions used in the Haar wavelet MRTD and TLM shunt node are
depicted in Figure. 2.1 and Figure. 2.2, respectively. Only basic information on the
algorithms is provided here. Background theorem on wavelets in details can be found in
the literature. For example, [1] Mallat, [2] Daubechies, [S]Rokhin-[7]Werthen and Wolff

are some widely used references on this topic.
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Figure. 2.1 Basis functions of the 2D MRTD Haar wavelet scheme. ¢ is Haar scaling
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the functions is 1, otherwise it is —1.

The functions¢ and ¥ are defined as

1 for |sl<l/2
#(s)=412  for [s|=1/2

0 elsewhere

@2.1)



13

1/2  for s=-1/2
1 for -1/2<5<0

w(s)=1-1 for O<s<l1/2 2.2)
-1/2 for s=1/2
0 for s=0 and elsewhere
3

Al/.
I.
2 > -4

.

L
z
Figure. 2.2 2D TLM Shunt Node

The structure analyzed is an air filled square resonator. It was symmetrically divided into
an MRTD and a TLM subdomain along the z direction. As shown in Figure. 2.3, the
length of MRTD cell Al,,,,, is twice that of TLM cell, Al,;,, . The time step of MRTD is
twice that of TLM as well. One MRTD cell and two TLM cells nodes are overlapped at
the interface in such a way that the sampling points of the MRTD cell and the centers of

the TLM cells are collocated which is illustrated in Figure. 2.3.
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2.3 Connection Algorithm
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Consider the interface shown in Figure. 2.3, the steps of connection algorithm will be

described below. In each iteration TLM scattering and connection processes take place

twice while the updating of MRTD fields is performed only once. In the following

derivation, “n” denotes the index of MRTD time step.

A. At Time Step “n”

The connection is first made between TLM node voltages and MRTD E-field. For data

transfer from TLM to MRTD E-field, we first sample TLM node voltages at four TLM

nodes that surround the MRTD E, node as

ufd% +

mc E

1 =1 el
Un = incUl" A +; U; A +
2

&7
y inc U4 ]

The relation between the TLM node voltage and MRTD E-field is defined by
B} =]
Then those four voltages are decomposed into the Haar wavelet basis by

¢¢ n
Ey
oy fon
v on
E;

vy n
Ey

11 1 1] "E
1 -1 1 -1||"E}
1 1 -1 -1||"E}
1 -1 -1 1]|"™E]

2.3)

(2.4)

2.5)
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where I, lu, uland uudenote the corresponding Haar MRTD sampling points, for
example, /u denotes the sampling point at the lower side in the x -direction and the upper
side in the z -direction.

For data transfer from the MRTD E-field to TLM, the MRTD E-field at the TLM node

centers on the last column of the TLM nodes are reconstructed by

"Ey1 11 1 1] %E
lu n ] n
Eyj| |1 -1 1 -1{{"E,
“"Ey | |1 1 -1 -1||"E,
“Ey| 11 -1 -1 1[["E,

(2.6)

Since these E-field values are equivalent to TLM node voltages as in (2.4), the incident

pulse at the end of the TLM region can be estimated by

Rl n-1 n-1 .
inc Y, A = 20:/] "\ inc UI A +im' UZ A +inc UB A)
2.7
n n—% n—% n—% ( )
= 2EV N\ inc Ul +mc UZ +inc U3

Thus we have all the TLM incident pulses required for the following TLM scattering

process.

B. Transition from “n " to “n+% 7

The fields are now to be updated both in the TLM and Haar MRTD regions individually.

For H-field update through Haar MRTD,

At
n+l/4 n-1/4 n n
ngHHJ;//Zk = ZHHl/é,k - = (g,gEHl,k - é‘E)?EVI,I() (28)
HAL,
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At
n+l/4 n-1/4 n én n
‘fZH:,k+/1/2 - ZHi,k+/l/2 - ,uA[;’ (‘f;’Ei,kH - ;Ei,k ) (2~9)
M

for £,n=¢,y, where At,, and Al,, denote the Haar MRTD time and space increments,

i, k and n denote the index in the x, z directions and time, respectively.
For TLM, the standard 2D shunt node algorithm is performed, which consists of

scattering and connection procedures

1 e K Y 14 (2.10)
mc[V]n+l/4 _ [C] y [V]n+l/4 (21 1)

where [S] is the scattering matrix and [C] is the connection matrix. Note that for

consistent excitation of TLM and MRTD regions, excitation is not occurred at this

moment but occurred only at the following update step described later.

C. At. Time Step “n+% .

After updating H-field in MRTD, field data are transferred between TLM node currents
and Haar MRTD H-field. For data transfer from the TLM node currents to the Haar

MRTD H-fields, TLM node currents i, are sampled at four TLM nodes that surround the

MRTD H, node as

4 1 "
l. +l/2 =_|:mculn+l/4 _mc U3+l/4] (2.12)
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where Z, is the TLM line-line impedance. Similarly, i, are sampled at four TLM nodes

that surround the MRTD H _ node as

1
n+1/2 n+l1/4 n+l/4l 5 1%
I, im'U incl’ ( 1 )
) Z[ 2 !

Then these currents are converted to the MRTD H-field by

Hn+l/2 = _i:+l/2 (2.14)

HZrH-I/Z = in+l/2 (2.15)

Then the H-fields are decomposed into the Haar basis by

¢¢Hn+l/2 1 1 1 1 / Hn+l/2

1 1 =1 1 -1 lu H:H/Z

y/¢Hn+l/2 Z 1 1 -1 =1 ul Hn+l/2
1

=1 =] 1 uu H$+I/2

oy Hn+l/2
v (2.16)

wy Hn+]/2
o

for w=xand y.
Inversely, data transfer from Haar MRTD H-fields to TLM node currents is achieved first

by reconstructing H, —fields

n H;I+l/2 1 1 1 1 ¢¢H:+I/2
lu H;1+l/2 3 1 =1 1 =] oy H:+l/2
ul H.:HI/Z r 1 1 -1 -1 VI¢H:+I/2 (217)

uu H:+l/2 1 =1 =1 1 wy H;l+l/2
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and then, with the relation (2.12), (2.13), (2.14) and (2.15), the incident pulses at the end

of the TLM region can be estimated by

4 -n+1/2
oy ==z +, 0V

_ n+1/2 n+1/4
- Zle Fine U

inc

(2.18)

It is then possible to perform the next TLM scattering process.

D. Transition from “n+% "to “n+l1”

The field values are now updated again with TLM and Haar MRTD R-update equation.

The Haar MRTD E-update equation is given by

én pn+l _én n
y Bgg =y Byt
AtM &n pyn+l/2 &n n+l/2 En pyn+l)2 &n n+l/2 én on
ghl |:x Hi,k+l/2 X Hi,k—l/Z_(z Hi,k+l/2 Tz Hi,k—l/Z ):|+y €k
M

(2.19)

for &£,n=¢,y, where ‘;"’ e, is the amplitude of an E-field excitation.

The same TLM algorithm as described above, together with an excitation process at this

time, is executed as follows:
ST SL T 4 el ) (2.20)

where [I] is the identity matrix. This excitation procedure gives smooth excitation
distribution over the TLM and Haar regions. This concludes the connection algorithm,

and the cycle is repeated.
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2.4 PEC boundary conditions for MRTD

PEC boundary conditions for MRTD are derived in this section. For the convenience,

boundary is set on £, nodes in MRTD mesh. Upper side PEC boundary has been taken
as an example for the derivation. As illustrated in Figure. 2.4, E; denotes the £, node on
the boundaries and E, denotes the E, node immediately beside E,. These denotations

hold for the rest of this section.

PEC boundary ‘— —'

Elul E]uu
X
L; Z * TEyl 4
E]” Ellu

Figure. 2.4 Upper side PEC boundary, in z direction
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The following equations are derived using the linear interpolation and the property that

tangential electrical filed is zero on PEC boundary:

E'=E"I3 (a)
Ey=E"I3 (b)
EY+E*=0 (c)
Ey+E'=0 (d)

2.21)

Applying the equation (2.6) to (2.21), the coefficients of the field component are

extracted:

(@)=>E{ -E}¥ +EY - E}¥ =(EY —E{* —-E}* +E!")/3
(b)=> Ey +EY +E* +E¥ =(El! +E}Y -E/* +E")/3
()= E¥-EY =0
(d)=>EP¥+EJ =0

(2.22)

E¥ =0

E¥ =0
Ef =(EY - E/*)/3
Ef¥ =(Ef - E*)/3

(2.23)

These are equations for updating £, on upper side PEC boundaries. Similar reasoning
gives the updating equations for £, on lower side, right side, left side PEC boundaries in
2D case. The results are listed below:

B =0
E¥ =0

EY =—(E¥ +E)/3
EY =—(EY +E")/3

Lower PEC (2.24)
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EF=0
E} =(EF —-E})/3
Right PEC 0 SEW‘ $—p ) (2.25)
v =
Eg/w = (EIW 'Elw)/3
B =0
EY =—(EY +E{)/3
Lefi PEC . éwj 5 ) (2.26)
v =

EY =—(EY +E")/3

2.5 Numerical Validation

The algorithm has been applied to analyze an air filled square resonator. It is a simple 2D
structure enclosed by four PEC boundaries. In TLM region, the boundaries are set on

TLM cell boundaries, while in MRTD region, they are set on £, nodes (TE mode). The

interface is placed along x direction as shown in Figure. 2.3. The excitation function is
raised cosine function with a smooth half-sin distribution in both x and z directions. The

time domain response has been sampled at a pre-selected TLM node.

As illustrated in Figure. 2.5 the result is reasonably smooth at the beginning while shows
the instability after about 900 MRTD time steps. This instability probably comes from the
improper mixture of E-field and H-field information during the data transferring between
MRTD and TLM. Thus, it seems reasonable if we give a try to another TLM method, the
Alternating Transmission Line Matrix method (ATLM), to see whether its time and space
staggering scheme could improve the instability problem in the hybrid MRTD-TLM

combination algorithm.
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Figure. 2.5 Sampled time domain response: stable for about 900 MRTD time steps
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Figure. 2.6 Sampled time domain response: unstable after 900 MRTD time steps
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Figure. 2.7 Fourier transform of sampled time domain signals
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Conclusion of this chapter will be included in next chapter after the discussion of hybrid

ATLM - MRTD algorithm for the purpose of comparison.



Chapter 3 Hybrid Combination of ATLM and MRTD

3.1 Introduction

ATLM (Alternating TLM) is a scheme based on the TLM scheme for the symmetrical
condensed node (SCN). The idea of ATLM is to reduce the numerical effort as well as
storage requirement without major loss in accuracy by removing redundancy in the TLM
algorithm. A parity p is introduced into the ATLM scheme [8]Russer and Bader. The
discrete space coordinates i, j, k and the discrete time coordinate » are the same as in

the regular TLM formulation.
p=sign(i+j+k+n) (3.1)

If the sum i+ j+k+n is even then p=+1 and if i+ j+k+n is odd then p=-1.

Hence, we separate all ATLM nodes into two sets: one set of even nodes with even
parity, another of odd nodes with odd parity. At each time step, the process of scattering
and connection must be performed on either the even or the odd set of nodes. This will
not only reduce the computation time, but also decrease the chance of instability triggered
by the presence of spurious solutions that can result from the interaction between the

even and odd set of impulses introduced at boundaries and stubs.
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The field theoretical derivation of ATLM is similar to that of the SCN. However, the two

methods still differ in quite a few aspects.

Firstly, in TLM SCN, boundaries are introduced a cell boundaries half way between node

centers. In ATLM, boundaries must be placed in the center of the cells.

Secondly, the sampling of ATLM field components is different from that of SCN: While
in TLM with SCN, the field values in every three-dimensional cell with the spatial

coordinates i, j, k are sampled at every time sampling point » in the cell boundaries,
for ATLM, either the odd cells with odd i+ j+k+n or the even cells with even
i+ j+k+n are sampled in the center of the three-dimensional cell. This sampling leads

to a bijective mapping between the six field components, six spatial derivatives of the

field components and the twelve wave amplitudes.

In the following sections a clear and easy-to-understand explanation of the basic concept
of ATLM will be given. However, the detailed treatment of the ATLM scheme is rather
complex and would exceed the scope of this thesis. The introduction of boundary
conditions is included in section 3.3 and compared with the conventional TLM scheme.

Details on ATLM can be found in the references given in the bibliography.

3.2 Concepts of ATLM
Figure. 3.1 shows that part of the impulse leaving a node comes back to the same node
after one time step. This implies that in the traditional TLM scheme, there is a scattering

and connection process happening for each node at each time step.
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Figure. 3.1 Traditional TLM boundary setting and a single scattering process. If the

boundary of a structure is replaced by the cell boundary of a neighboring node,

the illustration still works, except that the reflected pulse includes the pulse

incident from the other node.
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the boundary that is
reflecting pulses

the boundary that is

Time step 1 absorbing pulses

U

Figure. 3.2 Illustration on the wave pulse propagation in ATLM scheme.

Figure. 3.2 shows how the ATLM scheme works in a simple 2D TLM shunt network.

Black and white nodes represent the different sets of nodes. At each time step, one set of
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the nodes has even parity and the other has odd parity. If a single pulse is excited on one
node as depicted in Figure. 3.2, the scattering process only occurs on one set of nodes at
each time step. The boundary location prevents the scattering process on neighboring

nodes from happening at the same time step.

Let us investigate what will happen when one node is continuously excited? Figure. 3.3

gives an explanation.

-

Nt

Time step 1 Time step 2

Time step 3 Time step 4

Figure. 3.3 Illustration of the wave pulse propagation in the ATLM scheme when one

node is continuously excited

Obviously, in this case the two sets of pulses will not mix either.

A more complicated case is given in Figure. 3.4. It shows the behavior of the TLM

network when the two neighboring nodes are excited at the same time step.
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Figure. 3.4 Illustration of the wave pulse propagation in the ATLM scheme when two

neighboring nodes are excited at the same time step

Figure. 3.4 shows that when the two sets of nodes are excited at the same time, the
pulses, depicted with different color, again will not mix. Up to now, the discussion has
been limited to the case of single pulse excitation. However, if the excitation continues
for subsequent time steps, the pulse excited on the even set of nodes at the first time step

is mixed with the pulse excited on odd set of nodes at the next time step, and vice versa.
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From the above illustrations on the ATLM network, we may conclude that in the

combination scheme of ATLM and MRTD, the excitation should always take place on
staggered nodes, and none of the ATLM nodes should be excited at successive time steps

to prevent the mixture of pulses from different set of nodes.

3.3 Hybrid ATLM-MRTD Scheme

In the hybrid ATLM-MRTD scheme, the boundary location in the MRTD region must be
shifted by one quarter MRTD cell size away from the node center in accordance with the
change in boundary position imposed by ATLM. The boundary conditions for MRTD
region are also rewritten as (3.2). The derivation of these conditions is similar to that of
the boundary condition in the TLM-MRTD scheme, hence, in this section it will not be

given again. The notations £, and E, are as defined in the previous chapter.
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EY =(Ef - Er)/4
EY = (Ef —E/)/4
EY =(EY - EP')/4
B =(EY -E")/4

Upper PEC

EY =(E¥ +E)/ 4
EY =(EY +E")/4
EY =—(EY +E")/4
EY =—(E{ +E!")/4

Lower PEC

EY =(EF-EM)/4
EY =(EF -E{)/4
Ey = (B -EY")/4
EY =(E-E")/4

Right PEC

EY =(E® + E[*)/4

EY =—(E® +E)/4 (3-2)
EY =(EV'+E})/4

Ey =—(E! +E!")/4

Lefi PEC

3.4 Numerical Validation

The ATLM-MRTD algorithm is similar to the hybrid combination of TLM with MRTD.

Only the difference between the two schemes will be specified in this section.

First, the ATLM region is excited at every second ATLM time step alternatively on
staggered nodes. In conventional TLM, the region is also excited at every second TLM
time step, but all nodes are excited at the same time. In the MRTD region, the field is

excited when the E values are updated, exactly as in the TLM-MRTD scheme.
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An array is used to temporarily save the TLM node voltages at the previous time step in
the overlap region. Because of the characteristics of ATLM, not every node in the TLM
region will be updated at each (TLM) time step. Thus, this causes some difficulties in the
updating process in the MRTD region. The temporary array has been used to solve this
problem by storing the necessary information from the previous time step so that the

future values £ ,H , and H .can be predicted.

The simulation of the electromagnetic field in a square waveguide cavity is shown below:

36
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Figure. 3.5 Instability appears in the simulation result obtained with the ATLM-MRTD

scheme

We see that the simulation performed with ATLM-MRTD becomes again unstable, even
earlier than in the TLM-MRTD scheme. The cause for this worse result lies probably in

the interpolation processes (process of rewriting £, H ,H_.).

More simulation results using the TLM-MRTD combination scheme can be found in the

reference [3] and [4].
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3.5 Conclusion of Part |

Two hybrid combination schemes have been derived, implemented and tested in this
project: TLM-MRTD and ATLM-MRTD. The MRTD scheme employs Haar Wavelets as

basis functions.

First, the traditional TLM network formulation was coupled to the MRTD algorithm.
Formulas were derived for data transfer between two discretization sub-domains,

reconstruction of field component values, extraction of the Haar wavelet coefficients, and

update of £ ,H and H,. The program was then applied to analyze a square waveguide

cavity but the coupled algorithm was only stable for about 900 MRTD time steps.

Suspecting that this instability could be due to the improper mixture of electrical and
magnetic field information during data transfer between MRTD and TLM regions, the
ATLM scheme was introduced to improve stability. However, when the ATLM-MRTD
scheme was applied to analyze the structure previously simulated with TLM-MRTD,

instability occurred even earlier, making the problem worse.

Having excluded the mixing of the even and odd set of impulses in the TLM scheme as
the cause of instability, we turned our attention to the differences in numerical dispersion
as one of the reasons for instability in the hybrid scheme. Fig. 2.7 shows some
unexpected frequency components in the result, and it may become necessary to
introduce digital filters in the data connection between TLM and MRTD. More research

will be required to fully understand and solve this instability problem.



PART II

Coupled TLM-Thermal Analysis



Chapter 4 Power Dissipation in Microwave Theory
4.1 Introduction

The dissipation of microwave power in objects placed into a waveguide leads to an
increase in their temperature. The principal mechanisms of microwave power dissipation
are the wall current losses in metallic boundaries and the volume current losses inside
highly resistive dielectric materials [14]Pozar. Power dissipated in both metallic
boundaries and dielectric objects are used as the source of heat distribution for the
thermal analysis. The goal of this chapter is to determine the power absorbed by the
metallic and dielectric objects when placed into the waveguide structure. For this
purpose, the electromagnetic field inside the dielectric objects and at the surfaces of the
waveguide must first be solved using an appropriate field simulation algorithm, such as

the GSCN 3D TLM method.

4.2 Perfect Conductor

A perfect conductor is an idealized medium within which the electric field is always
equal to zero. A good conductor is generally a medium whose conductivity, o, is large.
Therefore, it seems appropriate to define a perfect conductor as a medium whose

conductivity is infinite.
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The conditions o —>o and E=0 can be considered equivalent to each other.

Considering the power consumed in a volume ¥ inside a conductor, it is given by
l cEXdy (4.1)

If o reaches infinity while £ remains finite, the power consumption must also approach
infinity. However, since any realistic power source can deliver only a finite amount of
power, it seems appropriate to assume that the conditions o — © correspond to £ =0 in
ordinary cases. Furthermore, the amplitude of a plane wave diminishes quickly as it
penetrates into a conductor, and as o increases the attenuation becomes so large that an
electromagnetic field inside a good conductor must become negligibly small. In the limit

\

as o — o0, the field must be zero.

4.3 Power Absorbed by Good Conductors and Dielectric
Objects

4.3.1 Poynting’s Theorem
Poynting’s theorem (4.2), named after the physicist J.H. Poynting, is basically a power
balance equation. It expresses the energy conservation for electromagnetic fields and

sources.

27 4.2)
. _Exﬁ'-ds_+%_[|flzdu+§'[( &*|E[ + | )du+,_j( AT - | B[ Jao

The integral on the left-hand side represents the complex power, P, delivered by the

sources, J, and M _, inside S :
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P=——((E-T +H -M ) (4.3)

The first integral on the right-hand side of (4.2) represents the complex power flow out of

the closed surface S . If we define a quantity called the Poynting vector, S, as
S=ExH' (4.4)

then this power can be expressed as

1 fr— st 1 b
P,,:E\{ZExH -dE:EfZS-a’E (4.5)

>

Figure. 4.1 A volume V', enclosed by the closed surface S, containing fields E , ﬁ, and

current sources J_, M .

The surface S in (4.5) must be a closed surface in order for this interpretation to be valid.

The real parts of P, and P, in (4.3) and (4.5) represent time-average powers.

§
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The second and third integrals in (4.2) are real quantities representing the time-average
power dissipated in volume V' due to conductivity, dielectric, and magnetic losses. If we

define this power as P, we have:

—2
EI +u"

P =%I,‘E‘2 du+%£/(g" ﬁr)du (4.6)

which is sometimes referred to as Joule’s law. The last integral in (4.2) represents the

stored electric and magnetic energies.

With the above definitions, Poynting’s theorem can be rewritten as
P =P, +h+2jo(W,-W,) (4.7)

This complex power balance equation states that the power delivered by the sources ( P,)
is equal to the sum of the power transmitted through the surface ( P,), the power lost to

heat in the volume ( /), and 2w times the net reactive energy stored in the volume.

4.3.2 Power Absorbed by a Good Conductor

To calculate the losses in the walls of waveguides of relatively large but finite
conductivity, it is usually assumed that the disturbance of the electric and the magnetic
fields due to wall losses is so small that it can be neglected, and the field equations for
zero wall losses are still valid. The losses due to wall currents are a function of the
magnetic fields at the guide-wall surfaces if the influence of the electric field penetration

into the wall is neglected.
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The varying magnetic field immediately adjacent to the wall induces current in the wall,
the density of which at the surface can be calculated from the boundary conditions.
Owing to the imperfect conductivity of the wall, this current density creates an electric

field E, along the wall in the direction of the current density vector and hence
perpendicular to the magnetic field H,. These fields together give rise to a Poynting

vector S, perpendicular to the wall. Thus, some power P, flows into the wall as well.

To find the power dissipated in the conductor of finite conductivity, consider the
geometry of Figure. 4.2 below, which shows the interface between a lossless medium and

a good conductor.

=z

E R H are the fields
at the surface

v

So/ Good
\ Conductor

c>>0E
S

Figure. 4.2 Illustration on the calculation of power dissipation in good conductor
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We assume that a field is incident from z <0 and that the field penetrates into the
conducting region z > 0. The real average power entering the conductor volume defined

by the cross-sectional surface S, at the interface and the surface S is given as

P =l ExH' -nds (4.8)

@ dsyes

where 7 is a unit normal vector pointing into the closed surface S, +S, and E, H are
the fields at this surface. The contribution to the integral in (4.8) from the surface S can
be made zero by proper selection on this surface. For example, if the field is a normally
incident plane wave, the Poynting vector S = Ex H" will be in the Z direction, and so
tangential to the top, bottom, front, and back of S, if these walls are made parallel to the
z -axis. If the wave is obliquely incident, these walls can be slanted to obtain the same
result. In addition, if the conductor is good, the decay of the fields from the interface at
z=0 will be very rapid, so that the right-hand end of S can be made far enough away
from z=0 so that there is negligible contribution to the integral from this part of the

surface S'. The power entering the conductor through S, can then be written as
B =2%e [ BxE 2 4.9
w = Re [ 0 2ds (4.9)

From the vector identities, we have

(4.10)
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Where 7 is the wave impedance defined by the quotient of the amplitudes of the electric

and the magnetic fields. For the particular case of a plane wave it can be written as

n= / JEF 4.11)
o+ joe

For a good conductor o >> we (u and o representing respectively the permittivity and

electric conductivity of the conductor) n reduces to

@, . o
\J o 20

The average power lost in the conductor P,, can be written as

R (5P
P, = : HH' ds (4.13)
where
~ |ou wu
R =Re(n7)=Re|(l e 4.14
= Re(n) {(u) 20} 22 (@.14)

The surface resistivity R, of the conductor is the real part of its wave impedance as

explained in the next section.

4.3.3 Modeling of Lossy Conducting Walls in the TLM Method

The wave impedance inside an imperfect conductor is
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TR ;
= E%01 4.15
M=l (1+7) (4.15)

¢

where g, = u,u,, and o, are the permeability and conductivity of the conductor. Since
in a good conductor the penetration depth is very small, it is convenient to represent the
boundary by a surface of impedance 77,. For good conductors, 7, is usually much smaller
than 7,, and the imaginary part of the boundary reflection coefficient can be ignored. The

impulse reflection coefficient terminating the TLM mesh thus becomes in the case of 2D

TLM:
(u.0e,) (o.1,)(1+j)-1
I = “my2 _ J ) i 14 |25 (4.16)
+ﬂof e (o) (1+)+1 Ot
In the case of 3D TLM,

L

e 4.17)
¢ ™o \/5\/(,uca)go)/(ac,uo)(l+j)+l

Since I', depends on the angular frequency @, the TLM results are accurate only for that
frequency which has been selected in determining I',. Thus, this method of modeling

losses in good conductors is acceptable for narrowband application. The field solution at

that frequency can be extracted from the impulse response through Fourier transform.
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4.4 Power Handling Capability

The average power handling capability of a waveguide is determined by the temperature
rise of the waveguide in an air environment. The parameters that play major roles in the
calculation of average power capacity are (a) attenuation in the guide, (b) surface area of
the guide, (¢) maximum tolerable temperature rise, and (d) ambient temperature (i.e., the
temperature of the medium surrounding the inner and outer walls of the guide. Thus the
average power rating can be raised if desired, by choosing a higher temperature limit and

using forced cooling or cooling fins.

The approach to determining the average power rating is to find the attenuation per unitl
length. With the attenuation known, the dissipated power in the walls of the matched
waveguide may be found when a given power is being transmitted through it. The
dissipated power is then related to the rate of heat transfer from the waveguide walls to

obtain the power rating of the waveguide.

The formula for the attenuation ([17] King and [24] Ragan) of an air-filled copper

rectangular waveguide (7E,,mode) at a temperature of 20 °C is

2
3.8649010°%) 2| 9 4 4
Al26 "\ 4
db/m

(4 (4

a= =

2
2'3/2 1 - ﬂ’)
VA

(4.18)

where

a =the wide inner dimension of the waveguide in meters,
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b =the narrow inner dimension of the waveguide in meters,
A =the wavelength in meters, and
A, =2a.

The attenuation, in terms of the power levels in the waveguide, is

a= 4.34%db/unit length (4.19)

1
where

P, = power input, or the power rating of the waveguide, and
P, =power loss in the unit length of the waveguide.

P, is equivalent to the rate of heat transfer ¢ from a unit length of the waveguide, and is

related by £, =0.293q . Thus, the average power rating of the waveguide is

_1.2714
a

A

(4.20)

The rate of heat transfer is the sum of the heat transferred by thermal conduction ¢, ,

thermal convection (gq,,,, ) and thermal radiation (g,,, ); that is:

q = qcoml + qwnv + qrad (WattS) (42 1)
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4.5 Conclusion
First, the energy conservation equation based on Poynting’s theory, is introduced. Then,

the dissipation of power in good conductors and dielectric components is discussed. The
power handling capability and attenuation coefficient are defined at the end of this

chapter.



Chapter 5 Thermal Conduction

5.1 Introduction

Three mechanism of heat transfer, namely heat conduction, heat convection and heat
radiation will be introduced in the next three chapters. Governing formulas will be
introduced and relative derivation will be included. For more details of the background

research, [19]-[29] are some good references for use.

Heat conduction is the term applied to the mechanism of internal energy exchange from
one body to another, or from one part of a body to another. Conduction heat is transferred
by the exchange of the kinetic energy of motion of the molecules or by the drift of free
electrons in the case of heat conduction in metals. Heat conduction takes place within the
boundaries of a body, or across the boundary of a body into another body placed in
contact with the first. The laws governing conduction can be expressed in concise
mathematical terms, and the analysis of the heat flow can be treated analytically in many

instances.
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5.2 Definition of Importance in General Heat Transfer

5.2.1 Specific Heat
The term “specific heat” expresses the variation in temperature of a material with the

amount of heat stored in it. Most heat transfer processes occur at virtually constant

pressure; hence, the constant pressure specific heat, C,, is invariably used. The
dimension of C, is energy per unit mass per unit temperature change. In the SI system

the units usually employed are kJ/kg-°C.

For solids and liquids, the specific heat is virtually independent of pressure until

extremely high pressures are encountered. Hence for ordinary engineering applications

any pressure effect may be ignored. Even the temperature dependence of C, is slight for

solids and liquids.

However, in the case of gases, the temperature dependence of the specific heat is much
more pronounced than in the case of solids and liquids. A dependence on pressure is also
sometimes present, but for gases far removed from saturation or the critical point, this
dependence may often be ignored. In general, the higher the temperature, the less the

effect of pressure.

5.3 Definition of Importance in Heat Conduction

5.3.1 Thermal Conductivity of Homogeneous Materials

As mentioned above, heat conduction is basically the transmission of energy by
molecular motion. Thermal conductivity is then the physical property denoting the ease

with which a particular substance can accomplish this transmission. The thermal
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conductivity of a material is found to depend on the chemical composition of the
substance, or substances, of which it is composed; on the phase in which it exists; on its
crystalline structure if a solid; on the temperature and pressure to which it is subjected;
and on whether or not it is a homogeneous material. A vast range of possible values of
thermal conductivity exist in the material world with silver having a conductivity almost

50,000 times greater than that of Freon.

Generally speaking, a liquid is a better heat conductor than a gas and a solid is a better
heat conductor than a liquid. These differences can be explained partially by the fact that
while in a gaseous state, the molecules of a substance are spaced relatively far apart and
their motion is random. This means that energy transfer by molecular impact is much
slower than in the case of a liquid, in which the motion is still random but in which the
molecules are more closely packed. The same is true concerning the difference between

the thermal conductivity of the liquid and solid phases.

Many factors are known to influence the thermal conductivity of metals. The factors with
the greatest influence are the chemical composition, phase change, and temperature.
Usually there are very few materials affected by the first two factors and hence, only the

temperature effect has to be accounted for.

It is known that the thermal conductivity of metals is directly proportional to the absolute
temperature and the mean free path of the molecules. It has been observed that pure
metals generally have thermal conductivities which decrease with temperature, but the
presence of impurities or alloying elements, even in minute amounts, may reverse this

trend.
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It is usually possible to represent the temperature dependence of the thermal conductivity

of a metal by a linear relation of the form k =k (1+bf), in which k;is the thermal

conductivity at 1 =0°C and b is a constant.

The thermal conductivity of gases increases with increasing temperature and is relatively

independent of pressure if the pressure is near atmosphere pressure.

5.3.2 Thermal diffusivity

The property of thermal diffusivity is defined as:

a=— (5.1)

where k and C, are discussed above and p is the density of the substance. The units to
be used for @ are m%s. Since @ involves the density, p, it may be quite pressure

dependent for gases even though & and C, are not.

5.4 Governing Law and Heat Conduction Equations

5.4.1 Fourier’s law

The basic law governing heat conduction is Fourier’s law. Given a plate of material
having a surface area 4 and a thickness Ax, let one side be maintained at temperature
T}, uniformly over the surface, and the other side at temperature 7,. Let g denote the
rate of heat flow through the plate, neglecting any edge effects. Experiment has shown

that the rate of heat flow is directly proportional to the area 4 and the temperature
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difference 7, —7, but inversely proportional to the thickness Ax . This proportionality is

denoted by k. Thus, Fourier’s law is:

T -T,
=—k4—+—2 [W 54
q e (W] (5.2)
The constant of proportionality k is called the thermal conductivity of the material. It is a
property dependent only on the composition of the material, not on its geometrical

configuration.

5.4.2 General Heat Conduction Equation
In general a heat conduction problem consists of finding the temperature at any time and
at any point within a specified solid which has been heated to a known initial temperature

distribution and whose surface has been subjected to a known set of boundary conditions.
The general heat conduction equation governing this problem is

oT .
where p is the density, C,is the constant pressure specific heat, and ¢ is the rate at

which heat is being internally generated per unit of volume.

If the conductivity is treated as constant, and no internal source of energy is involved, the

following form is obtained

o _ vt (5.4)
ot
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where « is the previously defined thermal diffusivity.

The steady state is defined in heat transfer as the condition which prevails in a heat
conducting body when temperatures at fixed points do not change in time. In this case,
the heat conduction equation reduces to Laplace’s equation. In rectangular coordinates

this is

o'T o'T 0T 5

+ + 3
x* oy oz’ (5)
The nonsteady conduction equation is
O'T T 0T oT
k + + =pC, — 5.6
e o T TPy (>6)

Each side of the conduction equation in (5.6) represents the time rate of heat storage per
unit volume at a point. Equation (5.6) is the basic formula for the transient simulation of
thermal conduction in a case where no internal heat source is present. The next section

will elaborate the numerical methods for the modeling of heat conduction based on (5.6).

5.5 Numerical Methods for Heat Conduction

Although a great number of problems have been solved analytically, only a limited
number of relatively simple geometrical shapes can be handled. Also, only those
boundary conditions that can be easily mathematically expressed may usually be applied.
There are many heat conduction problems of considerable practical value for which no
analytical solution is feasible. These problems usually involve geometrical shapes of a

mathematically inconvenient sort. Thus, numerical approaches must be developed.
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The various numerical methods all yield numerical values for temperatures at selected,
discrete, points within the body being considered and only at discrete time intervals. Thus
answers are obtained only for a given set of conditions, a given set of discrete points and

discrete time intervals.

The numerical method presented here is based on the representation of the derivatives in

the heat conduction equation by finite difference approximations.

5.5.1 Finite Difference Approximations
The relation of the finite difference expression to the differential equation can be
understood best by deriving the latter from the former, via the use of a Taylor’s

expansion. Consider a function of two independent variables:
f=r1En (5.7)

Let A represent an increment in the variable &. A forward expansion of the function at

E=E+h,n=n,interms of its value at £ =&, =7, is

f<¢+h1,n>=f(5,n)+h[1] +_(ﬂ]
& &n

ot )., 2 o&? , -
n(df " '
6 (653 lﬂhg(h‘)

The notation $(A')is used to indicate that subsequent terms are of the order of 4', and

higher. If terms of the order of 4, and greater, are neglected, the following forward

difference approximation to the first derivative is obtained:
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of 1
9 o ) — (&, 59
[[%LL N [f(E+h.m)—f(En)] (5.9)

For a forward displacement of A, in 7, the forward finite difference approximation for

the first derivative is

of 1
" , _ & 5.10
[( GULL —[f&.n+h)-fEn)] (5.10)

Similarly, backward finite difference expressions for the first derivatives may be obtained

by writing Taylor’s expansions for an increment in & of —A or an increment in 77of —A, :

f(§—h,n)=f(é‘,n)—la(§féj +7(%§_{]
& h: an & 5.11)
—?(—a?l,n ' g(hl )
Again neglecting terms of order /4, and greater, one obtains
i} ~ atACh 5.12
{( Py :L " [f&m-F(E-h.n)] (5.12)
Also,
o 1
on i PACTL VA Uil A 5.13
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The central finite difference approximation to the second derivatives may be found by

adding (5.8) and (5.11):

f(§+h1,77)+f(é‘—f4,77)=2f(é‘,77)+h.2L%J +9(h) (5.14)

&

When terms of the order of hl‘1 , and greater, are neglected,

KZ{] } zi2[f(§+h1,f7)—2f(§,77)+f(¢f—hpf7)] (5.15)
g & deent hl
Also,
Hg J:] } zi2[f(é??+hz)—2f(§,'7)+f(ff,ﬂ—hz)] (5.16)
7] g"] cent }12

Other approximations to the second derivative may be written (e.g., forward, backward,
etc.). However, the central difference given here is most commonly used for heat

conduction analyses.

5.5.2 Numerical Methods for Modeling Transient Thermal Conduction

Of importance is the application of numerical techniques to the analysis of transient
conduction problems. The difference between the steady and nonsteady cases lies in the
finite difference representations that may be written for the partial derivative of
temperature with respect to time. As discussed in the previous section, two possible finite

difference expressions may be written for a first derivative, the forward difference and
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the backward difference. These representations lead to two different numerical methods

for transient problems: explicit and implicit formulations, respectively.

The advantage of the explicit representation is that the forward difference equation gives
the future temperature of a single node in terms of current temperatures of that node and
its neighbors. Thus, if at a certain time all the nodal temperatures are known, then each of
the nodal temperatures at the end of the next time interval may be explicitly found, node
by node. However, in the case of an implicit equation, the future nodal temperature is
expressed in terms of a current value and the future values of its neighbors’ temperatures,

which brings difficulty to the iteration of calculating the nodal temperature at each node.

On the other hand, the disadvantage of the explicit representation is its restriction upon
the magnitude of the time step As in relation to the spatial increment as will be
elaborated in next section. Thus, the explicit formulation may actually involve more

calculation time than the less-direct implicit method.

5.5.3 Stability Criteria

In transient modeling problems, the stability of the difference equations must be
considered. Detailed analyses of the stability properties of the equations used for thermal
conduction are quite complex, but simple stability criteria may be developed on an

elementary basis.

As discussed earlier, the explicit formulation avoids the need for iterative or matrix
inversion technique, since each future nodal temperature can be individually calculated

for a time increment As from only the current nodal temperatures. For simplicity of
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discussion, any internal heat generation has been considered zero. Assuming a uniform
mesh is created with cell length A/, then the explicit expression of future temperature at

node 7,7, in terms of the other quantities may be written as

T A
T, =T,(- ZAF )+ ZM’ (5.17)

J

We see that new temperatures are successively calculated at each node starting with the
given initial temperature distribution in a network for a given Af. Time is then
incremented and the calculations are repeated. No iterations or matrix inversions are

required.

The stability condition for such a form is:

At
<1 5.18
Z,l Alz - ( )

where j is the index of cells surrounding the cell i. The stability condition can be easily

rewritten as:

One dimension : Af < lﬂ
o
1 (Al?
o
1 (Al

a

Two dimensions : Af <— (5.19)

Three dimensions : Ar <—

where «a is the diffusivity.
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5.5.4 Alternating Numerical Approach for Heat Conduction

A slightly modified finite difference scheme is presented by Halla and Wiesbeck[15] to

model the conductive heat transfer in a rectangular uniform grid with cells indexed by
(i,j.k). Inside a cell the temperature is assumed to be homogeneous. Heat flux density
vectors describing the heat exchange with the neighboring cells are defined in the middle

of the six cell surfaces as shown in Figure. 5.1 and for the discretization cell (i, j,k)

i-1,,

7(i, k)
ij-1,k i,j+1.k

i-1.j.k

Figure. 5.1 Discretization cell (i, p A k) and the position of the scalar function values 7’

and the vectors j
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(i,j’k)

R ( i-1,7, k)

> »
Ay

Figure. 5.2 Geometrical properties for the calculation of the discretized field component

Jx

The calculation of the temperature distribution is divided into two steps. The conductive
heat flux densities are caused by the temperature gradients between neighboring cells and

are given by
J (x.t)=—k(x.r)grad (T (%.1)) (5.20)

with j the heat flux density, and & the thermal conductivity. Considering only the x
component of j in Figure. 5.1 as shown in Figure. 5.2 the gradient in (5.20) is expressed
using the finite difference expression

T(i,j.k)-T(i-1,j.k)
Ax

grad (7' (¥,1)) = (5.21)
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The thermal conductivity at X is the average of two neighboring cells. In case of uniform

mesh

k(5.) = Ax k(i j.k)k(i-1.j.k) 1 k(i.j.k)k(i-1/j.k) (5.22)
’ k(i,j k)L, +k(i-1,7.k) 2 k(i,j.k)+k(i-1,j,k) '

J.k)==" T(i-1,j.k)-T(i.j.k 5.23

Ji(i. ] k) 2 k(i,j,k)+k(i—l,j,k)( (L7 k)=T (0] )) ©-2)

Note that in the above expression, k denotes thermal conductivity when it appears outside

of the brackets. It denotes the index of the cell if it appears inside the brackets.

The thermal conductivity is assumed to be constant over the volume of one discretization

cell. As the heat flux density is supposed to be constant over the surface, the power P,

flowing through the interface between the cells (i, j,k) and (i1, /,k) is determined by
P, (i, j. k)= [[j.da= (i, ). k) Axay (5.24)
A

All other components of j and P are obtained accordingly.

When the conservation of energy

AT ()

divj(¥,7)+C,(X,T) p(Z.T) oA

=0 (5.25)

is applied to one cell (i,,k) the divergence of j equals the power that flows through

the surfaces of the cell. C, and p are the specific heat and density, respectively. The
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divergence of j is expressed by the discretised surface integral in equation (5.24). This

leads to

divj (%) = @ (x)dA

A
=P,(i,j,k)-P,(i+1,j,k)+ P, (i, j.k) (5.26)
=P, (i,j +Lk)+P,(i, j,k)-P,(i, j,k+1)

in the finite difference scheme.

The right hand side term in equation (5.25) applied to the cell volume leads to

C,(%7)p(%, T) )5, J]’J'C % T)p(%,T) ( ) ay

( ) (3.27)
o . NAT (L sk
= AxAyAzC, (l,],k)p(l,_],k)—At—
. Finally the time derivative is also expressed by a finite difference
T (x) _ T (i.).k)-T"(i. j.k) (5.28)

ot At

where 7" denotes the temperature at time step »n. Using equations (5.26), (5.27) and

(5.28) one obtains

At
AxAyAzC, (i, j.k) p (i ) ) (5.29)
[ P.(i.j.k)=P.(i+1,j.k)+ P, (i, j.k)= P, (i, j +1,k)+ P, (i j.k) - P. (i, j. k +1) ]

(58 =T" (5. J.k)+

With equation (5.29) and (5.24) the temperature is updated at each time step.
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5.6 Conclusion

At the beginning of the chapter, the material properties of importance in general heat
transfer and heat conduction are defined and explained. Then a FDTD representation of
the differential heat conduction equation is derived. After the stability criteria are

presented, an alternating FDTD formulation of heat conduction is described.



Chapter 6 Thermal Convection

6.1 Introduction

Convection is the term used to define the heat transfer mechanism which occurs in a fluid
when one portion of the fluid mixes with another portion due to gross movements of the
mass of fluid. The fluid motion may be caused by external mechanical means such as a
fan, etc. In this case, the process is defined as forced convection. In the other case, the
fluid motion is caused by density differences which are created by the temperature
differences existing in the fluid mass. This process is termed free convection. The basic
laws of heat conduction must be coupled with those of fluid motion in order to describe,

mathematically, the process of heat convection.

6.2 Definitions of Interest in Thermal Convection

6.2.1 The coefficient of thermal expansion

The driving force in the process of free convection is the gravity acting on fluid regions
of different density. These density differences result from temperature differences in the
fluid regions. An important physical property of the fluid in this process is the coefficient

of thermal expansion. Since the free convection process occurs only in liquids and gases,
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the following discussion does not include the consideration of solids. The coefficient of

thermal expansion is defined as

_Ltor, __1.0p
Bl 6.1)

where p is the fluid density, V = s is the specific volume, and ¢ is the temperature in
“C.

For gases, the coefficient of expansion may be calculated from the definition in (6.1)if the

following thermal equation of state holds
p=f(P.T) 6.2)

where P is the thermodynamic pressure, and 7' is the absolute temperature. For the ideal

gas, application of (6.1) gives:

(6.3)

N |-

6.2.2 Dynamic Viscosity

Fluids, both gases and liquids, are observed to resist deformation in a manner which is
proportional to the time rate of deformation. It is important to express the forces of
resistance in terms of the velocity field of the fluid in the process of heat convection. The
resistance to the shearing motion is the dominant resistive force and is expressed in terms

of the fluid property known as viscosity.
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According to Newton’s definition of the dynamic viscosity coefficient, the shearing
stress, 7, is directly proportional to the velocity gradient taken in a direction normal to

the plane s which the fluid passes by.
T=U— (6.4)

where u, the constant of proportionality, is also termed the coefficient of dynamic
viscosity, v is the fluid velocity, and » is the normal to the plane s. This definition
applies only to laminar flow—mnot to turbulent flow, in which gross transverse

fluctuations and mixing occur.

6.2.3 Kinematic Viscosity

Since the forces of viscosity act directly on a fluid, and since the fluid inertia resists these
forces, the ratio of the viscous force to the inertia force is an important parameter in the
analysis of fluid motion. Thus, the kinematic viscosity, defined as the ratio of the
dynamic viscosity to the fluid density becomes an important fluid property. The

kinematic viscosity is denoted by v :
it (6.5)
o)

where u is the constant of proportionality defined for dynamic viscosity, and p is the

fluid density.
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6.2.4 The Prandtl Number

In problems of convection one must consider the simultaneous exchange of momentum
through viscosity and heat through conduction, where it is found that the ratio of the
kinematic viscosity to the thermal diffusivity plays a significant role. This ratio is called

the Prandtl Number and is purely a fluid property. The Prandtl number is defined:

_ kinematic viscosity _ v _ 4C, 6.6)

" thermal diffusivity « &

Both v and a have the dimensions of lengthz/time; thus, P; has no dimensions. The

value of P;is mainly dependent on temperature with little dependence on pressure.

6.3 Concept of Boundary Layer

When fluid moves past a solid surface, it is observed that the fluid velocity varies from a
zero value immediately adjacent to the wall to a finite value at a point at a distance. This
is mainly because the fluid particles adjacent to the surface tend to stick to it and
therefore have zero velocity relative to the surface. In turn other fluid particles attempting
to slide over the stationary ones at the surface are retarded as a result of viscous forces

between the fluid particles.

For fluids of low viscosity (e.g. air), the region near the surface, in which most of the
velocity variation occurs, may be quite thin so that in many applications it is possible to
obtain satisfactory result by assuming that the fluid is inviscid and slips past the surface
with no viscous retardation. However, since the process of convection of heat away from
the wall is intimately concerned with thermal conduction and energy transport due to

motion in the fluid layers in the immediate vicinity of the wall, the simplification of
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assuming the fluid to be inviscid should not be made when analysis of heat convection is

undertaken.

The velocity boundary layer is defined as the thin layer near the wall in which one
assumes that viscous effects are important. Within this region the effect of the wall on the
motion of the fluid is significant. Outside the boundary layer it is assumed that the effect

of the wall may be neglected and the fluid is inviscid.

6.4 Laminar and Turbulent Flow
Inside the boundary layer the flow may be either laminar or turbulent as illustrated in

Figure. 6.1

In the case of laminar boundary layer flow, adjacent fluid layers slide relative to one
another but do not mix in the direction normal to the fluid velocity. Thus, any heat that

flows from the surface to the inviscid fluid is done mostly by conduction

In the case of turbulent boundary layer flow, the mean flow is essentially parallel to the
surface, but it has superimposed upon it a fluctuating motion in directions both parallel
and normal to the surface. The transverse fluctuations cause additional fluid mixing,
which increases the rate at which heat is transported in the direction normal to the

surface.
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Figure. 6.1 Illustration on the boundary layer concept: laminar and turbulent flow
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6.5 Newton’s law of cooling

As can be seen from the foregoing discussion, the prediction of the rates at which heat is
convected away from a solid surface by an ambient fluid involves a thorough
understanding of the principles of heat conduction, fluid dynamics, and boundary layer
theory. All the complexities involved in such an analytical approach may be combined
together in a single parameter, heat transfer coefficient /4, introduced by Newton’s law of

cooling:
% = (T, ~T)) (6.7)

The dimension of 4 is [W/(m>°K)]. 7. is the surface temperature and 7 is the fluid

§

temperature.

The heat transfer coefficient is actually a complicated function of the flow conditions,
thermophysical properties of the fluid (viscosity, thermal conductivity, specific heat,
density), and the geometry and dimensions of the surface. In general, its numerical value

is not uniform over the surface.

6.6 Free convection

In free or natural convection fluid velocity at points remote from the body will essentially
be zero. Near the body there will be some fluid motion if the body is at a temperature
different from that of the free fluid. If such is the case, there will be a density difference
between the fluid near the surface and that which is far removed from the surface. This

density difference will produce a positive or negative buoyant force in the fluid near the
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surface(depending on whether the surface is hotter or colder than the fluid). The buoyant
force results in a fluid motion, substantially in the vertical direction, past the
surface—with consequent convective heat transfer taking place. The force of gravity is

the driving force that produces the fluid motion and maintains the convective process.

]

] Temperature Distribution
/]

&
] T 7
/ I
/]
/]
Vs Surface
/] / Velocity Distribution
/
/] /
/
A v.=0 v, >0
/]
/ X
Y4 Yy

Figure. 6.2 Temperature and velocity distributions near a heated vertical surface in free

convection flow

As illustrated in Figure. 6.2, if the wall temperature is higher than the fluid temperature
immediately adjacent to it, the fluid velocity in the boundary layer retards the fluid out of

the layer. In the region far away from the heated wall, the fluid temperature is near
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uniform so that there is no density difference among the different parts of fluid mass.

Thus, the velocity there again approaches zero.

The governing equation of free convection is written using the illustration in Figure. 6.2:

d ¢, v,
£ o Lapo-rro()

with the boundary conditions

Aty=0: T=T,v.=0
' (6.9)
Aty=co: T=T,v.=0

2

to be satisfied. Here o is termed the boundary layer thickness and is observed as a

function of x in many practical experiments. v, is the fluid velocity component in x
direction. g is the gravitational acceleration and f is the defined coefficient of thermal

expansion.

The solution of the above equations along with some energy conservation conditions is

complicated by the fact that the equations are coupled.

6.7 Evaluation of the heat transfer coefficient

As stated before, the analytical approach to the determination of the heat transfer
coefficient would involve the finding of the temperature distribution in the fluid
surrounding the body, which is almost prohibitively complex in some sense. Empirically
the heat transfer coefficient may be approximately predicted and the computation

simplified with the use of the following numbers. These numbers have been defined and
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applied in all the heat transfer books and are important concepts in the analysis of the

process of heat convection.
e The Nusselt number

The Nusselt number is interpreted as the temperature gradient at the surface:

Nu=— (6.10)

where / is the heat transfer coefficient, / is the characteristic length of the surface of

interest which will be explained later in this section, and k, is the fluid conductivity.

e The Grashof number

The Grashof number is interpreted as the ratio of buoyancy to viscous forces:

3
=t 2P 6.11)

>
14

where [ is a characteristic length as above, AT is the surface-fluid temperature

difference (7, —7,), g is the gravitational acceleration, f is the coefficient of thermal

expansion, and v is the kinematic viscosity.
e The Rayleigh number

The Rayleigh number, Ra, is defined as
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Ra = GrPr

_ PgpAPr (6.12)

2
| 4

It is simply the product of the previously defined Grashof and Prandtl numbers.

All free convection flow is not limited to laminar flow. In fact, most free convection
flows arise from instabilities created by heated fluid rising past cooler fluid which must
descend. Such disturbances may be amplified in the resultant boundary layers, and
eventually, turbulence may be established. The laminar-turbulent transition depends on
the relative magnitude of the buoyant forces and the resisting viscous forces as expressed
through the Granshof or Rayleigh numbers. A detailed analysis of free convection
stability is rather complex; however, as a general rule one may expect that transition will

occur for a critical Rayleigh number of:
Ra,, =10’ (6.13)

e Evaluation of the Nusselt Number in Different Cases
The general prediction of the Nusselt Number is of the form:
Nu = £(Gr,Pr) (6.14)

In terms of the Rayleigh number, the correlations for free convection would be expected

to take the form:

Nu = f(Ra,Pr) (6.15)
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For the free convection around vertical plates, the following relation has been suggested

and applied in most thermal application:

0492\ 1"
Nu, =0.68+0.670Ra, """ 1+| = , 0<Ra, <10’
L L Pr L
9/16 178/27
Nu, ={0.825+0.387Ra, " {1{0';92) J ,10° <Ra, (6.16)
r

0<Pr<ow
properties, except f, at t,,
p att, forliquids, at 7, for gases

Actually, the second of the above two equations may be applied over an entire range of
Ra; however, better accuracy is obtained from the use of the first equation. The presence
of the constant 0.68 results from the need at very low Ra, where the boundary layer

approximations do not hold, to approach a nonzero value of Nu.

In the case of free convection around vertical surfaces, the flow produced by the free
convection is parallel to the surface regardless of whether the surface was hotter or colder
than the ambient fluid. However, in the case of free convection around heated or cooled
horizontal plates, the principal body dimension is normal to the direction of the buoyant

forces.



75

Figure. 6.3 Heated plates facing down (left) and facing up (right)

In the case of a heated plate facing down, as depicted in Figure. 6.3, the less dense,
heated, fluid forms at the bottom surface of the plate and, seeking a way to rise, flows
laterally to the edge and then up. A flow pattern, somewhat as sketched, is then

established.

However, if the heated surfaces face up, as in Figure. 6.3, the less dense fluid forms on
the top surface, and its tendency to rise is inhibited by the denser, cooler, fluid above it
that tends to move down. Thus, in this case an unstable situation is created, and the exact
nature of the flow pattern is strongly influenced by other effects such as possible small
inclinations of the plate surface, the influence of fluid motion on the other side of the

plate, etc.

Because of the above effects, reliable correlations for horizontal plates are difficult to

find. Usually the following recommendations are made:
Characteristic length for horizontal surfaces is preferred as:

I - plate area
¢ plate perimeter

(6.17)



76

As for the heated plate which is facing up or the cooled plate that is facing down, we

have:

Nu, =0.54Ra;*,  2.6x10"' <Ra, <10’

(6.18)
Nu, =0.15Ra;*, 10" <Ra, <3x10"

Alternatively, for the heated plate which is facing down or the cooled plate that is facing

up we instead have:

Nu, =0.27Ra;/*,  3x10’ <Ra, <3x10"

properties, except £, at £, (6.19)
B, att, forliquids, 7, for gases

6.8 Conclusion
First the material properties of interest in heat convection are defined. What follows is the

explanation of the boundary layer concept and the cause of laminar and turbulent flow
during the process of convection. Then Newton’s cooling law is introduced and applied
to derive the governing functions for natural convection. At the end, a detailed process is

presented for the calculation of the heat transfer coefficient.



Chapter 7 Thermal Radiation

7.1 Introduction

The foregoing discussion of mechanisms of conduction and convection has shown that in
both cases some physical medium is necessary for the transmission of the energy from
the high temperature source to the low temperature sink. Generally speaking, the rate of
flow of the thermal energy in these cases is proportional to the difference in temperature
between the source and the sink. However, if a heated body is physically isolated from its
cooler surroundings (i.e., by a vacuum), its temperature still tends to decrease in time,
again showing a loss of energy. In this case an entirely different energy transfer

mechanism is taking place, and it is called thermal radiation.

Thermal radiation is one aspect of radiant energy. Usually when radiant energy is
incident on a body and is absorbed, it may turn into a form of thermal internal energy, a
chemical reaction, etc., depending on the nature of the incident energy and the
composition of the body. In this chapter only thermal radiation, i.e., radiant energy

produced by thermal excitation of a body will be dealt with.
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Two theories have been dominant in explaining the mechanism of energy radiation. One
holds that a body emits discrete packets, or quanta, of energy and this theory has been
successful in explaining the experimental facts observed in thermal radiation emission.
Another theory asserts that radiation may be represented as an electromagnetic wave
motion and has been useful in explaining such phenomena as interference of light, etc. At
the present time a dual theory is generally accepted, giving radiant energy the

characteristics of a wave motion as well as discontinuous emission.

7.2 Definition of Interest in Thermal Radiation

7.2.1 Emissive power

e The term emissive power is used to denote the emitted thermal radiation leaving a
surface, per unit time, per unit area of surface.

e The total hemispherical emissive power of a surface is all the emitted energy,
summed over all directions and all wavelengths, and is usually denoted by the symbol
E . The total emissive power is found to be dependent upon the temperature of the
emitting surface, the substance of which the surface is composed, and the nature of
the surface structure (i.e., roughness, etc.).

o The monochromatic emissive power, symbolized by E,, is then defined as the

rate, per unit of area, at which a surface emits thermal radiation at a particular
wavelength, 4. Thus, the total and monochromatic hemispherical emissive powers

are related by

E= fEidxl (7.1)



79

and the functional dependence of £, on A must be known to evaluate £.

It should be noted that the emissive power, total or monochromatic, consists only of the
original emission leaving a surface. It does not include any energy leaving a surface that

is the result of the reflection of any incident radiation.

7.2.2 Absorptivity, Reflectivity, and Transmissivity

When radiation energy is incident on a surface, part of it may be reflected away from the
surface, part of it may be absorbed by the surface, and part of it may be transmitted
through the surface. These fractions of reflected, absorbed, and transmitted energy are
interpreted as surface properties called reflectivity, absorptivity and transmissivity,
respectively. Here only the surface behavior with respect to incident energy summed over

all wavelengths is worth concern. The following symbols are used:

p = total reflectivity=fraction reflected at all wavelengths
a = total absorptivity=fraction absorbed at all wavelengths (7.2)
7 = total transmittivity=fraction transmitted at all wavelengths

Using the above definitions, energy conservation gives

p+a+t=1 (7.3)

These surface properties usually depend on the surface composition and its temperature.
In the case of gases, these properties are also dependent on the geometrical size and shape
of the gas through which the radiation passes. Most gases have higher values of 7 and

low values of @ and p. For instance, air at atmospheric pressure is virtually transparent

to thermal radiation, so that one may take @~ p~0 and 7 ~1. However, most solids
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encountered in engineering practice are opaque to thermal radiation, so that & + p =1 and

T~0.

7.3 Blackbody Radiation
A perfect blackbody is defined as one which absorbs all incident radiant power regardless
of the spectral distribution or directional character of the incident radiation, i.e., @ =1 or

p =0. The emissive power of a blackbody, denoted by E,, is dependent on the surface

temperature only.

7.3.1 The Stefan-Boltzman Law for Blackbody Emissive Power

Based on experiments, Josef Stefan in 1879 suggested that the total emissive power of a
blackbody is proportional to the fourth power of the absolute temperature. Later, Ludwig
Boltzman applied the principles of classical thermodynamics and analytically derived the

same fact. Thus the following dependence of E, on 7 is called the Stefan-Boltzman law:

E, = O-SBT4 (7.4)

in which o, is the Stefan-Boltzman constant with the value

Oy =5.670x10° W/m’ - °K* (7.5)

The temperature of the black surface is the absolute temperature.

The Stefan-Boltzman law for the total emissive power gives the total energy emitted by a

blackbody, summed over all wavelengths.
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7.4 Radiation of Nonblack Surfaces
A nonblack surface exhibits absorptivity less than unity, and its value may be dependent
on the wavelength of the incident radiation. The hemispherical total emissivity is defined
as the ratio of the total emissive power of a nonblack surface to that of a blackbody at the
same temperature:

_E(T)

“D=% @)

(7.6)

Therefore, the emissive power of a nonblack surface is readily calculated when & is

known:
E(T)=¢eaT* (7.7)

7.4.1 Kirchhoff’s Law

Kirchhoff’s Law in the total sense
a(T)=¢&(T) (7.8)
occurs when either of the two following conditions is met:

. if the incident irradiation on the receiving surface has a spectral distribution

identical to that of the emission from a blackbody at the same temperature.

. if the receiving surface is an ideal gray surface, i.e., £, is not a function of A4 so

that it may be moved from under the integral signs when deducing the total form of

Kirchhoff’s law with the use of the monochromatic form.
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7.5 Shape Factor for Radiation Exchange

Of basic importance is the direct exchange of energy between two surfaces—that fraction
of the energy leaving one surface that strikes the second directly; energy transferred
indirectly by reflection or re-radiation from other surfaces is not included. This direct flux
between one surface and another is expressed in terms of the shape factor, which is found
by determining the exchange between different area elements in each surface and then

performing simultaneous integrations over both surfaces.

7.5.1 Calculation of Shape Factor

The geometry of the problem is illustrated in Fig. 7.1. Two surfaces denoted by 4, and
4, , respectively, are located arbitrarily in space with arbitrary shapes. They are not
necessarily planes. Elements of each surface are denoted by d4, and d4, with
corresponding normals N, and N,. The line connecting d4, and dA, has length » and
makes polar angles 6, and &, with the two normals N, and N,, respectively. The

fraction of the flux leaving d4, which is intercepted by d4, is

df =1, cosfdw, (7.9)

where [, represents the intensity of the radiation leaving d4, and dw, , is the solid angle
subtended by dA4, at dA4,. Projecting d4, normal to the radial line r gives

dw, | = (dA, cosb,)/r*, so that

cosé cosd,
—#d@ (7.10)

daf =1,
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Since df is the portion of the flux from d4, intercepted by d4, , it may be written as

dq, ,, =i cos b, c059 2 4, (7.11)

dar =
e :

where g, ,, represents the energy leaving all of A, that strikes all of 4,. Thus, ¢, ,, is
found by integrating the above expression over both areas:

Gion = [ [4 e COSBZ dA,dA, (7.12)

4 4
If the radiosity of the originating surface, J,, is uniform over that surface, the total
energy leaving it is 4,J,, so the fraction of the energy leaving 4, which strikes 4, is

ql—>2
E, === 143
1-2 Al.]l ( )

If, in addition, the radiant energy leaving 4, is diffuse (both the emissive and reflected

portions), then /, is a constant and J, = 7/, . Thus, the two equations above give

F,=

2 dA,dA, (7.14)

1 cos 6, cosd
=

The factor F_, is called the shape factor of 4, with respect to 4,—the fraction of the

energy leaving A, which directly strikes 4,. As may be seen from its representation in
(7.14), the shape factor for diffuse radiation is a purely geometric property of the two

surfaces involved. The order of the subscripts on F| , is quite important since F, , will
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be used to represent the fraction of energy leaving 4, which directly strikes 4,. In

general, F| , # F, |, since similar analysis yields

1 cosd, cos b,
Fa=— [ [ d4d4, (7.15)

2 4 4

nr

Figure. 7.1 Shape factor between two arbitrarily shaped and located surfaces

7.5.2 Properties of the Shape Factor

e The reciprocal property

For two surfaces, 4, and 4,, in general F_, # F, |; however, the following reciprocal

relation exists:
AF_, =4,F, (7.16)
o The additive property

If one of the two surfaces, say 4, is divided into sub-areas 4,4, ,A ,4, (so that

|

z 4, = 4,), the following relation exists:
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AF_ =Y AF (7.17)

The reciprocal relation given above then yields

F =Y F, (7.18)

Thus, if the transmitting surface is subdivided, the shape factor for that surface with
respect to a receiving surface is not simply the sum of the individual shape factors,
although the AF product is expressed by such a sum. The shape factor from a surface to

a subdivided receiving surface is simply the sum of the individual shape factors.

If surface 4, is subdivided into »n parts (4,4, ,A ,4, ) and surface 4, into m parts

(4,,4, A ,A, ), the above reasoning leads to

AF =Y TAE, 719)

n m

These additive properties are useful in finding the shape factor for complex shapes by
subdividing the surfaces into subsections for which the shape factor is either known or

simply evaluated.
o The Enclosure Property

If the interior surface of a completely enclosed space is subdivided into » parts, each part

having a finite area A4,,4,,A , 4,, then
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F_ =1, i=12A,n (7.20)

The above representation admits the shape factors F|_,,F, ,,A ,F,_, since some of the
surfaces may “see” themselves if they are convex. If a surface 4, is completely enclosed
by a second surface, 4,, and if 4, does not see itself (£, =0) then F,_, =1, then we

have

F = (7.21)

The above properties will be useful for the determination of shape factors for specific

geometries and for the analysis of heat exchange between surfaces.

7.5.3 Shape Factor Between Two Arbitrary Sizes of Rectangular
Planes

Since in most thermal applications in Microwave Engineering, calculation of the shape
factor between two arbitrary sizes of rectangular planes is of essential importance,
[18]Hsu has presented a method of integration for deriving such explicit equations for
calculating the shape factor between two arbitrary sizes of rectangles (having sides

parallel to each other) which are placed on mutually parallel planes.

The definition of the shape factor for radiative transfer between two finite areas, “1” and

“ 299

, is given by the following equation:

sl I jMdAdA —— [F_d4 (7.22)

Al 4, ' 4
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The feasibility of computing the above integral depends largely upon the sizes and the
relative position of the two areas. For rectangles of equal size that are placed in an
opposite manner, evaluation of the integral is relatively straightforward. If the two
rectangles are of different sizes and are placed in an arbitrary position such as shown in
Fig. 7.2, then evaluation of the integral becomes much more complicated because of the
difficulty in specifying the integration limits. The mathematical scheme for evaluating the

integral for this latter case is discussed as follows.

First, choose F|_, such that a normal through one corner of 4, passes through d4, .

Referring to Figure. 7.3 a, then, the shape factor between the two rectangles 4, and 4, ,

can be written as:

1
F;—Z = Z _[{E—(2+a+ﬂ+7) - F;—(a+y) i F;—(,Bﬂ')

4

+F }dA, (7.23)

Also, the coordinate variables are found to be as follows:

£, x—coordinate  y—coordinate  sign
FI—(2+a+ﬂ+r) [+x c+m-—y +
K I+x m— =
Hasr) # (7.24)
F}_(/W) l+x-d c+m-y -
F, I+x—d m-—y +

Accordingly, the expression of the integrals in (7.23) is, for example:
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1
Z A‘l'-FL(MﬂW)dAl

]]\/ C+m_): tan”' AL > dedy (7.25)
1 00

:27rab e _
+'” l+x gt TEH—F dxdy
00
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Figure. 7.2 Two rectangles of different sizes and placed in an arbitrary position
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It should be pointed out that Eq. (7.23) is applicable only when the conditions / >d and

m > a are simultaneously satisfied. For other cases, such as the one shown in Figure. 7.3
b, it is necessary to modify the expressions for the £, ,’s in Eq. (7.23), since F,_, does
not remain identical for all the differential elements taken inside 4,. In Figure. 7.3 b, for
instance, although the expression for F,_, remains the same as that in Eq. (7.23) for an

area element at point ““ P ”, it should be changed to

F;—z . E—a' * Fl—/i' + E—y' + E-J' (7.26)

At first glance then, evaluation of F,_, may appear extremely cumbersome since the area
A, must be subdivided into sections and evaluation of the integrals carried out for each

section. Fortunately, however, close examination of the coordinate variables in Eq.(7.24)

reveals that they will automatically adjust their signs such that the expression for £,
remains valid for all the area elements taken inside 4,. For example, the coordinate

variables for F , at point “(Q” can be found to be equivalent to those at point “ P as

shown below

E x —coordinate y—coordinate sign  equivalent to

F;_ar l+x c+tm—y * F;—(2+a+ﬂ+7)

F. I +x y-m=—(m-y) + K @y (7.27)
B d-l-x=—(l+x-d) c+m-y - —F_(5+)

E 5 d-l-x=—(l+x-d) y-m=-(m-y) + B,

This coincidence is partially due to the symmetrical form of F_, and to the fact that

tan”' (—y)=—tan"' y . It can further be shown that, for />0, Eq. (7.23) is also valid for
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the cases shown in Figure. 7.2 b and Figure. 7.2 ¢, for which the sign of “m” in Eq.

(7.24) becomes negative, in order to obtain satisfactory results.

The equation in Appendix A-1, although formidable in appearance, can be simplified
considerably for several special cases. For instance, by letting L=M =0, C=A4 and
B = D, the equation reduces to the equation for two parallel rectangular planes of equal

size which are located opposite to each other. By letting M =0, C=4, B=D,
L= % =cosd , one obtains the shape factor equation for the case where two rectangles

of equal size are placed obliquely on parallel planes.
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Figure. 7.4 3D illustration of the lengths and angles used in above equations

7.6 Lumped Thermal Capacity Model for Combined Convection
and Radiation

The heat transfer coefficient is usually assumed constant during the cooling period for

forced convection. This assumption is less appropriate for natural convection especially

when thermal radiation is significant. The natural convection heat transfer coefficient 4,
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is proportional to AT’ for laminar flow and to AT’ for turbulent flow. The temperature

difference AT =T —T, decreases as the body cools, as does h, . Radiation heat transfer is

proportional to (T4 —T/‘.‘). In order to apply Newton’s law of cooling for the situation

where both convection and radiation are important, a lumped thermal capacity analysis is

extended to allow for a variable convective heat transfer coefficient.

7.6.1 Governing Equation and Initial Condition
Fig. 7.5 shows a body that loses heat by both convection and radiation. For a small gray

body in large, nearly black surroundings also at temperature 7', the radiation heat

transfer is obtained as Q = gAO'(T M )

™= gO'A(T4 _T;)

Figure. 7.5 Schematic of a body losing heat by convection and radiation for a lumped

thermal capacity model

The energy conservation principle yields:
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pre— =-hA(T-T,)-e40(T*-T}) (7.28)

or

i -T;) (7.29)

where

p is the density of body
V' is the volume of body (7.30)
c is the specific heat of body

The initial condition is again
t=0; T=T, (7.31)

This first-order ordinary differential equation has no closed-form analytical solution even
when the convective heat transfer coefficient / is constant as in forced convection.

However, Eq. (7.29) can be solved easily using a numerical integration procedure. For

this purpose, it can be rearranged as

£+—hi(T—T,.)=o (7.32)
dt  ple :

h=h+h =B(T-T,")+oe(1” +17)(T+T}) (7.33)
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where (T . —T /‘.‘) has been factored, as was done in deriving Eq. (7.29). For forced

convection, n=0,B = }_zL ; for laminar natural convection n = % and B is a constant [for

example, for a plate of height L, B=(4/3)(1.07)/ % ]. Eq. (7.33) defines a total heat

transfer coefficient that accounts for both convection and radiation and changes
continuously as the body cools. To put Eq. (7.33) in dimensionless form, we use the

dimensionless variables:

T’ = , £ =— (7.34)

The definition of the time constant 7, poses a problem since / is not a constant as before.
We choose to define #, in terms of the value /4 at time 7 =0, when the body temperature

is Z;*

Ve Ve
Ry i I ik (7.35)

" [B(-1,) e 1))(5 41, 4

Eq. (7.33) then becomes

i 0 (7.36)
dt  h,

with the initial condition

=0 T" =1 (7.37)
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Numerical integration is possible for this problem.

7.7 Conclusion
First the material property of interest in heat radiation is defined. Then discussion on the

mechanism of blackbody and nonblack body thermal emissive power is carried out. A
great deal of effort is put into the calculation of shape factors in order to determine the
power exchange between two mutually visible surfaces. Finally a lumped thermal

capacity model is formulated for combined convection and radiation.



Chapter 8 Numerical Analysis and Simulation Results

8.1 Numerical Analysis

Formulas listed in this section are all derived from the theorem and algorithm introduced
in Part II “ Coupled TLM-Thermal Analysis™ in this thesis. This section is to deliberately
and comprehensively get those essential formulas together in order to make it easy for the

readers to obtain the idea of TLM-Thermal Coupling process.

8.1.1 Comprehensive Formulation
e Power absorbed by imperfect conductors and dielectrics

According to Poynting’s theorem, the time-average power dissipated in the volume ¥ due
to conductivity, dielectric, and magnetic losses is defined as:

i -
E | +u

P, =% [E dv+% [ H[ yav (8.1)
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Where o is the electric conductivity, @ is angular frequency, E,H are the total electric

and magnetic fields in the volume V' and &", x" are the imaginary parts of the complex

permittivity and permeability.

The calculation of the power absorbed by a good conductor can be simplified by

determining the tangential magnetic field at the surface of the conductor:

2

ds

Poy = % _L“ '1—7

Where H is the tangential magnetic field at the conductor surface S, and

R, =Re(n)=,[2£

20

is called the surface resistivity of the conductor.

(8.2)

(8.3)

The average electromagnetic power dissipation P, is first calculated using a GSCN 3D

TLM algorithm. It is then used as the power distribution input for the thermal analysis.

Three mechanisms of heat transfer are investigated: conduction, convection and radiation

with the following assumptions:

1) No forced cooling mechanism is present, thus only free convection is considered.

2) The outer surfaces of the vertical waveguide walls are assumed smooth so that the

airflow along these walls is laminar.

3) Convection inside the waveguide is negligible due to the small dimensions of the

waveguide.



e Heat Conduction
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Heat conduction is modeled with a finite difference scheme assuming the temperature

inside a FDTD cell to be homogeneous. A uniform mesh is used for the calculation of

conduction heat flux. The heat conduction is computed in such a way that for every single

cell the power flux in all the six directions is computed individually and then summed up

to yield the total heat power flux through that cell.
The power flux in positive X direction is:

PXP _ 2Alki,j,kki+|,j,k (T o )
ij.k — ik Livljk
).k k:./,k +k J Lj

i+1.j.k
The power flux in negative X direction is:

_ 2Alk, .k,

i,j.k (

PXNIJ,,(
kivju+ ki g

i-1,7,k = 7:,1,/( )
i

The power flux in positive Y direction is:

2Alk; . k
1,7,k j+Lk
k,’j,k +k J.k Jj+1k

i,j+Lk

PYP,J,k =

1

The power flux in negative Y direction is:

2AIK, k.
=L Lk (T -k 7:,1,/( )

i,).k &
kl,j—l,k 2y kl,j,/(

The power flux in positive Z direction is:

(8.4)

(8.5)

(8.6)

(8.7)
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_ 2Alk; 4k,

i,7.k"vi,j k+1
J.k k,j,k+k J.k J.k+1

i i,),k+1

The power flux in negative Z direction is:

PZN . . .= s PTEUAT (T T ) (8.9)
ij.k— k’j’,k—] +k,,_/,k i,jk-1 i,j.k :

1

Where k denotes the temperature-dependent thermal conductivity of the materials, and

Al is the cell size.

P('()NI)

.« 1s then obtained as

The total heat conduction power flux

P(VUND = P/in.j,k . PXRJ,k + PYN:._/‘k - PYPI,j,k +PZNIJJ( - PZPI,_/,k (8'10)

i)k
e Heat Convection

Calculation of heat convection requires the knowledge of the heat transfer coefficient 4

defined as follows:

N u kﬂuul
/

h= (8.11)

N, is the dimensionless heat transfer coefficient, k ,,,, the thermal conductivity of the

fluid, and / is the characteristic length of the surface that is usually obtained by dividing
the surface area by the perimeter in the case of horizontal surfaces, or simply the height
of the surface for vertical surfaces. Finally, the heat convection power flux is calculated

as
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PEEC = T . -T 8.12
- /,_/,k( i,k ﬂma') ( U )

i,].k

e Heat Radiation
1) Calculation of free heat radiation from the outer boundaries of the structure

The emissive power of a “graybody” is a function of temperature and emissivity. The

power flux is calculated as:

PIEEERD ooy T AP (8.13)

i,j.k i,j.k
Where ¢ is the emissivity of the surface and o, is Stefan-Boltzman constant.

2) Calculation of heat radiation exchange between the inner surfaces of the structure

Assuming that the inner surfaces are subdivided into discrete cells, the exchange of

power between two cell surfaces (i, j, k) and (/,m,n) through radiation is

o

rad — (D cD(/,m,n)(i,j,l() (8‘14)

(i,j k)l mpn) —
where

_ 4
q)(l,,/.k)(/,m,n) i g',/,kal,m,nE,j,k,/.m,nO-SBY:,j,k (8 1 5)

1

_ 4
(D(l,m,n)(l,j,k) - gl,m,nal,_/,klE,m,n.l,j,ko-SBT (8 1 6)

l,mn

Here « is the absorptivity of the surface, which is usually equal to the emissivity of that

surface, and F is the shape factor determined by geometry only. This coefficient is
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defined as the part of energy transmitted from one cell surface s to another cell surface

s', divided by the total energy emitted by the surface s .

1 peos(d,)cos(@,)
By [ > dA,dA, (8.17)

58
S A Ay

@ and r describe the relative positions of the surfaces sands’. For details, refer to the

chapter of “Thermal Radiation”.

The exchange radiation power flux is then calculated as the sum of the heat exchanges

between the specific cell and all the visible surface cells.

PP % P (8.18)

i,k rad
Visible

Surfaces

e Updating Temperature

Once all the power fluxes are calculated, the temperature can be updated as follows:

Tn+l — TH o At PT()TAL

Lk i),k i,j.k
m; ;xCijk (8.19)
At ‘ . I . . '
i EM COND CVEC FREERAD EXRAD
_Ti k 3 (P, ,k+E, k -R k —E'k _R,‘,k )
ol Al »J J W o J
PijxCijk

where At is the thermal calculation time step, p is the density and c is the specific heat.

When the total power flux entering the structure equals to the total power flux emerging

from it, the temperature reaches a steady state.
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8.1.2 Flow Chart
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8.2 Simulations Results

The algorithm has been applied to analyze the thermal behavior of a microwave cavity
with a polyvinyl chloride (PVC) sample placed inside. The permittivity for PVC is

chosen to be 3.5 F/m and thermal conductivity for PVC is 0.146538 W/m-K [30].

Figure. 8.1 Topology of the structure: a microwave cavity with a PVC sample placed

inside
The structure is excited with the TE;;p mode at 2.2GHz . The electromagnetic field heats
the PVC sample approximately at a constant heating rate of 2W. Most microwave energy

losses occur in the dielectric, dominating the losses in the metal surfaces. Furthermore,
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the largest power absorption occurs in the middle of the PVC block due to the TE; o

mode field distribution. As a result, the temperature in the middle of the PVC block
increases at a faster rate than the other regions inside the structure.

Two sampling probes are placed inside the cavity, one in the air region and the other at
the middle of the PVC block. The change in temperature over time at these probes is
shown in Figure. 8.3 (b) and (c). The temperature distribution in Figure. 8.3 correlates

with the TE110 mode field distribution.

(b) 2D wire mesh representation

Figure. 8.2 TE;p mode power distribution in a PVC (£=3.5, 0=2.e-6 S/m) loaded cavity.
In the 3D color representation, red (center) and deep blue (background) colors
are corresponding to 0.0156-W and 0-W, respectively. The 2D wire mesh

representation gives the same information in another perspective.
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(a) 3D color representation
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(b) Temperature increase in the center of the PVC block
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(c) Temperature increase in the air around the PVC block
Figure. 8.3 Temperature distribution in the PVC loaded cavity. (a) Red (center) and deep
blue (background) color are corresponding to 299.3°K and 293°K, respectively.
The temperature evolution in the PVC block and in the air are shown in (b) and
(c). The total power dissipated in the PVC region is 2-W, which is equivalent to a
0.0345°K/s heating rate. This value agrees well with the slope of the graph in

Figure. 8.3 (b), which is 0.0325°K/s.

Figure. 8.4 Initial temperature distribution inside the computational domain with the

excitation of TE210 mode field distribution
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Figure. 8.5 Initial temperature distribution inside the computational domain with the

excitation of TE220 mode field distribution

8.3 Error Analysis

e As has been pointed out previously, the numerical methods presented in this chapter
represent approximate solutions to the original differential equations since derivatives
are replaced by finite differences. Terms of the order of the fourth power of the
spatial step size are neglected and, in the transient case, terms of the order of the
square of the time increment are neglected. Thus, some degree of truncation error has
been introduced by these approximations.

e Numerical errors may also be introduced into the solution if the mesh is too coarse or

the time step is chosen to be too large.



Chapter 9 Conclusion

9.1 Conclusion

The object of this thesis is to seek new approach by the means of combining several
numerical methods to the applications in which hybrid methods may give better

performance.

The first attempt in the thesis is to derive a hybrid algorithm between MRTD and TLM
methods. The idea is to simultaneously apply two different sets of grids to the structure of
interest. The two methods are hybrid in such a way that MRTD is used to model
subdomains of simple shape, while TLM is applied to analyze the complicated boundary
geometry. Thus, the combination of two methods would be able to handle such a problem
as the one with a large geometry and complex boundary if the stability problem could be

solved successfully.

The second attempt is to develop a coupled EM-thermal engine so that it could be applied
to solve the thermal problems in microwave engineering. For example, waveguide

components usually contain discontinuities that give rise to reflection and storage of
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energy. This storage of energy is always combined with wall losses that increase the
temperature near the discontinuities. In fact, the temperature can become so high that the

components be destroyed.

The thesis has presented a new approach to solve such problems. In the designed thermal
engine, heat conduction is formulated using an explicit FDTD algorithm, with the
temperature dependence of thermal conductivity taken into account. The conducting heat
energy is not only propagating within one substance, but also transferred from one
substance to another substance that has contact with it. Thermal convection in the
application of microwave engineering is simplified with the assumption that no forced
cooling system is present. Thus only microwave heated walls or dielectric objects cause
the natural convection of fluid (usually air) immediately adjacent to it. Thermal radiation
in free space is easily formulated with the empirical equations. However, the calculation
of the shape factors between the surfaces inside the waveguide structure is the most
crucial problem in the design of this thermal engine. The mutual visibility of two surfaces
needs to be determined carefully and efficiently because otherwise the process of inner

thermal heat exchange might be costly in time.

The designed thermal engine has been applied to analyze a microwave cavity with a PVC
sample placed in the middle. Different source distributions have been tested and the
temperature distribution corresponds to their source very well. However, due to the
versatility of thermal situation, it is very hard to find in the literature some experimental
data to reproduce and compare with. Thus, the quantitative accuracy needs further

confirmation.
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The thermal analysis tool is very useful in the thermal application of microwave
engineering. It allows us to predict the temperature rise, the hot spot, the critical

temperature point and optimize the power handling capability.

9.2 Future Research

A few features are to be implemented in the near future for the thermal engine.

One is the formulation of the thermal absorbing condition. The need for this arises from
the existence of EM absorbing boundary. In case a waveguide structure has a relatively
large dimension so that only a section of it needs to be modeled. A EM absorbing
boundary will be put where the structure is cut short for simplicity of EM calculation. In
such case, since there is no data about thermal properties at the location of the EM
absorbing boundary, no practical thermal mechanism can represent the behavior there.
Hence, an interpolation method needs to be applied to predict the temperature at the

absorbing boundaries.

Another feature is the multiple coupling of EM and Thermal engine. That is, after a
certain period, if the temperature rises more than a pre-set threshold so that the electrical
properties of the substance within waveguide are affected, the EM process will reevaluate
the affected properties and re-calculate the power dissipation, which is, the source
distribution for thermal engine. Thereafter, the thermal process starts again, and so on,
until the thermal process reaches equilibrium. In this way the coupling process is

expected to give better representation of practical mechanism.
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However, as to the coupling of TLM-MRTD, due to time limit, I would not be able to

make any progress on this topic.
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