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Abstract

Gene networks can be modeled by piecewise-linear (PL) switching systems of differ-
ential equations, called Glass networks after their originator. Networks of interacting
genes that regulate each other may have complicated interactions. From a ‘systems
biology’ point of view, it would be useful to know what types of dynamical behavior
are possible for certain classes of network interaction structure.

A useful way to describe the activity of this network symbolically is to represent
it as a directed graph on a hypercube of dimension n where n is the number of
elements in the network. Our work here is considering this problem backwards, i.e. we
consider different types of cycles on the n-cube and show that there exist parameters,
consistent with the directed graph on the hypercube, such that a periodic orbit exists.

For any simple cycle on the n-cube with a non-branching vertex, we prove by
construction that it is possible to have a stable periodic orbit passing through the
corresponding orthants for some sets of focal points F' in Glass networks. When
the simple cycle on the n-cube doesn’t have a non-branching vertex, a structural
principle is given to determine whether it is possible to have a periodic orbit for some
focal points. Using a similar construction idea, we prove that for self-intersecting

cycles where the vertices revisited on the cycle are not adjacent, there exist Glass



iv
networks which have a periodic orbit passing through the corresponding orthants of
the cycle. For figure-8 patterns with more than one common vertex, we obtain results
on the form of the return map (Poincaré map) with respect to how the images of the
returning cones of the 2 component cycle intersect the returning cone themselves.

Some of these allow complex behaviors.



Table of Contents

Supervisory Committee ii
Abstract iii
Table of Contents \%
List of Tables vii
List of Figures viii
Acknowledgements X
1 Introduction 1
2 Background 4
2.1 Glass Networks . . . . . . . . . .. . ..
2.2 Then-Cube . . . . . . . . . . 6
2.3 Previous Results . . . . .. .. ... 12
2.4 Notation . . . . . . . . ... 15
3 Existence and Stability of Periodic Orbits on Simple Cycles 16
3.1 Simple Cycles With a Non-Branching Vertex . . . . . . ... .. ... 17
3.2 Simple Cycles With No Non-Branching Vertex . . . . . . .. ... .. 28
3.3 Examples . . . . .. 33
4 Existence and Stability of Periodic Orbits on Simple Figure-8 Cycles 38

4.1 Simple Figure-8 Cycles With Non-branching Vertex . . . . . . . . .. 38
4.2  Generalized Simple Figure-8 Cycles . . . . . .. ... ... ... ... 44
More Results About Figure-8 Patterns 47

5.1 Lemmas . . . . . . . 47



52 Results . . . . . . 55
521 Case 1l . . . . . . . 55
522 Case2 . . . .. 64
523 Case3d . . . . e 66
52.4 Casedand Caseb . . . ... .. . ... .. ... 70
525 Corollaries . . . . . . . . ... 72

5.3 Examples . . . . . .. 73

6 Discussion 83



List of Tables

2.1 Focal point structure of System (2.8). . . . . . .. .. ... ... ..
2.2 Truth table for the mutually inhibitory network of Fig. 2.2 where

2.3 Focal point structure of System (2.10). . . . . .. .. ... ... ...

5.1 Numbering of orthants in R3. . . . . . . ... ... ... ... ....

5.2 Focal point structure for example 5.3.1. . . . . . . . . ... ... ..

vii



List

2.1
2.2
2.3

2.4
2.5

2.6
2.7

2.8

29
2.10

3.1
3.2
3.3

4.1
4.2

5.1

viil

of Figures

Notation illustrations in 2-D.. . . . . . . . .. ... .. ... ..... 5
The interaction of two elements which is modeled by (2.8). . . . . ..
(a). Phase space for Eq. (2.8) with bistable behavior. (b). Digraph on
the 2-cube for Eq. (2.8). . . . . . ... o 8
Wiring diagram for a 3-net which has at least two different digraphs
onthen-cube. . . . . . . . ... 9
Two different state transition digraphs for the same wiring diagram
Figure 2.4. . . . . . . L 10
Two different 3-net wiring diagrams. . . . . . . . . .. .. ... ... 10
All the 16 different state transition digraphs for two-variable Glass
networks. . . ... 11
The structural equivalence classes for two-variable Glass networks.

The number in the parentheses refers to Fig. 2.7, and we classify them

into classes. . . . . ... 11
The state transition diagram for the cyclic attractor in R®. . . . . . . 14
Mlustration for notation. . . . . . . . .. ... ... ... ... ... 15
Digraph on the 3-cube. . . . . . . . ... oo 16
Evolution of 2 variables over time. . . . . . . . ... .. ... ... .. 18
Digraph on the 3-cube in Example 3.3.2. . . . . ... ... ... ... 35
Simple figure-8 cycle. . . . . . ..o 39
Generalized simple figure-8 cycle. . . . . .. .. .. ... 44

Figure-8 cycle with more than one common orthant. . . . . . . . . .. 48



5.2

5.3
5.4

5.5
5.6

5.7

5.8

ix
Possible image types of cycles A and B, where the red triangles are
the returning cones C'4 of cycle A projected onto a plane, the yellow
triangles are the returning cones C'g of cycle B projected onto a plane,
the blue triangles are M4(C4) projected onto a plane and the green
triangles are Mp(Cp) projected onto a plane. . . . . .. .. ... .. 49
Returning cone of cycles A and B in a 4-cube. . . . . . . . . ... .. 53
Evolution of z., x4, y., yq as they pass through orthant ;. In figure
(a), in order to have |x£M+2)| > |x£lM+2)|, the absolute value of the cth
coordinate must increase faster than the dth coordinate. That is we
need to define |F(Qq,c)| > |F(Q1,d)|. In figure (b), since we have
already defined |F(Q1,c)| > |F(Q1,d)| in figure (a) and [y{"*"| >

\yc(lN+1)|, we will have |y£N+2)\ > |y((iN+2)\. ................ 61
IMlustration of the construction idea. . . . . . . . . . . . . . . . ... 61

Digraph on the 4-cube for the network in Example 5.3.1. The figure-8
pattern is shown by bold edges with 0001 and 0101 as common vertices. 74
Image types of cycles A and B when |F'(2,1)| = 10, where the red
triangles are the returning cones Cy of cycle A projected onto a plane,
the yellow triangles are the returning cones C'p of cycle B projected
onto a plane, the blue triangles are M4(Cy4) projected onto a plane
and the green triangles are Mp(Cpg) projected onto a plane. . . . . . 79
2D phase space projections of the stable periodic orbit in the 4-net of
Fig. 5.6 and Table 5.2 when |F'(2,1)| = 10, where the x-axis is the first

coordinate and the y-axis is the fourth coordinate. . . . . . . . . . .. 80



Acknowledgements

I would like to take this opportunity to express my heart-felt gratitude to a number
of people for different sorts of assistance they have provided me in making this thesis
a reality.

First and foremost, I am greatly indebted to my academic advisor Dr. Rod
Edwards, for his boundless help during my study, for his valuable directions and
enlightening suggestions, and for his generosity in spending his precious time reading,
discussing and improving my thesis. Without his help, the completion of my thesis
would be impossible.

I am very grateful to all the teachers and professors who taught me and gave me
inspiring lectures on various subjects that have helped to widen my point of view
during my study in the University of Victoria.

I feel fortunate to have shared my graduate experience with so many wonder-
ful fellow students: Angus Argyle, Tony Deng, Shelly Hsieh, Terry Lee, Bibo Liu,
Maryam Namazi, Beiyan Ou, Reinel Sospedra Alfonso, Xiaolong Yang and so many
more. Their camaraderie has been invaluable and I look forward to their continued
friendships and collaborations.

Last, but not least, my sincere appreciation goes to my parents. It is their under-
standing and endless support that gave me strong motivation to finish my graduate

study abroad.



Chapter 1

Introduction

In the context of Network theory, the term “complex network” refers to a network
(graph) that has certain non-trivial topological features that do not occur in sim-
ple networks. Most social, biological, and technological networks (as well as certain
network-driven phenomena) can be considered complex by virtue of non-trivial topo-
logical structure.

Since complex networks are often characterized by their tremendous sizes and
the nonlinear interaction between their components, it is hard to develop general
techniques which may be used to get their asymptotic behavior.

In gene networks, genetic regulatory elements called transcription factors can
control the transcription of proteins. They bind to the DNA turning “on” and “oft”
the synthesis of specific mRNA according to their concentrations. Then the mRNA
sequence is translated into an amino acid sequence which forms a protein.

After an article by Jacob and Monod [1] from the early 1960s about genetic reg-
ulatory elements, many researchers have worked on mathematical models to predict
the dynamical behavior of gene networks ([26]-[29]).

In 1973, Glass and Kauffman [2] proposed a mapping obtained from the logical
structure of the networks to study the qualitative properties of continuous biochemical
control networks. In the following years, many nice results about this mapping came
along including the development and dynamical analysis of this mapping. In 1974
[3], techniques were given to classify biological networks into classes having similar
structure and therefore possibly similar qualitative dynamics. In this paper, Glass
used directed edges in n-cubes (hypercubes in n dimensions) to represent the state
transition diagrams of n variable systems. We see from later papers that this idea is
a very useful way to describe the activity of the network symbolically.

When the continuous threshold functions in the differential equations are replaced

by step functions, the equations become piecewise linear (PL equations). The general
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form of PL equations called Glass networks (after their originator) is the following.
Let x1, xa,..., x, be real variables and suppose positive constants 6, 6, ..., 0,

are given. Then

Zti = —QT; +Gi(i'17j27-”ajn>a 1= ]'""7”7
where o« > 0 and
5 a if T < Qi,
Ti = .

Let y; = a(x; — 0;), s = at and Fi(1,72,-..,0n) = Gi(Z1,Ta,...,T,) — ab;, where
¥; = (; — a)/(b — a) and replacing the time variable s by ¢ again, the original glass

network is transformed as

yi:_yi+ﬂ(gl7g27--'agn)7 Z.:L"'vna (11)
where
N 0 if Y <0,
1 if y; >0.

These theoretical models have been in use for at least 30 years ([2], [9]), but the
technology to conduct experiments has only recently been developed. In 2000 ([19],
[20]), experimental results about the construction of genetic circuits, based on simple
mathematical models, showed that the mathematical model predicts the behavior of
the synthetic network very well. This is a great motivation to researchers working on
genetic networks. H. De Jong ([10], [31]) uses the general piecewise-linear approach
to simulate the initiation of sporulation in bacillus subtilis and the carbon starvation
response in Escherichia coli. Moreover, researchers are making some changes to the
general PL model ([22], [24]) to make the model more realistic.

Although Glass networks have aroused researchers’ interest and have been widely
discussed for years, most previous work ([11]-[18], [22], [24], [25]) started from given
PL equations and the corresponding state transition diagrams called n-cube (intro-
duced below in Section 2.2). Some researchers tried to classify networks and get the
qualitative dynamical behavior of the PL equations by considering the structure of
n-cube without knowing the equation ([3]-[8]). One of the most important contri-
butions is about a certain configuration called “cyclic attractor”. In [8], Glass and
Pasternack proved that for the associated PL equation, all trajectories in the regions

of phase space corresponding to the cyclic attractor either (i) approach a unique
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stable limit cycle attractor, or (i7) approach the origin, in the limit ¢ — oo, and an
algebraic criterion is given to distinguish the two cases.

The result about the cyclic attractor is very nice, but how about other state
transition diagrams with cycles but without cyclic attractors, which certainly exist
since there is only one cyclic attractor on the 3-cube and three cyclic attractors on
the 4-cube considering the geometric symmetries.

In this thesis, we will consider this problem backwards, i.e. we consider different
types of cycles on the n-cube and show that there exist F; in Eq. (1.1), consistent
with the directed graph on the hypercube, such that a periodic orbit or a complex
dynamical behavior can exist. Since most previous results are about the existence of
periodic orbits ([8], [11], [12], [24]) or chaos ([16], [18]) for a given gene network, the
results in this thesis explore Glass networks in a totally different way.

A brief description of the organization of this thesis is as follows.

In Chapter 2, we introduce the mathematical model (Glass Networks) which is
used to model gene regulatory networks. All the needed mathematical background is
given in this chapter including the linear fractional maps, the n-cube, the structural
equivalence classes and some results from other researchers’ work.

In Chapter 3, by construction of suitable focal points, we obtain the existence
and stability of periodic orbits on simple cycles. Examples are given to illustrate the
construction idea.

In Chapter 4, we focus on a more complicated cycle on the n-cube, a figure-
8 cycle. Using some results from Chapter 3, we get the existence and stability of
simple figure-8 orbits on figure-8 cycles by construction of focal points. Moreover, we
generalize the result to cycles with multiple self-intersection but where the vertices
revisited are not adjacent.

In Chapter 5, we focus on figure-8 patterns with two or more adjacent common
vertices. We deal with only 2 cycles, A and B, in this configuration and focus on the
possible patterns of the images of the respective returning cones. By controlling the
image types, we are able to get very complex dynamical behavior for a given figure-8
pattern on the n-cube.

In the last chapter, Chapter 6, we give a summary of all the work in this thesis

and discuss some future work.



Chapter 2

Background

2.1 Glass Networks

Throughout the article, we consider Glass networks expressed in the form

yi:_yi+ﬂ(glag27"'vgn)a izlw"vnv (21)

where

o 0 if y; <O,
T 1 i o

Despite the discontinuity in the functions on the right-hand side of the equations, they
are actually just very simple first-order differential equations in each given orthant

in the form
Vi = —Y;i + fis

where f; = F;() is constant. Solving this ODE with initial point, y(0), we get
yi(t) = fi+ (y:(0) — fi)e™". (22)

This expression shows that y;(t) approaches f; exponentially, and since the decay
rate is the same for each i, y = (y1,va,...,yn)’ approaches f = (fi, fo,..., fu)? in a
straight line (7" denotes the matrix transpose).

In vector form
y(t) = f+ (y(0) — fle™,
where

f=F@) = (F3), F(5), ... Fa@)"

We will call f the focal point of the orthant considered. And of course, as soon as

any 1; changes sign, i.e. crosses boundary 0, y changes and the focal point changes



to the corresponding value.

In the following analysis, we always assume
Condition 2.1.1. F; #£0, Vi Vy
and, except in Chapter 5,
Condition 2.1.2. sign(F;(91,...,9 =0,...,9n)) =sign(Fi(G1, .. G =1,...,Tn)).

Condition 2.1.1 states that the focal point of each orthant is in the interior of
some orthant. Condition 2.1.2 states that the sign of F; does not depend on y;.
Under Condition 2.1.2, when y; changes sign, the transition across a boundary where
y; = 0 and y; # 0, j # 4 is unambiguous and the trajectory at the boundary is simply
the continuous extension of the two pieces defined on either side of it. Otherwise,
trajectories on the two sides flow towards or away from the boundary, and Mestl et
al. [12] call the boundary a ‘black wall” or ‘white wall’, respectively. Condition 2.1.2

corresponds to effective autoregulation in the network [21].

§® (k+1)th Orthant £
-~ - LN R
s y(k+1) )

' o

y T

e @
Figure 2.1: Notation illustrations in 2-D.

If the trajectories do not enter an orthant containing its own focal point (in
this case, the trajectory will simply approach its focal point asymptotically), the
trajectories for an n-dimensional network (n-net) may be specified by a discrete
mapping on the (n — 1)-dimensional boundaries with a fractional linear form. Let
f®) be the focal point associated with the (k + 1)th orthant being entered and y*+!
be the (k + 1)th orthant boundary crossing on a trajectory which is the boundary
on leaving the (k + 1)th orthant (See Fig. 2.1 for illustration), we have the mapping

from one boundary to the next in each variable as

k) (k k) (k
f()()_f()()

y(k+1): i Yj i Yi , 1=1,...,n, (23)
Y; fi
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where j is the index of the variable that switches on exiting the (k + 1)th orthant

along the trajectory, i.e., y(kﬂ) = 0. Mapping (2.3) can also be represented as an
operator (M®*) : R" — R"):
BOy®)
(k+1) _ pgk), (k) —
S E N .
where g
LI G s R | (2.5)
k) k)’
£ £

Jj is the index of the variable that switches on exiting the (k + 1)th orthant along the
trajectory, e; denotes the standard basis vector in R", and the angle brackets denote
the Euclidean inner product ((¢,y) = ¢Ty).

It is easy to check that the composition of fractional linear mappings is again a
fractional linear mapping of the same form. In general, the mapping of a trajectory

passing through m orthants can be represented as

Bm0),/0)
0) _
MT = T e, yoy 20
where .
Bmo) _ gm-1) B(l)B(O)7 1/}(77110) _ ¢(0) + Z B(k70)T¢(k)_ (2.7)
k=1

2.2 The n-Cube

A useful way to describe the activity of the network symbolically is to represent it as
a directed graph on a hypercube of dimension n where n is the number of elements
in the network (hereafter called an n-cube). We will use one example to show how
the state transition diagram for a network can be represented as a digraph on a
hypercube.

Define

B 0 if T < 0, .
€T; = 1= ]_,2
1 if x; >0,

Consider the Glass network

T, = —x; + Fi, 1=1,2,

5 5 (2.8)
F1:1—2.’L'2, F2:1—2I1.

The focal point structure of (2.8) is given in Table 2.1. System (2.8) is used to model



two mutually inhibitory elements see Fig. (2.2).

Orthant (7) F
0 O 1 1
0 1 -1
1 0 1 -1
11 -10-1

Table 2.1: Focal point structure of System (2.8).

N

x1 X2
\—_/

Figure 2.2: The interaction of two elements which is modeled by (2.8).

Orthant (z) G
0 0 1 1
0 1 0 1
1 0 1 0
1 1 0 O

Table 2.2: Truth table for the mutually inhibitory network of Fig. 2.2 where sign(F) =
2G — 1.

Solving the above PL equations, we get (in each orthant)
zi(t) = Fy + (2:(0) — Fy)e™, i=1,2, (2.9)

Note that we use 7 in each orthant to label the corresponding vertex on the 2-cube.
Since there is a one-to-one correspondence from Z to the orthants in phase space,
and also from the orthants in phase space to the vertices on the n-cube, T defines the
vertices. Furthermore, we can clearly see the connection between the vertex and the
orthant from the label. For example vertex 01 represents the orthant where x; < 0
and xo > 0, while vertex 11 represents the orthant where x; > 0 and x5 > 0.

In Fig. 2.3 (a), there are two fixed points, (—1, 1) and (1, —1). Trajectories starting
in orthant 00, for example, have two choices depending on where they start. For a
trajectory starting in the upper part of orthant 00, it will be approaching its focal

point (1,1) in a straight line, but as soon as it leaves orthant 00, it will approach



/// A
-1, 1) (11,) separatrix o1 .
///(_1,— (1’_1) 00 10
@ (b)

Figure 2.3: (a). Phase space for Eq. (2.8) with bistable behavior. (b). Digraph on the
2-cube for Eq. (2.8).

the focal point of orthant 01, and stay there forever since (—1,1) is a fixed point.
Similarly, a trajectory starting in the lower part of orthant 00 will end up at (1, —1).
Using vertices of the 2-cube to represent the orthants in phase space and directed
edges to represent the transition of trajectories, we get Fig. 2.3 (b), the digraph on
the 2-cube for Eq. (2.9). We can see the bistable behavior of this system on the
2-cube very well.

Using the good properties of piecewise linear equations, we obtain a digraph on
the n-cube, which represents the possible activities of the network symbolically. For
some simple cases, we can get the n-cube from a diagram of the interactions between
genes. For example, we get Fig. 2.3 (b) from Fig. 2.2 directly without knowing the
focal points since we can get a truth table (Table 2.2) from Fig. 2.2. There are some
important results about the relation between ‘wiring diagrams’ like Fig. 2.2 and the
structure of the state space diagram. For example, Snoussi [30] claimed that cyclic
attractors exist in the state space diagram if and only if there is a negative feedback
loop embedded in the network. Some papers are about the relation between ‘wiring
diagrams’ and dynamical behaviors. For example, the biological roles of individual
positive loops (multistationarity, differentiation) and negative loops (homeostasis,
with or without oscillations, buffering of gene dosage effect) are discussed in [33].

On the n-cube, we call a periodic sequence of vertices with the edges between
successive vertices directed from one to the next one in sequence as a cycle.

Usually, the digraph on the n-cube for a given wiring diagram is not unique. For

example, the wiring diagram in Figure 2.4 has different digraphs on the n-cube even



Figure 2.4: Wiring diagram for a 3-net which has at least two different digraphs on the
n-cube.

though it is under the same functional form of interaction:

I"l = —T1 — (2@2 — 1) + a(25:3 — 1),
Ztg = —x9 + (2[%1 — 1), (210)

.’j}3 = —x3+ 1.

The focal point structure of this system is

Orthant (7) F(z
0 0 0 l-a -1 1
0 0 1 14a -1 1
0 1 0 -l-a -1 1
0 1 1 -1+a -1 1
1 0 0 l-a 1 1
1 0 1 I+4a 1 1
1 1 0 -l-a 1 1
1 1 1 -1+a 1 1

Table 2.3: Focal point structure of System (2.10).

When a > 1, we have 3-cube (a) in Figure 2.5. Orthant 111 is globally attracting
and there are no cycles on this 3-cube. When 0 < a < 1, we have 3-cube (b) in
Figure 2.5. In this case, there are two cycles on the 3-cube, 101 — 111 — 011 — 001
and 100 — 110 — 010 — 000.

One state transition diagram can only correspond to 2 wiring diagram (or more)

if ineffective (weak) connections are added or removed. For example, if

F1:1—2£'37 F2:2fi'1—1, F3:2i'2—1
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110 111 110 111
100 101 100 101
010 010
011 011
000 001 000 001
@ (b)
Figure 2.5: Two different state transition digraphs for the same wiring diagram Figure 2.4.
X,
X,
°
+
X,® — _ > ® X o > o
Xs — X,

(@ (b)

Figure 2.6: Two different 3-net wiring diagrams.

for Figure 2.6 (a) and
F1:1—2fl~33—2§72.i'3, F2:2i'1—1, F3:2i’2—1

for Figure 2.6 (b), then these two wiring diagrams have the same digraph on the
n-cube.

Having the n-cube as an analysis technique, we will first use it to classify Glass
networks into classes [3, 4]. The basic idea is simple, and we will use two-variable
networks to illustrate the idea. In all two-variable Glass networks, we have 16 differ-
ent state transition digraphs on the 2-cube as shown in Fig. 2.7. Although these 16
2-cubes are different, they can often be superimposed by application of some com-
bination of symmetry operations, such as reflections, rotations and inversions of the
n-cube. If two networks are identical under some symmetry operation of the n-cube,
they will be called structurally equivalent. The number of structural equivalence
classes is four for the two-variable Glass networks as shown in Fig. 2.8:

From a dynamical perspective, the qualitative features are the same provided
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9 10 11 12 13 14 15 16

Figure 2.7: All the 16 different state transition digraphs for two-variable Glass networks.

A(1-2) B (3-10)

C(11-14) D (15-16)

Figure 2.8: The structural equivalence classes for two-variable Glass networks. The
number in the parentheses refers to Fig. 2.7, and we classify them into classes.

the focal points are chosen in an identical fashion. The definition of Structural
Equivalence Class is one of the most important features used in our main theorems.
For example, in order to simplify the notation and make the general idea clear, we
may assume the first orthant on a cycle is the positive orthant, i.e. x; > 0, V.

The above information gives a general idea of PL equations including the cal-
culation formula and the introduction of the n-cube. Note that a cycle of directed
edges on the n-cube does not necessarily imply that there is a corresponding sequence
of trajectory segments for the system of differential equations. In order to get the
dynamical behavior of more complex networks from the n-cube, we need to consider
which part of a boundary will contain trajectories that follow a given sequence of
orthants and return to that boundary. There are cases for which the domain of defi-
nition for a cycle map may in fact be empty, or may be the entire starting boundary.

In the following, we will give the formula which determines the domain of each

cycle (if it exists). The domains of definition of cycles are, in fact, cones by Eq. (2.12),
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Eq. (2.13) and Prop. 2.3.3 below. We call the domain the returning cone of the
cycle under consideration.

Let the (n — 1)-dimensional orthant boundaries crossed on a specified cycle be
denoted OF, with the starting boundary at k = 0. OF is divided into regions cor-
responding to the possible exit variables, where the possible exit variables in each
orthant are those for which the sign of yfk) differs from the sign of fi(k), the focal point
for the orthant entered through O*. We know that trajectories in Glass networks are
formed from piecewise-linear segments between orthant boundaries in phase space,
with sharp changes of direction at the boundaries. From a given starting point on
one boundary, y(0), the next boundary crossing occurs at the earliest time that one

of the y; reaches 0. From Eq. (2.2), this time is the minimum of

t; = log <1 . y”}?)

over i such that y;(0) differs in sign from f;. For later reference, the passage time at

step k is the minimum of

(2

(k=1)
t® = log (1 - %) (2.11)

over 7 such that yzgkfl) differs in sign from fi(kfl).

From Eq. (2.11) it is clear that at any step y; will cross before y; it 0 > (y;/f;) >
(yi/ f;). With one such linear inequality for each alternate exit variable at each step,
we then map all of them back to the starting boundary by Eq. (2.4). The returning
cone, C, for the cycle is

C={yec 09 Ry >0}, (2.12)

where R is a matrix with one row for each alternate exit variable around the cycle,

being the row vector
T
€

i

in each case (refer to [17] for details of the calculations).

R, = ——-pWpRE-1  pO (2.13)

2.3 Previous Results

As a reference and to make this thesis stand on its own independently, we state
without proof some important results on Glass networks in general, and results for

some particular given Glass networks.
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Proposition 2.3.1. [17] The denominator, 1+ (™% yO) in Eq. (2.6) corresponds
to the exponential of the time taken to follow the portion of the trajectory described

by the sequence of orthant boundary crossings and is thus > 1.

Proposition 2.3.2. [17] The mapping for a cycle is

Ay

My =160

(2.14)
whe,r,e A 78 (n_ 1) X (n_ 1) (A = B(m’0)|(z)) (lnd ¢ € Rn—1(¢ — w(mp)‘(l)) B(m70) and
PO are as indicated in Eq. (2.7).

Proposition 2.3.3. [17] Trajectories starting on the same ray through the origin
remain on the same ray through the origin under the discrete mapping. Furthermore,
trajectories from points on the same ray converge under the discrete mapping as

t — o0.

Proposition 2.3.4. [17] If the mapping (Eq. (2.14)) for a specified cycle on the
n-cube has a fixved point inside the cycle’s returning cone, C' (Eq. (2.12) and (2.13)),
then the network has a periodic orbit passing through this point. Conversely, any
periodic orbit of the network must pass through a fixed point in C for the corresponding

cycle.

Proposition 2.3.5. [17] All non-zero fized points of M (Eq. (2.14)) are eigenvectors
of the matrixz A.

Proposition 2.3.6. [17] If v is an eigenvector of A, corresponding to eigenvalue
[ #0, such that (¢p,v) # 0, then

. (-1
YT )

s a fized point of M and there is no other non-zero fixed point in the span of v.

Proposition 2.3.7. [17] A fized point y} of the discrete map (Eq. (2.14)) is asymp-
totically stable if the corresponding eigenvalue \; of the matrixz A is the unique dom-
inant one (A\; > |\;|, 7 # i); it is neurally stable if \; is dominant but \; = |\;| for

some j # i; and it is unstable otherwise.

Proposition 2.3.8. [17] The straight lines between fized points (including the origin)

are invariant manifolds under M .
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While there are many results on determining the dynamics of a given Glass net-

work, there are few results on structural principles. The only clear example is the

result on “cyclic attractor” [8] already mentioned. A vertex, not on a given cycle,

which shares a common edge with a vertex of the cycle is adjacent to the cycle. A

cyclic attractor is a cycle for which there are (n—2) vertices adjacent to each vertex

of the cycle and the edges from each adjacent vertex to the cycle are directed toward

the cycle. An n-dimensional cyclic attractor is a cyclic attractor on an n-cube

which is not contained on any lower dimensional sub-cube (Fig. 2.9 for example).

Theorem 2.3.1. [8] Given an n-dimensional system of Eq. (2.1) in which the state

transition diagram has an n-dimensional cyclic attractor, then one of the following

two situations holds:

1. There is a stable limit cycle in phase space which passes through the orthants

i the same sequence and order as the cyclic attractor in the state transition

diagram. The trajectories through the points of orthants represented by vertices

of the cyclic attractor and the points of boundaries represented by edges of the

cyclic attractor asymptotically approach the limit cycle as t — oo.

2. The trajectories through the points of orthants and boundaries represented by

the cyclic attractor asymptotically approach the origin ast — oo.

101

001

100

111

000

011

10

10

Figure 2.9: The state transition diagram for the cyclic attractor in R3.

In Chapter 3, we will get more general results about the existence of periodic

orbits.

Among the results about the dynamics of a given Glass network, most of them are

about the existence of periodic orbits ([11, 12, 17, 24]). Researchers are also working
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on the existence of complex dynamical behaviors in the Glass networks ([16, 18]).
The existence of a chaotic attractor has never been proven in the Glass network,
but a general method by which the existence of an attractor on which the dynamics
is aperiodic for a given Glass network has been presented in ([18]). In Chapter 5,
starting from the domains and images of two cycles A and B, we will obtain structural

principles for the existence of complex dynamics.

2.4 Notation

From now on, since a directed edge connecting to a vertex represents a variable in
the corresponding orthant, we call a variable an entry variable for the orthant if
the corresponding directed edge is pointing inwards. Similarly, we call a variable an

exit variable if the corresponding directed edge is pointing outwards .
u
Ay

Ay
Sk—l

Figure 2.10: Ilustration for notation.

In order to make the description and reference clear, we use the following notation

(see Figure 2.10 for illustration):

1. Let s denote the index of the switching variable on the cycle at step k, i.e.,

the variable that switches on exiting the orthant;

2. Let A7 denote the set of indices of alternate entry variable(s), i.e. entry

variable(s) excluding sx_1, at the kth orthant on the cycle;

3. Let A} denote the set of indices of alternate exit variable(s), i.e. exit

variable(s) excluding s, at the kth orthant on the cycle.
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Chapter 3

Existence and Stability of Periodic Orbits
on Simple Cycles

Given a digraph on the n-cube, if all the vertices on a cycle are distinct in one
period, then we call this cycle a simple cycle. Each vertex with the least number
of outgoing arrows on the cycle is called a critical vertex. In this section, we
consider the case when there is only one outgoing arrow connecting to each critical
vertex, namely, the one on the direction of the cycle. This kind of vertex is called a
non-branching vertex. For example in Fig. 3.1, the cycle in bold is a simple cycle,
and vertex 111 is a critical vertex with only one outgoing arrow. Therefore the cycle

in bold is a simple cycle with a non-branching critical vertex.

100 110

101 111

000 10

001 011

Figure 3.1: Digraph on the 3-cube.

It may be the case that not all the cycles on the n-cube really have trajectories
passing through the corresponding orthants in phase space since the returning cone
of the corresponding cycle on the n-cube may be empty. As a beginning of the
discussion about structural principles, we show that for a given structure there can
exist trajectories that follow a simple cycle for some sets of focal points. Furthermore,

periodic orbits can exist for some sets of focal points.
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In the proof of the existence of periodic orbits, the construction idea is that we
will define the focal points for each orthant such that they are consistent with the
directed graph on the hypercube (i.e. the unique directed n-cube graph of the network
derived from the defined focal points is the same as the one we are given) such that
there exist trajectories which follow the corresponding orthants of the simple cycle.
In order to get a fixed point for the cycle map (which gives a periodic orbit), we need
to consider the focal point of the orthant corresponding to one of the critical vertices
(hereafter called critical orthant) particularly. The stability of the periodic cycle
also depends on the focal point of the critical orthant. In the proof, we will choose
one of the critical orthants as the last orthant being entered, so the initial point for
the cycle is on the exiting boundary of the critical orthant. Before starting the main
results of this section, we give a lemma first which shows that although different
critical orthants may have different alternate exit variables, we can use any one of

them as the last orthant in the construction.

Lemma 3.0.1. Given an n-cube graph and a cycle on that graph, if every alternate
exit variable in a critical orthant is an entry variable at least once on the cycle, then
all alternate exit variables of other critical orthants are entry variables at least once

on the cycle.

Proof. In a critical orthant, if every ¢ € A" is an entry variable somewhere, then all
the variables are entry variables somewhere on the cycle since by definition, s;_; and
1 € A® are entry variables at this critical orthant and s is an entry variable at the
following orthant on the cycle. Therefore every alternate exit variable of any critical

orthant is an entry variable somewhere on the cycle.

3.1 Simple Cycles With a Non-Branching Vertex

Theorem 3.1.1. Given an n-cube graph and a simple cycle on that graph, if critical
vertices on the cycle are non-branching vertices, then there exist focal points consistent

with the digraph, such that the cycle has a periodic orbit.

Proof. First, we will prove that it is possible to go around the cycle once. We choose
as the starting boundary the exit wall of a critical orthant, so that we always enter
this critical orthant at the last step. Let f*) be the focal point associated with the
(k+1)th orthant being entered and y**!) be the (k4 1)th orthant boundary crossing
on a trajectory which is the boundary on leaving the (k + 1)th orthant.

Without loss of generality with regard to the signs and scaling of the variables,

(0) ©

suppose 4, = 0 on the starting boundary and choose y*), where y(o) = 1,i =

%
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1,2,...,n—1and yﬁbo) = 0 as the initial point. We prove that for any cycle starting
from 3© with N steps in total, there exist focal points f*)(¢), k = 0,...,N — 1,

where € is a positive number satisfying ¢ < 1 and
(1—e)Vt—e>0 (3.1)

such that the orbit from y© follows the cycle and (1 —¢)* — ¢ < |yl(i)5k| < 1, for
kE=1,...,N — 1. In other words, we keep the magnitude of the non-switching

variables close to 1 (see Figure 3.2 for illustration).

Yi

Yo

Figure 3.2: Evolution of 2 variables over time.

In the kth orthant being entered, where k < N — 1, we define f*~Y by the

following rules depending on the given digraph on the n-cube. For i =1,2,... n,
1. if i € A3, then || = 1;
2. if i € AY, then [f*F V] =&
3. if i = sy, then |fl-(k_1)| =y =1/¢;
4. if i = sp_1, then \fi(kfl)\ =vy=1/e.

We will prove the theorem by mathematical induction for the first N — 1 steps. At

the first step, suppose yy(zl) < 0, where yﬁll) > 0 will be done similarly. Following the

rules above, we define the focal point f(© by:
1. if i € A%, then f = 1;
2. if i € AY, then [ = —¢;

L -
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Then we get y(!) easily by Eq. (2.3):

1. if i € A3, y =1,

2

2. if i € AY, then

<1>:f§0>ysl flyl (- () (o +y _1-¢

, — = = =1-—¢

' O _ O 1= (=) 1+~ l+e
since ygl) = 1. Then

) —[(1-e) —e]=1-c—(1-2) +e=c>0.
3 (0) (0), (0)
y(1) fn Ys: f81y _ T _ 1
n y O _ 0 1+ 1+¢
Then
1
W -[1-0) —d = (=) 4e>1-e— (-9 +e=c>0.
g

Hence, it is clear that
(1—e)' —e<lyip,l <1

Now, suppose in the first k£ steps where &k < N — 1, we have
k
(1—e)f —e< |yl <1

where 1 = 1, ..., n, except the switching variable at that step.

(k)

In the (k+ 1)th step, we will only discuss the case where y; ., > 0 and yskH)

> 0;
other cases are similar by geometric symmetry. Then we define f*) by the above

rules. Fori=1,2,....n

. ifie Aj ,, then fi(k) =
. ifi e Ay, then fl-(k) = —¢;
k k
3. fs(k) =7 fih = —7.
Since ys,,, will switch in the (k + 1)th step, the passage time is

(k)
- _ Yskta
t = log (1 f(k) >

Sk4+1
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Note that (1 —e)* — ¢ < ]yz.(ilk\ < 1. We will get the longest possible switching
time ¢t when ygl,fll = 1 and we will get the shortest possible switching time ¢~ when

k
ygk)ﬂ =(1- 5)k —E.

We now prove the following two claims:

1. In the longest time period ¢+, ygf“) < 1 and for any 7 € A}, with ygk) =

(k+1) (1—¢g)kl —¢.

i

(1 —¢)* — ¢, we have y
: : - (k+1) kL

2. In the shortest time period ¢, ys, ' > (1 —¢) €.

Note that in the second claim, we don’t need to consider elements ygk) = (1—e)*—¢
where i € A}, since if for any i € A}, yz-(kH) > (1 —e)*! — ¢ is true in claim 1,
then it is true in claim 2 in a shorter decreasing time. For i € Aj_ ,, it is obvious
that yi(kﬂ) remains in the desired interval, since it approaches 1.

With the above two claims, we will have

k+1
(1—e)f —e < yltl | <1

and this will complete the mathematical induction for the first N — 1 steps.

From Eq. (2.11),

1
t = log L i : (3.2)
Y

we obtain

—tt
W = [ - e

Sk

= 77 T
v+1

Y(y+1) — 4
v+1

= <1

v+1



and if for some i € A} |, g = =(1

7

—¢e)F — ¢, then

k k k
gt = ™

21

v+1
= —+(1—¢) !
B 1+e
> —e+(1—e)(1—¢)
= —e4+ (1 )k+1
This completes the proof of the first claim.
For the second claim,
y(k+1) fsk y5k+1 f3k+1y5k _ 7[(1 — 5)k — 5]
S o k k  N\k )
and then
yut = (1 =) —¢]
NA—e)f —e] - [1—e)" —£][(1 - )" —e +1]

(1—e)f—e+~

Since 0 < (1 —&)* —e < 1, it is clear that

[(1—e)f —e]+~v>0

and
NI —e)f —e] = [1—e)** -

= y(1—ef —1—-(1—e)* +e(1—
> (1 =) = (1—) —1(1
= Y(1-ef -1 —e)+(1-e)*
= (1-g)f - (1-e"1-¢) —¢
= 1= l-1-e)((1-e)f~2)
> 0.

€)k+1

ell1—e)f —e+1]

AR L

o E)k+1 +€(1 o €)k+1

e—(1-¢)

—e)e —e? 41
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Therefore
yﬁ’;“) —[(1 =& el >0.

This completes the proof of the second claim.

Now, the Nth orthant, i.e. the critical orthant chosen at the beginning of the
construction, has focal point with the same sign as y) for each variable except the
one that will be switching in this step, so the focal point of the Nth orthant is in
the adjacent orthant, i.e. the first orthant on the cycle and we must leave the Nth
orthant on the starting boundary. Thus, we have focal points for which it is possible
to go around the cycle once. Now we choose the focal point for the Nth orthant so
that our constructed orbit is periodic. We just draw a line passing through y™V—1
and y© then choose any point on the extension of this line which lies in the first

orthant of this cycle as the focal point of the Nth orthant. That is, define
FED = W= (14 a)(y9 — ™Y, where a > 0. (3.3)
Then from Eq. (2.2)
y™M = gy L (1= (L + @)y -y,

and y™) = ¢ is obtained when 1 — et = IJ%Q, that is t = In(1 + i) Therefore, the
(N—

D will approach f=1 in a straight line in the

critical orthant and reach point y® at time ¢ = In(1 4 1). This focal point makes

trajectory starting from point y
y(© a fixed point of the return map, and we get a periodic orbit for the given cycle.

In the following discussion of stability, we will find out that although any focal point
on the extension of the line passing through y™=1 and y® which lies in the first
orthant makes y© a fixed point of the return map, not all such focal points make

this periodic orbit stable, and we have the following Theorem.

Theorem 3.1.2. Given an n-cube graph and a simple cycle on that graph, if the
critical vertices on the cycle are non-branching vertices, then there exist focal points

consistent with the digraph, such that the cycle has a Poincaré stable periodic orbit.

We will prove that for a suitable focal point of the Nth orthant, the periodic cycle
constructed above is Poincaré stable.

First, we need to define the distance between two points z and y in R™ by the
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usual Euclidean distance:

Definition [32]: Let H* be the half-path for the solution z*(t) of & = X (x) which
starts at a* at t = to. Suppose that for every e > 0 there exists d(¢) > 0 such that if
‘H is the half-path starting at a,

la —a*| < 6 = supdist(z, H*) < e.
zeH
Then H* (or the corresponding solution) is said to be Poincaré stable. Otherwise H*
is unstable.

Here, the distance from a point z to a curve ¢ (including endpoints) is defined by

dist(x, ) = min(dist(zx,y)).
yel
Let M; be the network’s mapping from the ith step to the (i + 1)th step defined
by Eq. (2.4) and Eq. (2.5), where i = 0,1,..., N — 2, that is

gt = MOy =0,1,... N —2.

Since these mappings M are continuous, the composition M@ ... M0y is also
continuous for every ¢ =0,1,..., N — 2.

From the definition of continuity, we know that, given ¢*, there exist §; > 0, =
0,1,..., N — 2, such that

(MO . MOy _ 1@ 00 < 5% when [y @ — 20| < 5,

We may take each §; < 0*. Let 6 = min J;, then

0<i<N—2
ly® — 29| < 6 when |y — 2| <4, for i=0,1,...,N -2, (3.4)

and we will assume 6* > 9 in the following discussion.

Notice that from the point of view of continuity of the map in R", the above is
true, but the map is actually only defined on the returning cone for the cycle. If we
regard z(©) as another new initial point, then for these two orbits to stay close in the

first N — 1 steps, we still need to check that z(© follows the same cycle as y@ does.
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We will prove in the following lemma that all the points in some neighborhood of 3

will follow the same cycle as y(®) in the first N — 1 steps.

—e+y(1—e)N 21
e+

1y — 2O <6, 2O will follow the same cycle as y© in the first N — 1 steps.

Lemma 3.1.1. Let 6*, chosen above, satisfy 6* < Then for any

Before we start the proof of this lemma, we will prove —& + (1 — &)V 2 —1 >0

to ensure that d* chosen in the lemma exists. From the chosen of ¢ by Eq. (3.1), we

have
£
1—e)V 2> :
(1—¢) -
Then
N—2 1 N—2
—e+v(1 —¢) -1 = —€+g(1—5) -1
e O e
B £
N —e?+ 5= —¢
£
= - —1
5+1_5
> —e+(14¢)—1
= 0.

(k=1)
Proof. Let tgj) = log(1 — %), ie. tgc’f.) is the alternate switching time for ¢ € A}.

We will proceed using induction. Assume y, switches in the first step for point y(®.
We need to prove that for any point z(?) satisfying |y — 2] < 4, all the elements

z; of (9 where i € AY satisfy tg(cls) < té?, ie.

Ne o0
log(1 — @) < log(1 — f(o));
which is
ng) 20

Ao

Recalling that 3'” = 1 and |2\” — y| < |2© — y©| <5 fori=1,2,...,n— 1, we

(2

have
1—5*<1—5<x§0)<1+5<1+5*, Vi #n.
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Therefore, for those variables for which fi(o) <0,

(0) (0) * * * 2 2 $x *
Ts T, 1496 1—96 1—90 —e*—e%0"+1-9
ROk - =—c—ced" + = >0,
RIS : :
since 0% < _8”(1;37)%2_1 = _62“;?1%2_5, and then
l+e+e?4¢€°

—e 21— > —(1=-e)"?2>1-1-e)"2>0

1+ ¢e2

Now assume that in the first k steps the new initial point z(®) follows the cycle,

where £ < N — 2. Using the result of continuity above, we also have
|20 — O < 6%, Vi=1,2,... k,

since |20 — y(©] < §.

Now, we will prove that in the (k 4+ 1)th step , the new initial point z(®) also
follows the cycle.

Suppose y, switches in the kth step and y, switches in the (k + 1)th step. By

geometrical symmetry, we only need to consider the case where y,fi)l) > 0, and then we

u

have the corresponding focal points fék) = —, fi(k) = —¢, for all 7+ € A} ;. Since the
qth variable will be switching for point y(®) at the (k 4 1)th step, i.e., tng) < tEkH)

for all € Aj,,, we have
5?Jék) - 'Yyi(k) <0, Vi € Aj,;.

As for 2 if we want x4 to switch first in the (k + 1)th step, we just need to
show

E:Bék) - vx(k) <0, Vie Ay,

%



26

When §* < %ﬁmz*l, the above inequality is true since

k . k
el —yo < ey + ) — (" - )

= (e — ") + 8% (e +7)
—+y(1—-e)N2 -1

€+

e—vl—ef+1-c+~y1-e)¥ 2 -1
1 -e)f = (1-e)"7
0, Vi AL,

< e—[(1—e)f —¢l+ (e+7)

IN

This proves our claim.
Now, we will prove Theorem 3.1.2.

Proof. The lemma above establishes that for the first N — 1 steps, trajectories from
initial points near y(®) follow the same sequence of orthants. We will focus on the
Nth step. We already defined the focal point in this step by

FED =y 4 (L a)(y? =y,

where « is a positive number such that fV—1 is in the first orthant on the cycle
since the critical orthant is a non-branching orthant. Note that f(N=1 — y(© when
a — 0. Therefore o can be a small positive number. Hence, we can consider a — 0
in the following calculation.

We want to prove that for a suitable f&V=Y we have
2™ — 0] <,

that is, ™ returns to a § neighborhood of y®, and this will complete the proof.

From the definition of f&=1 for all i # sy, where sy = n in this case, we have
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lim | — g

= lim ]a:EN) — 1]
a—0

f(N—l) (N-1) 7(1N_1)£L'(-N_1)

A T
= lim |[& v —1
a—0 I%N_l) o féN_l)
B 6 e D) el 7 Ml € ) o0 e
= lim N-1) [ (N-1) (N=1) -1
T = lyn AT+ a) =y )]
) Oéngzvq)yéjvq) n x7(1N71) n ax%Nfl) B Oéyi(Nil)ly(@Nil) 1
= lmm —
a—0 ayﬁzN_l) _'_x%N_l)
= [z /2N -
= 0.

Hence, choosing a small enough, there exists £ < 1, such that

k
Therefore
N N N
20—y = @l g0 4 @) - g0 4k @) -0
\/ k2 (0) (0)

< —1)- 0) _ 4,(0))2

< 4fn=1) @0 — o)

= k2@ -y, (3.5)
since z3) = 0 and y7(10) =0.

Using the continuity of the map (Eq. (3.4)), Lemma 3.1.1 and Eq. (3.5), we know
that for any 0 < 0* < %?Nﬂ_l
§; corresponding to 6*), such that for any z(® satisfying |y — 20| < §, we have

ly*) —z®)| < §* forall k = 1,..., N. Note that these y* and #*) are only images on

, there exists § > 0 (which is the minimum of

the orthant boundary, not for all the points on the trajectory. Using the definition of
the distance from a point to a curve defined above and noticing that the trajectory
between two orthant boundaries is a straight line, it is clear that the distance between

these two orbits will always less that §*. Therefore sup dist(z, H*) < §* and this orbit
zeH

is Poincaré stable in a neighborhood of y(©.
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3.2 Simple Cycles With No Non-Branching Vertex

In Theorem 3.1.1 and Theorem 3.1.2, we get the existence and stability of a periodic
orbit for a simple cycle on the n-cube when critical vertices are non-branching vertex.
Using the same idea as in Theorem 3.1.1, we obtain the existence of a periodic orbit
for a simple cycle when critical vertices on the cycle have two outgoing arrows each.
The basic idea is the same, but we need to deal with the alternate exit variable in

any one of the critical orthants carefully.

Theorem 3.2.1. Given an n-cube graph and a simple cycle on that graph. If a
critical orthant on the cycle has only one alternate exit variable, say ig, and iy € A®
somewhere on the cycle, then there exist focal points consistent with the digraph, such

that the cycle has a periodic orbit.

Proof. We will use the same notation as in Theorem 3.1.1, i.e. let f*~1 be the
focal point associated with the kth orthant being entered and y*) be the kth orthant
boundary crossing on a trajectory.

Using the same idea as in Theorem 3.1.1, for any cycle on the graph, we choose
the starting boundary so that the orthant with two exit variables is the last one on
the cycle and use y©, where yl@ =1,i=1,2,...,n—1 and y7(10) = 0 as the initial
point without loss of generality. We prove that for any cycle starting from y© with
N steps in total, there exist focal points f*), k= 0,..., N — 1, such that the cycle
has a periodic orbit.

Let the last time the igth arrow points inward to a vertex on the cycle be at
the Ith vertex where 1 < I < N — 1. Then sign(yg)) = sign(ygv)) since the iyth
coordinate will not switch in steps from I to N. They are both positive by our choice
of y(0.

Using the same idea as in Theorem 3.1.1, in the kth orthant being entered, we
define fi(k_l) for all kK < N — 1 when ¢ # iy and define fi(ok_l) for all kK < (I —1) by

the following rules:
1. if i € A3, then |f*7V] = 1;
2. if i € A¥, then [fF V] =&
3. if i = sy, then |fl-(k71)| =y =1/¢;

4. if i = sp_1, then |fi(k71)\ =7y =1/e.
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For the focal points fi(okfl), k € [I, N — 1], note that since the Ith step is the last
step that the igth arrow points inward, the igth variable will keep the same sign for
k € [I, N —1]. From our assumption, yi((?) =1 > 0, we know that yi(f) > 0 for all
k € [I, N —1]. Define fi(ol_l) = [y and fz»(ok) = —c for all k € [I, N — 2], where [ is a
large constant such that yff) > 1 forall k € [I, N — 1]. We will find the suitable
in the following construction.

Comparing the focal points in Theorem 3.1.1 with Theorem 3.2.1, we can see that
as long as (1—¢)¥=t—¢e > 0, we still have (1—¢)*—¢ < \yfi)sk] and the first conclusion
in the proof of Theorem 3.1.1, i.e. it is possible to go around the cycle once, is still
true. This is because we only change the focal points of the igth component from the
Ith step and this variable does not switch in steps I +1,..., N — 1. Other variables
will keep the same value as in Theorem 3.1.1 since the switching variables and the
switching times are still the same from the first step to the (N — 1)th step.

The difficulty of this construction is how to make 3 a fixed point. Note that since
Z((fv Y must decrease in the last orthant, i.e. the

critical orthant under consideration, by Eq. (2.2). In order to have y%v) = yi((?) =1,

(N-1)
0

the 7gth arrow is an outgoing arrow, y

we need to have y > 1. We will prove in the following that there exists [y, such

that y(Nfl) > 1.

10
Before the calculation of 3y, we narrow the cases here. First, since 3y and yl(;_
(I-1)
10
= 0. Second, we will assume that the switching time at the Ith

1)

are negatively correlated, i.e. the larger y is, the smaller 3y will be required, we

will assume yl-(olfl)
step, when y;, is increasing, is the shortest one among all the possibilities, that is
|yg_1)| = (1 —e)7! —&. Third, we will assume that the switching time from the
(I +1) step to the (IV—1) step are the longest ones among all the possibilities, when
i, is decreasing, that is |y§£71)] =1forall k € [[+1, N —1]. The 3y obtained under
these assumptions will be suitable for all cases.

Now, we calculate (3 under the above assumption. From the first two assumptions,
we have ygfl) =+[(1 —¢e)i7t —¢], fs(llfl) = Fr, yg*l) =0 and fﬁl*l) = 3. Hence

20

I-1) (I-1 I-1) (I-1 -
I T T ) o it

Y, = — — = — . (3.6)
0 yg N s(f 1) [(1—e)0-D —¢]+ 4
: : an n  _ n _
From the third assumption, we have ys; , = £1, fs;,,) = Fy and f;;* = —e. By

Eq. (2.11), we know that the longest time is

1
tt =log phuty



Therefore
I+1 I I 1 Y I i
W = £+ ) S = e Ol o

Similarly, we have

(I+2) (I+1) i

Yo > —+ (Y, '¥@;17-

Hence

(I+2) (I Y o\2
and

N—1 1 Y I
y§0 ) > —e+ (yi(o) +5)(m)N =t
Now if we want ygvfl) > 1, let

—e+ () +e) L)V >,

therefore
(I Y O \I-N+1
Yi >ﬂ+fﬂy:j) e,
a (1=)0) =
Bol(1 =)™ —¢ Y O \I-N+1
> (14 e)(—L—)N+
(-0 —g+,y > TG ) :
by Eq. 3.6.

Now, we obtain fy from the above inequality

(1= — ] +4
(==

(14 el

>
& v+1

Clearly, By > 0, and 3, and v have the same order.
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(3.7)

In order to make y© a fixed point, let the focal point fN=1 of the Nth orthant

be on the extension of the line passing through y™ =1 and y©, i.e.

FOND = V=D (1 4 ) (y®@ — y™ D), where o > 0.

(3.8)

Note that not all the a > 0 give us a focal point in the Nth orthant. We need to

find the restriction on « such that f(¥=Y is in the right orthant.

(N-1)
0

1. Since y > 1> 0, we know that fi(ONfl) <0, i.e.

N-1 0 N-1
y NV L (14 a) Y -y Y) <o,
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where y(O)

i, = 1. Therefore, we need

1

(N-1)

o> ——.
Yio —1

2. For the nth variable, since the nth element switches at step N, we need

sign (yV V) = —sign (FVY).

All o > 0 will work since

FNY =y (L4 a)(0 = gV Y) = —ayVY.

3. For other variables, since 0 < yi(N_l) <1 and ylgo) = 1, we need fl-(N_l) > 0. All

a > 0 will do since

0 = ) ™)
= 3"+ a)(1 -y ™)
> 0.
Choosing « such that
1
o > W? (39)
Yiy 1

where yfév_l) can be obtained by Eq. (2.4) and Eq. (2.5) after the choosing of §y by

Eq. (3.7).

Now, we have the focal points of all the orthants on the cycle. For the last
orthant, i.e. the critical orthant, we will show that given focal point f=1 the nth
variable will switch before the igth variable. This can be done by showing that the
switching time ™ of the nth variable is shorter than the switching time t ) of the

ipth variable. From Eq. (2.11), we know that

SV g
;N>:10g(1— . 1>andt§év)=10g(1—%)-
fn 0

(N) Y vy
we prove e f<N i > 0 instead.
ig
Note that yig =1, y" =0, |ynN_ | <1< %(0 Y and f ) < 0 since ?Jz(o >
0. From Eq. (3.8), we get

In order to prove N < 4

0
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PV =y @ a) (= Y) = —agtY Y
and

FONY =y (1)1 -y ))—1+0é—ozy(N Y

20

1. if yle_l) > (, we have f,SN_l) < 0, then

y( -1) y(N 1) f(N n _ ( —1) p(N-1)
n 10 o
(N-1)  ((N-1) — (N-1) (N 1)
fn fio fZO
B ysz_l)(l +a— ayi(o )) + y(N Dagyth Y
= —
R
_ o™
IR (N-1)
fig
SN (N 1)
L if yn ) < 0, we have fn ) > 0, then ¥ (N ) f(N i > 0, since both terms in

the subtraction are the same as in case 1.

Therefore £ < tz(-év) and the nth variable will switch before the ¢oth variable in the
Nth orthant.

Using the f(N=1 defined above, point ¥~ will approach y© in a straight line
which makes y™) = ¢ and the trajectory leaves the Nth orthant on the starting
boundary.

Then

y(N) _ y(N—l) + (1 . e—t)(l + a)(y(o) . y(N—l)) _ y(O)

t:
1+’

from point yN=1 will approach f¥=1 in a straight line in the critical orthant and

is obtained when 1 — e~ that is t =In(1+ ) Therefore, trajectory starting
reach point y(© at time ¢ = In(1+ é) This focal point makes y(*) a fixed point of the

return map, and we get a periodic orbit for the given cycle. This completes our proof.

From the proof of Theorem 3.2.1, we get a more general result.

Theorem 3.2.2. Given an n-cube graph and a simple cycle on that graph. If all
alternate exit variables in a critical orthant point inward at least once on the cycle,
then there exist focal points consistent with the digraph, such that the cycle has a

periodic orbit.
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Proof. Choose the exit boundary of the critical orthant as the starting boundary.
Then for each exit variable, we find the corresponding 3, and « as in the proof of
Thm. 3.2.1. Defining the focal point of the last orthant by the maximum of these

a’s, we get a fixed point of the cycle map and thus the periodic orbit.

3.3 Examples

Example 3.3.1. We will use Fig. 3.1 to illustrate the construction idea in Theo-
rem 3.1.1. Orthant 111 is a critical orthant with only one outgoing arrow on the
cycle in bold in Fig. 3.1. Choosing the boundary between orthant 111 and 110 as the
starting boundary. From the general rule stated in the proof of Theorem 3.1.1, we

get the focal point structure of this state transition digraph (Table 3.1 (a)).

Table 3.1

(a) Focal points of Fig. 3.1 defined by the rules  (b) Let ¢ = 0.1, and then calculate V) by

in the proof of Theorem 3.1.1. Eq. (3.3).
Orthant () Focal points (F}) Orthant (z;) Focal points (F;)
0 0 0 e > ~ 0 0 0 0.1 -10 10
0 0 1 5 e 5 0 0 1 10 0.1 10
0 1 0 -y -y € 01 0 -10 -10 0.1
0 1 1 € 1 1 0 1 1 0.1 1 1
1 0 O 1 -1 -1 1 0 O 1 -1 -1
1 0 1 ¥ ol -€ 1 0 1 10 10 -0.1
1 1 0 - e -7 1 1 0 210 -0.1 -10
111 (N=1) g IN=1) - p(N=1) 111 13439 2 -0.6494

Note that orthants 011 and 100 are not on the cycle, so their focal points do not
affect the existence of the periodic orbit in the phase space corresponding to the cycle
in bold. We can use any value as long as the sign is right. Here we still use the rules to
define them. To choose the suitable € we need ¢ to satisfy (1—¢)°—& > 0 since N = 6
in this case. That is, € must satisfy 0 < ¢ < 0.245. Let ¢ = 0.1, then v = 1/ = 10.
Let y© = [1 1 0]” be the initial point. We calculate the mapping from boundary to
boundary by Eq. (2.4) and Eq. (2.5). The value of each y*), k =0,1,...,5 is

yO=[1 107, yD=[0 09 —09091)7, @ =[-08257 0 —0.8258]7,
y® = [~0.7551 — 0.7628 07, y® = [0 —0.7022 0.7021]7,
y®) =10.6561 0 0.6494]7.

Now, for the last step in order to make y© a fixed point, we define the focal point
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of orthant 111 by Eq. (3.3), i.e.
O =y® 4+ 1+ a)(y® —y®). where a > 0.
Since any o > 0 will do, we use @ = 1 here. By simple calculation, we get
f® =1[1.3439 2 —0.6494]".

By now, the construction is done (Table 3.1 (b)). We can check if these focal point
make 3 a fixed point by calculating y®. By Eq. (2.4) and Eq. (2.5), we get
y©® =1[1 1 0]" = 4®. The trajectory starting from y® will be a periodic orbit.
This completes the construction.

From Eq. (2.6), (2.7) and (2.14), we get

= 0.9382  2.0501 b= 0.2508
~\ —0.0924 30807 ) 7\ 1.7374 )
The eigenvalues \;, i = 1,2 and their corresponding eigenvectors v;, i = 1,2 are

l; = 1.0306, [y~ 2.9883,

—0.9990 —0.7071
(A , Uy = .
—0.0450 —0.7071

From Proposition 2.3.4 and 2.3.6, we know that this system has two fixed points
y; = [0.093 0.0042 0]7 and y3 = y©@ =[1 1 0]. By Proposition 2.3.7, y© is
stable because 3 is on the span of v, which is the corresponding eigenvector of the
dominant eigenvalue l,. But the periodic cycle passing through y(© is just Poincaré
stable in a neighborhood of y(®) since there exist another fixed point y#. Note that
since the a used here already makes the periodic cycle passing through y® Poincaré

stable, we don’t need to use a smaller « for the Poincaré stable in this case.

Example 3.3.2. We will use Fig. 3.3 to illustrate the construction idea in Theo-
rem 3.2.1. In this case, all the vertices on the simple cycle have two outgoing arrows.
We choose orthant 111 as the critical orthant under consideration. Choosing the
boundary between orthant 111 and 110 as the starting boundary. Then N = 6,
io = 1 and I = 5. Therefore we need to define f1(4) = (B which is the first element
of the focal point of orthant 101. From the general rule stated in the proof of Theo-
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100 10

101 111

000 10

001 011

Figure 3.3: Digraph on the 3-cube in Example 3.3.2.

rem 3.2.1, we get the focal point structure of this state transition digraph (Table 3.2

().

Table 3.2
(b) Let e = 0.1, choose 3y by Eq. (3.7) and
(a) Focal points of Fig. 3.3 defined by the rules « by Eq. (3.9), then calculate fN=1 by

in the proof of Theorem 3.2.1. Eq. (3.8).
Orthant () Focal points (F;) Orthant () Focal points (F;)
0 0 O € -y 0 0 0 0 0.1 -10 10
0 0 1 ¥ € 0 0 0 1 10 0.1 10
0 1 0 -y - e 01 0 10 <10 0.1
0 1 1 -1 1 1 0 1 1 -1 1 1
1 0 0 1 -1 -1 1 0 0 1 -1 -1
1 0 1 Bo 5 € 1 0 1 20 10  -0.1
1 1 0 Y e o 1 1 0 10 -01 -10
11 1 JOD NSO (NS 11 1 -0.5615 6 -3.247

This digraph is just slightly different from the digraph in the example for Thm. 3.1.1.
Similarly, we have the following remark. Orthants 011 and 100 are not on the cycle,
so their focal points do not affect the existence of the periodic orbit in the phase space
corresponding to the cycle in bold. We can use any value as long as the sign is right.
Here we still use the rules to define them. To choose the suitable ¢ we need ¢ satisfy
(1—¢€)5—¢& > 0since N =6 in this case. That is, ¢ must satisfy 0 < ¢ < 0.245. Let
e = 0.1, then v = 1/e = 10. Let y© = [1 1 0]7 be the initial point. We calculated
the mapping from boundary to boundary by Eq. (2.4) and Eq. (2.5). The value of
each y®, k=0,1,...,41is

y©O =111 07, P =100 09 —0.9091]",  y® =[-0.8257 0 — 0.8258]7,
y®) = [-0.7551 —0.7628 0]", 4 =[0 —0.7022 0.7021]".
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First, from Eq. (3.7)

(1—e)U=D —¢]+~ AN
Bo > | (1 —)6)(11) _]5] [(1+ 5)(m)l N+l €]
0.9* — 0.1+ 10 10
= Togiooq ()T o0l
— 18.9824,

choosing 3y = 20, we get y® by Eq. (2.4) and Eq. (2.5)
y VU = ) = [1.3123 0 0.6494]7.

Second, from Eq. (3.9)

1 1
y VU1 131231

o> = 3.202,

choosing o = 5, we get fV=1 by Eq. (3.8)

A=y (L a) (" - yY)
= [1.3123 0 0.6494]" + (1 +5)([1 1 0]7 —[1.3123 0 0.6494])
= [-0.5615 6 — 3.247]".

By Eq. (2.4) and Eq. (2.5), we get y® = [1 1 0]7 = 4. We get a periodic
orbit following the simple cycle in the corresponding orthants. This completes the
construction.

To complete the example, we will show that this periodic orbit is unstable. From
Eq. (2.6), (2.7) and (2.14), we get

A 2.0058 —0.2130 = 0.2878
o\ —0.0554 18484 )7 7\ 05051 )
The eigenvalues \;, i = 1,2 and their corresponding eigenvectors v;, i = 1,2 are

I, ~2.0613, I ~ 1.7929,

0.9677 0.707
V1~ , U & .
—0.2521 0.707
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From Proposition 2.3.4 and 2.3.6, we know that 3 = [1 1 0]” is the only fixed
point on this boundary. By Proposition 2.3.7, the periodic orbit passing through 3
is unstable since y(© is on the span of v, which is the corresponding eigenvector of

the non-dominant eigenvalue [5.
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Chapter 4

Existence and Stability of Periodic Orbits
on Simple Figure-8 Cycles

4.1 Simple Figure-8 Cycles With Non-branching Vertex

In Chapter 3, we already have construction for existence and stability of a periodic
orbit for simple cycles where at least 1 vertex has no alternate exit variables. In this
chapter, we will get the existence and stability of periodic orbits for a more compli-
cated cycle on the n-cube based on the focal points construction rules (called general
rules hereafter) in the proof of Theorem 3.1.1, i.e., in the kth orthant being entered,
we define f*~1 by the following rules depending on the given digraph on the n-cube
if we don’t define f*~1 particularly:

fori=1,2,...,n,

1. if i € A3, then |f* V| = 1;

2. if i € A}, then 15| = ¢

3. if i = sy, then |fi(k_1)| =v=1/¢
4. if i = sp_1, then |fi(k_1)| =vy=1/e.

Given a digraph on the n-cube, if the periodic sequence of vertices of a cycle
contains exactly one of the vertices twice in one period and no vertex more than
twice in one period, then we call the cycle a simple figure-8 cycle (see Fig. 4.1 for

illustration).

Theorem 4.1.1. Given an n-cube graph and a simple figure-8 cycle on that graph.

If there is a non-branching vertex on the cycle, then there exist focal points consistent
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Figure 4.1: Simple figure-8 cycle.

with the digraph, such that the simple figure-8 cycle has a Poincaré stable periodic

orbit.

Proof. Let the cycle pass through M orthants in total, where we count the common
orthant twice. Choose a point y® on the exit boundary of the critical orthant
corresponding to the non-branching vertex to start the trajectory and count the
orthants starting with the first orthant following the critical orthant on the cycle.
Assume the common orthant is the vth and the wth orthant on the cycle where
v < w. Then the s,th variable switches when the common orthant is the vth orthant
and the s, th variable switches when the common orthant is the wth orthant. Note
that s, # s,.

Let f*=1 be the focal point associated with the kth orthant on the cycle and y*
be the point on the kth orthant boundary where the trajectory leaves this orthant.
We will define first the focal point of the common orthant by

Y =1 P = (4.1)

and other components of f(*~1) will be defined by the general rules. Now, we will

separate our construction into two cases for the first v — 1 orthants:

1. If variable s,, € A} at least once for k € {1,2,...,v — 1} and the last such £k is
(0)

I,,, choose the point y, " = #£1 for all 7 = 1,...,n except one variable which is
supposed to be zero on the exit boundary of the critical orthant as the starting

point.

Define the focal points of the orthant(s) from the first orthant to the (I,, — 1)th
orthant by the general rules. The trajectory will follow the cycle in these steps
k
and we have (1 —¢)®) —¢ < ]yf¢lk\ <lforal k={1,...,1, —1}.
For the focal point of the I,th orthant, define f;ﬁ;l) by the general rules. For
(1”71), in order to let the s,th variable switch in the vth orthant and let the

Sw
swth variable stay away from zero after the decreasing in orthant v, we will
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make the absolute value of the s, th variable very large in the I,th orthant
such that |y{”)| > 1.
(v)

Sw

> (0. The case y(v) < 0 is handled

Sw

Because of symmetry, we assume y
similarly. Using the same idea as in the proof of Theorem 3.2.1, we get a
(B, such that ygz) > 1 whenever si” 2 > (,. The worst case occurs when

ys ™D = 0 and y(lw_l = +[(1 — e)l»=! — ¢] switches in the I,th orthant. If
gD > 0 and [y V| > [(1 — £)»~! — &], then the B, we find here will

certainly suffice. Using fs(,{’j_ = Fv and fSI” 2 = [w > 0, we have
Lo—1) (Iy—1 Io—1) (Iy—1 _
y(Iw) S(w )yglw - -Sglw )ygw ) _ Bw[(l - g)lw ' 5] (4 2)
" yle D — ey (L—e)f= —e]+7

Define the focal points of the orthant(s) from I, + 1 to v — 1 by the general
rules. Let ygfﬁl switch in the (I, + 1)th orthant, then we have f§{wil = Fv
and fs(ff”) = —e. Again, the worst case occurs when yg“;)ﬂ ==+1. If ]ygjjﬂl <1,
then the I,th variable will be even less likely to switch in the vth orthant. We
know from the proof of Theorem 3.1.1 that the longest possible switching time

v+1

is t* = log Therefore,

(Lot1) > p(Tw) 4 (o(Tw) _ gy oy () ¢ oy T
Yo 2 L W L) (" +€) 7

Similarly, we have

g

(Iw+2) > —c 4 (Tw+1) +e)——
y (Ys, ) T

Sw

hence

(lat2) > o 4 (y) 4 o) (——)2,
Yo 2 (s, +e)(Z77)

Following the idea above,

v— w ’y v—1—1yw
yiw 1)2—6+(y§i)+6)(—7+1) 1=l

Again taking the worst case, assume the value of the switching variable on

entering the vth orthant is ygv D = +1, and remember we already defined
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£ ) = £V =~ in Eq. (4.1). Then we get

o Py = T =yl
Sw S0 D 1+~

—y+ (e + () + o) (55) )

Y

- I+~
that is o)
w v—1—1y v—1—1y
Sw — 1 + ’}/
Now, we will solve the inequality below to get (3,
Tw)( v \vo—1-— Ly v—1—1,
I (717 + (737) -

I+~

Let e* = (1 — &)™™' — ¢, we know from Eq. (4.2) that

y([w) _ 511}[(]. —g)lwfl —5] _ ﬂwg*
S T R |

This gives
2(5) " L+ )(E + ) ety
e ver

B 2

. If the s, th variable never points inward in the first v — 1 orthants, i.e., s,, ¢ A,
k={1,...,v— 1}, we cannot use an initial point with value +1 to complete
the construction, but we can define |y§?v)] = [y and yl.(o) =+lforalli=1,...,n
except s, and the one variable which is zero on the starting boundary, where (3,

is very large such that |y§fu)| > 1. In the following, we will get the requirement
for fy.

Because of symmetry, we assume y( V) 0, then ysw 8o > 0. Using the same

Sw
'y+1

idea as above, since the longest switching time is t+ = log =, we have

(=1 > oy (y© 4 ) (— Ly,
Yoo 2 (s, +€)(Z77)

Assume the value of the switching variable in the vth orthant is ygv D= +1,

and use the definition of the focal point of the vth orthant above Eq. (4.1).
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Then we get
v—1 v 1 v—1) (v—1 v—1
YO = ) A I ke Y W
v ysv fsjj) 1 1 + 7
—y+y(—e+ (% + e)(z57)" ™)
_ 1 —|— /y )
that is

Now, we will solve the inequality below to get [y:

e (525)° 71+ (25) !
T+~

—1+

where
ysw Bo.

Solving the inequality above we get

Bo = ) () L (4.3)
gl gl

Note that when v = 1, it belongs to the second case. In order to define |y§?u)| =03

such that |y(v)| = |ys | > 1, we only need to calculate one step. That is

(v-1), (v=1) _ plo—1) (v-1)

(U) - Sw S’U Sv Sw
ysw - v— 1

ysv va
—y + Ayl _ v+
14+~ 1+

Then solve the inequality
— + 75 > 1
1+~

we get Gy > % which is consistent with Eq. (4.3).

Now for the focal point of the (v + 1)th orthant, if the s, th variable will switch,
define the focal point fsw = —'yyéz). Then since the switching time is the same as
the switching time when ys,, ™ — 1 and fsw = —~ by general rules, other variables still

satisfy (1 —e)+) —¢ < y(erl If the s,,th variable points inward or points outward
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without switching, we use

y(erl) S(’w y5v+1 fs'u+1 ysw

5v+1 fsv+1

to find the focal point £ such that y{"*" = 1, then (1—g)) —e < |yl(;;r1+l| <
All the variables are back in control again.

From the (v 4 1)th orthant to the wth orthant, note that the s,th variable will
point inward at least once, since s, € A;, ;. This time, we are going to find the j3,
at the last step when the s,th variable pointing inward to make the s,th variable
very large such that the s,th variable will switch at the wth orthant on the cycle
and |y§2”)\ > 1. We can use the same idea as in case 1 above and since the method is
similar, we don’t solve (3, step by step here. But if we assume that the last orthant

(I,—1)

for the s,th variable pointing in is in the I,th orthant, and fs, = (,, then we just

need to require

PR 25) A4 E +Y) e 7
Ee* ye*
where e* = (1 —¢)lv=1 —¢.
Now it is time to use the critical orthant to make the initial point a fixed point,
note that if the wth orthant is followed by the critical orthant, in order to make the

N-1)

initial point a fixed point, let the focal point f of the critical orthant on the

extension of the line passing through y™~ and y©, i.e
FED = N1 (1 4 ) (y @ -y ™D for any a > 0.

If the (w + 1)th orthant is not the critical orthant, using the same idea as we did in
the (v + 1)th orthant for the s, th variable, we get (1 — )@+ — ¢ < |yz;";;1+1| <1,
and define the focal points of orthant(s) between the (w + 1)th orthant and the Nth
orthant, i.e. the critical orthant, by the general rules, then define the focal point of
the critical orthant by the above method again, i.e. let the focal point f(N=1 of the
critical orthant on the extension of the line passing through point y¥—1 and y©.
By now, we get the focal points of orthants on the cycle, and these focal points
make y(© a fixed point, this complete the construction. In order to get the stability of
the periodic cycle, we need to use the continuity of the trajectory and the existence
of the critical orthant such that we can make o — 0 if we want. The method of

Theorem 3.2.1 will prove the stability, and this completes the proof.
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4.2 Generalized Simple Figure-8 Cycles

In the above theorem, we get the existence and stability of a simple figure-8 cycle
with only one common orthant. Now we will use the same idea to get a more general
result. We call the cycle as shown in Fig. 4.2, where trajectory passes through some
orthants twice and no such orthants are adjacent, a generalized simple figure-8

cycle.

Figure 4.2: Generalized simple figure-8 cycle.

Theorem 4.2.1. Given an n-cube graph and a generalized simple figure-8 cycle on
that graph. If there is a non-branching vertexr on the cycle, then there exist focal
points consistent with the digraph, such that the simple figure-8 cycle has a Poincaré

stable periodic orbit.

Proof. Assume there are N steps on the cycle and M common orthants in total.
Choose a point 4(*) on the exiting boundary of the critical orthant corresponding to
the non-branching vertex to start the trajectoty and count the orthants starting from
the first orthant following the critical orthant on the cycle. We label the common
orthants according to the order passed through by the trajectory, and we call them
common orthant ¢, where ¢ = 1,..., M. Let common orthant ¢ be the v;th orthant
and the w;th orthant on the cycle where v; < w;. Then variable s,, switches in the
v;th orthant and variable s, switches in the w;th orthant.

In the following discussion, we will find the suitable position of y(*) and construct
focal points for each orthant to get a periodic orbit of the given cycle. The idea is
exactly the same as Theorem 4.1.1 except that we need to do the calculation M times
since we have M common orthants here, so we will not show the calculation in detail.

Let f*~1 be the focal point associated with the kth orthant on the cycle and y®*
be the point on the kth orthant boundary where the trajectory leaves this orthant.
For Vi where : = 1,..., M, we define |f§3’1_1)| = |fs(ff_1)| = 7. Since s,, switches first
when the trajectory passes through this orthant, we need to make variable s,,, large
before the trajectory enters this orthant. For the first v; orthants, we separate the

construction into two cases:



45

1. If variable s,,, € A} at least once for k € {1,2,...,v; — 1} and the last such k is

I,,;, we want to make variable s,,, very large in this orthant such that the s, th

variable switch in the v;th orthant and ]ysm

> 1. Without loss of generality,
we assume y( > 0, let fslwz = [u,. Using the same idea as in the proof of

Sw;

Theorem 4.1.1, we get

2F) A N(E +) ety
e* ve*

B, 2

Y

where ¢* = (1 —¢)fwi™! — ¢,

2. If the s, th variable never points inward in the first v;—1 orthants, i.e., s,,, ¢ A3,
k=A{1,...,0, — 1}, let |y£g)\ = [(3; where (3; is very large such that when we
ﬁrst come to the common orthant, the s, th variable can be Very large and
|ys (v ) > 0, then ysw = 0; > 0.

Using the same idea as in the proof of Theorem 3.1, we get

we assume ¥y

3> 2(*y+1)1 Vi(147) l
T ot v

Now for the focal point of the (v; 4+ 1)th orthant, if the s,,th variable will switch,

define the focal point fs(”i) = —Vygf’j) Then since the switching time is the same as the

switching time when yﬁ”) = 1, other variables still satisfying (1—¢)®+Y —¢ < |y(”’+1)]

if the s,,th variable points in or points out without switching, we use Eq. (2.3)

(Uz 'Uz) (Uz) (Uz)
y(’Ui+1) fswz y]z f ys“’z
y =

to find the focal point fs(z such that ysvlﬂ)

at step v; + 1.

= 1, where j; is the switching variable

From the (v; + 1)th step to the next time the trajectory pass through the same
orthant again, variable s, € Aj at least once for k € {v; + 1,...,w; — 1}, since it
is true in the (v; + 1)th orthant. Assume the last orthant where the s,,th variable
pointing inward is in the [, th orthant. This time, we are going to find (3,, to make
the s,,th variable very large such that the s, th variable will switch and the required
B, is
205 A4 )(E + ) et 4y

ve* ve*

B, =

Y
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where ¢* = (1 — g)fv™!

— €.

By now in order to let the trajectory follow the cycle and return to the critical
orthant, we define some elements of the focal points particularly by the required
values 3, and 3,,. Other focal points for the orthant on the cycle will be defined
by the general rules, and the elements of the initial points which are not defined
particularly by (; will be use +1 .

Now it is time to use the critical orthant to make the initial point a fixed point.
and we only need to let the focal point f(N=1 of the critical orthant on the extension

of the line passing through the point y¥~1 and vy, i.e.
FED =01 (1 4 ) (y @ — NV, for any a > 0.

By now, we get the focal points of orthants on the cycle, and these focal points
make y(©) a fixed point. This completes the construction. In order to get the stability
of the periodic cycle, we need to use the continuity of the trajectory and the existence
of the non-bracnching vertex such that we can make o — 0 if we want. Theorem 3.1.2

will prove the stability , and this complete the proof.
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Chapter 5

More Results About Figure-8 Patterns

5.1 Lemmas

In Chapter 4, we considered simple figure-8 cycles and cycles with more than one
common orthant but only when not adjacent to each other. In this chapter, we con-
sider figure-8 “patterns” with adjacent common orthants. In this case, we can choose
a starting boundary between adjacent common orthants. Then we can deal with mul-
tiple cycles by their returning cones on a single starting boundary (Poincaré section)
and the images of these returning cones under their respective cycle mappings.

We assume that there are only two cycles on the n-cube (n > 4), cycle A and
cycle B, and they compose one figure-8 pattern with more than one common orthant.
To simplify the problem, we assume that other directed edges which are not on the
figure-8 pattern but adjacent to it are all pointing inward towards the figure-8 pattern.
This means that we no longer assume Condition 2.1.2 in this chapter and some edges
on the n-cube may have two different directions corresponding to a white wall, when
two vertices of the cycle are joined by an edge (called a ‘chord’ in [7]) that is not part
of the cycle (see discussion following Condition 2.1.2 in Section 2.1). We assume that
the figure-8 pattern does not encounter a black wall so the boundary transitions for
any point starting from C'4 or C'z are unambiguous.

We call the first common orthant on the figure-8 pattern orthant )y and the last
common orthant on the figure-8 pattern orthant (J5. Let M and N be the number
of non-common orthants on cycles A and B respectively. On cycle A, let a be the
index of the variable that switches when entering orthant (), and let ¢ be the index
of the variable that switches when leaving orthant ()5. Similarly, on cycle B, let b be
the index of the variable that switches when entering orthant (); and d be the index
of the variable that switches when leaving orthant ()5. For later reference, let r be

the index of the variable that switches when entering orthant Q) (Fig. 5.1).
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Qua ™ Q, Qs

Figure 5.1: Figure-8 cycle with more than one common orthant.

Let C4 denote the returning cone of cycle A and Cg denote the returning cone of
cycle B on the starting boundary defined below. Using M4 to denote the mapping
of cycle A and Mp to denote the mapping of cycle B by Eq. (2.6) and (2.7), we have
the following nine different image types of the returning cones of cycles A and B
(Fig. 5.2):

1. MA(Cy) C Ca, Mp(Cp) C Cp;

2. MA(C4) C Cp, Mp(Cg) C Cu;

3. My(Ca) € Cp, Mp(Cp) C Cg;

4. Ms(Cy) C Cy, Mp(Cp) C Cy;

5. Ma(Ca) € Ca, Mp(Cp) N Cp # 0, Mp(Cp) N Ca # 0;

6. Ma(Ca) € Cp, Mp(Cp)NCp # 0, Mp(Cp) N Ca # 0;

7. Ma(CA)NCp # 0, Ma(Cx) N Ca # 0, Mp(Cy) C Ch;

8. M4(Ca)NCg # 0, Ma(Ca) N Ca # 0, Mp(Cg) C Cua;

9. Ma(Ca)NCp # 0, Ma(Ca) N Ca # 0, Mp(Cp) N Cp # 0, Mp(Cp) NCa # 0.

In this chapter, we focus on the cases when there is more than one common
orthant on the figure-8 pattern since we want to consider the image types of the
returning cones of cycles A and B on the common boundary. We have obtained some
results about the figure-8 pattern with only one common orthant in Chapter 4. For

more results about the figure-8 pattern with only one common orthant see [15].
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A A
e\

P

Figure 5.2: Possible image types of cycles A and B, where the red triangles are the
returning cones C'4 of cycle A projected onto a plane, the yellow triangles are the returning
cones Cp of cycle B projected onto a plane, the blue triangles are M4(C4) projected onto
a plane and the green triangles are Mp(Cp) projected onto a plane.

(%)

In the following discussion, we will use z;”’ to denote the ith coordinate of point

(

of cycle B, even though these are actually the same variables. And we will use Q15

x at step k of cycle A and use y " to denote the ith coordinate of point y at step k

to denote the orthant on cycle B before ()1 and use ()14 to denote the orthant on
cycle A before @, (Fig. 5.1).

Note that in previous chapters, we use fi(kfl) to denote the ith coordinate of the
focal point associated with the kth orthant being entered. In order to refer to a
specific orthant clearly, we will use a new notation to denote the focal points in this
chapter. Before we define the notation, let us label each orthant on the hypercube
with a digit. We have denoted each orthant by the corresponding z. For example, we
use orthant (0 0 0) to denote the orthant in R? where x; < 0, i = 1,2, 3. If we regard

each T as a binary sequence, we can label each orthant by the following formula:
orthant number = (the corresponding decimal of the binary sequence Z) +1 (5.1)

Table 5.1 for example shows the numbering of the orthants in R3. Now we use F'(i, 5)

to denote the jth coordinate of the focal point associated with orthant i, where 7 is
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a digit obtained by Eq. (5.1).

z 000 | 001 | 010 | O11 | 100 | 101 | 110 | 111
numbering (i) | 1 2 3 4 5 6 7 8

Table 5.1: Numbering of orthants in R3.

For the switching variables a, b, ¢ and d defined above, we separate them into five

different cases:
1. a =cand b=d;
2. a=dand b=c;
3. a=cand b+#d (a# ¢, b=d similar by symmetry);
4. a =d and b # ¢ (a # d, b = ¢ similar by symmetry);
5. a#c,a#d, b# candb#d.

Note that a # b, ¢ # d by definition of the figure-8 pattern (see Fig. 5.1 for illustra-
tion).
We will discuss the possible image types for each case after outlining a basic

construction procedure below.

1. We will always choose the last common boundary as the starting boundary, i.e.,

the entry wall for Q)s.

2. For focal points F'(i,5) which are not defined explicitly below, we will always
define |F'(i,j)| = = if the jth variable switches when entering or leaving othant
i and define |F(i,j)| = 1 for others. For (), which has two inward pointing
arrows, we will define |F(Q1,a)| = |F(Q1,b)| = 7 if they are not defined par-
ticularly. We will define |F(Q2,c)| = |F(Q2,d)| = . Thus, C4 and Cp are
separated by the hyperplane ¢ = d. If |x.| > |z4|, then cycle B is taken. If
|z.| < |x4l, then cycle A is taken. The sign of F(i,j) is determined by the

orthant and the corresponding arrow direction.

Remark 5.1.1. Constant v used in the construction of focal points in this chapter
can be any positive number since we assume that other directed edges which are
not on the figure-8 pattern are all pointing inward towards the figure-8 pattern. But

practically, since we define most other focal points as +1, we recommend using v > 1.
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We see the reason from the proof of the following Theorems. For example, sometimes
we need §; < F(i,7) < o to get the required image type, but a small v makes ¢; and
Jy close to each other, and then the choice of F(i, j) will be subtle.

Remark 5.1.2. The construction ideas are not unique. There may exist many meth-
ods to get the needed image types. We only use the most obvious idea in the proof

of the following theorems.

Remark 5.1.3. From Eq. (2.3), if fl-(k) and ygk) have the same sign, then we obtain

the following equation since y](.k) and f](k) have different sign.

k k k k
S|~ Py 4+ [ fF )
7 - k k

R

where y; is the switching variable and ¢ = 1,...,n. It is clear that we can make
|y§k+1)\ as large as we want by using large | fi(k)]. However, if y§k) is not zero and fi(k)

and yi(k) have the same sign, then

k k k) (k k k
|~ e T
AR I A R

We can not make \y§k+1)| as small as we want only by using small | fi(k)\. For this
reason, we will always, for example, make the cth variable large instead of making
the dth variable small in order to get y. > y4 in the following discussion.

If ygk) = 0, then

k k k k k k
N T A [l
k k - k k)"
N R

| (k+1)| —

)

We can choose suitable | fi(k)| to get any |y§k+1)| required. In the notation of this
chapter fi(k) = F(K,i), where K is the unique digit associating to each orthant as
given in Table 5.1, whereas k denoted the kth step along a cycle.

It is hard to control the trajectories in the common orthants for both cycles A
and B at the same time since focal points for cycle A may not work for cycle B.
We will always assume that neither ¢ nor d switches in common boundaries. From
the basic construction idea (2), we get |F(i,c)| = |F(i,d)| = 1 for all the common

orthants except ()1 and @)s.
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Lemma 5.1.1. If |F(i,c)| = |F(i,d)| for all the common orthants except Q1 and
neither ¢ nor d switches in common boundaries, then for any point x (ory) following
cycle A (or B), the ordering between |x.| and |zq4| (lye| and |yi|) on the common

boundaries is always the same.

Proof. Denoting the common orthant after @Q; by Q*, we will prove that the ordering
between |z.| and |z4| on the second common boundary (the exiting wall for Q*) is
the same as the first common boundary (the exiting wall for @)1). For other common
boundaries, the result is proved similarly.

On the exiting wall for @y, it is the (M + 2)th step on cycle A. If !
xéMH) have different sign, say M S 0 and xéMH) < 0, then F(Q* ¢) =1 and

F(Q*,d) = —1. From Eq. (2.2), we get

M+2) and

M+3
2] = o)

= |F(Q"c) + (M2 — F(Q",0))e™"| — |[F(Q*, d) + (21" — F(Q*, d))e™"|
= L @M =Dt (<) (T e

_ <x£M+2)+xfiM+2))e—t

= (2] e
That is |93,(;M+3)| — |93((iM+3)| will have the same sign as |33£M+2)| — |$£lM+2)|. The case
when %% and xéMH) have the same sign is got from the same reasoning. Similarly

for |y.| and |y,4|. This completes the proof.

We will see in the proof of Theorem 5.2.3 that when |F'(i,c)| # |F(i,d)| in some
common orthant, the ordering between |x.| and |z4] (or |y.| and |y4|) on the common
boundaries may change.

From Lemma 5.1.1, we get

Lemma 5.1.2. If |F(i,c)| = |F(i,d)| for all the common orthants except Q1 and
neither ¢ nor d switches in common boundaries, then we only need to consider points

from step one up to step M + 2 and N + 2 for cycles A and B, respectively.

Since 7 is the index of the variable that switches when entering orthant ()5, the

rth variable is zero on the last common boundary. Denote

Co={> luil =1} NCaand Gy ={>_ |z;| = 1} N C.
i#r £

Lemma 5.1.3. Images of points in C, and Cy, determine the image type of the re-

turning cones of cycles A and B.
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Proof. This comes from Proposition 2.3.3.

In the following discussion, we will use point p to denote the vertex of the simplex
at the starting boundary with |p.| = 1, use ¢ to denote the vertex of the simplex at
the starting boundary with |g4| = 1, use v to denote the point on the simplex at the
starting boundary with |v.| = |vg| = 1/2 and use u®, where i € {1,...,n}, i # c,
1 # d and i # r, to denote all the other vertices with |ul(l)| = 1 on the simplex at the
starting boundary. Figure 5.3 illustrates these points when n = 4. Point p is on the
boundary of Cj, since all the points near p in the starting boundary satisfy |p.| > |pa]
and they will follow cycle B. Similarly, ¢ is on the boundary of C,. Points v are on
the boundary of C, and Cj, since v, = vq. Similarly, all the u(9s defined above are on
the boundary of C, and C.

Since mappings M4 and Mg are continuous and one to one, they map the bound-
ary of C, and Cj, to the boundary of M4 (C,) and Mg(C,), respectively. Therefore,
in the 4-cube for example (Fig. 5.3), the images of points p, ¢, v and v determine the
image type of the returning cones. If, for example, Mp(p) € Cp, Mp(u) € Cp and
Mpg(v) € Cp then Mp(Cp) C Cg, but if Mp(p) € Ca, Mp(u) € Cp and Mg(v) € Cp
then Mp(Cg) N Cp # 0, Mg(Cp) N Cy # 0. If the image of an extremal point of
a cycle’s returning cone lies on the boundary between the two returning cones, then

only the images of the other extremal points determine the image type.

A

c

Figure 5.3: Returning cone of cycles A and B in a 4-cube.

Lemma 5.1.4. For point p defined above, if the cth coordinate never switches in cycle

B, then p is a fixed point for mapping Mp and image types 2, 4 and 8 are impossible.

Proof. We prove this lemma by using the mapping for cycle B given in Eq. (2.6) and
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(2.7), i.e., Mg : R* — R",
_ B(m0)p
T+ (00 )

where B is an n x n matrix and 1 is and n x 1 vector.

Mpgp

From the calculation of B® in Eq. (2.5), we have

BWe, = e, — e. = e.— 0 =e,., for each k,

where e. denotes the standard basis vector in R”. Then by Eq. (2.7), we obtain
B(kvo)ec e B(kil) . B(l)B(O)eC e B(kil) . B(l)ec — et — B(kil)ec == ec

for each k = 1,...,m. B®0e, = e, means that the cth column of matrix B*0 is e,.
By Eq. (2.5), we know that the cth coordinate of ¥*) is zero, then the cth

m—1

coordinate of Y B®0"4)*) is zero since the cth column of B*9 is e, for each
k=1

k=1,...,m. By Eq. (2.7), we know that the cth coordinate of 1)(™% is zero. There-

fore 14 (™9 p) =1 and B™Op = p. That is Mg(p) = p. It is clear that if point
p is a fixed point for cycle B, then image types 2, 4 and 8 are impossible.

Lemma 5.1.5. For point q defined above, if the dth coordinate never switches in
cycle A, then q is a fixed point for mapping My and image types 2, 3 and 6 are

mmpossible.

Lemma 5.1.6. Any point u9, where i # ¢, i # d and i # r defined above with
]ufl)\ =1, is a fized point for cycle A, if the ith coordinate never switch in cycle A.
Similarly, any u® with |u§l)| =1 where i # ¢, i # d and i # r is a fived point for
cycle B, if the ith coordinate never switches in cycle B.

Unlike points p and ¢, point fixed point u(¥ will not restrict the image type of

cycles A and B since when 4 is a fixed point, the image of u®, u(® itself, is on the

boundary of the returning cones of both cycles.

If |u£z)| = 1,1 # ¢, 1 # d and i # r only switches in the common boundaries
other than the first common boundary, the image of u®® will have \u£1)| = |u((;)| when

returning to the starting boundary and therefore the image of uY will again be on the
boundary of the returning cones of both cycles by Lemma 5.1.1, since we will always
define the focal points of common orthants other than the first common orthant by
|F(i,c)| = |F(i,d)| in our construction. Therefore this kind of point u( also will not

restrict the image type of cycles A and B.
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For later reference, we will denote by w1, ..., u() those u® for which u,
switches in some of the first M + 2 steps on cycle A and by w(PY), ... u(5) those
u® for which ugi) switches in some of the first N 4 2 steps on cycle B. Let Py =
{g,v,u4V) .

must switch to have a cycle, P, and Py are not empty sets.

SuDY} and Pg = {p,v,uBV) .. uB)} Since at least two variables

To sum up, we have Lemma 5.1.7.

Lemma 5.1.7. P4 and Pg are not empty sets and the images of points in Py and

Pg will determine the image type of cycles A and B.

Remark 5.1.4. In the following proof, we use V & € P4 or V y € Pp to simplify the
notation, but if d doesn’t switch in cycle A, we don’t include ¢ in P4 and if ¢ doesn’t

switch in cycle B, we don’t include p in Pg.

If only two variables switching in cycle A, then one variable is ¢ and the other
variable is r, the one which switches on entry to ()5. Thus, x4 does not switch in A,
so ¢ is fixed. And all u®® are also fixed since the corresponding z; do not switch in
A. In fact, the cycle consists only 4 orthants, M = 2 and 2 common orthant. Thus,
there is only one point in P4. Then that point must be v. This is also true for cycle

B, and we have the following lemma.

Lemma 5.1.8. If there is only one point in P4 (Pg), that is point v.

5.2 Results

5.2.1 Casel

Theorem 5.2.1. When a = ¢ and b = d, and neither ¢ nor d switches in common

boundaries, then
1. image types 1, 5 and 7 are possible;
2. if d switches in cycle A, image type 3 is possible;
3. if ¢ switches in cycle B, image type 4 is possible.
Proof.

e Image type 1 is obtained by defining |F(Q1,¢)| = |F(Q1,d)| = 7.

For each z € Py, z. = 0 and |4 > 0 on entry to ;. Then we will have

|z4] > || on all the common boundaries by Lemma 5.1.1. This means that .



26

must switch on exiting @y since |F(Qa,c)| = |F(Qa,d)| =7, i.e. Ma(x) C Chy.
By Lemma 5.1.7, we have M4(C4) C Ca.

Similarly, for each y € Pg, y; = 0 and |y.| > 0 on entry to ;. Then we will
have |y.| > |yq4| on all the common boundaries. This means that y; must switch
on exiting @, i.e. Mp(y) C Cp. By Lemma 5.1.7, we have Mp(Cp) C Cp.

Image type 3 is obtained by defining |F(Q1, ¢)| > |F(Q1,d)| = 7.

Variable d switching in cycle A ensures that point ¢ is not a fixed point for
mapping M, and image type 3 is possible. For each x € P4, we define
|F(Q1,¢)] > |F(Q4,d)| such that |z.| > |z4| on the first common boundary
even if x. = 0 on entry to ;. Then we will have |z | > |z,4| on all the common
boundaries. This means that x4 must switch on exiting Qs, i.e. My(x) C Cp.
By Lemma 5.1.7, we have M4(C4) C Cp.

On cycle B, for each y € P, yq = 0 and |y, > 0 on entry to ;. Then
we will have |y.| > |y4| on all the common boundaries, since |F(Q1,c)| >
|F(Q1,d)|. This means that y; must switch on exiting @2, i.e. Mp(y) C Cp.
By Lemma 5.1.7, we have Mp(Cg) C Cp.

In the above discussion, we need |F(Q1,c)| > |F(Q1,d)| = 7. Now, we will
show how to find the possible interval of |F(Q1,c)| such that image type 3 is
obtained. By Lemma 5.1.7, we get the suitable interval of |F(Q1,c)| by the
mapping of MgMH) e Mﬁ{’) at points in Py.

Assume the ith variable switches on exiting ();. From Remark 5.1.3, for each
x € P4 there exists |FA(Q1, ¢)| = p, such that |x£M+2)| = |x£lM+2
To get the |[FA(Q1, ¢)|, consider the mapping for cycle A over the first M + 2

)| on cycle A.

steps
AM+2,0)

= T3 (@0 0y
where AM+20) — AM+1) AM) ... A©) i3 an n x n matrix, and ¢™M+20) is an

n x 1 vector. The denominator 1+ (¢™*+29 1) is not zero and scales x. and
M+2,0)x'

MM ()

in the same way, therefore we only need to consider the numerator A
From the definition of A+ in Eq. (2.5), i.e.,

AMHY) 1 F(Qy,:)el

F(Q1,1)

It is clear that only one coordinate agwﬂ) of AM+1) involves variable . There-
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fore, 1 only occurs in the cth row of matrix AM*29 and it appears linearly.
Now solve the simple linear equation |[AM*20) |, = |AM+20) 4|, for p, where
|AMH20) | (|AM+20)2],;) denote the cth (dth) coordinate of |AM+20z| we

get the required |FA(Qy, c)].
Then, image type 3 is obtained by defining |F(Q1,d)| = v and |F(Q1,¢)| > 1,

where
[y = max{|Ff(Q1,c)|, Vo € Pa}.

Image type 4 is obtained by defining |F(Q1,d)| > |F(Qy,¢c)| = 7.

Variable ¢ switching in cycle B ensures that point p is not a fixed point for
mapping Mp. Using the same idea as in type 3, we get the suitable interval
of |F(Q1,d)| by the mapping of MJ(BNH) . Mg]) at points in Pg. Then, image
type 4 is obtained by defining |F(Q1,¢)| = v and |F(Q1,d)| > pa, where

[y = max{]Ff(Ql,d)L Vy € Pg}.

From the discussion of type 1 and type 4, we get type 5.

Since we get Mp(Cp) C Cp by defining |F(Q1,d)| = |F(Q1,¢)| and get Mp(Cp) C
C4 by defining |F(Q1,d)| > |F(Q1,c)|. We have Ma(C4) C Cy, Mp(Cp) N
Ca # 0, Mp(Cs)NCp # D by continuity of Mgv“) . M](30) as a function of the
changing focal point parameter F'(Q1, d) 2 w. That is, image type 5 is obtained
by defining |F(Q1,c)| = and uz < |F(Q1,d)| < pa, where

I3 = min{|Ff(Q1, d)|, Yy € Pg}.

If there is only one point v in Py by Lemma 5.1.8, then define |F(Q4,¢)| = v
and |F(Qy,d)| > |FP(Qy,d)| get type 5.

Image type 7 is obtained from type 1 and type 3 by the same idea as in type 5.
Defining [F(Q1,d)| = v and pq < |F(Q1,¢)| < pa, where

g = min{]F;‘(Ql,c)], Vo € Pa}.

If there is only one point v in P4 by Lemma 5.1.8, then image type 7 is obtained
by defining |F(Q1,d)| = v and |[F(Q1, )| > [F(Q1, )]

From the above discussion, we get another two construction ideas for type 1.
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e Image type 1 is obtained by defining |F(Q1,d)| = v and v < |F(Q1,¢)| < pua.

e Image type 1 can also obtained by defining |F(Q1,c)| = v and v < |F(Q1,d)| <
H3-

The above analysis together with Lemma 5.1.4 and Lemma 5.1.5 completes the proof.

Theorem 5.2.2. For the figure-8 pattern described above, when a = ¢ and b = d,
if there are only two common orthants in total, then image types 2, 6, 8 and 9 are

impossible.

Proof. We will prove this result by showing that it is impossible to have M4(x) € Cp
and Mp(y) € C4 at the same time for any z € C4 and y € Cp when there are only
two common orthants.

Following the notation of Theorem 5.2.1, we consider 2(™*Y to be an arbitrary

N+1) an arbitrary point

point on the boundary between orthant ()14 and @1 and y(

on the boundary between orthant Q5 and Q. Then z(M+2) = MI(L‘MH)(x(M“)) and

yV+2) = MéNJrl)(y(NH)), where MIS‘MH) and Ml(gNH) are as defined in Eq. (2.4).
Without loss of generality, we assume that both the ath coordinate and the bth

coordinate on the common boundary are positive. Then F(Qs,a) and F(Q2,b) are

negative, F(Q1,a) and F(Qq,b) are positive, x,()MH) and y(gNH) are positive and

ZMHD yz()NJrl) —o.
In order to have the bth coordinate of £ +2) switching in orthant Q5 and the ath

coordinate of yV*?) switching in orthant Q., we need

(M+2) (M+2)

lOg(l - F?Qz,b)> < log(l - ZE’ZQZ,“))’

(N+2) (N+2)

log(1 — —IZ’EQQ’b)) > log(1 — —g‘(’sza)).

that is ri2)
F(Q2,a) > %TPW,
b
(N+2)F a
F(Q2,0) > ybym—fgz)
Hence (N+2) (N+2) (M+2)
F a F(Qs,b
F(QQ?b) > yb (N£§)22’a) yb (]a\;+2) (N+(2C)22 )7
Ya Ty, Ya
that is, we need
wy TN < g (M2) INF2) (5.2)
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since F(Q2,b) is negative.
But by Eq. (2.2), we know that

I()M+2) _ F(be) + (l_l()Mqu) . F( 1,b>>€_th+l>’

M — P(Qy,a) + (8 = F(Qu,a)e ™ = F(Q1,0) — F(Qy,a)e™" ",
W = FQub) + () = F(Qub)e ™ = F(Q1,0) — F(Qub)e ™
W = F(Qua) + (g = F(Qr,a))e

(M+1) adtNH)

where tx are the switching times of point z and y in orthant ),

respectively. Then

x(M+2)y(N+2) B (M+2)y(N+2)
= (Q b) (N+1) —té +>_F<Q b) (N+1) —t& +1>6 HNHD F(Qha)xl()M'i‘l)e—t;MH)
—F(Qy,a)z Mﬂ)e_tg”MH)e A +xg(,MH)yC(LNJrl)e—téM“)e—téNﬂ)

(N+1) (M+1) (M+1) (N+1)
= FQuoyM e (1) 4 FQua)r e (1 e )
+x(()M+1)y[(lN+1) ’tchH)e AR

> 0,

e xéM-&-Z)y((lN-i-Q) < x((lM+2)ylEN+2)'

This is a contradiction to Eq. (5.2) and completes the proof.
In contrast to the above theorem, if there are at least three common orthants, we

have the following result.

Theorem 5.2.3. Under the same conditions as in Thm. 5.2.1, if there are at least

three common orthants, then

1. image types 1, 5, 7 and 9 are possible;
2. if d switches in cycle A, image types 3 and 6 are possible;
3. if ¢ switches in cycle B, image types 4 and 8 are possible;

4. if d switches in cycle A and ¢ switches in cycle B, image type 2 is possible;

Proof. Denote the common orthant after ()1 by Q*. Assume variable 7 switches in (),
and variable j switches in Q*. In orthant @, let |F(Q1,d)| =, then for each point
x € Pj, this determines xéMH) Let FA(Q1,c) denote a corresponding F(Q,,c) for

point z such that |x£M+2 | > |1: (M+2) | and define

[F(Qu, )| > max{|F}(Q1,¢) .Y = € Pa}. (5.3)
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It is clear that (see Figure 5.4 (a) for illustration) |F(Q1,c)| > |F(Q1,d)| since for

each point x € P4, we have

M 1 M 1
arery VFEAQu e — F(Qui)aM Y]
’mc ‘ - (M+1)
MY — F(Qy,4)]
(M+1)
Z;
- 5 R,

o)+ [P (@4, )

and

‘ (Qb ) M+l (Qla) M+1|
|x§M — F(Q1,9)|

F @1 Dl Y]+ [F(@, D)llag™ ]
2]+ 1F(Qu, )]

The preceding follows, because F'(Q1,7) and :v M+ have different sign, FA(Q1, c)

(M+1) (M+1)

and x. have the same sign.

have the same sign and F(Q1,d) and z,

Hence

[F(Q1, )]

M|

> 0.

IF(Q1,0) — [F(Qu,d)] > [FA(Q1,0)] — |[F(Qu,d)| >

(N+2| S |yc(zN+2)| since

For each point y € Pp by the same formula, we have |y
|F(Q1,¢)| > |F(Q1,d)| and y (V1) — 0 (see Figure 5.4 (b) for illustration). Therefore,
on the entry to QQ*, we always have the cth coordinate larger than the dth coordinate

for all the points in P4 and Pg. In orthant Q*, define
IF(Q*,c)| = min{min{|z"""?|,V z € Py}, min{|y{" 2|,V y € P5}}
and
|F(Q*, d)| = max{max{|zM*?|,V 2 € Py}, max{|yN? |,V y € Pg}}.

The construction idea of this theorem is considering the trajectories backwards.
First, for each point © € P4, we will get a ¢, such that |x£M+3)| = |m£lM+3)|
using t, to find the required \Fétm)(Ql 4,7)| for each € P4 such that the passage

time in Q* is t,. Third, by choosing suitable |F'(Q14,7)| which is decided by all the

. Second,
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B x| B el

|X (M+2) |
: d
(M+1) :

s | Iy
X (CM+1 y(l;l +1)
(a (b)

Figure 5.4: Evolution of x., x4, y., yq as they pass through orthant @;. In figure (a), in
order to have |ZL‘£M+2)| > |x£lM+2)|, the absolute value of the cth coordinate must increase
faster than the dth coordinate. That is we need to define |F(Q1,¢)| > |F(Q1,d)|. In figure
(b), since we have already defined |F(Q1,c)| > |F(Q1,d)| in figure (a) and |y£NH)| >

\yc(lN+1)|, we will have |y£N+2)] > |y((iN+2)].

|Fg£t’”)(Q1 4,7)|s, we force the trajectories starting in C, to follow the cycle we want.
For each point y € Pg, we do the same construction to get ]Fgfty)(ng,j)\. Then by
choosing suitable |F(Q15, j)| which is decided by all the |F35ty)(QlB,j)|s, we force the

trajectories starting in Cj, to follow the cycle we want.

(M+2)

|qc \ /
VEPT ><
R e e e
lof's™ | |
t, ot t, t, ot ©

Figure 5.5: Illustration of the construction idea.

Before we start the construction for general case, we use one example (see Fig-
ure 5.5) to illustrate the idea. Assume Py = {q, v} and the jth variable will switch
in Q*. First, we get ¢, and t, by solving |q((;M+3)| = |qf(lM+3)| and |’U£M+3)| = |UC(lM+3)|.
Second, find |Fy'(Q14,7)] and [F{")(Q14, )| such that the passage time is ¢, and
ty, respectively. Third, define |F(Q14, )| based on ]Fq(tq)(QlA,jﬂ and |F£t”)(Q1A,j)\

to get the required image types.

1. When
|F(Q1a,7)] < min{|F)(Q1a, )|, |F"(Q1a.4)|}
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The passage time in Q* will be shorter than ¢,, say at ¢;, then \q£M+3 | > |q (M-+3) \
and !U£M+3)| > \UC(ZM+3)]. That is we have M4(Cy4) C Cp.
2. When
[F(Qua, )] > max{| F (Qua, )|, [F{"(Q1a, )1}
The passage time in Q* will be longer than ¢, say at ¢, then |qC | <lq M+3)|

and ’U£M+3)| < ‘U§M+3)’. That is we have M4(Cy) C Chy.

3. When

miﬂ{|F;tq)(Q1A;j)|a IF&(Qua i)} < |F(Qia,4)]
< max{|F(Qua, )|, |F)(Qra, )]}

The passage time in Q* will be between ¢, and ¢,, say at t,, then |q((;M+3)\ >

|q((iM+3)| and [v"| < |UC(IM+3)’. That is we have M4(Ca)NCp # 0, Ma(Ca)N
Ca # 0.

Now, we start the construction. First, by Eq. (2.2), we get the corresponding

M+3 M+3
M= 1)

passage time t, for each x € Py, such that |z . From

2] = [F(Q*, ¢) + (2 — F(Q*, ¢))e "]
and

28 = |P(@Q7 d) + (@ = F(Q.d))e ™|,

t, can be solved since ]xc \ > ]x (M+2) \ and |F(Q*,d)| > |F(Q*,c)| (see Figure 5.5.
Second, for each point x € Py, using Eq. (2.11), we have

(M+2)
log (1 — xj—) =t1,.
F(Q",j)

We obtain the required $§M+2).

Then using

N (MH+1) M+1
x(M-i—Q) _ F(Qla]) ) (Ql) ) ( )

J $Z(M+1 o (Ql, )

we get the required x§M+1). Using the above formula again

)

sy _ F@ia el — F@Qua )™
’ o= FQuae)




63

we obtain the required F(Q14,7) for each x € P4 denoted by Fggtl)(QlA,j).
Third, let

and

|F1(Q14,))] = min{|F3§tx)(Q1A7j)|, Vx € Pp}

|F2(Q1A7j)| = maX{|Fagtx)(Q1A7j>|7 v VIS PA}

Similarly, we get |F§ty)(Q13,j)| for each y € Pg. Then, let

and

|F3(Q1B, J)| = min{’Fgfty)(QlB,j)\a Vye€ Pg}

|Fy(Qu,4)| = max{|F{")(Qi5,j)|, ¥y € Ps}.

Now, the last step in the construction, i.e., choosing |F(Q14,7)| and |F(Q15,j)|,

1.

if |F(Q14,))| = |F1(Q14,7)|, we have IZE£M+3)| > |:17£lM+3)| for Vo € P4. Cycle A
will be followed by cycle B, i.e., M4(Cy4) C Cp.

if |F(Q1a, )| = |F2(Q1a, )|, we have |z < |m£lM+3)| for Vo € Py. Cycle A
will be followed by cycle A, i.e., Ms(Ca) C Cy.

i |F(Qua )| < |1F(Quaf)| < |Fa(Qra,g)], we have [z > 2] for

some points z in P4 and |;1:£M+3)] < ]x((jMJr?’)\ for other points = in P4. That is

MAs(Ca)NCp # 0, Ms(Cs)NCy # 0.

i [F(Q1s, J)| = |F3(Q1,7)|, we have |y£N+3)\ > |y§N+3)] for Vy € Pg. Cycle B

will be followed by cycle B, i.e., Mp(Cg) C Cp.

if |F(Q15,7)] = |Fu(Qup, j)|, we have |yN | < \yfl]wg)] for Vy € Pg. Cycle B
will be followed by cycle A, i.e., Mg(Cpg) C Ca.

Cif [F3(Qis.J)| < |F(Qi,J)| < [Fa(Qip,J)|, we have |y§N+3)‘ > |y§zN+3)| for

some points y in P and |y£N+3)| < |y£lN+3)| for other points y in Pg. That is
Mgp(Cp)NCp # 0, Mp(Cg) N Cx # 0.

Note that if |F1(Q14,7)] = |F2(Q1a,j)| while there are more than one point in
P4, then we use a different  in the construction to avoid this. If |Fy(Q1a4,7)] =

| F5(Q14, )| and there is only one point in P4, we know that d doesn’t switch in cycle

A and the only point in P4 is v by Lemma 5.1.8. Then,
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L if |[F(Q1a,7)] > |F1§t”)(Q1A,j)], we have |:17((;M+3)] < |£C((1M+3)| for Vo € P4. Cycle
A will be followed by cycle A, i.e., M4(C4) C Chy.

2. if |F(Q14, )| < |FS"(Q14,7)], we have |z | > \xflM+3)] for some points x in
Py and [z < |a:((1M+3)| for other points = in P4. That is Ma(C4)NCp # 0,
Ma(Ca)NCy # 0.

Similarly, if there is only one point in Pg, we know that ¢ doesn’t switch in cycle

B and the only point in Pg is v by Lemma 5.1.8. Then,

L if [F(Qup. )| < [F"(Qip,4)], we have [y"| > [y5¥7)] for vy € Pp. Cycle
B will be followed by cycle B, i.e., Mp(Cg) C Cp.

2. if |[F(Qup, j)| > |F)(Q1p, 5)|, we have [N ™| < |y "] for some points y in
Py and [y | < ]yéN+3)| for other points y in Pg. That is Mp(Cp)NCp # 0,
Mpg(Cp)NCy # 0.

By Lemma 5.1.4 and Lemma 5.1.5, suitable values of |F(Q14,7)| and |F(Q15,J)|

according to the above itemization will give us all the image types. O

5.2.2 Case 2

From Lemma 5.1.4 and Lemma 5.1.5, we need d to switch in cycle A and ¢ to switch
in cycle B to get image type 2, d to switch in cycle A to get image types 3 and 6 and
¢ to switch in cycle B to get image types 4 and 8, but in case 2 (a =d and b = ¢), d

switches in cycle A and ¢ switches in cycle B. So we have Thm. 5.2.4.

Theorem 5.2.4. When a = d and b = ¢, if neither ¢ nor d switches in common

boundaries, then image types 2, 3, 4, 6 and 8 are possible,

Proof.

e Image type 2 can be obtained by defining |F(Q1,d)| = |F(Q1,¢)| = 7.

For each = € P4, 24 = 0 and |z, > 0 on entry to ;. Then we will have
|ze| > |z4] on all the common boundaries, which means that z,; switches on
exiting @2, i.e. M4(x) € Cp. By Lemma 5.1.7, we have M4(C4) C Cp.

Similarly, for each y € Pp, y. = 0 and |y4| > 0 on entry to ;. Then we will
have |y4| > |ye| on all the common boundaries, which means that y. switches
on exiting @y, i.e. Mp(y) € C4. By Lemma 5.1.7, we have Mg(Cp) C Ca.
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e Image type 4 is obtained by defining |F(Q1,d)| > |F(Q1,¢)| = 7.
For each © € P4, we define |F(Q1,d)| > |F(Q1,c)| such that |z4] > |z.| on

the first common boundary even if x5 = 0 on entry to ;. Then we will have

|z4| > |x.| on all the common boundaries. This means that =, switches on
exiting Qs, i.e. My(x®) C C4. By Lemma 5.1.7, we have M4(C4) C Cy.

On cycle B, for each y € Pg, y. = 0 and |y4| > 0 on entry to ;. Then we will
have |yq| > |y| on all the common boundaries, since |F(Q1,d)| > |F(Q1,c)]|.
This means that y. switches on exiting @, i.e. Mp(y) C C4. By Lemma 5.1.7,
we have Mp(Cp) C Ca.

Assume the ith variable switches in );. From Remark 5.1.3, there exists

FA(Qy,d) for each point x € P4 such that M) = :EEIM“) on cycle A.

Then, image type 4 is obtained by defining |F(Q1,c)| = v and |F(Q1,d)| > &,
where

& = max{|Ff(Q1,d)|, YV x € Pa}.

e Image type 3 is obtained by defining |F(Q1,c)| > |F(Q1,d)| = 7.

By Remark 5.1.3, let F,°(Q1,¢) denote the required F(Q1,c) for each point
y € Pg to have y£N+2) = yéNH)
we get the suitable interval of |F(Q1,¢)| by the mapping of MéNH) . Mg)) at
points in Pg. Then, image type 3 is obtained by defining |F(Q1,d)| = v and

|F(Q1,¢)] > &, where

on cycle B. Using the same idea as in type 4,

52 = maX{’FyB<Qlac)|77 v ye PB}

e From the discussion of type 2 and type 3, we get type 6.
Since we get Mp(Cp) C Cy by defining |F(Q1,d)| = |F(Q1,¢)| and get Mp(Cp) C
Cp by defining |F(Q1,c)| > |F(Q1,d)|. We have M4(Cy4) C Cp, Mp(Cp) N
Cp # 0, Mg(C)NCy4 # D by continuity of MgNH) . Mg)) as a function of the
changing focal point parameter F'(Qy, ¢) 2 £. That is, image type 6 is obtained
by defining |F(Q1,d)| = v and & < |F(Q1, ¢)| < &, where

= min{|Ff(Q1,c)|, Vy € Pg}.

e Image type 8 is obtained from type 2 and type 4 by the same idea as in type 6.
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Defining [F(Q1,¢)| =7 and & < [F(Q1,d)| < &, where

& = min{|FA(Qy,d)|, ¥V x € Py}.

From the above discussion, we get another two construction ideas for type 2.

More generally,
e Image type 2 is obtained by defining |F(Q1,d)| = v and v < |F(Q1,¢)| < &s.

e Image type 2 is obtained by defining |F(Q1,¢)| = v and v < |F(Q1,d)| < &.

This completes the proof.

Similarly, we have the following results for case a = d and b = c.

Theorem 5.2.5. Under the same conditions as in Thm. 5.2.4, if there are only two

common orthants in total, then image types 1, 5, 7 and 9 are impossible.

Proof. In Theorem 5.2.2, we have proved that there are no points x € P4, and y € Pg
such that M4(x) € Cp and Mp(y) C C4 at the same time, which means that it
is impossible to have a trajectory from C, with the cth coordinate switching in Q)
and trajectory from Cj, with the dth coordinate switching in ()» at the same time.
Therefore, we don’t have M4(z) C C4 and Mp(y) C Cp at the same time in case 2
when there are only two common orthants. That is, image types 1, 5, 7 and 9 are

impossible.

Theorem 5.2.6. Under the same conditions as in Thm. 5.2.4, if there are at least

three common orthants, then all the image types are possible.

Proof. The proof is similar to Theorem 5.2.3.
5.2.3 Case 3

Theorem 5.2.7. When a = ¢ and b # d, if neither ¢ nor d switches in common

boundaries, then
1. wmage types 1, 5, 7 and 9 are possible;
2. if d switches in cycle A, image types 3 and 6 are possible;
3. if ¢ switches in cycle B, image types 4 and 8 are possible;

4. if d switches in cycle A and ¢ switches in cycle B, image type 2 is possible;
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Proof.

e Suitable |F(Q1,c¢)| and |F(Q15,d)| give us types 3, 2 and 6.
Idea: If we let |F(Q1,c)| be very large such that for each point € P4 and

y € Pp we will always have |z.| > |z4] and |y.| > |ya| on common boundaries
no matter which cycle we follow, then we have type 3, Mp(Cp) C Cp and
Ma(C4) C Cp. Now if we let F(Q1p,d) be very large such that if we start with
a point y € Pg, we will always have |y4| > |y.| on common boundaries even if
Y| is very large in )1 because |F(Q1,c)| is very large, then we have type 2.
We have Mp(C) N Cp # 0 and Mp(Cg) N C4 # O by continuity of Mz as a
function of the changing focal point parameter F(Q1p,d).

Calculation: By Remark 5.1.3, let |F2(Qy, ¢)| denote the required F(Q1,c) for

each point x € P4 to have x£M+2)\ = |x£lM+2)| on cycle A. Define

o] = max{|Fl,A(Q1,c)|, YV x € Py}

It is clear that oy > 7. Let |F,?(Q1,c)| denote the required F(Qy,c) for

each point y € Pg to have \yﬁNH)] > \yc(lNH)]. For each point y € Pg, if
|y,(;N+1)| < |yc(lN+1)|, then from Remark 5.1.3, there exists F,’(Q1,c) such that
WD) = ), and it [y > Y] let [FE(Qu,¢)] = o can ensure
)| > \y((jN”)]. Then image type 3 is obtained by defining |F(Q1,d)| = v

and |F(Q1,c)| > ao, where
ay = max{ay, |Ff(Q1,c)|, Vye Pg}.

Let F?(Q1p,d) denote the required F(Q1p,d) 2 4 for each point y € Py to
have |?/((;N+2)| = |yC(1N+2)| on cycle B when |F(Q1,c)| > ay. Since |y£N+2)| >

|yl(1N+2)\ before changing F,”(Q15,d), we need a large |yc(lN+2)]

. The existence
of F,/(Q1p,d) for equation \y£N+2)| = \yc(lNH)] is ensured by the continuity of
Mp as a function of the changing focal point parameter o and Remark 5.1.3.
The calculation is not complicated even though the variable o appears in M ](SN)

instead of M g””. For mapping

BW+20),

T L+ (g0 20 )

N N
My UMY M ()

where BIV+20) = BIN+1) BIN) ... B(O) s an n x n matrix, and ¢V 29 is an n x 1

N+2,0)

vector, we only need to consider the numerator B! 1, since the denominator
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14 (¢NF29 4} is not zero and scales y, and yg in the same way. From the
definition of B™") by Eq. (2.5), only one coordinate in the dth row of B
involves variable . Therefore, v only occurs in one row of matrix BN+10)
and it appears linearly. Note that the dth column of BNV*Y is e, since the dth
coordinate doesn’t switch in common orthant ;. Then « still occurs in only

one row of matrix
BIN+20) _ p(N+1) B(N+1,0)

and it appears linearly. Now solving the simple linear equation [BN+20)y], =
[BNV+20)41, for a, we get the required FP(Qip,d). Then, image type 2 is
obtained by defining |F(Q15,d)| > a3 and |F(Q1, ¢)| > g, where

3 = max{|Ff(QlB,d)\, v (VRS PB}

And image type 6 is obtained by defining oy < |F(Q1,d)| < asand |F(Q,c)| >
Qip, Where
ay = min{|F(Qup,d)|, Yy € Pg}.

For type 6, if there is only one point in Pg (lemma 5.1.8), then image type 6 is
obtained by defining |F(Q1,c)| > ay and |F(Qp,d)| > |FE(Q15,d)|.

From the discussion above, image type 3 can also be obtained by defining
w < |F(Q1p,d)| < ay and |F(Q1,¢)| > ao, where w may be 1 or v depending

on whether d switches on entry to ()15 or not.

Suitable |F(Q1p,¢)| and |F(Q14,d)| give us type 1.

Idea: Let |F(Q1p,c)| be large enough such that, we will always have |y.| > |ya|
on common boundaries for each y € Pp and let | F/(Q1 4, d)| be large enough such
that we will always have |z4] > |z.| on common boundaries for each z € Pjy.
That is Mp(Cp) C Cp and M4(C4) C C4 at the same time.

Calculation: Let |F(Qip,c)| denote the required F(Qip,c) for each point
y € Pp to have \y((;N+2)| > \yc(lN+2)| on cycle B. For each point y € Ppg, if
M| < \y((iN+2)| before changing F(Q1p,c), then by Remark 5.1.3 and the
continuity of mapping Mp as a function of F(Q15,¢), there exists |F”(Q15, c)|
such that |y£N+2)| = |yc(lN+2)|. If [y > |y£l]\[+2)|7 we don’t need to define
|FF (Q1B, )| particularly. Then we get Mp(Cp) C Cp.

Similarly, let |F4(Q14,d)| denote the required F(Q14,d) for each point z € Py

M+2

to have ]azg )| < \xElM+2)| on cycle A. Then image type 1 is obtained by
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defining |F(Q1p,¢)| > a5 and |F(Q14,d)| > ag where

5 = max{\Ff(QlB,c)\, 4 (VRS PB}

and

ag = max{|F(Q14,d)|, V z € P4}.

Suitable |F(Q1p,d)| and |F(Q14,d)| give us type 4.
Let |F,(Q15,d)| denote the required F(Q15,d) for each point y € Pp to have
|y£N+2)| < |y((iN+2)| on cycle B. For each y € Pg, the calculation of |[F?(Q15,d)]

is similar to the calculation of |F,’(Q15,c)| in image type 1. Then image type
4 is obtained by defining |F'(Q14,d)| > ag and |F(Q1p,d)| > a7 where

Qy = max{|Ff(Q13,d)|, \V/ Yy c PB}

From image type 1, suitable |F(Q1p,¢)|, |F(Q1a,d)| and |F(Q1p,d)| give us
type 5.

Note that when |F(Q1p,c¢)| > a5 and |F(Q14,d)| > «ag, we have type 1, i.e.,
|y£N+2
Mp as a function of F(Q1p, d), there exist F/(Q5,d) for each point y € Py such
that |y" ] = |y0(lN+2)|. Let |G (Q15,d)| denote the required F(Qip,d) for
cach point y € Pg to have |y | = || on cycle B when |F(Qy5,¢)| > as
and |F'(Q14,d)| > ag. Then image type 5 is obtained by defining |F(Q15, ¢)| >
as, |[F(Q1a,d)] > ag and ag < |F(Q1p,d)| < ag where

)\ > \yC(lN+2)|, Yy € Pg. By Remark 5.1.3 and the continuity of mapping

ag = min{\Gf(QlB,d)], Vy € Pg}.

and

g = max{|Gf(QlB,d)|, Vy € Pg}.

If there is only one point in Ppg, then image type 5 is obtained by defin-
ing |F(Qis,c)| > as, |[F(Qia,d)| > ag and |F(Qqp,d)| > |GF(Qip,d)| by
Lemma 5.1.8.

From image type 3, suitable |F(Q1,c)| and |F(Q14,d)| give us type 7; From
image type 2, suitable |F(Qq,c)|, |F(Qip,d)| and |F(Q1a,d)| give us type 8;
From image type 6, suitable |F(Q1, ¢)|, |F(Q15,d)| and |F(Q14,d)| give us type
9.
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The above analysis together with Lemma 5.1.4 and Lemma 5.1.5 completes the proof.
5.2.4 Case 4 and Case 5

Since the calculations are similar, we will just give the construction ideas in the proofs
of Theorem 5.2.8 and Theorem 5.2.9.

Theorem 5.2.8. When a = d and b # ¢, if neither ¢ nor d switches in common

boundaries, then
1. tmage types 1, 3, 5, 6, 7 and 9 are possible;
2. if ¢ switches in cycle B, image types 2, 4 and 8 are possible;

Proof.

e Suitable |F(Q14,c)| and |F(Q1p,a)| give us type 2. Let |F(Q1p,a)| be large
enough such that for each y € Pg, we will always have |y,| > |y.| on common
boundaries and let |F'(Q14,c)| be large enough such that for each x € Py, we
will always have |z.| > |z,| on common boundaries. That is Mp(Cg) C Cy
and M4(Cy4) C Cp at the same time.

e Suitable |F(Q1,a)| and |F(Q1p,c)| give us types 4, 1 and 5. Let |F(Q1,a)|
be very large such that we will always have |z,| > |z.| and |y.| > |y.| on
common boundaries for each point x € P4 and y € Pg no matter which cycle
we follow. That is we have type 4: Mp(Cg) C C4 and M4(C4) C Cy. Then,
let F(Q1p,c) be very large such that for each y € Pp, we will always have
|Ye| > |ya| on common boundaries even if |y,| is very large in Q1 since |F(Q1, a)|
is very large. That is, we have type 1. Then we have Mp(Cg) N Cp # () and
Mpg(Cs)NC4 # () by continuity of Mp as a function of the changing focal point
parameter F(Q1p,c).

e Suitable |F(Qq4,c)| and |F(Q1p,c)| give us type 3. Let |F(Q1p,c)| be large
enough such that for each y € Pp, we will always have |y.| > |y,| on common
boundaries and let |F'(Q14,¢)| be large enough such that for each x € Py, we
will always have |z.| > |z,| on common boundaries. That is Mp(Cg) C Cp
and M4(Cp) C Cp at the same time.

e From image type 3, suitable |F(Q1a,c¢)|, |F(Q1p,c)| and |F(Q1p,d)| give us
type 6. From image type 1, suitable |F(Q1,a)|, |F(Q1ip,c)| and |F(Q1a,c)|
give us type 7; From image type 4, suitable |F'(Q1,a)| and |F(Q14,c)| give us



71
type 8; From image type 5, suitable |F(Q1,a)|, |F(Q1p,¢)| and |F(Q14,c)| give
us type 9.

The above analysis together with Lemma 5.1.4 and Lemma 5.1.5 completes the proof.

Theorem 5.2.9. When a # ¢, a # d, b # ¢ and b # d, if neither ¢ nor d switches in

common boundaries, then
1. image types 1, 5, 7 and 9 are possible;
2. if d switches in cycle A, image types 3 and 6 are possible;
3. if ¢ switches in cycle B, image types 4 and 8 are possible;

4. if d switches in cycle A and ¢ switches in cycle B, image type 2 is possible;

Proof.

e Suitable |F(Q1p,¢)| and |F(Q14,d)| give us type 1.

Let |F(Q1p,c)| be large enough such that when we start with a point y in Pg,
we will always have |y.| > |yq| on common boundaries and let |F(Q14,d)| be
large enough such that when we start with a point x in P4, we will always have
|z4| > |z.| on common boundaries. That is Mp(Cp) C Cp and M4(Cy) C Cy

at the same time.

e Suitable |F(Q1p,d)| and |F(Q14,c)| give us type 2.

Let |F(Q1p,d)| be large enough such that when we start with a point y in Pg,
we will always have |y.| < |yq| on common boundaries and let |F(Q14,c)| be
large enough such that when we start with a point x in P4, we will always have
lva| < |yc] on common boundaries. That is Mp(Cp) C Cy and M4(Cs) C Cp

at the same time.

e Suitable |F(Q1p,c)| and |F(Q14,c)| give us type 3.

Let |F(Q1B,c)| be large enough such that when we start with a point y in Pg,
we will always have |y.| > |y4| on common boundaries and let |F(Qy4,c)| be
large enough such that when we start with a point x in P4, we will always have
|ze| > |z4] on common boundaries. That is Mp(Cp) C Cp and M4(C4) C Cp

at the same time.

From the discussion in type 1 and type 2, type 3 is obtained by defining
|[F(Qip,c)| = Br and [F(Q1a,¢)| = B
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e Suitable |F(Q1p,d)| and |F(Q14,d)| give us type 4.

Let |F(Q1p,d)| be large enough such that when we start with a point y in Pg,
we will always have |y4| > |y.| on common boundaries and let |F(Q14,d)| be
large enough such that when we start with a point x in P4, we will always have
|z4| > |z.| on common boundaries. That is Mp(Cp) C Cy and M4(Cy) C Cy

at the same time.

e From image type 1, suitable |F(Q1p,¢)|, |[F(Q14,d)| and |F(Q1p,d)| give us
type 5. From image type 2, suitable |F(Q1p,d)|, |F(Q1a,c)| and |F(Q1p,c)]|
give us type 6. From image type 1, suitable |F(Q1p,c)|, |F(Q1a,d)| and
|F(Q14, ¢)| give us type 7. From image type 2, suitable |F(Q1p,d)|, |F(Q14,c)|
and |F(Q1a,d)| give us type 8. From image type 5, suitable |F(Q1a4,c)],
|F(Q1a,d)|, |F(Qip,c)| and |F(Q1p,d)| give us type 9.

The above analysis together with Lemma 5.1.4 and Lemma 5.1.5 completes the proof.
5.2.5 Corollaries

In Chapter 4, we got the existence and stability of a periodic orbit for a figure-8
pattern with nonadjacent common orthants. From what has been discussed above, we

have the following Corollary for the figure-8 pattern with adjacent common orthants.

Corollary 5.2.1. For the figure-8 pattern described above, when a # ¢ or b # d, if
neither ¢ nor d switches on the common boundaries, it is possible to have a periodic
orbit following AB.

Proof. From the results above (Thm. 5.2.4, Thm. 5.2.7-Thm. 5.2.9), we know that we
always have image type 2, Ma(C4) C Cp, Mp(Cp) C Cy. That is, MpMa(C4) C
Cy, where MM 4 is a continuous mapping from C'4 to C4. Then there exists a fixed

point for cycle AB by Brouwer’s fixed point theorem.

Corollary 5.2.2. For the figure-8 pattern described above, if neither ¢ nor d switches
on the common boundaries, it is possible to have a periodic orbit following AB when

there are more than two common orthants on the figure-8 pattern.

Since image types 6, 8 and 9 may contain complex dynamical behavior, and this
is a main reason why we consider the image types of figure-8 pattern, we give the

following corollary to sum up.

Corollary 5.2.3. For the figure-8 pattern described above, if neither ¢ nor d switches

on the common boundaries,
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1. when a = ¢, b = d and there are only two common orthants, image types 6, 8

and 9 are impossible.

2. when if a = d, b = ¢ and there are only two common orthants, image types 6

and 8 are possible but image type 9 is impossible.
3. for all other cases,

(a) image type 9 is possible.
(b) if d switches in cycle A, image type 6 is possible.

(c) if ¢ switches in cycle B, image type 8 is possible.

5.3 Examples

Example 5.3.1. Here we give one example which shows how to get different image
types for a given n-cube.

We consider a 4-net example, with structure given in Fig. 5.6 and Table 5.2. In
our figure-8 pattern with adjacent common orthants, we assumed that directed edges
which are not on the figure-8 pattern are all pointing inward towards the figure-8
pattern since we want cycles A and B to be the only two cycles on the hypercube.
Note, in this example, in order to ensure that only cycles A and B are possible, we

use white walls (arrows pointing in two directions on some edges) as discussed in 5.1.

Orthant () Focal points (F;)

0 0 0 O -1 -1 -10 10
0 0 0 1 -10 10 -1 10
0 0 1 O -10 -1 -10 -1
0 0 1 1 1 -1 -1 -1
0 1 0 0 10 1 -1 -10
0 1 0 1 10 10 -1 -10
0 1 1 0 1 -1 -1 1
0 1 1 1 1 -1 -1 1
1 0 0 0 1 -10 -1 10
1 0 0 1 -10 -1 -1 10
1 0 1 0 -10 -1 1 -10
1 0 1 1 1 -10 1 -10
1 1 0 O 10 -10 -1 -1
1 1 0 1 10 1 10 1
1 1 1 0 1 -1 -1 1
1 1 1 1 1 -10 10 1

Table 5.2: Focal point structure for example 5.3.1.
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Figure 5.6: Digraph on the 4-cube for the network in Example 5.3.1. The figure-8 pattern
is shown by bold edges with 0001 and 0101 as common vertices.

Let cycle A =16 5139 10 2] and cycle B = [6 14 16 12 11 3 1 2] on the 4-cube.
We know that a=d=1,c=b=4,Q,=2,Q2=6,¢g=[-1000]7,p=1[000 1]7,
v=[-2002%" and u=[00 —10]". This example belongs to case 2, a = d and
b = c¢. Since d = 1 switches in cycle A and ¢ = 4 switches in cycle B, we get image
type 2, 3, 4, 6 and 8 from the analysis in Theorem 5.2.4.

Consider the mapping for cycle A

A60) g

My(x) = T+ (009 7))’

where A0 = AG) ... A is an n x n matrix, and 9 is an n x 1 vector as given
in Eq. (2.7). The denominator 1 4 (4% z) is not zero and scales . and x4 in the
same way, therefore we only need to consider the numerator A9z, Similarly, for

the mapping of cycle B
B®0)y
M =
B(y) 1+ <1/J(8’0),y>’

where B®0 = B ... BO) is an n x n matrix, and &% is an n x 1 vector as given
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in Eq. (2.7). We only need to consider the numerator B®?)

Y.
1. Letting |F'(2,4)| = |F(2,1)| = 10, we have image type 2 directly.
2. Letting |F(2,4)] = 10 and |F(2,1)| > &, where
& = max{|F(2,1)], [F}(2, D]},
we have image type 4.

Denote F'(2,1) by &, since

0 0 0 0
AD 40 _ 1.0301 —0.2010 0 0.8291
0.2311 —0.2110 1 —-0.0799
—0.2010 1.01 0 0.8090
and
1 —0.1€ 0 0
0 0 0 0
AY = :
0O 01 10
0O -1 01
—0.10301¢ 0.0201¢ 0 —0.08291¢
AB) A0 = 0 o0 ’
0.3341 —0.2311 1 0.003
—1.2311 1.2110 0 —0.0201
For point ¢ = [—~1 0 0 0]7
0.10301¢
0
© — [46) 407, —
1 | la —0.3341
1.2311

In order to get |q§6)| = |q£6)\, solve equation

0.10301]¢| = 1.2311,
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we get the required |F'(2,1)| for point ¢

1.2311

FA2,1)| = — 11.9513.
£ (2 1] 0.10301
For point v = [_% 00 %}T
0.0101¢
v © = [A®) | AO]y = 0
~0.1656
0.6055

In order to get |’U§6)| = ]viG)\, solve equation
0.0101¢| = 0.6055,

we get the required |F'(2,1)]| for point v

0.6055
|FA(2,1)] = SoTor — 29-9505.

Since the third variable doesn’t switch in cycle A, we don’t need to consider
point u = (—1/2 0 01/2)” on the boundary of C,. Letting |F(2,4)| = 10 and
’F<2a 1)’ > 617 where

& =max{|F(2,1)], |[F}(2,1)]} = 59.9505,

we have type 4.

3. Letting |F'(2,4)| = 10 and & < |F(2,1)| < &, where
& = min{|F(2,1)], [F;'(2,1)]} = 11.9513,

we have image type 8.

Note that for |F(2,4)] =~ and v < |F(2,1)| < &, we always have type 2.

4. Letting |F(2,1)| = 10 and |F'(2,4)| > 0,1, where

& =max{|F’(2,4)], |FP(2,4)], |FF(2,4)|},



7

we have image type 3.

Denote FB(2,4) by §, since

0.9528 —1.0422 0.3173 —-0.1211
—0.7640 —0.2343 0.3376 —1.0321

B® . . . BO =
0.2053 —0.2121 1.0423 —0.1110
0 0 0 0
and
1 0 0
B _ 0O 0 00 |
0 01 10
0 —0.16 0 1
0.1888 —1.2765  0.6550  —1.1532
B .. BO = 0 0 0 0

0.1289  —0.2355 1.0761 —0.2142
0.076400 0.023436 —0.033760 0.103219

For point p = [0 0 0 1]7,

—1.1532
0
® _gm  poO7, _
b : Ip —0.2142
0.103216
In order to get \pgg)] = |p518)|, and since p§8> < 0, solve equation

1.1532 = 0.10321|4],

we get the required |F'(2,4)| for point p

1.1532
B _
[, (2,4)]

= = 11.1733.
0.10321 733
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For point v = [_% 00 %}T7
—0.6710
(®) (7) (0) 0
—0.1715
0.01346

In order to get \1158)\ = ]114(18)\, solve equation
0.6710 = 0.01346],
we get the required |F'(2,4)| for point v

|FE(2,4)| = 50.0746.

For point u = [00 — 1 0]7,

—0.655
® _ g™ RO 0
u® = [B BWu =
—1.0761
0.033766
In order to get |u§8)| = [u{?], solve equation

0.655 = 0.033761|6],
we get the required |F'(2,4)| for point u
|FP(2,4)| = 19.4017.
So, let |F(2,1)| = 10 and |F(2,4)| > d1, where
61 = max{|F(2,4)], |FP(2,4)|, |FF(2,4)]} = 50.0746,

we have type 3.

5. Let |F(2,1)| =10 and 62 < |F'(2,4)| < 61, where

& =min{|F7(2,4)|, |F}(2,4)], |[FP(2,4)|} = 11.1733,



79

we have image type 6.

Note that for |F'(2,1)| = 10 and 10 < |F'(2,4)| < J2, we always have type 2.

M A A

F(2,4)=10 F(2,4)=25 F(2,4)=26.5
F(2,4)=33 F(2,4)=35 F(2,4)=60

Figure 5.7: Image types of cycles A and B when |F(2,1)| = 10, where the red triangles
are the returning cones C'4 of cycle A projected onto a plane, the yellow triangles are
the returning cones Cp of cycle B projected onto a plane, the blue triangles are M4(C4)
projected onto a plane and the green triangles are Mp(Cp) projected onto a plane.

So far, we have finished the construction of focal points to get different image types.

We will give the returning cone images and the trajectories in phase space for some

specific values of |F'(2,1)| and |F'(2,4)| to complete this example.

1.

Let |F(2,1)] = 10 and |F'(2,4)| = 10, we get image type 2. There is a stable
periodic cycle AB passing through y* = [—1.0589 0 — 0.6807 0.5568].

Let |F(2,1)] = 10 and |F(2,4)] = 25, we get image type 6. There is a stable
periodic cycle AB? passing through y* = [-1.5451 0 — 0.6969 1.2666].

Let |F(2,1)] = 10 and |F(2,4)| = 26.5, we get image type 6. There is a stable
periodic cycle AB*AB3 passing through y* = [-1.6341 0 — 0.7039 1.5619]T.

Let |F(2,1)] = 10 and |F(2,4)| = 33, we get image type 6. There is a stable
periodic cycle AB°AB? passing through y* = [-1.3887 0 — 0.6759 1.3884]7.

Let |F(2,1)] = 10 and |F(2,4)| = 35, we get image type 6. There is a stable
periodic cycle AB3! passing through y* = [-1.2468 0 — 0.6489 1.2240]7.
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6. Let |F(2,1)] = 10 and |F(2,4)| = 60, we get image type 3. There is a stable
periodic cycle B passing through y* = [-3.3531 0 — 0.8356 14.1769]7.

Figure 5.7 shows the returning cones and the returning cone images after projection.

Figure 5.8 shows the phase space projections of the periodic orbits.

F(2,4)=10 F(2,4)=25
F(2,4)=26.5 4 F(2,4)=33

Figure 5.8: 2D phase space projections of the stable periodic orbit in the 4-net of Fig. 5.6
and Table 5.2 when |F(2,1)| = 10, where the x-axis is the first coordinate and the y-axis
is the fourth coordinate.

We will use the third set of values, |F(2,1)| = 10 and |F'(2,4)| = 26.5, to show
that how we find the periodic orbits and fixed points above.

We choose a point on the boundary between orthant 0001 and 0101 randomly,
say y® = (=1 0 —1 1) at first. Then we calculate the mapping of each step by
Eq. (2.3). After a few steps, we notice that the trajectory always seems to follow cycle
AB*AB2. In order to check the existence of a periodic orbit AB*AB3, calculating
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the cycle map by Eq. (2.6), (2.7) and (2.14), we obtain

351.1208  90.1756  88.1245 —217.3203
A= 152.9281  39.4761  39.9950 |, ¢~ —56.0639
—326.7360 —84.5620 —74.2014 —57.5239

The eigenvalues \;, 1 = 1,2, 3 and their corresponding eigenvectors v;, ¢ = 1,2, 3 are

I, ~ 305.7321, 1o ~ 10.3741, I3 ~ 0.2894,

—0.6902 0.2596 —0.2656
v~ | —02973 |, ve= | —0.0377 |, vz~ 0.9613
0.6597 —0.9650 0.0735

From Proposition 2.3.4 and 2.3.6, we know that this system has one fixed points
y* =[-1.6341 0 —0.7039 1.5619]7. By Proposition 2.3.7, y* is stable because y* is
on the span of v; which is the corresponding eigenvector of the dominant eigenvalue
ly.

We use the same 4-net example in Example 5.3.1 to show that how we construct
networks that have specific maps (piecewise-linear maps) of two triangles with images
of the vertices specified. We still don’t know whether we can construct networks such
that all the points in P4 and P can be mapped to any specified points. If the
answer is yes, then given a map with known dynamics, we may be able to construct
a network which has that map as a Poincaré map and hence has the same complex

dynamics.

Example 5.3.2. Let ¢* = (=1/4 0 —5/8 1/8)T and v* = (=1/7 0 —4/7 2/7)T
be two points on C, |JC,. We will construct a network with piecewise-linear map
My such that ¢* = My4(q) and v* = Mu(v), where ¢ = (=1 0 0 0)T and v =
(=1/2 0 0 1/2)T by Figure 5.6. By Eq. (2.6), we have

A60)g
=My = —m——— 5.4
q A4 1+ <¢(6’0),q> ( )
and 60)
. Ay
v = MAU = W, (55)

where A% and 4% are as indicated in Eq. (2.7). For these eight equations Eq (5.4)

and (5.5), two of them are equalities 0 = 0. Therefore we only need to solve six
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equations. We choose F'(10,2), F(10,3), F(10,4), F(2,1), F(2,3) and F(2,4) as six
unknowns. Other focal points are defined by Table 5.2.

With all the focal points defined, we write out Eq (5.4) and (5.5) as equations of
unknowns F'(10,2) = «, F(10,3) = 3, F(10,4) = 6§, F(2,1) = p, F(2,3) = ¢ and
F(2,4) = 1.

( —0.00201ap40.101p _ 1
0.00201a+1.3321 47
—0.00201a¢40.101¢+0.02013-0.211 __ 5

~0.00201a+1.3321 R

—0.00201an+0.10174+0.02015 __ 1

—0.00201a+1.3321 -3
(5.6)
(=0.002010,p+0.101p)0.5+(—0.008090p—0.091p)*0.5 1
—0.005050:+1.1605 A

(—0.002010¢+0.101¢+0.02015—0.211)%0.5+(—0.00809a¢ —0.091¢+0.08093+0.001)x0.5
—0.00505+1.1605 -

(—0.00201a7+0.1017+0.02018)+0.5+(—0.00809a7—0.0917+0.08095)+0.5 __ 2
N —0.005050+1.1605 -7

Solve Eq. (5.6), we get two sets of solutions:

F(10,2) = 1186.9752, F(10,3) = —268.5584, F'(10,4) = 473.3225,
F(2,1) = —0.1153, F(2,3) = —2.7431, F(2,4) = 4.2216
and
F(10,2) = —11.6812, F(10,3) = —6.5921, F(10,4) = 6.5058,
F(2,1) = —2.7225, F(2,3) = —4.0468, F(2,4) = 0.3107.

By Figure 5.6, we know that
F(10,2) <0, F(10,3) <0, F(10,4) >0, F(2,1)<0, F(2,3) <0, F(2,4)>0.

Therefore, the second set of solutions is the right answer.
To verify our result, solving M4(q) and M(v) by Eq. (2.14) with the constructed
focal points, we obtain
Ma(q) = q*, My(v) =v*.

That is we find the focal points such that the vertices of C, except u = (0 0 —1 0)7

(u is a fixed point in this case) are mapped to some specified points.
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Chapter 6

Discussion

It has been more than thirty years since Glass networks were proposed. Five years
after the proposing of Glass networks, Glass and Pasternack obtained a structural
principle about a special cycle on the n-cube called ‘cyclic attractor’. Networks with
cyclic attractor will either have a stable limit cycle attractor or approach the origin in
the limit £ — oo. During these years, although many researches have paid attention
to Glass networks, most of the results are about the existence and stability of periodic
orbits of given Glass networks. Results for the structural principles of Glass networks
are left behind.

All the results in this thesis are about structural principles of Glass networks.
We know that the dynamical behavior of any Glass network can be represented
symbolically on the n-cube. However, the digraph on the n-cube only shows the
possible trajectory transition direction in the phase space. The domain for a cycle
map may be empty, i.e., not every cycle on the n-cube can have trajectories passing
through the corresponding orthant in the phase space.

In this thesis, starting with different given cycles on the n-cube, we obtain the

following structural principles:

1. for any simple cycle on the n-cube with a non-branching vertex, Thm. 3.1.1
and Thm. 3.1.2 prove that it is possible to have a stable periodic orbit passing
through the corresponding orthants for some sets of focal points F' in Glass

networks;

2. when the simple cycle on the n-cube doesn’t have a non-branching vertex, the
existence of periodic orbit depends on the structure of the n-cube. A structural
principle is given to determine whether it is possible to have a periodic oribit
for some sets of suitable focal points (Thm. 3.2.1 and Thm. 3.2.2);

3. another structural principle is given in Thm. 4.1.1 for the existence of figure-8
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orbits with only one common orthant. The result is generalized to cycles with

multiple nonadjacent common vertices (Thm. 4.2.1);

4. in Chapter 5, by considering all the possible image types of the Poincaré map
for a figure-8 pattern with more than one common orthant, we obtain structural
principles for the Glass networks to have complex periodic orbits or possibly

chaos.

Despite the above progress in the structural principles, there are questions left
behind to think about in the future.

1. In Chapter 5, the figure-8 pattern with more than one common orthant, we
only consider the case that other directed edges which are not on the figure-8
pattern are all pointing inward towards the figure-8 pattern. Although this is
the simplest case in figure-8 pattern with more than one common orthant, they
have rich dynamical behaviors as show in Example 5.3.1. Figure-8 patterns
without this restriction should be more interesting. Another restriction, used
in this chapter, is that neither the cth nor the dth element switches on common
boundaries. Using the construction idea in Thm. 3.1.1, i.e., controlling the
trajectory direction by choosing suitable focal points, the first restriction may
be conquered. But a figure-8 pattern without the second restriction is hard to

analyze.

2. After finding structural principles for periodic orbits, another interesting prob-
lem is to find structural principles for chaos, i.e. what kind of digraph on the
n-cube allows chaos. In Chapter 5, we focus on figure-8 patterns on the n-cube.
By considering all the different image types, we narrow the image types down
to image types 6, 8 and 9 which may contain complex dynamical behavior in-
cluding chaos. As shown in Example 5.3.1, we have successfully constructed a
network with complex periodic cycles, but structural principles for chaos are

considered as future work.
The relevance of the results obtained in this thesis to gene networks is the follow-
ing:

1. assessing dynamical possibilities for gene networks with certain structures (in
the state space diagram), particularly when parameters in real networks are

poorly known;
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2. engineering possibilities: our type of approach may allow construction of syn-
thetic networks with certain dynamical properties or may one day contribute to
the ability to alter malfunctioning gene networks such that they recover their

intended dynamical behavior.
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