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ABSTRACT

The holographic principle is a supposed property of quantum gravity which states
that the description of a volume of space can be encoded on a lower-dimensional
boundary to the region. One such example is that of the Bekenstein-Hawking entropy
of a black hole, which states the remarkable fact that the entropy of a black hole
is simply its surface area. The most successful framework for holography is the
AdS/CFT correspondence, which provides a non-perturbative formulation of string
theory (and other theories of quantum gravity such as JT gravity). The purpose of this
thesis is two-fold. The first is to give an overview of the AdS/CFT correspondence,
including two separate historically significant applications of the correspondence. The
latter application involves that of the AdS;/CFTy correspondence, which ties into the
second purpose of this thesis. (2 + 1)-dimensional gravity with negative cosmological
constant (also known as“pure AdS; gravity”) is exactly soluble system as a classical
system, and although it is still yet undetermined if AdS; quantum gravity is UV-
complete there are still various computations one can make. In particular, this thesis
considers coupling pure AdSs gravity to a large number of light matter fields dual
to relevant operators. This model has eternal traversable wormholes supported by
suitable boundary conditions on the matter fields. Within this construction, the
field theory of boundary gravitons is used to compute the spectrum of gravitational
fluctuations and in principle the gravitational contribution to scattering processes in

the wormhole.
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Chapter 1
Introduction

This thesis studies models of quantum AdS3 gravity, including both for itself and in its
relation to the anti-de Sitter/conformal field theory (AdS/CFT) correspondence. The
AdS/CFT correspondence has generated significant progress in the field of quantum
gravity because it provides a non-perturbative formulation of string theory through

a dual description in terms of conformal field theory. The duality® states
AdSy4y, = CFTy, (1.1)

where d is the number of spacetime dimensions, and the left-hand-side represents a
consistent theory of quantum gravity on AdS,,;. More specifically, string theories
whose spacetime metric asymptotes towards AdS near their boundaries have been
argued to be equivalent to a certain conformal field theory (or vice-versa) [1, 2]. In
fact, this relation contains all the central concepts of known fundamental physics:
Maxwell’s equations and their non-Abelian extension, the Dirac and Klein-Gordon
equations, quantum mechanics, quantum field theory and general relativity. Fur-
thermore, it contains insight into supersymmetry (supergravity and supersymmetric
gauge theory), string theory, and extra dimensions.

One such theory of quantum gravity having applications in NAdS, /NCFT;? which
has been studied over the years is known as Jackiw-Teiltelboim gravity [3]. As this

theory is relatively simple®, computations can be made in it without invoking pertur-

!The term “duality” will be defined and discussed in section 2.1.1.

2The “N” stands for “near” AdS, gravity and “nearly” CFT;; this idea will be briefly discussed
in chapter 4.

3Tt has been shown that JT and AdSs gravity theories have no propagating mode of bulk gravi-
tation (only edge modes).



bation theory or the AdS/CFT correspondence*. One particularly interesting con-
struction in JT gravity was that of an eternal traversable wormhole as done in [4].
A massive particle can travel from one end of the spacetime to another through the
wormhole along a time-like path. Unlike most wormhole configurations, this one does
not violate causality.

A natural area to study following the formation of JT gravity is in increasing the
number of spatial dimensions by one. Does a consistent theory of quantum AdSs
gravity exist®? And even if it doesn’t, what kind of insight can be gained from an
effective field theory formulation? As a starting point, classical AdSs gravity has
been shown to be exactly soluable as a Chern-Simons theory by Edward Witten in
[5]. Furthermore, although it is known that pure (quantum) AdS; gravity is not dual
to a single two-dimensional CFT [6], it may have a holographic dual to a statistical
ensemble®. As one final question of particular interest to this thesis, can an eternal
traversable wormhole be constructed in AdS; gravity similar to what was done in [4]
using the formalism developed in [7]7? This possibility will be explored in [8], and
will also be presented in this thesis.

Each chapter of this thesis can largely be read as a self-contained essay on each
topic, although the overarching ideas behind the AdS/CFT correspondence and quan-
tum gravity will build upon each other as presented in chapter-order®. The chapters

are as follows:

e Chapter 2 will give an overview of the AdS/CFT correspondence, and intro-
duce the AdS/CFT “dictionary” which maps the matter fields on the gravity
side with the operators on the CF'T side. The remainder of the chapter will then
provide a qualitative overview of the historically significant application of the
correspondence: Type IIB string theory on AdSs x S° and its dual description

four-dimensional N' = 4 supersymmetric Yang-Mills gauge theory.

e Chapter 3 “zooms-in” on the AdS/CFT correspondence by reducing the num-
ber of spacetime dimensions by two. Specifically, the focus of this chapter is to

provide a derivation of the Cardy formula from the AdS3;/CFT, correspondence,

4As will be mentioned later, its holographic dual isn’t actually a single CFT.

5AdS; is specifically considered here over Minkowski or de Sitter spacetimes due to the corre-
sponding applications in the AdS/CFT.

6 Analogous to the dual theory of JT gravity mentioned in the previous footnote.

"The work Juan Maldacena and Xiao-Liang Qi did in [4] also utilized concepts developed in[7].

8 And occasionally, equations and discussions from previous chapters will be cited as “jumping-off
points” for various intermediate steps.



and with it verify that at high temperature the leading-order entropy of a BTZ
blackhole (equivalent to global AdS; after a coordinate transformation) exactly
agrees with the Bekenstein-Hawking entropy of a black hole. Along the way,
it is discussed how Virasoro symmetry is present in any two-dimensional CFT,
and by the AdS/CFT correspondence is therefore also present in the theory of
gravity. As such, the physical consequences of the resulting Virasoro symmetry

will also be discussed.

e Chapter 4 walks through the construction of a quantum theory of AdS; on a
cylinder by writing the classical theory in terms of Chern-Simons variables, and
then quantizing in a method analogous to a WZW model [9, 5]. The final AdSs
action is called the “Alekseev-Shatashvili” action, as it exactly agrees with the
quantization of the coadjoint orbit of the Virasoro group Dif f(S')/PSL(2;R)
found in [10].

e Chapter 5 considers a quantum theory of AdS; on spacetimes with topology
of an annulus times time [11]. Unlike ordinary global AdS; on a cylinder (one
boundary) this spacetime has two boundaries, and in Euclidean signature the
leading order? bulk geometry connecting these two boundaries is a Euclidean
wormhole. Following [8], new work is done with the wormhole by analytically
continuing to Lorentzian signature while simultaneously making this wormhole
“eternally traversable” by introducing a double-trace deformation'® into the
action. Then, the spectrum of fluctuations of this eternal traversable wormhole

are computed to study the free-propagator of boundary gravitons.

e Chapter 6 concludes and summarizes the thesis with musings on potential

avenues for future projects.

Conventions present in this thesis are as follows. Natural units will often be
assumed ¢ = kg = G = h = 1, although Newton’s constant G will occasionally be
made explicit. The usual spacetime indices will be Greek letters, and the Minkowski
metric 7, will abide by the metric signature (—, +...,4). In chapter 4.1, the dreibein
will contain both spacetime indices and flat indices; these flat indices will be carried

by the Minknowski metric 45, and will be denoted by capital Latin letters.

9The leading order term is with respect to a genus expansion; this will be discussed in chapter 5.
OFirst done for any number of dimensions in [7], but the approach in this thesis was primarily
inspired by [4].



Chapter 2

Some Review of the AdS/CFT

Correspondence

2.1 Generalities

This section will begin with the background context for the two sides of the corre-
spondence, and will primarily follow the approach laid out by [2]. Afterwards, the
rest of this chapter will be spent exploring one historically significant example of
the correspondence: Type IIB String Theory on AdS; x S% and its duality which is
a four-dimensional N' = 4 supersymmetric Yang-Mills gauge theory. The approach

taken here will combine the pedagogy of [2] with additional details from [12].

2.1.1 What is the AdS/CFT Correspondence?

The AdS/CFT correspondence, also known as “gauge/gravity” duality, is a prime
example of “holography!,” and describes the equivalence between theories of quan-
tum gravity with an asymptotically AdSy,, spacetime and an ordinary CFT,;. The
main types of observables one can consider within these two theories are correla-
tion functions and thermodynamic quantities. As a way to express this equivalency
mathematically, the thermodynamic quantities of both theories must be equal, which

corresponds to equating the partition functions

ZG’ravity(B) - ZC’FTd(ﬁ)- (21)

IThe gravitational theory is “holographic” since it lives in one higher dimension.




Here, the partition function for the CF'T is defined in the canonical form

ZCFTd<5) =tr (eiﬁHCFTd) ) ﬁ = %7 (22)

and the Euclidean gravity partition function is written as a path integral

ZGram'ty(ﬁ) = /D[g]D[¢]eSE7 (23)

where the measures indicate integrating over both spacetime metrics ¢ and matter
fields ¢, and S is the full quantum gravity action? in Euclidean signature in which

time is compact with periodicity S on the boundary

y~y+p, y=it (2.4)

In order for the equivalence between the partition functions to be exact, all quantum
corrections must be included in the gravity path integral. This equivalence between
the theories is called a duality. As a result of duality, a physical quantity which is
computed in one theory can also be computed in the corresponding dual theory. In
this way, the power of duality allows for computations for one theory to be made
in terms of the other. This is useful because calculations made on one side of the
correspondence often map to incalculable quantities on the other side.

Although it can be useful to think of the CFT as “living on the conformal bound-
ary®,” it is not quite accurate to say that the CFT actually lives on the boundary.
The reasons of which are two-fold. First, the two theories should not be imagined to
be present at the same time; either one has a CFT or an AdS spacetime, and never
both at once. Second, the CFT is dual to the entire gravity theory, so in a sense the
CFT really does also “live everywhere.” Nevertheless, the theory of gravity is often
referred to as “the bulk theory,” and the CFT theory is often referred to as “the

boundary theory.”

2The full quantum theory of gravity may be more complicated and contain more compact bulk
dimensions than those of AdSgy;.
3The term “conformal boundary” refers to the AdS boundary [2]



2.1.2 What is Anti-de Sitter Spacetime?

Anti-de Sitter space is the maximally symmetric* Lorentzian manifold® which is a
solution of the Einstein equations with negative cosmological constant; it can be
imagined as a d + 1-dimensional hyperboloid embedded in a d 4+ 2 spacetime. This is
visualized with AdSs in figure 2.1.2. The line element of AdS,,; in global coordinates

Global AdS; Embedded in (2+1)-dimensions

z
Z Position (7)

x
X Position (7)

Figure 2.1: This is AdS, spacetime represented as a hyperboloid embedded in (2 +
1)-dimensions. The surface of this “bowl” is a visual representation of the AdS,

spacetime. The angular parameter winds around the bowl, while time extends into
(and out of) the bowl; [ is the AdS, radius.

is given by
dsy ., = 1> (—cosh®(p)dt® + dp® + sinh®(p)dS2;_,) (2.5)

where [ is the AdS;,; radius. To understand how the conformal boundary behaves,
one can construct the Penrose diagram by extracting the cosh?(p) factor and define

a new coordinate [2]

dp

do — — P
’ cosh(p)’

o = 2tan"! (tanh(p/2)). (2.6)

4The term “maximally symmetric” indicates that the space is both homogeneous and isotropic
everywhere.

°A Lorentzian manifold is a pseudo-Riemanian Manifold whose signature is [—,+,+,+]. A
Riemanain manifold is a type smooth manifold with an inner product on the tangent space, and
a smooth manifold allows for directional differentiation along tangent vectors. A manifold is a
topological space which behaves as Euclidean locally.



As p goes from 0 to oo, o goes from the finite distance 0 to 7/2. In this way, global
AdSg441 is topologically a cylinder with radial coordinate p (reparameterized as o),
and the time coordinate forming the length of the cylinder. This is visualized with
global AdS3 in figure 2.1.2.

Penrose Diagram of Global AdS;

N (y) XPosition()—()
osition (= !
! 1.61.0

0.0

Figure 2.2: This is global AdS3 visualized using Penrose coordinates. The angular
coordinate forms a circle, the radial coordinate p — o is the radius of the circle,
and time t extends along the edge of the circle to infinity. Together, this creates a
cylinder.

Unlike in flatspace, a massless particle can travel from one end of the AdS confor-
mal boundary to the other in a finite amount of time ¢. Near the boundary p — oo,

the line element can be written in Poincaré coordinates

l2
dsi,, = = (=dt® + dz* + dx?) , (2.7)

where x = (20, 2!, ...,2%71) and 2 = 0 marks the exact location of the boundary.

This metric is also a solution to Einstein’s field equations, and covers a sub-region of



global AdS;, ;. This spacetime is known as the Poincaré patch, and is an example of
an asymptotically AdS spacetime. A spacetime is said to be “asymptotically AdS” if
its metric approaches the Poincaré patch metric for p — co. Another example of an
asymptotically AdS spacetime is given by the metric for an AdS black hole; a black
hole whose metric asymptotes to AdS at spatial infinity®. Generally, if a spacetime
manifold whose boundary conditions behave the same as AdS gravity, then the metric
asymptotes to a AdS gravity near the boundary.

To return to the gravity side of (2.1), let’s start breaking down the Euclidean
path integral. In QFT, a path integral is computed by first fixing the spacetime
manifold M, and then integrating over all fields defined on M. In quantum gravity,
the geometry itself must also be integrated over. As such, performing gravity path
integral calculations is a highly non-trivial process, and in general one instead expands

this thermal partition function as a series of saddle points

ZGTam’ty(ﬁ) ~ exp <_S](59) [gAd57 ¢] + S(l) + > ) (28)

where the semi-classical limit in which g and ¢ are solutions to the classical equations
of motion contains only the leading order Sg)) term which depends on the asymptotic
AdS;y1 metric gags, and not the full bulk theory. The S corresponds to 1-loop
corrections, and higher orders correspond with higher loop contributions. Note that
if one is interested in the gravity partition function (the Euclidean path integral) such
as this, the metric g445 must itself also be in Euclidean signature.

In the semi-classical limit, various canoncial ensemble thermodynamic quantities

can be easily computed. One such quantity is the total energy

E = —0slog Zgravity(B), (2.9)

although since temperature will often be fixed it is more useful to work with Helmoltz

free energy

6F = —109 ZGTam’ty(ﬁ) ~ Sg)) [gAdSh 925] (21())

From the definition of Helmoltz free energy F' = E — T'S, the entropy can also be
computed

6An example of an AdS black hole is a BTZ black hole, which will be discussed in chapter 3.



or in substituting in (2.10) and (2.9)

S = (1 — p0s) log Zaravity (). (2.11)

And from (2.10), the approximate entropy is therefore

S =~ (58ﬁ — 1)SE[gAd57¢]- (212)

This entropy would indeed agree with the area law found by Bekenstein and Hawking,
S = # [13], where A is the area of the Lorentzian black hole obtained from the
analytic continuation to real time of gsqg. This will be discussed in section 3 when
applying the AdS/CFT correspondence to the AdS;/CFT, case.

Regardless if one is interested in the semi-classical limit or the full quantum theory,
the gravity action in the path integral needs to be specified. As will be discussed
later, a fundamental component to the AdS/CFT correspondence is how the bulk
fields behave near the spacetime boundary, and that the metric for any given theory
of quantum gravity must be asymptotically AdS. AdS gravity itself has a boundary as
well, and to see how the presence of a boundary boundary affects the action, consider

the Einstein-Hilbert action with negative cosmological constant

1 2
_ — z 2.1
S 167rG/M‘/ g(R+l)+dey, (2.13)
or in Euclidean signature
S ——;/ (R—l—g)—l—S (2.14)
E7 161G VIR + )+ Sty '

where [ is the AdS radius and the boundary term Sp4, is necessary for AdS gravity
due to the presence of a boundary. Without this additional term the variational
principle would not be well defined. Its purpose can be inferred by the need to
specify boundary conditions and to regulate the gravity action. That is, although
this action can provide a classical partition function, there are infinities to regulate
in an analogous fashion to adding counter-terms in ordinary QFT. In this case, the
boundary term Sg pq, acts as a “counter-term” with some cut-off distance r = r¢, and
is given by

1
SE,GH— —% 8M\/Et?"<K), (215)
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which is known as the Gibbons-Hawking-York boundary term” [14]. Here, Kj; is
the extrinsic curvature of the boundary spacetime O M and h;; is the corresponding
induced metric®

tr(K) = h"K;, K= %ﬁnhzj, (2.16)
where £, is the Lie derivative with respect to the normal®. As stated, this Gibbons-
Hawing-York boundary term is necessary such that the variational principle is well
defined; the associated classical equations of motion must produce a stationary action.
In attempting to vary only the bulk part of the action with respect to the metric, this

(schematically) looks like

0SEEH = / (EOMs)dg +/ (A(g,0(9))dg + B(g,09)9dg) , (2.17)
M oM

where the first term vanishes when the equations of motion (EOMs) are satisfied, and

the second term vanishes by requiring that the metric not vary out at the boundary

59‘8/\4 = 0. Yet, 85Q‘BM # 0, and hence the necessity for the Sgy boundary term

becomes apparent. Stated without derivation, the variation of the full action will

behave as [2]

1
58 = / (EOM3s)3g + 3 VhT"6g,, =0, (2.18)
M oM

where T is the boundary stress-energy tensor. This idea of the boundary stress
tensor will be explored further when AdS3;/CFTs is discussed in more detail later in
section 3.1. In the meantime, there is still the right-hand-side (the CFT side) of (2.1).

2.1.3 What is a Conformal Field Theory?
A Word on Conformal Transformations

A transformation which is one-to-one and onto while also preserving distances is
called an isometry, and the continuous isometries of a given metric are determined by
computing the Killing vectors. Conformal transformations are “almost” continuous

isometries, since they are one-to-one and onto mappings which preserve angles but

"There are other counter-terms which appear in theories of gravity, but the GHY counter-term
is the only one which is relevant for this thesis.

8The induced metric is undefined at the boundary, and so the integral must be regulated to some
cut-off region. It’s at this constant (radial) slice where the induced metric describes the boundary.

9In practice, one can write the AdS metric in Gaussian normal coordinates, and then just have
the derivative be the ordinary derivative with respect to the normal coordinate to the boundary [15].
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not distance. For example, starting with Minkowski spacetime
ds® = n,datda”, (2.19)

and transforming x into a function of y, x — z(y), the conformal transformation of

Minkowski spacetime is defined as
n"dx""dx” — eQQ(y)n,wdy“dy”, (2.20)

where now the metric gets mapped to a function multiplied by the original metric.
A classic example of conformal mapping is when a three-dimensional projection of
the globe is mapped to a two-dimensional surface in which the angle is preserved,
but distance is not. The mapping between the globe and the map is therefore not
an isometry. The key takeaway here is that in not preserving distances, a conformal

transformation is one that does not leave the metric invariant.

Conformal Field Theories

A conformal field theory (CFT) is a UV complete quantum field theory!® (QFT) which
is invariant under conformal transformations. Conformal invariance is a symmetry
under global transformations, which include scaling transformations (in addition to
the usual rotational and translational symmetries) generated by the dilatation op-
erator D', What this implies for observables is that correlation functions behave
nicely under a coordinate rescaling x — Ax. Explicitly, correlation functions between

operators obey [2]
<01(l'1)02(l‘2)0n(1'n)> = )\A1+A2+"'A" <01()\[L’1)On()\l‘n)>, (221)

where A; is a scaling dimension for the given operator O;. Following scaling and

translation invariance, the two-point functions can be expressed as

1
X ——5r-
|21 — 20|22

(O1(x1)Oa(x2)) (2.22)

10A non-UV complete QFT is known as an “effective field theory,” and is only usable up to some
specific energy scale.

H1Tn the special case of d = 2 dimensions, the conformal transformations are labeled by functions
and holomorphic reparameterizations. These are said to be local transformations.
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As a quick example, consider a massless (real) scalar field theory in d = 3+ 1 dimen-

sions. The two-point correlation function is [16]

01 6(a)o) 0) = [ gze e = =

|z —y|?

where in this example A = 1. Note however that if this was a massive scalar field,
the mass m would change the correlation function and the resulting right-hand-side
would no longer behave in this simple way. It turns out that this is a general quality
of a CFT; CFTs only have dimensionless parameters, and so there can be no mass
terms in the CFT Lagrangian [2]. By contrast, most bulk fields on the gravity side of
the AdS/CFT correspondence do have mass. With that being said, there may still be
QFTs with no mass terms that are still not necessarily conformal field theories'?; A
CFT may also include interactions. The main type of CF'T which will be considered
are conformal gauge theories, which are conformal field theories with Lagrangians in
the form of a gauge theory. There are examples in which the form of the gauge theory
is Yang-Mills, and others which are a Wess-Zumino-Witten model; the former will be

discussed in section 2.2 and the latter in 4.

2.1.4 The AdS/CFT Correspondence “Dictionary”

It can be shown that scattering problems in gravity map to correlation functions in
CFT, which implies that the boundary value of a bulk field for gravity ¢(p — oo, )
acts as a source for a CFT operator O(z) [2]. This allows for the two theories to
be connected, where each field ¢;(p,z) in the gravitational theory needs to have a
corresponding operator O;(x) in the CFT; the mass m of ¢ determines the dimension

of O. This relationship is generalized in the AdS/CFT correspondence by

ZGravity [(bé(:c);a/\/l] = <ea:p (— Z/ddm¢6($)0i<x>>> (2.23)

CFT onoM

where ¢} is the value of the bulk field near'® the boundary, and the index 7 runs over
all bulk fields and operators of the CFT. Specifically, the boundary value ¢} acts as
a source for operator O;, while the mass of the generic field ¢; fixes the dimension of

O;. This equation is called the GKPW dictionary as it acts as the “dictionary” which

12A standard example would be QCD with vanishing quark masses.
13The bulk field is evaluated at the boundary in the case of A = 0. This can be seen in (2.25).
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maps bulk fields to CFT operators and vice-versa'?. As an aside, note that CFTs
are, by definition, UV complete. Thus, (2.23) is a non-perturbative formulation of a
UV complete theory of quantum gravity.

To break this down, first consider the left-hand-side of (2.23). This is the previ-
ously discussed Euclidean gravity path integral, where the metric (and action) corre-
sponds to the full theory of gravity being considered. The AdS/CFT correspondence
works by considering how the bulk fields fluctuate near the boundary, in which the
near-boundary geometry is the asymptotic AdS space (although the fluctuations are
determined by the bulk theory). In this case, let the Euclidean line element for the
asymptotic AdS;.1 be given in Poincaré coordinates,

2
ds® = % (d2* + da?) , (2.24)

where z = 0 is exactly on the boundary, and x includes all spatial coordinates as well
as BEuclidean time 2° = y = —it. Before attempting to evaluate the path integral,
recall that AdSy,; spacetime has a boundary. Therefore, the bulk fields must obey
boundary conditions in order for the path integral to be well defined, although the
specifics depend on their spin. As an example, if the bulk fields were scalars, the

boundary conditions would have them obey

di(z, ) = 2772k () + ..., (2.25)

13 7

where are subleading terms as z — 0. The mass of said bulk field is related to

the conformal (CFT scaling) dimension by [2, 12]

272
m? = A(A —d), A:g(lJr 1+4”;—25>. (2.26)

There are also boundary conditions on the metric, which are dictated both by the
metric itself as well as its topology. This feature is evident by Zgyquity having the
explicit dependence on the boundary manifold O M. As mentioned in section 2.1.2, a
spacetime which is asymptotically AdS specifically is one which has the same bound-
ary conditions, but there are infinitely many metrics which contain such boundary

conditions. To be clear, the fields ¢} satisfy boundary conditions dictated by the
asymptotic AdS gravity spacetime, but said asymptotic AdS boundary conditions

4Named for Gubser, Klebanov, Polyakov, and Witten.
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themselves are dictated by the specific metric and topology of the bulk theory.

The right-hand-side of (2.23) is the generating functional of correlators in a CFT,
which will be denoted as Zcpr[gpo].'® As stated, in this equation the bulk fields ¢} (z)
act as sources to the CFT operators O;(z). The connected correlation functions are
computed by taking the functional derivative of Zopr[¢o] evaluated at the boundary

(where the operators “live”)

O Log (Zerr)d)| . (227)

(O1(21)...05(zn))cFr = (_1)n5¢(1)(x1)m(5¢8<xn) 8 =0

where the relationship between gravity and the CFT is evident by the fact that the
correlation functions depend on Zopr[d)]'°.

To summarize, a bulk field in the gravitational theory ¢;(z, z) is dual to an oper-
ator O;(z) in the CFT, and therefore each boundary value of ¢; = ¢}y corresponds to
a source for a local operator in the CFT O;(z); the spin of ¢} is equal to the spin of
O;(z). As per the example in (2.26), the mass of scalar field ¢;(x) fixes the scaling
dimension of O;(x). These statements remain true even when the bulk field carries
spin, but there are two examples of massless fields worth discussing separately. In

particular, for spin = 1 and spin = 2 fields [2]:

e Spin = 1 (Vector): If the given theory of gravity has a spin-1 vector field
A, then the dual CFT has a spin-1 operator J,. If A, is massless, then the
conformal dimension Ay = d — 1 and J, is a conserved current. Otherwise,

Aj; > d—1 and the current is not conserved.

e Spin = 2 (Graviton): Every theory of gravity has a massless spin-2 particle
called the graviton. This is dual to the stress tensor 7}, of the CFT. The fact
that the graviton is massless corresponds to the fact that 7}, is a conserved

current, and also fixes the scaling dimension to Ay = d.

In both cases, it is apparent that the spin of field ¢ is directly related to conserved
Noether currents in the CFT, and in the vector case only the massless particles
contain the symmetry. These cases illustrate an important feature of the AdS/CFT

correspondence: gauge symmetries of the (full) theory of gravity correspond to global

15Specifically, this is the generating functional corresponding with connected correlation functions.
The total correlation function includes both connected and disconnected correlations.

6For an example computation utilizing the “dictionary” (2.23) to find correlation functions cor-
responding to a massive scalar field theory, see [17].
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symmetries of the CFT. This feature will be an important one when attempting to
write a theory of AdSs gravity as a Chern-Simons gauge theory in chapter 4, and
some preliminary ideas to this will be introduced in chapter 3. For the remainder of
this chapter, a qualitative overview will be given on the following application of the
AdS/CFT correspondence: Type IIB string theory asymptotic to AdSs x S° is dual
to N = 4 supersymmetric Yang-Mills gauge theory. This is a historically significant
application of the correspondence, as it was the basis for Maldacena’s seminal work
in realizing the AdS/CFT correspondence as one of the most successful realizations

of the holographic principle!” [19].

2.2 The AdS;/CFT, Correspondence

The AdS/CFT correspondence “dictionary” given in (2.23) should hold for any theory
of gravity and corresponding CFT. That is, given a (quantum) theory of gravity,
(2.23) can be used to define the corresponding CFT, or vice-versa. However, aside
from certain examples, the correspondence is often well defined and useful only in
certain limits. To illustrate this, consider the well-known example of the AdS;/CFTy

correspondence:
Type IIB Strings on AdS; x $°> = (N =4) supersymmetric Yang-Mills. (2.28)

The exact details of the equivalence are beyond the scope of this thesis since an un-
derstanding of supersymmetric gauge theory and string theory (and supergravity) is
necessary to make computations on either side of the correspondence. Therefore, a
more qualitative assessment of each side will be discussed instead; the discussion pre-
sented will primarily follow [2] and section five of [12]. The purpose of this example
will simply be to motivate the (historical and practical) significance of this equiva-
lence, and thereby giving greater context to the rest of the thesis as the model of
quantum gravity simplifies to just AdS3 in later sections and chapters. The key idea
is that a given theory of quantum gravity and a CFT are two seemingly unrelated
theories, and yet the correspondence instead implies that they are equivalent. To

proceed with the example, consider each side of the correspondence individually.

1"The holographic principle is the more general notion that the volume of space which can be
thought of as encoded on a lower dimensional boundary. This idea was given a string theory
interpretation by Leonard Susskind [18].
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2.2.1 Type IIB String Side

Consider Type IIB string theory!®1%20 with N D3 branes stacked on top of each
other at coordinate r = 0 for the gravity theory. On the left-hand-side of (2.28), the
string theory has three adjustable scales: the AdS length [, the Planck length {p, and
the string length [,. At low enough energies, the gravity action is in Einstein-Hilbert

form where higher curvature corrections are suppressed by the string scale

1
St ~ Go / NZ (R + 2A + Lopatter + Z§R4 + ) (2.29)
N

where [Gy] = 2 — D = —8 (D is the total number of the string theory spacetime
dimensions), and is not renormalizable*!. The 10 dimensional metric g is that of an

extremal black brane, and is given by

4

ri —1/2 , 1/2
ds® = (1 + r—j) (—dt* + dx?) + (1 + r—i) (dr® + r?d$3), (2.30)
where x is a coordinate in R?*, and 73 is the radius of a D3 brane given by
s = 4mg N (a')?. (2.31)

Here, o/ is the square of the string length o/ = [2, g, is the string coupling constant,

22 To explain this

and N is the number of D3 branes stacked on top of each other
latter concept, a black brane is like a black hole, but the horizon is a plane instead
of a sphere. In string theory, this solution is the geometry corresponding to a stack
of ()3 D3 branes. For the extremal black brane, ()3 is the conserved charge of this
solution related to r3. A D3 brane is a type of Dirichlet membrane (D-brane), and are
a class of extended objects upon which open strings can end with Dirichlet boundary
conditions. D-branes are classified by their spatial dimension, and so in this case a

D3 brane is extended along three spatial dimensions. In extremal black holes??, AdS

18Type II string theory accounts for two of five consistent superstring theories in 10 dimensions.
Type IIA is the non-chiral theory, and Type IIB is the chiral theory.

9The five types of 10-dimensional superstring theories are: Type I, Type IIA, IIB, HO and HE.

20M-theory is an 11-dimensional theory which unifies these five theories into one.

21Tt is not renormalizable for any D > 3, which is why any theory of gravity with dimension
greater than d = 2 + 1 dimensions is an effective field theory, and not UV complete [2].

22The N will also match the same N in the SU(N) SYM theory [12].

23 An extremal black hole is one that has the minimal mass to exist for a given charge and angular
momentum. It emits no Hawking radiation, but does contain entropy [20].
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appears in the near horizon region, and this is similarly true for black branes. That is,
the asymptotically AdS metric appears near the boundary of the bulk spacetime, and
in this case the asymptotic spacetime is AdSs x S°. As for the black brane metric, the
limit 7 >> r3 recovers flat spacetime R1?, and when r << r3 the geometry is known
as the “throat” since it seemingly tends to a singularity as r << r3 . In redefining
the coordinate 2

u= 73 (2.32)

and taking a large v limit will transform the metric into its asymptotic form
2 2| 1 2 oy du? 2
ds® =rj ﬁ(—dt + dx*) + Tt dsX| . (2.33)

That is, (2.30) becomes (2.33) near the horizon [2, 12]. In this case, the asymptotic
geometry? describes AdSs x S5. The 5-sphere is the r2d§2Z portion, and the remaining
terms correspond to AdSs. Equation (2.31) indicates the fact that both AdS5 and S°

have the same radius rs.

2.2.2 N =4 Supersymmetric Yang-Mills

A Yang-Mills theory is a kind of gauge theory where the gauge group is that of some
Lie group G (often from the group SU(N)), and the Lagrangian density is of the form

ACYM =1tr (F/“,Fw/) . (234)

A supersymmetric Yang-Mills (SYM) theory is one that has its matter fields fixed

25,26 Tt is possible to have more than one type

by supersymmetric transformations
of supersymmetry transformation. N' = 4 super Yang-Mills is special because it has

the highest possible number of supersymmetires (4 total) without needing to include

24That is, the geometry close to the brane at r» — 0, or u — oo.

25 A supersymmetry is a symmetry in which swapping bosons and fermions in a certain way leaves
the predictions of the theory invariant.

26In supersymmetry, each particle from one class would have an associated particle in the other
known as its superpartner, the spin of which differs by a half-integer.
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gravity?”. The Lagrangian for A" = 4 super Yang-Mills is given by [12]

1 v 01 uy Sy a— i (
Larey = tr( - %FWF“ + gg PP — Za:z)\ " DyNg — Z D, X'D"X

2
ab i ~ Yaryi ybp , Iym i yi12
"—;QYMCi Aol X", o] + ;QYMCiab)\ [X* A7+ 5 Z[X , X7] )7 (2.35)
a,0,1 a,0,1 1,]

where a,b = 1,..4 and ¢ = 1,...6. Here, the Cfb and C,, are the fine structure

constants constants related to the Clifford Dirac matrices for SO(6)g ~ SU(4)r*®. 0;

is the instanton angle, and gy, is the gauge coupling. The dimensions of the fields

are

[AM] = [XZ] = 17 [)\a] = 3 (236)

with [gyay] = [07] = 0. In addition to the R-symmetires from SU(4)g, this theory

is both Poincaré and scale invariant, which combine to form an overal conformal

invariance with group SO(4,2) ~ SU(2,2)*. Incidentally, this theory is UV finite.
Additionally, there is a discrete symmetry, which bundles the 6; and gy ,; together

0 A
[+7TZ

2L , 2.37
27 912/M ( )

T=
where the theory is invariant under 7 — 7 + 1 (or ; — 07 4+ 2m). The theory is also
invariant under 7 — —1/7. In combining these two symmetries, the new invariance

of the theory is
at +b

cr+d
That is, there is a hidden PSL(2;Z) invariance®. This PSL(2;Z) symmetry forms

an S-duality3! group for the theory, since §; = 0 changes the invariant statement to

T —

ad—bc=1, a,b,c,dcZ. (2.38)

2THaving N > 4 at least includes gravitinos, which require gravitons (spin = 2 massless bosons)
to complete the theory. This would imply that the theory is really one of supergravity. However,
one can still have a theory of supergravity with N < 4.

28The subscript “R” indicates the R-symmetry, which are the symmetries which transform su-
percharges (the charges which generate the supersymmetries) in a supersymmetric theory into each
other.

29This is enough to make it a CFT, but in combining this conformal symmetry with A" = 4 su-
percharge Poincaré symmetry (not to be confused with the previously mentioned ordinary Poincaré
symmetry), their invariance produces an even larger superconformal symmetry given by the super-
group SU(2,24) [12].

30This kind of transformation is called a Mobius transformation, which is a part of the Mébius
group PSL(2;C). The PSL(2;Z) is a (discrete) subgroup of the Mdbius group.

31The “strong-weak-duality” (S-duality) is a way of classifying a theory written in terms of strong
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gym — —1/gyu, and effectively changes the theory from strong coupling to weak
coupling. That is, N' = 4 super Yang Mills is said to be self-dual3?.

In setting the #; aside, this gauge theory has two dimensionless parameters: N
(the size of SU(N)) and the Yang-Mills coupling constant gy ;. These two parameters
can be collected in the form

A= g2, (2.39)

which is known as the ‘t Hooft coupling [12]. It is often easier to organize a Yang-
Mills gauge theory at large N as an expansion in A and 1/N, rather than gy,; and
1/N. This is (roughly) because there are N gauge fields present in loop contributions,
which changes the expansion parameter from g%,, to A; this will be discussed below
in 2.2.3.

2.2.3 Mapping Between the Two Sides

Ignoring known coefficients, the mapping between the string theory side and the SYM
side relates the ‘t Hooft coupling with the string and AdS radii [2]

A~J<é)4, (2.40)

and the AdS radius is directly related to the gauge group degrees of freedom

4 Y
——~[=) ~N 241
where [p is the Planck length. The couplings of the two theories are related by [2, 12]

Js = Gvurs (2.42)

which implies a direct relationship between g, and A by (2.39), or gy and r3 in
(2.31). Practically, it is difficult to work with string theory quantization on a general
curved manifold, and therefore it is desirable to seek out limits which allows the

conjecture to become more usable (even if still non-trivial).

coupling in an equivalent way, now in terms of a weak coupling (or vice-versa).
32n other words, self-duality means that a theory with some couplings is dual to itself at some
different values of the couplings.
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2.2.4 Limits of AdS;/CFT,

Ultimately, the AdS;/CFT, correspondence holds for any N (which is known as the
“strong” version [12]), but the coupling strength of either theory will effect how one
should approach computations. For example, if one wanted to keep the full string
theory intact, the strategy would be to work with a CFT with weak coupling (so as
to use perturbation theory on the CFT side) while simultaneously requiring a small
enough N such that the string coupling g, isn’t also incredibly small®*. However, if
it was instead desirable to work with a strongly coupled CFT, there are two special
limits one can consider** which will reduce the full Type IIB string theory into a
simpler theory of gravity. These two limits are: the ‘t Hooft limit, and the large A
limit. In both, N is taken to be large and the CFT coupling is A as defined in (2.39).

The ‘t Hooft Limit

The ‘t Hooft limit consists in keeping A fixed, while simultaneously letting N — oo.
In simply staring at (2.40) and (2.41), sending N >> 1 implies | >> [p, with the
freedom to choose the strength of the CFT coupling A. In Yang-Mills theory, this limit
is well defined in perturbation theory, and corresponds to a topological expansion of
the field theory’s Feynman diagrams [21]. On the gravity side, the ‘t Hooft coupling
A can be re-expressed in terms of the string coupling g = A/N. Since A is being kept
fixed and N — o0, the ‘t Hooft limit corresponds to weak coupling string perturbation
theory and recovers “classical”®® Type IIB string theory. This form of the conjecture
is “weaker” than the strong version since now the correspondence only applies for
N — oo. That is [12],

Classical IIB Strings on AdS; x S° = (N =4)SYM (2.43)

N—o00
where now the string theory side no longer requires loop corrections or higher curva-
ture corrections. This equivalence is a historically significant result of the AdS/CFT
correspondence, as it was here that Juan Maldacena first proposed the AdS/CFT
correspondence in [19]. The problem with this limit is that finding an action built

out of classical degrees of freedom to which the large N limit of gauge theories are

33And since N is small, the CFT coupling at hand is not \, but rather gy ;.

34 Although these limits can be considered even for weakly coupled CFTs

35What is meant here by “classical” is that since large N implies small {p, the metric does not
fluctuate.
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classical solutions is a challenge that had been outstanding since ‘t Hooft’s original

paper.

Large A\ Limit

After taking the ‘t Hooft limit, there is still the freedom to make \ large as well. In
staring again at (2.40) and (2.41), taking A >> 1 with N >> 1 implies a vanishing
string length scale | >> [, (although still with [y >> [p). This is a natural limit to
take on the gravity side since one can expand the Lagrangian around small o, which

can be written in terms of A )

r_ T3
and therefore large A\ corresponds to small ¢/ (and indeed, a vanishing string length.

172 Although large A prevents the use of

That is, the role of o is replaced by A~
perturbation theory on the CFT side, the consequence of vanishing string length
causes the gravity side to simplify down to classical type IIB supergravity. The
AdS;/CFTy correspondence implies that computations in supergravity will produce
results which correspond to CFT observables (with the given N — oo and large

A >> 1 limits) accordingly. That is,

Classical IIB Supergravity on AdS; x S° = (N =4)SYM (2.45)

N—00,A>>1

where now a semiclassical theory of gravity can be used to study strongly coupled
SYM theory®® [12].

Mapping Type IIB Fields and CFT Operators

The details of this is beyond the scope of the thesis, but one final piece of the puzzle
to consider is how to set-up the “dictionary” part of the problem. That is, how do do
the CFT operators get mapped to the Type II B fields (and vice-versa)? Well, another
requirement for the AdS/CFT correspondence to hold is that the global symmetries
of the two theories be identical. As mentioned section 2.2.2, the continuous global
symmetry of N' = 4 SYM theory is the superconformal group SU(2,2[4). It turns
out that this global symmetry appears on the gravity side as well [12]. Furthermore,
the SYM theory also has the previously mentioned S-duality symmetry, where the

36Since perturbation theory is no longer possible on the CFT side.



22

complex coupling constant 7 as defined in (2.37) transforms in PSL(2;Z). This,
it turns out, shows up as a global discrete symmetry of Type IIB string theory.
Therefore, S-duality is also a symmetry of both sides [12]. With that being said, it is
only a symmetry in the “strong” form of the conjecture. Either the ‘t Hooft limit or
the large A limit eliminates this symmetry.

For all of these symmetries, it can be shown that representations of the subgroup
SU(2,2/4) also map to both sides. One example is that single trace operators on
the SYM side correspond to single particle states on the gravity side, but there more
scenarios one can consider [12]. Ultimately, this implies that one can map many
different types of operators on the SYM side to the fields on the gravity side. Hence,
computations on one side of the correspondence can allows for the study of physical

observables on the other.

2.2.5 The AdS;/CFT, Conjecture Summarized

The simplest instance®” of the AdS;/CFT, conjecture states an equivalence between

the following two theories

e Type IIB superstring theory on AdSs x S° where both AdSs and S° have the

same radius r3 (the radius of a D3 brane given in (2.31)) and string coupling

Js-

e N = 4 supersymmetric Yang-Mills theory in 4-dimensions with gauge group

SU(N) and Yang-Mills coupling gy in its super conformal phase®®.

Note that the two couplings are related by equation (2.42), which implies that the
D3 brane radius r3 and ‘t Hooft coupling A can be related to either coupling constant
gs or gy . This is known as the “strong” form of the conjecture, which holds for all
values of N3, The different versions of this conjecture are summarized in Table 2.1,
along with the natural choice of small parameter to expand around when performing

computations [12].

3TFor other examples, see [12].

38This just means that (X?) = 0 for all i = 1,...6. That is, the gauge algebra is unbroken; the
opposite case is called the “spontaneously broken” or ”Coulomb” phase [12].

39 As mentioned, N here corresponds to both the gauge group SU(N) and the number of stacked
D3 branes making up the black brane.
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Gravity on AdSs x S° N =4 SYM

(Full  Quantum) Type IIB | e N =4SYM
String Theory

All Na gy m

o ri =dmg,(a/)?

e (lassical Type IIB String The- — e ‘t Hooft limit A = g2, N fixed,
ory N — o
e g, string loop expansion e 1/N expansion
o Classical Type IIB Supergrav- | ., e Large A limit (for N — o0o)
ity
e \/2 expansion.

e o/ expansion

Table 2.1: The three common instances of the AdS;/CFT, correspondence. The
listing is in-order of the “strength” of the conjecture, and includes natural choices for
small parameter expansions. For example, if one wanted to study large CTF coupling
(assuming large N gauge theories SU(N) on the SYM side), perform computations
on the gravity side by expanding in small parameter o’ (equivalently, the string length
is small and suppress higher order corrections of the quantum theory). Note that the
S-duality is only present in the strongest version of the correspondence.
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Chapter 3

Black Hole Entropy from the
AdS;3;/CFTy Correspondence

Another success of the AdS/CFT correspondence is that it correctly produces the
Benkenstein-Hawking entropy of certain black holes. To understand how this works,

the AdS/CFT correspondence relates the two partition functions

ZGravity - ZCFT27 (31)

for some theory of gravity on AdS3;. For Einstein gravity, at high temperatures the
left-hand-side is dominated by the black hole solution, while at low temperatures it
is dominated by what is called thermal AdS; (the latter of which will be discussed
in section 3.3). This black hole solution is known as the BTZ black hole, which is a
solution to (2 + 1)-dimensional Einstein gravity with negative cosmological constant.
The entropy of a BTZ black hole is given by the Bekenstein-Hawking formulal

A
SBTZ = E, (32)

through a computation performed in gravity. In AdS; gravity the Bekenstein-Hawking

entropy is in fact equivalent to the Cardy formula [15]

SZQW,/E(LO—E)HW g<ZO—21>. (3.3)

IThe fact that the entropy of the black hole is entirely encoded on the surface is another example
of the holographic prinicple.
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This formula gives the entropy of any two-dimensional CF'T in the high temperature
regime, and the AdS;/CFTy correspondence implies that entropy on the CFT will
agree with entropy on the gravity side (and vice-versa) [13]. In this way, the entropy
of a BTZ black hole can be accessed by computing the entropy of the two dimen-
sional CF'T, and vice-versa. The purpose of this chapter will be to derive this formula,
compute the BTZ black hole entropy with it, and discuss the Cardy formula’s compo-
nents along the way: Virasoro algebra element Ly and the Brown-Henneaux central
charge c¢. The approach here will largely stick to the gravity side following [15]. For
simplicity, only the non-rotating BTZ black hole will be considered.

3.1 AdS; Gravity Metrics

The Euclidean action for (2+1) pure gravity in the presence of a negative cosmological

constant is: )

. 2
3
—m d IE\/E(R + _2) + dey,

Sp = l

where once again the negative cosmological constant A — —l% in which [ is the AdS;
radius; the explicit form of the boundary action Spq, will become clear when relevant.
In stepping back to Lorentzian signature for a moment, the equations of motion
for this action are the vacuum Einstein field equations with negative cosmological
constant

1 Juw

The most general metric for this action which is invariant under time and angular

~0. (3.4)

translations, and time reversal is given by the line element
ds* = A(r)dy® + B(r)dr* + C(r)d6?, (3.5)

and in solving for the coefficients A(r), B(r), and C(r) there are two basic metric
solutions which satisfy the field equations. The first is global AdS;

dr?

d2:1 2l2d2
s =(14r"/1%)dy +—1+r2/12

+ r?d?, (3.6)

where sending y = it recovers Lorentzian signature. This chapter will additionally

consider the following identifications®: y ~ y + 2rxIm[r] such that time y forms a

?In doing so, this metric is what is known as “thermal“ AdSs.
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circle, and § ~ 6 + 27w Re[r]. The geometry of global AdSs; in Euclidean signature
forms a solid torus where the boundary is a torus of complex structure 7. Time y
runs the length of the torus, and the 6 coordinate spirals around the body (like a
cylinder).

Another solution to the field equations with the same boundary conditions is the
non-rotating BTZ black hole [22]

(7"2 - ri) 2 I?
A Y v
[2 v (r2—r2)

were . is the event horizon with similar identifications as global AdSs, only now let
y ~ y+[ asin (2.4) with the usual definition § = 1/T". Here, the temperature T is the

temperature of the Lorentzian black hole. The smoothness of the event horizon region

ds® = dr® +r*do?, (3.7)

will be discussed later in section 3.3, and is determined by r, and it’s relation to
and 7. For now, note that (3.6) can be retrieved from this by substituting r3 <+ —I?
in (3.7). And to be clear, the geometry of the chosen metrics must be asymptotically
AdS; (by satisfying boundary conditions). Indeed, metrics (3.6) and (3.7) fulfill this
requirement; both metrics have the topology of a solid torus with boundary tori of
complex structure 7.

To get a preview of the non-rotating BTZ black hole entropy, consider the iden-
tification y ~ y 4+ 8. From here, note that the unitary operator for time evolution

is of course U(t) = e~

with H the hermitian Hamiltonian operator. Substituting
the compactification of ¢ — y whith y ~ y + [ into the unitary operator gives the
following

U(t) = e 1 — ¢=FH, (3.8)

From this, summing over all energy eigenstates for a canonical ensemble of a quantum

mechanical system is the definition of the partition function
7 = tr(e P, (3.9)

as mentioned in section 2.1.1. Evidently, the presence of periodic time y implies
that gravity can be used to compute statistical mechanical properties. The statistical
mechanics property of interest corresponding to this black hole is its Bekenstein-

Hawking entropy:
A r
S= 2 T+

TelmisTek (3.10)
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where A = 277 is the circumference of the circle described by 6.

In order to verify that this entropy can be extracted from a two-dimensional CFT
using the AdS3;/CFTy correspondence, the gravity side of the correspondence first
needs to be explored in greater detail. In particular, boundary stress tensors on the
gravity side will be shown to be rewritten in terms of Virasoro algebra; the Virsaoro

algebra is what links the two sides of the AdS;/CFTy correspondence.

3.1.1 AdS; Boundary Stress Tensor

To analyze this problem with greater specificity, either metric (3.6) or (3.7) can be

written in terms of Gaussian normal coordinates:
ds® = dn* + hyjdx'da?, (3.11)

where the metric h;; contains the time y and angular 6 part of the metric(s). From

there, the bulk part of the action can be re-written as:

1 2 1
=———— [ dxdpVh [ R? + (tr(K))? — tr(K* ———/d2 htr(K
Sk e xn\/_(R + (tr(K)) r( )+l2) 8nC Jo, +vh r(K)
(3.12)
which is trivially shown by verifying the equality
o ((Vh)tr(K)
Vh (R(z) + (tr(K))* — tr(K2)) -2 < ) = /gR.

on

Here, R®? is the two-dimensional scalar curvature associated with the metric h;;, and

the extrinsic curvature is given by
1

Next, as discussed at the beginning of this chapter, a boundary action Sy, is required.
Without it, the variation of Sg with respect to the metric h;; will have a contribution
of d0,h;;. Dirichlet boundary conditions are chosen, and the metric is held fixed
Ohij =0, and 00, h;; # 0. Yet after variation, both terms appear. Therefore, in order
for the boundary terms of §Sg to vanish, one must add a counter-term to the initial

action which cancels this out. This boundary action Spq, is the Gibbons-Hawking-
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York term

1
= — davVhtr(K
Sbdy — SE,GH 871G Jonq avVh r(K),

which was previously defined in (2.15). This is exactly the equation to the boundary
term 0Sg pr after variation but with the opposite sign. Furthermore, note that the
Gaussian normal metric h;; is the induced metric on a constant 7 slice as discussed in
section 2.1.2 when (2.15) was first introduced. Thus, the final action Sg = Sg gy +

SE.cm can be written as

Sp = ﬁ/dn /W d*zVh <R(2) + (tr(K))* — tr(K?) + l%) : (3.14)

In varying (3.14) with respect to the induced metric h;;, §Sg = 0 is given when
satisfying the equations of motion. However, recall (2.18). Applying this to the
relevant AdS3 spacetime and allowing the equations of motion to be satisfied, the

variation can be written in terms of a boundary stress-energy tensor

1 .
(SSE - = \/ETU(ShZ‘j,
2 Jom
where this is zero precisely because the metric is fixed dh;; = 0 on the boundary®. In

actually computing this term from straight-forwardly varying 0Sg, this is

1

058 = = 167G

/ d*aV (KT — tr(K)h7)oh;, (3.15)
oM
and therefore the boundary stress tensor is identified to be

7 = —#(K” (K. (3.16)
This is the Brown-York stress tensor, and gets an extra contribution from the bound-
ary term Spq, required by holographic renormalization. Indeed, this result agrees with
what was derived in their original paper [14]. Note that this result is valid in any
coordinate system, and not specific to that given in the Gaussian normal coordinates.
Another aspect to this stress-tensor is that it exists purely due to the extrinsic cur-
vature K% of the boundary metric h;;, and does not correspond with any matter in
the theory.

35h;; is generally not zero in the bulk, but this is fine since the bulk term vanishes according to
the equations of motion.
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As a reminder, the AdS/CFT correspondence specifically relates a CF'T to a bulk
theory on AdS. In this simple (two derivative) example, the bulk theory is Einstein
gravity with two different solutions: global AdS; and the non-rotating BTZ black hole.
Therefore, to consider asymptotic AdS; behavior, send the coordinate n — oo and
examine how the metric(s) behave!. The general solution to Einsteins equations which
includes both global AdS3 and the BTZ black hole can be written as an expansion by
powers of e=?"/! which is called the “Fefferman-Graham expansion” [23]. Explicitly,

the metric is written as
hij = ' + D+ (3.17)

and since asymptotic AdS; lies in the large n >> 1 regime all higher order terms in
the “...” may be dropped since they go by powers of e="/!. The leading term hg?) is
known as the “conformal boundary metric,” and its this metric which is identified to
be the boundary metric up to conformal rescalings in which a CFT “lives.” That is,
metrics g, written as conformal rescalings of another are ones which can be written
as

Gur = €27 g(0). (3.18)

This will be discussed in more detail shortly, but for now note that what is being
done to the metric h;; — hz(»?) is analogous to fixing the fields ¢} near the boundary
as discussed when introducing the AdS/CFT dictionary (2.23) in section 2.1.4.

Since hgf.) now plays the role of the boundary metric, a new variationional principle
which fixes hg?) should be developed (the subleading terms can still vary). However, in
applying this requirement straight-forwardly, 0Sg # 0 will immediately occur for two
reasons. First, the variation 5h§J2-) will appear, and secondly the action itself diverges
at large n — oo. To fix both of these problems, a “counter-term” can be introduced
into the overall Sg action [24, 25]

1
= — d>xVh 1
ScounteT 87TGZ /aM [E\/_7 (3 9)

which causes the variation given by (2.18) to now become

5 = / eV RO T6h). (3.20)
2 Jom

4In the original coordinates, instead send r — X for some large cut-off A and examine a constant
slice of the spacetime at .
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This is what was found before, but now h;; — hg-]) where no other variations of sub-
leading terms from the metric expansion appear. Since 5h§?) = 0 and the large n
cut-off will also no longer cause a divergence, the variation therefore vanishes accord-

ingly. In computing this variation straight-forwardly, it is the case that

1 2 2
= VEO (52 — tr(h@)R©) 550
0SE 162C /aM d“xVh (hw tr(h )h” ) 5h2] , (3.21)

and thus the asymptotic AdS3 boundary stress-tensor is identified similarly to the
stress tensor before aside from the difference in sign and extrinsic curvature being
replaced with the second term in the metric expansion K% — hg) (and including the

AdS; radius as provided by the counter-term)®

T 2) (0)
T = (n = tr(n@)n)) . 22
RYell i T( ) iJ (3 )

Recall that a CFT is a theory whose partition function is invariant by rescalings

of the metric. In this way, the action of the CFT may be allowed to break invariance

by varying with respect to the metric®

. In fact, it is varying with respect to the
conformal rescaling itself which preserves the metric in the quantum theory (which
will certainly leave the partition function invariant). It further turns out that varying
the gravity action with respect to conformal rescalings is proportional to the trace of
the boundary stress tensor, which would therefore need to vanish in order to preserve
conformal invariance since this is still a classical theory of gravity [15]. The trace of

the boundary stress-tensor is written as

tr(T) = — tr(h®), (3.23)

TGl

where the trace is performed over the boundary metric
tr(h@) = ()9 (h@),;. (3.24)

In order to compute this, one requires hg). All subleading terms in this metric

expansion can be found by solving Einstein’s equations up to the given order. In

5Stress tensors in higher dimensional gravity can be found in [25, 26], and additional related work
in [27, 28, 29, 30, 31].
6That is, as long as the partition function remains invariant.
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@)

i; » this trace is evaluated to

solving for h

l

tr(h®) = _mR(O)’ (3.25)
which is decidedly non-zero assuming hg? is not flat”. This non-zero trace of the
boundary metric is what is known as a Weyl (conformal) anomaly. Even though this
is still classical gravity, this has a quantum mechanical consequence on the CF'T side,
and is the result of the two-dimensional CFT being placed on a curved background
(the boundary of the asymptocically AdS; spacetime). That is, this non-zero trace
shows up on the CFT side of this problem, and the standard form of the Weyl anomaly

is given by[15]
c

——R.
247

In comparing these two equivalent results, one can compute the central charge

tr(T) = (3.26)

c=— (3.27)

which is in perfect agreement with the original derivation by Brown and Henneaux
in [32]. What this central charge is precisely will be discussed in at the end of section
3.2, but for now just note that the presence of the Weyl anomaly requires choosing
a specific representative class of metrics hg-)). If there was no Weyl anomaly, then
the action would not depend on the particular representative class of metric h,g?) up
to conformal rescalings. That is, the CFT is by definition Weyl invariant; the CFT

partition function Zcpr does not change. Therefore, by (3.18), any metric h;; as a
(0)
]
be shown that in two dimensions any metric can be written in the following form

conformal rescaling of h;’ will leave the CF'T action invariant. Furthermore, it can

gudr'da” = @y, dotds”, (3.28)

where 7, is the Minkowski metric. What this implies is that if the theory had no
Weyl anomaly, any choice of (two-dimensional) metric would leave the CFT theory
invariant, since any metric is related to flat space by a conformal rescaling. However,

in the presence of a Weyl anomaly, Z¢rr depends on the choice of hg-)) representation.

“Similarly, the stress tensor which was previously computed without expanding the metric h;s
would also give a non-zero trace unless h;; itself described flat space.
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3.1.2 Choosing a Boundary Metric Representation

Consider the choice of metric hg.)) as the flat metric placed on the cylinder (a choice
of topology), and work in complex coordinates. The corresponding line element is
given by

ds® = h)da'da’ = dwdw, (3.29)

where the complex coordinate w(z) is defined as the holomorphic coordinate
w =0y + iUQ, (330>

with the identification w ~ w+27; the corresponding anti-holomorphic w(z) is defined
similarly. The oy coordinate stands in for the spatial direction and the oy coordinate
for the (imaginary) time direction. Solving Einstein’s equations in this coordinate
system results in the AdSs; boundary stress tensor now having homomorphic and

anti-holomorphic components

1 1
Tpw = —=h3), Typo = —=h"). 3.31
8rGl "’ 8rGl " ( )
The details of quantizing the full theory of AdSs will be left for chapter 4, but for now
simply consider how the stress tensors are related to symmetries in a two-dimensional
CF'T after quantization on the gravity side. To set this up properly, now consider the

CFT side of the AdS3/CFTy correspondence.

3.2 (Getting to Virasoro from the CFT,

The conformal group in d+1 spacetime dimensions is in general SO(d+2, 2). However,
an important exception to this in (1+1)-dimensions. In this case, the conformal group
is infinite dimensional, and is generated by two copies of the infinite dimensional
Virasoro algebra. Virasoro algebra is a Lie algebra which generates the the centrally
extended diffeomorphism group of the circle; the group is often denoted as Dml)g.
As discussed in the previous subsection, it is conformal transformations which must
preserve the gravity partition function, and therefore the Virasoro symmetry must
be present in both quantum theories. The remainder of this section will discuss this

symmetry in a general two-dimensional CFT.

8The group Dif f(S') with no “hat” refers to the diffeomorphism group of the circle with no
central extension.
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3.2.1 W.itt Algebra

To start consider a two-dimensional classical field theory on flat space which is in-
variant under conformal transformations, or a “classical CFT”?. It turns out that, in
two dimensions, conformal transformations are equivalent to holomorphic coordinate
changes. Therefore, change to the holomorphic and anti-holomorphic (complex) co-
ordinates w(z) and w(Z) respectively, and work with the flat metric given by (3.29).

An infinitesimal, local coordinate transformation of the original complex coordinates
z— z+€(z) (3.32)
and derivatives transform like
0, — —€(2)0.. (3.33)

Combined, this acts on a scalar field ®(z, z) as
O — P —€(2)0.P — ¢(2)0:P. (3.34)
The algebra elements which generate these transformations are
L,=—z""9,, L,=-z""0.. (3.35)

These generators satisfy the commutation relations

(L, L) = (m —n)Lppin,  [Lm, Ln] = (M —n) Ly, (3.36)

where the two different copies commute with each other. This algebra generates the
complexification of Dif f(S'), and is also known as “Witt algebra.” This is an infinite-
dimensional algebra, and includes the important subalgebra s[(2, C). Specifically, the
elements of the subalgebra are Lo, Ly, Lo, L+, € s(2,C). This will be important in
chapter 4, since including this subalgebra over the reals puts them in the product
group'" (2]

SL(2,R) x SL(2,R) ~ SO(2,2), (3.37)

9This is technically not a CFT, since the theory is not yet a quantum theory.

10At this moment, the metric at hand has no relation to the hE?) found on the gravity side, but
the fact that they are the same is not a coincidence due to the AdS/CFT correspondence.

"The emergence of SL(2,C) or SL(2,R) x SL(2,R) depends on choice of metric signature. The for-
mer corresponds with these complex coordinates (Euclidean signature), while the latter corresponds
with the usual Lorentzian signature.
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which will be important in chapter 4. For now, the classical stress tensor is defined
by performing the Noether procedure for this symmetry.

Since the action of the “classical CFT” is invariant under conformal transforma-
tions, corresponding conserved currents exist. In complex coordinates, these con-

served currents are the holomorphic and anti-holomorphic stress tensors, which obey
0: (e(2)T(2)) =0, 09, (e(2)T(2)) =0, (3.38)

with definitions

T..=T(z), Ts== T(E), (3.39)
and where the currents are defined as
J =e(2)T(2), J =e2)T(2). (3.40)

Furthermore, it can be shown that the trace of the “overall” stress-tensor T, = 0
vanishes.'?:13 As stated in section 3.1, the non-zero trace of the stress tensor appears
when the (quantum) CFT is placed on a curved spacetime. On the gravity side, hl(-?)
was set to be flat space on the cylinder. Of course, performing a conformal rescaling of
hg»)) could be done on the CFT side, since any conformal transformation will leave the
CFT invariant by construction. However, it is also the case that conformally rescaling
hg?) would result in the new metric space being curved, and hence reproducing the
Weyl anomaly. In this way, the central charge ¢ can be obtained on the CF'T side by

seeing how the CFT stress tensor transforms under a conformal symmetry.

3.2.2 Central Charge

The quantum version of the Noether procedure in field theory is the derivation of
Ward identities. It is therefore desirable to understand the Ward identities of a two-
dimensional CFT. In classical field theory, a classical theory with a U(1) symmetry
has an associated current J™". From here, the Noether procedure is conserved under
the equations of motion, 0,,,J™" = 0. Now, for the relevant quantum theory at hand,

the action and path integral measure D[f] are invariant under some conformal trans-

12Consider a rescaling symmetry, and vary the gravity action. It is immediately apparent that the
only way the action can vanish is if the trace of the stress tensor is zero [15].

13What is meant by “overall” is simply that the traces of these individual holomorphic and anti-
holomorphic stress tensors are not zero.
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formation. Therefore, the quantum mechanical version of the conservation equation

is a Ward identity given by the operator equation
(0, J"(y)O1(21)...00 () =0, if z; #y. (3.41)

If a specific x; = y, then the corresponding operator also transforms O; — O; + 60;
and the integration measure needs to be more carefully dealt with. Stated without

derivation, this updates the conservation equation to [2]

A (J*(y)O1(21)...0p (1)) = Z §(y — 2)(01...60;...0,,), (3.42)

for any number of operators O; relating to the current through y = x;; this formula
is called the Ward identity.

This is a general result. However, for the relevant two-dimensional CFT in com-
plex coordinates, the Ward identity corresponding to conformal symmetries can be

rewritten as an operator equation
0e:0(x) = —res . [e(2)T(2)O(x)]. (3.43)

where J(z) is the conserved current corresponding to the conformal symmetry. The
operators in the brackets are evaluated by performing the operator product expansion
(OPE)

O1(2)0s(y) = Z fr2i(x — y)O;(y), (3.44)

with OPE coefficients fi2;(z — y); the sum is over all local operators in the theory.

Note that this holds true for any correlation function

(01(21)O2(22)...On(20)) = Z fraj(x = y)(O0;(y)Os(3)...On (), (3.45)

since the OPE is a general operator relationship [33]. Therefore, in choosing the
operator O(z) to be the stress tensor itself, the OPE computed is the 77" OPE,
and the behavior of the stress tensor T'(z) under a conformal transformation can be
computed from the now known 7T OPE along with the Ward identity. The T'T" OPE

" 2 2w | or(w)
(z—w)4+(z—w)2+z—w

, (3.46)
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" indicates that only the singular terms have been included'.

where the symbol ‘~
Combining (3.46) with (3.43) thus computes the conformal transformation of the

stress-energy tensor 7' [2]

C

_EIII(Z///)7 (347)

0T (2) = —res,ww|[T(2)T(w)] = —e(2)T'(2') — 26' (2T (2) — 3

where the " indicates that a term has undergone a conformal transformation 7'(z) —
T'(2") with respect to complex coordinate z; ¢ is said to be the central charge of the
CFT.

It turns out that this is an anomalous term corresponding to the quantum theory.
That is, this central charge c is the same central charge corresponding to the Weyl
anomaly in AdS3 gravity, and therefore the same ¢ which appears in the stress tensor
trace in curved space from (3.27). The way this is shown to be the case is to transform
the AdS; boundary stress tensor by the same conformal transformations as discussed
in the CFT. The result is [2]

6.T(z) = —e(2)T(2') — 2T (2)€' (') — ée”/(z”’). (3.48)

Notice that the AdS; boundary stress tensor transforms in the same way as the CFT
stress tensor corresponding to the conserved current of the conformal symmetries.

Therefore, just as before (restoring G)

which agrees exactly with (3.27). Another useful result is that exponentiating the

infinitesimal transformation (3.48) provides the finite transformation law [2]

T'(2) = (%) - [T(z) . 1—02{2', z}] , (3.49)

where the term is curly brackets is the Schwarzian derivative

{f(2),2} = " g <J;—/:)2 (3.50)

“There is also an infinite series of non-singular contributions at z = w [2].
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3.2.3 Virasoro Algebra

This number ¢ is known as the central charge because it is the centrally extended
element of the Witt algebra; it commutes with every other element of the Witt algebra.
The algebra which encompasses the full central extension of the Witt algebra is known

as the Virasoro algebra, and is defined by the following commutation relations

[Lin, Lp) = (m — 1) Lypyn + —(m* — m)6mino- (3.51)

c
12
The Virasoro algebra contains the same information as the 77" OPE. The way this

works is that the stress tensors are broken down into modes

L, — 2—64(5”,0 - jf dw ™™ T,
T (3.52)
Ln — ﬂ&%g = fdw eimﬂ T@@,

noting that the Zn satisfies an independent set of Virasoro algebra with a correspond-
ing central charge c'®. Evidently, the symmetry algebra of a two dimensional CFT'¢
is given by the Virasoro algebra. The two copies correspond with the left-moving
holomorphic and right-moving anti-holomorphic algebras, respectively.

The Virasoro algebra will also be shown to be a symmetry of a quantum theory
of AdSj3 in section 4.4. For now, there are some physical properties of the AdS3 side
which can be related to the Virasoro charges. In particular, the mass and angular

momentum are related to the charges by the Ly element

c 1 ~ c 1

Ly— —==-(Ml—-J Ly— —==(ML+J). 3.93
As an example, consider the non-rotating BTZ metric (3.7) with black hole mass
M and angular momentum J = 0. Taking the metric expansion (3.17) and solving
Einsteins equations finds hZ), = h&i}n = r% /4, and hence the stress tensors in (3.31).

Using this combined with (3.52), the Ly is computed directly

~ [ r?
Lo=Lo= 1o <1 + l—;) : (3.54)

15Tn general, this may be a different number ¢, but for the purpose of this thesis ¢ = ¢ will always
be true.

16The reason why tress tensor transformed at all is because the conformal transformation changed
the flat spacetime to a curved one.



38

and therefore )

N _
= SR’ J =0, (3.55)

where M and J are the mass and angular momentum of the BTZ black hole. It turns

out that the well known fact that the mass is proportional to the square of the event

horizon radius can be directly computed from the Virasoro algebra.

3.3 Getting to The Cardy Formula

3.3.1 Higher Derivative Generalizations

Thus far, the discussion on the gravity side has remained in the classical regime with
a two derivative action. For any more complicated quantum theory (such as string
theory), this action would correspond to the leading portion of a more general effective
action. Since higher order terms may contain an arbitrary number of derivatives, these
results must be generalized. That is, the entropy-area relation S = A/4G will not
necessarily hold in a general theory of quantum gravity; a more general expression
for entropy S is desired. The details of this generalization process is unnecessary to

cover for the purposes of this thesis, so the result will be stated without proof [15]

l oL

C = ﬁgwj@’ (356)

where £ = L(g"",V,, R,,) is the Lagrangian density of the higher-derivative gravity

action [15]'7. The metric g,, is still one which satisfies Einstein’s equations in pure

AdS; gravity (whether that be global AdS3 or the BTZ black hole) in it’s asymptotic

region. A quick check verifies that this is consistent with the two derivative (leading)
oL

action. In the leading two derivative action, ;2= = ¢"¥, which retrieves the Brown-
nv

Henneaux central charge ¢ = 31/2G as given in (3.27).

3.3.2 Canonical Partition Functions

As stated more generally in 2.1.1, the AdS;/CFTy correspondence relates the partition
functions

ZGrafuity(h(O)) - ZCFT2<h(O))7 (357)

17This higher derivative gravity action would be in the previously mentioned derivative expansion
involving the full quantum theory.
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for consistent quantum theories of gravity on AdS;. Note the explicit dependence on
the boundary metric is highlighted here. In particular, consider hg-)) to still be the flat
metric, but now place it on a torus of complex structure 7 instead of on a cylinder.

This adds a second identification to the complex coordinate w
W~ w+ 27T (3.58)

From here, the Cardy formula may be derived starting from Zcpp, as a path integral
on the torus as done in [34]. However, one may also consider the canonical formulation
(2.2) by substituting in the relationship between the Virasoro LO,ZO, and central
charges and the energy and angular momentum using (3.53). The resulting partition
function is

Zorr,(T,T) = tr eQ“iT(LO’i)e’%ﬁ(zo’i)] . (3.59)

To examine the above equation from a more physically intuitive perspective, this
paritition function can be re-written. In particular, the Virasoro terms can be traded
for mass M1 and angular momentum J from (3.53). Then, the complex structure 7
multiplies these separate terms in the following way: I'm|[7] multiplies M1 and Re[r]

multiples J. The partition function takes the form

ZCFT2 (7_’ 7:) o tr [ew(iRe[T]J—Im[T]Ml)} : (360)
by noting that
H=Ml=Ly— —+Lo——, J=Ly—1L (3.61)
- — 40 24 0 247 — L0 05 .

and therefore the imaginary part 7 (and 7) can be seen to be playing the role of
inverse temperature (5, and the real part acts as the chemical potential u for angular

momentum. That is,

po ntib) ;:6 ). (3.62)

Attempting to write down Zgyquity in canonical form requires reckoning with the
fact that the Hilbert space is difficult to define depending on the energy regime. At
low energies, Hilbert space is understood to be comprised of a gas of particles moving
on AdS, while at high energies black hole solutions emerge. Since black holes carry
entropy, they cannot be interpreted as individual states of a theory; how does one

take the trace over these kind of states? The way to deal with this is to write Zgravity
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in path integral formulation, since black holes can be included as additional saddle

points of the functional integral weighted by their corresponding action. That is,

ZGravity(Ta 77_) - Z e—SE’ (363)

where the sum runs over all saddle points of the full gravity action.!®:'?. To start,
consider the (simplest) saddle point: pure AdS; gravity given by the global AdS;

metric.

3.3.3 Low Temperature Gravity Behaves as Thermal AdS;

In proceeding, define w = 6 + iy/l, with the identification provided in (3.58). With-
out knowing Sg explicitly, the way to obtain this portion of the full action is to
integrate the pure AdSz variation (3.20).2° To do this, first use coordinates with
fixed periodicity by defining

1 =T 1—=T

z = w — w, (3.64)

T—T T—T

such that z acts under the identification z ~ z + 2mi. Doing this causes complex

structure 7 to now appear in the boundary AdSs metric h(?)

il T s (3.65)

dz +

Then, writing (3.20) in these new z coordinates, and then converting back to the w

coordinates gives the variation
5SE,Thermal - 4772i (me57_' - Tww(;T) ; (366>

where the stress tensor has naturally been decomposed into the holomorphic and
anti-holomorphic terms previously discussed.?! Something else to note: the pure

AdS; metric is invariant under SL(2,R); x SL(2,R)g group of isometries generated

18The “full” action refers to all corrections from string and loop corrections.

9These saddle points include metrics which are equivalent under a coordinate transformation
(which will be shown in later in the section).

20 Although the metric dependence of this integral is actually on hg?)7 recall that it originally came
from either the global AdS3 metric (3.6) or the non-rotating BTZ black hole metric (3.7).

21The subscript “thermal” indicates that the pure AdS; action behaves as a system with statistical

mechanics due to 7 playing the role of inverse temperature.
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by Lo+, and Eovﬂ. This will be discussed in greater detail in sections 4.1 and 4.4,
but for now this implies that Ly = Lo = 0 for pure AdS3 [15]. This allows one to

compute the stress tensors from (3.52)

C Cc

o o .

and hence the action corresponding to thermal AdS; is

Skthermat = 75 (eT = 7). (3.68)

In just including this portion of the action in the partition function, the exact low
temperature behavior of Zgyqpity is found
v

Log Zcravity (T, T) = —E(CT —cT)+ ..., (3.69)

(13 2

where the are exponentially suppressed loop corrections at low temperatures

Im(1) = oo .

3.3.4 High Temperature Gravity Behaves as a BTZ Black
Hole

As previously discussed, periodic imaginary time plays the role of inverse temperature
y ~ y + [ for non-rotating BTZ black hole states. And to avoid a conical singularity
at the event horizon r = r, , make the further identification y ~ y + 2mi?/r ., and for
pedagogical reasons consider only purely imaginary 7 going forward. Taking these

two identifications together, the Hawking temperature is therefore given by
T =r,/(2rl?). (3.70)

Yet also recall that time had the identification y ~ y+277 (7 is now purely imaginary),
where 7 is the boundary torus structure. Therefore, the non-rotating BTZ black hole
metric only contributes to the partition function when r, =il/7.

To compute the action of the non-rotating BTZ black hole, define the coordinates

R VAl (3.71)
r4
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with w’ = 0" 4 iy’ /l. From here, one could again integrate
1 .
Sk = / &2V RO T6h),
2 Jom

only this time using the non-rotating BTZ metric (3.7) instead of global AdS; (3.6)%.

First, (3.7) can be rewritten by using these new primed coordinates

12dr"?

2 2 /72 2
ds® = (14+1"2/1%)dy’ “f‘m

+r"2do"™. (3.72)
Previously the global AdSs (3.6) and non-rotating BTZ black hole (3.7) metrics were
related by a simple coordinate transformation, but now (3.72) is in the exact form of
global AdS3. The main difference between this BTZ metric and the original global
AdS; metric is that now the identification is w’ ~ w’ + 277’, in which 7/ = —1/7.
In this way, thermal AdSs is equivalent to the BTZ black hole up to the coordinate

transformation 7 — —1/7" (and vice-versa)?

Thermal AdSs with 7 < BTZ Black Hole with 7' = —1/7. (3.73)

As a result of this equivalence between a coordinate transformation, the action is

therefore immediately of the equivalent form to thermal AdSs

_im /_/:_i_”<2_£> 4
SE,BTZ 12(07' CT) L\; 7)) (3-7 )

where now at high temperature I'm(7) — 0 and the non-rotating BTZ black hole

action will dominate the partition function

im /CcC
Log Zgravity = 7 <; _ ¥> e (3.75)

3.3.5 The Cardy Formula

Equations (3.69) and (3.75) describe how the gravity partition function behaves in

the low and high temperature regimes respectively?*. The leading term in the former

22Gpecifically, one would compute hl(?) first, which then leads to the differing stress tensors.

23This has only been established for purely imaginary 7, the generalization of which is performed
in [15].

24 At some critical temperature, the system undergoes a phase transition between thermal AdSs3
and the BTZ black hole, which then causes the latter action to dominate the partition function (or
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is given by thermal AdS3; and the latter by the non-rotating BTZ black hole. Thus,
for a purely imaginary 7, the high temperature regime in gravity is well approximated
by a non-rotating BTZ black hole.

Using the high temperature solution (3.75), one can compute the entropy of the
non-rotating BTZ black hole Sgrz; for the non-rotating BTZ black hole, Ly = ZO.
For further simplicity, consider only two-derivative gravity. In order proceed, return
to the CFT side and use the saddle point approximation on (3.59)

. & . C
Log Zcrr, = S + 2mit <L0 — ﬂ) — 2miT (LO — ﬂ) : (3.76)

where the central charges ¢ is given by (3.56). Furthermore, notice that the above

expression is in the same form as the definition of Helmholtz free energy

F
= E
T S+/8 ?

where E in this case contains both holomorphic and anti-holomorphic Virasoro com-
ponents, and (3 contains the 7 and 7 up to a factor of 2mi. Specifically, 8 ~ 2mit (or

7), and therefore in solving for entropy in both of the above equations

5:2MfQ@+§D—amT@@—§)+L@Zm%, (3.77)

and comparing this with?®
S=p(E-F)=2mir(E+E—F), (3.78)
its the case that there are two energies associated with the holomorphic and anti-

holomorphic Virasoro terms

E:%—i,E:L—i. (3.79)

To compute these, go back to (3.59) and take derivatives with respect to 7 and 7

¢ 1 0(LogZcrr,) ¢

0— T = -
24 2 or 2472
3.80
C 1 (aLog ZCFTg) C ( )
Lo— & =L OLogZers) ¢
24 271 oT 2472

vice-versa). This is called the Hawking-Page transition [35].
25Noting that 7 = —7 for a purely imaginary .
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where the right-hand-sides were computed by invoking the AdS/CFT correspondence
and substituting in the leading order term from (3.75) into the Log Zcpp, derivatives
here. Therefore, substituting in the far right-hand-sides of (3.80) and the leading

order action from (3.75) into (3.77) gives a new expression for the entropy

1TC i7rc 1TC
_ _ .81
S = e = o —(c+¢), (3.81)

where the right-hand-side used the fact 7 = —7 for purely imaginary 7.
For a moment, consider only the “non-tilded” part of the entropy. This can be

re-written in terms of the Virasoro generator Ly and central charge ¢. Showing this

i7rc_2 c c
6r "\ 62472

and using (3.80) and (3.79) allows one to write

is quite straight-forward:

C C C
2y [ SE =2 —(L——),
~ MG ™\ o
1ITC c c
S —(L——). 82
6r Ve \" T g (3.82)

This can identically be done for the other portion of the entropy (again making use
0f(3.80) and (3.79) and the fact that 7 = —7)

Xige c
27y [ =

o 25 (b= 5p) (3.83)

Finally, substituting (3.82) and (3.83) into (3.81) results in

C /
S=2m 6 0—— +27T O_Q (384)

This is the Cardy formula (3.3), and agrees with what was derived in [34] when
evaluating Zopp, as a path integral on the torus. The Cardy formula gives the
entropy at high temperature for any two dimensional CFT, and by the AdS/CFT
correspondence also accurately computes the entropy of the non-rotating BTZ black
hole. In fact, the Cardy formula above holds true for rotating BTZ black holes
(Lo # ZO), generic central charges ¢ # ¢, and higher derivative theories of gravity.

Consider the simple case of two-derivative gravity. The non-rotating BTZ black
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hole entropy can be computed by three independent computations. The first method

is to use the Bekenstein-Hawking entropy equation

A gy (mD)?T

ST T G

in which the right-hand side came from substituting Hawking temperature 7" in for
the event horizon r from (3.70). The second method is to compute the entropy from

classical statistical mechanics and general relativity

S = —d—T, = _TLOQ ZGravitya (385)

in which the classical limit has

LOg ZGravity ~ _SE',BTZ7 (386)
and therefore "
S—_ (sE N Tfl_;) | (3.87)

The the Euclidean action (3.14) in which the metric is given by (3.7) (in Gaussian

normal coordinates) was computed to be

7l)*T
Sprs = T2 L (3.53)
and therefore the entropy is
)T
s=m c); . (3.89)

Finally, the Cardy formula (3.3) can be used directly. For two derivative gravity,
¢ = 31/2G from (3.27) and the Virasoro generator Lg for the non-rotating BTZ black
hole are given by (3.54). Substituting (3.27) in for ¢ and (3.54) in for Ly into (3.3)

immediately gives
7l)?T
o

It has been shown that the Bekenstein-Hawking entropy of the non-rotating (elec-

o

(3.90)

trically neutral) BTZ black hole from (3.85) agrees exactly with a direct computation
of the entropy by treating the BTZ black hole as a semiclassical thermodynamic sys-
tem as in (3.89). Furthermore, this black hole entropy exactly agrees with the entropy
as computed by the Cardy formula (3.3).
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This agreement between gravity and CFT is noteworthy, as it gives a state-
counting interpretation of the BTZ black hole microstates in terms of high-energy
states in a dual CFT. However, it turns out that both the Bekenstein-Hawking en-
tropy and Cardy formula receive corrections. The former due to higher-derivative
corrections to the gravity action as discussed at the beginning of section 3.3, plus
from quantum effects in the bulk. The latter gains corrections to the density of states
at large (but not infinite) energy. With that said, the nature of those corrections,
both in gravity and in CF'T), is beyond the scope of this thesis.”

Since equation (3.3) was derived using the AdS/CFT correspondence (and can be
derived solely from the CEFT side as in [34]), it has thus been shown that the leading
contribution to the BTZ black hole entropy can be computed either on the gravity
side or the CFT side of the AdS/CFT correspondence. This historical result provides

another successful application of the AdS/CFT correspondence.
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Chapter 4

A Quantum Theory of Pure AdS;y
Gravity

In the previous chapter, it was left vague as to the exact nature of either theory
pertaining to the AdS3;/CFTy correspondence. What is a theory of quantum gravity
on AdSs, and what gauge theory is it dual to? Omne example is the configuration
of D-branes known as the D1-D5 system, which give rise to five-dimensional black
holes with near-horizon geometry to AdSz x S® [13, 15, 36, 37]. Its dual description
is described by a sigma model whose target space is the moduli space of instantons
on X (X is T* or K3). But one question that can be asked following these more
complicated theories is: can a quantum theory of pure AdSs exist? And if so, what
CFT is it dual to?

Simple models of quantum gravity with lower spacetime dimensions may be desired
for study', and one such successful model is that of the (1 + 1)-dimensional dilaton?
gravity with negative cosmological constant. This toy model is known as Jackiw-
Teitelboim (JT) gravity, and has relevance in the NAdS,/NCFT; correspondence?®;
the “N” refers to the name “nearly” AdS; and “nearly” CFT; [39]. A pure AdS,
gravity theory turns out to not be consistent with any configuration with non-zero
energy, since the variation of the metric imposes that the stress tensor of matter

vanishes. In two dimensions the Einstein-Hilbert action is topological, which implies

'The hope is that they can provide insight into higher dimensional theories.

2A dilaton is a type of scalar particle which appears in theories with extra dimensions when the
volume of the compactified dimensions varies, and first appeared as a radion (excitations of the g, )
in the Kaluza-Klein theory (the unification of general relativity with classical electrodynamics).

3JT gravity is not actually dual to a single one-dimensional CFT, but rather an ensemble of them
[38].
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the Einstein-Hilbert action only depends on the genus® of the spacetime. As such,
the scalar curvature does not contribute to the equation of motion for the metric.
Therefore, instead one considers a “nearly” AdS2 theory of gravity with a dilaton
coupled to gravity, the model that correctly captures a large number of situations
where AdS, arises from a higher dimensional system [39]. In particular, the partition
function of JT gravity has been shown to correspond to a genus expansion of a certain
matrix integral [38]. More work done here and the NAdS,/NCFT; correspondence
can be found in [40, 39, 41].

If JT gravity provides a UV complete consistent quantum theory of gravity in
(14 1)-dimensions while also being applicable to the NAdS,/NCFT; correspondence,
one may wonder if the number of dimensions can be raised to (2 + 1)-dimensions? To
state again, does pure AdS3 gravity exist as a consistent theory of quantum gravity in
and of itself? The short answer is probably not®, but it could still work as an effective
field theory in which physical observables could be computed. In particular, AdSs
gravity was found not to be dual to a two-dimensional CFT, but if it is consistent, it is
dual to an ensemble which generalizes random matrix theory [11]. And on the gravity
side of the correspondence, it has been shown in [9] that a quantum AdSs theory can
be used to compute identity Virasoro conformal blocks® for large central charge c via
a diagramatic expansion to one loop order; identity Virasoro conformal blocks serve
as building blocks for correlation functions (and hence physical observables).

To explain the concept of identity Virasoro conformal blocks in slightly more de-
tail, recall that—as a feature of the AdS/CFT Correspondence dictionary—coupling
matter to the gravity side allows one to turn on sources for operators dual to the bulk
matter fields. In this case, this amounts to inserting multi-local operators into the
Alekseev-Shatashvili theory, and computing some expectation value” which encodes
the gravitational contributions to bulk scattering processes. These gravitational con-
tributions to bulk scattering have an independent mathematical definition, and are
known as identity Virasoro conformal blocks.

The random matrix theory side of this holographic correspondence is beyond the
scope of this thesis, so the remaining chapter will focus strictly on the AdSs gravity

side. In order for this to be possible, one needs to solve quantum AdS3 gravity exactly.

4The genus g can be thought of as the “number of holes” in a topological space, and is related
to the topological invariant by the Euler characteristic.

SFor the full rundown as to why it may or may not be, see [9].

6Previous work computing Virasoro blocks are found in [42] and [43].

"For example, (O12034) where the subscripts indicate multiple positions 21,2 and z34.
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One starts by first solving the classical theory, which was first done in [5, 44]. Tt
turns out that classical AdS3 gravity can be understood equivalently as a classical
Chern-Simons gauge theory, and therefore one can then quantize the theory as a
Chern-Simons theory®. A Chern-Simons theory is a (2 + 1)-dimensional topological
gauge theory (developed in [46]) which has equations of motion of the form F},, = 0°.
This quantum theory of gravity turns out to be equivalent to the quantization of
certain coadjoint orbits'® of the Virasoro group; this quantization was first done by
Anton Alekseev and Samson Shatashvili in [10].

As a result, the final quantum pure AdS3 gravity action can be written equivalently
as two copies of the phase space path integral quantization of the coadjoint orbit
Dif f(SY)/PSL(2;R). The purpose of this chapter is to perform this derivation
in full, with the end goal of obtaining the quantum theory of AdS3; written as the
“Alekseev-Shatashvili” action. The approach taken will primarily follow that given
in [9].

4.1 Preliminaries

As discussed in chapter 3, the action!? for global AdSs is given by the Einstein Hilbert

action

1 3 2
S—m dx\/—_g(R+l—2>+dey,

where [ is the radius of the spacetime and Sp4, is some suitable boundary action.
AdS; gravity has no propagating degrees of freedom, but does have edge modes!3;
the edge modes are called “boundary gravitons.” These gravitons are generated by
diffeomorphisms and Lorentz transformations which do not vanish at the boundary
(while still preserving the boundary conditions).

In principle, to have a complete quantum theory one needs to be able to compute
the full path integral (such as in (2.3)) which would also include summing over all

metrics for all possible topologies!*. However, in abandoning the ambition to writing

8For additional explorations of quantizing a Chern-Simons theory, see [45].

9A Yang-Mills gauge theory has equations of motion of the form 9,F"" = 0.

0For a complete classification of the Virasoro orbits, see [47].

1 Other coadjoint orbits correspond to adding matter content to the AdSs gravity theory [9].

12Gtated in Lorentzian signature instead.

13This idea is discussed in greater detail in [5], but it’s simple to show that there are no gravita-
tional waves in lower dimensional theories of gravity.

14This is the case for JT gravity, but this idea was also briefly touched upon implicitly when using
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down a fully UV complete theory, one can restrict the focus to specific topologies.
In this case, consider summing over metrics on a solid cylinder. Indeed, one such
example metric is global AdS; in (3.6)'°.

This choice turns out to be a good one because it has previously been shown that
AdS; gravity on a cylinder is classically equivalent to a certain winding sector of
SO(2,2) Chern-Simons theory. This winding sector can be quantized'¢, leading to an
equivalent description in terms of two copies of Alekseev-Shatashvili theory!'” | which
one can think of as the quantum field theory of the boundary gravitons.

This theory, which originated by quantizing the coadjoint orbit of the Virasoro
group Dif f(S')/PSL(2,R), directly corresponds with a boundary action in AdS;
gravity'®. From here, Wick-rotate and perform relevant identifications so that the
bulk geometry is that of a solid torus (a disk time a time circle), the same as that of
Euclidean BTZ, leading to a boundary effective action for the Fuclidean black hole
which can be easily quantized. Computations of the Euclidean path integral with this

new boundary action have been shown to be 1-loop exact in [9].

4.2 Global AdS; Gravity as a Classical Chern-Simons
Theory

As was just mentioned, Alekseev and Shatashvili performed their Virasoro quanti-
zation using a phase space path integral formulation [10]. Since phase space path
integrals are dependent on the Hamiltonian, one requires the action to be written

in “first-order” formulation®®.

There is additional motivation to utilize phase space
path integrals over the usual Feynman approach, and this will be briefly discussed in

chapter 5 when Euclidean wormholes will be the focus of discussion.

(3.63).

15There are of course infinitely many metrics one could write down which still can be placed on
spacetimes with the topology of a cylinder, however.

16The natural choice of gauge theory corresponding to these diffeomorphisms is the double cover
of SO(2,2) given by SO(2,1), ® SO(2, 1) g corresponding with the left and right asymptotic bound-
aries, respectively. However, this choice causes the left- and right-moving boundary gravitons to be
completely decoupled [9].

1"The two copies correspond with chirality, which will be discussed in 4.4.

18Because this quantum Chern-Simons theory’s phase space is the same as the phase space for
AdS3 gravity, the two quantum theories are equivalent.

19That is, the action should only have a single time derivative such that the theory is in Hamil-
tonian form.
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For now, simply choose to begin with the first-order formulation of AdS3 gravity.

To start, consider the line element for global AdS;

dr?

2 __ 2 2 2 1n2
ds® = —(r° + 1)dt* + r=df +m,

(4.1)
where 6 has the angular periodicity of 27, and the boundary is located at r — oo.
The time describes the length along the cylinder, and therefore constant time slices

are disks. Next, decompose the metric into a dreibein by
Guw = TABELEL (4.2)

where A, B are flat indices raised and lowered by the Minkowski metric nap and p, v
are the bulk spacetime indices. Then, in introducing the spin-connection® wéu which
satisfy

WABC = —WBAC,

the Einstein-Hilbert action (4.1) can be fully written in terms of these first-order

variables

1 1
S =- 162G /GABC e A (deC + W% AwPC + geB A ec) + Sty (4.3)

where the “wedge” operator is a way of compactly writing an anti-symmetric tensor
product
dat Ndx¥ = d2" @ dx” — da¥ @ da”, (4.4)

and the one-forms given by
et = eﬁdw“, Wy = w‘%#dx“. (4.5)

Varying this action with respect to the spin-connection give the torsion-free condition,
and varying with respect to the dreibein gives Einstein’s field equations; both together
verify that (4.3) is equivalent to (4.1). Note also that this action only has a single

time derivative, which implies it’s in Hamiltonian form?2!.
)

20A spin connection can be regarded as a gauge field for local Lorentz transformations.
21To recover the Lagrangian, simply perform a Legendre transformation.
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The metric in (4.1) for global AdS; can be expressed in terms of the dreibein

dr
0 _ \/2— 1_ 2 _
e =vVr24+1dt, e =rdf, e =-——. 4.6
vre+1 (46)
From here, one can solve the torsion-free condition for the spin-connection wapc.
Next, consider acting with diffeomorphisms and local Lorentz transformations?? on
the dreibein and spin connection describing global AdS3;. Under these transformations

the drebein and spin connection transform as
eﬁ — ef} + (Ese/’j — Vg‘ef) , (4.7)
and
A A A A
Wh, — Wh, T (L'SwBM +D,V3), (4.8)

where £, is the Lie derivative??,
ﬁseﬁ = 5”@62‘ + eﬁayf”. (4.9)

Here, £# is a coordinate transformation x# — x#+£#, V4 is some infinitesimal Lorentz
transformation in SO(2, 1)
ANy =05 +eVi+ .., (4.10)

and the covariant derivative is defined as
DV = 0VE + lwu VI = 0.VE +wd, VE — Viuwg,. (4.11)

Equations (4.7) and (4.8) collect the diffeomorphisms and local Lorentz transforma-
tions which are symmetries of (4.3). In fact, notice that the covariant derivative given
above in (4.11) behaves as if w and V' are non-Abelian gauge fields.

In the classical equivalence between AdSs; gravity and Chern-Simons theory, the

dreibein and spin connection terms are collected into the vector one-forms

1 - 1
Ar = §eABCwBo + eA, Aﬁ = QEABCWBC — et (4.12)

22Local Lorentz transformations A(z*) act on the flat indices, while the diffeomorphisms act on
the spacetime indices.
23In ordinary three-dimensional space, the Lie derivative of a vector field A along a constant vector

—

field 7 is given by L,A = (7- V) A.
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From here, notice that the infinitesimal element of SO(2, 1) comes from the Lie algebra
s0(2,1),
Ay — 05 + €09 (Jo) s, (4.13)

where I identify V3 = 0°(Jc)% by comparing with (4.10). The generators Ja €
50(2,1) satisfy

1
[JA, JB] = €ABCJC; tr (JAJB) = 57],43. (414)

However, it is more common to write these in the fundamental representation of

sI(2;R)
1 1 1
JO == —50'2, Jl = 50’1, J2 = 50’3 (415)

where o4 are the Pauli matrices®*. Using these, the full gauge fields are defined by
A= ATy, A= A%y, (4.16)

where J4 forms another copy of s(2,R) with the difference being that e 4p¢ is defined
to have the opposite sign in the commutator relation. These gauge fields are now 2 x 2

matrices, and allow the action (4.3) to be written as a classical Chern-Simons theory

1

5= 647G

/ (I1A] = I[A)) + Spye  1[A] = tr <A AdA + §A AAN A) C(@17)

Since this is a Chern-Simons action, the equation of motion after varying the “gauge
field” A sets the corresponding field strength tensor F' = 0. In this case, noting that
I is non-Abelian, this looks like

F=dA+ANA=0, F=dA+ANA=0, (4.18)

which implies that A and A are “flat-connections.” These equations are equivalent to
those of first-order gravity in (4.3), which was the torsion free condition along with the
field equations. Classically, the diffeomorphisms and local Lorentz transformations
associated with AdS;3 action (4.3) act in the same way as infinitsimal SL(2;R) x
SL(2;R) gauge transformations on gauge fields A, and A in the Chern-Simons action
(4.17). Phrased another way, A and A transform as independent SO(2, 1) connections
under infinitesimal local Lorentz transformations and diffeomorphisms. In either case,

the same equations of motion emerge in (4.17) and (4.3), and are therefore classically

24The two groups are related by the isomorphism SL(2,R)/Zy = SO(2,1).
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equivalent on-shell, as the latter can be mapped to the former.

4.3 Constraints and Boundary Conditions

Before quantizing the theory, write the gauge fields explicitly in terms of the spatial

and temporal parts?®
A= Apyda™ = Agdt + Auda?, A= Aydt + Ada, (4.19)

where the A labels the spatial part in the absence of indices. Writing the gauge fields

in this way, the full action given by

S = S[A] — S|A] + Shay, (4.20)

where now

k 1~ = ~
S[A] = ——/ dt A tr'! (——A N A +A0F) : (4.21)
2 M 2

noting that k = é, F is the spatial field strength

F=dA+ANA, (4.22)

d is the spatial derivative, and ¢’ is the trace taken in the fundamental representation
of SL(2;R). Furthermore, a good choice for the boundary action such that a good

variational principle is established is
k _
Spay = —— dx (tr'(Af) + tr' (A7) - (4.23)
47 OM

One then must ask: what are the boundary conditions? To discuss them, let us find

the A and A corresponding to global AdS;. These are computed from (4.16)

241 d

A= et —2 T,
d r2+1

_ r24+1 - = dr =

A= z Jog+rdz” J + ——J5. 4.24
7 0 1 T2 (4.24)

25Performing this step is well understood in Chern-Simons gauge theory, but this was only done
for the first time in [9] within the context of AdSs gravity.
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Then, in using the fact that J4 € sl(2;R), these can be written as 2 X 2 matrices

dr _ (Vr?+1-r)dat __dr _ (Vr2414r)da”
A= 2v/r2+1 2 A= 2vr2+1 2
W ndst  a ) (V2T —r)da~ dr '
2 2v/r2+1 2 2vr2+1
(4.25)

Next, sending r — oo updates these to 26
dr dr —
(g0 o)\ _(E+0() a0 (3))
rdrt+0(3) —5+0(;) O (%) 5+ O0(%)
(4.26)
By construction, the way these gauge fields asymptote at the boundary successfully

cause the variation of the full action to vanish. That is, the boundary conditions are

applied to A and A, which are then integrated over such that the action vanishes

k — —
08 =~ / dx (tr'(A-0Ag) + tr' (A0 Aeta)) = 0, (4.27)
oM

7

where

1
A =3 (Ao £ Ay). (4.28)

This is evident by the fact that at the boundary

1 1

implying that
1
tr'(A_6Aq) x O (ﬁ) — 0, (4.30)
and similarly for A.

Since the equation of motion has it be that the field strength tensor vanishes,
F=dA+ANA=0, (4.31)
a choice for A such that this equation is at least locally satisfied is?”

A=ygldg, A=gldg, (4.32)

26Higher-order terms O(r~™) can be dropped for the purposes of this analysis.
2TIt’s possible that F' = 0 isn’t true everywhere, implying the existence of a delta function (due
to some source) at some location.
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for g(Z,t) € SL(2;R). For the profiles of A and A in (4.25) describing global AdSs,

a representation for g and g is

p cos % —p~tsin %)
g=[" 32 T AR (4.33)
psin (%5 pt cos (7>
and
T -1 . T~
B pcos| %) —p sin 7)
g= - AN (4.34)
psin (% pt cos (7>
where z* = +¢ + 0 and
p= r24+1+r. (4.35)

However, g is double valued®®. That is, in going around the circle from § — 6 + 2,

g — —g. To see this, fix time ¢t = 0 and compare § =0 and 6 = 27

T, =L

g}tzo,ezo - 9’t=0,0:27r

Because g and g are double valued, the Wilson loop of A and A in the fundamental
representation of SL(2;R) x SL(2;R) is non-trivial

Pelo” ®do — 1, pelo” 4 — _, (4.36)

and hence F' = 0 is only satisfied locally; A and A are singular as SL(2; R) connections
9, 5].

Because the starting point was global AdSs, it should be required that the gauge
configuration is non-singular everywhere. This can be achieved by a suitable choice
of the gauge group; there are two ways of doing this. One choice is to take the global

gauge group to be
SL(2;R)/Zy x SL(2;R)/Zy = PSL(2;R) x PSL(2;R) = SO(2,1) x SO(2,1),

which identifies g ~ —g and g ~ —g. In this way, demanding that AdS3 be described
by a non-singular gauge configuration forces the gauge group to be SO(2,1)xSO(2,1)

28 A basic example of a double valued function is f(z) = £+/x, because any value of x gives two
values of f(x). Indeed, since 0 and 27 are at the same location on the circle, the two values of ¢
imply that g is double valued.
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[9]. However, it was clarified in [11] that
(SL2:R) x SL2:R)) /2, = SO(2.2),

is a better choice since in this case the boundary symmetries are directly related.
However, for pedagogical purposes, the former choice will be utilized for the remainder
of this chapter®.

4.4 Quantizing AdS; Gravity and Alekseev-Shatashvili
Theory

It’s actually the case that the full action (4.20) is really a constrained system, and in
fact reduces to a boundary action. This is evident by the fact that the fields Ay and
Ay appear as Lagrange multipliers. That is, one can integrate out Ay and Ay, which
enforces the constraints F = 0 (and similarly for the barred equation).

In the previous section it was discussed A and A can be written as (4.32) since they
are flat connections. This is similarly true for the spatial connections A and ;1, which

are the flat connections on the disk. The spatial connections can be parameterized as

A=gldg, A=g'dg, (4.37)

for ¢ € PSL(2;R). However, it turns out this decomposition is redundant. The
same spatial connection for A can be obtained from either ¢(Z,t) or h(t)g(Z,t) with
h(t) € PSL(2;R). Yet for now, just consider g € PSL(2,R).

The now constrained action (4.20) can be written in terms of g, which is the
difference of chiral Weiss-Zumino-Witten (WZW) actions [45, 9]

S =S_[g] + Si[g], (4.38)
where
k: 2 / —1\/ ]' / —1 —1 —1
Selg) = 5~ adetT ((g )aig):Fé Mt?“ (97" NdgAgtdgAngtdg) ),
(4.39)

29The difference between the two contains an extra global subtlety which is invisible in perturba-
tion theory.
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noting that 0+ = %(89 + 0;) and ' is the angular derivative dy. A chiral WZW action
describes a two-dimensional (almost) conformal field theory invariant under the affine
Lie algebra. An affine Lie algebra is an infinite dimensional algebra constructed out
of the conserved currents associated with the finite Lie algebra3°.

In this case, the Lie group is PSL(2;R), and therefore associated Noether currents

can be computed j = j4.J4. The currents are expanded in modes

) = gt (4.40)

nez
where z is a holomorphic coordinate on infinite plane. With these currents, the affine
Lie algebra can be constructed. The commutation relations of the affine Lie algebra

are therefore

[Jrfrln ]f] = fABCjS—&—m + Cn(sg(sm-i-n,ﬂ- (4.41)

where “c” is the centrally extended charge that commutes with the other elements of
the affine algebra. This commutation relation is the chiral symmetry algebra associ-
ated with the left-moving currents; the second copy of the affine algebra produced by
the j4’s give the chiral symmetry algebra associated with the right-moving currents.

Going back to (4.38), let’s write the ¢’s in terms of Gauss parameterizations as in

45, 9]
()06 a2
=)0, =

where \, ', and ¥ are all real scalar fields®'. These are then substituted into (4.37),

N .y - 27 7 T W2(\29
T (dzm U(N2dF) 2Wdin A+ d¥ — W2(\ dF)>7 44

A2dF —dIn X + U(\2dF)

and similarly for A. It now remains to impose the boundary conditions, which will
fix A and W in terms of r and F. This is done by sending (4.44) to the boundary

30The Lie algebra must be “semi-simple.”
31The F here is not the field strength tensor.
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(r — 00) and comparing with (4.26). For A, equate the bottom left matrix entries
rdzt = rdf = \2dF,

— rdf = \2F'd6,

A= \/FZ (4.45)

And to determine ¥, matching the diagonal components finds

Fl/
V= (4.46)

It can be similarly worked out for the barred fields that

/i
YR KN
I 2rF"

(4.47)

At the boundary, the field F' can be parameterized as

F|, = tan (g)

where ¢ is an angular variable ¢(6,t). In section 4.3, it was enforced that group
elements g € SL(2;R) were single valued by taking the quotient with respect to Zs
such that now g € PSL(2;R). Additionally, include the winding boundary condition
o0+ 2m,t) ~ ¢(0,t) + 2m. This boundary condition is imposed to account for the
same property in the angular coordinate for global AdSs. Therefore, at fixed time,
¢ € Dif f(S'). However, as mentioned, there is a redundancy in the description;
cither ¢(Z,t) or h(t)g(Z,t) for h(t) € PSL(2,R) describes the flat connection for A
and A. In using ¢(Z,t) — h(t)g(Z,t), the Gauss parameters transform like

A2 aF' +b a b
A F4dN, U F h = ) 4.48
= (e +d), —>CF+d’ —>cF—i-d7 (c d> ( )

Substituting these into the spatial connection (4.44) will produce consistent boundary

terms for A\, ¥, and F' as worked out above. Under this transformation the boundary
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F' is mapped as

(4.49)

ey albtan (£52) + ()
o = mn< 2 ) 7 c(t)tan (#52) + @y

That is, at fixed time ¢ is more precisely an element of Dif f(S')/PSL(2;R), which
is a coadjoint orbit of the Virasoro group®?. Plugging in (4.42) and (4.43) into (4.38),

the action is written in terms of the Gauss parameters

S.lg] = —S /8 a <X(f;“) + )\QF’(ai\I/)> | (4.50)

Yet, since this is just a boundary action, the Gauss parameters at the boundary can
be used instead, including the redefinition of F ‘ - This results in an action only in

terms of ¢

3

=55 (4.51)

Silg] =

I o A
247 dx( o’

The left-moving S, is exactly the Alekseev-Shatashvili quantization of Dif f(S')/PSL(2; R)

[10], and the coupling constant ¢ is the Brown-Henneaux central charge correspond-

- Qb/aj:Qb) y €= 6k

ing with two-derivative gravity as discussed in chapter 3 (with [ = 1). Thus, the
Chern-Simons description of AdS3 gravity on a cylinder with gauge group symmetry
SO(2,2) is quantum mechanically equivalent to two copies of the phase space path
integral quantization of Dif f(S')/PSL(2;R)%.

4.5 Euclidean AdS; and Black Holes

Before concluding this chapter, there is some physics which can be extracted from this
model as a quick check that it does correctly describe asymptotic AdSs spacetimes.
In particular, a description was found for black hole thermodynamics in chapter 3 by
starting with some quantum theory of gravity in which global AdS; gravity and the
non-rotating BTZ black hole were saddle points of the gravity path integral. Since
the present chapter is examining a quantum theory of global AdSs, one can wonder

if the Cardy-like behavior remains.

32The “first exceptional orbit” to be more specific [9].
33They both share the same phase space as JT gravity on the hyperbolic disk as well [9].
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Upon Wick-rotating the global AdS; metric goes to (3.6) (with the identification
0 ~ 6+ 27), and the left-moving Euclidean action pertaining to the quantum theory

of global AdS; given in (4.51) is now written as

//5 / B
Si[8) = 51 / d*x (¢ ¢,f - ¢’8¢) , (4.52)
where o |
0= 3 (Op +1i0y) - (4.53)

The right-moving portion is the same, but with the change d — 0 (the complex conju-
gate). Then, similarly to what was done in chapter 3, make the further identification
y ~y+2rIm|[r] and 0 ~ 6 + 2w Re[7] such that the spacetime is now on a torus of

complex structure 7. This modifies the boundary conditions to*

(0 +2m,y) = ¢(0,y) + 27

(4.54)
o(0 + 2 Relr],y + 2rIm[7T]) = (0, y).

Then, in just considering the left-moving (holomorphic) part of the action, varying

with respect to the field ¢ finds the equation of motion
oT =0, (4.55)

where T is the boundary stress tensor

c ¢
and is computed from (3.49)%°. After imposing the boundary conditions in (4.54),
the unique solution for the boundary ¢ is found to be [9]

_ Re [7]

$o =0 ]?J (4.57)

Im|r

From here, following section 3.3, the action(s) evaluated at the boundary ¢ = ¢, (and

34The first line in this equation was previously true as well; the second line is the new boundary
condition.
35The leading order term is the Casimir energy of the circle [2, 9].
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y — 2miT (or 7) give the saddle point approximation of the torus partition function®

—Log Z = Sy [¢o] + S-[¢o] + ..., (4.58)
or rather .
—Log Z = 7;—220(7'—7_')—1—..., (4.59)

in which the higher-order terms are loop corrections. It turns out that this partition
function for AdSs on a torus can be computed exactly®’, and the above equation is
its large ¢ >> 1 limit. And indeed, like thermal AdSs in (3.69), this term in the
partition function dominates at low temperatures I'm[r| — oo.

Recall that the non-rotating BTZ black hole saddle point contribution to the
gravity partition function is equivalent to the thermal AdS3 contribution under the
transformation 7 — —1/7. Therefore, applied to this versions of the AdS; theory,

this is equivalent to imposing the boundary conditions

o(0 +2m,y) = ¢(0,y)

(4.60)
o(0 + 2 Relr],y + 2rIm[7T]) = ¢(0,y) + 2,
and this time the unique solution for the boundary ¢q is
Y
= . 4.61
%= T (4.61)
This gives the saddle point approximation of the BTZ black hole®®
mie (T—T
LogZ = — | —— | ... 4.62
07 =% (F77) o)

If 7 was purely imaginary, note that this is of the same form as (3.75). Indeed, in
the high temperature limit Im[r] — 0, this saddle point dominates the partition
function, and will therefore correspond with the black hole entropy computed in the
Cardy formula (3.3). Evidently, even if this quantum theory of AdS; is not a fully

consistent one, computations can still be made with it that do correspond with real

361t is required to have ¢ >> 1, otherwise this action would not dominate the partition function.

37See [9] for the computation.

38Recall that it was never necessary to change metrics during this process. In chapter 3, it
was shown that the BTZ black hole metric was completely equivalent to global AdSs in (3.72) by
coordinate transformations. Modifying the boundary conditions is enough to make this change from
thermal AdS3 to the BTZ black hole.
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Chapter 5

The Eternal Traversable AdSj3
Wormbhole

This chapter can be divided into two categories. The first will introduce the concept of
AdS3 wormholes: what they are, why they appear, and what kind of physics do they
provide for a quantum theory of AdSs; gravity. These sections will follow primarily
from [11] and [7], with the end goal of constructing a boundary action with an eternal
traversable wormwhole solution (this action will be examined in the second category
of this chapter). Specifically, the Euclidean boundary action will be quickly derived
using arguments similar to that in the previous chapter!, and the Lorentizan action
follows by analytically continuing back to real time. The Lorentzian action will also
contain a double trace deformation which connects the two boundaries by a series of
light matter fields? which “hold open” the throat. This action has a saddle point,
an eternal traversable wormhole, which will turn out to not violate causality®. This
action is the AdS; version of similar work done in [4] which studied a deformation on
JT gravity and the SYK model.

The second category of this chapter will present the new work done in [8]. Because
this wormhole is traversable, the two boundaries are causally connected, and one can
therefore send particles through the bulk from one end to the other. This process
can be studied purely from the boundary action for the wormhole by looking at the

spectrum of fluctuations around the wormhole along with the associated propagator.

IFor specifics, see [11].

2“Light” here means that the mass of the fields are of order O(1) in units of the AdS radius.

3The wormhole solution actually is supported by NEC-violating matter. The way this works is
that each matter field only violates a small O(h) amount of energy, but is supported by are many
matter fields.
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5.1 Context for AdS; Wormbholes

AdS; gravity and JT gravity share some common features*. For one, both theories do
not have propagating degrees of freedom; the theories only have edge modes. Another
is that the Schwarzian path integral of JT gravity on a disk can be written in terms
of afield ¢ € Dif f(S1)/PSL(2;R) [11]. The phase space of AdS; gravity where the
constant time slice is a disk (the AdS;3 theory in chapter 4) is twice the size of the
configuration space of the JT theory. And yet an additional interesting feature of JT
gravity is that a genus expansion of the gravity path integral includes in its leading-
order term a sum of geometries smoothly connecting asymptotic regions (filling out
the bulk geometry which satisfy the spacetime boundary conditions). In particular,
the leading-order term of these off-shell contributions has a boundary of two disks,
with the geometry being smoothly connected by a throat; this describes a Euclidean
wormhole. Therefore, given these similarities between JT gravity and AdS; gravity,
are off-shell wormholes also present in the AdS3 theory? If so, what do they imply?

The short answer to the first question is yes, but that is not interesting in and
of itself. For one, in the context of the AdS/CFT correspondence, almost all known
wormbholes are known to be unstable® [49, 11]. However, it was stated in the previous
chapter that the quantum AdSs gravity theory may not be a consistent quantum the-
ory. Specifically, Maloney and Witten computed the leading contribution to the torus
partition function® of this quantum AdSs gravity theory in [6]. They did so by sum-
ming over saddle points of the kind discussed in the previous chapter, plus the metrics
continuously connected to them?”. Their results implied that the density of states is
not strictly non-negative [50]®. However, it was proposed in [51] that including non-
saddle point contributions could cause the density of states to become non-negative.
These non-saddle points would asymptote to a torus boundary, although they may
not have solid torus topologies as discussed in the previous chapter.

The work in [11] suggests that AdS; is not in fact dual to a single two-dimensional
CFT, but instead a statistical ensemble analogous to the holographic duality between
JT gravity and a matrix model. This was achieved by first computing the partition

function of AdS; gravity placed on spactetimes which are topologically a torus times

4At least, when it comes to their classical solutions.

°For a discussion on the taxonomy of wormhole stability, see [48].

6A torus partition function is the CFT dual to the gravity path integral. Recall that the CFT
“lives” on the AdS boundary, which in this case is the torus of complex structure.

" Although all metrics had the topology of a solid torus.

8 Among other issues discussed in [6, 11].
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a time interval T? x I (or equivalently, an annulus times a time circle). That is, these
are Euclidean wormholes which smoothly connect two asymptotic regions where each
has a torus boundary, and hence is expected to be the leading contribution of the
non-saddle points in the AdSs gravity path integral.

The holographic dictionary in this case relates summing over geometries with
multiple boundaries, and from there computing the associated correlation functions.
Then, for a geometry with two torus boundaries, one sums over all possible bulk
geometries with these boundaries, and therefore computes the connected two point-

function

(Z2(11)Z(72))con = (Z(11)Z(72)) = (Z(1))(Z(72)), (5.1)

which goes like [11]
<Z(7_1)Z(7—2)>con = Zr2xs + -y (52)

where the leading-order contribution is a single Euclidean wormhole geometry (a
throat connecting the two torus boundaries?). After the torus partition function,
this is the next simplest partition function of AdS; gravity which one can compute
(saddle points). And in showing evidence for this theory of quantum AdS; gravity
having a holographic dual to a statistical ensemble, it implies that the former theory
of AdS; gravity on a solid torus could be made consistent if the non-saddle points
were accounted for. Note that the reason why the AdSs; theory was initially placed
on a solid torus rather than the annulus times a time circle is simply that global AdS;

naturally takes the topology of a cylinder (and therefore thermal AdSs is a torus).

5.2 Double Trace Deformation

Regardless as to whether or not pure AdSs; gravity is a fully consistent quantum
theory, the fact there exists a Euclidean wormhole should have some physical conse-
quence. To be more specific, are the associated Lorentzian (traversable) wormholes
physically allowed? Traversable wormholes have long been an interest as a source of
long distance transportation. However, traversable wormhole configurations require
matter which violates the average null energy condition (ANEC). An outline of the
various types of energy conditions are not particularly relevant to the discussion at
hand, but generically the idea is that the energy density of any region of space should

be classically non-negative (aside from Casimir effects). Therefore, the question of

9These boundaries are the BTZ black hole solutions of AdS3 gravity [9, 11].
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“how does one hold the wormhole open” arises, since classically there does not seem
to be any mass of negative null energy density. Furthermore, imagine the scenario
in which one applies a Lorentz boost to one end of a wormhole. One could attempt
to create a configuration with closed time-like curves (CTCs). That is, a traversable
wormhole implies the existence of time machines, and hence violations of causality.
If the two boundaries of the spacetime could be causally connected, this must not
allowed to be the case.

Starting from a two-sided black hole in AdS4;1, it was found in [7] that, through
the modification of boundary conditions on a large number of bulk matter fields,
certain interactions which couple the two boundaries could be added to the theory.
This leads to a bulk stress tensor with negative energy, and therefore a controlled
violation of ANEC which was also enough to support a wormhole without introducing
any CTCs or violating causality'’. Hence, they rendered a wormhole traversable after
gravitational backreaction®!.

The way boundary conditions of the bulk matter fields are modified (which changes
the metric at the classical level) was by “turning on” a coupling. This coupling is
what is known as a double trace deformation. Generically, a double trace goes as

follows [7]
Spr =3 [ dut bt )04t )03 0.), 53)

with deformation h(t,z), the scalar operator O has dimension less than d/2, and
is dual to a scalar field on the gravity side. Forming a traversable wormhole from
a black hole with two asymptotically AdS regions is a simple example considered
by [7], while an eternal traversable wormhole was constructed in JT gravity placed
on a strip in [4]. Time runs the length of the strip and the two boundaries of the
strip are each asymptotic AdS boundaries; this configuration immediately does not
contain any CTCs. This wormhole was constructed by introducing a new boundary
interaction term to the action with a sum of N operators with conformal dimension
A. As per the AdS/CFT correspondence, the bulk theory has at least N matter
fields, with an interaction across the two boundaries, and these matter fields directly
correspond with operators on the boundary. This interaction naturally produces a

finite amount of negative energy in the bulk via the Casimir effect, which forms an

10More accurately, no one has yet found CTCs in this setting.
1 Actually, a signal sent down the wormhole was found to be scrambled by gravitational backre-
action before making it to the other side in [52].
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eternal traversable wormhole.

For our case (inspired by [4]'?), there is a map between the coordinate boundary
time ¢ and boundary position z with the global spacetime scalar fields ®, (2, t), ®o(x, 1), D1 (z, 1),
and ®,(7,t)'3. Note that in addition to the right- and left-moving boundary fields (®
and ®) as discussed in the previous chapter, there are also two different boundaries
to account for (denoted by the subscripts). The double trace deformation leads to an
interaction between the reparameterization degrees of freedom on the two boundaries

given by

C

SDT:E dtd;ET] [

h —
O P! DL P!
1+2 ] X 1+2 , (54)

2 ($1—-Po 5 &
COSh( 2 ) cosh? (—%2@2)

where 7 describes the interaction strength!?; the fields ®; and ®, will be introduced
in the next section. The h and h are right- and left- moving scaling weights of the
operators dual to the bulk matter field, and are related to its conformal dimension

and spin by A A
+ s -8

2 2

And finally, the overall % factor is a choice which follows the derivation of the

h

. h= (5.5)

Euclidean boundary action for the wormhole found in [11]. The following section will

present and motivate its construction.

5.3 Constructing the Boundary Action for the Worm-
hole

The goal at hand is to construct an AdS3 traversable wormhole, which will be divided
into two subsections. In the first, I will reconstruct the boundary action analogous
to the Alekseev-Shatashvili theory discussed in the previous chapter. This boundary

action was used to study Euclidean wormholes in [11], which will be a good starting

2They start with the following double trace deformation: Spr = ¢ [ duO% (u)O%(u), where u

is the boundary time and g is a coupling constant.

13This is analogous to the relationship between proper boundary time and global times at the two
boundaries in [4].

14Tt is related to a coupling constant g, conformal dimension A, and number of matter fields N;
see [8] and [4].
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point for the work done in [8]. Although the full derivation will not be presented®,
this section will walk through many of the steps and arguments presented in [11]
to obtain this AdS3; boundary action. In the second subsection, I will analytically

continue to real time and add the double trace deformation (5.4).

5.3.1 The Euclidean Boundary Action

Euclidean thermal AdS; has the line element!®

ds® = cosh®(p)dy® + sinh®(p)dx* + dp?, (5.6)

in which the following identifications are made: z ~ 2z +27'7 and z ~ 2 + 277 where!®
z = x + 1y. Although this metric space has the topology of a solid torus with a
boundary torus of complex structure 7, the topology of the overall theory will be
taken to be that of a torus times a time interval T? x I instead. To account for both
boundary i of complex structure 7, and 75, it is useful to redefine the coordinates
Re|T 2 . Y

I/Ex—ﬁy, y':m, (5.7)
where 71 5 applies to the specified boundary torus. In doing this, the identification z ~
z+2m (still) implies that (2/,y') ~ (2’427, y’), while the identification z ~ z 4277 2
implies (2/,y) ~ (2, y'+2m). In this way, dealing with the two separate boundary tori
of respective complex structures 7y » can now be dealt with in a symmetric way. That
is, their boundary conditions are of an identical form (this will be made apparent later
in the section). For the remainder of the chapter, coordinates = and y are defined in
(5.7)%9.

The way this new topology T? x I will be implemented into the boundary action
will become apparent shortly, but for now the reason for this choice of topology is that
the Eucliean wormhole of interest will have the equivalent topology: an annulus times
S1. Here, S* plays the role of time, which is important in that similar manipulations
as in chapter 4 can be performed on the boundary theory. Indeed, the procedure to

quantize gravity on this space largely follows that discussed in chapter 4, but now

5For the sake of brevity; see [11] for the full discussion.
Y6This really is just (3.6) with slightly different identifications.
TEquivalently,  ~ z + 27

8Equivalently, z ~ x + 2w Re[r] and y ~ y + 2w Im][7].

19That is, they should be understood to be z’ and y'.
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with two key differences.
To set-up the first, recall that the quantized AdSs theory only has edge modes, and
therefore reduces to a boundary action. Yet, with the annulus times time topology
of the spacetime, the theory now contains two torus boundaries which are connected
via a shared bulk. Therefore, action now has two boundary components®. As a
result, two boundary terms Syq, need to be added to the action so as to have a good
variational principle. That is, the Euclideanized gravity action (as a Chern-Simons
theory) is [11]
1k

Sp=——
E 47

d3.’156ijt7“ (—Aiaij -+ Ayﬂj> — (A — 121) + SE,bdy; (58)
where the boundary action now includes both boundaries?!

ik _ _
SEpdy = = / d*xtr (ﬂAi — 7’1Ai) + / d*xtr (7_'2142 — TgAi) . (5.9)
’ AT\ J psoo ps—o0

The quantization of this theory then largely follows the same kind of procedure done
in the previous chapter, but with one remaining difference. Recall the spatial gauge
fields can be written in (4.37) as

A=g'dg, A=gldg

since one can integrate out A, and A, by enforcing the fact that the spatial con-
nections are flat. However, now that a constant time slice is an annulus, there are
more general flat connections parameterized by holonomies?? which can be partially
gauge-fixed with single-valued ¢

b(y)xzJ1

g=e g, §=eWweny (5.10)

and the redundancy g(z,y, p) = h(y)g(z,y, p) € SL(2;R)

h =@ — et_l(y)jl7 (5.11)

)

20As a whole, the two boundaries being connected by a shared bulk makes up the wormhole
geometry.

21The dreibein is still created from thermal AdSs; the new two-boundary topology is accounted
for with these new two boundary terms.

22 A flat connection with a holonomy implies a gauge configuration which is singular if the holonomy
is around a contractible circle. In the case of the wormhole, there is no contractible coordinates,
and so no singularity arises.
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in which J; € sl(2;R) from (4.15). These a(y) and b(y) parameters can be collected

in the fields ¢, ¢ in the following combinations

Oz, y,p) = b(y)x + oz, y,p), P(z,y,p) = bly)z + o(x,y,p), (5.12)

in which the old fields ¢ and ¢ follow the identification

o(x,y,p) ~ oz, y,p) +aly), o(x,y,p) ~ o(x,y,p) +aly). (5.13)

These b(y) and b(y) parameters in particular have an important physical interpreta-
tion, which will be discussed in section 5.4.2.

In going toward either boundary, the Chern-Simons terms are

a1 dp 0 1 [=dp —ef(dx+ndy)
,0—>OO.AN—(6p( ), AN§< s

2 dx + Tdy) —dp 0 dp
(5.14)
and
s oo Agl(dp e‘ﬂ(derT'Qdy))’ Az1< —dp 0)7
2\0 —dp 2\ —eP(dr + mody) dp
(5.15)

which will be imposed as boundary conditions such that the action can be reduced to
a boundary one similar to what was done in 4.3. The geometry of the two boundaries
are tori with respective complex structures 7, and 7o, and the identifications (z,y) ~
(x+2m,y) and (z,y) ~ (z,y+ 27). Note that near the boundaries p — 00, the line
element approximates to that of the torus

2p
ds? ~ %m + Tiadyl? + dp?, (5.16)

and this does indeed describe the conformal boundaries with tori structures 7 5. Then,
similar to the previous chapter, the Gauss parameters are solved at the boundary.
They are found to be [11]

e e PO”
A~ Log (&) , U — T (5.17)

and the X and VU fields are the same for ® — ®. Furthermore, since there are two

boundaries, these Gauss parameters will appear for each limit. This is done through
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the ® fields
O = limy0e®, Dy =limy,_ P, (5.18)

and similarly for the ® fields.

Before putting all of this together, it’s important to note that the path integral
with these boundary conditions is not the complete gravity path integral on the
annulus times time. In the path integral, one sums over all metrics of topology T? x I,
and the bulk geometry of this topology can take many different forms. Specifically,
the bulk geometry is allowed to twist?® along one boundary with respect to the other;
there are infinitely many twists which still allow for the boundaries to be smoothly
connected in the bulk. These twists are called Dehn twists, and are in the group
PSL(2;7Z). The full path integral is related to each individual choice of twist by*!

Zr2y(11,72) = Z Z(T1,772), (5.19)

YEPSL(2;Z) /T oo

where the left-hand-side is the full path integral on the annulus times time, and the
right-hand side is the sum over the individual partition functions corresponding to a
choice of twist. Specifically, the twist as it related to the torus structure (7, 72) —
(11,72 + 1) is generated by the axial T transformation, and the I'y, is the subgroup
generated by T

In substituting in (4.37) with the choices made in this section (including the
asymptotic Gauss terms) into the action given by (5.8) and (5.9), the Euclidean

boundary action is therefore

¢ P00 DOy i, S
o8 = 247 d%( P2 37 + 9 (71(1)/12 — ¢10yp1 — 1 ®F + qzﬁ’lﬁygzﬁl)

Vv, By i Y

2@22 2 2@,22 2 4 3 (7205 + b0, 00 — 125 — Gy o) ) (5.20)

2
C 2T B ~
~5i | v (oY —Bo,7),
0

where the fields ;5 and CIDLQ are given in (5.12). The derivatives are defined as

=50, =0,).  Or=5(Rd,+0,). (5.21)

23This should not to be confused with torsion;the theory is still torsion free.
ZRefer to [11] for details.
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And furthermore, to account for the relative twisting of the boundaries, the following

terms are added to the above action (5.20)

Y0) = 5 [ de (@r(o9) — ), (5.22)
V)= 5o [ (i) = date). (5.23)

This action is indeed invariant under (5.13). The action has a single time derivative

and therefore is in Hamiltonian form.

5.3.2 The Eternal Traversable Wormbhole

To finish the construction of the eternal traversable wormhole, one must add the
double trace deformation (5.4) to the Lorentzian version of (5.20). Therefore, let’s
analytically continue (5.20) to real time term-by-term. In performing the (reverse)
Wick rotation

y =it = dy = idt = 0, = —i0y,

all dynamical variables and twist functionals now depend on real time ¢. Recall the
fact that Euclidean and Lorentizan actions are related by S = iSg in terms of path

integral language. That is,

/ 406’ ~ / d[®)e=5. (5.24)
Therefore, this changes the twist part of the boundary action to

iC [P N C [ o
Stwist[T,y] = o1 [ W (b*0,Y — b*9,Y) = % / dt (V*0,Y (t) — b%0,Y) .
0 0

Let’s then integrate the Y'(¢) term by parts

/oo dtb*8,Y = — /_Z dt (8,b*)Y = —% /_Z /0% dt dz (9;b) (1 — ¢2)

—0o0

00 2w
_ l/ / dt da b (8,61 — Oybs) .
T J-—xJo



74

Doing the same for the Y (t) term yields similar results. Therefore, the twist part of

the boundary action taken into real time is

00 2w
Stwist[,t] = %/_ /0 dt dz (b (01 — Di2) — b (8h1 — Br92)) - (5.25)

Yet, in going to real time, the boundary tori are now boundary cylinders. In order to
get these, one needs to undo the identification made on time y, and therefore y € R?3.
Now that the boundaries are cylinders and no longer have complex structures, the
and 1 must be removed by redefinitions of boundary coordinates. This will be done
by setting 7 5 = i and 7 = —i. Applying this to the remainding terms in (5.20), the

derivative terms are now written as
1 i = 1 ) =
8125(6x—28y) :(92, 8225(&54—26@) :81,

and therefore the Alekseev-Shatashvili contribution of the action is rewritten as

C o[, (PO, HT, 1, , . I
Sus = o [ (U4 T4 2 (07 —ig10,00-+ 07 + i810,)
"5, P’ &)//5 (i)/ 1 . _ .7 _
2@22 P o (95 +idh0,0n + BF — idh0,00) ) (5.26)
2

To proceed fully into Lorenzian signature, the derivatives are updated to

_ 1 - 1
81 - 82 - 8, - 5(633 - ('325), 82 - (91 — 8+§(0m + 8,5), (527)
and therefore
C S’0_d" D0, D" 1 _ -
Saslr,t] = sy dtdw( 1(1),12 : 1@?{2 : 4+ 5 (CI),12 - ¢’18t¢1 =+ (I)/12 + ¢/13t¢1)

PLO, D! 1o P! 1 _ _

et MR @2 a0 - 0d) ). (629

2 2

Before bringing everything together, return to the double trace deformation in
(5.4). To understand how this is constructed, recall the general double trace defor-

mation equation (5.3). One needs to therefore compute the cross-wormhole two-point

ZFormally, to get to a cylinder from a torus, take in the limit Im(7) — oo. This causes the time
circle is become infinitely long, and hence acts as the length of the cylinder.
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function at the same time?® (O;Og). As will be discussed in the next section, the b(t)
and b(t) parameters will be taken as constants. It turns out the two-point function

is proportional to [§]
h
1
0.0 — | 5.29
< L R> X [COSh (bATx)] ( )

which can be reparameterized in terms of the boundary degrees of freedom ®; and
P,

(0,08) x [;)] , (5.30)

cosh (@

and similarly for the barred fields and h — h

- = 1
cosh <%>
Then, to take into account these two types of fields (® and @), take the product of the
two above equations. Therefore, to add the double trace deformation to the action,
one needs to simply add this term to the Lagrangian with a coupling constant
h

SDT:i dtdxn [

h o
A N I 1.
241

cosh? (#15%2) cosh? (—61;%)
where-as stated in the previous section-the coupling constant 7 describes the inter-
action strength.

To bring everything together, the action which allows for an eternal traversable
wormhole solution is the combination of (5.28), (5.25), and (5.4)

S = Saslz,t] + Sr(z,t] + Spriz, t],

and thus*”
c PO, BB, 1 -
ST d“”(1@2“+1§;1+5@?—¢@@+@f+¢@@)
1 1
i9%> [ 42040,

ig3> [ dz® (O O%)
~ € T

26This is because, for small coupling g, (e , where the exponents
here are the double trace deformation of the form in [4]. B
27All computations made with this action were done after the field redefinition ® <+ ®, which is

allowed since this action is invariant under a change of chirality (and are therefore equivalent).
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L0, D, BT,

]' / / x/ o/ n
+ B ((I)22 + ¢h0ipr + P — ¢2at¢2) )

7 P72
h _ B h
P’ )P t P’ H) P’ ¢
_|_£ dx dtn 1 (z,1)®5(z, 1) « l(xi ) 2(%, ) (5.32)
24m cosh? (w) cosh? (w,t);%(x,t))
C - L
tous | dtde (b(t) (Dubr — 0ud) — b(1) (O — 0u))

5.4 Wormbhole Solutions

In section 5.1, it was stated that the wormhole is a saddle point of the gravity path
integral. However, it turns out that it is only a saddle point for fixed b(t) = b and
b(t) = b. Furthermore, these constants are not arbitrary, and are determined by
the equations of motion. The claim asserted at the begging of the chapter was that
the action has wormhole solutions to the equations of motion, although it turns out
that there are no wormhole solutions to the equation of motion for the action (5.20)
[11]. Tts only after one adds the double trace deformation that present equations
of motion which are satisfied by wormhole solutions. These solutions will be found
in this subsection; the remainder of the section will discuss the geometry of these

wormbholes.

5.4.1 Constructing an Ansatz

One considers solutions to the equations of motion which are translationally invari-
ant?®. However, before looking for these solutions, let’s first examine the gauge re-
dundancy.

Recall that the action is invariant under the variation (5.13) (now in real time)

P12(z,t) ~ p1o(x,t) + alt), (5.33)

and similarly with the barred fields. Indeed, note that all spatial derivative terms
as well as the double trace in (5.32) are immediately manifestly invariant under this

transformation. The only terms which require extra steps to show that the action as

28There are, in general, infinitely many solutions to the field equations. For our purposes, we only
consider this symmetric configuration.
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a whole is invariant under the transformation are
@101 — Py, (5.34)

where the barred fields have an identical series of terms as well. Under the transfor-

mation, the above equation becomes

$10rp1 — Ph020; — (10:d1 — Ph020;) + (&) — ¢h)Dpa(t), (5.35)

and yet the last term can be rewritten as a total derivative

(¢} — ¢p)0ea(t) = (61 — ¢2)0ea(t))’. (5.36)

Therefore, since (5.36) is a total derivative, it vanishes under integration over x. Thus,
this action is gauge invariant under the variation (5.13).

Next, note that translationally invariant solutions are necessarily characterized
by translationally invariant configurations for the gauge fields. Therefore, the gauge

invariant fields should all be made to be constants

@1 — (I)Q = ¢1 — ¢2 = CO?’LSt., (537)
| = b(t) + ¢} = const., (5.38)

and
), = b(t) + ¢4 = const., (5.39)

with the same requirement holding for the barred terms. The most general ansatz
which satisfies these is
@1 = bx + C1, CI)Q =bx (540)

and
ci)l = B[E + 51, CIDQ == l_)CL’, (541)

in which b,b,c;, and ¢ are all constants?”. In summary, the translation invariant
ansatz is

b(t)=0b, b(t) =0, (5.42)

29The “2” fields could also have had their own “c” constant, but a choice of gauge can immediately
send them to zero.
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with
pr=c1, ¢1=0c, ¢a=dy=0. (5.43)

Extremizing the action under this translationally invariant ansatz gives the fol-

lowing two equations of motion for the ¢; and ¢; constants

dicl [(bQSecth (%)) (52560h2ﬁ (%))] =0, (5.44)

diél [(bQSecth (%)) (62566}12?1 (%))] =0, (5.45)

which are satisfied under ¢; = ¢, = 0. The full ansatz is therefore

¢1 = ¢2 = ¢1 = ¢2 = 07 (546)

along with (5.42) for specific b and b. To solve for these constants, the action is

extremized on this ansatz (5.46) and (5.42), and the b and b equations of motion are

d (b2 + 62)0 2h72h
Sl A SO — A
7 < S b*"b*"n 0, (5.47)
and d [+ 5
+0%)c 2h72h
al ) = 0. A
7 < S bbb 77) 0 (5.48)

Relating the scaling weights h and h to conformal dimension A and spin s by (5.5),

these specific constants which solve these equations of motion and are therefore

b= [2 (A - )T (A +5)(57Y) n—l} () (5.49)

and
s+A 1

b=[2(a -5 (A 457 (3 )nlr

(5.50)

And thus, using this same ansatz, a general fluctuation is characterized by
Qy(z,t) = b+ (db(t) x + ¢1(x,t)), Pax,t) = b+ (db(t) v + ¢a(x,t)), (5.51)

and

Dy (z,t) = ba + (db(t) x + ¢1(x,t)), Po(z,t) = bx + (db(t) x + ¢o(x,t)), (5.52)
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where db(t), ¢(z,t), etc. are small and the constants b and b are given by (5.49) and
(5.50) respectively.

Before concluding this section, it should be stated now that the procedure to
compute the spectrum of fluctuations will involve transforming over to Fourier space.
In doing so, return to the general fluctuations (5.51) and (5.52) and note the terms.
Since db(t) only depends on time, one should treat the k = 0 separately from the other
k # 0 modes®. The way this modifies the starting fluctuations(5.51) and (5.52) will

be stated in their relevant sections.

5.4.2 The Wormhole Geometry

Before finding the spectrum of fluctuations, how are the b and b of this ansatz best
physically interpreted®'? To answer this question, return to the Euclidean boundary
action (5.20) (and before the double trace deformation was added). In employing the
ansatz given by (5.46) and (5.42), the saddle point action evaluated from (5.20) is
11] 2

imC
12

and therefore it is confirmed that the wormhole is only a saddle when b and b are

SE: (62(7'14-7'2)—62(77'14—77'2)), (553)

fixed. From this saddle point, the classical approximation to the path integral is given

by

72 2

b oy gt
7 G_SE _ (6271'(7'1-1—7'2)) 2 (62m(7’1+72)) 24 (554)

That is, the left- and right-moving Virasoro terms are embedded within this

Lo— — ~ —. (5.55)

And therefore the b and b are related to the left- and right-moving energies given in by
the Virasoro generators. In fact, in chapter 4 it was the case that b*> = b*> = —1, which
corresponded with the coadjoint orbit Dif f(S')/PSL(2;R); this was the quantiza-
tion of vacuum AdS;z. However, for “heavy enough” matter (heavy enough to make
a black hole), one can again obtain a wormhole saddle point, only this time with two

boundaries. However, one needs to first add the double trace deformation (otherwise

30In fact, the twist part (5.25) part of the action (5.32) is only non-zero after variation for k = 0.

31The interpretation of the field ansatz (5.46) is understood to just be the ground state of the
(chiral) boundary gravitons.

32Note the similarities with (3.69).
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the saddle point does not exist), where now there is a boundary graviton theory re-
lated to the coadjoint orbit parameterized by b%,b* > 0 [8]. The new coadjoint orbit is
Diff(SY)/U(1), where U(1) now acts as the group stabilizer generated only by Ly
[9]. Finally, it’s the case that the wormhole can be thought of in terms of two separate
“trumpets” in which each “trumpet” contains the holomorphic and anti-holomorphic
Alekseev-Shatashvili theories (plus the twist terms). Said Alekseev-Shatashvili ac-
tions are further identified to include fields which are indeed elements of the Virasoro
coadjoint orbit Dif f(S')/U(1).

Back in real time and with the double trace deformation, how does one under-
stand the geometry? The two-point functions come from computing a Wilson line
in AdS3 gravity that goes from one boundary to the other. Therefore, the double
trace deformation amounts to putting a uniform density of these Wilson lines into
the bulk geometry, extended in the radial coordinate p, from one boundary to the
other3*. And for the particular simple case of s = 0%® and the saddle, these Wilson
lines are then extended in p, and therefore only modify the equations of motion that
come from varying A, and A,,.

In particular, this implies that the constraint equations which come from varying
with respect to Ay and Ay are unmodified, and therefore one still has F= ﬁ =0. It

turns out this is enough to determine the spatial gauge field3¢

. 1( d ~bd T —e?bd
Adei == P ) Adet =2 A (5.56)
2 \etbdxr —dp 2\ —ePbdx dp

And this choice of radial gauge gives a spacetime metric which is block diagonal
ds® = dp® + gij(z, t)dx'da?, (5.57)

in which g;;(z,t) is the boundary metric. And for the scalar particle s = 0 case, their
Wilson lines do not source torsion, and therefore the geometry in question is torsion
free. One can then trade dreibein components e, and e, for the components of g;;

with ¢t and z indices. Therefore, the wormhole solves the components of Einstein’s

)

33This latter collection of coadjiont orbits is what is known as “ordinary” orbits. The former case
in which PSL(2;R) acts as the group stabilizer is called the first exceptional orbit [9].

34This amounts to adding terms to the boundary action which depend on A, and /_1,,.

35The s = 0 case is chosen for pedagogical reasons. In the case of s = 1/2, gravity couples to
Fermions. This creates a torsion background, and is much more complicated.

36This is in agreement with the spatial gauge field for the Euclidean wormhole in [11].
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equations that follow from variation with respect to gu, gie, and g,,°'. Then, the
stress tensor components Ty, Ty, and T}, are enough to determine the full spacetime
geometry, which is

ds® = b?cosh?(p)(—dt* + dx?) + dp*. (5.58)

This descries a bottleneck geometry with the minimum length geodesic around the x-
circle at p = 0. The length of the bottleneck is parameterized by b and . Note also
that for any given value of p, the metric is a conformally flat one, and is additionally
Lorentz invariant. Upon performing a Lorentz transformation (t,z) — (t',2') the
metric naturally goes back to itself in a boosted frame. This motivates one to accept

that the boundary action is also Lorentz invariant®.

5.5 Spectrum of Fluctuations

Having identified wormhole saddles in the previous section, one can now study the
spectrum of fluctuations. As stated in section 5.4.1, a general fluctuation is charac-
terized by equations (5.51) and (5.52)

Oy (x,t) = bx+ (db(t) v + ¢1(x,t)), Do(z,t) = bx + (db(t) x + Po(z,t)),

and

Oy (z,t) = ba + (db(t) x + ¢1(x,t)), Po(z,t) = bx + (db(t) z + ¢o(, 1)),

where db(t), ¢(z,t), etc. are once again small. Furthermore, recall that the since
the fluctuations db(t) and db(t) only depend on time, the modes with zero spatial

momentum and nonzero spatial momentum must be treated separately.

37That is, the tt,tx, and zx components of Einstein’s equations.

38 Additionally, the spin-connection can be shown to be parameterized by b — b, which corresponds
to the twisting of the wormhole throat, although in this case there is no twisting.

39The action (5.32) is not manifestly Lorentz invariant, but the fact that the boundary geometry
is manifestly Lorentz invariant is promising.
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Begin with fluctuations in Fourier space which carry nonzero spatial momentum.

These are characterized by

Oy (x,t) = e Z/ dwe'* =0 g, (k,w),

m)? keZ
Dy (x,t) —bx—i- 22/ dwe =D gy (k, w),

keZ
Oy (z,t) = dwe (ke=wt) ) (k, w),

=

and

Oy(,t) = dwe (kz=wt) o (k, w).

=

(5.59)

(5.60)

(5.61)

(5.62)

The linearized equations of motion evaluated on this configuration become a set of

four coupled algebraic equations for the dynamical variables ¢q, ¢, ¢1, and ¢,. These

equations are

71.2 2
X01 — (2hk* + b)) — (lel—:k ) o1 — (Qbhk ) $2 =0,

1.2 2
o e (M) (B 4,

2bhk? 2bhk2 - b2h(b? + 2hk2\ -
(B g, - (B gy (PR 5

and

bhk? bhk? b2h(b? hk?
—(2 2 )¢1— (2 2 ></52— <(bz——;2)¢1+7¢2—0

where y and v are defined as

b?h(b? — 2k (h — 1)) + 2hEk(D* + k?)(k + w)
b2h ’

v

and
FE=9) o+ k(h—2).

12

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)
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These four equations can be collected into a 4 x 4 matrix equation with associated
column vector @ in terms of the dynamical variables (¢1, ¢o, ¢1, ¢2). Written in this

compact way, the equations of motion can be written as the matrix equation

G '® =0, (5.69)

and the determinant of this matrix G (it will become clear why this is written as

an inverse matrix in the next section) is

det G~' = a<2b6ﬁ2(2i3 +h— 1)+ *h(b*(2h(h — 1) — k) + 2h(h — 1)

+h(h — D)k (k — w)(k +w) — B0 + B (K2 —w?)?  (5.70)

+b*1(26°h(h — 1) + 4h*K* + 4hk*(h — 1) + h(2h — 1) (k — w)(k + w))) :

where « is defined as

o 16KM(V? + KD + k)
- bibth2 '

From here, solutions to the equations of motion are therefore characterized by fre-

(5.71)

quencies w such that det G =0.
Despite the fact that (5.70) is not Lorentz-covariant’, the frequencies w do in fact

satisfy the Lorentz-invariant dispersion relation
m? = w® — k%, (5.72)

where m is the Lorentz invariant mass. In substituting in the expressions of the w
values found from the zeros of the determinant along with equations (5.49), (5.50),
two unique expressions for wormhole mass emerge. Furthermore, it’s also the case
that neither mass is dependent on wave number k, and both are homogeneous in 7
with the dependence o n_(ﬁﬁ). After substituting in (5.5) to replace h and h in

favor of A and s, the two expressions for the wormhole mass are thus

14+ 24-5—3A 8+s+6A)

m?F(A, s) = PES (A — 3)( 5 (A + 3)*( iA-1)

g

2+

= (5.73)

D

(84 5)(3*55) = (A4 ) (A 5)(A— 5 2)(A+5)

40Tt does not transform in the Lorentz representation, nor can it be written in terms of other
Lorentz-covariant quantities.
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Lorentz Invariant Mass for Scalar Fields (k + 0)
Mass (m?)
0.14}
0.12}
0.10f — (m_)?
0.08 |
0.06 [ — (m.)*
0.04}

0.02

e — - Conformal Dimension (A)
0.2 0.4 0.6 0.8 1.0

Lorentz Invariant Mass for Spinor Fields (k + 0)
Mass (m?)

0.25

0.20
— (m-)?
0.15 9
— (m,)

0.10

0.05

Conformal Dimension (A)

0.6 0.7 0.8 0.9 1.0

Figure 5.1: These two figures together contain the total range of Lorentz Invariant
Masses in the k # 0 case for conformal dimension up to 0 < s < A < 1.

F(A+5)F55) /(AT + 51+ 2522 + (A — DA)) |-

The relevant solutions (those which let the mass remain positive) enforce the condition
that 0 < s < A < 1. This condition is illustrated in figure 5.1 for both scalar and

spinor fields. For the simple case s = 0, this dispersion relation is just

m? =20%, m2 =2(1 — 2h)b%. (5.74)
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5.5.2 Dispersion Relations for £ =0

For the k = 0 case, the constants b and b must now be allowed to fluctuate *'.
Secondly, the gauge redundancy reduces the apparent six degrees of freedom back
down to four*?. Practically speaking, since the action is invariant under combinations
& = ¢1 — 9 and ¢ = ¢y — Po, this is equivalent to the choice of gauge where only the
¢ and ¢, fields are allowed to fluctuate. Therefore, in choosing the gauge where the

following fluctuations vanish ¢y = ¢ = 0,*3 the new starting fluctuations are
Qy(z,t) = b+ (db(t) x + ¢1(t)), Po(w,t) = bx +db(t) > (5.75)

and
Oy (z,t) = b+ (db(t) x + ¢1(t)), Po(w,t) — b + db(t) x, (5.76)

where now the field fluctuations ¢(¢) only depend on time**. The (Fourier) equations

of motion are again collected in matrix form

—8(h —1) 8h 2iw 0 db(w)
bh, 4b2(1—2h)h . T
_%_ 4+ —m—— 0 —2iw db(w) o (5.77)
— 24w 0 b? 0 ¢1(w)
0 Qitw 0o Uk é1(w)

where the w values are again found form the zeros of the determinant

~ 1 _ _ o
det G = —% <2b6h2(h +2h — 1) + BPB*h(h — 2h(h — 1))w?

B2+ B R(2Bh(h — 1) — h(2h — 1)&)) | (5.78)

It again turns out that the resulting mass terms are homogeneous in 1 (and are
obviously not dependent on k). From here, the exact same procedure from section
5.5.1 is performed, and the Lorentz invariant masses computed from these equations
of motion exactly agree with (5.73), and hence the constraints 0 < s < A < 1 shown

in Figure 5.1. One might not have expected the two cases to exactly agree, since the

41 And furthermore, the twist terms (5.25) will now be non-vanishing after variation.

42And furthermore, we only needed to take this into account for the & = 0 modes because the
gauge parameter is only a function of time a(t).

43That is, choose a(t) = —¢o(t) and a(t) = ¢o(t).

44 Their Fourier transformation is the same as before, only now one no longer needs to sum over
non-zero k.
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equations of motion and degrees of freedom for the £ = 0 case are clearly different
from the general k # 0 case. And yet—despite these differences-both are completely

consistent with each other.

5.6 The Free Propagator of a Boundary Graviton

5.6.1 Free Propagator Preliminaries

A final point of curiosity for this project is to examine boundary graviton propagation
through the bulk from one boundary to the other. That is, suppose that one excites
a boundary graviton on one boundary. How does the excitation propagate, and does
it excite the other boundary? The way one would start by approaching this problem
is to compute the free-propagator for a boundary graviton. The propagator gives the
probability amplitude for a particle to travel from one boundary to the other through
a bulk supported by many scalar bulk matter fields, and the probability amplitude can
be used to compute S-matrix elements. In the weak coupling expansion 1/¢ ~ G/I,
the propagator is approximately defined as the inverse of the differential operator
appropriate to the particle?® and are therefore known to be a (“retarded” or causal)
Green’s function of the equations of motion [53].

In QFT, S-matrix elements can be calculated using Feynman path integral for-

malism by*6

z1)...0(x, Pt
(Q T{d(x1)...0(zn) } 1) = IDW]?(D[;]@ZZ(W] . (5.79)

where T is the time-ordering operation, S[¢] is the action, and the integration measure
D]¢| implies that one integrates over all possible field configurations. However, it is

often more convenient to write this in terms of the generating functional

717 = / Didleap{iS[] + i / e (2)6(x)). (5.80)

45That is, the operator which provides the equation of motion acting on ¢.
46To be more specific, the coordinates x; are understood to be (&’,t') for some specific position
and time 7’ and ¢'.
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for some source J(z). If no source is present, the vacuum is recovered

200~ [ Dloje, (5.51)
which is just the denominator in (5.79). Using a generating functional is useful since
it let’s one compute (5.79) by simply taking derivatives of it*”

| o Z|[J]
—i)" = (Q () })) 5.82

where the right-hand-side is exactly the left-hand-side of (5.79). In the case at hand,
the boundary action given by (5.32) is taken to be a weakly coupled theory, and
therefore cubic and other higher-order terms are neglected in the the generating func-
tional. Therefore, it is useful to write the generating functional (5.80) as a Gaussian

integral

> —lTa; 1oz TJ? x (27r>d 1yt
Z[J] :/ D[gb]e 501 (2)G ™ p(x)+ T (z)p(x) _ Werﬂ GJ) (5.83)

where d is the number of spacetime dimensions. For a non-interacting (free) theory,
the matrix G~! is simply the differential operator corresponding to the quadratic
action of a given theory*®. And it is further the case that the matrix G is the
corresponding free propagator of the theory. To see this, the matrix G and it’s

inverse G~ satisfy*’
G(l’l - .Z'Q)G_l(l'l — ZL’Q) = —6((1_1) (Z)_Z"l - fg)é(tl - tg) (584)

Then, for some matrix G~!(x; — x4) corresponding to the differential operator giving
the equations of motion, the matrix G acts as a Green’s function®, and hence is

defined to be the propagator.

4TThe generating functional can by understood as the QFT analog of the statistical mechanics
partition function.

48For example, the free scalar field theory Lagrangian is £ = %gb(D +m?)¢. Compare this with
G~! above; G~ = i(0 + m?).

49The negative sign on the right-hand-side comes from the imaginary i dependence on the left-
hand-side.

50For an example, consider the Klein-Gordon propagator derivation in [54] or [53].
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5.6.2 Computing the Boundary Graviton Free Propagator
for the Wormbhole

To compute the boundary graviton free propagator for the wormhole, the procedure is
as follows. First, compute the quadratic action. That is, compute the corresponding
differential operator which give the linearized equations of motion (upon “stripping-
off” the field dependence); this was done in Fourier-space. This matrix which collects
the linearized equations of motion (as discussed in section 5.5) is the matrix Fourier-
space éil, and therefore the free propagator is just G. To go back to configuration

space, one performs the following integral

1 = ~ i(kr—w
Gij(il}, t) = W Z/O dw Gij<k7 (JJ)@ (k t), (585)

keZ

where the matrix éij is just the inverse of the linearized equation of motion matrix

G

Unfortunately, the full configuration space boundary graviton free-propagator can-
not be solved analytically. However, it turns out that free-propagators for specific k
values can be, and then taken back to general time dependence t. Therefore, choose

k =0 and s = 0,°! and the resulting equations of motion are the special case of (5.77)

for s =0
—8(h — 1) —8h 29w 0 db
8bh, 4b%(1—2h)h . 7
- 4 + T hn 0 _22,&) db _ 07 (586)
—8h —8(h —1) 0 —2iw| | ¢
0 2w 0 b? o

or in the more compact form®?

Gl'®=0 (5.87)

in which the inverse of the matrix (CNJ*l)*l = G is the free-propagator. The determi-

nant is
det G~ = 16(w? — 2b?)(w? — 20%(1 — 2h)), (5.88)

and the dispersion is given by (5.74).

51A similar process can be replicated for different, specific k # 0 values as well.
52The “vector” ® is just (db, db, ¢1,$1), where each entry is a function of w.
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For an example calculation, it is the case that

8bh
16(w? — 202)(w? — 262(1 — 2h))

Gy = (5.89)

and since only a partial reverse Fourier transform is desired here, the (simplified)
integral from (5.85)

1 [ ~ .
Gi;(t) = —/ dw Gij(k = 0,w)e™™", (5.90)
2m Jo
1s written as
1o 8bh y
= — —wW . . 1
Cralt) = 57 /0 M6 — 20%)(w? — 20 (1 2h) ¢ (5:91)

This is evaluated as a contour integral with residues given by the determinant (5.88)
wi = £V2b,  wy = ++/202(1 — 2h),
which is indeed identical to the dispersion relation given in (5.74). That is,
G2 = 2270 (reSpymw, (f(W)) + 1eSp=w, (f(w))), (5.92)

where .
8 b4 h e—zwt

T) = o —am)r — 221 —2m)

(5.93)

The sign out-front of (5.92) is determined from the direction the contour is closed,
which in turn is determined by the sign of time ¢. In considering t > 0, Im[w] < 0

53

must be the case’”. Therefore, pick the positive roots, and close the contour from

below (picking up a global minus sign). In stopping here, this would be the ‘“re-
tarded” propagator. However, considering ¢ < 0 can instead provide the “advanced”
propagator. For t < 0, then I'm|w] > 0, and therefore close the contour above for the
negative roots. It turns out that the only difference between G5z and Gz 4 is an

overall sign dictated by the the sign choice of t. Therefore, the final result accounting

53Recall that in the deformation, w € C. Then, the exponential e~ = e=ifelwlt 4 oImlwlt  where
I'm|w] is chosen such that the exponential decays to zero at infinity.
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for both choices is computed to be

z'wl w1 _; .
Gz = sgn(t) — | — e7tHlwz _ gmiltlwr )
12 gn(t) 392 ( W

Every other matrix element of the free propagator is computed in the exact same
way. Thus, for the specific case of £ = 0 and s = 0, the matrix elements of the
(configuration space) Feynman free-propagator of a boundary graviton are computed
to be

Gy = Gas = sgn(t) Z;”—; (efltlwl + Z—; e“lw) , (5.94)
G2 = Ga1 = sgn(t) % (Z}T: e tHtwa _ 6_i|tw1> , (5.95)
G33 = G44 = sgn(t) 22—2 (wl 6—i\t|w1 + wo €_i‘t|w2) s (596)
Wi
Gsq = Gy3 = sgn(t) 2_w% (w1 e ttwr e”'t“”) , (5.97)
1 ) )
Ga1 = —Gi3 = Gy = —Gay = sgnft) 8 (e_llt‘w1 + e_”ﬂm) ’ (5.98)
and .
Gy = =Gy = Goz = —G3z = sgn(t) 3 (6_”“"“ — e_”t‘wz) . (5.99)

Thus, the propagator in terms of real time ¢ corresponding to a scalar boson s = 0

with k£ = 0 is given by the matrix

G Gz Giz Gu
G(t) = Ga1 Gaz Gaz Goy ’ (5.100)
Gs1 Gs2 Gz Gy

G41 G42 G43 G44

in which these matrix elements are given by the above results®®. This propagator is

written in terms of the full configuration space propagator as

1

~or

2

This same procedure could then be performed for any specific £ # 0. In principle, if

54 Notice that since s = 0, this propagator is completely determined by conformal dimension A
and the interaction strength 7 from (5.49) and (5.50).
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one could construct this propagator from all k, n-point correlation functions could be

computed using (5.82) with the free generating functional Z,[.J]* given by

Zo[J] =1/ %exp{i/d%'/de”%J(x')G(x’ —2")J(z")}. (5.102)

As a final comment, the fact that this matrix has nonzero entries implies that an
excitation of any one degree of freedom will excite the others. This is consistent with

the idea that the two boundaries are able to send a signal to either side.

55 Zo[J] is just the generating functional Z[J] of a free (non-interacting) theory.
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Chapter 6
Conclusions

This thesis discussed quantum AdS; gravity, both in its relation to the AdS/CFT
correspondence and as a stand-alone theory. The AdS/CFT correspondence has al-
lowed for great strides in the field of quantum gravity, because it provides a non-
perterbative formulation of string theory by way of the duality between theories of
quantum gravity which asymptote to AdS geometries and CFTs in one lower dimen-
sion. This was discussed in the context of the AdS;/CFT, correspondence, where the
gravity theory was given by type IIB string theory; the corresponding dual theory
was N = 4 supersymmetric Yang-Mills gauge theory. The large N — oo limit (in
which N characterizes the number of stacked D-branes on the gravity side, or the
SU(N) gauge group on the CFT side) while keeping A constant is known as the ’t
Hooft limit, which was the particular version of the AdS;/CFT, correspondence in
which Juan Maldacena first proposed the AdS/CFT correspondence as a framework
for holography.

The simpler application of the correspondence AdS3;/CFT, was then explored in
the context of black hole entropy and the Cardy formula. In particular, it was shown
how to derive the high-temperature entropy of a CFT from the gravity side. And due
to the correspondence, the entropy of the BTZ black hole (the leading contribution of
the gravity partition function at high temeprature) exactly agrees with the entropy
of a corresponding CFT.

The quantization of global AdSs; gravity theory was then shown in detail; the
relevant topology was chosen to be that of the cylinder (the given topology of the usual
global AdS; spacetime). This theory was shown to really be a boundary one. After
Wick-rotating and identifying into periodic imaginary time, the boundary topology

is then described as a torus with complex structure 7. The resulting AdSs theory is
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characterized only by edge modes, and has no bulk degrees of freedom. The theory can
be decomposed into two decoupled chiral halves® (each written as a WZW theory),
where each half is endowed with an identical Virasoro symmetry. At fixed time, the
fields are elements of the coadjoint orbit of the Virasoro group Dif f(S')/PSL(2;R).

It was previously found that this theory of quantum AdS; gravity may not be
a consistent theory of quantum gravity, since in computing the partition function
(saddle points) the density of states was found to be negative.. A proposed solution
to this problem is to account for off-shell (non-saddle points) of the partition function,
which correspond to all of the ways the boundary topology can be connected; the
subleading order contributions include Euclidean wormholes. However, this theory is
still useful for computing Virasoro conformal blocks blocks (and ultimately correlation
functions), and was previously done to one-loop order.

A new quantum theory of quantum AdS; was then considered with the topol-
ogy now that of an annulus times time; the bulk geometry smoothly connects two
boundary tori. This new geometry is a Euclidean wormhole, is parameterized by two
constants b and b, and these constants are related to a boundary description in terms
of Virasoro coadjoint orbits labeled by said parameters.

Finally, this theory of gravity was coupled to a large number of light matter fields
dual to relevant operators. The boundary conditions applied to this large number
of matter fields is identified as a non-local?> double trace deformation in the dual
statistical ensemble to gravity. This causes eternal traversable wormholes to appear
in the theory. Within this construction, the field theory of boundary gravitons were
used to compute the spectrum of gravitational fluctuations and the gravitational
contribution to scattering processes in the wormhole by way of the free propagator.

Future work could focus on continuing the work in [9] by calculating Virasoro
blocks at the two-loop level, which could further provide consistency checks for this
developing theory of quantum gravity. Another, more tangential line of inquiry could
be developing this boundary theory of gravity by instead considering a (2 + 1)-

dimensional gravity with a positive cosmological constant (de Sitter gravity)?.

'The theory as a whole is non-chiral.

2Between the dual operators, one exists on the left boundary, and the other on the right boundary.

3Prior work done in [55] and [56] considered JT gravity in nearly dS spacetime and pure (1 + 1)-
dimensional dS spacetime; the Euclidean path integral was studied in [57]
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