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Chapter 1 

Introduction 

With the advent of very large scale integration some years ago, the number of transistors 

mtegrated mto one small piece of silicon approached one million Also, chips are used m a 

multitude of different apphcatlons of our hves Consequently, the issues of testmg, design­

for-test and bmlt-m self-test are becommg mcreasmgly important 

The testmg of a c1rcmt reqmres the set of test stlmuh and a method of companng the 

response of the c1rcmt with the correct response Test generation is the process of deter­

mmmg the stimuli necessary to test a digital system Test generation depends pnmanly on 

the testmg method employed [3] There are a number of different approaches to testmg 

The oldest is to find a specific test set which stimulates each of the mdividual faults For a 

number of reasons, this is not feasible m some modem apphcat1ons, particularly bmlt-m 

self-test In this situation there are two alternatives, either usmg exhaustive test patterns, 

that is all possible combmations of the mputs, or some apparently random set of mput 

combmations 

A pseudorandom bmary sequence is a stnng of bmary digits such that the bits of the 

stnng appear to be random m the local sense and repeat m some way Lmear fimte state 

machmes can generate this kmd of pseudorandom bmary sequence Hence, we use lmear 

fimte state machines as the test generation of these two alternatives Normally, we use lm-
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ear feedback shift registers as the testing generators since they can be easily implemented 

A determm1st1c test set may get 100% fault coverage However, for bmlt-in self-test, 

we need to wnte the test set into read only memory, and apply each test vector one by one 

to the circmt under test Thus, the test speed 1s low and some extra area of the chips 1s 

reqmred On the other hand, 1f we use the pseudorandom sequences generated by the lin­

ear firute state machines as the test patterns, we have a much large number of test vectors, 

especially for the circmts which have a large number of inputs Therefore, 1f we can com­

bme the advantage of the short sequence length of a determ1rust1c test set with the easily 

generated property of a pseudorandom sequence, we can improve the testing method so 

that we have a comparatively high speed, low cost testing method 

The mam goal of this thesis 1s to mvestlgate possible approaches to achieve the above 

goal That 1s, we want to find a lmear firute state machme which can generate a pseudoran­

dom sequence such that the test vectors m the determm1st1c test set appear reasonably 

close together in the sequence In order to achieve this goal, we mvest1gate the embeddmg 

of some determin1st1c test sets into sequences generated by hnear firute state machmes 

The simulation results are analyzed and an alternative approach 1s presented Finally, we 

give an 1mplementat10n of a real determirustlc test set to observe how the approach works 

m practice 

The rest of this introduction gives a summary of the thesis contents Chapter 2 1s the 

mtroductlon about lmear firute state machines The defirutlons related to lmear firute state 

machines are given The theorems and properties related to these machines are formally 

presented and illustrated with examples Two typical linear firute state machines, lmear 

feedback shift registers and linear hybnd cellular automata, and their properties are also 

mtroduced This chapter gives readers some general background knowledge 

In chapter 3, the general defirutions of m-sequences and the1r properties illustrated by 

examples are first presented Then, an apphcation of them-sequences 1s given Fmally, the 

precise goals of the thesis are mtroduced The purpose of this chapter 1s to give reader the 

specific knowledge reqmred for the followmg chapters 

In chapter 4, we do the systematic mvestigatlon of the problem usmg test sets with 
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small size In this chapter, we first give an example to illustrate how to use a lmear firute 

state machme to generate the determimstlc test set completely Then, we present an algo­

nthm which can examine whether we can generate each of the possible determm1stic test 

sets by usmg a lmear firute state machme The simulation results are presented and ana­

lyzed We also deliver some results and theorems related to our problem 

In chapter 5, we do the random mvestigatlon of the problem usmg test sets with large 

size We first present an equation which can calculate the total number of lmear firute state 

machines Then, we use the same algonthm to exarrune some real deterrrurustlc test sets 

with large size The simulation results and analysis based on these real test sets m practice 

are presented Fmally, we give an alternative approach to solvmg the problem and illus­

trate this approach by an implementation on a real deterministic test set 

In chapter 6, we give some final conclusions and summanze our mam contnbutions 

We also present some discussion about future work 
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Chapter 2 

Linear Finite State Machines 

Many lmear fimte state machines can be used to generate pseudorandom sequences Lm­

ear feedback shift registers and lmear cellular automata are commonly used Smee these 

pseudorandom sequences are repeatable, they have many mterestmg properties 

2.1 Linear Finite State Machines 

2.1.1 Mathematical Definitions 

We need to know some mathematical defirntlons and theorems to understand the later top­

ics The followrng is a set of some algebraic defirutlons and theorems which we reqmred, 

and which are related to lmear firnte state machmes The mam sources for this section are 

[ 1, 6] 

Defimtlon 2 1 A finite-state machine is an algebraic structure ( S, I, Y, M, 8) , where 

S, I, and Y are firnte sets of states, mputs, and outputs, respectively, M is a mappmg from 

S x I mto S, and 8 is a mappmg from S mto Y 

Figure 2 1 shows a firnte-state machme The machme model we use here is called the 
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l EI M(s , l) = s' ES () (s ) = y E f 

==s =E=;:_G_M _____ ►_I D-e-la_y_l __.I ► IT] 

Figure 2 1 An abstract model of a fimte-state machme 

Moore model The Mealy model of fimte-state machines 1s an alternative model For the 

Mealy model, the 8 (output function) 1s a mappmg from S x I mto Y We can specify the 

behavior of a fimte-state machme by spec1fymg its next-state and output functions For 

example, the table and graph m Figure 2 2 descnbe a fimte-state machme that produces a 1 

output when the precedmg four mputs form the sequence O 100 

Defimtlon 2 2 An Abehan group G IS a set of elements which satisfy 

1 The sum of any two elements of G 1s still m G 

2 For any elements a, b, c m G, a+ b = b +a , and 

(a+b) +c = a+ (b+c) 

3 There 1s an element O which satisfies a + 0 = a for every a m G 

4 Every element a has a negative li such that a + li = 0 

Defimtlon 2 3 A field F 1s a set of elements with two operations + ( called addition) 

and ( called multiphcat1on) such that 

1t 1s an Abehan group under + with identity 0, 

2 the non-zero elements form an Abehan group under with identity 1 ( l * 0) , 

3 the d1stnbut1ve law holds, that 1s, x (y + z) = (x y ) + (x z) and 

(y+z) x = (y x ) + (z x) for all x,y,z m F 

For example, ( Q, +, ) and (R, +, ) are fields (Q 1s the rationals, R the reals) 

Defimtion 2 4 A fimte field IS a field which has a fimte number of elements The num-

ber of elements m the field IS called the order of the field 

For example, G F (p) , the Galois field of order p , 1s a fimte field 
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Present State 
NextState M(s, 1) Output 

s z= 0 l = I 8 (s) 

SI S2 SI 0 

S2 s2 S3 0 

S3 S4 SI 0 

S4 S5 S3 0 

S5 S2 S3 l 

Figure 2 2 State table and graph for the next-state and out­

put functions of a machme M 

6 

Defi.mtlon 2 5 V is a vector space over K if ( V, K, +, ) is a urutary module and K is a 

field 

Defimtlon 2.6 A polynomial p (x) of degree n > 0 over K is zrreduczble over K if 

and only if there do not exist polynomials f(x) and g (x) of degree greater than O over 

K such that f(x) g (x) = p (x) , where mult1phcat1on 1s ordinary polynomial multiphca­

tlon with coefficient operations m K 

x 3 + x + 1, x 4 + x + I, and x 4 + x 3 + 1 are all irreducible polynomials over GF (2) , 

x3 + 2x + 1 , x 4 + x + 2 , and x 4 + 2x3 + 2 are all irreducible polynorruals over G F ( 3) 

Defin1tlon 2 7 A polynomial p (x) of degree n is a momc polynomial if the coefficient 

of xn is uruty 

These defirut1ons provide some of the mathematical background which IS helpful to our 

understandmg of lmear firute state machmes In the followmg chapters, our field IS 
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G F ( 2) unless otherwise stated 

2.1.2 General Definitions 

A linear fimte state machme has many useful and mterestmg properties They have been 

extensively studied We give some basic defimtions, theorems, and examples of lmear 

fimte state machmes here The mam source of this section is [ 1] 

Defimhon 2 8 A machme M is a linear finite-state machine if 

1 the state space SM of M, the mput space IM , and the output space Y M are each vec-

tor spaces over a fimte field K (we let the dimensions of the spaces be n , p , and r , 

respectively), and 

2 for the state vector s
1

, mput vector u
1

, and output vector y
1 

at time l , the next-state 

and output functions are of the forms 

and 8 (s) = y
1 

= C s
1 
,where A , B, and C are matnces over K, s

1
, u

1
, and y

1 

are column vectors, and the matnx operations are the usual matnx operations with 

anthmetic performed m the field K 

By usmg the above two equations, we can calculate the next state and the output for a par­

ticular lmear fimte state machme For example, let M be a lmear fimte state machme with 

the matnces A , B , and C such that 

r
l O 11 

A = 0 0 1 

1 1 1 

C = [1 1 11 
o 1 oJ 

Assume that M 1s started m state ( 0, 1, 0)' and the mput 1s ( 1, 1) 1 From the above 

assumption, we can get the next state st+ 1 as 
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s, + 1 = A s, + B u, = lH :] (0, I, 0) + li !] ( I, I) = (I , 0, 0) 

and the output y
1 

1s 

Yr = C s
1 

= ll 1 11 (0, 1, 0) = ( 1, 1) 
lo 1 oj 

8 

Defimtion 2 9 The state s = (0, 0, 
t 

,0) of a lmear mach.me 1s called the 0-state, or 

state 0, and the mput u = (0, 0, 
t 

,0) 1s called the 0-input, or input 0 

Theorem 2 1 [ 1] For every mput sequence u I u2 um and for every state s 1 , 

m 

M(sl' U1U2 um ) = M(sp om)+ L M (O, v) 
I= I 

where each v
1 

1s a sequence ofO-mputs except for mput u
1 

at time z and where M 1s a Im­

ear next-state function 

This theorem means that the behavior of M on a sequence of mputs 1s equal to the 

superposition of its behavior for md1v1dual mputs We can use matnx notation to rewnte 

the above equation [ 1] 

m 

M(si' u1u2 um) = Am s+ LAm-, B u
1 

I= I 

2.2 Autonomous Linear Finite State Machines 

DefimtJ.on 2.10 A lmear firute state machme which has no mputs 1s called an autono­

mous linear fimte state machine 

In Figure 2 3 we give the block diagram of an autonomous hnear finite state machme So 

the next state function is s+ = s T, where T 1s the transition matnx In this thesis, when 
I I 
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s, •I~ _T _ _:---s_7_=_s_, -T---►~1 _o_e_la_y __ b 
Figure 2 3 Block diagram of an autonomous lmear firute state machme 

ever an LFSM (lmear firute state machme) is used, it means an autonomous lmear firute 

state machme, unless otherwise stated 

Defimtion 2.11 A lmear firute state machme is said to have a maximum length cycle if 

all possible states except the 0-state he on a smgle connected cycle m the state transition 

graph 

Consider an example here, with two transition matnces T1 and T2 

1 1 0 0 

1 0 1 0 
Tl= 

0 1 1 1 

0 0 1 1 

l 1 0 0 

T = 1010 
2 

0 0 1 1 

0 1 1 1 

And the state transit10n graphs are as shown m Figure 2 4 and 2 5 (Note that the decimal 

labellmg of the states is an abbreviation for the correspondmg bit pattern ) 

Figure 2 4 State transition graph of LFSM with T1 
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Figure 2 5 State transition graph ofLFSM with T2 

Figure 2 4 gives a LFSM which has a maximum length cycle and Figure 2 5 gives a LFSM 

which does not have a maximum length cycle 

Defimtion 2 12 An n x n matnx A is said to be nonsingular if det (A) * 0, where the 

determmant 1s calculated in the anthmeuc of the field K 

We can easily see that A = [~ ~ ~] is nonsingular since det (A) = l and that 

l l 1 

[
l O lj 

B = o o l is singular since det (B) = 0 

1 0 l 

Defimtion 2 13 If A is any n x n matnx, and if Q is a nonsmgular n x n matnx, then 

the matnx A' = Q A Q-1 is said to be szmzlar to A 

[
O 1 OJ [1 1 OJ Let A be 1 1 l , Q be 1 1 1 Q is nonsmgular since det(Q) * 0 

110 010 

So Q-1 is 

[

1 0 1] o o 1 And we get 

1 1 0 
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It 1s very difficult to detenmne 1f two matnces are smular smce 1t 1s not easy to find the Q 

One way we can do 1t 1s to find some X 1 , X2 and )., 1 , 1c2 from 

Theorem 2 2 [ 1] If matnces T and T' are similar nonsmgular state-transition matnces, 

then the1r state graphs have 1dent1cal cycle structures and differ only m the labelmg of the 

states 

[
O 1 OJ From the above example, the state graphs for T = 1 1 1 

1 1 0 
[
o 1 1] 

and T' = 1 1 1 are shown 

0 1 0 

m Figure 2 6 We can apply the theorem to this example and conclude that similar nonsm­

gular state-transition matnces give the same structure of the state graphs with different 

order ( or labelmg) of the states 

DefimtJ.on 214 The charactenstzc polynomial~ A (A) of an n x n matnx A 1s the poly-

nomial det ('A,J-A) 

We get the charactenstlc polynomial for A = [~ ~ ~] by usmg the defimhon The charac-

1 1 1 

tenstlc polynomial 1s 
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Figure 2 6 State graphs for LFSMs with transition matnces T and T' 

From the theorem 2 2 we can see that similar state transition matnces produce the 

same cycle structure This means we can obtam a particular cycle structure by construct­

mg any machme m an eqmvalence class charactenzed by that structure, and we can select 

the machine of least cost m an eqmvalence class This is the reason for us to look at lmear 

feedback shift registers and lmear hybnd cellular automata 

2.3 Linear Feedback Shift Registers 

A lmear feedback shift register (LFSR) is an LFSM defined as a collection of memory 

cells and XOR gates which are chamed together and controlled by a synchronous clock 

There are two configurations for the LFSR a Type I LFSR which has the XOR gates 

between the cells, and a Type II LFSR which has XOR gates on the feedback path Each 

LFSR has its own state transition matnx The generat10n function f(x) of each LFSR is 

called the cbaractenstic polynomial We denote a type I LFSR by LFSR(I) and a type II 

LFSR by LFSR(II) Figure 2 7 and Figure 2 8 show the typical LFSR(I) and LFSR(II) 

Here c is a bmary constant, and c = 1 lillphes that a connection exists, while c = 0 
I I I 
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implies that no connection exists 

Figure 2 7 A type I linear feedback shift register with charactenstic 

From Figure 2 7 we can get the relationship between the current state and the next 

state Let the current state be s = (s1' s 2, s 3, , sn) and the next state be 

+ + + + + 
s = (s1's2,s3, ,sn) 

Then 

+ 

{'' ~ s. 

s+=s EBc s for l = 2, 3, 'n 1 1-I 1-I n 

Sos 
+ = s T and the trans1t10n matnx T 1s 

0 1 0 0 

0 0 1 0 
T= (2 1) 

0 0 0 1 

Cl c2 en-I 

Alternatively for type II, from Figure 2 8 we can get 

{
s; = I 1 

c,sn-, 
I= I 

s; = s
1 

_ 1 for l = 2, 3, , n 
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and the transition matnx T for LFSR(II) 

en-I 1 0 0 

cn-2 0 1 0 
T= (2 2) 

c, 0 0 1 

1 0 0 0 

Figure 2 8 A type II lmear feedback shift register with characteristic 

Figure 2 9 shows the two types of LFSRs denved from the same polynomial 

x 5 + x3 + 1 [4] 

a 

Figure 2 9 a Type I LFSR and b Type II LFSR with charactenstlc 

polynomial x 5 + x3 + 1 

By usmg the transition matnces (2 1) and (2 2) we can get the correspondmg state 
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transit10n matnces of the LFSRs in Figure 2 5, namely 

0 l O O 0 
0 0 1 0 0 

0 l O O 0 
1 0 1 0 0 

(a) T = 0 0 0 1 0 (b) T = 0 0 0 1 0 

0 0 0 0 1 

1 0 0 1 0 

0 0 0 0 1 

l O O O 0 

15 

In the following sect10n, we introduce an alternative interesting linear fimte state 

machine lmear hybnd cellular automata 

2.4 Linear Hybrid Cellular Automata 

The lmear hybnd cellular automata (LHCA) is defined as a umform array of identical cells 

in a one-dimensional space Cells are restncted to local neighborhood mteractlon and have 

no global commurucation The algonthm for cells to compute their next states is called the 

computation rule Figure 2 10 is an example of a LHCA with Rule 90 and 150 It is said to 

have null boundary conditions when the two end mputs always have O value (See (8) for a 

detailed d1scuss1on of LHCA ) 

0 

-, (90) 1 ◄ ► 1 (150) 1 ◄ ► 1 (150) I ◄ ► 1 (90) I ◄ ► 1 (90) ~ 
s

1 
s 2 s3 s4 s5 0 

Figure 2 10 An LHCA with charactenshc polynomial 

5 3 
P(x) =x +x +l 

Defi.mtion 2 15 Let s
1
, 1 ~ z ~ n, be the current state of cell z of the LHCA identified by 

the n-tuple ( c 1, c2, 
+ + 

, c ) Its next state, s , is given by s = s I EB c s EB s + 1 , n I I I- I l I 

wheres0 = sn+I = O, c
1 

= 0 foraRule90cellandc, = 1 foraRulel50cell 

We only cor1S1der LHCA with Rule 90 and Rule 150 cells m this thesis smce it has 
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been shown m [8] that tlus 1s a reqmrement for the LHCA to have a maximum length 

cycle A general state trans1t1on matnx for the LHCA 1s 

cl 0 0 0 

1 Cz 1 0 0 

T= (2 3) 

0 1 en-I 1 

0 0 1 en 

By usmg (2 3), we can get the transition matnx for LHCA of Figure 2 l 0 

0 1 0 0 0 

1 1 1 0 0 

T= 01110 

0 0 l O l 

0 0 0 l 0 

Definition 2 16 [8] For an n-cell LHCA ( c 1, c2, , c n) , its charactensllc polynom1al 1s 

given by the function defined recursively as follows 

{

t,,.n (x) : (x + en) t,,.n-1 (x) + t,,.n-2 (x) 

ti 1 (x) -x+c 1 

ti0 (x) = 1 

(2 4) 

By usmg (2 4), we can calculate the charactenst1c polynonual for LHCA of Figure 2 10 as 

follows 

t,,.o (x) = 1 

tit (x) = x+ c1 =x+0=x 

t,,.2 (x) 
2 

= (x+c2)(x)+l =x +x+l 

t,,.3 (x) = (x+c3)(i+x+ 1) + (x) = x3 +x+ 1 

t,,.4 (x) = ( X + C 4) ( X 
3 

+ X + 1 ) + ( X 
2 

+ X + 1 ) = X 
4 

+ 1 

tis (x) = (x+c5)(x
4
+l ) + ( x

3
+x+l) = x5+x3+1 
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5 3 
Thus the charactenstlc polynonual for LHCA of Figure 2 10 1s P (x) = x + x + 1 Note 

that we normally use the diagonal of the transition matnx to represent the LHCA We call 

1t the rule of the LHCA 

We are more mterested m the LFSMs which can generate a sequence mcludmg all 

nonzero states The next chapter descnbes the defirut1ons and theorems related to this 

topic 
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Chapter 3 

M-Sequences 

n 
For an n-stage LFSM, 1t can have at most 2 possible different states Smee 1t 1s lmear, 

any successor of the 0-state will be 0-state So, startmg with a nonzero state, the n-stage 

n 
LFSM can reach at most 2 - l different states That ts, an LFSM can generate a sequence 

n 
penod1cally and has a maximum value of 2 - 1 Also the sequence produced 1s a pseudo-

random sequence smce 1t 1s a stnng of d1g1ts such that the dtgtts appear to be random m 

the local sense and repeat m some way These pseudorandom sequences with penod of 

n 
2 - 1 are very useful m many areas, such as rangmg systems, secure commurucatton sys-

tems and d1g1tal computer systems Therefore, we are very mterested m these sequences 

which are called m-sequences In this chapter, we mtroduce the general defirut10ns and 

theorems related to m-sequences and some apphcat10ns usmg m-sequences 



CHAPTER 3 M-SEQUENCES 19 

3.1 Mathematical Definitions 

In order to mtroduce the m-sequences, we need some basic mathematical concepts The 

following are some defirutions and theorems which help us understand more about m­

sequences 

Defimtion 3 1 [2] For any moruc polynomial f ( x), the perzod off ( x) is defined to be the 

least integer k such that f(x) divides xk + l 

For example x4 + x + l has penod of 15 smce 15 is the least mteger such that x 15 + l can 

be divided by x4 + x + l , and x4 + x3 + x2 + x + l has penod of 5 since 5 is the least 

integer such that x5 + l can be divided by x4 + x + l We have two theorems about the 

period 

Let the sequence { an } = { a0, a 1, } represent the history of the output stage of an 

LFSM where a
1 

= l or O depending on the state of the output stage at time t
1 

Then we 

have the following theorem 

Theorem 3 1 [2] If a sequence { an} is denved from an n-stage LFSR with irreducible 

charactenstlc polynomial P (x) , then the penod of the sequence {an } is a factor of 

2n -1 

Theorem 3 2 [ 1] Let P ( x) be the irreducible charactenstlc polynomial of a shift regis­

ter with next-state matnx T Then, if k is the penod of P (x) , all nonzero states he on 

cycles of length k 

For example, an LFSR with irreducible charactenstlc polynomial x4 + x3 + x2 + x + 1 

has the penod of 5 by defirution and 5 is a factor of 15 And its state transition graph is 

shown in Figure 3 1 
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Figure 3 l State graph for the LFSR with charactenstic polynomial 

x 4 + x 3 + x2 + x + I 

We see it is correct that all the nonzero states he on cycles of length 5 

20 

Defimtion 3 2 [I] An element a of the field GF ( q) is called a przmitzve element 1f 1t 

generates the multiphcative group of the field 

Defimtion 3.3 [2] The reciprocal polynomial r (x) of f(x) 1s r (x) = xnf( I / x ) 

The polynomial x 3 + x + l is the reciprocal polynomial of x 3 + x2 + l 

Defimtion 3.4 [2] If the output sequence {an} generated by an n-stage LFSM has penod 

n 
2 - l , 1t is called a maximum-length sequence or m-sequence The charactenstlc polyno-

mial of the LFSM that produces a maximum-length sequence 1s called a przmitzve polyno­

mial 

Polynomials such as x3 + x + I , x 4 + x + l and x 5 + x2 + l are pnmitlve polynomials 

The number of pnmitlve polynomials for an n-stage LFSM 1s given by the formula [6] 

k(n) = <1>( 2n-1)1n 

where <I> ( n) = n L ( l - l / p) and p is taken over all pnmes that divide n Table 3 l 
pin 
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shows some values of k ( n) 

n k(n) 

I I 

2 I 

4 2 

8 16 

16 2048 

32 67108864 

Table 3 l The number of pnmittve polynomials for degree n 

In the next section, we descnbe some properties of m-sequences 

3.2 Properties of M-Sequences 

M-sequences have many mterestmg properties and are very useful m vanous areas of dig­

ital systems The followmg are some of the important properties and their proofs of m­

sequences which we reqmre for our later work [2] Suppose we are given an m-

sequence {an} with charactenstlc polynomial P ( x), a pnmitlve polynomial of degree n , 

then 

Property I 
n 

The penod of {an} is p = 2 - 1 , that is, a P + 
1 

= a 
I 

for all 1 ~ 0 

This property comes d1rectly from the defirution 

Property II Startmg from a nonzero state, the LFSM that generates { an} goes 

n 
through all 2 - I states before repeatmg 

n 
This property is obv10us smce the penod of the m-sequence is 2 - 1 

Property III The number of l's man m-sequence differs from the number of O's by 

one 

Proof Smee then-stage LFSMs which generate the sequence cycles through all 2n - 1 

nonzero states ( from Property II), it can be thought of as displaymg all the numbers from 1 
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n 
to 2 - 1 And the m-sequence can be thought of as the first bits of all those numbers 

n n - l n - l 
Smee from 1 to 2 - 1 there are 2 odd numbers and 2 - 1 even numbers, there-

n- 1 n- 1 
fore, there are 2 1 'sand 2 - 1 O's and the d1spanty 1s one 

QED 

Consider an example with /(x) = x 3 + x + 1, we have the m-sequence 0101110 

whtch has four 1 'sand three O's Below, we use the same m-sequence as an example for 

the followmg properties 

Property IV (The Wmdow Property) If a wmdow of width n 1s shd along an m-

n- 1 
sequence, then each of the 2 nonzero bmary n-tuples 1s seen exactly once m a penod 

For our example and a wmdow of width 3, th.ts gives 010, 101 , 011 , 111 , 110, 100, 001 

That 1s each of the 7 nonzero bmary 3-tuples 1s seen exactly once ma penod of 7 

The concept of a run 1s introduced A maximal contiguous grouping of symbols 1s 

called a "run" To av01d amb1gmty m penod1c sequences, consider the sequence wntten m 

a circle to avmd end effects To count maximal contiguous groupings, the penod must 

start at the transition from a run of l's to a run of O's or vice versa 

Property V (The Run Property) In every penod of an m-sequence, one-half of the runs 

have length 1, one-fourth have length 2, one-eighth have length 3, and so forth, as long as 

the fractions yield integral numbers of runs The runs of 1 'sand O's termmate with runs of 

length n and n - I , respectively Moreover, except for these termmatmg lengths, there are 

equally many runs of 1 's and of O's The total number of runs of l's equals the total num-

n 
ber of runs of O's The number of runs m a penod 1s ( m + 1) I 2 , where m = 2 - 1 

Proof By Property IV, we know that n consecutive l's occurs exactly once This run 

must be preceded by a O and followed by a O Smee all the n-tuples are seen exactly once 

by Property IV, the n consecutive 1 's preceded by a O and followed by a O includes the run 

of n- 1 consecutive l's preceded by a O and followed by a 0 

There 1s no run of n consecutive O's smce we do not mclude the all 0-state here So a 1 
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followed by n - 1 consecutive O's must occur, so there 1s a run of n - 1 consecutive O's 

Now, let O < k < n - 1 To find the number of runs of 1 's of length k , consider n con­

secutive bits begmmng with 0, then k 1 's, then a 0, and then the remammg n - k- 2 bits 

n - k-2 
arbitrary Tlus occurs m 2 ways smce each n-tuple occurs exactly once Therefore, 

n - k -2 
there are 2 runs of k consecutive l's A similar argument 1s true for the runs of O's 

Hence, we can get 
n - 2 

runs ( 1 's) = 1 + L 2n - k- 2 = 2n - 2 

k =I 

n - 2 
~ n-k-2 n - 2 

runs (O's) = 1 + L. 2 = 2 
k =I 

So the total number of runs 1s 2 x 2n -
2 = 2n - I Smee m 

n 
= 2 -1 , and 

n- 1 
(m + 1) / 2 = 2 , the number of runs 

n -k-2 n - 3 
The number of runs of 1 's of length k = 1 1s 2 = 2 and the number of 

n-k-2 n - 4 
runs of 1 's of length k = 2 1s 2 = 2 Hence, one-half the runs of 1 's have 

length 1, one-fourth have length 2, and so on We have the similar statement for the runs of 

O's 

QED 

For our example, m-sequence 0101110 , the number of runs should be (m + 1) / 2 

1 
where m = 7 , i e 4 We actually have runs 0, l, 00, 11 1 and 2 = 2 x 4 of the runs have 

length 1, 1 = 1 x 4 of the runs has length 2, and 1 = Ii x 41 of the runs has length 3 

The runs of 1 's termmate wtth runs of length 3, and the runs of O's termmate with runs of 

length 2 

Property VI (Trans1tions) The number of trans1t10ns between 1 and O that an m-

sequence makes m one penod 1s (m + 1) / 2, where m = 2n - 1 
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Proof Smee a transition is associated with the begmnmg of a run, and the number of 

runs is ( m + 1) / 2, so the number of transitions is ( m + l) / 2 

QED 

For our example m-sequence, 0101110, we have 

0 ➔ 1, 1 ➔ 0, 0 ➔ 1, notransztzon, notranszt1on, l ➔ 0, notransztzon 

The number of transitions between 1 and 0 m one penod is ( 7 + 1) / 2 = 4 

Property VII (The Shift-and-Add property) The sum of any m-sequence A 
I 

and a 

cychc shift of itself is another cyclic shift of A 
1 

Proof Let 

n 
p = 2 - 1 Also, let A0 = { 0, 0, 0, } Let R be the lmear recurrence relation satis-

fied by A I Then R is also satisfied by A2, A3, , AP and A0 Smee R is lmear, it is also 

satisfied by A,+ A
1 

where A
1 
+ A

1 
denotes the term-by-term sum Thus A,+ A

1 
1s deter­

mmed by R from its first n terms And these n terms are the same as the first n terms of 

n 
exactly one of the 2 sequences A0, A I' , AP Thus the sum of two cychc shifts of an m-

sequence is a cyclic shift of the same m-sequence 

QED 

Usmg our example, m-sequence 0101110 , we can let A
1 

= 0101110 and a cyclic 

shift of A
1 

be 1110010 So the sum of them 1s 0101110 + 1110010 = 1011100, which 1s 

another cychc shift of A 
1 

In order to define the autocorrelation function, the sequence {an} with an belongmg 

to {0, 1 }, is changed mto an eqmvalent sequence {bn} by defining b
1 

= 1-2a
1

, where 
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the rnmus sign md1cates an anthmetic operation Thus 1 's m {an} are replaced by - l 's 

m { b n} and the O's by+ 1 's For a penod1c sequence such as a sh1ft-reg1ster sequence, the 

autocorrelation function 1s defined as 

Property VIII The autocorrelation function of every m-sequence of penod p = 2 n - l 

1s given by 

C (0) = 1 

C(t) = -lip for 

For our example, m-sequence O 101110 , then {an} 1s 

0, l , 0, l, l, l, 0 

+l,-1, +l,-l,-l,-1, +l 

So by defimt1on 

C (O) 

and 

C ( 1) 

and also 

1 
- - 7 = 1 

7 

C(2) = C(3) = C(4) = C(5) = C(6) = C(7) = -1 / 7 

Dec1rnat10n 1s the selection of every q th element of the sequence If q is relatively 

pnme to the penod p = 2 n - l , the declffiatlon 1s called proper 
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Property IX (Dec1mation) Every proper decimation of an m-sequence is itself an m­

sequence 

Agam, usmg our m-sequence O 101110, we can take q = 2 and the resultmg 

sequence is 

1, 1, 1, 0, 0, 1, 0 

which is agam an m-sequence 

We now have our necessary basic knowledge about m-sequences Smee the number of 

pnmitlve polynomials is a constant for each degree, the number of m-sequences 1s a con­

stant too 

All m-sequences repeat m every penod In general, we use one penod of the m­

sequence to represent the m-sequence Table 3 2 shows the m-sequences for some of the 

pnmitive polynomials with degree less than 7 We get the pnmit1ve polynomials from (5) 

3.3 An Application of M-sequences 

In a commurucahon system, we are always concerned about security Usmg the m­

sequences, we can get a secure commurucation system [1] Figure 3 2 illustrates an mse­

cure commurucation system 

message r'\ -
Sender \.. _,I - Receiver 

,, 
Unfnendly 

Eavesdropper 

Figure 3 2 A commurucation system 
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Pnm1tive Polynomial M-Sequence 

x2 + x + l 011 

x 3 + x + 1 0101110 

x3 + x2 + l * 0111010 

x4 + x + 1 010011010111100 

x4 + x3 + 1 * 011110101100100 

x 5 + x2 + 1 0100101100111110001101110101000 

x 5 + x3 + l * 0101011101100011111001101001000 

x5 + x4 + x2 + x + l 0111001101111101000100101011000 

x5 + x4 + x 3 + x + l * 0110101001000101111101100111000 

x5 + x3 + x2 + x + l 0101101010001110111110010011000 

x5 + x4 + x3 + x2 + 1 * 0110010011111011100010101101000 

6 5 0000011111101010110011011101101001001110001 
X +x + 1 

01111001010001100001 
6 

x +x+l* 
0000010000110001010011110100011100100101101 
11011001101010111111 

6 5 2 
x +x +x +x+l 

0000011110010010101001101000010001011011111 
10101110001100111011 

6 5 4 
x +x +x +x+l* 

0000011011100110001110101111110110100010000 
10110010101001001111 

6 4 3 
x +x +x +x+l 

0000010111111001010100011001111011101011010 
01101100010010000111 

6 5 
X +x 

3 2 
+x+x+l* 0000011100001001000110110010110101110111100 

11000101010011111101 

Table 3 2 The m-sequences for all the pnm.It1ve polynomials with degree less than 7 

Note* Each such polynom1al is the reciprocal polynomial of the entry munediately pre­

cedmg it The m-sequences are the reverses of each other 
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Sender Receiver 

message coded message 
-------.i + t--------~ 

message 

m-sequence 

Pnm1t1ve 
shift-register 

m-sequence 

nm1tlve 
sluft-reg1ster 

Figure 3 3 A secure commumcation system based on a simple 

model of pnm1hve LFSRs 
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We want to find a simple cryptographic system to encode the message between the sender 

and receiver, so that the eavesdropper can not understand what he or she hears Figure 3 3 

shows our simple model for the encoder and decoder 

In the sender part, assume the mformatlon digit at time z is q" and the m-sequence 

digit at time z is p1, we get the transmitted digit at time z by v
1 

= q
1 
+ p

1
, where v

1 
is the 

transmitted d1g1t at time z In the receiver part, we repeat the same process usmg the same 

pnm1t1ve shift-register Smee the field is GF (2) , we get q
1 

= v
1 
+ p

1
, where v

1 
1s what 

we receive at time z, and p
1 

is them-sequence digit at time z 

Smee the m-sequence has certam pseudo-randomness properties, the coded message 

will appear to be random and it is hard for the eavesdropper to understand the message 

However, we need to synchromze the registers m the encoder part and the decoder part 

Many techmques can be used to solve this problem 

We give a simple example to conclude this section Assume we have an m-sequence 

0101110010111 , and our message is 11100100101 So after encodmg, we have 

IO 1 11 000000 = 111 00 100 1 0 1 + 01 0 11100 10 1 

and m the receiver part, after we receive 10111000000, we can decode the message 

10111000000 + 01011100101 = 1 l 100100I01 
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At the same time, 1t 1s hard for the eavesdropper to understand the coded message 

There are many applications of m-sequences More detailed matenal can be found m 

Knuth [9], Shannon [ 1 O], and Golomb [ 11] about these applications 

3.4 A Particular Problem 

The sequences generated by the LFSMs, for example LFSRs or LHCA, can be used m Clf­

cmt testmg because ofthelf pseudo-randomness properties Figure 3 4 shows the appropn­

ate architecture for testmg 

Test Circmt 
Pattern Under 
Generator - Test ► -
(TPG) (CUT) 

Compactor 
Signature 

► Comparatm 

Figure 3 4 The architecture of the testmg 

In this thesis, we are only concerned with the TPG (Test Pattern Generator) In Chap­

ter one, We mtroduced two types of random test pattern generator One uses patterns gen­

erated by the LFSMs, and the other 1s a set of test vectors wntten m RO Ms We show an 

example here Let our circmt to be tested be that shown m Figure 3 5 

A 

F 

C 

Figure 3 5 A 3-Input circmt with F = AB+ C 
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We get the truth table for tlus circmt first, as shown m Table 3 3 

< ,~f: .- •,H : • • - • ; • ~ • • • : ,' ~'\ 

--·- •• - .> - · - • .L;. ·--- ••• "' • , ·~· ._,. ___ .:,.;,,,_:.a,.,:...'l.....,. L.~- .!....- ..... _ ..i,.:&-,; 

0 0 0 0 

0 0 ' 1 0 . . 
0 l 0 0 

0 
,-., . 

1 
,, 

1 r fl 0 
,, ... 

I, ,.. , 

I 0 0 0 

1 ; 0 i .. 
1 0 " ; , 

I 1 0 1 

1 1 1 0 

Table 3 3 The truth table of the circmt m Figure 3 5 

Now we can simulate the combmation of mputs m two ways one is by usmg an LFSM as 

the test pattern generator to simulate all the combmations except all 0-mputs, the other 

way is by choosmg some of the combmations as a set of test vectors 

If we decide to use the first method, we notice that we have three mputs, so we know 

we have to have an LFSM with a charactenstic polynomial of degree three And this poly­

nomial must be pnmitlve, so that we can get the maximum length cycle We only have two 

3 3 2 
pnmitlve polynomials x + x + 1 and x + x + 1 Both of them can give us the maxtmum 

length cycle Suppose we choose a 3-stage LFSR whose charactenstlc polynomial is 

3 2 
x + x + 1 to stmulate the mputs (Figure 3 6) We connect A to the output of si, B to s2 

and C to s3 

A B C 

Figure 3 6 A test pattern generator--an LFSR with charactenstlc 

3 2 
polynorrual x + x + 1 
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And for each time t the states of ALFSR are shown m Table 3 4 

t1 0 0 1 0 

t2 I ' 0 I 0 

t3 1 1 0 

t4 I I 0 1 

t5 0 1 1 0 

t6 I 0 0 0 

t7 0 l 0 0 

Table 3 4 The state patterns of the macbme m Ftgure 3 6 

After seven cycles, we have simulated all the combmatlons of mputs except the all-0 

mputs 

If we use the second method, 1 e usmg a determm1sttc test set, for example, we test the 

smgle stuck-at faults by usmg the test set { 111, 110, 100,010} as the set oftest patterns 

The easy way to get these patterns 1s to wnte this test set mto ROM and apply 1t to our c1r­

cmt But this can be expensive 

Smee the patterns generated by an LFSM with a pnm1t1ve polynomial generatmg all 

the combmatlons e>..cept 0-state, we can guarantee that the patterns mclude any test set 

which does not mclude the all-0 vector It seems that the second method 1s not necessary 

So why do we still keep the second method? The answer 1s because the number of mputs 

may be very large m the c1rcmt to be tested For example, 1fthe circmt has 16 mputs, then 

16 
all combmatlons of these mputs give 2 combmation And we may only need 10 of these 

vectors to be our test patterns Therefore, 1f we use an LFSM as the test pattern generator 

here, we may waste time 

Is there a way to combme these two methods? Let us go back to our problem By 

observation, we notice that 1f we start our LFSR with the state vector 111, and after 4 

cycles, we have a sequence { 111, 110, 011, l 00, 0 l O} Therefore, we mclude our test set 
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m a short sequence In tlus case, we only waste one state vector So, if we are given an n­

bits detenmrusttc test set with m vectors m it, we want to find an LFSM which can gener­

ate a sequence startmg with a vector m the test set and endmg with another vector m the 

test set and ideally the length of the sequence is a reasonably small number, at least m 

companson with the length of the sequence used for random pattern testmg ( often of the 

order of 100,000 patterns or more) 

This is the question which is addressed m the rest of this thesis In order to do more 

mvestigation, we give two more defimtions here We know we have two kmds of circmts 

combinational circuits and sequential circuits Correspondingly, we also have two kinds of 

test sets combmat1onal test sets and sequential test sets 

DefimtJ.on 3 5 A Combinational Test Set is a deterrmmstlc test set such that the order 

of applying the test vectors to the crrcmt to be tested does not affect the test result 

DefimtJ.on 3 6 A Sequential Test Set is a detenmmst1c test set such that the order of 

applymg the test vectors to the ctrcmt to be tested does affect the test result 

The complexity of findmg a sequential test set and embeddmg it mto a sequence from 

a LFSM 1s much higher, smce the order of the vectors 1s important In the rernamder of 

this thesis, we hm1t our attention to combmational test sets where the order of the vectors 

is irrelevant 
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Chapter 4 

Investigations for Small Degree 

LFSMs with pnmitlve polynomials can generate m-sequences and m-sequences are very 

useful as test patterns For convemence, we label such machmes as pnmitive machmes 

Although there is no defimtive proof that pnmit1ve LFSMs are better than other LFSMs as 

stimuli and compactors, this is concluded m recent research [ 15, 16) In general, pnmitive 

LFSRs seem to behave much better than the non-pnrmtive LFSRs both as stimuli and 

compactors 

From chapter 2 we know that LFSRs are the least expensive macbmes amongst the 

eqmvalence class of LFSMs And, there are s11mlanty transforms among LFSRs, LHCAs 

and general LFSMs So, we can expand the behavior of LFSRs and LHCAs to general 

LFSMs Then, we can conclude that, m general, pnmitive LFSMs behave better than non­

pnmitive LFSMs both as stimuli and compactors In the following chapters, we will only 

consider pnmitive LFSMs 

4.1 An Example 

Suppose we are given the circmt shown m the Figure 4 1 One of the mmimum test sets for 
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smgle stuck-at fault detection for this cucmt 1s I;= { 0100, 0101 , 0111, 1010, 1110 } 

From the previous chapter, we know that smce this 1s a combmat1onal test set, the order of 

the vectors does not matter 

A------. 

B 

C 
F 

o ___ ~ 

Figure 4 1 A 4-mput cucmt with F=ABC+CD 

The truth table for the c1rcmt m Figure 4 1 1s as shown m Table 4 l , and the highlighted 

rows are the test vectors m T 1 

A B C D F 

0 0 0 0 0 

0 0 0 l 1 

0 0 1 0 0 

0 0 1 1 0 

1 0 0 0 0 

1 0 0 
• - A' 

, , ~ ' 

. ~ . . .. - . . .. ..... . .,.., 

1 0 1 0 

1 1 0 0 0 

1 1 0 1 1 

Table 4 l The truth table for the circuit m Figure 4 1 
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We mtroduce the defimtion of test embedding, mzmmal test embedding and t-length 

Defimtlon 4.1 Suppose we have a test set T = { t I' t2, , tn } with n m-bit vectors 

And we have a sequence S = {si, s2, , sN} generated by a pnmitlve LFSM, such that 

m • * 
N = 2 - 1 Any S c S such that t

1 
E S for all z is a test embedding of T mto S The 

* smallest such S is defined to be the mzmmal test embedding and its length is the t-length 

of T with respect to S 

Note that the test vectors m T do not necessanly occur m the same order m S Our goal 

is to find the appropnate machme S which will give the smallest t-length of a given T over 

all possible chmces of S Consequently, this defirutlon is only smtable for a combmational 

test set 

Consider our example function Smee it has four mputs, we need a 4-stage LFSM 

Suppose we connect S1 to A, S2 to B, S3 to C, and S4 to D For degree 4, we have two 

4 3 4 
pnmitlve polynomials, x + x + 1 and x + x + l We have two types of LFSRs, and of 

LHCAs Hence we can get four pnmitive LFSRs and four primitive LHCAs 

For all these pnmitlve LFSRs, we can get their sequences (Table 4 2) For conve­

ruence, we use the correspondmg decimal number to represent the state of each LFSR 

ThetestsetT1 is {4,5, 7, 10, 14} ,andthehighlightedcellsarethetestvectorsmT1 By 

mspectmg Table 4 2, we see that we need 10 rows of column one to embed T 1, 11 rows for 

column two, 9 rows for column three, and 10 rows for column four So by the defimtion of 

t-length, we find that t-length of T 1 with respect to S is 9 And sequence S is generated by 

4 
the LFSR(I) with pnmitive polynomial x + x + 1 The transition matnx for this LFSR is 

0 1 0 0 

T= 0010 
0 0 0 1 

l 1 0 0 



CHAPTER 4 INVESTIGATIONS FOR SMALL DEGREE 

Time LFSR(I) with LFSR(II) with LFSR(I) with LFSR(II) with 
4 3 

x +x + l 
4 3 

x +x + l 
4 

x +x+ l 
4 

X +x+ 1 

1 

9 8 12 8 

tg 

It-length 

Table 4 2 The t-lengths ofT 1 with respect to sequences generated by 4-stage LFSRs 

and its cucmt diagram is shown m Figure 4 2 

Figure 4 2 The diagram of LFSR(I) with pnmitlve polyno-

4 
rrual x + x + l 

36 

S1m1larly, we can get the correspondmg sequences for these four pnmitive LHCAs 
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(Table 4 3) Agam, the lughhghted cells are the test vectors m test set T 1 

Time 

ti 

t2 

t3 

t4 

t5 

t6 

t7 

tg 

½ 
t10 

t11 

t12 

t13 

114 

t15 

It-length 

LHCA with 
1010 

1 

2 

LHCA with 
0101 

LHCA with 
I IOI 

LHCA with 
!Oil 

Table 4 3 The t-lengths of T I with respect to sequences generated by 4-stage LHCAs 
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From Table 4 3, by observation, we see that we need 11 rows of column one to embed 

the test set T 1, 10 rows for column two, three and four So, the pnrrutlve LHCAs with rules 

010 I, 1101, or 1011 can all generate a sequence S such that the t-length of T 1 is 10 with 

respect to 1t We arbitranly choose the LHCA with rule 1101 as the generator of sequence 

S The transition matnx for this LHCA 1s 

1 I O 0 

T = 1 1 1 0 
0 1 0 1 

0 0 1 1 
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and its circmt diagram is shown m Figure 4 3 

0 

-, (150) 1 ◄ ► 1 (150) 1 ◄ ► 1 (90) 1 ◄ ► 1 (150) .... l ◄-­
o 

Figure 4 3 The diagram of LHCA with charactenstlc polyno-

4 3 
mial x + x + 1 
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4 3 
However, we can find a pnmitive LFSM with pnmitive polynomial x + x + l which 

generates a sequence S such that t-length of T 1 is 6 The sequence S is shown m Table 4 4 

The highlighted rows are the test vectors m T 1 

jTime IIS4 II Decimal 

0 0 0 1 1 

0 l 13 

l 15 

0 6 

t11 l 0 l l 11 

t12 1 0 0 0 8 

t13 1 1 0 0 12 

t14 0 0 1 0 2 

t15 1 0 0 1 9 

Table 4 4 Sequence generated by a pnmitlve LFSM 

Although this machme has shorter t-length than either the LFSRs or the LHCAs, 1t also 
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bas a more complex structure Its transition matnx is 

1 1 0 0 

T = I 1 1 0 
1 0 0 1 

1 1 0 1 

and its diagram is shown m Figure 4 4 

... +-----r----~ ... 

Figure 4 4 The diagram of LFSM with characteristic polyno-

4 3 
mial x + x + 1 
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From chapter 2, we know that LFSRs have the least expensive implementation of any 

machme m the particular class From the above example, we see that the LFSR(I) with 

4 
characteristic polynomial x + x + I gives t-length 9, the LHCAs with rules 0101 , 1101 , 

or 1011 give t-length 10, and a particular LFSM gives shorter t-length 6 So this particular 

LFSM is better than the LFSR and the LHCAs because it gives the shortest t-length for 

our example But on the other hand, comparing Figures 4 2, 4 3, and 4 4, we see that the 

particular LFSM has a much more complex structure than the LFSR and the LHCA This 

means when we reduce the t-length, we may mcrease the chip area We always need to 

balance the trade-off between the time and area 
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4.2 Phaseshifts between the Bitstreams 

In the previous section, we give some sequences generated by pmmtive LFSMs By com­

panng the b1tstreams of each stage, we see that they all have the same bitstream but with 

different starting position Is this true for all the sequences generated by the pnmitlve 

LFSMs? In Table 4 5 we give the bitstreams for each stage of the 4-stage LHCA (which of 

course is an LFSM) with pnmitive polynomial x4 + x 3 + 1 

Time S3 Decimal 

t1 0 1 1 

t2 1 1 3 

t3 1 0 6 

t4 1 11 

t5 1 0 1 0 

t6 0 0 9 

t7 1 1 15 

tg 0 0 0 4 

½ 1 l 1 0 14 

t10 0 l 1 7 

t1 I 1 0 8 

t12 1 1 12 

t13 0 0 2 

t14 0 1 5 

t15 1 1 13 

Table 4 5 The bitstreams of the LHCA with x4 + x 3 + 1 

From Table 4 5, we see that, starting with each lughhghted cell, every stage has the 

same bitstream 000111101011001 The only difference is the startmg position In fact, 

previous work has shown that the bitstream from any stage of any LFSR or LHCA is iden­

tical, independent of the implementation [12], [13], [14] The bitstream is only dependent 
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on the charactenstlc polynomial If an LFSR and an LHCA have the same charactenstic 

polynomial, they have the same bitstream [13], [14] Paul H Bardell discusses phaseshifts 

between the bitstreams m [19] Smee LFSRs, LHCAs and all other LFSMs are m an 

equivalence class and there are similanty transforms amongst them, it follows that for any 

n-stage pnmitive LFSM, the bitstream (it is them-sequence smce our machines are pnmi­

tlve) for each stage is identical except for the startmg positions Then, we can charactenze 

the pnmitive LFSMs by the starting position of each m-sequence We can arbitranly 

choose the startmg position of the m-sequence From Table 4 5, if we arbitranly choose 

the m-sequence as 00011110 IO 1100 I , then the starting position m column one for this m­

sequence is 1, the startmg position m column two is 4, the startmg position m column 

three is 14, and the starting position m column four is 11 So, we can use the charactenstlc 

sequence (1, 4, 14, 11)-the mdex of time to represent our LFSM m Table 4 5 Ifwe change 

the startmg pomt of our m-sequence, the charactenst1c sequence is changed also For 

example, if our m-sequence is 11110 l O 11001000 , our charactenstlc sequence for our 

LFSM m Table 4 5 is (4, 7, 2, 14), and it represents the same machine as (1, 4, 14, 11) 

which usmg different m-sequence So, every tIIDe we use the charactenstlc sequence to 

represent the LFSM, we need to mclude the m-sequence 

From Table 4 5, by observation, we see that we can use the vectors which are follow­

mg the urut vectors to get the transit10n matnx of the LFSMs In Table 4 5, the urut vectors 

are t1 (0001), t8 (0100), t 11 (1000), and t13 (0010) Consider that the transition matnx for 

x4 + x3 + 1 which is 

1 1 0 0 

T = 1 1 I 0 
0 1 0 1 

0 0 1 1 

and m Table 4 5 the vectors followmg the urut vectors are t12 1100, ~ 1110, t14 0101, and 

t2 0011 Comblillng those state vectors, we get 



CHAPTER 4 INVESTIGATIONS FOR SMALL DEGREE 

l 1 0 0 

T'= 1110 
0 I O l 

0 0 l l 

and T and T' are the same This is a useful general result which is proved below 

42 

Theorem 41 If we have the maximum-length cycle of a prurutlve LFSM, we can get 

its transition matnx by usmg the next state vectors of the urut vectors 

Proof Letu 1 = (1,0, ,0), u2 = (0, 1, ,0), , um= (0,0, , 1) betheumt 

vectors, T = Gm + be the transit10n matnx, u
1 

be the next vector of the umt 

+ 
vector u 

1 
, and u 

1 
= u 

I 
T Therefore smce 

and 

ul T= (tll'tl2' ,t1m) 

U2 T = (t21' t22' 'l2m) 

+ 
u T = u 

I I 

So the first row of T is the state vector followmg u 1 , the second row of T is the state vec­

tor followmg u2 , and s1mtlarly for the other rows 

QED 

From theorem 4 1, we can denve the transition matnx of a pnm1t1ve LFSM by usmg 

its state vectors Also, the pnmitlve LFSMs have identical m-sequences for each stage 

Then, we can "construct" the pnm1tlve LFSMs usmg the m-sequence we know and denve 

the trans1t10n matnces of them usmg their state vectors But how do we construct the 

machines and how do we know 1f they are prurutlve? Smee we use the startmg pos1t1ons of 
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them-sequences to represent the pnm1tlve LFSMs, we may get another pnm1tive LFSM 1f 

we change one startmg position m the charactenstic sequence Tlus change is the same as 

shiftmg the bitstreams for some stages So based on Table 4 5, if we shift them-sequence 

up or down arb1tranly, can we get another pnrrutive LFSM? For example, 1fwe shtft 5 bits 

down for stage S2 m Table 4 5, we get the sequence m Table 4 6 

Time S2 S3 S4 Decimal 

t1 0 0 1 

t2 0 1 1 7 

t3 0 0 1 0 2 

t4 1 1 1 1 15 

ts 1 0 14 

t6 1 0 0 1 9 

t7 1 0 1 1 11 

tg 0 0 0 4 

~ 1 1 0 10 

t10 0 0 1 3 

t11 1 0 8 

t12 1 1 12 

t13 0 1 6 

t14 0 1 5 

t15 1 1 13 

Table 4 6 The sequence generated by shtftmg S2 5 bits down from Table 4 5 

From Table 4 6, we see that it is a pnmitive LFSM smce it still has the maximum­

length cycle If we use m-sequence 000111101011001 , the charactenstlc sequence for 

this pnm1tive LFSM is (I, 9, 14, 11) By usmg the state vectors followmg the urut vectors, 

we have its transition matnx T = 

1 1 0 0 

1 0 1 0 

1 1 1 1 

0 1 1 1 

The diagram for thts pnm1tlve LFSM is 
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them-sequences to represent the pnm1tive LFSMs, we may get another pnmitive LFSM 1f 

we change one startmg position m the charactenstic sequence This change 1s the same as 

shiftmg the b1tstreams for some stages So based on Table 4 5, 1f we shift the m-sequence 

up or down arbitranly, can we get another prumtlve LFSM? For example, ifwe shift 5 bits 

down for stage S2 m Table 4 5, we get the sequence m Table 4 6 

Time S2 S3 S4 Decimal 

t1 0 0 1 1 

t2 0 l l 7 

t3 0 0 0 2 

t4 l l l 15 

t5 0 14 

t6 1 0 0 1 9 

t7 1 0 I 1 11 

tg 0 1 0 0 4 

t9 1 0 10 

t10 0 0 1 3 

tu 1 0 8 

t12 1 1 12 

t13 0 1 6 

t14 0 1 5 

t15 1 1 13 

Table4 6 The sequence generated by sluftmg S2 5 bits down from Table 4 5 

From Table 4 6, we see that 1t is a prumtlve LFSM smce 1t still has the maximum­

length cycle If we use m-sequence 000111101011001 , the charactenstlc sequence for 

this pnmit1ve LFSM is ( 1, 9, 14, 11) By usmg the state vectors followmg the umt vectors, 

l l O 0 

we have its transition matnx T = 1 O 1 O The diagram for this pnmittve LFSM 1s 
l 1 1 l 

0 1 1 1 
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shown m Figure 4 5 

Figure 4 5 The diagram of LFSM with charactenstlc polyno-

4 3 
m1al x +x + 1 

However, ifwe shift 3 bits up for stage S2, we get the sequence m Table 4 7 

Time S3 S4 Decimal 

t1 0 l l 

t2 0 0 l 3 

13 0 0 0 2 

14 l l l l 15 

15 l l l 0 14 

t6 l l 0 l 13 

17 l l l 15 
. . .. . - -; 

- . . ~ . . - . .. .. .. 
½ l l 0 14 

t10 0 0 l 3 

111 l l 12 

t12 l l 12 

113 0 0 2 

114 0 0 l 

115 l l 13 

Table 4 7 The sequence generated by shiftmg S2 3 bits up from Table 4 5 
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From Table 4 7, we see that row 8 1s the all-0 vector, row 7 1s a duplicate vector of row 

4, row 12 1s a duplicate vector ofrow 11, and so on We have duplicate vectors l, 2, 3, 12, 
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13, 14, and 15 Clearly, this machme does not have a maximum-length cycle Therefore, 1t 

1s not a pnm1t1ve LFSM From this example, we see that 1f we use m-sequences to con­

struct the LFSMs, the resultmg machine 1s not pnm1tlve 1f 

1 It does not have the maximum-length cycle 

2 It has all-0 vectors 

3 It has duplicated vectors 

Any of these three conditions 1s sufficient for us to Judge that the LFSM 1s not pnm1t1ve 

However, we can establish some of these results more formally by cons1denng state-space 

column rotations [7] 

State-space column rotat10ns 

n 
Let M be a pnm1t1ve LFSM with state space S (S 1s 2 - l by n) Let R be a column rota-

tion of S The term vector always refers to a row of the state space or the rotated state 

space Define Ras good 1fthere exists an LFSM M' such that the state space ofM' 1s R If 

R 1s good, the LFSM M' 1s s1m1lar to M Denote the s1mllanty transform by Q, so that SQ 

=R 

Lemma42 R is good iff rank(R) = n 

Proof Frrst note that R is good 1ff there exists a sim1lanty transform Q between Sand R 

IfR 1s good, the rank of S (which is n) is preserved by Q, and so rank(R) = n 

To prove the converse, we show that the number of simllanty transforms equals the 

number of rotations with rank n Smee no two s1m1lanty transforms give the same rota­

tion, we conclude that good rotations are m 1 to 1 correspondence with rank n rotations 

The number of s1milanty transforms 1s exactly the number of mvert1ble matnces, 

A rotat10n has rank n 1ff the columns are linearly independent We consider how the 

columns can be rotated so as to be linearly mdependent Note that any column has 2n - l 

rotations Supposing that k-1 columns have already been placed, the kth column can be 
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placed with any rotation that 1s not a lmear combmat10n of the previous k-1 columns 

Smee every non-zero lmear combmatlon of the k-1 columns excludes a rotation of the kth 

column, and there are l- I -1 non-zero hnear combmatlons, there are 

l 2n - 1 J-l l - I - l J possible rotations This gives the total number of lmearly mde­

pendent rotations as l 2n - 1 Jl 2n -2 Jl 2n -4) l 2n -2n-
1 J, which equals N 

QED 

Theorem 4 3 R 1s good 1ffR contams all the umt vectors 

Proof ( ⇒) Suppose R 1s good Smee Q has full rank, Q defines a 1 to 1 correspondence 

between the non-zero state space and itself Hence R contams all non-zero vectors, mclud­

mg the umt vectors 

(<:=)If R contams all n umts vectors, then clearly R has rank n By Lemma 4 2, R 1s 

good 

QED 

Theorem 4 4 R 1s good 1ff R does not contam the zero vector 

Proof ( ⇒) Suppose R 1s good Then Q has full rank, and cannot map a non-zero vector 

to the zero vector Hence SQ = R does not contam the zero vector 

( <=) We prove the contrapos1t1ve Suppose R 1s not good By lemma 4 2, R has rank 

k, with 1 ~ k < n Without loss of generality, arrange the columns of R so that the first k 

columns are hnearly mdependent 

We claim that the first k columns of R contams a zero k-tuple To see this, consider 

any good rotation R' havmg the same first k columns as R (such a rotation 1s easily 

obtamed) As R' 1s good, 1t contams the umt vector un , which 1s zero m its first k compo-

nents Hence R also contams a zero k-tuple m the first k columns 

Cons1denng R agam, the lmear dependence of the last n - k columns on the first k 

columns ensures that the remamder of the partially-zero vector 1s also zero 

QED 

Accordmg to theorem 4 4, 1f we have a sequence S generated by a pnm1tive LFSM, 
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the m-sequence is dependent only on the charactenstic polynomial, and smce we can 

denve all the pmrutlve polynomials, we should be able to get all the pnmitlve LFSMs 

This is discussed m the section below 

Time S4 Decimal 

t1 1 3 

t2 1 3 

t3 0 6 

t4 1 11 

t5 l 0 0 0 8 

t6 l 0 1 11 

t7 l 1 0 l 13 

tg 0 1 0 6 

t9 1 1 0 14 

t10 0 1 0 5 

0 13 

Table 4 9 The sequences generated by shifting S3 l bits up from Table 4 5 

4.3 The Number of Primitive LFSMs 

From the previous sect10n, 1t follows that we should be able to get all the pnm1t1ve 

LFSMs One way 1s domg the column rotations on all the m-sequences and usmg theorem 

4 4 to Judge the results Figure 4 6 shows an algorithm wruch can calculate the number of 

pnm1t1ve LFSMs usmg column rotat10ns 
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Step l Get all the pnnutive polynomials for degree n 

Step 2 Fmd all the m-sequences usmg the pnm1tlve LFSR or LHCA 

Step 3 For each m-sequence, do the column rotations and check for each result 

1f 1t 1s a pnm1tlve LFSM accordmg to theorem 4 4 

Figure 4 6 Algonthm to calculate the number of pnm1tlve 

LFSMs for degree n 

And Figure 4 7 gives the pseudo-code for step 3 

Define N degree 

Define M length of m-sequence 

Begm 

From I to M 

From l to M 

End 

Begm 

set flag true, 

From l to M /* total N for loop*/ 

Begm 

do the column rotation, 

1f all N bits are 0 

End 

set flag false , 

break, 

1f flag 1s true mcrease count, 

End 

Figure 4 7 Pseudo-code of algonthm m Figure 4 5 

49 
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For the pseudo-code in Ftgure 4 6, when we do the column rotatt0n, we do not rotate 

the first column in order to ensure we generate only non-duphcate pnrruhve LFSMs We 

know that we can represent a pnmitlve LFSM using the start positt0n of them-sequences, 

and we need to refer to them-sequence For example, we can use (1, 9, 14, 11) to represent 

a 4-stage pnmihve LFSM in Table 4 5 with m-sequence 000111101011001 Obvt0usly, 

(2, 10, 15, 12) wtth m-sequence 001111010110010 ts the same machme as (1, 9, 14, 11) 

with 000111101011001 because we change the start positt0n of the m-sequence from 

000111101011001 to 001111010110010 And the start positlons of the m-sequences are 

arbttrary Therefore, our program only counts distmct pnmthve LFSMs 

n 
For an n-stage LFSM, the maxtmum number of states tt can achieve ts 2 - 1 That ts, 

n 
the correspondmg dectmal states vary from 1 to 2 - 1 It follows that the maxtmum pos-

stble number of dtstmct pnmthve LFSMs ts l 2n - 2 Jr , tf we 3ust looked at placing all the 

entnes m arbttrary posthons 

Table 4 l O shows the number of posstble pnm1ttve LFSMs, the actual number of pnm-

1t1ve LFSMs calculated by our simulation program, and the ratto of these two values for 

degree n less than 6 

Degree 
Actual Posstble 

Percentage 
Number Number 

2 2 2 1 00 

3 48 720 6 67 X 10- 2 

4 2688 8 72 X 10 10 3 08 X 10- S 

5 1935360 
2 65 X 10

32 7 30 X 10-2
? 

Table 4 l O Tue number of prumtlve LFSMs for degree less than 6 

In Table 4 10, the number of possible primitive LFSMs mcreases qmckly when the 

degree n mcreases At same time, the actual number of pnm1t1ve LFSMs increases much 

more slowly than the possible number We can see this from the percentage column When 
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-27 
the degree equals 5, the ratio of actual number to the possible number 1s 7 30 x 10 It 

n 
follows that 1f we are given the numbers from 1 to 2 - 1 , and we place them m an arbi-

trary order, the poss1b1hty of this resulting rn a pnm1tlve LFSM 1s very small 

4.4 Statistics on Primitive LFSMs 

For small sizes of degree n, we can find all the pnm1t1ve LFSMs And 1t 1s easy for us to 

do the systematic simulation If we have the same model for both small sizes and large 

sizes of degree n, we can expand the conclusions from the small size to the large size 

Smee we can find all the pnm1t1ve LFSMs for small size of degree n, we want to see 1f we 

can find a small t-length for any test set with n-b1t test vectors over all pnm1t1ve LFSMs 

We do the simulation for degree n equal to 4 We only consider the combmat1onal test sets 

m order to stmphfy our problem We approach the simulation m the following manner, 

For any given test set with m vectors, we want to see 1f we can find a machine which 

generates a sequence S 

l with t-length equal tom, 

2 with t-length = m+ l 1f we can not find a machine satisfymg 1, 

3 with t-length = m+2 1fwe can not find a machrne satisfymg both l and 2 

Note that we only do the s1mulat10n on t-length up to m+2 This 1s because of hm1tatlons 

to our computing ab1hty When we do the s1mulat1on, we need to determme the value of m 

If we choose m < 4, the simulation results will lose generahty smce m 1s too small Form 

> 8, we can consider its complement set and (15 - m) < 8 Therefore, we choose mas 4, 5, 

6, 7, and 8 Note that the degree n 1s 4 for the s1mulat1on So, all the vectors m the test sets 

m 
are 4-bit vectors Then, 1t follows that we have C 

15 
15' 

= m 1 ( 15 
_ m) 1 possible combma-

tlonal test sets for each m Table 4 11 gives the total number of combinational test sets for 

eachm 
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Test Set Size 
Total Number of 

Combmat10nal Test 
m 

Sets 

4 1365 

5 3003 

6 5005 

7 6435 

8 6435 

Total 22243 

Table 4 11 The total number of combmational test sets for different test set size for degree 
4 

For degree n equal to 4, we know from the previous section that there are 2688 pnmi­

tlve LFSMs Accordmg to Table 4 11, we do the simulation on 22243 test sets Then, for 

each of these test sets, is it possible to find a proper machme amongst the 2688 pnm1t1ve 

LFSMs, such that this machme gives the t-length which equals its size m or m+ 1 or m+2? 

In order to answer this question, we use the algonthm m Figure 4 8 In this algonthm, we 

use the same method as m the previous section to find all the pnmitlve LFSMs 

1 Imtiahze the counter of each test set as 0 

2 For each test set, if it appears consecutively m these pnmitive LFSMs, 

mcrease its counter Calculate the total number of non-zero counters for all 

sets 

3 For those test sets whose counter is O after step 2, repeat step 2 by addmg 

one vector to each of these test sets 

4 For those test sets whose counter is O after step 3, repeat step 2 by addmg 

two vectors to each of these test sets 

Figure 4 8 Algonthm to calculate how many test sets have t-length 

equal tom, m + l, or m +2 over all 2688 4-stage pnmitive LFSMs 
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Test 
Total Number Number Number Number 

of of Test of Test of Test 
Set 

Combmat10nal Sets Sets 
Percentage 

Sets 
Percentage 

Size 
Test Sets Satisfy 1 Satisfy 2 Satisfy 3 

4 1365 840 1260 0 92 1365 l 00 

5 3003 1680 2835 0 94 3003 l 00 

6 5005 2520 4480 0 90 4992 0 997 

7 6435 2520 5070 0 79 NIA NIA 
8 6435 2520 NIA NIA NIA NIA 

Table 4 12 The simulation results for the algonthm m Figure 4 7 

Table 4 12 shows the simulation results Column one is the size of test set and 1t vanes 

from 4 to 8 Column two is the total number of possible combmational test sets for each m 

m 
Note that by usmg equation C 

15 
= 

15 1 
( 

5 
) , , when m equals 4 there are the same 

m1 l -m 

number of combmat1onal test sets as when m equals 11 S1m1larly form equal to 5 and l 0, 

etc Column three 1s the number of test sets which satisfy l That 1s, for any of these test 

sets, we can find at least one machme amongst the 2688 pnm1t1ve ones such that it gives t­

length m which equals its size Note that row 3, row 4 and row 5 have the identical value 

2520 Column four 1s the number of test sets which satisfy 2 That 1s, for any of these test 

sets, we can find at least one machme amongst the 2688 ones such that 1t gives t-length 

m+ 1 Column five 1s the ratio of column four and two The smallest number 1s O 79 This 

means that by addmg one more vector to the ongmal test set, we can find machmes 

amongst the 2688 machines such that they give t-length m+ 1 for at least 70% of the possi­

ble test sets Then, column six and seven report the numbers for cond1tton 3 This time, the 

smallest percentage 1s 0 997 So, almost 90% of total test sets satisfy condition 3 These 

are all shown m Figure 4 9 Note that we have some m1ssmg entnes form equal to 7 and 8 

This 1s because of hm1tat10ns on our computmg power 

Accordmg to Figure 4 9, 1t follows that, for any test set, the upper bound of the differ­

ence between the t-length and the test set size should not be bigger than 5 We give another 
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algonthm to calculate the biggest t-length for all the test sets with different sizes For 

every test set, there exists a smallest t-length over all pnmittve LFSMs We can group 

these numbers accordmg to their test set size The maximum t-length is the largest number 

m each group This algonthm is shown m Figure 4 10 And Table 4 13 shows the results 
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Figure 4 9 The simulation results,' --- ' for column 3 m Table 

4 12,' - -' for column 4, and' 'for column 2, and '-'for 

column 6 

1 Irnttahze count C for test sets of size m to be N 

9 

2 For each test set, find the maxtmum gap size G over all 2688 pnmitlve 

LFSMs 

3 If G < C, set C to be G 

4 Repeat 2, 3 for all test sets of s12e m 

5 The biggest t-length for all test sets of size m is N-C 

6 Do 1-5 for all different size m 

Figure 4 10 Algonthm to calculate the maximum t-length 

for all test sets with different size m 
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Size of the Test Set 
Maximum T-

Difference 
Length 

4 6 2 

5 7 2 

6 9 3 

7 11 4 

8 12 4 

9 12 3 

10 12 2 

11 12 1 

Table 4 13 The maximum t-lengths for all test sets with different size m 

From Table 4 13, we see that, for all test sets with size m, the upper bound of the dif­

ference between the t-length and its size 1s 4 It follows that, for any combmat1onal test 

sets with 4-bit test vectors, there exists at least one pnmitlve LFSM such that it gives a t­

length no bigger than its size plus 4 unfortunately, we do not know the proper way of find­

mg these machmes Accordmg to theorem 4 1, one reasonable approach might be 

l If we have an all zero vector, omit that vector and only consider the rest of the vec­

tors 

2 If we have all the urut vectors m the sequence, try to use the next vectors as the tran­

sition matnx 

3 If we do not have all the urut vectors m the sequence, add them mto the sequence 

and repeat step 2 

Usmg this approach does not guarantee that it results m the best pnm1t1ve LFSMs How­

ever, if we know the distnbutlon of all the t-lengths over all pnmitlve LFSMs for all test 

sets, we also know the probability of choosmg the proper machmes if we randomly pick 

one Figure 4 11 gives the distnbutions of all the t-lengths over all 2688 4-stage pnm1t1ve 

LFSMs for all test sets with size 4, 5, and 7 Figure 4 12 gives the distnbutlons of all the t­

length over all possible pnmitlve LFSMs, i e all the combmat1ons of numbers from l to 

15, for all test sets with size 4, 5, and 7 
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From Figure 4 11 and 4 12, we see the distnbutions m the two figures appears to be 

identical Th.ts is because the pnmitive LFSM generates the pseudo-random patterns We 

can see from the distnbution curves that most test sets with size 4 have t-length 10, most 

test sets with size 5 have t-length l O or 11, and most test sets with size 7 have t-length 12 

Also, 85% of the test sets with size 4 have t-length less than 11, 89% of the test sets with 

size 5 have t-length less than 12, and 89% of the test sets with size 7 have t-length less 

than 13 Then, ifwe randomly pick a pnmitive LFSM for a test set, we will most hkely get 

a t-length m the mid-range of the distnbution curve 

4.5 Summary 

Generally, pnmitive LFSMs are better than the rest of the LFSMs as stimuli and compac­

tors for testmg digital circmts That is why we choose pnmitive LFSMs for our investiga­

tion In previous work, most research concerns the study of the formal properties of a 

particular type of LFSM Very httle has been done m the opposite direction In this chap­

ter, we mvestigate the relationship between the rn-sequences and LFSMs We present 

some theorems about rnappmg a sequence to an LFSM 

By domg the systematic mvestigatton on degree n equal to 4, we can conclude that for 

any given 4-bit test set, there exists a pnmttive LFSM wluch gives a small t-length How­

ever, we do not have any effective method of findmg this machine beyond a systematic 

search We present a reasonable approach And by providmg the distnbutions of the t­

length over 4-stage pnnutive LFSMs, we conclude that tlus approach is acceptable for 

small degree n 
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Chapter 5 

Investigations for Large Degree 

In the previous chapter, we mveshgate the problem for small degree We give the relation­

ship amongst the pnmihve polynomials, the m-sequences, and the number of pnmihve 

lmear fimte state machmes We present some theorems about the phaseshifts We do the 

mvestigahons for degree n equal to 4 According to the simulation results, we know that 

there exists a pnm1tive LFSM which gives small t-length for any given 4-bit test set How­

ever, the cucmts on VLSI crnps are often very complex We may have more than 10 

mputs In this chapter, we first do some mvestigations for larger degree Then, we present 

an alternative approach 

We first introduce two more complex combmat10nal circmts and their test sets One is 

the 74181 4-bit arithmetic logic umt with three different test sets, the other one is 8-bit np­

ple adder with its one test set These are 14-mput and 17-mput c1rcmts respectively for the 

two circmts We simulate more than 7,500 sequences generated by LFSMs and analyze 

the results 

Then, we present an alternative way to approach our problem We partit10n each test 

set mto groups For each group, we use a small degree LFSM And we combme the state 

patterns together to get the ongmal test set This can reduce the t-length However, we 

need to consider the added complexity of control which is reqmred to get the correct com-



CHAPTER S INVESTIGATIONS FOR LARGE DEGREE 59 

bmation 

5.1 Primitive Linear Finite State Machines 

From the previous chapters, we know that we can get the total number of pnmitive poly­

nomials by usmg equation k(n) = <1>l 2n - 1 )in, where <I> (n) = n L ( 1 - 1 I p) and 
p jn 

n is the degree of the pnmihve polynomials In chapter 4, we explore the relationship 

among the pnmitive polynomials, the m-sequences, and the number of pnmltive LFSMs 

Accordmg to this relationship, we get an equation to calculate the number of pnm1tive 

LFSMs for each degree n In this chapter, we mtroduce the followmg theorem 

Theorem 51 Let n be the degree of polynomial, k(n) be the number of pnm1t1ve poly-

nom1al for degree n, m(n) be the number of m-sequences for degree n, and f(n) be the 

number of pnmitive LFSMs for degree n Then 

and 

and 

k(n) = ct{ 2n - 1 ) i n where <I> (n) = n L (1 - l I p) 
pjn 

m (n) = k(n) 

f(n) = (k(n)) ( 2n -2 )( 2n -4) 
f( 1) = 1 

( 2n -2n- I) h 1 w eren> , 

Proof The first equation is proved in [ 6] And from the defirution of m-sequences and 

previous work of chapter 4, we know that them-sequence 1s only dependent on the pnm1-

t1ve polynomial So the number of pnmitlve polynomials determmes the number of dis­

tmct m-sequences for each degree 

It is tnv1al for n=l For n>l, from the previous chapters, we know that the number of 

pnmitive LFSMs equals the total number of distmct column rotations for all m-sequences 

Smee a rotation has rank n iff the columns are linearly mdependent, we consider how the 

columns can be rotated so as to be linearly mdependent Note that any column has 2n - l 
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rotations Supposmg that k-1 columns have been placed, the kth column can be placed 

with any rotation that 1s not a hnear combmat1on of the prev10us k-1 columns Smee every 

non-zero lmear combmation of the k-1 columns excludes a rotation of the kth column, and 

there are 2k- I - l non-zero hnear combmatlons, there are l 2n - l )-l 2k- 1 
- l) possible 

rotations In order to get the d1stmct column rotations, we can not rotate the first column 

So this gives the total number of pnm1t1ve LFSMs for one pmmtlve polynoIDial as 

l 2n - 2 )l 2n - 4) l 2n - 2n -
1

) Then, the total number of pnIDitlve LFSMs for degree 

n 1s the total number of pnmitive polynomials times the above number which gives 

QED 

Table 5 l shows the number of pnmitlve polynomials, the number of m-sequences, 

and the number of pnm1t1ve LFSMs for each degree n 

n k(n) m(n) f(n) 

I l l l 

2 l l 2 

3 2 2 48 

4 2 2 2688 

5 6 6 1935360 

8 16 16 
::::::3 36 X 10

17 

14 756 756 
:::::: l 34 x 10

57 

17 7710 7710 
:::::: 1 69 X 10

85 

Table 5 1 Total number of pnmitlve polynomials, m-sequences and pnmitlve LFSMs for 
different degrees 

From Table 5 1, we can see that the number of pnmitlve LFSMs for each degree 

mcreases very qmckly as the degree mcreases For example, when n is 5, f(n) is 1,935,360 

85 
When n becomes 17, f(n) is I 69 x 10 That is, when n mcreases by a factor of3 40, f(n) 

79 
mcreases by a factor of almost 10 This means that, for a given test set with large num-
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bers of mputs, there exists a prumt1ve LFSM which gives a small t-length However, 1f we 

randomly choose a pnrrutlve LFSM, the poss1bihty of choosmg the proper machine which 

gives the small t-length is varushingly small 

Note that we may have different connections between the mputs of a crrcmt under test 

and the stages of an LFSM Consider that if we have a 4-mput combmatlonal circmt, we 

use a 4-stage LFSM as the test pattern generator Then, we can connect our mputs for the 

cucmt A, B, C, and D to the stages S1, S2, S3, and S4 of the LFSM We have the poss1bihty 

of arbitrary connect10n pattern between them Consequently, we have 24 different connec­

tion patterns between the mputs and the stages If we use the column rotation idea, we can 

get all the possible connections with no extra work However, this may cause a more com­

plex LFSM which reqmres extra XOR gates 

5.2 Some Test Sets of 74181 and Simulation Results 

5.2.1 74181 and Some Test Sets 

The 74181 4-bit ALU (Figure 5 1 [17]) 1s one of the more complex standard combma­

tlonal mtegrated cucmts The cucmt has 14 mputs, 8 outputs, 63 logic gates, 200 nodes 

(potential fault sites), and 400 smgle stuck-at faults [ 17] There are 10 distmct mlllimal 

complete smgle stuck-at fault test sets and we use three of them [18] These three deter­

mirustlc test sets all have 14 14-bit vectors Table 5 2, Table 5 3 and Table 5 4 show these 

test sets 

We want to find the smallest t-length for each test set over all pnm1tive LFSMs Thus, 

for each test set, we need to get the correspondmg t-length over every prumtlve LFSM, 

and find the smallest one amongst these numbers 

5.2.2 Simulation Results 

Accordmg to theorem 5 1, for degree n equal to 14, we have 756 pnm1tive polynomials, 

57 
and 1 34 x 10 pnrrut1ve LFSMs Therefore, we have 1,512 pnrrutive LHCAs, 756 pnm-
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Figure 5 1 The diagram of the 74181 ALU 
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M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

I) 0 0 0 0 1 0 0 0 1 0 1 1 1 1 

2) 0 0 I 1 0 I 0 0 0 0 0 0 0 1 
3) 0 0 1 I 0 I 0 1 0 I 1 0 1 1 
4) 0 0 1 1 0 1 I 0 1 1 1 1 0 0 
5) 0 0 1 1 0 1 1 1 1 0 0 1 1 1 
6) 0 1 0 0 I 0 0 0 1 0 0 1 1 I 

7) 0 1 0 0 1 0 0 1 0 I 1 0 0 0 
8) 0 1 0 0 1 0 1 0 0 0 1 0 0 1 

9) 0 1 0 0 1 1 0 0 1 1 1 0 1 0 

10) 1 0 0 0 1 0 1 0 1 0 1 0 1 0 

11) 1 0 1 1 1 1 0 0 0 0 0 0 0 0 

12) 1 0 1 1 1 1 0 1 0 1 0 0 1 0 

13) 1 1 0 1 1 0 1 1 1 1 0 0 1 1 

14) 1 1 0 1 1 1 0 0 0 1 0 1 0 1 

Table 5 2 Test set I for the 74181 ALU 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

1) 0 0 1 0 0 1 0 0 0 0 0 0 0 1 

2) 0 0 1 0 0 1 0 0 0 0 0 0 1 1 

3) 0 0 1 0 1 1 0 1 0 1 1 1 1 0 

4) 0 0 1 0 1 1 1 0 1 1 0 1 0 0 

5) 0 0 1 1 0 0 0 1 1 1 0 0 1 0 

6) 0 1 0 0 1 1 1 1 1 0 1 0 0 1 

7) 0 1 0 1 0 0 1 1 0 0 0 1 1 1 

8) 0 1 0 1 0 1 0 0 1 0 1 1 1 1 

9) 0 1 0 1 1 0 0 1 0 1 0 1 0 0 

10) 1 0 0 1 0 0 1 1 1 1 1 1 1 1 
ll) 1 0 0 1 0 1 1 0 1 0 1 0 1 1 

12) 1 0 1 1 1 1 0 1 0 I 0 0 1 1 
13) I I 0 0 1 I 0 0 0 1 0 1 1 0 

14) I I 0 I I 0 I 0 0 0 0 0 I I 

Table 5 3 Test set 2 for the 74181 ALU 
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M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

I) 0 0 1 0 0 0 0 0 0 0 1 0 0 1 

2) 0 0 1 0 1 0 0 0 0 0 0 0 0 0 

3) 0 0 1 0 1 0 1 0 0 1 0 0 0 0 

4) 0 0 1 0 1 1 0 1 1 1 1 0 1 0 

5) 0 0 1 1 0 1 1 1 1 0 0 1 0 0 

6) 0 1 0 0 1 0 0 0 1 0 0 1 1 1 

7) 0 1 0 0 1 1 0 1 1 0 0 1 0 0 
8) 0 I 0 I 0 I 0 0 0 0 I 0 I I 

9) 0 1 0 1 0 1 1 0 1 1 1 1 0 1 

10) 1 0 1 0 0 1 1 0 1 0 1 0 l 1 

11) 1 0 1 1 0 1 0 1 0 1 0 0 1 0 

12) 1 1 0 0 1 1 0 0 0 1 1 0 0 1 

13) 1 1 0 1 1 1 0 1 1 0 1 1 1 1 

14) 1 1 0 1 1 1 1 1 1 0 0 0 1 0 

Table 5 4 Test set 3 for the 74181 ALU 

itive LFSR(I)s, and 756 pnmitive LFSR(II)s It is not possible for us to simulate all the 

pnmitlve LFSMs because of limitations on our computmg power But, we can easily sim­

ulate all the pnmitive LHCAs and pnmitive LFSRs because of the relatively small num­

ber Smee LHCAs and LFSRs are members m the eqmvalent class of LFSMs, therr 

behavior can be extended to all the other members So, we do our mvestigations on all 14-

stage pnmitive LHCAs, all 14-stage pnm1t1ve LFSRs, and some randomly picked pnmi­

tive LFSMs 

From Table 5 2, 5 3 and 5 4, we see that, for each test vector, we can connect mput M 

to stage Si, mput S0 to stage S2, , mput B3 to stage S14 In fact, we can arbitranly con­

nect the mputs to the stages Therefore, we have total of 14' ways of connectmg mputs to 

stages of the machme We can trunk of these connections as some new test sets denved 

from the ongmal one However, we can not do our simulations on all these 14' test sets 

because of the computational complexity Consequently, we choose some of the test sets 

The sunulatlon program mcludes three parts First, we use Maple to generate all the 



CHAPTER 5 INVESTIGATIONS FOR LARGE DEGREE 65 

pnmitive polynomials for degree 14 Then, we use these pnmitlve polynomials to gener­

ate the state patterns for the pnmitive LHCA, the pnmitlve LFSR(I), and the pnmitive 

LFSR(II) for each pnmitlve polynomial Fmally, we calculate the smallest t-length for 

each test set over all machmes Also, we generate 100 pnmitive LFSMs by usmg the algo­

nthm m Figure 4 5 for each test set We randomly choose 18 connection patterns from test 

set one, 17 connect10n patterns from test set two, and 18 connection patterns from test set 

three Table 5 5 shows the smallest t-length for each connection pattern or test set over all 

pnmitive LHCAs, all pnmitive LFSR(l)s, all pnmit1ve LFSR(II)s, and 100 pnmit1ve 

LFSMs 

In Table 5 5, the first column md1cates which test set by usmg a pair (A,B) A comes 

from the ongmal test set number which 1s from 1 to 3 B, which 1s from 1 to 18, 1s the label 

for the different connection pattern between the mputs and stages of the machme (See the 

Appendix A for detail of the connect10ns) From Table 5 5, for test set one, we get the 

smallest t-length is 4,722, the largest t-length is 11,411 , for test set two, the smallest t­

length is 5,557, the largest t-length 1s 10,922, for test set three, the smallest t-length is 

5,980, the largest t-length is 10,660 However, the t-lengths are mamly distnbuted over 

6,000 to 8,000 Companng with test set size 14, those numbers may appear to be compar­

atively large However, a typical pseudo random test might often mclude over 100,000 

patterns So, 5,000-10,000 is a noticeable unprovement 

5.3 The Test Set of the 8-Bit Ripple Adder and Simula­

tion Results 

5.3.1 8-Bit Ripple Adder and The Test Set 

The 8-bit npple adder contams eight small adders, each of which simply adds two mputs 

plus the mcommg carry (Figure 5 2) There are 17 mputs, 9 outputs and total of292 smgle 

stuck-at faults for this circmt 

Table 5 6 shows the determmistic test set which was generated by the Synopsys test 
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compiler and this test set detects all 292 smgle stuck-at faults 

We want to know the smallest t-length for this test set Therefore, we need to get the t­

lengths over all pnm1t1ve LFSMs and find the smallest one from amongst these 

Set LHCA 
LFSR LFSR 

LFSM Set LHCA 
LFSR LFSR 

LFSM 
(I) (II) (I) (II) 

(1, 1) 8120 8334 7823 9331 (1,2) 7793 8625 8015 9142 
(1,3) 7031 8150 5542 9262 (1,4) 7658 8217 8416 9300 
(1,5) 7595 6689 8662 11411 (1,6) 7634 6217 7975 9055 
(1,7) 7802 6621 6904 8551 (1,8) 7181 6602 7645 8601 

(1,9) 7444 8584 6633 9352 (1, 10) 6632 8329 7887 9656 

(1,11) 7683 8393 7021 10363 (1,12) 6350 8160 6815 9924 

(1,13) 7404 8547 8219 8760 (1,14) 7716 8065 8148 9995 

(1,15) 7147 8676 8451 9865 (1, 16) 7147 8676 8451 9073 

(1, 17) 6644 7716 7195 9208 (1,18) 7846 4722 7614 9013 

(2, 1) 7222 6274 7389 8605 (2,2) 6597 7349 7453 10598 

(2,3) 6635 7734 8131 8624 (2,4) 7601 7261 8150 8344 

(2,5) 6889 7623 8597 7626 (2,6) 6395 7692 6397 9484 

(2,7) 7765 7445 7612 10090 (2,8) 6813 8355 8584 10410 

(2,9) 8116 7096 8629 9307 (2,10) 7634 7241 6620 10048 

(2, 11) 8214 8418 8865 10922 (2, 12) 7945 6853 8233 9350 

(2,13) 6970 7647 8464 9038 (2,14) 7373 7410 7398 10557 

(2,15) 7592 8258 6078 9484 (2,16) 6757 8465 6157 9052 

(2, 18) 5557 6353 6578 8734 

(3, 1) 5980 6385 7966 10198 (3,2) 6750 8584 7910 8766 

(3,3) 7895 7015 8205 9775 (3,4) 7004 7214 6991 8302 

(3,5) 7767 8779 6417 8792 (3,6) 6577 7036 8153 10660 

(3,7) 6660 7102 7440 9297 (3,8) 7956 7163 8727 9944 

(3,9) 7760 6200 8556 9399 (3,10) 7393 8135 8638 8996 

(3, 11) 6969 7850 6553 7698 (3,12) 7806 8448 8338 9550 

(3,13) 6922 7931 7404 9884 (3,14) 7324 7861 7636 10083 

(3,15) 7858 6782 7883 9433 (3,16) 6860 8059 7795 9239 
(3,17) 7254 8107 7725 8492 (3,18) 7619 6435 6603 9876 

Table 5 5 T-lengths for test sets of the 74181 
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A7 A6 As A4 A3 A2 A1 Ao 87 8 6 8 5 84 83 8 2 B1 Bo CI 

1) 0 1 0 1 0 1 1 0 0 1 0 1 1 0 0 0 0 

2) 0 0 0 1 0 0 1 1 0 1 0 1 0 1 1 1 0 

3) 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1 1 1 

4) 1 1 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 

5) 0 0 1 0 1 0 1 1 1 0 0 1 1 0 0 1 1 

6) 0 0 1 1 1 0 1 0 0 1 I 1 1 1 0 1 1 

7) 1 0 1 1 1 1 0 0 0 0 I 0 0 1 0 0 1 

8) 1 0 0 0 0 1 0 1 1 1 I 1 l 1 1 0 0 

9) 0 1 0 1 0 0 0 0 0 0 I 1 0 0 0 I 0 

10) 0 0 0 1 0 0 1 0 0 0 0 0 I 0 1 0 0 

11) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 I 

12) 0 1 0 1 0 0 0 1 I 1 0 0 0 0 0 0 0 

13) 1 1 1 0 I 0 1 0 1 0 I 0 l 0 0 0 1 

14) l 0 1 0 1 I 0 1 0 l 0 0 l 1 l 0 l 

15) 0 l 0 0 l l l 0 l 0 0 1 0 0 0 0 0 

16) l 0 0 1 0 0 0 l l l l 1 l l 0 1 1 

17) 1 1 0 1 0 0 1 0 0 1 l 0 0 1 0 0 1 

Table 5 6 Test set for the 8-b1t npple adder 

5.3.2 Simulation Results 

85 
Accordmg to theorem 5 1, we have 7,710 prumtive polynomials, and 1 69 x 10 pnm1-

tive LFSMs for degree n equal to 17 Therefore, we have 15,420 prumt1ve LHCAs, 7,710 

pnm1tive LFSR(I)s, and 7,710 pnm1hve LFSR(II)s It 1s 1mposs1ble for us to simulate all 

machines because of the computmg complexity Smee we can easily simulate the state pat­

terns of the pnm1tive LHCAs and pnmihve LFSRs, we do our mvestigations on 1,500 l 7-

stage pnm1t1ve LHCAs, 1,500 17-stage pnm1ttve LFSR(I)s, and 1,500 17-stage pnm1t1ve 

LFSR(II)s 

We have 17 mputs for this circmt Therefore, we can have a total of 17' ways of con­

nectmg the mputs to the stages This 1s a very large number and we can not do the s1mula­

tions on all the possible connect10ns We choose 21 connection patterns to do the 

s1mulations 
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Figure 5 2 The diagram of the 8-bit npple adder 

The simulation program for this part is sllDllar to the program m the 14-bit case How­

ever, the computat10nal complexity is higher The simulation results are shown m Table 

57 



CHAPTER 5 INVESTIGATIONS FOR LARGE DEGREE 69 

Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(1) 64203 60616 65682 (2) 71729 71937 70248 

(3) 58447 65151 61153 (4) 65319 66966 71352 

(5) 69694 52653 64699 (6) 69657 62048 66207 

(7) 66639 60833 60316 (8) 60993 71150 64235 

(9) 72042 68048 67882 (10) 72508 68379 68893 

(ll) 67519 64539 59173 (12) 67631 72639 65547 

(13) 74514 70499 66402 (14) 62147 64854 66274 

(15) 66729 60197 66185 (16) 71404 73533 67836 

(17) 65208 69807 62390 (18) 68262 60616 66246 

(19) 65738 66448 58812 (20) 61661 68508 65471 

(21) 69761 53163 71153 

Table 5 7 T-lengths for the test set of the 8-bit npple adder 

In Table 5 7, the first column mdicates the cormectlons we choose for the simulation 

We use numbers to label different test sets (See Appendix B for detail of the connections) 

We get the smallest t-length is 52,653, and the largest t-length is 74,514 The t-lengths are 

mamly distnbuted over 60,000 Agam, these numbers are comparatively large compared 

to 17 In the followmg section, we give the distnbution oft-lengths for test sets with size 

14 

5.4 Distribution of T-Lengths 

In order to get the d1stnbut1on of the t-lengths over all possible 14-stage LFSMs for any 

given 14-bit test set, we choose 2,000 sample test sets, run a simulat10n program usmg 

Maple, and get the d1stnbut1on curve m Figure 5 3 From Figure 5 3, we see that the distn­

bution curve 1s the same shape as the d1stnbut1on curve for test sets with small size In 

Figure 5 3, t-lengths occur mamly at 13,000 and are very rare for less than 7,500 
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Figure 5 3 The d1stnbutions oft-lengths over all 14-stage possible 

LFSMs with 2000 sample connection Patterns 

70 

Smee we know the shape of the distnbut10n curves for t-lengths of any test sets, we 

can have a general idea about how large the t-length will be for any test set For example, 

ifwe are given a 14-bit test set, we know that the t-length for thls set will be some number 

around 13,000 And the t-length is very unlikely to be smaller than 7,500 

5.5 An Alternative Approach 

From Chapter 4, if the size of the test vector is small, we can easily find a pnmitive LFSM 

which can give small t-length for any given test set Tlus leads to an alternative approach 

for solvmg the problem for test sets with large size The idea here is partitlonmg We can 

partition large size test vectors mto smaller size test vectors Then, we use several small 

stage machmes to generate the small size vectors, and combme them together as our ongi­

nal test vectors 

We can calculate the total sequence length by usmg this approach Suppose we ongi­

nally have m test vectors each of which has n bits, we partition it mto two parts with u bits 
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U-) V 
and v bits Then, m the worst case, the total number is 2 + 2 ( m - 1) For our test 

sets of the 74181, if we partition one of its test sets mto two parts with 7 bits and 7 bits, 

6 7 
then, the worst number is 2 + 2 13 = 1728 Companng this to the smallest t-length 

4,722 m the previous section, the improvement is obv10us 

5.5.1 Partitioning 

The first step of this approach is partitionmg For our test set 3 of the 7 4181, we can parti­

tion 1t mto two, or three, or four small test sets However, the more small test sets we have, 

the more controls we need to consider If the number of ongmal mputs is smaller than 20, 

we can choose to partition the test set mto two small ones Therefore, we decide to parti­

tion test set 3 mto two small test sets Consequently, we partition 1t m the three most hkely 

ways Smee the ongmal test vectors have 14 bits, we can either partition 1t mto 7 bit and 7 

bit vectors, or 8 bit and 6 bit vectors, or 9 bit and 5 bit vectors When we do the partitions, 

the mcrease of the maximum length of the sequence for one part will cause a decrease of 

the maximum length of the sequence for the other part 

5.5.2 Control the Machines 

When we partit10n our test sets mto smaller ones, we use several machmes to generate the 

smaller ones, but we can not simply combme them together as the output pattern Suppose 

we have smaller ones such as the followmg 

do 

We use machme A to generate sequence A, and use machme B to generate sequence B 
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We start machme A with ao, and machme B with a1 Then, we set machme A and B gomg 

at the same speed After several cycles, we have b0 for machme A But most hkely, we do 

not have b1 for machme Bat the same time In order to get b0b1 together for the output, we 

need to hold machme A and let machme B contmue to cycle until 1t reaches b1 So, we 

need a way to control the machmes 

Two obvious ways are possible Frrst, one only controls machme A Every time when 

machme A reaches some vector 10 m sequence A, hold machme A and let machme B cycle 

until 1t reaches 11 Second, one controls both machmes Every trme, hold the machme 

which reaches some vectors m sequence first and let the other machme cycle In the next 

section, we gives the simulation results 

5.5.3 Simulation Results 

We use test set 3 for the 74181 to do the Slillulatton We part1t10n 1t mto two parts with 7 

bits/7 bits, 8 b1ts/6 bits, and 9 bits/5 bits For each partition, we apply both control meth­

ods to control the machmes We do the Slillulatlon on all possible pnm1t1ve LHCAs and 

pnm1t1ve LFSRs and get the average number for the total sequence length Table 5 8 

shows the simulation results usmg control method one, and Table 5 9 shows the simula­

tion results usmg control method two 

We start both machmes at certam test vectors, and the choice of the test vectors can 

affect the total sequence length In both tables, we use column one to md1cate the partition 

method and the startmg test vector m Table 5 4 For example, (7/7,1) md1cates that we par­

t1t10n the ongmal test set mto two 7 bit parts and the startmg vector 1s row one m Table 

5 4 From Table 5 8, we see that the average number for the total sequence length for the 8 

b1ts/6 bits partition 1s the shortest In fact, durmg the simulation, we get the shortest 

sequence lengths as 412 for the 7/7 part1t10n, 380 for the 8/6 partition, and 389 for the 9/5 

partition From Table 5 9, we see that the average number for the total sequence length for 

the 7 /7 partition 1s the shortest Dunng the Slillulat10n, the shortest sequence length we get 

1s 396 for the 7 /7 partition 
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We see that for the equal partition, (7 /7 part1t10n), usmg the control method two gets a 

shorter sequence This 1s because we av01d some of the repeated cycles of machme B 

Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(7/7, 1) 930 05 957 07 931 02 (7/7,2) 932 76 972 14 933 33 

(7/7,3) 930 93 975 86 921 94 (7/7,4) 936 03 966 86 930 12 

(7/7,5) 930 17 964 59 933 50 (7/7,6) 933 86 975 79 927 57 

(7/7,7) 936 57 970 66 932 02 (7/7,8) 932 63 974 59 928 46 

(7/7,9) 932 08 969 82 940 11 (7/7,10) 930 36 965 55 930 92 

(7/7, 11) 930 40 964 65 930 55 (7/7, 12) 929 66 960 82 926 25 

(7/7,13) 928 84 970 86 923 86 (7/7, 14) 928 32 917 29 890 68 

(8/6,1) 625 22 645 27 636 92 (8/6,2) 629 75 649 58 629 99 

(8/6,3) 628 98 643 54 625 20 (8/6,4) 626 32 646 57 622 57 

(8/6,5) 633 57 648 18 642 89 (8/6,6) 631 24 639 26 619 84 

(8/6,7) 633 75 648 99 624 67 (8/6,8) 632 18 644 73 623 60 

(8/6,9) 630 54 637 52 633 97 (8/6, 10) 629 85 645 73 633 42 

(8/6,11) 634 03 653 91 625 10 (8/6,12) 634 67 652 46 632 44 

(8/6, 13) 633 09 658 26 638 90 (8/6,14) 624 33 645 05 641 35 

(9/5,1) 664 02 663 69 665 67 (9/5,2) 66144 667 00 659 71 

(9/5,3) 660 63 655 59 665 32 (9/5,4) 663 76 659 20 662 55 

(9/5,5) 671 09 70499 686 48 (9/5,6) 668 46 659 69 663 78 

(9/5,7) 672 77 659 01 675 63 (9/5,8) 671 79 706 99 689 43 

(9/5,9) 663 79 661 85 655 96 (9/5,10) 668 60 670 74 693 25 

(9/5,11) 667 71 669 21 658 05 (9/5, 12) 672 49 668 63 664 72 

(9/5, 13) 660 23 655 27 663 50 (9/5,14) 663 21 658 82 664 55 

Table 5 8 Total sequence lengths for test set 3 of the 7 4181 usmg control method one 
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Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(7/7, 1) 858 53 879 37 880 35 (7/7,2) 862 92 886 75 859 14 

(7/7,3) 858 93 890 71 859 58 (7/7,4) 865 04 874 37 854 02 

(7/7,5) 862 47 861 52 861 76 (7/7,6) 868 99 885 06 853 67 

(7/7,7) 865 13 883 42 863 63 (7/7,8) 864 42 886 94 861 31 

(7/7,9) 861 12 884 69 863 41 (7/7,10) 861 02 868 19 866 55 

(7/7,11) 866 25 881 82 852 85 (7/7,12) 870 89 882 23 860 75 

(7/7,13) 866 31 887 95 854 38 (7/7,14) 859 48 839 59 838 19 

(8/6,1) 1439 35 1439 53 1402 41 (8/6,2) 1424 95 1430 69 1397 08 

(8/6,3) 1414 47 1443 61 1414 78 (8/6,4) 143411 1453 02 1421 43 

(8/6,5) 143019 1460 97 1437 82 (8/6,6) 1462 17 1413 61 1337 00 

(8/6,7) 1411 29 1443 11 1362 55 (8/6,8) 1454 46 1431 35 1395 69 

(8/6,9) 1435 39 1462 49 1428 89 (8/6,10) 1452 56 1423 29 1408 23 

(8/6,11) 1444 98 1440 73 1398 90 (8/6,12) 1445 99 1384 15 1359 44 

(8/6,13) 1437 85 1419 23 1505 93 (8/6,14) 1469 27 1454 75 1486 13 

(9/5,1) 2992 28 2748 10 2895 05 (9/5,2) 2979 89 2795 47 2892 93 

(9/5,3) 3008 75 2809 40 2929 50 (9/5,4) 3016 15 2892 04 2907 51 

(9/5 ,5) 3008 71 2910 30 3020 84 (9/5,6) 2996 28 2875 65 2934 84 

(9/5 ,7) 2966 77 2689 88 2904 72 (9/5,8) 3025 95 2868 37 2947 29 

(9/5,9) 3011 71 2851 18 2856 79 (9/5,10) 3014 62 2911 25 2962 86 

(9/5,11) 2988 68 2709 68 2847 65 (9/5,12) 2993 76 2838 76 2919 20 

(9/5 ,13) 3034 28 2901 86 2934 77 (9/5,14) 3023 44 2710 45 2846 04 

Table 5 9 Total sequence lengths for test set 3 of the 7 4181 usmg control method two 

But for unequal partitions, (8/6 and 9/5 partition), usmg the control method one gets 

the shorter sequence This is because method one does not cause the repeated cycles of 
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machme A which has a much longer sequence than machme B Method two does cause a 

number of repeated cycles of machine A, smce 1t 1s likely to encounter the reqmred pattern 

for machine B first However, we find that the average numbers of sequence lengths for 

the 7 /7 partition with method two, the 8/6 and the 9/5 partitions with method one do not 

show much difference Especially, the shortest sequence length for each group, 396, 380, 

and 389, is almost the same Therefore, it appears we can use either an equal partition with 

control method two or a unequal partit10n with control method one to achieve our goal 

5.5.4 Complexity of Control 

Usmg this alternative approach, we need to consider the complexity of the control that IS 

reqmred If we partition the ongmal test set mto two groups, we need at least two control­

lers to control the machmes for each part Each controller controls the start time and the 

stop time for each machme m order to get the reqmred state vectors For example, we may 

get the followmg 

A 

(0, 4) 

(11,13) 

(19,45) 

B 

(0, 11) 

(ll ,19) 

(19,67) 

and (m, n) mdicates the start time and stop time for each machine From the above, we 

start with a certam state vector After 4 cycles, machine A encounters the first part of a 

reqmred vector t We then hold machme A and cycle machine B After another 7 cycles, 

machme B reaches the other part of t Therefore, we have vector t Then, we restart 

machme A and allow B to contmue and similarly proceed to find the rest of the vectors 

One of the implementations of the controller is to use AND gates and Flip-Flops and 

as IS shown m Figure 5 4 From Figure 5 4, we see that we use some cells to store the 

value of the start time and the stop ttme Then, we use these values as the mputs of an 

AND gate The output of the AND gate sets a D Fhp-Flop Then, we use the outputs of the 

Fhp-Flop to control the machme Smee it needs some memory storage, this implementa-
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tlon needs more area of the chip There are a number of alternative control mechamsms, 

but they are outside the scope of our thesis 

Cells 

Some outputs __ -1 

from cells D Q 

Connect 
to machme 

E------1 Q' 

Figure 5 4 The diagram of one implementation of the con­

troller 

5.6 Implementation 

In the previous section, we present a reasonable approach which can reduce the total 

sequence length In thls section, we give the detail 1mplementat1on of a real test set to 

show the alternative approach We use the test set m Table 5 4 We partition 1t mto two 

parts one part has 8 bits, the other one has 6 bits We choose columns M, S0, S1, S2, Cn, 

Ao, B0, A1 as the first part And we choose S3, Bi, A2, B2, A3, B3 as the second part We 

start both rnachlnes usmg the state vector 10 m Table 5 4 For converuence, we use the 

correspondmg decimal number to represent the state vectors Table 5 10 shows the parti­

tion results In Table 5 10, the first column Just labels the test vectors Note 1t 1s not the 

same as column one m Table 5 4 We use an 8-stage pnmitlve LHCA with rule 239 as 

machme A, and a 6-stage pnmitive LHCA with rule 22 as machlne B 

We give part of the sequences of both machlne m Table 5 11 All hlghhghted cells are 

the reqmred test vectors We use control method one and get the total sequence length of 

380 Table 5 12 shows the start time and stop time for each vector Note that the first col­

umn md1cates the vectors correspondmg to these m Table 5 l 0 
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Test Vector 
MachmeA MachmeB 

Test Vector 
Mach.me A MachmeB 

(8 bits) (6 bits) (8 bits) (6 bits) 

1) 174 11 8) 34 48 

2) 181 18 9) 45 58 

3) 196 57 10) 63 4 

4) 221 47 11) 72 39 

5) 223 34 12) 77 36 

6) 32 9 13) 84 11 

7) 32 32 14) 94 29 

Table 5 10 The partition result for test set 3 of the 74181 

Time Time MachmeA MachmeB 

0 14 208 45 

1 15 8 8 

2 16 28 20 

3 17 58 54 

4 18 67 33 

5 19 

6 61 20 

7 73 21 

8 255 30 22 25 35 

9 110 37 23 55 21 

10 133 28 24 82 52 

11 205 25 207 38 

12 49 23 26 54 25 

13 91 51 

Table 5 11 Part of the sequences generated by machme A and B 
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M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

I) 0 0 I 0 0 0 0 0 0 0 I 0 0 I 

2) 0 0 I 0 I 0 0 0 0 0 0 0 0 0 

3) 0 0 I 0 I 0 I 0 0 I 0 0 0 0 

4) 0 0 1 0 1 I 0 I 1 1 I 0 I 0 

5) 0 0 1 I 0 1 I 1 1 0 0 I 0 0 

6) 0 1 0 0 1 0 0 0 1 0 0 1 I 1 

7) 0 1 0 0 I 1 0 I 1 0 0 I 0 0 

8) 0 l 0 l 0 1 0 0 0 0 l 0 1 1 

9) 0 1 0 I 0 1 I 0 1 1 I I 0 I 

10) 1 0 I 0 0 I I 0 1 0 I 0 I 1 

11) 1 0 I I 0 I 0 I 0 1 0 0 I 0 

12) 1 I 0 0 I I 0 0 0 I I 0 0 1 

13) 1 1 0 1 1 1 0 I I 0 1 I 1 1 

14) 1 1 0 1 1 1 1 1 1 0 0 0 1 0 i 

Table 5 4 Test set 3 for the 74181 ALU 

itive LFSR(I)s, and 756 pnmitive LFSR(II)s It is not possible for us to simulate all the 

pnmitive LFSMs because of hm1tatlons on our computmg power But, we can easily sim­

ulate all the pnm.Itive LHCAs and pnmitive LFSRs because of the relatively small num­

ber Smee LHCAs and LFSRs are members m the eqmvalent class of LFSMs, therr 

behavior can be extended to all the other members So, we do our investigations on all 14-

stage pnmitive LHCAs, all 14-stage pTimltlve LFSRs, and some randomly picked pnmi­

tive LFSMs 

From Table 5 2, 5 3 and 5 4, we see that, for each test vector, we can connect mput M 

to stage Si, mput S0 to stage Sz, , mput B3 to stage S14 In fact, we can arbitranly con­

nect the mputs to the stages Therefore, we have total of 14' ways of connecting mputs to 

stages of the machme We can trunk of these connections as some new test sets denved 

from the ongmal one However, we can not do our simulations on all these 14' test sets 

because of the computational complexity Consequently, we choose some of the test sets 

The simulation program mcludes three parts First, we use Maple to generate all the 
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pnmitive polynonuals for degree 14 Then, we use these pnmitlve polynomials to gener­

ate the state patterns for the pnnutive LHCA, the pnmitive LFSR(I), and the pnmitlve 

LFSR(II) for each pnnutive polynonual Fmally, we calculate the smallest t-length for 

each test set over all machmes Also, we generate 100 pmmtive LFSMs by usmg the algo­

nthm m Figure 4 5 for each test set We randomly choose 18 connection patterns from test 

set one, 17 connection patterns from test set two, and 18 connection patterns from test set 

three Table 5 5 shows the smallest t-length for each connection pattern or test set over all 

pnmitive LHCAs, all pnmitive LFSR(l)s, all pnmitive LFSR(II)s, and I 00 pnmitive 

LFSMs 

In Table 5 5, the first column mdicates which test set by usmg a pair (A,B) A comes 

from the ongmal test set number which is from I to 3 B, which is from 1 to 18, is the label 

for the different connection pattern between the mputs and stages of the machme (See the 

Appendix A for detail of the connections) From Table 5 5, for test set one, we get the 

smallest t-length is 4,722, the largest t-length is 11,411 , for test set two, the smallest t­

length is 5,557, the largest t-length is l 0,922, for test set three, the smallest t-length is 

5,980, the largest t-length is 10,660 However, the t-lengths are mamly distnbuted over 

6,000 to 8,000 Companng with test set size 14, those numbers may appear to be compar­

atively large However, a typical pseudo random test might often mclude over l 00,000 

patterns So, 5,000-10,000 is a noticeable improvement 

5.3 The Test Set of the 8-Bit Ripple Adder and Simula­

tion Results 

5.3.1 8-Bit Ripple Adder and The Test Set 

The 8-bit npple adder contams eight small adders, each of which simply adds two mputs 

plus the mcommg carry (Figure 5 2) There are 17 mputs, 9 outputs and total of292 smgle 

stuck-at faults for this circuit 

Table 5 6 shows the determlillstlc test set which was generated by the Synopsys test 
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compiler and this test set detects all 292 smgle stuck-at faults 

We want to know the smallest t-length for this test set Therefore, we need to get the t­

lengths over all pnnutlve LFSMs and find the smallest one from amongst these 

Set LHCA 
LFSR LFSR 

LFSM Set LHCA 
LFSR LFSR 

LFSM 
(I) (II) (I) (II) 

(l , l) 8120 8334 7823 9331 (1,2) 7793 8625 8015 9142 

(1,3) 7031 8150 5542 9262 (1,4) 7658 8217 8416 9300 
(1,5) 7595 6689 8662 11411 (1,6) 7634 6217 7975 9055 
(1,7) 7802 6621 6904 8551 (1,8) 7181 6602 7645 8601 

(1,9) 7444 8584 6633 9352 (1,10) 6632 8329 7887 9656 

(1,11) 7683 8393 7021 10363 (1, 12) 6350 8160 6815 9924 

(l,13) 7404 8547 8219 8760 (1,14) 7716 8065 8148 9995 

( 1, 15) 7147 8676 8451 9865 (1,16) 7147 8676 8451 9073 

(l , 17) 6644 7716 7195 9208 (1,18) 7846 4722 7614 9013 

(2, 1) 7222 6274 7389 8605 (2,2) 6597 7349 7453 10598 

(2,3) 6635 7734 8131 8624 (2,4) 7601 7261 8150 8344 

(2,5) 6889 7623 8597 7626 (2,6) 6395 7692 6397 9484 

(2,7) 7765 7445 7612 10090 (2,8) 6813 8355 8584 10410 

(2,9) 8116 7096 8629 9307 (2, 10) 7634 7241 6620 10048 

(2, 11) 8214 8418 8865 10922 (2, 12) 7945 6853 8233 9350 

(2,13) 6970 7647 8464 9038 (2,14) 7373 7410 7398 10557 

(2,15) 7592 8258 6078 9484 (2, 16) 6757 8465 6157 9052 

(2, 18) 5557 6353 6578 8734 

(3, 1) 5980 6385 7966 10198 (3,2) 6750 8584 7910 8766 

(3,3) 7895 7015 8205 9775 (3,4) 7004 7214 6991 8302 

(3,5) 7767 8779 6417 8792 (3,6) 6577 7036 8153 10660 

(3,7) 6660 7102 7440 9297 (3,8) 7956 7163 8727 9944 

(3,9) 7760 6200 8556 9399 (3,10) 7393 8135 8638 8996 

(3, 11) 6969 7850 6553 7698 (3,12) 7806 8448 8338 9550 

(3,13) 6922 7931 7404 9884 (3,14) 7324 7861 7636 10083 

(3,15) 7858 6782 7883 9433 (3,16) 6860 8059 7795 9239 

(3,17) 7254 8107 7725 8492 (3,18) 7619 6435 6603 9876 

Table 5 5 T-lengths for test sets of the 74181 
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A7 A6 As A4 A3 A2 A1 Ao B7 B6 85 B4 B3 B2 B1 Bo CI 

1) 0 1 0 1 0 1 1 0 0 1 0 1 1 0 0 0 0 
2) 0 0 0 1 0 0 1 1 0 1 0 1 0 1 1 1 0 
3) 0 0 0 0 1 1 0 1 0 0 0 0 0 0 1 1 1 

4) 1 1 1 0 0 1 0 0 1 0 0 0 1 0 0 0 1 

5) 0 0 1 0 1 0 1 1 1 0 0 1 1 0 0 1 1 

6) 0 0 1 1 1 0 1 0 0 1 1 1 1 1 0 1 1 

7) 1 0 1 1 1 1 0 0 0 0 1 0 0 1 0 0 1 

8) 1 0 0 0 0 1 0 1 1 1 1 1 1 1 1 0 0 

9) 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 1 0 

10) 0 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 

11) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 

12) 0 1 0 1 0 0 0 1 1 1 0 0 0 0 0 0 0 

13) 1 1 1 0 1 0 I 0 I 0 1 0 1 0 0 0 I 

14) 1 0 1 0 I 1 0 1 0 I 0 0 1 I I 0 I 

15) 0 1 0 0 I 1 1 0 1 0 0 1 0 0 0 0 0 

16) I 0 0 I 0 0 0 1 I 1 1 I 1 I 0 1 I 

17) 1 I 0 1 0 0 I 0 0 I 1 0 0 1 0 0 1 

Table 5 6 Test set for the 8-bit npple adder 

5.3.2 Simulation Results 

85 
According to theorem 5 1, we have 7,710 prumtlve polynomials, and 1 69 x 10 pnmi-

tlve LFSMs for degree n equal to 17 Therefore, we have 15,420 prumtlve LHCAs, 7,710 

pnmitlve LFSR(I)s, and 7,710 pnmitlve LFSR(II)s It is impossible for us to simulate all 

machines because of the computing complexity Smee we can easily simulate the state pat­

terns of the pnmitlve LHCAs and pnm1t1ve LFSRs, we do our investigations on 1,500 17-

stage pnmitlve LHCAs, 1,500 17-stage pnm1tlve LFSR(I)s, and 1,500 17-stage pnmitive 

LFSR(II)s 

We have 17 rnputs for this circuit Therefore, we can have a total of 171 ways of con­

necting the mputs to the stages This is a very large number and we can not do the simula­

tions on all the possible connections We choose 21 connection patterns to do the 

simulations 
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B7 

C7 

Figure 5 2 The diagram of the 8-bit npple adder 

The simulation program for this part is s1ID1lar to the program m the 14-bit case How­

ever, the computational complexity is higher The simulation results are shown m Table 

57 
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Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(1) 64203 60616 65682 (2) 71729 71937 70248 

(3) 58447 65151 61153 (4) 65319 66966 71352 

(5) 69694 52653 64699 (6) 69657 62048 66207 

(7) 66639 60833 60316 (8) 60993 71150 64235 

(9) 72042 68048 67882 (10) 72508 68379 68893 

(11) 67519 64539 59173 (12) 67631 72639 65547 

(13) 74514 70499 66402 (14) 62147 64854 66274 

(15) 66729 60197 66185 (16) 71404 73533 67836 

(17) 65208 69807 62390 (18) 68262 60616 66246 

(19) 65738 66448 58812 (20) 61661 68508 65471 

(21) 69761 53163 71153 

Table 5 7 T-lengths for the test set of the 8-bit npple adder 

In Table 5 7, the first column indicates the connections we choose for the simulation 

We use numbers to label different test sets (See Appendix B for detail of the connections) 

We get the smallest t-length is 52,653, and the largest t-length is 74,514 The t-lengths are 

mamly distnbuted over 60,000 Agam, these numbers are comparatively large compared 

to 17 In the followmg section, we give the distnbutton oft-lengths for test sets with size 

14 

5.4 Distribution of T-Lengths 

In order to get the distnbution of the t-lengths over all possible 14-stage LFSMs for any 

given 14-bit test set, we choose 2,000 sample test sets, run a simulation program usmg 

Maple, and get the distribution curve m Figure S 3 From Figure 5 3, we see that the distri­

bution curve is the same shape as the d1stnbut1on curve for test sets with small size In 

Figure 5 3, t-lengths occur mamly at 13,000 and are very rare for less than 7,500 
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Figure 5 3 The d1stnbut1ons oft-lengths over all 14-stage possible 

LFSMs with 2000 sample connection Patterns 
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Smee we know the shape of the distnbution curves for t-lengths of any test sets, we 

can have a general idea about how large the t-length will be for any test set For example, 

1fwe are given a 14-bit test set, we know that the t-length for this set will be some number 

around 13,000 And the t-length 1s very unlikely to be smaller than 7,500 

5.5 An Alternative Approach 

From Chapter 4, 1f the size of the test vector 1s small, we can easily find a pnm1tlve LFSM 

which can give small t-length for any given test set This leads to an alternative approach 

for solvmg the problem for test sets with large size The idea here 1s partit1onmg We can 

partition large size test vectors mto smaller size test vectors Then, we use several small 

stage machines to generate the small s12e vectors, and combme them together as our ongi­

nal test vectors 

We can calculate the total sequence length by usmg this approach Suppose we ongi­

nally have m test vectors each of which has n bits, we partition 1t mto two parts with u bits 
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U-1 V 
and v bits Then, m the worst case, the total number 1s 2 + 2 ( m - 1) For our test 

sets of the 74181, 1f we partition one of its test sets mto two parts with 7 bits and 7 bits, 

6 7 
then, the worst number 1s 2 + 2 13 = 1728 Companng this to the smallest t-length 

4,722 m the previous sect10n, the improvement is obv10us 

5.5.1 Partitioning 

The first step ofth1s approach 1s part1tiorung For our test set 3 of the 74181, we can parti­

tion 1t mto two, or three, or four small test sets However, the more small test sets we have, 

the more controls we need to consider If the number of onginal mputs 1s smaller than 20, 

we can choose to partition the test set mto two small ones Therefore, we decide to parti­

tion test set 3 mto two small test sets Consequently, we partition 1t m the three most likely 

ways Smee the ongmal test vectors have 14 bits, we can either part1t1on 1t mto 7 bit and 7 

bit vectors, or 8 bit and 6 bit vectors, or 9 bit and S bit vectors When we do the partitions, 

the mcrease of the maximum length of the sequence for one part will cause a decrease of 

the maximum length of the sequence for the other part 

5.5.2 Control the Machines 

When we partition our test sets mto smaller ones, we use several machmes to generate the 

smaller ones, but we can not simply combme them together as the output pattern Suppose 

we have smaller ones such as the followmg 

do 

We use machme A to generate sequence A, and use machme B to generate sequence B 
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We start machme A with ao, and machme B with a1 Then, we set machme A and B gomg 

at the same speed After several cycles, we have b0 for machme A But most hkely, we do 

not have b1 for machme Bat the same time In order to get b0b1 together for the output, we 

need to hold machme A and let machme B contmue to cycle until it reaches b1 So, we 

need a way to control the machmes 

Two obvious ways are possible F1rst, one only controls machme A Every time when 

machme A reaches some vector 10 m sequence A, hold machme A and let machme B cycle 

until 1t reaches 11 Second, one controls both machmes Every trme, hold the machme 

which reaches some vectors m sequence first and let the other machme cycle In the next 

section, we gives the simulation results 

5.5.3 Simulation Results 

We use test set 3 for the 7 4181 to do the s1mulat1on We partition it mto two parts with 7 

bits/7 bits, 8 bits/6 bits, and 9 bits/5 bits For each partition, we apply both control meth­

ods to control the machmes We do the simulation on all possible pnmitive LHCAs and 

pnmit1ve LFSRs and get the average number for the total sequence length Table 5 8 

shows the srrnulation results usmg control method one, and Table 5 9 shows the s1mula­

t10n results usmg control method two 

We start both machmes at certam test vectors, and the choice of the test vectors can 

affect the total sequence length In both tables, we use column one to mdicate the partition 

method and the startmg test vector m Table 5 4 For example, (7 /7, 1) md1cates that we par­

tit10n the ongmal test set mto two 7 bit parts and the startmg vector is row one m Table 

5 4 From Table 5 8, we see that the average number for the total sequence length for the 8 

bits/6 bits partition is the shortest In fact, dunng the simulation, we get the shortest 

sequence lengths as 412 for the 7/7 part1t10n, 380 for the 8/6 partition, and 389 for the 9/5 

partition From Table 5 9, we see that the average number for the total sequence length for 

the 7 /7 partition 1s the shortest Dunng the srmulat1on, the shortest sequence length we get 

1s 396 for the 7/7 partition 
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We see that for the equal partition, (7 /7 partition), usmg the control method two gets a 

shorter sequence Tlus 1s because we av01d some of the repeated cycles of machine B 

Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(7/7, 1) 930 05 957 07 931 02 (7/7,2) 932 76 972 14 933 33 

(7/7,3) 930 93 975 86 921 94 (7/7,4) 936 03 966 86 930 12 

(7/7,5) 930 17 964 59 933 50 (7/7,6) 933 86 975 79 927 57 

(7/7,7) 936 57 970 66 932 02 (7/7,8) 932 63 974 59 928 46 

(7/7,9) 932 08 969 82 940 11 (7/7,10) 930 36 965 55 930 92 

(7/7, 11) 93040 964 65 930 55 (7/7, 12) 929 66 960 82 926 25 

(7/7,13) 928 84 970 86 923 86 (7/7, 14) 928 32 917 29 890 68 

(8/6, 1) 625 22 645 27 636 92 (8/6,2) 629 75 649 58 629 99 

(8/6,3) 628 98 643 54 625 20 (8/6,4) 626 32 646 57 622 57 

(8/6,5) 633 57 648 18 642 89 (8/6,6) 631 24 639 26 619 84 

(8/6,7) 633 75 648 99 624 67 (8/6,8) 632 18 644 73 623 60 

(8/6,9) 630 54 637 52 633 97 (8/6, 10) 629 85 645 73 633 42 

(8/6, 11) 634 03 653 91 625 10 (8/6,12) 634 67 652 46 632 44 

(8/6,13) 633 09 658 26 638 90 (8/6,14) 624 33 645 05 641 35 

(9/5,1) 664 02 663 69 665 67 (9/5,2) 661 44 667 00 659 71 

(9/5 ,3) 660 63 655 59 665 32 (9/5,4) 663 76 659 20 662 55 

(9/5 ,5) 671 09 704 99 686 48 (9/5,6) 668 46 659 69 663 78 

(9/5 ,7) 672 77 659 01 675 63 (9/5,8) 671 79 706 99 689 43 

(9/5 ,9) 663 79 661 85 655 96 (9/5,10) 668 60 670 74 693 25 

(9/5,11) 667 71 669 21 658 05 (9/5,12) 672 49 668 63 664 72 

(9/5,13) 660 23 655 27 663 50 (9/5,14) 663 21 658 82 664 55 

Table 5 8 Total sequence lengths for test set 3 of the 7 4181 usmg control method one 
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Set LHCA 
LFSR LFSR 

Set LHCA 
LFSR LFSR 

(I) (II) (I) (II) 

(7/7, 1) 858 53 879 37 880 35 (7/7,2) 862 92 886 75 859 14 

(7/7,3) 858 93 890 71 859 58 (7/7,4) 865 04 874 37 854 02 

(7/7,5) 862 47 861 52 861 76 (7/7,6) 868 99 885 06 853 67 

(7/7,7) 865 13 883 42 863 63 (7/7,8) 86442 886 94 861 31 

(7/7,9) 861 12 884 69 863 41 (7/7,10) 861 02 868 19 866 55 

(7/7, 11) 866 25 881 82 852 85 (7 /7, 12) 870 89 882 23 860 75 

(7/7,13) 866 31 887 95 854 38 (7/7,14) 859 48 839 59 838 19 

(8/6,1) 1439 35 1439 53 1402 41 (8/6,2) 1424 95 1430 69 1397 08 

(8/6,3) 1414 47 1443 61 1414 78 (8/6,4) 1434 11 1453 02 142143 

(8/6,5) 1430 19 1460 97 1437 82 (8/6,6) 1462 17 1413 61 1337 00 

(8/6,7) 1411 29 1443 11 1362 55 (8/6,8) 1454 46 1431 35 1395 69 

(8/6,9) 1435 39 1462 49 1428 89 (8/6,10) 1452 56 1423 29 1408 23 

(8/6, 11) 1444 98 1440 73 1398 90 (8/6,12) 1445 99 1384 15 1359 44 

(8/6,13) 1437 85 1419 23 1505 93 (8/6,14) 1469 27 1454 75 1486 13 

(9/5,1) 2992 28 2748 10 2895 05 (9/5,2) 2979 89 2795 47 2892 93 

(9/5,3) 3008 75 2809 40 2929 50 (9/5,4) 3016 15 2892 04 2907 51 

(9/5 ,5) 3008 71 2910 30 3020 84 (9/5,6) 2996 28 2875 65 2934 84 

(9/5 ,7) 2966 77 2689 88 2904 72 (9/5,8) 3025 95 2868 37 2947 29 

(9/5,9) 3011 71 2851 18 2856 79 (9/5,10) 3014 62 2911 25 2962 86 

(9/5,11) 2988 68 2709 68 2847 65 (9/5,12) 2993 76 2838 76 2919 20 

(9/5 ,13) 3034 28 2901 86 2934 77 (9/5,14) 3023 44 2710 45 2846 04 

Table 5 9 Total sequence lengths for test set 3 of the 7 4181 usmg control method two 

But for unequal partitions, (8/6 and 9/5 partition), usmg the control method one gets 

the shorter sequence This is because method one does not cause the repeated cycles of 
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machme A which has a much longer sequence than machme B Method two does cause a 

number of repeated cycles of machine A, smce it is hkely to encounter the reqmred pattern 

for machine B first However, we find that the average numbers of sequence lengths for 

the 7 /7 partition with method two, the 8/6 and the 9/5 partitions with method one do not 

show much difference Especially, the shortest sequence length for each group, 396, 380, 

and 389, is almost the same Therefore, it appears we can use either an equal partition with 

control method two or a unequal partition with control method one to achieve our goal 

5.5.4 Complexity of Control 

Usmg this alternative approach, we need to consider the complexity of the control that 1s 

reqmred If we partition the ongmal test set mto two groups, we need at least two control­

lers to control the machmes for each part Each controller controls the start time and the 

stop time for each machme m order to get the reqmred state vectors For example, we may 

get the followmg 

A 

(0, 4) 

(11,13) 

(19,45) 

B 

(0, 11) 

(11,19) 

(19,67) 

and (m, n) md1cates the start time and stop time for each machme From the above, we 

start with a certam state vector After 4 cycles, machine A encounters the first part of a 

requ1red vector t We then hold machme A and cycle machine B After another 7 cycles, 

machme B reaches the other part of t Therefore, we have vector t Then, we restart 

machme A and allow B to contmue and slillllarly proceed to find the rest of the vectors 

One of the implementations of the controller 1s to use AND gates and Fhp-Flops and 

as 1s shown m Figure 5 4 From Figure 5 4, we see that we use some cells to store the 

value of the start time and the stop tune Then, we use these values as the mputs of an 

AND gate The output of the AND gate sets a D Fhp-Flop Then, we use the outputs of the 

Fhp-Flop to control the machme Smee 1t needs some memory storage, this 1mplementa-
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tion needs more area of the chip There are a number of alternative control mechamsms, 

but they are outside the scope of our thesis 

Cells 

TTT 
D Q 

Connect 
to machme 

E------l Q' 

Figure 5 4 The diagram of one implementation of the con­

troller 

5.6 Implementation 

In the previous section, we present a reasonable approach which can reduce the total 

sequence length In th.ts section, we give the detail implementation of a real test set to 

show the alternative approach We use the test set m Table 5 4 We partition 1t mto two 

parts one part has 8 bits, the other one has 6 bits We choose columns M, S0, S1, S2, Cn, 

A0, B0, A1 as the first part And we choose S3, Bi, A2, B2, A3, B3 as the second part We 

start both rnachmes usmg the state vector 10 m Table 5 4 For converuence, we use the 

corresponding decimal number to represent the state vectors Table 5 10 shows the parti­

tion results In Table 5 10, the first column Just labels the test vectors Note 1t 1s not the 

same as column one m Table 5 4 We use an 8-stage pnm1tlve LHCA with rule 239 as 

mach.tne A, and a 6-stage pnnutlve LHCA with rule 22 as machme B 

We give part of the sequences of both machme m Table 5 11 All highlighted cells are 

the required test vectors We use control method one and get the total sequence length of 

380 Table 5 12 shows the start time and stop time for each vector Note that the first col­

umn mdicates the vectors corresponding to these m Table 5 10 
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Test Vector 
MachmeA MachmeB 

Test Vector 
MachmeA MachmeB 

(8 bits) (6 bits) (8 bits) (6 bits) 

1) 174 11 8) 34 48 

2) 181 18 9) 45 58 

3) 196 57 10) 63 4 

4) 221 47 11) 72 39 

5) 223 34 12) 77 36 

6) 32 9 13) 84 11 

7) 32 32 14) 94 29 

Table 5 10 The partition result for test set 3 of the 7 4181 

Time Time MachmeA Machme B 

0 14 208 45 

15 8 8 

2 16 28 20 

3 17 58 54 

4 18 33 

5 30 62 19 

6 61 53 20 

7 73 21 

8 255 30 22 25 35 

9 110 37 23 55 21 

10 133 28 24 82 52 

11 205 :. - I 25 207 38 

12 49 23 26 54 25 

13 91 51 

Table 5 11 Part of the sequences generated by machme A and B 
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Chapter 6 

Conclusion and Future Work 

6.1 Conclusion 

There is a considerable amount of ongomg research m the area of pseudorandom testmg, 

but mamly on studymg the behavior of LFSRs and LHCAs However, little work has been 

done m mvestigatmg the relationship mappmg the sequences to LFSMs This is very 

important m the testmg area because of the importance of the test generation In this the­

sis, we mvestigate usmg a pnmitive LFSM to generate a sequence such that the test vec­

tors for a cucmt appear reasonably close together m this sequence 

We present some results and theorems related to mappmg the sequences to LFSMs 

We present the simulation results and their analysis We also give an alternative approach 

to solvmg the problem Based on the above, 1f we are given a determmistic test set, we 

have the followmg conclusions 

I there must exist a primitive LFSM which can give a comparatively small t-length 

for this test set 

2 findmg a proper machme such that it can give a small t-length for this test set is 

very difficult 

3 a randomly picked primitive LFSM often gives a comparatively long t-length 
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Vector MachmeA Machme B Vector MacbmeA MachmeB 

1) - - 8) (145, 151) (145, 160) 

5) (0, 4) (0, 11) 12) (160, 191) (160, 196) 

14) (11, 27) (11, 38) 11) (196, 222) (196,236) 

4) (38, 39) (38, 44) 3) (236, 247) (236,256) 

13) (44, 59) (44, 63) 6) (256, 281) (256,303) 

10) (63, 69) (63, 99) 7) (303,303) (303,354) 

2) (99, 103) (99, 145) 9) (354,362) (354, 380) 

Table 5 12 Start time and stop time for the controllers 

We need a 9-mput AND gate to set the Fhp-Flop because the largest value in Table 

5 12 is 380 The whole sequences generated by two machmes is given m the Appendix C 

5.7 Summary 

In this chapter, we present the equation for calculating the number of primitive linear finite 

state machme for each degree, give the s1mulat1on results for the t-lengths for the test sets 

with 14 14-bit vectors and 17 17-bit vectors, provide an alternative approach to solve the 

problem, and present an implementation usmg the alternative approach 

From the equat10n, we see that the number of pnmittve LFSMs is very large when the 

degree is bigger than l 0 And from the sunulation results of several real test sets, we get 

that simply usmg a pnm1ttve LFSM gives a comparatively long t-length for any test sets 

with more than 10 mputs 

Then, an alternative approach 1s presented By g1vmg the simulation results and ana­

lyzing the control complexity, we conclude that this alternative approach can reduce the 

total sequence length However, 1t reqmres further mvestigation to determme if the extra 

area overhead reqmred by the control crrcmtry Justifies the decrease m the t-length 
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4 The t-lengths are often shorter than the comparable pseudorandom sequence 

Although we do not provide a methodology for the generation of a determm1st1c test 

set usmg LFSMs, we do give some general conclusions and an alternative approach to this 

problem The contnbution of our research can be summanzed as follows 

•It is the first study of the relationship between the sequences and LFSMs We give 

some related results to denve pnmitive LFSMs by usmg m-sequences, gettmg the 

transition matnces of pnmitlve LFSMs by usmg the state vectors, and we present an 

equation to calculate the number of pnmitlve LFSMs for all degrees 

•Our research gives some direct10n for the solution of the problem of denvmg a m1ru­

mum embeddmg of a determirustlc test set mto a pseudorandom sequence generated 

by an LFSM We pomt out the existence of such machmes and the difficulty offindmg 

them 

• We suggest that domg some modifications on LFSMs may solve the problem We 

present an approach of partitioning the machines which reduces the length of the 

sequence 

6.2 Future Work 

There are many mterestmg open questions remammg from our research Some of them 

are 

• We present the distnbutlon curve of the t-lengths over pnmitive LFSMs, which we 

are denved expenmentally, m this thesis However, a mathematical basis for predict­

mg the t-length of a given test set on all possible pnmitive LFSMs would be valuable 

•It is known that, m general, pnmitive LFSMs are better than non-pnmitive LFSMs as 

the stlmuh and compactors Hence, we use pnm1tive LFSMs m this thesis However, 

non-pnmitlve LFSMs may perform better m test set generation An mvestigatlon 

usmg non-pnmitlve LFSMs for test set generat10n would be a good research topic 

• We present an alternative approach usmg partitlorung More mvestigation needs to be 

done on partitlonmg the ongmal test set mto three, or more parts An mvestlgation of 

the reqmred control structure is also reqmred 
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Appendix A 

Connection Patterns Used in Section 5.2 

Pattern One for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

S14 S13 S12 S1 I S10 S9 Sg S7 s6 S5 S4 S3 S2 s, 

Pattern Two for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

s, S14 S13 S12 Sil S10 S9 Sg S7 s6 S5 S4 S3 S2 

Pattern Three for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

S2 s, S14 S13 S12 Sil s,o S9 Sg S7 s6 S5 S4 S3 
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Pattern Four for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 83 

S3 S2 SJ S14 S13 S12 SIi SJO S9 Sg S7 s6 S5 S4 

Pattern Five for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 83 

S4 S3 S2 St S14 8 t3 S12 S11 8 t0 S9 Sg S7 s6 S5 

Pattern Six for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 83 

S5 S4 S3 S2 SJ S14 S13 S12 St I SJO S9 Sg S7 s6 

Pattern Seven for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

s6 S5 S4 S3 S2 SJ S14 S13 S12 SJ I SJO S9 Sg S7 

Pattern Eight for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 83 

S7 s6 S5 S4 S3 S2 S1 S14 S13 S12 S11 S10 S9 Sg 

Pattern Nme for All Three Test Sets 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 83 

Sg S7 s6 S5 S4 S3 S2 SJ S14 S13 S12 Sil SJO S9 
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Pattern Ten for All Three Test Sets 

M So Si S2 S3 en Ao Bo A1 Bi A2 B2 A3 B3 

S9 Sg S7 s6 S5 S4 S3 S2 Si Si4 Si3 Si2 Si I 5io 

Pattern Eleven for All Three Test Sets 

M So Si S2 S3 en Ao Bo Ai Bi A2 B2 A3 B3 

Sto S9 Sg S7 s6 S5 S4 S3 S2 S1 S14 S13 S12 S11 

Pattern Twelve for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

S1 I S10 S9 Sg S7 s6 S5 S4 S3 S2 s, S14 S13 S12 

Pattern Thirteen for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 Bi A2 B2 A3 B3 

S12 S11 Sio S9 Sg S7 s6 S5 S4 S3 S2 s, S14 S13 

Pattern Fourteen for All Three Test Sets 

M So Si S2 S3 en Ao Bo A1 Bi A2 B2 A3 B3 

S13 s,2 S11 S10 S9 Sg S7 s6 S5 S4 S3 S2 s, 5!4 

Pattern Fifteen for Test Set One 

M So s, S2 S3 en Ao Bo A1 Bi A2 B2 A3 B3 

s, S12 Sg 8 iO S11 S5 S7 Sz S13 S4 S3 s6 8!4 S9 
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Pattern Sixteen for Test Set One 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

S3 SJ 1 Sg 5!4 S5 S9 SJ2 Sz S13 S4 s6 SJ0 S7 SJ 

Pattern Seventeen for Test Set One 

M So S1 S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

S3 Sll Sz S14 S5 S9 S13 S4 Sg S4 s6 SJ0 S7 SJ 

Pattern Eighteen for All Three Test Sets 

M So s, S2 S3 en Ao Bo A1 81 A2 82 A3 83 

S7 s6 S5 S4 S3 s2 SI Sg S9 s10 Sil Stz S13 S14 

Pattern Fifteen for Test Set Two 

M So S1 S2 S3 en Ao Bo A1 81 A2 82 A3 83 

S3 SI 1 S2 S14 S5 S9 S12 S13 S4 Sg s6 s,o S7 s, 

Pattern Sixteen for Test Set Two 

M So s, S2 S3 en Ao Bo A1 s, A2 82 A3 83 

Sg S13 S4 S2 8 11 s, S7 S10 S14 S5 s6 S12 S3 S9 

Pattern Fifteen for Test Set Three 

M So s, S2 S3 en Ao Bo A1 B1 A2 82 A3 83 

S13 S7 S3 S5 S9 814 Sto s6 S1 S11 S4 S12 Sg S2 
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Pattern Sixteen for Test Set Three 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

s, S7 s,2 Sg S13 S11 S2 S4 S9 s6 S3 S14 s,o S5 

Pattern Seventeen for Test Set Three 

M So s, S2 S3 en Ao Bo A1 B1 A2 B2 A3 B3 

8!4 S7 S3 S1 I S13 s6 Sz 8!2 Sg S5 S3 S4 s,o S9 
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Appendix B 

Connection Patterns Used in Section 5.3 

Pattern One 

A7 A6 As A4 A3 A2 A1 ,¼ B7 B6 Bs B4 B3 B2 B1 Bo CI 

S17 S16 Sis S14 S13 S12 S11 S10 S9 Sg S7 s6 Ss S4 S3 S2 S1 

Pattern Two 

A7 A6 As ~ A3 A2 A1 ,¼ B7 B6 Bs B4 B3 B2 B1 Bo CI 

S1 S17 S16 S1s S14 S13 S12 S11 S10 S9 Sg S7 s6 Ss S4 S3 S2 

Pattern Three 

A7 ~ As ~ A3 A2 A1 ,¼ B7 B6 Bs B4 B3 B2 B1 Bo CI 

S2 S1 S17 S16 Sis S14 S13 S12 S11 S10 S9 Sg S7 s6 Ss S4 S3 
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Pattern Four 

A7 ~ A5 A4 A3 A2 A1 ,¼ B7 B6 B5 B4 B3 B2 B1 Bo CI 

S3 S2 S1 S17 S16 S15 S14 S13 S1 2 S11 S10 S9 Sg S7 s6 S5 S4 

Pattern Five 

A7 ~ A5 A4 A3 A2 A1 ,¼ B7 B6 B5 B4 B3 B2 B1 Bo CI 

S4 S3 S2 S1 S17 S16 S15 S14 S13 S12 S11 S10 S9 Sg S1 s6 S5 

Pattern Six 

A7 ~ A5 A4 A3 A2 A1 Ao B7 B6 B5 B4 B3 B2 B1 Bo CI 

Ss S4 S3 S2 S1 S17 S16 S15 S1 4 S13 S12 S11 S10 S9 Sg S7 s6 

Pattern Seven 

A7 ~ As ~ A3 A2 A1 ,¼ B7 B6 B5 B4 B3 B2 B1 Bo CI 

s6 S5 S4 S3 S2 S1 S17 S16 Sis S14 S13 S12 S11 S10 S9 Sg S7 

Pattern Eight 

A7 A6 As A4 A3 A2 A1 ,¼ B1 B6 85 B4 B3 B2 B1 Bo CI 

S7 s6 S5 S4 S3 S2 S1 S17 S16 S15 S14 S13 S12 S1 1 S10 S9 Sg 

Pattern Nme 

A7 ~ As A4 A3 A2 A1 ,¼ B7 B6 85 B4 B3 B2 B1 Bo CI 

Sg S7 s6 Ss S4 S3 S2 S1 S17 S16 S15 S14 S13 S12 S11 S10 S9 
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Pattern Ten 

A7 A<, As ~ A3 A2 A1 Ao B7 B6 Bs B4 B3 B2 B1 Bo CI 

S9 Sg S7 s6 Ss S4 S3 S2 S1 S17 S16 S15 S14 S13 S12 S11 S10 

Pattern Eleven 

A7 A6 As ~ A3 A2 A1 Ao B7 B6 B5 B4 B3 B2 B1 Bo CI 

S10 S9 Sg S7 s6 Ss S4 S3 S2 S1 S17 S16 S15 S14 S13 S12 S11 

Pattern Twelve 

A7 A6 As A4 A3 A2 A1 Ao B7 B6 B5 84 B3 B2 B1 Bo CI 

S1 1 S10 S9 Sg S7 s6 S5 S4 S3 S2 S1 S17 S16 S15 S14 S13 S1 2 

Pattern Thirteen 

A7 A6 As ~ A3 A2 A1 Ao B7 B6 85 B4 B3 B2 B1 Bo CI 

S12 S11 S10 S9 Sg S7 s6 Ss S4 S3 S2 S1 S17 S16 S15 S14 S13 

Pattern Fourteen 

A7 A<, As A4 A3 A2 A1 Ao B7 B6 85 B4 B3 B2 B1 Bo CI 

S13 S12 S11 S10 S9 Sg S7 s6 S5 S4 S3 S2 S1 S17 S16 S15 S14 

Pattern Fifteen 

A7 A<, As A4 A3 A2 A1 Ao B7 B6 85 B4 B3 B2 B1 Bo CI 

S14 S13 S12 S11 S10 S9 Sg S7 s6 Ss S4 S3 S2 S1 S17 S16 S15 
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Pattern Sixteen 

A7 Ar, As Ai A3 A2 At Ao B7 B6 B5 B4 B3 B2 Bt Bo CI 

Sts St4 S13 St2 St1 S10 S9 Sg S7 s6 S5 S4 S3 S2 St S17 St6 

Pattern Seventeen 

A7 Ar, As A4 A3 A2 At Ao B7 B6 85 B4 B3 B2 Bt Bo CI 

S16 S15 St4 S13 S12 S1t S10 S9 Ss S7 s6 Ss S4 S3 S2 St S11 

Pattern Eighteen 

A7 A6 As A4 A3 A2 At Ao B7 B6 85 B4 83 82 8t Bo CI 

St S2 S3 S4 Ss s6 S7 Sg S9 S10 S11 S12 S13 St4 Sts S16 S17 

Pattern N meteen 

A7 Ar, As A4 A3 A2 A1 Ao B7 86 85 B4 83 82 8t Bo CI 

Sts S9 S13 St4 Sg s6 S2 S11 S17 S3 S10 St2 S4 St S5 S16 S7 

Pattern Twenty 

A7 Ar, As Ai A3 A2 At Ao 87 86 85 B4 B3 B2 Bt Bo CI 

S4 S5 s6 S7 Sg S9 S10 S11 S12 S13 St4 S15 St6 S17 St S2 S3 

Pattern Twenty One 

A7 A6 As A4 A3 A2 At Ao B7 B6 85 B4 83 82 Bt Bo CI 

Sg S17 S4 s6 S9 St4 S10 S3 S13 St s,6 Sts S2 S11 S5 S7 S12 
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Appendix C 

Sequences Generated by LHCA with Rule 

239 and LHCA with Rule 22 

t ca ca t ca ca t ca ca t ca ca t ca ca 
239 22 239 22 239 22 239 22 239 22 

49 23 24 82 52 36 229 27 
91 51 25 207 38 37 93 
208 45 26 54 25 38 

8 27 81 46 39 
28 20 28 203 13 40 
58 29 56 24 41 

61 30 68 44 42 178 42 
7 31 238 10 43 159 3 
8 32 69 19 44 254 5 
9 110 37 21 33 237 109 12 
10 133 28 22 25 35 34 65 129 26 
11 205 23 55 21 35 227 195 43 



APPENDIX C SEQUENCES GENERA TED BY LHCA WITH RULE 239 AND 94 
LHCA WITH RULE 22 

t ca ca t ca ca t ca ca t ca ca t ca ca 
239 22 239 22 239 22 239 22 239 22 

60 36 1 90 118 46 120 12 150 53 52 180 33 42 

61 126 2 91 177 13 121 46 26 151 85 38 181 115 3 

62 173 7 92 155 24 122 101 43 152 197 25 182 188 5 

63 161 93 240 44 123 157 1 153 46 183 138 12 

64 179 94 120 10 124 249 2 154 97 13 184 219 26 
65 156 95 164 19 125 103 7 155 147 24 185 16 43 

66 250 96 190 61 126 154 156 236 44 186 40 1 

67 99 97 141 127 243 157 66 10 187 108 2 

68 148 98 209 128 124 158 231 19 188 130 7 

69 230 99 11 129 170 159 90 61 189 199 

70 89 100 24 130 171 160 211 190 42 

71 215 30 101 52 131 168 161 12 191 107 

72 2 37 102 86 132 172 162 18 192 136 

73 7 28 103 193 16 133 162 163 47 193 220 

74 10 104 35 56 134 183 30 164 102 194 26 

75 27 23 105 116 60 135 146 37 165 153 195 51 

76 48 51 106 182 50 136 239 28 166 247 16 196 92 

77 88 45 107 137 70 167 114 56 197 218 30 

78 212 8 108 138 233 23 168 191 60 198 19 37 

79 6 20 109 139 79 51 169 142 50 199 44 28 

80 9 54 110 140 246 45 170 21 3 200 98 

81 33 111 106 27 141 113 8 171 5 201 151 23 

82 112 139 41 142 187 20 172 13 202 226 51 

83 113 216 6 143 128 54 173 17 203 87 45 

84 241 55 114 20 174 43 27 204 194 8 

85 123 35 115 38 175 104 41 205 39 20 

86 160 21 116 121 49 146 112 63 176 140 6 206 122 54 

87 176 52 117 167 42 147 184 55 177 210 207 163 33 

88 152 38 118 186 3 148 132 35 178 15 22 208 180 

89 244 25 119 131 5 149 206 21 179 22 49 209 150 



APPENDIX C SEQUENCES GENERA TED BY LHCA WITH RULE 239 AND 95 
LHCA WITH RULE 22 

t ca ca t ca ca t ca ca t ca ca t ca ca 
239 22 239 22 239 22 239 22 239 22 

210 225 55 219 234 44 228 1 237 166 27 246 60 12 
211 83 35 220 75 10 229 3 16 238 185 41 247 74 26 
212 204 21 221 248 19 230 4 56 239 135 6 248 251 43 
213 50 52 222 100 61 231 14 60 240 202 249 96 1 
214 95 38 223 158 232 21 50 241 59 22 250 144 2 
215 222 25 224 253 233 37 242 64 49 251 232 7 
216 29 46 225 105 234 125 243 224 42 252 76 11 
217 57 13 226 143 235 169 244 80 3 253 242 17 
218 71 24 227 214 236 175 245 200 5 254 127 58 
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