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Chapter 1

Introduction

With the advent of very large scale integration some years ago, the number of transistors
integrated into one small piece of silicon approached one million Also, chips are used 1n a
multitude of different applications of our lives Consequently, the 1ssues of testing, design-
for-test and built-in self-test are becoming increasingly important

The testing of a circuit requires the set of test stimuli and a method of comparing the
response of the circuit with the correct response Test generation 1s the process of deter-
mining the sttmul1 necessary to test a digital system Test generation depends primarily on
the testing method employed [3] There are a number of different approaches to testing
The oldest 1s to find a specific test set which stimulates each of the individual faults For a
number of reasons, this 1s not feasible in some modern applications, particularly built-in
self-test In this situation there are two alternatives, either using exhaustive test patterns,
that 1s all possible combinations of the inputs, or some apparently random set of input
combinations

A pseudorandom binary sequence 1s a string of binary digits such that the bits of the
string appear to be random 1n the local sense and repeat in some way Linear finite state
machines can generate this kind of pseudorandom binary sequence Hence, we use linear

finite state machines as the test generation of these two alternatives Normally, we use lin-
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ear feedback shift registers as the testing generators since they can be easily implemented

A deterministic test set may get 100% fault coverage However, for built-in self-test,
we need to write the test set into read only memory, and apply each test vector one by one
to the circuit under test Thus, the test speed 1s low and some extra area of the chips 1s
required On the other hand, 1f we use the pseudorandom sequences generated by the lin-
ear finite state machines as the test patterns, we have a much large number of test vectors,
especially for the circuits which have a large number of inputs Therefore, 1f we can com-
bine the advantage of the short sequence length of a determinustic test set with the easily
generated property of a pseudorandom sequence, we can improve the testing method so
that we have a comparatively high speed, low cost testing method

The main goal of this thesis 1s to investigate possible approaches to achieve the above
goal That 1s, we want to find a linear fimite state machine which can generate a pseudoran-
dom sequence such that the test vectors in the deterministic test set appear reasonably
close together 1n the sequence In order to achieve this goal, we investigate the embedding
of some deterministic test sets nto sequences generated by linear finite state machines
The simulation results are analyzed and an alternative approach 1s presented Finally, we
give an implementation of a real deterministic test set to observe how the approach works
In practice

The rest of this introduction gives a summary of the thesis contents Chapter 2 1s the
introduction about linear finite state machines The definitions related to linear finite state
machines are given The theorems and properties related to these machines are formally
presented and 1illustrated with examples Two typical linear finite state machines, linear
feedback shift registers and linear hybnid cellular automata, and their properties are also
introduced This chapter gives readers some general background knowledge

In chapter 3, the general definitions of m-sequences and their properties 1llustrated by
examples are first presented Then, an application of the m-sequences 1s given Finally, the
precise goals of the thesis are introduced The purpose of this chapter 1s to give reader the
specific knowledge required for the following chapters

In chapter 4, we do the systematic investigation of the problem using test sets with
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small size In this chapter, we first give an example to illustrate how to use a linear finite
state machine to generate the deterministic test set completely Then, we present an algo-
rithm which can examine whether we can generate each of the possible deterministic test
sets by using a linear finite state machine The simulation results are presented and ana-
lyzed We also deliver some results and theorems related to our problem

In chapter 5, we do the random 1nvestigation of the problem using test sets with large
size We first present an equation which can calculate the total number of linear finite state
machines Then, we use the same algorithm to examine some real deterministic test sets
with large size The simulation results and analysis based on these real test sets in practice
are presented Finally, we give an alternative approach to solving the problem and 1llus-
trate this approach by an implementation on a real deterministic test set

In chapter 6, we give some final conclusions and summarize our main contributions

We also present some discussion about future work



Chapter 2

Linear Finite State Machines

Many linear finite state machines can be used to generate pseudorandom sequences Lin-
ear feedback shift registers and linear cellular automata are commonly used Since these

pseudorandom sequences are repeatable, they have many interesting properties

2.1 Linear Finite State Machines

2.1.1 Mathematical Definitions

We need to know some mathematical defimitions and theorems to understand the later top-
ics The following 1s a set of some algebraic definitions and theorems which we required,
and which are related to linear finite state machines The main sources for this section are
(1, 6]

Defimtion 21 A finite-state machine 1s an algebraic structure (S, [, Y, M, ), where

S, 1, and Y are finite sets of states, mnputs, and outputs, respectively, M 1s a mapping from

Sx [ mto S, and d 1s a mapping from S nto Y

Figure 2 | shows a finite-state machine The machine model we use here 1s called the
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1el M(s,1) =s'€S§ d(s) =yeY
— »{ Delay {0 -
ses

Figure 2 1 An abstract model of a finite-state machine

Moore model The Mealy model of finite-state machines 1s an alternative model For the
Mealy model, the & (output function) 1s a mapping from S x / mto ¥ We can specify the
behavior of a finite-state machine by specifying its next-state and output functions For
example, the table and graph 1n Figure 2 2 describe a finite-state machine that produces a 1

output when the preceding four mputs form the sequence 0100
Definition 22 An Abelian group G 1s a set of elements which satisfy
1  The sum of any two elements of G 1s still n G
2 Foranyelements a,b,c n G,a+b = b+a,and
(atb)+c=a+ (b+c)
3 There 1s an element 0 which satisfies a+0 = a foreveryain G
4 Every element a has a negative @ such thata +a =
Defimtion 23 A field F 1s a set of elements with two operations + (called addition)
and (called multiplication) such that
1 1t1s an Abelian group under + with 1dentity 0,
2 the non-zero elements form an Abelian group under with identity 1 (1 #0),
3 the distributive law holds, that1s,x (y+z) = (x y) + (x z) and
(y+z) x=(y x)+(z x) forallx,y,zmm F
For example, (Q, +, ) and (R, +, ) are fields (Q 1s the rationals, R the reals)

Defimtion 24 A finite field 1s a field which has a finite number of elements The num-
ber of elements 1n the field 1s called the order of the field

For example, GF (p) , the Galois field of order p, 1s a finite field
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NextState M (s,1) Output
Present State

S =0 i =1 d(s)
S S, 5 0
Sy Sy 5y 0
53 8, 8 0
Sy P §q 0
ot Sy S3 1

Figure 2 2 State table and graph for the next-state and out-

put functions of a machine M

Defimtion 25  V 1s a vector space over K 1f (V, K, +, ) 1s a unitary module and K 1s a
field

Defimition 2.6 A polynomial p (x) of degree n> 0 over K 1s wrreducible over K 1f
and only 1f there do not exist polynomials f(x) and g (x) of degree greater than 0 over
K such that f(x) g (x) = p(x), where multiplication 1s ordinary polynomial multiplica-
tion with coefficient operations in K

x3+x+1, x*+x+1, and x*+x3+1 are all rreducible polynomials over GF(2),
x3+2x+1,x*+x+2,and x* + 2x3 + 2 are all irreducible polynomials over GF (3)
Definition 27 A polynomial p (x) of degree n 1s a monic polynomual 1if the coefficient

of x" 1s unity

These defimtions provide some of the mathematical background which 1s helpful to our

understanding of linear fimite state machines In the following chapters, our field 1s
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GF (2) unless otherwise stated

2.1.2 General Definitions

A linear finite state machine has many useful and interesting properties They have been
extensively studied We give some basic definitions, theorems, and examples of linear

finite state machines here The main source of this section 1s [1]
Definition 28 A machine M 1s a linear finite-state machine 1f

1 the state space §,, of M, the input space /,,, and the output space Y, are each vec-

tor spaces over a finite field K (we let the dimensions of the spaces be », p, and r,
respectively), and

2 for the state vector s , input vector u , and output vector y, at time ¢, the next-state
and output functions are of the forms

M(s,u) =8, =4 -5,+8:u

and 8(s,) =y, = C s,,where 4, B, and C are matrices over K, s, u,, and y,

q b
are column vectors, and the matrix operations are the usual matrix operations with
arithmetic performed 1n the field K

By using the above two equations, we can calculate the next state and the output for a par-

ticular linear finite state machine For example, let M be a linear finite state machine with

the matrices 4, B, and C such that

101 10 T
A=1001 2= |11 C={ }

111 01 L0

Assume that M 1s started 1n state (0, 1, 0)’ and the mput 1s (1, 1) From the above

assumption, we can get the next state s (+1 a8
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101 10
Spor = A s ¥B u = 1001 (0,L0)+1 1 (1,1) =(1,0,0)

111 01
and the output y, 1s

y,=Cs = [(‘)i(ﬂ (0,1,0y = (1, 1)

Defimtion 29  The state s = (0, 0, ,0)’ of a linear machine 1s called the 0-state, or

state 0, and the input u = (0, 0, ,O)t 1s called the 0-input, or input 0

Theorem 2.1 [1] For every input sequence u,u, u, and for every state s,

m
M(s,uu, u,) =M(s,0m) + ZM(O, v)

=1
where each v 1s a sequence of 0-inputs except for input «, at time : and where M 1s a lin-

ear next-state function
This theorem means that the behavior of M on a sequence of inputs 1s equal to the
superposition of its behavior for individual inputs We can use matrix notation to rewrite

the above equation [1]

m
M(s,uu, u,) =A™ s+ ZA'"“' B u,

=1

2.2 Autonomous Linear Finite State Machines

Definition 2.10 A linear finite state machine which has no mnputs 1s called an autono-
mous linear finite state machine

In Figure 2 3 we give the block diagram of an autonomous linear finite state machine So

the next state function1s s* = s, T, where T'1s the transition matrix In this thesis, when
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gl T »| Delay

Figure 2 3 Block diagram of an autonomous linear finite state machine

ever an LFSM (linear finite state machine) 1s used, 1t means an autonomous linear finite

state machine, unless otherwise stated

Definition 2.11 A linear finite state machine 1s said to have a maximum length cycle 1f
all possible states except the 0-state lie on a single connected cycle 1n the state transition
graph

Consider an example here, with two transition matrices 7', and T,

1100 1100
_[toto _|tot1o0
T; = T, =
0111 0011
0011 0111

And the state transition graphs are as shown 1n Figure 2 4 and 2 5 (Note that the decimal

labelling of the states 1s an abbreviation for the corresponding bit pattern )

/
i i

QOO0+~

Figure 2 4 State transition graph of LFSM with T



CHAPTER 2 LINEAR FINITE STATE MACHINES 10

@ @ ©
s 303 £
O+ W+ =

Figure 2 5 State transition graph of LFSM with T,

Figure 2 4 gives a LFSM which has a maximum length cycle and Figure 2 5 gives a LFSM

which does not have a maximum length cycle
Definition 212 An n x n matrix A 1s said to be nonsingular 1f det (A) # 0, where the

determinant 1s calculated in the arithmetic of the field K

-
101
We can easily see that 4 = |( o || 1S nonsingular since det(A) = 1 and that

111

101
B = |0 0 1| 1s singular since det (B) = 0

101
Defimtion 2 13 If 4 1s any n x n matnix, and 1f Q 1s a nonsingular » x n matrix, then

thematix 4’ = Q@ 4 Q! 1s said to be simular to A

010 110
Let A be |1 11|, @ be |111] © 15 nonsingular since det(Q) #0 So Q! 1s
110 010

101
00 1| Andwe get

110
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110/ lo10] [101 011
A=040"=(111] h11] lootl=1111
o10/ (110 [110 010

It 1s very difficult to determine 1f two matrices are similar since 1t 1s not easy to find the O

One way we can do 1t 1s to find some X, X, and A, A, from

4,X = MX| 4,X, = XX,

if X, = X, and A, = A, then 4, and 4, are similar

Theorem 2 2 [1] If matrices 7 and 7" are similar nonsingular state-transition matrices,

then their state graphs have 1dentical cycle structures and differ only in the labeling of the

states
010 011

From the above example, the state graphs for 7 = |1 1 1| and 7" = |1 1| 1| are shown
110 010

in Figure 2 6 We can apply the theorem to this example and conclude that similar nonsin-
gular state-transition matrices give the same structure of the state graphs with different

order (or labeling) of the states

Defimition 2 14  The characteristic polynomial ¢ , (L) of an n x n matrix 4 1s the poly-

nomual det (Al —A)

101
We get the characteristic polynomial for 4 = |( ¢ 1| by using the defimtion The charac-

111

teristic polynomial 1s

O,(A) =A3+A+1
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Figure 2 6 State graphs for LFSMs with transition matrices T and T’

From the theorem 2 2 we can see that similar state transition matrices produce the
same cycle structure This means we can obtain a particular cycle structure by construct-
ing any machine 1n an equivalence class characterized by that structure, and we can select
the machine of least cost in an equivalence class This 1s the reason for us to look at linear

feedback shift registers and linear hybrid cellular automata

2.3 Linear Feedback Shift Registers

A linear feedback shift register (LFSR) 1s an LFSM defined as a collection of memory
cells and XOR gates which are chained together and controlled by a synchronous clock
There are two configurations for the LFSR a Type I LFSR which has the XOR gates
between the cells, and a Type II LFSR which has XOR gates on the feedback path Each
LFSR has 1ts own state transition matrix The generation function f(x) of each LFSR 1s
called the characteristic polynomial We denote a type [ LFSR by LFSR(I) and a type II
LFSR by LFSR(II) Figure 2 7 and Figure 2 8 show the typical LFSR(I) and LFSR(II)

Here c, 1s a binary constant, and ¢, = 1 implies that a connection exists, while ¢, = 0
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implies that no connection exists

Figure 2 7 A type I linear feedback shift register with characteristic

1 2
polynomial P (x) =x”+c,H X+ 4 cyx topxtl

1

From Figure 2 7 we can get the relationship between the current state and the next
state Let the current state be s = (sl, S5, 83, 5, and the next state be

I S +
s = (Slaszss3, ,Sn>

Then

+—

8§ =5,

+

s, =8_19¢,_;s5 for 1 =2,3, ,n

1 1—1 i n

+
Sos = s T and the transition matrix 7 1s

(01 0 0
00 1 0
T = 21)
00 0 1
—l ¢ ¢, Cpi]

Alternatively for type II, from Figure 2 8 we can get

n—1
+
| thsn—x

1=1

I
Il

[
Il

1 Sl—l

for1 =23, .|n
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and the transition matrix 7" for LFSR(II)

r =
c, 10 0
.50 1 0

T = (22)
¢, 00 1
1 00 o0
- P - P - -
S] eeee Sn—2 Sn—] Sn =

Figure 2 8 A type II linear feedback shift register with characteristic

n n 2
polynomial P(x)=x+¢_,x + +cx +cox+l

Figure 29 shows the two types of LFSRs derived from the same polynomial

XS+x3+1 [4]

a Lsxr——»sz——» 53 LD 4 [ S5

D=
N N
N ) Sy B Sy P Ss

Figure 29 a Type I LFSR and b Type II LFSR with characteristic

polynomial x° + x3 + 1

By using the transition matrices (2 1) and (2 2) we can get the corresponding state
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transition matrices of the LFSRs 1n Figure 2 5, namely

01000 (01000
00100 10100
(@ T=100010 (&) T=100010
00001 00001
10010 10000

In the following section, we introduce an alternative interesting linear finite state

machine linear hybrid cellular automata

2.4 Linear Hybrid Cellular Automata

The linear hybrid cellular automata (LHCA) 1s defined as a uniform array of identical cells
1n a one-dimensional space Cells are restricted to local neighborhood interaction and have
no global communication The algonthm for cells to compute their next states 1s called the
computation rule Figure 2 10 1s an example of a LHCA with Rule 90 and 150 It 1s said to
have null boundary conditions when the two end inputs always have 0 value (See [8] for a

detailed discussion of LHCA )

0

1 (90) [ (150) [q—] (150) [q—21 (90) [—21 (90)

s Sy s5 S4 s 0

Figure 2 10 An LHCA with characteristic polynomial
P(x) =x +x +1

Defimtion 215 Let s, 1 <1<n, be the current state of cell : of the LHCA 1dentified by

+ +
the n-tuple (c,c,, ,c,) Its next state, s, 1s given by s, =5, ®@cs ®s .,

where 85 = 8,

+1=0,¢c, =0 foraRule90cell and ¢, = 1 for a Rule 150 cell

We only consider LHCA with Rule 90 and Rule 150 cells 1n this thesis since 1t has
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been shown 1n [8] that this 1s a requirement for the LHCA to have a maximum length

cycle A general state transition matrix for the LHCA 1s

c, 10 i
le,1 0 0

T = (23)
1 e, ;1
0 0 1 ¢,

By using (2 3), we can get the transition matrix for LHCA of Figure 2 10

01000
11100
T=101110
00101
0001 0]

Defimition 216 [8] For an n-cell LHCA (c,c,, ,c,), 1ts characteristic polynomial 1s
given by the function defined recursively as follows
A (x) = (xtc)A,_(x)+4, ,(x)
A] (x)
Ay (x)

x+e, (2 4)
1

By using (2 4), we can calculate the characteristic polynomial for LHCA of Figure 2 10 as

follows

Ay (x) 1

Ai(x) =x4e; =x+0=3x

Ay(x) = (x+ep) (x) +1 = x +x+1
Ay(x) = (x+c3)(x2+x+l)+(x) =X +x+1
Ay (x) = (x+c4)(x3+x+l)+(x2+x+1) =x'+1

Ag(x) = (x+c5)(x4+l)+(x3+x+1) =X +x +1
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Thus the characteristic polynomial for LHCA of Figure 2 101s P (x) = X +x +1 Note
that we normally use the diagonal of the transition matrix to represent the LHCA We call
it the rule of the LHCA

We are more interested 1n the LFSMs which can generate a sequence including all
nonzero states The next chapter describes the definitions and theorems related to this

topic
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Chapter 3

M-Sequences

For an n-stage LFSM, 1t can have at most 2" possible different states Since 1t 1s linear,

any successor of the 0-state will be O-state So, starting with a nonzero state, the n-stage
LFSM can reach at most 2" — 1 different states That 1s, an LFSM can generate a sequence

periodically and has a maximum value of 2"—1 Alsothe sequence produced 1s a pseudo-
random sequence since 1t 1s a string of digits such that the digits appear to be random 1n

the local sense and repeat in some way These pseudorandom sequences with period of

2" —1 are very useful in many areas, such as ranging systems, secure communication sys-
tems and digital computer systems Therefore, we are very interested 1n these sequences
which are called m-sequences In this chapter, we introduce the general definitions and

theorems related to m-sequences and some applications using m-sequences
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3.1 Mathematical Definitions

In order to introduce the m-sequences, we need some basic mathematical concepts The
following are some definitions and theorems which help us understand more about m-

sequences

Defimition 3.1 [2] For any monic polynomial f(x), the period of f(x) 1s defined to be the
least integer k such that f(x) divides x* + 1

For example x* + x + 1 has period of 15 since 15 1s the least integer such that x!5 + 1 can
be divided by x*+x+ 1, and x*+x3+x2+x+ 1 has period of 5 since 5 1s the least
integer such that x>+ 1 can be divided by x*+x+ 1 We have two theorems about the
period

Let the sequence {a,} = {a,a,, } represent the history of the output stage of an

LFSM where a, = 1 or 0 depending on the state of the output stage at time 7, Then we
have the following theorem

Theorem 3 1 [2] Ifasequence {a,} 1s derived from an n-stage LFSR with irreducible

characteristic polynomial P (x) , then the period of the sequence {a,} 1s a factor of

2" -1
Theorem 3 2[1] Let P(x) be the irreducible characteristic polynomial of a shift regis-
ter with next-state matrix 7' Then, if k 1s the period of P (x) , all nonzero states lie on
cycles of length k&

For example, an LFSR with irreducible characteristic polynomial x4 + x3 + x2 + x + 1

has the period of 5 by definition and 5 1s a factor of 15 And 1ts state transition graph 1s
shown 1n Figure 3 1
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Figure 3 | State graph for the LFSR with characteristic polynomial
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We see 1t 1s correct that all the nonzero states lie on cycles of length 5

Defimtion 3.2 [1] An element o of the field GF (q) 1s called a primitive element 1f 1t
generates the multiplicative group of the field

Definition 3.3 [2] The reciprocal polynomial f* (x) of f(x) 1s f*(x) = x"f(1/x)
The polynomuial x3 + x + 1 1s the reciprocal polynomial of x3 + x% + 1

Definition 3.4 [2] If the output sequence {a,} generated by an n-stage LFSM has period

2" —1,1t1s called a maximum-length sequence or m-sequence The characteristic polyno-
mial of the LFSM that produces a maximum-length sequence 1s called a primitive polyno-
mial

Polynomials such as x3 + x + 1, x*+x+ | and x3 + x2 + 1 are primitive polynomials

The number of primitive polynomials for an n-stage LFSM 1s given by the formula [6]
k(n) = (D(Z"— 1)/;1

where @ (n) = nZ(l —1/p) and p 1s taken over all primes that divide n Table 3 1
pln
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shows some values of & (n)

n k(n)
1 1
2 1
4 2
8 16
16 2048
32 67108864

Table 3 1 The number of primitive polynomuals for degree n

In the next section, we describe some properties of m-sequences

3.2 Properties of M-Sequences

M-sequences have many interesting properties and are very useful in various areas of dig-
ital systems The following are some of the important properties and their proofs of m-

sequences which we require for our later work [2] Suppose we are given an m-

sequence {a,} with characteristic polynomial P (x), a primitive polynomial of degree n,

then

Property I The period of {a,} 1s p = 2"—1, that1s, a = q, forall 120

p+i
This property comes directly from the definition

Property I Starting from a nonzero state, the LFSM that generates {a,} goes

through all 2" — 1 states before repeating

This property 1s obvious since the period of the m-sequence 1s 2”1
Property IIl The number of 1’s in an m-sequence differs from the number of 0’s by

one

Proof Since the n-stage LFSMs which generate the sequence cycles through all 5* 1

nonzero states (from Property II), 1t can be thought of as displaying all the numbers from 1
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to 2"—1 And the m-sequence can be thought of as the first bits of all those numbers
Since from 1 to 2" —1 there are 2" odd numbers and 2"—l — 1 even numbers, there-

fore, there are 2" ' 1’sand 2"~ ' —1 0’ and the disparnty 1s one
QED
Consider an example with f(x) = x3+x+ 1, we have the m-sequence 0101110

which has four 1’s and three 0’s Below, we use the same m-sequence as an example for
the following properties
Property IV (The Window Property) If a window of width n 1s shd along an m-

-1
sequence, then each of the 2" nonzero binary n-tuples 1s seen exactly once 1n a period

For our example and a window of width 3, this gives 010, 101,011, 111, 110, 100, 001
That 1s each of the 7 nonzero binary 3-tuples 1s seen exactly once 1n a period of 7

The concept of a run 1s introduced A maximal contiguous grouping of symbols 1s
called a “run ” To avoid ambiguity in periodic sequences, consider the sequence written 1n
a circle to avoid end effects To count maximal contiguous groupings, the period must
start at the transition from a run of 1’s to a run of 0’s or vice versa
Property V (The Run Property) In every period of an m-sequence, one-half of the runs
have length 1, one-fourth have length 2, one-eighth have length 3, and so forth, as long as
the fractions yield integral numbers of runs The runs of 1’s and 0’s terminate with runs of
length n and n— 1, respectively Moreover, except for these terminating lengths, there are

equally many runs of 1’s and of 0’s The total number of runs of 1’s equals the total num-

ber of runs of 0°s The number of runs in a pertod1s (m+ 1) /2, where m = 2" —1

Proof By Property IV, we know that n consecutive 1’s occurs exactly once This run
must be preceded by a 0 and followed by a 0 Since all the n-tuples are seen exactly once

by Property IV, the n consecutive 1’s preceded by a 0 and followed by a 0 includes the run
of n—1 consecutive 1’s preceded by a 0 and followed by a 0

There 1s no run of n consecutive 0’s since we do not include the all 0-state here Soa 1
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followed by n— 1 consecutive 0’s must occur, so there 1s a run of n — 1 consecutive 0’s
Now, let 0 <k <n—1 To find the number of runs of 1°’s of length &, consider n con-

secutive bits beginning with 0, then & 1’s, then a 0, and then the remaining n —k—2 bats
—k-2
arbitrary This occurs in 2" ways since each n-tuple occurs exactly once Therefore,

.
there are 2" runs of k consecutive 1’s A similar argument 1s true for the runs of 0’s

Hence, we can get

I
N

n—2
runs (1's) i 5 Z gi=k-d =y
k=1

n-2
runs (0's) = 1+ ¥ 2" 7572 = "7
k=1

So the total number of runs 1s 2x2" 2 =2""' Since m = 2" 1, and

(m+1)/2 = 2"~ the number of runs

The number of runs of 1’s of length k = 1 1s 2" %72 = 2" and the number of

runs of 1’s of length k = 2 1s gt k=2 _ 54 Hence, one-half the runs of 1’s have

length 1, one-fourth have length 2, and so on We have the similar statement for the runs of
0’s
QED

For our example, m-sequence 0101110, the number of runs should be (m+1) /2

where m = 7,1e 4 We actually have runs 0, 1,00, 111 and 2 = = x 4 of the runs have

BN —

length 1, 1 = }1 x 4 of the runs has length 2,and 1 = [% X 4] of the runs has length 3

The runs of 1’s terminate with runs of length 3, and the runs of 0’s terminate with runs of

length 2

Property VI (Transitions) The number of transitions between | and 0 that an m-

sequence makes 1 one period1s (m+1) /2, where m = 27— 1
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Proof Since a transition 1s associated with the beginming of a run, and the number of
runs1s (m+1) /2, so the number of transitions 1s (m + 1) /2
QED

For our example m-sequence, 0101110, we have

0—>1,1>0,0—> 1,notransition, notransition, 1 — 0, notransition

The number of transitions between 1 and 0 1in one periodis (7+1) /2 = 4

Property VII (The Shift-and-Add property) The sum of any m-sequence 4, and a

cyclic shift of itself 1s another cychic shift of 4,
Proof Let A4, = {a,,aya;, } be the m-sequence {a,} Let

Ay = {00058y ...} s Ay & {U5d508g ...} 5 , A = {a

2 a,,a, }, where

.
p = 2" 1 Also, let 4, = {0,0,0, } Let R be the linear recurrence relation satis-
fied by 4, Then R 1s also satisfied by 4,,4,, ,4 5 and 4, Since R 1s linear, 1t 1s also
satisfied by 4 + 4 : where 4 +4 . denotes the term-by-term sum Thus 4, + 4 1 deter-
mined by R from 1ts first n terms And these n terms are the same as the first n terms of

exactly one of the 2" sequences Ay, 4,, ,4 " Thus the sum of two cyclic shifts of an m-

sequence 1s a cyclic shift of the same m-sequence
QED

Using our example, m-sequence 0101110, we can let 4, = 0101110 and a cyclic
shift of 4, be 1110010 So the sum of them 1s 0101110 + 1110010 = 1011100, which 1s

another cyclic shuft of 4,

In order to define the autocorrelation function, the sequence {a,} with a, belonging

to {0, 1}, 1s changed into an equivalent sequence {b,} by defining b, = 1 —2a,, where
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the minus sign indicates an arithmetic operation Thus 1’s in {a,} are replaced by -1’s

in {b,} and the 0’s by +1’s For a periodic sequence such as a shift-register sequence, the
autocorrelation function 1s defined as
1 p
Cem =2 2 bub,
n=1

Property VIII  The autocorrelation function of every m-sequence of period p = 27— 1

1s given by
c@0) =1

C(t) =-1/p  for  1<t<27-2

For our example, m-sequence 0101110, then {a,} 1s

0,1,0,1,1,1,0
and {b,} 1s
+1,-1,+1,-1,-1,-1, +1
So by definition
5
1 1 |
c(0) = 72 b,b, = g (bb, +byby + +byb;) = 7 7=1
n=1
and
1 ’ 1
C(l) =3 anbn_l =3 - =-1/7
n=1
and also

C(2) =C@3) =C(4) =C(5) = C(6) = C(7) =-1/7

Decimation 1s the selection of every gth element of the sequence If g 1s relatively

prime to the period p = 2" — 1, the decimation 1s called proper
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Property IX (Decimation) Every proper decimation of an m-sequence 1s itself an m-
sequence

Again, using our m-sequence 0101110, we can take ¢ = 2 and the resulting
sequence 18

1,1,1,0,0,1,0

which 1s again an m-sequence

We now have our necessary basic knowledge about m-sequences Since the number of
primitive polynomials 1s a constant for each degree, the number of m-sequences 1s a con-
stant too

All m-sequences repeat 1n every period In general, we use one period of the m-
sequence to represent the m-sequence Table 3 2 shows the m-sequences for some of the

primitive polynomials with degree less than 7 We get the primitive polynomuals from [5]

3.3 An Application of M-sequences

In a communication system, we are always concerned about security Using the m-
sequences, we can get a secure communication system [1] Figure 3 2 1llustrates an inse-

cure communication system

message

[ >
Sender Recewver

Unfriendly
Eavesdropper

Figure 3 2 A communication system
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Primitive Polynomual M-Sequence
x2+x+1 011
x¥+x+1 0101110
3+x2+1* 0111010
¥*+x+1 010011010111100
xr+x3+1% 011110101100100
x5+ 52 41 0100101100111110001101110101000
axds]e 0101011101100011111001101001000
St x4 | 0111001101111101000100101011000
SHxt+xd+x+1* 0110101001000101111101100111000
S+ +x2+x+1 0101101010001110111110010011000

51 bt gkt I 0110010011111011100010101101000

x6+x5+l 0000011111101010110011011101101001001110001
01111001010001100001
x6+x+ 1 * 0000010000110001010011110100011100100101101
11011001101010111111
6 5 2 0000011110010010101001101000010001011011111
X +x +x +x+*]
10101110001100111011
6 5 4 4 0000011011100110001110101111110110100010000
x +x +x +x+1
10110010101001001111
6 4 3 0000010111111001010100011001111011101011010
x +x +x +x+1
01101100010010000111
6 5 3 2 0000011100001001000110110010110101110111100
X +x +x +x +1%*
11000101010011111101

Table 3 2 The m-sequences for all the primitive polynomials with degree less than 7
Note * Each such polynomual 1s the reciprocal polynomial of the entry immediately pre-

ceding it The m-sequences are the reverses of each other
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Sender Receiver
message coded message message
m-sequence m-sequence
Primitive Primitive
shift-register shift-register

Figure 33 A secure communication system based on a simple

model of primitive LFSRs

We want to find a simple cryptographic system to encode the message between the sender
and recerver, so that the eavesdropper can not understand what he or she hears Figure 3 3
shows our simple model for the encoder and decoder

In the sender part, assume the information digit at time 1 1s g,, and the m-sequence
digit at ume 1 18 p,, we get the transmitted digit at tme 1 by v, = g, + p,, where v, 1s the
transmitted digit at time : In the receiver part, we repeat the same process using the same
primitive shift-register Since the field 1s GF (2) , we get g, = v, + p , where v, 1s what
we receive at time 7, and p, 1s the m-sequence digit at time :

Since the m-sequence has certain pseudo-randomness properties, the coded message
will appear to be random and 1t 1s hard for the eavesdropper to understand the message
However, we need to synchronize the registers in the encoder part and the decoder part
Many techniques can be used to solve this problem

We give a simple example to conclude this section Assume we have an m-sequence

0101110010111 , and our message 1s 11100100101 So after encoding, we have
10111000000 = 11100100101 + 01011100101

and 1n the recerver part, after we recerve 10111000000, we can decode the message

10111000000 + 01011100101 = 11100100101
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At the same time, 1t 1s hard for the eavesdropper to understand the coded message
There are many applications of m-sequences More detailed material can be found 1n

Knuth [9], Shannon [10], and Golomb [11] about these applications

3.4 A Particular Problem

The sequences generated by the LFSMs, for example LFSRs or LHCA, can be used 1n cir-
cuit testing because of their pseudo-randomness properties Figure 3 4 shows the appropri-

ate architecture for testing

”E[;eftt Circuit S i
attern Under 1gnature
Generator | gl Test — Campactor ——| Comparator
(TPG) (CUT)

Figure 34 The architecture of the testing

In this thesis, we are only concerned with the TPG (Test Pattern Generator) In Chap-
ter one, We introduced two types of random test pattern generator One uses patterns gen-
erated by the LFSMs, and the other 1s a set of test vectors written in ROMs We show an

example here Let our circuit to be tested be that shown in Figure 3 5

A

-

b F
B L. 7

C

Figure 35 A 3-Input circmt with F = 4B+ C
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We get the truth table for this circut first, as shown 1n Table 3 3

- - . 1~
0 0 1 0
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 0
1 1 0 1
1 1 1 0

Table 3 3 The truth table of the circuit in Figure 3 5

Now we can simulate the combination of inputs in two ways one 1s by using an LFSM as
the test pattern generator to simulate all the combinations except all O-inputs, the other
way 1s by choosing some of the combinations as a set of test vectors

If we decide to use the first method, we notice that we have three inputs, so we know
we have to have an LFSM with a characteristic polynomuial of degree three And this poly-

nomial must be primitive, so that we can get the maximum length cycle We only have two

3 3,2
primitive polynomials x” +x+ 1 and x” +x + 1 Both of them can give us the maximum

length cycle Suppose we choose a 3-stage LFSR whose characteristic polynomial 1s

x3 + x2 + 1 to simulate the mputs (Figure 3 6) We connect A to the output of s, B to s,

le 1 52 D - 53 s

A B C
Figure 36 A test pattern generator--an LFSR with characteristic

and C to s;

polynomial x3 + x2 + 1
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And for each time t the states of ALFSR are shown 1n Table 3 4

M Tab 3 “ Te t pattes \ me nlre ‘
After seven cycles, we have simulated all the combinations of inputs except the all-0
inputs

If we use the second method, 1 € using a deterministic test set, for example, we test the
single stuck-at faults by using the test set {111, 110, 100, 010} as the set of test patterns
The easy way to get these patterns 1s to write this test set into ROM and apply 1t to our cir-
cuit But this can be expensive

Since the patterns generated by an LFSM with a primitive polynomial generating all
the combinations except 0-state, we can guarantee that the patterns include any test set
which does not include the all-0 vector It seems that the second method 1s not necessary
So why do we still keep the second method? The answer 1s because the number of inputs

may be very large 1n the circuit to be tested For example, 1f the circuit has 16 inputs, then

all combinations of these inputs give 2 'S combmation And we may only need 10 of these
vectors to be our test patterns Therefore, 1f we use an LFSM as the test pattern generator
here, we may waste time

Is there a way to combine these two methods? Let us go back to our problem By

observation, we notice that 1f we start our LFSR with the state vector 111, and after 4

cycles, we have a sequence {111, 110,011,100,010} Therefore, we include our test set
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1n a short sequence In this case, we only waste one state vector So, 1f we are given an n-
bits deterministic test set with m vectors 1n 1t, we want to find an LFSM which can gener-
ate a sequence starting with a vector 1n the test set and ending with another vector 1n the
test set and ideally the length of the sequence 1s a reasonably small number, at least 1n
comparison with the length of the sequence used for random pattern testing (often of the
order of 100,000 patterns or more)

This 1s the question which 1s addressed 1n the rest of this thesis In order to do more
investigation, we give two more definitions here We know we have two kinds of circuits
combinational circuits and sequential circuits Correspondingly, we also have two kinds of
test sets combinational test sets and sequential test sets
Definition 35 A Combinational Test Set 1s a deterministic test set such that the order
of applying the test vectors to the circuit to be tested does not affect the test result
Definition 36 A Sequential Test Set 1s a determinustic test set such that the order of
applying the test vectors to the circuit to be tested does affect the test result

The complexity of finding a sequential test set and embedding 1t into a sequence from
a LFSM 1s much higher, since the order of the vectors 1s important In the remainder of
this thesis, we limit our attention to combinational test sets where the order of the vectors

1s wrrelevant
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Chapter 4

Investigations for Small Degree

LFSMs with primitive polynomials can generate m-sequences and m-sequences are very
useful as test patterns For convenience, we label such machines as primitive machines
Although there 1s no definitive proof that primitive LFSMs are better than other LFSMs as
stimul1 and compactors, this 1s concluded 1n recent research [15, 16] In general, primitive
LFSRs seem to behave much better than the non-primitive LFSRs both as stimuli and
compactors

From chapter 2 we know that LFSRs are the least expensive machines amongst the
equivalence class of LFSMs And, there are similarity transforms among LFSRs, LHCAs
and general LFSMs So, we can expand the behavior of LFSRs and LHCAs to general
LFSMs Then, we can conclude that, in general, primitive LFSMs behave better than non-
primitive LFSMs both as stimuli and compactors In the following chapters, we will only

consider primitive LFSMs

4.1 An Example

Suppose we are given the circuit shown 1n the Figure 4 1 One of the minimum test sets for



CHAPTER 4 INVESTIGATIONS FOR SMALL DEGREE 34

single stuck-at fault detection for this circuit 1s 7,={0100, 0101, 0111, 1010, 1110}

From the previous chapter, we know that since this 1s a combinational test set, the order of

the vectors does not matter
Lﬁ
|/
O = ) —
D __l_:

Figure 4 1 A 4-input circuit with F=ABC+CD

The truth table for the circuit in Figure 4 1 1s as shown in Table 4 1, and the highlighted

rows are the test vectors in T,

A B € D F

(e} el el il e)
— e OO

(e}l el el [N )

—Oo -] O
E=1E=l K=

Table 4 1 The truth table for the circuit in Figure 4 1
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We introduce the definition of test embedding, minimal test embedding and t-length

Definition 41  Suppose we have a test set 7 = { tsty, 5t} with n m-bit vectors

And we have a sequence S = {s,,s,, ,s,} generated by a pnmitive LFSM, such that
N=2"-1 Any S < S such that Le S™ forall 1 15 a test embedding of T mnto S The

smallest such § s defined to be the mimimal test embedding and 1ts length 1s the t-length
of T with respect to S

Note that the test vectors in T do not necessarily occur 1n the same order in S Our goal
1s to find the appropriate machine S which will give the smallest ¢-/ength of a given T over
all possible choices of S Consequently, this definition 1s only suitable for a combinational
test set

Consider our example function Since 1t has four inputs, we need a 4-stage LFSM

Suppose we connect S| to A, S, to B, S5 to C, and S4to D For degree 4, we have two

primitive polynomuals, X +x +1andx +x+1 We have two types of LFSRs, and of
LHCAs Hence we can get four primitive LFSRs and four primitive LHCAs

For all these primitive LFSRs, we can get their sequences (Table 4 2) For conve-
nience, we use the corresponding decimal number to represent the state of each LFSR
The test set Ty1s {4,5, 7, 10, 14} , and the highlighted cells are the test vectors in T By
inspecting Table 4 2, we see that we need 10 rows of column one to embed Ty, 11 rows for
column two, 9 rows for column three, and 10 rows for column four So by the definition of

t-length, we find that ¢-length of T| with respect to S 1s 9 And sequence S 1s generated by
the LFSR(I) with primitive polynomial x +x+1 The transition matrix for this LFSR 1s

0100
0010
0001|
1100

1l =
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Time LFSR(I) with  [[LFSR(II) with [[LFSR(I) with LFSR(II) with
x4+x3+l x4+x3+1 X 4x+1 x4+x+1

t 1 1 1 1

t 9 8 12 8

f 13 12 6 -
tg 15 3 2

ts 15 13 9

fs 12

t7 11 6

tg 11

tg 11

tio 12 13 15

t 6 6 11

t12 3 3 9 14

= 3 9 8

L4

tis 2 2 2 3
[tlength [0 | IE [10 |

Table 4 2 The t-lengths of T with respect to sequences generated by 4-stage LFSRs

and 1ts circuit diagram 1s shown 1n Figure 4 2

.

S1

Y

R

-

$2 3

——

S4

Figure 42 The diagram of LFSR(I) with primitive polyno-

4
mal x +x+1

36

Similarly, we can get the corresponding sequences for these four primitive LHCAs
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(Table 4 3) Again, the highlighted cells are the test vectors 1n test set T

13

Time LHCA with LHCA with LHCA with LHCA with
1010 0101 1101 1011

t) 1 1 1 1

s 2 3 3 3

s 6 6

ty 15 11 11

ts 3 2 e

tg |

7

tg

to

Yo

B8

t2

s 11 15

fia 9 12

t1s ‘
[t-length [[11 [10 [10

A—

Table 4 3 The t-lengths of T with respect to sequences generated by 4-stage LHCAs

7

From Table 4 3, by observation, we see that we need 11 rows of column one to embed

the test set T, 10 rows for column two, three and four So, the primitive LHCAs with rules

0101, 1101, or 1011 can all generate a sequence S such that the ¢-/ength of T 1s 10 with

respect to it We arbitrarily choose the LHCA with rule 1101 as the generator of sequence

S The transition matnx for this LHCA 1s

1100
r= (1110
0101
0011
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and 1ts circuit diagram 1s shown 1n Figure 4 3

0
1 (150) [ (150) [ (90) [ (150)

8y S, 83 Sy 0
Figure 43 The diagram of LHCA with charactenstic polyno-

4 3
mial x +x +1

However, we can find a primitive LFSM with primitive polynomual X+l which

generates a sequence S such that #-length of T|1s 6 The sequence S 1s shown 1n Table 4 4

The highlighted rows are the test vectors in T

Time Sy S, S3 S4 Decimal
t 0 0 0 1 1

0
t 1 0 0 0 8
ts 1 1 0 0 12
b 0 0 1 0 2
t1s 1 0 0 1 9

Table 4 4 Sequence generated by a pnmitive LFSM

Although this machine has shorter t-length than either the LFSRs or the LHCAs, 1t also
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has a more complex structure Its transition matrix 1s

1100
1110
1001|
1101

and 1ts diagram 1s shown 1n Figure 4 4

R wul W) S

Figure 4 4 The diagram of LFSM with characteristic polyno-
4 3
mial x +x +1

From chapter 2, we know that LFSRs have the least expensive implementation of any

machine 1n the particular class From the above example, we see that the LFSR(I) with

characteristic polynomial x4 +x+ 1 gives t-length 9, the LHCAs with rules 0101, 1101,
or 1011 give t-length 10, and a particular LFSM gives shorter t-length 6 So this particular
LFSM 1s better than the LFSR and the LHCAs because 1t gives the shortest t-length for
our example But on the other hand, comparing Figures 4 2, 4 3, and 4 4, we see that the
particular LFSM has a much more complex structure than the LFSR and the LHCA This
means when we reduce the t-length, we may increase the chip area We always need to

balance the trade-off between the time and area
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4.2 Phaseshifts between the Bitstreams

In the previous section, we give some sequences generated by primitive LFSMs By com-
paring the bitstreams of each stage, we see that they all have the same bitstream but with
different starting position Is this true for all the sequences generated by the primitive

LFSMs? In Table 4 5 we give the bitstreams for each stage of the 4-stage LHCA (which of

course 1s an LFSM) with primitive polynomial x4 + x3 + 1

Time S S, S; Sy Decimal
t 0 0 1 1
ty 0 0 1 1

t3 0 1 1 0 6
t 1 - 1 1 11
ts 1 0 1 0 10
te 1 0 0 1 9
t7 1 1 1 1 15
tg 0 1 0 0 4
tg 1 1 1 0 14
tio 0 1 1 1 7
ti 1 0 0 8
tio 1 1 0 0 12
t13 0 0 1 2
ti4 0 1 1 5
tys 1 1 0 1 13

Table 4 5 The bitstreams of the LHCA with x4 + x3 + 1

From Table 4 5, we see that, starting with each highlighted cell, every stage has the
same bitstream 000111101011001 The only difference 1s the starting position In fact,

previous work has shown that the bitstream from any stage of any LFSR or LHCA 1s 1den-
tical, independent of the implementation [12], [13], [14] The batstream 1s only dependent
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on the characteristic polynomial If an LFSR and an LHCA have the same characteristic
polynomuial, they have the same bitstream [13], [14] Paul H Bardell discusses phaseshifts
between the bitstreams 1n [19] Since LFSRs, LHCAs and all other LFSMs are in an
equivalence class and there are similarity transforms amongst them, 1t follows that for any
n-stage primitive LFSM, the bitstream (1t 1s the m-sequence since our machines are primi-
tive) for each stage 1s 1dentical except for the starting positions Then, we can characterize
the primitive LFSMs by the starting position of each m-sequence We can arbitrarily
choose the starting position of the m-sequence From Table 4 5, 1f we arbitrarily choose
the m-sequence as 000111101011001 , then the starting position in column one for this m-
sequence 1s 1, the starting position 1n column two 1s 4, the starting position 1n column
three 1s 14, and the starting position in column four 1s 11 So, we can use the characteristic
sequence (1,4, 14, 11)-the index of time to represent our LFSM 1n Table 4 5 If we change

the starting point of our m-sequence, the characteristic sequence 1s changed also For

example, 1f our m-sequence 1s 111101011001000, our characteristic sequence for our
LFSM 1n Table 4 5 1s (4, 7, 2, 14), and 1t represents the same machine as (1, 4, 14, 11)
which using different m-sequence So, every time we use the characteristic sequence to
represent the LFSM, we need to include the m-sequence

From Table 4 5, by observation, we see that we can use the vectors which are follow-
ing the unit vectors to get the transition matrix of the LFSMs In Table 4 5, the unit vectors
are t; (0001), tg (0100), t;; (1000), and t;3 (0010) Consider that the transition matrix for

x4+ x3+ 1 which 1s

1100
1110
0101/
0011

T =

and 1n Table 4 5 the vectors following the umit vectors are t;, 1100, tg 1110, t;4 0101, and

t, 0011 Combining those state vectors, we get
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1100
7=|1110 ’
0101
0011
and T and T” are the same Thus 1s a useful general result which 1s proved below

Theorem 4 1 If we have the maximum-length cycle of a primitive LFSM, we can get

1ts transition matrix by using the next state vectors of the unit vectors

Proof Letu, = (1,0, ,0),u, = (0,1, ,0), ,u, = (0,0, ,1) betheumt

11 t

STIIY) im

t

t t *
vectors, T = | 21 22 2m| be the transition matrix, «, be the next vector of the umit

e t

L ml “m2 mm|

+
vector u,,and u, = u, T Therefore since
uy T= (1t Ht,)

uy T= (1t by,)

um I'= (tml’ tm2’ ’ tmm)

and

+
u, T—ul

So the first row of T 1s the state vector following u, , the second row of T 1s the state vec-

tor following u, , and simularly for the other rows

QED

From theorem 4 1, we can derive the transition matrix of a primitive LFSM by using

its state vectors Also, the primitive LFSMs have 1dentical m-sequences for each stage
Then, we can “construct” the primitive LFSMs using the m-sequence we know and derive
the transition matrices of them using their state vectors But how do we construct the

machines and how do we know 1f they are primitive? Since we use the starting positions of
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the m-sequences to represent the prnmitive LFSMs, we may get another primitive LFSM f
we change one starting position 1n the characteristic sequence This change 1s the same as
shifting the bitstreams for some stages So based on Table 4 5, 1f we shift the m-sequence
up or down arbitrarily, can we get another primitive LFSM? For example, 1f we shift 5 bits

down for stage S, 1n Table 4 5, we get the sequence 1n Table 4 6

Time Sy S, Ss Sy Decimal
ty 0 0 1 1
ty 1 1 1 7
t3 0 1 0 2
ty 1 1 1 1 15
ts 1 1 1 0 14
te 1 0 0 1 9
ts 1 0 1 1 11
tg 0 1 0 0 -
ty 1 1 0 10
tio 0 0 1 1 3
t1 1 0 0 8
t12 1 1 0 0 12
t13 0 1 1 0 6
tis 1 1 0 1 13

Table 4 6 The sequence generated by shifting S, 5 bits down from Table 4 5

From Table 4 6, we see that 1t 1s a primitive LFSM since 1t still has the maximum-

length cycle If we use m-sequence 000111101011001, the characteristic sequence for

this primitive LFSM 1s (1, 9, 14, 11) By using the state vectors following the unit vectors,

1100
1010
1111
0111

we have 1ts transition matrix 7 = The diagram for this primitive LFSM 1s
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the m-sequences to represent the primitive LFSMs, we may get another primitive LFSM 1f
we change one starting position 1n the characteristic sequence This change 1s the same as
shifting the bitstreams for some stages So based on Table 4 5, if we shift the m-sequence
up or down arbutrarily, can we get another primitive LFSM? For example, 1f we shift 5 bits

down for stage S, in Table 4 5, we get the sequence 1n Table 4 6

Time S S, Ss Sy Decimal
ty 0 0 1 1
L 0 1 1 1 7
t3 0 0 1 0 2
ty 1 1 1 1 15
ts 1 1 1 0 14
tg 1 0 0 1 9
t; 1 0 1 1 11
tg 0 1 0 0 4
ty 1 0 10
tio 0 0 1 1 3
ty 1 0 0 8
ts 1 1 0 0 12
t3 0 1 1 0 6
t 0 1 _ 1

tys 1 1 0 1 13

Table 4 6 The sequence generated by shifting S, 5 bits down from Table 4 5

From Table 4 6, we see that 1t 1s a pnnmitive LFSM since 1t still has the maximum-
length cycle If we use m-sequence 000111101011001, the characteristic sequence for

this pnnmitive LESM 1s (1, 9, 14, 11) By using the state vectors following the umit vectors,

1100
1010
1111
0111

we have 1ts transition matrix 7 = The diagram for this primitive LFSM 1s
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shown 1n Figure 4 5

.

—

S1

-

Sy)

L

_>‘

83

é—» S4

Figure 4 5 The diagram of LFSM with characteristic polyno-

4
mial x +x3+1

However, 1f we shift 3 bits up for stage S,, we get the sequence in Table 4 7

Table 4 7 The sequence generated by shifting S, 3 bits up from Table 4 5

Time Sy S, S5 Sy Decimal
t; 0 1 1

ty 0 0 1 1 3

t3 0 0 1 0 2

ty 1 1 1 1 15

ts 1 1 1 0 14

te 1 1 0 1 13

t7 1 1 1 1 15

fs 1 1 1 0 14
tio 0 0 1 1 3

by 1 1 0 0 12

iy 0 0 1 0 2

12 0 0 - 1 1

fs 1 1 0 1 13

4

From Table 4 7, we see that row 8 1s the all-0 vector, row 7 1s a duplicate vector of row

4, row 12 1s a duplicate vector of row 11, and so on We have duplicate vectors 1, 2, 3, 12,
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13, 14, and 15 Clearly, this machine does not have a maximum-length cycle Therefore, 1t
1s not a primitive LFSM From this example, we see that 1f we use m-sequences to con-
struct the LFSMs, the resulting machine 1s not primitive 1f

1 It does not have the maximum-length cycle

2 It has all-0 vectors

3 It has duplicated vectors
Any of these three conditions 1s sufficient for us to judge that the LFSM 1s not primitive
However, we can establish some of these results more formally by considering state-space

column rotations [7]

State-space column rotations

Let M be a primitive LESM with state space S (S 1s 2" ~1 by n) Let R be a column rota-
tion of S The term vector always refers to a row of the state space or the rotated state
space Define R as good if there exists an LFSM M’ such that the state space of M’ 1s R If
R 1s good, the LFSM M’ 1s similar to M Denote the similanty transform by Q, so that SQ
=R
Lemma 4 2 R 1s good 1ff rank(R) =n
Proof First note that R 1s good 1ff there exists a similarity transform Q between S and R
If R 1s good, the rank of S (which 1s n) 1s preserved by Q, and so rank(R) =n

To prove the converse, we show that the number of similanty transforms equals the
number of rotations with rank n Since no two similarity transforms give the same rota-
tion, we conclude that good rotations are 1n 1 to 1 correspondence with rank n rotations

The number of similarity transforms 1s exactly the number of invertible matrices,

n
s —1h
which 1s given by N = (2”—1)(2"—2)(2"—4) (2"_.2" l) = L LZ 1) N

2"—2"“—1)'

A rotation has rank n 1ff the columns are linearly independent We consider how the

columns can be rotated so as to be linearly independent Note that any column has 2" — 1

rotations Supposing that k-1 columns have already been placed, the kth column can be
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placed with any rotation that 1s not a linear combination of the previous k-1 columns

Since every non-zero linear combination of the k-1 columns excludes a rotation of the kth
k-1
column, and there are 2 —1 non-zero linear combinations, there are

(2"— 1)—(21‘—1 — 1) possible rotations This gives the total number of linearly inde-

pendent rotations as L 2 =1 J( 3 e 2)( g 4) (2" i J , which equals N

QED
Theorem 4 3 R 1s good 1ff R contains all the unit vectors
Proof (=) Suppose R 1s good Since Q has full rank, Q defines a 1 to 1 correspondence
between the non-zero state space and itself Hence R contains all non-zero vectors, includ-
ing the unit vectors

(<) If R contains all n units vectors, then clearly R has rank n By Lemma 4 2, R 1s

good
QED

Theorem 4 4 R 1s good 1ff R does not contain the zero vector
Proof (=) Suppose R 1s good Then Q has full rank, and cannot map a non-zero vector
to the zero vector Hence SQ = R does not contain the zero vector

(<) We prove the contrapositive Suppose R 1s not good By lemma 4 2, R has rank
k, with 1 <k<n Without loss of generality, arrange the columns of R so that the first k

columns are linearly independent
We claim that the first k columns of R contains a zero k-tuple To see this, consider

any good rotation R’ having the same first k columns as R (such a rotation 1s easily

obtained) As R’ 1s good, 1t contains the unit vector u, , which 1s zero in 1ts first k compo-

nents Hence R also contains a zero k-tuple 1n the first k columns
Considering R again, the linear dependence of the last » —k columns on the first k

columns ensures that the remainder of the partially-zero vector 1s also zero
QED

According to theorem 4 4, 1f we have a sequence S generated by a primitive LFSM,
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the m-sequence 1s dependent only on the characteristic polynomial, and since we can
denive all the pnmitive polynomials, we should be able to get all the primitive LFSMs

This 1s discussed 1n the section below

Time Sy S, S5 Sy Decimal
t 0 0 1 1 3

t3 0 1 1 0 6

By 1 _ 1 1 11

ts 1 0 0 0 8

tg 1 1 1 11

ts 1 1 0 1 13

tg 0 1 1 0 6

0

bis 1 1 0 1 13

Table 4 9 The sequences generated by shifting S5 1 bits up from Table 4 5

4.3 The Number of Primitive LFSMs

From the previous section, 1t follows that we should be able to get all the primitive
LFSMs One way 1s doing the column rotations on all the m-sequences and using theorem
4 4 to judge the results Figure 4 6 shows an algorithm which can calculate the number of

primitive LFSMs using column rotations
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Step 1  Get all the primitive polynomials for degree n
Step 2 Find all the m-sequences using the primitive LFSR or LHCA
Step 3  For each m-sequence, do the column rotations and check for each result

if 1t 1s a primitive LFSM according to theorem 4 4

Figure 4 6 Algorithm to calculate the number of primitive
LFSMs for degree n

And Figure 4 7 gives the pseudo-code for step 3

Define N degree
Define M length of m-sequence

Begin
From 1 to M
From | to M
Begin
set flag true,
From [ toM  /* total N for loop */
Begin
do the column rotation,
if all N bats are 0
set flag false,
break,
End
if flag 1s true increase count,
End
End

Figure 4 7 Pseudo-code of algorithm in Figure 4 5
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For the pseudo-code 1n Figure 4 6, when we do the column rotation, we do not rotate
the first column 1n order to ensure we generate only non-duplicate primitive LFSMs We
know that we can represent a primitive LFSM using the start position of the m-sequences,

and we need to refer to the m-sequence For example, we can use (1, 9, 14, 11) to represent
a 4-stage primitive LFSM 1n Table 4 5 with m-sequence 000111101011001 Obviously,
(2, 10, 15, 12) with m-sequence 001111010110010 1s the same machine as (1, 9, 14, 11)
with 000111101011001 because we change the start position of the m-sequence from
000111101011001 to 001111010110010 And the start positions of the m-sequences are

arbitrary Therefore, our program only counts distinct primitive LESMs

For an n-stage LFSM, the maximum number of states 1t can achieve 1s 2" -1 Thats,
the corresponding decimal states vary from 1 to 2" —1 It follows that the maximum pos-

sible number of distinct primitive LFSMs 1s LZ" -2 J' , 1f we just looked at placing all the

entries 1n arbitrary positions
Table 4 10 shows the number of possible primitive LFSMs, the actual number of prim-
itive LFSMs calculated by our simulation program, and the ratio of these two values for

degree n less than 6

D Actual Possible Porcontigs
cgree Number Number g
2 2 100
48 720 667 x 1072
4 2688 872x10"° [308x10°
> 1935360 |, 655 10% [730x 1077

Table 4 10 The number of primitive LFSMs for degree less than 6

In Table 4 10, the number of possible primitive LFSMs increases quickly when the
degree n increases At same time, the actual number of primitive LFSMs increases much

more slowly than the possible number We can see this from the percentage column When
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the degree equals 5, the ratio of actual number to the possible number 1s 7 30 x 107 1

follows that if we are given the numbers from 1 to 2"—1, and we place them 1n an arbi-

trary order, the possibility of this resulting 1n a primitive LFSM 1s very small

4.4 Statistics on Primitive LFSMs

For small sizes of degree n, we can find all the primitive LFSMs And 1t 1s easy for us to
do the systematic simulation If we have the same model for both small sizes and large
sizes of degree n, we can expand the conclusions from the small size to the large size
Since we can find all the primitive LFSMs for small size of degree n, we want to see 1f we
can find a small t-length for any test set with n-bit test vectors over all primitive LFSMs
We do the simulation for degree n equal to 4 We only consider the combinational test sets
in order to simplify our problem We approach the simulation 1n the following manner,

For any given test set with m vectors, we want to see 1f we can find a machine which

generates a sequence S

1 with t-length equal to m,

2 with t-length = m+1 1f we can not find a machine satisfying 1,

3 with t-length = m+2 1f we can not find a machine satisfying both 1 and 2
Note that we only do the simulation on t-length up to m+2 This 1s because of limitations
to our computing ability When we do the simulation, we need to determine the value of m
[f we choose m < 4, the simulation results will lose generality since m 1s too small For m
> 8, we can consider its complement set and (15 - m) <8 Therefore, we choose m as 4, 5,

6,7, and 8 Note that the degree n 1s 4 for the simulation So, all the vectors 1n the test sets

!
are 4-bit vectors Then, 1t follows that we have Cm SO - S possible combina-
15 m'(15—m)!

tional test sets for each m Table 4 11 gives the total number of combinational test sets for

each m
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Total Number of
et Snelt o Combinational Test
Sets
4 1365
5 3003
6 5005
7 6435
8 6435
Total 22243

Table 4 11 The total number of combinational test sets for different test set size for degree
4

For degree n equal to 4, we know from the previous section that there are 2688 primi-
tive LFSMs According to Table 4 11, we do the simulation on 22243 test sets Then, for
each of these test sets, 1s 1t possible to find a proper machine amongst the 2688 primitive
LFSMs, such that this machine gives the t-length which equals 1ts size m or m+1 or m+2?
In order to answer this question, we use the algorithm i Figure 4 8 In this algonthm, we

use the same method as 1n the previous section to find all the primitive LFSMs

1 Imtialize the counter of each test set as 0

2 For each test set, 1f 1t appears consecutively in these primitive LFSMs,
increase 1its counter Calculate the total number of non-zero counters for all
sets

3 For those test sets whose counter 1s 0 after step 2, repeat step 2 by adding
one vector to each of these test sets

4 For those test sets whose counter 1s 0 after step 3, repeat step 2 by adding

two vectors to each of these test sets

Figure 4 8 Algorithm to calculate how many test sets have t-length

equal tom, m + 1, or m +2 over all 2688 4-stage primitive LFSMs
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Test Total Number | Number Number Number
Set of of Test of Test p - of Test P @
Slze Combinational Sets Sets EERRaRE Sets SToringe
Test Sets Satisfy 1 | Satisfy 2 Satisfy 3

4 1365 840 1260 092 1365 100

5 3003 1680 2835 094 3003 100

6 5005 2520 4480 090 4992 0997

7 6435 2520 5070 079 N/A N/A

8 6435 2520 N/A N/A N/A N/A

Table 4 12 The simulation results for the algorithm in Figure 4 7

Table 4 12 shows the simulation results Column one 1s the size of test set and 1t varies

from 4 to 8 Column two 1s the total number of possible combinational test sets for each m

15!

——'m , when m equals 4 there are the same
m —m

Note that by using equation C :r;_ =

number of combinational test sets as when m equals 11 Simularly for m equal to 5 and 10,
etc Column three 1s the number of test sets which satisfy 1 That 1s, for any of these test
sets, we can find at least one machine amongst the 2688 primitive ones such that 1t gives t-
length m which equals its size Note that row 3, row 4 and row 5 have the 1dentical value
2520 Column four 1s the number of test sets which satisfy 2 That 1s, for any of these test
sets, we can find at least one machine amongst the 2688 ones such that 1t gives t-length
m+1 Column five 1s the ratio of column four and two. The smallest number 1s 0 79 This
means that by adding one more vector to the oniginal test set, we can find machines
amongst the 2688 machines such that they give t-length m+1 for at least 70% of the possi-
ble test sets Then, column six and seven report the numbers for condition 3 This time, the
smallest percentage 1s 0 997 So, almost 90% of total test sets satisfy condition 3 These
are all shown 1n Figure 4 9 Note that we have some missing entries for m equal to 7 and 8
Thus 1s because of limitations on our computing power

According to Figure 4 9, 1t follows that, for any test set, the upper bound of the differ-
ence between the t-length and the test set size should not be bigger than 5 We give another
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algonthm to calculate the biggest t-length for all the test sets with different sizes For
every test set, there exists a smallest t-length over all pnmitive LFSMs We can group
these numbers according to their test set size The maximum t-length 1s the largest number

in each group This algorithm 1s shown in Figure 4 10 And Table 4 13 shows the results

7000

T

6000
5000¢f
4000+

Number of Test Sets
SR
) (o |
S &
S o

T

1000+

Test Set Size
Figure 4 9 The simulation results,‘---" for column 3 1n Table
412, ¢ - -’ for column 4, and ¢ ’ for column 2, and ‘-’for

column 6

1 Imtialize count C for test sets of size m to be N

2 For each test set, find the maximum gap size G over all 2688 primitive
LFSMs

3IfG<C,setCtobe G

4 Repeat 2, 3 for all test sets of size m

5 The biggest t-length for all test sets of size m 1s N-C

6 Do 1-5 for all different size m

Figure 4 10 Algonthm to calculate the maximum t-length

for all test sets with different size m
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Size of the Test Set Mal’jg:;; L Difference
4 2
5 2
6 3
7 11 -
8 12 -
9 12 3
10 12 2
11 12 1

Table 4 13 The maximum t-lengths for all test sets with different size m

From Table 4 13, we see that, for all test sets with size m, the upper bound of the dif-
ference between the t-length and 1ts size 1s 4 It follows that, for any combinational test
sets with 4-bit test vectors, there exists at least one primitive LFSM such that 1t gives a t-
length no bigger than 1ts size plus 4 unfortunately, we do not know the proper way of find-
ing these machines According to theorem 4 1, one reasonable approach might be

1 If we have an all zero vector, omit that vector and only consider the rest of the vec-

tors

2 If we have all the unit vectors 1n the sequence, try to use the next vectors as the tran-

sition matrix

3 If we do not have all the unit vectors 1n the sequence, add them into the sequence

and repeat step 2
Using this approach does not guarantee that 1t results 1n the best primitive LFSMs How-
ever, 1f we know the distribution of all the t-lengths over all primitive LFSMs for all test
sets, we also know the probability of choosing the proper machines 1f we randomly pick
one Figure 4 11 gives the distributions of all the t-lengths over all 2688 4-stage primitive
LFSMs for all test sets with size 4, 5, and 7 Figure 4 12 gives the distributions of all the t-
length over all possible primitive LFSMs, 1 e all the combinations of numbers from 1 to

15, for all test sets with size 4, 5, and 7
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Figure 4 11 The distributions of the t-lengths of all test sets with
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From Figure 4 11 and 4 12, we see the distributions 1n the two figures appears to be
identical This 1s because the primitive LFSM generates the pseudo-random patterns We
can see from the distribution curves that most test sets with size 4 have t-length 10, most
test sets with size 5 have t-length 10 or 11, and most test sets with size 7 have t-length 12
Also, 85% of the test sets with size 4 have t-length less than 11, 89% of the test sets with
size 5 have t-length less than 12, and 89% of the test sets with size 7 have t-length less
than 13 Then, 1f we randomly pick a primitive LFSM for a test set, we will most likely get

a t-length 1n the mid-range of the distribution curve

4.5 Summary

Generally, primitive LFSMs are better than the rest of the LFSMs as stimuli and compac-
tors for testing digital circuits That 1s why we choose primitive LFSMs for our investiga-
tion In previous work, most research concems the study of the formal properties of a
particular type of LFSM Very little has been done in the opposite direction In this chap-
ter, we nvestigate the relationship between the m-sequences and LFSMs We present
some theorems about mapping a sequence to an LFSM

By doing the systematic investigation on degree n equal to 4, we can conclude that for
any given 4-but test set, there exists a primitive LFSM which gives a small t-length How-
ever, we do not have any effective method of finding this machine beyond a systematic
search We present a reasonable approach And by providing the distributions of the t-
length over 4-stage primitive LFSMs, we conclude that this approach 1s acceptable for

small degree n
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Chapter 5

Investigations for Large Degree

In the previous chapter, we investigate the problem for small degree We give the relation-
ship amongst the primitive polynomials, the m-sequences, and the number of primitive
linear finite state machines We present some theorems about the phaseshifts We do the
investigations for degree n equal to 4 According to the simulation results, we know that
there exists a primitive LFSM which gives small t-length for any given 4-bit test set How-
ever, the circuits on VLSI chips are often very complex We may have more than 10
inputs In this chapter, we first do some investigations for larger degree Then, we present
an alternative approach

We first introduce two more complex combinational circuits and their test sets One 1s
the 74181 4-bit arithmetic logic unit with three different test sets, the other one 1s 8-bit rip-
ple adder with 1ts one test set These are 14-input and 17-1nput circuits respectively for the
two circuits We simulate more than 7,500 sequences generated by LFSMs and analyze
the results

Then, we present an alternative way to approach our problem We partition each test
set into groups For each group, we use a small degree LFSM And we combine the state
patterns together to get the original test set This can reduce the t-length However, we

need to consider the added complexity of control which 1s required to get the correct com-
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bination

5.1 Primitive Linear Finite State Machines

From the previous chapters, we know that we can get the total number of primitive poly-

nomials by using equation k(n) = (DLZ"— IJ/n, where @ (n) = ”Z (1-1/p) and
pin

n 1s the degree of the primitive polynomials In chapter 4, we explore the relationship
among the primitive polynomials, the m-sequences, and the number of primitive LFSMs
According to this relationship, we get an equation to calculate the number of primitive
LFSMs for each degree n In this chapter, we introduce the following theorem

Theorem 51 Let n be the degree of polynomial, k(n) be the number of primitive poly-
nomial for degree n, m(n) be the number of m-sequences for degree n, and f(n) be the
number of primitive LFSMs for degree n Then

k(n) = CDL2"— IJ/n where @ (n) = nZ(l —1/p)
pln

and
m(n) = k(n)

and
f(n) = (k(n))(2"—2)(2"—4) (2”-2"“) where n>1,
AL =1

Proof The first equation 1s proved 1n [6] And from the defimition of m-sequences and
previous work of chapter 4, we know that the m-sequence 1s only dependent on the primi-
tive polynomial So the number of primitive polynomials determines the number of dis-
tinct m-sequences for each degree

It 1s trivial for n=1 For n>1, from the previous chapters, we know that the number of
primitive LFSMs equals the total number of distinct column rotations for all m-sequences

Since a rotation has rank n 1ff the columns are linearly independent, we consider how the

columns can be rotated so as to be linearly independent Note that any column has . |
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rotations Supposing that k-1 columns have been placed, the kth column can be placed
with any rotation that 1s not a linear combination of the previous k-1 columns Since every
non-zero linear combination of the k-1 columns excludes a rotation of the kth column, and
there are 2k_ e non-zero linear combinations, there are L2" —1 J - L . 1 Jpos&ble
rotations In order to get the distinct column rotations, we can not rotate the first column
So this gives the total number of primitive LFSMs for one primitive polynomial as
L2" -2 JL - 4} L g e J Then, the total number of primitive LFSMs for degree

n 1s the total number of primitive polynomials times the above number which gives

k) (2-2) 2"-4) [2"-2"")

Table 5 | shows the number of primitive polynomuals, the number of m-sequences,

QED

and the number of primitive LFSMs for each degree n

n k(n) m(n) f(n)
1 1 1
2 | 1 2
3 2 2 48
4 2 2 2688
o 6 6 1935360
8 16 16 ~3 36 x 1017
14 756 756 ~134 x l057
17 7710 7710 ~169 x l085

Table 5 1 Total number of primitive polynomials, m-sequences and primitive LFSMs for
different degrees

From Table 5 1, we can see that the number of primitive LFSMs for each degree

increases very quickly as the degree increases For example, whenn s 5, f(n) 1s 1,935,360
When n becomes 17, f(n) 1s 1 69 x 10% That 1s, when n increases by a factor of 3 40, f(n)

79
increases by a factor of almost 10~ This means that, for a given test set with large num-
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bers of inputs, there exists a primitive LFSM which gives a small t-length However, 1f we
randomly choose a primitive LFSM, the possibility of choosing the proper machine which
gives the small t-length 1s vanishingly small

Note that we may have different connections between the inputs of a circuit under test
and the stages of an LFSM Consider that 1f we have a 4-input combinational circuit, we
use a 4-stage LFSM as the test pattern generator Then, we can connect our inputs for the
crcuit A, B, C, and D to the stages S; S, S; and S4 of the LFSM We have the possibility
of arbitrary connection pattern between them Consequently, we have 24 different connec-
tion patterns between the inputs and the stages If we use the column rotation 1dea, we can
get all the possible connections with no extra work However, this may cause a more com-

plex LFSM which requires extra XOR gates

5.2 Some Test Sets of 74181 and Simulation Results

5.2.1 74181 and Some Test Sets

The 74181 4-bit ALU (Figure 5 1 [17]) 1s one of the more complex standard combina-
tional integrated circuits The circuit has 14 nputs, 8 outputs, 63 logic gates, 200 nodes
(potential fault sites), and 400 single stuck-at faults [17] There are 10 distinct minimal
complete single stuck-at fault test sets and we use three of them [18] These three deter-
ministic test sets all have 14 14-bit vectors Table 5 2, Table 5 3 and Table 5 4 show these
test sets

We want to find the smallest t-length for each test set over all prnnmitive LFSMs Thus,
for each test set, we need to get the corresponding t-length over every primitive LFSM,

and find the smallest one amongst these numbers

5.2.2 Simulation Results

According to theorem 5 1, for degree n equal to 14, we have 756 primitive polynomials,

and 134 x 10 primitive LFSMs Therefore, we have 1,512 primitive LHCAs, 756 prim-
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Figure 5 1 The diagram of the 74181 ALU
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M [So[S;[S2]S5[CalA0|Bo|A;|B;|A;|B,|As]B,s
) [0 [0 [T [0 [0 [0 [0 ]0 [0 [0 I |00 |1
2) [0 [0 [T [0 |1 0o ]o o oo oo o]0
3 [0 [0 [T [0 [1 [0 [f [0 [0 [t [0 ][0 [0 0O
4 [0 [0 [t o [T [t [0t [T [t [T o[t [0
5 [0 [0 [T [T 0 [T |1 |1 [1]o [0t [0]0
6 [0 [T [0 ]o [T o oo |1 [0oo |1 |11
7y [0 [T [0 0 [1 [T [0 [T |1 [0 [0 [1 [0 |0
8) [0 [1 [0 [T [0 |1 [0 ]o [0 o [T [0 |1 |1
9y [0 [T [0 [T [0 [1 [T [0 [T |1 [1 [T [0 [1
10)[T [0 [T [0 [0 [T [T [0 [1 [0 [T [0 [T |1
[T [0 [T [T [0 [t [0t [0t 00 |1 [0
12){1T [1 [0 [0 |1 [1 [0 [0 [0 [T [T [0 [0 |1
3)y[1T [1 [0 [T |1 [1 [0 [t {1 Jo [t |1 |1 [1
4T [T [0 |1 [1 |1 [t [T [1 [0 [0 [0 [T [0

Table 5 4 Test set 3 for the 74181 ALU

itive LFSR(I)s, and 756 primitive LESR(II)s It 1s not possible for us to simulate all the
primitive LFSMs because of limitations on our computing power But, we can easily sim-
ulate all the primitive LHCAs and primitive LFSRs because of the relatively small num-
ber Since LHCAs and LFSRs are members in the equivalent class of LFSMs, their
behavior can be extended to all the other members So, we do our investigations on all 14-
stage primitive LHCAs, all 14-stage primitive LFSRs, and some randomly picked primi-
tive LFSMs

From Table 5 2, 5 3 and 5 4, we see that, for each test vector, we can connect input M
to stage S|, input Sy to stage S,, , mput Bj to stage S;4 In fact, we can arbitrarily con-
nect the inputs to the stages Therefore, we have total of 14! ways of connecting inputs to
stages of the machine We can think of these connections as some new test sets derived
from the original one However, we can not do our simulations on all these 14! test sets
because of the computational complexity Consequently, we choose some of the test sets

The simulation program includes three parts First, we use Maple to generate all the
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primitive polynomials for degree 14 Then, we use these primitive polynomials to gener-
ate the state patterns for the primitive LHCA, the primitive LFSR(I), and the primitive
LFSR(II) for each primitive polynomial Finally, we calculate the smallest t-length for
each test set over all machines Also, we generate 100 primitive LESMs by using the algo-
rithm 1n Figure 4 5 for each test set We randomly choose 18 connection patterns from test
set one, 17 connection patterns from test set two, and 18 connection patterns from test set
three Table 5 5 shows the smallest t-length for each connection pattern or test set over all
primitive LHCAs, all primitive LFSR(I)s, all primitive LFSR(II)s, and 100 primitive
LFSMs

In Table 5 5, the first column indicates which test set by using a pair (A,B) A comes
from the original test set number which 1s from 1 to 3 B, which 1s from 1 to 18, 1s the label
for the different connection pattern between the inputs and stages of the machine (See the
Appendix A for detail of the connections) From Table 5 5, for test set one, we get the
smallest t-length 1s 4,722, the largest t-length 1s 11,411, for test set two, the smallest t-
length 1s 5,557, the largest t-length 1s 10,922, for test set three, the smallest t-length 1s
5,980, the largest t-length 1s 10,660 However, the t-lengths are mainly distributed over
6,000 to 8,000 Comparing with test set size 14, those numbers may appear to be compar-
atively large However, a typical pseudo random test might often include over 100,000

patterns  So, 5,000-10,000 1s a noticeable improvement

5.3 The Test Set of the 8-Bit Ripple Adder and Simula-

tion Results

5.3.1 8-Bit Ripple Adder and The Test Set

The 8-bit nipple adder contains eight small adders, each of which simply adds two 1nputs
plus the incoming carry (Figure 5 2) There are 17 inputs, 9 outputs and total of 292 single
stuck-at faults for this circuit

Table 5 6 shows the deterministic test set which was generated by the Synopsys test
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compiler and this test set detects all 292 single stuck-at faults

66

We want to know the smallest t-length for this test set Therefore, we need to get the t-

lengths over all primitive LFSMs and find the smallest one from amongst these

Set | LHCA LESR L(FHS)R LFSM || Set |LHCA LI(:SR L(FHS)R LFSM
(L1) 18120 |8334 [7823 [9331 [|(12) |7793 |8625 8015 |o142
(13) | 7031|8150 5542 |9262 ||(1,4) |7658 |8217 |8416 |9300
(15) 17595 6689 [8662 |11411 [|(1.6) |7634 |6217 |7975 |[9055
(17) 7802|6621 |6904 |8551 |[(1,8) |7181 |6602 |7645 |8601
(1.9) | 7444|8584 |6633 |9352 ||(1,10) |6632 [8329 |7887 |9656
(L11) | 7683|8393 |7021 |10363 |[(1,12) |6350 |8160 |6815 |9924
(113) | 7404|8547 |8219 |8760 ||(1,14) |7716 |8065 |8148 |9995
(115) | 7147|8676 |8451 |9865 ||(116) |7147 |8676 |8451 |9073
(117) |6644 | 7716|7195 |9208 [[(1,18) | 7846 |4722 |7614 |9013
20 17222 6274 | 7389 8605 [[(2.2) 16597 |7349 |7453 10598
(23) 16635 |7734 [8131 |8624 [|(2.4) |7601 |7261 |8150 |8344
(25) 16889 |7623 |8597 |7626 |[2.6) |6395 |7692 |6397 |9484
2.7) 7765 | 7445|7612 | 10090 |[(2.8) |6813 |8355 |8584 |10410
(2.9) |8116 | 7096 [8629 |9307 |[(2,10) | 7634 |7241 |6620 |10048
(211) | 8214|8418 |8865 |10922 ||(2,12) | 7945 |6853 8233 |9350
(2.13) | 6970 | 7647|8464 |9038 ||(2.14) | 7373|7410 |7398 | 10557
(2.15) | 7592|8258 |6078 |9484 ||(2,16) |6757 |8465 |6157 |9052

(2.18) 5557 |6353 |6578 |8734
(.1) 15980 |6385 |7966 [10198 ||3.2) |6750 |8584 |7910 |8766
(33) | 7895 |7015 |8205 |9775 ||3.4) |7004 |7214 |6991 |8302
(3.5) | 7767 8779 |6417 |8792 ||3.6) |6577 |7036 |8153 |10660
(3.7) 16660 7102|7440 |9297 ||3.8) |7956 |7163 |8727 |9944
(39) |7760 |6200 |8556 |9399 ||(3,10) | 7393 |8135 |8638 |8996
G.11) |6969 |7850 |6553 |7698 ||(3,12) | 7806 |8448 8338 |9550
(.13) (6922|7931 | 7404 |9884 [|(3.14) | 7324 |7861 |7636 |10083
(3.15) | 7858|6782 | 7883 |9433 [|(3.16) | 6860 |8059 |7795 |9239
G.A7) | 7254|8107 | 7725 |8492 ||(3.18) | 7619 | 6435 |6603 |9876

Table 5 5 T-lengths for test sets of the 74181
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A7 |Ag|As|As| A3 Ay [ A |Ag| By | Bg|Bs|Bg| B3| By By |Bg|CI
1) (0 (1 (O |1 (0O |1 |1 |O |0 (1 (O (1 (L (O (O (O [O
2) {0 |0 {O |1 |O (O |1 |1 |O (1L {0 (1 |0 (1 (1 |1 |O
3) {0 [0 |0 (O |1 (1 (O |1 |0 |O |O [0 |O (O |1 |1 |1
4 |1 |1 |1 (0 |0 (1 |0 (O |I (O |0 (O |L (O (O |O |1
5 (0 {0 (1 |0 (1 |O (1 I (1 |0 (O |L |I (O |O |1 ({1
6) |0 (O |T (1 {1 (O |1 |0 |0 |1 |1 (1 (1 (1 (O (1 |1
7y (1 (0 {1 (1 (1 |1 |0 |0 |0 (O |1 (O (O (1 (O (O (1
g (1 |0 (0 |0 |0 |I |O (1 (1 |1 (1 1 L |1 |1 |0 |0
9 (0 |1 |0 (1 |O |O (O |O (O |O |1 (1 (O |O |O (1 (O
10){0 |0 (O (1 |0 |0 |L |O (O (O |O |O |l (O |1 |O |O
11)(0 {0 (0O |0 (O |O (O |O (O |[O (O |O (O |O |O (1 |l
12)(0 {1 (0 |1 [0 |O (O {1 (1 |1 (O |O (O |O |O (O |O
13)(1 {1 (1 |0 {1 |0 {1 {O (1 O (1 |O (L |O |O [0 |l
14)(1 (0 (1 |0 {1 |1 (O {1 (O |1 (O |O (L |1l |1 (O |l
15|10 |t (0 (0O |1 |1 |1 |0 (L (O [0 {1 |O |O O |O |O
16)|{1 {0 (O (1 |0 |0 |O |1 (1 L |1 {1 |1 |L (O |1 |l
17|t |t (o (1 {0 |0 |1 |0 (0 (1 |1 (O |O |L (O |O |I

Table 5 6 Test set for the 8-bit ripple adder

5.3.2 Simulation Results

According to theorem 5 1, we have 7,710 primitive polynomials, and 1 69 x 10% primi-
tive LFSMs for degree n equal to 17 Therefore, we have 15,420 primitive LHCAs, 7,710
primitive LFSR(I)s, and 7,710 primitive LFSR(II)s It 1s impossible for us to simulate all
machines because of the computing complexity Since we can easily simulate the state pat-
terns of the primitive LHCAs and primitive LFSRs, we do our investigations on 1,500 17-
stage primitive LHCAs, 1,500 17-stage primitive LFSR(I)s, and 1,500 17-stage primitive
LFSR(ID)s

We have 17 inputs for this circuit Therefore, we can have a total of 17' ways of con-
necting the mputs to the stages This 1s a very large number and we can not do the simula-
tions on all the possible connections We choose 21 connection patterns to do the

simulations
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Figure 52 The diagram of the 8-bit ripple adder

The simulation program for this part 1s similar to the program 1n the 14-bit case How-
ever, the computational complexity 1s higher The simulation results are shown 1n Table
8.7
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Set | LHCA LfSR L(“;IS)R Set | LHCA ”(:IS)R L(FHS)R
(1) 64203 | 60616 | 65682 | (2) 71729 | 71937 | 70248
3) 58447 | 65151 | 61153 | (4) 65319 | 66966 | 71352
(5) 69694 | 52653 | 64699 | (6) 69657 | 62048 | 66207
(7) 66639 | 60833 | 60316 | (8) 60993 | 71150 | 64235
9) 72042 | 68048 | 67882 |(10) | 72508 | 68379 | 68893
(11) 67519 | 64539 |59173 | (12) | 67631 | 72639 | 65547
(13) 74514 | 70499 | 66402 | (14) | 62147 | 64854 | 66274
(15) | 66729 | 60197 | 66185 | (16) 71404 | 73533 | 67836
(17) | 65208 | 69807 |62390 | (18) |68262 |60616 | 66246
(19) | 65738 | 66448 | 58812 | (20) |61661 | 68508 | 65471
1) | 69761 |53163 | 71153

Table 5 7 T-lengths for the test set of the 8-bit ripple adder

69

In Table 5 7, the first column 1ndicates the connections we choose for the simulation

We use numbers to label different test sets (See Appendix B for detail of the connections)

We get the smallest t-length 1s 52,653, and the largest t-length 1s 74,514 The t-lengths are

mainly distributed over 60,000 Again, these numbers are comparatively large compared

to 17 In the following section, we give the distribution of t-lengths for test sets with size

14

5.4 Distribution of T-Lengths

In order to get the distribution of the t-lengths over all possible 14-stage LFSMs for any

given 14-bit test set, we choose 2,000 sample test sets, run a simulation program using

Maple, and get the distribution curve 1n Figure 5 3 From Figure 5 3, we see that the distri-

bution curve 1s the same shape as the distribution curve for test sets with small size In

Figure 5 3, t-lengths occur mainly at 13,000 and are very rare for less than 7,500
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Figure 5 3 The distributions of t-lengths over all 14-stage possible

LFSMs with 2000 sample connection Patterns

Since we know the shape of the distribution curves for t-lengths of any test sets, we
can have a general 1dea about how large the t-length will be for any test set For example,
if we are given a 14-but test set, we know that the t-length for this set will be some number

around 13,000 And the t-length 1s very unlikely to be smaller than 7,500

5.5 An Alternative Approach

From Chapter 4, 1f the size of the test vector 1s small, we can easily find a primitive LFSM
which can give small t-length for any given test set This leads to an alternative approach
for solving the problem for test sets with large size The 1dea here 1s partitioning We can
partition large size test vectors into smaller size test vectors Then, we use several small
stage machines to generate the small size vectors, and combine them together as our origi-
nal test vectors

We can calculate the total sequence length by using this approach Suppose we origi-

nally have m test vectors each of which has n bits, we partition 1t into two parts with u bats
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=
and v bits Then, in the worst case, the total number 1s 2°~ +2" (m—1) For our test

sets of the 74181, 1f we partition one of 1ts test sets into two parts with 7 bits and 7 bats,

then, the worst number 1s 28427 13 = 1728 Comparing this to the smallest t-length

4,722 1n the previous section, the improvement 1s obvious

5.5.1 Partitioning

The first step of this approach 1s partitioning For our test set 3 of the 74181, we can parti-
tion 1t 1into two, or three, or four small test sets However, the more small test sets we have,
the more controls we need to consider If the number of original inputs 1s smaller than 20,
we can choose to partition the test set into two small ones Therefore, we decide to parti-
tion test set 3 into two small test sets Consequently, we partition it in the three most likely
ways Since the original test vectors have 14 bits, we can either partition 1t into 7 bit and 7
bit vectors, or 8 bit and 6 bit vectors, or 9 bit and 5 bit vectors When we do the partitions,
the increase of the maximum length of the sequence for one part will cause a decrease of

the maximum length of the sequence for the other part

5.5.2 Control the Machines

When we partition our test sets into smaller ones, we use several machines to generate the
smaller ones, but we can not simply combine them together as the output pattern Suppose

we have smaller ones such as the following

A B
a9 a
by b,
o €1
do d,

We use machine A to generate sequence A, and use machine B to generate sequence B
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We start machine A with aj, and machine B with a; Then, we set machine A and B going
at the same speed After several cycles, we have by for machine A But most likely, we do
not have b; for machine B at the same time In order to get byb, together for the output, we
need to hold machine A and let machine B continue to cycle until 1t reaches b; So, we
need a way to control the machines

Two obvious ways are possible First, one only controls machine A Every time when
machine A reaches some vector 1 1n sequence A, hold machine A and let machine B cycle

until 1t reaches 1; Second, one controls both machines Every time, hold the machine

which reaches some vectors 1n sequence first and let the other machine cycle In the next

section, we gives the simulation results

5.5.3 Simulation Results

We use test set 3 for the 74181 to do the simulation We partition 1t into two parts with 7
bits/7 bits, 8 bits/6 bits, and 9 bits/S bits For each partition, we apply both control meth-
ods to control the machines We do the simulation on all possible primitive LHCAs and
primitive LFSRs and get the average number for the total sequence length Table 58
shows the simulation results using control method one, and Table 5 9 shows the simula-
tion results using control method two

We start both machines at certain test vectors, and the choice of the test vectors can
affect the total sequence length In both tables, we use column one to indicate the partition
method and the starting test vector in Table 5 4 For example, (7/7,1) indicates that we par-
tition the original test set into two 7 bit parts and the starting vector 1s row one in Table
5 4 From Table 5 8, we see that the average number for the total sequence length for the 8
bits/6 bits partition 1s the shortest In fact, during the simulation, we get the shortest
sequence lengths as 412 for the 7/7 partition, 380 for the 8/6 partition, and 389 for the 9/5
partitton From Table § 9, we see that the average number for the total sequence length for
the 7/7 partition 1s the shortest During the simulation, the shortest sequence length we get

1s 396 for the 7/7 partition
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We see that for the equal partition, (7/7 partition), using the control method two gets a

shorter sequence This 1s because we avoid some of the repeated cycles of machine B

Set LHCA LFSR | LFSR Set LHCA LFSR | LFSR

D (ID ) (1D

(7/7,1) {93005 |95707 |93102 |(7/7,2) |93276 |97214 |93333
(7/7,3) | 93093 | 97586 |92194 |(7/7,4) |93603 | 96686 | 93012
(7/7,5) [ 93017 [96459 | 93350 |(7/7,6) | 93386 [97579 | 92757
(7/7,7) | 93657 | 97066 |93202 |(7/7.8) |93263 | 97459 | 92846
(7/7,9) 93208 |96982 | 94011 |(7/7,10)|93036 | 96555 | 93092
(7/7,11) | 93040 | 96465 | 93055 | (7/7,12) | 929 66 | 96082 | 92625
(7/7,13) | 928 84 | 97086 | 92386 | (7/7,14) | 92832 | 91729 | 89068
(8/6,1) | 62522 | 64527 | 63692 | (8/6,2) | 62975 | 64958 | 62999
(8/6,3) | 62898 | 64354 | 62520 | (8/6,4) |62632 |64657 | 62257
(8/6,5) | 63357 | 64818 | 64289 | (8/6,6) | 63124 |63926 | 61984
(8/6,7) | 63375 | 64899 | 62467 | (8/6,8) | 63218 | 64473 | 62360
(8/6,9) | 63054 | 63752 | 63397 |(8/6,10)|62985 | 64573 | 63342
(8/6,11) | 63403 | 65391 |[62510 | (8/6,12) | 63467 | 65246 | 63244
(8/6,13) | 63309 | 65826 | 63890 | (8/6,14) | 62433 | 64505 | 64135
(9/5,1) | 66402 | 66369 |66567 |(9/52) |66144 | 66700 | 65971
(9/5,3) | 66063 | 65559 |66532 |(9/54) | 66376 | 65920 | 66255
(9/5,5) | 67109 | 70499 | 68648 | (9/56) |66846 | 65969 | 66378
9/5,7) | 67277 | 65901 |[67563 |(9/58) |67179 | 70699 | 68943
(9/5,9) | 66379 | 66185 |65596 | (9/5,10)|66860 | 67074 | 69325
(9/5,11) | 667 71 | 66921 | 65805 | (9/5,12) | 67249 | 668 63 | 664 72
(9/5,13) | 66023 | 65527 | 66350 |(9/5,14) | 66321 | 65882 | 66455

Table 5 8 Total sequence lengths for test set 3 of the 74181 using control method one
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Set | LHCA LI(:SR L(FHS)R Set | LHCA LI(:SR L(I;IS)R
(7/7,1) | 85853 | 87937 | 88035 | (7/72) | 86292 |88675 | 859 14
(7/7,3) | 85893 |89071 |85958 |(7/7.4) |86504 |87437 | 85402
(77,5 | 86247 |86152 |86176 |(7/7,6) | 86899 |88506 |85367
(7/7,7) | 86513 | 88342 |86363 | (7/7.8) | 86442 | 88694 | 86131
(7/77,9) | 86112 | 88469 | 86341 | (7/7,10)| 86102 | 86819 | 86655
(7/7,11) | 86625 | 88182 |85285 |(7/7,12)|87089 |88223 |86075
(7/7,13) | 86631 | 88795 | 85438 |(7/7,14)|85948 |83959 |83819
(8/6,1) | 143935 | 143953 | 140241 | (8/6,2) | 142495 | 143069 | 1397 08
(8/63) | 141447 | 144361 | 141478 | (8/6,4) | 1434 11 | 145302 | 1421 43
(86,5) | 143019 | 146097 | 143782 | (8/6,6) | 146217 | 141361 | 133700
(8/6,7) | 141129 | 1443 11 | 136255 | (8/6,8) | 145446 | 143135 | 1395 69
(8/6,9) | 143539 | 146249 | 1428 89 | (8/6,10) | 1452 56 | 142329 | 1408 23
(8/6,11) | 144498 | 144073 | 139890 | (8/6,12) | 144599 | 1384 15 | 1359 44
(8/6,13) | 143785 | 141923 | 150593 | (8/6,14) | 146927 | 145475 | 1486 13
9/51) |299228 | 2748 10 | 289505 | (9/52) | 297989 | 279547 | 2892 93
(9/53) | 300875 | 280940 | 292950 | (9/5,4) | 301615 | 2892 04 | 2907 51
(9/5,5 | 300871 | 291030 | 302084 | (9/5,6) | 299628 | 287565 | 2934 84
©/5,7) | 296677 | 268988 | 200472 | (9/5,8) | 302595 | 286837 | 2947 29
(9/5,9) | 301171 | 285118 | 285679 | (9/5,10) | 3014 62 | 291125 | 2962 86
9/5,11) | 298868 | 270968 | 284765 | (9/5,12) | 2993 76 | 283876 | 2919 20
(9/5,13) | 3034 28 | 2901 86 | 293477 | (9/5,14) | 3023 44 | 271045 | 2846 04

Table 5 9 Total sequence lengths for test set 3 of the 74181 using control method two

But for unequal partitions, (8/6 and 9/5 partition), using the control method one gets

the shorter sequence This 1s because method one does not cause the repeated cycles of
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machine A which has a much longer sequence than machine B Method two does cause a
number of repeated cycles of machine A, since 1t 1s likely to encounter the required pattern
for machine B first However, we find that the average numbers of sequence lengths for
the 7/7 partition with method two, the 8/6 and the 9/5 partitions with method one do not
show much difference Especially, the shortest sequence length for each group, 396, 380,
and 389, 1s almost the same Therefore, 1t appears we can use either an equal partition with

control method two or a unequal partition with control method one to achieve our goal

5.54 Complexity of Control

Using this alternative approach, we need to consider the complexity of the control that 1s
required If we partition the original test set into two groups, we need at least two control-
lers to control the machines for each part Each controller controls the start time and the
stop time for each machine 1n order to get the required state vectors For example, we may

get the following

A B

(0, 4) (0,11)

(11,13) (11,19)
(19,45) (19,67)

and (m, n) indicates the start time and stop time for each machine From the above, we
start with a certain state vector After 4 cycles, machine A encounters the first part of a
required vector t We then hold machine A and cycle machine B After another 7 cycles,
machine B reaches the other part of t Therefore, we have vector t Then, we restart
machine A and allow B to continue and similarly proceed to find the rest of the vectors
One of the implementations of the controller 1s to use AND gates and Flip-Flops and
as 1s shown 1n Figure 54 From Figure 5 4, we see that we use some cells to store the
value of the start time and the stop time Then, we use these values as the inputs of an
AND gate The output of the AND gate sets a D Flip-Flop Then, we use the outputs of the

Flip-Flop to control the machine Since 1t needs some memory storage, this implementa-
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tion needs more area of the chip There are a number of alternative control mechanisms,

but they are outside the scope of our thesis

Cells

Some outputs

from cells D_L _Q
N Connect

to machine
E—— Q

Figure 5 4 The diagram of one implementation of the con-

troller

5.6 Implementation

In the previous section, we present a reasonable approach which can reduce the total
sequence length In this section, we give the detail implementation of a real test set to
show the alternative approach We use the test set in Table 54 We partition 1t into two
parts one part has 8 bits, the other one has 6 bits We choose columns M, S, Sy, S,, C,,
Ay, By, A as the first part And we choose S3, By, A, B,, A3, B3 as the second part We
start both machines using the state vector 10 in Table 5 4 For convenience, we use the
corresponding decimal number to represent the state vectors Table 5 10 shows the parti-
tion results In Table 5 10, the first column just labels the test vectors Note it 1s not the
same as column one 1n Table 54 We use an 8-stage primitive LHCA with rule 239 as
machine A, and a 6-stage primitive LHCA with rule 22 as machine B

We give part of the sequences of both machine in Table 5 11 All highlighted cells are
the required test vectors We use control method one and get the total sequence length of
380 Table 5 12 shows the start time and stop time for each vector Note that the first col-

umn 1ndicates the vectors corresponding to these in Table 5 10
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Test Vector Machine A | Machine B Test Vector Machine A | Machine B
(8 buts) (6 bits) (8 bats) (6 bits)
1) 174 11 8) 34 48
2) 181 18 9 45 58
3) 196 57 10) 63 4
4) 221 47 11) 72 39
5) 223 34 12) 77 36
6) 32 9 13) 84 11
7 32 32 14) 94 29
Table 5 10 The partition result for test set 3 of the 74181
Time Machine A | Machine B Time Machine A | Machine B
0 14 208 45
1 165 17 15 8 8
2 189 16 28 20
3 137 59 17 58 54
4 18 67 33
5 30 62 19 228
6 61 53 20 63
7 73 B 55
8 255 30 22 25 35
9 110 37 23 55 21
10 133 28 24 82 52
1 205 - 25 207 38
12 49 23 26 54 25
13 91 51

Table 5 11 Part of the sequences generated by machine A and B

77
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M [So|S;[S2]S;(CnlAg|Bo|A;|B|A;|B,y|As]B;s
) [0 [0 |1 [0 [0 [0 [0 [0 [0 |0 [T [0 [0 [1
2) [0 [0 [T {01 [0 oo ]o[o]o]o |00
3) [0 [0 [T [0 [T [0 [T ]0o [0 |1 [0 ][0 [0 [0
A oot o[t [t ]o]ft |1 [t [t [o]1 [0
5 [0 [0 |1 [t [0 [1 [T |1 [t ]o]o |1 [0]o0
6 [0 [1 [0 [0 [T [0 [0 [0 [t [0 [0 |1 [1 |1
7y [0 [T [0 [0 [T |1 [0 [t [T ]o [0 [t [0 [0
8 [0 [T [0 [T [0 |1 [0 [0 [0 [0 [T [0 |1 [1
9 [0 [T [o [T [o [t [T o [T |1 [T 1t o |
10){1 [0 [T [0 [0 [T [t [0 |1 [0 [T o [T [1
|1 [0 [T [T [o [t [0t [o]t [o]o [t [0
12)[1 [T [0 [0 [1 [T [0 |0 [0 |1 [T [0 [0 |1
B3)[1T [1 [0 [T |1 [1 [0 [t [T Jo [t [t |1 [1
14)[1 [1 [0 [T |1 [T [t [t [T ]o oo [1 [0

Table 5 4 Test set 3 for the 74181 ALU

itive LFSR(I)s, and 756 primitive LESR(II)s It 1s not possible for us to simulate all the
primitive LFSMs because of limitations on our computing power But, we can easily sim-
ulate all the primitive LHCAs and primitive LFSRs because of the relatively small num-
ber Since LHCAs and LFSRs are members 1n the equivalent class of LFSMs, their
behavior can be extended to all the other members So, we do our investigations on all 14-
stage primitive LHCAs, all 14-stage primitive LFSRs, and some randomly picked primi-
tive LFSMs

From Table 5 2, 5 3 and 5 4, we see that, for each test vector, we can connect input M
to stage Sy, mput S, to stage S,, , input B; to stage S;4 In fact, we can arbitranily con-
nect the imputs to the stages Therefore, we have total of 14! ways of connecting nputs to
stages of the machine We can think of these connections as some new test sets derived
from the original one However, we can not do our simulations on all these 14! test sets
because of the computational complexity Consequently, we choose some of the test sets

The simulation program includes three parts First, we use Maple to generate all the
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primitive polynomuals for degree 14 Then, we use these primitive polynomials to gener-
ate the state patterns for the primitive LHCA, the primitive LFSR(I), and the primitive
LFSR(II) for each primitive polynomial Finally, we calculate the smallest t-length for
each test set over all machines Also, we generate 100 primitive LFSMs by using the algo-
rithm 1n Figure 4 5 for each test set We randomly choose 18 connection patterns from test
set one, 17 connection patterns from test set two, and 18 connection patterns from test set
three Table 5 5 shows the smallest t-length for each connection pattern or test set over all
primitive LHCAs, all primitive LFSR(I)s, all primitive LFSR(II)s, and 100 primitive
LFSMs

In Table 5 5, the first column indicates which test set by using a pair (A,B) A comes
from the original test set number which 1s from 1 to 3 B, which 1s from 1 to 18, 1s the label
for the different connection pattern between the inputs and stages of the machine (See the
Appendix A for detail of the connections) From Table 5 5, for test set one, we get the
smallest t-length 1s 4,722, the largest t-length 1s 11,411, for test set two, the smallest t-
length 1s 5,557, the largest t-length 1s 10,922, for test set three, the smallest t-length 1s
5,980, the largest t-length 1s 10,660 However, the t-lengths are mainly distributed over
6,000 to 8,000 Comparing with test set size 14, those numbers may appear to be compar-
atively large However, a typical pseudo random test might often include over 100,000

patterns So, 5,000-10,000 1s a noticeable improvement

5.3 The Test Set of the 8-Bit Ripple Adder and Simula-

tion Results

5.3.1 8-Bit Ripple Adder and The Test Set

The 8-bit npple adder contains eight small adders, each of which simply adds two inputs
plus the incoming carry (Figure 5 2) There are 17 inputs, 9 outputs and total of 292 single
stuck-at faults for this circuit

Table 5 6 shows the deterministic test set which was generated by the Synopsys test
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compiler and thus test set detects all 292 single stuck-at faults

66

We want to know the smallest t-length for this test set Therefore, we need to get the t-

lengths over all primitive LFSMs and find the smallest one from amongst these

LFSR | LFSR LFSR | LFSR
Set |LHCA | =" | 7" | LFSM || Set |LHCA |~ (HS) LFSM
(1,1) |8120 8334 |7823 |9331 ||(1,2) |7793 |8625 |8015 |9142
(1,3) |7031 [8150 [ss42 [9262 [[(1,4) [7658 [8217 [8416 [9300
(1,5) |7595 |6689 |8662 |11411 [|(1,6) |7634 |6217 |7975 |9055
(1,7) |7802 |6621 |6904 |8551 ||(1,8) |7181 |6602 |7645 |8601
(1,9) |7444 [8584 [6633 [9352 [[(1,10) 6632 [8329 [7887 [9656
(1,11) | 7683 [8393 [7021 [10363 [[(1,12) [6350 [8160 [6815 [9924
(1,13) | 7404 [8547 [8219 |[8760 [[(1,14) [7716 [8065 [8148 [9995
(1,15) | 7147 [8676 |[8451 [9865 [[(1,16) 7147 [8676 [8451 [9073
(1,17) |6644  [7716 [7195 [9208 |[(1,18) [7846 [4722 [7614 [9013
2.1) |7222 [6274 |7389 8605 [|(2,2) |6597 |7349 |7453 |10598
23) |6635 [7734 [8131 [8624 [[(2.4) [7601 [7261 [8150 [8344
(2,5) 16889 [7623 [8597 [7626 [|(2,6) [6395 |7692 [6397 [9484
2,7) |7765 |7445 [7612 [10090 [[(2.8) [6813 [8355 [8584 [10410
2,9) 8116 [7096 |[8629 (9307 [[(2,10) [7634 [7241 [6620 [10048
2,11) |8214 8418 [8865 [10922 [[(2,12) [7945 6853 [8233 [9350
(2,13) [6970 |7647 |8464 |9038 [[(2,14) [7373 [7410 [7398 [10557
2,15) 7592 [8258 [6078 [9484 [[(2,16) 6757 [8465 [6157 [9052

(2,18) [5557 6353 [6578 |[8734
(3,1) |5980 |6385 |7966 |10198 |[(3,2) |6750 |8584 |7910 |8766
(33) |7895 |7015 [8205 (9775 [[(3.4) [7004 [7214 [6991 [8302
3,5 (7767 8779 |6417 [8792 [[3,6) |6577 [7036 [8153 10660
(3,7) 6660 [7102 [7440 [9297 [[3,8) [7956 [7163 [8727 [9944
(3,9) [7760 [6200 [8556 [9399 [[(3,10) [7393 [8135 [8638 [8996
(3,11) 6969 [7850 [6553 [7698 [[(3,12) [7806 [8448 [8338 [9550
(3,13) 6922 [7931 [7404 [9884 [[(3,14) [7324 [7861 [7636 [10083
(3,15 |7858  [6782 [7883 [9433 [[(3,16) [6860 [8059 [7795 [9239
(3,17) [7254 8107 [7725 [8492 [[(3,18) [7619 6435 [6603 [9876

Table 5 5 T-lengths for test sets of the 74181
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A7 | Ag | As | Ag | A3 | Ay | A | Ag | By | Bg [ Bs | Bs B3 By By [ By CI
1) (0 |1 (0O |T (O |1 |1 |O [0 |L |0 |1 |1 (O [0 |O {O
2) (0 (0 |0 |1 [0 (O (1 (1 |O |1 (O (1 O |1 (1 {1 |O
3) {0 (O [0 (O (1 |1 JO |1 |0 (O |0 (O (0O (O (1 (1 |1
4 |1 |1 |1 (0 |0 (1 |O (O |1 (O |0 (O (L |O [0 |O |1
5) {0 (0O (1 (O (1 |O |1 |1 |1 (O |O (1 (I (O (O (1 |1
6) |0 (O |1 (1 (1 (O |1 |O |0 |1 |1 (1 (1 (1 (O (1 |1
7y |1 |0 (1 {1 |1 (1 (0 (0 |0 |0 (1 [0 |0 (1 |0 |0 |1
8 (1 (0 (O (O (O |1 |O |1 |1 (1 {1 (1 (1 |1 (1 (O (O
9 (0 |1 |0 (1 (O |O (O |O |O (O |1 (1 (O |O |O |1 |O
10){0 |10 (O {1 |0 {O |L |O (O (O [0 (O |1 |O (1 |O |O
11)(0 {0 (0 |0 [0 |O [0 |O (O |O O |O [0 |O |O {1 |1
12){0 (1 (O (1 (O |O |O {1 {1 (1 (O |O |O |O |O |0 |O
13)(1 (1 (1 (0 (1 |0 |1 {0 {1 (O (1 |O |1l |O |0 |O |1
14){1 (0 (1 (0O (1 |1 |0 {1 (O (1 (O |O |L |I |1 |O |l
15(0 (1 (0 (0 (1 |1 |1 (O |1 (O (O |1l |0 |O |O |0 |O
16)(1 (0 (O |1 (O |O (O |1 (1 |1 (1 |1 (L |1 O |1 |l
17t (1 (o0 |1 (o |0 {1 (0 (0 (1 (1 |O (0O |1 [0 |O |l

Table 5 6 Test set for the 8-bit ripple adder

5.3.2 Simulation Results

According to theorem 5 1, we have 7,710 primitive polynomials, and 1 69 x 10% primi-
tive LFSMs for degree n equal to 17 Therefore, we have 15,420 primitive LHCAs, 7,710
primitive LESR(I)s, and 7,710 primitive LFSR(II)s It 1s impossible for us to simulate all
machines because of the computing complexity Since we can easily simulate the state pat-
terns of the primitive LHCAs and primitive LFSRs, we do our investigations on 1,500 17-
stage primitive LHCAs, 1,500 17-stage primitive LFSR(I)s, and 1,500 17-stage primitive
LFSR(II)s

We have 17 inputs for this circuit Therefore, we can have a total of 17' ways of con-
necting the mputs to the stages Thus 1s a very large number and we can not do the simula-
tions on all the possible connections We choose 21 connection patterns to do the

simulations
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Figure 52 The diagram of the 8-bit ripple adder

The simulation program for this part 1s simuilar to the program in the 14-bit case How-
ever, the computational complexity 1s higher The simulation results are shown in Table

5.7
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Set | LHCA LESR L(};ER Set | LHCA LI(:SR Lgf')R
0 64203 | 60616 | 65682 | () 71729 | 71937 | 70248
3) 58447 | 65151 | 61153 | (4) 65319 | 66966 | 71352
) 69694 | 52653 | 64699 |(6) | 69657 | 62048 | 66207
) 66639 | 60833 | 60316 |(8) | 60993 | 71150 | 64235
©) 72042 | 68048 | 67882 | (10) | 72508 | 68379 | 68893
(1) | 67519 | 64539 | 59173 |(12) | 67631 | 72639 | 65547
(13) | 74514 | 70499 | 66402 | (14) | 62147 | 64854 | 66274
(15) | 66729 | 60197 | 66185 |(16) |71404 | 73533 | 67836
(17) | 65208 | 69807 |62390 |(18) |68262 | 60616 | 66246
(19) | 65738 | 66448 | 58812 |(20) | 61661 | 68508 | 65471
Q1) | 69761 | 53163 | 71153

Table 5 7 T-lengths for the test set of the 8-bit ripple adder

69

In Table 5 7, the first column 1ndicates the connections we choose for the simulation

We use numbers to label different test sets (See Appendix B for detail of the connections)

We get the smallest t-length 1s 52,653, and the largest t-length 1s 74,514 The t-lengths are

mainly distributed over 60,000 Again, these numbers are comparatively large compared

to 17 In the following section, we give the distribution of t-lengths for test sets with size

14

5.4 Distribution of T-Lengths

In order to get the distribution of the t-lengths over all possible 14-stage LFSMs for any

given 14-bit test set, we choose 2,000 sample test sets, run a simulation program using

Maple, and get the distribution curve 1n Figure 5 3 From Figure 5 3, we see that the distri-

bution curve 1s the same shape as the distribution curve for test sets with small size In

Figure 5 3, t-lengths occur mainly at 13,000 and are very rare for less than 7,500
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Figure 5 3 The distributions of t-lengths over all 14-stage possible
LFSMs with 2000 sample connection Patterns

Since we know the shape of the distribution curves for t-lengths of any test sets, we
can have a general 1dea about how large the t-length will be for any test set For example,
if we are given a 14-but test set, we know that the t-length for this set will be some number

around 13,000 And the t-length 1s very unlikely to be smaller than 7,500

5.5 An Alternative Approach

From Chapter 4, 1f the size of the test vector 1s small, we can easily find a primitive LFSM
which can give small t-length for any given test set This leads to an alternative approach
for solving the problem for test sets with large size The 1dea here 1s partitioning We can
partition large size test vectors into smaller size test vectors Then, we use several small
stage machines to generate the small size vectors, and combine them together as our origi-
nal test vectors

We can calculate the total sequence length by using this approach Suppose we origi-

nally have m test vectors each of which has n bits, we partition 1t into two parts with u bits
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=
and v bits Then, 1n the worst case, the total number 1s I M (m—1) For our test

sets of the 74181, 1f we partition one of 1ts test sets into two parts with 7 bits and 7 bats,

then, the worst number 1s P g 13 = 1728 Comparing this to the smallest t-length

4,722 1n the previous section, the improvement 1s obvious

5.5.1 Partitioning

The first step of this approach 1s partitioning For our test set 3 of the 74181, we can parti-
tion 1t 1into two, or three, or four small test sets However, the more small test sets we have,
the more controls we need to consider If the number of original inputs 1s smaller than 20,
we can choose to partition the test set into two small ones Therefore, we decide to parti-
tion test set 3 into two small test sets Consequently, we partition 1t in the three most likely
ways Since the original test vectors have 14 bits, we can either partition 1t into 7 bit and 7
bit vectors, or 8 bit and 6 bit vectors, or 9 bit and 5 bit vectors When we do the partitions,
the increase of the maximum length of the sequence for one part will cause a decrease of

the maximum length of the sequence for the other part

5.5.2 Control the Machines

When we partition our test sets into smaller ones, we use several machines to generate the
smaller ones, but we can not simply combine them together as the output pattern Suppose

we have smaller ones such as the following

A B
39 a
by b
o 9]
do d,

We use machine A to generate sequence A, and use machine B to generate sequence B
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We start machine A with a(, and machine B with a; Then, we set machine A and B going
at the same speed After several cycles, we have by for machine A But most likely, we do
not have b, for machine B at the same time In order to get byb, together for the output, we
need to hold machine A and let machine B continue to cycle until 1t reaches b; So, we
need a way to control the machines

Two obvious ways are possible First, one only controls machine A Every time when
machine A reaches some vector 1 1n sequence A, hold machine A and let machine B cycle

until 1t reaches 1; Second, one controls both machines Every time, hold the machine

which reaches some vectors 1n sequence first and let the other machine cycle In the next

section, we gives the simulation results

5.5.3 Simulation Results

We use test set 3 for the 74181 to do the simulation We partition 1t into two parts with 7
bits/7 bits, 8 bits/6 bits, and 9 bits/5 bits For each partition, we apply both control meth-
ods to control the machines We do the simulation on all possible primitive LHCAs and
primitive LFSRs and get the average number for the total sequence length Table 5 8
shows the simulation results using control method one, and Table 5 9 shows the simula-
tion results using control method two

We start both machines at certain test vectors, and the choice of the test vectors can
affect the total sequence length In both tables, we use column one to indicate the partition
method and the starting test vector in Table 5 4 For example, (7/7,1) indicates that we par-
tition the original test set into two 7 bit parts and the starting vector 1s row one in Table
5 4 From Table 5 8, we see that the average number for the total sequence length for the 8
bits/6 bits partition 1s the shortest In fact, during the simulation, we get the shortest
sequence lengths as 412 for the 7/7 partition, 380 for the 8/6 partition, and 389 for the 9/5
partition From Table 5 9, we see that the average number for the total sequence length for
the 7/7 partition 1s the shortest During the simulation, the shortest sequence length we get

1s 396 for the 7/7 partition
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We see that for the equal partition, (7/7 partition), using the control method two gets a

shorter sequence This 1s because we avoid some of the repeated cycles of machine B

Set | LHCA LESR L(FHS)R Set | LHCA Lfls)’R LgIS)R
(7/7,1) | 93005 | 95707 | 93102 | (7/7,2) | 93276 | 97214 | 93333
(7/73) | 93093 | 97586 | 92194 | (7/7,4) | 93603 | 96686 | 93012
(7/7,5) | 93017 | 96459 | 93350 | (7/7.6) | 93386 | 97579 | 92757
/7,7 | 93657 | 97066 | 93202 | (7/7.8) | 93263 | 97459 | 928 46
(7/7.9) | 93208 | 96982 | 94011 | (7/7,10) | 93036 | 96555 | 93092
(7/7,11) | 93040 | 96465 | 93055 | (7/7,12) | 92966 | 96082 | 92625
(7/7,13) | 92884 | 97086 | 92386 | (7/7,14) | 92832 | 91729 | 89068
8/6,1) | 62522 | 64527 | 63692 | (8/62) | 62975 | 64958 | 62999
(8/6,3) | 62898 | 64354 | 62520 | (8/64) | 62632 | 64657 | 62257
(8/6,5) | 63357 | 64818 | 64289 | (8/6,6) | 63124 | 63926 | 61984
8/6,7) | 63375 | 64899 | 62467 | (8/6,8) | 63218 | 64473 | 623 60
(8/6,9) | 63054 | 63752 | 63397 | (8/6,10) | 62985 | 64573 | 633 42
8/6,11) | 63403 | 65391 | 62510 | (8/6,12) | 63467 | 65246 | 63244
(8/6,13) | 63309 | 65826 | 63890 | (8/6,14) | 62433 | 64505 | 64135
9/5,1) | 66402 | 66369 | 66567 | (9/52) | 66144 | 66700 | 65971
(9/53) | 66063 | 65559 | 66532 | (9/5,4) | 66376 | 65920 | 66255
(9/5,5) | 67109 | 70499 | 68648 | (9/5,6) | 66846 | 65969 | 66378
9/57) | 67277 | 65901 | 67563 | (9/5,8) | 67179 | 70699 | 68943
(9/5,9) | 66379 | 66185 | 65596 | (9/5,10) | 66860 | 67074 | 693 25
O/5,11) | 66771 | 66921 | 65805 | (9/5,12) | 67249 | 66863 | 66472
9/5,13) | 66023 | 65527 | 66350 | (9/5,14) | 663 21 | 65882 | 664 55

Table 5 8 Total sequence lengths for test set 3 of the 74181 using control method one
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Set | LHCA LI(:IS)R L(FHS)R Set | LHCA LESR L(FHS)R
(7/7,1) | 85853 | 87937 |88035 |(7/7,2) | 86292 |88675 |89 14
(7/73) | 85893 |89071 |85958 |(7/7,4) | 86504 |87437 | 85402
(77,5 | 86247 |86152 |86176 |(7/7,6) | 86899 |88506 | 85367
(7/7,7) | 86513 | 88342 |86363 | (7/7.8) | 86442 |88694 | 86131
(7/7,9) | 86112 | 88469 |86341 | (7/7,10)| 86102 | 86819 | 86655
(7/7,11) | 86625 | 88182 | 85285 | (7/7,12)| 87089 | 88223 | 86075
(7/7,13) | 86631 | 88795 | 85438 |(7/7,14)| 85948 |83959 |83819
(8/6,1) | 143935 | 143953 | 140241 | (8/6,2) | 142495 | 143069 | 1397 08
(8/63) | 141447 | 144361 | 141478 | (8/6,4) | 1434 11 | 145302 | 1421 43
(8/6,5) | 143019 | 146097 | 143782 | (8/6,6) | 146217 | 141361 | 133700
8/67) | 141129 | 1443 11 | 136255 | (8/6,8) | 145446 | 143135 | 1395 69
(8/6,9) | 143539 | 146249 | 1428 89 | (8/6,10) | 145256 | 142329 | 1408 23
(8/6,11) | 144498 | 144073 | 139890 | (8/6,12) | 144599 | 1384 15 | 1359 44
(8/6,13) | 143785 | 141923 | 150593 | (8/6,14) | 146927 | 145475 | 1486 13
(9/5,1) | 299228 | 274810 | 289505 | (9/5,2) | 297989 | 279547 | 289293
(9/5,3) | 300875 | 280940 | 292950 | (9/5.4) | 3016 15 | 2892 04 | 2907 51
(9/5,5) | 300871 | 291030 | 302084 | (9/5,6) | 2996 28 | 287565 | 2934 84
9/5,7) | 296677 | 268988 | 290472 | (9/5,8) | 302595 | 286837 | 2947 29
(9/5,9) | 301171 | 285118 | 285679 | (9/5,10) | 301462 | 291125 | 2962 86
(9/5,11) | 2988 68 | 270968 | 284765 | (9/5,12) | 2993 76 | 2838 76 | 2919 20
(9/5,13) | 303428 | 2901 86 | 293477 | (9/5,14) | 3023 44 | 271045 | 2846 04

Table 5 9 Total sequence lengths for test set 3 of the 74181 using control method two

But for unequal partitions, (8/6 and 9/5 partition), using the control method one gets

the shorter sequence This 1s because method one does not cause the repeated cycles of
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machine A which has a much longer sequence than machine B Method two does cause a
number of repeated cycles of machine A, since 1t 1s likely to encounter the required pattern
for machine B first However, we find that the average numbers of sequence lengths for
the 7/7 partition with method two, the 8/6 and the 9/5 partitions with method one do not
show much difference Especially, the shortest sequence length for each group, 396, 380,
and 389, 1s almost the same Therefore, 1t appears we can use either an equal partition with

control method two or a unequal partition with control method one to achieve our goal

5.54 Complexity of Control

Using this alternative approach, we need to consider the complexity of the control that 1s
required If we partition the original test set into two groups, we need at least two control-
lers to control the machines for each part Each controller controls the start time and the
stop time for each machine 1n order to get the required state vectors For example, we may

get the following

A B

(0, 4) (0,11)
(11,13) (11,19)
(19,45) (19,67)

and (m, n) indicates the start ime and stop time for each machine From the above, we
start with a certain state vector After 4 cycles, machine A encounters the first part of a
required vector t We then hold machine A and cycle machine B After another 7 cycles,
machine B reaches the other part of t Therefore, we have vector t Then, we restart
machine A and allow B to continue and similarly proceed to find the rest of the vectors
One of the implementations of the controller 1s to use AND gates and Flip-Flops and
as 1s shown 1n Figure 54 From Figure 5 4, we see that we use some cells to store the
value of the start time and the stop time Then, we use these values as the inputs of an
AND gate The output of the AND gate sets a D Flip-Flop Then, we use the outputs of the

Flip-Flop to control the machine Since 1t needs some memory storage, this implementa-
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tion needs more area of the chip There are a number of alternative control mechanisms,

but they are outside the scope of our thesis

Cells

Some outputs

from cells D _Q
I > Connect

to machine

E— S

Figure 5 4 The diagram of one implementation of the con-

troller

5.6 Implementation

In the previous section, we present a reasonable approach which can reduce the total
sequence length In this section, we give the detail implementation of a real test set to
show the alternative approach We use the test set in Table 54 We partition 1t into two
parts one part has 8 bits, the other one has 6 bits We choose columns M, S, S, S,, C,,
Ay, By, A as the first part And we choose S3, By, A,, B,, A3, B3 as the second part We
start both machines using the state vector 10 in Table 5 4 For convenience, we use the
corresponding decimal number to represent the state vectors Table 5 10 shows the parti-
tion results In Table 5 10, the first column just labels the test vectors Note 1t 1s not the
same as column one 1n Table 54 We use an 8-stage primitive LHCA with rule 239 as
machine A, and a 6-stage primitive LHCA with rule 22 as machine B

We give part of the sequences of both machine in Table 5 11 All highlighted cells are
the required test vectors We use control method one and get the total sequence length of
380 Table 5 12 shows the start time and stop time for each vector Note that the first col-

umn 1ndicates the vectors corresponding to these in Table 5 10
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1) 174 11 8) 34 48
2) 181 18 9) 45 58
3) 196 57 10) 63 4

4) 221 47 11) 72 39
5) 223 34 12) 77 36
&) 32 9 13) 84 11
7 32 32 14) 04 29

Table 5 10 The partition result for test set 3 of the 74181

Time Machine A | Machine B Time Machine A | Machine B

0 14 208 45
1 165 17 15 8 8
2 189 16 28 20
3 137 59 17 58 54
4 18 67 33
5 30 62

6 61 53

8 255 30 22 25 35
9 110 37 23 55 21
10 133 28 24 82 52
11 205 B s 207 38
12 49 23 26 54 29
13 91 51

Table 5 11 Part of the sequences generated by machine A and B

77
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

There 1s a considerable amount of ongoing research in the area of pseudorandom testing,
but mainly on studying the behavior of LFSRs and LHCAs However, little work has been
done 1n investigating the relationship mapping the sequences to LFSMs This 1s very
important 1n the testing area because of the importance of the test generation In this the-
s1s, we 1nvestigate using a primitive LFSM to generate a sequence such that the test vec-
tors for a circuit appear reasonably close together 1n this sequence

We present some results and theorems related to mapping the sequences to LFSMs
We present the simulation results and their analysis We also give an alternative approach
to solving the problem Based on the above, if we are given a deterministic test set, we
have the following conclusions

1 there must exist a primitive LFSM which can give a comparatively small t-length

for this test set

2 finding a proper machine such that 1t can give a small t-length for this test set 1s

very difficult

3 arandomly picked primitive LFSM often gives a comparatively long t-length
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Vector Machine A | Machine B Vector Machine A | Machine B
1) - - 8) (145, 151) |(145, 160)
5) (0, 4) (0, 11) 12) (160, 191) |(160, 196)
14) (11, 27) (11, 38) 11) (196, 222) (196, 236)
4) (38,39) (38, 44) 3) (236, 247) |(236,256)
13) (44, 59) (44, 63) 6) (256, 281) |(256,303)
10) (63, 69) (63,99) 7 (303, 303) |(303, 354)
2) (99,103) (99,145 |9 (354, 362) |(354, 380)

78

Table 5 12 Start time and stop time for the controllers

We need a 9-input AND gate to set the Flip-Flop because the largest value in Table

512 1s 380 The whole sequences generated by two machines 1s given in the Appendix C

5.7 Summary

In this chapter, we present the equation for calculating the number of primitive linear finite
state machine for each degree, give the simulation results for the t-lengths for the test sets
with 14 14-bit vectors and 17 17-bit vectors, provide an alternative approach to solve the
problem, and present an implementation using the alternative approach

From the equation, we see that the number of primitive LFSMs 1s very large when the
degree 1s bigger than 10 And from the simulation results of several real test sets, we get
that simply using a pnmitive LFSM gives a comparatively long t-length for any test sets
with more than 10 inputs

Then, an alternative approach 1s presented By giving the simulation results and ana-
lyzing the control complexity, we conclude that this alternative approach can reduce the
total sequence length However, 1t requires further investigation to determine 1f the extra

area overhead required by the control circuitry justifies the decrease 1n the t-length
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4 The t-lengths are often shorter than the comparable pseudorandom sequence

Although we do not provide a methodology for the generation of a deterministic test
set using LFSMs, we do give some general conclusions and an alternative approach to this
problem The contribution of our research can be summarized as follows

oIt 1s the first study of the relationship between the sequences and LFSMs We give

some related results to derive primitive LFSMs by using m-sequences, getting the

transition matrices of primitive LFSMs by using the state vectors, and we present an

equation to calculate the number of primitive LFSMs for all degrees

Our research gives some direction for the solution of the problem of deriving a mini-

mum embedding of a deterministic test set into a pseudorandom sequence generated

by an LFSM We point out the existence of such machines and the difficulty of finding

them

*We suggest that doing some modifications on LFSMs may solve the problem We

present an approach of partitioning the machines which reduces the length of the

sequence

6.2 Future Work

There are many interesting open questions remaining from our research Some of them

are
+We present the distribution curve of the t-lengths over primitive LFSMs, which we
are derived experimentally, 1n this thesis However, a mathematical basis for predict-
ing the t-length of a given test set on all possible primitive LFSMs would be valuable
oIt 1s known that, 1n general, primitive LFSMs are better than non-primitive LFSMs as
the stimuli and compactors Hence, we use primitive LFSMs 1n this thesis However,
non-primitive LFSMs may perform better in test set generation An investigation
using non-primitive LFSMs for test set generation would be a good research topic
*We present an alternative approach using partitioning More investigation needs to be
done on partitioning the original test set into three, or more parts An investigation of

the required control structure 1s also required
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Appendix A

Connection Patterns Used in Section 5.2

Pattern One for All Three Test Sets

M| So|Si|S|S;|CalAg|Bo|A|B;|Ay]|B,]|A;|Bs

S14 |813 |S12 |S11 |S10 |S9 S8 |S7 [S6 S5 |S4 |S3 [S2 |

Pattern Two for All Three Test Sets

M| So|Si|S|S;]|CalAg|Bo|A|B;|A]|B,|A;|Bs

S1 |S14 |S13 [S12 [S11 [S10 |S9 |[S8 |[S7 |Se |S5 |S4 [S3 |S2

Pattern Three for All Three Test Sets

M| So|Si|S[S;|Ch|Ag|Bo|A|B;|A]|B,|A;|B;

S2 ISt |[S14 |S13 |S12 |S11 |S10 |S9 |Sg |S7 |S6 |Ss |[S4 |S3
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Pattern Four for All Three Test Sets

M | So|Si|Sy|S3|Cn|Ag|Bo|A1|B1|Ay|By|A;]|Bs
S3 |82 [S1 |S14 |S13 |S12 |S11 |S10 |S9 S8 |S7 |S¢ |Ss |S4
Pattern Five for All Three Test Sets
M |So|S |S2|S;3|Cq|Ao|Bo|A|By|Ay|By|A;|B;
S4 |S3 [S2 |S1t |S14 [S13 |S12 |S11 [S10 [S9 |Sg8 |S7 [Se6 |85
Pattern Six for All Three Test Sets
M |[So|S;|S2|S3|Cq|Ag|Bg|A|By|Ay|By|A;]|Bs
S5 [S4 |S3 |S2 [S1 |S14 |S13 [S12 |S11 |S10 |S9 (S8 |S7 (86
Pattern Seven for All Three Test Sets
S¢ |Ss [S4 |S3 |S2 [S1 |S14 |S13 [S12 [S11 [S10 |S9 S8 |S7
Pattern Eight for All Three Test Sets
M| So|S S |S3]ChlAg|Bo|A|B;|A|B,|A;]|Bs
87 18 |S5 |54 (83 [S2 |S1 |S14 |513 (512 |S11 |S10 |S9 |S8
Pattern Nine for All Three Test Sets
M | So|S; |S;|S3|Cn|Ag|Bo|A|By|Ay|By|A3|Bs
Sg [S7 [S6 |[S5 |[S4 [S3 |S2 [S1 |[S14 |S13 [S12 [S11 [S10 |S9
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Pattern Ten for All Three Test Sets

So IS8 |S7 |S6 |Ss [S4 |S3 |S2 [S1 [S14 [S13 [S12 |S11 [S10

Pattern Eleven for All Three Test Sets

S10 |S9 [S8 [S7 |Se6 [Ss |S4 |S3 [S2 [S1 |S14 |S13 [S12 |S11

Pattern Twelve for All Three Test Sets

M |[So|S;|Sy|S3|CylAo|Bo|Ar|B;|Ay|By|A;s]|Bs

S11 [S10 {S9 (S8 |[S7 |S¢ |S5 |[S4 |[S3 |S2 |S1 |S14 [S13 |S12

Pattern Thirteen for All Three Test Sets

M S!S 8810 |As|Bs| & | By | Az | By | As | By

$12 |S11 [S10 |S9 S8 [S7 |Se¢ |Ss [S4 |[S3 |S2 |S1 |[S14 |S13

Pattern Fourteen for All Three Test Sets

$13 |S12 [S11 |S10 |S9 (S8 [S7 |S¢ |Ss |S4 |S3 |[S2 |[S1 |S14

Pattern Fifteen for Test Set One

St |S12 |88 [S10 [S11 [Ss |S7 [S2 [S13 |S4 |S3 |[Se¢ |[S14 |S9
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Pattern Sixteen for Test Set One

S3 |S11 S8 |S14 |Ss |[S9 |S12 |S2 [S13 |S4 (S¢ |[S10 |S7 |[Si
Pattern Seventeen for Test Set One
M |[So|Si|S|S3|Ch|Ag|Bog|A |Bi|Ay|By|A;|Bs
$3 [S11 |S2 |[S14 |Ss |S9 [S13 [S4 |Sg [Sa |Se¢ [S10 |S7 |Si
Pattern Eighteen for All Three Test Sets
S7 |S6¢ |[Ss [S4 |S3 [S2 |S1 |S8 [S9 |S10 |[S11 |S12 [S13 |S14
Pattern Fifteen for Test Set Two
M |[So S |S|S3]|Ch|Ag|Bo|A|Br|Ay|By|A;|Bs
S3 |S11 [S2 |S14 |Ss |S9 |S12 |S13 [S4 (S8 |Se¢ |[Si0 [S7 |Si
Pattern Sixteen for Test Set Two
M [ So S |Sy|S3|Ca|Ag|Bo|A|By|Ay|By|A;]|Bs
Sg |S13 |S4 |S2 |S11 |S1 |S7 |S10 (S14 S5 |Se |S12 [S3 |S9
Pattern Fifteen for Test Set Three
M [ So S |S|S3|Ca|Ag|Bo|A|By|Ay|By|A;]|Bs
S13 [S7 |83 |85 ([S9 |S14 [S10 [S6 |[S1 |[S11 |S4 (S12 [S§ |S2
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Pattern Sixteen for Test Set Three

M| So|S1|S2|S3|Cn|Ag|Bo|A|By|Ay|By|As|B;

St [S7 [S12 [S8 |S13 |S11 |S2 [S4 |[S9 |Se¢ |S3 |Si4 [S10 |S5

Pattern Seventeen for Test Set Three

M| S5 18] 8185 | €| A0 By ay | By |4z By | As | By

S14 |87 83 |S11 |S13 [S6 |S2 |S12 S8 S5 |S3 |S4 [S10 |So

88
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Connection Patterns Used in Section 5.3
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Pattern One

Ay | Ag | As | Ag | A3 | Ay [ Ay | Ag | B7 | Bg [ Bs | B4 [ B3 | By | By | By | CI
S17 | Sie | Sis | Sia|Si3|Si2| St |Sio| So| Sg|S7|Se|Ss|Sa|S3|S|§

Pattern Two
A7 | Ag | As | Ag | A3 | Ay | Ay | Ag [ B7 | Bg | Bs | B4 | B3 | B | By | By | CI
Si [ S17|Si6| Sis|Sia|Si3|Si2|Sii|Swo| So|Sg|S7|S¢|Ss|Ss|S3]38S,

Pattern Three
A7 | Ag | As | Ag | A3 | A2 [ Ay [ Ag | By | Bg | Bs | B4 | B3 [ By | By | By | CI
Sy | St [Si7 | Sis|Sis | Sia|Si3|Si2|Su|Sio| So|Sg|S7|Se| Ss|Ss|S3
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Pattern Four
A7 | Ag | As | Ag | A3 | Ay [ A; | Ag [ B7 | B | Bs | B4 [ B3 | By | By | By | CI
S3 | S2 | Sy | Si7| Sie | Sis | Sia|Si3|Si2|Sii|Sio| So | Sg | S7| Se | Ss | S4
Pattern Five
Ay | Ag [As | Ag | A3 | Ay | Aj | Ag | B7 | B | Bs [ B4 | B3 | By | By | By | CI
Ss | S3 | So | Sy | Si17|Si6|Sis|Sia|Sia|Si2|Sii|Swo]| Se|Sg| S7| Se| Ss
Pattern Six
A7 | Ag | As | Ag | A3 [ Ay [ A | Ag | B7 | Bg | Bs | B4 | B3 [ By | By | By | CI
Ss | Ss | S3 | S2 | Sy [ Si7]|Si6|Sis|Sia|Si3|Si2|Suu|Siwo| So| Sg| S7 | S
Pattern Seven
A7 | Ag | As | As | A3 | Ay | Aj | Ag | B7 | Bg | Bs | B4 | B3 | By | By | By | CI
S¢ | Ss | Sa | S3 | Sy | Sy | S17|Si6|Sis|Sia|Si3|Si2|Sii|Swo| Se|Sg| Sy
Pattern Eight
A7 | Ag | As | Ay | As | Ay | A | Ag | By [ Bg | Bs | By | Bs [ By | B, | By |
S7 | Se [ Ss | Sa | S3 | So [ St | S17 | Si6|Sis|Sia|Si3|Si2|Si|Siwo| So | Sg
Pattern Nine
A7 | Ag | As | Ag | A3 | Ay [ A | Ag | By | Bg [ Bs [ B4 | By | By | B | By | CI
Sg | S7 [ Se | Ss | Sa | S3 | So | Sy [ Si17| Sie | Sis | Sia|Si3|Si2|Suu|Siwo| So
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Pattern Ten
A7 | Ag | As | Ag | A3 | Ay | Ay | Ag [ B7 | Bg | Bs [ B4 [ B3 [ By | By | By | CI
So | Sg | S7 | S¢ | Ss | Sa | S3 | So | Sy | Sy7 | Sie | Sis | Sia | Si3 | Si2 | Sii | Sio
Pattern Eleven
A7 | Ag | As | As | A3 | Ay [ Ay | Ag | By | B¢ | Bs | B4 | By | By | B | By | CI
Sio| S | Sg | S7 | S¢ | Ss | Sa | Sz [ S2 | Si | Si7|Si6|Sis|Sia|Si3|Si2]|Su
Pattern Twelve
A7 | Ag | As | Ag | A3 | Ay | Aj | Ag | By | B¢ | Bs | B4 | B3 | By | By | By | CI
Si1 | Sio| So | Ss | S7 | Se | Ss | Sa | S3 | Sy | Sy | Si7|Si6|Sis|Sia|Si3|Si2
Pattern Thirteen
A7 | Ag | As | Ag | A3 | Ay | Ay [ Ag [ B | Bg | Bs [ B4 | B3 | By | By | By | CI
Si2 | St |Sio| So | Sg | S7| Se | Ss | Sa | S3 | S | Sy [Sy7|Sis| Si5| Sia|Si3
Pattern Fourteen
A7 | Ag | As | Ag | A3 | Ay | Ay [ Ag | By | Bg | Bs | B4 [ B3 | By | By | By | CI
Si3 | Si2|Sii|Sio| So | Ss | S7 | Se | Ss | Sa | S3 | S2 | Sy | Si7 | Sie | Sis | Sia
Pattern Fifteen
A7 | Ag | As | Ag | A3 | Ay | Ay [ A9 | B7 | Bg | Bs | B4 | B3 | By | B | By | CI
Sia [ S13 | Si2| St |Swo| So | Sg | Sy | Se| Ss | Sa| Ss | Sy ]| Sy [Si7]Si6]Sis
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Pattern Sixteen
A7 | Ag | As | Ag | A3 | Ay | Aj [ Ag [ By [ Bg | Bs [ B4 | B3 [ By | By [ By | CI
Sis | Sia | S13 | Si2 | Sii | Sio| So | Sg [ S7| Se | Ss | Sa | S3 [ S2 | S1 | Sy7 | Sis
Pattern Seventeen
A7 A6 A5 A4 A3 A2 Al AO B7 B6 B5 B4 B3 B2 Bl BO Gl
Sie | Sis | S1a | S13| Si2 | Sii|Sio| So [ Sg | S7 [ Se | Ss [ Sa | S3| Sz | S | Sy
Pattern Eighteen
A7 | Ag | As | Ag | A3 | Ay | Ay [ Ag [ B; | Bg | Bs | B4 | B3 | By | By | By | CI
Si | S2 | S3 | Sa | Ss | Se | Sy | Ss | So|Sio|Sii|Si2|Si3|Sia]|Sis|Sis]|Si7
Pattern Nineteen
A7 | Ag | As | Ag | A3 | Ay | Ay [ Ag [ By | Bg | Bs | B4 | B3 | By | By | By | CI
Sis | So | S13 | Sia| Sg | Se | So [ Sii [Si7| S3 [Sio|Si2| Ss | Si | Ss S| Sy
Pattern Twenty
A7 | Ag | As | As | A3 | Ay | Ay [ Ao [ B | Bg | Bs | B4 | B3 | By [ By | By | CI
S4 | Ss | Se | S7 | Sg | So | Sio| Si1 | Si2| Si3 [ Sia|Si5s|[Sie|Si7| St | S2 | S3
Pattern Twenty One
A; | Ag | As | Ay | Ay | Ay | A | Ap | B; | Bg|Bs|Bs|Bs| B, | B, |By| I
Sg | S17| Sa | Se | So [ Sia|Sio| S3 [Siz| Si |Sie|Sis| S2 |Suu| Ss | S7]|Si2
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Sequences Generated by LHCA with Rule
239 and LHCA with Rule 22

ca

ca

ca

ca

ca

ca

ca

239 |22 239 |22 239 |22 239 |22 239 |22
0 12 [49 |23 |24 [82 [52 |36 48 229 [27
1 13 |91 [51 (25 |207 (38 [[37 [198 [14 [[49 [93 |41
2 14 208 [45 |26 |54 |25 |38 |41 50 [217 [6
3 15 |8 [8 [27 st [46 [[39 |11 51 |23
4 16 |28 [20 [[28 203 [13 [[40 [134 |16 [[52 22
5 |30 201 |56 |53 [119 [49
6 |6l 60 |[s4 |178 42
7 |73 78 [50 |55 |159
8 |255 245 56 |254
9 |110 117 |15 |[57 |109 [12
10 |133 31 |58 |129 |26
11 |205 149 59 |195 |43




APPENDIX C SEQUENCES GENERATED BY LHCA WITH RULE 239 AND 94
LHCA WITH RULE 22
t ca ca t ca ca t ca ca t ca ca t ca ca
239 (22 239 |22 239 |22 239 |22 239 |22
60 |36 90 |118 |46 [[120 12 [[150 |53 |52 [[180 |33 |42
61 [126 12 |91 [177 |13 [[121 |46 |26 (151 |85 |38 (181 [115
62 173 92 [155 |24 [[122 [101 [43 [[152 J197 [25 [[182 [188
63 |161 93 |240 [44 [[123 157 |1 153‘46 183 [138 [ 12
64 |179 |17 [[94 [120 |10 [[124 [249 [2 [[154 |97 [13 [[184 [219 |26
65 |156 05 164 [19 |[125 [103 [7 155 [147 [24 [[185 |16 |43
66 |250 (59 [[96 [190 [61 [[126 |154 156 | 236 |44 [[186 |40
67 |99 97 |141 127 [243 |17 [[157 [66 |10 [[187 [108
68 |148 |62 98 209 |40 [[128 124 158 | 231 188 [130
69 [230 153 (99 |11 129 [170 [59 [[159 |90 189 199
70 |89 [B6a 100 [24 |14 [[130 |171 160 [211 [BH 190 [42 |17
71 215 [30 [[101 |52 131 168 |62 [[161 [12 |40 [[191 [ 107
72 |2 (37 |[102]86 132 [172 |53 |[162 |18 [E[ 192 136 | 59
73 |7 |28 [[103 [193 |16 [[133 162 163 |47 193 [220
74 |10 [BE[104 35 [56 [[134 [183[30 [[164 | 102 [BBHI194 |26 |62
75 |27 |23 [[105 [116 |60 |[135 | 146 |37 |[165 | 153 (82195 [51 |53
76 |48 |51 106 [182 [50 |[136 |239 [28 |[166 |247 |16 |[196 |92
77 |88 |45 |[107 [145 137 |70 [ 167 [ 114 197 | 218 |30
78 |212 8 [[108 |235 |15 [[138 [233 (23 [[168 | 191 198 [19 [37
79 |6 |20 [[109 31 [[139 [79 [51 |[169 |142 199 |44 |28
80 |9 [s4 [[110]252 140 [ 246 [45 170|213 -200 98 .
81 31 |33 |[111 J106 |27 |[141 J113 [8 |71 |5 |15 [[201 151 [23
82 |62 112 [139 [41 (142|187 [20 [[172 |13 [31 [[202 [226 |51
83 63 113 |216 |6 [[143 [128 54 [[173 |17 203 |87 |45
84 [241[ss [[114 |20 [BR144 [192 [33 [174 [43 [27 [204 [194 [8
85 [123 35 [[115[38 |22 [145 175 104 [41 [l205[39 |20
86 160 |21 [[116 [121 |49 [[146 [112 [63 [[176 | 140 [6 |[206 | 122 |54
87 [176 |52 |[117 167 [42 [[147 |184 [55 [[177 |210 -207 163 |33
88 [152[38 [[118 |16 [3 [las J132[35 [[178 |15 [22 [[208 [ 180
89 [244 [25 [[119 [131 149 [206 [21 [[179 |22 {49 209 150 |63




APPENDIX C SEQUENCES GENERATED BY LHCA WITH RULE 239 AND 95
LHCA WITH RULE 22
t ca ca t ca ca t ca ca t ca ca t ca ca
239 (22 239 |22 239 |22 239 |22 239 |22
210 | 225 [55 |[219 |234 [44 [[228 -237 166 |27 [[246 [60 |12
211 |83 [35 [[220]75 {10 [[229 |3 |16 [[238 |185 [41 (247 |74 |26
212 [204 [21 [[221 [248 [19 [[230]4 [s6 [[239|135|6 [248 251 [43
213 |50 [52 [[222 ]100 {61 [[231 |14 |60 /240 |202 249 |96 |1
214 |95 [38 [[223 [ 158 232 |21 |50 (24159 [22 [[250 144 |2
215 222 [25 [[224 [ 253 {40 [[233 37 -242 64 |49 |[251 |232]7
216 |29 [46 225|105 234 [125 |15 (243|224 [42 [[252 |76 |11
217 |57 113 [[226 [143 {14 [[235 169 [31 {244 |80 253 | 242 [ 17
218 |71 [24 227|214 236 [ 175 245 | 200 254 | 127 | 58
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