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ABSTRACT

The usual graph parameters related to independent and dominating sets can be
adapted to broadcasts on graphs. We examine some possible definitions for an inde-
pendent broadcast. We determine the minimum maximal and the maximum broad-
cast weight for all our independence parameters on both paths and grids. For graphs
in general, we examine the relationships between these broadcast independence pa-
rameters and the existing minimum and maximum minimal broadcast domination
weight (or cost). We also determine upper and lower bounds for maximum boundary

independent broadcasts and a new upper bound for hearing independent broadcasts.
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Chapter 1

Introduction, Background and

New Definitions

1.1 Introduction

Imagine that a graph represents an empty framework. Each vertex carries the po-
tential for activation. For example, the vertices could be locations where bacteria
could grow or where a cell phone tower could be built. The distance between any
two vertices is the length of a shortest path which connects them or, informally, the
minimum number of edges which must be traversed to move from one vertex to the
other. In our first analogy, all growth occurs at the same rate, moving outwards from
the vertex to cover all other vertices at distance k£ > 0 after k days. Although growth
occurs at the same rate, it does not necessarily start at the same time. We want to
select some of the vertices to be active. Each location or vertex v which is selected as
active is assigned a natural number f(v) representing the number of days it has been
growing. If f(v) > d(u,v), the distance between u and v, then the growth originating
at v has reached u. We say that u is within range of v or, equivalently, u is dominated
by v. The time that v has been growing is f(v). If every vertex is either active or is
within range of at least one active vertex, then we say that the network or graph is
dominated.

The historic analogy which is responsible for the title “broadcast independence”
involves envisioning the graph as a network of possible transmission tower locations.
If f(v) > 0, then we say that the vertex v is broadcasting and, in this case, if d(u, v) <

f(v), then u hears v. If every vertex is either transmitting or is within range of at



least one active vertex, then we say that the network or graph is dominated. The sum
of all of the individual weights is sometimes called the broadcast cost. However, it is
unlikely that the cost of a transmission has a linear relationship to its range. Further,
we will be looking to discuss the greatest cost broadcasts which maintain some form
of independence, but maximizing cost is counter-intuitive. Hence, we have chosen to
call the sum of the individual weights the broadcast weight.

If we restrict our broadcasting vertices so that they only broadcast to themselves
and their immediate neighbours, i.e. f(v) = 1, then dominating the network is related
to the already defined and well studied problem of finding a dominating set. The idea
of a larger but constant range for each of the broadcasting vertices is similarly related
to k-distance domination or k-domination and was introduced separately by Henning
[13] and (in the context of packing and covering numbers of a tree) by A. Meir and
J.W. Moon [16]. Erwin [9] was the first to look in depth at the idea of allowing a
different range for each of the broadcasting vertices; this approach is referred to simply
as broadcasts. The study of the minimal weight required to dominate the network
(graph) with a broadcast is found mostly under the title of dominating broadcasts.

A subset of the vertices of a graph is an independent set if no two vertices of
the subset are adjacent in the graph. When the restrictions of an ndependent set
are applied to a dominating set we get an independent dominating set. For example,
the graph below in Figure 1.1 can be dominated by two vertices but if we want
an independent dominating set, then the minimum number required is three, see

Figure 1.2.

Figure 1.1: The green vertices form a dominating set which is not independent. If
the characteristic function of the dominating set is taken as a broadcast, then the two
broadcasting vertices hear each other.

The characteristic function of an independent set can be seen as a broadcast
in which no broadcasting vertex is dominated by any another broadcasting vertex.
Erwin [9] introduced the idea of restricting the interaction between the individual
transmitting vertices of a broadcast. He defined a hearing independent broadcast in

which no vertex transmits to any other transmitting vertex. He also investigated



Figure 1.2: The green vertices form a dominating set which is independent. If the
characteristic function of the dominating set is taken as a broadcast, then the broad-
casting vertices do not hear each other.

L.

(2)

Figure 1.3: A dominating broadcast of weight 2.

minimal dominating hearing independent broadcasts. The graph in Figure 1.3 is
dominated by a minimal dominating hearing independent broadcast with weight two.
Placing different restrictions on the interactions between the individual broadcasting
vertices and studying how this affects the weight of a dominating broadcast is the
main goal of this dissertation.

Returning to a broadcast generated from the characteristic function of an indepen-
dent set, we extend the restrictions on this broadcast to broadcasts in general. This
leads to nine distinct possible definitions for an independent broadcast; seven new
definitions and Erwin’s already defined hearing independence definitions. Each defi-
nition has different consequences on the choice and strength of the broadcast vertices
and the overall broadcast weight. We obtain general results as well as specific results
for paths, trees, cycles and grids. Note that, when independence is introduced, we are
no longer looking for the smallest weight broadcast to dominate the graph but rather
for the largest weight broadcast which can occur without violating the broadcast’s
independence. Since many systems can be divided into subsystems which interact
at, between and sometimes beyond their boundaries, there is potential for practical

application of this work.

1.2 Background and Definitions

Any definition or terminology not defined in this thesis can be found in West [18].

The weight of a broadcast on a graph with more than one component is the sum of



the weight of the broadcast on each individual component, hence we assume that all
our graphs are connected. Further, multiple edges and loops do not change the ability
of a vertex to dominate itself or another vertex, so only simple graphs are considered.
Imagine that each vertex of a graph G is a possible location for a transmitting or
broadcasting tower with the distance between two vertices representing the strength
of the transmission needed to transmit from one vertex to the other. To choose
the location and strength of our towers we use a broadcast which is a function f :
V(G) — {0,1...,diam(G)} where no vertex v is assigned a value larger than its
eccentricity, e(v) = max{d(v,u) : u € V(G)}. Notice that if a vertex broadcasts
with a strength equal to its eccentricity, then it will dominate the entire graph. If
f(v) > 0, then there is a broadcast tower located at v which has the strength to
transmit to all vertices within a distance of f(v) from v; we call this set of vertices the
f-neighourhood of v which is defined as Ny(v) = {u : v € V(G) and d(u,v) < f(v)}.
If w € Ng(v), then we say that u hears or is f — dominated by v or equivalently
that v f — dominates u. If X is a set of vertices, then Ny(X) = (J,cx Nf(v). If
f(v) > 0, then we say that v is a dominating or broadcasting vertex and we let
VA (G) ={v:v e V(G)and f(v) > 0} be the set of all f-dominating vertices. The
subset of Vf+(G) consisting of broadcasting vertices with strength one is VfI(G) ={v:
v € V(G) and f(v) = 1} and V;"7(G) = V;*(G) =V} (G) is the set of all broadcasting
vertices with f(v) > 1. For brevity, if the context is clear we may suppress the
reference to the graph, the broadcast, or both in our notation. For example, V",
V*(G) or V* may be used in place of V;(G).

If every vertex of GG is f-dominated, then we say that f is a dominating broadcast.
For example, if a broadcast f assigns a value of diam(G) to a vertex of G of maximum
eccentricity and zero to all other vertices, then f is a dominating broadcast. Or, if a
broadcast g assigns a value of rad(G) to a central vertex and zero to all others, then g
is also a dominating broadcast, and since rad(G) < diam(G) the weight of g, o(g) =

> g(v), isless than or equal to o(f) (the weight of f). An interesting problem which

Ve Vng

has been studied [10] is to find v,(G), the minimum (weight) dominating broadcast
for G, where v,(G) = min{o(f) : f is a dominating broadcast of G}. Note that
W(G) < rad(G) for all graphs G. If v,(G) = rad(G) we say that G is a radial graph.

The weight of a dominating broadcast depends on which vertices are chosen to
dominate so another important problem is finding the minimum weight dominating

broadcast for a given set of dominating vertices. For two broadcasts g and f, we say



that ¢ < f if g(v) < f(v) for all v € V(G) and we say that g < f if ¢ < f and
there is at least one vertex u such that g(u) < f(u). Similarly, g > fif f < g. A
dominating broadcast f is minimal dominating if there is no dominating broadcast
g with g < f. The largest weight for a minimal dominating broadcast is I'y(G) =
max{c(f) : f is a minimal dominating broadcast of G}.

Dominating broadcasts can also be seen as a natural extension of the much studied
problem of dominating sets. A dominating set S is a subset of V(G) such that every
vertex v € V(G) — S is adjacent to a vertex in S. The characteristic function f of a
dominating set is a dominating broadcast with f: V(G) — {0, 1}.

If all the towers broadcast with the same strength (or all growth started at
the same time), then we can represent this situation by putting restrictions on the
codomain of f. If f: V(G) — {0,k} where k is any positive integer, then we call
f a k-broadcast which is related to the previously mentioned k-domination. Simi-
lar to more general broadcasts, let 74 (G) be the weight of a minimum k-dominating
broadcast. Since a k-broadcast is a broadcast, 7,(G) < 1%(G) for all k > 1. If k =1
and f is a dominating broadcast, then V;"(G) = V/(G) is a dominating set. Hence,
W(G) < 71(G) = v(G) where (G) is the size of a minimum dominating set.

An independent set S is a subset of V(G) such that no two vertices of S are
adjacent. Since broadcast signals (or growth) may interfere and interact with each
other, we are interested in using and extending the definition of independence to
broadcasts. To further our discussion, we define the following concepts for a connected

graph G and a broadcast, f (see Figure 1.4):

Definition 1.2.1. The boundary or boundary set of a broadcasting vertex v is

By(v) = {u:d(u,v) = f(v)}

and if u € By(v), then we refer to u as a boundary vertex of v.

Definition 1.2.2. The set of broadcasting vertices heard by a vertex wu is
He(u) ={v:d(u,v) < f(v) and f(v) > 0}.

Definition 1.2.3. The private boundary of a broadcasting vertex v is PBf(v) =
N¢(V(G)) = Np(V(G)) where f' is the broadcast with f'(x) = f(x) —1 for x = v and
f'(x) = f(x) otherwise, or, informally, the set of vertices dominated by v which are

no longer dominated when the strength of the broadcast at v is reduced by 1.



Since f(v) < e(v) every broadcasting vertex has a non-empty boundary set, or
equivalently By(v) # 0 for all v € Vf+. Notice that if f(v) > 2, then PBf(v) C By(v)
but if f(v) = 1, then it is possible that v € PBy(v).

Definition 1.2.4. If wv € E(G) and u,v € Ny(x) for some x € V;(G) such that at
least one of u and v does not belong to By(x), then we say that the edge uv is covered

in f by x.The set of all covered edges is denoted C'E}.

Definition 1.2.5. If uv € E(G) and uv is not covered by any x € V,"(G), then we

say that the edge uv is uncovered (by f). The set of all uncovered edges is denoted
UEs.

g n o ovl) o)

Figure 1.4: A dominating broadcast f with broadcast strengths shown in brackets:
Vi = {1, v9,v3,04}, VI = {v1} and V}! = {0y, v3,v4}. The only edges uncovered by
f are in black, or, equivalently UE; = {af, hi}. The green edges are covered by vy, the
red by vy, the blue by vz, the brown by v, and the yellow edge is covered by vs and v;.
The neighbourhoods of VfJr are N¢(vy) = {a,b,v1,c,vs,e, f,9,h}, N(v2) = {3, v2,j},
Ny(vs) = {c,v3,d} and Ny(vy) = {j, v4, k}. The boundaries are Bs(v1) = {a, f, h, vs},
By(v2) = {i,j}, By(vs) = {c,d} and By(vs) = {j,k}. And the private boundaries
are PB¢(v1) = {a, f,h}, PBf(v2) = {va,i}, PBy(vs) = {d} and PBf(vy) = {v4, k}.
The only vertices with |H¢(v)| > 1 are ¢, v3 and j; H(vs) = H(c) = {vs,v1} and
H(j) = {v2, va}

Remark 1.2.6. If f is a broadcast on a graph G such that UE; = () and no edge is
covered by more than one broadcasting vertex, then UverBf(v) forms an independent
set on G. If f is a broadcast on a bipartite graph G, then since G is does not have

any odd cycles, for any v € Vf+, By(v) is an independent set.



Erwin [10] proved the following result which we restate using the notion of private

boundaries.

Proposition 1.2.7. [10] A dominating broadcast f is minimal dominating if and only
if PBy(v) # 0 for each v € V"

A broadcast is irredundant if PBf(v) # 0 for every v € VfJr or, equivalently,
if no broadcasting vertex can have its broadcast neighbourhood reduced without
increasing the number of non-dominated vertices. Hence, Proposition 1.2.7 says that
any dominating broadcast f is minimal dominating if and only if it is irredundant.
In an irredundant broadcast every broadcasting vertex is either broadcasting with
a strength of 1 and hears no other broadcasts, or it has a boundary verter which
does not hear any other broadcasting vertex or both. An irredundant broadcast f
is mazimal irredundant if no broadcast g with f < g is irredundant. A maximally
irredundant broadcast is not necessarily dominating, see Figure 1.5.

Given a dominating broadcast f on a graph G, if Ny(v)NNy(u) = 0 for all distinct
u,v € Vf+(G), or equivalently if |H(v)| = 1 for all v € V(G), then f is an efficient
broadcast and our signals will not interfere or overlap. If f is a broadcast such that
every vertex z which hears more than one broadcasting vertex also satisfies d(z,u) >
f(u) for all u € Vf+, then we say that the broadcast only overlaps in boundaries. If
f(v) —d(u,v) > 0, then we say that u is overdominated (by v). If |H(u)| > 1 and u
is overdominated, then the broadcast overlaps beyond its boundaries. In Figure 1.4,
the broadcast values assigned to v, and v, meet the criteria for an efficient broadcast,
the values assigned to vy and vy meet the criteria for a broadcast which only overlaps
in boundaries but not those for an efficient broadcast and the values assigned to wvs
and vy overlap beyond their boundaries and thus do not meet the criteria for either
of these two broadcast types.

Recall that the characteristic function of any independent set can be considered
to be a broadcast f with f: V(G) — {0,1}; it has the following features which we

generalize to define three different types of broadcast independence:
1 bn-independent type: Broadcasts only overlap in boundaries.
2 h-independent type: Broadcast vertices only hear themselves.

3 s-independent type: Broadcast vertices form an independent set.

We consider applying each of these conditions to broadcasts in general and note
that 1 — 2 = 3.



For dominating sets and independent sets we have the following established in-

equalities. For any graph G,
(@) <i(G) < a(G) <T(G)

where v(G) and I'(G) are, respectively, the size of a minimum and maximum minimal
dominating set and i(G) and «(G) are, respectively, the size of a minimum maximal
and maximum independent set. This inequality chain is the direct result of the fact
that any maximal independent set is also a minimal dominating set. We would like
a definition of broadcast independence which provides a similar chain for broadcasts.

In Figures 1.5, 1.9, and 1.12 we see, respectively, that while maximal bn—, h—, s—
independent broadcasts are dominating they are not necessarily minimal dominating
broadcasts. A broadcast is dominating and irredundant if and only if it is minimal
dominating and maximal irredundant [1]. Hence we consider our parameters with the
additional condition of irredundance; as in Definitions 1.3.2, 1.3.6 and 1.3.9.

Recall that even a maximal irredundant broadcast can have non-dominated ver-
tices as in Figure 1.5. This is why we will also consider our parameters with the
additional condition of minimal domination; as in Definitions 1.3.3, 1.3.7 and 1.3.10.

1 2
o0 o900 O

Figure 1.5: A maximal irredundant broadcast which is not dominating.

The broadcast irredundance number, iry(G), and the upper broadcast irredundance

number, I Ry(G), of a graph G are defined as
iry(G) = min{o(f) : f is a maximal irredundant broadcast of G},

and
IR, (G) = max{o(f) : f is an irredundant broadcast of G}.

As shown by Ahmadi et al [1]:

iry(G) < W(G) <A(G) <i(G) < a(G) <T(G) <TW(G) < IRy



1.3 Definitions for Independence

For broadcast independence, we introduce nine definitions consisting of three different
categories which each contain three definitions. In general, if a broadcast f on a graph
G meets one of our definitions of independence and there is no broadcast g such that
g > f and g still meets our definition of independence, then we say that f is a
maximal independent broadcast for this type of independence. Otherwise f is not
maximally independent and can be extended (for example, to g) to a larger weight
broadcast which still meets the given definition of independence.

For all our independence definitions, the weight of a maximal independent broad-
cast depends on the choice of broadcasting vertices. Hence, for any graph G we will
have a minimum maximal weight independent broadcast, denoted as an %independence type -
broadcast, and a maximum independent broadcast, denoted as an
Qindependence type -Proadcast. The weight of these minimum maximal and maximum
broadcasts for a graph G will be denoted as %independence type(G) a1d Qindependence type (G,
respectively. These are the parameters that we are interested in and we illustrate
that all nine definitions are distinct in this regard. Where expedient we may refer
t0 & Gindependence type -Proadcast on a graph G as an fipdependence type(G)-broadcast, and
similarly for an cindependence type (G)-broadcast.

The first type of definition is based on broadcast neighbourhoods only overlapping
in boundaries or equivalently, on Ny(v) N Ny(u) € By(v) N By(u) for all u,v € V.

1.3.1 bn—,bnr—, bnd-Independence: based on broadcast neigh-

bourhoods only overlapping in boundaries

Definition 1.3.1. A broadcast is bn-independent if the broadcast neighbourhoods
overlap only in their boundaries. The minimum (maximum) weight of a maximal

bn-independent broadcast on a graphs G is iy, (G) (cpn(G)).

Definition 1.3.2. A broadcast is bnr-independent if it is bn-independent and irre-

dundant. The minimum (maximum) weight of a maximal bnr-independent broadcast
on a graph G is iy (G) (@nr(G)).

Definition 1.3.3. A broadcast is bnd-independent if it is a minimal dominating
bn-independent broadcast. The minimum (maximum) weight of a maximal bnd-

independent broadcast on a graph G is ip,a(G) (apna(G)).
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In Figure 1.6, we see that a maximal bn-independent broadcast is not neces-
sarily bnd- or bnr- independent. In Figure 1.7, we see that a maximal bnr- or bnd-
independent broadcast need not be maximal bn-independent. However, if a broadcast
is bnr-independent and dominating, then it is minimally dominating so it is a bnd-
independent broadcast. Similarly any bnd-independent broadcast is bnr-independent
or it would not be minimally dominating. Finally, in Figure 1.8, we see that a maximal

bnr-independent broadcast need not be dominating.

1 2 1

Figure 1.6: A maximal bn-independent broadcast which is not minimally dominating

and hence not bnr— or bnd-independent.
1 1 1

Figure 1.7: A maximal bnr—, bnd-independent broadcast which is not maximal bn-
independent.

Figure 1.8: A maximal bnr-independent broadcast which is not maximal bn— or
bnd-independent.

Remark 1.3.4. Although the bnr-independent broadcast in Figure 1.8 can be extended

to a mazximal bn-independent broadcast it cannot be extended to a bnd-broadcast.

1.3.2 h, hr, hd-Independence: based on broadcast vertices

only hearing themselves

The second type of definition is based on broadcast vertices only hearing themselves.
If a broadcast f is hearing independent, then, for all u € V", H(u) = {u} . Erwin [9]
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introduced this definition and the definition with the additional restriction of minimal
domination in his Ph.D. dissertation. It has also been considered further by Erwin
and by others [10, 9, 5, 2, 3]. We mention some results due to Erwin [10], Bessy and
Rautenbach [3], and Ahmane, Bouchemakh, and Sopena [2] in Chapter 2 and further
results due to Bouchemakh and Zemir [5] for grids in Chapter 4.

Definition 1.3.5. A broadcast is h-independent if every broadcast vertex only hears

itself. The minimum (maximum) weight of a maximal h-independent broadcast on a
graph G is in(G) (an(Q)).

Definition 1.3.6. A broadcast is hr-independent if it is an irredundant h-independent

broadcast. The minimum (maximum) weight of a maximal hr-independent broadcast
on a graph G is ip.(G) (on(G)).

Definition 1.3.7. A broadcast is hd-independent if it is a minimal dominating h-
independent broadcast. The minimum (maximum) weight of a maximal hd-independent

broadcast on a graph G is ipa(G) (ana(Q)).

In the figures below, notice that a maximal h-independent broadcast need not
be hr- or hd-independent (1.9) and that a maximal hr- or hd-independent broadcast
need not be maximally h-independent (1.10). Further, an hr-independent broadcast

is not necessarily dominating and hence is not always hd-independent (1.11).

2
2 2
o o o o

Figure 1.9: A maximal h-independent broadcast which is not minimal dominating

and thus not Ar- or hd-independent.

1
2 2
o o o o

Figure 1.10: A maximal hr-,hd-independent broadcast which is not maximal h-

independent.
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2 2 2
L . S S

Figure 1.11: A broadcast which is maximal hr-independent but not maximal hd— or

maximal h-independent.

1.3.3 s, sr, sd-Independence: based on broadcast vertices form-

ing an independent set

The third type of definition is based on the set of all broadcasting vertices forming

an independent set.

Definition 1.3.8. 7. A broadcast f is s-independent if VfJr s an independent set.

The minimum (maximum) weight of a maximal s-independent broadcast on a graph

G s i5(G) (as(G)).

Definition 1.3.9. 8. A broadcast is sr-independent if it is an irredundant s-independent

broadcast. The minimum (maximum) weight of a maximal sr-independent broadcast

on a graph G is i (G) (as(G)).

Definition 1.3.10. 9. A broadcast is sd-independent if it is a minimal dominat-
ing s-independent broadcast. The minimum (maximum) weight of a maximal sd-

independent broadcast on a graph G is isq(G) (ana(G)).

In Figure 1.12, we see that a maximal s-independent broadcast is not neces-
sarily sr- or sd-independent. And, in Figure 1.13, we see that a maximal sr- or

sd-independent broadcast is not necessarily maximally s-independent.

6 4 4 6
® ° °

Figure 1.12: A maximal s-independent broadcast which is not minimal dominating

and thus not sr-, sd-independent.
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Figure 1.13: A maximal sr—, sd-independent broadcast. The broadcasting vertex
set, VT = {v}, does not form a maximal independent set. Hence it is not a maximal

s-independent broadcast.

In Figure 1.14, we see the relationships between the independence parameters.

_maximal
s-independent

Figure 1.14: Venn Diagram of independent broadcasts for different independence

parameters.

Remark 1.3.11. Every minimal dominating broadcast is irredundant and dominating
(see comments directly after Proposition 1.2.7). So for a graph G, the set of all bnd-
independent broadcasts is contained in the set of all bnr-independent broadcasts with

an analogous result for definitions based on hearing or set independence.

Remark 1.3.12. Recall that boundary independence implies hearing independence
which implies broadcasting vertex set independence. So for a graph G, the set of all
bn-independent broadcasts is contained in the set of all h-independent broadcasts which
1s contained in the set of all s-independent broadcasts with a similar result holding

when irredundance or minimal domination is added.

1.4 Overview

Some research [10, 5, 8, 2, 3] has been done on h-independence and hd-independence.

Our goal is to further these results and to investigate the minimum maximal and the
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maximum weight of broadcasts meeting our new definitions for independent broad-
casts.

In Chapter 2, we present background information on dominating and irredundant
broadcasts and on dominating and independent sets. We show that all our minimum
maximal independent broadcast parameters which require irredundance or minimal
domination are bounded above by the minimum weight of a dominating broadcast,
(G), with equality for iz (G), ipa(G), ipma(G) on all graphs G and for i, (G’) and
in(G") on all radial graphs G’. For parameters which require irredundance, we show
that ir,(G), the minimum weight of a maximal irredundant broadcast, forms an

important bound:
1(G) < i4r(G) < in(G) < (@) < () < Siny(G).
We show that it is possible that:
i5r(G) < inp(G) < tpnr (T') < (T).

For bn-independence, we show that:

3 .

in(G) < [

Upper bounds on all maximum independent parameters are found with the exception
of as(G). We observe that if a broadcast of a graph G is restricted to a subgraph of G,
then it maintains h—, s— and bn— independence. Hence we note the importance of
results on trees for studying h—, s— and bn—independent broadcasts in general. We
determine that for all boundary-type independence, the set of edges covered by each
broadcasting vertex together with the uncovered edges forms a partition on E(G).
Partitioning F/(G) yields the result that for any broadcast f which has boundary
type independence, o(f) < m — ngVf deg(v) + |V;7|. In particular, we find that
apn(G) < apn(T,) < m — 1, where T, is any spanning tree of GG, and characterize the
trees which meet this bound as paths and spiders. We investigate the structure of
bn- and bnr-broadcasts on trees and determine that for any tree T, leaves only hear
leaves and that there is always an g, (apy,)-broadcast in which the only broadcast
vertices which are broadcasting with a strength greater than 1 are leaves. Using ¢ to

indicate that two values have no fixed order, we determine the inequality chains for
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the bn-type independent parameters to be:
W(G) = ipna(G) < apa(G) < Ty(G),

ibnr(G) < W(G) < Qnr (G) 0 T (G),

and
(G) < ipn(G) < apn(G) o T(G).

For maximum hearing independence we note Dunbar et al.’s generalization of
Erwin’s bound o, (G) > p(diam(G) —1) with equality if G is a path. We report Bessy
and Rautenbach’s bound for ay(G), which implies that a,(G) < 4a(G). Adapting
their proof techniques [3], we show that a,(G) < 2ap,(G) and ap(G) < 3ap(G).
Using our bound on ay,(G), we give a new bound for h-independence. On any graph
G with order n > 2, a,(G) < 2(n — 1). Although bn-independence must share the
complexity of h-independence and a(G), in Chapter 6, we find a better upper bound
for ap,(G) and thus also for a,(G). Finally, by using these relations along with
Dunbar et al’s lower bound for a;,(G), we note that a,(G) > 3u(G)(diam(G) — 1).

In Chapter 3, we revisit all the parameters and look for results specific to paths.
For the minimums, we determine that for any integer n > 4, iy, (P,) = in(P,) = [2]
and for all n, i,.(P,) = [§]. We give an example construction of an 7,-broadcast on
P,. For the maximums, we generate an as-broadcast on P, and we recall Erwin’s
result that oy, = 2(n — 2). All other maximum independence values, for a path, P,,
take on the value n — 1.

In Chapter 4, we give specific results for grids. We notice that, since grid graphs
are radial, all lower broadcast independence parameters which do not require irre-
dundance are equal to rad(G,,,). We conjecture that is (G,,,) = rad(Gp,,), in
which case the lower broadcast independence number for all our parameters would
be rad(G,,,n). For the maximums, we present Bouchemakh and Zemir’s results for
hearing independence on grids and notice that oy (G, ,) meets Erwin’s bound for
hearing independence, namely a; < max{a(G,,,), 2(diam(G,,,) — 1)}. We adapt

Bouchemakh and Zemir’s techniques to show that:

abnd(Gm,n) = abnr(Gm,n) = abn(Gm,n) = a(Gm,n)

and that this bound applies to bipartite graphs in general.
In Chapter 5, we examine the relationships between ap,,.(G), ap,(G) and T'y(G)
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in greater detail. We show that, while ay,,(G) — I'y(G) and thus oy, (G) — T'p(G) are
unbounded:

A (G)/T6(G) < apn(G)/Ty(G) < 2.

We show, by example, that [',(G) — ap,(G) and I'y(G) — apy,(G) are unbounded
for graphs in general. We give a second example showing that I'y(7T") — apy,,-(T') is also

unbounded for trees. Finally, we show that for bipartite graphs with n > 2,
Ly(G)/ap (G) < Th(G)/apnr (G) < 2

and we give an example to show that ['y,(G)/ap,(G) and T'y(G) /- (G) are both
unbounded for graphs in general.

In Chapter 6, we revisit trees getting our most important results on the maximum
boundary independence parameter on trees. We further our observations on the
structure of bn-independent broadcasts on trees and as a result we are able to improve
the upper bound on o, (T) and express this bound in terms of the size of T and the
structure of the vertices in B(T) = {v: v € V(T) and deg(v) > 3}. Specifically, we
show that:

a(T) < 1 — b(T) + p(T)

where p(7T) is a well-defined subset of B(T"). We determine a class of graphs which
meet this bound as well as examples of trees which fall below the bound. In fact,
we show a construction of a bn-independent broadcast on all trees which provides a
lower bound for oy, (7). We conjecture a better upper bound for ay, (7). We present
bounds and constructions of «y,-broadcasts for trees with |B(T')| = 2 and for trees in
which the paths connecting the vertices in B(T') induce the generalized spider. For
the latter we present an algorithm for generating an ay,-broadcast. We present some
preliminary results on understanding the structure of bnr-broadcasts on trees, leaving
an interesting open problem regarding ag,,. (7, ). Finally, we note that our bound for
ap, (T) implies that o, (G) < 2min{n — b(T) + p(T) : T is a spanning tree of G}.
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Chapter 2

Existing and Preliminary Results

and Observations

2.1 Known Results

2.1.1 Dominating broadcasts

Erwin was the first to consider the broadcast domination problem [10]. Since we are
interested in independent and dominating broadcasts, we include some of his initial
results as well as those of researchers who have furthered his work. We look for
ways to apply these results to our new independence parameters and treat them as a

starting place to forward the research on the existing definitions.
Note 2.1.1. [10] For every graph G, 1(G) < min{rad(G),v(G)}.

If v(G) = rad(G), then G is a radial graph; a radial tree is a radial graph which is
a tree. The problem of characterizing radial trees was first addressed by Dunbar et all
in [7], further studied in [8] and finally resolved by Herke and Mynhardt in [15] with
a geometrical interpretation of the characterization. Since some of our parameters lie
between v,(G) and rad(G), this characterization will be useful.

Used by Herke and Mynhardt [15] to find the characterization of radial trees is
the idea of a split- P set which is a technique useful for decomposing (splitting) a tree
into components which can each be dominated with a radial broadcast. If it is not

possible to form such components, then the tree itself is radial. In a tree T" where
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P is a diametrical (longest) path, a non-empty subset M of edges of P is a split-P
set if the end vertices of its edges all have degree 2 in T and if each component 7" of
T — M has a diametrical path consisting of 77 N P which is of even positive length.
If M is a split-P-set for some diametrical path P in a tree T, then it is a split-set of
T. For all trees of even diameter, M = () is a split-P set. And if a tree T' of odd
diameter has no nonempty split sets, then M = () is a split-set of 7.

If a tree has a nonempty split-set M, then each of the components of T'— M is a
radial tree with even diameter so if we broadcast from the centre of each component
with the strength of its radius, then we have a dominating broadcast. Notice that

this broadcast does not cover the edges of M. For an example see Figure 2.1.

Figure 2.1: A tree T with a diametrical path of length 9 and a split-set M consisting
of the single edge in black. The two components of T'— M are shown in red and
green. By examining cases, one can show that this broadcast is the best possible.
Hence 7,(7") = 4 while rad(7") = 5.

L

2

Figure 2.2: A tree T with a diametrical path of length 3 and no nonempty split-set.
Hence 7,(T) = rad(T) = 2.

Theorem 2.1.2. [15] A tree is radial if and only if it has no nonempty split-set.

Proposition 2.1.3. [14] If G is connected, then v,(G) = min{~,(T) : T is a spanning
tree of G}.

So any upper bounds for minimal broadcasts on trees on n vertices apply to graphs

on n vertices, for example:
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Corollary 2.1.4. [15] If G is a connected graph such that no spanning subtree of G

has a nonempty split-set, then G is radial.

In his thesis, Erwin [10] makes observations about the location of dominating
vertices in a 7,(G)-broadcast. If v € V(G) and deg(v) = 1, then we say that v is an
end vertex of G. If a graph G has a dominating broadcast f with an end vertex v with
f(v) > 1, then let u be any neighbour of v and create a new dominating broadcast g
with g(v) =0, g(u) = f(v) — 1 and g(z) = f(x) otherwise. Notice that o(g) < o(f).
This leads to the following results:

Theorem 2.1.5. [10] Part 1: Let f be a yp-broadcast on a graph G with order at
least 3.

i) If v is an endvertex of G and v € V*, then f(v) = 1.

i) If G contains an endvertex v, there is a yy-broadcast f such that v & V;"(G).
Part 2:

i) If T" is a subtree of a tree T, then ~,(T") < v(T).

it) If T" is a tree obtained by adding new leaves to vertices already adjacent to leaves
in the tree T, then v(T") = v(T).

Part 3: If G is a nontrivial connected graph, then

3

w(G) > [diam(G) + 1} '

An efficient broadcast f is a broadcast in which every vertex hears exactly one

vertex in V"
Theorem 2.1.6. [8] Every graph has a yy-broadcast which is efficient.

If a broadcast f is efficient we can form a ball graph Bg(f) which is the graph
obtained by contracting the vertices in Ny(u) to a single vertex for all u € fo
Figure 2.3 shows an efficient broadcast f on a tree T'. The ball graph for this broadcast
would consist of the three coloured vertices or, Br(f) = Ps.

A wvery efficient ~,- broadcast f on a graph G is a broadcast in which every vertex

of V]fr lies on a path or a cycle.
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A wery efficient ~,- broadcast f on a tree T' is an efficient broadcast in which all
vertices of VfJr lie on some diametrical path P of 7" and which does not overdominate
the end vertices of P unless T is a bicentral radial tree [14].

Lokshtanov and Heggernes note that:
Theorem 2.1.7. [12] Every graph G has a very efficient v,-broadcast f.

Corollary 2.1.8. [14] For any tree T, let f be a very efficient ~,-broadcast with r

broadcast vertices and let M be a split-set of maximum cardinality m. In this case,

1.

®
O
o—@ O—0 0 OO0
1 2

Figure 2.3: A tree T with a very efficient broadcast, a diametrical path of length 12,
rad(7") = 6 and a split-set M consisting of the two edges in black, m = 2. The three

W(T) = o(f) = rad(T) = [ 5] = rad(T) - [

@)
@)
©)
@)

components of T'— M are shown in blue, red and green. There are 3 broadcasting

vertices hence r = 3 and v,(1) < rad(T) — | 5| = rad(T) — [%] = 5.

2.1.2 Irredundant broadcasts

Recall that although a minimal dominating broadcast is always irredundant, a mawi-
mal irredundant broadcast it not always dominating. We define Uy to be the set of all
vertices non-dominated by f. Using the fact that when f is maximally irredundant
no member of Uy can be added to VfJr without losing irredundancy, Mynhardt and

Roux [17] show the following results:

Proposition 2.1.9. [17] If an irredundant broadcast f is mazimal irredundant, then
for each w € Uy there exists v € V' such that PBy(v) € N(u). In particular, each

vertez in Uy is a distance f(v) + 1 from some vertex v € Vf+.

Theorem 2.1.10. [17] For any graph G, v(G) < 2iry(G).



21

w(l)  v(2) u
—o—e om0

Figure 2.4: A maximal irredundant broadcast f on a tree T which is not dominating,
{u} = Uy, d(u,v) = f(v) +1 = 3. The red squares show the respective private
boundary sets of w and v. The vertex adjacent to u is the only vertex in PBy(v).
Note that T is radial and v,(T) = 3 < 2iry(G) = 2(3) as in Mynhardt and Roux’s
Theorem 2.1.10.

2.2 Minimum Maximal Independent Broadcasts

The characteristic function of a maximal independent set satisfies all of our definitions
of independence and is maximal irredundant and minimal dominating. Hence it is a

maximal bnr, bnd, hr, hd, sr, sd-independent broadcast. Hence
ibnr(G)a ibnd(G)y Z‘sd(G)a isr(G)a Z-hd(C:)a Zhr(G) S Z<G)

All of our definitions for an independent broadcast f require the broadcasting vertices
VfJr to form an independent set. Hence if there is a maximal independent broadcast f
such that Vf+ = Vfl, then V;r is the already defined independent dominating set and

the following known results apply.

Lemma 2.2.1. [18] A set of vertices in a graph is an independent dominating set if

and only if it is a mazximal independent set.

Theorem 2.2.2. [18] FEwvery claw-free graph G has an independent dominating set
of size v(QG).

To form a maximal s-independent broadcast the only restriction is that the broad-
casting vertices form an independent set. Hence f(v) = e(v) for every v € V;" and

this definition produces high weight broadcasts with a lot of redundancy:
is(G) = min {Z e(v) : I is a maximal independent set of G} .
vel

2.2.1 Independent broadcasts can be maximal without being

dominating

As stated earlier, a maximal irredundant broadcast need not be dominating.
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Proposition 2.2.3. For any graph G,
5
irb(G> S Zsr<G) S ZhT(G) S me"(G) S fo(G> S Z\:ZTb(G)

Proof. From Theorem 2.1.6, every graph has a minimum weight dominating broad-
cast which is efficient. Such a broadcast cannot be extended without losing its irre-
dundance, so it is a maximal bnr—, hr—, sr-independent broadcast. If a broadcast
f is maximal sr-independent, then either VfJr forms a maximal independent set or
f is maximally irredundant or both. If Vf+ is a maximal independent set, then f
is a dominating broadcast and thus is maximally irredundant. Hence any maximal
sr-independent broadcast is maximal irredundant and ir,(G) < i5.(G). As stated in

Remark 1.3.12, a maximal bnr-independent broadcast is a maximal hr-independent

broadcast which in turn is a sr-independent broadcast. By Theorem 2.1.10, 7,(G) <
2iry(G). Hence iry(G) < i (G) < inp(G) < ipnr(G) < W(G) < 2ir(G). O

4

Figure 2.5: A tree with i, (1), i5-(T), ipnr(T) < 7(T).

In Figure 2.5, as given in [17], we see a broadcast which is s—, h— and bn-
independent. The red vertices are broadcasting, the green triangles represent non-
dominated vertices, the blue squares (and circles) are private boundaries and the
yellow vertices represent overlap. Since every extension of the above broadcast elim-
inates the private boundary set of some vertex, the broadcast is maximally irredun-
dant. Therefore ig.(T), ip(T), ipnr(T) < 18. The graph is not radial, as is seen by the
small pointer triangles which show two different possible maximal split-sets. Using ei-
ther split-set and a radial broadcast on each resulting component we get a minimum
weight dominating broadcast [15]. Since both split-sets have size m = 2, Herke’s

m

Formula from Corollary 2.1.8 gives us v,(1") = rad(T) — [%§] = 19 and we have an

example of strict inequality in our bound: s, (T), s (T), ipnr(T) < 18 < 19 = (7).
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2.2.2 Independent broadcasts which are dominating when

maximal

In the case of independent broadcast definitions which require minimal domination

of the graph, all the minimum maximal parameters equal the broadcast number.
Proposition 2.2.4. For any graph G, 7(G) = ipna(G) = iha(G) = is4(G).

Proof. Given a graph GG, any maximal bnd, hd or sd-broadcast on G is by definition
minimally dominating. Hence 7,(G) < ipna(G), ina(G),isa(G). By Theorem 2.1.6,
there exists an efficient v,(G)-broadcast. Since any efficient minimal dominating
broadcast is maximally bnd—, hd—, sd-independent, v,(G) > ip,q(G), ina(G), 1sa(G). O

Erwin [10] observes that any dominating broadcast which is not h-independent
can be reduced to a dominating h-independent broadcast. Erwin furthers the results

of Theorem 2.1.5, noting the following for hearing independent broadcasts:

Corollary 2.2.5. [10] If G is a graph with order at least 3, then there exists an h-
independent v,(G)- broadcast f on G such that no endvertex is in the f-dominating

set.

Although the broadcast in Erwin’s corollary is h-independent , it is not necessarily

maximal h-independent.
Proposition 2.2.6. For any graph G, 1(G) < iy, (G),in(G) < rad(G).

Proof. Any maximal bn- or h-independent broadcast is dominating because there
would be no reason not to put a 1 on any non-dominated vertex. Hence ~,(G) <
ion(G),in(G). The definition for bn- or h-independence is met by a radial broadcast,
thus giving the upper bound. [

Remark 2.2.7. If G is radial, then Proposition 2.2.6 implies that iy, (G) = i, (G) =
w(G).

Recall that Heggernes and Lokshtanov [12] have shown that any graph G has a
very efficient optimal dominating broadcast f on GG, an efficient broadcast f such that
the domination graph Bg(f) is either a path or a cycle. We use this fact, along with

the following well known result, to find an upper bound for i, (G).
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Theorem 2.2.8. If the graph G is a path P, or a cycle Cy,, then i(G) = [3].

Proof. Suppose i(G) < [3]. Let I be a maximal independent set with |I| = i(G).
Partition G into [ %] — 1 successive disjoint subpaths each consisting of 3 vertices, say
a;, b;, ¢;, and one subpath P’ of length & (mod 3) where 1 < k < 3. Every subpath of
length 3 must contain at least one vertex from I or b; is not dominated. Due to the
size of I, every subpath of length 3 contains exactly one vertex from [ and there are
no vertices in / N P’. Hence k = 1,2 (mod 3) and P’ consists of a single vertex a ¢ I
or two vertices a,b ¢ I. To dominate a, the vertex crz1—1 € 1. To dominate arsy-1,
the vertex Croj—2 € I. This pattern continues until we conclude that ¢; € I. Hence
by ¢ I. In all cases N(ay) C {b1,a,b}, hence a; is non-dominated, I is not maximal
and |1] > [4].

If # =0 (mod3)let I = {b : 1 < i< 2} andif n = 1,2 (mod 3) let
I ={b :1<i<[3]~—-1}U{a}. Notice that I is independent and [I| = [F].
Since b; dominates a;, b;, ¢; and a dominates a and b (if it exists), I is dominating.
Hence i(G) < [I| = [%] and the result follows. [

Proposition 2.2.9. For any graph G and any very efficient ,(G)-broadcast f,
. v

Proof. By Theorem 2.1.7, we choose f to be a very efficient optimal broadcast
on GG and note that Bg(f) is a path or a cycle. Let D be a minimum independent

_ | v

dominating set of Bg(f). By Theorem 2.2.8, |D| = i(Bg(f)) = [T . Let g be the

broadcast on G obtained by increasing f(v) to f(v) + 1 for each v € D and leaving
f(v) unchanged otherwise. If x € N,(v) N Ny(u), then u, v are adjacent in Bg(f) and
since D is an independent dominating set either g(u) = f(u) or g(v) = f(v). Hence,
without loss of generality, x € B,(u) N By(v) and f is bn-independent. Also, note
that since f is dominating and D is a dominating set there is no v € V;r such that

By(v) — PBy(v) = 0. Hence g is a maximal bn-independent broadcast. [

Corollary 2.2.10. For any graph G, ip,(G) < [@-‘

Proof. By Proposition 2.2.9, there is a minimal dominating broadcast f such that

+
in(G) < Ww(G)+ [V%q Notice that |Vf+| < o(f) =1(G) and the result follows. [
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Erwin [10] illustrates (see Figure 2.6) a difference between h-independent and
dominating broadcasts and independent and dominating sets with the example of the
double star S;; which is obtained from P, by adding ¢ pendant vertices at each vertex.
If ¢t > 1, then y(S; ;) = 2 (use the vertices of P») and i(S;) = t+1 (use all end vertices
of one star and the central vertex of the other). However, i,(S;¢) = 1(Se:) = 2

(broadcast from either vertex of P, with strength 2).

Vi Vi Y

AN v

Figure 2.6: A tree Sy is shown with v(S:;) = 2 (left), i (522) = Y (S2,2) = 2 (middle)
and i(SQQ) =2+1 (rlght)

2.3 Maximum Independent Broadcasts

To obtain a trivial lower bound for all the upper independence parameters, note
that broadcasting with a strength of diam(G) from a peripheral vertex produces an
independent broadcast of each type. Also, the characteristic function of a maximum

independent set is an independent broadcast of each type. Hence
a(bn,lmr,bnd,h,hr,hd,s,sr,sd)(G) Z maX{diam(G)7 CY(G)}

for all graphs G.

2.3.1 Set independence

Again, an s-independent broadcast is different from all the others. We note that

as(G) = max {Z e(v) : I is an independent set of G} .

vel
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2.3.2 Independent broadcasts which might be maximal with-

out dominating

Definitions 1.3.2, 1.3.6, 1.3.9 imply that
abnr(G> < ahr(G) < Oésr(G) < [Rba (21)

where I Ry, is the size of a maximum irredundant broadcast.

2.3.3 Types of independent broadcasts which are minimal

dominating when maximal

By definition, any ap,q-, Qpg-, Or agg-broadcast is minimal dominating. And by
Remark 1.3.12, apnq(G) < apa(G) < agq(G). Hence

abnd(G) S Oéhd(G) S Ozsd(G) S Fb(G>, (2.2)

where I'y(G) is weight of a maximum minimal dominating broadcast on G.
So far the inequality chains for sr and sd-independence are:

iy (G) < W(G) = ia(G) <Y(G) <i(G) < a(G) < au(G) < TH(G) < TRy(G)

iry(G) < isp(G) < (G) < H(G) < i(G) < aG) < ag(G) < IR(G).

2.3.4 Boundary independence

Remark 2.3.1. Given a non-dominating bn-independent broadcast f on a graph G,
recall that Uy is the set of vertices which are not dominated by f. For some u € Uy,
create a new broadcast g, = (f—{(u,0)})U{(u, 1)}. Notice that g, is a bn-independent
broadcast such that o(g,) > o(f). In this case, we say that f has been extended (to
gu). This process can continue until we have a broadcast g with U, = 0. We say that

f has been extended to produce a dominating bn-independent broadcast.

1 ) 1
o o O o —o

Figure 2.7: A bn-broadcast f which leaves v non-dominated.
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1 1 1
o o o o

Figure 2.8: The bn-broadcast f from above has been extended to produce a dominat-

ing broadcast g,.

Theorem 2.3.2. A bn-independent broadcast f on a graph G with Vf+ = {v} is
mazximal bn-independent if and only if f(v) = e(v). A bn-independent broadcast f on
a graph G with |Vf+\ > 1 is mazimal bn-independent if and only if it is dominating
and B¢(v) — PBf(v) # 0 for each vertex v € V'+.

Proof. Consider a maximal bn-independent broadcast f. By remark 2.3.1, f is
dominating. Suppose V;* = {v}. To dominate the graph f(v) = e(v). Suppose
V| > 2. If there is a vertex v such that By(v) — PBy(v) = 0, then f' = (f —
{(v, f(v))}) U{(v, f(v)+1)} is a bn-independent broadcast with o(f) < o(f’). Hence
Bg(v) — PBf(v) # 0 for each vertex v € V.

Conversely, suppose f is a dominating bn-independent broadcast. If v is the only
broadcasting vertex, then f(v) = e(v). Therefore, f is maximal. Otherwise, suppose
that Bf(v) — PBy(v) # ) for each vertex v € VJ?L. Consider any v € V(G) and define
fr=0—{@ f)}) U{(v,flv) +1)}. ffve VS let ue By(v) — PBy(v) and let
w € V" — {v} be a vertex such that u € By(w), then u € (Nyp[v] N Ny [w]) — By (v),
hence f” is not bn-independent. Similarly, if f(v) = 0, then v € Nyw] for some
we Vi And v ¢ Bp(v) but v € Ny [v] N Np[w], a contradiction to bn-independence.

Therefore, f is maximal bn-independent. [

Remark 2.3.3. If f is a bn-, bnr-, or bnd-independent broadcast on a graph G, then
each edge of G is covered by at most one vertex v € Vf+. Suppose for a contradiction
that an edge uv is covered by two f-broadcasting vertices say x,y. By the definition of

covered, {u,v} € By(x) but {u,v} C N¢(x)NNs(y). This violates the bn-independence
of f.

Figure 2.9: A broadcast f with the edge uv covered by x and y. Note that v €
By¢(x) N (Nf(y) — Bf(y)). Hence f is not bn-independent.
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93(1)<I>y(1)

u

Figure 2.10: A broadcast f. The edge uv is not covered by z or y. Note that
{u,v} C By(x) N By(y).

Remark 2.3.3 leads to observations which apply to all three boundary independent
definitions. In these cases we use apy to represent (Qpn, Qpnr, and ap,q) broadcast
values and refer to BN-independence instead of (bn, bnr and bnd)-independence. We
indicate that the result applies to only two of the definitions by using parenthesis, for

example Qi ey is short for two separate broadcast identifiers: ag, and gy,

Proposition 2.3.4. For any graph G of size m and any BN -independent broadcast
fonG,o(f) <m-— Ever+ deg(v) + |Vf+‘.

Proof. In a BN-independent broadcast, every edge is covered by at most one
broadcast vertex. Since f(v) < e(v), every broadcast vertex v covers at least f(v) +

deg(v) — 1 edges. So, by counting covered edges,

Dyevy (f(v) + deg(v) — 1) <m,

and
Lpev f(0) + Tyeyr deg(v) = X eyl <m,
and
o(F) + Loy deg(v) - V7] < m,
thus

o(f) <m— EvGVf+ deg(v) + |Vf+|. O
Corollary 2.3.5. For any tree T of order n > 2, ap,(T) < n — 1.
Proof. For trees of order n, m = n — 1. And since T is connected, ¥,cy+ deg(v) >

VH. O

To characterize trees which satisfy equality in Corollary 2.3.5, we need the follow-

ing result.
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Proposition 2.3.6. For a tree T of order n > 2, ay,(T)) = n—1 if and only if there is
a bn-independent broadcast such that all edges are covered, every broadcasting vertex

is also a leaf and for all v € V(T), v covers f(v) edges.

Proof. Let f be an au,- broadcast on a tree T. From Proposition 2.3.4, o(f)
is bounded above by the number of covered edges, with equality if and only if
Euevf+ deg(v) = |V;"|. This occurs if and only if every broadcast vertex is a leaf.
Given that the broadcasting vertices are all leaves, the maximum of n — 1 is reached
if and only if all edges are covered. Since no two broadcasting vertices cover the same
edge (Remark 2.3.3), all edges are covered if and only if the edge-sets E(v) covered
by each v € Vf+ (T") form a partition on E(T"). Finally, by observations in Proposition
2.34, |[E(v)| > f(v). Assuming all previous conditions and by the pigeon hole prin-
ciple, o(f) =n — 1 if and only if |E(v)| = f(v) for allv € V;/(T). O

For k > 3 and n; > 1for 1 <i <k, let the generalized spider, S = S(ny,ng, ..., ng),
be the tree which has exactly one vertex b with deg(b) = k and for which the k
components of S(ny,na, ...,n)) —{b} are paths of length (ny —1), (ng—1), ..., (nx —1)
respectively. We call S(n,n,...,n) the spider S(n*). See Figure 2.11 for an example
of $(2,2,2,2,2,2) or, equivalently S(2%). Also note that the star K, = S(1%), k > 3.

2 2 1 1

Figure 2.11: A spider S = S5(2,2,2,2,2,2) = S(2°) is shown with a ay, (S) = |E(S)| =
12 (left) and I'y(S) = apnr(S) = pna(S) = m — (k — 1) = 7, where m is the size of S.

Proposition 2.3.6 allows us to characterize the trees for which equality holds in

the bound given in Corollary 2.3.5 for bn-independent broadcasts.

Corollary 2.3.7. For a tree of ordern > 2, ap,(T) =n—1 <= T =P, orT =

S(ny,ng,...,nk), a generalized spider.
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Proof. From Proposition 2.3.6, o(f) = n — 1 if and only if, for all v € V", v
covers f(v) edges. This holds if and only if for all v € Vf+, v is a leaf and the
subgraph induced by N¢(v) is a path of length f(v). Since 7' is connected and f is
bn-independent, the subpaths all have exactly one vertex in common in V' (7'), namely
their non-broadcasting leaf. Thus we have the characterization: ay,(T) =n—1 <~

T =P, or T = S(ny,na,...,ng), the generalized spider. [J

The same characterization does not always apply to bnr or bnd. The irredun-
dance required by these broadcasts implies that each broadcasting vertex must have
a nonempty private boundary. For K, = S(1,1,...,1), let f broadcast from all leaves
with strength 1, o(f) =k =n—1 = o, (K1) and since every broadcasting vertex is
in its own private boundary f is bnr(bnd)-independent. Hence f is a agy-broadcast.

However, in the generalized spider, where [; is a leaf and b is the central vertex, if
d(l;,b) > 1 and [; dominates b, then H(b) = [;. And in an irredundant bn-independent
broadcast H(b) < 1. We give an example of a bnr(bnd)-broadcast for all spiders
S = S(ny,ng,...,ng) , in which UE; # (). This broadcast forms a lower bound for
Ozbm(bnd)(S) and we leave an open problem as to when this broadcast is an ayp,(pnd)-

broadcast.

Proposition 2.3.8. Let S be a spider S(ny,na,...,ng) with k > 3, b the vertex of
degree k, O = {l : deg(l) = 1 and d(l,b) = 1} and n the order. Then

Qpna(onry(S) > 1 — 1 — k + max{|O], 1}.

Proof 1. Let L(S) = {l1,ls, ..., Iy} be the leaves of S. If O # (), define a broadcast
fwith f(l,) =1ifl; € O, f(l;) =n; —1if [; € L(S) — O and f(z) = 0 otherwise.
If ; € O then l; € PBy(l;) and if I; € L(S) — O then the vertex v; adjacent to b on
the [; — b path is in the private boundary of I;. Hence f is irredundant. If O = 0,
define a broadcast f’' with f'(l1) = ny, f'(l;) =n; —1forall2 <j <kand f'(z) =0
otherwise. For 2 < j < k, the vertex v; adjacent to b on the [; — b path is in the
private boundary of ; and PBy/(l;) = {b}. Hence f’ is irredundant. Since, in both
cases, no vertex overdominates b, f and f’ are both bn-independent. Further, in both
f and f’, bis dominated by at least one leaf and every leaf [ dominates itself as well
as the internal vertices of the b — [ path. Thus fand f’ are dominating. Hence f and
f’ are, in their respective cases, maximal bnr(bnd)-broadcasts. By counting edges,
the respective weights are o(f) =n—1—(k—|0|) and o(f') =n—1—(k—1). O
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It seems that the broadcast in Proposition 2.3.8 is a . (bnd)-broadcast for many
spiders. However, for S = S(ny, ng, 1) with ny, ny > 2 a broadcast from an antipodal
leaf [ with f(I) = diam(S) is a bnr(bnd)-broadcast with o(f) = n — 2, a weight
greater than the broadcast described in Proposition 2.3.8. The following remark may

be useful in determining whether or not S(ny,ns, 1) is the only exception.

Remark 2.3.9. If for allv € Vf+Jr there exists v' € PBy(v) such that v' is not a leaf,
V++‘

then [UEf| > [fT-‘

Question 2.3.10. Determine which spiders meet lower bound of Proposition 2.5.8

and, for those that do not, find cpnrna)(S(n1,n2, ... k).

Proposition 2.3.11. For any graph G of order n > 2,
apn (G) < min{ap,(T) : T is a spanning tree of G} <n — 1.

Proof 1. Spanning subgraphs induced by removal of edges maintain boundary-
independence. Therefore, if T" is a spanning tree of GG, then every a,-broadcast on
G is a bn-independent broadcast on 7' so by definition oy, (G) < ap, (7). O

We include an induction proof that for n > 2, ay,(G) < n — 1:

Proof 2. Observe that the statement is true for n = 2. Let n > 2 and as-
sume that the statement is true for all graphs of order n — 1. Suppose that there
is a graph G with order n > 2 and a;,(G) > n — 1. Let f be a bn-independent
broadcast on G with o(f) > n — 1. If there is a vertex v € V(G) such that
v € By(w) for some w € Vf+and v is not a cut-vertex, then either V;r = {w} and
o(f) = e(v) < diam(G) < n —1, or f is also a bn-independent broadcast on the
graph G — v. Either case violates our hypothesis, so all boundary vertices are cut-
vertices. Choose any w € Vf+ and any v € By(w) and consider the k > 2 components
G1,Gy...Gy, of G —wv. Let o(fn) = Yvev(an)f(v). Since v € By(w), each f,, is a
maximal bn-independent broadcast on the graph made from reconnecting v to G, in
the obvious way. By our induction hypothesis o(f,,) < (|[V(G,,)|+ 1) — 1. Therefore

o(f)=fi+ fot ot fi <|IV(G)|+ V(G| + .. + V(G| =n—1. O
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It will be useful to understand and restrict the structure of a maximal bn- in-
dependent broadcast. The following lemmas are used to show that every tree has
a maximum bn-independent broadcast whose broadcast vertices are either leaves or

they are broadcasting with a strength of 1 or both.

Lemma 2.3.12. For any tree T and any ag,-broadcast of T', no leaf of T hears a

broadcast from any non-leaf vertex.

Proof. By the arguments of Corollary 2.3.7, our statement is true for any path.
Hence we assume that 7' is not a path. Suppose T has an ay,-broadcast f in which a
leaf hears a non-leaf v. Either v overdominates all leaves in Ny(v) or there is at least
one leaf u such that d(u,v) = f(v).

Case 1: There exists a nonleaf vertex v € V" and a leaf u such that d(u,v) = f(v).
Let w be the vertex on the wv path which is closest to u and has deg(w) > 2; if no
such vertex exists, then let w = v. Since v is not a leaf, deg(w) > 2 in both cases.

Create a new broadcast, g1, with

fv) —d(u,w) :ifx=w
g1(z) = < d(u,w) ifr=u
f(x) Dif o £ u,v.

Notice that Ny, (v) U Ny, (u) € Ny(v), and either f(v) =0 or Ny, (v) N Ny, (u) = {w}.
Hence g; is bn-independent and has the same weight as f. If f(v) > 0, then, since
deg(w) > 2, w now has a non-dominated neighbour. If f(v) = 0, then v = w and
since v is not a leaf it has at least one non-dominated neighbour. We can define a new
bn-independent broadcast by letting ¢} (u) = g1(u)+1 and g (x) = g1 () otherwise. In
either case g; can be extended to produce a larger weight bn-independent broadcast,
contradicting the maximality of our ay,(T")-broadcasts.
Case 2: Suppose v overdominates all leaves in Ny(v). There are two sub-cases.
Case 2a: Suppose there exist a,b € By(v) such that a = vy, vy, ...v250) = b is a
path P of length 2f(v) in N¢(v). Define a new broadcast g, by

0 cifz=v,andi=0 (mod 2)
g2(r) =41 cifr=v,andi=1 (mod 2)

f(z) :otherwise.
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Notice that go(vo) = g2(vafw)) = 0, Ufié”) Ng,[vi] € Ny(v) and no two adjacent
vertices of P are both broadcasting. Hence ¢, is bn-independent. Also note that go
has the same weight as f. Hence, 0(g2) = apn(T") and is maximal. Since g9 is maximal,
it is dominating and every leaf in Ny(v) hears a v; in go. Thus the broadcast now
satisfies our first set of conditions so we can follow case 1 to obtain a contradiction.
Case 2b: Finally, if v overdominates all leaves in Ny(v) and there is no path of
length 2f(v) in Ny(v), then there is exactly one edge e incident with v which is on
all v — w paths for w € By(v). Let u be a neighbour of v that is not incident with e.

This choice is possible because deg(v) > 2. Create a new broadcast, gs, with

fly+1 :ifz=u
g3(z) =40 cifr=w
f(x) 2 if x # u,v.

Note that Ny, (u) € N¢(v), hence g3 is bn-independent and o(g3) > o(f) which again
contradicts the maximality of f. Since we have exhausted all possibilities for f, the

result follows. [

For a,,(T')-broadcasts, the arguments of Theorem 2.3.12 are adapted in Theorem
2.3.13 to show that although there may be ay,.-broadcasts of T" in which a leaf hears
a non-leaf, we can always find at least one ay,,-broadcast in which no leaf hears a

non-leaf.

Theorem 2.3.13. Any tree T has an qpy,.-broadcast in which no leaf of T hears a

broadcast from any non-leaf vertex.

Proof. Among all ay,,-broadcasts of T', let f be one such that the number of leaves
that hear the broadcast from a non-leaf vertex is a minimum. Assume there is a
non-leaf v which dominates at least one leaf, else our result is shown. Either there is
a path of length 2f(v) in Nf(v) or there is not.

Case 1: Suppose there exist a,b € By(v) such that P : a = v, v1,...0950) = b is a
path of length 2f(v) in Ny(v). Define a new broadcast g by

0 cifrx=v;andi=0 (mod 2)
g(z) =<1 cifr=v,andi=1 (mod 2)

f(z) :otherwise.
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Notice that g has the same weight as f. Since g(vo) = g(vafw)) = 0, U?ig”) N, (i) C
N¢(v). Also, v; € PBy(v;) for all ¢ = 1 (mod 2). Hence g is bnr-independent.
Since ap-(T) = o(f) = o(g), ¢ is maximal. Suppose that there is a leaf [ which is
dominated by v in f and is also dominated by ¢. Since f and g are bnr-independent a
leaf can be dominated by at most one vertex. By the construction of g, [ is dominated
by some v; in P with j =1 (mod 2) and g(v;) = 1. Define a new broadcast ¢’ with
g (v;) =0, ¢(1) = 1 and ¢'(z) = g(x) otherwise. Since l,v; € PBy(l), ¢’ is bnr-
independent. Notice that o(g") = o(g), hence ¢’ is also maximal bnr-independent. In
either case, g or ¢’ both dominate fewer leaves with nonleaves, hence the choice of f
is contradicted and there is no such path.
Case 2: Suppose there is no path P of length 2f(v) in Ng(v). Since v is not a
leaf, k = deg(v) > 2. Let vy,...,vx be the neighbours of v. Since f(v) < e(v), there
exists y € Bf(v), suppose without loss of generality that v; is on a v — v; — y path.
Of all paths in Ny(v) which contain v but not v; let P : v — ¢t be the longest. If
t is not overdominated, then the ¢ — y path has length 2f(v) and contradicts our
choice of v. And if t is not a leaf, then P is not the longest path of its type. Hence
t is a leaf which is overdominated by v. Further note that all paths from v not
containing v; must also terminate in leaves which are overdominated by v. Define
a new broadcast with g(t) = f(v) + d(t,v), g(v) = 0 and g(z) = f(z) otherwise.
Notice that N,(t) = N¢(v) and g is a bnr-independent broadcast. Since o(g) > o(f),
g contradicts the maximality of f.

This covers all possible cases, hence we may assume that no such v exists and that
f is the desired broadcast. [

Theorem 2.3.14. For all trees T there exists an cuyp(pnr)-broadcast f such that for
allve V*t, f(v) =1 ordeg(v) = 1.

Proof. Given any tree T which contradicts our statement, consider an A, pnr)-
broadcast f in which no leaf hears a broadcast from a non-leaf and for which [{v :
v e V(T) and deg(v) > 1} N Vf++(T)| is a minimum. Such a choice is possible from
Lemma 2.3.12 and Theorem 2.3.13. Let v be a non-leaf vertex in 7" with f(v) > 1.
Since v does not broadcast to a leaf, there are at least two vertices in Bf(v), such
that v lies on the u; —ug path P. Label the vertices of P : u; = vg,vq,. .., Vap@w) = Uz

and create a new broadcast:
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0 cifr=v;andi=1 (mod 2)
g(x) =41 cifz=v;,and i =0 (mod 2)

f(z) :otherwise.

Notice that g(vo) = g(vapw)) = 0, and U?igv) Ny(i) € Ng(v). Also, v; € PBy(v;)
for all =1 (mod 2). Hence the new broadcast is still bn(bnr)-independent. Further,
the weight of the broadcast is unchanged. Hence ¢ is maximal bn(bnr)-independent.
The number of non-leaf vertices in V;]*Jr is one less than the number of such vertices

in V7 which contradicts the choice of f and the result follows. [

We make one more observation about the structure of «ay,-broadcasts on trees.

Lemma 2.3.15. If f is an ap,-broadcast on a tree T' such that |Vf1| 1S Mmaxrimum,
then PBy(v) =0 for allv e V*.

Proof. Given a tree T, consider an ay,-broadcast f on 7' such that [V/!| is maximum.
Either our statement is true or there exists v € V7 such that u € PBf(v). Define a

new broadcast g with:

flz)—1 tx=v
g(z) =141 T=1u
f(x) cx # u,v.

The new broadcast ¢ is bn-independent and has the same weight as f. If g can be
extended, then it violates the maximality of f. Hence we conclude that ¢ is an ay, -
broadcast. But |V,'| > [V}|, which contradicts the choice of f. Therefore PBy(v) = ()
for all v € Vf++. O

We now establish some preliminary results on the inequality chains for our new
parameters. The weight of a maximum boundary-independent broadcast is incompa-
rable with the size of a maximum minimal dominating broadcast. First, to show that
apm (S(2%)) > Tp(S(2%)) we need the following result.

Proposition 2.3.16. For k > 3, T',(S(2%)) = n — k.
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Proof. Notice that n =2k + 1 and n—k =k + 1. Let L(S) = {l1,ls, ..., [} be the
leaves of S. For 1 <t <k, and [; € L(S5), let z; be the vertex adjacent to ;. Let f
be a I'y-broadcast on S.

Case 1: Suppose that there is a leaf [; that hears a vertex v; # [;. If v; is a leaf then v;
dominates the graph and o(f) = f(v;) = diam(S) =4 < k+1. If v; is not a leaf then
there exists a leaf [ such that v; is on the [—b path and [ also hears v;. It is possible but
not necessary that [ = [;. To maintain irredundancy, f(1) = 0. If PB(v;)—{l,v;} # 0,
then make a new broadcast g with g(v;) = 0, g(I) = d(l,v;) + f(v;) and g(z) = f(z)
otherwise. Notice that N,(I) = N¢(v;) and PBy(l) = PBys(v;) — {l} # 0. Hence g
is a minimal dominating broadcast with more weight than f which contradicts the
choice of f. Hence PBy(v;) C {l,v;}. If v; = b, then since [; hears v;, f(b) = 2
and PB¢(b) = L(S). Hence v; = z; and since PB¢(v;) C {l,v;}, f(v;) = 1 and
By(v;) = {l,b}. If v; € PBy(v;), then make a new broadcast with g(I) = 1, g(v;) =0
and g(x) = f(z) otherwise. Notice that o(f) = o(g). Since b ¢ PBf(v;) and
PBy(l) = {l,v;} and all other neighbourhoods are unchanged, ¢ is a I',-broadcast.
Using g in place of f allows us to postpone analyzing this case. Assuming that
PBg(v;) = {l}, there exists v;, j # 4, such that v; € Ny(v;). In order for v; to
dominate v;, V(S) — Ny¢(v;) € (L(S) — {l}). Without loss of generality, there are 3
possible choices for v;. If v; = b, then f(b) =1, f(l;)+ f(z;) < 1foralll; € L(S)—{l},
f(v;) = 1 and f(z) = 0 otherwise. Thus o(f) = k+ 1. If v; # b and v, is not a
leaf then f(v;) = 2 and it overdominates a leaf [; # [. To maintain irredundancy
f(l;) = 0 and there is a leaf I' # [,1; such that f(I') =0, f(l;) + f(z¢) < 1 for all
loe L(S) —{,I',1;}, f(v;) =1 and f(z) = 0 otherwise. Thus, f is not a dominating
broadcast contradicting the choice of f. Finally, if v, is a leaf then f(v;) = 3 and again,
to maintain irredundancy, there is a leaf I # v;, [ such that f(I') =0, f(l))+ f(x;) <1
for all x € L(S) — {l,I',lv;}, f(v;) = 1 and f(z) = 0 otherwise. Again, f is not a
dominating broadcast contradicting the choice of f.

Case 2: The only other possibility is that every leaf is broadcasting. To maintain
irredundancy, at most one leaf can dominate b. If no leaf dominates b then f(b) =1
and f(l) = 1 for all [ € L(S) and f(z) = 0 otherwise. Thus o(f) = k+ 1. If a
leaf I’ dominates b and f(I') = 2, then f(I) =1 forall [l € L(S) — {I'} and f(z) =0
otherwise. Thus o(f) = k+1. If a leaf I’ dominates b and f(I') = 3, then, to maintain
irredundancy, there exists I # I’ such that f(I”) = 0 and f(l;) + f(z;) = 1 for all
Iy € L(S) —{l',)l"} and f(x) = 0 otherwise. Thus f is not a dominating broadcast.
These are the only possibilities. In every case, the weight of the I',-broadcast f is at



37

most k+ 1 = n—k. And since a broadcast f exists for which o(f) = n—k, the result

is shown. [
Proposition 2.3.17. a;,(G) o Th(G).

Proof. A maximal bn-independent broadcast is dominating but not necessarily
minimal dominating, so in some cases a,(G) > I',(G). For example, as shown in
Propositions 2.3.6 and 2.3.16, for S(2%) with & > 3, a3, (S(2¥)) =n—-1>n—-3 >
n —k = I,(S(2%)). If there is a minimal dominating ay,-broadcast on a graph G,
then oy, (G) < T'y(G). For the path P,, apn(P,) =n — 1 =T(P,). For the grid G 3,
apn(G33) =5 <6 =T%(Gs3). See Figure 2.12. [

2 2 2 1 1

T B
L

1 1

Figure 2.12: On the left, a I';-broadcast on G53. The three red squares are the
respective private boundaries of the three broadcasting vertices. On the right, a

maximum bn-independent broadcast. This grid is an example of I'y(G33) > ap,(Gs3).

The following proposition is used to show that the weight of a maximum irredundant-
boundary-independent broadcast is also incomparable with the size of a maximum
minimal dominating broadcast. To show that ap,,.(G) > I'y(G) we use the graph
(G5 shown in Figure 2.13. In Chapter 5, we will examine the relationships between
apn(G), pnr (G) and I'y(G) in greater detail and will generalize this graph to get one

of our results.
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Figure 2.13: On the right, the graph G5 with a non-dominating bnr-independent
broadcast f; apn(G2) > o(f) = 9. On the left, a minimal dominating broadcast f’;
in Proposition 2.3.19 we show that f’ is a maximum minimum dominating broadcast

thus I'y(G2) = o(f') =T,

Proposition 2.3.18. For the graph Gs, shown in Figure 2.13, cpn,(G2) > 9.

Proof. Define the broadcast f by

2 ifxe{x,xe, 23}
f(ilf) = 1 ifxe {wl,wQ,wg}

0 otherwise.

Let Z = {z1, 22, 23} and notice that o(f) =9 and

Ni(z;) = A{zi,yu}lUZ )
By(zi) = {w}luZ
PBf(z;) = {w} > for 1 <i < 3.
Ny(w;) = {wi, 2}
PBp(w;) = {wi} )
Thus we see that f is a bnr-independent broadcast, hence ap,(Ga) > 9. O

The following proposition shows that I',(G2) < 7. Hence apy(Ga) > T'h(Gs).

Proposition 2.3.19. For the graph Gy shown in Figure 2.13, I'y(Gy) < 7.
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Proof. For any minimal dominating broadcast f, due to symmetry, there are six
possible ways to dominate the uncoloured vertex, v.

Case 1: The vertex v is dominated by v. To maintain irredundance, f(u;) = f(uz) =
f(usz) = 0. If f(v) = 3, then v dominates the graph, hence o(f) = 3. If f(v) = 2, then
to maintain irredundance there exists ¢ such that either y, € PB(v) or 2, € PBf(v)
or both. Hence either f(z1) = f(22) = f(z3) = f(y) = f(z;) = 0 and for i # t,
flai) + fly) < 1, 0r f(yn) = fly) = flys) = f(21) = fz2) = flz3) = f(w) =0
and f(z1), f(xs), f(x3) < 1 and for i # ¢, f(w;) < 1, or both. Hence o(f) <5+ 2.
If f(v) =1, then to maintain irredundance, for all 1 < j <3, f(z;) + f(w;) <1 and
Fla) + Flgg) < 1. Hemee o(f) < 2(3) +1=1T.

Case 2: The vertex v is dominated, without loss of generality, by u;. To maintain
irredundance, f(v) = 0. Suppose f(u;) = 3, then u; dominates G2 and o(f) = 3.
Suppose f(u1) = 2, then u; dominates V(Ga)—{z2, 3}. To maintain irredundancy, at
most two other vertices can be broadcasting and f(z1) = f(z2) = f(z3) = f(z1) = 0.
If, without loss of generality, f(w;) > 0, then f(w;) = 3 and u; and w; dominate the
graph. If, without loss of generality, f(x2) > 0, then either f(z2) = 1, f(x3)+ f(y3) =
1 and uq, 9 and 3 (or y3) dominate the graph, or f(z3) = 4 and u; and x5 dominate
the graph. In all cases, o(f) < 6.

If f(u;) = 1, then, to maintain the irredundance of uy, f(x1), f(y2), f(y3) < 2,
f(z2), f(xzg) < 3 and for 1 < i < 3, f(w;) < 2. Notice that, to maintain a private
boundary, f(z2), f(z3) # 2. If, without loss of generality, f(z2) = 3, then x, and
uy dominate V(G2) — {1, 3} and to maintain irredundance, the only other possible
broadcasting vertices are xy,x3, y3 where f(x1), f(zs) + f(y3) < 1. Hence, o(f) < 6.
Similarly, without loss of generality, if f(y2) = 2, then o(f) < 5. If f(w;) = 2, then
PBy(w1) C {yo,ys}. Hence, f(z2) + f(z3) + f(y2) + f(ys) < 1. And to maintain
their irredundance, f(x1), f(ws), f(ws) < 1. Hence, o(f) < 7. The only remaining
case is V" = V! and, in this case, f(22) + f(y2), f(23) + f(ys) < 1. Hence, o(f) < 7.
Case 3-6: Suppose, without loss of generality, the vertex v is dominated by s €
{y1, 21, 1, w1 }. Notice that d(s,v) = e(s). Hence, the graph is dominated by s and
o(f) = f(s) = e(s) <3.

This exhausts all possibilities, hence I',(Gy) < 7. O

Proposition 2.3.20. ap,,(G) ¢ [',(G).

Proof. By definition, g, (G) < apn(G), 80 pnr (Gs3) < apn(Gs3) < I'h(Gs3), as in
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Proposition 2.3.17. For a BN- independent broadcast f on a graph G with n vertices
we know that o(f) < n — 1 and a broadcast from a leaf of P, with strength n — 1 is
bnr-independent, hence ay,,.(P,) =n — 1 = I',(P,). As shown in Proposition 2.3.19,
apnr(G2) > Th(Ge). O

So far the inequality chains for bn, bnr and bnd-independence are:
iry(G) < ibna(G) = w(G) <(G) <i(G) < a(G) < apna(G) < Th(G) < TRy(G)

iry(G) < iy (G) < W(G) <7(G) <i(G) < a(G) < A (G) 0 T4(G) < IRy (G)
(G) < ipn(G) < apn(G) 0 T(G).

Also note that:

ipn(G) <rad(G) < diam(G) < apy(G).

If we only require bn-independence, then our maximal broadcasts all dominate
but not necessarily minimally. If we add a condition of irredundance to get bnr-
independence, then a dominating broadcast is minimal dominating but a maximal
bnr-broadcast does not necessarily dominate. Hence, if we want our inequality chain
to mimic the chain for independent and dominating sets, we need to force the condi-
tion of minimal domination. This is one reason for defining bnd-independent broad-

casts.

2.3.5 Hearing independence

Recall that a broadcast on a graph G is h-independent if every broadcast vertex only
hears itself, that is if H(v) = {v} for all v € V. Hence, ay,(G) is the maximum value
of o(f) over all broadcasts f of G that satisfy d(u,v) > max{f(u), f(v)} for every pair
of distinct vertices u,v € Vf+. This definition was introduced and studied by Erwin
in his Ph.D. thesis [10]. Research has been furthered by Bouchemakh and Zemir [5],
Dunbar, Erwin, Haynes, S.M. Hedetniemi, and S. T. Hedetniemi [8], Dunbar, S.M.
Hedetniemi, and S. T. Hedetniemi [7] and recently by Ahmane, Bouchemakh and
Sopena [2], and by Bessy and Rautenbach [3]. Some results from these papers follow.
From Erwin [10]:

Theorem 2.3.21. [10] Let f be an h-independent broadcast on a graph G. If |[VT] =
{v}, then f is mazimal h-independent if and only if f(v) = e(v). If |VT| > 2, then f
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is mazimal h-independent if and only if it is dominating and for everyv € V*, f(v) =
min{d(u,v) :u € V* —{v}} — 1.

Erwin [10] further notes that if a connected graph G # K, has order n > 2, then
any ap-broadcast f on G has |Vf+| > 1. Broadcasting from two antipodal vertices
produces a broadcast with weight 2(diam(G) — 1), giving us Erwin’s first lower bound
for ay,(G). From Theorem 2.3.21, we see that broadcasting vertices of a maximal
h-independent broadcast can be assigned larger values if they are farther apart. Let
1(G) denote the size of the largest set of mutually antipodal vertices in G. Dunbar

et al. refines Erwin’s bound:

Proposition 2.3.22. [8] For any connected graph G, ap,(G) > p(G)(diam(G) —1) >
2(diam(G) — 1) and this bound is sharp.

3 3
— 0o o —

Figure 2.14: An a4, (Ps)-broadcast f which meets Erwin’s bound.

Erwin [10] was the first to show a graph which meets the bound: a,,(P,) = 2(n—2).
See Figure 2.14. We note that for n > 1, the spiders S(nk) with k& > 2 also meet
the bound: broadcast from each leaf with a strength of 2n — 1 for a total weight of
(2n — Dk = u(G)(diam(S(n*)) — 1).

Erwin also notes the following properties of the set VJfr of an h-independent broad-
cast f:

Observation 2.3.23. [10] Given an h-independent broadcast f on a graph G, no pair

of vertices in Vf+ hear each other. Hence, VfJr forms an independent set of V(G).
And he further observes that:

Observation 2.3.24. [10] The characteristic set of a mazimum independent set is h-
independent. Hence ay,(G) > a(G) where a(Q) is the size of a mazimum independent
set of GG.

Theorem 2.3.25. [10] Let f be an ay-broadcast on a graph G and I =V (G). Then
I is an independent set and for every verter u € V(G) — I, there is a vertex v € 1
for which d(u,v) < min{d(v,z):x € I —{v}}.
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Corollary 2.3.26. [10] Let f be a maximal h-independent broadcast on a graph G.
There exist two vertices u,v € VJfr such that f(v) = f(u).

Again we note the value of studying trees, similar to Proposition 2.3.11 for cy ) (T):
Proposition 2.3.27. For any graph G, a(G) < min{o,(T) : T is a spanning subtree of G}.

Proof. Spanning subgraphs induced by removal of edges maintain hearing-independence.
Therefore, if T is a spanning tree of G, then every ay-broadcast on G is a h-
independent broadcast on T" so by definition ap(G) < ap(T). O

However, this bound can be far from tight. For example, for n > 2, a;(K,) =1
and, since trees are bipartite, min{ay,(T') : T is a spanning subtree of K,,} > o(T},) >
[51] > 2. Further, according to Ahmane, Bouchemakh and Sopena [2], finding a(7)
for trees is still a difficult problem. In [2], they are able to determine a4 (7) for all
graphs T in a subcategory of a subcategory of trees. A caterpillar is a tree which has
a diametrical path such that every vertex not on the path is adjacent to a vertex on
the path. Ahmane et al. [2] determine oy,(T) for all caterpillars 7" with no adjacent
trunks (vertices of degree 2). Suppose such a caterpillar T has a diametrical path,
P =vy,...,v,,. Consider the subpath P’ : vq,...v,,_1. For 2 <i <m —1, let \; be the
number of vertices which are adjacent to v; but not on P’ . Let 7(T") be the number
of trunks. Notice that, for 2 < k < m — 1, v is a trunk if and only if A\, = 0. We
give Ahmane et al’s results for a specific subcase of caterpillars with no two adjacent

trunks:

Corollary 2.3.28. [2] IfT is a caterpillar with no two adjacent trunks and such that,
for 2 <i < |diam(T)| — 1, either \; > 3 or A\; = 0, then

| diam(T")|—1

an(T) =Y N+7(T)+2

i=2
For graphs in general, Bessy and Rautenbach [3] have an upper bound for oy, (G):

Theorem 2.3.29. [3] If G is a connected graph such that G has diameter at least 3

or a(G) > 3, and f is a mazimum hearing independent broadcast on G, then

o(f) <4a(G) —4min{1,%}

where fia = max{f(x):z € V(G)}.
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So we now have o(G) < ap(G) < 4a(G). Bessy and Rautenbach [3] note that,
since oy, (G) and «(G) are within a constant factor, a;(G) inherits the computational
hardness of a(G) and also any efficient constant factor approximation algorithms
which exist for a(G).

The approach used by Bessy and Rautenbach [3] to achieve their bound is to start
with an o, (G)-broadcast f and then to create a new broadcast g with g(v) = L@J for
all v € V7. The h-independence of f guarantees that Ny(v) N Ny(w) € B,(v) N By(w)
for all v,w € V;r. Or equivalently, g is bn-independent. We adapt this approach to
examine the relationships between ay,(G), ap,(G) and ap, (G).

Since ay,(P,) = 2(n — 2) and ay,(P,) = n — 1, the difference oy (G) — apn(G) can

be arbitrary. However, the ratio a,(G)/au,(G) is bounded, as we show next.
Theorem 2.3.30. For any graph G, ap(G) < 20, (G).

Proof. Given an ay-broadcast f on a graph G, notice that if v,w € VfJr both cover
the same edge, then v,w € Vf++. Define [’ by f'(z) = {@—‘ if v € VerJr and
f'(x) = f(x) otherwise.

We claim that for v,w € V", if at least one of f(v) and f(w) is even, then
no vertex hears f’ from both v and w, while if f(v) and f(w) are both odd, then
Np(v) N Np(w) € Bp(v) N Bp(w). This covers all possibilities, hence, proving
our claim will show that f’ is bn-independent. If there exists a vertex u such that
v,w € Hp(u)NV;, then f'(v) > d(v,u), f'(w) > d(w,u) and d(w,v) < f'(w)+f'(v).
If, without loss of generality, f(w) < f(v), then

d(w,v) < [@W + [@W < f(v),

contradicting the h-independence of f. If f(w) = f(v) =0 (mod 2), then

d(w, v) < [MW + V(ﬂ = f(v),

2 2
again contradicting the h-independence of f. Finally, if f(w) = f(v) =1 (mod 2),

e fw] 10
w v
d <
o< [
Since f is h-independent, d(w,v) = f(v) +1 = 2f'(v) = 2f'(w) and v € By (v) N
Byi(w). These are the only possible cases. Hence, for all v,w € V7, Ny (v)NNyp(w) C
By (v) N By (w) and f’ is bn-independent.

wgf(v)ﬂ-
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If f(v) is odd for at least one v € V™, then anw(G) > o(f') > 50(f). If f(v)
is even for all v € V; t, then f’ is not max1ma1 bn-independent (at least one f'(v)
can be increased Without edges hearing the broadcast from more than one vertex),
and o (G) > o(f') > 50(f). I VF =V}, then f is a bn-independent broadcast and
an(G) = o(f) < apn(G). But all bn independent broadcasts are also h-independent
broadcasts by definition. Hence ay,(G) < a(G). Thus, in this case, ap,(G) = ax(G).
Therefore, in all cases, ap(G)/ap(G) <2. O

Recall that, for n,k > 2, a,(S(n*)) = k(2n — 1) and ay,(S(n*)) = kn. Hence,
this bound is asymptotically the best possible. Using our results for «y,(G), we note

a new bound for maximum hearing independent broadcasts.
Corollary 2.3.31. For any graph G of order n > 2, an(G) < 2(n — 1).

Proof. By Theorem 2.3.5, for a graph G of order n > 2, ay,(G) < n — 1. The result

now follows from Theorem 2.3.30. [

We now show that our new bound and the bound from Theorem 2.3.29 are both
useful. For example, for K; where k > 2, (K7 ) = k and n = k + 1. Hence, with
f broadcasting with a strength of 1 from each leaf, the bound from Theorem 2.3.29

gives:

20((K17k)

oK) < da(K —4min{1,
(K1) < a(K ) P

2
} — 4(k) — 4min{1, @} — 4k — 4
and the bound from Corollary 2.3.31 gives:
Oéh(KLk) S 2(n - 1) = 2k.

However, in the case of K3 33, a complete 3-partite graph, a maximum independent
set consists of one of the partite sets and with f the characteristic function of this

set, the bound from Theorem 2.3.29 gives:

2a(K3,3...3)

(K a) < A IS —4min{1,
n( 3,3,3)_ ( 3,373> Frnaz + 2

} = 4(3) —4mm{1,27} S

and the bound from Corollary 2.3.31 gives:

Oéh(K37373) < 2(9 — 1) = 16.
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We further adapt the broadcast f’ in the proof of Theorem 2.3.30 to consider the
relationship between ay,(G) and apy,, (G).

Theorem 2.3.32. For any graph G, ap(G) < 3ap,.(G).

Proof. Let f be an aj-broadcast and let f’ be the associated broadcast described
in the proof of Theorem 2.3.30. We define an bnr-independent broadcast f”. If, in
f!, every vertex hears at most one broadcasting vertex, then f’ is bnr-independent,
f"=f,and o(f) = an(G) < 20(f") < 2apn(c)- Assume therefore that PBy(v) = ()
for some v € VfT. By the arguments above it follows that f(v) is odd and f(v) > 3.
Let Z be the set of all vertices v € Vf++ such that f(v) is odd and choose any vertex
z € Z. Define the broadcast f” by

[M-‘ ifxr ==z

2

f'(x) = {ﬁj if v € Vi —{z}

2

| f(z) otherwise.

Then Ny« (v) N Nyn(w) = for all v € V7 and w € V7, hence f” is bnr-independent.
Moreover, o(f") > o(f) — 30(f) = z0(f). Hence an(G) > o(f") > s0(f) =
sa(G), ie., ap(G) < Bap,(G). O

For the spider S(2%), k > 3, ax(S(2%)) = 3k and apn(S(2F)) = k + 1, hence the
ratio oy, /oy, < 3 is asymptotically best possible.
Hence, any upper bounds for bn or bnr-independent broadcasts can be used to

provide an upper bound for a;(G). Conversely, lower bounds for a,(G) provide lower
bounds for ay,(G).

Corollary 2.3.33. Given a graph G of order n > 2, ap,(G) > 3u(G)(diam(G) — 1).

Proof. Apply Proposition 2.3.22 and Theorem 2.3.30. [

However, as noted above, hearing independence is a difficult problem. So far the
inequality chains for a h, hr and hd-independent broadcast on a graph G of order n
are:

irp(G) < W(GQ) = iha(G) < ¥(G) <i(G) < a(G) < ana(G) < Th(G) < TRy(G)
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iry(G) <in (G) < (G) <(G) <i(G) < aG) < an(G) < TRy (G)

2.4 Chapter Summary

We presented and used existing results on broadcasts and irredundance to get new
bounds for our parameters. Since efficient broadcasts exist for all graphs G we showed
that ip,i(G) = ira(G) = 15a(G) = W(G) < min{rad(G),v(G)}. Since maximal bn-
and h— independent broadcasts are dominating, 7,(G) < 4, (G), in(G) < rad(G) with
equality in all for radial graphs. Using the ball graph of a very efficient broadcast
f on G, we were able to show that i, (G) < (%1 Since irredundant broad-
casts are not necessarily dominating and dominating broadcasts are irredundant,
isr(Q), i (G),isr(G) < %(G) and in Figure 2.5 we gave an example where the in-
equality is strict. All the inequalities requiring irredundance are bounded below by
iry(G).

For the maximums, parameters which are irredundant are bounded above by
IR,(G) and parameters that are minimal dominating are bounded above by I'y(G).
For BN-independent broadcasts f we used the fact that any edge is covered by at
most one broadcasting vertex to show that o(f) < m — ZU? deg(v) + |Vf+|. Re-
moval of edges maintains bn-independence, hence for a graph G of order n, ay,(G) <
min{ay,(T) : T is a spanning tree of G} < n — 1. The only graphs which meet
this bound are spiders and paths. We focused on the structure of maximal BN-
independent broadcasts on trees and determined that in any a,(T')-broadcasts no
leaf hears a nonleaf and, although this in not the case for bnr-independence, there
always is an oy, (T)-broadcasts such that no leaf hears a nonleaf. For all trees there
exists an gy, (pnr) (1)-broadcast such that f(v) = 1 or deg(v) = 1 or both. For oy, (T)-
broadcasts, if the number of vertices broadcasting with a strength of 1 is maximized,
then PBy(v) = ( forallv € Vf+. We gave specific examples showing that both ay, (G)
and ap,,(G) are incomparable with I',(G). And we will examine these relationships
further in Chapter 5.

For maximum hearing independence we noted Dunbar et al.’s generalization of
Erwin’s bound a;,(G) > p(diam(G) — 1}. We observed that removal of edges pre-
serves h-independence. Hence ap,(G) < min{a(T) : T is a spanning tree of G}. In

Theorem 2.3.29, we reported Bessy and Rautenbach’s bound for «ay,(G). Adapting
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their proof techniques [3], we showed that an(G) < 2ap, and a;(G) < 3. Using
our bound on ay,(G), we gave a new bound for h-independence. On any graph G with
order n > 2, ap,(G) < 2(n—1). Although bn-independence must share the complexity
of h-independence, in Chapter 6, we find a better upper bound for ay,(7T") on trees
and our results there will allow us to improve this bound for hearing independence
(Section 6.3). Finally, by using these relations along with Dunbar et al’s lower bound
for a,(G), we showed that o, (G) > $u(G)(diam(G) — 1).
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Chapter 3

Paths

Paths are one of the simplest types of trees allowing us to demonstrate techniques that
will later be used and expanded upon to get results for trees in general. Surprisingly,
some of our parameters prove difficult to compute even on this simple category of
trees. However, we are able to determine exact formulas, in terms of path length, for

all nine independence parameters.

3.1 The Minimums

The results from Section 2.1 yield, for each n > 1,

() = ima(Pa) = ina( Pa) = isa(Pa) = | 5
and
isr (Po) < e (Pa) < ir (P) < (P) = | 5] (3.1)

Again from previous results, for n > 2,

[%W = Y(Fn) < ion(Pr), in(Pn) < rad(Pn) = {SJ '

If [3] = |5], then P, is radial. So for n = 2,3,4,5,7, ip,(P,) = in(Pn) = 5]
For n = 6, we have a case of 2 = 7,(Fs) < ipn(Ps) = in(Fs) = rad(Fs) = 3. In Figure

3.1 we give a 7,(Fs)-broadcast. Below it we give a broadcast extension and note that
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it is still bn-independent.

1 1

O ® O O ® O
2 1

O ® O O ® O

Figure 3.1: A minimum dominating broadcast on Py (above) is extended to a maximal

bn-independent broadcast on Fs (below).

3.1.1 Minimum bn-independent broadcasts on paths: i, (P,)

Note that iy,(Ps) = 1. The following lemmas show that for n # 3, iy, (P,) = [2].
Part of the proof involves Lemma 3.1.1 which shows that there is always an i, (P, )-
broadcast f such that V" = (). Further, if V" = V/}, then a maximal bn-independent
broadcast is also maximal h-independent. Hence iy (P,) < 4,,(P,) and we also get an

upper bound for i, (P,).
Lemma 3.1.1. Every path has an iy,-broadcast f where f(v) =1 for allv e V7.

Proof. If there is a path P, such every i;,-broadcast has at least one v € V1, then
of all such broadcasts let f be one for which |Vf++| is a minimum. Let u € Vf++. Notice
that N¢(u) is a path. Since f(u) < e(u), there is also a vertex v such that v € By(u)
and v is at one end of the path dominated by u. Let v" denote the vertex at the other
end of the path dominated by u. Since f is bn-independent, f(v) = f(v') = 0. Label
the v — o' subpath P: v = vy, ..., vy, ) = v'. Since P is a path, |[Ny(u)| < 2f(u)+1.

Define a new broadcast g as follows:

0 cifr=v;andi=1 (mod 2)
glxr) =41 cifr=v,andi=0 (mod 2)

f(x) :otherwise.

If |[Ny(u)| is odd, g(v') = g(v) = 0. If [Ng(u)]| is even, then |Ny(u)| < 2f(u) + 1 and
u overdominates a leaf, say [. In this case, v' = [. In both cases, PB,(v) U PB,(v") C
PBf(u) and PBy(V(P,) — N¢(u)) = PBf(V(P,) — N¢(u)). Also, g forms a maximal
bn-independent broadcast on Ny(u). Hence g is maximal bn-independent. Notice
V] = |V = 1 and o(g) < o(f) — f(u) + 2% | = o(f). But since f is an
ipn-broadcast, o(f) = o(g). Thus g contradicts the minimality of V. O
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—ao—{ol oo oo & o {sa
—o—f{—e———— oo —o—-

Figure 3.2: Maximal bn-independent broadcasts on paths P, for n = 0,1,2,3,4
(mod 5). The red vertices are all broadcasting with strength 1. The blue squares show
non-private boundaries indicating that the broadcast is maximally bn-independent.
Lemma 3.1.2. For a path P, with n # 3, iy, (P,) < [2].

Proof. In Figure 3.2, the only broadcasting vertices are red and they are all broad-
casting with a strength of 1. The squares show where two broadcasts overlap which
indicates that every broadcast g with g(v) = f(v) + 1 for any v € VfJr will no
longer be bn-independent. Since the graph is dominated, every broadcast g with
g(v) = f(v) + 1 for v € V(T) — VT will no longer be bn-independent. Hence f is a
maximal bn-independent broadcast. The result generalizes for all paths Psp,, with
5k +1r # 3 where £ > 0 and 0 < r < 5. A maximal bn-independent broadcast on

Pspiy i 01, .., Usyy 18 given by

1 :ifz=wv;and j=2,4 (mod5)and j <5k
f(@) =91 : if v =vs41 Or T = Uspys

0 : otherwise.

Notice that o(f) = [3*]. Since f is maximal bn-independent, iy, (P,) < [2]. O
Lemma 3.1.3. For any path P, with n # 3, i (P,) > [2].

Proof. Suppose n = 5k+r, where r =0,1,2,3,4. By Lemma 3.1.1, we may choose
an iy,-broadcast f on P, with V;" = V}. First we show that every subpath of length
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5 has at least two f-broadcasting vertices. Suppose P, has a subpath a, b, ¢, d, e with
only one f-broadcast vertex. Then this vertex is ¢, otherwise one of b, c¢,d is non-
dominated, contradicting the maximality of f. Define a new broadcast g with g(c) = 2
and g(x) = f(x) otherwise. Since Ny(c) = {a,b,c,d, e} and all other broadcast values
are unchanged, g is bn-independent. Notice that o(g) > o(f) which violates the
maximality of f. Hence each subpath of 5 vertices has two or more broadcast vertices
and 4y, (P,) > 2k. There are 5 cases, depending on r. If r = 0, then by the argument
above we are done.

If r=1or 2, but o(f) = 2k, then partition P, into paths of length 5 from left to
right. Each such subpath a, b, ¢, d, e has exactly 2 broadcast vertices. We claim that
f(b) = f(d) = 1. For a contradiction, starting with the leftmost subpath, suppose
f(a) = 1. Then either f(c) =1 or f is not maximal, because (f —{(a,1)}U{(a,2)} is
bn-independent. Hence f(c) = 1. If f(e) = 1, then this first section has 3 broadcasting
vertices which contradicts the weight of f. Hence f(e) = 0 and the vertex e must
be dominated by the first vertex in the next subpath, say ai,by,cq,dy,e;. Hence
f(a1) = 1. As before, to insure that f is maximal, f(c;) = 1 and thus f(e;) = 0.
Hence e; is dominated by the first vertex of the next subpath. This pattern repeats
until we reach the end of the subpaths of length 5 and find the last 2 (r = 1) or 3 (
r = 2) vertices of P, non-dominated. Hence we assume that f(b) = f(d) = 1 for all
of our subpaths. This still leaves the last 1 or 2 vertices of P, non-dominated. Hence
f is not maximal bn-independent and the weight of an 4;,-broadcast on these paths
is at least 2k + 1 = [22], in this case.

If r =3 or 4, but o(f) = 2k + 1, then use the same partitions. Again f(b) =
f(d) = 1 for all subpaths of length 5. Hence the broadcast f restricted to these
partitions has a weight of 2k and we need to dominate the last 3 (r = 3) or 4 (r = 4)
vertices of P, with a weight of 1. But a broadcast of strength 1 can cover at most 3
vertices. Hence for r = 4, f is not dominating and thus not maximal bn-independent.
If » = 3, then to dominate the last three vertices, say a,b,c, f(b) = 1. Define a new
broadcast g with ¢(b) = 2 and g(z) = f(z) otherwise. Since f(e) = 0 for all of the
subpaths of length 5, g is bn-independent and contradicts the maximality of f. Hence
an ip,-broadcast on these paths has a weight of at least 2k + 2 = [2?"], in this case.
In all cases with n # 3, iy, (P,) > [22]. O
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Theorem 3.1.4. For any integer n # 3, iy (P,) = [2].

Proof. The result follows from Lemmas 3.1.1, 3.1.2 and 3.1.3. [

3.1.2 Minimum h-independent broadcasts on paths: i,(P,)

We now consider h-independent broadcasts on paths and show that iy, (P,) = ip,(Py) =
[22]. To accomplish this goal, we show that there is always a i, (P, )-broadcast f with
Vi = Vf1 and observe that any such broadcast is also boundary independent and thus
in(Py) > ip(P,). We have already shown that there is a iy, (P,)-broadcast with
Vi = Vf1 and such a broadcast is also hearing independent; thus i,(P,) < iy,(FP,) and
our result will follow.

To show that there is always a i,(P,)-broadcast f with V; =V}, we establish the
existence of an h-independent broadcast f with Vy = V! and o(f) < |%]. We then
note that when a broadcast f covers all edges of P,, o(f) > [5]. Thus, if there is
no iy (P,)-broadcast f with V; = V}, then all i,(B,)-broadcasts f must leave some
edges uncovered. The uncovered edges are used in Lemma 3.1.8 to partition P, and

to show that the minimum size of Vf+Jr over all i, (P,)-broadcasts f is zero.

Observation 3.1.5. For P, : vy,..., v, the set Xo moa2) = {vi € V(P,) : 1 =0

(mod 2)} is a mazimal independent (hence dominating) set of cardinality |2 ].

Lemma 3.1.6. The characteristic function f of the maximal independent set X =

X0 (mod 2) 0f P ts a maximal h-independent broadcast.

Proof.  The result is obvious if n < 3, hence assume n > 4. Certainly, f is
h-independent. Since X is a dominating set, X U {v} is not independent for each
v € V(P,) — X. Hence no broadcast f’ such that V;" & Vi is h-independent.
Moreover, for each v; € X, at least one of v;_5 and v;15 belongs to X, hence no
broadcast f” such that VfJZ = VfJr and V;ZJr # & is h-independent. It follows that f

is maximal h-independent. [

Lemma 3.1.7. If every edge of the path P, is covered by a broadcast f, then o(f) >
= =13]-

Proof. Every broadcasting vertex v can cover at most 2f(v) edges. If every edge is
covered by f, then > 2f(v) >n—1. O

veV+
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Lemma 3.1.8. Every path P, has an iy-broadcast f such that V" = V}.

Proof. Among all ij-broadcasts of P,, let f be one such that [V;"] is minimum. If
VerJr = &, we are done, hence assume VerJr # &. Since f is maximal h-independent,
f is dominating (Theorem 2.3.21).

Suppose EU; = @&. Then, by Lemma 3.1.7, o(f) > [%J But the characteristic
function f" of Xy (mod 2) is a maximal h-independent broadcast with o(f’) = ng
Hence, either o(f’) < o(f) contradicting the minimality of an i,-broadcast or o(f’) =
o(f) and since [V = 0, f’ violates the minimality of |V;""|. So assume EU; # @.
Let @1, ...,Qr, r > 2, be the components of P,, — EUy and let ¢ be an index such that
(Q; contains a vertex in Vf++. By symmetry we may assume ¢ > 2. Say (); is the path
Vj, Vj41, ..., Vj4¢ for some t > 4. Since (); is a proper subpath of P, and v;_1v; € EUy,
we may assume that j > 3. Since f is dominating, some v, € ij with £ < j—1
broadcasts to vj_1. Let fi = (f —{(vk, f(vi))})U{(vg, f(vx)+1)}. Then no broadcast

vertex of (); hears f; from v,. But f is a maximal h-independent broadcast, hence
some vy € V', where k' < k, hears fi from vj. (3.2)

Similarly, if 7 +¢ < n, then some v, € Vf+ broadcasts to vji¢y1, and for fo =

(f = {(we, f0e))}) U { (v, fve) + 1)},

some vy € Vf+, where ¢/ > £, hears f from v,. (3.3)
Vj—1 Vj 2 Vit Ujti41
[ S e

Figure 3.3: A @); subpath of P, with r > 2. The vertices v;_ and vj141, if the latter
exists, are dominated by broadcast vertices, say v, and v;, whose broadcast value
cannot be increased without violating hearing independence due to unseen broadcast

vertices.

Therefore f; and fy (if the latter function is defined) are not h-independent.
Denote the restriction of f to @; by f 1 Q;. Since EU; N E(Q;) = &, Lemma
3.1.7 implies that

o(f1Q) > ﬂﬂfﬂ _ H _ {‘VW'J | (3.4
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Define the broadcast g by

flx) it zeV(F)—-VI(Q)
glx)y=1¢ 1 if zeV(Q;) and z = vj4,, where a =1 (mod 2)
0 if =€ V(Q;) and z = vj4,, where a =0 (mod 2).

Then o(g | Qi) = {'Vg—Q”J < o(f 1 Q) by (3.4), hence o(g) < o(f). If [V(Q)] is
odd, that is, if t is even, then no vertex in VQJr N V(Q;) broadcasts to vertices not
in Q;, and if [V/(Q;)| is even, then t is odd and vy, broadcasts to vjy1 & V',
hence g is h-independent. By Lemma 3.1.6, g | ); is maximal h-independent. By

(3.2) and (3.3), the functions (f1 — f 1 Q) Ug 1 Q; and (fo — f 1 Q;) Ug 1 Q;
(if the latter function is defined) are not h-independent. If ¢’ is any broadcast of

the form (g — {(z,9(x))}) U {(z,g(z) + 1)}, where z € V(F,) — V(Qi) — {vk, ve},
then the maximality of f implies that ¢’ is not h-independent. Therefore g is a

maximal h-independent broadcast on P, such that o(g) < o(f) and [V,FF] < [V,
contradicting the choice of f. [

Theorem 3.1.9. For a path P, with n # 3, i, (P,) = [2].

Proof. Given a path P,, consider a maximal ij,-broadcast f with Vf+ = Vfl. It is
also a maximal bn-independent broadcast so iy,(P,) < in(P,). Every maximal bn-

independent broadcast f with V;% = Vf1 is also a maximal h-independent broadcast,
hence i, (P,) < ip,(P,). The result now follows from Theorem 3.1.4. [J

3.1.3 Minimum s-independent broadcasts on paths: i (P,)

For i-independence, the broadcast is not maximal until V' forms a maximal inde-

pendent set and each vertex v € VT broadcasts with a strength equal to e(v).

is = min{z e(v) : I, is a maximal independent set of G.}

This is always greater than rad(G), except for P, with n < 3 where the values are

equal.

Theorem 3.1.10. For a path P, withn > 7,
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n—2)4+...+(n—-2) ifn=0 (mod 6)
m=2)+..+(5)+ "2 +2)+..+(n—2) ifn=1 (mod 6)
() = n=2)+.+F)+EHE+2)+..+(n—-2) if n =2 (mod 6)
m=2)+.+(5H+..+(n-2) ifn=3 (mod 6)
n=2)+.+F)+E+)+..+(n-2) ifn=4 (mod 6)
n=2)+..+ )+ )+ .+ (n—2) if n =5 (mod 6),

where the terms of each sum increase (or decrease) by 3 unless otherwise shown.

Proof. For s-independence, the broadcast is not maximal until V' forms a maximal
independent set. A minimum maximal independent set on P, has size [%]. The result

in the statement comes from direct calculations using

is(P,) = min{z e(v) : I, is a minimum maximal independent set of P, }
vely,

and choosing each minimum maximal independent set with its vertices as close to the
centre as possible to minimize eccentricity and thus the weight of the corresponding

broadcast. See Figure 3.4 for an example. [

(n—2) (*5%) (n —2)

O O O O O O

(n—2) (%) G+1)  (n-2)

O O O O O O

Figure 3.4: An is-broadcast on a path P, with n = 3 (mod 6) (top) and an iy
broadcast on a path P, with n =4 (mod 6).

3.1.4 Minimum sr-independent broadcasts on paths: i,.(P,)

Recall that every path P, has a minimum dominating broadcast f which is efficient
and o(f) = [%]. Such a broadcast is the characteristic function of a minimum max-
imal independent set. Thus it is maximal sr-independent. Hence, as mentioned in
equation 3.1, ig.(P,) < 75(P,) = [%]. If all sr-independent broadcasts are dominat-

ing, then iy,.(P,) = %(P,) = [§] and by equation 3.1, is.(P,) = in(Pp) = tonr (Pn) =

Ww(Pp) = (%W However, definitions with irredundance may lead to maximal broad-

casts which are not dominating. The following lemma is used to show that on any

path P,, even if they are nondominating, there are no sr-independent broadcasts f

with o(f) < [%]. Hence we have i.(P,) = [%].
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Lemma 3.1.11. For anyn > 1, ig(P,) > {%W

Proof: Let P, = vy,...,v,. The result is easy to verify for small values of n. Sup-
pose the statement of the lemma is false and let n be the smallest integer such that
isr(Pp) < [%W Since v (P,) = ’—g-‘, no ig.(P,)-broadcast is dominating. Let F be the
set of all i, (P,)-broadcasts on P, and partition F into subsets F; and F», where J;
consists of the broadcasts such that only leaves are undominated, and F, = F — Fj.
If 75 # &, choose f € Fy, otherwise let f € F;. We consider two cases, depending
on the choice of f.

Case 1: f € F;. We may assume that v; is not f-dominated, otherwise we can
relable P, so that this is the case. By the maximality of f, there exists an index k > 3
and a vertex v, € V;" such that PBy(vi) = {v2}, otherwise (f — {(v1,0)}) U{(v1,1)}
is an s-independent irredundant broadcast, which is impossible. Note that v, does
not broadcast to v,. If it does, then either v, € PBy(vy) or, if v overdominates vy,
then V" = {vz}. In the later case, define the broadcast f' as f'(vx—1) = f(vx) and
f'(x) = 0 otherwise. Note that o(f) = o(f’) and thus f’ is a dominating i, (P, )-
broadcast, a contradiction. Hence v, does not dominate v,,. Define the broadcast ¢,

on P, by

flog) =1 ifx =y
g1(z) = 1 if ¢ =

f(z) otherwise.

Then VI is independent and o(g;) = o(f). Note that PBy (v1) = {vi,ve}. If
g1(vg) > 0, then vg € PBy, (v;), and if g4 (v;) = 0, then k& = 3 and, since v, ¢ PBy(vg),
there exists an index j such that v € PBy,(v;). For all other vertices z € VI,
PB;(xz) € PBy,(x). Therefore ¢g; is an s-independent irredundant broadcast. If
g1 is dominating, then it is maximal irredundant and hence a dominating i,,.(P,)-
broadcast, which is impossible. Hence ¢; is not dominating. Since PBy(vy) = {v2},
the only vertex of P, that is f-dominated but not g;-dominated by vy, is vo. Therefore,
since f € JFi, v, is the only vertex of P, not dominated by g;. This implies that v,
is not f-dominated.

Arguing as for v; and vy, there exists an index | < n — 2, [ # k, and a vertex
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v € V" such that PBy(v;) = {vn_1}. Define the broadcast go on P, by

g(v)—1 ifz=uy
g(r) =1 1 if £ =,

g1(z) otherwise.

As in the case of g;, g5 is an s-independent irredundant broadcast such that o(gs) =
o(f). We deduce as before that g, is not dominating. Since PB¢(v;) = {v,_1} and go
dominates v; and v,, there must be a vertex v, € Ny(v;) N Ny(vg), which is not
go-dominated. This implies that V" = {vj,vi}. Since PBy(vy) = {va} and PBy(v;) =
{vn_1}, and, moreover, V" is independent, it is not possible that f(vx) = f(v) = 1.
Hence, either only Ny(vy) N Ny(v;) = {v,} or, without loss of generality, f(v;) = 1,
f(vg) > 1 and v; € By(vg). In the first case, vy covers exactly 2f(vy) edges, and the
same holds for v; and exactly two edges of P, are uncovered, that is, |[UEf| = 2, while
no edge is covered twice. Hence P, has length n —1 = 2(f(vx) + f(v;) +1) > 10. See
Figure 3.5.

This implies that o(f) = 252, And if n > 11 then o(f) = %52 > [2], contradict-

ing our choice of P,.

vy vg(2) Vo v (2) V1
O L O @ O O O { O | O

Figure 3.5: A maximal sr-independent broadcast f on P;; with two non-dominated
leaf vertices v; and vy separated by the subpath ) which is dominated by two over-
lapping broadcast vertices, v, and v; with f(vg), f(v;) > 2. The red squares indicate
the private boundaries of the broadcasting vertices. For paths of this type, the length
P,=n—-1=2(f(w)+ f(w)) +2 and n > 11.

In the second case, without loss of generality f(v;) = 1 and f(vg) > 2. Hence vy
covers exactly 2f(vy) edges, and the same holds for v;, exactly two edges of P, are
uncovered, that is, [UEy| = 2, and exactly one edge is covered twice. See Figure 3.6.

Hence P, has length n—1 = 2f(v;)+ f(v;) —1+2 > 7. This implies that o(f) = %2

And if n > 8 then o(f) = ”T’Z > (%W, again contradicting our choice of P,. Since

these are the only possibilities, we assume Fy # ().
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vy vk (2) v (1) Uy,
O L

o
®
o
®
|
O

Figure 3.6: A sr-independent broadcast f on Pg with a two non-dominated leaf
vertices v; and vg separated by the subpath () which is dominated by two overlapping
broadcast vertices, v, and v (v,) with f(vx) = 2 and f(v;) = 1. The red squares
indicate the private boundaries of the broadcasting vertices. For paths of this type,
the length P, =n —1=2(f(vx) + f(w)) + 1 and n > 8.

Case 2: f € F,. Since v, is not f-dominated, ij U {v} is independent. By
the maximality of f there exists a vertex v, € V;r such that PBy(v;) = {vp-1} or
PB¢(vk) = {vms1}. Since 1 < m < n, we may assume without loss of generality that
k < m and PBy(v;y) = {vm_1}. Let Hy and H, be the components of P, — v,y Vp41,
where H; is the component that contains v;. Then Hy = P,, : vq,...,v,, and Hy =
Pyt U, -, Uy See Figure 3.7. For i = 1,2, let f; be the restriction of f to H;.

Note that PBy, (vx) = {vm—1}. Therefore (fi — {(vm,0)}) U {(vm, 1)} is not an
irredundant broadcast on H;. If f; can be extended to an s-independent irredundant
broadcast on H; in some other way, then f can be similarly extended. We conclude
that f; is a maximal s-independent irredundant broadcast on H;.

Suppose " = (fo — {(V;m+1,0)}) U {(vms1,1)} is an s-independent irredundant
broadcast on Hy. Then v,,411 € PBp(vp41) and PBg(v,) # {vim42} for any v, € Vf+.
But then fiUf’ is an extension of f to an s-independent irredundant broadcast on P,,
which is impossible. If f; can be extended to an s-independent irredundant broadcast
on H, in some other way, then f can be similarly extended. Therefore f5 is a maximal
s-independent irredundant broadcast on H.

By the choice of n as the smallest integer such that i, (P,) < {ﬂ , we deduce that

o(f1) > (%W and o(fy) > {”gm] But now

2] > ot = o) +otr 2 [2] + [“ - mw > |z].

which is impossible. B
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(4] 2 1 U, Um+1 1 2
O | O @ O @ L] O O L] O O @ O | O

Figure 3.7: A sr-independent broadcast f on Pjg with a non-dominated non-leaf
vertex v,,. Notice that when the broadcast f is restricted to each component of

P, — v,,Up41, it forms, respectively, fi; and f,, maximal sr-independent broadcasts.

3.2 The Maximums

From Corollary 2.3.5, we have
Qo (Pr) = apna(Pn) = apnr(Pr) =n — 1.

A maximum weight independent broadcast is obtained in each case by broadcasting

from a leaf with strength n — 1.

Theorem 3.2.1. If a broadcast f on P, is irredundant, then > f(v) <n —1.

veV+

Proof. Consider an irredundant broadcast f on P,. If f is a broadcast from a
single leaf, then we meet our bound. If |Vf+| > 2, then, starting from one end of
the path, group the broadcasting vertices in consecutive pairs. If \Vf+| is odd, then
the last broadcasting vertex forms a group of size 1. To maintain irredundance,

there is an uncovered edge between each consecutive group. Counting edges gives

a(f>gn—1—d@w—1>gn—1. 0

Corollary 3.2.2. For a path P,, as.(P,) = asq(P,) = ap(P,) = ape(P,) =n — 1.
From Erwin [10], we have
ap(P,) =2(n — 2).

A maximum weight h-broadcast can be obtained by broadcasting from each leaf with

strength n — 2.

Theorem 3.2.3. For a path P, withn > 7,
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m=D+.+(EH)+...+(n-1) ifn=1 (mod?2)
as(Pn) =42[((n—1)+(n=3)+..+(2+1)] ifn=0 (mod 4)
=D+ .+E)+..+(n-1) if n =2 (mod 4),

where the terms of each sum increase (or decrease) by 2 unless otherwise shown.

Proof. For s-independence, the broadcast is not maximal until V* forms a max-
imal independent set and each vertex broadcasts with strength e(v). A maximum
n

independent set on P, has size [5]. The result above comes from direct calculations

using

as(P,) = max{z e(v) : I, is a maximum independent set of P,}

and choosing each maximum independent set with its vertices as far from the centre
as possible which maximizes the eccentricity of each broadcasting vertex and the re-

sulting weight. See Figure 3.8 for an example. []

(n=1) (=3 (53 (-3 (-1

(n—1) (n—?:g (%—FB F§+1) Ejn—?)) (n—1)
(n—1) (n—3) (3) (n—=3) (n—-1)

Figure 3.8: An a,-broadcast on a path P, with n =1 (mod 2) (top), an a,-broadcast
on a path P, with n = 0 (mod 4) (middle) and an as-broadcast on a path P, with
n =2 (mod 4) (bottom).

3.3 Summary

For s-independence, the broadcasting vertices form an independent set and for max-
imality, every vertex in the set broadcasts with a strength equal to its eccentricity.
We gave exact formulas for i5(P,) and a(P,) in Theorem 3.1.10 and Theorem 3.2.3.

By examining the edges covered and uncovered by an independent broadcast,
and the existence of independent broadcasts f with V" = V!, we determined exact

values for all other independence parameters for paths in terms of their size. For the
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minimums, for n > 1,

: n
Zsr,hr,bnr,bnd,hd,sd(Pn) - I_g-l
and, for all n # 3,
, 2n
an,h(Pn) = [g—l
For the maximums, a,(P,) = 2(n — 1), Erwin’s bound. All other maximum

independent broadcast types are met by a broadcast of strength diam(G) from a leaf.

Or equivalently, for n > 1,

asr,hr,bnr,bnd,hd,sd,bn(Pn) =n-—1
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Chapter 4

Grid Graphs

Determining the domination number for grids was a major problem in domination

theory until Chang’s conjecture [6], that, for 16 < m < n, the domination number

(m+2) (n+2)
5

S. Thomassé [11]. Therefore, it is an important class of graphs to consider for other

of G, equals L J — 4, was proven by D. Gongalves, A. Pinlou, M. Rao and
domination parameters. Also, Bouchemakh and Zemir [5] have worked on the hearing
independence parameter for grids, making it one of the few subclasses of graphs for

which any work on independent broadcasts has been done prior to this dissertation.

4.1 Grid Notation and Definitions

The Cartesian product of two graphs, G; and G, is denoted by G1[JG5. The vertices
of G = G10G; are V(G) = {(u,v) :u € V(G;) and v € V(Gq)}. Two vertices (u;, v;)
and (u;,v;) of G are adjacent if u; = u; and v; is adjacent to v; in G, or if v; = v;
and u; is adjacent to u; in G;. The grid graph, G, ,, is the Cartesian product of the
paths P, and P,. Label the vertices of G,,,, = P,UP, as v;; where 1 <7 < m
and 1 < j < n, and v;; is adjacent to vy, if |i — k| +|j — | = 1. Or equivalently,
if Py, : x1,..., %y and P, : y1,...,y, then v;; = (x;,y;) as described for the cartesian
product. The graph G,,, can be drawn as a grid with m rows and n columns or

vertices. (See Figure 4.1).
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D)

xs3

V)

0O

T4

_§_r
Oo——O0—O
o—
Oo——O0O—O
O—

Figure 4.1: A G3¢ grid with C(z;1) = 2, R(z1) = 3, C(z3) = C(x4) = 6, R(x3) =1
and R(z4) = 2.

Since graphs have no specific orientation in space we specify 1 < m < n to avoid
having two different labels for the same grid. In this grid drawing, we can think of
v; j as referring to a vertex in the 7th row and the jth column. A subgrid of G, is a
subgraph of G, ,, formed by choosing m;, mg, n1, no such that 1 < m; < my < m and
1 <mny < ny < n. The subgrid is induced by the vertices v; ; such that m; <i < ms
and n; < j < mp and is isomorphic to G (m,—m,+1),(na—ni+1)- For the purpose of
discussing the location of the broadcasting vertices of a grid, given a broadcast f on
G, let C(v; ;) = j or equivalently the column in which v, ; is located. Similarly let
R(v; ;) = i. Label the broadcasting vertices x, Ty such that C(z1) < C(zg) <
. < C(:Ulvf+|). If there are k broadcasting vertices in the same column then label
them such that R(x;) < R(xi41) <,...,< R(xi4x). For example, the first column
in which a broadcasting vertex appears would be given by C(z), the last column
by C(zjy+|). Informally, broadcasting vertices are labeled according to column first,
then rows are used to break ties. In Figure 4.1, we see a G4 grid with C'(z;) = 2,

R(z1) =3, C(x3) = C(x4) = 6 and R(x3) = 1 and R(xy) = 2.

4.2 The Minimums

Grid graphs are radial [5]. Hence the general results on minimum independent broad-

casts from Section 2.1 become:

P}/b(Gm,n) == an(Gm,n) = Z-bnd(Cgm,n) == /Lh(Gm,n) = ihd(Gm,n) == Z‘sd(Cgm,n) = rad(Gm,n)

for all 2 < m < n.
It is well known [5] that
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[otl] ifm=2or3

)
|5]+ %] otherwise.

ibnr(Gm,n)a ihr(Gm,n)a and isr(Gm,n)'

Any radial broadcast is maximally sr, hr, bnr-independent so is,.(Gmn) < thr(Grn) <

ibnr (Gmn) < rad(Ghy, ). If the following conjecture holds then ig, (G ) > Vo (Grn) =
rad(G,, ) and equality holds throughout.

Conjecture 4.2.1. Given a grid graph G, ,, there is a dominating is,-broadcast.

4.3 The Maximums

Qp, (Gm,n)

Recall, from the initial results on maximums (Section 2.2), that the characteristic
function of a maximum independent set corresponds to an h-independent broadcast.
It is well known [5] that a(Gp,,) = [%*]. Recall also (Section 2.2.5) that a(G) >
w(G)(diam(G) — 1) where pu(G) is the size of the largest set of pairwise antipodal
vertices or equivalently, u(G) = | max{X : X C V(G) and for any u,v € X, d(u,v) =
diam(G)}|. Notice for Gy, p, (Gi) = 2 and diam(G,, ) = m + n — 2. Hence:

ap(Gmp) > max{2(diam(Gpn) — 1), ®(Gpp) b = max{2(m +n — 3), f%}} (4.1)

Bouchemakh and Zemir’s paper [5] on h-independence in grid graphs determines
ap(Gpm,pn) for all grid graphs. We will observe that Bouchemakh and Zemir’s results
meet the bound above for all grids except Gs5. We will also adapt some of their
methods for use on other definitions of independent broadcasts. To this end, some
theorems and brief proofs of the paper are presented.

Analogously to Erwin’s proof [10] that ay,(P,) = 2(diam(P,) — 1), Bouchemakh
and Zemir [5] examine the existence of broadcast vertices in the first and last columns
of ay,-broadcasts for grids and conclude that for every aj-broadcast f on G, , with
|Vf+| >2,C(z1) =1 and C(xIV;r\) = n ( Proposition 4.3.1 ).
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Proposition 4.3.1. [5] Let f be an ay-broadcast on Gy, and |V,"| > 2. Then there
1s at least one broadcast vertex in the first column and at least one broadcast vertex

in the last column.

Proof. Suppose that C(z;) > 1. Let C(x;) = k and x; = v;. Define a new
broadcast g with g(v;1) = f(x1) +k — 1, g(vix) = 0 and g(z) = f(x) for all other
vertices. The resulting broadcast has greater weight than f. By the choice of v; ;, there
are no broadcasting vertices v, , with ¢ < k. For any v, ,, with ¢ > k, d(v;1,v,4) >
d(vik, vpq) and since f is h-independent, Hy(v;1) NV;" = {vi1}. Further, Ny(vi1) =
Ny(v;  hence g is also h-independent and contradicts the maximality of f. See Figure

4.2. Hence C(x1) = 1. A similar argument shows that C(x‘vfﬂ) =n. O
e

171(4) T

xo(4)

e
(11T

Figure 4.2: On the left, a h-independent f-broadcast on G3¢. The broadcasting set
VfJr consists of two vertices and the first vertex z; is not in column 1. On the right,

21 is moved to column 1 and a larger weight h-independent broadcast g results.

Bouchemakh and Zemir [5] add the following result.

Lemma 4.3.2. [5] Let f be an h-independent broadcast on G. If diam(G) > 2 and
V| <2 then o(f) < 2(diam(G) — 1).

O—O0—O
O——O0—O0
O——O0—O0

Figure 4.3: An aj-broadcast on G36. The broadcasting set Vf+ consists of two antipo-
dal broadcast vertices with o(f) = f(z1) + f(z2) =12 =2(n+m —3) = 2(6+3 —3).
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Remark 4.3.3. [5] For an ap-broadcast f on a grid graph G, , with diam(G) > 2,
either ap(Gmn) =2(m+mn —3) or |Vf+| > 2.

Let G be the set of all subgraphs of G. Let I’ be the set of all broadcasts on the
graph G and for any f € F and G’ € G, let f' = f 1 G’, the broadcast f restricted
to G'. If, for every graph in G, f’ has the same type of independence on G’ as f has
on G, then we say that the subgraphs of G inherit this independence from G. For
example, Bouchemakh and Zemir [5] observe that if f is an h-independent broadcast
on G, and G is a subgraph of G, ,, then f’ is h-independent. Or equivalently, sub-
graphs of G, ,, inherit h-independence from G,,,. Note that although f’ will adhere
to the principle of hearing independence it may violate the definition of a broadcast,
namely it is possible that f'(v) > e(v) in G’. For small m, Bouchemakh and Zemir
[5] use the fact, Proposition 4.3.1, that in every aj-broadcast of G, , with [V*1] > 2,
there is a broadcast vertex v H in the nth column to locate the position of this
vertex by a case analysis based only on its row. For each case, once the location of
Tyt is known the graph is divided into smaller subgraphs. Each subgrid inherits the
hearing-independence of the larger graph and induction is used to get upper bounds
on (G ). When the upper and lower bounds meet results follow. We give a sketch

of one case from their proof that a;(Gs5,) = 2n. All other cases are similar.

Proof sketch. [5] Suppose that for all 3 < n < k, we have a,(Gs,) = 2n.
Base cases can easily be shown by brute force. Let f be an «j-broadcast on G,
with n = k. From Remark 4.3.3, either [V;"| > 2 or our claim is shown. Hence we as-
sume the former. By Proposition 4.3.1, C (:U|Vf+‘) = n. In an h-independent broadcast
Vf+ forms an independent set and since m = 3 there are at most two broadcasting
vertices in the nth column. First suppose that there are two such vertices. Then,
to maintain h-independence, f(vi,) = f(vs,) = 1. If there is a vertex = such that
C(zr) =n—1then x = vy,; and f(ve,—1) = 1. See Figure 4.4. Consider the two
subgraphs G, ,—2 induced by the vertices in the first n — 2 columns, and G’ induced
by the vertices in the last two columns. By the observations made on the last two
columns, for f' = f1 G’ o(f') = 3. Note that since f is h-independent, the function
f, when restricted to G, ,—2, is still a legitimate broadcast. And since G, ,,—2 inherits
h-independence,

S ) <2n-2)

’UGV(Gm,n—Q)



67

by our induction hypothesis. Hence

o(f) = Z Z f(v) <2(n—2)+3=2n-1.

'UeV(Gm,’n,72) UEV(G’

But from Dunbar et al.’s bound (Proposition 2.3.22) we know that for G ,,, a, > 2n,
so this choice of broadcasting vertices in the last two columns contradicts the choice

of f. The remaining cases are similar.  []

O—O0—O
O——O0—O0
O——O0—O0

Figure 4.4: The first case in Bouchemakh’s proof. An oy,-broadcast on Gs¢ with
two broadcasting vertices in the last column. If the (n — 1)th column contains a
broadcasting vertex it must be in row 2. By induction, the broadcast restricted to
the smaller subgrid consisting of the first 4 columns has a maximum weight 2(4) = 8.
Thus the entire broadcast has a maximum weight of 11 < 2(6) and is not a a;-

broadcast.

Using this approach, Bouchemakh and Zemir [5] prove that

Oéh(G ) = 2(n — 1)
Oéh(G ) =2n

Or, equivalently, for G, , with 2 <m <4 <mn, we have a;,(Gpn) = 2(m+n —3) so
ap(Gmn) equals Erwin’s bound a;(G) < 2(diam(G) — 1) for m <4 <n.

Remark 4.3.4. Bouchemakh and Zemir [5] are also able to prove that in all the above
cases every ay-broadcast f on Gy, has |Vf+| = 2 and VfJr consists of two antipodal

vertices each broadcasting with a strength of diam(G,,n) — 1.

As the grid size increases something interesting happens. First Bouchemakh and
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Zemir [5] show by brute force that
Oéh(G575) =15> maX{Z(diam(G&g)) — ].), Oé(G5’5>} = 14.

See Figure 4.5.

3 3
3
3 N4 N\ ) 3
Figure 4.5: An «p-broadcast on Gjs.  The weight is ap(Gss) = 15 >

max{2(diam(Gs5) — 1), [5*]} = 14.
Bouchemakh and Zemir [5] also show that
ah(GS,G) =16 = 2(diam(G5,6) — 1) = max{2(diam(G5,6) — 1), OZ(G5,6>}

but unlike on the smaller grids, an ay,-broadcast f can also be achieved on G5¢ with
V| > 2. See Figure 4.6.

3 3
(\ ) ) )
3
4 O 9 9 O 3
Figure 4.6: An o«p-broadcast on Gsg.  The weight is ap(Gss) = 16 =

max{2(diam(G5g) — 1), [ ]} = 16.
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When m > 5,n > 7, Bouchemakh and Zemir [5] use the same techniques as for
the smaller grids to determine that every ay,-broadcast is achieved by a broadcast f
such that ]Vf++| = 0. Hence every ay-broadcast on these larger grids corresponds to

the characteristic function of a maximum independent set.

Theorem 4.3.5. [Bouchemakh and Zemir| [5] For every pair of integers m and n,
5<m <n, (m,n)#(5,5),(5,6), an(Gmn) = [5*].

Interpreting Bouchemakh and Zemir’s results through our initial bound
an(G) > max{p(G)(diam(G) — 1), a(G)},

which for grids is

@ (Ginn) = marc{2(m +n = 3), [},

and observing that
2(m+n—3) > (%1 for 1 <m <4 and m <n,

while
mn
2(m+n—-3) < (7} for 5 <m and 7 < n,

and recalling that Bouchemakh and Zemir showed that
ap(Gs5) = 15 > max{2(diam(Gs5) — 1), a(Gs5) }
and that
ap(Gs6) = 16 = 2(diam (G5 6) — 1) = max{p(diam(Gs6) — 1), a(Gs) }s
we conclude that
ap(Gmpn) = max{2(diam(G,,n) — 1), a(Gp )} for all 1 <m <mn,(m,n) # (5,5).

If 1 < m < 4 then every aj-broadcast f on Gy, has [V;7| =2, C(21) = 1, C(x,) = n,
and f(z1) = f(xe) = diam(Gppn) — 1. If m > 5 and n # 5,6 then every ay-
broadcast f on G, has |Vf+| = [V} = [%2], and f(z) = 1 for all z € Vf+. If
(m,n) € {(5,5),(5,6)}, then G,,,, has an ap-broadcast as shown in Figures 4.5 and
4.6.
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abn(Gm,n)a abnr<Gm,n) and Oébnd(Gm,n)

We show that for 2 < m <n,

mn

abn(Gm,n) = abnr(Gm,n) - abnd(Gm,n) = I_?-I

For ayy,-, apn,- and ap,g—broadcasts in grid graphs, recall that

mn
I_?-I - a(Gm,n) S abnd(Gm,n) S abnr(Gm,n> S abn(Gm,n) S ah(Gm,n)' (42)

So for n > m > 5 and (m,n) # (5,5), (5,6), Bouchemakh and Zemir ’s results yield:
abn(Gm,n) = abnr(Gm,n) == abnd(Gm,n> == ah(Gm,n> == IV%_I

To show the same results for m = 2, 3,4 and (m,n) € {(5,5), (5,6)}, we show that
A (Gmn) < a(Gyp) for all grids.

Lemma 4.3.6. Every grid graph Gy, ., 2 < m < n, has an ay,—broadcast f such
that f(v) =1 for allv € Vf+.

Proof. Suppose G,,, has no ap,-broadcast such that |[V*| = 0. Then out of all
oy, — broadcasts, consider one, say f, for which \Vf++\ is a minimum. There is a vertex
v =wv;; € V; with f(v) =k > 1. Since f(v) < e(v) < diam(G) and m > 2, Ny(v)
contains two internally disjoint paths of length f(v), hence Nf(v) contains a path or a
cycle of length 2f(v). Label the path or cycle Q: vo,v1, ..., Vi) = U, Vf(w)+1, - V2f(v)-

Define a new broadcast g with:

1 ifr=v;and j=1 (mod 2)
g(z) =<0 ifr=v;and j=0 (mod 2)

f(z) otherwise.

Notice that either g(x) = f(z) or z € V(Q) — {vo, voy)} and Ny(z) € N¢(v). The
grid G, is bipartite, so if vs; and v; are adjacent then s # ¢ (mod 2), otherwise
G.n has an odd cycle, which is impossible. Hence g is a bn-independent broadcast.
See Figure 4.7. The weight of g is the same as the weight of f and |V < [V7F].
Either g is an ap,-broadcast or it can be increased to form an ay,— broadcast. Both

possibilities contradict the choice of f, hence the result follows. [
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Susdit

Figure 4.7: A bn-independent broadcast f on a grid has a vertex v with f(v) =5. A

cycle dominated by v is shown in red. A broadcast g replaces f(v) with the 5 broad-
casting vertices each of strength 1. Notice that the new broadcast neighbourhood is

contained in Ny (v).

Theorem 4.3.7. For 2 <m < n, apa(Gmpn) = e (Gmn) = Qon(Grn) = [ ]-

Proof: Consider an ap,— broadcast which is composed of all ones. Then V7 is an
independent set 0 ap(Gmpn) = |V < a(G). The result now follows from Equation
4.2. O

The ideas in Lemma 4.3.6 and Theorem 4.3.7 suggest a result for 2-connected

bipartite graphs in general.

Theorem 4.3.8. For every 2-connected bipartite graph G, capne(G) = pnr(G) =
an(G) = a(G) > [,

Proof. Let G be a 2-connected bipartite graph. For bipartite graphs, each partition
forms an independent set thus the pigeon hole principle gives us the lower bound:
a(@) > [N As for grids, we show that there is an ay,-broadcast with [V =o.
Let f be an ap,-broadcast of G with the smallest number of vertices in Vf++. As-
sume that V;“Jr has at least one vertex v. Since G is bridgeless, degv > 1. Let
f(v) =k > 1. Since f(v) < e(v), there is a vertex u at distance k from v. If u is
the only such vertex then, since G is 2-connected, v and v lie on a common cycle C'
of length 2k. Let C : v = vy, v1, ..., Vp = U, Vg1, ..., V2 = v. Define g by g(z) = 0 if
x=wv; and i = k (mod 2), g(z) =1 if x = v; and i Z k (mod 2) and g(z) = f(x)
otherwise. If there are two vertices u, w at distance k£ from v then there is a path P
of length 2k. Let P : u = vy, vy, ..., Vg = U, V41, ..., V9 = w. Define g by g(z) = 0 if
x=wv and i =0 (mod 2), g(x) =1if x =v; and i =1 (mod 2) and g(z) = f(z)
otherwise. In both cases, since G is bipartite, no two vertices v;,v; (on P or C') where
i = j( (mod 2)) are adjacent. Also Ny(v;) € Ny(v). Hence g is bn-independent.
Notice that o(g) = o(f). Thus either g contradicts the minimality of |Vf++| or g
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is not maximal h-independent and contradicts the maximality of the ag,-broadcast
f. Hence we assume that there is an oy,-broadcast f with |Vf++| = 0. Since Vf+
forms an independent set, ap,(G) = o(f) < a(G). We have already observed that
the characteristic function of a maximal independent set is a maximal bn-, bnr, bnd-
independent broadcast. Hence a(G) < appa(G) < apnr(G) < apn(G) = a(G). O

4.4 Summary

For the minimum independence parameters, since grid graphs are radial, we showed,
forall 2 <m < n:

’Vb(Gm,n) - an(Gm,n) - ibnd(Gm,n) - Zh(Gm,n) - ihd(Gm,n) - isd(Gm,n) - rad(Gm,n)

where:

Exd ifm=2or3
|5]+ %] otherwise.

And for the minimums which require irredundance, we obtained:
isr(Gm,n) S ihr(Gm,n) S ibnr<Gm,n) S rad(Gm,n>-

If our conjecture that there exists a dominating iy, (G, ,)-broadcast holds, then all
minimum irredundant independence parameters will equal rad(G,, ).

For the maximums, we presented Bouchemakh and Zemir’s results for h-independence:
ap(Gmpn) = max{2(diam(G,,n) — 1), a(Gmn)}
for all 1 <m < n,(m,n) # (5,5) and

Oéh(G575) = 15.
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For boundary independence, for Gy, ,, where 2 < m < n, we obtained:

Oélmd(Gm,n) = O‘bn(Gm,n) = O‘bnr(Gm,n) = a(G) = (_-I

Our boundary independence results generalized to 2-connected bipartite graphs. Given

a 2-connected bipartite graph G:

Oébma(G) = qud(G) = Oélm(G) = CY(G)

v
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Chapter 5

Maximum Boundary
Independence, Maximum
Boundary Independence with
Irredundance and Maximum
Broadcast Domination Weight

Comparison

Out of the nine definitions for independence studied, the maximum values for bn- and
bnr-independent broadcasts are the most interesting and useful. As shown in Chapter
2, since an ay, -broadcast might not be minimal dominating and an ay,,.-broadcast
might not be dominating, both associated parameters are incomparable with T'y(G).
We now show that while the differences in both directions are unbounded, the ratios
apnr (G)/TH(G) and ay,(G)/T'y(G) are bounded for any graph G. Moreover, while
[y(G)/ap,(G) and T'h(G) /pn,(G) are unbounded for graphs in general, the former is
bounded for bipartite graphs and the latter is bounded for trees.
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5.1 The Differences

5.1.1 Fb(G) - Oébn(bnr)(G)

We proceed to show that I'y(G) — apn(G) is unbounded and since ap,(G) > ppr(G)

we will have also shown that I'y(G) — apn,(G) is unbounded for graphs in general.

Proposition 5.1.1. For any integer k > 3, there exists a graph Gy, such that T'y(Gy)—
apn(Gr) > |5].

Proof. Consider the grid G5,. From Theorem 4.3.7, we have o, (Gs,) = [37”1
Consider a broadcast f, such that f(v;;) = 2forall1 <i <nand f(z) = 0 otherwise.
For 1 <i < n, v,; € PBy(vy;). Hence, f is an irredundant dominating broadcast
of weight 2n (see Figure 2.12 for an example with n = 3). Thus, I';(Gs,,) > 2n and
[y(Gsn) — an(Gsn) > | 5] and Gy, = G 3. O

For any spanning tree 7" of a graph G, recall that oy, (T") > ap,(G). Hence, it is
possible that I',(T") — apn(7') is bounded. We are unable to prove a bound or find a

counterexample so we leave this as an open question.
Question 5.1.2. Is T'y(T') — apn(T') bounded for all trees T'?

To show that I'y(T') — (1) is unbounded for trees in general, we use the tree
T}, described below and shown in Figure 5.1 for k£ = 4.

To form the tree Ty, take k copies of P5s and add edges so that the subtree induced
by the central vertices of the copies of Ps is P,. Let f be a broadcast such that,
for each distinct P, ]Vf+ N Ps| = 1 and the broadcasting vertices are all leaves each
broadcasting with of strength 4. Notice that f is dominating and irredundant. Again
see Figure 5.1. Hence, I'y(T}) > o(f) = 4k.
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4 4 4 4
o ° o o
[ ] o @ &

Figure 5.1: The tree Ty. Notice that each square is the private boundary of the
broadcasting vertex of matching colour. Hence, the broadcast shown is a I',-broadcast
and ['y(Ty) > 4k. We show below that ap,,(Ty) < 3k. Thus ['y(Ty) — qpnr(Tk) > k

and T}, is an example for which this difference is unbounded.

Lemma 5.1.3. For k > 2, apn(Ty) < 3k, where Ty, is the tree described above and
shown in Figure 5.1 (for k =4).

Proof.

Let B ={v:v e V(T;) and deg(v) > 3}. Label the vertices of the path induced
by the vertices in B, Py : by,...,b;. Label the k subgraphs generated by removing
all edges of P, as P51, ng“ where P; contains b;. For 1 < i < k, label vertices of
P? : 1;,v;,b;, v}, Il Suppose the statement is false and let k& > 2 be the smallest value
such that ay,,(Tx) > 3k. By Theorem 2.3.13, we select an agy,,.(T))-broadcast f such
that no leaf hears a non-leaf. In such a broadcast, for 1 < i <k, f(v;) = f(v]) =0
and f(b;) < 1. For 1 <1i <k — 1, since f bn-independent, f(b;) + f(bi+1) < 1. Since
[ is irredundant, for 1 <i < k, either f(l;) <2 or f(I}) < 2 or both.

Of all such broadcasts, choose one such that L = {v: v € V(T}) and f(v) > 4} is
a minimum. Let M = max{f(v):v € Vf+}.

Suppose L = (). If M < 3 then, by the preliminary comments, f(P!) < 3 for all
1 <1 < k. Hence, by the pigeon hole principle, o(f) < 3k, a contradiction. Suppose
M =3.1If f(l;) = 3 then By(l;) = {v}, b2} and, since f is maximal bnr-independent,
F2) = () = F(I) = 1 and f(by) = f(b) = 0. Hence f(PL)+ f(PZ) = 6. By
symmetry, if f(ly) = 3 then f(PF) + (PF™') = 6. If f(I;) = 3 and j # 1,k then
By(l;) = {bj—1, v}, bja} and f(lj—1) = f(I;_1) = f(Ij) = f(ljr1) = f(j,) = 1 and
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f(b;1) = f(b;) = f(bjs1) = 0. Hence, f(PI™") + f(P)) + f(P*') = 8. Since
M < 3, the only other possibility is that f(I;) < 2 and thus f(P%) < 3. Since
o(f) = f(P}) + ...+ f(PF), we have shown that o(f) < 3k.

Suppose L # () and M = 4. If k = 2 then without loss of generality, let f(l;) =
then By(l;) = {vh,ve,l1} and, since f is bnr-independent, f(lo) = f(l5) = 1 and
f(by) = f(ba) = f(I}) = 0. Hence f(P})+ f(P2) =6 < 3k. If k=3 and f(l) =
then f(l) = F() = f(s) = f(li) = 1 and f(by) = f(bs) = Flby) = F(1) =
and o(f) = 8 < 3k. If f(l;) = 4 and either k = 3 and j # 2, or £k > 3 then,
without loss of generality, {vj;1,v], 1,052} C Bf(l;) and f(lj41) = f(I},) = 1 and
f(b;) = f(bj1) = f(bjy2) = 0. Create a new broadcast g with g(l;) = 3, g(Ij) = 1 and

g(x) = f(x) otherwise. Notice that bj;1 € PBy(l;). Since g(I}) = 1, I; € PB,y(l}).
Also, Ny(l;) U Ny(l;) C Ng(l;). Hence, g is a bnr-independent broadcast. Since
o(f) = oy
has fewer vertices broadcasting with strength 4, it violates the choice of f.

Assume that f(v) = M > 5. Without loss of generality, let [; be a vertex such
that f(l;) = M. Since f(l;) < e(l;) and by the structure of T}, there are two leaves
l;,1; such that d(l,,l;) = d(l},l;) = M. Assume, without loss of generality, t > j.
(If ¢ < 7 then reverse the labeling on T}.) Create a new broadcast with g(l;) = 2,
g(ll) = 1 and g(b;) = 0 for all j < i < ¢, and g(z) = f(z) otherwise. Notice that
Uiz (Ng(1:)UN, (7)) C Ng(ly). Forj <i <t,b; € PBy(l;) and Ij € PB,(l;). Hence g is
a bnr-broadcast with o(g) = o(f)—M+3(t—j) = o(f)—M+3(M—3) = o(f)+2M -9.
Since M > 5, o(g) > o(f) and g violates the maximality of f. We have exhausted

), either g can be extended and violates the maximality of f or, since it

all possibilities for a counterexample, hence o, (Ty) < 3k. O

Lemma 5.1.4. For k > 2, apn(Ty) = 3k, where Ty, is the tree described above and
shown in Figure 5.1 (for k =4).

Proof. Let f be a broadcast such that f(l;) = 1 and f(l})) =2 forall 1 <i <k
and f(z) = 0 otherwise. Notice that [; € PBy(l;) and b; € PB(l}) for all 1 <i < k.
Also, N¢(l;) U N¢(l}) = 0 and no b; is overdominated. Hence, f is a bnr-independent
broadcast with o(f) = 3k and by Lemma 5.1.3, our claim is shown. [

Since I'y(Ty) > 4k, the following result is an immediate consequence of Lemmas

5.1.3 and 5.1.4.
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Theorem 5.1.5. For any integer k > 1, there exists a tree T}, such that T'y(Ty) —
abnr(Tk) Z k.

5.1.2 r(on)(G) — T'h(G)

If a tree T has an ay,,-broadcast which is dominating then o, (T) < I'y(T'). However,
not all trees have such a broadcast and there exist trees such that ap,,. (7)) > I'y(T).
Figure 5.2 gives an example of a bnr-independent broadcast on a tree T which is not
dominating. By using symmetry and examining a few cases, it can be shown that
Apnr(T) = 14 and T'y(T') = 13.

|
oeg
||
|

Figure 5.2: A Tree T' with g, (T) = 14 > 13 = [',(T).

We use the tree T' in Figure 5.2 as a basis to construct a bigger tree Hy to show
that the difference ap,, — I'y can be arbitrary for trees. Since o, (T) > (1) we

will have shown the same result for ay, (7)) — I'y(7T).

Theorem 5.1.6. For any integer k > 1 there exists a tree Hy such that o, (Hy) —
Uy(Hyg) > k.

Proof. Take 3k copies T, ..., T3 of the tree T in Figure 5.2 and label the central
vertex and its neighbours of the i*® copy ufuiub. Let Hj be the tree formed by joining
u’ to 't for each ¢ = 1,...,3k — 1. Let f? be the broadcast on 7" obtained by
copying the broadcast illustrated in Figure 5.2 for each T, and f = Uf’il fi. Then f
is a bnr-broadcast, hence oy, (Hy) > 42k.

Define the broadcasts ¢* on 7" and g on H; as follows:

1 ifx =1
gz(ﬁ) = 2 if x is a leaf of T"

0 otherwise
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and

g(z) = { 91(36) if v € V(T’) and i = 2 (mod 3)
f"(z) otherwise.

Since o(f') = 14 and o(¢') = 13, o(g) = 28k + 13k = 41k. It is also easy to
see that g is a dominating broadcast. Suppose i = 2 (mod 3). Then PB,(u’) =
{ud, u', ub, w' =t w1} and if £ is a leaf, then PB,(¢) consists of the vertex at distance
2 from £. Suppose i = 0 or 1 (mod 3). If g(¢) = 3, then PBy(¢) = {u}} for j € {1,2},
as the case may be, and if g(¢) = 2, then, as before, PB,(¢) consists of the vertex at
distance 2 from ¢. Hence g is a minimal dominating broadcast and we deduce that
['y(Hy) > 41k. We show that I'y(Hy) = 41k.

Consider any minimal dominating broadcast h on Hj, and say h* = h | T%. If each
u’ is dominated only by a vertex of T%, then, as in the case of T, o(h’) < 13 for each
i, so that o(h) < 39k < T',(H},). Hence assume a vertex v’ is dominated by a vertex
v € V(T7), j # i. Say v overdominates u’ by exactly ¢, ¢ > 0. Upper bounds for
o(h') and o(h?) are recorded in the table below.

t 0 1 2 3 >4
o(h') | < 14 <12 <6 <6 |0
o(h) | <124+ h(v) | <6+ h(v) | <6+h(v) | h(v) | h(v)

Suppose t > 0. Let j be the smallest index such that 77 contains a vertex v which

overdominates a vertex u’, i # j. By symmetry we may assume that j < (%W

e Suppose v overdominates u®* by at least 4. Then v overdominates each u’, i =
1,...,3k, by at least 4. Then, regardless of the value of j, v dominates Hj and
o(h) =e(v) < diam(Hy) = 3k + 7 < T'y(Hy,).

e Suppose v overdominates u** by 3.

— If k is odd and j = [2], then h(v) < |2] + 7 and v dominates all of Hj,
except for 12 leaves, so o(h) < L%J + 19 < I'y(Hy,) for all k.

— In all other cases, h(v) < diam(Hy) — 1 and v dominates all of Hj, except

for 6 leaves, so o(h) < 3k + 12 < I'y(Hy,) for all k.

e Similarly, if v overdominates u** by 2, we obtain that o(h) < diam(Hy)—2+24 =
3k + 29 < 41k for all k.
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Hence we assume that there exists a smallest index ¢ # j such that v overdominates
u® by exactly 1. We consider two cases, depending on the value of i.
Case 1 ¢ < j. Since j < (%
o(h'),o(h*~") < 12, and, if these indices exist and are distinct from j, o(h*™!), o(h?~11) <

14. Define the broadcast n on Hj by

], v also overdominates u*~" by exactly 1. Then

g'(x) ifreV(T) andle{i—1,2j —i+1}
() fH(x) if v € V(T and [ € {i,2j — 1}
) =
K h(z)—1 ifx=vw
h(x) otherwise.
Then

o(n) = o(h) = [o(h') + (W) + o(h'™") + o(R¥~1)]
+lo(f)+o(f7 ) +o(g ) +a(g¥ ).

Since o(f) — o(h') > 2 and o(h*™1) — o(¢""!) < 1 (and similarly for the other
values), we see that ao(n) > o(h). Also, all broadcast vertices of  have nonempty
private boundaries (note that u* € PB,(v)), so n is bur-independent. All vertices u'
are dominated, so any non-dominated vertices lie on endpaths. Since v dominates
these vertices in f, and u* € PB,(v), these vertices can be dominated by extending
7 on an appropriate leaf to get a minimal dominating broadcast. We conclude that
o(h) <o(n) <Ty(Hy).

Case 2 i > j. By the choice of j and by symmetry, v overdominates each v, [ < i,
by at least 2. Now o(h') < 12, o(h*"!) < 6, and, if i < 3k, then o(h'™') < 14. Define
the broadcast ' on Hj, by

g (z) ifx e V(T
fi(x) if v € V(T
hz)—1 ifx=v

h(x) otherwise.

n'(z) =

Then
a(n) = a(h) = [o(h') + o (W™ )] + [o(f') + (g™

As above, o(f?) — o(h?) > 2 and o(h'™!) — o(g"™!) < 1, and following the reasoning
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above we conclude that o(h) < o(n') < I'y(Hyg).

Therefore, if v € V(T7) dominates a vertex u’, j # i, we may assume that v does
not overdominate u’. This implies that i = j41. (Assume j —1 and j + 1 both exist;
the proof works the same if only one of them exists.) Then o(h’~!),o(h/*) < 14
and, as for the tree T, o(h’) < 13. Consequently,

. 13 if some vertex of 7' dominates a vertex of T%, i # [
o(h) <

14 otherwise.

Since each u' is dominated and the subtree of T induced by {u!,...,u*} is the path
Psy,, there are at least v(P3.) = k indices j such that some vertex of 7V dominates
u’, i # j. This implies that o(h) < 13k + 14 - 2k = 41k and we conclude that
Uy(Hy) = 41k, that is, apn(Hy) — Tp(Hy) > k. O

Since apn(G) < ap,(T), if T is a spanning tree of G it is possible that o, (G) —
[',(G) is bounded for non-trees. Again, we use the unboundedness of ap,, (G) —I'y(G)
to show that this is not the case. To show that g, (G) — I',(G) is unbounded, we
generalize the construction of the graph GG which is shown in Figure 2.13 and again,

for reference, in Figure 5.3.

Figure 5.3: The graph Gy with ap, (G2) = 9 and I'y(Gy) = 7. A non-dominating

apnr-broadcast is shown on the left, and a I',-broadcast on the right.

To generalize the construction, let the corona of G and K be denoted by G o K;.
For k > 1, construct the graph Gy as follows. Let U = {uqy,...,ups1}, W =

{wlu"'7wk+l}7 X = {xlu"'7xk+1}7 Y = {y17"'7yk+1}7 Z = {"7’17"'7zk+1} and {'U} be
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disjoint sets of vertices. Add edges so that

Gir[X

I
D

] = GylY] = Ge[W] = Ky,
GLlU U{v}] = Kip2, Gi[Z] = K1, GilU U Z] = Ky,
Grl{yi} U Z] = Kyyo for each i € {1,...,k + 1},
GulY UU] = GRW U Z] & Kyiy 0 K,
GHX UY] 2 Ko OKs = (k + 1) K.

Assume that the perfect matchings of Gx[U UY], G[X U Y] and Gx[W U Z] are
{uy;, -1 =1, k+ 1}, {my, i =1,k + 1} and {wiz; : ¢ = 1,k + 1},
respectively. The graph G5 is illustrated in Figure 5.3.

Proposition 5.1.7. Let Gy be the graph described above and shown in Figure 5.3 for
k = 2. For any integer k > 2, apn(Gy) > 3(k + 1).

Proof.
Define the broadcast f by

2 ifzeX
fle)=<¢ 1 ifzeW

0 otherwise.

Then o(f) = 3(k + 1) and

Ni(z;) = A{znynutUZ )
Bi(z;) = {w}uZ

PBf(z;)) = {w} » for each i € {1,....k + 1.
Np(wi) = A{wi,z}

PBy(w;) = {wi} )

Thus we see that f is a bnr-independent broadcast, hence ap, (Gx) > 3(k+1). O

To see that I',(Gr) = 2k + 3, and hence that apn,(Gr) — T'y(Gi) > k, we use

arguments similar to those for G in Proposition 2.3.19.

Proposition 5.1.8. For k > 1, T',(Gy) < 2k + 3 where Gy, is the graph constructed
above (and shown in Figure 2.13 for k = 2).
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For any minimal dominating broadcast f, due to symmetry, there are six possible
ways to dominate the uncoloured vertex, v.

Case 1: The vertex v is dominated by v. If f(v) = 3 then v dominates the
graph, hence o(f) = 3. If f(v) = 2 then to maintain irredundance there exists ¢
such that either y, € PBy(v) or 2z, € PBs(v) or both. Hence either f(Z) = 0 and
fly) + f(x) =0o0r f(Y) =0 and f(z)+ f(w;) =0 or both. To further maintain
irredundance, for all 1 < j < k+1, f(u;) =0, f(x;)+f(y;) < land f(z;)+f(w;) < 1.
Hence o(f) < 2k+1+2 =2k + 3. If f(v) = 1 then to maintain irredundance, for
all 1 <j <k+1, f(u;) =0 and f(z;) + f(w;) < 1 and f(z;) + f(y;) < 1. Hence
o(f) <2(k+1)+1=2k+3.

Case 2: The vertex v is dominated by u;. Suppose f(u;) = 3. Then ¢ dominates
Gy and o(f) = 3. Suppose f(u;) = 2. Then ¢t dominates Gy — X + {z;}. To maintain
irredundancy, f(v) = 0 and for all 1 < i < k+1, f(z;) = f(w;) = 0 and either
f(u;)) =0or f(u;) =2. Let U = {w;|f(u;) =2}. Forall 1 < j <k+1,if u; € U then
to maintain irredundance, f(x;) = 0, and if w; ¢ U then f(z;) + f(y;) < 1. Hence,
o(f) <2UI+k+1— U <|U|+k+1<2k+2.

Case 3-4: Suppose the vertex v is dominated by s € {z;,y;} for some ¢, 1 <
t < k+ 1. In each case, s dominates Gy — X + {z;}. To maintain irredundance,
for 0 <i<k+1, f(z;) <1, f(s) = e(s) and f(z) = 0 otherwise. Hence, o(f) <
f(s)+k<4+k.

Case 5-6: Suppose the vertex v is dominated by s € {z;, w;} for some ¢, 1 <t <
k + 1. Then since d(s,v) = e(s), s dominates Gj. Hence, o(f) = f(s) = e(s) < 3.

This exhausts all possibilities, hence T',(Gy) < 2k +3. O
Propositions 5.1.7 and 5.1.8 imply the following theorem:

Theorem 5.1.9. For any integer k > 2 there exists a graph Gy such that
Qpnr (Gr) — Ty (Gy) > k.

5.2 The Ratios

abnr(bn) (G)
5.2.1 “en(©

We show that the ratios ap,(G) /Iy (G), @pnr (G)/T(G) and ap, (G) /iy (G) are bounded.

Theorem 5.2.1. For any graph G,

e (G)/T5(G) < aun(G)/Th(G) < 2
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and
abn(G)/abm(G) < 2.

Proof. Given a graph G, if there exists a minimal dominating a,-broadcast then
ap(G) < Th(G). So we may assume that there is a graph G for which no such
broadcast exists. Every ay,-broadcast is dominating and an irredundant dominat-
ing broadcast is minimal dominating. Thus we may assume that none of the ay,-
broadcasts on G are irredundant. We examine what this means and determine a
strategy for turning a non-irredundant dominating cy,-broadcast into an irredun-
dant dominating broadcast. Given any bn-independent broadcast f on G and any
v E Vfl, v € PBy(v). Hence if f is an ag,-broadcast which is not irredundant
there exists v € V" such that PBy(v) = §. Create a new broadcast f' with
f'(v) = f(v) =1 and f'(z) = f(x) otherwise. Since PBy(v) = 0, f’ is dominating.
Since f is bn-independent PBy (v) # (. Hence f’ is a dominating bn-independent
broadcast. Notice that V;r = VfJf and VfJ,r contains more vertices with non-empty
private boundaries. If f’ is not irredundant, this process can be repeated until we
have a dominating irredundant broadcast f”. Hence o(f”) < I',(G) and ap,(G) =
o(f) <o(f")+ |Vf++| < TW(G) + |V . Since f” is irredundant and bn-independent,
we also have a,(G) = o(f) < o(f”) + V™| < ape(G) + [V;7F|. Notice that in
any broadcast o(f) > 2|V;"*|. Hence [y(G) > o(f) — V| > 30(f) = 50m(G).
Thus ap,(G)/Ty(G) < 2. We can improve this bound slightlly. If V' # () then
o(f) > 2|V;""|. Further if V} = () then we can select any vertex from V", say v and
let g = {f" — (v, f"(v)) + (v, f(v)}. Notice that g is irredundant and thus can be
used in the place of f”. In both cases, we now have ay,(G)/I'y(G) < 2. Similarly,
apn(G)/pnr (G) < 2. And finally, since apn, - (G) < apn(G), @pnr(G)/TH(G) < 2. O

As seen in Propositions 2.3.6 and 2.3.16, for the spider S(2F) where k > 3,
ap,(S(2F)) = 2k and T',(S(2%)) = k + 1. Hence

Cam(SEY) 2%
M, To(S(2F) jm o T2

Hence, this bound is tight.



85

[y (G)
5.2.2 Apn(bnr) (G)

Bouchemakh and Fergani [4] show the upper bound

[y (G) <n —6(G),

where §(G) is the minimum degree over V(G). Recalling that ap,.(G) > a(G) we get

I,(G) [y(G) _n—94(G)
(@) = (@) = o)

If G is bipartite then a(G) > 4, hence we have the following result.

Proposition 5.2.2. If G is bipartite graph of order n > 1, then ['y(G)/ap,(G) <
Fb(G)/Oébm«(G) < 2.

Proof. Note that, for n > 2,

I['y(@G) - [y(G) < n—0(G) < n—1

(@) = (@) = @) S <2

|3

Also, if n =1 then ap,(G) = ap,-(G) = I'y(G) = 1 and the result holds. [

Theorem 5.2.3. For general graphs, the ratios I'y(G)/awnq) and I'y(G)/omne) are

unbounded.

Proof. Consider G, = K,OPs; let X = {x1,...,2,}, Y = {y1,...,zn}, Z =
{z1,...,2n} be the vertex sets of the copies of K,, and Q; : z;,¥;, 2; the copies of
Ps. First we show that T'y(G,,) = 2n. Let f be the broadcast obtained by broad-
casting with a cost of 2 from each z;. Then PBy(x;) = {#;} for each i and each Q;
is dominated by x;. Hence f is a minimal dominating broadcast. We claim that f
has the largest weight of all such broadcasts. Suppose, for a contradiction, that there
is a broadcast g with o(g) > o(f). By the pigeon hole principle, there is some @Q;
such that ¢g(Q;) > 2. Since g is irredundant and diam(G) = 3, there are only three
possibilities.

Case 1: Suppose without loss of generality that g(z;) = 2 and g(z;) = 1. Since
Ny(z;) = X UY U{z} and Ny(2) = ZU{y}, x; and z; dominate G,, and o(g) = 3.
Case 2: Suppose without loss of generality that g(z;) = g(y;) = g(z;) = 1. Since
X C Ny(z;), Y C Ny(y;) and Z C N,(z), 4, yi, and z; dominate G,, and o(g) = 3.
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Case 3: Suppose g(v) = 3 for some v € Z U X. Then v dominates G and o(g) = 3.
Hence no such g exists and I'y(G,,) = o(f) = 2n.

On the other hand, we show that ay,(G,) = 3 for each n > 2. Let h be a broad-
cast derived from the characteristic function of a maximum independent set. Since
a(Gy) = 3, o(h) = 3. Recall that such a broadcast is a maximal bn-independent
broadcast, hence ay,(G,,) > 3. Consider any bn-independent broadcast b’ on G. To
maintain bn-independence, h’ can have at most one broadcast vertex in each of XY,
and Z. And further if a vertex is broadcasting with strength 2 either it dominates
the entire graph and thus is a maximal bn-independent broadcast or without loss of
generality, it is in X and dominates X and Y. In the latter case, there can be at most
one other broadcast vertex, say z, and h'(z) = 1. Hence, in every case, o(h’) < 3 and
limy, 00 s (G) /apn (G) = lim,, 0 2n/3 = 0. O

5.3 Summary

We showed, by example, that ['y(G) — ap,(G) and T'y(G) — qpp-(G) are unbounded
for graphs in general. We gave a second example, showing that I'y(T) — ap,-(T') is
also unbounded for trees.

We gave two examples showing that ay,,.(G) — ['W(G) and oy, (G) — Th(G) are
unbounded for trees and for graphs in general.

For the ratios, we showed that apn,(G)/TH(G) < am(G)/TH(G) < 2 for all
graphs G. This bound is tight for ap,(G)/T(G). The tree T in Figure 5.2 satis-
fies (1) /T5(T) = 14

1_3.

Problem 5.3.1. Determine the smallest constant ¢ such that o, (T)/Ty(T) < ¢ for
all trees T'. Similarly, determine the smallest constant k such that apn(G)/Th(G) < k

for more general graphs G.

Finally, we showed that for bipartite graphs with n > 2,
Fb(G)/Oébn<G) < Fb(G)/Oébmn(G) < 2.

And we gave an example to show that I'y(G)/ap,(G) and T'y(G)/ap-(G) are both

unbounded for graphs in general.
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Chapter 6

Trees

We now focus on boundary independence and study ay,(T) and ay,,.(T') for trees
other than paths and spiders. To get tighter bounds and exact results, we look at
subclasses of trees based on the number of vertices of degree 3 or more, the subtree
induced by these vertices, and the lengths of the paths connecting these vertices. We
obtain improved upper and lower bounds for o, (T) for trees in general and give
examples of trees which meet our new bounds. Recall that for a graph G and any
spanning tree T of G, apn(G) < apn(T'). Thus, we also find tight bounds for g, (G)
for graphs in general. We calculate exact formulas and provide an algorithm for

calculating ap, (T") for several large classes of trees.

6.1 Maximum Boundary Independent Broadcasts,
Oz(m(T>

If f is a bn-independent broadcast such that all edges are covered, or equivalently
UE; =0, then f is a maximal (but not necessarily maximum) bn-independent broad-
cast. The converse is not true. In fact, there exist graphs such that no ay,-broadcast
covers all edges. For trees, consider certain double spiders. For example, create the
graph G by attaching 3 pendant edges to each leaf of a P». On G, a broadcast f
from every leaf of strength 1 is a bn-independent broadcast with o(f) = 6 and with
the edge of P, uncovered. By examining all possibilities, we see that the largest cost
broadcast which covers all edges of this double spider has strength 5. For an example
which is not a tree consider odd cycles C),, n > 5.

A tree with degv < 2 for all v € V(T') is a path and a tree with exactly one vertex
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v such that degv > 2 is a generalized spider. As noted in Remark 2.3.6, if T is a
path or a spider then it meets the upper bound ay,(7) = n — 1 and any maximum
bn-broadcast covers all edges. To further our study on maximum bn-independent
broadcasts on trees, we focus on the number of vertices which have degree greater than
two. This structural focus motivates the following definitions which are illustrated in

Figure 6.1. If degv > 3, then we refer to v as a branch vertex.

Definition 6.1.1. The branch-leaf representation BL(T) of a tree T is a graph ob-
tained by suppressing all vertices v with degv = 2. FEquivalently, to form BL(T), a
vertex of degree 2 in T is chosen and a new graph T —{v} is created in which the two
neighbours or v are now adjacent. This process is repeated until no vertices of degree

2 remain.

Definition 6.1.2. The branch representation B(T) of a tree T' is formed from BL(T)
by deleting all leaves.

Definition 6.1.3. The branch set V(B(T)) of a tree T is V(B(T)) = {v : v €
V(T) and degp(v) > 3} or equivalently the set of branch vertices in T

Definition 6.1.4. The branch number b(T) of a tree T is b(T') = |V(B(T))].
Definition 6.1.5. The leaf set L(T) of a tree T is the set of all leaves of T

Definition 6.1.6. If a leaf | of a tree T is adjacent to a branch vertez v in BL(T)
then it belongs to L(v), the leaf set of v, and we refer to it as a leaf of v (even though

[ is not necessarily adjacent to v in T).

Since BL(T') is unique, we can talk about L(v) for any branch vertex v of T'
where the reference to BL(T') is implied. Given an a,-broadcast on 7', if a branch
vertex v is overdominated by one of its leaves then it is possible that the leaf also
overdominates L(v), all the leaves attached to this branch. In this case, no other
vertex in L(v) is broadcasting. To maximize the weight of this type of broadcast, the
leaf which is furthest from the branch vertex is broadcasting. To describe the weight

of this choice, we define the following concepts for a tree T'.
Definition 6.1.7. For a tree T with b(T) > 1, the max leaf value of a branch vertex
v is max(v) = max{dr(v,z) : x € L(v)}.

Definition 6.1.8. For a tree T with b(T) > 1, the sum of a branch vertex v is
sum(v) = > dr(v,x).

x€L(v)
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Definition 6.1.9. For a tree T with b(T) > 1, the loss of a branch vertex is loss(v) =

sum(v) — max(v).

Iy lo 13

b1 by

by

Figure 6.1: A tree T' (right) , its branch-leaf representation BL(T) (middle) and its
branch representation B(T') left. The branch set of T'is V(B(T')) = {b1, ba, b3, by} and
its branch number is b(T') = 4. The branch vertex by has a leaf set L(by) = {l1, 12,3}
The sum(b;) = 8, the max(b;) = 4 and the loss(b;) = 4.

6.1.1 Broadcasting leaves

We now develop some results regarding the role of broadcasting leaves in ay, (T)-

broadcasts.

Lemma 6.1.10. Let f be an ay,-broadcast on a tree T such that a leaf | dominates
a branch vertex w. If ' is a leaf in L(w) that does not hear f from [, then ' € Vf+,
the ' —w path Q in T contains a vertex b € By(l), and f(I') = d(I',b).

Proof. Since I’ € L(w), each internal vertex of () has degree 2 in T. Since f is
dominating and leaves only hear leaves (Lemma 2.3.12), some leaf ¢ # [ broadcasts
to I'. Since [ dominates w but does not dominate I’, the I’ — w path @ contains a
vertex b € By(l). (Possibly, b = w.) If ¢ does not belong to (), then the ¢ — w path is
internally disjoint from @, d(t,w) < d(t,I") < f(t) and t overdominates w. But then
N¢(t) N Ng(l) — By(l) # 0, which is impossible. Hence ¢t € V(Q) and so t = I'. Let
a be the broadcast vertex on the I’ — b subpath R of () nearest to b. Then a # b.

Suppose a # I'. Let ay,...,a; be all the broadcast vertices on R strictly between [’
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and b. Since f is bn-independent, aq, ..., a; broadcast to exactly 22;?:1 f(a;) edges.
Hence R has length ¢(R) > f(I') + 2 Zle f(a;). Define the broadcast f’ by

UR) ifx=1
f(x)y=< 0 if v € V(R) —{l'}
f(z) otherwise.

Then with respect to f’, I’ broadcasts to b but no farther along (). Together
with the fact that each internal vertex of @ has degree 2 in T, this implies that f’ is
bn-independent. But

of)=tR)+ Y fla)

zeV —V(R)
k
> f)+2) fla) + f(x):
i=1 zeVi —V(R)
Since k£ > 1:
k
o(f)> fU)+D fla)+ D flx)=a(f).
i=1 zeVI-V(R)

Hence o(f") > o(f) which contradicts f being an ag,-broadcast. Therefore I’ is the
only vertex in VfJr on R. Moreover, since f is maximal bn-independent, I’ broadcasts
to b but no farther along Q). Therefore f(I') = d(I’,b) and the result follows. [

Although the broadcast in Figure 6.2 is not an ay,-broadcast, it is maximal given
the broadcast values on [ and lg, and thus shows an example of a bn-independent

broadcast where [ and " must have the relationship described in Lemma 6.1.10.
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Figure 6.2: A bn-independent broadcast f on a tree T. Given that f(I) = 5 and
f(lg) = 4, f is a maximal bn-independent broadcast. The leaf | dominates w and
there exists a leaf I’ € L(w) such that I’ is not dominated by . There is a vertex b
on the I" — w path such that b € N¢(I) N N¢(I') as required by Lemma 6.1.10.

Lemma 6.1.11. For any tree T with b(T') > 2 there exists an ay,-broadcast f with two
leaves 1y,1l" € V;r and two distinct branch vertices w,w’ € V(T) such that l; € L(w)
and ' € L(w').

Proof. Let T be a tree with b(7") > 2. Notice that B(T) is a tree and |V (B(T))| =
b(T) > 2. Thus B(T) has at least two leaves or, equivalently, there are at least
two branch vertices by, by in T such that degp)(b;) = 1 and thus |Ly(b;)| > 2 for
1 =1,2. Let f be any ag,-broadcast on T'. Since f is dominating and leaves only
hear leaves (Lemma 2.3.12), there is at least one broadcasting leaf. We assume that
there is exactly one branch vertex, say w, such that L(w) contains all broadcasting
leaves, else f is the required broadcast and our statement is satisfied. Let [y, ..., [,
r > 1, be the broadcasting leaves in L(w). Any leaf in L(w) that broadcasts to leaves
in L(T) — L(w) overdominates w. By bn-independence, at most one leaf in L(w)
can overdominate w. Hence there is a unique leaf, say [y, in L(w) that dominates
L(T)—L(w). Since l; dominates L(7T)— L(w) and since leaves only hear leaves (Lemma
2.3.12) the only vertices it does not dominate must lie on I; —w paths where 1 < i < 7.
By Lemma 6.1.10, these vertices must be dominated by the respective [;, 1 <7 < r.
Hence the only broadcasting vertices are [y, ...,[,. Let I’ be a leaf, I' € L(T) — L(w),
such that d(I’,w) > d(l,w) for all | € L(T) — L(w). Since f(I1) < e(ly), Bs(ly) # 0.
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And either I € Bf(ly) or there exists [” € L(w) such that a vertex v on the I” —w
path is in By(l;) or both. Possibly v = [". Since f is bn-independent, if I" € By(ly)
then f(I') = 0. And, by Lemma 6.1.10, if v € B¢(l;) then f(I") = d({”,v). Define a
broadcast fi:

fi(2) = { d(z,w) ifx=1 orze Lw)

B 0 otherwise.

Then either fi(l) + fi(l') = f(l) + f(U') or fi(l) + f1(I") = f(L) + f(I") or
both. For all z € L(w), x # I; for any 1 < i < r, fi(z) > f(z) = 0. Suppose
r > 2. Since [; overdominates w in f and f is bn-independent, fi(l;) > f(l;) for
2 <i <r. Hence, o(f1) > o(f). For all leaves x € L(w) U{l'}, By, (x) = {w}. Hence
f1 is bn-independent and either violates the maximality of f or supplies the required
broadcast. [

6.1.2 The role of branch vertices

In Theorem 6.1.12, below, we see the importance of the branch vertices of a tree
in determining the broadcast values which may be assigned to its leaves. Recall
that there is an ay,-broadcast in which f(v) = 1 or deg(v) = 1 for all v € V'
(Theorem 2.3.14). Hence, knowing the broadcast values on the leaves will be very
helpful in determining the weight of any a4,-independent broadcast. The combination
of Theorem 6.1.12, Theorem 2.3.14, and Lemma 2.3.12 allows us, through a case by
case approach, to determine an upper bound for «y, (7") based on the order of T" and
the number and type of branch vertices of T'. This result applies to graphs in general
since ap,(G) < ap,(T) for all spanning trees T of G. We also use these results to
present strategies for generating ay,-broadcasts and thus exact values for oy, (T") on
any tree 7' with B(T') = K, for all £ > 1.

Suppose a vertex v overdominates a branch vertex w of degree k. Once it has
dominated w, for the remaining broadcast of f(v) — d(w,v), it covers up to k — 1
distinct paths for the same strength of broadcast required for a single path of this
length. Initially, it seems that maximizing weight would require dominating each of
these k — 1 paths with individual broadcasting vertices. However, as we will see,
sometimes a maximum weight broadcast is only produced by overdominating such

branch vertices.
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By choosing ay,-broadcasts which minimize the number of overdominated branch
vertices and examining the cost/benefit (for the total weight) of different types of
branch overdomination, Theorem 6.1.12 provides restrictions on the way in which a
leaf may overdominate a branch vertex. Informally, Theorem 6.1.12 tells us that a leaf
[ may never overdominate a branch b by exactly 2. Either [ overdominates a branch
vertex b by exactly one and b has no leaves except possibly [, or [ overdominates b
by 3 or more and has exactly one vertex in its boundary and that vertex is not on
a b/ — ' path for any 0’ € B(T') and ' € L(V'). In addition to b, [ may dominate an
unlimited number of branch vertices by 3 or more so long as it also overdominates all

of their leaves.

Theorem 6.1.12. Any tree T with b(T) > 2 has an oy,-broadcast f with the mini-

mum number of overdominated branch vertices which satisfies the following statement:

For any leaf 1, let X be the set of all branch vertices overdominated by 1. If X # ()
and v € Bg(l) then v is not a leaf and v is not an internal vertex on any x —y path
where x € B(T') and y € L(x). Moreover,

(1) there exists w € X such that f(I) = d(l,w) + 1, and either L(w) = {l} and
X ={w}, or L(w) =0 and f(I) > d(l,w') + 3 for allw’ € X — {w}, or

(i1) f(1) > d(l,w)+ 3 for allw € X and Bf(l) = {v}.

Proof . Let T be a tree with branch number b(7) > 2 and let f be an a,-broadcast
on T for which the number of overdominated branch vertices is a minimum. As-
sume that there is a leaf [ overdominating a branch vertex. Let X = {w € B(T) :
[ overdominates w}. We first show that if w € X, then f(I) # d(l,w) + 2. Suppose,
for a contradiction, that there exists w € X such that f(I) = d(l,w) + 2. Since
deg(w) > 3, w is adjacent to two vertices vy, vy that do not lie on the [ — w path.
Define the broadcast g1 by ¢1(1) = f(I) =2, g1(v1) = g1(v2) = 1 and ¢g;(u) = f(u) oth-
erwise. Then o(g1) = o(f). Since By, (v1) N By, (v2) = {w}, By, (1)N By, (v;) = {w} for
i=1,2and N, (v1) U Ny (v2) € Ng(l), g1 is bn-independent. See Figure 6.3. If ¢; is
not maximal bn-independent, then g; can be extended to a maximal bn-independent
broadcast, contrary to f being an ay,-broadcast. Hence g; is an ay,-broadcast. How-
ever, since w is no longer overdominated, g; has fewer overdominated branch vertices

than f does, contrary to the choice of f. Hence:

no vertex w € X satisfies f(1) = d(l,w) + 2. (6.1)



94

b1 (

Figure 6.3: A tree T (left) in which a broadcasting leaf overdominates a branch bs by
2. Broadcasting vertices are shown as solid green and the boundary of the broadcast
is shown by vertices outlined in green. The broadcast can be changed (right) so that
there are fewer overdominated branches. The two broadcasts have the same weight.
It is easy to see that the new broadcast is bn-independent. Hence any bn-broadcast
which minimizes overdominated branch vertices does not have a leaf overdominating

a branch vertex by exactly 2.

Let P = {v :visonaw—1{ path where w € X and I’ € L(w)}. We now show
that B¢(I)NP = (). Suppose, for a contradiction, that y € Bf(I)NP. Thus there exists
w € X such that y is on a I’ — w path and f(I) = d(l,y). (See Figure 6.4). Notice
that [ # I’ else X = (). By Lemma 6.1.10, f(I') = d(I',y). Make a new broadcast
g2 with go(I") = d(I',w), ¢2(1) = d(l,w) and go(u) = f(u) otherwise. Notice that
N, (') U Ny, (1) € Ng(1) and N,,(I'") N N,, (1) = {w}. Hence g is a bn-independent
broadcast. Since f(I) + f(I') = d(I,I') = go(I) + go(I'), go has the same weight as
f. However, since deg(w) > 3, g is not dominating. Hence g, can be extended
and violates the maximality of f. Hence, B¢(l) N P = (). Notice that [ does not
overdominate any vertex in B(T) — X. Hence, [ does not dominate any vertex on an
x — " path where x € B(T) — X and I’ € L(z). Hence:

if [ overdominates a branch vertex and v € By(l), then there is no x € B(T) 6.2)
such that v is on an o — I" path for any I' € L(z). '
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Figure 6.4: A tree T’ (left) in which a broadcast f has a leaf [ which overdominates
a branch vertex z. Notice that y € Bf(l) and y is on a z — I’ path where I’ € L(z).
Creating the broadcast g, (right) with go(I') = d(I',2) and g¢2(I) = d(l, z) leaves at
least one vertex non-dominated. Assigning a broadcast value of 1 to b creates a larger

broadcast which is still bn-independent. Hence f is not maximal.

If f(I) =d(l,w)+ 1 then statement (6.2) implies that L(w) C {l}. Now suppose
w e X, w # w and f(I) = d(l,w') + 1. Since [ is a leaf, d(l,w) = d(l,w") > 2.
Let v; and vy be neighbours of w and w’ on [ — w and [ — w’ paths, respectively.
Possibly v; = wvy. Create a broadcast gs with g3(I) = f(I) — 2, gs(w) = gs3(w') =
1 and gs3(u) = f(u) otherwise. Notice that Ny, (1) U Ny, (w) U N, (w') C N¢(1),
Ny, (1) N Ny (w) = {v1}, Ngy(l) N Nyy(w') = {wva} and either Ny, (w) N N, (w') = 0
or v1 = vy and Ny (w) N Ny, (w') = {v1}. Hence g3 is a bn-independent broadcast.
Notice that o(f) = o(g3) and g3 overdominates fewer branch vertices, violating the
choice of f. Hence, [ overdominates at most one branch vertex by exactly one and
statement (6.1) now implies (i).

We show that if f(I) > d(l,w) + 3 for all w € X then |Bf(l)| = 1. Suppose
|B¢(1)] > 2 and consider two distinct vertices vy, ve € Bf(l). Label the | — v; paths
P, i=1,2. Ofallz € XNV (P)NV(P,) choose one such that d(x,[) is a maximum.
Such a vertex exists because X # (). If w € X NV(F;) — {vy, vz} for i € {1,2} then,
by (6.2), | dominates L(w). Let @Q; be the x — v; subpath of P;, i = 1,2. By our
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choice of x, 1 and Q)2 are internally disjoint. Since d(l,v;) = d(l,v2) = f(I), Q1
and ()2 have the same length, say k. By our choice of f, k > 3. Say @Q; is the path

T =GQi0, i1y Qi = Vi, ©=1,2.

o If k =0 (mod 2), define the broadcast g4 by ¢g4(1) = d(l,z) = f(I)—k, g4(qi;) =
1ifj = 1 (mod 2) and g4(u) = f(u) otherwise. Since | J._, Uj=1 (mod 2) Nau(gi) €
Ny (1), g4 is bn-independent, and since k is even, there are 2(%) = k vertices ¢; ;
i Vi
vertices than f does, and we have a contradiction as before.

which implies that o(g4) = o(f). But g4 overdominates fewer branch

o If k=1 (mod 2), define the broadcast f’ by f'(I) = d(l,z) + 1, f'(¢;;) = 1 if
j>2andj =0 (mod 2), and f'(u) = f(u) otherwise. Since k is odd and k > 3,
there are 2(%) =k —1 > 2 vertices ¢ ; in VfT. As for g4, f' is bn-independent
and o(f") = o(f). If f' is not maximal independent, it can be extended to a
bn-independent broadcast with weight greater than o(f), which is impossible.
Hence f’ is an «y,-broadcast. Either f’ overdominates fewer branch vertices
and violates the choice of f, or f and f’ dominate the same number of branch
vertices and since d(l,z) = f’(I) — 1, we have already shown that (i) holds for

[ with respect to f’. In this latter case, we consider the broadcast f’ instead

of f.

Figure 6.5: A tree T (left) in which a broadcast f has a leaf [ which overdominates a
branch = by more than 2 and |B ()| = {v1,v2} (left). The broadcast can be changed

(right) without reducing its weight so that z is no longer overdominated.
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Hence either By(l) = {v} and (ii) holds for [ and f, or there exists another op,-
broadcast f’ such that (i) holds for [ and f’. This exhausts all possibilities, showing

that the statement of our theorem is correct. [

We restate Theorem 6.1.12 for broadcasts in which only leaves broadcast with
strength greater than 1. Corollary 6.1.13 will be used in the proof of our upper
bound, Theorem 6.1.16.

Corollary 6.1.13. For any tree T with a branch number b(T) > 2, let F represent
the set of all ay,-broadcasts f on T such that V;** =V} C L(T). There is a member
of F, say f, with minimum number of overdominated branch vertices of all broadcasts

in F' which satisfies the following statement:

For any leaf 1, let X be the set of all branch vertices overdominated by . If X # ()
and v € By(l) then v is not a leaf and v is not an internal vertex on any x —y path
where x € B(T') and y € L(x). Moreover,

(1) there exists w € X such that f(I) = d(l,w) + 1, and either L(w) = {l} and
X ={w}, or L(w) =0 and f(I) > d(l,w') + 3 for allw' € X — {w}, or

(i1) f(1) >d(l,w)+ 3 for allw € X and Bf(l) = {v}.

Proof. Consider a tree T" and an ay,-broadcast f as described in the corollary state-
ment which exists by Theorem 2.3.14. Use the techniques in Theorem 6.1.12 on f to
guarantee that it satisfies the statements of Theorem 6.1.12. These techniques either
reduce an existing broadcast value, increase the broadcast value on a leaf, or intro-
duce a new broadcast of strength one. Hence although the broadcast which results,
say f’, may or may not be the same as f, it will satisfy Theorem 6.1.12 and it will
also satisfy the conditions f’(v) =1 or deg(v) =1 for all v € fo. O

6.1.3 Upper bound for a;,(T)

The following comments and figures provide some intuition for new definitions, for
our results and for Question 6.1.17 regarding the upper bound for ay, (7'). Recall that

if f is a bn-independent broadcast on G then the set of all uncovered edges together
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with the sets of edges covered by each Ny(v) for all v € Vf+ forms a partition on
E(G). Thus the upper bound, ay,(G) = n— 1, is achieved when all edges are covered
and each v € ij covers exactly f(v) edges. However, if a tree has two or more
branch vertices then this upper bound is not achievable. We can see this by thinking
about how the broadcast covers the edges between two branch vertices. There are

four possibilities:

Figure 6.6: Case analysis shows that this is an ay,-broadcast. The branch vertices
are covered by leaves and the edge between them is uncovered; oy, (1) =n — b(T') =
6—2=4.

1 by 1
S,

Figure 6.7: A bn-independent broadcast f in which the edge between two branch
vertices is covered by a branch vertex, by. Notice that by covers f(b;) + 2 edges. The

broadcast is not an «y,-broadcast and o(f) = 3.

Figure 6.8: Case analysis show that this is an ay,-broadcast. The edges between the
branch vertices are covered by a vertex v, but f(v) = 1 and v covers f(v) + 1 = 2
edges; ap,(T) =n—b(T)=7—-2=05.

Finally, Figure 6.9 shows an ay,-broadcast where the edges between branch ver-

tices are covered by a leaf v. Since v overdominates a branch vertex it covers at least
f(v) + 1 edges.
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Figure 6.9: Case analysis shows that this is an ag,-broadcast. The edges between

branch vertices are covered by a leaf v; ay,(T) =n —b(T) =8 —2 =6.

Initially, it seems that, after the first branch, every additional branch vertex re-
duces the value of oy, (7). However, this is not always the case and it is necessary
to consider the subgraphs shown in Figures 6.10 and 6.11 which motivate some new
definitions. Let Ry be the subset of V(T') consisting of all branch vertices w of B(T')
with |L(w)| < 1 and define p(T) = |Ry|. If T has no such branch vertices, then
p(T) = 0. Equivalently, p(T) is the number of branch vertices in T with at most one
leaf.

Figure 6.10: Case analysis shows that this is an «ay,-broadcast. A tree T' with L(by) =
0, Rpr ={bo} and ap,(T) =T=n—0b(T) + p(T) >n —b(T).

In the above Figure 6.10, B(T') induces a star K;3 and L(by) = 0. If f is a bn-
independent broadcast on T such that the central branch vertex by of the star is a
broadcast vertex with f(bg) = 1 then deg(by) edges are covered by by while deg(by) + 1
branch vertices are dominated. Note that {by} = Ry, hence p(T) = 1.

In Figure 6.11 , we see an oy,-broadcast without the K 3 subgraph of B(T) but
|L(bo)| =1 and B(T') induces a Ko star. Again note that ap,(T) > n — b(T).
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1

ba
1

1(5)
@ L L 1
bo

1

by

Figure 6.11: Case analysis shows that this is an ay,-broadcast. A tree with |L(bg)| =
1, T[Rr| = Ky, p(T) =1 and ap,(T) =9=n—0b(T) 4+ p(T) > n —b(T).

In Figure 6.11, we see an ap,-broadcast on a tree T'. The branch vertices by, by, by
induce a K star . Notice that L(by) = {{} and f(I) = d(I,by) + 1. We have Nf(l)
covering f(l) + deg(by) — 1 and deg(by) branch vertices.

We further refine our discussion on branch vertices with the following definitions.
A branch vertex of T of degree 1 in B(T) is called an end-branch vertex. Denote
the subset of end-branch vertices by Be,q(T). If w € Bena(T), then exactly one edge
incident with w does not lie on a path from w to a leaf in L(w). Hence, |L(w)| > 2
and Benq(T) N Ry = (). We need the following proposition:

Proposition 6.1.14. For any tree T' of order n, diam(T) <n — b(T) — 1.

Proof. Let P be a diametrical path of T'. Each branch vertex of T is incident with

at least one unique edge not on P. Therefore, by counting edges,

diam(P) +b(T) <n—1.0

We next prove a lemma which will serve as a base case for an inductive proof
of an upper bound for ay,(T') in terms of its order, the number of branch vertices,

and p(T).
Lemma 6.1.15. For a tree T with b(T) = 2, apn(T) < n —b(T) + p(T).

Proof 1. Let T be a tree with exactly two branch vertices, say by, by. In this case
p(T) =0 and n —b(T) + p(T) = n — 2. We have given a characterization of trees
which meet the upper bound o4, (T") = n—1 in Corollary 2.3.7. This characterization
shows that only spiders and paths meet the bound. If b(7') = 2 then T is neither a
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spider nor a path and we have our result. [

Proof 2. Let f be an ay,-broadcast on T' with f(v) = 1 or degv = 1 or both. Such
a broadcast exists by Proposition 2.3.14. Considering the domination of the branch
vertices, there are two possible cases.

Case 1: Neither branch vertex is overdominated. This means that either there is
an uncovered edge on the b; — by path or there is a vertex v on the b; — by path with
f(v) =1 or both. If there is an uncovered edge then ay,(T) < |[CEf| <n —2. If v
covers f(v)+ 1 edges, then by counting covered edges we have o, (T) +1 < |[CEf| <
n — 1. Either way o, (T) <n —2=n—b(T).

Case 2: A branch vertex is overdominated by a vertex v which means that v
covers at least f(v) + 1 edges, so again ap,(T) =o(f) <n—1—-1=n—5b(T).

This exhausts all cases. Hence ay,(T) <n —b(T) =n—b(T) + p(T). O

The upper bound for a,(T") nows follows in Theorem 6.1.16 by induction:
Theorem 6.1.16. For a tree T with b(T) > 1, ap,(T) < n —b(T) + p(T).

Proof. We have shown in Remark 2.3.6 that the claim is true if (7)) = 1, and
Lemma 6.1.15 shows that it is true for b(T') = 2. Now that we have established our
base cases, we proceed with induction on b(7"). Assume that the claim is true for
all trees with fewer than ¢ branch vertices. Suppose it is false for some tree with
t branch vertices, t > 3. Amongst all trees with ¢ branch vertices for which it is
false, let T" be one of minimum order n. By Proposition 2.3.14 we may consider ay,,-
broadcasts on T' in which each v € V;" satisfies f(v) = 1 or deg(v) = 1 (or both).
From these broadcasts, we choose a broadcast f in which the number of overdomi-
nated branch vertices is a minimum and such that the statement of Corollary 6.1.13
applies. Regarding our counterexample, we consider the described ay, (T')-broadcast
fwith o(f) > n—0b(T)+p(T). First we look at the degrees of the vertices in V" and
show that each vertex in V;r is a leaf. Then we use Corollary 6.1.13 to examine the
possible ways in which the end-branch vertices are dominated. All possibilities lead
to contradictions. Recall that every maximal bn-independent broadcast is dominating
and since b(T) =t > 3, Bena(T) # 0. Hence, we conclude that no such ¢ exists and

our statement is true.

If f has a broadcast vertex v which is not a leaf then either v is a branch vertex
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(Case A) or deg(v) =2 (Case B).

Case A: There is a broadcast vertex by such that deg(by) > 3. By the choice of f,
f(bo) = 1. Note that by is not adjacent to a leaf because no leaf hears a non-leaf in
a maximal bn-broadcast. So either by is adjacent to a vertex v such that deg(v) = 2
or all neighbours of by are branch vertices and L(by) = &. Assume the former, say
N(v) = {by, '} and consider the two subtrees T}, T created by reconnecting v to each
component of T'— v in the obvious manner, where 77 is the subtree that contains bg.
Examples of possible T} and Ty decompositions of the tree in Figure 6.12 are shown
in Figures 6.13 and 6.15. For ¢ = 1,2, let ¢; = f | T; and note that each g; is a
bn-independent broadcast on T;. If by does not belong to Rr, then |Ly(by)| > 2,
hence |L,(bo)| > 3 and by does not belong to Rz,. On the other hand, if by does
belong to Rr, then by may or may not belong to Ry,. Similarly, if &’ does not belong
to Rr (possibly ¥’ is not even a branch vertex), then &' does not belong to Rr,, and
if ¥ does belong to Ry, then b’ may or may not belong to Rp,. Any other vertex of
T; that belongs to Ry, also belongs to Ry. Therefore p(T) > p(T1) + p(T3). Since
degp(v) =2, b(T) = b(T1)+b(13). Since o(f) = 0(g1)+0(g2) and, by the assumption
onT,o(f)>n—0(T)+ p(T)+ 1, we have

o(g1) +0(g2) =o(f) =n—0b(T)+p(T)+1
V(T)| + |V(Te)| — 1 = b(Ty) — b(Ts) + p(T1) + p(Ts) + 1
(

>
= [V(T1)| = b(T1) + p(T1) + [V(T2)| — b(Ts) + p(T3). (6.3)

But since b(T;) < b(T) and |V(T;)| < |V(T)|, the choice of T" implies that ag,(T;) <
n — b(T;) + p(T;), for i = 1,2. Hence by the pigeon hole principle, equation (6.3)
implies that:

0(9i) = awn(Ty) = [V(T3)] = b(T3) + p(T2), i = 1,2. (6.4)

Define the broadcast ¢} on T} by ¢} (v) = 2, ¢1(by) = 0 and g} (z) = g1(z) otherwise.
Since By (v) = By, (bo) — {v}, 91 is a bn-independent broadcast. But o(g}) > o(g1) =
apn(T7), a contradiction. Examples of the gj-broadcasts are shown in Figures 6.14
and 6.16.
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Figure 6.12: A maximal bn-broadcast with a broadcasting branch vertex.

Figure 6.13: The broadcasting branch vertex has a neighbour v with deg(v) = 2.
The tree from Figure 6.12 is decomposed into two trees T} and T5 as described in the

proof.
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Figure 6.14: The broadcast on T, has been increased and is still bn-independent.
Hence the original broadcast on T» had weight less than ay,(7T2) which contradicts

Equation 6.4.

ls(1) 14(2)
Io(4) by
15(3) v
[ (1) )
oo (2)

Figure 6.15: The tree from Figure 6.12 has a vertex v where deg(v) = 2 and v is not
on a by — z path for any x € L(by). Here T is decomposed into two trees T} and T

(left) as described in the proof.
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Figure 6.16: The tree T, from Figure 6.15 has a broadcast f which exceeds a(T3), a
contradiction showing that broadcasting branch vertices are not adjacent to vertices

of degree 2.

We conclude that all neighbours of by are branch vertices, thus L(by)) = @ and
by € Ry. Let by,...,br, k > 3, be the neighbours of by in T" and let 17, ..., T} be the
subtrees of T" obtained by reconnecting by to each component of T'— b, in the obvious
manner. See Figure 6.17. For i € {1,...,k}, let g; = f 1 T; and note that each g; is a
bn-independent broadcast on T;. Hence o(g;) < ap,(7;). By the induction hypothesis,
n(T3) < |V(T3)] = b(T) + p(T}) and:

k

ZU%SZ:CU ZWTN%()(ML

Hence: 7 (6.5)
}:a }: \-}jb }: T)). (6.6)

Similar to the case of 77 and T5 above, Ry, C (Ry — {bo}) N V(T;), but by ¢ Rr,
for each 7. Hence p(T) > 2% | p(T;) + 1. By construction, b(T) = S2F_, b(T}) + 1. By

the assumption on 1" we now have:

k

" olg) ~ k+1=0(f) > n—b(T) + p(T)

=1
k
y—k+1—§:b )= 1+ p(T,
=1

IIMw
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Hence

k k k k

D alg) > V(T =D 6(T) + > p(Th), (6.7)

=1 =1 i=1 i=1

contradicting (6.6). We conclude that no branch vertex of our counterexample is a

broadcast vertex.

(1) O

by O bs

Figure 6.17: A maximal bn-broadcast with a broadcasting branch vertex by, and
N¢(bo) C B(T'). The trees 11,75 and T3, as described in the proof, are induced by the
black, green and red edges, respectively. Notice that g, (Th) + apn (T2)+ap,(T3) —2 =
9+444+43-2=14=0(f) =n—-0T)+ p(T) = 17— 4+ 1. Hence, f is not a

counterexample to our upper bound.

Case B: There is a broadcast vertex v with deg(v) = 2. By the choice of f, f(v) = 1.
Say N(v) = {b1,bs} and for i = 1,2, let T; be the subtree of T obtained by joining v
to b; in T'— v. As before, let g; = f 1 T;. Since deg(v) =2, b(T) = b(T3) + b(T3) and
p(T) > p(T1) + p(Ts). Hence, by the induction hypothesis,

o(f) =o(g) +0o(g2) = 1 < [V(T)| + [V(T2)] = b(Th) — b(T2) + p(T1) + p(T2) — 1
< V(D) = 0(T) + p(T),

contradicting the choice of f.
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Therefore in our counterexample,
only leaves of T' are broadcast vertices, (6.8)

that is, VfJr C L(T). To complete our proof, we show that no branch vertex is
overdominated by exactly one (Case 1). We then consider the way the end-branch
vertices are dominated. By Corollary 6.1.13 and Case 1, there are two remaining
possible ways to dominate an end-branch vertex by. Either by is dominated but not
overdominated (Case 2) or it is overdominated by 3 or more (Case 3). Once these
three cases are shown to be impossible, we see that there is no way to dominate an
end-branch vertex. However, all maximal bn-independent broadcasts are dominating.

Hence, no counterexample to our claim exists.

Case 1: Suppose that a branch vertex by is overdominated by exactly 1. By state-
ment (6.8), V;* € L(T). Hence, there is a leaf [ such that f(I) = d(bo,!) + 1 and
by Corollary 6.1.13 (i), L(by) = {l}. Thus by € Ry. Let by,...,bx_1, kK > 3, be the
neighbours of b that do not lie on the by — [ path and note that {by,...,bx_1} C Bf(l).
Further note that the neighbours of by may or may not be branch vertices. See Figure
6.18. For i € {1,...,k — 1}, let T; be the subtree of T" obtained by joining by to b; in
T — by. Let T}, be the tree induced by Ny(1).

by

by

Figure 6.18: A tree with branch vertex by which is overdominated by a leaf [ by exactly
1. We note that L(by) = {l}, hence by € Ry and by has t = k — 1 > 2 neighbours not
on a by — [ path. None of the vertices shown except [ are leaves hence the three sets
of ellipsis represent the missing portions of the tree. Here ¢t = 2. For the purpose of
a contradiction, three new graphs will be formed from 7. These subtrees are shown

in Figure 6.19.

Define the broadcast g; by g; = (f 1 T; — {(bo,0)}) U{(bo, 1)} fori € {1,....;k — 1},
and gr = f 1 Tj. Since By, (by) C By(l) for i € {1,...,k — 1} and By, (I) = Bf(l), each
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g; is a bn-independent broadcast on T;.

Consider T} and gi. Define the broadcast h on Ty by h(l) = gr(I) — 1 = f(I) — 1
and h(b;) =1 fori € {1,...,k — 1}. Then h is bn-independent and a, (7)) > o(h) =
o(gr) + k — 2, hence by the induction hypothesis:

o(gr) < an(Tk) — (k= 2) < [V(T)| + 0(Tk) — p(Tk) — k + 2. (6.9)

by

b2(1) bo@/.

Figure 6.19: The subtrees of T from Figure 6.18: T} (top right), 75 (bottom right)
and T3 (left). A new broadcast g with g(by) = 1 and g(z) = f(z) otherwise is shown
on T} and T5. A new broadcast h is shown on T3 with h(l) = f(I) — 1 and h(b;) =1
for i = 1,...k — 1. These subtrees are used to show that for our counterexample no

leaf overdominates a branch by exactly one.

Note that b(T) = 3%, b(T}). Since deg(by) > 3 and each b;, i € {1,....k—1}, is a
leafin T}, by ¢ Rr,. Since by € L(T;) fori € {1,...,k—1}, by ¢ Ry, fori € {1,...,k—1}.
And since Ly (b;) C Ly, (b;) for all i = 1,...,k — 1, each b; that does not belong to Rr
also does not belong to Ry, for i € {1,...,k — 1}. Hence, p(T) > S2F  p(T;) + 1. By

the construction of the T; we therefore have

|—Z|V )| =20k =1), b(T) =3 b(T3) and p(T) =) p(T}) +1

Since for all i # k, f(by) = 0 while g;(by) = 1 and f(z) = g(z) otherwise,

k
o)=Y olg) — (k= 1).
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Therefore
k
> olg) = (k—1)=0(f) >n—bT)+ p(T)
>N V(T -2k - 1) — Zb(ﬂ) +) p(T) +1
and so
k k k k
>_olg) > V(L) = D_b(T) + Y p(T) — k+2. (6.10)

By the induction hypothesis 0(g;) < apn(T3) < |V(T;)|+0(T;) —p(T;) fori € {1, ..., k—
1}, and by (6.9), 0(gx) < apn(Tk) — k + 2. Hence

k k k

> olg) < Z V(T)| =Y b(T) + ) p(T) =k +2,

i=1 =1 i=1

which contradicts (6.10). Hence no branch vertex is overdominated by exactly 1.

We now focus on the possible ways to dominate an end-branch vertex.

Case 2: Suppose there exists a vertex by € Benq(T') that is dominated, but not
overdominated, by a leaf [. Then f(I) = d(by,l) and by € Bf(l). By Lemma 6.1.10,
f(') = d(bo, ") for each " € L(by). It is possible that the only leaves dominating by
are in L(byg). Let vy be the neighbour of by that does not lie on a by — I’ path for
any " € L(bg). Since by is not overdominated no vertex in L(by) dominates v;. See
Figure 6.20. Let T, be the subtree of T — byv; that contains by and let T} be the
subtree obtained by joining by to vy in the subtree of T — byv; that contains v;. Note
To is a path or a generalized spider and by Corollary 2.3.7, o, (To) = |V (Tp)] — 1 <
|V (To)| — b(Th) + p(Tp). Also, b(T1) = b(T") — 1 and, since by is an endbranch vertex,
p(Ty) < p(T).
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U3

V2

Figure 6.20: A tree with end-branch vertex by which is dominated but not overdomi-
nated by a leaf. Here vy and v3 are either leaves or have degree 2. All leaves in L(by)
dominate by. There is a leaf y ¢ L(by) such that either f(y) = d(y,by) (Case 2.1) or

f(y) = d(y,v;) (Case 2.2).

We consider two subcases, depending on whether some vertex in 7T} dominates by

or not.

Subcase 2.1: No vertex in 77 dominates by. Let f; = f 1 T} and define g; by
g1(bo) =1 and ¢y(x) = fi(x) otherwise. Let go = f 1 To. We have

o(g0) + 0(g1) =1 =0(f) >n—=b(T)+ p(T)
> [V(To)| + V(1) =1 = (b(T7) + 1) + p(T1)

and so

o(g0) +0(g1) > [V(To)| + [V(T1)| = b(Th) + p(T1) — 1. (6.11)
But by the induction hypothesis,

o(g1) < ap(Th) < [V(T1)| = b(T1) + p(T1)
while o(g0) = apn(To) = |V (To)| — 1, which gives

o(g0) + o(g1) < [V(To)| + [V(T1)] = b(Ty) + p(T1) — 1,

which contradicts (6.11).
Subcase 2.2: Some vertex y in T} dominates by. Since V;" C L(T)) (Statement 6.8)
y is a leaf. Since (by assumption) v; does not lie on a by — [ path for any [ € L(b),
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the v; — y path contains a branch vertex; let ¢ be the branch vertex on this path
nearest to vy. By our choice of f, y does not overdominate by. Hence by € By(y)
and f(y) = d(bo,y) = d(v1,y) + 1. As shown in Case 1, no leaf overdominates a
branch vertex by exactly 1, hence vy is not a branch vertex and therefore ¢ # v;. By
Corollary 6.1.13 , f(y) > d(c,y) + 3 and By(y) consists of a single non-leaf vertex.
But by € Bf(y), hence Bf(y) = {bo}. This, however, implies that y dominates all of
Ty, otherwise Bf(y) would contain another vertex. For i = 0,1, define ¢g; = f 1 T;.
We now have that o(g;) = f(y) = en,(y) < diam(Ty) < |V(Ty)| — b(T1) — 1 (by
Proposition 6.1.14), hence

a(g0) +0(g1) < |V(To)| = 1+ [V(T1)]| = b(Th) = 1 = [V(To)| + [V (T1)[ = b(T1) — 2.
However, since p(Ty) = 0, p(T1) < p(T) and b(T) = b(Ty) + 1,

a(go) +o(g1) = a(f) >n—0b(T)+ p(T)
> |V(To)| + |V(T1)] — 1 — (b(Ty) + 1) + p(Ty)
= [V(To)[ + [V (T1)| — b(T1) + p(T3) — 2.

This contradiction concludes the proof of Subcase 2.2 and thus the proof of Case 2.

Hence no v € Be,4(T) is dominated without being overdominated.

Each end-branch vertex that is dominated by a leaf [ is overdominated by more

than 1 by [. By Corollary 6.1.13, only one case remains to be considered.

Case 3: There exists a vertex by € Benq(T) that is overdominated by a leaf [ and
f(l) > d(l,b) +2. Let L(by) = {l1,...,Ilx}. Since by is an end-branch vertex, k >
2. There are two subcases: | € L(by) or | ¢ L(by). In either case, by Corollary
6.1.13, Bs(l) = {v} for some vertex v. Let v’ be the vertex on the v — [ path such
that d(v,v") = 2. By Corollary 6.1.13, deg(v') = 2. Form two subgraphs of T' by
reconnecting v’ to each component of 7' — {v'} in the obvious way. Let T} be the
component which contains [ and let 75 be the subgraph which does not contain I.
Let f; = f 1 T; for i = 1,2. Notice that the v" — v path is not fo-dominated.
Extend fy by creating a broadcast f} on Ty with fi(v') =2, f5(z) = fo(x) otherwise.
Since f is a bn-independent broadcast and Ny, (v') C Ny(1), f; is bn-independent and
o(f2) +2=0(f3) < apa(T2).

Suppose [ € L(by). Without loss of generality, say | = [;. Since Bf(l;) = {v}, 1
dominates T;. (And since fi(l) = er, (1) +2, f1 is not a valid broadcast on T}). Define
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a new broadcast f| on Ty with f](y) = d(y,bo) for all y € L(by), fi(v") = d(v',by)
and fi(z) = 0 otherwise. For all 1 <i,j <k, i # j, Np(l;) N Np(l;) = By (l;) N
By (l;) = {bo} and Ny (l;) N Ny (v') = By (l;) N By (v') = {bo}. Hence, f] is a bn-
independent broadcast (It is possible that f] is not maximal). Since d(v,v") = 2 and
o(fi) = fillh) = d(l,v") +2 = fi(ll) + f1(v)) +2, o(f{) = 0(f1) =2+ k—1. And since
k>2 0(f1) <o(f])+3—k<o(f])+1< ap(Ti)+ 1. Further, both graphs have
fewer vertices than T and b(7}),b(T3) < b(T). Hence, by the induction hypothesis,
o(f2) < V(Ty) = b(T0) + p(Ty) + 1 and o(fs) +2 = o(f3) < V(Ty) — H(T) + p(Ty).

Hence,
o(f1) +o(fo) < V(TY) + V(Ty) — b(Ty) — b(Ty) + p(Ty) + p(Ts) — 1.

Since L(T) C L(T1) U L(T3), p(T) > p(T31) + p(T3). And, since deg(v) = 2, B(Ty) +
B(Ty) = B(T). Hence,
o(f)=o(fi)+o(f2) <V(T)+1-b(T)+p(T) -1

contradicting our choice of f.

Suppose that [ € L(b) where b # by. Since | overdominates by, Corollary 6.1.13
implies that [ overdominates L(by). In this case, make a new broadcast h; on T} with
hi(l) = d(l,b), hy(ly) = d(l1,b) , hy(v") = d(v',b) and h(z) = 0 otherwise. Note that

th(l) M N, (ll) = Bp, (l) N Bh2(l1) = {b}7

Nps (1) N Nay (V') = By (1) N By (v') = {0}

and
Nh2(vl) N Nh2(l1) = th(vl) n th(ll) = {b}

Hence h; is a bn-independent broadcast and o (hy) < ap,(11). Since by # b, hq(l1) > 2.
Also, hy(l)+hy(v')+2 = fi(l). Hence, o(hy) > o(f1) and by the induction hypothesis,

o(fi) +o(fa) < o(hi) +o(fo) <V(T1) + V(T2) = b(Th) — b(T2) + p(T1) + p(T2) — 2.

As before, p(T') > p(T1) + p(T») and B(Ty) + B(1z) = B(T). Hence,

o(f) =o(fi)+o(f2) <V(T)+1=b(T)+ p(T) -2
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contradicting our choice of f.
This final contradiction shows that the end-branch vertices of our counterexample
are not dominated. But all ag,-broadcasts are dominating. Hence no counterexample

exists and the statement holds. [J

There exist trees for which strict inequality holds in the bound in Theorem 6.1.16.
Consider the tree T' in Figure 6.21, for example. The vertices in Ry are indicated in
red; p(T) =4, b(T) = 10 and |V(T)| = 22, so the bound is a,(7T) < 16. However,
if we broadcast with a weight of 1 from each blue or blue circled vertex we get a bn-
independent broadcast with a weight of 15. By considering all possible bn-independent
broadcasts where leaves only hear leaves, it can be shown that indeed ay,(T) = 15.
The vertices in red make up Ry and the circled vertices form a maximum independent

set of G[Rr|, the subgraph of T induced by Ry. This raises the following question.

Question 6.1.17. Is it true that for any tree T of order n and b(T) > 1, ap,(T) <
n—b(T)+ a(G[Rr])?

Figure 6.21: A tree T' with o, (7)) = 15 <n—b(T) + p(T') = 16. While T falls below
the bound of Theorem 6.1.16 it meets our conjectured bound ay,(7) = n — b(T) +
a(G[Rr]) =22 — 10+ 3 = 15.

6.1.4 Lower bound for o, (7))

A broadcast of strength diam(G), from a peripheral vertex, is a bn-independent broad-

cast. Thus diam(G) forms a lower bound for ay,(G) for all graphs. For trees, equal-
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ity holds for paths but for trees with branch vertices the inequality is strict. Let P
be a diametrical path of such a tree. Then P has a branch vertex b. Let u be a
neighbour of b not on P and let v and w be leaves of P. Define f by f(u) = 1,
f(v) = d(v,b), f(w) = d(w,b) and f(x) = 0 otherwise. Then f is bn-independent
and o(f) = d(v,w)+1 = diam(G)+1. Hence ay,(T) > o(f) > diam(G). We prove a
better lower bound for oy, (T) in Theorem 6.1.18. For i € {0, ...,b(T)}, define subsets
of B(T') by

B(T) = {be B(T) : |L(b)| = i}, and
Boi(T) = {b € B(T) : |L(b)| = i}.

Then By U By U Bss is a partition of B(T'). We also partition the set W (T") of
vertices of T with degree 2 into two subsets, W, (T") for the external vertices of degree

2, and W;(T) for the internal vertices of degree 2, as follows:

W (T) = {ueV(T):deg(u) =2 and u lies on an [ — b path
for some b € B(T) and some [ € L(b)}, and
Wi(T) = W(T) = We(T).

Note that Byo(T) U B1(T') = Ryr. For any branch vertex b, let T}, be the subtree of T’
induced by all the b—1 paths from b to leaves [ € L(b). Then T, = K, if b € Bo(T), T}
is a path of length d(l,b) if b € By(T') and L(b) = {l}, T} is a path of length d(l;,b) +
d(la,b) if L(b) = {l1,l2}, and T} is the generalized spider S(d(l1,b),,...,d(ly,b)) if
L(b) = {li,....Ix}, k > 3. Define G;;u(T'), the interior subgraph of T, to be the
subgraph of T induced by Bo(T) U By(T) U Wi(T'). Alternatively, G;,.(T) is the
subgraph of T" obtained by deleting the vertices of T}, for each b € B>o(T'), and the
b — [ path (except for b) if b € By(T) and L(b) = {l}.
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b

be
? b4
A&
Figure 6.22: A tree T' with the vertices of W;(T') coloured blue, By(T") coloured orange,
By (T) coloured red, B>s(T) coloured black, and W,(T) and the leaves uncoloured.

The subgraph Gy,(T') is induced by the blue, red and orange vertices. A maximal

independent set of G;,,;(T") is given by the vertices which are circled in green.

Theorem 6.1.18. If T is a tree of order n such that b(T') > 1, then
ap(T) 2 n = b(T) — [Wi(T)| + a(Gine(T)).

Proof. It is sufficient to define a bn-independent broadcast f on 7" such that o(f) =
n—0(T)— |Wi(T)| + a(Gint(T)). To do this, let X be any maximum independent set
of Gint(T) and let Y = By(T) — X. The definition of f below is illustrated in Figure
6.23.

(1) For each vertex b € B>o(T) UY and each leaf [ € L(b), let f(I) = d(b,l). Then
Usz(b) Nf(l) = V(Tb) and ZZEL(b) f(l) = |V(Tb)| -1

(73) For each vertex b € X N By(T') and the leaf [ € L(b), let f(I) =d(b,l)+ 1. Then
Ny(l) = V{Ty) UN () and £(0) = V(T3]

(#13) For each vertex v € X N (By(T) U W;(T)), let f(v) = 1.

(1v) Otherwise let f(v) = 0.
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ofy=" >, (VIm)I-1D+ DY V(@) + XN (Bo(T)UWi(T))

beBEQ(T)UY bEXﬂBl(T)

= > (VM) =)+ X0 B(T)| + X 0 (Bo(T) U Wy(T))|
bEBZl(T)

= Y (VD) -1+ X,
beBZl(T)

Since the expression Y . p_ () (|V(T5)] — 1) counts all vertices in all subtrees T}, ex-
cept the branch vertex itself, and T, = K; if b € By(T),

Y. (V@) =1) =n—b(T) — |Wi(T)],

beEB>(T)

from which we obtain

o(f) =n—=b(T) = [Wi(T)| +|X]|
=n—b(T) — [Wi(T)| + a(Gine(T))-

If f is not bn-independent then there are two vertices u,v € ij such that, for some
edge xy € E(T), {u,v} C Hy(x)N H(y). By the construction of f, u satisfies (4), (i)
or (i11).

Case 1: Suppose u satisfies (). Then u € L(b;) and f(u) = d(u,b;). Hence f(v) >
d(v,b;) + 1. We show that this is not possible. Suppose v € L(b;). If b; = b;
then f(v) = d(v,b;) = d(v,b;) < d(v,b;) + 1. If b; # b; then by construction of f,
f(v) =d(v,b;) + 1, hence f(v) < d(v,b;) + d(b;, b;) = d(b;,v) < d(v,b;) + 1. Finally,
suppose v € X N (By(T) UW;(T)). By construction of f, v # b; and f(v) =1, hence
f(v) <d(v,b;) < d(v,b;) + 1, a contradiction.

Case 2: Suppose u satisfies (i7). Then u € L(b;), b; € X and f(u) = d(u,b;) + 1.
Hence, f(v) > d(v,b;). Case 1 has already shown that v does not satisfy (). Hence
either v € L(b;), b; € X and f(v) = d(v,b;) + 1, or f(v) =1and v e X N (By(T) U
Wi(T)). As f(v) > d(v,b;), either b; € N(b;), or v € N(b;), which contradicts the
fact that X is an independent set.

Case 3: The only remaining possibility is that u,v € X N (By(T) U W;(T)). In this
case f(u) = f(v) = 1, hence d(u,v) = 1 which contradicts the fact that u,v € X, an

independent set.
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This exhausts all possible cases, hence f is bn-independent and we have a lower
bound for ay,(T). O

A tree with the broadcast described in the proof of Theorem 6.1.18 is shown in
Figure 6.23.

4
4
3
) 4
1
1
Bed
be 2
1
bs ba(1)
bs
2
1
3

Figure 6.23: A tree T with a bn-independent broadcast f as described in the proof
of Theorem 6.1.18. Note that n — b(T) — |Wi(T)| + a(Gin(T)) =33 -6 —4+4 =
o(f) =27 < ap(T) < n—[b(T)] + p(T) = 33 —6+3 = 30. The vertices by
and bg form a maximal independent set on V(G[Ryr|) = {bs,bs, b2}. Hence o(f) <
n—b(T) + a(G[Rr]) = 33 — 6 + 2 = 29 and our conjectured upper bound also holds.

We have therefore proved the main result of this dissertation, as stated below.

Theorem 6.1.19. For any tree T,
n—>0(T)—Wi(T)+ a(Guu(T)) < ap(T) <n—b(T) + p(T).

Proof. Apply Theorem 6.1.16 and Theorem 6.1.18. [

Corollary 6.1.20. IfT is a tree of order n such that b(T) > 1 and W;(T) = &, then

n —b(T) + a(G[Ry]) < apn(T) < n — b(T) + p(T).
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Proof. If W;(T) = @ then G;+(T) is the subgraph of T induced by G[Rr] and the

result follows from Theorems 6.1.19. OJ

6.1.5 Exact formula for large classes of trees

If our conjectured upper bound holds then Corollary 6.1.20 gives us an exact formula
for trees T' with b(T) > 1 and W;(T) = @, namely, o, (T) = n — b(T) + a(G[Rr]).
Next, we use Corollary 6.1.20 to determine a,(7") exactly for subclasses of the above

mentioned of trees:

Corollary 6.1.21. If T is a tree of order n such that b(T) > 1, Wi(T) = @, and
Ry = @ or G[Ry] = K, for some integer s > 1, then ay,(T) = n — b(T) + p(T).

Proof. If Ry = @ or G[Ry] = K, for some integer s, then o(G[R7]) = |Rr| = p(T)
and the result follows from Corollary 6.1.20. [

We now determine a formula for ag,(7") where T is a tree with exactly two branch
vertices. We use this result to show that there exist trees such that ay, lies strictly
between the upper bound in Theorem 6.1.16 and the lower bound in Theorem 6.1.18.
Of course, none of these trees have W;(T') = &, and all support a positive answer to
Question 6.1.17. Recall that loss(b) is defined on page 89.

Theorem 6.1.22. Let T be a tree with order n and branch number b(T) = 2. Let by, by

be the two branch vertices. Then ap,(T) =n — 1 — min{ [M} ,loss(by), loss(by) }.

Proof. Let f be an ay,-broadcast on T in which each non-leaf vertex is either dom-
inated by a leaf, or it is dominated by a broadcast of strength 1. The broadcast f
exists by Theorem 2.3.14. Of all such broadcasts, let f have the minimum number of
overdominated branch vertices. By Lemma 2.3.12, each leaf is dominated by a leaf.
Further from all such broadcasts choose a broadcast f such that Corollary 6.1.13
applies.

Label the path joining the two branch vertices P: by = vg, vy, ...vpy = bs. Notice
that d(by, be) = k. In an ag,-broadcast all vertices are dominated. If k£ = 1 then there
are no internal vertices on P and by Corollary 6.1.21, ap,(T) = n — b(T) + |Rr| =
n—2=mn-—1-—min{ (M},loss(bl), loss(bg)}. If k # 1 then we examine the way
in which the interior vertices of P are dominated. Let P, : vq,...,v,_1 be the path

induced by the internal vertices of P. There are two possibilities for dominating P;,;.
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Case 1: Suppose that no vertex in P;,; is dominated by a leaf in f. Since f has
maximum weight, by Lemma 6.1.10, for every leaf x € L(b;) we have f(x) = d(x,b;).
Similarly for every leaf y € L(by), we have f(y) = d(y,b2). For i € {1,2}, let T;
be the subtree induced by all vertices on b; — [ paths for all [ € L(b;). Notice that
f(T;) = V(T;) — 1 for i = 1,2. Since T} and T3 are already dominated, the vertices
on P,,; are dominated by the vertices on P;,;. Hence a maximum broadcast coincides
with a maximum dominating set of P, which has size a(P;,) = [£]. Hence the
weight of fis o(f) =V(T1) + V(Tz) =2+ [E2 ] =n—2— [t =n—-1- (M]
Case 2: A leaf x dominates some or all of the vertices on Pj,; and thus overdominates
a branch. Assume without loss of generality that z € L(by). Since |L(by)| > 2,
statement (i) of Corollary 6.1.13 does not apply to x. Thus statement (ii) of Corollary
6.1.13 applies and By(z) = {v} where v is a vertex on P,,;. Hence,  overdominates
L(by) — {x}.

Let v; be the vertex on the path P such that By(x) = {v;}. First, we show that
j # k—1. If y € L(bg) then, since |L(by)| > 2, by Corollary 6.1.13, y does not
overdominate by by exactly 1. Hence, if j = k — 1 then {vy_1} = PBs(z) = By(v)
and f is not maximal. If j < k — 1 then by our choice of f and because f is dom-
inating, vy is either dominated by t € {v;;1,v;42} or by a leaf I’ € L(by). In the
first case, the broadcast g with g(x) = d(x,t)+1, g(t) = 0 and g(x) = f(z) otherwise
has greater weight than f, and Ny(x) C N;(t) U Ny(z). Hence, g is bn-independent
and violates the maximality of f. In the second case, Corollary 6.1.13 (ii) applies
to I, hence I' overdominates L(by) — {I'} and f(I') = d(l',v;), f(x) = d(x,v;) and
f(u) = 0 otherwise. Make a new broadcast g; with ¢;(y) = d(y, b2) for all y € L(bs)
and g;(x) = d(x,by) and g;(z) = 0 otherwise. For all {w,w'} € V,* such that w # w/,
Ny, (w) N Ny, (w') = {be} = By, (w) N By, (w'), hence ¢; is bn-independent. Since
g1(z) + g1(l) = f(x) + f(y) and |L(b2)| > 2, 0(g1) > o(f) and g; violates the maxi-
mality of f. Hence if f overdominates b; then f(z) = d(z,by). If d(z,b;) < max(b;)
then let 2’ be a leaf such that d(z’,b;) = max(b;). Create a new broadcast ¢; with
gi(z) =0, gi(2') = d(a’,by) and g} (u) = g1(u) otherwise. Since d(z,b;) < d(z',by),
a(g)) > o(g1). Notice that Ny (2') = Ny, () and all other boundaries are unchanged.
Hence ¢ is bn-independent and contradicts the maximality of g;. Hence we assume
that d(z,b1) = max(by). If loss(by) > f%} then the broadcast from Case 1 has
greater weight than f. Hence we only choose this broadcast if loss(b;) < (@1
And finally, by symmetry, we have ap,(T") = n — 1 — min{loss(b;), loss(by)} where

d(b1,ba)

min{loss(b;),loss(by)} < [=572]. These are the only cases, thus our result holds. [
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Theorem 6.1.22 allows us to determine a special class of trees T' for which ay,(T)

lies strictly in between our upper and lower bounds.

Corollary 6.1.23. Let T be a tree with branch number b(T) = 2. Let by, by be the

two branch vertices. Let 2 <loss(by) < loss(by) < (MW Then

0 = b(T) = [Wi(T)| + a(Gint(T)) < am(T) < n— b(T) — p(T).

Proof. For a tree T with branch number b(7") = 2, p(T') = 0. Hence the upper bound
becomes n—2. Also G4 (T) and W;(T) are both equivalent to P, as described above
in the proof of Theorem 6.1.22. Hence n—b(T) — |W;(T)| + a(Gipue(T)) = n—2— (k—
D+ =n—-2-5=n-1- [M} By Theorem 6.1.22 and our choice of
T,n—1-— (@W <n—1—=loss(by) =am(T)<n—-3<n—>b6T)—p(T)=n—2.
[

Figure 6.24, shows an example of a tree for which o, (7") lies strictly between the

bounds of Theorem 6.1.22 and Theorem 6.1.18.

7 2
by by

Figure 6.24: A tree T' with b(T) = 2, |Rr| = 0, [Wi(T)| = 4 and a(G;u(T)) = 2.
Hence 10 = n—b(T)—|Wi(T)|+a(Gine(T)) < 0(f) = 11 = apn(T) < n—=b(T)+p(T) =
12.

Remark 6.1.24. For the trees of Corollary 6.1.23, by, by € B>o(T'), hence Ry = ()
and ap,(T) < n —b(T) + «(G[Rr]) = n—b(T). So for these trees, the answer to
Question 6.1.17 1s yes and the inequality is strict.

For another example of a subclass of trees which meet our lower, upper and conjec-
tured upper bounds, we consider a subclass of the caterpillars studied by Ahmane et
al in [2]. Recall that a caterpillar is a tree with a diametrical path P : vy, vg, ...v,, such
that every vertex is either on the path or adjacent to a vertex v; where 2 <7 <m—1.
A trunk is a vertex of degree 2 on the spine of the caterpillar and for the all spine

vertices v;, where 2 < i < m — 1, \; = deg(v;) — 2. Ahmane et al calculate ay,(T)
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for all caterpillars T" with no two adjacent branch vertices. Corollary 2.3.28 adapted
from Ahmane et al. [2] gives one of their results and states: For T, a caterpillar with
Ai >3or )\ =0forall 2<i<|diam(7)| —1 and with 7(7") trunks, no two adjacent,

| diam(T')|—1
an(T)= Y, N+7(T)+2
=2

For such a caterpillar with the additional condition that Ao, \,,_1 > 3, a broadcast f
which meets this bound and has VfJr = Vf1 where all leaves and all trunk vertices are
broadcasting with a strength of 1 and none of the branch vertices are broadcasting.
Hence oy (T') = n—b(T). Recall that an h-independent broadcast f with V" =V} is
also bn-independent. Also, recall that ay,(G) < a,(G). Hence, for these caterpillars,
ap,(T) = n — b(T). Since, for all 2 < i < diam(7') — 1, either A; > 3 or deg(v;) = 2,
every branch vertex has at least 3 leaves. Hence p(T) = 0 and Ry = (. Also
V(Gint|T]) = Wine(T) = {v : v is a trunk of T'} and since no two trunks are adjacent
|Wint(T)] = a(Gint[T]). Hence ap,(T) =n—b(T) =n—b(T)+ p(T) =n—0b(T) —
|(Wi(T)| + a(Gie|T]) = n — b(T) + a(Rr). In this specific case, it is also true that
ap(T) = ap(T) = o(T).

This result can be generalized to give an exact formula for ay,(7") for another

category of trees:

Corollary 6.1.25. Let T be a tree such that p(T) = 0 and |W;(T)| = a(Gim(T)).
Then
ap(T) =n —b(T).

Proof. From Theorems 6.1.16 and 6.1.18, n — b(T) — |[Wi(T)| + a(Gine(T)) <
apn(T) < n—0b(T)+p(T). And since both bounds equal n—b(T") the result follows. [

Any tree in which p(T) = 0 and G[W;(T)] = K, for s > 0 will satisfy the conditions
of Corollary 6.1.25. Notice, the trees in Corollary 6.1.25 also meet our conjectured
upper bound.

We give an example of how Theorem 6.1.16 can be used to write an algorithm to
output an ay,-broadcast for all trees for which B(T) is isomorphic to a particular tree.
Algorithm 1 outputs an ay,-broadcast for a trees with B(T) = K, k > 2. Note
that sometimes the algorithm outputs the broadcast described in Theorem 6.1.18 and
thus meets the lower bound. However, this is not always the case and for many trees,

Algorithm 1 shows that ay,(T) lies strictly between the two bounds.
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For a tree with B(T') = K, k > 2, let by be the central branch vertex of B(T)
and by, ...b; be the end-branch vertices of B(T). Let T; be the subtree induced by
all vertices on a x — b; path where z € L(b;). Sometimes it is advantageous for
[ € L(bj), bj # by to overdominate by and all but one of the other end-branches
and the associated T;’s. For example, suppose there is an end-branch vertex b; with
relatively large loss(by) and large d(by, bg) . If a leaf in L(b;) dominates with strength
d(l,by) + d(by, by), to take advantage of the large d(by, by ), then it must dominate all
other leaves of L(by). Hence, the broadcast loses out on the large loss(b;). In this case,
the ay,,-broadcast might use a leaf from another branch vertex b; to dominate T — T
with a strength of max(b;)+d(b;, by)+d(bo, b1) and let all leaves of b; dominate by. This
will give a broadcast of weight o(f) = V(1) — 1 + max{d(z,b,) : x € L(T) — L(T1)}.

See Figure 6.25 for an example.

Figure 6.25: A tree T" and broadcast f with o(f) = V(T1) — 1 + max{d(z,b,) : x €
L(T)—L(Ty)}. Here by has relatively large loss(b;) = 7 and large d(b1, by) = 9. Hence,

to get the maximum weight bn-independent broadcast y € L(by) overdominates T'—1T7.

An Algorithm for producing an «,-broadcast on a tree with B(T) = K, .
The following data specifies the tree and is required for the algorithm:

1 Let k be the number of non-central branch vertices.
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2 Let by be the central branch.

3 Label the k non-central branch vertices by, bs...by, such that d(by, by) > d(ba, by) >
> d(by, by).

4 Input d(bo, bo), d(bl, bo), d(bg, bg), ey d(bk, b())
5 Label the vertices of each b; — by path b; = v;, ..., Vi a(vo,5:) = bo-

6 For 0 < i < Fk, label the vertices of L(b;) : @1, ..., TiLw,) such that d(x;;,b;) >
Z d(xz|L(bl)\; bl) and let li,j = d(%@j, bz)

7 Let | = max{|L(b;)|:i=0,...,k}.

8 If |L(b;)| < [ then let [;; = 0 for all j such that |L(b;)] < j < I for all i =
0,1,.... k.

The input data in matrix form is

d(bo, bo) log .. loy

d(bo, bk) lk,l <. lk,l

where the entries of the leaf matrix are increasing in value along the rows except in
the case of [;; = 0. And the entries of the branch matrix increase moving down the

column.

Begin Algorithm 1

Input Data: The d(by, b;) and [; ; matrices, k, [ and |L(bo)|

Procedure: An ay,-broadcast on a tree with B(T') = K

BROADCAST=%b, is overdominated by more than 2”

CHOICE=0 % It is possible for by to be broadcasting or overdominated by 1 only if
CHOICE=0 or 1.

COUNTER =|L(bo)| % If |L(bo)| > 1 then by will not broadcasting or be overdomi-
nated by exactly 1.

EQUAL=0 % If max(b;) + d(b;, bp) = sum(b;) + [%1 then it is possible that x;

could overdominate by by exactly 1.
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% The following section determines x; which is the maximal weight for covering
the L(b;) — b; paths and the b; — by path given that by is neither broadcasting nor
overdominated. The COUNTER is used to determine whether or not the conditions
for “overdominating by by 1 ” are met. If |L(bg)| > 1 then by is not overdominated by
exactly 1. Also, every time the broadcast to cover the L(b;) — b; — by paths requires
dominating from [;; with a strength of l;; + d(b;, by) the counter is incremented by 1.

If |L(by)| > 0
l
Then let zy = > ly; and label(zy) =1

j=1
Else label(zg) =2 % by has no leaves.

For 1 <<k
! d(bs,bo)
If li o+ d(bisbo) > 32 Ui + [T5)
i—1

J]=

Then z; = 1,1 +d(b,by) and label(x;) = 1.
!
Else z; = 21 Ly + | 2bo) | and label(z;) = 0.

If CHOICE < 1
Then
If Label(z;) =1
Then Increase COUNTER by 1
If COUNTER > 1
Then CHOICE=2 % by will not be overdominated by 1.
Else
If d(by,b;) =0 (mod 2)
Then Increase CHOICE by 1
If CHOICE=1 l
Then If I, + d(b;, by) = 3 1 + | 20t |
j=1

Then EQUAL =z,

Else CHOICE=2
% In our base broadcast, the vertices on the by — b; path cover themselves and by’s
neighbour on the path is broadcasting. Hence, it will not be advantageous to over-
dominate by by any vertex other that x;;.

Increment 7
ENDFor
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% Next we determine whether or not by will be overdominated by at least 3. Sup-
pose a leaf z;; overdominates by by 3 or more. To maximize the broadcast, : = 1.
Corollary 6.1.13 and Lemma 6.1.11 imply that exactly one branch, say b, is not over-
dominated by x;;. What we can gain with this choice of broadcast is the ability to
capture both loss(b,,) and d(b,,by) in our broadcast weight. What we lose from the
weight is all z; for 0 < i < k, i # n,t and loss(b;). Recall that our labeling choice
guarantees that d(by,by) > d(be,by) > d(b;, by) for all 0 < i < k, i # 1,2. Hence, if f,
is greater than fi, fo, and f3 then either x1; overdominates by and B(x11) = {bs} or
x4, t # 1, overdominates by and B(l;;) = {b1}. Below x; is the leaf that overdomi-
nates by and B(y) = b,.

Let y = max{l;; + d(by,b;)} for 0 <j <k, j#1

Let t = the smallest J such that y =11+ d(bo,bj).

If min{[4C4%)], z L} > S (o) — oy — d(by.bo)
j= i#1,1=0

Then b, = b;.

Else

If mmﬂd(b2 bo)7. Z lo;} > #z: 0<33z) — b1 — d(b1, bo)

then b, = by, y = l1,1 + d(bg,by) and t = 1.
else set BROADCAST= ATMOST 1.
If BROADCAST="b, is overdominated by more than 27,
Then output fy(z) with the assigned values for n and ¢ and EXIT.

d(z,b,) : ifx=ux,,fori=1..|L(b,)|
fa(z) = < d(x,b,) : ifz= Ti1

0 : otherwise.

Else % by will be dominated by at most 1. Next we make the base case for ATMOST
1.
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d(z,by) : if label(x;) =1 and x = x;,

d(z,b;) - if label(z;) =0 and x = z; j, for 1 < j <|L(b;)],
filz) =41 . if label(z;) =0 and = v;; and j =1  (mod 2)
for 1 <j < [L(b;)l,

0 : otherwise.

If CHOICE=2
Then output f1. % fi(by) = 0 and by is not overdominated.
Else Y% (CHOICE< 1)
If CHOICE=1
Then If COUNTER =0
Then let label(EQUAL) =1
Else Do nothing. % COUNTER = 0 and there will be exactly

one x; with label(z;) = 1.

then Define f;

folz) = fi(z)+1 :If label(xz;) =1 and = x4

fi(x) : otherwise.

Output f3(z) and Print “by is overdominated by 1.” and EXIT.
Else (CHOICE =0) % In this case, COUNTER= 0, L(by) = () and for

!
all 1 <@ <k, o= > l;+ L@J where d(bg,b;) = 1 (mod 2) . A bn-broadcast
j=1
does not overdominate by by 1 and f; does not dominate by. Hence, by will dominate
itself.
Define f,
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Output fo(z) and Print “by is broadcasting.” and EXIT.

END Algorithm 1

The following lemma, Lemma 6.1.26, gives a relationship between an ay,-broadcast
f on a tree T and the broadcast f ] T; where Tj is a certain subtree of T'. The lemma
is used in Theorem 6.1.27 to approach the generation of an «,-broadcast on a tree T’
such that B(T') = K, on a case by case basis and to show the validity of Algorithm
1.

Lemma 6.1.26. Let f be an ap,-broadcast on a tree T'. For any v € Vf+, let'T;, ..., Ty
be the k components of T — N¢(v) and let v; be the vertex in T; such that v; has a
neighbour in N¢(v). The broadcast f; = f 1 T; is a mazimum weight bn-independent
broadcast on T; given the restriction that f(v;) < 1 and v; is not overdominated by
more than 1. Conversely, if we require f(v) = ¢ > 0 and f is a broadcast such
that f; = f 1 T; is a maximum weight bn-independent broadcast on T; under the
restriction that f(v;) < 1 and v; is not overdominated by more than 1 then f is a

maximum weight bn-independent broadcast on T under the restriction that f(v) = c.

Proof. If T'— Ny(v) = () then the result is trivially true. Let T; be a component of
T — N¢(v). Since f is bn-independent and v; has a neighbour in Ny(v), f(v;) < 1. It is
clear that T; inherits bn-independence from T'. Hence f; = f 1 T; is a bn-independent
broadcast on T;. Suppose that g was a bn-independent broadcast on T; such that
g(v;) < 1 and v; is not overdominated by more than 1 and o(g) > o(f;). Define a new
broadcast on T with ¢'(z) = g(z) if z € T; and ¢'(x) = f(x) otherwise. Since ¢'(v;) <
1 and g does not overdominate v; by more than 1, [Ny (T —T;) N Ny (T;)| < 1. Hence,
g' is bn-independent. Notice that o(¢') > o(f) which contradicts the maximality of
f. The result follows.

To see the converse suppose that there exists a broadcast f as described but f is
not maximal bn-independent for the given restrictions. Hence, there is a broadcast ¢
with g(v) = c and J( )>o(f). Let g =g 1 T and f/ = f 1T, fori=1,.... k. Notice

that o(g) = ()+Z o(gi) > o(f) = ()+Z o(fi). By design, g(v) = f(v), hence,

by the pigeonhole pr1n01p1e there exists j such that 1 < j < k and o(g}) > o(f}),
which contradicts the choice of f. [

Theorem 6.1.27. Let T be a tree such that B(T) = Ky with k > 3. Algorithm 1

produces an Qu,-broadcast f on T.
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Proof. There are three steps to prove that the algorithm is correct. First, we limit
the structure of our broadcasts so that any maximal bn-independent broadcast on any
tree can be placed into one of four different categories. Second, we show that each of
the four broadcasts from the algorithm, fi, fo, f3, and f4, correspond one to one to
each of these four possible categories. Third, we show that Algorithm 1 outputs the
correct category of ay,-broadcast given the structure of the input tree.

Let T be a tree as described in the theorem statement. Of all «y,-broadcasts on
T such that f(v) =1 or deg(v) = 1 or both, for each v € V¥, let f be one with the
fewest overdominated branch vertices. Such a broadcast exists by Theorem 2.3.14.
Further, ensure that f is a broadcast such that Corollary 6.1.13 applies. Let by be
the central vertex of the star B(T') and label the remaining branch vertices by, ..., b.
Lemma 6.1.11 and Corollary 6.1.13 imply that, for 0 < i < k, any leaf [ € L(b;) that
overdominates b; must also overdominate all leaves in L(b;) and there must be at
least one branch which is not overdominated by [.

For 1 < i < k, label the vertices of each b; — by path b; = v;g, ..., Vi da@e,b) = bo-
For 0 <4 < k, label the vertices of L(b;) : i1, ..., TjjL@,) such that d(w;;,b;) > ... >
d(xi s> i) and let I; ; = d(x;;,b;). The values max(b;), sum(b;) and loss(b;) are as
in definitions 6.1.7, 6.1.8 and 6.1.9. Next we define x;, label(x;), z; ; and [; ;. Notice

these are the same variables as in Algorithm 1.

| L (bo)|
Let Ty — Z loj
j=1

If L(by) # 0 then let label(xy) = 1 otherwise let label(xy) = 2.

Fori=1,.. k, if

d(b;, b
max(b;) + d(b;, by) > sum(b;) + | ( ) 0>J
then let
x; = max(b;) + d(b;, by)
and if -
max(b;) + d(b;, by) < sum(b;) + | ———= d(bs, O)J
then let

r; = sum(b;) + [ ——— (b“bo)

J.
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Fori=1,..k:
If z; = sum(b;) + Ld(bz—bD)J then let label(x;) = 0.

If ; = max(b;) + d(b;, by) then let label(x;) = 1.

There are four possible cases for f. One case occurs when by is broadcasting. If b
is not broadcasting then since maximal bn-broadcasts are dominating, by our choice
of f, Corollary 6.1.12 gives us three other types of broadcasts: by is dominated but
not overdominated, by is overdominated by 1 or by is overdominated by more than 2.

In three of our cases, the broadcast overdominates by by at most 1. Algorithm 1
first checks the conditions which determine whether the broadcast overdominates by by
at least 3. If the conditions are not met then it will assign BROADCAST=ATMOST
1 and it proceeds to choose between fi, fo or f;3. Otherwise, the conditions are met
and it assigns BROADCAST="b, is overdominated by more than 2” and outputs f;.
This latter broadcast is covered in Case 4 where we will also show that the algorithm

chooses correctly.

Assuming that our ay,-broadcast overdominates by by at most 1, we choose be-
tween Cases 1, 2 and 3 corresponding to fi, fo and f3 respectively:
Case 1: Suppose that f(by) = 0 and by is dominated but not overdominated. Let T;
be the component of T" — by which contains b; for i = 1, ...,k and let T be the com-
ponent(s) which contains no branches (i.e. the paths from by to L(by) minus by). Let
T! be the subtree made by adjoining by to 7; in the obvious manner. Let f/ = f 1 T7.
By Lemma 6.1.10 and the choice of f, to meet the condition of maximality, f is a

broadcast such that o(f/) = z; for all 0 < i < k. For an example see Figure 6.26.

k
Hence, o(f) = > ;. This is the “base function for ATMOST 1 broadcasts” from
=0

Algorithm 1. Algorithm 1 outputs this function if the tree fails the conditions for all
other cases. In this case, f = f; which is defined, for 0 <17 < k, as follows:

d(z,b;) if label(x;) = 0 and = € L(b;)
L) 1 if label(z;) =0 and z = v;; and j =1 (mod 2) for 1 < j < d(bo, b;)
1\r) =
d(z,b;) +d(b, by) if label(z;) =1 and © = x;;.

0 otherwise.
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k
Figure 6.26: A tree with an ay,-broadcast f; with o(f;) = > z;.
i=0

Case 2: If by is broadcasting then by the choice of f, f(by) = 1. Define a broadcast
g, for 0 <1 < k, as follows:

d(x,b;) if label(z;) = 0 and = € L(b;)
1 if label(z;) = 0 and © = v; ; where j =1 (mod 2),

for 1 S] S d(bo,bl) -2
d(z,b;) +d(b;,bo) — 1 if label(x;) =1 and x = x;

0 otherwise.
\

If max(b;) + d(b;, by) > sum(b;) + | L% | then

d(bo,b;)—2
max(b;) + d(b;, by) — 1 > sum(b;) + g9(vij).
j=1
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Similarly, if max(b;) + d(b;, by) < sum(b;) + | 4% | then,

d(bo,b;)—2
max(b;) + d(bi, by) — 1 < sum(b;) + 9(vij).
j=1

Hence, ¢’ = g 1 T; gives a maximum weight broadcast on T; with the restriction that
g(bp) = 1. Thus, by Lemma 6.1.26, ¢ is a maximum weight broadcast on T given
that g(by) = 1.

Given that by is overdominated by at most 1, there are two conditions under which
no broadcast g with g(bg) = 1 is maximum weight. First suppose there is a vertex v
such that v € L(bg) or, for some i, v € L(b;) and g(v) = d(v, b;) + d(b;, by) — 1. Define
a new broadcast ¢’ with ¢'(v) = g(v) + 2, ¢'(by) = 0 and ¢'(x) = g(z) otherwise.
Since Ny (v) = Ny(v) U Ny(b), ¢' is bn-independent. Notice that o(g’) > o(g), which
contradicts the maximality of g.

Hence by will only be broadcasting in one of our ay,-broadcasts if L(by) = () and
x; = sum(b;) + Ld(blTbO)
broadcast f with f(by) = 1 is not maximum.

| for all 1 < i < k. Figure 6.27 shows a tree in which any

4 4
3 3
5 5
1 1
by by by by
1 1
% o(1) )
bg b3
4 6

Figure 6.27: If L(by) # 0 or if x; = maxb; + d(b;, by) then for any bn-independent
broadcast with f(by) = 1 (left) we can define a new bn-independent broadcast g
(right) with g(by) = 0 and o(g) > o(f). Here L(by) = 0, z; = sum(b;) + |2t |,
o = max by + d(be,by) = 6 and w3 = max bz + d(bs, by) = 5. The f broadcast on the
left is not maximal. On the left f(z3) =4 and on the right g(z3) = 6.
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The second condition in which g is not maximal occurs when d(b;, by) = 0 (mod 2)
for at least two branch vertices, by, b,,. Since g is bn-independent, g(vi e, b9)—1) = 0
for all 1 <i < k. Define a new broadcast ¢" with ¢'(vn.d(,.b0)~1) = 9" (Vm.d(bm,bo)—1) =
1 and ¢'(b) = 0. Here ¢’ is bn-independent with greater weight than ¢ and thus
contradicts the maximality of g. Even if d(b;,by) = 0 (mod 2) for a single branch
vertex, say by, then define a new broadcast ¢’ with g'(vn,a, b)-1) = 1 and ¢'(b) = 0.
The broadcast ¢’ and g have the same weight. If this occurs, Algorithm 1 will output

¢’ which is actually f; from Case 1. An example is shown in Figure 6.28.

4 4
3 3
9 2 ) 2
1 1
bl bQ bl b2
1 1
bo 9 1
k: !
1 1
bs bs
3 3 3 3

Figure 6.28: A tree with two different ay,,-broadcasts: f; (left) and fo (right). In this
situation, o(f1) = o(f2) and Algorithm 1 will choose f;.

Hence to achieve an ag,-broadcast, we only need to broadcast from by when the

following conditions are met:
i) L(bo) = 0.
i) z; =sum(b;) + LMJ for all 1 <7 <k, and
iii) d(b;,bp) =1 (mod 2) for all 1 <i < k.

If T meets these conditions, it is easy to see that f; will not dominate by and hence

cannot be an ag,-broadcast. In fact, for this structure, o(g) = o(f1) + 1. And given
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the constraints on our broadcast, by the above observations and by Lemma 6.1.26, g
provides the only possible way to dominate by with an «as,-broadcast. See Figure 6.29.
We define f,, a simplified version of ¢g. If 7" meets the conditions (i), (i), and (i)
then f = f5. In Algorithm 1, if COUNTER=O0 then conditions (i) and (ii) are met,
and if CHOICE=YES then condition (i7i) is met. If Algorithm 1 satisfies ATMOST
1=YES, COUNTER=0 and CHOICE=YES then f;, as defined below, is the output.
For1 <1<k,

(

1 if £ = v;; where j =1 (mod 2),1 < j < d(bo,b;)
fo(z) =
\O otherwise.
4 4
3 3
2 2 2 2
1 1
by by by by
1 1
bo DLL 1
1
bs bs
3 3 3 3

Figure 6.29: A tree which meets the conditions for an ay,-broadcast with f(by) = 1.
The broadcast f; as described in Case 1 is pictured on the left and on the right the
broadcast fy. Notice that o(fs) = o(f1) + 1.

We now consider the possibility that by is overdominated while f(by) = 0. By our
choice of f, by must be overdominated by a leaf. Hence, Theorem 6.1.12 gives us two

further cases. Either by is overdominated by 1 or it is overdominated by at least 3.
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Since we are looking at cases where by is overdominated by at most 1, we examine
this case first.

Case 3: Suppose by is overdominated by 1. Let z;; be the vertex such that f(z;;) =
d(z4j,bo) + 1. Note that z;; overdominates b;. Hence, by Corollary 6.1.13 and Lemma
6.1.11 , z;; overdominates L(b;) — {x;;} and since f is maximal j = 1. We claim
that either L(bg) U {xy : x; = max(b;) + d(b, bo)} = 0 and x; = max(b;) + d(b;, by) =
sum(z;) + [ L0 | or Lby) U {zn : 2 = max(bit) + d(bs, bo)} = {xa}. Suppose, for
a contradiction, that there is a vertex xz,; € L(by) U {xy : & = max(b;) + d(bs, bo) }
with y # i. Note that label(x;) could be 1 or 0. Regardless of label(z;), define a new
broadcast g with g(zq1) = f(zi) — 1, g(u) = 0 for all uw € L(b,) — {zy1}, g(v) =0
for all vertices v on the b, — by path, g(z,1) = d(x,1,b) and g(x) = f(z) otherwise.
Note that By(x;1) N By(zy1) = {bo} and all other boundaries are unchanged. Hence
g is bn-independent. Note, it is possible that f(z,1) = d(zy1,b,), however, since
label(z,) =1, d(xy1,bp) — 1 > sum(x,) + LMJ Further since f overdominates b
by 1, f(xy1) < d(x1,b9) — 1. Hence, regardless of the value which f assigns to 1,

o(g) = o(f) and g overdominates fewer branches and thus contradicts our choice of

f.

Hence for all b;, j # i, x; = sum(b;) + LM
d(bj,by) = 1 (mod 2). Suppose, for a contradiction, that there exists a b,, n # 1,
such that z,, = sum(b,) + Ld(b’;—bo)j where d(b,,by) = 0 (mod 2). Since f is bn-

independent, f(vn.de,.b)-1) = 0. Define a new broadcast ¢ with ¢'(l;1) = f(li) — 1

| and we further claim that

and ¢'(Vn,dpop.)—1) = 1 and ¢'(z) = f(x) otherwise. Again ¢’ is a bn-independent
broadcast, o(¢') = o(f) and ¢’ overdominates fewer branch vertices.

We now examine the conditions under which label(x;) = 0 or equivalently z; =
sum(b )+Ld(b b0) | If 2y = sum(a;) 4 | 2outo) bo )| then, by definition, sum(z;)+ LMJ >
max(b;) +d(b;, by). However, f(x;) = max(b )+d(b;,bp) +1 and f is maximal. Hence,
max(b;) + d(b;,bg) + 1 > sum(b;) + Ld (bo) | Hence sum(z;) + LMJ = max(b;) +
d(b;, by) or sum(z;) + LMJ = max(bl) +d(b;,bp) + 1. In the latter case, either f
is not an ay,-broadcast or there is another ay,-broadcast which overdominates fewer
branch vertices contradicting the choice of f. Hence sum(z;) + LMJ = max(b;) +
d(bj,bp). Finally, if x; = sum(b;) + LMJ where d(b;,bp) = 1 (mod 2) then T
meets the conditions for fy, o(fy) = o(f) and fy overdominates fewer branch vertices
contradicting our choice of f. Hence, we only need a broadcast which overdominates

by by exactly 1 if T' meets the following conditions:
i) L(bo) U{lj1 : ; = max(b;) +d(bj, bo) } = {wa }
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and

i) z; = sum(b;) + Ld(bjz’bo)J with d(b;, by) =1 (mod 2) for all j = 1...k, j # i,

or

iii) L(bo) U {l; : z; = max(b;) + d(b;, by)} = 0 and there exists exactly one z;

such that x; = sum(b;) + [MJ = max(b;) + d(b;, by),and

d(bi,bp) =0 (mod 2) and d(b;,by) =1 (mod 2) for all j #1, j = 1..k.

In this case, f = f3, which is defined as

(

d(xi,bo) +1 ifx=uzy
1 if # =v,; where j =1 (mod 2)
f3(x) = and t # i, for 1 <t <k
d(zx, by) if v € L(b) and t # 4, for t=1,..k
\O otherwise.

In Algorithm 1, if CHOICE=0 and COUNTER=1 then conditions (i) and (iz) are
met, and if CHOICE=1 and COUNTER=1 then conditions (i7) and (7ii) are met. In
both cases, Algorithm 1 outputs f3. An example of an ay,- broadcast on a tree which

meets conditions () and (i7) is shown in Figure 6.30. For a tree with this structure,
o(fs) =o(fi)+1=0(f2) + 1.
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Figure 6.30: A tree which meets the conditions for an «y,-broadcast with f(by) = 0
and by overdominated by 1. On the left, the broadcast f; as described in Case 1 and,
on the right, the broadcast f3;. Notice that o(f3) = o(f1) + 1.

An example of an ay,- broadcast on a tree which meets conditions (i7) and (i77)
is shown in Figure 6.31. For a tree with this structure, o(f3) = o(f1)+1 > o(f2) + 1.
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Figure 6.31: A tree which meets the conditions for an «y,-broadcast with f(by) = 0
and by overdominated by 1. On the left, the broadcast f; as described in Case 1 and,
on the right, the broadcast f3;. Notice that o(f3) = o(f1) + 1.

Case 4: By Corollary 6.1.13, the only remaining case is that by is overdominated by
at least 3. Let x,,; be the leaf such that in our ag,,-broadcast f, f(z,;) > d(xn1, bo)+2.
As before, since f has maximum weight, j = 1. By Corollary 6.1.13, By(z,1) = {v},
v is not a leaf and v is not an internal vertex of any = — b path where x € L(b)
for any branch vertex b. Hence, there is exactly one branch vertex, say b,,, which
is not overdominated by x,; and z,; overdominates L(T) — L(b,,) and v is on the
bo — by, path. If v = vy, 4 # by, then define a new broadcast g with g(2,1) = d(zn1, b))
and g(z) = d(z,b,,) for all x € L(b,,) and g(x) = 0 otherwise. By the choice of
foo(f) = o(g) — [2mtmi)] < 5(g) and ¢ contradicts the maximality of f. Hence,

2
v = by,. In this case, the maximum weight broadcast is

d(l‘, bo) + d(bo, bm) if x = Tnl
fa(z) = § d(by, x) if v € L(byy,)

0 otherwise.
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If f, is a maximum weight bn-independent broadcast with the minimum number
of overdominated branches, it must have greater weight than f;, fo and f;. Recall

that o(f1) = >_ a; and, when they exist, o(fa) (or o(f3))=0(f1)+1. In Algorithm
1=0to k
1, to simplify matters, if o(f4)> o(f1) + 1 then the output is f;. This means that f4

might be chosen when its weight is the same as f; or f3 even if these broadcasts are
possible. In this case, the algorithm outputs a maximum weight broadcast but it does

not have the least number of overdominated branch vertices of all ay,,- broadcasts. If
o(f1)> o(f1) + 1 then

max(b,) + d(by, by) + min{ (%

1,1oss(by,)} > Z ;.

1=0,i#m

Hence, to achieve an ay,-broadcast, we overdominate by, by more than two from a
leaf [ € L(b,,) for some 0 < n < k when both of the following conditions are met:
(i) [Lmbo)] > S g — max(by,) — d(by, bo)

2
i=0 to k,i#m

(ii) loss(by) > >, x; —max(b,) — d(by, bo).

=0 to k,i#m

When (i) is met, for any j #m,n, 1 <j <k,

d(by, b
{—( 5 0>1 > | Z x; + | Z lo.i — max(b,) — d(bn, bo)
i=1 to k,i#m 1=1 to |L(bo)|
> Z T; + Z lO,i
i=1 to k,i#m,n i=1 to |L(bo)|
d(b;, b b, b
>L<]270)J 1>((]’0)"

Hence d(by,, by) > d(b;, b) for all j # n,m. In Algorithm 1, the inputs representing
the branch vertices are indexed by decreasing magnitude. Hence, either m = 1 or
n =1 and m = 2. Algorithm 1 checks conditions (i) and (4i) first using m = 1 and
if both conditions are not satisfied then it tries again with n = 1 and m = 2. If the
conditions are still not satisfied then the algorithm sets BROADCAST= ATMOST
1 and outputs fi, fo or f3 as described in cases 1-3.

If conditions (i) and (éi) are satisfied then Algorithm 1 will output f4. For this
case, suppose that there was a j # m,n, 0 < j < k, such that z € L(b;) and
d(x,by) > d(l,bg). Define a broadcast f; with f;(I) =0, fi(z) = d(x,by) and f;(u) =
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fa(u) otherwise. Since f; has the same structure as f; it is bn-independent but
o(fy) > o(fs). Hence, [ is the vertex such that d(l,by) = max{d(z,by) : 0 < i <
k and ¢ # m and x € L(b;)}. If m = 1 in Algorithm 1, then the statement d(l; ;,by) =
max{d(l;1,bp) : 0 <i <k and i # 1} chooses the appropriate n = j. In this case the
algorithm outputs f; which is the same as our f;. If n =1 and m = 2 then suppose
that there exists an x; with j ¢ {1,2} such that {;; + d(b;,bo) > l11 + d(b1,bp). In
this case, x; > [;1+d(b;,bo) > 111 +d(b1, bo) > [M} > [@1 which contradicts
(i). Hence, we can be confident in assigning [ = [y ;.

If T has the correct structure to meet the conditions of case 2 and case 4 then
o(fs) = o(f2). Similarly, it is possible that o(fy) = o(f3). In both of these cases, Al-
gorithm 1 will output f4. Hence, although Algorithm 1 generates an ay,-broadcast, it
may not have the minimum number of overdominated branches of all such broadcasts.

See Figure 6.32 for an example.

4 4
4 4
3 3
b1 bl
1 1
~y ~y
1 1
1 1 #
bs bo bs bo(1)
bQ b2
2 2
1 1
3 3

Figure 6.32: A tree which meets the algorithms conditions for an ay,-broadcast with
f = f1. The broadcast f; as described in case 4 is pictured on the left. In the middle
f1 and on the right the broadcast fy. Notice that o(fs) = o(f2) = o(f1) + 1. Also,
[400)] — 4 Joss(by) =Tand  >. @i+ S loy—d(by,by) = 14+2+4—4 =

1=1 to k,i#m i=1 to |L(bo)|

3, hence (M},loss(bl) > > w4+ Y, o —d(by, bo).

i=1 to ki#m i=1 to |L(bo)|



140

This exhausts all cases. We have shown that each case occurs under distinct
conditions. For all trees meeting the hypothesis statement, Algorithm 1 checks these
conditions and outputs the corresponding broadcast. [

Figure 6.33 shows an example of a tree for which ay,(T") lies between the bounds
of Theorem 6.1.16 and Theorem 6.1.18. The broadcast shown is the one assigned by
Algorithm 1.

Figure 6.33: A tree with an ay,-broadcast f with n — b(T") — [Win| + a(Gine(T)) =
20— 4-9+4+6=22<0(f)=23<n—bT)+p(T)=29—4+1=2.

For any tree with B(T) = K(1,k), Ry C {by}. Hence a(T[Rr]) < 1. If
a(T[Rr]) = 1 then the upper bound of of Theorem 6.1.16 becomes ay,(T) < n —
b(T) + 1. If [Wi(T)| = a(Gine(T)) + 1 then the two bounds of Theorem 6.1.16 and
Theorem 6.1.18 are equal and we have another class of graphs which meet the upper
bound of Theorem 6.1.16.

Note that for trees with B(T") = K(1,k), a(T[Rr]) = p(T) = 1, or a(T[Ry]) =
p(T) = 0 hence the answer to Question 6.1.17, in this case, is yes.
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6.2 Maximum Irredundant Boundary Independent

Broadcasts on Trees

We make some preliminary observations about the structure of bnr-broadcasts on

trees using an approach similar to that for bn-independence.

6.2.1 Non-dominating «y,,-broadcasts

Recall that if a tree T" has an «,,-broadcast f which is dominating then, since f is
irredundant, o, (T') < T'y(T). However, not all trees have such a broadcast and, as
seen in Chapter 5, there exist trees such that ag,, (1) > I'y(T).

We take some first steps towards characterizing trees for which ap,, (7)) > T'y(T) .
We investigate the existence of trees for which all ay,,-broadcasts are non-dominating
and examine what conditions accompany a non-dominated vertex. We start with

observations about the structure of any bnr-broadcast on any tree.

Lemma 6.2.1. Any tree T has an apy,--broadcast f in which there are no mnon-

dominated leaves.

Proof. Suppose T is a tree for which there is no ay,,,-broadcast which dominates all
the leaves of T'. Of all ag,,-broadcasts on T', let f be one with the smallest number
of non-dominated leaves. Let u be a non-dominated leaf. Since f is maximal bnr-
independent, the function (f —{(u,0)})U{(u, 1)} is not irredundant. Hence there are
distinct vertices w and w' such that w is adjacent to u, w’ € V;" and {w} = PBy(w’).
Since w’ ¢ PBy(w') and f is bnr-independent, f(w') > 1. Define a new broadcast g
with g(w') = f(w') — 1, g(u) = 1 and g(z) = f(x) otherwise. Let w; be the vertex
adjacent to w on the w' — w path. Since f is bnr-independent, Hy(w;) = {w'} and
thus wy € PB,y(w'). Also note that PB,(u) = {u,w}. Hence g is bnr-independent.
Since 0(g) = o(f), we may assume that g is an ay,,-broadcast. Since PBy(w') = {w},
f overdominates every leaf in Ny(w’). Hence the number of leaves non-dominated by
g is less that the number non-dominated by f and ¢ contradicts our choice of f, and
the result follows. [

Lemma 6.2.2. Any tree T with b(T) > 2 satisfies at least one of the following

statements:

(i) There is an cqpp,-broadcast f on T with at least two leaves ly,ly € Vf+ and two
branch vertices by, by € V(T') such that Iy € L(by), la € L(bs) and by # by, or
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(i) B(T) is a path and every branch vertex has degree 3. Let by, by denote the two
end-branch vertices. For i = 1,2, L(b;) = {u;,v;} where d(u;,b;) = 1 and
d(vi,b;) > 1. For all branch vertices b;, i# 1,2, L(b;) = {v;} and d(v;,b;) = 1.
(Or, equivalently, T is a caterpillar such that every branch vertex has at most
one neighbour which is a leaf.) And, there is, without loss of generality, an v,
broadcast f on T with V;" = {v1} and f(vi) = d(vi,vs), which implies that
Qpr(T) = diam(T').

Proof. Given a tree T with b(T) > 2 let f be an ap,-broadcast in which there
are no non-dominated leaves. Such a broadcast exists by Lemma 6.2.1. By Theorem
2.3.13 and the definition of the broadcast g in the proof of Lemma 6.2.1, we may
assume that leaves only hear leaves, hence there is at least one leaf [; such that
l, € Vf+. Let by be the branch vertex such that [y € L(by).

Suppose that f does not satisfy statement (7). Then L(b;) contains all leaves [;
such that f(l;) > 0. Since f is bnr-independent only one leaf in L(b;) can overdom-
inate b;. Without loss of generality let [; be the leaf which overdominates b;. Since
leaves only hear leaves and all leaves are dominated, [; dominates all leaves [ such
that [ & L(by).

Suppose that I; does not overdominate L(by). Let Iy be a leaf such that Iy € L(by)
and [y is not overdominated by [y. Let v be the vertex on the b; — l5 path such that
d(v,l) = f(l). It is possible but not necessary that v = l. Choose a leaf [ such that
[ € L(b) where b # by. Define a broadcast g with g(la) = d(l2,b1) — 1, g(l1) = d(l1,b1),
g(l) = d(l,b;) — 1 and g(z) = f(x) otherwise. Since b; is a branch vertex, Iy, [; and
[ all have nonempty private boundaries. Since b # by, g(I) > 1 and o(g) > o(f).
Since f(z) = 0 for all x not on a l; — by path where [; € L(by), g is a bnr-independent
broadcast. Either g is an ay,,-broadcast which satisfies (7), or it can be extended and
contradicts the maximality of f.

Hence if T" does not have a broadcast f which satisfies statement () then in any
apnr-broadcast f on T, there exists a leaf [; which overdominates L(b;) and dominates
all other leaves. Hence, o(f) = f(l1) and f(l1) = d(l1,1) where lis aleafl ¢ L(b;). For
maximality of the broadcast, [ and [; are peripheral vertices and agy,, (1) = diam(T").

An example of a tree T which does not satisfy statement (7) is shown in Figure 6.34.
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Figure 6.34: The top figure shows an example of a broadcast on the tree T" which,
while it satisfies the structure of (7), is not an a,,(T')-broadcast. By considering all
such possibilities we see that T' does not satisfy (i). Notice, bottom figure, that it
appears that T satisfies (i) and au,,(T') = 12 = I'y(T). By symmetry and exhaustion,

this can be shown to be true.

Suppose T does not have a broadcast which satisfies statement (i). Let f be any
apn-broadcast on T'. From the above arguments, o(f) = f(ly), 1 € L(b1), d(l,11) =
f(ly) and I € L(b) where b # b;. We proceed to show that 7" meets the remaining
conditions in statement (7). First we show that degp)(b1) = degpr(b) = 1 or,
equivalently, b; and b are end-branch vertices. Suppose that deg B(T)(bl) > 2. Then
let b3 # b be a branch vertex with degB(T)(bg) = 1 such that there is a b; — by path
which is internally disjoint from the b; — b path. Choose a leaf vertex I3 € L(bs).

Define a broadcast

d(z, by) if 2 = I
g(x) = qd(z,b) —1 ifxe{l,}

0 otherwise.
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Since all three branch vertices are distinct, ¢ is bnr-independent and d(l3,b;) > 2.
Hence o(g) > o(f) and either g violates the maximality of f or it satisfies statement
(7) and violates the choice of T'. Hence b; is an end-branch vertex. By symmetry, the
broadcast f” defined by f'(I) = f(l1) and f’(x) = 0 if z # [ has the same properties
as f, and as for b, we obtain that degg)(b) = 1.

Suppose that B(T') is not a path. Let b3 be a branch vertex such that deg g (bs) >
3 and bs lies on a b — by path in B(T). Let by be a branch vertex adjacent to b3 in
B(T) which does not lie on same path as b, b; and b3 in B(T'). Let [y be a leaf in
L(b2). Define a broadcast:

d(fE,bg) if v = ll
g1(z) = Qd(x,b3) —1 if 2 € {ly,1}

0 otherwise.

Since b, by and by are all distinct, g; is bnr-independent and d(ls,b3) > 2. Also
d(ly,b) +d(b,l) = f(l1) — 1, hence o(g1) > o(f). Hence either g; satisfies condition
() of our statement, violating the choice of T', or it contradicts the maximality of f.
Thus, we conclude that B(T) is a path.

Suppose there is a branch vertex bz such that degp ) (b3) = 2 and {u, v} C L(b3).

Define a broadcast:

1 if x € {u,v} and d(z,b3) =1
92(r) = S d(x,b3) — 1 ifx € {I,1}, or v € {u,v} and d(z,b3) > 2.

0 otherwise.

Notice that gy is bnr-independent and o(gy) > o(f). Hence either gy contradicts the
maximality of f or it satisfies condition (i) of our statement and contradicts the choice
of T. This shows that |L(b3)| < 1. Since b3 is a branch vertex and deggr)(b3) = 2,
|L(b3)| = 1. Therefore, deg(x) = 3 for all z such that degp ) (7) = 2.

For the end-branch b, suppose that {u,v} C L(b) and either d(u,b),d(v,b) > 1 or
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d(u,b) = d(v,b) = 1. Define a broadcast:

d(z,b) if x € L(b) and d(z,b) =1
d(xz,b) —1 if x € L(b) and d(z,b) > 1
d(z,b) =1 ifz=10

\ 0 otherwise.

Since b # by, g3 is a bnr-independent broadcast. If L(b) = {u,v} and, without
loss of generality, g3(u) = 1 and gz(v) > 1 then o(gs) < o(f). Since degp(b) = 1,
|L(b)| > 2. Hence, in all other possibilities for L(b), o(g3) > o(f) and either gs
contradicts the maximality of f, or it satisfies statement (i) and contradicts the choice
of T. We conclude that d(u,b) = 1 and d(v,b) > 1. By symmetry, L(b;) = {uy,v1},
d(uy,by) =1, and d(vy,by) > 1. Finally, assuming that B(7T') is a path, suppose that
T has a branch vertex b # b,b; such that there exists w € L(V') with d(w,b) > 1.

Create a new broadcast:

dz,0)—1 ifx=wvv
ga(x) = < d(z,0) ifr =w

0 otherwise.

Since, d(w,b') > 2 and d(v,0') + d(b',v;) = diam(T), o(gs) > o(f). Hence, either
0(g4) meets condition (i) or o(g4) is not maximal and f is not a maximum weight
bnr-broadcast.

We have shown that if 7" does not satisfies statement (i7) then it satisfies statement

G). O

Remark 6.2.3. There are trees which satisfy conditions (i) and (ii) from Lemma

6.2.2. An example is shown in Figure 6.35.
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Figure 6.35: A tree T which satisfies (i) and (i¢) from Lemma 6.2.2; o, (T) = 13 =
I'y(T) = diam(T).

Remark 6.2.4. There are trees which satisfy condition (i) and have the structure
described in condition (ii) but do not satisfy condition (ii) from Lemma 6.2.2. An

example is shown in Figure 6.36.
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Figure 6.36: A Tree T which satisfies (i) and the structure of (i¢) from Lemma 6.2.2;
but ap,(T') = 13 # diam(7T') = 12. Hence T' does not fully satisfy condition (i).

Conjecture 6.2.5. Let T be a tree that satisfies the structure described in condition
(i) from Lemma 6.2.2. If Wio(T) # 0, then ag,,(T) = diam(T'), and if Wi, (T) = 0
then ap(T) = diam(T") + 1 and T satisfies condition (7).

Theorem 6.2.6. Any tree T with branch number b(T) > 2, has an ayy,.-broadcast with
the minimum number of overdominated branch vertices which satisfies the following

statement:
If a leaf, say 1, overdominates a branch vertex b in f where d(b,1) > d(V',1) for all
b € B(T)U Ng(l) then:

i) f(I) =0o(f) and T meets condition (i) from Theorem 6.2.2

ii) f(1) =d(l,b) + 1, b is adjacent to at most one leaf, and, for all l; € L(b) — {l},

iii) f(I) =d(1,b) + 2, degh =3, d(I,b) > 1 and |L(b)| < 2; or
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i) f(I) >d(l,b)+2, L(b) C Ns(), |Bs(l)] <2, and either Bf(I)NL(b) =0 or b is
an end-branch vertex, By(l) N L(b) = {I'}, L(b) = {l',1"} and d(b,!") = 1.

Proof. Let T be a tree with branch number (7)) > 2 and f an a,,-broadcast on
T for which the number of overdominated branch vertices is a minimum. By Lemma

6.2.2, f satisfies at least one of the two conditions in Lemma 6.2.2.

Case 1: If f does not satisfies condition (i) of Lemma 6.2.2 then it satisfies our

condition (¢) (which is condition(ii) of Lemma 6.2.2) .

Hence, for the remaining cases, we assume that f satisfies condition (i) of Lemma
6.2.2.

Case 2: Suppose that there is a leaf [ overdominating a branch vertex b such that
f(l) = d(l,b) + 1. If L(b) — {i} = 0 then there is nothing to prove. Let " be
a leaf I' € L(b) — {l}. Suppose d(I';b) > 2. Leaves only hear leaves, b is over-
dominated and f is bnr-independent. Thus I’ must be broadcasting and since f is
maximal, f(I') = d(I',;b) — 2. In this case, define a broadcast g with g(I) = f(I) — 1,
g(l') = f(I') + 1 and g(x) = f(z) otherwise. Since N, (1) U N,(I') C N¢(l) U N¢(l'),
PB,(l) = {b} and PB,(l') contains the vertex adjacent to b on the b — I’ path, g is
bnr-independent. Since o(f) = o(g), either g contradicts the maximality of f or it
contradicts the minimality of the number of overdominated vertices in f.

Suppose there are two leaves, lq, [y, adjacent to b, possibly [; = [. In both cases,
since f is bnr-independent and [ overdominates b by one, f(ly) = 0. Define a broad-
cast g as follows: if [ is not adjacent to b, then let g(I) = f(I) — 2, g(l1) = g(l2) = 1,
and ¢'(z) = f(x) otherwise. If [ is adjacent to b, then let g(I) = g(l3) = 1 and
g'(x) = f(x) otherwise. If [ is not adjacent to b then g(I) + g(l1) + g(l2) = f(I) and
if [ is adjacent to b, then g(l;) + g(l2) = f(I). Thus, in both cases, o(f) = o(g).
Notice that Ny (1) U Ny(l1) U Ny(l2) € Ny(1) and PB,(l;) = {l;} for i = 1,2. If [ is
not adjacent to b, then [ is the only broadcast covering the internal vertices of the
[ — b path and ¢(I) = d(l,b) — 1, hence PB,(l) # 0. Therefore, in either case, g is
bnr-independent and either g contradicts the maximality of f or it contradicts the
minimality of the number of overdominated vertices in f. Thus f satisfies condition

(7) of our theorem statement.
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Case 3: Suppose that there is a leaf [ overdominating a branch vertex b such that
f(l) = d(l,b) + 2. Since it is a branch vertex, deg(b) > 3. First we note that [ is
not adjacent to b. Suppose it was. Let v; and vy be vertices adjacent to b different
from [. Make a new broadcast g with g(I) = g(v1) = g(ve) = 1 and g(z) = f(z)
otherwise. Notice that Ny (b) U Ny(v1) U Ny(ve) € Ny(l) and vy, vy and [ are all in
their own private g-boundaries. Hence g is bnr-independent and o(f) = o(g) while g
overdominates fewer branch vertices. Hence either g violates the maximality of f or
it violates the choice of f. We conclude that [ is not adjacent to b.

If deg(b) > 3 then let vy, vy, v3 be vertices adjacent to b but not on the [ — b path.
Make a new bnr-independent broadcast g with g(I) = f(I) — 3 and g(vy) = g(ve) =
g(vs) = 1. Since Ny(I) U Ny(v1) U Ny(v2) U Ny(vs) € Ny(l), and PBy(v1) = {v1},
PB,(v2) = {ve}, PBy(vs) = {vs} and PB,(l) contains the vertex adjacent to b on the
b—1 path, g is bnr-independent. Since o(g) = o(f) and b is no longer overdominated,
g contradicts our hypothesis. Thus deg(b) = 3. Since b(T') > 2, degg(r)(b) > 0.
Hence |L(b)| < 2. Thus condition (7i7) is satisfied.

Case 4: Suppose that for any of our selected «y,,,-broadcasts f on T there exists at
least one leaf [ and one branch vertex b where d(b,1) > d(V,1) for all ' € B(T)NN(1)
and f(I) > d(l,b) +2 . Let O be the set of all such pairs of leaves and branches in
f. Of all such broadcasts, choose one such that >_, ;o (f(I) —d(b,1)) is a mini-
mum. Suppose there are three or more vertices vy, ve,v3 € By(l). For 1 < i < 3,
let v/ be the vertex adjacent to v; on the v; — b path. Define a broadcast g with
g(vy) = g(vh) = g(vy) =1, g(I) = f(I) — 3 and g(z) = f(x) otherwise. Notice that
Ny(v1)UNy(v1)UNg(v1)UNG(1) € Ny(1), v) € PB,y(v;), and each b—wv; path contains a
vertex u; such that H(u;) = {l}.(Possibly u; = b) Hence g is a bnr-independent broad-
cast with the same weight as f and g contradicts the choice of f. Hence |Bf(l)| < 2.
Now suppose that I’ € L(b) — N;(l). Leaves only hear leaves, b is overdominated
and f is bnr-independent. Thus " must be broadcasting. Since f is maximal and
bnr-independent, f(I') = 1 and f(I') + f(I) = d(l,I') or f(I') + f(I) = d(l,I") — 1.
Since b is a branch vertex, there is a vertex v adjacent to b which is not on a b — I’
or a b—1[ path. If f(I') + f(I) = d(l,I') — 1, then create a new broadcast g with
gy =d(l';b) — 1, g(I) = d(I,b) — 1, g(v) = 1 and g(x) = f(z) otherwise. Again g
is bnr-independent , o(f) = o(g) and g no longer overdominates b. If f(I') = 1 and
f") + f(1) = d(l,l") then there must be a vertex u € PBf(l). Let v’ be the vertex
adjacent to u on the u — b path. Create a new broadcast g with ¢g(I') = d(I',b) — 1,
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g(l) =d(l,b) — 1, g(v') = 2 and g(z) = f(x) otherwise. Again ¢ is bnr-independent ,
o(f) = o(g) and g no longer overdominates b.Hence, we have contradicted our choice
of T. We conclude that L(b) C N¢(I). And either L(b) — {l} is overdominated by I
or there exists I’ € By(l) N L(Db).

Suppose that there exists I’ € By(I) N L(b). If deg(b) > 3 then there exist vertices
u, v adjacent to b, neither of which is on a b—1[" or a b—1 path. Create a new broadcast
gwith g(I') = d(l',b)—1, g(I) = d(l,b)—1, g(v) = g(u) = 1 and g(z) = f(x) otherwise.
Again g is bnr-independent and o(f) = o(g). Hence g contradicts the choice of 7" and
we conclude that, since b is a branch, deg(b) = 3. Now suppose that there is a vertex
u such that v is not on a b—1" or a b—1[ path and d(u, b) = 2. Create a new broadcast
g with g(I") = d(I',b), g(I) = d(l,b) — 1, g(u) = 1 and g(z) = f(z) otherwise. Again
g is bnr-independent and o(f) = o(g). Hence g contradicts the choice of f and we
conclude no such vertex u exists. Since deg(b) = 3, L(b) = {l',1"} where without loss
of generality, d(I”,b) = 1. Since deg(b) = 3, degg(r)(b) = 1 or, equivalently, b is an
end-branch vertex.

We have covered all possible ways for b to be overdominated and thus, the proof

is complete. [

Theorem 6.2.7. If a tree T has an apy,,--broadcast f which does not dominate a vertex
u, then let {uy,us,...,u,} = N(u). The following statements hold:

1. Ifu € B(T) then L(u) =0, and

2. There are at least two vertices u; € N(u) and two vertices v; € L(T) for which

{ui} = PBy(v;).

Proof. Using Theorem 2.3.14, we can consider a bnr-independent broadcast f in
which either deg(v) = 1, f(v) = 1 or both. Since the arguments in Lemma 6.2.1
either reduce the size of a broadcast or introduce a broadcast of strength 1, we can
assume that f dominates all leaves. Of all such broadcasts, let f be the one with the
fewest non-dominated vertices.

Suppose that [ € L(u). Since u is not dominated and thus not overdominated and
leaves only hear leaves, f(I) > 0. Let Bf(l) = v'. Notice that v’ lies on the [ — u
path. Define a broadcast g with g(z) = 0 if z is and internal vertex on the [ — u
path, ¢g(1) = d(l,u), and g(z) = f(x) otherwise. Since u is non-dominated by f, g is
bnr-independent and by our choice of f, (g) > o(f) and u is now dominated. This

contradicts the maximality of f or our choice of T
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Suppose that v has exactly one neighbour u; such that {u;} = PBf(v;) for some
v € Vf+. Since vy ¢ PBy(vq), f(v1) > 1 and by our choice of f, vy € L(T). De-
fine a broadcast g with g(u) = 1, g(v1) = f(v1) — 1 and g(z) = f(x) otherwise.
Since {u1} = N(u) N PBf(vq), PBy(v) — N(u) # 0 for all v # u. Note also that
u € PBy(u). Hence g is a bnr-broadcast with o(g) = o(f). Since {u1} = PBy(v1)
and u is now dominated, g dominates more vertices than f. This contradicts our
choice of f.Suppose that w has no neighbours u; such that {u;} = PB(vq) for
some v € Vf+. Define a new broadcast with g(u) = 1 and g(z) = f(x) otherwise.
Since PBf(v) — N(u) =PB,(v) — N(u) # 0 for all v # u and PB¢(u) = {u}, g
is bnr-independent. Since o(g) > o(f), g contradicts the maximality of f. Hence
we conclude that u has at least two neighbours such that {u;} = PBy(v;) for some
v € L(T). O

Notice that our example 7" in Figure 5.2 with ay,,.(T") > I'y(T) and the trees Hj
constructed from 7' all satisfy the conclusion of Theorem 6.2.7. We leave it as an open

problem to obtain a more accurate description or perhaps even a characterization of
trees for which oy, (T) > ['y(7T).

6.3 Maximum Hearing Independent Broadcasts

on Trees

Recall from Chapter 2 the approach used by Bessy et al. [3] to achieve their bound on
hearing independence. Starting with a a;,(G) broadcast f they create a new broadcast
g with g(v) = [@j for all v € V;". The h-independence of f guarantees that
Ny(v)NNg(w) € By(v)NBy(w) for allv,w € V. Or equivalently, g is bn-independent.
If fact, we can work with the broadcast g where g(v) = f@} if f(v) > 2 and
g(x) = f(x) otherwise and still be guaranteed bn-independence. This observation led
to a connection between bounds for maximum h-independence and bn-independence
broadcasts. Now using our new bound au, (7)) < n — b(T') + p(T'), we note a new

bound for maximum hearing independent broadcasts. For any graph G of order n:

an(G) < ap(T),) < 2min{ay,(T,) : T, is a spanning tree of G}
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and thus,

ap(G) < 2min{(n — b(T,,) + p(T,,)) : T,, is a spanning tree of G'}.

6.4 Summary

We studied ay, (T')-broadcasts for trees with two or more branch vertices. We observed
that in these broadcasts there are always a pair of broadcasting leaves such that
the path between them contains at least two branch vertices. Also, when a leaf
overdominates a branch vertex it never overdominates it by exactly two and there are
restrictions on its boundary set. We used these results, along with observations from
Chapter 2, to show, by examining a limited number of cases, that ay, < n—b(T)+p(T')
where b(T) is the number of branch vertices and p(T’) is the number of branch vertices
with at most one leaf. Many trees meet this bound and others do not. We conjectured
that ap, < n—b(T)+a([Rr]) where [Rr] is the subgraph induced by the vertices which
are counted by p(T"). We described a bn-independent broadcast for trees based on the
number and type of branches and the tree induced by all vertices on paths joining the
branches, G;;. This gave us a lower bound, oy, (T) > n—b(T)—|Wi(T)|+ a(Gine(T)).
The upper and lower bounds allowed us to determine oy, (7") exactly for many trees.
If T is a tree of order n such that b(T) > 1, W;(T) = @, and Ry = @ or G[Ry| = K,
for some integer s > 1, then ay, (7)) = n — b(T') + p(T).

We also described trees for which a, (T') lies strictly between the two bounds. Let
T be a tree with order n and branch number b(T") = 2. Let by, by be the two branch
vertices. Then ay,(T) = n — 1 — min{ [M},loss(bl),loss(lb)}. If 2 < loss(by) <
loss(be) < [M} Then

n—=b(T) = [Wi(T)| + a(Gine(T)) < apn(T) <= b(T) = p(T).

For another formula, let 7" be a tree such that p(7') = 0 and |Wi(T')| = a(Gine(T)).
Then
ap(T) =n—b(T).

We gave an example of how Theorem 6.1.16 can be used to write an algorithm to
output an ay,-broadcast for trees with well-defined structures. Algorithm 1 outputs
an ag,-broadcast for a tree with B(T') = Ky, k > 2.

We made some initial observations to limit the structure of ag,,-broadcasts. And,
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finally, recalling that as,(G) can be used to bound ay,(G) we note that

ap(G) < 2min{(n — b(T,,) + p(T,,)) : T,, is a spanning tree of G'}.
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Chapter 7
Conclusion

We studied definitions for independent broadcasts from three different categories:
boundary independence, hearing independence and set independence. Fach of these
three categories is further divided into three definitions of independence requiring,
respectively, no additional conditions, irredundance, and minimal domination. To our
knowledge, hearing independence and hearing independence with minimal domination
are the only definitions which have been studied prior to this dissertation The weight
of the minimum maximal and maximum independent broadcast for a graph G are the
parameters that we studied and we illustrated that all nine definitions are distinct in
this regard. We discovered that the boundary independence definition is the goldilocks
of broadcast independence. Specifically, without forcing minimal domination, it most

closely fits an inequality chain similar to that for independence, namely,
W(G) < ipn(G) < apn(G) < 2TH(G).

Also, bn-independent broadcasts, which are easier to study, have a nice relation-
ship with h-independent broadcasts allowing us to share results between the two
definitions. After some preliminary investigation and results on paths and grids, we
discovered that the maximum independence parameter is more interesting than the
minimum maximal parameter and our attention turned to investigating and compar-
ing ay(G), apn(G), apnr(G), and I'y(G). Our most significant results were determining
the weight of a maximum bn-independent broadcast for many classes of trees through
formulas and algorithms as well as finding an upper and a lower bound for oy, (G) for
graphs in general.

These results for as,(G) are based on six main observations. Our first observation
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allowed us to get upper bounds on bn-independent broadcasts on graphs by working
with trees. Given a bn-independent broadcast f on a graph G, f is a bn-independent
broadcast on any connected spanning subgraph of G. Hence, ay,(G) < min{a,(T) :
T is a spanning tree of G}. Our second observation was that, for bn-independent
broadcasts, the edge sets covered by each broadcasting vertex are disjoint. This second
observation led us to our first upper bound for graphs G of order n: ay,(G) < n—1.
We characterized the graphs meeting this bound: spiders (and paths). Specifically,
no tree with two or more branch vertices meets this bound. Our third and fourth
observations are useful for creating an a,-broadcast on trees that adheres to a limited
structure. We showed that in an «,-broadcast on a tree no leaf hears a nonleaf and
also that there always exists an «y,-broadcast in which no nonleaf broadcasts with
a value greater than one. Using an ay,-broadcast on a tree 7" which meets these
structural conditions allowed us to draw conclusions about broadcasts on trees which
do not meet our initial upper bound, i.e. those with two or more branch vertices.
We observed restrictions on the way in which broadcasting leaves can overdominate
branch vertices. This led to our fifth observation based on the way in which the
number and type of branch vertices in a tree impact the weight of a maximum bn-
independent broadcast, namely oy, (T) < n — b(T) + p(T).

For our sixth observation, we followed our basic ideas about branch vertices and
the existence of bn-broadcasts with a particular structure to produce a reasonably
large weight bn-independent broadcast on any tree based on the structure of the tree.

This gave us a lower bound met by large classes of trees, and the result
n—>0(T)—Wi(T)+ a(Gi(T)) < apn(T) <n—b(T) + p(T).

Although many trees meet these upper and lower bounds, some meeting both, there
are trees which fall in between. We conjectured an upper bound which will meet a

greater number of trees, leaving an open question:

Question 6.1.17 Is it true that for any tree T of order n and b(T) > 1,

ap(T) < n —b(T) + a(G[Rr))?

We now summarize our work in greater detail. Our process started in Chap-

ter 1 with definitions and basic observations. In Chapter 2, we presented and used
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existing results on broadcasts and irredundance to get initial bounds for our new
parameters. Using the fact that efficient broadcasts exist for all graphs G, we
showed that ip,q(G) = iha(G) = i54(G) = %(G) < min{rad(G),v(G)} and v(G) <
i (@), in(G) < rad(G) with equality for radial graphs. Using the Ball graph of a very
efficient broadcast f on G, we were able to show that i,,(G) < ,(G) + fgl Since
irredundant broadcasts are not necessarily dominating and dominating broadcasts are
irredundant, we observed that is.(G), in-(G),i5-(G) < 1%(G) and that the inequality
is strict. We noted that all the inequalities requiring irredundance are bounded below
by iry(G).

For the maximums, we noted that parameters which are irredundant are bounded
above by IRy(G) and that parameters that are minimal dominating are bounded
above by I'y(G). For a bn-, bnr- or bnd-independent broadcast f we used the fact
that any edge is covered by at most one broadcasting vertex to show that
o(f) < m-— Zv? deg(v) + [V,"|. Observing that removal of edges maintains bn-

independence, we showed that for a graph G of order n,
apn(G) < min{ay,(T) : T is a spanning tree of G} < n — 1.

We characterized the graphs which meet this bound as spiders (and paths). We then
focused on the structure of maximal bn and bnr-independent broadcasts on trees and
determined that in any oy, (T')-broadcasts no leaf hears a nonleaf and, although this
in not the case for bnr-independence, there always is an ay,,.(T")-broadcasts such that
no leaf hears a nonleaf. For all trees, we showed that there exists an au(nr) (T)-
broadcast such that f(v) = 1 or deg(v) = 1 or both. For ay,(T)-broadcasts, if the
number of vertices broadcasting with a strength of 1 is maximized, then PBy(v) = ()
for all v € V;". We found specific examples showing that both a,(G) and ap,(G)
are incomparable with I',(G).

In Chapter 3 we studied and determined values for all our parameters on paths.
For s-independence, the broadcasting vertices form an independent set and for max-
imality, every vertex in the set broadcasts with a strength equal to its eccentricity.
Exact formulas for i5(P,) and as(P,) are given in Theorem 3.1.10 and Theorem 3.2.3.

By examining the edges covered and uncovered by an independent broadcast,
and the existence of independent broadcasts f with V" = V!, we determined exact

values for all other independence parameters for paths in terms of their size. For the
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minimums, for n > 1,

: n
Zsr,hr,bnr,bnd,hd,sd(Pn) - I_g-l
and, for all n # 3,
, 2n
an,h(Pn) = [g—l
For the maximums, a,(P,) = 2(n — 1), Erwin’s bound. All other maximum

independent broadcast types are met by a broadcast of strength diam(G) from a leaf.

Or equivalently, for n > 1,

asr,hr,bnr,bnd,hd,sd,bn(Pn) =n-—1

In Chapter 4, we presented some existing results on h-independence and devel-
oped new results for all other independence parameters on grids. For the minimum

independence parameters, since grid graphs are radial, we showed, for all 2 < m < n:

’Yb(Gm,n) = an(Gm,n) = Z‘Imd((;m,n) = Zh(G(m,n) = Z‘hd(Gm,n> = Z‘sd((—;m,n) = rad(Gm,n)

where:

[otl if m=2or3

2
5] + %] otherwise.

For the minimums which require irredundance, we obtained:
isr(Gm,n) S ihr(Gm,n) S Z.bm"(Gm,n) S rad(Gm,n)-

If our conjecture that there exists a dominating iy, (G, ,)-broadcast holds, then all
minimum irredundant independence parameters will equal rad(G,, ).

For the maximums, we presented Bouchemakh and Zemir ’s results for h-independence:
ap(Gmpn) = max{2(diam(Gy,n) — 1), a(Gmn)}
for all 1 <m <n,(m,n) # (5,5) and

C(h(G575) = 15.
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For boundary independence, for G, ,, where 2 < m < n, we showed that:

Oélmd(Gm,n) = O‘bn(Gm,n) = O‘bnr(Gm,n) = a(G) = (_-I

Our boundary independence results generalized to 2-connected bipartite graphs. Given

a 2-connected bipartite graph G:

Oébma(G) = qud(G) = Oélm(G) = CY(G) Z [

In Chapter 5 we compared a;(G), ap(G), apr(G), and T'y(G). We showed, by
example, that I',(G) — apn(G) and T'h(G) — @pn(G) are unbounded for graphs in
general. We gave a second example, showing that I'y(T') — apn,(T') is also unbounded
for trees. We gave two examples showing that ay,,.(G) — I'y(G) and ay, — I'y(G) are
unbounded for trees and for graphs in general.

For the ratios, we showed that o, (G)/T%(G) < a(G)/TH(G) < 2 for all graphs G.
This bound is tight for ay,(G)/TH(G). We gave an example with

Wy (T)/To(T) = 13, inspiring the the following open problem:

Problem 5.3.1 Determine the smallest constant ¢ such that o, (T)/Ty(T) < ¢ for all
trees T'. Similarly, determine the smallest constant k such that o, (G)/Ty(G) < k

for more general graphs G.

Finally, we showed that for bipartite graphs with n > 2,
Fb(G)/Oé(m<G) < Fb(G)/Oébm«(G) < 2.

We gave an example to show that I',(G)/aw,(G) and T'h(G)/apn,(G) are both un-
bounded for graphs in general.

In Chapter 6 we examined bn- and bnr-independent broadcasts on trees. We
furthered our observations on the structure of bn-independent broadcasts on trees
and as a result we were able to improve the upper bound on ay, (7). We presented a
strategy for creating an au,-broadcast on trees with exactly two branch vertices and
an algorithm for creating an ay,-broadcast on trees for which the subgraph induced
by Gy U B(T) is a star.

As stated above, bn-independence has an inequality chain closest to that for in-
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dependence. Namely,

/Vb(G) S Zlm(G) S Z<G) < Oé(G) S abn(G) <>Fb(CJ)

Also note that:
ap, (G) <min{n — b(T) + p(T) : T is a spanning tree of G},

%ah(g) < (G) < 2T(G),

and
i (G) <rad(G) < diam(G) < ap,(G).

The other new independence parameter of significant interest is bnr-independence.
Its inequality chain is not as nice as that for bn-independence and it is much trickier to
work with. Since a minimal dominating broadcast is irredundant but an irredundant

broadcast is not necessarily dominating we obtained

iry(G) < ipnr(G) < W(G) <A(G) <i(G) < @) < e (G) 0 To(G) < TR (G).
We presented some preliminary results on understanding the structure of a bnr-

broadcast on trees, leaving an interesting open problem regarding . (T,).

Conjecture 6.2.5 Let T' be a tree that satisfies the structure described in condition
(i1) from Lemma 6.2.2. If Wi (T) # 0, then i, (T) = diam(T)), and if Wi (T) =0
then apn,(T) = diam(T') + 1 and T satisfies condition (i).

And, finally, recalling that as, can be used to bound «;, we noted that

ap(G) < 2min{(n — b(T,,) + p(T,,)) : T, is a spanning tree of G'}.
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