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ABSTRACT

Field theories with higher derivative gravity duals can violate the viscosity bound.

However the extent of the violation is not arbitrary since it depends on the coupling

of the higher derivative interactions, which can be constrained by requiring consis-

tency of the boundary field theory. In particular, in Einstein-Gauss-Bonnet (EGB)

gravity, the coupling λ can be constrained by requiring that the dual theory respect

causality. We investigate the upper bound on λ by computing the quasinormal modes

of an EGB black hole in order to explicitly find and interpret the causality violating

excitations. We find that in the limit of infinite spatial momentum the imaginary part

of these modes approaches 0, while the phase velocity approaches 1 from above. This

behaviour at high momentum is confirmed by the existence of a lightlike pole in the

stress-energy tensor two-point function. We therefore confirm that the requirements

to interpret the poles of the two-point function as causality violating, propagating

modes are met in the limit of infinite spatial momentum. The presence of such exci-

tations not only constrains the viscosity bound but also limits the allowed couplings

of EGB gravity.
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Notation and Conventions

The definitions of the curvature tensors used in appendix A follow those in Carroll

[1], namely we define the Riemann tensor in the usual way

Rρ
σµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ

where

Γσµν =
1

2
gσρ (∂µgνρ + ∂νgρµ − ∂ρgµν)

is the connection compatible with the metric gµν and we contract the first and third

index to define the Ricci tensor

Rµν = gσρRρµσν .

g will denote the metric determinant, γµν will be the induced metric with determi-

nant γ and γD−2 (or γ3) will be used to denote the metric induced on the bifurcation

surface (in our case the constant time metric at the horizon).

D will denote the spacetime dimension of the bulk while d will denote the space-

time dimension of the boundary.

k will denote the 4-momentum kµ, with components k0 = ω and k3 = q while k

will denote the spatial momentum.

Curvature tensors with a hat, e.g. R̂, are evaluated using the induced metric.
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Chapter 1

Introduction

Our current understanding of the universe is based on two tremendous achievements

of 20th century physics: quantum field theory and general relativity. Quantum field

theory (QFT) applies the ideas of quantum mechanics to classical fields and provides

a general theoretical framework underlying condensed matter and particle physics.

Perhaps the most successful example of a QFT is the standard model of particle

physics which describes the (non gravitational) interactions of all fundamental par-

ticles and has been tested to remarkable precision, the canonical experimental test

being the gyromagnetic ratio of the electron [2]. General relativity on the other

hand is a specific theory of gravitation describing the interaction between matter and

spacetime. General relativity too has been precisely tested experimentally, for exam-

ple in the Pound-Rebka experiment of the gravitational redshift [3, 4]. Yet despite the

success of quantum field theory as an overarching theoretical framework and general

relativity as a theory of gravity, the two have not been combined into a complete the-

ory of quantum gravity. This apparent incompatibility between quantum theory and

gravitation is a central problem in physics since we do not expect our fundamental

understanding to be partially quantum and partially classical [5].

One candidate for a theory of quantum gravity is string theory, where point par-

ticles are replaced with one dimensional extended objects. The string spectrum con-

tains a graviton, and therefore string theory contains gravity. However string theory

is really more than just a theory of quantum gravity and is actually a candidate for

a fully unified theory, although it is not yet complete. Despite this incompleteness,

string theory has provided an important link between quantum field theory and grav-

itational physics: the AdS/CFT correspondence, which has allowed us to learn about

the interaction of quantum field theories and gravity.
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The general idea of AdS/CFT, proposed by Maldacena [6], is that a gravitational

theory in a D dimensional asymptotically Anti de Sitter (AdS) spacetime is dual to a

D− 1 dimensional conformal field theory (CFT) which exists on the boundary of the

AdS spacetime. This duality implies that in certain circumstances the same physics

can be described by either a field theory, or a gravitational theory and in fact an

explicit dictionary between the fields in the bulk (i.e. in the D dimensional spacetime)

and the operators on the boundary (i.e. the D − 1 dimensional hypersurface taken

at the boundary) exists [7, 8], allowing for explicit computations on either side of the

duality. The fact that AdS/CFT allows a dual description of gravitational physics in

one less dimension makes it an explicit example of the holographic principle, which

is expected to play a role in quantum gravity [9, 10, 11]. But perhaps the most

useful aspect of the correspondence is the fact that it is a strong/weak duality. Most

field theories and string theory are best understood only perturbatively, which makes

calculations at strong coupling difficult. However in AdS/CFT exactly when the

boundary field theory is strongly coupled, the gravitational theory is weakly coupled

(i.e. classical). This provides a way to carry out difficult calculations in the boundary

theory by performing a more tractable calculation in the bulk.

Transport coefficients, such as the viscosity, are an example of the field the-

ory quantities which can be calculated through gauge/gravity duality. In fact the

viscosity has been computed for various gravitational backgrounds in several ways

[12, 13, 14, 15]. Interestingly enough the ratio of the shear viscosity to entropy den-

sity, has a universal value, η/s = 1/4π (in natural units), across many different field

theories which led to the conjecture that 1/4π was a universal lower bound for the

viscosity of relativistic quantum field theories [16]. If the viscosity bound were truly

universal it could provide a way to constrain allowable interactions in certain theories.

From the perspective of effective field theories, where any interaction allowed by the

symmetries is permissible, it would certainly be desirable to constrain the gravita-

tional interactions based on the dual field theory, or vice versa. Furthermore it may

be possible to search for fluids which violate the bound and such universal quanti-

ties may allow AdS/CFT results to extend beyond the supersymmetric field theories

which have gravity duals to everyday theories such as QCD. Therefore several ques-

tions naturally arise: Can the bound be used as a constraint to identify unacceptable

theories? When can the bound be violated, and if it is violated can other constraints

be used to rule out certain theories?

It turns out that the viscosity bound can be violated by including the higher
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derivative interactions expected as quantum corrections to Einstein gravity [17] how-

ever it cannot be violated by an arbitrary amount. An analysis of the various gravita-

tional perturbations shows that the coupling constant of the higher derivative inter-

actions, λ, which controls the viscosity bound violation must be constrained in order

for the boundary theory to preserve causality [18, 17, 19] which we expect for any

well defined field theory. The bounds on λ translate into bounds on the maximum

violation of the viscosity bound. These bounds also coincide with the constraint that

the dual theory has positive energy one-point functions [20], which is equivalent to

the absence of ghosts in the theory [21]. The fact that the bounds from these different

approaches agree is indeed interesting, and it seems that viscosity bound violation,

causality violation and energy flux positivity are tied together in some way.

In this thesis we will attempt to understand and further investigate the upper

bound on λ, which is especially interesting because of its relevance to viscosity bound

violation and its natural appearance in low energy string theory corrections. In order

to do so we will calculate the two-point function of the stress-energy tensor using the

AdS/CFT correspondence and search for propagating modes which violate causality.

In the region in which we can explicitly calculate the dispersion relation of these

modes, large imaginary frequencies damp the excitations within a distance on the

order of a wavelength, making it difficult to interpret these excitations as propagating

modes. However it seems that the imaginary component of the frequency tends toward

0 and that the phase velocity approaches 1 from above at large momenta. This result

is confirmed by the presence of a lightlike pole in the stress-energy two-point function

in the limit of infinite spatial momentum, indicating the presence of propagating

excitations which we can identify with the causality violating modes.

The remainder of this thesis is organized into the following four chapters:

Chapter 2 provides a brief review of the subjects touched on in this thesis, grouped

broadly into three categories: the AdS/CFT correspondence, higher derivative

gravity, and recent results relating causality violation, the viscosity bound and

constraints on central charges.

Chapter 3 contains the calculation of the two-point function for the scalar channel

using the AdS/CFT prescription. A solution is found numerically, and the large

momentum limit is studied. The quasinormal modes, which give the poles of

the correlation function are also found numerically.

Chapter 4 contains a discussion of causality violation based on the two-point func-
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tion and in particular on the dispersion relation of the quasinormal modes.

Chapter 5 concludes the thesis with a summary of the work performed
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Chapter 2

AdS/CFT and Higher Derivative

Gravity

In this chapter we will give a brief review of the theoretical background used in this

thesis. This will include a section on the AdS/CFT correspondence, higher derivative

gravity and the recent work constraining λ and the central charges.

2.1 The AdS/CFT Correspondence

Since Maldacena’s original proposal of the AdS/CFT correspondence there has been

a substantial amount of work both on better understanding and applying the duality

and a plethora of reviews exist, e.g. [22, 23, 24, 25, 26, 27, 28]. In this section we will

first summarize why such a statement could make sense following [25, 26] and then

discuss the exact statement of the correspondence and how to perform calculations

using AdS/CFT. We will also discuss the interpretation of Green’s functions, the role

of quasinormal modes and the viscosity bound.

2.1.1 Heuristic Motivations

The statement that the same physics can be described by a gravitational theory in D

dimensions or a field theory in D − 1 dimensions seems strange at first glance. Even

worse is the fact that the D dimensions really comes after a compactification. For

example, the most well known example of the correspondence is the duality between

type IIB string theory in an AdS5× S5 background and d = 4, N = 4 SU(N) su-

persymmetric Yang-Mills (SYM) theory, which means we are actually relating a 10
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dimensional gravitational theory and a 4 dimensional field theory. There are however

several motivations for the correspondence. First there is the Weinberg-Witten theo-

rem [29, 30]. The Weinberg-Witten theorem contains two statements which limits the

allowed massless particles in a quantum field theory. The first statement concerns

the construction of a conserved current and massless particles with spin j > 1/2.

However more interesting for the purposes of AdS/CFT is the second statement:

A theory which contains a conserved, Poincaré covariant stress-energy tensor cannot

contain massless particles with spin j > 1 which have conserved, non-zero energy-

momentum four vector.

In order to have a quantum theory of gravity which has a dynamical metric, we

want to have a spin 2 massless graviton made up of some kind of degrees of freedom

from the field theory. This means we need a way around the Weinberg-Witten theo-

rem and one possibility is that the graviton is not in the same spacetime as the QFT.

This requirement is met in AdS/CFT.

The second motivation is the holographic principle [9, 10, 11]. The entropy of a

black hole (for theories without higher derivative interactions, as discussed in Sec.

2.2) is proportional to the area of its event horizon [31, 32, 33, 34]

SBH =
A

4G
(2.1)

(with all units, SBH = kBAc
3/(4G~)) which means that the maximum entropy for a

given region of spacetime grows as the area of its boundary, otherwise we could violate

the second law of thermodynamics by adding matter into a volume of spacetime until

a black hole forms and decreases the entropy. Therefore the degrees of freedom of

a gravitating system can be encoded on its boundary. This is in contrast with the

entropy of a regularized QFT where the number of states grows exponentially with

the volume. This implies that the degrees of freedom for D dimensional gravitational

physics scale in the same way as the degrees of freedom of a D − 1 dimensional

quantum field theory, which again fits nicely with the idea of AdS/CFT.

The final motivation gives an interpretation to the extra dimension of the grav-

itational theory. In the Wilsonian understanding of renormalization we can view a

QFT as a set of effective theories defined at a series of energy scales parametrized by

ũ. When we want to use the theory at some ũ′ � ũ we can integrate out high energy
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degrees of freedom to find an effective theory at ũ′. This coarse graining procedure

defines the renormalization group flow which defines an effective theory at each en-

ergy scale ũ. Therefore we can view the d-dimensional theory in a (d+1)-dimensional

spacetime with the extra dimension being the RG scale. The fact that the β function

is local in the scale supports viewing ũ as an extra dimension. As we move toward the

boundary we are moving toward the UV in the QFT, however in the bulk we move

toward the IR. In principle we could look somewhere in the middle, however when the

bulk is in the IR (i.e. the gravity is classical) we know how to perform calculations

and interpret the result in terms of the correlation functions of the field theory and

so we set the field theory at the boundary.

This picture also leads to a simple argument for the bulk spacetime being AdS.

Suppose we have β = 0. Then we would expect to have the dilatation symmetry

xµ → ξxµ, which means the extra energy dimension scales as ũ → ũ/ξ. The most

general D dimensional spacetime with this scaling symmetry and Poincaré invariance

is [26]

ds2 =

(
ũ

L̃

)2

ηµνdx
µdxν +

L2

ũ2
dũ2. (2.2)

The coordinate ũ and and the parameter L̃ have units of energy, but we can rescale

to a coordinate r and parameter L with units of length ũ = L̃
L
r so that

ds2 =
( r
L

)2

ηµνdx
µdxν +

L2

r2
dr2 (2.3)

which is just the metric for AdSD where L is the AdS radius and r runs from 0 to

∞ at the boundary. In the case that the spacetime contains a black hole, r will run

from the horizon a to the boundary.

2.1.2 String Theory Argument and Calculations

With the three motivations from the previous subsection in mind, we will now briefly

outline the original decoupling argument for the AdS/CFT correspondence [27, 28]

before discussing the recipe to compute correlations functions in AdS/CFT. Recall

that in string theory the fundamental constituent is a one dimensional extended object

of length `s, which we call a string. The strings can be open or closed and we identify

particles with the (massless or massive) modes of the strings. We can characterize

the strings by their tension, Ts, which is related to the string length through the slope
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parameter α′ = `2
s,

Ts =
1

2πα′
, (2.4)

and by the string coupling gs, which controls how strings may join together or split

apart, i.e. how they interact. However in addition to strings, string theory con-

tains other massive dynamical objects such as D-branes. D-branes come in various

dimensions and act as hypersurfaces where boundary conditions for the open strings

can be imposed. For example a Dp-brane would be a p dimensional surface where

the endpoints of the open strings would obey Dirichlet boundary conditions so that

strings would be free to move on the surface of the brane, but not transverse to the

brane. The D-branes themselves are dynamical and we can identify their fluctuations

with the open string spectrum. It is also important to note that D-branes are non

perturbative and their mass density, i.e. their tension, goes as 1/gs,

TDp =
1

(2π)pgs`
p+1
s

(2.5)

so that they decouple in the limit gs → 0.

Now consider a stack of N D3-branes in type IIB string theory with N some

large fixed number. To make our argument we will consider the low energy limit in

two different regimes, gsN � 1 and gsN � 1. With a stack of N branes it is now

possible to have open strings which start on one brane and end on another. The

mass of these strings is related to the separation of the branes, and in particular

when all of the branes lie on top of each other the mass is 0. This stack of branes

sits in 10 dimensional Minkowski space and we have open strings on the branes and

closed strings away from the branes. At low energies we can integrate out the massive

modes, and in doing so we find that the dynamics of the interacting open strings is

determined by d = 4,N = 4 SU(N) SYM with coupling g2 = 4πgs. The coupling

between the closed strings is governed by G ∼ g2
s`

8
s so at low energies (i.e. `s → 0)

the closed strings are non-interacting. The same is true for the coupling between the

closed and open strings. So at low energies we are left with d = 4,N = 4 SU(N)

SYM at the branes and non-interacting closed strings in Minkowski spacetime.

We can also consider the geometric effects of the D3-branes. Since the branes have

mass they effect the flat metric around them, and in our configuration the metric for
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the N D3-branes which solves the supergravity equations is

ds2 = H(r)−1/2ηµνdx
µdxν +H(r)1/2(dr2 + r2dΩ2

5) (2.6)

where

H(r) = 1 +
L4

r4
, (2.7)

L4 = 4πgsN(`s)
4, (2.8)

and µ, ν run over the spacetime indices of the brane, 0, 1, 2, 3. With respect to the

dimensions transverse to the branes, the branes act like a point mass and the metric

only depends on the radial distance from the mass. For r � L, H(r) → L4/r4 and

the metric takes the form AdS5× S5 (with AdS5 written in the form of Eq. 2.3).

On the other hand for r � L, H(r) → 1 and the metric is just a 10 dimensional

Minkowski spacetime. In this sense L characterizes the strength of the gravitational

effects, and near the branes the spacetime develops a throat geometry as shown in

Fig. 2.1a. Since we are still in the low energy limit, the same decoupling arguments

hold as in the SYM picture of the branes and away from the throat we just have

massless non-interacting closed strings. However even at low energies, in the throat

we can have massive modes since to an observer far from the throat these modes

appear red shifted due to the gravitational potential of the throat. At sufficiently low

energies these modes are deep enough inside the throat that they decouple from the

closed strings in the asymptotically Minkowski spacetime.

So far we have just taken the low energy limit, and the two brane descriptions we

have hold at any value of gsN . Now consider the SYM description and take gsN � 1.

In this limit the mass of the brane diverges as 1/gs, however the gravitational coupling

goes to zero as g2
s so that the gravitational effects of the branes are negligible. We can

see this effect in the geometric description as well since L � `s in this limit so that

the range of the gravitational effects is small. In the large N limit, the gauge theory

is controlled by the t’Hooft coupling λt = g2N = 4πgsN so for gsN � 1 the gauge

theory is weakly coupled and is tractable. So in the limit of small string coupling, we

have the stack of branes sitting in 10-dimensional Minkowski spacetime with closed,

non-interacting strings in the bulk and the interacting open strings governed by N =

4, SU(N) SYM.

Going to the opposite extreme, with gsN � 1 we see that the gravitational effects

of the branes will now become important. Far from the branes we still have Minkowski
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(a) Spacetime geometry of N D3-branes.

L

r

gsN � 1

+

AdS5 × S5

closed strings

(b) Super Yang-Mills description of N D3-branes.

gsN � 1

+

N = 4 SYM

closed strings

Figure 2.1: Two descriptions of the low energy limit of a stack of D3-branes in type
IIB string theory. (a) At large coupling the gravitational effects of the branes are
important and the spacetime geometry forms a throat near the branes where closed
strings are trapped while remaining flat as r → ∞ where non-interacting closed
strings propagate. The circles in the throat correspond to 5-spheres of increasing
(decreasing) radius as we move up (down) the throat. (b) For small coupling the
dynamics of the open strings attached to the branes is governed by N = 4 SU(N)
SYM and we have non-interacting closed strings in a flat spacetime away from the
branes. Figure inspired by [27].
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spacetime and closed non-interacting strings. However as we move towards the branes

a throat geometry, AdS5× S5 forms. Inside the throat we have interacting, closed type

IIB strings. At the same time, since the SYM is strongly coupled in the gsN � 1

limit the geometric description forms the best, tractable viewpoint.

We can now identify the duality. At low energies, for gsN � 1, we find massless,

closed strings in a 10-dimensional Minkowski spactime and massless open strings

interacting according to N = 4 SYM. On the other had, at low energies for gsN � 1

we have massless, closed strings in a 10-dimensional Minkowski spactime and closed

strings in AdS5×S5. Both cases describe the same physics and only the coupling

has changed, so since we still have massless closed strings in each description we can

identify a duality between type IIB string theory in AdS5×S5 and N = 4 SYM in

4-dimensions.

Returning to the geometric description of the branes, as we move up the throat

(r →∞) the radius of S5 becomes large and we approach the Minkowski spacetime.

Therefore we say that the bulk fields in AdS5 couple to operators in N = 4 SYM on

the boundary. To make this statement concrete, let φi be a set of fields in AdS5, (φi)0

be their boundary values, and Oi a set of operators on the boundary which couple to

(φi)0. Then the statement of the duality is the equivalence of the generating functions

for the quantum field theory and the quantum gravity

Z[(φi)0]QFT = ZQG[φi]

∣∣∣∣
BC

. (2.9)

By BC we mean that we must apply some appropriate boundary conditions to the

gravitational generating function. Having this generating function, we can then com-

pute correlation functions in the QFT in the usual way using Z[(φi)0] = exp(
∫

(φi)0Oi),

〈∏
i

Oi
〉

=
∏
i

δ

δ(φi)0

lnZ

∣∣∣∣
(φi)0=0

. (2.10)

The equivalence of the generating functions extends beyond the specific example of

type IIB strings and SYM and defines a general gauge/gravity duality, where we

can identify a gauge theory at the boundary of some bulk gravitational theory. A

simple example of this would be AdS5 with a black hole. This bulk is still dual to

N = 4 SYM, but the expectation value would now be taken in a thermal state at the

Hawking temperature of the black hole. This is true in general.

The problem with using Eq. 2.9 is that we do not know the explicit expression
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for ZQG. Fortunately in the large N limit we can make a saddle point approximation

[26] and use a classical gravity theory

Z[(φi)0]QFT ≈ e−Scl

∣∣∣∣
BC

. (2.11)

Having Eq. 2.11, the final ingredient we need before being able to write down a recipe

for computing correlation functions is some kind of dictionary between the bulk fields

and the boundary operators. Since the stress-energy tensor is the response to metric

variations

Tµν =
2√
−g

δS

δgµν
(2.12)

gµν in the bulk will couple to Tµν on the boundary. We would also expect gauge

fields Aaµ in the bulk to couple to currents Jaµ and more generally the spin of the field

corresponds to the spin of the operator while the mass of the field corresponds to the

scaling dimension of the operator [7, 8].

Combining these results, given some bulk spacetime with or without a black hole

we can compute correlation functions by performing the following steps:

1. First solve the linearized equations of motion for the bulk field. For example, if the

bulk field is a massive scalar, this would mean solving the linearized Klein-Gordon

equation in curved spacetime. For the metric this means we need to expand about

the AdS background, gµν → gµν + hµν and solve the linearize Einstein equations.

For now denote the boundary value of the field schematically as φ0. Typically it

will be easier to solve the Fourier transformed equations of motion so we will find

φ0(k).

2. Then we need to expand the action for the field to second order and write it in

terms of the boundary value of the field, φ0. In the case of the metric this means

we need to include both the Gibbons-Hawking term and any necessary counter

terms. Since we are expanding the action on shell (i.e. we are expanding around a

classical solution and the perturbation satisfies the equation of motion) it should

reduce to just boundary terms and will take the form

S = −1

2

∫
d4k

(2π)4
φ0(−k)F(k, r)φ0(k)

∣∣∣∣
r→∞

(2.13)

where r is the extra dimension and we take it to the boundary (r →∞).
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3. Now using Eq. 2.11 we can take derivatives to find the correlation function.

In step 1 we also need to decide which boundary conditions to apply. This choice

is linked to whether we are in Euclidean or Minkowski signature and the type of

Green’s function we want to calculate. Originally the correspondence was formulated

for Euclidean signature [7, 8] and in this case it is sufficient to demand that the

solutions are regular at the horizon. However in the real-time case the solutions

are oscillatory at the horizon, and we must use a different condition. One choice is

that the solutions are ingoing at the horizon which will yield the retarded Green’s

function. This makes physical sense since we expect things to go into, but not out

of the black hole. Alternatively we could choose the solution to be outgoing at the

horizon, which would give the advanced Green’s function however it is most common

to use the ingoing condition and this is what we will use. Therefore once we have

solved the linearized equation and have written the action in the form of Eq. 2.13 we

can use the real-time formalism [35] and identify the retarded Green’s function

G(k) = lim
r→∞
F(k, r). (2.14)

If we want to find the n-point function for n > 2 we can repeat the same procedure

but we must now expand the equations of motion to higher order and also expand the

action to higher order. In the Euclidean formalism we can just take more derivatives

of the generating functional of Eq. 2.11, but for real-time correlation functions we

have to use a generalization of the approach used to determine Eq. 2.14 [36].

Above we have taken two approaches to the AdS/CFT correspondence. In order

to determine the relationship between type IIB string theory and N = 4 SYM we

used a top-down approach where we first constructed some brane configuration in

order to determine its low energy behaviour in different regimes of the coupling. This

determined what the bulk geometry was and in our case also told us what the dual

field theory was. However in order to describe the method of computation we used

a bottom-up approach (motivated by the insights of the original top-down example),

where we picked a bulk spacetime, perturbed it by adding some field to the action, and

then solved the linearized equations of motion and computed the action to quadratic

order in the perturbing field. We will use this bottom-up approach when we look at

Einstein-Gauss-Bonnet gravity.
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2.1.3 Green’s Functions and Quasinormal Modes

We outlined in Sec. 2.1.2 how we can compute n-point functions using the AdS/CFT

correspondence. Of particular interest in this thesis will be retarded two-point func-

tions which are physically important since they characterize the linear response of

a system to a perturbation. To see this [37], suppose we have a QFT with a set of

operators Oi(t,x). Now we perturb the system by adding a source φi(t,x) which will

change the expectation value of Oi(t,x)

δ 〈Oi(t,x)〉 = 〈Oi(t,x)〉 − 〈Oi(t,x)〉0 . (2.15)

Here 〈Oi(t,x)〉0 is the expectation value with the source turned off. This change in

〈Oi〉 defines the response function Gij as the linear change in the sources

δ 〈Oi(t,x)〉 =

∫
ddxGij(t,x; t′,x′)φj(t

′,x′). (2.16)

The sources couple to the operators, so the form of the perturbation to the Hamilto-

nian is

HSRC(t) =

∫
dd−1xφi(t,x)Oi(t,x) (2.17)

where we are in the Heisenberg picture. Using the time evolution operator to linear

order in φi

U(t, t0) = 1− i
∫ t

t0

HSRC(t′)dt′ (2.18)

we can calculate 〈Oi〉

〈Oi(t,x)〉 = 〈Oi(t,x)〉0 − i
∫ t

t0

dt′ 〈[Oi(t,x), HSRC(t′)]〉

= 〈Oi(t,x)〉0 − i
∫ ∞
t0

dt′θ(t− t′) 〈[Oi(t,x), HSRC(t′)]〉 . (2.19)

So using Eq. 2.17

〈Oi(t,x)〉 = 〈Oi(t,x)〉0 − i
∫
ddx′θ(t− t′) 〈[Oi(t,x),Oj(t′,x′)]〉φj(t′,x′). (2.20)

Therefore

δ 〈Oi(t,x)〉 = −i
∫
ddx′θ(t− t′) 〈[Oi(t,x),Oj(t′,x′)]〉φj(t′,x′) (2.21)
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and we can identify

Gij(t,x; t′,x′) = −iθ(t− t′) 〈[Oi(t,x),Oj(t′,x′)]〉 (2.22)

which is just the retarded Green’s function. We therefore see that the retarded

Green’s function characterizes the linear response of a system to a perturbation. For

a translationally invariant system, Gij only depends on the differences, t − t′ and

x− x′ and we can Fourier transform the Green’s function so that

Gij(x− x′) =

∫
ddk

(2π)d
eik(x−x′)Gij(k). (2.23)

Taking Oi = Tµν we therefore have an expression for the two-point functions of the

stress-energy tensor

Gµν,αβ(x− x′) = −iθ(t− t′) 〈[Tµν(x), Tαβ(x′)]〉 . (2.24)

Based solely on the number of indices, in d dimensions the two-point function would

have d4 components. However due to CPT invariance and the symmetry of Tµν the

two-point function for a thermal state has only 5 independent index structures and

the addition of scale invariance reduces this number to 3 [38]. For momenta along

the z direction (using spatial coordinates x, y, z, labelled by the subscripts 1, 2, 3

respectively, which define a right handed coordinate system in 3+1 dimensions) a

convenient choice of the three independent components of Gµν,αβ is G12,12, G13,13 and

G33,33 which each correspond to a gauge invariant combination of the perturbations

hµν whose equations of motion decouple [38]. Two of these classes contain hydrody-

namic modes, and we may classify the perturbations by their transformation under

rotations. The components transforming as scalars contain a sound mode, the compo-

nents transforming as vectors contain a shear mode, and the components transforming

as tensors do not contain a hydrodynamic mode. Hence these three classifications are

known as the sound channel, shear channel and scalar channel respectively (the scalar

channel refers to the perturbations which transform as a tensor because the equations

of motion for these perturbations are those of a massless scalar field).

The hydrodynamic modes we just discussed will correspond to poles in the two-

point function, however it is also possible that the correlation function will contain

other poles which could potentially correspond to propagating modes violating causal-

ity, making the location and dispersion relation of the poles important. It turns out
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that these poles are actually the quasinormal modes (QNM) of the black hole in our

bulk spacetime [35]. To see this we return to the prescription from the previous sec-

tion. The Green’s function will generally arise from the φφ′ term in the action so

using our prescription G(k) ∝ φ′0(k)/φ0(k). The linearized equations of motion will

be some linear, second order differential equation, so we can write the solution near

the boundary as a sum of two Frobenius solutions

φ(u) = A(k)u∆− (1 + . . .) +B(k)u∆+(1 + . . .) (2.25)

where ∆+ > ∆−, the ellipses denote higher powers in u and we are using coordinates

where u = a2/r2 so that u runs from 1 at the horizon to 0 at the boundary. Therefore

φ′ is given by

φ′(u) = A(k)∆−u
∆−−1(1 + . . .) + A(k)u∆−(a1 + 2a2u+ . . .)

+B(k)∆+u
∆+−1(1 + . . .) +B(k)u∆+(b1 + 2b2u+ . . .).

and the correlation function becomes (taking u = ε→ 0)

G(k) ∝ φ′0(k)

φ0(k)
=
A(k)∆−ε

∆−−1 (1 +O(ε)) +B(k)∆+ε
∆+−1 (1 +O(ε))

A(k)ε∆−
[
(1 +O(ε)) + B(k)

A(k)
ε∆+−∆− (1 +O(ε))

]
= (∆+ −∆−)

B(k)

A(k)
ε∆+−∆−−1 +O

(
ε∆+−∆−

)
+ Contact Terms.

So the poles of G are given by the roots of A. But near the boundary (u = 0) the

solution is φ(u) ∼ A(k)u∆− so the condition that A(k) = 0 is the same as applying

Dirichlet boundary conditions which we would use to find the quasinormal modes. So

we see that the two-point function has a simple structure in terms of the coefficients of

the solution to the linearized action, and the poles which determine the propagating

modes are given by the quasinormal modes of the black hole. This method of finding

the poles will be used in Ch. 3.

2.1.4 Viscosity Bound

Through the correlation functions, AdS/CFT provides a powerful method for calcu-

lating transport coefficients in the field theory, which, at strong coupling, is difficult

to do using conventional field theory techniques. An important example is the shear

viscosity which may be found from the pole structure of the shear and sound modes
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or through the Kubo formula [27]

η = − lim
ω→0

1

ω
lim
k→0

ImG12,12(k). (2.26)

This shear viscosity has been calculated for a large number of bulk geometries [12,

14, 15] and interestingly, the ratio η/s was found to be universal over these examples,

leading to the viscosity bound conjecture that η/s ≥ 1/4π for all relativistic quantum

field theories [16]. The lower bound η/s = 1/4π is much lower than any normal fluid,

such as water, however for the quark gluon plasma, as measured through the elliptic

flow at the Relativistic Heavy Ion Collider (RHIC), η/s is actually very close to the

bound [39]. To an extent the smallness of the bound makes sense since our field

theory is strongly coupled in the large N limit and from kinetic theory we can expect

the viscosity to be proportional to the mean free path [40]. Arguments based on the

uncertainty principle also favour a bound of order 1 [16].

The viscosity bound has withstood a number of tests including 1/λt corrections

in SYM [41, 42]. However the bound can be violated by higher derivative gravity.

Specifically in the case of Einstein-Gauss-Bonnet gravity it was found that

η/s =
1

4π
[1− 4λ] (2.27)

so that the bound is violated for λ > 0 [17]. Interestingly enough higher order

Lovelock terms (see Sec. 2.2) do not explicitly violate the bound for planar horizons

[43] although they enter implicitly through causality constraints [44] and therefore

still influence a potential new lower bound. It is also important to keep in mind

that although the viscosity bound is explicitly violated for EGB gravity, it is unclear

what the exact UV completion is for EGB gravity, and there are examples of effective

theories that do not have consistent UV completions [45, 46]. However, as discussed

in Sec. 2.3 higher derivative theories such as EGB gravity allow non-equal “central

charges” c and a and other field theories with non-equal central charges are known

to have string theory embeddings [47, 48].

2.2 Higher Derivative Gravity

In discussing the viscosity bound above, we mentioned the role of higher derivative

gravity theories. In such theories we go beyond the Ricci scalar and include higher
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curvature terms in the action. For example we may have an action of the form

S =
1

16πG

∫
dDx
√
−g
(
R− 2Λ + a1R

2 + a2R
µνRµν + a3RR

µνRµν + . . .
)
. (2.28)

There are several reasons to consider such modifications to general relativity. In

the context of effective field theories [49, 50], we would naturally expect Einstein

gravity to just be a low energy limit and in general all interactions consistent with

the symmetries of GR (i.e. general covariance) would be present. This means we

can build terms out of curvature invariants and suppress them by some appropriate

mass. The curvature squared interactions also arise naturally in low energy limits

of heterotic string theory [51]. This means if we want to consider corrections to the

Einstein gravity dual, curvature squared terms would be a natural place to start. A

final reason to consider higher derivative gravities is the importance of AdS5 in the

context of AdS/CFT (since it is dual to a 4-dimensional CFT). In D > 4 dimensions

the principles which yield Einstein gravity give rise to more general higher derivative

theories [52], so when we consider gravity in more than 4 dimensions it is natural to

consider a more general gravitational theory.

The Einstein tensor, Gµν is a symmetric rank two tensor, which is divergence free

(that is ∇µG
µν = 0) and which depends on the metric and its first two derivatives

only. Note that even if we include a cosmological constant in the theory, the equations

of motion still obey the divergence free condition since ∇µg
µν = 0 by metric com-

patibility. Assuming that these key characteristics hold in higher dimensions, general

relativity naturally extends to Lovelock gravity [52]. It turns out that Lovelock the-

ories are also the most general theories where Palatini and metric formulations are

equivalent [53]. The Lagrangian for Lovelock theories depends on the dimension of

the spacetime and is given by

LL =
√
−g

bD−1
2
c∑

p=0

αpLp (2.29)

where

Lp =
1

2p
δ
µ1ν1...µpνp
α1β1...αpβp

p∏
r=1

Rαrβr
µrνr (2.30)
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and δ
µ1ν1...µpνp
α1β1...αpβp

is the antisymmetrized Kronecker delta

δ
µ1ν1...µpνp
α1β1...αpβp

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

δµ1α1
δµ1β1 · · · δµ1αp δµ1βp

δν1α1
δν1β1 · · · δν1αp δν1βp

...
. . .

...

δ
µp
α1 δ

µp
β1
· · · δ

µp
αp δ

µp
βp

δ
νp
α1 δ

νp
β1
· · · δ

νp
αp δ

νp
βp

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (2.31)

The first few terms in Eq. 2.29 can easily be computed. L0 is just a constant, L1 is

the Ricci scalar, L2 is the Gauss-Bonnet term

L2 = LGB = R2 − 4RµνR
µν +RµνρσR

µνρσ (2.32)

and an explicit form of the third order Lovelock term can be found in [54]. Therefore

in 4-dimensions Lovelock gravity is just general relativity, and due to the Gauss-

Bonnet theorem [55] LGB is just a constant. In 5-dimensions however we have to

include LGB and we have Einstein-Gauss-Bonnet gravity.

The fact that the equations of motion depend only on the first two derivatives

of the metric means that the theory will be ghost free when expanded around a

flat spacetime, and even around some more general backgrounds [56, 57]. Since string

theory is ghost free the quadratic curvature terms which appear at low energies should

be organized into the Gauss-Bonnet term [57], making the EGB theory a natural

gravitational theory to consider. Another important property of Lovelock theories

is that despite their apparent complexity, many general results are available. For

example, general spherically symmetric solutions exist [58, 59, 60] and a general form

for the equations of motion can also be found [43, 61]. The general Gibbons-Hawking

term was found in [62] and an explicit general form is given in [63, 64]. Explicit

terms up to third order for the Lovelock tensor and the Gibbons-Hawking term can

be found in [54].

In this thesis we will focus on the EGB theory with the action

S =
1

16πG

∫
dDx
√
−g
[
R− 2Λ +

λL2

2
LGB

]
(2.33)

where Λ = − (D−2)(D−1)
2L2 and L is the AdS radius for λ = 0. The equations of motion

for this action, denoted by Aµν , can be found by explicitly varying the action with
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respect to gµν and this calculation is performed in Appendix A. The result is

Aµν = Rµν − 1

2
gµνR + gµνΛ− λL2

4
gµνLGB −

λL2

2
Hµν = 0 (2.34)

where

Hµν =
(
−2RRµν + 4RµρνσRρσ − 2RµρστRν

ρστ + 4Rµ
ρR

νρ
)
. (2.35)

To solve this equation we make the ansatz

ds2 = −A2f(r)dt2 +
1

f(r)
dr2 +

r2

L2
dx2. (2.36)

The non-zero components of Aµν are then Arr, Att and Ax1x1 = Ax2x2 = Ax3x3 which

all have the same solution

f(r) =
r2

2L2λ

(
1−

√
1− 4λ

(
1− a4

r4

))
(2.37)

where a is the horizon radius (f(a) = 0). At the boundary, r → ∞, f(r) →(
1−
√

1− 4λ
)
r2/2L2λ so setting

A =

√
1

2

(
1 +
√

1− 4λ
)

(2.38)

sets the dt coefficient, and thus the speed of light at the boundary, to 1. We will use

this definition of A from now on which allows us to write the AdS radius as L′ = AL.

This shows that for λ > 1/4 the solution is no longer AdS so we will only consider

λ ≤ 1/4. The thermodynamics of this solution are discussed in Appendix B, but it

is useful to point out that this solution still follows the area law for the entropy [65]

since it has a planar horizon. In general this is not true for higher derivative theories

of gravity, where the entropy should be calculated using the Wald formula [66]. Even

for EGB more general solutions with spherical or hyperbolic horizons exist and do

not obey the area law [60, 65, 67]. However black holes with planar horizons will obey

the area law in any Lovelock theory [60] and here we will only consider the planar

solution described by Eq. 2.36 and Eq. 2.37.

The final aspect of higher derivative gravity we need to discuss is the Gibbons-

Hawking boundary term. In order to have a well defined variational problem in the

presence of a boundary, we must introduce the Gibbons-Hawking surfaceterm [68] so
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that we only need to constrain the metric and not its derivatives on the boundary.

In general relativity this is given by [1]

SbGR =
1

8πG

∫
ddx
√
−γK (2.39)

where

γµν = gµν − nµnν (2.40)

is the induced metric, which is the pullback of the metric onto the boundary, and nµ

is the normal to the boundary defined by

nµ =
ξµ

|ξνξν |1/2
(2.41)

with

ξµ = gµν∇νf(x) (2.42)

and f(x) = C used to define the boundary. K is the trace of the extrinsic curvature

Kµν =
1

2
(∇µnν +∇νnµ) . (2.43)

Since the equations of motion for Lovelock theories contain only two derivatives of

the metric, it is possible to generalize the Gibbons-Hawking term and for EGB we

have [69]

SbGB =
λL2

8πG

∫
ddx
√
−γ
(
J − 2ĜµνKµν

)
(2.44)

where Ĝµν is the Einstein tensor of the induced metric and J is the trace of

Jµν =
1

3
(2KKµσK

σ
ν +KσρK

σρKµν − 2KµσK
σρKρν −K2Kµν). (2.45)

In AdS/CFT we are interested in the action on the boundary and it is important to

include the Gibbons-Hawking contribution in the action. We will see this explicitly

when computing the correlation function of the stress-energy tensor.
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2.3 Constraints on λ and Central Charges

In conformal theories the energy momentum tensor is traceless due to the scaling

symmetry of the action. However in a curved background this symmetry is anomalous

and for a 4-dimensional CFT the anomaly can be characterized by the two central

charges, c and a [70]

〈
T µµ
〉

=
c

16π2
CµνσρC

µνσρ − a

16π2

(
R2 − 4RµνR

µν +RµνρσR
µνρσ

)
. (2.46)

Here Cµνσρ is the Weyl tensor, which is the traceless component of the Riemann

tensor. Requiring that the energy one-point function is positive leads to constraints

on a and c. In particular with N = 1 supersymmetry [20]

1

2
≤ a

c
≤ 3

2
. (2.47)

Similar constraints exist for N = 2 [20], while for N = 4, a = c. c and a can also be

written in terms of the EGB coupling [19, 71]

c =
πL3

83/2G

(
1 +
√

1− 4λ
)3/2 (√

1− 4λ
)

a =
πL3

83/2G

(
1 +
√

1− 4λ
)3/2 (

3
√

1− 4λ− 2
)

(2.48)

so that
a

c
= 3− 2√

1− 4λ
. (2.49)

In the case of N = 1 the bounds on a and c then translate to

− 7

36
≤ λ ≤ 9

100
. (2.50)

Returning to the AdS/CFT description of EGB gravity, the higher derivative inter-

actions allow the dual CFT to have non-equal central charges, which is not the case

for Einstein gravity duals. Furthermore requiring causality of the dual CFT allows

restrictions to be placed on λ from the various perturbation channels. The scalar

channel provides an upperbound, λ ≤ 9
100

[17, 18] and both the shear and sound

channels provide lower bounds, λ ≥ −3
4

from the shear channel and λ ≥ − 7
36

from

the sound channel [19]. Therefore the causality bounds agree with the bounds on the

central charges for the N = 1 dual theory. The upper bound on λ has the effect of
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lowering the bound on the viscosity

We can see then that the viscosity bound, causality violation and the central

charges are all interrelated. In the next chapter we will perform an explicit calculation

of the two-point function of the stress-energy tensor with the goal of investigating

and interpreting the upper bound on λ. Indeed the upperbound appears to be the

most interesting since the low energy string theory corrections come with a positive

coefficient and the viscosity bound will only be violated for λ > 0.
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Chapter 3

Calculation of the Two-Point

Function

In this chapter we will explicitly calculate the stress-energy tensor two-point function

(numerically) and will determine the pole structure of the correlation function at large

spatial momentum. We will also compute the quasinormal modes at several λ.

3.1 Series Solution to the Linearized Equation of

Motion

Metric fluctuations will act as a source on the boundary for the stress-energy tensor,

so in order to calculate the two-point function of Tµν we need to perturb the metric.

Since we are interested in the scalar channel and hence Gxy,xy, we will add an hxy

perturbation which we will write in terms of hxy = φ = L2/r2hxy. Due to the rotation

invariance we can write φ = φ(r, z, t) and therefore the equation of motion for φ will

be trivially invariant under the infinitesimal diffeomorphism hµν → hµν−∇µζν−∇νζµ,

(ζµ = ζµ(r)e−iωt+iqz) since φ→ φ under this transformation. With this perturbation

the metric becomes

ds2 = −A2f(r)dt2 +
1

f(r)
dr2 +

r2

L2

[
dx2 + 2φ(r, z, t)dxdy

]
(3.1)
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with the horizon at r = a and the boundary at r = ∞. Expanding the equations of

motion, Eq. 2.35, to first order, the xy component gives

1

2L2

[
rf ′
(
−r + L2λf ′

)
+ f

(
−3r + L2λ (2f ′ + rf ′′)

)] ∂φ
∂r

+
rf

2L2

(
−r + L2λf ′

) ∂2φ

∂r2

+
r (r − L2λf ′)

2A2L2f

∂2φ

∂t2
+

1

2

(
−1 + L2λf ′′

) ∂2φ

∂z2
= 0 (3.2)

where f = f(r) and primes are derivatives with respect to r. We now Fourier trans-

form in z and t

φ(r, z, t) =

∫
dωdq

(2π)2φ(r)e−i(ωt−qz) using k = (ω, 0, 0, q) (3.3)

and perform the rescalings

v =
r

a
, ω̃ =

L2

a
ω, q̃ =

L2

a
q,

f̃ =
L2

a2
f =

v2

2λ

[
1−

√
1− 4λ

(
1− 1

v4

) ]
. (3.4)

The horizon is now at v = 1 and the boundary at v = ∞ while the ∂2φ
∂r2

coefficient

becomes − a4

2L4v
K(v) with

K(v) = v2f̃(v)
(
v − λf̃ ′(v)

)
, f̃(v) =

L2

a2
f(v) =

v2

2λ

(
1−

√
1− 4λ

(
1− 1

v4

))
(3.5)

the ∂φ
∂r

coefficient is − a3

2L4v
K ′(v) and the φ coefficient is − a2

2L4v
K1(v) where

K1(v) =
ω̃2

A2f̃ 2(v)
K(v)− q̃2v

(
1− λf̃ ′′(v)

)
. (3.6)

Here primes denote the derivative with respect to the argument specified, e.g. K ′(v) =
dK
dv

. The linear equation of motion is therefore

K(v)φ′′(v) +K ′(v)φ′(v) +K1(v)φ(v) = 0. (3.7)

In order to construct series solutions the coordinate u = 1/v2 = a2/r2 is convenient

since the coordinate change moves the horizon to u = 1 and the boundary to u = 0.
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In terms of u the equation of motion is

4u3K(u)φ′′(u) +
[
6u2 + 4u3K ′(u)

]
φ′(u) +K1(u)φ(u) = 0 (3.8)

with

K(u) = u−3/2f̃(u)
(

1 + 2u2λf̃ ′(u)
)
, f̃(u) =

1

2λu

(
1−

√
1− 4λ(1− u2)

)
,

K1(u) = K(u)
ω̃2

A2f̃ 2
− q̃2u−1/2

[
1− λ

(
6u2f̃ ′(u) + 4u3f̃ ′′(u)

)]
.

Both the horizon and the boundary are regular singular points of Eq. 3.8 so we can

construct series solutions using the Froebenius method [72] and since there are no

other singularities between the boundary and horizon, the solution from the horizon

should be convergent up to the boundary and the boundary solution should be con-

vergent up to the horizon. At the boundary we will have two independent solutions

and near the horizon we will choose the solution which is incoming. Rewriting the

equation of motion

r(u)φ′′(u) + s(u)φ
′
(u) + t(u)φ(u) = 0 (3.9)

we can expand the solution and the coefficients near the horizon

φh(u) = (1− u)∆

∞∑
n=0

an(k, ω)(1− u)n (3.10)

r(u) =
∞∑
k=0

rk(1−u)k, s(u) =
∞∑
k=0

sk(1−u)k, t(u) =
∞∑
k=0

tk−1(1−u)k−1 (3.11)

so that the linearized equation becomes∑
k,n

[
rk(n+ ∆)(n+ ∆− 1)an(1− u)n+k−2 − [sk(n+ ∆)− tk−1] an(1− u)n+k−1

]
= 0.

(3.12)

The (1 − u)−2 coefficient is identically 0 since it is proportional to r0 = 0 and the

(1− u)−1 coefficient gives the indicial equation,

r1∆(∆− 1)− s0∆ + t−1 = 0 (3.13)
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where

r1 = −s0 = 8− 32λ, t−1 =
ω̃2 (1− 4λ)

1 +
√

1− 4λ
. (3.14)

The indicial exponents are therefore ∆± = ± iω̃
4A

, with ∆− representing the incoming

solution. Writing the equation for (1− u)n the an coefficient is determined to be

an =

∑n−1
j=0 [rn+1−j(j + ∆−)(j + ∆− − 1)− sn−j(j + ∆−) + tn−j−1] aj

s0n(n+ 2∆−)
(3.15)

so the series solution at the horizon can be computed to any order in (1− u). At the

boundary we will generally need to keep both solutions. By expanding r, s and t as

r(u) =
∞∑
k=0

rku
k+1/2 s(u) =

∞∑
k=0

sk−1u
k−1/2 t(u) =

∞∑
k=0

tk−1u
k−1/2 (3.16)

we find the indicial exponents ∆+ = 2 and ∆− = 0. The coefficients rk, sk and tk in

the expansion near the boundary in Eq. 3.16 are not the same as the coefficients in

the expansion near the horizon in Eq. 3.11. The factors of u1/2 in the expansions of

r(u), s(u) and t(u) arise due to the definition of ∆± at the boundary, that is, we could

absorb the factor of 1/2 into ∆±. Since the indicial exponents differ by an integer

one solution involves logarithms and we can write the solution at the boundary as

φb = Aφ1 +Bφ2 with

φ2 =
∞∑
n=0

anu
n+2 φ1 = Cφ2 ln(u) +

∞∑
n=0

bnu
n. (3.17)

Note that the an in Eq. 3.17 for the expansion near the boundary are not the same

as the an in Eq. 3.10 for the expansion near the horizon. The coefficients at the

boundary are

an =
−1

r0(n+ 2)n

n−1∑
j=0

[rn−j(j + 2)(j + 1) + sn−j−1(j + 2) + tn−j−2] aj (3.18)
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bn =
−1

r0n(n− 2)

[
n−1∑
j=0

(rn−jj(j − 1) + sn−j−1j + tn−j−2) bj

−C
n−2∑
j=0

(rn−j−2(2j + 3) + sn−j−3) aj

]
(3.19)

with the constant C = −1
2

(
t−1

r0

)2

. Here we have set a0 = b0 = 1, and C is determined

by choosing b2 = 0 which we may verify from the bj expression since s0 = t0 = 0 and

r0 = −s−1 =
2

λ

(
−1 +

√
1− 4λ+ 4λ

)
t−1 = −4

√
1− 4λq̃2 − 16

√
1− 4λλω̃2(

−1 +
√

1− 4λ
) (

1 +
√

1− 4λ
) . (3.20)

With the series solutions constructed, we can immediately calculate the quasinormal

mode spectrum but in order to use the solution to calculate the full two-point function

we first need to expand the action to second order.

3.2 Expansion of the Action and the Two-Point

Function

Since we must obtain the equations of motion in Eq. 3.7 from the Euler-Lagrange

equations, we know that the general form of the second order action is

L = N
[
K (φ′)

2 −K1φ
2 + F (φ, φ′, v)

]
(3.21)

where F (φ, φ′, v) must satisfy the Euler-Lagrange equation and N is an overall con-

stant. Since we expect the action to reduce to boundary terms, we know F (φ, φ′, v) =

∂vg(φ, φ′, v) assuming that the appropriate integration by parts has been performed

i.e. we need to use the equations of motion to have zero bulk term, this means that

the first two terms in Eq. 3.21 must cancel by themselves in the bulk, so that aside

from an integration by parts which must then cancel, F must be a total derivative.

Furthermore since the Riemann tensors and its contractions all have two derivatives,

φ will only come in with up to two derivatives and since we only expand to second
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order, the most general form of g will be

g = K2φ
2 +K3φφ

′ +K4 (φ′)
2
. (3.22)

The φ2 term will automatically satisfy the Euler-Lagrange equations for an arbitrary

K2, but to determine the general form of F and the normalization constant N we

need to explicitly expand the action to second order.

Using Eq. 3.1 the second order EGB action has the form

S =

∫
drdzdt

[
P1(r) +

1

2
φ(EOM) + ∂rP2(r, z, t) + ∂zP3(r, z, t) + ∂tP4(r, z, t)

]
(3.23)

after integrating by parts as discussed in Appendix C. Here EOM denotes the equa-

tions of motion and P2, P3 and P4 are explicit functions of r, z, t and also depend

on r, z, t through a dependence on φ. The equations of motion here agree with the

linearized equations of motion as expected, verifying the correctness of Eq. 3.7. The

explicit forms of the P functions are not important, except to note that P1(r) can

be explicitly integrated and diverges as the area of the boundary at large r. Since

we are interested in the boundary at large r the total z and t derivatives will not

contribute. The P2 term contains φ′ contributions which we can remove with the

Gibbons-Hawking term, however we also have φ independent terms which diverge

at the boundary and which cannot be removed by the surface term, for example

the area divergence in P1(r). In general this divergent behaviour is expected from

a gravitational stress-energy tensor [73]. However since the gravitational divergence

occurs on the boundary, through AdS/CFT it can be interpreted as a UV divergence

of the boundary QFT [74] and therefore we can add counterterms at the boundary

to remove the divergence, just as we would add local counterterms in the QFT. To

linear order in λ, the counterterm can be computed by determining the EGB Hamil-

tonian and writing the Hamilton-Jacobi equation as a function of a general countert-

erm action consisting of curvature invariants ordered by their number of derivatives.

The Hamilton-Jacobi equation then determines the coefficients of each term in the

counterterm action perturbatively in λ [75]. Alternatively the counterterm can be

computed by explicitly calculating the divergence and adding terms to the action

with the correct power law divergence at the boundary. In the case of EGB gravity
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the appropriate counterterms found with this method are [76]

SbCT =
1

8πG

∫
d4x
√
−γ
(
c1 −

c2

2
R̂
)
,

c1 =
−1− 4λ+

√
1− 4λ

√
2λL2

√
1−
√

1− 4λ
, c2 =

√
2λL2

(
3− 4λ− 3

√
1− 4λ

)
2
(
1−
√

1− 4λ
) 3

2

. (3.24)

The full boundary term will then contain the Einstein and Gauss-Bonnet, Gibbons-

Hawking contributions and the counterterm. When the full boundary term is ex-

panded we find a contribution which is the antiderivative of P1, PA
1 , so that the r4

divergence is removed and we are left with a constant, which, in the λ → 0 limit

where A→ 1, is the same as the constant for Einstein gravity∫ ∞
a

drP1(r)− PA
1 =

a4A

16GL5π
. (3.25)

The action then reduces to only surface terms as expected and after Fourier trans-

forming we have

S = − a4A

32GL5π

∫
dωdq

(2π)2

[
K2φ

2 +Kφ∂vφ
]
, (3.26)

where

K2 = −2v2λω̃2

A2
+ 4v2f̃(v)−

√
2v3

√
λf̃(v)

λ
√

1−
√

1− 4λ

[
1 + 4λ−

√
1− 4λ

]
+ vf̃ ′(v)

[
v2 + λq̃2 − 2vλf̃(v)

]
. (3.27)

Therefore the bulk action can be written as

S = − a4A

32GL5π

∫
dv
dωdq

(2π)2

[
K (∂vφ)2 −K1φ

2 + ∂v
(
K2φ

2
)]
. (3.28)

Ignoring contact terms, i.e. the K1 and K2 terms, the boundary action in Eq. 3.26

allows us to identify the retarded two-point function as

Gxy,xy(k) =
a4A

16GL5π

K(v)φ′(v)

φ(v)

∣∣∣∣
boundary

(3.29)

where φ is the solution to Eq. 3.8 which can be determined numerically with boundary
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conditions from the series solution Eq. 3.10 and 3.15. In terms of u or r we have

respectively

Gxy,xy(k) =
a4A

16GL5π

u3/2K(u)φ′(u)

φ(u)

∣∣∣∣
boundary

Gxy,xy(k) =
A

16GL5π

K̃(r)φ′(r)

φ(r)

∣∣∣∣
boundary

(3.30)

with

K̃(r) = r2L2f(r)
(
r − λL2f ′(r)

)
. (3.31)

The numerical plots of the two-point function in Eq. 3.29 are dominated by a large

zero temperature component which diverges as ω4. In order to observe the effects

of non-zero temperature we need to subtract this background. The T = 0 solution

corresponds to the spacetime without a black hole, so we can use our result at non

zero temperature and set the horizon radius a = 0. This requires a coordinate change

back to r and the two-point function is given by Eq. 3.30. φ will now be the solution

to Eq. 3.8, written in terms of r, in the a → 0 limit. In that case the equation of

motion becomes the same as Eq. 3.7 but written as a function of r and with

K(r) = r2f̃(r)
(
r − λf̃ ′(r)

)
, f̃(r) = L2f(r) =

r2

2λ

(
1−
√

1− 4λ
)

K1(r) = K(r)
4w

A2f̃ 2(r)
− 4q2r

(
1− λf̃ ′′(r)

)
, ω̃ = 2w, q̃ = 2q. (3.32)

Then letting φ(r)→ Φ(r)/r2 and r →
√
D/x with

D = 2(w2 − q2)(1 +
√

1− 4λ) (3.33)

the equation of motion becomes

x2Φ′′(x) + xΦ′(x) + (x2 − 4)Φ(x) (3.34)

which is just Bessel’s equation. The oscillatory solutions to Bessel’s equation are

the Hankel functions, of which the second Hankel function will be incoming at the

horizon. Therefore the T = 0 solution can be written in terms of the spherical Hankel

function of the second kind

φ(r) = C
h

(2)
2

(√
D
r

)
r2

. (3.35)
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Figure 3.1: The imaginary part of the two-point function is shown for (a) λ = 0,
(b) λ = 0.02, (c) λ = 0.1 and (d) λ = 0.24. In each figure blue represents q = 0,
green corresponds to q = 1 and red is q = 2. Since the zero temperature contribution
from Eq. 3.36 has been subtracted these plots represent the thermal excitations. The
q = 2 curve has a finite negative value at small w which is not shown in (a) - (c)
since its amplitude is much larger than for q = 0 or q = 1. The presence of poles
is indicated by the oscillatory behaviour of the function and the shift of the poles to
higher frequencies with increasing λ and increasing q is also evident.

Taking r →∞ the zero temperature two-point function is therefore

GT=0
xy,xy(k) =

1

16GL5π

(
2A2 − 1

)
A3k4 ln(|k2|). (3.36)

The coefficient of this result can be written in terms of the central charge c in agree-

ment with [71]. The difference between the full two-point function in Eq. 3.29 and

the zero temperature result in Eq. 3.36 is the thermal excitation which is shown in
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Fig. 3.1 where the imaginary part of Eq. 3.36

Im
(
GT=0
xy,xy

)
=
π (2A2 − 1)A3

16GL5π

(
w2 − q2

)2
(3.37)

has been subtracted and we have set 16GL5π = 1. Several values of λ are used in

Fig. 3.1 and we can see that the location of the poles in Gxy,xy, which are indicated

by the oscillatory behaviour, change as λ is changed. In order to determine the

exact location of the poles we must determine the quasinormal modes numerically,

which is done in Sec. 3.3, however in the limit of large q we can determine the pole

structure by rewriting the equation of motion in Schrödinger form and using the WKB

approximation. To do so let φ(v) = 1√
K(v)

ψ(v) in the linearized equation of motion

(Eq. 3.7) which yields

1

q2
ψ′′ = Q(v)ψ, Q(v) =

[
1

q2

(
K ′′

2K
− 1

4

K ′2

K2

)
− 1

q2

K1

K

]
. (3.38)

As q→∞ the second term in Q(v) (which involves q and w) dominates and we may

drop the first term which leaves

Q(v) =
1

A2f̃ 2
(c2(v)− α2), α =

w

q
, c2(v) =

A2f̃

v2

(1− λf̃ ′′)
1− λf̃

v

. (3.39)

Asymptotically Q(v) is

Q(v) =
8λ2 (1− α2)

(−1 +
√

1− 4λ)2(1 +
√

1− 4λ)

1

v4
+O

(
1

v8

)
(3.40)

so that Q(v) approaches 0 as v →∞, and whether it is positive or negative at large

v depends on the magnitude of α. We will see in Sec. 3.3 that α approaches 1 from

above in the q→∞ limit so that Q(v) is negative for large v. On the other hand at

the horizon Q(v) → −∞. Therefore we will have a maximum in Q(v) if at some v,

c2(v) > α2 > 1. Expanding c2(v) near the boundary as in [17]

c2(v) = 1−
(

5

2
− 2

1− 4λ
+

1

2
√

1− 4λ

)
1

v4
+O

(
1

v8

)
(3.41)

we see that c2(v) > 1 for λ > 9
100

. This means that Q(v) can have a maximum for

λ > 9
100

if α > 1. The location and height of the maximum will depend on the specific
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values of λ and α. The maximum in Q(v) can be interpreted as a potential barrier

which the excitation must propagate through to reach the horizon. The α2 term

then acts like the “energy” of the Schrödinger equation, although this term has a v

dependence from f̃(v). In Ch. 4 we will see that it is possible to change coordinates

so that the v dependence is removed from the α term. In the limit of large q, ψ can

(a) λ = 0.24, α = 1.3
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v
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(b) λ = 0.05, α = 1.002
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(d) λ = 0.15, α = 1.05

2 3 4 5 6
v
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Figure 3.2: Q(v) from Eq. 3.39 in the q → ∞ limit. For λ > 9
100

Q(v) develops
a maximum near the horizon with a height which is dependent on λ and α. This
maximum may be interpreted as a potential barrier which has implications for a
causality interpretation, although with this definition of Q(v) the “energy” would be
dependent on v. At the horizon, v = 1, Q(v) is divergent. (a) For λ = 0.24 and
α = 1.3 the real zeros of Q(v) are located at v1 = 1.47268 and v2 = 2.41052. Near
these zeros Q(v) has a first order zero. The three regions, I, II and III used for the
WKB approximation are also shown. (b) For λ = 0.05 and α = 1.002 there are no
real zeros and Q(v) is a monotonically increasing negative function. (c) For λ = 0.1
and α = 1.002 the real zeros are located at v1 = 2.09745 and v2 = 2.27405 and (d)
for λ = 0.15 and α = 1.05 the real zeros are v1 = 1.46349 and v2 = 1.79076.
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be found using a WKB approximation [77]

ψ(v) ∼ exp

[
q

∞∑
n=0

(
1

q

)n
Sn(v)

]
. (3.42)

Making a physical optics approximation (i.e. keeping the S0 and S1 terms in the

WKB approximation) the solution in region I (v < v1), II (v1 < v < v2), and III

(v2 < v) (see Fig. 3.2) will have the form

ψ(v) = C|Q(v)|−
1
4 exp

[
q

∫ v

v0

√
Q(t)dt

]
+D|Q(v)|−

1
4 exp

[
−q
∫ v

v0

√
Q(t)dt

]
(3.43)

where v0 is an arbitrary constant located in the appropriate region. The behaviour

of the solution depends on the sign of Q(v). For Q(v) < 0 the solution should

be oscillatory (ingoing and outgoing solutions), while for Q(v) > 0 we expect an

exponential solution (increasing and decreasing).

For certain values of α as shown in Fig. 3.2, Q(v) may have two zeros, v1 < v2.

Near the zeros the WKB approximation can no longer be used, but near v1 and v2

we can instead approximate Q(v) by a Taylor series

Q(v) ∼ (v − v1,2)
dQ

dv

∣∣∣∣
v1,2

. (3.44)

Although we can only compute the turning points numerically for fixed α, for v 6= 0

Q(v) has a first order 0. At v = 0 however Q(v) is divergent, although this does not

effect the expansion around the turning point since v1 > 0. Using the series expansion

near the zeros the equation for ψ becomes

ψ′′(v) = q2(v − v1,2)b1,2ψ, b1,2 =
dQ

dv

∣∣∣∣
v1,2

. (3.45)

Changing to coordinate z = b
1
3
1,2q

2
3 (v − v1,2) the ψ equation becomes ψ′′(z) = zψ(z)

and the solutions are Airy functions, ψ(z) = AAi(z) + BBi(z). At v1, b1 is positive

so for v < v1 z is negative and for v1 < v z is positive. Near v2, b2 is negative, so

for v < v2 z is positive and for v2 < v z is negative. So near the turning points, as

q → ∞, the argument of the Airy function approaches ∞ or −∞ and we may use
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the asymptotic expansions for z →∞

Ai(z) ∼ z−
1
4

2
√
π

exp

[
−2

3
z

3
2

]
=
b
− 1

12
1,2

2
√
π
q−

1
6 (v − v1,2)−

1
4 exp

[
−2

3
b

1
2
1,2q(v − v1,2)

3
2

]
,

Bi(z) ∼ z−
1
4

√
π

exp

[
−2

3
z

3
2

]
=
b
− 1

12
1,2√
π
q−

1
6 (v − v1,2)−

1
4 exp

[
2

3
b

1
2
1,2q(v − v1,2)

3
2

]
(3.46)

and for z → −∞

Ai(z) ∼ 1√
π

(−z)−
1
4 sin

[
2

3
(−z)

3
2 +

π

4

]
=

1√
π
|b1,2|−

1
12q−

1
6 |v − v1,2|−

1
4 sin

[
2

3
|b1,2|

1
2q|v − v1,2|

3
2 +

π

4

]
,

Bi(z) ∼ 1√
π

(−z)−
1
4 cos

[
2

3
(−z)

3
2 +

π

4

]
=

1√
π
|b1,2|−

1
12q−

1
6 |v − v1,2|−

1
4 cos

[
2

3
|b1,2|

1
2q|v − v1,2|

3
2 +

π

4

]
. (3.47)

Expanding the WKB solution for linear Q(v) the form of the solution is

ψ(v) = C|b1,2|−
1
4 |v − v1,2|−

1
4 exp

[
2

3
qb

1
2
1,2(v − v1,2)

3
2

]
+D|b1,2|−

1
4 |v − v1,2|−

1
4 exp

[
−2

3
qb

1
2
1,2(v − v1,2)

3
2

]
. (3.48)

At each turning point there is an overlapping region of validity of the WKB and the

Airy function solution [77], and we can match the coefficients. We will denote the

C,D coefficients in each region using subscripts I, II and III and the A,B coefficients

with subscripts 1, 2 depending on which zero we are expanding around. Between the

horizon and the first zero, v1, the solution should be incoming, corresponding to the

incoming condition on φ so we set CI = 0. Therefore near v1 for v < v1

ψI = DI|b1|−
1
4 |v − v1|−

1
4 exp

[
i
2

3
q|v − v1|

3
2

]
(3.49)
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and

ψI = A1
|b1|−

1
12

√
π

q−
1
6 |v − v1|−

1
4 sin

[
2

3
|b|

1
2q|v − v1|

3
2 +

π

4

]
+B1

|b1|−
1
12

√
π

q−
1
6 |v − v1|−

1
4 cos

[
2

3
|b|

1
2q|v − v1|

3
2 +

π

4

]
(3.50)

so

A1 = iB1, B1 =

(
q

|b1|

) 1
6 √

πe−i
π
4DI. (3.51)

Near v1 for v > v1

ψII1 = CII|b1|−
1
4 |v − v1|−

1
4 exp

[
2

3
qb

1
2
1 (v − v1)

3
2

]
+DII|b1|−

1
4 |v − v1|−

1
4 exp

[
−2

3
qb

1
2
1 (v − v1)

3
2

]
ψII1 =

A1

2
√
π
|b1|−

1
12q−

1
6 |v − v1|−

1
4 exp

[
−2

3
b

1
2
1 q(v − v1)

3
2

]
+
B1√
π
|b1|−

1
12q−

1
6 |v − v1|−

1
4 exp

[
2

3
b

1
2
1 q(v − v1)

3
2

]
(3.52)

which gives

CII =
B1√
π

(
|b1|
q

) 1
6

, DII =
A1

2
√
π

(
|b1|
q

) 1
6

. (3.53)

Near v2 for v < v2 the expansion has the same form as for v > v1 since z > 0 so

CII =
B2√
π

(
|b2|
q

) 1
6

, DII =
A2

2
√
π

(
|b2|
q

) 1
6

(3.54)

and combining Eq. 3.54 with Eq. 3.53 and Eq. 3.51 we have

B2 =

(
q

|b2|

) 1
6 √

πe−i
π
4DI, A2 = i

(
q

|b2|

) 1
6 √

πe−i
π
4DI. (3.55)

Now for v > v2

ψIII = CIII|b2|−
1
4 |v − v2|−

1
4 exp

[
−2i

3
q|b2|

1
2 (v − v2)

3
2

]
+DIII|b2|−

1
4 |v − v2|−

1
4 exp

[
2i

3
q|b2|

1
2 (v − v2)

3
2

]
(3.56)
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and using Eq. 3.55

ψIII = DI|b2|−
1
4 |v − v2|−

1
4 exp

[
2i

3
|b2|

1
2q|v − v2|

3
2

]
(3.57)

therefore

CIII = 0, DIII = DI (3.58)

and the WKB solution near the boundary has the form

ψ = D|Q(v)|−
1
4 exp

[
−iq

∫ v

v2

√
|Q(t)|dt

]
. (3.59)

In terms of ψ the two-point function becomes

Gxy,xy(k) =
a4A

16GL5π

[
−1

2
K ′ +K

∂

∂v
ln(ψ)

] ∣∣∣∣
boundary

(3.60)

and therefore expanding ψ near the boundary and dropping contact terms,

Gxy,xy(k) =
a4A

16GL5π

(
d1(λ)w2 + d2(λ)q2

w2 − q2

)
, (3.61)

d1(λ) =
4−
√

1− 4λ− 16λ

2(1− 4λ)
, d2(λ) =

6− 7
√

1− 4λ− 24λ

2(1− 4λ)
. (3.62)

We see that the pole structure is (w2 − q2)
−1

, so that at large momenta there is a

lightlike pole. This result agrees with the large momentum behaviour found on the

field theory side in [21]. This behaviour is also seen in the Einstein gravity case either

from the asymptotic behaviour of the quasinormal modes using a Bohr-Sommerfeld

quantization [78] or from numerical calculation of the quasinormal modes at large

momenta [79].

3.3 Quasinormal Modes

In order to explicitly determine if there are any causality violating modes for λ > 9
100

we would like to find the dispersion relations for the poles we see in the two-point

function by finding the quasinormal modes. To find these modes we could use our

series solution at the horizon and require φ(0) = 0 by setting
∑∞

n=0 an = 0 with an

given in Eq. 3.15. However we can obtain a better numerical result if we set the
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boundary series to zero at u = 0 and find the frequencies which allow us to match

the two solutions at some 0 < u0 < 1. Since the boundary solution has the form

φb = Aφ1 + Bφ2 with φ1 and φ2 given in Eq. 3.17 this means we should set A = 0

and require that the quasinormal modes satisfy

φh(u0)φ′2(u0)− φ2(u0)φ′h(u0) = 0. (3.63)

where φh is the series solution at the horizon. Solving Eq. 3.63 numerically we find the

quasinormal frequencies shown in Table 3.1. The accuracy of these solutions is limited

by the number of terms kept in the series solutions for φ. Therefore to determine the

quasinormal frequencies a fixed number of terms m in the series solutions was kept

and the modes were computed. m was then incremented and the number of digits

which did not change are reported in Table 3.1 for the 4 lowest quasinormal modes for

several values of λ. From a practical viewpoint, m = 23 provides reasonable accuracy

within a reasonable time frame, however for Re(w) ∼ Im(w) ∼ 5 the solutions become

less accurate as indicated by only one or two decimal places being kept for the 4th

quasinormal mode. Near the limit λ = 1
4

the quasinormal modes seem to increase

rapidly resulting in fewer modes being found within the Re(w) < 5 window. In

principle we could keep more coefficients in the series to obtain arbitrary accuracy,

however the oscillatory nature of the solutions makes accurate numerical computation

more difficult.

Table 3.1: The 4 lowest quasinormal modes of the planar EGB black hole for several
values of q and λ.

q = 0

λ = 0 λ = 0.02 λ = 0.05

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±1.559722 -1.37334 ±1.557912 -1.378782 ±1.575096 -1.389473

2 ±2.5847 -2.3817 ±2.5942 -2.4031 ±2.6726 -2.4690

3 ±3.593 -3.383 ±3.62 -3.43 ±3.79 -3.57

4 ±4.603 -4.3 ±4.67 -4.4 ±4.8 -4.5

λ = 0.1 λ = 0.15 λ = 0.24

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±1.664800 -1.428213 ±1.865027 -1.505988 ±2.90 -3.72

2 ±2.944 -2.6655 ±3.376 -2.981

3 ±4.24 -3.93 ±4.84 -4.44

4 ±5.4 -5.0 ±5.3 -5.8
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q = 1

λ = 0 λ = 0.02 λ = 0.05

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±1.954326 -1.267316 ±1.952732 -1.24403 ±1.976412 -1.21054

2 ±2.8802 -2.2979 ±2.8942 -2.2723 ±2.9752 -2.2752

3 ±3.836 -3.313 ±3.87 -3.29 ±4.015 -3.37

4 ±4.80 -4.32 ±4.87 -4.3 ±4.9 -4.4

λ = 0.1 λ = 0.15 λ = 0.24

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±2.07525 -1.17787 ±2.258812 -1.192735 ±3.14 -3.47

2 ±3.1927 -2.3973 ±3.532 -2.703

3 ±4.36 -3.70 ±4.9 -4.28

4 ±5.4 -4.9 ±5.4 -5.7

q = 2

λ = 0 λ = 0.02 λ = 0.05

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±2.741904 -1.1204 ±2.73460 -1.08087 ±2.757559 -1.012625

2 ±3.5314 -2.1331 ±3.5365 -2.068 ±3.6196 -2.0060

3 ±4.39 -3.15 ±4.42 -3.078 ±4.55 -3.06

4 ±5.2 -4.1 ±5.3 -4.0 ±5.4 -4.1

λ = 0.1 λ = 0.15 λ = 0.24

n Re(w) Im(w) Re(w) Im(w) Re(w) Im(w)

1 ±2.87494 -0.915188 ±3.08 -0.859937 ±3.20 -3.22

2 ±3.8358 -2.016 ±4.12 -2.176

3 ±4.84 -3.25 ±5.1 -3.72

4 ±5.7 -4.5 ±5.8 -5.1



41

The dispersion relations found using the matching condition in Eq. 3.63 are shown

in Fig. 3.3. As q increases, Re(w) seems to become linear in q so that Re(w)/q

approaches 1. Im(w) also increases in this limit, although up to q = 3 where the

computation is most reliable, Im(w) is still a negative number of order 1. Since the

scalar channel does not contain a hydrodynamic mode, Re(w)/q diverges in the limit

q→ 0.

(a) λ = 0.05
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(b) λ = 0.1
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(c) λ = 0.24
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Figure 3.3: Dispersion relation for Re(w), Im(w) and the phase velocity Re(w)/q
calculated using the matching condition in Eq. 3.63 for (a) λ = 0.05, (b) λ = 0.1 and
(c) λ = 0.24. Although we refer to Re(w)/q as the phase velocity, this interpretation
is really valid only as Im(w)→ 0. (a) and (b) show the three lowest modes, however
in (c) for λ = 0.24 the quasinormal modes have increased and spread out enough that
only the lowest mode can be computed reliably using the matching condition. In each
case Im(w) is approaching 0 and Re(w) is approaching q at large q.
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(a) q = 0
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(d) Lowest quasinormal mode
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Figure 3.4: λ dependence of 3 lowest quasinormal modes. The imaginary part of w
is shown for (a) q = 0, (b) q = 1 and (c) q = 2. Im(w) generally decreases with λ
although as q increases, there is a region at small λ where Im(w) increases. (d) Shows
the real part of w for q = 0 (blue), q = 1 (green) and q = 2 (red). Re(w) increases
monotonically with increasing λ and with increasing q.

Using the same method of solution, the dependence of the 3 lowest quasinormal modes

on λ is shown in Fig. 3.4. The imaginary part of w generally decreases with increasing

λ although it seems that for larger q there is a region of small λ where Im(w) increases

slightly. Im(w) is also increasing with q. The real part of w is increasing with λ and

with q. We also see that the real (imaginary) part of w increases (decreases) rapidly

as we approach the limit λ = 1
4
.

In this chapter we have numerically computed the two-point function of the stress-

energy tensor as well as several of the quasinormal modes and have examined the

dependence of the quasinormal modes on λ and q. We have also used the WKB

approximation to determine that there is a lightlike pole in the two-point function in
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the q → ∞ limit. The behaviour of the quasinormal modes will be used in the next

chapter to analyze the causality violation of these modes on the boundary.
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Chapter 4

Causality Violation

In this chapter we turn to the question of causality violation with the goal of explic-

itly finding causality violating modes in the scalar channel analogous to those in the

sound channel [19] and clarifying the arguments for these modes made in [18, 19]. To

determine how to characterizes these modes we can follow [18] and again rewrite the

linearized equation of motion in Schrödinger form using a transformation to coordi-

nate y and field ψ

dy

dv
=

1

Af̃(v)
φ(v) = B(v)ψ(v) B(v) =

√
f̃(v)

K(v)
. (4.1)

The equation of motion can then be written as

− ψ′′(y) + V (y)ψ(y) = 4w2ψ(y) (4.2)

with

V (v) = 4q2c2(v)− V1(v) V1(v) = Af(v)
d

dv

(
Af(v)B′(v)

B(v)

)
−
(
Af(v)B′(v)

B(v)

)2

(4.3)

c2(v) =
A2f̃(v)

v2

1− λf̃ ′′(v)

1− λf̃ ′(v)
v

. (4.4)

In chapter 3 we also considered the equation of motion in Schrödinger form, but there

are key differences between this equation and the one considered earlier. Previously

we had an “energy” term α2 which would depend on the position v. By transforming

to the new coordinate y, this v dependence is removed, which allows us to explicitly
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separate the “energy” from the potential V (y). However in this form, y is defined in

terms of its v derivative and can only be determined numerically at fixed v. Therefore

using this new equation we could not compute the integral in the exponential of the

WKB approximation in order to determine the pole structure at large momenta as we

did in the previous chapter. However the ability to determine the potential explicitly,

which is shown in Fig. 4.1 for different values of q and λ, allows conditions for

causality violation to be determined. At large q the V1 term becomes unimportant

and the potential develops a maximum near the horizon when λ > 9
100

due to the

behaviour of c2(v) as discussed earlier. It is possible then to have a disturbance on

the boundary which propagates through the bulk and is unable to tunnel through the

barrier to fall into the black hole. If the velocity of the excitation exceeds c = 1 it

may then be possible for the disturbance to violate causality by travelling through the

bulk. The phase velocity of this disturbance, determined from the dispersion relation,

is Re(w)/q, however we can only interpret this as a velocity if Im(w) � Re(w). If

this inequality is not satisfied the mode is damped over a distance on the order of a

wavelength and we cannot say that we have a propagating mode at all. The small

imaginary part is also important so that the tunnelling rate is sufficiently small to

allow the excitation to spend enough time in the region where c > 1. Therefore to

interpret the existence of causality violating modes in this way we must satisfy the

three conditions: V (v) has a potential barrier, Im(w)� Re(w) and Re(w)/q > 1.

The dispersion relations computed numerically are shown in Fig. 3.3. We see

there that in the large q limit, the phase velocity approaches 1 as required, however

since we can only reliably calculate up to q of order 1, we do not have Im(w) �
Re(w), although in the range of q shown in Fig. 3.3, the imaginary part is increasing

as q increases as we require. Therefore it seems that in the q → ∞ limit the phase

velocity approaches 1 from above and Im(w) → 0. This agrees with the lightlike

pole found as q → ∞ and with the asymptotic results for λ = 0 [78, 79]. It seems

then that all three conditions are met for λ > 9
100

, although to explicitly verify that

Im(w) � Re(w) the quasinormal modes still need to be calculated using a different

approach. It is important to note that from the quasinormal mode calculation, even

for λ ≤ 9
100

the requirements of the phase velocity and Im(w) may be met, however

the potential will not develop a maximum unless λ > 9
100

.

It is interesting to contrast the behaviour of the quasinormal modes in the scalar

channel with their behaviour in the sound channel studied in [19]. In the sound

channel there is a hydrodynamic mode so that for the lowest quasinormal mode the
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(a) q = 5, λ = 0.1
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Figure 4.1: The effective Schrödinger potential, [q2c2(v) + V1(v)] /q2 from the equa-
tion of motion for the metric perturbation. (a) Using q = 5 and λ = 0.1 as an example
we see that when q is small there is no maximum that develops, even for λ > 9

100

because the V1(v) term dominates. (b) For q = 1000 the V1(v) term is negligible and
a potential barrier develops near the horizon when λ ≥ 9

100
but (c) is not present for

small λ. (d) The potential without V1(v). Contrasting with (b) we see that V1(v)
will dominate at large v. V1(v) in fact diverges at the boundary, however V1(v) is
suppressed by 1

q2
so in the limit of q → ∞, this term will only contributes at the

boundary.

velocity is finite as q → 0. As q increases so does the velocity, reaching a maximum

near q ∼ 0.3 and then approaching 1 from above as q→∞. The imaginary part of the

frequency also goes to 0 at small q and reaches a minimum before again approaching 0

in the limit q→∞. However in the sound channel the imaginary part of the frequency

becomes smaller much faster than in the scalar channel, and at q ∼ 1, Re(w) ∼ 100
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Im(w). This seems to indicate that we already have causality violated modes in the

sound channel at very small momenta. However we also need the potential to have

the correct form. To see what this requires we can examine the general form of the

equation of motion for any of the channels, which is

φ′′s(v) + C1(v,w, q)φ′s(v) + C2(v,w, q)φs(v) = 0. (4.5)

In order to write this equation in Schrödinger form we can change to a new coordinate

y and make a change of field φ = Bψ. The equation of motion then becomes

1

q2

d2ψ(y)

dy2
+

1

q2

[
d

dy

(
B′

B

)
−
(
B′

B

)2

+
C2

(dy/dv)2

]
ψ(y) = 0 (4.6)

where primes are now derivatives with respect to y and B must be chosen to satisfy

B′

B
= −1

2

[
d2y/dv2

(dy/dv)2 +
C1

dy/dv

]
(4.7)

so that the ψ′ coefficient is 0. In general C2 and C1 are functions of q and w which we

can write as functions of α since we have divided by an overall factor of q. Therefore in

order to have an “energy” which is independent of v we must choose dy/dv to cancel

the v dependence of any term with α. In the case of the scalar channel equation of

motion, only C2 depends on q and w which allows us to separate the w dependence

from the potential at any momenta. The remaining potential then has a 1/q2 term

which in negligible for large momenta. This means that even at finite momenta,

the potential is independent of w allowing us to interpret the mode as moving in a

potential depending only on λ and v and possibly q. On the other hand, for both

the shear and sound channels, C1 and C2 are complicated functions of w and q and

in general the v dependence of the w dependent terms cannot be removed. This

means that the potential depends on both w and q and we cannot easily make the

interpretation that the excitation is moving in some potential. Only in the q → ∞
limit can the w dependence be removed, so that the potential depends only on λ and

v, and for sufficiently small λ (λ < −7/36 for the sound channel and λ < −3/4 for

the shear channel [19]) the potential develops a maximum. Therefore even though we

have Im(w) � Re(w) at q ∼ 1 we still cannot say that we have causality violation

until q → ∞. In the scalar channel while we are also required to take q → ∞ we

must do so in order to obtain a small imaginary frequency as well.
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In this chapter we have seen that three conditions are required in order to have

causality violating modes. We require a maximum to develop in the potential when

the equation of motion is written in Schrödinger form, that Re(w)/q > 1 and that

Re(w) � Im(w). Based on the quasinormal mode dispersion relation and the form

of the potential, these conditions are met for λ > 9
100

and q → ∞ and therefore we

explicitly see causality violating modes.
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Chapter 5

Conclusions

By studying the causality of field theories dual to higher derivative gravities it is

possible to constrain the higher derivative couplings providing a means other than

symmetry considerations to restrict allowed interactions. In the case of Einstein-

Gauss-Bonnet gravity it has been argued that causality violation exists for a gravita-

tional coupling, λ > 9
100

, which also places a limit on the maximum viscosity bound

violation. From the viewpoint of effective theories, where the list of interactions we

could consider is endless, additional constraints are certainly desirable. However the

dispersion relations of the modes which lead to this causality violation had not been

explicitly computed.

The goal of this project was to verify that causality violating modes exist and

can be appropriately interpreted in the scalar channel of metric perturbations. The

scalar channel places an upper bound on λ, unlike the shear and sound channels which

provide lower bounds. To find the causality violating modes we used the AdS/CFT

correspondence to numerically compute the two-point function of the stress-energy

tensor in a thermal state dual to a planar Einstein-Gauss-Bonnet black hole. The

pole structure of the two-point function was found in the q → ∞ limit from the

gravitational side of the correspondence for the first time using a WKB approach.

We also found the quasinormal mode spectrum of the planar black hole in Einstein-

Gauss-Bonnet gravity, which according to the gauge/gravity duality corresponds to

the poles of the two-point function and therefore characterizes the excitations. These

quasinormal modes were found by applying Dirchlet boundary conditions at the AdS

boundary and matching the Froebenius solutions from the boundary and the horizon.

Using this method the dependence of the quasinormal modes on both the spatial

momentum q and the Gauss-Bonnet coupling λ was computed.
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We have also clarified the three necessary conditions in order to interpret the

excitations of the two-point function as causality violating modes: the Schrödinger

potential must have a maximum near the horizon, the phase velocity must exceed 1,

(Re(w)/q) > 1), and Re(w) � Im(w) so that the excitation can be interpreted as

a propagating mode. The quasinormal modes that were calculated seem to support

the condition Re(w) � Im(w) in the limit q → ∞ since Im(w) tends toward 0 and

Re(w) toward q in this limit. This result is also supported by the presence of a

lightlike pole in the two-point function as q → ∞. However despite the evidence

supporting the behaviour of the quasinormal modes, in order to numerically compute

the quasinormal modes in the limit of q→∞ further work must be done employing

an alternative to the Froebenius method.

In addition to computing the quasinormal modes and the asymptotic behaviour of

the two-point function, we also contrasted the behaviour of the Schrödinger potential

in the scalar channel with the sound channel, again clarifying the necessary conditions

for causality violating modes. In the sound channel the condition Re(w) � Im(w)

is met already for a q of order 1 however there the potential cannot be reliably

interpreted outside of the q → ∞ limit due to its dependence on w. Therefore we

conclude that in the q → ∞ limit, for certain values of λ, we can explicitly find

causality violating modes by determining the quasinormal mode spectrum. This

seems to provide a way to constrain allowable gravitational interactions for theories

with field theory duals based on consistency of the dual theory.
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Appendix A

EGB Equations of Motion

In this appendix we will derive the full Einstein-Gauss-Bonnet equations of motion by

explicitly varying the action in Eq. 2.33. The variations we will find for the various

curvature squared terms differ between several references [80, 81, 82] however the

total equations of motion are agreed upon.

In order to perform the variation we will need to first derive the following identities

∇β∇αRµανβ = �Rµν −
1

2
∇µ∇νR +RηλRµηνλ −Rβ

µRβν (A.1)

∇ρ∇σR
ρσ =

1

2
�R (A.2)

∇ρ∇µRρν +∇ρ∇νRρµ =
1

2
(∇µ∇νR +∇ν∇µR)− 2RµρνσR

ρσ + 2RµρR
ρ
ν . (A.3)

To arrive at Eq. A.1 we start with the second Bianchi identity

0 = ∇ηRλµνκ +∇νRλµκη +∇κRλµην . (A.4)

Taking the ∇ρ derivative and contracting µ with η and κ with ρ we have

0 = ∇κ∇νRλµνκ +∇κ∇νRλκ −�Rλν . (A.5)

Now starting again with the second Bianchi identity, taking the covariant derivative,

∇ρ and contracting λ with ν and µ with κ we have

0 = ∇ρ∇ηR− 2∇ρ∇λR
λ
η. (A.6)
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Applying the commutator of covariant derivatives to the Ricci tensor gives

∇ρ∇λR
λ
η = ∇λ∇ρR

λ
η −RσρR

σ
η +RλσRσηλρ (A.7)

so that using Eq. A.7 in Eq. A.6 and relabelling indices we have

∇ν∇λR = 2∇κ∇νRλκ − 2RκνR
κ
λ + 2RκσRσλκν . (A.8)

Finally using Eq. A.8 in Eq. A.5 gives

0 = 2∇β∇αRµανβ +∇ν∇µR + 2RβνR
β
µ − 2RηλRλµην − 2�Rµν

which is just the identity in Eq. A.1 since ∇ν∇µR = ∇µ∇νR due to the symmetry

of the Christoffel symbols. Eq. A.2 now follows by taking the trace of Eq. A.1. In

order to establish Eq. A.3 we need to return to the second Bianchi identity and now

take the ∇η derivative and then contract λ with ν and relabel indices giving

∇ρ∇µRρν = 2Rµν −∇ρ∇σR
µρνσ. (A.9)

Now using Eq. A.1 in Eq. A.9 we have

∇ρ∇µRρν =
1

2
∇µ∇νR−RµρνσRρσ +Rµ

σR
νρ. (A.10)

Adding Eq. A.10 to its transpose gives the identity in Eq. A.3. With the three

identities established we must recall a few standard general relativity results [1].

First, the variation of
√
−g is given by

δ(
√
−g) = −1

2

√
−ggµνδgµν . (A.11)

Second, taking the variation of δνµ = gµρg
ρν we find

δgνρ = −gανgβρδgαβ
δgµν = −gµαgνβδgαβ.

This allows us to raise and lower the indices on δgµν by simply taking account of the
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extra negative sign. Finally the variation of the Riemann tensor is

δRρ
σµν = ∇µ (δΓρνσ)−∇ν

(
δΓρµσ

)
(A.12)

where

δΓλµν =
1

2
gλσ (∇µδgσν +∇νδgσµ −∇σδgµν) (A.13)

follows from the definition of the connection. Therefore

δRγ
ασβ =

1

2
gγµ [∇σ∇βδgµα +∇σ∇αδgµβ −∇σ∇µδgβα

−∇β∇σδgµα −∇β∇αδgµσ +∇β∇µδgσα] . (A.14)

To vary the Einstein-Gauss-Bonnet action, we first need to compute δRρασβ

δRρασβ = δ
(
gργR

γ
ασβ

)
= Rγ

ασβδgργ + gργδR
γ
ασβ

so using Eq. A.14

δRρασβ = Rγ
ασβδgργ +

1

2
[∇σ∇βδgρα +∇σ∇αδgρβ −∇σ∇ρδgβα

−∇β∇σδgρα −∇β∇αδgρσ +∇β∇ρδgσα] (A.15)

Variation of R2

Since

R = gµνgρσRρµσν , (A.16)

δ(R2) = 2R [δgµνRµν + δgρσRρσ + δgρσgµνRρµσν + gµνgρσδRρµσν ]

= 4RRµνδg
µν + 2RgµνgρσδRρµσν .

So using Eq. A.15

δ(R2) = 4RRµνδg
µν + 2Rgµνgρσ

[
Rα
µσνδgρα +

1

2

(
∇σ∇νδgρµ +∇σ∇µδgρν −∇σ∇ρδgνµ

−∇δ∇γδgαβ −∇δ∇βδgαγ +∇δ∇αδgγβ

)]
δ(R2) = −2RRµνδgµν +R∇ν∇µδgµν +R∇µ∇νδgµν − 2Rgµν∇ρ∇ρδgµν . (A.17)
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Therefore the contribution to the equations of motion from the variation of R2 is

δ
(
R2
)
→ −2RRµν +∇µ∇νR +∇ν∇µR− 2gµν2R. (A.18)

Variation of RµνR
µν

δ (RµνRµν) = δRµνRµν +RµνδRµν = Rµνδ
(
gαµgβνRαβ

)
+RµνδRµν

= RµνR
ν
α δg

αµ +RµνR
µ
βδg

βν +RµνR
µ ν
ρ σ δg

σρ +RαβgσρδRρασβ

+RµνRρµσνδg
σρ +RαβgσρδRρασβ

= 2RµνR
ν
α δg

αµ + 2RµνRρµσνδg
σρ + 2RαβgσρδRρασβ.

Using Eq. A.15

δ (RµνRµν) = 2RµνR
ν
α δg

αµ + 2RµνRρµσνδg
σρ + 2Rαβgσρ

{
Rγ

ασβδgργ +
1

2

[
∇σ∇βδgρα

+∇σ∇αδgρβ −∇σ∇ρδgβα −∇β∇σδgρσ −∇β∇αδgρσ +∇β∇µδgσα

]}
= −2RµβRν

βδgµν − 2RαβR
ναµβδgµν + 2RαβR

ναµβδgµν +Rνβ∇µ∇βδgµν

+Rµβ∇ν∇βδgµν −Rµν∇ρ∇ρδgµν −Rµβ∇β∇νδgµν −Rαβgµν∇β∇αδgµν

+Rµβ∇β∇νδgµν

δ (RµνRµν) = −2RµβRν
βδgµν +Rνβ∇µ∇βδgµν +Rµβ∇ν∇βδgµν

−Rµν∇ρ∇ρδgµν −Rαβgµν∇β∇αδgµν . (A.19)

So the contribution to the equations of motion from the variation of RµνR
µν is

δ (RµνR
µν)→ −2RµβRν

β +∇β∇µRνβ +∇β∇νRµβ −2Rµν − gµν∇α∇βR
αβ. (A.20)

Using the identities in Eq. A.2 and Eq. A.3 we may rewrite Eq. A.20 as

δ (RµνR
µν)→ 1

2
(∇µ∇νR +∇ν∇µR)− 2RµρνσRρσ −2Rµν − 1

2
gµν2R. (A.21)

Variation of RαβγδRαβγδ
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δ
(
RαβγδR

αβγδ
)

= Rαβγδ

[
δgαµR βγδ

µ + δgβνRα γδ
ν + δgγρRαβ δ

ρ + δgδσRαβγ
σ

+ gαµgβνgγρgδσδRµνρσ

]
+RαβγδδRαβγδ

= 2RαβγδR
βγδ
µ δgαµ +RαβγδR

γδ β
µ δg

αµ +RαγδβR
γδβ
µ δgαµ + 2RαβγδδRαβγδ

= −4RµβγδRα
βγδδgαµ + 2RαβγδδRαβγδ. (A.22)

Using Eq. A.15 we have

2RαβγδδRαβγδ = −2RµαβγR
αβγ
ν δgµν +Rαβγδ [∇γ∇δδgαβ +∇γ∇βδgαδ −∇γ∇αδgδβ

−∇δ∇γδgαβ −∇δ∇βδgαγ +∇δ∇αδgγβ]

= −2RµαβγR
αβγ
ν δgµν + 2Rµνγδ∇γ∇δδgµν − 2Rµβνγ∇γ∇βδgµν

− 2Rαγνα∇γ∇αδgµν .

The second term is 0 since Rµνγδ is antisymmetric under µ ↔ ν whereas δgµν is

symmetric. This leaves

2RαβγδδRαβγδ = −2RµαβγR
αβγ
ν δgµν − 2Rµβνγ∇γ∇βδgµν − 2Rµγνα∇γ∇αδgµν (A.23)

so using Eq. A.22 we have

δ
(
RαβγδR

αβγδ
)

= −2RµαβγRν
αβγδgµν−2Rµβνγ∇γ∇βδgµν−2Rµγνα∇γ∇αδgµν . (A.24)

Therefore the contribution to the equations of motion from the variation ofRαβγδR
αβγδ

is

δ
(
RαβγδR

αβγδ
)
→ −2RµαβγRν

αβγ − 2∇β∇γR
µβνγ − 2∇α∇γR

µγνα. (A.25)

Using Eq. A.1 we can write Eq. A.25 as

δ
(
RαβγδR

αβγδ
)
→ −2RµρστRν

ρστ−42Rµν+∇µ∇νR+∇ν∇µR−4RµρνσRρσ+4Rµ
ρR

νρ.

(A.26)

We can now combine Eq. A.11, Eq. A.18, Eq. A.21 and Eq. A.26 to find the
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equations of motion from the Gauss-Bonnet term in the action

δ
(√
−gLGB

)
→ 1

2
gµνLGB − 2RRµν +∇µ∇νR +∇ν∇µR

− 2gµν2R− 2 (∇µ∇νR +∇ν∇µR) + 8RµρνσRρσ + 42Rµν

+ 2gµν2R− 2RµρστRν
ρστ − 42Rµν +∇µ∇νR +∇ν∇µR

− 4RµρνσRρσ + 4Rµ
ρR

νρ

=
1

2
gµνLGB − 2RRµν + 4RµρνσRρσ − 2RµρστRν

ρστ + 4Rµ
ρR

νρ.

Therefore the equations of motion for the full Einstein-Gauss-Bonnet action are

Rµν − 1

2
gµνR + gµνΛ− λL2

4
gµν
(
R2 − 4RαβR

αβ +RαβσρR
αβσρ

)
− λL2

2

(
−2RRµν + 4RµρνσRρσ − 2RµρστRν

ρστ + 4Rµ
ρR

νρ
)

= 0. (A.27)

In the presence of matter fields the right hand side would be supplemented by an

energy momentum tensor

T µνmatter =
2√
−g

δSmatter

δgµν
. (A.28)
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Appendix B

Thermodynamics of EGB

Black-Holes with Planar Horizons

In this appendix we will compute the Hawking temperature and the entropy of the

EGB black hole considered in the main text. Rotating to Euclidean signature, t→ iτ ,

our EGB metric in Eq. 2.36 has the form

ds2 = A2f(r)dτ 2 + g(r)dx2 +
1

f(r)
dr2 (B.1)

where g(r) = r2/L2. Near the horizon f(r) ∼ (r− a)f ′(a) so letting ρ2 = 4
f ′(a)

(r− a)

the metric becomes

ds2 = ρ2d

(
Aτ

2
f ′(a)

)2

+ dρ2 + g(a)dx2. (B.2)

Therefore to avoid a conical singularity at the ρ origin the τ coordinate must have

period J and we can identify

Aτf ′(a)

2
+ 2π =

Af ′(a)

2
(τ + J). (B.3)

f ′(a) = 4a/L2 so that the period is given by

J =
4π

Af ′(a)
=
πL2

aA
. (B.4)
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Therefore the Hawking temperature is

T =
1

J
=

aA

πL2
. (B.5)

Turning to the calculation of the entropy, there are several approaches we could take,

all of which yield the same result. Knowing before hand that Lovelock black holes with

planar horizons obey the area law for the entropy [60], the easiest way to calculate

the entropy is to find the area of the horizon (at a fixed time)

A =

∫ √
−γD−2d

D−2x =
( a
L

)D−2
∫
dD−2x. (B.6)

Therefore the entropy density for the D = 5 solution is

s =
1

4G

( a
L

)3

. (B.7)

A more general approach to finding the entropy, which does not require the assump-

tion that the area law holds, is to use the Wald entropy [47, 66]

S = −2π

∫
dD−2x

√
γD−2

∂L
∂Rµνρσ

εµνερσ. (B.8)

Here the integral is taken over the bifurcation surface, which is the spacelike cross-

section of the Killing horizon where the Killing field vanishes [83, 84]. For our geome-

try this is the horizon, r = a with t constant. εµν = ∇µχν is the binormal vector to the

bifurcation surface with χν the Killing field which vanishes on the horizon, normal-

ized such that εµνε
µν = −2 [83, 84]. This normalization is equivalent to normalizing

the surface gravity, κ2 = −1
2
∇µχν∇µχν to 1. The binormal vector is antisymmetric

under µ ↔ ν. In our case χµ = ∂t so εtr = 1 and εrt = −1 are the only non-zero

components. The functional derivative of L is performed by treating the metric and

the Riemann tensor independently, so using the EGB Lagrangian in Eq. 2.33

∂L
∂Rµνρσ

=
1

16πG

(
gνσgµσ + λL2gνσgµσ − 4λL2gµρRνσ + λL2Rµνρσ

)
. (B.9)
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√
γ3 = a3/L3 so the entropy becomes

S =
1

4G

a3

L3
V

(
1 + λL2R + 2λL2εσµεσνR

µν − λL2

2
εµνερσR

µνρσ

) ∣∣∣∣
r=a

=
1

4G

a3

L3
V
(
1 + λL2R + 4λL2gttRrr − 2λL2Rrtrt

) ∣∣∣∣
r=a

(B.10)

where V =
∫
d3x and we have used the symmetry of εµν and Rµνρσ. For our metric

R
∣∣
r=a

= −4 (5 + 8λ)

L2
, gttRrr

∣∣
r=a

=
4 + 16λ

L2
, Rrtrt

∣∣
r=a

=
−2 + 16λ

L2
(B.11)

so the entropy density is

s =
1

4G

a3

L3
(B.12)

in agreement with the area formula for the entropy.

For higher derivative black holes, the area law does not generally hold and the

method of calculating the area cannot be used. In the case of EGB gravity the entropy

generally depends on the curvature of the bifurcation surface, obeying the area law

only for the planar case [65, 67]. The easiest way to find the entropy in these more

general cases is using the Wald formula employed here. However it is also possible to

determine the entropy using the free energy, F , identified from the Euclidean action,

SE, using the relationship −F/T = SE and then using the thermodynamic relation

S = ∂F/∂T so that S = −
(
SE + T ∂SE

∂T

)
. The result using this method agrees with

the Wald entropy calculation we have performed [17]. Finally, the entropy has also

been found by determining the ADM mass in terms of the horizon radius and using

the first law of black hole thermodynamics, S =
∫
dM/T =

∫ a
0

(∂M/∂a)T−1da [65].
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Appendix C

Expansion of the EGB Action

In this appendix we will show how to arrive at Eq. 3.23. We just need to calculate

the EGB action in Eq. 2.33 using the perturbed metric, Eq. 3.1, however due to the

complexity of the expansion it is important to do this in a systematic way. Expanding

the EGB action to quadratic order in φ we find

LEGB = F0 + F1φ
2 + F2 (∂zφ)2 + F3φ∂

2
zφ+ F4 (∂tφ)2 + F5 (∂t∂zφ)2 + F6φ∂

2
t φ+ F7∂

2
t φ∂

2
zφ

+ F8φ∂rφ+ F9∂
2
zφ∂rφ+ F10∂

2
t φ∂rφ+ F11 (∂rφ)2 + F12 (∂r∂zφ)2 + F13∂tφ∂r∂tφ

+ F14 (∂r∂tφ)2 + F15φ∂
2
rφ+ F16∂

2
zφ∂

2
rφ+ F17∂

2
t φ∂

2
rφ+ F18∂rφ∂

2
rφ (C.1)

where φ = φ(r, t, z) and all F ’s are functions of r. We should be able to integrate

all the terms by parts in order to write the Lagrangian in terms of the equation of

motion, plus total derivatives, and a φ independent term which is removed by the

counterterm. In order to do this systematically we can rewrite each term as a total

derivative plus additional contributions. For example the F5 term can be written as

F5 (∂z∂tφ)2 = ∂z (F5∂tφ∂z∂tφ)− ∂t
(
F5∂tφ∂

2
zφ
)

+ F5∂
2
t φ∂

2
zφ. (C.2)
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Doing this for each term in the Lagrangian we find

LEGB = F0 + F1φ
2 + F2 (∂zφ)2 + ∂z (F3φ∂zφ)− F3 (∂zφ)2 + F4 (∂tφ)2 + ∂z (F5∂tφ∂z∂tφ)

− ∂t
(
F5∂tφ∂

2
zφ
)

+ [F5 + F7] ∂2
t φ∂

2
zφ+ ∂t (F6φ∂tφ)− F6 (∂tφ)2 + F8φ∂rφ

+ ∂z (F9∂zφ∂rφ)− 1

2
∂r
(
F9 (∂zφ)2)+

1

2
∂rF9 (∂zφ)2 + ∂t (F10∂tφ∂rφ)

− 1

2
∂r
(
F10 (∂tφ)2)+

1

2
∂rF10 (∂tφ)2 + F11 (∂rφ)2 + ∂z (F12∂r∂zφ∂rφ)

− ∂r
(
F12∂

2
zφ∂rφ

)
+ ∂z (∂rF12∂zφ∂rφ)− 1

2
∂r
(
∂rF12 (∂zφ)2)+

1

2
∂2
rF12 (∂zφ)2

+ [F12 + F16] ∂2
zφ∂

2
rφ+

1

2
∂r
(
F13 (∂tφ)2)− 1

2
∂rF13 (∂tφ)2 + ∂t (F14∂r∂tφ∂rφ)

− ∂r
(
F14∂

2
t φ∂rφ

)
+ ∂t (∂rF14∂tφ∂rφ)− 1

2
∂r
(
∂rF14 (∂tφ)2)+

1

2
∂2
rF14 (∂tφ)2

+ [F14 + F17] ∂2
t φ∂

2
rφ+ ∂r (F15φ∂rφ)− ∂rF15φ∂rφ− F15 (∂rφ)2 +

1

2
∂r
(
F18 (∂rφ)2)

− 1

2
∂rF18 (∂rφ)2 (C.3)

where F12 + F16 = F14 + F17 = 0. In order to determine the linearized equation of

motion we can drop the total boundary terms, so that defining

G1 = F2 − F3 +
1

2
∂rF9 +

1

2
∂2
rF12

G2 = F4 − F6 +
1

2
∂rF10 −

1

2
∂rF13 +

1

2
∂2
rF14

G3 = F8 − ∂rF15

G4 = F11 − F15 −
1

2
∂rF18

the quadratic EGB Lagrangian becomes

Lnb
EGB = F0 + F1φ

2 +G1 (∂zφ)2 +G2 (∂tφ)2 +G3φ∂rφ+G4 (∂rφ)2 (C.4)

from which the equation of motion can be determined to be

(2F1 − ∂rG3)φ− 2∂rG4∂rφ− 2G4∂
2
rφ− 2G2∂

2
t φ− 2G1∂

2
zφ = 0. (C.5)

This equation of motion agrees with the result in Eq. 3.7 obtained by directly lineariz-

ing the full EGB equation of motion. Returning to the full quadratic EGB Lagrangian
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with total r, z and t derivatives, we have

LEGB = F0 + F1φ
2 +G1 (∂zφ)2 +G2 (∂tφ)2 +G3φ∂rφ+G4 (∂rφ)2 + ∂rT0(r, z, t)

+ ∂zT1(r, z, t) + ∂tT2(r, z, t) (C.6)

where

T0(r, z, t) = −1

2

[
F9 (∂zφ)2 + F10 (∂tφ)2 + 2F12∂

2
zφ∂rφ+ ∂rF12 (∂zφ)2 − F13 (∂tφ)2

+2F14∂
2
t φ∂rφ+ ∂rF14 (∂tφ)2 − 2F15φ∂rφ− F18 (∂rφ)2]

T1(r, z, t) = F5∂tφ∂z∂tφ+ F9∂zφ∂rφ+ F12∂r∂zφ∂rφ+ ∂rF12∂zφ∂rφ

T2(r, z, t) = −F5∂tφ∂
2
zφ+ F6φ∂tφ+ F10∂tφ∂rφ+ F14∂r∂tφ∂rφ+ ∂rF14∂tφ∂rφ. (C.7)

Rewriting the G terms using

G1 (∂zφ)2 = ∂z (G1 (∂zφ)φ)−G1

(
∂2
zφ
)
φ

G2 (∂tφ)2 = ∂t (G2 (∂tφ)φ)−G2

(
∂2
t φ
)
φ

G3φ∂rφ =
1

2
∂r
(
G3φ

2
)
− 1

2
∂rG3φ

2

G4 (∂rφ)2 = ∂r (G4 (∂rφ)φ)− ∂rG4∂rφφ−G4

(
∂2
rφ
)
φ (C.8)

the Lagrangian becomes

LEGB = P1(r) +
1

2
φ
{

2F1φ− 2G1∂
2
zφ− 2G2∂

2
t φ− ∂rG3φ− 2∂rG4∂rφ− 2G4∂

2
rφ
}

+ ∂rP2(r, z, t) + ∂zP3(r, z, t) + P4(r, z, t) (C.9)

where we have renamed F0 = P1(r) and

P2(r, z, t) = T0(r, z, t) +
1

2
G3φ

2 +G4∂rφφ

P3(r, z, t) = T1(r, z, t) +G1∂zφφ

P4(r, z, t) = T2(r, z, t) +G2∂tφφ.

Therefore the quadratic EGB action has the form in Eq. 3.23.
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