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ABSTRACT

The study of quasirandom forcing in various discrete structures has been a well-
known problem in Extremal Combinatorics since 1987. In this work, we study quasir-
andom forcing in the case of tournaments. We say that a tournament H forces
quasirandomness if in every quasirandom sequence (7,)nen of tournaments of in-
creasing order, the density of H in T, asymptotically equals its expected value. In
contrast to the analogous problem in graphs, it was shown that there exists only one
non-transitive tournament that forces quasirandomness. To obtain a richer family of
tournaments with this property, we propose a variant of it, restricting the definition
of quasirandom forcing to only nearly regular sequences of tournaments (7;,)nen. We
characterize all tournaments on at most 5 vertices that force quasirandomness under
this new setting, obtaining that 11 out of 16 tournaments on four or five vertices are

quasirandom forcing in sequences of nearly regular tournaments.
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Chapter 1
Introduction

To understand our world and its rules, we have used various concepts and techniques
to predict upcoming events. For instance, in science, Newton’s Laws imply that the
future state of an object is completely determined by its present state. Nevertheless,
events like the weather, the evolution of a social network, the results of political
consultations, or even the result of tossing a coin seem impossible to predict because
they depend on many factors. Therefore, it seems that the result of those events is
determined by chance rather than according to a plan, meaning that they behave
randomly.

The study of probability has allowed us to create accurate models and algorithms
and apply them in a wide variety of fields such as economics, sociology, and biology,
allowing us to understand complex events better. We know what to expect even if
we cannot predict the future. For instance, we cannot predict the result of tossing a
coin, but we know that after many trials we will get approximately half of the time
heads and half of the time tails. Otherwise, we can conclude that the coin is not fair.

Therefore, it becomes important to be able to simulate random events so that we
can predict their expected value. This is one of the reasons why deterministic objects
that behave like randomly generated ones, which are said to be quasirandom, are
useful. For instance, pseudorandom numbers are used in cryptography, cybersecurity,
and some Monte Carlo algorithms. Nevertheless, they are not easy to generate.

In our context, we aim to study large random networks, commonly called random
graphs. Graphs are abstract objects with numerous applications in the real world. For
instance, they can be used to study the internet, social or political networks, and the
chemical structure of molecules, among others. A notable application is presented

on page 51 of [21] by Caridi, which describes how researchers from the Argentine



Forensic Anthropology Team and Conicet used graphs to help locate individuals who
disappeared during the country’s military dictatorship (1976-1983).

One of the simplest models for a random graph is the G(n,p) model, which rep-
resents a graph with n vertices where each unordered pair of vertices u,v € V(G) is
connected by an edge with probability p independently of other pairs. While there are
various other models for random graphs, as described in the survey [28], the G(n, p)
model provides a basic framework. Using classic concepts and tools such as expected
values or the Chernoff bound, it is relatively straightforward to determine many prop-
erties that a graph generated by the G(n,p) model will almost surely display. For
instance, the number of edges is asymptotically equal to n?p/2 + o(n?). Also, given
two linear-sized disjoint sets U, W C V(G), the number of edges between U and W
equal to (14 o(1))|U||W|p with high probability. Moreover, almost every vertex has
a degree of approximately np.

Imagine a graph representing a social network that grows over time as new people
join. By recording the graph at each point in time, we obtain a sequence of graphs.
As mentioned earlier, random graphs share many common characteristics, so we can
predict the expected features of the sequence representing the social network, as-
suming it behaves like a random graph would. If the sequence deviates from these
expectations, we can conclude that an external factor influences its behaviour.

Quasirandomness is also a key concept in mathematics. For instance, in Extremal
Combinatorics, one of the most powerful tools to solve problems is the Regularity
Lemma, which intuitively states that any dense enough graph can be approximated
by a bounded number of “blocks” in which the edges between blocks behave quasir-
andomly.

This leads to the following question: how can we determine if a deterministic
sequence of graphs is quasirandom? The study of this topic was first introduced by
Thomason [41,42], who investigated jumbled graphs—graphs that share the same edge
distribution as random graphs. In 1989, Chung, Graham, and Wilson [11] provided
a list of properties that quasirandom graphs satisfy. Although these properties may
seem different in nature, they are mathematically equivalent. This means that any
sequence of graphs satisfying one of these properties will satisfy all of them, and
thus, we can conclude that the sequence is quasirandom. Let’s consider a sequence
of graphs G = (Gp)nen. One of the properties in the list by Chung, Graham, and
Wilson states that G is quasirandom if it has approximately the expected number

of copies of every subgraph H. However, another property in the list reveals that



it is sufficient to check whether the sequence contains approximately the expected
number of copies of Cy, the cycle with 4 vertices. This means that having the expected
number of copies of Cy implies the same for any graph H. Because of this powerful
property, we say that Cy forces quasirandomness. Moreover, C is not the only graph
with this property; Skokan and Thoma [40] showed that for a,b > 2, any complete
bipartite graph K, also forces quasirandomness and one of the major open problems
in extremal combinatorics is known as the Forcing Conjecture by Conlon, Fox and
Sudakov [12], which states that quasirandomness in graphs can be characterized by
the number of copies of any fixed bipartite graph with at least one cycle.

Quasirandomness has also been studied in other mathematical objects such as
permutations [15/1829], groups |19}25], hypergraphs [8}/9.(13/24,36], latin squares [14],
subset of integers [11], among others.

In this work, we study the problem of quasirandomness in the context of tour-
naments, i.e., complete digraphs. The notion of quasirandomness here is similar to
that in graphs; however, it turns out that, in contrast to graphs, the class of tour-
naments that force quasirandomness is much more restricted. To address this, we
slightly modify the definition of quasirandom forcing, to focus only on sequences of
nearly reqular tournaments, in order to obtain a broader class of tournaments that
force quasirandomness.

The structure of this work is as follows. In Chapter 1, we introduce the funda-
mental definitions and notation used throughout the document. Many of our proofs
rely on the framework of Limit Theory, which associates an analytic limit object with
a sequence of tournaments. Sections and provide definitions related to tour-
naments and an introduction to Limit Theory, respectively. In Section [1.3] we state
our main results on forcing quasirandomness in regular tournaments.

Chapter [2] surveys previous results on quasirandom forcing in tournaments, pri-
marily within the Limit Theory framework. This chapter is expository and serves to
build intuition on the topic.

In Chapter [3| we focus on proving our main results by establishing necessary and
sufficient conditions for a tournament to force quasirandomness in regular tourna-
ments. We characterize tournaments on at most five vertices that force quasirandom-
ness in regular tournaments. Some of these proofs utilize the Flag Algebra method,
which we introduce in Chapter



1.1 Preliminaries and notation

The objective of the first section of this work is to state the standard definitions
and their respective notation related to digraphs, in particular, tournaments. We
also describe some properties of randomness and quasirandomness and introduce the
problem of determining the set of tournaments that force quasirandomness.

A digraph D is a pair (V(D), E(D)) where V(D) is called the set of vertices and
E(D) C V(D) x V(D) is the set of arcs or directed edges such that (v,v) ¢ E(D)
and at most one (u,v) or (v,u) is in E(D) for every u,v € V(D). We often write uv
to denote the directed edge (u,v). Additionally, we let v(D) = |V(D)| and e(D) =
B(D)|.

One of the main approaches in extremal combinatorics for studying digraphs is to
analyze their local structures. Given a digraph H, an homomorphism from H to D
isamap f:V(H)— V(D) such that f(u)f(v) € E(D) if uv € E(H). We denote by
Hom(H, D) the set of such homomorphism and we let hom(H, D) = | Hom(H, D) |.

Also, it is natural to wonder how likely it is to find a homomorphic copy of the
digraph H inside a larger digraph D. This is known as homomorphism density,
denoted by t(H, D) and is given by

hom(H, D)

HH, D) i= =i (1.1)

The adjacency matriz of a digraph D with n vertices is the n x n binary matrix
A = A[D] with columns and rows enumerated by the vertices of D, in which the
(1, 7)-entry, A(i,j) equals 1 if 45 is an arc of D and 0 otherwise. Given a vertex
v € V(D) we define the out-neighbourhood of v as N (v) = {u € V(D) : vu € E(D)}
and the in-neighbourhood as N, (v) = {u € V(D) : uwv € E(D)}. The out-degree of a
vertex v € V(D) is defined to be the number of out-neighbours of v, d},(v) = | N}, (v)].
Similarly, the in-degree is d,(v) = |Np(v)]. In other words,

) = 3 Afv,u)

ueV (D)

and

dp(v) = Y Alu,v).

ueV(D)

When the context is clear, we often let d*(v) = d},(v). Note that each arc contributes



to the out(resp.in)—neighbourhood of exactly one vertex v € V (D), therefore

2 W)= 3 ) =eD)

veV (D) veV (D

With the adjacency matrix, we can calculate the homomorphism density of a di-
graph H in the digraph D as follows. Let A = A[D] and f : V(H) — V(D) be
a homomorphism. By definition, if ij € E(H), then f(i)f(j) € E(D). Therefore,
A(f(i), f(7)) = 1. Then, we have

t(H,D):W > IT AG@.rG).

V(H)=V(D)ijeE(H)

We now focus on the specific notation and basic definitions for tournaments. A
tournament T is a digraph with the additional condition that for every unordered
pair u,v € V(T), exactly one uv or vu is in E(T). Therefore, every tournament 7'
satisfies e(T') = (”(2T )). Additionally, we say that a tournament T is reqular if every
vertex of T" has out-degree ”(Tgﬁ

Transitive tournaments are one of the most important classes of tournaments due
to their properties and applications. A transitive tournament on h vertices, denoted
by Trj, has vertex set V(T'r,) = {v1,...,v,} and E(Try) = {vv; 1 i > j}.

Figure [1.1] shows all the possible tournaments on at most 5 vertices up to iso-
IIlOl"phlSIIl. There are 20 such tournaments labelled Hy, ..., Hjg. The tournaments
Hy, Hy, Hy, Hy and Hg are transitive. The tournament Hj is the cyclic tournament
on 3 vertices and is also referred to as (5. Similarly, Hg is the unique 4-vertex
tournament containing a spanning cycle and is also referred to as C}.

Let 7, denote the model of a uniformly random tournament on n vertices, where
each arc is directed in one of the two possible directions with probability 1/2, inde-
pendently of all other arcs.

Given any tournament H and a uniformly random tournament 7,, with n vertices,
the probability that an injective random function f : V(H) — V(7},) is a homo-
morphism is (1/ 2)(5) Also, since the probability that a function is non-injective is
1- W = o(1). Therefore,

E(t(H,T,)) = (1 +o(1))(1/2)(2)

where the asymptotics are as n — oo.
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Figure 1.1: The tournaments on at most 5 vertices, up to isomorphism.

This last property characterizes when a sequence of tournaments with an un-
bounded number of vertices, (7},)nen, behaves randomly, i.e., is quasirandom: the
density of any tournament H in T},, as n — 0o, converges to its expected value in a

random tournament.
Definition 1.1.1. A sequence of tournaments (75,),en is said to be quasirandom if

i 117, - (1)

n—oo
for every tournament H with k vertices, for every k € N.

It is convenient to extend the definition of homomorphism density for a linear
combination of digraphs. Let D be the set of all finite digraphs up to isomorphism
and R[D| := {Zzzl a;H; o € R H; € D,t € N} be the set of finite formal linear



combinations of digraphs. Given D € D and H = Y"._, oy H; € R[D], we can define

the homomorphism density as follows

t(H,D) = zt:ait(Hi, D).

Additionally, we let

t(H,1/2) = Zal 1/2)("2").

In 1991, Chung and Graham studied the problem of quasirandomness in various
mathematical objects such as graphs [11], subsets of Z,, [11], hypergraphs [8], tour-
naments [10], among others. In the case of tournaments, they prove that there is a
list of properties satisfied by quasirandom tournaments. Among these is the prop-
erty we presented earlier, related to having the expected homomorphism density for
every tournament H. Moreover, they proved that these properties are equivalent —
if a sequence of tournaments satisfies one of them, it must satisfy all of them [10].
Below, we state some of these properties, but first, we need to define the linear
combination E4C € R[D] that will be important when we state them. There are
4 possible orientations of the cycle with four vertices, as shown in Figure [1.2] Let
FAC = 2C} + 2C} + 4C%. Note that this linear combination represents a weighted
count of the so-called even 4-cycles; i.e. orientations with an even number of arcs

oriented clockwise.

N SN SN N
\/ A4 \/ A4

4 4

Figure 1.2: The four possible orientations of Clj.

Theorem 1.1.2. [Chung—Graham [10]] Let (T,,)nen be a sequence of tournaments.

The following properties are equivalent for all s € N.



Pi(s): For all tournaments H on s vertices,

s

hom(H, T,) = (1 + o(1))v(Ty)*2~ ).

Py: t(BAC,T,) = 1 + o(1)

Ps: Every X C V(T), the induced subtournament H = T[X] satisfies

D i) = dp(v)] = o(v(T,)?).

veX

In this case, we say that H 1s almost balanced.
Py: Every subtournament H of T on |v(T,)/2] nodes is almost balanced.

P5: For every ordering m of V(T),

{uv € B(D) : (u) < 7(v)} = (1 + o(1))v(T},)?/4.

Specifically, given that the second property of is equivalent to the first prop-
erty, we infer that if ¢(EAC, T) = (1 + o(1))(1/2) then ¢(H,T) = (1 + o(1))2~ () for
every tournament H on s vertices. This means that if a sequence of tournaments has
the expected density of F4C', then it has the expected density of every tournament
H. Then, F4C characterizes quasirandomness. The next definition formalizes this

notion.

Definition 1.1.3. A set S C R[D] forces quasirandomness in tournaments if ev-
ery sequence of tournaments (7},)nen such that v(7,,) — oo and lim,, o t(H,T},) =
t(H,1/2) for all H € S is quasirandom. In particular, we say that a tournament H

forces quasirandomness if S = {1 - H} does.

The definitions and most of the properties presented in this section can be de-
scribed in the language of Limit Theory. We will present them in that language

before stating the known results on quasirandom-forcing in tournaments.



1.2 Combinatorial limits preliminaries

In this section we introduce the standard definitions and notation related to quasiran-
domness in tournaments in the language of limit theory. This terminology associates
analytic limit objects to sequences of combinatorial structures. Specifically, given a
sequence of tournaments, the limit object, known as tournamenton, is a measurable
function that can be understood to be a “continuous generalization” of the adjacency
matrix of the limit tournament. These limit objects were first introduced by Diaconis-
Janson in the case of graphs [20], and by Thornblad in the case of tournaments [43].
For a deeper treatment of combinatorial limits, see Lovasz [32].

Formally, a tournamenton is a measurable function W : [0,1]*> — [0, 1] with the
property that W(z,y) + W(y,z) = 1 for all z,y € [0,1]. This last property is
analogous to the fact that in a tournament exactly one xy or yx is in the arc set for
every x # y in V(7).

We can define the homomorphism density of a digraph in a tournamenton analo-
gously as the homomorphism density between digraphs defined in .

Definition 1.2.1. Given a digraph D with k vertices and a tournamenton W, the

homomorphism density of D in W is defined as

t(D, W) ::/[011 I W) H dz,.

weE (D) veV (D

Moreover, given any measurable function f : [0, 1] — [0, 00), we let

t(D, W, f) :/ H W(zy, z,) H f(zy)dx,.
[0,1]%

uww€eE(D) veV(D)

Every tournament can be represented by its step tournamenton. Recall that a
vector w € [0, 1]" is called a stochastic vector, if all its entries are non-negative and

they sum up to one.

Definition 1.2.2. Let H be a tournament with & vertices and w € [0,1]V() a
stochastic vector. Let (Uy),cv (g

such that the measure of U, is w, for all v € V(H). The weighted step tournamenton
WI[H,w] :[0,1]* — [0,1] is defined as follows

be a partition of [0, 1] into disjoint measurable sets
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1 ifreU,, yeU, and vz € E(H)
WIH,wl(z,y) =1 1/2 if {z,y} C U, for some v € V(H)
0 otherwise.

— —
Additionally, the blow-up of H is the tournamenton W[H| = W[H, h] where h €

[0,1]VUD has all its entries equal to 1/h.
The next is the definition of convergence for a sequence of tournaments.

Definition 1.2.3. A sequence of tournaments (7},),en with v(7,,) — oo is said to
converge to a tournamenton W if

lim t(H,T,) = t(H, W)

n—o0

for every tournament H.

Remark 1.2.4. Note that a weighted step tournamenton W = W[H, w] is the limit
object of a sequence H' = (H]),en such that for each n, H/ is a tournament on n
vertices such that the vertex set can be partitioned into (U,),cv(m) sets such that
n-wy] < |U,| < [n-w,| for every v € V(H) and with the condition that for
y € U, and w € U,, the arc yw € E(H]) with probability 1/2 if v = z, probability
1 if vz € E(H) or probability 0 otherwise. This comes from the fact that for every
tournament T,
t(T,W[H]) = lim (T, H})

n—o0

with probability one.

The next two definitions are analogous to the out-degree and in-degree of a tour-
nament. Given a tournamenton W and S = {z,...,z,} C [0,1], we define the

common out-degree of S to be
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If S = {z} then we let d*(z) = d*(S). Note that

/01 d*(z)dr = /01 /01 Wz, y)dydx = /01 /01 (1—-W(y,z))dedy =1 — /Olcﬁ(y)dy

then, we get
1
2/ d*(z)dz = 1.
0

So we conclude fol d*(z)dx = 1/2 which is analogous to the property >,y d*(v) =

(U(QT )) for any tournament 7.

Definition 1.2.5. A tournamenton W is regular if d*(x) = 1/2 for almost every
x € [0,1].

In the definition above, almost every means that the set {z € [0,1] : d*(x) # 1/2}
has measure zero. The next proposition relates the property of a tournament 7" being

regular and the blow-up Wr being regular.

Proposition 1.2.6. Let T be a tournament. Then T is reqular if and only if the
blow-up of T', Wr, is reqular.

Proof. Let T' be a tournament on h vertices. Also, let (U,),cv(r) be a partition of
[0,1] into disjoints sets with measure equal to 1/h. Let v € V(T) and z € U,, we

have

1 dr(v 1
diy (x) :/ Wydy= > W(z,y)dy+ | W(z,y)dy = T]E )+%.
° {yeUylowe E(T)} Y Vv Uy

First, assume T is regular, then for every v € V(T), df(v) = (h—1)/2 and by the

last equation we conclude that for every z € U,
1 /h—1 1 1
d = —+=- | ==
wie) =3 ( > 2) 2
Conversely, if djj,(z) = 1/2, then
+ + 1
dp(v) = h-dy(x) — 5 = ——

as desired. O
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Now, we rephrase the ideas related to randomness and quasirandomness in the
language of limit theory. First, given a tournamenton W, we define the W-random
tournament T as follows: pick k points xy,..., 2z, from [0, 1] uniformly at random
and independently from one another and define V(7T') = {z1,...,2;}. Then add an
arc from x; to x; with probability W (x;, x;) and, otherwise, add an arc from z; to
x;. Given a digraph D, the homomorphism density from D to W, t(D,W) given
in Definition is precisely the probability that all arcs of D are contained in a
W-random tournament 7" with v(D) vertices.

Additionally, the following proposition is a standard extension of a fundamental
theorem in graph limits of Lovasz and Szegedy [33] and it will be useful to prove
the main theorems of this work. It states that given a tournamenton W it is always
possible to find a sequence (T},),en that converges to W and conversely, every sequence

of tournaments of unbounded order has a convergent subsequence.

Proposition 1.2.7. For every sequence (T,,)nen of finite tournaments with v(T,) —
00, there is a subsequence of (T,,)nea for some A C N that converges to a tournamen-
ton W. Conversely, given a tournamenton W, if (T,)nen is a sequence of W-random

tournaments with v(T,,) — oo, then (T,,)nen converges to W with probability 1.

The next proposition follows from standard results in combinatorial limit theory;

in particular, it is a slight extension of [26, Proposition 1].

Proposition 1.2.8. Let S C R[T]. The set S forces quasirandomness if and only if
every tournamenton W such that t(H,W) = t(H,1/2) for all H € S has the property
that W(zx,y) = 1/2 for almost all (z,y) € [0,1]2.

The last proposition will be used several times in Chapters[2]and [3to show positive
results— i.e. when a tournament forces quasirandomness, and negative results — i.e.
when a tournament does not force quasirandomness. The proof ideas are very similar;
for the positive case, we usually show that given H € R[T], if t(H,W) = t(H,1/2)
then W = 1/2 almost everywhere. On the other hand, for the negative case, we
usually give an example of a tournamenton W such that ¢(H, W) = t(H, 1/2) but the
set {(z,y) € [0, 1]2|W (=, y) # 1/2} has measure bigger than 0.

We have stated all the basic definitions necessary for developing this work. In the
next section, we present the problem of forcing quasirandomness restricted to the set

of regular tournaments and state our main results.
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1.3 Quasirandom forcing in regular tournaments

The main results of this work are obtained by restricting the class of tournament
sequences, considering only nearly reqular sequences and studying quasirandom forc-
ing there. As we summarize in Chapter [2| the class of tournaments that forces
quasirandomness is very restricted. We obtain a wider class of tournaments forcing
quasirandomness in the setting of nearly regular sequences. Most of the definitions
in this section are given in the language of combinatorial limits but all of them have

an analogue in the discrete language as stated in [37].

Definition 1.3.1. A sequence of tournaments (7, ),en is nearly regular if for every
€ > 0, there exists ng(e) such that, for all n > ny(e), all but at most € - v(7},) vertices
of T,, have out-degree between (1/2 — €)v(T;,) and (1/2 + €)v(T},).

Note that if a sequence of tournaments (7},),ecy is nearly regular and converges to
a tournamenton W, then W is regular as in Definition [I.2.5]

Additionally, a sequence (7},)nen of uniformly random tournaments of increasing
size is nearly regular with probability one. Indeed, given a vertex v € T,, let X be the
random variable equal to 1 if vu € E(T},) and 0 otherwise. Also, let X" = 3" (7 Xy
be the random variable counting the number of out-neighbours of v. We can calculate

v _ n—l
ZIPX 1) 5

weV(Ty)

its expected value

We want to show that all vertices have degree close to (n — 1)/2 simultaneously.
Then, let us use the union bound to estimate the probability that for some v € V(T},)
and every € > 0, X" > (14 ¢)E[X"].

P U)(X”>(1+e)n;1> <Y P

veV (Ty

By Chernoff bound [A.0.5, we have

_1 €2n7 —(n— 62
P[X”>(1+e)n2 ] <e T =TT
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Putting the two last equations together we get

—1 —n—le2
P U (X”>(1+6)n2 ) <n-e T

veV(Ty)
—(n—1)e2
Since lim,, s, n-€ e _ 0, we conclude that almost every vertex on 7;, have degree
at most (14 €)(n — 1)/2 with high probability when n — co.
A similar argument but using the second part of the Chernoff bound allows

us to conclude that, with high probability, almost every vertex on 7}, has degree at

least (1 —€)(n—1)/2 when n — oo. Therefore, a random sequence of tournaments is
nearly regular. For further reading on the probabilistic method in combinatorics, see
the book of Molloy and Reed [34]or the book of Alon and Spencer [1].

Now, we restrict Definition of quasirandom forcing by considering only se-
quences of nearly regular tournaments.
Definition 1.3.2. A tournament H on k vertices is said to force quasirandomness
in regular tournaments if any regular tournamenton W such that t(H, W) = (1/ 2)(5)
satisfies W (x,y) = 1/2 for almost every (z,y) € [0,1]?.

Next is our main result which characterizes tournaments on at most 5 vertices that
force quasirandomness in regular tournaments, showing that this class of tournaments
seems to be significantly broader than those that force quasirandomness in general.

Some cases of the next theorem follow from earlier results [7,17,31].

Theorem 1.3.3. Let Hy, ..., Hig be the list of all tournaments on at most 5 vertices

up to isomorphism, as in Figure|1.1|.

1. The tournaments H; for i € {0,1,2,3,9,12,16,18,19} do not force quasiran-

domness in reqular tournaments.

2. The tournaments H; for i € {4,5,6,7,8,10,11,13,14,15,17} force quasiran-

domness in reqular tournaments.

In Section [3.2] we present the proof of Theorem [1.3.3] For this, we need the
following well-known results.

This first result is a mild extension of a classical result of Kendall and Babington
Smith [27], which states that the density of the transitive tournament on 3 vertices,

T'rs, is minimized by a regular tournamenton.
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Proposition 1.3.4. FEvery tournamenton W satisfies t(Trs3, W) > 1/8 with equality
if and only if W is reqular.

Proof. Let us write t(T'rs, W) in two different ways as follows

[0,1]3

= W(z,y)W(x, 2)W(z,y)dzdyd:z.
(0,13
We can add the above expressions together. Since W is a tournamenton, W (y, z) +
W(z,y) = 1, and then we have

2t(Trs, W) = Wz, y)W(x,z) (W(y,2) +W(z,y))dedydz

(0,1

= W(z,y)W (z, z)dxdydz

[0,1)3

([ W) ([ o)

[ @y

> (/01 d+(x)dx)2 = i.

The last inequality above is a consequence of Jensen’s Inequality since the
function f(z) = 2% is convex. Equality holds if and only if d*(z) = d*(y) for almost
every z,y € [0, 1], which can occur only if d*(z) = 1/2 for almost every z € [0,1]. [

The next result is also a well-known proposition of Beineke and Harary [3] on
Turan density of a cycle C3, which states that a regular tournamenton maximizes the

density of the cyclic tournament on 3 vertices.

Proposition 1.3.5. Every tournamenton W satisfies t(Cs, W) < 1/8 with equality
if and only if W is regqular.

Proof. By the argument shown in the proof of Proposition [1.3.4, we know that
2t(T'rs, W) equals fol (d*(z))? dz and an analogous argument allows us to conclude
that 2t(Tr3, W) equals fol (d~(x))* dz. Also, we observe that

t(C3, W) = Wy, x)W (x, 2)W(z,y)dxdyd:z.

[0,1]3
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By using the definition of homomorphism density, we have

t(Cs, W) +t(Trs, W / / / Wy, )W (x, z)dxdydz

[ (Prae) (e
:/ d~(z)d" (z)dx.
0
Putting it all together we get
1 ) 1 1 )
24(Cly, W) + 61(Trg, W) = / (d* (2))? de + 2 / i+ (2)d~ () + / (d (2))* do
0 0 0
1
:/ (dF(z) + d_(as))2 dx
0
1 1 1 2 1
:/ (/ Wz, y)dy +/ W(y,x)dy) dr = / dr = 1.
0 0 0 0
The above expression implies that
H(Cy, W) = % 3T, W), (12)

The result follows by Proposition [1.3.4] O
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Chapter 2

Quasirandom forcing in

tournaments

The objective of this chapter is to present some earlier well known results charac-
terizing all possible tournaments that force quasirandomness. This is an expository

chapter and the ideas are mostly taken from [4,(17,26].

Proposition 2.0.1. The following characterize all tournaments that force quasiran-

dommness.
1. Transitive tournaments force quasirandomness for k > 4 |31, Ezxercise 10.44].
2. Hyy from Figure[1.1| forces quasirandomness [17].

3. There are no non-transitive tournaments on at least 7 vertices forcing quasir-

andomness [4].
4. No other tournament forces quasirandomness with at most 6 vertices [26].

The rest of the chapter is organized as follows: in Section [2.1] we prove Proposition

and and in Section [2.2] we show some ideas that allow to conclude

0.1,
About [2.0.1)[2)), Coregliano, Parente and Sato [17] used the Flag Algebras method

to show that Hi; forces quasirandomness. We do not present the details of the proof in
this survey chapter, but we will provide an introduction to Flag Algebras in Chapter

because this method is used to prove several of our main results.
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2.1 Transitive tournaments

In this section, we prove Proposition and [2.0.1](3)), presenting the ideas of
Bucié¢, Long, Shapira and Sudakov [4] in the language of Limit Theory. We need
the following lemma, which gives us a sufficient condition for a tournamenton to be

quasirandom. This Lemma is a slight extension of |31, Exercise 10.44].

Lemma 2.1.1. Let W be a tournamenton. If d*({z,y}) = 1/4 for almost every
z,y € [0,1], then W(z,y) = 1/2 for almost every x,y € [0, 1].

Proof. By definition of in-degree, we have

/01d de—/ (/ Wi 2) dy>2dx
-[ (/0 Wi ) ( | IW(z,x)dz) N
:/01 /o /01W<y»w>W<z,x>dmydz
:/01 /01 A ({y, 2))dydz =

On the other hand, by Jensen’s Inequality [A.0.4] we have

% _ /01 i (2)2dz > (/01 d—(x)dx)2 _ (%)2 _ i

So, we conclude d~(z) = 1/2 for almost every = because the function ¢(z) = 2* is
strictly convex. Since d*(x) + d~(z) = 1, we conclude d*(z) = 1/2 as well.

Now, let us show that this also implies that W (z,y) = 1/2 for almost every
x,y € [0,1]. For this, let us show that (foB 2W(x y) — 1)dacdy)4 = 0 for every
pair of measurable sets A, B C [0,1]. Let f(z) = [,(2W(z,y) — 1)dy, La(x) be
the indicator function of z € A and A(A) the measure of A. The following is a
consequence of Jensen’s inequality using the convex function ¢(x) = x?, which

holds for every measurable set C'.

(/Cf(x)dx> (/f Mo(e das) /f dx/O]lc()dx
_ /0 )2z - M(C) < /0 () 2da
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It gives us the following

(// (W (z.y) —1) dxdy) (/O (/ (20 (2 y)—l)dm)2dy>2

N (/0 ( ; 2W (zy) = Dde /A<2W<Zvy> - 1>dz) dy)2
(/A/ | (@Wly) = DEW(zy) - 1)dyda:dz>2
/01/0 (/ (W (2,y) — D)EW(z,y) - 1)dy>2dxdz
[ LT e v

me{x,z}
ne{y,w}

IN

Now, let us expand on the last expression.

/ H (2W (m,n) — 1)dzdydzdw
0,1

* me{z,z}
ne{y,w}

= / 16W (z, y)W (2, w)W (2, y)W (2, w)dydwdzdz
[0,1]*
— 4/ 8W (z,y)W (x,w)W (z,w)dzdydzdw
[0,1]*

+ 2/ AW (z, y)W (x, w)dxdydw + 2/ AW (z, y)W (z,y)dzdydz
[0,1]3 [0,1]3

+ 2/ AW (z, y)W (z,w)dzdy — 4/ 2W (z,y)dxdy + 1.
[0,1]*

[0,1]2

The last expression can be rephrased in terms of the homomorphism density of the

following digraphs.
XN VT
; ; . i
D; D, Ds D, Ds

We can calculate its value given that d*({z,y}) = 1/4 and d~(x) = d*(z) = 1/2
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as follows

1
16 Wz, y)W (z,w)W (z,y)W(z,w)dydwdzdz = 16t(Dy, W) = 16 - 6= 1.
[0,1)*

1
32 Wz, y)W (z,w)W (2, w)drdydzdw = 32t(Dy, W) = 32 - 3= 4.
[0,1]*

8 W(x,y)W(z,w)dzdydw = 8t(D3, W) =8 -

[0,1)3

8 W(z,y)W (z,y)dredydz = 8t(Dy, W) = 2.
(0,1

8 Wz, y)W(z,w)dzdy = 8t(Ds, W) = 2.
[0,1]*

=2

NH

1
8 W(z,y)dedy =8 - = = 4.

[0,1]2

[\

All together give us

(LL(ZW(x,y)—l)dxdy)4§1_4+6_4+1:O

where the equality holds if and only if W (x,y) = 1/2 for almost every z,y € [0,1]. O

Now, we are ready to prove that the transitive tournament T'r, for h > 4 forces

quasirandomness.

Proof of Proposition . We first show that for every h > 2 and any tourna-
menton W, t(Try, W) > t(H,1/2). Moreover, we will show that equality holds if and
only if W(z,y) = 1/2 for almost every z,y € [0, 1], for every h > 4.

For the first part of the proof, we will prove a more general statement. Let
f:[0,1] — [0,00) be a measurable function. We will show that

i (1) ([ o)

for every h > 2 by induction on h. For the base case take h = 2, we have

t(Try, W, f) = //f ) f(y)dxdy
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but also,
e = [ [ i@y

adding those expressions together we get

2t(Try, W, f) //f W(z,y) +W(y,x))f(y)drdy

//f y)dzdy
- /0 f(@)da /0 o
_ (/Olf(x)dx)z.

Now suppose h > 3 and let D, be the digraph obtained from 7'r;, by deleting the arc
uv where u and v are the vertices such that dy, (u) = h—1and dj,, (v) =h—2. Let

x and y be variables associated with the vertices u and v respectively.
20(Try, W, f) = t(Dp, W, f)

/ / flz (/W H W (., 2) [ [ flz)W (@ IZ)W(y,xz)dxz> dxdy

zeV

where £ = E(Trp,_2) and V. = V(Tr,_2). Let gy, : [0,1] — [0,00) be g, ,(2) =
W(z,2)W (y, z) f(2). Then, we get

1 1
t(Dy, W, f) =/ / f(x) (/W 2 H W (s, 20) [ [ 9oz dxz) ddy

zeV
/ / f Trh 27W gz y)dxdy

> [ swsw (5) - ([ oustorts) ety

The last inequality is by inductive hypothesis. Now, we are going to apply Jensen’s
inequality to the function op(z) = 2"~2, which is convex for h > 3 and strictly



convex for h > 4, we have

t(Dn, W, f)

- (%>(h;2> (/01 /Olf(x)f(y)d:vdy) bodo 16 fo i <f0 g ydxdzz> dedy

(4 03 (2 I3 S 1) P (20, 2) () dxdy) o
2 < 01 f(I)dx>2(h_3)

(%) (folf(z) () Faw (‘T’Z)d$>2dz) -
= (§> <f01 f(:v)d:v) 2(h—3) .

We can apply Jensen’s inequality one more time to get

NER, ((folf(z)dz> (fol f(Z)f?;JV[;Z;Z)zf(x)dIdz>2)

h—2

002 (5) ( I; f(x)dx)2(h_3)

(1 ) (o 7 2 f)dedz)

2 <f0 x x> 3h—8

(0) - () ([ o)

Then,

t(Tra, W, f) = ;(Dh,Wf () (/f da:)

22

h—2

In particular, if we set f = 1, then the above inequality tells us that ¢(T'r,, W) >
(1/2)( ) for every graphon W. Now, suppose that h > 4 and that t(Tr,, W) =
(1/ 2)( ). Our goal is to prove that W = 1/2 almost everywhere. The only way that
t(Tryp, W) = (1/ 2)(3) can hold is if all of the inequalities that we have established
while proving the lower bound ¢(Tr,, W) > (1/ 2)(2) hold with equality. In particular,
our first application of Jensen’s inequality (applied to the case that f = 1) must hold

with equality. Plugging in f = 1 into that inequality and doing some cancellation
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tells us that the following must be true:

/ / (/ 9el2 Z)de”dy:( / 1 / 1 / 19m,y(z)dzdxdy)

Since h > 4, this equality can only hold if fo 9zy(2)dz is the same for almost

h—2

every choice of = and y. In the case that f = 1, we have that g,,(z) is simply
W(z,2)W(y, z), and so fo Gsy(2)dz is precisely d*(x,y). Thus, if equality holds,
then almost every pair x,y € [0, 1] has the same value of d*(z,y).

We will be done if we can show that d*(z,y) = 1/4 for almost every pair z,y. On
our way to proving this, we show that W is regular. To see this, we note that our
second application of Jensen’s inequality must also hold with equality (in the case
f =1). Therefore, we have

/01 </01W(x,z)dx>2dz - (/01 /01W(x,z)dxdz>2

By strict convexity, this can only hold if the function d~( fo (z,z)dzx is the
same for almost every z € [0, 1], which means that W is regular. Now, recall that
fol d=(2)%dz = fol fol d*({x,y})dzdy as in the beginning of the proof of Lemma [2.1.1}
Since W is regular, the left side of this equality is 1/4 and, since and d*(z,y) is the
same for almost every pair z,y € [0, 1], we must have that d*(x,y) = 1/4 for almost
all z,y € [0,1]. Thus, we are done by Lemma . O

So far we have proved that transitive tournaments with at least 4 vertices force
quasirandomness. The next result will be used to prove Proposition which
states that there is no other tournament on more than 7 vertices that forces quasir-

andomness. This proposition appears as a remark in [4] and as [26, Proposition 2.

Proposition 2.1.2. Let H be a tournament on k vertices that is not transitive. If

there exists a tournamenton W such that W is not equal to 1/2 almost everywhere

HEW) > (%) (2)

then, H s not quasirandom-forcing.

and

Proof. Let H be a non-transitive tournament on k& vertices. Consider Wy, : [0, 1]?
0,1], Wy =[0,1)> = [0,1] and U, = [0,1]* — [0, 1], defined as follows
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1/2 ifz=y
Wre(z,y) =<1  ifz<y
0 otherwise.

Note that Wy, is the limit of the sequence of transitive tournaments. Finally, let

W(z,y) if (z,y) € [0,0]?
Ua(,y) =
Wre(x,y) otherwise.

We have t(H,U,) =t(H,W) > (%)(g) and t(H,Uy) = 0 because H is non-transitive.
Since t(H,U,) is a continuous function on «, by the intermediate value property
there exists a such that t(H,U,) = (%)(’5) = t(H,1/2). Nevertheless, by definition
U, # 1/2 almost everywhere; therefore by Proposition , we conclude that T is

not quasirandom forcing. m

Proof of Proposition[2.0.][3). Let T be a non-transitive tournament with V(T') =
h > 7. Let Wz : [0,1]? — [0, 1] be the blow-up of T, which is not equal to 1/2 almost
everywhere. To lower bound ¢(T, Wr) we use Remark [1.2.4 We observe that every
map ¢ : V(T') — V(T") such that ¢(v;) € V; for every v; € V(T') is a homomorphism.
The probability that a random function satisfies this condition is (1/h)". Then, we

o= (1) = ()"

Then, by Proposition [2.1.2| we conclude that no non-transitive tournament on at

have

for every h > 7.

least 7 vertices forces quasirandomness. ]

It remains to analyze the case of non-transitive tournaments on at most 6 vertices.

We do this in the next section.
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2.2 Tournaments with at most six vertices

So far, we have presented the earlier results that show that every transitive tourna-
ment on at least 4 vertices forces quasirandomness and that no non-transitive tourna-
ment on at least 7 vertices forces quasirandomness. In this section, we present some
of the results from [26] to show that there are no more non-transitive quasirandom
forcing tournaments besides Hi7.

We first give some definitions to state two necessary conditions that a quasirandom
forcing tournament has to display. We say that a tournament is rigid if it has no
non-trivial automorphism. Also, two vertices v and v in a tournament are referred
to as twins if Nt(u)\{v} = N*(v)\{u}. A tournament with no twins is said to be
twin-free.

The next two Propositions state that for H to be quasirandom forcing, it has to

be strongly connected, or if it has 6 vertices, it has to be twin-free and rigid.

Proposition 2.2.1. Let H be a non-transitive tournament. If H is not strongly

connected, then H is not quasirandom-forcing.

Proposition 2.2.2. Let H be a non-transitive 6-vertex tournament. If H contains

twins or has a non-trivial automorphism, then H is not quasirandom-forcing.

Before presenting the proof of these Propositions, we analyze the small tourna-
ments. We know that H; does not force quasirandomness because t(Hy, W) = 1/2

for every tournament W. The fact that Hy, = Trs and H3 = (5 do not force quasir-

andomness follows from Proposition [1.3.4] and [1.3.5] respectively. Additionally, the

results related to the Turan density of Hg = Cj imply that there exists a tourna-
menton W (known as the carousel tournamenton, which is not quasirandom, with
t(Cy, W) = 1/48 > 1/2° [17], so by Proposition 2.1.2, Cj is not quasirandom forcing,
either. Finally, H5 and H; are not quasirandom forcing by Proposition because
they are not strongly connected. Then, it remains to study the case of tournaments
on 5 and 6 vertices.

For the case of tournaments with 5 vertices, Coregliano et al. [17] showed that all
the strongly connected tournaments except Hi7 and Hi, are not quasirandom forcing.
Nevertheless, Hancock et al. [26] showed that Hj, is not quasirandom forcing,.

About tournaments with 6 vertices, there are 55 that are non-transitive, of which
20 are not strongly connected, 29 contain twins, and 15 have a non-trivial automor-
phism [26]. Then, by Propositions[2.2.1{and [2.2.2|it can be concluded that 41 out of 55
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of them are not quasirandom forcing. The remaining 14 tournaments are shown to not
be quasirandom forcing [26] by applying Proposition to different constructions
of step tournamentons. We omit the details for the remaining 14 tournaments.

In the rest of this section, we present the proof of Proposition and Proposition
following the arguments from [26].

Proof of Proposition |2.2.1. Let H be a not strongly connected tournament with & > 4
vertices. We can partition the vertex set of H into two sets (X, Xs) such that all
edges are oriented from X; to Xs. Let k; = | X;| and ky = | X5|. Additionally, consider

the following tournamenton defined for some « € [0, 1].

1 ifr<a and y >«
Wa(z,y) =10 ifr>aand y <«
1/2  otherwise.

Then, we find a lower bound for the density of H in W, as follows. Let A = [0, q]
and B = (o, 1].

HH, W) / I1 Wa:u,:c@ H dz,
0,1]%

weFE(H uweV(H
/ H Wy, x,) H dx, + /Ak1 /B . H Wz, x,) H dx, H dx,
ueV(H weE(H) u€Xo ueXy
/ H W (xy, x,) H dz,
weE(H ueV (H)

(1) e e (1) v amar (1)

Where the inequality is strict if H has more than two strongly connected components.
Now, we have to consider two different cases to lower bound this expression. First,
assume that 2 < k; < k — 2, in this case, ki1ky > k1 + ko. We can set a = 1/2 to get
that

WHL W) > 2+ (%) (5) | gyt (%) (5) P G)(’S) N (%)(’5).

Then it remains to analyze the case k; = 1. We can find a lower bound for ¢(H, W)
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as follows.

The last inequality holds because 2¥~! — k > 0 since k > 4. Also, note that « is
chosen to be small enough so that the O(a?) is significantly small.

In both cases we showed that t(H, W,) > (%)@ for some o and by Proposition
2.1.2] we conclude that H is not quasirandom forcing. O]

Proof of Proposition[2.2.9. Let H be a non-transitive tournament with vertex set
V(H)=1{1,...,6}. Let Wy = W[H] be the blow-up of H. Also, let (Uy,...,Us) be
the partition of [0, 1] as in Definition [1.2.2]

First, assume that H has a non-trivial automorphism ¢ : V(H) — V(H). The
following is a lower bound for ¢(H, Wg).

6
- /UGX"'XUl H W(%’, xj) H di + /qu(ﬁ)x...on;( H W(mi’ xj) E o

1) ijeE(H)
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On the other hand, if the vertices {1,2} C V(H) are twins, then
t(H, Wg)

6
Z/ W(x;, x; Hd% / / W(xi,$j)deidxldx2
Ugx...xUy . ijEE(H) Usx.. ><U6 3
W (z;, z; dx;dridxs
\/[\]2 /U3>< xUg H ! H '

ijeE(H

1\’ L1 ‘ L1
~\6 2\ 6 2\ 6
6 (3)
6/, — \2
In both cases, we can conclude that H is not quasirandom forcing by Proposition
2.1.2 O

As a concluding remark, the known results about quasirandom forcing in tour-
naments yield that only transitive tournaments on more than 4 vertices and the

tournament H;; forces quasirandomness.
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Chapter 3

Quasirandomness in regular

tournaments

In this chapter, we present the proof of Theorem [[.3.3] Recall that we are now
“relaxing” the requirements for a tournament 7' to force quasirandomness, i.e., we
only require that ¢(T, W) equals the expected value for every regular tournamenton
W (see Definition [I.3.2). Then, Theorem [1.3.3] states that 11 out of 16 tournaments
on four or five vertices are quasirandom forcing in regular tournaments.

This chapter is organized as follows: in Section we derive some conditions for
forcing quasirandomness in regular tournaments. The results in this section are used
in Section [3.2] to prove Theorem [1.3.3|(I). On the other hand, in Section [3.3 we prove
Theorem using different techniques. In particular, we enounce four theorems
derived from the Flag Algebras method which we will prove in Chapter [4]
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3.1 Conditions for quasirandom forcing in regular

tournaments

In this section, we derive some necessary and sufficient conditions for forcing quasir-
andomness in regular tournaments.

The next proposition presents three equivalent statements about sets that force
quasirandomness if we consider that T'r3 and C'5 are in the set. Recall Definition|1.1.3

and Proposition [1.2.8]

Proposition 3.1.1. Let S C R[T] be a set of finite formal linear combinations of

tournaments. The following are equivalent:
1. S forces quasirandomness in reqular tournaments,
2. SU{Trs} forces quasirandomness,
3. SU{Cs} forces quasirandomness.

Proof. Let S C R[T]. First, assume that S forces quasirandomness in regular tour-
naments. Let W be a tournamenton, such that ¢(H,W) = t(H,1/2) for every
H € Su{Trs}. By Proposition , W is regular and since S forces quasirandomness
in regular tournaments, we conclude W(z,y) = 1/2 for almost every (z,y) € [0, 1]%;
therefore, S U {Tr3} forces quasirandomness. With a similar argument but using
Proposition instead, we can conclude that S U {C3} forces quasirandomness.
Now, assume that S U {Trs} forces quasirandomness, and let W be a regular
tournamenton such that ¢t(H, W) = t(H,1/2) for every H € S. Since W is regular, by
Proposition we conclude that ¢(Trs, W) = t(H,1/2) = 1/8 and since S U {T'r;3}
forces quasirandomness, we conclude that W = 1/2 almost everywhere. Therefore, S

forces quasirandomness. A similar argument using proposition [I.3.5] can be used to

conclude that implies [3.1.1J(T)). O

The next proposition gives us a sufficient condition to prove Theorem [1.3.3|[2)).
Proposition 3.1.2. Let H € T and M € {Trs,Cs}. If there exists a, f € R such
that the tournament T = oM + SH € R[T] forces quasirandomness, then H forces

quasirandomness in reqular tournaments.
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Proof. First, assume that T forces quasirandomness. Then, {M, H} forces quasiran-
domness. Indeed, let W be a graphon such that ¢(M, W) = ¢(M,1/2) and t(H, W) =
t(H,1/2). By definition, W has to satisfy

(T, W) = at(M, W)+ pt(HW) = at(M,1/2) + 5t(H,1/2) = (T, 1/2)

and since T forces quasirandomness, by Proposition [1.2.8] we conclude W = 1/2
almost everywhere; therefore { M, H} forces quasirandomness. Finally, by Proposition
3.1.1} {H} forces quasirandomness in regular tournaments. O

Finally, we show a necessary condition for quasirandom forcing in regular tourna-
ments. Note that this Proposition is analogous to Proposition but in this case,

we deal exclusively with regular tournamentons.

Proposition 3.1.3. Let H € R[T]. If there exist reqular tournamentons Wy and Wi
such that
t(H,Wy) < t(H,1/2)

and
t(Hy Wl) > t(Hv 1/2)7

then H does not force quasirandomness in reqular tournaments.

Proof. For each z € (0,1), let W, be the tournamenton defined by

Wi(x/z,y/z) if0<z,y<z
W.z,y) = S Wo((z — 2)/(1 —2),(y —2)/(1 —2)) ifz<z,y<]1
1/2 otherwise.

An illustration of the structure of this tournamenton in the case z = 1/4 is given
below. Note that, in all pictures of tournamentons, the origin of [0, 1]* is in the top

left corner, in analogy with adjacency matrices.

1
Wi 3

N[ =

Wo
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Since t(H,W,) is a continuous function such that ¢(H,W,) < t(H,1/2) and
t(H,Wy) > t(H,1/2), by the Intermediate Value Theorem, there exists z € (0,1)
such that t(H,W,) = t(H,1/2). Since Wy and W are regular, then W, is also regu-
lar. However, it is not the case that W, (z,y) = 1/2 almost everywhere. Indeed, since
z > 0, this would imply that W, (z,y) = 1/2 almost everywhere as well but this would
mean that ¢t(H, W) = t(H, 1/2) which contradicts the premises in the lemma. Then,

by Proposition [1.2.8] H does not force quasirandomness in regular tournaments. [J
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3.2 Negative results

The main objective in this section is to give a proof of Theorem . Given
a tournament T', we let Wy = W/[T] be the blow-up of T" as in Definition [1.2.2]
Recall that T is regular if and only if Wy is regular by Proposition [1.2.6, We have
to prove that the tournament H; for i € {0,1,2,3,9,12,16,18,19} does not force
quasirandomness in regular tournaments. The tournaments are depicted in Figure
. Recall that for i € {0,1,2,3}, H; is a tournament on at most 3 vertices and for
i €{9,12,16,18,19}, H; is a tournament on 5 vertices.

Proof of Theorem . We separate this proof into three parts.

1. First, we prove that the tournaments H; for i € {0,1,2,3} does not force
quasirandomness in regular tournaments. For this part, consider W¢,, which is
not equal to 1/2 almost everywhere. We have ¢(Hy, We,) = 1 and t(Hy, We,) =
1/2. Then, by Proposition m, Hy and H; do not force quasirandomness in

regular tournaments.

For the case Hy = T'r3 and Hs = (3, by Propositions [1.3.4] and [1.3.5] we know
that t(Hs, We,) = T(Hs, We,) = 1/8, because W, is regular.

Therefore, H; for i € {0,1,2,3} does not force quasirandomness in regular
tournaments. Note that this proof can be rewritten using Wy, instead of We,,

for any regular tournament 7" for which W # 1/2 almost everywhere.

2. Now, we prove that the tournaments H; for i € {9,16} do not force quasiran-
domness in regular tournaments. For this part, we consider the tournamenton
We, which is regular but is not 1/2 almost everywhere. The goal is to show
that t(Ho, We,) = t(Hie, Wey) = 2710,

The first observation is that Hyg is obtained from Hy by reversing all the arcs,
and so it is enough to show that t(Hg, We,) = 279 For this, consider the

enumeration of the vertices of Hy as shown in Figure |3.1

Let ¢ : V(Hy) — {1,2,3}. To calculate t(Hy, W¢,) we refer to Remark
and estimate the probability that ¢ € Hom(Hy, C%).

Since {us, u4, us} induces a cycle in Hyg, u; is a sink and the vertices u; and s
are twins, we conclude that ¢(us) = ¢(uys) = ¢(us). If |¢(V(Hy))| = 1, then the
probability that ¢ is a homomorphism is 3(1/3)°(1/2)'. If |¢(V (Hy))| = 2 then
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Uy

U9 Us

Uus Uy
Hy

Figure 3.1: Enumeration of the vertices of Hy.

there are two cases to consider. First, if ¢(u1) = ¢(ug) # ¢(u3), the probability
that ¢ is a homomorphism is 3(1/3)%(1/2)%. Otherwise, ¢(uz) = ¢(u3) and
é(uy) # ¢(uz), in this case the probability is 3(1/3)°(1/2)".

Therefore, we have

e =3(5) (5) ((G) () 1) -

as desired. Then, Hy and Hg do not force quasirandomness in regular tourna-

ments.

. Finally, we prove that the tournaments H; for ¢ € {12,18,19} do not force
quasirandomness in regular tournaments. For this part of the proof, we will use
Proposition [3.1.3] Then, let z € [0,1/2] and consider the tournamenton defined
by
1
UZ(ZE,y) = 5 + Z(2 ’ WC3(x7y> - 1)

for every (z,y) € [0,1]2.
Visually, U, is the function obtained by dividing [0,1]? into a regular 3 x 3

grid and assigning values to points in each square of the grid according to the

following diagram.
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1 1 1

3 stz | 5—%
1 1 1
SR B 7T 2
1 1 1
§+Z 5 z )

Note that Uy = 1/2 and Uy, = We,. Then, using a computer, we calculate
t(H;,U,) and we get that

1 1 7 1
HHp U) = —— — — oty 6~ 8
(Hi2,Us) = 7557 ~ 96% * 108° T 187

11 1 7
HH U) = — — — 24—~ 6 ' 8 and
(Fis,U2) = 1051 " 96° ~ T08° 1627 @ ™

1 5 , 5 .

5
HHp U) = —— + 4= 264 2 8
(o, Us) = 7057 T 388% ~36° 1 162°

From this, we see that

43 1
W2, Uip2) = 5re0e > oo
57161 1
t(Hio, U = <
(Hiz, Uyys) 60466176 ~ 1024
1 1
s U2) = o011 < oo
546961 1
t(Hio, U = >
(Fo, U/s) 544195584 ~ 1024°
1 1
o, Ury2) = oot < Toa1°

Then, by Proposition [3.1.3| H13 and H9 do not force quasirandomness in regular
tournaments. Additionally, to complete the proof for Hig, let T be the 7-vertex
tournament, found by an exhaustive computer search through all tournaments

on a small number of vertices, with adjacency matrix
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0111000
0010110
0001101
0100011
1001010
1010001

1100100

By computer, we have found that

1
H ~ 0.00124 — .
H(Hs, Wr) = 0.001240886 > -

Then, Hg does not force quasirandomness in regular tournaments.
]

Note that to prove Theorem we mainly rely on Proposition and
Definition [1.3.2] In the next section, we provide a proof for the cases of tournaments

that force quasirandomness in regular tournaments.
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3.3 Positive results

In this section, we present some propositions used in the proof of Theorem .

Proposition 3.3.1. The tournaments H; fori € {4,8,17} force quasirandomness in

reqular tournaments.

Proof. Note that Hy = T'ry, Hy = Tr5. By Theorem [2.0.1] these 3 tournaments force

quasirandomness so they also force quasirandomness in regular tournaments. O]

Proposition 3.3.2. The tournaments H; for i € {5,7} force quasirandomness in

reqular tournaments.

Proof. First, we notice that Hj is a cycle on three vertices with a sink vertex and H7
is a cycle on three vertices with a source. Therefore, an analogous argument to the
one we show below for Hj also works for H7. Let V(H;5) = {1,2, 3,4} where 1 is the
sink vertex.

Let W be a regular tournamenton and f : [0,1] — [0, 00) be a measurable function.

Also, let x = x1, y = 79, 2 = 3, and w = x4, we have

W) = [ | [ waaoweawense T W | d.

[0,1]3

Then, we define the measurable function g, : [0, 1] — [0,00) by g.(s) = f(s)W (z, s).

Therefore
1
it Wp) = [ (W W e g1 oty )
0 0,1
1
— [ e W g)ie
0
Now, we are going to find an expressmn that relates t(C’g, W, g,) with fo gm y)dy and

t(Trs, W, g). Let df (s fo (5,9)92(y)dy and d fo (y)dy. We

use a similar argument as in the proof of Proposition - Let us compute the sum
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of t(Cs, W, g,) and t(T'rs, W, g..).

t(Cg, W, gm)—i-lf(T?“& W7 gx)

= Wy, w)W (w, 2)(W(z,y) + W(y, 2)) gz (W) g2 (y) g2 (2)dydzdw

[0,1]3

= W (y, w)W(w, 2)g.(w) g (y) gz (2)dydzdw

[0,1]?

/ (/szgx /Wy, w) . (y )dy>d

:/0 (W) (w)d; (w)dw.

Note that d (s) fo (s,y) + W(y,s))g.(y)dy = fo g2 (y)dy. Also, recall
that
2t(Trs, W, g,) = [ ]3W(y,w)W(y,Z)gm(w)gx(y)gx(Z)
0,1
— [ s ) dy
[0,1]3

and 2t(Trs3, W, g,) f[o s 9o (y)(d,. (y))?dy. This is an analogous calculation as the
one made for the proof of Proposition The next equation gives us a relation
between t(Cs, W, g.) and t(Trs, W, g,).

3 2

(/Olgx(y)dy) I/Olgx(z) (/Olgx@)dy) W

:2t<TT37 M/J gr) + Q(t(TT?n I/I/J gx) + t<C37 VVJ gw)) + 2t(TT37 W7 gm)
:2t(03, VV: g:v) + 6t(TT37 W7 g$)
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From the last equation, we conclude that

3

1 1
tCateg) =5 ([ mlay) =3t 17.)
0

Putting all this together, we have

s w5 = [ 1w (% ([ st

Finally, let us find equivalences to each of the terms in the last expression. First,

3
— 3t(Trs, W, gm)> dx.

by definition of g.(s), we have

[ s ( / gx<y>dy) [ W)W )W (s w) @) () () f(w)ddydzdo

[0,1]*

:t(S;_,VV,f)

where S5 is the digraph on 4 vertices, 3 arcs and a single source vertex. On the other
hand,

| e w g
= Wy, 2)W (y, w)W (z,w):(¥)gz(2) g (w) f (x)dxdydzdw

[0,1]*

= Wy, 2)W (y, w)W (z, )W (z, )W (2, )W (2, w) f () f (y) [ (2) () dwdydzdw

[0,1]4

=t(Try, W, f).
Then, we can write t(Hs, W, f) as follows

(5, W, ) = SUST, W, f) = 3T, W, ),
If we let f(z) =1 for every z € [0, 1], we obtain

H(Hy, W) = %t(s;, W) — 3¢(Try, W),
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Now, assume ¢(Hs, W) = (1/2)°. Since W is regular we have

1 11
% = 5? — 3t(T’f’4,W)

- (1)

Since T'ry forces quasirandomness, we conclude that W = 1/2 almost everywhere.

then,

Therefore, Hj forces quasirandomness in regular tournaments. O

The next tournament to analyze is Hs = C4. To show that this tournament forces
quasirandomness in regular tournaments, we use the result [7, Corollary 6], stated as

follows.

Lemma 3.3.3. If W is a tournamenton and 1/2 < z < 1 such that

t(Cs, W) == (2 + (1 -2)%)

0|

then

HCy W) > 6i4 (4 + (1 2)Y

where equality holds if and only if there exists a measurable function f : [0,1] —
0,1/2] such that W (z,y) =1/2+ f(x) — f(y) for almost every (z,y) € [0,1]?.

Proposition 3.3.4. Hg forces quasirandomness in reqular tournaments.

Proof. Let W be a regular tournamenton. By Proposition we have t(C3, W) =
1/8. Then, by Lemma with z = 1 we conclude t(Cy, W) > 1/64. Now, if
we assume t(Cy, W) = 1/64, Lemma tell us that there exists a measurable
funtion f :[0,1] — [0,1/2] such that W (z,y) = 1/2+ f(x) — f(y) for almost every
(z,y) € [0,1]%. Since W is regular, we have the following for almost all x € [0, 1]

% = d*(z) = /01 W (z,y)dy = /01 (% +fz) - f(y)) dy.

The last equation implies that f(z) = fol f(y)dy, meaning that f is constant almost
everywhere. Therefore, W (x,y) = 1/2 for almost every (x,y) € [0,1]>. Then, Hs =

C, forces quasirandomness in regular tournaments. O]
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Now we state four theorems which together with Proposition imply that H;
for i € {10,11,13,14} force quasirandomness in regular tournaments. The proofs of

these theorems are given in the next Chapter using the flag algebra method.

Theorem 3.3.5. For every tournamenton W,

1
8 1(Cy, W) + - 1024 t(Hip, W) <

W~ | Ot

where equality holds if and only if W (x,y) = 1/2 for almost all (x,y) € [0,1]?.

Theorem 3.3.6. For every tournamenton W,

1
8 1(Ca, W) + - 1024 1(Hy, W) <

| Ot

where equality holds if and only if W (z,y) = 1/2 for almost all (z,y) € [0,1]2.

Theorem 3.3.7. For every tournamenton W,

1

3| Co

where equality holds if and only if W(x,y) = 1/2 for almost all (z,y) € [0,1]?.

Theorem 3.3.8. For every tournamenton W,

D

1
8- t(TTg, W) + g -1024 - t(HM, W) > g

where equality holds if and only if W (xz,y) = 1/2 for almost all (z,y) € [0,1]%.

Proof of Theorem . Note that His is obtained from Hiq by reversing all the

arcs. Then, by Theorems [3.3.5] [3.3.6] 3.3.7] and [3.3.8| and Proposition [3.1.2], together
with Propositions|3.3.1} [3.3.2] and [3.3.4|we have that H; for i € {4,5,6,7,8,10,11, 13,

14,15,17} forces quasirandomness in regular tournaments. O

Then, it remains to prove Theorems |3.3.5 For this, we use the flag algebra

method, introduced in the next chapter.
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Chapter 4

Flag Algebras

The flag algebra method was introduced in 2007 by Razborov [38]. Since this method
can be applied to any combinatorial structure described by a universal theory in a
finite first-order language with equality and without constant and function symbols,
this method was introduced in the language of model theory. Note that graphs,
hypergraphs, digraphs and tournaments are examples of such theories. The main
objective of this method is as follows: in a theory T, every set of elements induces a
model. Therefore, given two finite models M and N, we let d(M, N) be the density
with which M appears as a sub-model of N, which is analogous to the homomorphism
densities in the case of graphs or digraphs. Then, the objective is to find relations
between d(Mi, N),...,d(My, N) for some finite models M, ..., M}, in the limit, i.e.
when N grows to infinity.

The first application of this method [38] was to present a new proof of a result
by Fisher which found the minimal possible density of triangles in a graph with
fixed edge density [23]. After this, the method has been used to solve various open
problems. For instance, in 2008, Razborov solved the Erdés-Rademacher problem [39]
which asks how many triangles are forced in an n-vertex graph with m edges. Other
applications of this method includes problems involving tournaments [5,(16,/17,[30] and
graphs [235].

In Section we introduce the method in the language of tournaments along the
lines of the treatment in [6,135]. Then, in Section [4.2] we focus on proving Theorems
[3.3.5] [3.3.6] [3.3.7, and using Flag Algebras.
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4.1 Introduction to the method

Given a tournament H and a tournamenton W, we define the induced density of H

in W, as follows
v(H)!

aut(H)
where aut(H) is the number of automorphisms of H. Note that d(H,W) is the

probability that a W-random tournament with v(H) vertices is isomorphic to H.

d(H, W) =

H(H, W)

The first lemma in this section is just a consequence of the fact that the sum of

the probabilities of all possible events equals 1.

Lemma 4.1.1. For any m > 1 and a tournamenton W,

> dW) =1

Jw(J)=m

In Lemma|4.1.1} the sum is over all tournaments on m vertices up to isomorphism.
The following is the definition of a flag restricted to the theory of digraphs. Note
that in this document we focus mostly only in the case of tournaments, but this more

general version will be convenient for some of the proofs presented in this section.

Definition 4.1.2. A flag is a pair (D,r) where D is a digraph such that V(D) =
{1,...,v(D)} and r < v(D). The vertices {1,...,r} are known as the roots of the
flag.

The following definition is the homomorphism density of a tournament H in a
tournamenton W integrating only over the variables x; for i € {r+1,...,v(H)}; i.e.

integrating over the variables associated to the non-root vertices.

Definition 4.1.3. Let W be a tournamenton, D be a digraph and (D, r) be a flag.
Define t,.(D, W) : [0,1]" — [0, 1] by

tr(D,W)(21,...,2,) = / - H W (2, x;)d2r i . . . dxy(p).
[071]1; D)—r

ijeE(D)

Now, given a tournament R with V(R) = {1,...,r} and a graph G with vertex
set {1,...,m} for r < m such that G contains a clique on {1,...,7}, we define F(R)
to be the set of all flags (D,r) where D is obtained from orienting the edges of G
so that the subdigraph induced by {1,...,r} equals R (not just isomorphic to R,
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but exactly the same arc set). The following result gives us a relationship between

t(R,W) and t,.(D,W) for (D,r) € Fg(R)

Lemma 4.1.4. Let R be a digraph with V(R) = {1,...,r} and let G be a graph with
V(G) =A{1,...,m} such that m > r. Then, for any tournamenton W we have

Y (D W), x) = (RW) (21, 2p).
(Dr)eFa(R)
Proof. The proof is by induction on e(G). First, if e(G) = (), then Fg(R) =

{R} and the equation is clearly satisfied. Now, assume that e(G) > (1) and let

ww € E(G)\E(R). Note that for any (D,r) € Fg(R) such that uv € e(D), there
exists D' containing all the same arcs as D except that the edge wv is oriented
in the other direction. Let D” be obtained from D by deleting uv. Then, since
W(x,y)+W(y,z) =1 for almost every z,y € [0, 1], we have

tr(D,W) (1, ... x0) + 6. (D, W) (24, .., x,)
=t (D", W)(x1,...,2.)(W(xy, z,) + W(xy, ))
=t (D" W)(z1,...,2,).

Therefore, we can pair up all digraphs in Fg(R) to get

> (D W)@, x,) = > t (D" W)(xy, ..., z,).

(D7T)€fG(R) (Duv"')e}-G\{uv}(R)

By induction, the right-hand side of the last equality is t,.(R, W)(xy,...,z,). This
completes the proof. n

Now, given r < k and a tournament R with V(R) = {1,...,r}, let Fi(R) :=
Fk,(R), where K} is the complete graph on k vertices. Additionally, two flags
(F1,7), (Fp,r) € Fr(R) are said to be R-compatible.

Corollary 4.1.5. Let R be a tournament with V(R) = {1,...,r} and let k > r. For

any tournament F' and tournamenton W, we have

> (B W) (o, x) = (R (21, 2).

(Frr)eFr(R)

Proof. Since Fy(R) = Fi, (R), We are done by Lemma [4.1.4] O
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Let us compute the cardinality of Fj(R) because we are going to use it to prove
the next result. Note that the vertex set of any F' € Fj(R) can be partitioned into the
sets A, Bsuch that A ={1,...,r} and B = {r+1,...,k}. The edges between vertices
of A are the same for every F' € Fj(R). Therefore, the number of tournaments in
F € Fi(R) equals the number of different orientations of the edges in B, which is
Q(k;), times the number of possible orientation of the edges among the sets A and
B, which equals to 2"*~"). Therefore, |F(R)| = o("2")+rlk=r),

For the next result, we also need the next definition: given tournaments H and
J with v(H) < v(J), define the injective homomorphism density t;,;(H,J) to be
the probability that a uniformly random injective function from V(H) to V(J) is a

homomorphism. That is,

tini (H, J) = {f:V(H) = V(J)| fis an injective homomorphism}|
e {f:V(H)— V(J)| fis an injective function}| ‘

Finally, let 7, be the set of all tournaments on at most m vertices up to isomorphism
and R[7<,,] be the set of all formal linear combinations of elements of 7<,,. If H =
Soi_yaiH; € R[T<,,] and J is a digraph, we let

tinj(H7 J) = Z aitinj(Hh J)
=1

Now we are ready to state the next result, which allows us to estimate ¢(H, W) in
terms of d(J, W) for a tournament H and all possible tournaments .JJ containing an

induced copy of H.

Lemma 4.1.6. For any m > 1, H € R[T<,,] and a tournamenton W,

Jw(J)=m

where the sum s over all m-vertex tournaments J up to isomorphism.

Proof. We may assume that H is a single tournament since the result in the general
case H € R[T<,,] will follow from linearity. Let V(H) = {1,...,r}. By Lemma[4.1.5]

we have that

t(H W)z, ox) = Y t(FEW) (2., 2)

(J,r)EFm(H)
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for almost every (zy,...,x,) € [0,1]". Integrating this over all (z1,...,z,) € [0,1]",

we get

t(H,W):/ t(H W) (xy,... p)day . ode, = ) (W),
(0,1]" (Jr)EFm (H)

Note that there are 2"™"+("2") terms on the right side of the last equation, each
of which is of the form ¢(J,W) for some tournament J on m vertices such that
V(J)=A{1,...,m} and {1,...,r} induces H. To compute the coefficient of t(.J, W)
we observe that the group I' of bijections on {1, ..., m} whose restriction to {1,...,r}
is a homomorphism of H to J is a subgroup of the symmetric group .S,,. Moreover,
Aut(J) is a subgroup of I'. Then, the coefficient of ¢(J, W) equals to the number of

homini;ft E] J))(m_r)!. All together gives us

cosets of Aut(J) in I which, equals to

hommj(H, J)(m — ’I“)'

HHW)= > aut(.J) HAW)
Fw(J)=m
. . - ‘ '
-3 (et ) (L)
Jow(J)=m " " ( )
Jw(J)=m
as desired. :

The next is a key definition for the Flag Algebras method and gives us the notion

of multiplication on pairs of flags.

Definition 4.1.7. Let F' be a tournament with vertex set {1,...,7}. Given two
R-compatible flags (Fi,r) and (F»,r) and a tournamenton W, define ¢,.(Fy - Fo, W) :
[0, 1" = [0, 1] by

LEWN@OLEWE ¢ (R W) (F) £ 0
L, - Fy, W) (F) = t(RW)(Z)
0 otherwise

where & = (z1,...,2,).

The last definition is important because states that for two compatible R-flags the

integral of t,.(Fy - Fy, W)(xy, ..., x,) over [0, 1]" can be expressed as a linear combina-
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tion of d(J, W), over all tournaments J with v(Fy) + v(F,) — v(R) = 2k — r vertices,

as stated in the following lemma.

Lemma 4.1.8. Let R be a tournament with vertex set {1,...,r} and (Fy,r) and
(Fy,r) be elements of Fr(R) and let m > 2k — r. Then, there exist constants

b.(Fy, Fy; J) for each tournament J on m vertices such that

/ t(Fy - Fo, W) (21, ..., 2 )dxy . . Z by (F1, Fo; J) - d(J, W)
[0,1)" Jw(J)=m

for every tournamenton W, where the sum on the right side is over all m-vertex

tournaments up to isomorphism.

We provide an example to illustrate how to compute the coefficients b,.(Fy, Fy; J)
in Lemma [4.1.8] For this, consider the flags F!' = (Tr3,2) and Fi = (C3,2), both
elements of F3(T'r2) as depicted in Figure [4.1] We have

to(Trs, W)(x,y) = W(y,x)/o W(z,y)W(z,x)dz,

to(C3, W)(x,y) = W(y,x)/o Wz, 2)W(z,y)dz

and

to(Tre, W)(z,y) = Wy, z).

All together this gives us

1 1
/ / t2<TT'3 : C37 W)(l’,y)dl'dy

[ W ([ wemvieni) ([ e nve ) asa
[ ([ wiewteae) ([ i e ) a

= W (y, )W (z,2)W (z,y)W (w, y)W (z, w)drdydzdw.

[0,1]*

Now, since W(w, z) + W(z,w) = 1, multiplying the last expression by this term, we
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have

1 1
/ / ta(T'rs - C5, W)(z, y)dzdy
0 0

+ Wy, )W (z,2)W (z,y)W (w,y)W (x, w)W (w, 2)dedydzdw

[0,1]4

+ Wy, x)W (z,2)W (z,y) W(w, y)W (z,w)W (z,w)dzdydzdw
[0,1]4

=t(He, W) +t(H, W)

1 3
—ﬂd(H(j, W)+ ﬂd(H77 W).

Therefore, we have by(F}, Fy; Hs) = 0, by(F}, F3; Hg) = 55, bo(FY, F3;Try) = 0, and
bo(F}, Fy; Hy) = 2. A similar procedure can be done for any flags (Fy,r) and (F5,r)
in F(R) and tournaments J with at least 2k — r vertices.

Finally, the next lemma will be used in the proofs of Theorems this is

an important result to find a lower bound of the homomorphism density ¢(H, W) using

the coefficients of Lemma [4.1.8] For the definition of positive semidefinite matrices,
see Definition [A.0.6

Lemma 4.1.9. Let m be an integer and H € R[T<,,). Let £,ty,... t;,r1, ... 71, and
ki, ...k be positive integers such that kg > vy +1 and 2k, —ry < m for all1 < q <.

For each 1 < q <1, let (F{,ry),...,(F{,ry) be pairwise compatible flags on vertex set
{1,...,k,} and A, be a positive semidefinite t,xt, matriz. Then, every tournamenton
W satisfies

tq tq
t(H,W) ZJI(IIJI)D {tln](H, J)—ZZ brq(F;qF;q’J)(Aq)Z7]}
) =m g=1 i=1 j=1

Moreover, if W s a tournamenton such that equality holds, then, for every 1 < q <

and almost every (x1,...,ay,) € [0,1]", the vector
(try (FLW) (@1, 20y), o b (R W) (1, )

is in the kernel of A,.

Proof. Let W be a tournamenton. Then, by Lemma [£.1.6]
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H(H, W) = oy (L, J)d(J, W), (4.1)
Jw(J)=m

Since A, is positive semidefinite, for any 1 < ¢ <[ and z1,...,,, € [0,1]™, we have

Zqz F}Q7W)<x17"-7xrq) ZO (42)

=1 j=1

Then, by integrating over the variables and applying Lemma [£.1.8] we get

lg 14

Z/ Z Z(Aq)i,j ’ t(Fiq : F;]7 W (zq, ... ,:L‘Tq)d:rl odxy,

= Joare = o
l

- ZZ /[Ol]T t(Fiq~F;1,W)(x1,,,,7xrq)dx1_”dxrq

g=1 i=1 j=1
l

— ZZ i by (B F ) - d(J,W) > 0.

Jw(J)=m ¢=1 i=1 j=1
Which together with Equation (4.1)) gives us
HHW)> Y <m] (H,J) - ZZZ )isj * bn, (F- Ff;J)) ~d(J, W),
Jw(J)=m g=1 i=1 j=1

Recall that > ;. -, d(J,W) = 1, so the quantity on the right side of the above
inequality is bounded below by the minimum of the coefficient of d(J, W) over all J.
This is precisely the bound in the lemma.

Moreover, Equation is strictly positive if and only if the vector

(trg (FE, W) (1, 20y)s s b (FE W) (201, 2,)

is not in the kernel of A,. This fact translates to a gap in the final bound. This
completes the proof of the theorem. n

We have presented all the theorems we need to prove Theorems [3.3.5H3.3.8| using

the Flag Algebras method. The proofs are shown in the next section.
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4.2 Flag algebras and quasirandom forcing

We now present the flags that we will use in the proofs of Theorems In
each depiction of a flag (F,r), the root vertices 1, ..., r are depicted as square nodes,
listed left to right in increasing order. Each flag will have exactly one non-root vertex
which is depicted as a circular node. We use the flags in F3(T'ry), labelled by F}! for
1 <1 <4, as in Figure E We also use the flags in F4(Tr3), which we label by F?

VANWANVANVAN

Fi Fy Fy Fy

Figure 4.1: Flags in F3(T'rs)

for 1 < i < 8§, as in Figure E Finally, we have the elements of F;(Cs), labelled F??

P <P
/ﬁ}"\/ %}/ﬁl

Figure 4.2: Flags in F4(T'r3).

for 1 <1 < 8, as in Figure 4.3|
The next result will be very useful in characterizing the equality cases for the
proof in Theorems [3.3.5H3.3.8|

Lemma 4.2.1. If W is a tournamenton such that 8t(Cy, W) = t(Try, W), and
8t(Try, W) =t(Trs, W), then W = 1/2 almost everywhere.

Proof. There are four tournaments on four vertices: Try, Cy, Hs, and H7;. By Lemma
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< <P <P <p

/ ./° .\/

g F? F§’

Figure 4.3: Flags in F4(C3).

4.1.6,, we have

HTrs, W) = —d(Tra, W)+ 2d(Ca, W) + —-d(Hs, W) + —-d(Ha, W)

T3, 24 T4, 24 4, 24 59 24 75 .
Now, by Lemma {4.1.1} we conclude
d(Hs, W) +d(H7, W) =1 —=d(Try, W) — d(Cy, W).
Using the last two equations we get
HTry, W) =—ed(Tra, W) + —d(Ca, W) + 2 — (T, W) = —-d(Cy, W)
T3, *24 T4, 24 4, 24 24 T4, 24 4,
3
:ﬂd<TT47 W) - ﬂd(C’4, W) + ﬂ

Also, since aut(T'rs) = aut(Cy) = 1, the last equation is equivalent to
1
t(T?”g, W) - g = t(T?”4, W) - t(C4, W)

Using the hypothesis of the lemma, t(7ry, W) = t(Cy, W). Therefore, t(Tr;, W) =
1/8 and applying the hypothesis once more, ¢(Try,W) = 1/64. Since Try forces
quasirandomness by Proposition 2.0.1} we conclude that W = 1/2 almost everywhere.

[

Now we are ready to prove Theorems to complete the proof of Theorem
3.3
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All these proofs follows a very similar argument, so we are going to present an
overview of it. We first let H = oy M + aoN € R[T<5] where M € {T'r3,C5} and
N € {Hy, Hi1, Hi3, H14}, depending on each case. We also define some positive
semidefinite matrices {Ay, ..., A;} for 1 <1 < 3 and prove that for every tournament

J on 5 vertices,

~
~

ting(H, J) =) b, (FI - FHJ) - (Ag)iy =c.

=1 i=1 j=1

To show that the last equality holds for every tournament .J on 5 vertices, we calculate
all coefficients by(F} - F ]‘-1; J) for every 1 < g < 3. The values of the coefficients can
be found in the Appendix [B] In each proof, we show that the equality holds for one
or two examples of J, but all the equations were checked by computer.

Therefore, by Lemma we conclude

t(H,W) = oy t(M, W)+ ast(N,W) > ¢

which is the general form of the inequality that we want to show in each of the
Theorems B.3.5H3.3.8

Then, it remains to show that the equality holds if and only if W (z,y) = 1/2 for
almost every z,y € [0,1]. For this, we use Lemma once more; specifically, the
“moreover” part of the lemma, which states that the equality holds if and only if a
certain vector is in the kernel of the matrices A, for 1 < ¢ <. In each case, we get
one of the following two cases: the hypothesis of Lemma [4.2.1] must be satisfied if
the vector is in the kernel of the matrices, and as a consequence of this lemma, we
can conclude W = 1/2 almost everywhere; or ¢(Try, W) = 1/64 and since T'ry forces

quasirandomness, we conclude W = 1/2 almost everywhere.

Proof of Theorem [3.3.3, In this first case, we let H = —8C5 — 124 Hy. In this proof,
we use the flags F? and F? for 1 < i < 8 as in Figures .2 and 4.3] Therefore, we

define the following positive semidefinite matrices:
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[ 4724 —1883 1081 —4598 3827 —203 1390 —4248)

—1883 6512 —4787 3150 39 378 —2065 —444

1081 —4787 3856 —2274 —371 —313 2010 798

1 |—4598 3150 —2274 5490 —3658 156 —1734 3468
7245 | 3827 39 —371 —3658 4600 —420 945 —4962

—293 378 313 156 —420 606 —660 546

1390  —2965 2010 —1734 945 —660 2376 —1362
—4248  —444 798 3468 —4962 546 —1362 6204 |
612 162 162 —162 162 —162 —162 —612

162 2082 342 252 342 —24 —1050 —2106

162 342 2082 —24 342  —1050 252 —2106

1 |-162 252 —24 1554 —1050 —186 —186 —198
T 245 | 162 342 342 —1050 2082 252  —24 —2106
—162 —24 —1050 —186 252 1554 —186 —198

—162 —1050 252 —186 —24 —186 1554 —198
—612 —2106 —2106 —198 —2106 —198 —198 7524

In this case, we set ¢ = —5/4. Therefore, we want to show that
8 8
8 tinj(Cs, J) — = - 1024-ti5(Hio, J) = > Y bo(F? - F25J) - (Aa)iy
. i=1 j=1
- ZZ%(FE’ : F;’? J) - (A3)ij = —~

i=1 j=1

As we mentioned earlier, all the coefficients can be found in the Appendix [B]
Now, we give some examples of tournaments that satisfy the last equation. Recall

that all tournaments satisfy it. First, in the case that J = Hg, it becomes

2 1 1 1 1

1
—8-0—=-1024-0— —(A A Ay — — (A
8-0 4 024-0 120( 2)11 = 120( 2)12 = 120( 2)14 120( 2)18 = 120(

As)ay
2 1 1 1 1 2
—EO(Az)n - E(A2)24 - EO(AQ)ZS - 1—20(A2)41 - m(z‘b)m - EO<A2)4’4

1 1 1 1 2

_m(A )48 - 1_20(14 )81 - m(A )82 - EO(A )84 - m(A2)8,8
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which, upon plugging the appropriate values from A,, becomes

2.0 1 10240 2 4724+ 1 1883+L 4598+L 4248+ 1 1883 2 6512
4 120 245 120 245 120 245 120 245 120 245 120 245

1 3150 1 444 1 45398 1 3150 2 5490 1 3468 1 4248

120 245 120 245 7120 245 120 245 120 245 120 245 120 245
1 444 1 3468 2 6204 5

120 245 120 245 120 245 4

As another example, consider J = Hi5. The expression becomes

12 1 3 3 3 3 3
_8. = __. 1024 -0 — —— 2 (A5 — —— (A7 — —— (A — —(A
850 1 10240 120(‘42)3’5 120< 2)s3 120< 2)o7 120( 2)76 120( 318
3 3 3 3 3 3
2 (Ao — ——(Aa)a s — ——(A)as — ——(As)e 7 — ——(As)g0 — —(A
120( 3)26 120< 3)s.4 120( 3)as 120( 3)ar 120( 3)o2 120( 3)75
3
—m(A:a)m
which evaluates to
121 g 3 371+ 3 371+ 3 660+ 3660 3 612
60 4 120 245 ' 120 245 ' 120 245 ' 120 245 ' 120 245

+3 24+3 24+3 24+3 24+3 24+3 24+3 612 5
120 245 120 245 120 245 120 245 120 245 120 245 120 245 4

Now, assume that W is a regular tournamenton such that

1024 5

The kernel of A, is spanned by (1,1,1,1,1,1,1,1)7. Therefore, by Lemma we
have

ts(FL, W) (w1, 2, w3) = t3(F3, W) (21, 29, 23) = ... = t3(Fg, W)(21, 7, T3)
for almost all xy,x9,23 € [0,1]. By Corollary 4.1.5, we get that for almost all
(xlax%xfi) S [07 1]37
8

Zt(Ffa W) (1, w2, 23) = (T3, W)(21, 22, 23).

=1
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Then, we conclude
9 1
tg(Fl s W)(xl, T, 33'3) = gt(TT'g, W)(l’l, T2, 1'3)

and

1
t3(F7, W)(z1, 29, 3) = gt(TT:&, W) (21, z2, x3).

Now, we integrate over all (z1, x5, 23) € [0, 1]® to get that t(Try, W) = %t(TT’g, W) and
t(Cy,W) = 4t(Tr3,W). Then, by Lemma we conclude that W = 1/2 almost

everywhere.

]

Proof of Theorem [3.3.6] In this case, we let H = —8C5 — 122 [;;. In this proof, we
use the flags Ff and Ff’ for 1 < ¢ < 8 as in Figures and We define the

following positive semidefinite matrices:

[ 957 —130 —214 127 —57 201 40 —224]
130 199 123 —179 72 130 —86 131
214 123 210 —134 45 —190 —48 208
4, L[ 127 -1 134 204 —79 120 77 136
7|57 72 45 —79 58 —44 30 35
201 —130 —190 120 —44 219 51 —297

40 —86 —48 77T —30 51 59  —63
(224 131 208 -136 35 227 —63 276 |

[ 184 —31 —31 22 —31 22 22 —157]

31 62 —10 —26 —10 4 —11 22

31 10 62 4 —10 —11 —26 22

P I B Ll

7|31 —10 —10 —11 62 -2 4 22

22 4 —11 —11 -26 61 —11 —28

22 11 -26 —11 4 —11 61 —28

157 22 22 —28 22 928 —928 175




In this case, we set ¢ = —5/4. Therefore, we want to show that

8 8
1
8+ ting (G, J) — 7+ 1024ty (o, J )= bo(FPFRT

i=1 j=1

As an example, let J = Hyg. It becomes

15 1 5 5 5 5
8.2 _ . 1024 -0 — A)s 7 — ——(Ag)r s — As)or — ——(Ag)s g — ——
60 4 120( 2)s7 120< 2)75 120< 3o 120( 3)s0 120(
5 5 5
—HO(AS)SA - E<A3)6,3 - EO(A?,)W
which is
15 1 5 3 5 30 5 11 5 11
8. = _ . 1024 - = =4 - =4 7 -4 T 2y =
S50 1 0y T T T T 7 "0 7 T

+5 11+5 11 5
120 7 120 7 4

Now, suppose that W is a regular tournamenton such that

1
8 #(Cy, W) + 7 - 1024 1(Hiy, W) = Z

o6

)+ (Az)ij

)
Az)as

11 5 11

7T 120 7

The kernel of Ay is spanned by (1,1,1,1,1,1,1,1)7. Then, a similar argument as the
one shown in the proof of Theorem works in this case to conclude that W = 1/2

almost everywhere.

O

Proof of Theorem [3.37. In this case, we let H = 8Tr3 + 122 Hyy. In this proof, we
use the flags F? for 1 < i < 8 as in Figure . Therefore, we define the following

positive semidefinite matrix:
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3680 1206 1080 —2376 —6376 1400 2808 —1512]
1296 4528 —1080 —1512 —4424 —1400 5832 —3240
1080 —1080 5616 —2160 —3240 3240 —5400 1944
1 (=2376 —1512 —2160 4320 5400 —1512 —3240 1080

*7 045 | -6376 —4424 —3240 5400 16200 —5400 —5400 3240
1400 —1400 3240 —1512 —5400 5400 —3240 1512
2808 5832 —5400 —3240 —-5400 —3240 16200 —7560

| —1512 —3240 1944 1080 3240 1512 7560 4536 |

In this case, we set ¢ = 8/7. Therefore, we want to show that

8 8
1

8 +ting (T3, ) + = + 1024+ tin (His, J) - DD ba(FPFT) - (Ag)iy

i=1 j=1
is equal to 8/7.
As an example, let J = Hy3. We get
6 1 1 1 1 1 1
8 — +=-1024 - — — —(Ay)17 — —(Ag)a7r — —(As)as — —(A
60 7 120~ 120427 T 13 (A2)ar — g lAe)as — 5(42)sa
2 1 1 1 2 1

—EO(A2)5,5 - m(AQ)&s - EO(AQ)M - HO(AQ)M - m(Az)w - EO(A2>8’5
and plugging in yields

¢ 0,1 gy L 1 2808 1 5832 1 5400 1 5400
60 ' 7 120 120 945 120 945 120 945 120 945

2 16200 1 3240 1 2808 1 5832 2 16200 1 3240 8
71200 945 120 945 120 945 120 945 120 945 120 945 7
Let W be a tournamenton such that the last equality holds. In this case, the
kernel of A, is spanned by (1,1,1,1,1,1,1,1)" and (1,1,-1,-1,1,1,—1,—-1)". By

Lemma we know that for almost every (1, z2, z3) € [0, 1],

8

Z t(EZ, W) (21, 12, 23) = t(Trs, W)(z1, 72, T3)

=1
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and since (t,, (F,W)(z1,...,2.,),... ey (FE, W) (21, .., my,)) is in the kernel of Ay,
we get that there exist a,b > 0 such that t3(F?, W)(x1,xq,23) = a for every i €
{1,2,5,6} and t3(F?, W)(x1, 29, 23) = b for i € {3,4,7,8}. Therefore, for any (i,5) €
{1,2,5,6) x {3,4,7,8},

1
t(F’iz7 W)('%'ly X2, w?}) + t<F;27 W)(l’l, X2, .Z'3) = Zt(TTC’n W)(.’L'l, X2, 333)-
Taking ¢ = 5 and j = 7 and integrating over all (z1,xs,x3) we get
1
t(Cy, W) = ét(TTg, w).
Also, setting i = 1 and j = 4, integrating over all (x1, z2, x3) gives us
1
t(T’/’4, W) == gt(TTg, W)

This concludes the proof by Lemma [4.2.1] O

Proof of Theorem [5.5.8, In this case, we let H = 8T'r3 — 122 Hy,. In this proof, we
use the flags F}' and F}? for 1 <14 < 8 as in Figures and [4.3] Therefore, we define

the following positive semidefinite matrices:

and




29

In this case, we set ¢ = 6/5. Therefore, we want to show that

44
1
8+ tini(Trs, J) + 5 1024t (Hia, J) — 2252(};}1 ) - (Ad)y

For example, let J = Hg. The expression becomes

10 10 10 10 10

1
0 1024-0— — - (A —_ (A — (A — (A
8 60 15 024-0 120 (A 120 (A1 120 (A1)1a 120 (A1)22
10 10
_EO . (A1)2,4 - 1_20 : (A1)4,4
_4+0 1+1 1 1+1_1_6
3 15 15 15 15 15 15 5
Also, if J = Hy, we get
9 1 6 18 6 6
. 0= — A (1,1) — — A (1,2) — — A (1.4) — —A,(2.2
8 60 15 10240 120‘41(’) 120 1(1,2) 120 1(1,4) 120 1(2,2)
6 12 6 6
_ 4) — = 4)— — A (4.4) — —A
120‘41(2’) 120‘41(3’) 120 1(4,4) 120 3(8,8)
RN S B 1+1+2 1 2 6
5 25 '25 25 25 25 ' 25 25 25 5

Now, let W be a tournamenton such that

ol O

1
8- t(T’/’g, W) + 5 -1024 - t(H14, W) =

First, the kernel of A; is spanned by (1,1,0,0)7, (1,0,1,0)%, and (0,1,0,1)T. This
implies that

1 1
tQ(F217 W)(.Tl, l'g) + tQ(F317 W)(xla x2) = §t(H17 W)(.Tl, xQ) = §W<CU1, m?)
for almost all (z1,79) € [0,1]?. Integrating this out over all z; and x5 yields
t(TTg, W) + t<03, W) -

1
4
which, when combined with ((1.2)), tells us that ¢(Cs, W) = 1/8, which implies that
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W is regular.

Now, the kernel of As is spanned by (1,1,1,1,1,1,1,1)T and (1,0, 0,0,0,0,0, —1)7.
Then, we conclude that t(F§, W)(zy,x9,23) = §t(Cs, W)(21, 22, 23) and also that
HER, W) (21, 22, 23) + L(FE,W)(21, 29, 23) = 5t(Cs, W)(1, 22, 23) for almost all or-
dered pairs (z1, 12, 23) € [0,1]3. Integrating over all x1, 25 and x3 and using the fact
that ¢(C5, W) = 1/8, we get

1 1
HCwL W) = SH(Cs, W) = o
and . .
t(H57 W) + t<H77 W) = Zt(o?n W) - 3_2

Since 3., (5y=m d(J; W) =1 and aut(T'ry) = aut(Cs) = 1 and aut(Hs) = aut(Hy) =

3, we have
24t(TT4, W) + 24t(04, W) + St(Hg), W) + 8t(H7, W) =1.

This yields ¢(Try, W) = 1/64 and since T'ry forces quasirandomness we conclude

W =1/2 almost everywhere. O
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Chapter 5
Conclusion

The class of tournaments that force quasirandomness in regular tournaments is broader
than the class of tournaments that force quasirandomness in general. We have ob-
served that if a tournament 1" forces quasirandomness, it also forces quasirandomness
in regular tournaments. This is because requiring 7' to have its expected density in
only regular tournamentons, implies that the tournamenton W behaves randomly,
i.e., it equals 1/2 almost everywhere, is a mild requirement as the same statement for
every tournamenton W.

We characterize all tournaments with at most five vertices that force quasirandom-
ness in regular tournaments. Among the main techniques used to disprove regular
quasirandom forcing for a specific tournament 7', we typically identify a regular tour-
nament W such that ¢(7, W) equals its expected value, but W is not equal to 1/2
almost everywhere. Also, Proposition was of main importance for this pur-
pose. Indeed, it provides a sufficient condition to conclude that a tournament does
not force quasirandomness, and we could find the tournamentons satisfying this con-
dition through an exhaustive computer search. On the other hand, to prove that
a tournament T forces quasirandomness in regular tournaments, we primarily rely
on equations that relate the density of T" in W to the density of some other small
tournament in W. For instance, C3 and Tr3 are examples of tournaments used in
these proofs. Finally, using the definition or, in the most challenging cases, the flag
algebra method, we show that these equations imply that the tournament T forces
quasirandomness in regular tournaments. See, for instance, Proposition [3.1.1]or[3.3.5

Although 11 out of 16 tournaments on four or five vertices are quasirandom forcing
in regular tournaments, no known property characterizes quasirandom forcing for

regular tournaments in general. For instance, note that being strongly connected was
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a necessary condition for forcing quasirandomness, but it seems not to be a necessary
condition for forcing quasirandomness in regular tournaments. For instance, Hj is
not strongly connected and is regular quasirandom forcing. This observation leads to

the following related open problem.

Problem 5.0.1. Classify tournaments H that force quasirandomness in regular tour-

naments.

The solution to the last problem could provide insight into whether there are
infinitely many non-transitive tournaments that force quasirandomness in regular

tournaments.
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Appendix A

Standard results

In this appendix, we are going to enounce some standard results used in the document.

The first one is about convexity. We first define a convex function.
Definition A.0.1. Let I C R be an interval (of possible infinite length). A function

¢ I — R is said to be convez if, for all ,y € I and t € [0, 1],

P(tr + (1 —t)y) < top(x) + (1 —t)o(y).

Remark A.0.2. A twice-differentiable function ¢ :— R is convex if and only if its

second derivative is non-negative everywhere on I.

Now we state Jensen’s Inequality which is a fundamental fact about convex func-

tions and we use in many of the proofs presented in this document.

Theorem A.0.3 (Jensen’s Inequality). If f is a convex function on a convex set C,

and py,--- ,p, are positive numbers with py + --- + p, = 1, then

If f is strictly convex, then equality holds if and only if x1 = --- = x,.
Moreover, we can express Jensen’s Inequality in a more general form.

Theorem A.0.4. If f is a convex function, then for any zy,--- , z, in the domain of

f and any positive numbers ay,- -+ , ay,

D it aizi) > iy aif (2i)
d ( D icy @i = D i Qi
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Proof. Let ay,--- ,a, be any positive numbers. Define A = a;+---+a, and p; = a;/A
for every 1 <1 < n. The numbers py, - - , p, satisfies p;+---+p, = 1 and by Jensen’s
Inequality [A.0.3] we have

Zz 1 Wi~ i=1 Z.f( z)
f< Zz 10'65) = <szl'1> < sz $z - Z:le CLZ'Z
[

The next result is an important tool used to estimate the probability that the

value of a random variable X substantially deviates from its expected value.

Theorem A.0.5 (The Chernoff Bound [22]). Let X := > | X; where X; ori €
{1,--- ,n} are indicator variables independently distributed. Then, for every 0 < e <

1 we have

P[X > (1+ e)E[X]] < exp (—%E[X])

and

2
P[X < (1 - ¢)E[X]] < exp (—%E[X])
Finally, we give a brief introduction to positive semidefinite matrices [44].

Definition A.0.6. Let A be a real symmetric n xn matrix. A is positive semidefinite,
denoted by A > 0, if
2T Az >0

for every x € R™.

Lemma A.0.7. A symmetric matriz A is positive semidefinite if and only if all of

its eigenvalues are non-negative.
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Appendix B
Flag Algebra coefficients

The purpose of this appendix is to list all of the coefficients bQ(F;-l,Fjl; J) for 1 <
i,j < 4 and by(F/, F}; J) for 1 <4,j < 8 and ¢ € {2,3}, where J is a tournament
on 5 vertices and the flags F} are as in Figures . All of these coefficients were
computed by computer but can be easily checked by hand. It will be convenient to
record these coefficients in matrices. For every such J, let B3(J) be the 4 X 4 matrix
in which the entry on the ith row and jth column is by(F}', F}j; J). Similarly, for every
such J and ¢ € {2,3}, let Bi(J) be the 8 x 8 matrix in which the entry on the ith
row and jth column is bs(F}, F; J). The matrices are as follows.

17 ]’
For J = Hg, we have

10 5 0 5
1 15 100 5
Bé(Hg):ﬁo 0 0
5 0 10
2101000 1]
1201000 1
0000000 O
B§(H8):i11020001
12000 000000 0
0000000 O
0000000 O
1101000 2
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000O0O0OO0OO0® O
000O0O0OO0OO0®O
000O0O0O0OO 0O
000O0O0O0® 0O
12000 0 00 00 0O
000O0O0O0OO 0O
000O0O0O0®O0® O
000O0O0OO0OO0® O

1

(Hs)

3
3

Hy, we have

For J

™M MmO O

o o o ©

S O O M

O O O M

1
2
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