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ABSTRACT

The object of the present paper is to establish several interesting
properties and characteristics of the class ,ﬂn’p(a,b) of analytic
functions, which is introduced here by using the Ruscheweyh derivatives.
A relevant problem associated with the general class jﬁn,p(a’b) is

also proposed. This hitherto unresolved problem would generalize

one of the results presented here.

1. INTRODUCTION AND DEFINITIONS

Let .ﬁ(p) denote the class of functions of the form

8

= P p+k
(1.1) f(z) = z7 + ap+kZ

k

e~
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which are analytic in the unit disk I = {z: lzl < 1}. We denote by f * g(z)
the Hadamard product (or convolution) of two functions f£(z) € £(p) and

g(z) ed(p), that is, if £(z) 1is given by (1.1) and g(z) 1is given by

p+k

(1.2) glz) = 2"+ 1 b 42 (p e ),
k=1
then
_ P T p+k
(1.3) fx g(z) =25 + kzl ap+kbp+k2

Following Goel and Sohi [7], we put

(peA=11,2,3,...1)
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(1.4) D
for f(z) e 4(p).
A function f(z) € £(p) 1is said to be in the class %(n,p) if and only

if

p"*P f(z) ., n+p

PPl () 20D (z el

(1.5) v Re
for n e ﬂb =4 u {0} and p e f. In particular, for p = 1, the class #(n,1)
becomes the class %}1 studied by Ruscheweyh [17] who, in fact, proved the basic
property [17, p. 110, Theorem 1}:
/8 qr
(1.6) o 8, (nedy).
In the present paper, we introduce and study systematically the subclass

ﬂn P(a,b) of #(p), which is defined below by using the (n+p-1)th order

Ruscheweyh derivative of f(z).

DEFINITION. Let the function f£(z) defined by (1.1) be in the class

4(p), and set

p"tP f(z) n+p
(1.7) Fn (z) = e ICYS))
oF PP gy 2R
for n E,MO and p e /. Then we say that f£(z) is in the class .ﬁn p(a,b)
if it satisfies the inequality

(1.8) Re{(F (2))*(F (z))b} > 0 (z e )

n,p n+l,p



for n E_MO and pef; here a and b are real numbers, and each of the
power functions is interpreted as its principal value.

Clearly, we have [cf. Equation (1.6)]

(1.9) 4,10 =Fm,0 =%,
and
(1.10) #n,l(o,l) =¥ (n+1,1) z?{ml.

Several other classes of analytic functions defined by using the nth
order Ruscheweyh derivatives of £(z) have been studied in the literature by,
for example, Ahuja [1], Al-Amiri ([2], [3]), Bulboaca [5], Fukui and Sakaguchi
[6], Goel and Sohi ([8], [9]), Owa ([13], [14], [15], [16]), Kumar and Shukla

[10], and Singh and Singh {18].

2. A PROPERTY OF THE CLASS ﬂn p(a,b)

2

We first state and prove an interesting property of the class '#n p(a,b).

THEOREM 1. Let n e.yb, P ef, and 0 =t = 1. Then

(2.1) 4y plad) nd, (1,0 cd, ((a-Des1, bt

PROOF. Following the technique used earlier by Owa [15], let the function

f(z) defined by (1.1) be in the class

Ay Hla) nd (1,0

n,



Define Vn p(z) by

3

b
(2.2) RO (Fn,p(z))a(pn+l’p(z)} ,
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where Fn p(z) is given by (1.7). Since f(z) e,dn p(a,b), we have

(2.3 Re(Vn’p(z)) > 0 (z el).
We note that f(z) e.ﬁn p(l,O). This implies the inequality

(2.4) Re(F_ (2)) > 0 z e ll).

n,p

Making use of (2.2), we have

(Z))(a_l)t+l(F }bt

(2.5) (F (z)

n,p n+l,p

1-t t
= (@), ()
Now we define a function G(z) by
(2.6) G(2) =(Fn$(m)14ﬂvnm(wlt.

It is clear from (2.6) that G(0) > 0. Consequently, using (2.3} and (2.4),

we prove that

(2.7) larg(G(2)) |

fIA

(l—t)larg(Fn,p(z))l + t|arg(Vn’p(z)}t

IIA

ol =



This shows that G(z) maps the unit disk 79/ onto a domain which is contained in

the right half-plane, that is, that
Re(G(z)) > 0.

Thus we complete the proof of Theorem 1.

COROLLARY 1. Let n efy, and 0st=1. Then

(2.8) A(n+1,1) Cﬂn 1(l—t,t)-
PROOF. We note that

(2.9) &ﬁn,l(O,l) M(ln,l(l,o) =X (n+1,1) n & (n,1)
=# (n+1,1)
with the aid of (1.9) and (1.10). Taking p=1, a=0, and b =1 1in
Theorem 1, we readily have the assertion (2.8).
We conclude this section by stating a problem which is closely related to
our theorem,
PROBLEM. For n e_MO, P €=M, and 0 =t = 1, can we prove that

(2.10) ﬂn,p(a’b) csﬁn,p((a—l)t+1, bt)?

REMARK. 1In the special case when p = 1, we know that (2.10) holds true,

that 1s, that



(2.11) 4 j(ab) cd l((a—l)t+l, bt),

which is proved by Al-Amiri [2], and also by Kumar and Shukla [10].

3. THE INTEGRAL OPERATOR fn .
2

For a function f(z) belonging to the class ,ﬂ(p), we define the integral

P
4

operator Jn P by
(* n-1 .
(3.1) N o i R OLL (n>-p; pe).
’ z 0

The operator t;n D’ when n e and p = 1, was introduced by Bernardi [4].
In particular, the operator ‘fl , was studied by Libera [11] and Livingston

[12]. For the general operator ﬂfn defined by (3.1), we prove

P

THEOREM 2. Let the function f(z) defined by (1.1) be in the class

ﬂn p(1,0) for n > -p and p e /. Then

(3.2) /“n’p(f) €j¢n+1,p(1’0) (n>-p; ped).

PROOF. We note that, for f(z) e,ﬂ(p),

\
Z (o8]

Y. n+nmnp n-1 +k

(3.3) Jo pt0) = ———LG Jo LSl R kzl ap+ktp dt

_ P ° n+p p+k
2 kzl [n+p+k; a13+kz



and

©  (nep),

= |ZP kPR g
z5 o+ kzl (n+p+l)k zZ (z)
P
AR % « £(2)
(1-2)
( o (n+p) 3
= zp + 2 k  p+k f(z),
=1 My

where (A)n denotes the Pochhammer symbol defined by

{(3.5)

By using

(3.6)

_ T'(A+n)

(K)n ST

A(a+1) ... (A+n-1), if

(3.3) and (3.4), we observe that

@ (n+p),
Dn+Pfn (£) = P oL 2 o k ZP+k . £
P k=1 ‘k
p"P L £y
+p+1 n+ -
(n+p+1)0"'P Fopt®) -0 p(]n,p(t)
o (n+p+l)
MRy pek
= (n+p) Zp * 2 (1) p+ * £(2)
k=1 k

[n+p)Dn+p f(z).

Consequently, we have



n+p+l n+p
(n+p+1)D Fop® -0 0 )

(3.8) Re 4D
(nep)D™P (D)
- R p"*P £(z) ,n+p
= R\ hep-1 2(n+1) 2
D £(z)
or
Dn+p+l ()
(3.9) R Inp >0 °F L _,DtP
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In view of (3.9), we only need to show that

n+ p 1 n +p n+p+1
(3.10) n+p+ 1[n +p ¥ 2(n+l)) = 2(n+2) ?
that is, that
(3.11) o(n,p) = (n+2){2(n+l) s (n+p)2} - (e (epr D) 2 2 0

for n> -p and p ¢ . Observe that

(3.12) o(n,p) = n2 + 3n + (p—1)2 + 2
z ¢(n,l)
= n2 + 3n + 2
= 6(-1,1) = 0.

This implies the inequality



0

n+p+l
P g ()
n,p n+p-+1 .
> 2(n+2) (n>_p’ pE-/V),

(3.13) Rei——
SRFINE

which completes the proof of Theorem 2.

Next we deduce

COROLLARY 2. Let the function £(z) be in the class #(n,1) for n > -1.

Then

(3.14) /n,l(f) e #(n+1,1).
PROOF. It follows from (1.8) and (1.10) that

(3.15) 4. 101,00 =4_ (0,1 =% (ne1,1).

n+l,1

Thus, in view of (1.9) and (3.15), the assertion (3.14) results immediately upon

setting p = 1 1in Theorem 2.
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